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ABSTRACT. The reachability problem for Vector Addition Systems (VASs) is a central
problem of net theory. The general problem is known to be decidable by algorithms ex-
clusively based on the classical Kosaraju-Lambert-Mayr-Sacerdote-Tenney decomposition.
This decomposition is used in this paper to prove that the Parikh images of languages rec-
ognized by VASs are semi-pseudo-linear; a class that extends the semi-linear sets, a.k.a.
the sets definable in Presburger arithmetic. We provide an application of this result; we
prove that a final configuration is not reachable from an initial one if and only if there
exists a semi-linear inductive invariant that contains the initial configuration but not the
final one. Since we can decide if a Presburger formula denotes an inductive invariant,
we deduce that there exist checkable certificates of non-reachability. In particular, there
exists a simple algorithm for deciding the general VAS reachability problem based on two
semi-algorithms. A first one that tries to prove the reachability by enumerating finite se-
quences of actions and a second one that tries to prove the non-reachability by enumerating
Presburger formulas.

1. INTRODUCTION

Vector Addition Systems (VASs) or equivalently Petri Nets are one of the most popular
formal methods for the representation and the analysis of parallel processes [2]. The reach-
ability problem is central since many computational problems (even outside the parallel
processes) reduce to the reachability problem. Sacerdote and Tenney provided in [I0] a
partial proof of decidability of this problem. The proof was completed in 1981 by Mayr
[7] and simplified by Kosaraju [5] from [10, [7]. Ten years later, Lambert[6] provided a
more simplified version based on [5]. This last proof still remains difficult and the upper
bound complexity of the corresponding algorithm is just known to be non-primitive recur-
sive. Nowadays, it is an open problem wether an elementary upper complexity bound for
this problem exists. In fact, the known general reachability algorithms are exclusively based
on the Kosaraju-Lambert-Mayr-Sacerdote-Tenney (KLMST) decomposition.

In this paper, by using the KLMST decomposition we prove that the Parikh images of
languages recognized by VASs are semi-pseudo-linear, a class that extends the semi-linear
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sets, a.k.a. the sets definable in Presburger arithmetic [3]. We provide an application of this
result; we prove that a final configuration is not reachable from an initial one if and only if
there exists a forward inductive invariant definable in Presburger arithmetic that contains
the initial configuration but not the final one. Since we can decide if a Presburger formula
denotes a forward inductive invariant, we deduce that there exist checkable certificates of
non-reachability. In particular, there exists a simple algorithm for deciding the general VAS
reachability problem based on two semi-algorithms. A first one that proves the reachability
by enumerating finite sequences of actions denoting a path from the initial configuration to
the final one and a second one that proves the non-reachability by enumerating Presburger
formulas denoting inductive invariant containing the initial configuration but not the final
one.

Outline of the paper: Section 2lintroduces the class of Vector Addition Systems (VASs).
Section Blrecalls the class of Marked Reachability Graph Sequences (MRGSs) and the KLMST
decomposition of languages recognized by VASs into finite unions of languages recognized
by perfect MRGSs. Semi-pseudo-linear sets are introduced in Section Bl In Section [
Parikh images of languages recognized by perfect MRGSs are proved to be pseudo-linear.
In Section [l we introduce the class of Petri sets a subclass of the semi-pseudo-linear sets
stable by intersection with every semi-linear set. Reachability sets of VASs from semi-linear
sets are proved to be Petri sets in this section. In Section [ we study approximations of two
pseudo-linear sets with an empty intersection. Finally in Section [§ we deduce that if a final
configuration is not reachable from an initial one, there exists a forward inductive invariant
definable in Presburger arithmetic that contains the initial configuration but not the final
one.

2. VECTOR ADDITION SYSTEMS

We denote by Q,Q4,7Z,N, respectively, the set of rational values, non-negative rational
values, the set of integers and the set of non-negative integers. The components of a vector
x € Q" are denoted by (x[1],...,x[n]). Let x1,x2,x € Q" and r € Q. The sum x; + x2 and
the product rx are naturally defined component wise. Given a function f : F — F where
E, F are sets, we denote by f(X) = {f(x) | x € X} for every subset X C E. This definition
naturally defines sets X; + X5 and RX where X1, X2, X C Q" and R C Q. With slight
abuse of notation, {x;} + Xa, X1 + {x2}, {r} X and R{x} are simply denoted by x; + X2,
X1+ x9, rX and Rx.

The lattice (N, <) is completed with an additional element T such that & < T for
every k € NU{T}. The set NU{T} is denoted by Nt. Given a non-decreasing sequence
(x)i>0 in (N7, <) we denote by lim; 1 (z;) the least upper bound in Nt. The T element
is interpreted as a “don’t care value” by introducing the partial order < over N1 defined by
x1 <o if and only if £1 = x5 or 29 = T. Orders < and < are extended component-wise
over Nt. The set of minimal elements for < of a set X C N" is denoted by min(X). As
(N" <) is a well partially ordered set, the set min(X) is finite and X C min(X) + N" for
every X C N™,

An alphabet is a non-empty finite set 3. The set of words over X is denoted by ¥*. The
empty word is denoted by e. The concatenation of two words oy and o9 is simply denoted
by o109. The concatenation of r > 1 times a word o is denoted by ¢”. By definition 0% = e.
The number of occurrences of an element a € ¥ in a word o € ¥* is denoted by |o|,. The
Parikh image of a word o over ¥ is the function ||o||x : ¥ — N defined by ||o||n(a) = |o|a
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for every a € . This function is simply denoted by ||o|| when ¥ is known without every
ambiguity. The Parikh image ||£|| of a language £ C X* is defined as the set of functions
|lo|| over the words o € L.

A Vector Addition System (VAS) is a tuple V = (X, n,d) where X is an alphabet, n € N
is the dimension, and § : ¥ — Z™ is a displacement function. In the sequel, such a functions
is naturally extended to a function ¢ : X* — Z™ satisfying d(¢) = 0 and d(0) = Zle 0(a;)
for every word ¢ = ay...a of k > 1 elements a; € ¥. A configuration is a vector in N™
and an extended configuration is a vector in NG. For a € X, the binary relation Ly is
defined over the set of extended configurations by x %, x’ if and only if X' = x + §(a) with
T + z =T by definition for every z € Z. Let kK > 1. Given a word o = ay ... ay of elements
a; € &, we denote by Ty, the concatenation —y - - - —5y,. By definition <y is the identity
binary relation over the set of extended configurations. We denote by <y the reachability
binary relation over the set of extended configurations defined by x <> x’ if and only if
there exists o € X* such that x 2y x/. Observe that in this case x[i] = T if and only if
x'[{] = T. Intuitively the T element provides a simple way to get rid of some components
of a VAS since these components remain equal to T.

Definition 2.1. The reachability problem for a tuple (s,V,s’) where (s,s’) are two config-
wrations of a VAS'V consists in deciding if s =y s’

Let m, m’ be two extended configurations. The language recognized by (m, ), m’) is the
set L(m,V,m') ={o €X*|3s,s’ €N* s<dIm As 5ys As <m’}. Given two sets S, 5’
of configurations, the set post},(S) of reachable configurations from S and the set prej,(S’)
of co-reachable configurations from S’ are formally defined by:

post}(S) ={s' e N"|Is € S sy 8}
prel,(S) ={s€N" |3’ € 5 s 5y}
Example 2.2. A VASV = (X,n,0) with ¥ = {a,b}, n = 2, 6(a) = (1,1) and 6(b) =

(—1,—2) is depicted in Figure[. Observe thats ﬁ)v s’ withs = (0,2) ands’ = (1,0). Note
that post},({s}) = {x € N? | x[2] < x[1]+2} and pre},({s'}) = {x € N? | x[2] > 2(x[1]—-1)}.

Vv

Figure 1: A Vector Addition System.

A graph is a tuple G = (Q,%,T) where @ is a finite set of states, ¥ is an alphabet,
T C Q x X% xQ is a finite set of transitions. A path m is a word m = t;...t; of k € N
transitions t; € T such that there exists qq,...,qr € @ and there exists aq,...,a; € 3 such
that t; = (gj—1,a;,q;) for every 1 < j < k. In this case we say that 7 is a path labeled by

o =ai...a; fromqo to qi. In the sequel we denote by gy = ¢ such a path 7. If the states
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qo and g are equal, the path 7 is called a cycle on this state. As usual a graph is said to be
strongly connected if for every pair of states (¢,q’) € Q X @, there exists a path from ¢ to ¢'.

Remark 2.3. A Vector Addition System with States (VASS) is a tuple (Q, %, T, n,d) where
G=(Q,2,T) is a graph and ¥V = (X,n,0) is a VAS. A pair in Q x N" is called a VASS
configuration. Let o € ¥*. The VASS semantics is defined over the VASS configurations
by (q,8) = (¢',s') if and only if ¢ B¢ ¢ and s Ty s'. Note [4] that n-dim VASSs can be
simulated by (n + 3)-dim VASs.

