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ABSTRACT. Using the proof-program (Curry-Howard) correspondence, we give a new
method to obtain models of ZF and relative consistency results in set theory. We show the
relative consistency of ZF 4+ DC + there exists a sequence of subsets of R the cardinals
of which are strictly decreasing + other similar properties of R. These results seem not to
have been previously obtained by forcing.

INTRODUCTION

The technology of classical realizability was developed in [15] 18] in order to extend the
proof-program correspondence (also known as Curry-Howard correspondence) from pure
intuitionistic logic to the whole of mathematical proofs, with excluded middle, axioms
of ZF, dependent choice, existence of a well ordering on P(N), ...

We show here that this technology is also a new method in order to build models of ZF and
to obtain relative consistency results.

The main tools are :

e The notion of realizability algebra [18], which comes from combinatory logic [2] and plays a
role similar to a set of forcing conditions. The extension from intuitionistic to classical logic
was made possible by Griffin’s discovery [7] of the relation between the law of Peirce and the
instruction call-with-current-continuation of the programming language SCHEME.
In this paper, we only use the simplest case of realizability algebra, which I call standard
realizability algebra ; somewhat like the binary tree in the case of forcing.

e The theory ZF. [13] which is a conservative extension of ZF, with a notion of strong
membership, denoted as «¢.

The theory ZF. is essentially ZF without the extensionality axiom. We note an analogy
with the Fraenkel-Mostowski models with “urelements” : we obtain a non well orderable
set, which is a Boolean algebra denoted J2, all elements of which (except 1) are empty. But
we also notice two important differences :
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e The final model of ZF + — AC is obtained directly, without taking a suitable submodel.
e There exists an injection from the “pathological set” J2 into R, and therefore R is also
not well orderable.

We show the consistency, relatively to the consistency of ZF, of the theory ZF + DC
(dependent choice) with the following properties :

there exists a sequence (X, )nen of infinite subsets of R, the “cardinals” of which are
strictly increasing (this means that there is an injection but no surjection from &, to X, +1),
and such that X, x X}, is equipotent with X, for m,n > 2 ;

there exists a sequence of infinite subsets of R, the “cardinals” of which are strictly
decreasing.

More detailed properties of R in this model are given in theorems and [5.91

As far as I know, these consistency results are new, and it seems they cannot be obtained
by forcing. But, in any case, the fact that the simplest non trivial realizability model
(which I call the model of threads) has a real line with such unusual properties, is of interest
in itself. Another aspect of these results, which is interesting from the point of view of
computer science, is the following : in [I§], we introduce read and write instructions in a
global memory, in order to realize a weak form of the axiom of choice (well ordering of R).
Therefore, what we show here, is that these instructions are indispensable : without them,
we can build a realizability model in which R is not well ordered.

1. STANDARD REALIZABILITY ALGEBRAS

The structure of realizability algebra, and the particular case of standard realizability algebra
are defined in [I8]. They are variants of the usual notion of combinatory algebra. Here, we
only need the standard realizability algebras, the definition of which we recall below :

We have a countable set Il which is the set of stack constants.
We define recursively two sets : A (the set of terms) and II (the set of stacks). Terms and
stacks are finite sequences of elements of the set :
yu{B,C,E,I,K,W,cc,s,k,(,),[,], - }
which are obtained by the following rules :
e B,C,E,I,K,WW,cc,s are terms (elementary combinators) ;
e cach element of Tlj is a stack (empty stacks) ;
e if £, are terms, then (£)n is a term (this operation is called application) ;
e if £ is a term and 7 a stack, then £ . 7 is a stack (this operation is called push) ;
e if 7 is a stack, then K[7] is a term.
A term of the form K[r] is called a continuation. From now on, it will be denoted as K.
A term which does not contain any continuation (i.e. in which the symbol k does not
appear) is called proof-like.
Every stack has the form # =& . ... .&,.m, where &,...,&, € A and 7o € I, i.e. mg is
a stack constant.
If £ € A and 7 € I1, the ordered pair (£, ) is called a process and denoted as £ x 7 ;
& and 7 are called respectively the head and the stack of the process £ * .
The set of processes A xII will also be written A x II.
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Notation.

For sake of brevity, the term (... (((§)n1)n2)...)n, will be also denoted as (§)ni72 ... 7y, or
EMng ... My, if the meaning is clear. For example : &n¢ = (£)n¢ = (En)¢ = ((€)n)C.

We now choose a recursive bijection from A onto N, which is written &+ ng.

We put o = (BW)(B)B (the characteristic property of o is given below).

For each n € N, we define n € A recursively, by putting: 0=KI; n+1=(o)n;

n is the n-th integer and o is the successor in combinatory logic.

We define a preorder relation = on A xII. It is the least reflexive and transitive relation
such that, for all £,n,{ € A and 7, w € 1, we have :

En*m=Exn.m.

ITx&.m>=Exm.

Kx&onom = Exm.

Ex&onem = (En*m.

Wx€Enem =Exnon.m.

Cx&eneCem=ExConom.

Bx&on.Com = (§)(n)C .

cCx&.m=Exkyom.

Ki*x&owo = Exm.

CxEem.em=ExNy, ..

For instance, with the definition of 0 and o given above, we have :

Ox&enem=nxm; ox&eneCom = (En)(n)C * .

Finally, we have a subset 1L of AxII which is a final segment for this preorder, which means
that : Exme l, &xn'=&xm = &xn’ e L.

In other words, we ask that I has the following properties :

En* ¢ L=Exn.m¢ L.

Ixéem¢g L=Exmd L.

Kx{onon¢g L=Exm e AL,

Ex¢.n.n¢ L= En*n¢ L.

Wxéeneng¢g L=Exnen.m ¢ L.

Cx&enComg L=ExCon.m et L.

Bx&.n.Comd L= (§)()Crm ¢ L.

cexé.mg L =Exkeom L.

Kexfowd L=Exmd L.

cx&en.mg L=Exn,.m¢ L.

Remark. Thus, the only arbitrary elements in a standard realizability algebra are the set IIy of
stack constants and the set I of processes.

c-terms and A-terms.

We call c-term a term which is built with variables, the elementary combinators B, C, E,
I, K, W, cc, ¢ and the application (binary function). A closed c-term is exactly what we
have called a proof-like term.

Given a C-term t and a variable x, we define inductively on ¢, a new C-term denoted by Az t,
which does not contain x. To this aim, we apply the first possible case in the following list :

1. Azt = (K)t if t does not contain x.
2. dxx=1.
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3. \xtu = (CAx(E)t)u if u does not contain x.
4. Az tx = (E)t if t does not contain x.

5. Azte = (W) z(E)t (if ¢ contains z).

6. Az(t)(u)v = A\z(B)tuv (if uv contains x).

In [I§], it is shown that this definition is correct. This allows us to translate every A-term
into a c-term. In the following, almost every c-term will be written as a A-term. The
fundamental property of this translation is given by theorem [T, which is proved in [I§] :

Theorem 1.1. Let t be a C-term with the only variables x1,...,x, ; let &1,...,&, € A
and w € II. Then Az ... ANtpt*& o oo W&o = t[&1/x1,. . En/Tn] *x .

Remark. The property we need for the term o (the successor) is ox&eneCoem = (EN)(N)C * 7
(to prove theorem [LT2)). Therefore, by theorem [[LI] we could define o = AnAfdz(nf)(f)z. The
definition we chose is much simpler.

2. THE FORMAL SYSTEM

We write formulas and proofs in the language of first order logic. This formal language
consists of :

o individual variables x,y, ... ;

e function symbols f,g,... ; each one has an arity, which is an integer ; function symbols
of arity 0 are called constant symbols.

e relation symbols ; each one has an arity ; relation symbols of arity 0 are called propositional
constants. We have two particular propositional constants T, L and three particular binary
relation symbols ¢,¢,C.

The terms are built in the usual way with individual variables and function symbols.
Remark. We use the word “term” with two different meanings : here as a term in a first order
language, and previously as an element of the set A of a realizability algebra. I think that, with the
help of the context, no confusion is possible.

The atomic formulas are the expressions R(t1,...,t,), where R is a n-ary relation symbol,
and t1,...,t, are terms.

Formulas are built as usual, from atomic formulas, with the only logical symbols —,V :

e cach atomic formula is a formula ;

e if A, B are formulas, then A — B is a formula ;

e if A is a formula and x an individual variable, then Vz A is a formula.

Notations.

The formula A1 — (A2 — (--- (A, — B)---)) will be written A;, As,..., A, — B.

The usual logical symbols are defined as follows :
“A=A—-1;AvB=A—- 1),B—- 1) —-1L; ANB=(AB — 1) - 1;
dxF=Ve(F—1)— L.

More generally, we shall write Jx{Fy,...,Fy} for Vz(Fy,...,Fp — 1) — L.

We shall sometimes write F for a finite sequence of formulas Fi,...,F}, ;

Then, we shall also write F — G for F,...,F, — G and Jz{F} for Va(F — 1) — L.
A < B is the pair of formulas {A — B,B — A}.

The rules of natural deduction are the following (the A;’s are formulas, the x;’s are variables
of c-term, ¢, u are C-terms, written as A-terms) :
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1.x1: A1, 2 Ap by 2 Al
2. 01 : A1, ..., xp A bt A— B, z1: A, ...,z Ay u A

= r1:A1,...,xy Ay Ftu: B.
3.x1:A1,...,xp Ay, At B = x1:A1,...,xp: Ay Azt A— B.
4ox1: A, ..o, At A = x1: A, ., 1 Ay Ft: V2 A where x is an individual
variable which does not appear in Aq,..., A,.
5.1 : A1,y Ap BtV A = xp i Ay, Ay Bt AlT/z] where zis an
individual variable and 7 is a term.
6. x1:Ay,...,xp: Ay Fcc: ((A— B)— A) — A (law of Peirce).
T.x1:A1,...,xp: ApFt: L = x1:A,...,2p: Ay Ft: A for every formula A.

3. THE THEORY ZF.

We write below a set of axioms for a theory called ZF.. Then :

e We show that ZF. is a conservative extension of ZF.

e We define the realizability models and we show that each axiom of ZF. is realized by a
proof-like c-term, in every realizability model.

