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ABSTRACT. We consider two-player games played in real time on game structures with
clocks where the objectives of players are described using parity conditions. The games are
concurrent in that at each turn, both players independently propose a time delay and an
action, and the action with the shorter delay is chosen. To prevent a player from winning by
blocking time, we restrict each player to play strategies that ensure that the player cannot
be responsible for causing a zeno run. First, we present an efficient reduction of these
games to turn-based (i.e., not concurrent) finite-state (i.e., untimed) parity games. Our
reduction improves the best known complexity for solving timed parity games. Moreover,
the rich class of algorithms for classical parity games can now be applied to timed parity
games. The states of the resulting game are based on clock regions of the original game,
and the state space of the finite game is linear in the size of the region graph.

Second, we consider two restricted classes of strategies for the player that represents
the controller in a real-time synthesis problem, namely, limit-robust and bounded-robust
winning strategies. Using a limit-robust winning strategy, the controller cannot choose an
exact real-valued time delay but must allow for some nonzero jitter in each of its actions.
If there is a given lower bound on the jitter, then the strategy is bounded-robust winning.
We show that exact strategies are more powerful than limit-robust strategies, which are
more powerful than bounded-robust winning strategies for any bound. For both kinds
of robust strategies, we present efficient reductions to standard timed automaton games.
These reductions provide algorithms for the synthesis of robust real-time controllers.

1. INTRODUCTION

Timed automata [AD94] are models of real-time systems in which states consist of discrete
locations and values for real-time clocks. The transitions between locations are dependent
on the clock values. Timed automaton games, introduced in [MPS95], and explored fur-
ther in [dAFH™03, [AdAF05, (CDF ™05, FTMO02D, [FTM02a] (amongst others), are played by
two players on timed automata, e.g., a “controller” and a “plant” for modeling real-time
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adr<1 al,y>1—y:=0

Figure 1: A timed automaton game 7.

controller synthesis problems. We consider timed automaton games with w-regular objec-
tives specified as parity conditions. The class of w-regular objectives can express all safety
and liveness specifications that arise in the synthesis and verification of reactive systems,
and parity conditions are a canonical form to express w-regular objectives [Tho97]. The
construction of a winning strategy for player 1 in such games corresponds to the controller-
synthesis problem for real-time systems [DMO02, MPS95, WH91] with respect to achieving
a desired w-regular objective.

Timed automaton games proceed in an infinite sequence of rounds. In each round, both
players simultaneously propose moves, with each move consisting of an action and a time
delay after which the player wants the proposed action to take place. Of the two proposed
moves, the move with the shorter time delay “wins” the round and determines the next
state of the game. Let a set ® of runs be the desired objective for player 1. Then player 1
has a winning strategy for ® if it has a strategy to ensure that, no matter what player 2
does, one of the following two conditions holds: (1) time diverges and the resulting run
belongs to ®, or (2) time does not diverge but player-1’s moves are chosen only finitely
often (and thus it is not to be blamed for the convergence of time) |[dAFHT03, [HP06]. This
definition of winning is equivalent to restricting both players to play according to receptive
strategies [AHI7, [SGSALIS|, which do not allow a player to win by blocking time.

In timed automaton games, there are cases where a player can win by proposing a
certain strategy of moves, but where moves that deviate in the timing by an arbitrarily
small amount from the winning strategy result in a strategy that does not ensure winning
any more. If this is the case, then the synthesized controller needs to work with infinite
precision in order to achieve the control objective. As this requirement is unrealistic, we
propose two notions of robust winning strategies. In the first robust model, each move of
player 1 (the “controller”) must allow some jitter when the action of the move is taken.
The jitter may be arbitrarily small, but it must be greater than 0. We call such strategies
limit-robust. In the second robust model, we give a lower bound on the jitter, i.e., every
move of player 1 must allow for a fixed jitter, which is specified as a parameter of the game.
We call these strategies bounded-robust. The strategies of player 2 (the “plant”) are left
unrestricted (apart from being receptive). We show that (1) general strategies are strictly
more powerful than limit-robust strategies; and (2) limit-robust strategies are strictly more
powerful than bounded-robust strategies for any lower bound on the jitter, i.e., there are
games in which player 1 can win with a limit-robust strategy, but there does not exist any
nonzero bound on the jitter for which player 1 can win with a bounded-robust strategy.
The following example illustrates this issue.



TIMED PARITY GAMES: COMPLEXITY AND ROBUSTNESS 3

Example 1.1. Consider the timed automaton T in Fig. [l The edges denoted a’f for
k € {1,2,3,4} are controlled by player 1, and the edges denoted a} for j € {1,2,3} are
controlled by player 2. The objective of player 1 is O(—I3), i.e., to avoid the location 3.
The important part of the automaton is the cycle {°,1'. The only way to avoid {3 in a time
divergent run is to cycle between [° and ! infinitely often. In addition, player 1 may choose
to also cycle between [° and [2, but that does not help (or harm) it. Due to strategies being
required to be receptive, player 1 cannot just cycle between {° and [? forever, it must also
cycle between [° and I'; that is, to satisfy O(—I3) player 1 must ensure (OOI0) A (OOIY),
where O denotes “infinitely often”. But note that player 1 may cycle between [© and 2
any finite number of times as it wants between an {°, [ cycle.

In our analysis below, we omit such {°, 1% cycles for simplicity. Let the game start from
the location {° at time 0, and let {! be visited at time t° for the first time. Also, let of
denote the difference between times when [° is visited for the (j 4 1)-th time, and when [! is
visited for the j-th time. We can have at most 1 time unit between two successive visits to
19, and we must have strictly more than 1 time unit elapse between two successive visits to
I'. Thus, o/ must be in a strictly decreasing sequence. Also, for player 1 to cycle between
1 and I! infinitely often, we must have o/ > 0 for all j as the (j + 1)-th a} transition must
always happen after the j-th a? transition. Consider any bounded-robust strategy. Since
the jitter is some fixed ¢j, for any strategy of player 1 that tries to cycle between 19 and 1!,
there are executions where the transition labeled al is taken when x is less than or equal
to 1 —¢j, and the transition labeled a? is taken when y is greater than 1. This means that
there are executions where o/ decreases by at least ¢j in each cycle. But, this implies that
we cannot have an infinite decreasing sequence of a’’s for any ej and for any starting value
of 0.

With a limit-robust strategy, however, player 1 can cycle between the two locations
infinitely often, provided that the starting value of x is strictly less than 1. This is because
at each step of the game, player 1 can choose moves that are such that the clocks x and y
are closer and closer to 1. A general strategy allows player 1 to win even when the starting
value of x is 1. The details will be presented later in Example in Subsection L]

Contributions. Our contributions are two-fold: we present improved complexity results
to solve timed automaton parity games, and we present two notions of robust winning in
timed automaton parity games and present solutions of them.

Improved complexity. We first show that timed automaton parity games can be reduced
to classical turn-based finite-state (untimed) parity games. Even though the timed games
are concurrent, in that in each turn both players simultaneously propose moves before one
of the moves is chosen, our reduction to the untimed finite-state game is turn-based. The
concurrency in timed games is limited (only in proposal of time), and we exploit this in
the reduction to obtain turn-based games. In general the reduction of concurrent games to
turn-based games is only known for Biichi and coBiichi objectives (and only for qualitative
analysis) [JKHO2]. The turn-based game we obtain as result of the reduction has a state
space that is linear in the number of clock regions. There is a rich literature of algorithms as
well much ongoing research to solve finite-state turn-based parity games, and our reduction
allows all these algorithms to be used to solve timed automaton parity games. A solution
for timed automaton games with parity objectives was already presented in [dAFHT03] and
the solution works in
O ((M-1C1- 14| - [Aa])? - (ISeg) ™)
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time, where M is the maximum constant in the timed automaton; C' is the set of clocks; A;
is the set of player-i edges; L is the set of locations; d is the number of priorities in the parity
index function; and SEeg is the set of states in the region graph of the timed automaton

expanded to handle receptiveness and we have |Sg.,| = |Sreg| 32 |C| - d, where Sgeg is the

set of regions of the timed automaton (which is bounded by |L| - ] cc(cz + 1) - [C]! - 41€1,
with ¢, being the maximum constant that clock x is compared to in the timed automaton
game). We show that timed automaton games can be solved in

. * a2 1
0 ((rsRegr (Ar] + 142]) - (1Sl -8) )

time. Our reduction has two steps: first we show that certain restrictions can be applied to
strategies without changing the winning set; then we show that the timed game with clocks
under the strategy restrictions can be transformed into a finite-state turn-based game with
8| Skeg states, O(|Sgeg |- (|A1]+]A2])) edges, and d+2 priorities. Our improved complexity
follows from the above reduction, and the fact that a finite-state turn-based parity game
with m edges, n states and d parity indices can be solved in O(m - n§+%) time [Sch07].
The restriction to receptive strategies is handled by our reduction with the following two
modifications: (1) the number of regions of the timed automaton parity game needs to be
enlarged by a factor of 32-|C/|-d, and (2) the number of indices of the parity function needs
to be increased by 2. The modifications are similar to those in [dAFHT03].

Robust winning. Second, we show that timed automaton games with limit-robust and
bounded-robust strategies can be solved by reductions to general timed automaton games
(with exact strategies). In the reduction for limit-robust games, the jitter is controlled by
player 1, as the jitter is only required to be greater than 0, with no other restriction. For
bounded-robust games, the jitter is controlled by player 2, as there is an uncertainty interval
of constant length ¢ (which is fixed for the game). The reduction for the limit-robust case
is obtained by changing the winning condition so that moves are only to states where all the
clock values are non-integral. The reduction for the bounded-robust case is by a syntactic
transformation of the game graph. The limit-robust game can be solved in time

N " a2 1
0 ((\SReg\ (1 Ar] + |As])) - (1Sheg] - 16) ) |

Given a rational valued jitter of € = i—z, the bounded-robust game can be solved in time

. 5 Cl+2 . 142\ Fot3
O ((1Steel 14042l 1010 212) - 1Syl 3211 ] -2 212) )

The reductions provide algorithms for synthesizing robust controllers for real-time systems,
where the controller is guaranteed to achieve the control objective even if its time delays
are subject to jitter. The question of the existence of a non-zero jitter for which a game
can be won with a bounded-robust strategy remains open.

Comparison to the preliminary version [CHP08]. Our present submission extends and
improves upon the results of [CHP0S]. The state space of the finite game of the reduction
in [CHPO8] had size O(|Sgeg| |C|- M -[A1]); the present finite-state game has size O(|Sgeg|)-
The correctness proof of the present reduction is based on several new non-trivial results
that are not present in [CHPO0S].
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Related work. Timed automaton games have been explored before for controller synthesis,
e.g, in [PAMSO8, [DM02], MPS95, WH91]. In most previous work, time-divergence has not
been handled properly. For example, the formulations of [PAMS98| [FTMO02bl [JT07, [Tri09]
assume that the syntactic structure of the game is such that it is not possible for the players
to block time. The work of [AHI7] looks at safety objectives, and correctly requires that
a player might not stay safe simply by blocking time. It however also requires that the
controller achieve its objective even if the opponent blocks time, and hence is deficient for
reachability objectives. In [DMO02] the authors require player 1 to always allow player 2
moves, thus, in particular, player 2 can foil a reachability objective of player 1 by blocking
time. The strategies of player 1 are also assumed to be region strategies by definition, that
is, player-1 strategies can only specify regions in its moves (and not an exact desired state),
and can only be dependent on the history of the observed regions in a play (and not on the
history of exact states in a play). A solution for timed automaton games with receptive
strategies and parity objectives was first presented in [dAFHT03], where the solution is
obtained by first demonstrating that the winning set can be characterized by a u-calculus
fixpoint expression, and then showing that only unions of clock regions arise in its fixpoint
iteration.