Example 2.4. Recall [4] that sets post},(S) and pre},(S’) are definable in Presburger arith-
metic FO (N, +,<) if S and S’ are definable in this logic and n < 5. Moreover from [4]
we deduce an example of a 6-dim VAS'V and a pair of configurations (s,s’) ¢y such that
neither post},({s}) nor pre},({s'}) are definable in Presburger arithmetic. This example is
obtained by considering the VASS depicted in Figure [2. This VASS has a loop on state p
and another loop on state q. Intuitively, iterating the loop on state p transfers the content
of the first counter to the second counter whereas iterating the loop on state q transfers and
multiplies by two the content of the second counter to the first counter. The third counter is
incremented each time we come back to state p from q. In [4] the set of reachable configura-
tions from (p, (1,0,0)) is proved equal to ({p} x {x € N® | x[1] +x[2] < 2¥B) U ({¢} x {x €
N3 | x[1] 4 2x([2] < 2XB41Y). This set is not definable in Presburger arithmetic.

(0,0,0)

(_1717()) C e (27_17())
Figure 2: A VASS taken from [4].

3. THE KLMST DECOMPOSITION

The emptiness of £(m,V, m’) can be decided with the Kosaraju-Lambert-Mayr-Sacerdote-
Tenney (KLMST) decomposition. This decomposition shows that £(m,V, m’) is effectively
decomposable as a finite union (Jy,cp £(U) where £(U) is the language recognized by a
perfect Marked Reachability Graph Sequence (MRGS) U. We provide in Section Bl a new
definition of perfect MRGS that does not require complex constructions. This definition is
proved equivalent to the original one [6] in Section Finally in Section [3.3] we recall the
KLMST decomposition.

3.1. The Perfect MRGSs. In this section we introduce the class of Marked Reachability
Graph Sequences (MRGSs) by following notations introduced by Lambert [6]. We also
provide a new definition for the class of MRGSs said to be perfect [6].

A reachability graph for a VAS V = (X,n,d) is a graph G = (Q,%,T) with Q C
N and T C {(g,a,¢') € Q x X x Q | ¢ Sy ¢'}. A marked reachability graph M =

(m,x,G,x’,m’) for V is a strongly connected reachability graph G for V equipped with
two extended configurations x,x’ € @ respectively called the input state and the output
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state, and equipped with two extended configurations m, m’ satisfying m < x and m’ < x’
respectively called the input constraint and the output constraint. An accepted tuple for M
is a tuple (s,7,s’) where ™ = (x La x') is a path in G labeled by o from the input state x
to the output state x’ and where s,s’ € N™ are two configurations such that s <m, s 2 s’
and 8’ <m’. Intuitively the graph G and the input/output states enforce o to label a path
in G from x to x. The input/output constraints enforce s[i| and s'[i] to be equal to m]i]
and m'[i], respectively, if m[i] and m'[] are not equal to the “don’t care value” T.
A marked reachability graph sequence (MRGS) for (m,V, m’) is a sequence

U= M0a1M1 e ak./\/lk

that alternates elements a; € ¥ and marked reachability graphs M; = (m;,x;, G}, %}, m})
with G; = (Qj,%,T;) such that my <m and mj <m’. An accepted sequence for U is a

sequence (sj,ﬂj,s;-)ogjgk such that (sj,ﬂj,s;-) is an accepted tuple for M; for every 0 <
j < k and such that s;»_l i)y s;j for every 1 < j < k. The language recognized by U is the
set of words of the form o = ogaioq...a,o, such that there exists an accepted sequence
(8, 7,87 )o<j<k where m; is labeled by o;. This set is denoted by £(U). Since mg <m
and m) Jm’, relations sp <myg and s, <mj imply s) <m and s} <m’'. In particular the
inclusion £(U) C L£L(m,V, m’) holds.

Example 3.1. Let V = (X,n,d) be a VAS and let (s,s’) be a pair of configurations of
V. Let us introduce an MRGS U such that LU) = L(s,V,s'). We consider the graph
G =(Q,%X,T) where @ = {(T,..., T)} and T = Q x X x @, and the marked reachability
graph M = (s,(T,...,T),G,(T,...,T),s'). Now just observe that the MRGS U = M
satisfies L(U) = L(s,V,s).

Definition 3.2. An MRGSU is said to be perfect if for every ¢ € N, there exists an accepted

sequence (sj,j, S})ogjgk for U such that for every 0 < j < k:

e s;[i] > ¢ for every i such that m;[i] =T,

o there ewists a prefix x; ﬂ)gj x; of m; and a configuration r; such that s; ﬂ)v r; and
such that r;[i] > ¢ for every i such that x;[i] = T, and

o ||t > ¢ for every t € Tj,

./ .

o there erists a suffix x;- ﬂ)Gj x;- of mj and a configuration rg- such that rg- ﬂw s;- and
such that x}[i] > ¢ for every i such that xi[i] = T,

e s[i] > c for every i such that mj[i] = T.

3.2. Original perfect condition. The perfect condition given in Definition is proved
equivalent to the original one [6]. The original definition requires additional notions recalled
in this section. These results are also used in Section [ to establish the pseudo-linearity of
Parikh images of language recognized by perfect MRGSs.

Let M = (m,x,G,x’,m’) be a marked reachability graph. We say that M satis-
fies the input loop condition if there exists a sequence (x ea x). of cycles and a non-
decreasing sequence (m.). of extended configurations such that m 2 m, for every ¢ and
lim., 1o m, = x. Symmetrically, we say that M satisfies the output loop condition if there

: we. ! .
exists a sequence (x’ =4 x'). of cycles and a non-decreasing sequence (m,). of extended
x.

!/
configurations such that m/, “%,, m’ for every ¢ and lim, ;. m/ = The following
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Lemma B3 and Lemma B.4] show that these conditions are in EXPSPACE since they reduce
to covering problems [9).

Lemma 3.3. The input loop condition is satisfied by M iff there exist a cycle x —¢ x and
an extended configuration y satisfying m ~y y and satisfying y[i] > ml[i] for every i such
that m[i] < x[i].

Proof. Assume first that M satisfies the input loop condition. There exist a sequence
(x 2% %), of cycles and a non-decreasing sequence (m,). of extended configurations such
that m &W m, for every ¢ and lim.—, ., m., = x. Let us consider the set I of integers i
such that m[i] < x[i]. Let us prove that for every i € I there exists an integer ¢; such that
m.[i] > ml]i] for every ¢ > ¢;. Let ¢ € I. Since m[i] < x[i] we deduce that m[i] € N and
x[i] = T. From lim. 4o m.[i] = x[i] we deduce that there exists an integer ¢; > 0 such
that m.[i] > m[i] for every ¢ > ¢;. Now let us consider an integer ¢ such that ¢ > ¢; for
every i € I. Observe that m.[i] > m][i] for every i € I. We have proved that there exist a
cycle x =g x with w = w, and an extended configuration y = m,. satisfying m — y and
satisfying y[i] > m][i] for every i such that m[i] < x[i].

Next, assume that there exist a cycle x —¢ x and an extended configuration y satisfying
m %y y and satisfying y[i] > m[i] for every i such that m[i] < x[i].

Let us prove that for every ¢ such that m[i]] > x[i] we have y[i] = m[i]. The relation
m[i] < x[i] implies m[i] < x[i]. Thus m[i] = x[i]. The paths m %y y and x >y x with
m[i] = x[i] provides y[i] = x[i]. We have proved that y[i] = m[i].

Therefore y > m and an immediate induction shows that there exists a non-decreasing
sequence (m,). of extended configurations such that m 2y m,. Finally, just observe that
(x w—c>G x) is a cycle and lim,, 1 oo M, = X. O]

Symetrically, we prove the following lemma.

/
Lemma 3.4. The output loop condition is satisfied by M iff there exist a cycle x’ &G x/
and an extended configuration y’ satisfying y’ ﬂ%} m’ and satisfying y'[i] > m’[i] for every
i such that m'[i] < x'[i].

Let (q,¢') a pair of states of a graph G = (Q,3,T). We say that a function p : Q —
Q satisfies the Kirchhoff’s laws of (¢,G,q’) if the following system x4 ¢ 4 (1) holds where
e:Q xQ — {0,1} denotes the function that takes the value one iff its two arguments are

equal:
> () +eg,p)
t=(po,a,p)€T
Xq.Gq' (1) = /\ Z

el p(t) + e(p.q')

t=(p,a,p1)€T
The Parikh image ||7|| of a path 7 from a state ¢ to a state ¢’ in a graph G = (Q,%,T)
provides a function ||7|| that satisfies x4 ¢ 4. Euler’s Lemma shows that if G is strongly
connected then every function u : T — N\{0} satisfying the Kirchhoff’s laws of (¢, G,q’)
is the Parikh image of a path from ¢ to ¢’. Since x4,c,q does not depend on ¢ € @Q, this
linear system is simply denoted by x¢ in the sequel. Naturally, the Parikh image of a cycle
satisfies this linear system.
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Let (Sj,ﬂ'j,S;-)QSjSk be an accepted sequence of an MRGS U. Observe that & =
(85, 145,85 )o<j<k with pj = [|mj|| is a solution of the linear system given in Figure ] where
d(t) denotes d(a) for every transition t = (g,a,q’). This linear system is called the charac-
teristic system of U. A solution £ of the characteristic system is called concretizable if there
exists an accepted sequence (s;, 7;,s})o<; <k such that § = (s;, [|7;,8});. The homogeneous
form of the characteristic system, obtained by replacing constant terms by zero is called the
homogeneous characteristic system of U. This system is given in Figure Bl In the sequel, a
solution of the homogeneous characteristic system is denoted by & = (so,;, tho,;5 367 j) j-

(forall 1 <j <k forall1<j<k

si_1 +0(aj) =s; S0,j—1 = S0,j

forall 0 <j <k forall 0 <5<k

i+ Y wi(t)s(t) = S0+ ) ho(1)8(t) = 50,

teTy teTy

forall0<j <k, 1<i<n forall0<j<k 1<i<n
Sj [Z] = mj [Z] if m; [Z] eN S0,; [Z] =0if m; [Z] eN

sj[i] = my'[i] if m}[i] € N sp;[i] = 0 if mi[i] € N
forall 0 <j <k forall 0 <7<k
(XG5, (15) Xa; (1o,5)

Figure 3: On the left the characteristic system. On the right the homogeneous characteristic
system.