It follows that the axioms of ZF are also realized by proof-like C-terms in every realizability
model.

We write the axioms of ZF. with the three binary relation symbols ¢, ¢, C. Of course, zey
and z € y are the formulas z¢y - 1L and z ¢y — L.

The notation « ~ y — F means ¢ C y,y C x — F. Thus x ~ y, which represents the usual
(extensional) equality of sets, is the pair of formulas {z C y,y C z}.

We use the notations (Vzea)F(z) for Va(—F(z) —» xfa) and

(Jzea)F(z) for —Va(F(z) — zfa).

For instance, (3xey)t ~ u is the formula —Vz(t Cu,u Ct — zfy).

The axioms of ZF. are the following :

0. Extensionality axioms.

VaVylx € y < (Fzey)r ~ 2] ; VaVy[z Cy <> (Vzex)z € y).

1. Foundation scheme.

Vay .. Ve ,Va(Ve((Vyex)Fly, z1,. .., x| = Flx,21,...,2y]) = Fla,z1,...,2,))

for every formula F[z,x1,...,x,].
The intuitive meaning of axioms 0 and 1 is that ¢ is a well founded relation, and that the
relation € is obtained by “ collapsing ” € into an extensional binary relation.
The following axioms essentially express that the relation e satisfies the axioms of Zermelo-
Fraenkel except extensionality.

2. Comprehension scheme.

Vay ... Ve, VadbVe(zeb <> (xea A Flx,zq,...,1y)]))

for every formula F[z,x1,...,x,].

3. Pairing axiom.
VavbIz{acx,bex}.

4. Union axiom.

Vadb(Vzea)(Vyex)yeb.

5. Power set axiom.
Va3bVz(Jyeb)Vz(zey <> (zea A zex)).
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6. Collection scheme.
Vry ... Ve,Yadb(Veea) 3y Flx,y, x1,...,xp) = Fyeb)Flz,y,z1,...,2,])
for every formula Flz,y,x1,...,z,].

7. Infinity scheme.
Vay ... Ve,Vadb{aeb, Ve b)(Jy Flz,y,x1,...,2,] = Byeb)Flx,y,z1,...,2,])}
for every formula F[z,y,x1,..., %]

The usual Zermelo-Fraenkel set theory is obtained from ZF. by identifying the predicate
symbols ¢ and ¢. Thus, the axioms of ZF are written as follows, with the predicate symbols
¢, C (recall that x ~ y is the conjunction of x C y and y C z) :

0. Equality and extensionality axioms.

VaVylx € y <> (Iz € y)x ~ z] ; VaVy[z Cy « (Vz € 2)z € y.

1. Foundation scheme.

Vry .. Ve,Va(Vx((Vy € ) Fly, x1,...,xn] = Flz,z1,...,20]) = Fla,z1,...,2y))

for every formula F[x,x1,...,z,] written with the only relation symbols ¢, C.

2. Comprehension scheme.

VadbVx(z € b« (z € a A Flx,x1,...,2,)))

for every formula F[z,x1,...,2,] written with the only relation symbols ¢, C.

3. Pairing axiom.

VaVb3z{a € x,b € x}.

4. Union axiom.

Va3b(Vx € a)(Vy € z)y € b.

5. Power set axiom.

VadbVz(Jy € b)Vz(z €y <> (z €a Az € 7).

6. Collection scheme.

Vry ... Vae,Ya3b(Ve € a)(3y Flz,y, x1,...,2,) = (Fy € b)Flz,y,x1,...,2,])

for every formula Flz,y,x1,...,xz,] written with the only relation symbols ¢, C.

7. Infinity scheme.

Vry ... Va,Yadb{a € b,(Vz € b)(3y Flz,y,x1,...,2,) = (Jy € b)Flz,y, x1,...,2,])}

for every formula Flz,y,x1,...,z,] written with the only relation symbols ¢, C.
Remark. The usual statement of the axiom of infinity is the particular case of this scheme, where
ais ), and F(z,y) is the formula y ~ x U {z}.

Let us show that ZF. is a conservative extension of ZF. First, it is clear that, if ZF. F F,
where F is a formula of ZF (i.e. written only with ¢ and C), then ZF  F ; indeed, it is
sufficient to replace ¢ with ¢ in any proof of ZF. - F.

Conversely, we must show that each axiom of ZF is a consequence of ZF..

Theorem 3.1.
i) ZF. - Va(a C a) (and thus a ~ a).
it) ZF. - YaVr(rea — x € a).

Proof.

i) Using the foundation axiom, we assume Va(xea — = C z), and we must show a C a ;
therefore, we add the hypothesis x € a. It follows that x C x, then x ~ x, and therefore :
Jy{x ~ y,yea}, that is to say = € a. Thus, we have Vx(zxea — = € a), and therefore
a C a.

ii) Just shown. (]
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Corollary 3.2. ZF. FVz(x €a —-x €b) > a Cbh.

Proof. We must show xea — x € b, which follows from z € a >z € band rea >z € a

(theorem BI(ii)). O
Lemma 3.3. ZF. FaCb Vz(zx€b—xz€c)—>aCec

Proof. We must show zea — = € ¢, which follows from zea -z €bandz € b — x € c.[]
Theorem 3.4. ZF. -VyVz(y ~a,a €z >y € z) ; ZF.FVyVz(a Cy,z€a— z €Yy).

Proof. Call F(a), F'(a) these two formulas. We show F'(a) by foundation :

thus, we suppose (Vzea)F(z) and we first show F’(a) : by hypothesis, we have a C v,
z € a ; thus, there exists @’ such that z ~ @’ and d’ € a, and thus F(a'). From a’£a and
a C y, we deduce @’ € y. From z ~ da/ and d' € y, we deduce z €y by F(d').

Then, we show F(a) : by hypothesis, we have y >~ a, a € z, thus a ~ ¢’ and 3/ ¢ z for some
y'. In order to show y € z, it is sufficient to show y ~ ¢/.

Now, we have y ~ a, a ~ ¢/, and thus ¢’ C a, a C y. From F'(a), we get Vz(z € a = 2 € y) ;
from v’ C a, we deduce 3/ C y by lemma [3.3]

We have also y C a, a C 3. From F'(a), we get Vz(z € a — z € /) ; from y C a, we deduce

y C ¢/ by lemma [3.3] ]
With corollary B.2] we obtain :
Corollary 3.5. ZF. FbCc+ Va(z €b— x € ¢). O]

It is now easy to deduce the equality and extensionality axioms of ZF :

Ve(r ~x) ; VaVy(zr ~y —» y~x) ; VaVyVz(z 2 y,y ~ 2 > . ~ 2) ;

VavVaVyVy' (x ~ o'y ~y ,a ¢y — 2’ ¢y) ; VaVy(Vz(z ¢z 2 ¢ y) > 2 = y) ;

VaVy(z Cy < Vz(z ¢y — 2 ¢ x)).

Remark. This shows that ~ is an equivalence relation which is compatible with the relations €
and C ; but, in general, it is not compatible with e. It is the equality relation for ZF ; it will be
called extensional equivalence.

Notation. The formula Vz(z¢y — z¢x) will be written x C y. The ordered pair of
formulas = C y,y C « will be written z ~ y.

By theorem B.I] we get ZF. F VaVy(zr C y — = C y). Thus C will be called strong
inclusion, and ~ will be called strong extensional equivalence.

e Foundation scheme.

Let F[x] be written with only ¢, C and let G[z] be the formula Vy(y ~ x — F[y]). Clearly,
Va G[z] is equivalent to Va F[z]. Therefore, from axiom scheme 1 of ZF,, it is sufficient to
show : Vb(Vz(x € b — Flx]) — F[b]) = (Ve(rea — Glz]) — Gla)), ie. :

Vo(Vx(x € b — Flz]) — F[b]),VaVy(xea,y ~x — Fly]),a ~ b — FIb].

Therefore, it is sufficient to prove : VaVy(rea,y ~z — Fly]),a ~ b — Vz(x € b — F|x]).
From z € b,a ~ b, we deduce x € a and therefore (by axiom 0), 2’ ea for some 2’ ~ z.
Finally, we get Flz| from VaVy(zea,y ~ x — F[y]).

e Comprehension scheme : Va3bVz(xz € b <> (x € a A F[z]))

for every formula Flx,x1,...,x,] written with ¢, C.

From the axiom scheme 2 of ZF., we get Va(zeb <> (zea A Flz])). If z € b, then z ~ o/,
2’ eb for some a’. Thus 2’ ea and F[2']. From z ~ 2’ and 2’ ¢ a, we deduce = € a. Since C
and € are compatible with ~, it is the same for F' ; thus, we obtain F[x].
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Conversely, if we have F[z] and = € a, we have x ~ 2’ and 2’ a for some z’. Since F is
compatible with ~ we get F[z'], thus 2/¢b and z € b.

e Pairing axiom : VaVy3z{z € z,y € z}.

Trivial consequence of axiom 3 of ZF, and theorem B.|(ii).

e Union axiom : Va3bVaVy(z € a,y € x — y € b).

From z € a we have z ~ 2/ and 2/ ca for some 2’ ; we have y € z, therefore y € 2/, thus
y ~ vy and y' € 2’ for some 3. From axiom 4 of ZF., ' ea and y' € 2/, we get y' € b ; therefore
yeb, byy~y.

e Power set axiom : Va3bVaIdy{y € b,Vz(z €y > (z €a Az € x))}

Given a, we obtain b by axiom 5 of ZF, ; given z, we define 2’ by the condition :

Vz(zea' <3 (zea A z € z)) (comprehension scheme of ZF.). By definition of b, there exists
yeb such that Vz(zey <> zea A zex'), and therefore Vz(zey <> zea A z € x).

It follows easily that Vz(z € y <> z €a Az € x).

e Collection scheme : Va3b(Vx € a)(Jy Flz,y] — 3y € b)F[z,y])
for every formula F[z,y,x1,...,xz,] written with the only relation symbols ¢, C.