It has been recognized by many researchers that an important shortcoming of timed
automata is that clock values are assumed to be available as real numbers with infinite pre-
cision. Our notion of bounded-robustness is closely related to the Almost-ASAP semantics
of [WDRO5]. The work there is done in a one-player setting where the controller is already
known, and one wants the know if the composition of the controller and the system satisfies
a safety property in the presence of bounded jitter and observation delay. A similar model
for hybrid automata is considered in [AT04]. The solution for the existence of bounded
jitter and observation delay for which a timed system stays safe is presented in [WDMRO04].
Various models of robustness in timed automata (the one-player case) are also considered
in [ATMO05, BMROS,, (GHJ97], [HROOQ].

Outline. In Section 2] we present the definitions of timed game structures, objectives,
strategies, and review some basic results for timed automaton games. In Section [3] we
present a restriction of strategies of the two players, which does not change the winning set,
and which allows an efficient reduction to finite-state turn-based games. We also derive the
complexity bound obtained from the new reduction to finite-state games. In Section [ we
define limit-robust and bounded-robust strategies, and show how winning sets for both can
be computed by reductions to timed automaton games.

2. TIMED GAMES

In this section we present the definitions of timed game structures, runs, objectives, and

strategies in timed game structures.

Timed game structures. A timed game structure is a tuple § = (S, A1, A9, T'1, 9, 6)

with the following components.

e S is a set of states.

e A; and Ay are two disjoint sets of actions for players 1 and 2, respectively. We assume
that {11, Lo, L.} N A; = 0, and write A{ for Ay U{Ly, 1.}, and Ay for Ay U{15}. The
set of mowves for player i is M; = R>¢ x Aj. Intuitively, a move (A,a;) by player i
indicates a waiting period of A time units followed by a discrete transition labeled with
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action a;. The move (A, 1;) is used to represent the move where player-i just lets time
elapse for A time units without taking any of the discrete actions from A;. The action
L, is used to represent the fact that player 1 is relinquishing control to player 2 in the
given stage of the game.

o T;: S~ 2Mi\ () are two move assignments. At every state s, the set I';(s) contains the
moves that are available to player i. We require that (0, 1;) € I';(s) for all states s € S
and ¢ € {1,2}. Intuitively, (0, L;) is a time-blocking stutter move.

e 0 :S5 x (M UMs)+— S is the transition function. We require that for all time delays
A, A" € R>( with A" < A, and all actions a; € A we have

(i) (A, a;) € Ti(s) iff both (A’ 1;) € T;i(s) and (A — A, a;) € T;(6(s, (A7, L;))); and
(ii) if §(s, (A', L;)) = ¢" and §(s', (A — A, a;)) = §”, then 0(s, (A, a;)) = s".
The game proceeds as follows. If the current state of the game is s, then both players
simultaneously propose moves (A, a;) € I'1(s) and (Ag, ag) € I'y(s). If ay # L., the move
with the shorter duration “wins” in determining the next state of the game. If both moves
have the same duration, then the next state is chosen non-deterministically. If a; = 1, then
the move of player 2 determines the next state, regardless of A;. We give this special power
to player 1 for modeling convenience as (1) the controller always has the option of letting the
state evolve in a controller-plant framework, without always having to provide inputs to the
plant, and (2) it allows a natural model for systems where controller actions are disabled in

certain modes!. Formally, we define the joint destination function 04 : S X My x My 25

by

{5(8, <A1,a1>)} if A1 < Ag and aq 75 Ly
5jd(8, (Al, a1>, (Ag, a2>) = {5(8, <A2, a2>)} if Ag < Al or a; = J_*;
{5(8, AQ,(I2>) ( (Al,a1>)} if AQ = Al and al 75 J_ .
The time elapsed when the moves m; = (A1, a1) and my = (Ag, ay) are proposed is given

by
o min(Al, Ag) if aq 75 L*
delay(my, mg) = { Ay if a = L,
The boolean predicate blame;(s, m1,mg,s’) indicates whether player i is “responsible” for

the state change from s to s’ when the moves m; and ms are proposed. Denoting the
opponent of player i by ~i =3 — i, for i € {1,2}, we define

(A1 <Ay A 6(s,(Ar,a1)) =5) A (e # L) ifi=1

blame(s, (A1, a1), (Ag, az), ') = {(A2 <A A O(s,(Azya2)) =5) V(e = Ls) ifi=2

Runs. A run r = sq, (m9,m9), s1, (mi, md), ... of the timed game structure § is an infinite
sequence such that s, € S and mf € I'i(sk) and sgy4q € 5jd(sk,mlf,m’§) for all £ > 0 and
i € {1,2}. For k > 0, let time(r, k) denote the “time” at position &k of the run, namely,
time(r, k) = Zk y delay(m?,m3) (we let time(r,0) = 0). By r[k] we denote the (k + 1)-th
state sy, of r. The run prefix r[0..k] is the finite prefix of the run r that ends in the state sj.
Let Runs be the set of all runs of G, and let FinRuns be the set of run prefixes.
Objectives. An objective for the timed game structure G is a set ® C Runs of runs. We
will be interested in parity objectives. Parity objectives are canonical forms for w-regular
properties that can express all commonly used specifications that arise in verification.

1We illustrate the usefulness of L, in Example The results of this paper do not change if |, is not
present in the framework.
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Let Q: S +— {0,...,k—1} be a parity index function. The parity objective for 2 requires
that the maximal index visited infinitely often be even. Formally, let InfOften(2(r)) denote
the set of indices visited infinitely often along a run r. Then the parity objective defines
the following set of runs: Parity(Q2) = {r | max(InfOften(2(r))) is even }. A timed game
structure G together with the index function 2 constitute a parity timed game (of order k)
in which the objective of player 1 is Parity(€2).

Strategies. A strategy for a player is a recipe that specifies how to extend a run. Formally,
a strategy m; for player i € {1,2} is a function 7; that assigns to every run prefix r[0..k] a
move m; in the set of moves available to player i at the state r[k]. For i € {1,2}, let II;
be the set of strategies for player i. Given two strategies w1 € II; and my € Ils, the set of
possible outcomes of the game starting from a state s € .S is the set of possible runs denoted
by Outcomes(s, 71, m2).

Receptive strategies. We will be interested in strategies that are meaningful (in the
sense that they do not block time). To define them formally we first present the following
two sets of runs.

e A run r is time-divergent if limg_, o, time(r, k) = co. We denote by Timediv the set of all
time-divergent runs.

e The set Blameless; C Runs consists of the set of runs in which player ¢ is responsible
only for finitely many transitions. A tun sg, (m{,m3),s1, (mi, mi),... belongs to the
set Blameless;, for i = {1,2}, if there exists a kK > 0 such that for all j > k, we have
ﬂblamei(sj,m{,m%,sjﬂ).

A strategy m; is receptive if for all strategies m.;, all states s € S, and all runs r €

Outcomes(s, 71, m2), either r € Timediv or r € Blameless;. Thus, no matter what the

opponent does, a receptive strategy of player i cannot be responsible for blocking time.

Strategies that are not receptive are not physically meaningful. A timed game structure

G is well-formed if both players have receptive strategies. We restrict our attention to

well-formed timed game structures. We denote HZR to be the set of receptive strategies for

player i. Note that for m € IIf*, 7wy € TIF, we have Outcomes(s, 71, m2) C Timediv.

Winning sets. Given an objective ®, let WinTimeDiv%(@) denote the set of states s in G
such that player 1 has a receptive strategy m € H{z such that for all receptive strategies
Ty € Hf, we have Outcomes(s, m1,m2) C ®. The strategy 71 is said to be a winning strategy.
In computing the winning sets, we shall quantify over all strategies, but modify the objective
to take care of time divergence. Given an objective @, let

TimeDivBl; (®) = (TimedivN @) U (Blameless; \ Timediv)

i.e., TimeDivBl;(®) denotes the set of runs such that either time diverges and ® holds, or
else time converges and player 1 is not responsible for time to converge. Let Win%(@) be
the set of states in G such that for all s € Win?(@), player 1 has a (possibly non-receptive)
strategy m1 € II; such that for all (possibly non-receptive) strategies mo € Ila, we have
Outcomes(s, 1, m2) € ®. The strategy m is said to be winning for the non-receptive game.
The following result establishes the connection between Win and WinTimeDiv sets.

Theorem 2.1 ([HPOG]). For all well-formed timed game structures G, and for all w-regular
objectives ®, we have Win (TimeDivBl; (®)) = WinTimeDivy (®).

We now define a special class of timed game structures, namely, timed automaton
games.
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Timed automaton games. Timed automata [AD94] suggest a finite syntax for spec-
ifying infinite-state timed game structures. A timed automaton game is a tuple T =
(L,C, Ay, Ay, E,v) with the following components:

L is a finite set of locations.

C is a finite set of clocks.

A1 and As are two disjoint sets of actions for players 1 and 2, respectively.

E C L x (AU Ay) x Constr(C) x L x 2¢ is the edge relation, where the set Constr(C) of
clock constraints is generated by the grammar

O=x<d|d<x|—0|60;N0b

for clock variables x € C and nonnegative integer constants d.

For an edge e = (l,a;,0,0',\), the clock constraint 6 acts as a guard on the clock values
which specifies when the edge e can be taken, and by taking the edge e, the clocks in the set
A C C are reset to 0. We require that for all edges (I, a;, ¢, ', N) # (l,a},0", 1", \") € E,
we have a; # a}. This requirement ensures that a state and a move together uniquely
determine a successor state.

e v : L — Constr(C) is a function that assigns to every location an invariant for both
players. All clocks increase uniformly at the same rate. When at location [, each player 4
must propose a move out of | before the invariant v(l) expires. Thus, the game can stay
at a location only as long as the invariant is satisfied by the clock values.

A clock valuation is a function s : C'+— IR>o that maps every clock to a nonnegative real.
The set of all clock valuations for C' is denoted by K (C'). Given a clock valuation x € K(C')
and a time delay A € R>(, we write x + A for the clock valuation in K(C) defined by
(k+ A)(z) = k(x) + A for all clocks € C. For a subset A\ C C of the clocks, we write
k[A := 0] for the clock valuation in K(C) defined by (k[X := 0])(z) = 0 if z € A, and
(KA == 0])(x) = k(z) if z ¢ X\. A clock valuation k € K(C) satisfies the clock constraint
0 € Constr(C), written k = 0, if the condition # holds when all clocks in C' take on the
values specified by k. A state s = (I, ) of the timed automaton game 7 is a location | € L
together with a clock valuation x € K(C) such that the invariant at the location is satisfied,
that is, x = v(l). We let S be the set of all states of T.

In a state, each player ¢ proposes a time delay allowed by the invariant map -, together
either with the action L; (player 1 can also propose L,), or with an action a; € A; such
that an edge labeled a; is enabled after the proposed time delay. We require that for all
states s = (I, k), either
(a) k+ A E4(l) for all A € R>g, or
(b) there exist a time delay A € R>( and an edge (l,a2,0,1’,\) € E such that

(1) ag € Ag and

(2) K+ A E6and forall 0 <A’ <A, we have k + A’ = (1), and

(3) (x+ M)A = 0] = A(1),

Informally, these conditions ensure that, for a legal state, either the invariant at the location
is satisfied at all time points in the future; or there is some time point in the future at which
a discrete action can be taken by the plant (with the location invariant being satisfied up
to that time point). This requirement is necessary (but not sufficient) for well-formedness
of the game.