We say that U satisfies the large solution condition if there exists a non-decreasing sequence
(&c)cen of solutions & = (Sjc, fj,c s;-7 .)j with components in N of the characteristic system
such that:

o lim. ;. sj . =m; for every j,

o lime 4o ptjc(t) =T for every j and t € T}, and

o lim. | Sj.= m;- for every j.

The following lemma shows that the large solution condition is decidable in polynomial
time since the condition (i) of this lemma is in PTIME with the Hermite decomposition and
the condition (ii) is in PTIME with the interior points method.

Lemma 3.5. The large solution condition is satisfied by U iff the following conditions (i)
and (ii) hold:
(i) Its characteristic system has a solution & with components in Z,
(ii) Its homogeneous characteristic system has a solution & = (so j, to 5, SE)J-)J' with compo-
nents in Q satisfying for every j:
* 80,51] > 0 for every i such that m;[i] =T,
* po,j(t) > 0 for every t € Tj, and
* s ;[i] > 0 for every i such that mj[i] = T.
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Proof. Let us consider £ and £ satisfying condition (i) and (ii). Since & is the solution of a
linear system, by multiplying &y by a positive integer, its components can be assumed in Z.
Note that in this case the components are in fact in N. Since there exists an integer ¢ > 0
such that & + ¢£y has its components in N, by replacing £ by £ + ¢£y we can assume that
the components of £ are in N. Now, just observe that . = & + ¢£ provides a sequence (&;).
that proves that U satisfies the large solution condition.

Next assume that U satisfies the large solution condition. There exists a sequence ()¢
proving the large solution condition of ¢. Let us denote by & = (s;, 15, s;) ; the first solution
of this sequence. This solution naturally satisfies (i). Observe that there exists an integer
¢ > 0 such that for every j:

o s;.[i] > s;[i] for every i such that m;[i] =T,

o 11j.(t) > pj(t) for every t € T, and

e s’ [i] > s[i] for every i such that m’[i] = T.

Notice that &y = &. — £ provides a solution of the homogeneous characteristic system satis-
fying condition (ii). Il

By adapting [6], we deduce that the perfect condition given in Definition B.2lis equivalent
to the original one [6] (also equivalent to the #-condition [5]). More formally, we prove the
following Proposition (the proof is given in Appendix [A]).

Proposition 3.6. An MRGS U is perfect if and only if it satisfies the large solution con-
dition and if its marked reachability graphs satisfy the input and output loop conditions.

3.3. The KLMST decomposition. We provide an informal presentation of the algorithm
deciding the emptiness of £(s,V,s’). This algorithm is based on a well-founded order C over
the MRGSs. During its execution, a finite set F' of MRGSs is computed. This set satisfies
the invariant £(s,V,s") = Uyecp £(U). Initially, the algorithm starts with the set F' = {U/}
where U is an MRGS such that £(U) = L(s,V,s’) (see Example B]). Recursively, while the
set F' is non empty and it only contains MRGSs that do not satisfy the perfect condition,
such an MRGS U/ is picked up from F'. Since U is not perfect, Proposition shows that
either it does not satisfy the large solution condition or one of its marked reachability graphs
does not satisfy the input or the output loop condition. Considering separately these cases,
the algorithm computes a finite set F’ of MRGSs satisfying U’ = U for every U’ € F’ and
LU) = Uppep £U'). Then, the algorithm replaces F' by F\{U/} U F’ and it restarts the
while loop. Since C is well-founded, the loop termination is guaranteed. When the loop
terminates, the set F' is either empty or it contains at least one perfect MRGS. If F is
non empty the algorithm decides that L(s,V,s’) is non empty, otherwise it decides that
L(s,V,s) is empty. The correctness of the algorithm is obtained by observing that the
language recognized by a perfect MRGS is always non empty.

Now, let us assume that the while loop is continuing still there exists in F' at least one
MRGS that does not satisfy the perfect condition. The loop termination is still guaranty
since C is well-founded and when the while loop terminates we get an eventually empty
set F' of perfect MRGSs such that £(s,V,s") = Uyecp £(U). This algorithm provides the
following Theorem 3.7
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Theorem 3.7 (Fundamental Decomposition [5, [6]). For every tuple (s,V,s’), we can effec-
tively compute a finite set F of perfect MRGSs for (s,V,s') such that:

Ls,v,8) =] L)
UeF

4. SEMI-PSEUDO-LINEAR SETS

We introduce the class of semi-pseudo-linear sets.

We first introduce the class of monoids. A monoid of Q™ is a set M C Q™ such that
0 € M and M + M C M. Observe that for every X C Q", the set M = {0} U {Zle X; |
E > 1A x; € X} is the minimal monoid that contains X with respect to the inclusion.
This monoid is called the monoid generated by X and denoted X*. A monoid is said to be
finitely generated if it can be generated by a finite set.

Let M be a monoid. A vector a € M is said to be interior to M if for every x € M
there exists an integer N > 1 satisfying Na € x + M. The interior of a monoid M is the
set of interior vectors to M. It is denoted by Z(M).

Example 4.1. Let P = {(1,1),(—=1,1)}. The monoid M = P* and its interior are depicted
in Figure [}

\OOOOOO}XOOOOX
o O o O X0 o X
o OO0 O X010 X
(¢] (¢] 23 X

ol]o X%

Figure 4: On the left a monoid M. On the right its interior Z(M).

The following Lemma [£2] characterizes the set Z(P*) where P is a finite set.

Lemma 4.2. Let P = {p1,...,pr} C Q" with k € N. We have Z(P*) = {0} if k = 0 and
Z(P*) = P n ((Q\{0h)p1 + -+ + (Q:\{0})px) if k > 1.

Proof. Since the case k = 0 is immediate, we assume that & > 1. Let us first consider an
interior vector a € Z(P*). As Zle p; € P* and a € Z(P*), there exists N > 1 such that

Na € (Z§:1 p;) + P*. Let p € P* such that Na = Zle p; + p. As p € P*, there exists

a sequence (Nj)i<j<k of elements in N such that p = Z§:1 N;p;. Combining this equality

with the previous one provides a = Z§:1 1J§VNj p;. Thusa € (Q:\{0})p1+---+(Q4\{0})ps.

Conversely, let us consider a € P* N ((Q4+\{0})p1 +--- + (Q+\{0})px). Observe that there
exists an integer d > 1 large enough such that da € (N\{0})p1 + --- + (N\{0})px. In
particular for every x € P* there exists NV > 1 such that Nda € x + P*. []
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A set L C Z" is said to be linear [3] if there exists a vector b € Z™ and a finitely
generated monoid M C Z™ such that L = b+ M. A semi-linear set S C Z" is a finite union
of linear sets L; C Z". Recall [3] that sets definable in FO (N, +, <), also called Presburger
sets, are exactly the non-negative semi-linear sets. By observing that integers are differences
of two non-negative integers, we deduce that sets definable in FO (Z, +, <) are exactly the
semi-linear sets.

Let us now introduce the class of pseudo-linear sets and semi-pseudo-linear sets. Intu-
itively, the pseudo-linear sets extend the linear sets, and the semi-pseudo-linear sets extend
the semi-linear sets. More formally, a set X C Z" is said to be pseudo-linear if there exists
b € Z" and a finitely generated monoid M C Z™ such that X € b+ M and such that for
every finite set R of interior vectors to M, there exists x € X such that x+ R* C X. In this
case, M is called a linearizator for X and the linear set L = b + M is called a linearization
of X. A semi-pseudo-linear set is a finite union of pseudo-linear sets.

Example 4.3. The set X = {x € Z*? | 0 < x[2] < x[1] < 2*PI} is depicted in Figure [
Observe that X is pseudo-linear and L = {x € Z* | 0 < x[2] < x[1]} is a linearization
of X. The set Y = {(2¥,0) | k € N} is not semi-pseudo-linear. However Z = X UY is
pseudo-linear since L is still a linearization of Z.

Figure 5: A pseudo-linear set.

Remark 4.4. Every linear set L = b + M is pseudo-linear. M is a linearizator for L and
L is a linearization of L. Every semi-linear set is semi-pseudo-linear.

Remark 4.5. Semi-pseudo-linear sets can be empty whereas pseudo-linear sets cannot be
empty.

As expected, the class of pseudo-linear sets is stable by linear function images. A
function f : Z" — Z" is said linear if there exists a matrix A € Z"*" and a vector v € Z"
such that f(x) = Ax + v for every x € Z".

Proposition 4.6. Images X' = f(X) of pseudo-linear sets X by a linear function f are
pseudo-linear. Moreover L' = f(L) is a linearization of X' for every linearization L of X.