From x € a and 3y F[z,y|, we get  ~ 2/, 2/ ca for some 2/, and thus Jy F[2/,y| since F
is compatible with ~. From axiom scheme 6 of ZF., we get (Jyeb)F|[2',y], and therefore
(Jy € b)F[z,y], by theorem BI|(ii), again because F' is compatible with ~.

e Infinity scheme : Va3b{a € b, (Vx € b)(Jy Flz,y] — (Jy € b)Fx,y])}

for every formula F[z,y,x1,...,x,] written with the only relation symbols ¢, C.

Same proof.

4. REALIZABILITY MODELS OF ZF.

As usual in relative consistency proofs, we start with a model M of ZFC, called the ground
model or the standard model. In particular, the integers of M are called the standard
integers.

The elements of M will be called individuals.

In the sequel, the model M will be our universe, which means that every notion we consider
is defined in M. In particular, the realizability algebra (A,II, 1) is an individual of M.

We define a realizability model N, with the same set of individuals as M. But A is not a
model in the usual sense, because its truth values are subsets of II instead of being 0 or 1.
Therefore, although M and N have the same domain (the quantifier Vo describes the same
domain for both), the model N may (and will, in all non trivial cases) have much more
individuals than M, because it has individuals which are not named. In particular, it will
have non standard integers.
Remark. This is a great difference between realizability and forcing models of ZF. In a forcing
model, each individual is named in the ground model ; it follows that integers, and even ordinals,
are not changed.
For each closed formula F' with parameters in M, we define two truth values :
|F|| CII and |F| C A.
|F| is defined immediately from ||F'|| as follows :

Ee|F| & (Vmel||F|)Exme L.
Notation. We shall write £ |- F (read “¢ realizes F' 7)) for & € |F.
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||F|| is now defined by recurrence on the length of F' :

e F'is atomic ;

then F' has one of the forms T, L, a¢b, a Cb, a ¢ b where a,b are parameters in M.
We set :

ITI=0; LI =15 [agbll ={r €I (a, ) € b}.

lla C b||,||a ¢ b|| are defined simultaneously by induction on (rk(a)Urk(b),rk(a)Nrk(d))
(rk(a) being the rank of a).

la Coll = J{g-m €€ A, meT, (¢,7) €a, £ e b}
la g ol = ¢ -m &€ e, mell, (e,m) €d, EFaCe & |-eCal

e '=A— Bj;then ||F||={{.7;¢|-A, m€|B]}.
o F=VYzA: then |[F||=|]]Ala/z]].

The following theorem is an essential tool :

Theorem 4.1 (Adequacy lemma).
Let Aq, ..., A,, A be closed formulas of ZF., and suppose that x1: A1,...,x, : A, Et: A.

Ifgl ”7 A17 cee 7£TL ”7 ATL then t[gl/gjb cee 7£n/gjn] H7 A.
In particular, if Ht: A, thent |- A.

We need to prove a (seemingly) more general result, that we state as a lemma :

Lemma 4.2. Let A1[Z],...,An[2], A[Z] be formulas of ZF., with Z = (z1,...,2k) as free
variables, and suppose that x1: A1[Z], ...z, : Ax[Z] E 1 AZ].

If & |FAia),...,& |FAd for some parameters (i.e. individuals in M)
a=(ay,...,ax), then t[&/x1,..., & /xn] | Ald).

Proof. By recurrence on the length of the derivation of xy : A1[Z],...,z, : Ay[Z] Ft: A[Z].
We consider the last used rule.

1wy Ag[Z], ... 2 s AplZ] b a;  A;[Z]. This case is trivial.

2. We have the hypotheses :

x1: AZ), g A2l Fu s B[Z) = AlZ] s w1 AllZ), . e s ARlE] R o B[Z) ) t = ww.
By the induction hypothesis, we have u[¢/Z] |- Bla/Z] — Al@/Z] and v[¢/7] |- Bla/Z).
Therefore (uv)[€/Z] |- A[@/Z] which is the desired result.

3. We have the hypotheses :

1 AL[Z], . et A2,y BlZ]Fu:ClZ]; AlZl=B[Z] —» C[Z]; t = \yu.

We want to show that (\yu)[£/Z] |- Bld/Z] — C[a/Z]. Thus, let :

n |- B[a/éﬂ and w € ||C[@/Z]||. We must show :

Ayuw)[€/T)*n.me 1L orelse u[¢/Zn/y]+me L.

Now, by the induction hypothesis, we have u[€/Z,n/y] |- Cla/Z),

which gives the result.

4. We have the hypotheses :

xI1 Al[g], ey T An[g] Ft: B[g] H A[,?] = Vle[Zﬂ N fz H— Ai[al/zl,ag/zg, ‘o ,ak/zk] N
the variable z1 is not free in A;[Z],..., A,[Z].

We have to show that ¢[¢/Z] |- Vz1B[@/Z] ie. t[/T] |FVz1Blas/z, ... a;/z). Thus, we
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take an arbitrary set b in M and we show ¢[/Z] |- Blb/z1,a2/22, . .., ai/zk].

By the induction hypothesis, it is sufficient to show that &; |- A;[b/z1,a2/29,. .., ar/zk].
But this follows from the hypothesis on &;, because z; is not free in the formulas A;.

5. We have the hypotheses :

21 Ao swn AGE|F £y Bly.2) s Al = Bl /v A & |- Al

By the induction hypothesis, we have t[{/Z] |- VyBly, d/Z] ; therefore t[/Z] |- B[b/y, d/Z]
for every parameter b. We get the desired result by taking b = 7]a].
6. The result follows from the following :

Theorem 4.3. For every formulas A, B, we have cc |- ((A— B) — A) — A.
Proof. Let ¢ |-(A— B) -+ A and 7€ ||A||. Then ccx&.m = &*Ky.m which isin L,

because K |- A — B by lemma [4.4] O
Lemma 4.4. If 7€ ||A|, then k; |- A — B.
Proof. Indeed, let & |- A ; then ky*x&.7" = Exm e L for every stack 7’ € || B||. L]

7. We have the hypothesis x1: A1[Z],..., 2, : Ap[Z] Ft: L.

By the induction hypothesis, we have ¢[¢/Z] |- L. Since ||L|| = II, we have ¢[¢/@] x 7 € L
for every 7 € ||A[@/Z]||, and therefore t[€/Z] |- A[@/Z] which is the desired result.

This completes the proof of lemma and theorem E.11 L]

Realized formulas and coherent models. In the ground model M, we interpret the formulas
of the language of ZF : this language consists of ¢, C ; we add some function symbols, but
these functions are always defined, in M, by some formulas written with ¢, C. We suppose
that this ground model satisfies ZFC.

The value, in M, of a closed formula F' of the language of ZF, with parameters in M, is of
course 1 or 0. In the first case, we say that M satisfies F, and we write M = F.

In the realizability model A/, we interpret the formulas of the language of ZF., which
consists of #,¢,C and the same function symbols as in the language of ZF. The domain of
N and the interpretation of the function symbols are the same as for the model M.
The value, in NV, of a closed formula F of ZF. with parameters (in M or in A, which is
the same thing) is an element of P(II) which is denoted as || F'||, the definition of which has
been given above.
Thus, we can no longer say that A satisfies (or not) a given closed formula F. But we shall
say that N realizes F (and we shall write N |- F), if there exists a proof-like term 6 such
that 6 |- F. We say that two closed formulas F', G are interchangeable if N' |- F < G.
Notice that, if ||F|| = ||G||, then F,G are interchangeable (indeed I |-F — G), but the
converse is far from being true.
The model N allows us to make relative consistency proofs, since it is clear, from the
adequacy lemma (theorem [LT]), that the class of formulas which are realized in A is closed
by deduction in classical logic. Nevertheless, we must check that the realizability model N
is coherent, i.e. that it does not realize the formula 1. We can express this condition in the
following form :

For every proof-like term 6, there exists a stack m € 11 such that @ xm ¢ L.

When the model N is coherent, it is not complete, except in trivial cases. This means that
there exist closed formulas F' of ZF, such that N |- F and N |- —F.
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The axioms of ZF, are realized in N.

e Extensionality axioms.
We have [[Vz(z ¢ b— zfa)| = J{&.m € e g b m e |cfal}

by definition of the value of ||Vz(z ¢ b — z£a)| ;
and [la Cb|| = U{§ .7; (e,m) €a, £ |-c¢b} by definition of |ja C b|.

Therefore, we have |la C b|| = ||Vz(z ¢ b — z£a)||, so that :
I|-VaVy(x Cy —Vz(z ¢y — z¢x)) and I |FVaVy(Vz(z ¢y — z2¢x) — x Cy).

In the same way, we have :

IVz(a € 2,2 Ca— 2¢b)|| = J{€- & -m € aCe & |FeCa; e |efb}

by definition of the value of ||Vz(a C z,2 Ca — z¢b)| ;

and |la ¢ b| = U{£ Lom () €b E-aCe, € |-cCa}} by definition of |la ¢ b]|.

Therefore, we have ||a ¢ b|| = |[Vz(a C 2,2 C a — z¢£b)]|, so that :
IFVaVy(r ¢y > Vaz(x Cz,2 Cx— 2£y)) ;
I|FVaVy(Vz(x Cz,2 Cx — z¢y) > x ¢ y).

Notation. We shall write 5 for a finite sequence ({1, ...,&,) of terms. Therefore, we shall
write £ |- A for & |- 4; (i=1,...,n).

In particular, the notation & |- a ~ b means & |Fa Cb, & |FbCas

the notation & |- A <> B means & |- A — B, & |- B — A.

e Foundation scheme.

Theorem 4.5. For every finite sequence ﬁ[a:,a:l, ..oy Tp] of formulas, we have :
Y |=Va(vy(Fly] = y¢a), Flz] - L) = Va(Fla] — 1)
with Y = AA and A = Xa\f(f)(a)af (Turing fized point combinator).

Proof. Let ¢ |-Va(Vy(F[y] — y#x), F[z] — L). We show, by induction on the rank of a,
that :

Yx&.ijome L, for every 7 eIl and 7 |- Ela).