The timed automaton game T defines a timed game structure [T] = (S, 41, A2,T'1,T'2, )
as follows:
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Figure 2: Player-1 actions disabled for A time
units (L, absent in model).

@0%%::0. <A —as

Figure 3: Player-1 actions disabled for A time
units (L, present in model).

o S={(l,r) |l €L and k(l) satisfies y()}.

e For i € {1,2}, the set I';((l, k)) contains the following elements:

(a) (A, L) if for all 0 < A" < A, we have k + A’ = 7(1).

(b) (A a;) if for all 0 < A’ < A, we have k + A’ = v(l), a; € A;, and there exists an

edge (l,a;,0,l',\) € E such that K + A = 6.

(c) (0, L,)ifi=1.

e The trans1t10n function 9 is specified by:

(a) o(s, (A, Ls)) = s

(b) S({L, k), (A, L)) = (L + A).

() 6({l, k), (A, a;)) = (', (k + A)[A := 0]) for the unique edge (l,a;,0,l',\) € E with
kK+AES6.

The timed game structure [J] is not necessarily well-formed, because it may contain cy-

cles along which time cannot diverge. Well-formedness of timed automaton games can

be checked in EXPTIME [HP06]. We restrict our focus to well-formed timed automaton

games in this paper.

C

Example 2.2 (Utility of the action L,). Suppose we did not have the action L,. Then
in every timed game, we need to require that from every location, there needs to be an
outgoing player-1 edge before the invariant of the location expires; this requirement needs
to be present as now player 1 cannot simply relinquish active control to player 2.

Consider a timed automaton game T with a location [ in which we want to model the
following. We want that if a clock condition 6 is met at location [, then the moves of the
controller (player 1) are disabled for the next A time units (the disabled time interval is
right open); and that player 2 (the plant) is to take a particular action a} within these
A time units. Let x be a clock used just for guarding the A condition. The system can
be modeled as in Figure @ The incoming player-1 and player-2 edges to ' have the same
guard and reset condition. Without the 1, action, we need special player-1 and player-2
actions a} and a3 which go to a dummy sink accepting location from the location I!. The
objective ® of player 1 also needs to be modified to ® A (=<1*) (where < is the standard
LTL operator for reachability). With the implicit presence of the relinquishing action L,



10 K. CHATTERJEE, T. A. HENZINGER, AND V. S. PRABHU

the situation can be modeled more naturally as in Figure Bl without having to add dummy
sink locations and edges; or having to change the objective. Note that replicating the a),
action to a similar player-1 action from l; does not work in a 1 ,-less model, as we want the
time at which the af, action is taken to be under the control of player 2. U]

Clock regions. Timed automaton games can be solved using a region construction from the
theory of timed automata [AD94]. For areal t > 0, let frac(t) =t — [t| denote the fractional
part of £. Given a timed automaton game 7, for each clock = € C, let ¢, denote the largest
integer constant that appears in any clock constraint involving x in T (let ¢, = 1 if there is no
clock constraint involving z). Two states (I3, k1) and (l1, k1) are said to be region equivalent
if all the following conditions are satisfied: (a) Iy = I3, (b) for all clocks x, k1(x) < ¢, iff
ko(x) < ¢y, (c) for all clocks = with k1(z) < ¢z, |K1(x)] = |K2(x)], (d) for all clocks z,y
with k1(z) < ¢; and k1(y) < ¢y, frac(ki(z)) < frac(ki(y)) iff frac(ka(z)) < frac(ka(y)),
and (e) for all clocks = with r1(x) < ¢, frac(ki(x)) = 0 iff frac(ko(x)) = 0. A region is
an equivalence class of states with respect to the region equivalence relation. There are
finitely many clock regions; more precisely, the number of clock regions is bounded by
L] ecles +1) - [C]1- 22€1,

Representing regions. A region of a timed automaton game 7 can be represented as a
tuple R = (I, h, P(C)) where (a) [ is a location of T; (b) h is a function which specifies the
integral part of clocks h : C' — (INN [0, M]) (M is the largest constant in T); and (c) P(C)
is a ordered disjoint partition of the clocks (C_1, Cy, ... C,) such that WC; = C, with C; # ()
for i > 0. Then, a state s with clock valuation k is in the region corresponding to R when
all the following conditions hold: (a) the location of s corresponds to the location of R;
(b) for all clocks = with k(x) < ¢, [k(z)] = h(x); (c) for k(x) > ¢z, h(z) = ¢z; (d) for
all pair of clocks (z,y), with k(z) < ¢, and k(y) < ¢, we have frac(k(z)) < frac(k(y)) iff
x € Cyand y € Cj with 0 <1 < j (so, z,y € Cf with k > 0 implies frac(x(z)) = frac(k(y)));
(e) for k(x) < ¢, frac(k(z)) =0 iff x € Cy; and (f) x € C_1 iff K(x) > ¢,.

Region strategies and objectives. For a state s € S, we write Reg(s) C S for the clock
region containing s. For arun r, we let the region sequence Reg(r) = Reg(r[0]), Reg(r[1]),- - - .
Two runs r, 7’ are region equivalent if their region sequences are the same. An w-regular ob-
jective @ is a region objective if for all region-equivalent runs r, 7', we have r € ® iff v’ € ®. A
strategy 1 is a region strategy, if for all runs 1 and r9 and all & > 0 such that Reg(r1[0..k]) =
Reg(r2[0..k]), we have that if m(r1[0..k]) = (A, a1), then m(r2[0..k]) = (A’,a;) with
Reg(r1[k] + A) = Reg(r2[k] + A’). The definition for player 2 strategies is analogous. Two
region strategies m; and 7} are region-equivalent if for all runs 7 and all £ > 0 we have that
if m1(r[0..k]) = (A, aq), then 7 (r[0..k]) = (A’,a;) with Reg(r[k] + A) = Reg(r[k] + A'). A
parity index function € is a region (resp. location) parity index function if Q(s;) = Q(s2)
whenever Reg(s1) = Reg(s2) (resp. si,s2 have the same location). Henceforth, we shall
restrict our attention to region and location objectives.

Encoding time-divergence by enlarging the game structure. Given a timed au-
tomaton game 7, consider the enlarged game structure T (based mostly on the construction
in [dAAFH"03|) with the state space ST C 8 x R(g.1) X {TRUE, FALSE}?, and an augmented
transition relation 67 : ST x (My U Ms) — S7. In an augmented state (s, 3, tick, bly) € 5@,
the component s € S is a state of the original game structure [J], 3 is the value of a ficti-

tious clock z which gets reset to 0 every time it hits 1, tick is true iff z hit 1 during the last
transition, and bly is true if player 1 is to blame for the last transition (i.e., blame; is true
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for the last transition). Note that any strategy m; in [T], can be considered a strategy in 7.
The values of the clock z, tick and bly correspond to the values each player keeps in memory
in constructing his strategy. Given any initial value of 3 = 3*, tick = tick™, bl; = bl}; any
run r in T has a corresponding unique run 7 in 7 with 7[0] = (r[0], 3%, tick™, blT) such that r
is a projection of 7 onto J. For an objective ®, we can now encode time-divergence as the
objective:

TimeDivBly (@) = (OO tick — ®) A (-0 tick — S0O=bly)
where O and < are the standard LTL modalities (“always” and “eventually” respectively),
the combinations OO and <O denoting “infinitely often” and “all but for a finite number
of steps” respectively. This is formalized in the following proposition.
Proposition 2.3. Let T be a timed automaton game and T be the corresponding enlarged
game structure. Let ® be an objective on 7. Consz'der arunr=s" (mf mJ), st <m%, mi),..
in T. Let 7 denote the corresponding run in T such that 3° = 0, tzcko = FALSE, bll = FALSE
and 7= (59,30, tick?, blY), (ml,m8> (s1,3 ,tzckl,bll>,(ml,m2>,....
Then, r € TlmeDlvBI1(®) iff Te (OO tick — @) A (-0 tick — SO-bly)).

Proof. Time diverges in the run r iff it diverges in the corresponding run 7. Moreover, time
diverges in 7 iff time crosses integer boundaries infinitely often, i.e., O<C tick holds. Also, the
run 7 belongs to Blameless; iff player 1 is blamed only finitely often, i.e., GO bl holds.[]

The following lemma states that because of the correspondence between T and 6’, we
can obtain the winning sets of T by obtaining the winning sets in 7.

Lemma 2.4. Let T be a timed automaton game and T be the corresponding enlarged game
structure. Let ® be an objective on T. Any state s of T satisfies s € Win] (TimeDivBIy(®))

iff (s,0, FALSE, FALSE) € Win] (3O tick — ®) A (=090 tick — 00— bly)).

Proof. Consider a state s of T, and a corresponding state (s, 0, FALSE, FALSE) of T. The
variables 3, tick and bl; only “observe” properties in 5’, they do not restrict transitions.
Thus, given a run r of 7 from s, there is a unique run 7 of T from (s,0, FALSE, FALSE) and
vice versa. SimilarAly, any player-i strategy m; in T corresponds to a strategy 7; in ﬁ'; and

any strategy 7; in T corresponds to a strategy m; in T such that both strategies propose the
same moves for corresponding runs. The result then follows from Proposition 2.3 L]

Encoding TimeDivBl; (Parity(£2)) as a parity objective. If ® is a parity obJectlve then
TimeDivBI; (®) can be specified as a parity objective in a related game structure TUY The
following encoding is based on a construction in [dAFHT03]. Given ® = Parity(2) where

~ ~ntd
Q) is a parity index function of order d, the structure TUY has the state space 57 C
S x R 1) X {TRUE, FALSE}? x {0,1,...,d — 1}. Given a state 5 = (s, 3, tick, bl1,p), the set

=~ntd ~notd
of available moves F;IQ (3) is equal to T'J(s). The transition relation 57" is specified as
~otd
follows. For (A, a;) € T7(s), we have 87 ((s, 3, tick, bly, p), (A, a;)) = (8,3, tick!, bl p')

where

s’ = 53—(87 <A7a2>)

3 =frac(3 + A).

tick’ = TRUE iff 3 + A > 1.

bl} = TRUE iff i = 1 (i.e., its a player-1 move).
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o) = ma%(p, Q(s)) %f tz:ck = FALSE
Q(s") if tick = TRUE
The following lemma states that a parity index function Q' can be defined on g

such that the time divergence conditions are encoded. The proof of the lemma is technical
and is presented in the appendix.