Proof. Let us consider a linear function f : Z" — Z" defined by a matrix A € Z"™™ and a
vector v € Z". Let us consider a pseudo-linear set X C Z". As X is pseudo-linear, there
exists a linearizator M of X and a vector b € Z™ such that X Cb+ M. Let L = b + M.
As M is finitely generated there exists a finite set P such that M = P*. We are going
to prove that L' = f(L) is a linearization of X’ = f(X). Let us consider b’ = f(b) and
P’ = {Ap | p € P} and observe that L' = b’ + (P’)*. In particular L’ is a linear set.
Since X C L we deduce that X’ C L'. Let us consider a set R’ = {r/,...,r}} included in
the interior of (P’)*. Asr} € (P')* there exists p; € P* such that r; = Ap;. Lemma
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shows that r} is a sum of vectors of the form \; pbAp over all p € P where \;p > 0 is a
value in Q. There exists an integer n; > 1 large enough such that n;\; , € N\{0} for every
p € P. We deduce that r; = ZpEP n; A\ pP is a vector in P*. Moreover, from Lemma
we deduce that r; is in the interior of P*. Let us consider the set R of vectors r; + k;p;
where k; is an integer such that 0 < k; < n;. As r; € Z(P*) and p; € P* we deduce that
r; + kip; € Z(P*). We have proved that R C Z(P*). As L is a linearization of X, there
exists x € X such that x + R* C X. We deduce that f(x) + AR* C X’. Let us consider
x' = f(x) + A(XL, r;) and let us prove that x’ + (R')* C X’. Consider v’ € (R')*. There
exists a sequence (y})1<i<q of integers in N such that r' = 2?21 wirh. The Euclid division
of w! by n; shows that u, = k; + n;u; where p; € N and 0 < k; < n;. From n;r}, = Ar; we
deduce that X' +r' = f(x) + A(Z?:l(ri +k;pi) + 2?21 p;ri). Observe that r; + k;p; and r;
are both in R. We have proved that x' + 1’ € f(x) + AR*. Thus x’ + (R')* C X’. We have
proved that L’ is a linearization of X". O

5. THE PARIKH IMAGES OF PERFECT MRGSs

The Parikh images of languages recognized by perfect MRGSs are proved to be pseudo-linear
in this section. From the KLMST decomposition, we deduce the semi-pseudo-linearity of
the Parikh image of £(m, )V, m’).

Let us consider a perfect MRGS U for (m,V, m’). We denote by H the solutions with
components in N of the characteristic system of &. We consider the set of concretizable
solutions H’. Since the Parikh image of £(U) is the image by a linear function of H’, by
Proposition it is sufficient to prove that H’ is pseudo-linear. Let us introduce the set Hy
of solutions with components in N of the homogeneous characteristic system. We prove in
the sequel that Hj is a linearizator for H'. First of all observe that Hy is a finitely generated
monoid since Hy = B} where Py = min(Hy\{0}), and Fy is finite since < is a well-order
over Hy.

Since H' C H, the following Lemma [5.1] shows that H' is included in (§ — &) + Hy. We
follow notations introduced in Definition

Lemma 5.1. There ezists § € H and &y € Hy such that H C (£ — &) + Hp.

Proof. As U satisfies the large solution condition there exists ¢ € H. Moreover, Lemma,
shows that there exists a solution &y with components in QQ of the homogeneous characteristic
system satisfying the additional conditions sg;[i] > 0 if m;[i] = T, sg;[i] > 0 if m[i] =T,
and g j(t) > 0 for every ¢t € T;. By multiplying & by a positive integer, we can assume
that the components of £y are in N. Note that for every ¢ € H, there exists ¢ € N such that
& +c€ > & Asmin(H) is finite, by multiplying &y by a positive integer we can assume that
&+ & > ¢ for every £ € H. That means H C (£ — &) + Ho. OJ

Now, let us consider a finite set Ry = {1, ...,&y} included in the interior of Hy. We are
going to prove that there exists £ € H such that £ + R C H'. We first prove the following
lemma.

Lemma 5.2. For every & = (Sl,j,,ul,j,sfj)j interior vector of Hy, the function py ; is the

. . 91,5
Parikh image of a cycle m; = (x; —>a; Xj).
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Proof. Since U satisfies the large solution condition, Lemma [3.5lshows for every t € T}, there
exists a solution & = (SOJHUO,]'?S/O,]')]' in Hy such that g ;(t) > 0. As Hy = Py, for every
t € T} there exists &y € Py satisfying the same property. As ¢ is in the interior of Hy, Lemma
shows that there exists a sequence (Ag,)¢,ep, of positive rational values A¢, € Q-0 such
that & = Zﬁo A¢o&o- In particular, we deduce that py ;(t) > 0 for every ¢t € T and for every
0 <j <k As¢ satisfies xg; we deduce that p ; satisfies the Kirchhoft’s laws. As G; is
strongly connected and yy ;(t) > 1 for every t € T, Euler’s Lemma shows that p ; is the

Parikh image of a cycle m ; = (x; %Gj X;). (]

Since x; ﬂm, there exists an integer ¢ > 0 such that for every 0 < j < k and for
every configuration r; satisfying r;[i] > c if x;[i] = T and r;[i] = x;[i] otherwise, we have
r; —)Ul’j V.

As U is perfect, there exists an accepted tuple (s;, 75, S;-)ogjgk such that for every j, 7;
can be decomposed into:

. . w’.
;= (%5 ﬂ)(;j X; U—J>Gj X —5a; X))
and such that the pair of configurations (rj, r;) satisfying the following relations:
. . w’.
S; &)V ry; U—Jh) I‘;- —Jh) S;»
also satisfy:
o r;[i] > cif x;[i] = T and r;[i] = x;[i] otherwise,
/

e ri[i] > cif x}[i] = T and r[i] = x[i] otherwise.

In particular we have r; ﬂ)y for every 0 < j < k and for every 1 <[ < d.

01,5 9,3
Ass;j > 0and rj —5 we deduce that rj+s; ; —>. Moreover, from s; j+6(0; ;) = s
we get:

7j

91,5 /
Tj+ S —V It Sy
As s j,8 ; =20, an immediate induction shows that for every sequence ni,...,ng € N we
have the following relation:

d n ng d
Z 91,5%,j Z /

r; + nsSy; ————yY I + TllSlJ»
=1 =1

Let & = (sj, |[m;l],8})o<j<k- We have proved that & + Zle & is concretizable. Thus
+ R} C H'. Therefore H' is pseudo-linear and Hy is a linearizator for H'. We have proved
0
the following Theorem (.31

Theorem 5.3. The Parikh image of L(U) is pseudo-linear for every perfect MRGS U.
From Theorem [B.7 and Theorem [5.3] we deduce the following Corollary (.41
Corollary 5.4. The Parikh image of £L(m,V, m’) is semi-pseudo-linear.
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6. PETRI SETS

A set X C Z" is said to be a Petri set if X NS is semi-pseudo-linear for every semi-linear
set S C Z™. Since Z" is a linear set, Petri sets are semi-pseudo-linear. However the converse
is not true in general (see Example G.I)). In this section, post},(S) and pre},(S’) are proved
to be Petri sets for every semi-linear sets S, S’ C N™. This result is used in Section Rl to get
a local analysis of post},(S) and pre},(S’) with respect to some semi-linear sets.

Example 6.1. Let us consider the pseudo-linear set Z = X UY introduced in Example [{.5
and observe that Z is not a Petri set since Y = Z NS is not semi-pseudo-linear with

S = (1,0) + {(1,0)}*.

Let us prove that post},(S)NS" and SN pre,(S’) are semi-pseudo-linear for every semi-
linear sets S, S’ C N™. Since semi-linear sets are finite unions of linear sets we only prove
this result for the special case of two linear sets S = s + P* and S’ = s’ 4+ (P')* where
s,s’ € N*" and P, P’ C N" are two finite sets. We consider two alphabets ¥ p, ¥ ps disjoint of
¥ and a displacement function ¢ defined over ¥ = £p U X U ¥ ps that extends § such that:

P={(a)|acXp} P ={-6(a) |acXp}

We consider the VAS V = (2, n,4). Intuitively, since §(Xp) C N" and §(Xp/) € —N", words
in £(s,V,s’) can be reordered into words in (X5X*¥%,) N L(s,V,s’). More formally, we
prove the following lemma.

Lemma 6.2. Assume that s ﬂ)y s’ holds with 0,0’ € ¥*, and a € ¥.. We have:

es Eﬁ,—m s if 6(a) > 0.

s Lla)v s if 6(a) < 0.

Proof. We only consider the case d(a) > 0 since the other case is symmetrical by replacing
(s,V,8') by (s',—V,s) where —V = (X,n,—0). Let us consider the pair of configurations
(r,r') such that s By r Sy 1/ o—lh; s'. Since §(a) > 0 we have s %y s+6(a). Ass+d(a) >s

and s Z, we deduce that s +6(a) =y s+ d(a) + (). From v’ = s+6(c) + d(a) we deduce
the lemma. L]

Let us consider the displacement functions f and f’ defined over ¥ by:

fla) = {5(&) ifaeXp

0 otherwise

—d(a ifaeXp
flay=1 0@ r

0 otherwise

Lemma 6.3. We have post},(S)NS’ = s'+f/(L(s,V,s")) and SNpre},(S) = s+f(L(s, V,8)).