Since Yx&.ij.m = ExYE L. m, it suffices to show ExYE.77.m e L.

Now, ¢ |-Vy(Fly] = y#a),Fla] — L, so that it suffices to show Y& | Vy(Fly] — y£a),
in other words Y¢ |- F[b] — bfa for every b. Let |- F[b] and @ € ||b#all. Thus, we
have (b, @) € a, therefore rk(b) < rk(a) so that Y x£.(.@ € 1L by induction hypothesis.
It follows that Y& % 5 .w € 1, which is the desired result. L]

It follows from theorem that the axiom scheme 1 of ZF, (foundation) is realized.

e Comprehension scheme.

Let a be a set, and F[x] a formula with parameters. We put :

b={(z,§.m); (z,7) € a, |- Flz]} ; then, we have trivially ||z ¢b|| = ||F(z) — x#£all.
Therefore I |Vax(xéb — (F(z) = zfa)) and [ |-Va((F(x) > xfa) — x£D).

e Pairing axiom.
We consider two sets a and b, and we put ¢ = {a,b} xII. We have |lagc|| = |bfc| = ||L][l,



12 J.-L. KRIVINE

thus [ |aecand I |Fbec.
Remark.
Except in trivial cases, ¢ has many other elements than a and b, which have no name in M.

e Union axiom.

Given a set a, let b = Cl(a) (the transitive closure of a, i.e. the least transitive set which
contains a). We show |y#b— xfal C|lyfz — xfal :

indeed, let { . € ||lygb — xfall, ie. §|yfb and (x,7) € a.

Therefore, = C Cl(a), i.e. x Cb and thus |y¢b| D ||y«

Thus, we have ¢ |-y #x, which gives the result.

It follows that I |-VaVy((y¢z — zfa) = (y¢b — xfa)).

e Power set axiom.

Given a set a, let b = P(Cl(a) xII) xII. For every set z, we put :

y={(z¢.m); ¢ |Fzew, (2,7m) € a}. We have y = {(2,§.7); { |-zex, m € |[2£al}, and
therefore ||z#y| =|zex — z£al. Thus:

I|FVz2(z¢dy — (zex — z¢a)) and I |FVz((zex — z¢a) = z2£y).

Now, it is obvious that y € P(Cl(a) xII), and therefore (y,7) € b for every = € II.

Thus, we have |y#b|| =11 = ||L|. It follows that :

ML |FYe(Vy(Vz(z¢y = (zex — z2¢a)),Vz((zex — 2z¢a) = z2¢y) = y¢b) — L).

e Collection scheme.
Given a set a, and a formula F[z,y] with parameters, let :

b=J{®(z,&)xCl(a); x € Cl(a),& € A} with

O (z,€) = {y of minimum rank ; ¢ |- Flz,y]} or ®(x,&) =0 if there is no such y.
We show that |[Vy(F[z,y] = x£a)|| € [Vy(Flz,y] = y£b)] :
Suppose indeed that §.7 € |Vy(F[z,y] — x#a)|, i.e. (z,7) € a and & | Flz,y| for
some y. By definition of ®(z,£), there exists y' € ®(x,&). Moreover, we have :
x € Cl(a), 7 € Cl(a), and therefore (y/,7) € b ; it follows that = € ||y’ #b||. But, since
y € ®(x,&), we have £ |- Flz,y'] and thus .7 € ||Flz,y'] — ' #b||, which gives the
result. We have proved that I |-Va(Vy(F[z,y] — y#b) — Vy(F[z,y] — z£a)).

e Infinity scheme.
Given a set a, we define b as the least set such that :
{a} xII Cb and Vz(Vr e II)(V¢ € A)((z,7) € b = P(x,&) x{r} Cb)
where ®(z,&) is defined as above.
We have {a}xII Cb, thus |lagb|| = ||L|, and therefore I |Facb.
We now show that ||Vy(F|z,y] — x£b)|| C |[Vy(F[z,y] = y£b)| :
Suppose indeed that &.m € |Vy(Flz,y] — z£b)|], i.e. (z,7) € b and ¢ || Flz,y] for
some y. By definition of ®(z,¢), there exists ¢/ € ®(z,£). By definition of b, we have
(y/,m) €b, ie. me |y #b||l. Now, since y' € ®(x,&), we have £ | Flz,y'] and thus :
.7 € ||Flz,y'] = ¢ #b||, which gives the result.
We have proved that I |Faecb and I |-Vz(Vy(Flz,y] — y¢b) — Vy(Flz,y] — x£D)).
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Function symbols and equality.

According to our needs, we shall add to the language of ZF., some function symbols f, g, ...
of any arity. A k-ary function symbol f will be interpreted, in the realizability model A/, by
a functional relation, which is defined in the ground model M by a formula Flx1,...,zk,y]
of ZF. Thus, we assume that M |= V... Va3ly Flzy, ..., 2k, Y]

(3ly Fly] is the conjunction of VyVy'(Fly|,Fly'] = y=1v') and Ty F[y]).

The axiom schemes of ZF ., written in the extended language, are still realized in the model
N, because the above proofs remain valid.

On the other hand, in order to make sure that the axiom schemes of ZF, which use a k-ary
function symbol f, are still realized, one must check that this symbol is compatible with ~,
i.e. that the following formula is realized in N :

Vay .. Vep(xy 2y, o 2y — frr. 2~ fyr... yg)-

We now add a new rule to build formulas of ZF, :

If t,u are two terms and F' is a formula of ZF., then ¢t =u — F is a formula of ZF..

The formula ¢t =u < 1 is denoted t # .
The formula ¢t #u — 1,ie. (t=u — 1) — L is denoted t = u.

The truth value of these new formulas is defined as follows, assuming that ¢,u,F are
closed, with parameters in A :

lt=u <> F||=0 ift#u; |t=u < F||=|F| ift=u.

It follows that :

[tFul| =0=|T[ ift#u;|tAu]|=T=[L] ft=u;

lt=u|| =T = L|| ft#u;|t=ul|=]|L— L] ift =u.

Proposition shows that ¢t =u < F and t =wu — F are interchangeable.

Proposition 4.6.
i) e(x) |Ft=u—F)— (t=u < F) ;
i1) AxAy(cc) k(y)(k)x |- (t=u — F),t =u — F.

Proof.

)Let{ |Ft=u— Fand 7w € |t =u < F||. Thus, we have t = v and 7 € ||F||.

We must show Az(z)l x§ .7 € 1L, that is ¢ x [ .7 € 1. This is immediate, by hypothesis
on &, since I |-t = u.

ii)Let {|F-t=u —F, n|-t=wu and 7 € ||F||. We must show that :
Axdy(cC)Nk(y)(k)x *xE.n.m € L, soit nxkz{.me L.

If t # u, then 7 |- T — L, hence the result.

If t = u, then £ |- F, thus £ x 7 € L, therefore k& |- L.

But we have n |- L — L, and therefore n x k& .7m € L. ]

Proposition 7] shows that the formulas ¢ = v and Va(ufx — t¢z) (Leibniz equality)
are interchangeable.

Proposition 4.7.

i)l |Ft=u > Ve(ufgx > téx) ;
i) I |FVe(ugr — téx) -t =u.
Proof.

i) It suffices to check that I |- Vz(ugz — t#2) when ¢ = u, which is obvious.
ii) We must show that I |FVz(ugz — tf¢z),t #u — L. Thus let £ |-Va(ufgx — t£x),
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n |-t # wand 7 € II ; we must show that {xn.m € 1.

We have ¢ |Fufa — tfa for every a ; we take a = {t} xII, thus |[t#al = II, hence
e |[t#al.

If t = u, we have n |- L, thus 7 | u#a, hence the result.

If t # u, we have |[ufal| =0 =||T||, thus 5 |- u#a, hence the result. O

We now show that the axioms of equality are realized.

Proposition 4.8. I |FVz(z=2x) ; [ |FVaVy(r =y <> y=1) ;
I |-VaVyVz(z =y — (y=2 > x=2)) ;

I |-VaVy(x = y — (Flx] — Fly])) for every formula F with one free variable, with
parameters.
Proof. Trivial, by definition of <. L]

Conservation of well-foundedness. Theorem says that every well founded relation in the
ground model M, gives a well founded relation in the realizability model N .

Theorem 4.9. Let f be a binary function such that f(x,y) =1 is a well founded relation
in the ground model M. Then, for every formula F[z] of ZF. with parameters in M :

Y |=-Va(Vy(f(y,z) =1 < Fly]) = Flz]) = Vo Flz]

with Y =AA and A= XaAf(f)(a)af.

Proof. Let us fix a and let & |FVe(Vy(f(y,z) = 1 — Fly]) — Flz]). We show, by
induction on a, following the well founded relation f(z,y) =1, that Y x&.7 € L for every
™ € ||[Flalll.

Thus, suppose that 7 € ||F[a]| ; since Y *x&.m = £+ YE.m, we need to show that
ExY¢.me L. By hypothesis, we have £ |FVy(f(y,a) =1 — F[y]) — Fla.

Thus, it suffices to show that Y¢ |- f(y,a) =1 < F[y] for every y.

This is clear if f(y,a) # 1, by definition of <.

If f(y,a) =1, we must show Y¢ | Fly|, ie. Y*&.p € L for every p € ||[Fly]||. But this
follows from the induction hypothesis. U]

Sets in M give type-like sets in V.

We define a unary function symbol J by putting I(a) = axII for every individual a
(element of the ground model M).

For each set E of the ground model M, we also introduce the unary function 1z with values
in {0, 1}, defined as follows :

lg(a)=1ifa€ E;1g(a) =0ifa ¢ E.

The formula 1g(z) =1 < A will also be denoted as zeJE — A.

In particular, a#JFE is identical with aeJE < L thatis 1g(a) # 1.

We shall write VaiPA[z] for Va(zelE — Alz]).

Proposition shows that zeJE < A and xeJE — A are interchangeable.