Lemma 2.5. Let T be a timed automaton game, Parity(Q) an objective on T, and g
the corresponding enlarged game structure. Consider the parity index function QY for g
defined as
0 if tick = bly = FALSE
Q'((s, 3, tick, bly,p)) =< 1 if tick = FALSE, bl{ = TRUE
p+ 2 if tick = TRUE

Ezxtend the parity function Q to states of ﬁ'md, such that the parity Q((s, 3, tick, bly,p)) is
the same as the parity Q(s) in T. Then in the game structure ‘J'Qtd, we have

TimeDivBl; (Parity(Q)) = (O tick — Parity(Q)) A (-0 tick — &O-bly)) = Parity(Q'Y).
[

The next lemma states that we can consider games on TUY with the parity index
function Q' to obtain the winning states of T for the objective Parity(€2). The proof of the
lemma follows from the results of Lemma [2.4] (the result of the lemma also holds for the

structure ‘/J\'Qtd) and Lemma

Lemma 2.6. Let T be a timed automaton game, Q a parity index function on states
of T, TUY the corresponding enlarged game structure, and QY the parity index function
on states of g defined in Lemma [2Z0. Let Q be extended to states of TU such that
Q((s,3, tick, bly,p)) = Q(s). Any state s of T satisfies s € Win] (TimeDivBlI; (Parity(Q)))

~otd
iff (s,0, FALSE, FALSE, 0) € Win‘lIQ (3O tick — Parity(Q)) A (=0 tick — GO=bly))

~otd
iff (s,0, FALSE, FALSE, 0) € WinT"  (Parity(Q2)). ]

Let % be a valuation for the clocks in C' = CU{z}. A state of T can then be considered

as ((I,R), tick, bly,p). We extend the clock equivalence relation to these expanded states:
(L, R), tick, bly,p) = ((I', &), tick", b, p') iff | =1, tick = tick’, bly = bl},p=p' and kK 2R/
We let (I, tick, bly, p) be the “locations” in TU If Q is a location parity index function for
T, we have Q' to be a location parity index function for g

A p-calculus formulation for describing the winning set. A p-calculus formula ¢
td

to describe the winning set Win?Q (Parity(Q')) is given in [dAFH¥03]. The p-calculus
formula uses the controllable predecessor operator for player 1, CPre; : 2% + 2 (where

~ ~ntd
S = Sr‘rQt ), defined formally by
~td ~ntd ~otd
§€CPrei(2) iff 3myel] (B)Vmeel3 (3).65 (B,mi,ms)CZ.
Informally, CPre;(Z) consists of the set of states from which player 1 can ensure that the
next state will be in Z, no matter what player 2 does. The operator CPre; preserves regions
of T (this follows from the results of Lemma B.1]). It follows from [dAFH™ 03] that given
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o~ sotd ~

a parity index function Q : S — {0,1,...,d— 1}, the winning set Win‘lIQ (Parity(€2)) can be

described by the following p-calculus formula in case d — 1 is odd:

Q=1(0) N CPrey(Yy)
@]

Q_l(l) N CPrel(Xl)
U

uXg_q1-vYy o-uXg_s...vYe  uXy-vYpy 9_1(2) N CPre;(Y2)

Q~1(d — 2) N CPrey (Yy_o)
U

i Q_l(d - 1) N CPrel(Xd_l) i

Y\vhere w1 and v denote the least fixpoint and the greatest fixpoint operators respectively, and

Q71(4) denotes the set of states of parity j. In case d — 1 is even, the p-calculus formula is

Q~1(0) N CPrey (Yp)
U

Q_l(l) N CPrel(Xl)
@]

VYd_l . ,uXd_g . VXd_3 - ,UYQ . VXl . ,uY() 9_1(2) N CPrel(Y2)

Q~1(d — 2) N CPreq(X4_)
@]
| Q71(d— 1) N CPre; (Y1) |

We now present a lemma which states that in the structure ﬁ'md, for location w-regular
objectives, (1) memoryless region strategies suffice for winning, and (2) from states in the
winning set there exists a winning memoryless region strategy m; such that all strategies
region-equivalent to 7 are also winning. The proof of the lemma can be found in the
appendix.

Lemma 2.7. Let T be a timed automaton game, € a location parity index function on states
of T, and TFU! the corresponding enlarged game structure with the parity index function

Q. Then, (1) there exists a memoryless region winning strategy w1 for Parity(Q) from
~ntd
Win‘lIQ (Parity(Q'9)), and (2) if 7| is a strategy that is region-equivalent to 71, then 7 is a
td

winning strategy for Parity(Qt4) from Win" (Parity(Q)). ]

We say a strategy m; is move-independent if for any two runs r, 7’ such that r[k] = r/[k]
for all & > 0 we have m;(r[0..5]) = m('[0..5]) for all j > 0. A move-independent region
strategy is a region strategy that is move-independent. The following corollary follows
from Lemma 2.7 observing that a memoryless strategy is a move independent strategy. A
memoryless strategy in T does not always have a corresponding memoryless strategy in 7.
It may not even have a move-independent strategy in J. This is because to infer the values
of 3, tick, bl in T, we need the values of the previous moves taken. The following proposition
states that if player 1 has access to a global clock then move-independent strategies suffice
in T (the proof can be found in the appendix).
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Proposition 2.8. Let T be a timed automaton game such that the set of clocks includes a
global clock z that is never reset and let ® = Parity(2) be an w-regular location objective of
T. Then, move-independent strategies in T suffice for winning TimeDivBl; (D). L]

The next lemma states that memoryless strategies of player 2 suffice as spoiling strate-
gies (the proof is in the appendix).

Lemma 2.9. Let T be a timed automaton game, ) a location parity index function on states
of T, and T the corresponding enlarged game structure with the parity index function Q9.
Then, memoryless region strategies of player 2 in g suffice for preventing player 1 from

~ntd
winning Parity(Q%) from a state $¢ Win]~ (Parity(€4)) . ]

3. ExacT WINNING OF TIMED PARITY GAMES

In this section we will present a reduction of infinite-state timed automaton games with
parity objectives to finite-state turn-based games with parity objectives. The reduction
gives us several results related to complexity and algorithms to solve timed automata parity
games: (a) we obtain algorithms to solve timed automaton parity games with better time
complexity than the algorithm presented in [IAFHT03]; (b) our reduction allows us to use
the rich literature on algorithms for finite-state parity games for solving timed automaton
parity games.

Finite-state turn-based games. A finite-state turn-based game G consists of the tuple
((S,E), (S1,52)), where (S1,S2) forms a partition of the finite set S of states, E is the set
of edges, Sp is the set of states from which only player 1 can make a move to choose an
outgoing edge, and S is the set of states from which only player 2 can make a move. The
game is bipartite if every outgoing edge from a player-1 state leads to a player-2 state and
vice-versa.

First idea of the reduction. Let 7 be a timed automaton game, and let TUY he the
corresponding enlarged timed game structure that encodes time divergence. We shall con-
struct a finite-state turn-based game structure T/ based on the regions of T which can
be used to compute winning states for parity objectives for the timed automaton game T.
In this finite-state game, first player 1 proposes a destination region R\l together with a
discrete action a; (intuitively, this can be taken to mean that in the game %Qtd, player 1
wants to first let time elapse to get to the region El, and then take the discrete action ay).
The finite-state game then moves to an intermediate state which remembers the proposed
action of player 1 in the game T Let us denote this intermediate state in T/ Which spec-
ifies the desired destination region and action of player 1 in g by the tuple <R Rl, a1>
From this state in T/, player 2 similarly also proposes a move consisting of a region_ Rg
together with a discrete action as. These two moves in Tf signify that in the game in g

player i proposed a move (A;, a;) from a state § € R such that 5 S+ A; € R;. Depending on
the move (Aj,as), the game in Tf will then proceed from (R, Rl, a1) to destination states

~~td ~otd
Reg (57Qt (s, (Al,a1>)), or Reg <5Tm (s, <A2,a2>)>, or both, after the move of player 2

depending on whether A; < As, or, A1 > A, or, Ay = As, respectively. The following
lemma indicates that only the regions of s+ A; are important in determining whether the
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move of player 1 or player 2 determines the successors after this two-step process. The proof
is technical and is presented in the appendix.

Lemma 3.1. Let T be a timed automaton game, € a parity index function on states of T
and let Y, Y], Y] be regions in the enlarged timed game structure g, Suppose player-i has
a move (A;, L;) from some S €Y tos; €Y/, forie {1,2}. Then, for all states S €Y and
for all player-1 moves mf = (A1,a1) with s+ Ay € Y{ and a1 # L., one of the following
cases must hold.

(1) Y{ # Y4 and for all moves m§ = (Ag, az) of player-2 with 3+ Ay € Yy, we have Ay <

~ o~

Ay (and hence blame; (3, m3,m3,0(5,m$)) = TRUE and blamey (5, m?$, m3, 3(/3\, m3)) =

FALSE).
(2) Y] # Y] and for all player-? moves my = (Mg, az) with 54 Ao € YJ, we have Ay <
Ay (and hence blamey (3, m$, m3, ( m3)) = TRUE and blame; (5, m§, m3,8(3,m3)) =

FALSE).

(3) Y{ =Y{ and there exists a player 2 move m3 = (Ag, ag) with 5+ Ay € Yy such that Ay =
Ay (and hence blamel(s,ml,mQ,é(s,ml)) = TRUE and bIameg(s,ml,mQ,é(s,mQ)) =
TRUE). []

Lemma [3.1] states that given an initial state in R\, for moves of both players to some fixed
R1, Ry, either the move of player 1 is always chosen, or player 2 can always pick a move
such that player 1’s move is foiled.

Let SReg {X | X is a region of Fa }, and let ST = SReg SReg x Af. Using

Lemma 311 a bipartite turn-based finite game T/ = ((S/, E/), (S5, x {1}, 5T x {2})) can
be constructed to capture the timed game T as follows.

e The state space S/ is equal to SReg x {1} U ST x {2}.

Reg

e Each (R, 1) € SReg x {1} encodes states in the timed game T that belongs to the

region R. SReg x {1} are player-1 states.

e Each (Y,2) € ST x {2} encodes the following information: ( ) the previous state of T/
(which corresponds to a region R of %Qtd) (b) a reglon R’ of T (representing an
mtermedlate state which results from time passage in TU from the state in the previous
region R to a state in R’ ), and (c) the desired discrete action of player 1 to be taken from
the intermediate state in RB'. St x {2} are player-2 states.

e An edge from (R,1) to (Y,2) = (R, R',ay,2) would represent the fact that in the timed
game ﬁ'ﬂtd, from some state 5 € E, player 1 has a move (A, aj) such that §+ A is in
the intermediate region component R’ of (Y,2), with a; being the desired final discrete

action. From the state (Y, 2), player 2 would have moves to SReg x {1} depending on

what moves of player 2 in the timed game T can beat the player-1 moves from R to
R’ according to Lemma [3.1]
The construction alluded to above requires having a state space that has size roughly

: : 2qtd - :
|SE Reg ’2 |A1], where lSReg | is the number of regions of 7. An optimized construction was

presented in [CHP0S8] such that the size of the state space was roughly O(lSReg |-M-|C|-|A1])

where M is the largest constant and C' the set of clocks in A The optimization was due
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to the observation that a state in a region R does not have transitions to every region, but
only to a few restricted ones.