Proof. Let us consider ¢’ € post};(S) N S” and let us prove that ¢’ € s’ + f'(L(s,V,s)).
There exists ¢ € S and a word v € ¥* such that ¢ = ¢. In particular ¢ iﬁ; c’. Since
S = s+ P* we observe that there exists a word u € ¥} such that s iﬁ; c. Symmetrically
since S = s’ + (P’)* there exists v’ € ¥}, such that ¢’ u—/h—; s’. We have proved that
uvu’ € L(s,V,s'). Note that f'(uvu’) = —0(u'). From s’ = ¢’ 4 6(u’) we have proved that
c es' + f(L(s,V,d)).
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Conversely, let us consider a vector ¢’ € s’ + f/(£(s,V,s’)) and let us prove that ¢’ €
post};(S)NS’. There exists a word o € £(s, V,s') such that ¢/ = s'+ f/(5). Since §(Xp) C N
and §(Xpr) € —N", Lemma [6.2] shows that o can be reordered into a word og € £(s,V,s’) N
(XpX*E%). As og and o have the same Parikh image we deduce that f'(0) = f'(09). In

particular, we can assume without loss of generality that ¢ = wvu’ with u € ¥%, v € X*

and v’ € ¥%,. Let us consider the two configurations ¢, c¢” such that s =y, ¢ vy ¢’ E,—h; s
Ass’ ="+ 6(u) and f'(0) = —5(u’) we deduce that ¢” = ¢’. Moreover, since u € X% we
deduce that ¢ € S and since v’ € %, we get ¢’ € §’. From v € £* we deduce ¢ 3y ¢’. We
have proved that ¢’ € post},(S) N S’

Thus posty,(S) NS = s + f'(L(s,V,s')). Symmetrically we get S N pre},(S') = s+
f(£(s,V,8)). O

Observe that sets s’ + f/(L£(s, V,s')) and s+ f(L(s, V,s’)) are images by linear functions
of the Parikh image of £(s,V,s’). Corollary [5.4] shows that the Parikh image of £(s,V,s’)
is semi-pseudo-linear. From Proposition we deduce the following Theorem

Theorem 6.4. post},(S) and pre},(S’) are Petri sets for every semi-linear sets S,S" C N™.

7. PSEUDO-LINEAR SETS INTERSECTIONS

Let X1, X5 be two pseudo-linear sets with an empty intersection X; N X9 and let Ly, Lo
be linearizations of X7, Xs. Since L1, Lo over-approximate X7, Xo, the intersection L N Lo
is not empty in general. In this section we introduce a dimension function that satisfies
dim(L; N L) < dim(X; U Xo). This dimension function is defined in Section [Tl and the
strict inequality is proved in Section

7.1. Dimension. A vector space V of Q" isaset V C Q" suchthat 0 ¢ V, V+V CV and
QV C V. Observe that for every set X C Q™ the set V = {0} U {Zle ANixi |[E>1 AN €
Q A x; € X} is the minimal vector space that contains X with respect to the inclusion.
This vector space is called the vector space generated by X. Recall that for every vector
space V there exists a finite set B C V that generates V. The minimal integer d € N such
that there exists a finite set B C V with d elements that generates V is called the rank of
V and denoted rank(V'). Note that rank(V') € {0,...,n} and for every set X C Q" there
exists a finite set B C X such that the vector space V generated by B is equal to the vector
space generated by X and such that |B| = rank(V).

The dimension of a non empty set X C Q™ is the minimal integer d € {0,...,n} such
that there exist k& € N, a sequence (Vi,...,V}) of vector spaces V; C Q", and a sequence
(at,...,ay) of vectors a; € Q" such that X C U?:l(aj +V;) and rank(V;) < d. We denote
by dim(X) the dimension of X. By definition dim(f)) = —oco.

Example 7.1. Let Xo = {(0,0)}, X; = {x € N? | x[1] = x[2]} and X5 = {x € N? |
x[2] < x[1]} be the sets depicted in Figure [l We have dim(Xy) = 0, dim(X;) = 1 and

Let us show some immediate properties satisfied by the dimension function. Ob-
serve that dim(X) = —oo if and only if X is empty. The dimension function is mono-
tonic dim(X;) < dim(X3) for every X7 C Xs. Moreover it satisfies dim(X; U Xo) =
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dim(XQ) =0 dim(Xl) =1 dim(Xg) =2

Figure 6: Dimension of some sets.

max{dim(X),dim(Xs)} and dim(X; + X2) < dim(X;) + dim(X2). Note also that dim(a+
X) = dim(X) for every a € Q™. In the sequel, we prove that (1) rank(V) = dim(V') for
every vector space V', (2) dim(M) = dim(V') for every vector space V generated by a monoid
M, and (3) dim(L) = dim(X) for every linearization L of a pseudo linear set X. We first
prove the following lemma.

Lemma 7.2. Let M C Q" be a monoid and let (Vi,..., Vi) be a sequence of vector spaces
V; € Q" and let (ay,...,ay) be a sequence of vectors a; € Q™. If M C U?zl(aj +V;) then
there ewists j such that a; € V; and M C a; + V.

Proof. Let us observe that a; € V; implies a; +V; = V;. We first prove that M C U;?:l(aj +
Vj) implies M C J;c; V; where J is the set of j € {1,...,k} such that a; € Vj. Let us
consider m € M. Since M is a monoid we deduce that Ax € M for every A € N. In
particular there exists j € {1,...,k} such that Ax € a; + V; for infinitely many A. In
particular there exist A < X in N and v,v’ € Vj such that Ax =a; + v and N'x = a; + Vv’

. '_MNv - . i+, .
Now, just observe that a; = A‘;\,__)‘)\v implies a; € V; and x = & )\,V] implies that x € Vj.
Therefore M C ;e Vj-
Now let us prove by induction over k € Ny that for every sequence (Vi,..., V) of

vector spaces V; C Q", if M C U?:l V; then there exists j such that M C V;. The case
k =1 is immediate. Assume that the lemma is already proven for an integer k € N<g. Let
us consider a monoid M C Q", a sequence (V1,...,Vi11) of vector spaces V; € Q" such
that M C Ufill Vj. Let us prove that there exists j € {1,...,k + 1} such that M C V.
Naturally if M C V41 we are done. Thus, we can assume that M is not included in Vi
and we can pick a vector m € M\Vj11. Let x € M and let us prove that x € Ué?:l V;. Note
that if x € Vi1 we are done. Thus, we can assume without loss of generality that x € Vj11.
Let us introduce y) = x+ Am where A € N. Since M is a monoid that contains x and m we
deduce that y) € M. Assume by contradiction that yy € Viy1 for A # 0. Since x and y)
are both in Vi1, and Vi, is a vector space, we deduce from m = %(y)\ —x) that m € Vj4.
We get a contradiction with m ¢ Vi, ;. Thus y) € U?:l V; for every A € N5g. Hence there
exists j € {1,...,k} such that y) € Vj for infinitely many A € N5o. In particular there

exists A < X in N5 such that yy,y) € V}. As Vj is a vector space, from x = W we

deduce that x € V;. We have proved that M C U?:l Vj. From the induction hypothesis, we
deduce that there exists j € {1,...,k} such that M C V;. We have proved the property by
induction. ]

Now, we can prove the following results.

Lemma 7.3. We have dim(V) = rank(V') for every vector space V.
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Proof. Since V.C 0+ V we get dim(V) < rank(V'). Conversely, there exists a sequence
(Vi,..., Vi) of vector spaces V; C Q™ and a sequence (ai,...,a;) of vectors a; € Q™ such
that V C U?Zl(aj + V;) and rank(V;) < dim(V). As V is a vector space and in particular
a monoid, Lemma shows that there exists j such that V' C a; +V; and a; € V. From
a; +V; = V; we deduce that V' C V;. In particular rank(V') < rank(V;) and we have proved
the other relation rank(V') < dim(V'). Il

Proposition 7.4. We have dim(M) = rank(V') where V' is the vector space generated by a
monoid M.

Proof. Since M C V we get dim(M) < rank(V). Conversely, there exists a sequence a
sequence (V1, ..., V}) of vector spaces V; C Q™ and a sequence (ay, . .., ay) of vectors a; € Q"
such that M C U§:1(aj + V;) and rank(V;) < dim(M). From Lemma there exists j
such that a; € V; and M C a; +V;. As a; € V; we get a; + V; = V. We deduce that
M C V;. By minimality of the vector space generated by M, we deduce that V' C V;. In
particular, rank(V’) < rank(Vj). Since rank(V;) < dim(M) we deduce the other relation
rank(V) < dim(M). O

As expected, the dimension of a pseudo-linear set is equal to the dimension of every
linearization.

Lemma 7.5. We have dim(X) = dim(L) for every linearization L of a pseudo-linear set
XCcz".