Therefore VP A[z] and Va(zelE — A[z]) are also interchangeable. We have :

IVa?PAlz]|| = | I Ala/]| and [Va?PAlz)| = () |Ala/z]].

acl acl
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As already said, we shall add to the language of ZF., some function symbols of any arity,
which will be interpreted in the ground model M by some functional relations. Then every
formula of the form VZ(t1[Z] = wi[@], ..., t,[Z] = uglZd] — t[Z] = u[Z]) which is satisfied in
the model M, is realized in the model N (t1,uq, ..., tx, ug, t,u are terms of the language).
Indeed, we verify immediately that :

I |FYZ(t[Z] = w[Z] — (... = (t[7] = wlZ] — t[Z] = u[7]))...).

It follows that if, for instance, t[zg, 1] sends Eyx E; into D in the model M, then it sends
JEyx1E; into JD in the model . Indeed, we have then :

M E=VroVei(1g, (o) = 1,1p,(z1) =1 — 1p(t[xo, z1]) = 1) and therefore, we have :

I |-VazoVai1(1g,(z0) =1 — (1g, (1) =1 — 1p(t[zo,x1]) = 1)), in other words :

I |- VaiEovadP (t[zg, 1) e ID).

Notice, in particular, that the characteristic function 1g, which takes its values in the set
2 ={0,1} in the model M, sends JE into ]2 in the realizability model N.

We shall denote A,v,- the (trivial) Boolean algebra operations in {0,1} (they should not
be confused with the logical connectives A, V, ). In this way, we have defined three function
symbols of the language of ZF. ; thus, in the realizability model A, they define a Boolean
algebra structure on the set J2.

Remarks.

i) A set of the form JE behaves somewhat like a type, in the sense of computer science, because
any function of the model M with domain (resp. range) Fj X---x Ej becomes a function of the
model A with domain (resp. range) JE;X---X1Ej.

ii) The Boolean algebra J2 is, in general, non trivial i.e. it has e-elements # 0,1. Notice that they
are all empty : indeed, it is easy to check that I |-Va2Vy(z # 1 — yéz).

The set N of integers in N.

We add to the language of ZF. a constant symbol 0 and a unary function symbol s. Their
interpretation in the model M is as follows :

0 is 0; s(a) is {a}xII for every set a, in other words s(a) = I({a}).

In the realizability model NV, s(a) is the singleton of a. Indeed, we have trivially :

|b¢ s(a)|| = ||b # all (i.e. §if a # b and II if a = b) and it follows that :

I'|FVavy(ygse = a#y); I |-VaVy(z #y — y#so).
For each n € N, the term s"0 will also be written n.

Remark. In the definition of the set of integers in the realizability model A/, we prefer to use
the singleton as the successor function s, instead of the usual one = —— z U {x}, which is more
complicated to define. It would give : s(a) = {(a, K.7); 7 € U} U{(z,0.7); (z,7) € a}.

Theorem 4.10. The following formulas are realized in N :
i) VaVy(sx = sy <z =vy) ;

i) Va(sx £ 0) ;

i) VaVy(z ~ y — sz ~ sy) ;

iv) VaVy(sz ~ sy — = ~ y).

This shows, in particular, that the function s is compatible with the extensional equiva-
lence ~.
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Proof.

i) We check that I |-sa = sb < a =b. We may suppose sa = sb, because
|sa = sb < a="0b|| =0 if sa+# sb. But, in this case, we have a = b, by definition of sa, sb.
ii) We have |la ¢ 0|| = ||Vz(x ~ a — x£0)|| = 0, since || £0|| = 0. Now |lafsa|| = IT and
therefore we have, for any € € A, Az(z)¢ |- (a ¢ 0 — afsa) — L ; thus:
Ax(z)€ |FVa(r ¢ 0 — x¢sa) — L. But this means exactly that Az(z)¢ |Fsa C0 — L,
and therefore \xAy(z)¢ |- sa ~0 — L.
iii) We show that the formula a ~ b — sa ~ sb is realized ; it suffices to realize the formula
a~b— sa C sb. We prove it by means of already realized sentences.
We need to prove a ~ b,z ¢ sb — x¢sa. But x¢sa has the same truth value as x # a.
Thus, we simply have to prove a ~ b — a € sb. But a € sb follows from be sb and a ~ b.
iv) In the same way, we prove the formula sa ~ sb — a ~b and, in fact sa C sb — a ~ b.
The formula sa C sb is Va(z ¢ sb — x¢sa) ; but z¢sa is the same as z # a. Thus,
from sa C sb we obtain a € sb, i.e. (Jresb)x ~ a. But xesb is the same as x = b, so
that we obtain a ~ b. L]

The individuals s™0 are obviously distinct, for n € N. Therefore, we can define :
N={(s"0,n.7); n €N, & €I}

and we have :

la#N|| = 0 if a is not of the form s™0, with n € N ;

Is"0#N|| = {n.m; = €I}

The formula zeN will also be written ent(z).

In the sequel, we shall use the restricted quantifier vl , which we also write Yz, with

the following meaning :

Ve Fla]|| = [Va"Flz]]| = {n.m; n €N, = € ||[F[s"0]|]}.

ent ig defined as :

The restricted existential quantifier 32N or Iz
o Fz] = 32N Flo] = V2™ =F[z].
Proposition [4.11] shows that these quantifiers have indeed the intended meaning : the for-

mulas V2 F[z] and Va(zeN — F[z]) are interchangeable.

Proposition 4.11.

i) Az yAz(y)(z)z |- Voot Fla] — Vo(=Flz] — 2 #N) ;

i) AzAy(ce)\k(z)ky | Va(—F[z] — 2 #N) — Vot Flz].

Proof.

i) Let & |-Va® Flz], n |- —Fla] and @ € ||a#N|. Thus, we have a = s"0 for some
n €N (else [|[a#N|| = 0) and @ =n.r. We must show that nx&n.me L.

Now, by hypothesis on £, we have {xn.p € L for any p € ||[F[s"0]]| ; thus &n |- F[s"0].
Since 7 | —F[s"0], we have nx&n .7 € I, which is the desired result.

ii) Let & |-Vao(—F[z] = 2¢N) and n.r € ||[Vz® Fz]||, with n € N and 7 € ||F[s"0]||.
We have : AxAy(cC)Mk(z)ky x&en.m = ExKron o

Now, we have Ky |- —F[s"0] and n.w € ||s"0#N]||. Therefore &xkKy.n.me L. ]
Theorem 4.12 (Recurrence scheme). For every formula F[Z,y] :

i) I |- Vanfl (Vy(F[Z, sy| — F[Z,y]), F[Z,n] — F[Z,0]).

i) I |-vavn (Vy(F[Z,y] — F[7,sy]), F[Z,0] — F[#,n]).
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Proof.

i) Let n € N, @ a sequence of individuals, & |- Vy(F[a, sy] — Fld,y]), © € ||F[a,0]|.

We must show that, for every « |- F[d@,n], we have [xn.{.a.m€ L.

In fact, we show, by recurrence on n, that nx€&.a.m€ 1.

This is immediate if n = 0. In order to go from n to n+ 1, we suppose now « |- F[d, sn] ;
we have n+1*x&.a.m>on*xf.a.m>oc*xn.{.a.m>n*x€.Ea.T.

But, by hypothesis on &, we have & |- F[d,sn] — F[d,n] ; thus {a |- Fld,n].

Hence the result, by the recurrence hypothesis.

ii) Let n € N, @ a sequence of individuals, ¢ |- Vy(F[ad,y] — Fld,sy]), « |- F[a@,0] and
m € ||F[d,0]||. We must show that [ xn.&.a.nw € 1L ; this follows from lemma [£.13] with
k=0. (]
Lemma 4.13. Let n,k € N, ¢ |-Vy(Fly] = Flsy]), a |- F[s*0] and 7 € ||F[s"n]|.
Then nx€.a.me L.

Proof. The proof is done for all integers k, by recurrence on n. This is immediate if n = 0.
In order to go from n to n+ 1, we suppose now 7 € ||F[s¥(n+1)]||, i.e. 7€ ||F[s*1n]].
We have n4+1*xé.a.m=onx€f.a.m>=0cxn.£.a.m>=nxE.{a. .

But, by hypothesis on &, we have ¢ |- F[s*0] — F[s*+10] ; thus &a |- F[s*T10].

Hence the result, by the recurrence hypothesis. ]
Definition. We denote by int(n) the formula Ve (Vy(syfdxz — y¢z),nfx — 0¢x).

Theorem [A.T5]shows that the formulas int(n) and ne N are interchangeable, i.e. the formula
Vn(int(n) <> neN) is realized by a proof-like term : this is the storage theorem for integers.

Lemma 4.14. AgAz(g)(0)z |- Vy(sy N — y#N).
Proof. We show that AgAz(g)(0)z | sb#N — b¢N for every individual b.

This is obvious if b is not of the form s"0, since then ||b#N| = @. Thus, it remains to
show :

AgAz(g)(o)x || s"TL0#N — s"0#N. Thus, let € |- s"T10¢N ; we must show :
Agrx(g)(o)xx&en.m € L ie Exon.m € L, which is clear, since on =n+ 1. O

Theorem 4.15 (Storage theorem).
i) I |-vaN int(z).
ii) T |- Va(int(z),z¢N = L) with T = AnAf((n)Aghz(g)(o)z)f0.

Proof.
i) It is theorem [L12((i), if we take for F|x,y| the formula y#x.

ii) Let v | int(a), ¢ |-a#N and m € II. We must show T *v.¢.7w € L, that is :
vxAgAz(g)(o)x.p.0.m e L.

By hypothesis, we have v |- Vy(sy#N — y#N),a¢N — 0¢N.

But we have 0.7 € [[0#N]|| by definition of N and, by lemma 14 :

AgAz(9)(0)z |- Vy(sy#N — y#N). Hence the result. O

From theorem A.12)ii), it follows immediately that the recurrence scheme of ZF' is realized
in A ; it is the scheme : N
VE(Vy(F[Z,y] — F[Z,sy]), F[Z,0] — (Yn € N)F[Z,n]) for every formula F[Z,y] of ZF (i.e.
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written with ¢, C, 0, s).

Then, indeed, the formula F is compatible with the extensional equivalence ~.