Second idea of the reduction. We will show in subsection that the strategies of
both players in the timed game TUY can be be restricted so that from any state s, each
player can only propose moves (A;, a;) such that the discrete action a; is taken either from
the current region, or from the two following successor regions. That is, the cardinality of
the set {Reg(s+ A) | 0 < A < A;} is at most 3. The winning set remains the set with
strategies being restricted in this manner. This result allows us to restrict the size of the

~otd
state space in the region pair construction mentioned above to O(|Sg:g |- |A1]). A further

optimization allows us to have a state space linear in \SReg |

Outline of Section [3l In subsectionB.I] we show that the strategies of both players can be
restricted so that the edges of the timed automaton game are taken from the current region,

or from the two following successor regions; with the restriction not changing the winning
td

set Win‘lIQ (Parity(2t4)). We call these restricted games 3-region timed parity games. Then
in subsection [3.2] we reduce these 3-region timed parity games to finite-state turn-based
games, the state space of the turn-based game being linear in the number of regions of g,

3.1. Reduction to 3-Region Timed Parity Games.

~ntd
3.1.1. 3-Region strategies. We define the boolean functions Succr]‘IQ L 8T x R>o —
{TRUE, FALSE} for j € {2,3} as

~otd : ~ / / .
70 (ng):{ TRUE if [{Reg(s+ A") |0 < A" <A} <

Succr; >
J FALSE otherwise

For player i, with i € {1, 2}, we say a strategy m; is a 3-region strategqy of TU if for any run
prefix r[0..k], we have that m; plays a move of duration A such that r[k]+ A is at most in the

second following region. Formally, m;(r[0..k]) = (AF, a¥) with SuccrgQtd (r[k], A¥) = TRUE.
We wish to show that in the game ﬁ'ﬂtd, we can restrict both players to using only 3-region
strategies. Consider 3-region strategies of player 1. Informally, they suffice for winning as
a) 3-region strategies allow time to diverge, and b) if 7 is a player-1 winning strategy, then
we can obtain a winning 3-region strategy m] that plays the same moves as m; whenever m
proposes moves within two successor regions; and plays simple time moves to the second suc-
cessor region whenever 71 plays a move to outside the second following region. The strategy
7} works in general because for a run 7[0..k] such that 7 proposes moves outside two succes-
sor regions, a player-2 strategy mp can counter 7 by playing similar pure time move as 7.
Unfortunately this argument does not formally work, as a player-1 move makes the bl; com-
ponent true, and a player-2 move makes bl false, that is, 6(r[k], (A, L1)) # o(r[k], (A, L2)),
the only difference being in the bl; components. We get around this roadblock by working
in another expanded game structure where the bl; component is true only if a move of
player 1 is chosen, and the move is either to the originating region, or to the immediately
succeeding region. It turns out that this modification does not change the time divergence
condition. We present this new game structure next.
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3.1.2. The expanded game structure ‘/J\'gfzbtld. Analogous to the definition of ?Qtd, let 5’?{2,:; be a

similar enlarged game structure, the only difference from g being in the bl; component

(we will refer to the new bl; component in the new game structure as 3bl). We denote the
AQtd

Fotd .. . . T
T , and the joint transition relation by (5jd3“ . In an augmented

transition relation by &

~~td
state (s, 3, tick,3bl1,p) € S50 , the component 3bl; is true only if both of the following
conditions are satisfied:

(a) player 1 is to blame for the last transition, and
~otd
if 5750 ((s*, 3%, tick™,3bl7,p*), (A,a1)) = (s, 3, tick, 3bl1, p)
~otd

(b) TQ
then Succry® ((s*,3%, tick™, 3bl], p), A) = TRUE.

A run r of T has corresponding unique run 7 in T and T3 in ‘jgl,:ld such that r is a projection
of 7 and 73 onto T, given the starting values of 3, tick, bly,3bl; and p. The reverse also holds
— for any run in the expanded game structures starting from (s, 3, tick, bly, p), we have a
corresponding unique run in T from s. Observe that the available moves are the same in all
game structures, and we may view the additional components of the states in the expanded
game structures as being kept in memory by the two players in J. A similar correspondence
between strategies also holds, thus a strategy ; in T has corresponding matching strategies
in 7% and in ?gld; and vice versa.

The next lemma states that time diverges in a run 7 of ﬁ'i%tld when the run has infinitely
many winning moves such that the moves allow a time elapse to a region farther than the
immediate successor region.

Lemma 3.2. Consider a run r € T such that r = so,(m{,m3),s1, (m},md),... and the
corresponding Tuns 7 and T3 in T and Tg;{l respectively. Suppose for infinitely many k

~td =otd
we have Succr‘zIQ (7[k], delay (m%,m%)) to be FALSE (or Succr‘zIQ (73]k], delay (m%, mk)) to be

FALSE). Then time diverges in the run r (and hence also in T, 73).

Proof. We have that for all k& > 0, except for the blame component, the remaining four
corresponding components of the 5-tuples 7[k] and of 73[k] match. Thus,

SuccrgQtd (7[k], delay (m%, mk)) = SuccrgQtd (73[k], delay (m%, m5%)).
A region of U can be represented as a tuple R = (, tick, bll,p,ﬁ,P(é\» (similar to
cloclff regions in T) where (a) h is a function which specifies the integer values of clocks
h:C — (NN [0, M]) (M is the largest constant in T); and (b) P(C) is a disjoint partition
of the clocks <6_1, 60, . 6n> such that &Jé\’i = 6, and 61 # () for i > 0 (see Section [ for
details on regions and this representation).

Consider the clock partitions P*(C) = (CA’fl, 6(’]“, e 6&) of the regions Reg(7[k]). Sup-
pose c* 1 # 0. Then, the immediate time successor of the region will have 6_1 = (), and
6’]- = 6;?_1 for n®* +1 > j > 0. Suppose 651 = (), then the immediate time successor
of the region will have 6_1 # (); this happens because all the clock values in CA’Sk reach
an integer boundary. Suppose SuccrgrQtd (7[k], delay(m¥, m%)) = paLSE. This means that

Reg(7[k] + delay(m¥, m5%)) is at least two region successors away from Reg(7[k]). Thus,
some clock must be crossing an integer boundary (greater than 0) between time(7, k) and
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~otd
time(7, k + 1). Since Succr‘2IQ (7[k], delay (m¥, m%)) = FALSE for infinitely many &, we must

have that some clock crosses an integer boundary greater than 1 infinitely often. Observing
that at least one time unit must pass between any two such crossings, we have that time
diverges in the run 7 (and hence also in 7,73). Il

We next show that the change in the bl; component in ‘/J\gl,:; does not change the
time divergence condition. Given an objective ®, let TimeDiv3BIl;(®) denote the objective
(OO tick — ) A (=0 tick — ©0O-3bly).

Lemma 3.3. Let T be a timed automaton game, 0 a location parity index function on
states of T, and TU the corresponding enlarged game. Consider a run v € T and the
corresponding runs T and T3 in TU and ?g}ljf respectively. The run T belongs to the objective
TimeDivBly (Parity(2)) = (O tick — Parity(2)) A (200 tick — <¢O-bly) iff the run 73
belongs to the objective TimeDiv3Bl; (Parity(Q2)) = (OO tick — Parity(Q2)) A (-0 tick —
&O-3b1).

Proof. We have that for all k& > 0, except for the blame component, the remaining four
corresponding components of the 5-tuples 7[k] and of 73[k] match. Hence the membership
of the run 7 in the objective TimeDivBI; (Parity(2)) differs from the membership of the run
73 in the objective TimeDiv3Bl; (Parity(€2)) only when both of the following conditions hold:
(a) time converges on both runs (i.e., (OO tick) = FALSE), and (b) bl; is true infinitely often
in 7 and 3bl; is true only finitely often in 73; or vice versa. Observe that as the first four
components of 7[k] and in r3[k] match, and both runs correspond to a run r in T, we have
bi¥ to be true whenever 3bl¥ is true. Thus, we cannot have 3bl; to be true infinitely often in
r3 and bly to be true only finitely often in 7. Thus, we can restrict our attention to the case
where bl is true infinitely often, but 3bl; is only true finitely often. The bllf component
of 7[k] differs from the 3bl% component in 73[k] for k > 1 only when a move (AF=1 o¥=1)
of player 1 is chosen from the state r[k — 1] (and correspondingly from 7[k] and 7r3[k]),

’\Qtd '\Qtd

and we have Succrg?’“ (73[k — 1], AF~1) = FALSE (note that Succrg?’“ (r3[k — 1], AF1) =
~ntd
SuccrgQ (7[k — 1], A*=1)). Thus, we must have that player-1 moves (A* a¥) were chosen

from the state r3[k] such that SuccrgQtd (73[k], A¥) = FALSE for infinitely many k. Thus,
from Lemma B2l we have the runs 73 and 7 to be time divergent. Hence, the membership
of the run 7 in the objective TimeDivBl; (Parity(£2)) must be the same as the membership of
the run 73 in the objective TimeDiv3BlI; (Parity(£2)), O]

As in Lemma 25 the objective TimeDiv3BlI;(Parity(£2)) can be expressed as a parity
objective Parity(2},). Proposition 23 and Lemma 3.3 give us the following proposition

. . . ~Otd . . .
which states that we can consider games in T?{Zbl to compute winning sets in 7J.

Proposition 3.4. Consider a timed automaton game T and a location parity objective 2 on

states of T with 5’?;{1 being the corresponding expanded game structure. Consider a run r =

. ~ . . Z=0td ~
s9 (m9,mY), st (mi,md), ... in T. Let 73 be the corresponding run in Ti?bl such that 73 =

<so,30,tz’ck0,bl(l),p0>,(m(l],mg>,(31,31,tz’ck1,bl%,p1>,(m%,m§> with 39 = 0, tick’ = FALSE,
bl? = FALSE, p° = 0. Then r € TimeDivBl; (Parity(Q2)) iff 73 € TimeDiv3Bl; (Parity(2)) (i.e.,
73 €= Parity(QL3,), or equivalently, 73 € (OO tick — Parity(Q)) A (-0 tick — ©O-3bly).

[
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3.1.3. Sufficiency of 3-region strategies. We next show that we can restrict both players to
use only 3-region strategies in the game structure ‘J'gllfld without changing the winning sets.
We first consider 3-region strategies of player 1. The following lemma is a key lemma of the
paper and an example is presented after the proof to help illustrate its workings.

Lemma 3.5. Consider a timed automaton game T with Q a location parity function on

states of T and ﬁ'%:ld the corresponding expanded game structure. Then, 3-region memoryless
AQtd

region strategies of player 1 suffice for winning from Winflr?’“ (TimeDiv3BlI; (Parity(2))).

Proof. As in Lemma 2.7 let m; be a player-1 winning memoryless region strategy in {]\?I:f

for TimeDiv3BlI; (Parity(2)) (the results of Lemma 2.7, also hold for the structure fgld).
We construct a 3-region memoryless region strategy m] of player 1 which wins against
all strategies of player 2. Intuitively, from a state s, the strategy w] prescribes (a) the
same move as m; when 7; prescribes a move to either the current region or to the two
immediately succeeding regions (b) prescribes a relinquishing move L, when 7 prescribes a
relinquishing move, and (c) prescribes a time blocking move to the second region following
Reg(s) whenever 1 proposes a move to outside the second succeeding region. Formally, let
~ . a0td * s .
r3 be any run in T3;, . The strategy 77 is specified by:
~otd

(Ayar)  if m(73]0..k]) = (A, aq) and Succrgézbl (r3]k], A) = TRUE,

and a1 # 1,
(0, L) if m(r3]0..k]) = (A, L)
<A,J_1> if 7T1(?3[0k7]) = <A1,a1>, aj 75 J_*, and

~otd
Succrggbl (73[k], A1) = FALSE; where A is any real number
such that [{Reg(r3[k] + A") |0 < A’ < A} =3.

Note that 7] is a memoryless region strategy as m is a memoryless region strategy.
. . . . ~ . g
We claim 7] wins against all strategies of player 2 for every state s € Win;*" . Sup-
pose this is not true. Let 73 be a spoiling move-independent region strategy of player 2
. ~ . Faid . . . .
against 7] from 5 € Win{®" (move-independent region strategies suffice as spoiling strate-

71 (73]0..k]) =

gies by a lemma corresponding to Lemma 29 for the structure ‘/J\'gl,:; ). Suppose 73 €
Outcomes(s, 7y, m5) and 75 ¢ TimeDiv3Bl; (Parity(€2)). We show that in that case we can
construct a player-2 spoiling strategy for m;, contrary to the assumption that m; was a
winning strategy. Intuitively, given a finite run 73[0..k] the strategy m:

(1) Acts like 75 when 7; proposes a relinquishing move.