Proof. There exists b € Z" and a linearizator M for X such that L = b + M. From
X C L we deduce that dim(X) < dim(L). Let us prove the converse. Let us consider an
interior vector a € Z(M). Since M is finitely generated, there exists a finite set P such that
M = P*. Observe that R = {a} U (a+ P) is a finite subset of Z(M). As X is pseudo-linear,
there exists x € X such that x + R* C X. Note that the vector space generated by R
is equal to the vector space generated by P. Thus, from Proposition [7.4] we deduce that
dim(R*) = dim(P*). As dim(x + R*) = dim(R*) and dim(b + P*) = dim(P*) we deduce
that dim(x + R*) = dim(L). Since x + R* C X we deduce that dim(L) < dim(X). O

7.2. Pseudo-linear sets with empty intersections. In this section we prove that lin-
earizations L, Lo of two pseudo-linear sets X7, Xo with an empty intersection X; N Xy = ()
satisfy the strict inequality dim(L; N Lg) < dim(X; U X3). Note that even if X3 N Xy = (),
the intersection L N Ly may be non empty since L1, Ly are over-approximations of X7, Xs.

Example 7.6. Let us consider the pseudo-linear set X described in Example [{.3 and a
linearization L = {x € Z?> | 0 < x[2] < x[1]} of X. We also consider the linear set
X' =(8,2) +{(1,0),(3,-1)}*. Sets X and X' are depicted together in Figure[d. Note that
L' = X' is a linearization of the linear set X'. Notice that X N X' = (). The set LN L’
is depicted in gray in Figure [ Observe that L N L' = {(8,2),(11,1),(14,0)} + {(1,0)}*.
Therefore 1 = dim(L N L") < dim(X U X') = 2.

We first introduce the class of groups. A group of Q" is a set Z C Q" such that 0 € Z,
Z+ 7Z C Z and —Z C Z. Observe that for every X C Q", the set G = X* — X* is
the minimal group that contains X with respect to the inclusion. This group is said to be
generated by X. Let us consider the group G = M — M generated by a monoid M and
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Figure 7: Two pseudo-linear sets with an empty intersection.

a € Z". Observe that a € Z(M) if and only if for every g € G there exists an integer N > 1
such that g + Na € M.

Lemma 7.7. For every vector v € V where V is the vector space generated by a group G,
there exists an integer d > 1 such that dv € G.

Proof. As v € V, either v = 0 or v can be decomposed into a finite sum v = Zle Aigi

with £ > 1, \; € Q and g; € G. The case v = 0 is immediate with d = 1 and the second
case is obtained by considering an integer d > 1 such that dA; € Z for every i. L]

Lemma 7.8 ([3]). For every finite sets Py, Py C Z" there exists a finite set P C Z™ such
that P N Py = P*. Moreover, for every by, by € Z", there exists a finite set B C Z" such
that (by + Pf) N (by + P3) = B + (Pf N Fy).

Proof. Let us consider an enumeration p;1,...,Pik of the k; > 0 vectors in FP; where
i€{1,2}. If ky =0 or if ko = 0 then P = {0} or Py = {0} and the lemma is immediate.
Thus, we can assume that kq, ko > 1.

Let us consider the set X of vectors (A1, A2) € N¥1 x N*2 such that by —I—E;“:l Mllp1,; =
by + 252:1 Xao[j]p2,j. Let us also consider the set X of vectors (A1, \2) € Nkt % Nk2 guch
that Zflzl MljlpL; = 252:1 X2[j]p2,j. Observe that X = Z 4+ X where Z is the finite set
Z = min(X) and Xy = Z§ where Zj is the finite set Zy = min(Xo\{0}).

Let us denote by B the finite set of vectors b € Z" such that there exists (A1, A\2) € Z
satisfying by +Z?1:1 AMjlpij =b=by +Z?2:1 X2[j]p2,j. Let us also denote by P the finite
set of vectors p € Z™ such that there exists (A1, A2) € Zj satisfying 2261:1 Mllp1,; =p =
252:1 X2[j]p2,j. Remark that (by + Pf) N (bg + Py) = B+ P* and Py N Py = P*. O

We say that two linear sets Li, Ly have a non-degenerate intersection if dim(L;) =
dim(L1 NLy) = dim(Lg).

Lemma 7.9. Let L1 = by + My and Lo = by + My be two linear sets with a non-degenerate
intersection. There exist finite sets Ry C Z(My) and Ry C I(Ms) such that (x1 + R}) N
(x2 + R5) # 0 for every (x1,%2) € (L1, L2).

Proof. As My, M5 are finitely generated, there exists some finite sets Py, P» C Z™ such that
M, = P} and My = P5. From Lemma [7.8 there exists a finite set P C Z" and a finite set
B C Z" such that Py N Py = P* and L; N Ly = B + P*. Note that B = () is not possible
since in this case dim(L; N Lg) = —oo. Thus there exists a vector b € B.

Let us denote by Vi, V, Vs the vector spaces generated respectively by Py, P, P, and let
us prove that V3 = V = Va. Proposition [T4 shows that dim(L;) = rank(V7), dim(L; N
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Ly) = rank(V') and dim(Lg) = rank(V3). From dim(L; N Lg) = dim(L;) we deduce that
rank(V') = rank(Vy). Moreover as P* C Pj we deduce that V' C Vj. The inclusion V C V;
and the relation rank(V') = rank(V}) prove together that V' = V;. Symmetrically we deduce
that V = V5.

We denote by G1,G, G the groups generated respectively by Py, P, P,. Note that the
vector spaces generated by G, G, Go are equal to Vi, V, V5.

Let a be an interior vector of P* and let us prove that a € Z(P;")NZ(Py). Let j € {1,2}.
Note that a € P* C P]* Let peZ (Pj). Since —p € V and V is the vector space generated
by G, Lemma [[.7] shows that there exists an integer d > 1 such that —dp € G. From
a € Z(P*) we deduce that there exists N > 1 such that —dp + Na € P*. From P* C Py

we deduce that a € % (dp + P7). From p € Z(P}) and Lemma [£2] we get a € Z(P;).

We define Ry and Ry by R; = {a} U (a+ P)) for j € {1,2}. Since a € Z(P;}), Lemma
shows that R; C I(Pj). Let us consider x1 € L1 and X9 € L9 and let us prove that
(x1 + RY) N (x2 + R3) # 0.

From b,x; € b; + P we deduce that x; — b € Gj. As the group generated by R; is
equal to G, there exists r;, I';» € R; such that x; +r; =b + r;-.

As V is the vector space generated by Gy and r), € R C Vo, =V, Lemma[Z.7lshows that
there exists an integer d; > 1 such that dir, € Gy. As a € Z(Py), there exists an integer
N; > 1such that dirh+ Nja € Pff. As P} C R} —Na, we deduce that there exists an integer
N > 0 such that diry + (N7 + Nj)a € R;. We denote this vector by r]. Symmetrically,
there exist some integers da > 1, N9 > 1 and NJ > 0 such that the vector daor) + (N2 + Nj)a
denoted by rf is in R5. We get:

x1 411+ (do — D)} + 1] + (No + Ny)a = b + dor| + dirh + (N7 + Nj + N2 + Nj)a
Xg + Ty + (di — 1)rh +1h + (N1 + N)a = b + dirh + dor} + (N2 + N3+ N1 + Nj)a
We have proved that these vectors are equal. Therefore (x1 + R}) N (x2 + R3) # 0. ]

Proposition 7.10. Let Ly, Lo be linearizations of pseudo-linear sets X1, Xo C Z™ with an
empty intersection X1 N Xo = 0. We have:

dim(L1 N LQ) < dim(X1 U XQ)

Proof. Let us consider linearizations L, Lo of two pseudo-linear sets X7, Xo such that
dim(Ly N Ly) > dim(X; U X5) and let us prove that X3 N Xy # (). Lemma shows that
dim(X;) = dim(L1) and dim(Xs) = dim(Lg). By monotonicity of the dimension function,
we deduce that dim(L;) = dim(L; N Ly) = dim(Lg). Thus L; and Ly have a non-degenerate
intersection. As L, Lo are two linear sets, there exists by, by € Z™ and two finitely gener-
ated monoids My, My such that L; = by + M7 and Ly = by + Ms. Lemma shows that
there exist finite sets Ry C Z(M;) and Re C Z(My) such that (x1 + R}) N (x2 + R3) # 0 for
every (x1,%2) € (L1, Lo). As Ly, Ly are linearizations of the pseudo-linear sets X7, Xy there
exists (x1,x2) € (X1, X2) such that x; + R} C X; and x2+ R5 C Xo. As (x1,%2) € (L1, L9)
we deduce that (x1 + R}) N (x2 + R3) # 0. We have proved that X3 N Xy # 0. O]
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8. PRESBURGER COMPLETE SEPARATORS

The VAS reachability problem can be reformulated by introducing the definition of separa-
tors. A pair (S,5") of configuration sets is called a separator for a VAS V if S x S’ has an
empty intersection with the reachability binary relation . The set D = N"\(S U S’) is
called the (free) domain of (S,S"). A separator with an empty domain is said to be complete.
We extend the inclusion relation over separators by (So, S) C (S, 5") if Sp € S and S C S".

Complete separators can be characterized by introducing the forward and backward
invariants. Let us consider the following sets for every pair (S,5") of configurations sets and
for every a € X:

post$,(S) ={s' eN"|Is € S sy s}

pref,(S) ={s € N"|3I' € S sLys'}
A set S C N" is called a forward invariant if post};,(S) C S for every a € ¥. A set §" C N"
is called a backward invariant if pre§,(S") C S’ for every a € ¥. Note that a pair (S,S") of

configuration sets is a complete separator if and only if (S, S’) is a partition of N”, S is a
forward invariant and S’ is a backward invariant.