Since the function s is compatible with ~, we deduce from lemma [£.14] that the formula :
Yy(y € N — sy € N) is realized in A/ ; the formula 0 € N is also obviously realized.
From the recurrence scheme just proved, we deduce that :

N is the set of integers of the model N, considered as a model of ZF .

Theorem 4.16.
i) Let f :Nk — N be a recursive function. Then, the formula :

vl vl (f (21, . o) eN) is realized in N
ii) Let g : {\T'f — 2 be a recursive function. Then, the formula :
vl vaN(g(ze,. .. 2k) =1V g(21,..., ) = 0) s realized in N.

i) This can be written Va§™... V2 ent(f(z1,...,75)). The proof is done in [I8] [15].

ii) We have N | (Vz1IN)... (VzreIN) g(x1, ..., zx) € 2.

Now, since g is recursive, we have, by (i) :

N |- (Vz1eN) ... (Vo eN) g(xq,...,z5) e N.

Hence the result, by lemma 171 L]

Lemma 4.17. AzAyAf(f)zy |FVa?2(z £ 1,2 £ 0 — 3 £N).

Proof. We have to show : _

AAYANf(flzy T, L — 04N and Axdy\f(f)fzy L, T — 1#N.

Thus let & |- T (i.e. £ € A arbitrary) and 7 |- L. We have to show :

AZAYNf (lzyx€en.0em € L and AxAyA\f(flay*n.{.l.me L

which is trivial. []

Remarks. i) In the present paper, theorem [0 is used only in trivial particular cases.

ii) Let us recall the difference between IN and N (the set of integers in the model N) ; we have :

¢ |-vaN Flz] iff (vn e N)(vr € |Fls"0][)éxm e L.

¢ VN Flx] iff (Vn e N)(Vr € ||[F[s"0]|))éxn.m e L.

Notice that we have K |-Va(z #IN — z¢N), in other words K |- N C IN. This means that, in
N, the set N of integers is strongly included in JN. In the particular realizability model considered
below (and, in fact, in every non trivial realizability model), the formula IN ¢ N is realized.

Non extensional and dependent choice.
For each formula F(z,y1,...,ym) of ZF., we add a function symbol fr of arity m + 1, with

the axiom : Vy(VENF[fr(k, ), 7] — Vz Flz, 7))
or else :  VH(VE F[fr(k,7),y] — Yo Flz,]).

It is the aziom scheme of non extensional choice, in abbreviated form NEAC.

Remarks. i) The axiom scheme NEAC does not imply the axiom of choice in ZF, because we do
not suppose that the symbol fr is compatible with the extensional equivalence ~. It is the reason
why we speak about non extensional axiom of choice. On the other hand, as we show below, it
implies DC (the axiom of dependent choice).

ii) It seems that we could take for fp a m-ary function symbol and use the following simpler (and
logically equivalent) axiom scheme NEAC’ : V¢(F[fr(¥),y] — Va Flx,7]).

But this axiom scheme cannot be realized, even though the axiom scheme NEAC is realized by a
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very simple proof-like term (theorem [L.18]), provided the instruction s is present.
More precisely, we can define a function fr in M, such that NEAC is realized in A/, but this is
impossible for NEAC’.

Theorem 4.18 (NEAC).
For each closed formula YxVy F, we can define a (m+1)-ary function symbol fr such that :

Na(S)aw VG E (fr(k, §) /2, 5) = Vo Flz, 7).
Proof. For each k € Nwe put P, ={mell; {xk.m¢ L, k=ng}.
For each individual z, we have : ||Vz F[z, y]|| = U | Fla, 3.

Therefore, there exists a function fr such that, giaven k € N and ¥ such that

Py 0 [[Va Fla, gll| # 0, we have Py 0 |[[F[fr(k,7), 4]l # 0.

Now, we want to show A\z(¢)zx |- Vk" F[fr(k,7), 7] — Flx, ], for every individuals z, 7.
Thus, let & |- VA F[fr(k, ), 7] and © € ||[Fla,#]|| ; we must show Az(s)zz+&.7 € L.
If this is false, we have ¢x§.&.m ¢ 1L and therefore { xj .7 ¢ I with j = ng.

It follows that m € P; N || F[a,]|| ; thus, there exists 7' € P; 0 ||F[fr(5,7), 7]

Now, we have j.7' € |[Vk™ F[fr(k, ), 4|, and therefore, by hypothesis on &, we have :
Exj.n’ el This is in contradiction with 7’ € P;. ]

NEAC implies DC. Let us call DCS (dependent choice scheme) the following axiom scheme :
VZ(VxEIy F[xa Y, 21 _)Vnentzuy Sp [n7 Y, 51 N vnentElyzly/{SF [n7 Y, 517 SF[Snv y/a 217 F[y7 y/a 21})
where F is a formula of ZF. with free variables x,y, Z' ; the formula Sg is written below.
In the following, we omit the variables Z' (the parameters), for sake of simplicity.

The usual axiom of dependent choice DC is obtained by taking for F[x,y, zo, z1] the formula
yezg AN (rezg — <w,y>e21).

We now show how to define the formula S, so that ZF., NEAC - DCS ; we shall conclude
that DC is realized.

So, let us assume Vz3y Fz,y]. By NEAC, there is a function symbol f such that :
Va3k®™ Flx, f(k,x)]. We define the formula Rp[r,y] as follows :

Rplz,y] = 3k Flz, f(k,z)],Vi® (i < k — = Flx, f(i,2)]),y = f(k,2)}.

This means : “y = f(k,x) for the first integer k such that F[z, f(k,z)] 7.

Therefore, R is functional, i.e. we have Vz3ly Rp(x,y).

SF is defined so as to represent a sequence obtained by iteration of the function given by
Rp, beginning (arbitrarily) at 0 :

Sp(n,z) = Vz[VmVyVy' (<m,y>ez, Rp(y,y') = <sm,y'>¢cz),<0,0>ecz = <n,z>¢z].

It should be clear that, with this definition of Sg, we obtain :

Ve 3ly Spln,y] and Vn®™3y3y'{Spn,y], Srlsn,y'], Fly, y']}-

Thus, DCS is provable from ZF. and NEAC.

Remark. We have used the binary function symbol <z, y> which is defined, in the ground model M,
in the usual way : <a,b> = {{a},{a,b}}. Then, the formulas :

VavVa'VyVy' (<z,y> = <a',y'> — z = a'), YavVa'VyVy' (<z,y> = <2’,y'> < y=1y'),

are trivially realized by I.



20 J.-L. KRIVINE

Properties of the Boolean algebra J2.
Let (x<y) be the binary recursive function defined as follows in M :
(m<n)=1ifm,ne N, m<n; else (m<n)=0.

Theorem 4.19. For every choice of 1, the relation (z<y) = 1 is, in N, a strict well
founded partial order, which is the usual order on integers (i.e. on N).

Proof. Indeed, the formulas :

Vr((x<z) # 1) and VaVyVz((z<y) =1 — ((y<z) =1 — (x<z) = 1))

are trivially realized.

Moreover, since the relation (z<y) = 1 is well founded, we have (theorem [L9) :

Y |FVz(Vy((y<z) =1 < Fly]) — F[z]) — Va F[z]

for every formula F[z] with parameters and one free variable.

By theorem EI6(ii), the binary recursive function (z<y) sends N2 into {0,1}, in the
model V. Therefore, it suffices to check that the following formulas are realized in AV :
ValWyN(y <z — (z<y) £ 1) ; V2 WVyN(z <y — (z<y) = 1).

Now the following formulas are trivially realized :

Ve AN Nz =y 4+ 2 — (z<y) # 1) ; VaNy™Wo Ny =2+ 24+ 1 — (z<y) = 1). ]

In the ground model M, we put, for each integer n :

n=1{0,1,...,n—1} ={0,s0,...,s"10}.
The functions n — n and n — In are defined in the realizability model N, with do-
main JN.

Theorem 4.20.
The following formulas are realized in N :
i) VelNymN((z<m) =1 ¢ zeIm) ;
i) Vm™ndN((m<n) =1 — Jm C In) ;
iil) Ve NmIN((z<m) =1+ Iy (m =z +y + 1)).

Proof. Remember that x C y is the formula Vz(z¢y — z¢ ).
i) We have trivially |[|(a<m) # 1|| = ||a ¢ Jm|| for every a,m € N.
ii) By transitivity of the relation (m<n) =1 (theorem [£.19)).
iii) We observe that |[(a<m) # 1] = ||(VyeIN)(m # a+y + 1)|| for every a,m eN. []

For each neIN (and, in particular, for each ne N, i.e. for each integer of \'), the set defined,
in NV, by (xz<n) = 1 (the strict initial segment defined by n) is therefore extensionally
equivalent to Jn.

Theorem 4.21. In N, the application (z,y) — my + x is a bijection from JmXxIn onto
J(mn). Indeed, the following formulas are realized in N by I :
i) Ym0 (my + 2) e Jmn) ;
i) VAN ANy gy g Ay, g A0 Gy 40 — g/ 4 2l sz = a') ;
VmJNanNVmeVJS,JmVanVy'Jn(my 4= my/ +7 y = y/) :
i) VmANYpINy Amn g dmy, In, — g 4 ),
Proof.
i) and ii) We simply have to replace ¥m ™ and Vao™ with their definitions, which are :
VmANE =Vm(Iy(m) =1 < F) ; VoI™F =Va((z<m) =1 < F).
We see immediately that these two formulas are realized by I.
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iii) We show that :

I |- Ym™n AN (el N (zam) =1 — ((y<n) =1 < 2 # my +x)) — (z<mn) # 1).
Thus, we consider :

myn,20 €N € €A, € |-VaNyN((z<m) =1 < ((y<n) = 1 — 2z # my + x))

and w € [[(zo<mn) # 1||. We must show Ix&.7m € 1, that is Exm € L.

We have |[[(zo<mn) # 1|| # 0, therefore zy < mn.

Thus, there exist xg,y0 € N, 2o < m,yo <n such that zy = mxg + yo.