(2) Acts like 75 when m; proposes moves within three regions.

(3) Acts like 75 when m; proposes moves outside three regions and 73 proposes moves of
shorter duration than 7} (observe that 7] moves are pure time moves in case 7; proposes
moves outside three regions).

(4) Proposes the same time delay moves as 7] when 71 proposes moves outside three regions,
and 73 proposes moves longer than 77;

(5) Proposes the same moves as 75 when m proposes moves outside three regions, 7}
proposes moves of exactly the same duration as 7}, and the move of 73 is chosen at
3k + 1].
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(6) Proposes the same time delay moves as 77 when 7; proposes moves outside three regions
and when 75 proposes moves of exactly the same duration as 7} if the move of 77 is
chosen at 75[k + 1.

Formally, the player-2 strategy m2 (dependent on the strategies m, 7] and 73) is defined to

be:
75 (73]0..k])  if m1(73[0..k]) = (A, a1), and
ayp = J_*

75 (73]0..k]) if wl(A?g([iO..k]) = (A, a1), and
Sucer]” (73[k], A) = TRUE

75 (73]0..k]) if 7T1(r3[0 k]) = (A,a1),a1 # L., and

Succr3 (r [k], A) = FALSE;
7} (r3]0..k]) = (A, L4), and
75(13]0..k]) = (A*,a}) with A* < A/
(A 15) if 7r1(A 30..k]) = (A, a1),a1 # Ly, and
Sucer]” (? [k], A) = FALSE;
R i (r3[0..k]) = (A’, 14), and
ma(73[0..k]) = 73 (75[0.k]) = (A%, a3) with A* > A/

75 (73]0..k]) if 7T1(j"\3[0 k) =(A,a1),a1 # Ly, and
Sucer]” (73[k], A) = FALSE;

-

71 (r3]0..k]) = (A, L4), and

73(13[0..k]) = (A*,a}) with A* = A’; and

~otd

0% (F3[k], w3 (73[0..k])) = 5[k + 1], and
td

T (R (k] w3 (75(0..k])) # 75k + 1]

ytd
Sucerd” (73]k], A) = FALSE;

7
WT(?g[O k]) = <A,7J—1>7 and
fi (?3[0 k]) = (A* a3) with A* = A’; and
K o780 (Rl w3 (F310..41) = Rilk + 1

Note that 7o is a memoryless strategy (as w1, 7}, 75 are all memoryless). We show that

~otd

o is a spoiling strategy for 71 from s € Win??“ . This is a contradiction since m; was as-
sumed to be a player-1 winning strategy. We show there exists a run 73 € Outcomes(s, 71, m2)
such that m3[k] = 73[k| for all k¥ > 0 (recall that 75 is the run used in defining 7o, and is
such that 735 € Outcomes(s, 77, m5) and 75 ¢ TimeDiv3BlI; (Parity(2))).

We proceed by induction on k. For & = 0 the claim is trivially true. Suppose the
claim is true for all j < k. Thus, we have a run 73 such that 73[j] = 73[j] for all j < k.
We show that the run 73[0..k] can be extended to 73[0..k + 1] according to 71, w9 such that
r3[k+1] = 73[k+1]. Informally, we have the following cases (we can ignore the moves taken

(A, Lo) if m(73[0..k]) = (A,a1),a1 # L, and
(
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and only focus on the states in the runs 73[0..k], which is the same as the states in the run
73]0..k] since 7y, m, w}, 75 are all memoryless and hence move independent):

(1) The strategies m and 7} propose a relinquishing move for the state sequence of 73[0..k]
(which is the same as the state sequence 73[0..k] by the inductive hypothesis). In this
case the move proposed by player 2 is the same for mp and for 73, so the next state
r3[k + 1] is the same as 75k + 1].

(2) For the state sequence 73[0..k], the strategies m; and 7} propose the same non-relinquish-
ing move to either the current region, or the next two immediately succeeding regions.
In this case the move proposed by player 2 is the same for m and for 73, so the next
state r3[k + 1] is the same as 75k + 1].

(3) The strategy m proposes a move outside the second succeeding region, 7§ proposes a
delay move to the second succeeding region, and 73 proposes a move shorter than 7.
In this case, the strategy mo proposes the same move as 75, and hence the same move
of player 2 determines both 73]k + 1] and 73[k + 1]. Thus, the two states are equal.

(4) The strategy m; proposes a move outside the second succeeding region, 7} proposes a
delay move to the second succeeding region, and 75 proposes a move longer than 7.
In this case, the strategy mo proposes the same delay move as 7], and hence the state
r3[k +1] is the same as 73]k + 1] as both states are determined by delay moves of equal
duration. The 3bl; component remains FALSE in both 73[k 4+ 1] and 75[k + 1] as the
transition is outside the immediately succeeding region.

(5) The strategy m; proposes a move outside the second succeeding region, m} proposes a
delay move to the second succeeding region, 75 proposes a move of exactly the same
duration as 7], and the move of player 2 according to the strategy w3 determines
73k + 1]. In this case ma behaves like 75, and hence the state 73k + 1] is the same as
73k + 1] as both are determined by the same move of player 2.

(6) The strategy m; proposes a move outside the second succeeding region, m} proposes a
delay move to the second succeeding region, 735 proposes a move of exactly the same
duration as 7}, and the delay move of player 1 according to 7] determines the next
state 75[k + 1]. In this case my proposes a delay move of the same duration as 7} and
hence the state 73[k + 1] is the same as 75 [k + 1] as both are determined by delay moves
of equal duration. The 3bl; component remains FALSE in both 73[k + 1] and 75k + 1]
as the transition is outside the immediately succeeding region.

The full details can be found in the appendix.

Thus, in all cases, we have that 73[0..k] can be extended to 73[0..k + 1] according to
71, m2 such that 73[0..k + 1] = 75[0..k + 1]. Hence, we have 73 € Outcomes(s, 71, m2) and
73 ¢ TimeDiv3Bl; (Parity(2)) as 75 ¢ TimeDiv3Bl; (Parity(€2)), a contradiction since m; was
assumed to be a winning strategy. Hence, we cannot have the existence of the strategy 75
from which 73 and 7y were derived, i.e., 7] is a winning strategy for player 1 from 5. [

The next example illustrates the above lemma and the usefulness of the structure ?gf.

Example 3.6. Consider the timed automaton T in Figure @l Suppose the objective of
player 1 is to reach the location [! starting from [°. Player 1 controls only the edge a;.
Player 2 controls the other edges a} and a%. Player 1 wins from [° so long as = < 4. Let
r[0..k] be a run such that a, < 4 where a; is the value of clock z in state r[k]. A winning
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Figure 4: A timed automaton game 7.

strategy for player 1 is given by

(3—ag,a1) ifa, <3

m(r[0-K]) = (0,a1) otherwise

Based on 7, a 3-region winning strategy 7} can be obtained as in Lemma Intuitively,
from a state s, the strategy 7] prescribes (a) the same move as m; when 7 prescribes a move
to either the current region or to the two immediately succeeding regions, and (b) prescribes
a time elapsing move to the second region following Reg(s) whenever m; proposes a move
to outside the second succeeding region.

Let the initial state be 59 = (I, 2 = 2 = y = 0, tick = FALSE, 3bl; = FALSE) (we skip
the parity component for simplicity). We consider a sample play from this state. Initially,
7} proposes the move (1, L) from Sp. Suppose it is allowed by player 2. The resulting state
is then 81 = (I°,2 = 0,z = y = 1, tick = TRUE, 3bl; = FALSE). In the second step, 7} again
proposes the move (1, L) from 5y. the resulting state is 5 = (I°,2 = 0,2 = y = 2, tick =
TRUE, 3bl; = FALSE). In the third step, 7] proposes the move (1, a;) which is blocked by the
player-2 move (0, ad), leading to the state 535 = (I°, 2z = 0,2 = 0,y = 2, tick = FALSE, 3bl; =
FALSE). Player 2 can then take the action aj a finite number of times, but eventually it
must let time elapse. When it does, player 1 is able to take the action a; in three steps.

Now we show that there exists a player-2 strategy mo such that 7 and my result in
the same sequence of states Sg,51,52,.... The strategy m proposes a time elapsing move
(1, Lo) from 3p and then again from 3. It then proposes (0,ad) from 3, as against 7}, and
then again (1, 1o) for one more step. It can be verified that this leads to the same sequence
of states as with 77.

Suppose we had been working in the structure T¥! Then the states 51 and 5y would
have had bl; = TRUE. Thus, in reaching /!, the strategy 7} would have resulted in some
states having bl; = TRUE, in contrast to the strategy w1 which manages to have bl; = FALSE
until /! is reached. Thus 71 and 7} would on the surface appear to be inherently incompatible
with respect to objectives. In this example however, it can be seen that we may as well
work with 3bl; as player-1 time-elapsing moves can be chosen only finitely often, thus 3bl;
and bly differ only finitely often. []

Next, we show that 3-region memoryless strategies of player 2 suffice as spoiling strate-
gies. An example will be presented after the lemma to illustrate the sufficiency of 3-region
strategies.

Lemma 3.7. Consider a timed automaton game T and a location parity objective Q0 on

states of T with ﬁ'gld being the corresponding expanded game structure. Suppose S ¢
~ntd

Q
Winf‘lr“l (TimeDiv3BlIy (Parity(Q2))). Then, 3-region memoryless region strategies of player 2
suffice for preventing player 1 from satisfying the objective TimeDiv3Bly (Parity(Q)) from s.
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Proof. The objective TimeDiv3Bl; (Parity(£2)) corresponds to the parity objective Parity(€Qd)
by Lemma (replacing bly by 3bl;). As mentioned in Section 2] there exists a game p-

. . . o . Foud .
calculus formula which precisely characterizes the winning set Win,*" (Parity(Q'4)). The
winning sets can be obtained by a p-calculus iteration. The iteration uses the controllable

predecessor operator for player 1, CPre; : 2% — 25 (where S is the state space of i%tld),
~td ~ntd ~otd

defined formally by 5 € CPre;(Z) iff Im, € Filr“?“ (5) Ymag € Fggbl () .5;?“ (s,m1,mq) C Z.
Informally, CPre;(Z) consists of the set of states from which player 1 can ensure that the
next state will be in Z, no matter what player 2 does. It can be shown that CPre; preserves
regions of ﬁ'gl;f using Lemma[3.Il The iteration also suggests winning strategies for player 1
based on the sets that arise in the iteration. The sets that arise depend on the parity
labeling, the CPre; and the fixpoint operators. If we have a location parity objective, it
can be shown that only unions of regions arise as sets in the fixpoint iteration. To prove
that 3-region memoryless region strategies of player 2 suffice as spoiling strategies, it hence
suffices to show that the CPre; sets of unions of regions remains unchanged if we restrict
player-2 strategies to be 3-region memoryless region strategies.

Let CPre; 3(Z) denote the set of states from which player 1 can ensure that the next
state will be in Z, no matter what move player 2 takes within 3 regions. Also, clearly
CPre; 3(Z) depends only on Z, and not on the history of the game (hence we shall have
memoryless 3-region spoiling strategies). We show CPre; 3(Z) = CPre;(Z) for Z a union
of regions. Clearly CPre;(Z) C CPre; 3(Z) as player 2 has fewer moves to counter with in
CPre; 3(Z). To prove the other direction, we show if 5§ € CPre; 3(Z), then 5 € CPre;(Z).
We first characterize the CPre; sets. A state s € CPre;(Z) iff either one of the following
conditions is met:

(1) {55, (A, a2)) | (A, az) € To(3)} € 2.