In this section we prove that Presburger separators are included in Presburger com-
plete separators. In general (post},(S), pre},(S’)) is a separator that is neither complete nor
Presburger (see Example 2.4]). That means, this separator must be over-approximated by
another one.

Remark 8.1. In the sequel, we often use the fact that a pair (S,S’) of subsets of N is a
separator if and only if post},(S) Npre},(S’) = 0 if and only if post},(S) N S" = 0 if and only
if SNpre}(S') = 0.

Lemma 8.2. Let (Sy, S}) be a Presburger separator with a non-empty domain Dy. There
exists a Presburger separator (S,S") with a domain D such that Sy C S, S, C S’, and such
that:

dim(D) < dim(Dy)

Proof. We first define a set S’ that over-approximates S, and such that (Sp, S’) is a separator.
As Sy is semi-linear, Theorem shows that post};(Sp) is a Petri set. As Dy is semi-linear,
we deduce that posti,(Sp) N Dy is equal to a finite union of pseudo-linear sets Xy,..., X}.
Let us consider some linearizations L1, ..., Ly of these pseudo-linear sets and let us define
the following Presburger set S’.

Ed

§"=5,U (Do\( Lj))
j=1
We observe that post3,(Sp)N.S" = 0 since post3,(Sp) NSy = 0 and posts,(So) N1 Dy C U?Zl L;.
We have proved that S’ contains Sj), and (Sp, S’) is a separator.

Now we define symmetrically a set S that over-approximates Sy and such that (.5, 5")
is a separator. As S’ is semi-linear, Theorem shows that prej,(S’) is a Petri set. As Dy
is semi-linear we deduce that Dy N prej,(S’) is equal to a finite union of pseudo-linear sets
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X1,...,X},. Let us consider some linearizations L7,..., L}, of these pseudo-linear sets and
let us define the following Presburger set S.
¥
S = SoU (Do\(|J Ljy)
=1

Once again, note that S N pre},(S’) = 0. Thus S contains Sy and (S, S”) is a separator.

Let D be the domain of the separator (S,S’). From Dy = N"\(Sp U S)), we get the
following equality:

D=Don| |J &;nL})

1<j<k
1</ <K/

From X, X7, C Do we get dim(X; U X},) < dim(Do). As X; C postj,(So) C post,(S) and
X%, C prey,(S) and (S, 9") is a separator, we deduce that X; and X7, are two pseudo-linear
sets with an empty intersection. Proposition [[.I0] provides dim(L; N L;.,) < dim(X; U XJ’.,).
We deduce dim(D) < dim(Dy).

An induction over the dimension of the domain D of a Presburger separator provides
the following Theorem [R.3] thanks to Lemma

Theorem 8.3. Presburger separators are included in Presburger complete separators.

As ({s},{s'}) is a Presburger separator if (s,s’) ¢+, the previous theorem shows that
there exists a Presburger complete separator (S, S’) that contains ({s}, {s'}. By considering
I =S, the following Corollary 84l is proved.

Corollary 8.4. Let (s, s') be a pair of configurations of a VAS V. We have (s,s') €y if
and only if there exists a Presburger formula denoting a forward invariant I such thats € 1
ands' & 1.

9. CONCLUSION

Thanks to the classical KLMST decomposition we have proved that the Parikh Images of
languages recognized by VASs are semi-pseudo-linear. As an application, we have proved
that for every pair (s,s’) of configurations in the complement of the reachability relation
there exists a Presburger formula ¢(x) denoting a forward invariant I such that s € I and
s’ & I. We deduce that the following algorithm decides the reachability problem.

Reachability( s,V , s')
k<0
repeat forever
for each word o € %F
if s 5y
return ‘‘reachable”
for each Presburger formula 1 (x) of length k
if 9(s) and —)(s’) are true and
P(x) ANy =x+6(a) AN )(y) unsat Va € X
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return ‘“‘unreachable”
k+k+1

The correctness is immediate and the termination is guaranteed by Corollary This al-
gorithm is the very first one that does not require the classical KLMST decomposition for
its implementation. Even though the termination proof is based on the KLMST decompo-
sition, the complexity of the algorithm does not depend on this decomposition. In fact, the
complexity depends on the minimal size of a word o € ¥* such that s 2y s’ if s 5y ¢,
and the minimal size of a Presburger formula ¢(x) denoting a forward invariant I such that
s € I and s’ € I otherwise. We left as an open question the problem of computing lower
and upper bounds for these sizes. Note that the VAS exhibiting a large (Ackermann size)
but finite reachability set given in [8] does not directly provide an Ackerman lower-bound
for these sizes since inductive separators can over-approximate reachability sets.

We also left as an open question the problem of adapting the Counter Example Guided
Abstraction Refinement approach [I] to obtain an algorithm for the VAS reachability problem
with termination guarantee. In practice, such an algorithm should be more efficient than
the previously given enumeration-based algorithm.

ACKNOWLEDGMENT

I thank Jean Luc Lambert for a fruitful discussion during a Post-doc in 2005 at IRISA
(INRIA Rennes, France) and for his work on semi-linear VASs.

REFERENCES

[1] E. M. Clarke, O. Grumberg, S. Jha, Y. Lu, and H. Veith. Counterexample-guided abstraction refinement.
In E. A. Emerson and A. P. Sistla, editors, Computer Aided Verification, 12th International Conference,
CAV 2000, Chicago, IL, USA, July 15-19, 2000, Proceedings, volume 1855 of Lecture Notes in Computer
Science, pages 154-169. Springer, 2000.

[2] J. Esparza and M. Nielsen. Decidability issues for Petri nets - a survey. Bulletin of the European
Association for Theoretical Computer Science, 52:245-262, 1994.

[3] S. Ginsburg and E. H. Spanier. Semigroups, Presburger formulas and languages. Pacific Journal of
Mathematics, 16(2):285-296, 1966.

[4] J. E. Hopcroft and J.-J. Pansiot. On the reachability problem for 5-dimensional vector addition systems.
Theoritical Computer Science, 8:135-159, 1979.

[6] S. R. Kosaraju. Decidability of reachability in vector addition systems (preliminary version). In Pro-
ceedings of the Fourteenth Annual ACM Symposium on Theory of Computing, (STOC 1982), 5-7 May
1982, San Francisco, California, USA, pages 267-281. ACM, 1982.

[6] J. L. Lambert. A structure to decide reachability in Petri nets. Theoretical Computer Science, 99(1):79—
104, 1992.

[7] E. W. Mayr. An algorithm for the general Petri net reachability problem. In Conference Proceedings of
the Thirteenth Annual ACM Symposium on Theory of Computation, (STOC 1981), 11-18 May 1981,
Milwaukee, Wisconsin, USA, pages 238-246. ACM, 1981.

[8] E. W. Mayr and A. R. Meyer. The complexity of the finite containment problem for Petri nets. J. ACM,
28(3):561-576, 1981.

[9] C. Rackoff. The covering and boundedness problems for vector addition systems. Theoretical Computer
Science, 6(2), 1978.

[10] G. S. Sacerdote and R. L. Tenney. The decidability of the reachability problem for vector addition
systems (preliminary version). In Conference Record of the Ninth Annual ACM Symposium on Theory
of Computing, 2-4 May 1977, Boulder, Colorado, USA, pages 61-76. ACM, 1977.



22 J. LEROUX

APPENDIX A. PROOFS OF PROPOSITION
An MRGS is said to be original-perfect if it satisfies the large solution condition and its
marked reachability graphs satisfy the input and output loop conditions.
Even if the proof of the following lemma is immediate by induction over the length of

w,w’, it is central in the KLMST decomposition.

Lemma A.1 (Continuity).

o For every x —»y there exists an integer ¢ > 0 such that'y —y for every extended config-
uration 'y satisfying y[i| > c if x[i] = T and y[i] = x[i] otherwise for every i.

o For every —»y x' there exists an integer ¢ > 0 such that =y y' for every extended
configuration 'y’ satisfying y'[i] > ¢ if X'[i]| = T and y'[i] = X'[i] otherwise for every i.

Lemma A.2. Perfect MRGSs are original-perfect.

Proof. Let us consider a perfect MRGS U. Notice that U satisfies the large solution condition

since from every accepted sequence (s;,7;,s}); we deduce a solution (sj,||m;|[,s’).. Since

the input loop condition and the output loop condition are symmetrical, we just prove that

the marked reachability graph M; satisfies the input loop condition. We consider an integer
¢ € N satisfying ¢ > m;[i] for every ¢ such that m;[i] < x;[i]. Since U is perfect, there exists

D
an accepted sequence (s, 7;, S;-)ogjgk, a prefix x; —y x; of 7;, an extended configuration
wj . . . .
r; such that s; —y r; and such that r;[i] > ¢ for every i such that x;[i] = T. Since s; <m;
'LUJ . .
we deduce that s; <mj. Ass; —y r; and s; < m; there exists an extended configuration

y; such that m; Ry y;. Let us prove that y;[i] > my;[i] for every i such that m;[i] < x;].
Let i be such an integer. Since m; < x; and m;[i] < x;[i] we deduce that m;[i| € N and

x;[i] = T. From x;[i] = T we deduce that r;[{] > c¢. From m;[i] € N we deduce that
s;[i] = m;[i]. Thus y;[i] = r;[i]] > ¢ > s;[i] = m;[i]. Lemma [3.3] shows that M satisfies
the input loop condition. L]

Now, let us consider an original-perfect MRGS U and let us prove that U/ is perfect.
Since M satisfies the input and output loop conditions, Lemma B3] and Lemma [3.4] show
that:

e there exist a cycle 0; = (x; &mj x;) and an extended configuration y; satisfying both

m; Ry y; and y;[i] > m;[i] for every ¢ such that m;[i] < x;]],

/

w’
e there exist a cycle ¢ = (x —5a, x;) and an extended configuration y’; satisfying both

/

w’
y ==y m’; and y';[i] > m/[] for every i such that m/[i] < x/[i].