Now, by hypothesis on £, we have :

€| (wo<m) =1 = ((yo<n) = 1 <= 29 # myp + o), in other words & |- L. O

Injection of In into P(N). Remember that we have fixed a recursive bijection : & — ng

from A onto N. The inverse bijection will be denoted n — &,.

This bijection is used in the execution rule of the instruction ¢, which is as follows :
cx&enem=ExN, ..

We define, in M, a function A : N — 2 by putting A(n) =0« &, | L.

In this way, we have defined a function symbol A, in the language of ZF.. In the realizability

model N, the symbol A represents a function from JN into J2. In particular, the function

A sends the set N of integers of the model A into the Boolean algebra J2.

Theorem 4.22. Let us put 0 = AxAy(s)yxx ; then, we have :
0 I-¥a72(x £ 0 - InYAm) £0,A(n) < 2))

where < is the order relation of the Boolean algebra 12 : y < x is the formula z = (yvz).

Proof. We must show 6 |- Va32(z # 0,Yn®™ (A(n) # 0 — z # A(n)vz) — L).

Thus, let a € {0,1}, ¢ |-a#0, n|-Yn®Y(A(n) #0 = a # A(n)va) and 7 €Il

We must show §*x&.n.me€ L thatis ¢xn.{.{.m€ L orelse nxn,.§.me L.

By hypothesis on ), it suffices to show n;.{. 7 € [V (A(n) # 0 — a # A(n)va)l|, that
is, by definition of the quantifier Vn®™*: ¢.7 € [|A(Ng) #0 — a # A(ng)vall.

This amounts to show § |- A(ng) #0 and a = A(ng)va.

e Proof of & |-A(ng) #0: if A(ng) =1, this is trivial, because [|A(ng) # 0| =0;

if A(ng) =0, then & |- L, by definition of A.

e Proof of a = A(ng)va : this is obvious if a =1 ; if @ = 0, then & |- L, by hypothesis
on . Therefore A(ng) = 0 by definition of A, hence the result. U]

By theorem E.22) the set {A(n); neN, A(n) # 0} is, in the realizability model AV, a count-
able dense subset of the Boolean algebra J2 : this means that each element # 0 of this
Boolean algebra has a lower bound of the form A(n), with neN and A(n) # 0.
It follows that the application of J2 into P(N) given by :

z— {neN; A(n) <z, A(n) # 0}
is one to one : indeed, if a,beJ2 with a # b, then a + b # 0 ; thus, there exists an
integer ne N such that A(n) # 0 and A(n) < a + b. Therefore, we have A(n) < a iff
(brAA(n)) = 0.
But, since A(n) #0, we get : A(n) <a iff A(n) £b.
We have shown :

Theorem 4.23. _
The formula : “there exists an injection of 12 into P(N)” is realized in the model N'. [



22 J.-L. KRIVINE

Corollary 4.24. The formula : “for every integer n there exists an injection of In into
P(N)” is realized in the model N

Proof. Using theorem 21| we see, by recurrence on m, that the model N realizes the
formula :
“ymN((32)™ is equipotent to J(2™)) ” ; and therefore also the formula :

“ ymN(there exists an injection of J(2™) into P(N)) 7.
Finally, by theorem [L.20(ii), we see that the following formula is realized :

“ ¥nN(there exists an injection of In into P(N)) . O

5. REALIZABILITY MODELS IN WHICH R IS NOT WELL ORDERED

J2 atomless.

Theorem 5.1. We suppose there exist two proof-like terms wo,w1 such that, for every
m € II, we have wok; |FL or wik: |- L. Then, the Boolean algebra 12 is non trivial.
Indeed : 0 |-Va(z # 1,2 # 0 — x¢12) - L with 0 = Af(cc)Ne((f)(w1)k)(wo)k.

Proof. Let & |FVz(x #1,2 #0 — 2£32) and 7 € II. We must show :

Ox&.me I, thatis &*wiky.woky .7 € L.

But, by hypothesis on £, we have |- T,L — L and & |- L, T — L. Hence the result,
by hypothesis on w1, wp. ]

Remark. When the Boolean algebra ]2 is non trivial, there are necessarily non standard integers
in the realizability model N, i.e. integers which are not in M. Indeed, let acJ2,a # 0,1 ; by
theorem [£22] there is an integer n such that A(n) # 0,A(n) < a ; thus A(n) # 1. The integer n
cannot be standard, since A(m) =0 or 1 if m is in M.

Theorem 5.2. We suppose that there exists three proof-like terms «q, a1, such that,
for every & € A and 7 € 11, we have Kr€ap |- L or Kzéan |FL or Kéas |- L.

Then, the Boolean algebra 12 is atomless. Indeed :

0 |V [Vy(zry # 0,27y #x — y#32), 2 # 0 — x ¢ 12]

with 0 = AxAy(CC)Ak((z)(k)yao)((x)(k)yon ) (k)yors.

Proof. By a simple computation, we see that we must show :

)0 |- (L,L— 1), L— L.

i) 0 |- |T,L— L|N|L,T— L], T— L

Proof of (i) : let ne|L,L — 1| and & € |L|. We must show Oxn.&.m € L, that is :
nxKr€ag .« () (Kx)éar)(Kz)€aa . m € L.

But, from ¢ | L, we deduce K&C |- L for every ¢ € A..

Since 7 | L,L — L, we have ((n)(kr)éa1)(Kr)éas |- L and therefore :

nxKr€ag .« () (Kx)éar)(Kz)€aa . m € L.

Proof of (ii) : let n e |T,L — L|N|L, T — 1| and £ € A.. Again, we must show that :
nxKr€ag . ((n)(Kz)éar)(Kz)€ao . m € AL, If this is false, then :

Kr&ao |- L (because n |- L, T — L) and

((n)(Kzr)§ar)(Kx)€arz |- L (because n =T, L — L).

But, since 7 | L, T — L (resp. T,L — 1), we have K& |~ L (resp. Kz€as |- L1).
This contradicts the hypothesis of the theorem. L]
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R not well orderable.

Theorem 5.3.
We suppose that there exists a proof-like term w such that, for every £,& € A, € # & and
7 €1, we have wk;& |- L or wk.g |- L.
Then we have, for every formula F with three free variables :
0 |- Vm™NnNWz[(m<n) =1 —

(vxvyvy/(F('xv Y, Z)? F(z, Y, Z)v y#y — 1), vy]n_\vx]m_‘ F(Z’, Y, Z) - J—)]
with 6 = Az x’ (cC)\k(2" ) z(z22)(w)kz.

Remark. This shows that, if (m<n) = 1, then (Jm C Jn and) there is no surjection of Jm onto In :
indeed, it suffices to take, for F'(z,vy, 2), the formula <z,y> ¢ z.

Proof. Assume this is false ; then, there exist m,n € N with m < n, an individual ¢, two
terms &,& € A and a stack 7 € II such that :

Ox&.¢  mé 1L

§ |- Vavyvy'[F(z,y,c), Fx,y',c)y #y — 1]

6/ H_ vy]n_\vx]m_‘ F(Z’, Y, C)‘

Therefore, we have & *xn.m ¢ I with 1 = Az(£22)(w)k,z. By hypothesis on ¢ we
have, for every integer i < n: 7 |- Vai™=F(z,i,c). Thus, there exists an integer m; < m
such that n |- =F(mj,i,c). It follows that there exist & € A and m; € II such that
& |- F(mi,i,e) and nx&.m ¢ L. By definition of 1, we get & x &« &« wke&om ¢ L.
By hypothesis on ¢, it follows that wk;&; |7 # ¢ ; in other words, we have wk&; |- L
for every integer i < n.

By the hypothesis of the theorem, it follows that we have & =¢; for every 7,5 <n.

But, since m; <m <n and i <n, there exist ¢,j <n,i# j such that m; =m; = k.
Then, & =¢&; |- F(k,i,¢),F(k,j,¢) and wk;&; |- # j since i # j|| = 0.

Therefore, by hypothesis on £, we have £x&; . & « wK:&; - m; € AL, which is a contradiction. []

Now, we see that, with the hypothesis of theorem [5.3] there is no surjection from J2 onto
J2xJ2. Indeed, by theorem 2Tl there exists a bijection from J2 x J2 onto J4 and, by
theorem [5.3] there is no surjection from J2 onto J4. But, by theorem 5.2 ]2 is infinite ; it
follows that J2 cannot be well ordered. _
Now, by theorem 23] 12 is equipotent with a subset of P(N). Therefore, the hypothesis
of theorems and [5.3] are sufficient in order that the following formula be realized in the
model N :

There is no well ordering on the set of reals.

In fact, the hypothesis of theorem [5.3]is sufficient : this follows from theorem [5.41

Theorem 5.4. Same hypothesis as theorem[5.3 : there exists a proof-like term w such that,
for every well and £,& € A, £ #E, we have wk;& |- L or wk:& |- L.

Then we have, for every formula F with three free variables :

0 |-V {Vz[Vn® F(n,x, 2z) — x #12],YnVavy[~F(n,x, 2)~F(n,y,2),z #y — 1] = 1}
with 6 = Az x’(cc)\k(z)An(cc)A\h(x'hh)(wk)Nf(f)hn.

Remark. This formula means that, in the realizability model A/, there is no surjection from the
set of integers N onto J2 : it suffices to take for F(x,y, z) the formula <x,y> # z (the graph of an
hypothetical surjection being <z,y>e¢ z).
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Proof. Reasoning by contradiction, we suppose that there is an individual ¢, a stack = € 1II,
and two terms &, ¢’ such that :

¢ |- VYavn®™ F(n,z,¢) — 2 ¢32] ; & |- VYnVaVy[-F(n,z,¢)~F(n,y,c),z #y — 1] and
Ox&.& mé L.

Therefore, we have &xn.m ¢ 1L, with 1= An(cc)\h(&'hh)(wk)Af(f)hn.