(2) There exists (A, a1) € I'1(5) with a3 # L, such that

(a) 0(5,(A,a1)) € Z, and

(b) {4(5, (A’ ag)) | A" <A, and (A’ az) € T'5(5)} C Z.
The first condition corresponds to the case when player 1 proposes a move (A, L,) from
s. In this case, the move of player 2 will be chosen, no matter the move. Thus, we must
have that no matter the move of player 2, the resultant state must be in Z. The second
condition corresponds to the case when player 1 proposes a move (A a;) from § with
a1 # L. In this case, every move (A’ ay) of player 2 with A’ < A must lead to Z. A
similar characterization exists for CPre; 3(Z), the only difference being that player-2 moves
are restricted to be within 3 regions: a state s € CPre; 3(Z) iff either one of the following
conditions is met:

(1) {6(5,(A,a2) | (A,a2) € T'2(5) and Sucers(s,A) = TRUE} C Z.

(2) There exists (A, a1) € I'1(5) with a; # L, such that

(a) 4(5,(A,a1)) € Z, and
(b) {d(5, (A" ag)) | A" < A, Succrs(5*, A’) = TRUE, and (A’ ag) € T'9(5)} C Z.
Now we show that if 5 € CPre; 3(Z), then 5 € CPre;(Z). Suppose § € CPre; 3(Z). Infor-
mally, we can have the following cases (the formal details are in the appendix):
e The available moves of player 2 are only until the second immediately succeeding

region. In this case, the restriction of player-2 strategies to be 3-region strategies
has no effect, hence s € CPre;(Z).
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Figure 5: Regions of the timed automaton game T of Figure [

e Player 2 has a move from § to a state that is farther than the second succeeding
region. This means that it has a delay move to the second succeeding region. In this
case, player 1 can play the same delay move to the second succeeding region. The
resulting state will be the same as due to the delay move of player 2 to the second
succeeding region, because 3bl; will be false in both cases. Moreover, all moves of
player 2 which lie in the current or the next two regions result in a state in Z by
assumption. In particular, the delay move of player 1 will also result in a state in
Z. Thus, s € CPre1(2).

Thus, in all cases s € CPre;(Z) whenever 5 € CPre; 3(7). U]
Example 3.8. Consider the timed automaton game in Figure [ and the following regions.

Rs = {(I',z =0,z = 3,y, tick = TRUE, 3bl; = FALSE) | y > 2}

(

Ry = {(I°,z = x =y, tick = FALSE, 3bl; = FALSE) | 0 < z < 1}
(I",z=0,x =0,y = 1, tick = TRUE, 3bl; = FALSE) }
(

,z2 =y,x =0, tick = FALSE, 3bl; = FALSE) | 0 < y < 1}
Ry ={(I° 2 =0,z =y =0, tick = FALSE, 3bl; = FALSE)}

The regions can be seen as the thick lines and dots in Figure [ (the clock z is not shown
for simplicity). Let Z = U?:o éj.

The state 5o = (1,2 = 0,7 = y = 0, tick = FALSE, 3bl; = FALSE) belongs to CPre; 3(Z).
This can be seen as follows. From state Sy, player 1 proposes the move (3,a1). Player 2 can
only propose a counter move (A, a*) such that 0 < A <1 and a* € {15,al}. Now observe
that 5y also belongs to CPre;(Z). To see this, we have to consider a different player-1 move,
namely (1, L1). If player 2 allows this move of player 1, the next state will be in §4 (the
variable 3bl; remains false as the allowed move of player 1 is not in the immediate successor
region of 5¢). If player 2 instead proposes a shorter (or equal) duration move, the next state
will be in J}_o R;.

Let Z* be any set of states which includes §5. Suppose 59 € CPre;3(Z*) or 5y €
CPre;(Z*). Then it can be seen that Z* must contain the states from Z. Hence, we have
50 € CPre; 3(Z*) iff 59 € CPre;(Z*). In general, 3-region strategies of player 2 suffice as if
there exists a move of player 2 beyond the two immediately succeeding regions, then both
player 1 and player 2 have simple time passage moves to the second succeeding region, with
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the variable 3bl; remaining false if any of these two moves is chosen. To mimic a general
player-2 counter move, a 3-region strategy of player 2 can play simple time passage moves
to the second successor regions till it gets to a state from which a desired player-2 edge lies
within two successor regions. L]

Given an objective Parity(2), let Wln3 T3(Parity(Q)) denote the states in the expanded

game structure 6’3 such that for all states 5 € Wini”TS(Parity(Q)), player 1 has a 3-region
strategy m such that for all 3-region strategies 7o of player 2, we have Outcomes(s, 7y, o) C
Parity(€2). The following theorem, which follows from Lemmas [B.5] B.7 and B.3] states that
to solve for TimeDiv3BI; (Parity(€2)) in {]\?I:f, we can restrict both players to use only 3-region
strategies. We call such games 3-region parity games.

Theorem 3.9. Consider a timed automaton game T and a location parity objective £ on
states of T with ‘J'??I;ld being the corresponding expanded game structure. We have

Tt : o -
Win"#" (TimeDiv3BI; (Parity(€2))) = Win;*' (TimeDiv3BI; (Parity(£2)))
Qtd

— Win 73171 (T|meD|vB|1(Parlty(Q)))
]

3.2. Reduction from 3-Region Parity Games to Finite-State Turn-Based Parity
Games. We gave a rough construction of a bipartite turn-based game to capture the win-
ning sets of timed parity games at the beginning of this section . The idea of the construction
being that first player 1 proposes a move representing its intention to let time pass to get
to an intermediate region of ‘J'gbld and then take a discrete action from that region. This
intermediate region together with the action and the originating region can be encoded as
a player-2 state in the finite game as <§, R ,ap) with R denoting the originating region, R
representing the intermediate region to let time pass to, and a; the player-1 action to take
from R’ Note that this player-2 state (R R ,aq) corresponds to an intermediate step in the
game ‘J'3bl , where from a state 5 € R player 1 has just proposed its move (say (A1, a1) with
the time delay A leading to the region R’ from which the discrete action a1 will be taken.
The game of ﬁ'%:ld is still in the state §, waiting for the move from player 2. In the finite-
state game, from the player-2 state (ﬁ, R ,a1), player 2 then takes an action depending on
Whether it would allow the previously proposed player-1 move from the originating region
R in ‘J' l or not. This corresponds to the move of player 2 in ‘J'glbl where it allows or dis-
allows the player-1 move (A1, a;) from § (hence the element of “surprise” from |[dAFH™03]
remains in this finite-state game). From Theorem [3.9] we can consider parity games where
each player is restricted to use only 3-region strategies. This allows us to restrict the pairs
of regions that can occur as player-2 states in the finite game.

Outline of subsection 3.2l We first present a finite-state turn-based game ‘J'f Which can

be used to compute the winning sets of T. The size of the state space will be O(|S, en |-|A1l)

Reg
Qtd

where Sg 3“ is the set of regions in ‘J'gbl and Aj is the set of actions of player 1 in T. We then
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present a finite-state turn-based game ‘J'S’;* such that (1) the Winning set of ‘J'S’;* corresponds
qtd

to that for ‘J'S];, and (2) the size of the state space of ‘J'f is O(] RZZ ).

3.2.1. Construction of the finite turn-based bipartite game ‘J'é. Given a timed automaton 7,
and a location parity index function €2 on states of T, the bipartite finite turn-based game
‘J'{z consists of a tuple (S/, E7, Sf, Sg> where,
o S = S{ U Sg is the state space. The states in Sif are controlled by player-i for ¢ € {1,2}.
° S{ = §Reg x {1}, where §Reg is the set of regions in ﬁ'gld.
. S2f = §Tup x {2}, where §Tup = §Reg x {0,1,2} x Af.
o B contains the following edges:

— For 31 = (R,1) € S{, the set E/ contains the outgoing edges ((R,1), (R J.a1,2))

such that in the structure i};ﬁ, there exists § € R and (A,a;) € Iy e (5) with
[{Reg(s+ A") | A’ < A}| = j + 1. These types of edges encode in T/ the fact that in
the game structure Tz?bz there exists a state in R such that player 1 has a move such
that time passes to the j-th following region from where the discrete action a; is taken.
— For sg = (ﬁ,j, ay,2) in Sg, the set Ef contains the outgoing edges (<R\,j, ay,?2), (ﬁ’, 1))
such that in the structure %glbtld, there exists 3 € R, (A1,a1) € T'1(3) and (Ag,a9) €
['2(5) with [{Reg(s+ A’) | A’ < A1} = j + 1 such that either
(1) a1 # L., |{Reg(S3+A")| A’ <A} <j+1andd,(As,a)) € R.
This edge corresponds to the case when player 2 does not allow a player-1 move
(A1,aq) from a state s € R by proposing its own move (As, as) such that Ay < Aj.
(2) a1 # L., 3>|{Reg(5+ A') | A’ < Ay} >j+1andé5, (Ar,a1)) € R
This edge corresponds to the case when player 2 allows a player-1 move (Aj,aq)
from a state € R by proposing a move of duration Ay > Aj.
(3) a1 = L, and 8(3, (A, a3)) € R
This edge corresponds to the case when player 1 plays a 1, move so the move of
player 2 is chosen.
Note that we can pick any states in R and R’ to check the satisfiability of the above
conditions by Lemma [31]
In the construction for ‘J'f above, the states in §-|-up x {2} contain player-1 actions as
components. The actions are used only for determlmng the destination states, so instead
of player-1 actions as components of states in STup we can as well use a tuple from L x 2¢,
with ([, @) denoting an action in T such that the destination location is I, and which resets
the clocks in a.

Each s/ € Sf is a tuple, with the first component being a region of T. Given the
location parity index function Qgc})l on ‘3?;{1 , we let Qf be the parity index function on ‘J’{z
such that Qf((R,-)) = 04, (3) where 3 is any state in the region R (all states in a region
have the same parity as Qg‘})l is a location parity index function on ?g};f). Note that if
the parity index function €2 is of order d, then Qg%l and Q/ are of order d+ 2. Given a

set X = X1 x {1} U Xy x {2} C Sf, we let RegStates( ) ={s5¢€ 7 o | Reg(s) € X1}.
Theorem [3.10] shows that the turn-based game ‘J'Q captures the game Tf?bl
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Theorem 3.10. Let T be a timed automaton game, €2 a location parity index function on
states of T, with ‘J'gllfld being the corresponding enlarged game, and T! the corresponding

finite game structure with the parity index function Qf. Then, we have
AQtd

Wini”%’“ (TimeDiv3BlI; (Parity(£2))) = RegStates(Win?f(Parity(Qf))).

Proof. Recall the p-calculus formulation for obtaining the winning set
~otd

Win? 7 (TimeDiv3BIy (Parity(1)))
in ﬁ'gl;f . We use the Pre; operator in turn-based games:

{s e §Reg x {1} | 3s’ € X such that (s,s’) € E/}
Pre;(X) = U
{s € Stup x {2} | V(s,5') € Ef we have s’ € X}

Given X = X x {1} U X3 x {2} C S/, we have
RegStates (Pref‘{f (Pref‘{f (X))) = RegStates (Pre‘lyf (Pre‘lyf (X1 % {1})>> (3.1)

This is because the structure of the games T{z is such that a state with 1 as the last
component of the tuple can reach X = X7 x {1} U X3 x {2} in exactly two steps iff it can
reach X7 x {1} in exactly two steps (the game is bipartite).