The proof that U is perfect is obtained by first exhibiting a solution ¢ with components in
N of the characteristic system and a solution &y with components in N of the homogeneous
characteristic system satisfying some particular properties. These two solutions £ and &j are
respectively defined in Lemma [A 3] and Lemma [A4]

Lemma A.3. There exists a solution & = (s, i}, s;-)j of the characteristic system such that
for every j:

. . . w;
® s, is a configuration satisfying s; —y,
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o (i is the Parikh image of a path m; = (x; i)(;j x;-),

w'’.
° s; is a configuration satisfying —2 S;-,

Proof. As m; ﬁ)y, Lemma [A.T] shows that there exists an integer ¢ > 0 such that s; ﬁ)y
for every configuration s; satisfying s;[i] > ¢ if m;[i] = T and s;[i] = m;[i] otherwise for

’

w’.
every i. Symmetrically, as —2 m;-, Lemma [A.T] shows that there exists an integer ¢ > 0

!

w’.
such that —, s/ for every configuration s} satisfying s}[i] > ¢ if m/[i] = T and s/[i] = m/[7]
otherwise for every i. Since U satisfies the large solution condition there exists a solution
& = (sj,,uj,s;»)j with components in N of the characteristic system such that s; and S;-

satisfies the previous conditions and such that p;(¢) > 1 for every ¢t € T;. As Gj is strongly

connected, Euler’s Lemma shows that j; is the Parikh image of a path 7; = (x; e : x;) (]

Lemma A.4. There exists a solution £ = (So,j, fho,5 S’OJ-) of the homogeneous characteristic
system such that for every j:

o the value sg j[i] is strictly positive if m;[i] = T and it is equal to O otherwise for every 1,

o the value (so; + 6(wj))[i] is strictly positive if x;[i] = T and it is equal to O otherwise for
every 1,

e poj — (101 +1105]]) is the Parikh image of a cycle mo ; = (x; JO—'J>Gj x;) and |mg jl¢ > 0
for every t € Tj,

e the value (sj ; — 6(w
every i, and

o the value sq ;[i] is strictly positive if m}[i] =T and it is equal to O otherwise for every i.

/

)il is strictly positive if x;- [i] = T and it is equal to 0 otherwise for

Proof. As U satisfies the large solution condition, Lemma shows that there exists a
solution & = (so,j,u07j,s€]’j)j with components in QQ of the homogeneous characteristic
system satisfying the additional constraints sg ;[i] > 0 if m;[i] = T, sg ;[i] > 0 if m}[i] =T,
and pug j(t) > 0 for every ¢t € T;. By multiplying &y by a positive integer, we can assume that
&o is a solution with components in Z satisfying the additional constraints. We are going to
prove that there exists a positive integer ¢ > 1 such that c£; satisfies the lemma.

First of all, observe that for every ¢ > 1 and for every j:

e the value csg ;[i] is strictly positive if m;[i| = T and it is equal to 0 otherwise for every i,
e the value csg ;[i] is strictly positive if m’[i] = T and it is equal to 0 otherwise for every i.

Let us consider 1 < ¢ < n. Let us prove that there exists a positive integer ¢; > 1 such that
for every ¢ > ¢; the value (csg ; 4+ 6(wj;))[i] is strictly positive if x;[i] = T and it is equal to 0
otherwise. Note that m;[i] <x;[i] thus either m;[i] = x;[i] € N, or (m;[i],x;[i]) € Nx {T},
or m;li] = x;[i] = T. We separate the proof following these three cases. Let us first
consider the case m;[i] = x;[i] € N. As m;[i] € N and & is a solution of the homogeneous
characteristic system, we get sg ;[i] = 0. The cycle 6; shows that x; + 6(w;) = x;. From
x;[i] € N we deduce that §(w;)[i] = 0. In particular (csgp; + d(w;))[i] = 0 and we have
proved the case m;[i] = x;[i] € N by considering ¢; = 1. Let us consider the second case
(m;[i],x;[i]) € Nx {T}. As m,[i] € N we deduce that sg ;[i] = 0. Since m;[i] < x;[i] the
condition satisfied by the loop #; shows that y;[i] > m;[i]. As y;[i] = m;[i] + 6(w;)[t], we
deduce that é(wj;)[i] > 0. In particular for every ¢ > 1 we have (s j + 6(w;))[i] > 0 and we
have proved the case (m;[i],x;[i]) € N x {T} by considering ¢; = 1. Finally, let us consider
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the case m;[i] = x;[i] = T. As m;[i] = T we deduce that sg ;[i{] > 0 in particular there
exists an integer ¢; > 1 large enough such that (cso; + 6(w;))[é] > 0 for every ¢ > ¢;. We
have proved the three cases.

Symmetrically, for every 1 < i < n, there exists an integer ¢, > 0 such that for every
¢ > ¢} the value (cs ; —d(w?}))[d] is strictly positive if x[i] = T and it is equal to 0 otherwise.

Finally, as f10,;(t) > 0 for every t € T; and for every 0 < j < k, we deduce that there
exists an integer ¢ > 1 large enough such that cpg j(t) > |0;]; +10;|; for every t € T; and for
every 0 < j < k. Naturally, we can also assume that ¢ > ¢; and ¢ > c;. for every 1 <i < n.
Let us replace & by c€o. As o j(t) —10;]¢ +10;|¢ > 0 for every ¢t € Tj, Euler’s Lemma shows

that 0,7 — ([|0;]| + [16]]) is the Parikh image of a cycle mo ; = (x; &)Gj Xj). (]

Let us fix notations satisfying both Lemma [A.3 and Lemma [A-4. We now provide
technical lemmas that prove together that U is perfect.

Lemma A.5. For every ¢ > 0 we have:

S; + CSo,j —Jh; s; + C(SOJ' + 5(wj))

(w))e
si+c(sp; —0(w))) ——=v  si+esy

Proof. Since the two relations are symmetrlcal we just prove the first one. The choice of

¢ satisfying Lemma [A.3] shows that s] —>y Let us consider ¢ € N and let us prove by
induction over ¢ that for every 0 < ¢’ < ¢ we have:

ws
S; + €So,j —Jh; s; + (c— C/)So,j + CI(S()J + (5(11)]'))
Naturally, the case ¢ = 0 is immediate. The induction is obtained just by observing that
S0,j >0, So,; + 5(wj) >0 and Sj w—]h;. ]

Lemma A.6. There exists cg > 0 such that for every ¢ > cqy:

s; + c(so0,j + 0(w;)) m)v sj + ¢(sp; — 0(w)))

Proof. Since there exists a path in G from x; to x; we deduce that x;[i] = T if and only if
x[i] = T. We denote by u; the vector in {0, 1}" satisfying u;[i] = 1if x;[i] = T = x}[i] and
satisfying u;[i] = 0 otherwise. From the choice of & satisfying Lemma[A.4] we observe that
80,j+0(wj) > uj and sp ; —d(wj) > u;. Note that lime—, 1oo(sj+cuy) = x;. Asx; ng Xj,

Lemma [A.T] proves that there exists an integer ¢y > 0 such that s; + cou; 00—]>V Now, let
us consider an integer ¢ > ¢g. Let us prove by induction over ¢’ that for every 0 < ¢ < ¢,
we have:

sj + c(s0,j + 6(w;))

{ed
90,5

Y
sj + (¢ = &) (s0 + 6(w;)) + ¢ (sp; — 6(wj))

Naturally, the case ¢ = 0 is immediate. Assume the previous relation holds for an integer
¢ such that 0 < ¢ < ¢ and let us consider ¢/ = ¢ + 1. From sgp; + 6(w;) > u; and
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sp.; — 0(w}) > u; we deduce that (c—c)(so,; +d(w;)) +¢'(sp ; —(w))) > cu; > couy. Thus,

the induction directly comes from s; + cou, 2951, and 80, +0(wj)+0(00,5) +0(w)) = s ;. [

Lemma A.7. There exists ¢ > 0 such that for every ¢ > c':

sj+c(sh; — o)) Dy sh+elsh; — o(wh))

Proof. As lime; 4o0(8} +c(sp ; —d(w}))) = xj and x; —>G x’;, Lemma[A Il proves that there

J
exists ¢ > 0 such that —Z, (s} + (s ; — 0(wj)))) for every ¢ > . Since s; + (o) = s} we

are done. ]

Now, let us consider an integer ¢ > 0 satisfying ¢ > ¢y and ¢ > ¢ where ¢y and ¢ are
respectively defined by Lemma [A.6] and Lemma [A7l For each 0 < j < k, we consider the
following path:

wc_ O.c O (w/_)c
_ ) o 057Y ! J !
Tje = (Xj —>a; X; G; Xj a; X;)

We have proved that (s; + ¢so j, 7j.c, s;» + cs{)j)j is an accepted sequence for Y. Thus U is
perfect.
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