By hypothesis on &, we have 7 |-V¥n®™ F(n,0,c) and 7 [-Vn® F(n,1,¢). Thus, we
see that there exist ng,n1 € N, mp € ||F(no,0,c¢)]] and m € ||[F(ni,1,¢)]| such that
nxng.m ¢ L and nxn;.m ¢ L. By performing these two processes, we obtain :
fl*kﬂo .kﬂo . (o - o Qé 1 et fl*km -k7r1 «(1.m Qé A,

with (p = (WKW))‘f(f)km)ﬂO and () = (WKW))‘f(f)kmﬂl'

By hypothesis on &', we have ¢’ | —F(ng,0,¢), ~F(ng,0,¢),0 #0 — L.

Since Kr, |- —F(no,0,c), we see that (p |- L and, in the same way, (; [~ L.

Thus, by the hypothesis of the theorem, we have :

M (f)Krong = Af(f)Kz,nq, and therefore ng =n; and my = .

But, we have &' |- —F(nog,0,c¢),~F(ng,1,¢),0 # 1 — L. Moreover, we have :

7o € ||F(no,0,¢)|| and m € ||F(ni,1,¢)|, thus my € ||F(no,1,¢)| since ng = ni, mp = .
Therefore Kr, |- —F(ng,0,c) and —F(no,1,c). Moreover, we have obviously (y |0 # 1,
since ||0 # 1|| = (. Therefore, we have & xKy, « Kz, « (o« mo € 1L, which is a contradiction. []

Theorems 5.3 and 5.4l show that J2 is infinite and not equipotent with J2xJ2, thus not well
orderable. Since J2 is equipotent with a subset of P(N) (theorem E:23), we have shown that
P(N) is not well orderable, with the hypothesis of theorem 5.3l

More precisely, by corollary B.24] we know that In is equipotent with a subset of P(I\VI) for

each integer n. Therefore, we have :

Theorem 5.5. With the hypothesis of theorem [3.3, the following formula is realized :

“ There exists a sequence X, of infinite subsets of P(N) such that, for every integers
m,n > 2 :

e there is an injection from X, into X,11 ;

e there is no surjection from X, onto Xp41 ;

o X, x X, and X, are equipotent ”. ]

For each integer n > 2, the set n = {0,1,...,n—1} is aring : the ring of integers modulo n ;
the Boolean algebra {0, 1} is a set of idempotents in this ring. These ring operations extend
to the realizability model, giving a ring structure on In, and J2 is a set of idempotents
in Jn.

For each aeJ2, the equation ax = x defines an ideal in Jn, which we denote as aJn.

The application z — ax is a retraction from Jn onto aJn.

Proposition 5.6. The following formulas are realized in N :
i) VniNa¥2(the application x+— (ax,(1 —a)x) is a bijection

from In onto aIn x (1 — a)In).
i) Vm™nINVaT2 (the application (x,y) — my + x is a bijection

from aJmxadn onto aJ(mn)).

Proof.

i) Trivial : the inverse is (y,y') — y+¥/.

ii) By theorem [L.21] this application is injective ; clearly, it sends aJmxaJn into al(mn).
Conversely, if zeal(mn), then there exists x eJm and yeIn such that z = my + = ;
thus, we have z = az = may + ax with arealm and ayealn. O
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Theorem 5.7. We suppose that, for each o« € A, w € 11, and every distinct (o, (1,(2 € A,
we have Kraly L or kra(i L or krals |- L.
Then, for each formula F(x,y,z) with three free variables, we have :

0 |- V2¥ym™nNvaT2[(2m<n) =1 —
(a #0,V2Vy¥y (F(2,y, 2), F(z,y/, 2),y # y' = L), Yy 3" F(z, ay, z) — L)]
with 6 = AaAxAy(cC)\k(y)Az(zzz2)(k)az.

Remark. This formula means that, if n > 2m, a£J2,a # 0, then there is no surjection from Jm
onto aln : it suffices to take F(z,y,2) = <z,y>¢ 2.

Proof. Reasoning by contradiction, let us consider m,n € N with n > 2m, a € {0,1}, an
individual ¢, three terms «,&,n € A and 7 € 1I such that :

Oxa.f.n.mg L, alFa#0, {|-VaVyVy' (F(z,y,c), F(z,y',c),y #y — 1),

n | Yy =V F(z, ay, c).

We have Oxa.&.n.m=n*0 .7 and therefore n*x 6 .m ¢ L with 6 = X\2(£22)(Ky)az.
It follows that, for every y € {0,...,n — 1}, we have @ |£VaI™=F(z,ay,c).

Thus, there exist two functions y +—— z, (resp. y —— (,) from {0,...,n — 1} into
{0,...,m —1} (resp. into A), such that ¢, |- F(zy,ay,c) and 60'x(y,.w, ¢ L (for some
suitable stacks ).

Now, we have €' x(y.wy = &+ y+Cy - ky -y with ky =Kra(y ; therefore, we have :
ExCyoCyoby-wy ¢ L foreachye{0,...,n—1}.

By hypothesis on £ (with y =y/), it follows that x, [~ L for every y < n.

It follows first that « [~ L and therefore, we have a =1 ; thus ¢, |- F(zy,y,c).
Moreover, since n > 2m, there exist yo,y1,y2 < n distinct, such that z,, = 2y, = z,.
But, following the hypothesis of the theorem, the terms (y,,(y,,(y, cannot be distinct,
because Ky, Ky, ; Ky, |- L. Therefore we have, for instance, (y, = (y, ; then, we apply the
hypothesis on & with y = yo,y = y1, which gives £ * (g« Gy, - k- € L for every kK € A
and w € II. But it follows that & x (y, .« Cyy « Kyo » @y, € L which is a contradiction. L]

Corollary 5.8. With the hypothesis of theorem [5.7, the following formulas are realized :
i) VnNVa'2(a #0 — there is no surjection from In onto aJ(n+1)).

ii) vl VaT2Yb32(anb = 0,b # 0 — there is no surjection from aln onto bl2).

iii) vl Val2Yb72(anb = a,a # b — there is no surjection from aIn onto bJ2).

Proof.

i) Suppose that there is a surjection from In onto aJ(n + 1). Then, by the recurrence
scheme (theorem ELI(ii)), we see that, for each integer k € N, there exists a surjection from
(In)* onto (aJ(n + 1))* ; and, by proposition (.6(ii) and the recurrence scheme, it follows
that there is a surjection from J(n¥) onto aJ((n + 1)k).

But, for k > n, we have (n 4+ 1)¥ > 2n* and this contradicts theorem .71

ii) Since anb = 0, the rings (a + b)In and aIn x bIn are isomorphic. Reasoning by con-
tradiction, there would exist a surjection from (a + b)In onto 532 x bJn, thus also onto
b1(2n) (proposition [.6(ii)), thus a surjection from In onto bJ(2n), which contradicts (i).
iii) Otherwise, there would exist a surjection from aIn onto (b—a)32, which contradicts (ii).

[

Applications.
i) By DC, since ]2 is atomless, there exists in J2 a strictly decreasing sequence. Hence, by
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corollary [B.8|(iii) and theorem [£.23] there exists a sequence of infinite subsets of P(N), the
“cardinals” of which are strictly decreasing. N

ii) Applying corollary B.8(ii) with n = 2, we see that there exist two subsets of P(N) the
“cardinals” of which are incomparable ; which means that there is no surjection of one of
them onto the other.

More precisely, let B be the image of J2 by the injection in P(N) given by theorem [£.23] ;
then we have :

Theorem 5.9. With the hypothesis of theorem [5.7, the following formula is realized in N :

“There exists a subset B of P(N) (the real line of the model N'), such that

B is an atomless Boolean algebra for the usual order C on P(ﬁ), with @,f\vl e B ;
a,beB=anbeB.

Ifa € B,a#0 then aB is infinite and there is no surjection from B onto aBxaB
(where aBB means {x € B; x C a}).

If a,b € B,a,b # 0 and anNb = 0, then there is no surjection from a3 onto bB (the
“cardinals” of aBB,bB are incomparable).

Ifa,b€ B,a C b and a # b, then there is no surjection from a3 onto bB (the “cardinal” of

aBB s strictly less than the “cardinal” of bB)”. L]

In other words, for a,b € B, we have : a C b < there exists a surjection from bB onto aB5.
The order, in the atomless Boolean algebra B, is the order on the “cardinals” of its initial
segments.

The model of threads. This model is the canonical instance of a non trivial coherent
realizability model. It is defined as follows :

Let n+—— m, be an enumeration of the stack constants and let n —— 0,, be a recursive
enumeration of the proof-like terms. For each n € N, the thread with number n is the set of
processes which appear during the execution of the process 6, x m,. In other words, it is
the set of all processes & x 7 such that 0, xm, = & * .

Note that every term which appears in the n-th thread contains the only stack constant 7.

We define 1L¢ (the complement of 1) as the union of all threads. Thus, a process £ x 7 is
in L¢ iff (IneN) b, *xm, = *m.

Therefore, we have &% € L iff the process £ x ™ never appears in any thread.

For every term &, we have ¢ |- L iff & never appears in head position in any thread.

If ¢ is a proof-like term, we have £ = 0, for some integer n, and therefore £ x m, ¢ 1, by
definition of 1. It follows that the model of threads is coherent.

If ¢ € A, |- L then & appears in head position in at least one thread. This thread is
unique, unless £ is a proof-like term, because it is determined by the number of any stack
constant which appears in &.

Theorem 5.10. The hypothesis of theorems[5.1, [5.3, [5.3 and [5.7] are satisfied in the model
of threads.

Proof. The hypothesis of theorems [£.3] and [5.1] are trivially satisfied if we take :

w= (Arzx)\rzr, w)= (w)0, and w; = (w)l.

Moreover, the hypothesis of theorem [5.7]is obviously stronger than the hypothesis of theo-
rem
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We check the hypothesis of theorem [5.7] by contradiction :

Suppose that krady |- L, kra¢i |- L and kra(s |- L. Therefore, these three terms appear
in head position, and moreover in the same thread : indeed, since they contain the stack ,
this thread has the same number as the stack constant of 7.

Let us consider their first appearance in head position, for instance with the order 0,1, 2.
Therefore we have, in this thread : Kralyxpg = a*xm = - = Krali xp1 = axm = ---
But, at the second appearance of a x 7, the thread enters into a loop, and the term Kk a(s
can never arrive in head position, since (i # (5. L]
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