From Lemma [B.1] it follows that

~otd

RegStates (Prei{f <Pref{f (X1 x {1}))) = CPre?‘ybl (RegStates (X7 x {1})) (3.2)

Let ¢. be the p-calculus formula using the CPre; operator describing the winning set for
Parity(Q4,) = TimeDiv3Bl; (Parity(Q2)) . Let ¢; be the p-calculus formula using the Pre;
operator in a turn-based game describing the winning set for Parity(Q/) . As Qf and Qg‘il
contain the same number of priorities, the formula ¢; can be obtained from ¢, by syntacti-
cally replacing every CPre; by Pre; (see [IATIMO1]). Let the winning set for Parity(Q2/) in ‘J'{l
be Wy x {1} U W, x {2}. It is described by ¢;. The game in T/ proceeds in a bipartite fashion
— player 1 and player 2 alternate moves, with the state resulting from the move of player 1
having the same parity index as the originating state. Note that the objective Parity(©2/)
depends only on the infinitely often occurring indices in the trace. Thus, W; x {1} can be
also be described by the p-calculus formula ¢} obtained by replacing each Pre; in ¢; with
Pre; o Prey, and taking states of the form s x {1} in the result. Consider the fixpoint itera-
tion Zy for computing the set @}. Since we are only interested in the set Wi x {1}, and since
we have a bipartite game, the set Wi x {1} can also be described by an iteration Z* in which
each set in the iteration Zy is intersected with §Reg x {1}. This is because each step in the
iteration Zy applies Prej o Prey, and if X1 x {1}UXs x {2} = Prej o Pre;(Z1 x {1}UZ2 x {2}),
then X7 x {1} = Prej oPre;(Z; x{1}). Now, this new iteration Z* describes the winning sets
of the p-calculus formula ¢} obtained from ¢; by intersecting every variable with §Reg x {1}.
Using the identity B2 we have that the sets in the fixpoint iteration computation of ¢}
correspond to the sets in the fixpoint iteration computation of ¢., that is, if X x {1} occurs
in the computation of ¢} at stage j, then RegStates(X) occurs in the computation of ¢, at

the same stage j. This implies that the sets are the same on termination for both ¢} and
~otd

¢c. Thus, Wini”%“ (TimeDiv3BlI; (Parity(2))) = RegStates(Win‘lﬂ(Parity(Qf))). L]
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From Theorem 310, we can solve the finite-state game T/ to compute winning sets
for all w-regular region parity objectives Parity(€2) for a timed automaton game 7, using
any algorithm for finite state turn-based games, e.g., strategy improvement, small-progress
algorithms [V.J0O, Jur00].

3.2.2. Construction of the finite turn-based game T{z*. We now present the turn-based game

* f
‘J'{l which can be used to compute the sets RegStates(Win‘lyﬂ(Parity(Qf))) of ‘J'S’;, with the
state space of TS’;* being linear in the number of regions of ‘jgl,:ld . The idea behind this

construction is that when player 1 proposes a move (A, a1) in ﬁ'glbtld from state s, player 2
can ignore the discrete component a; of the move. Intuitively this is because player 2 should
only care about the moves it can make before time A from state 5. If there is a move it
would like to make before time A, then player 2 should preempt the move of player 1. If
there is no such move, then it should allow the move of player 1, irrespective of a;. The
exact value of a; (other than whether it is L, or not) is irrelevant in determining the moves
for which player 2 “wins” in a round. Since the value of a; is irrelevant, there is no need
to explicitly remember the discrete component of the moves of player 1 as was done in the
game structure ‘J'S’;. This allows us to bring the state space down, so that it is linear in

the number of regions of ﬁ'%:ld. In the game 7/ , we broke a step of the game in ﬁ'glbtld into

two steps. In the game 7/ *, we break a step of %gld into three steps: first player 1 makes
a move, then, player 2, then player 1 and then the sequence repeats, i.e., the sequence of
players making moves is (121)“. Note that this game is not bipartite as player 1 is making
two consecutive moves. Informally, the three steps are as follows.

(1) First, player 1 proposes either a
e Relinquishing move, or
e A move which corresponds to time elapsing to a desired region. The discrete part of

the move is left for later.

(2) Then, player 2 moves according to one of the following:

e If player 1 had relinquished in the previous step, then it transitions to a player 1
state such that the region component is the new region. In addition, this is a special
player 1 state (we shall see what this means in a while).

e If player 1 had proposed a non-relinquishing move to a region, then player 2 either
— Blocks the plf}\yer 1 move by proposing a move that corresponds to a shorter dura-

tion move in T?{Z,:f . With this move, it transitions to a player 1 state such that the
region component is the new region. In addition, this is again a special player 1
state.

— Decides to allow the player 1 move. But remember that we only know the time
elapse part of the player 1 move till now. Thus, this move of player 2 transitions
the game into an intermediate state from which player 1 can only propose the
remaining discrete part of the move.

(3) In the third stage of the game, if the state is not special, then player 1 proposes the
remaining discrete part of its original move. If the state is special, then it only has one
dummy move, which makes the special state non-special without changing the region
component. The special states thus allow us to maintain a three stage game.

Formally, given a timed automaton T, and a location parity index function 2 on states of
* * *
T, the finite turn-based game 7{2 consists of a tuple (S * BT s/ ,Sg ) where,
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S = S{ " U Sé[ " is the state space. The states in Sif " are controlled by player-i for
ie€{1,2}.
S{* = §Reg x {1g,19um1 U §Reg x {0,1,2} x {1.}, where §Reg is the set of regions in
stl Informally, the sequence of the players making moves is (121)“; the moves from
states labelled with 1, as the last component will correspond to the first “1” and from
states labelled with 199™ or 1. as the last component will correspond to the second “1”
n (121).
SI" = Seg X {2} U Skeg x {0,1,2} x {2}.
Ef* contains the following edges:
— For s1 = <R 1 > the set E/" contains the following outgoing edges

(1) ((R 1a), <R 2>) These edges correspond to player 1 playing a relinquishing move

from states in R in the game structure ‘J'glbl

(2) ((R,14), (R, ,2)) such that in the structure ‘J'gl:ld, there exists 5 € R and (A, a;) €
Fotd
Iy T (5) with |{Reg(s+ A’) | A’ < A}| = j + 1. These types of edges encode in
‘J'f the fact that in the game structure ‘J'glbl there exists a state in R such that
player 1 has a move such that time passes to the j-th following region from where
the discrete action aj is taken. R
— For sg = (R,2), the set B/ contains the outgoing edges ((R,2), (R, 1dL;m>) such

that in the structure T3bl , there exists a state § € R and (A, ag) € Ty et (5) with
(5, (A, az)) € R’ and Succrs(s, A) = TRUE. These edges correspond to the fact in the
game structure Tgbld, player 1 had played a relinquishing move from some state s in R
and player 2 had played a move according to its 3-region strategy.

— For sg = <R 7, ) the set Ef” contains the following outgoing edges:

(1) ((R,3,2), <R/ 1d“m>) such that in the structure ‘J'glbl , there exists a state § € R and

(A, ap) €T, e (5) with 6(3, (A, a2)) € R and |{Reg(3+ A') | A’ < A} < j + 1.
These types of edges encode in T7* the fact that in the game structure 5?;{1 there
exists a state in R such that from s player 1 proposes a move such that time would
pass to the j-th following region from where some discrete action would be taken,
and player 2 is countering this player 1 move with a move of shorter(or equal)
delay
(2) ((R 7,2), <§ 4,194™)). This edge encode in T/ the fact that in the game structure
‘Igbld there exists a state in R such that from 8 player 1 proposes a move such that
time would pass to the j-th following region from where some discrete action would
be taken, and player 2 is “allowing” this move of player 1.
— For s{ = (R, j,1.), the set BEf" contains the outgoing edges ((R,j, 1), (R’ 1>) such

~ ~ Q
that in the structure Tgbtld, there exists a state s € R and (A, a;) € F13“ (5) with
8(3,(A,a1)) € R’ and |{Reg(5+ A’) | A’ < A}| = j + 1. This edge corresponds to the
fact that in the game ‘J'3bld player 2 has allowed player 1 to take a move from a state §

in R such that time passes to the j-th following region from where the discrete action
ay is taken.A R R

— For s{ = (R, 19'™) the set Bf" contains the single outgoing edge ((R,19™) (R, 1,)).
This is just a dummy edge, to preserve the (121)“ move pattern.
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Given aset X = X1, x {1,} U X1, x {1, 19"™} U Xy x {2} C S77, we let RegStates(X) =
{s€e S@btld | Reg(5) € X1,}. Given the location parity index function 04, on ﬁ'gl;f , we let
Qf" be the parity index function on T such that Q/"((R,-)) = QLJ,(5) where 3 is any state
in the region R (all states in a region have the same parity as Qg%l is a location parity index
function on ‘j'gl;f ).

The following lemma shows that two steps in the bipartite game ‘J'SJ; correspond to three

steps in the game ‘J'{l*. The proof is presented in the appendix.

Lemma 3.11. Let T be a timed automaton game, 2 a location parity index function on
states of T, with ?gf being the corresponding enlarged game, and Tf, TI* being the cor-
responding finite game structures with the parity index functions Qf and QF" respectively.
Suppose X C Sf and X* C ST are such that RegStates(X) = RegStates(X*). Then,

RegStates (Pre?f (Pre?f (X))) = RegStates <Pre‘1ﬂ* <Pre‘1ﬂ* (Pre‘lﬂ* (X*)))) (]

Using the fact that two steps in the bipartite game ‘J'S]; correspond to three steps in the
game ‘J’S];*, we have the following theorem which shows that we can use the game structure
‘.T{l* to compute the winning sets for 7.

Theorem 3.12. Let T be a timed automaton game, 0 a location parity index function
on states of T, with ﬁ'glbtld being the corresponding enlarged game, and T, T being the
corresponding finite game structures with the parity index functions Qf and QF" respec-
tively. Then, we have RegStates(Win‘lﬂ(Parity(Qf))) = RegStates(Wingf*(Parity(Qf*))) =

'\Qtd

Wini”%’“ (TimeDiv3BlI; (Parity(£2))).

Proof. Let the winning set in ‘.Tg; be Wi x {1} U Wy x {2}; and the winning set in ‘J'é* be
Wi, * x {1,} U Wy, * x {1, 19™} U Wy* x {2}. As proved in the proof of Theorem B.10] the
set Wq x {1} is also described by the p-calculus formula ¢ obtained from the u-calculus
formula ¢., which describes the winning set for Parity(Qg‘?ﬂ), by (1) syntactically replacing
each occurrence of CPre; in ¢. by Prej o Preq, and, (2) intersecting each variable in ¢, with
§Reg (where §Reg is the set of regions of i%:ld ). Using a similar argument, the set Wy, * x {15}
can be described by a p-calculus formula ¢} obtained from ¢, by (1) syntactically replacing
each occurrence of CPre; in ¢, by Pre; o Pre; o Prej, and, (2) intersecting each variable in ¢,
with §Reg- By Lemma[3I1] we have that the sets in the fixpoint iteration computation of ¢;
correspond to the sets in the fixpoint iteration computation of ¢;, that is, if X x {1} occurs in
the computation of ¢} at stage j, then X x {1,} occurs in the computation of ¢; at the same
stage j. This implies that the sets are the same on termination for both ¢} and ¢;. Thus,

Wy = W, *, and hence RegStates(Win‘lﬂ(Parity(Qf))) = RegStates(Wingf*(Parity(Qf*))) =

'\Qtd

Wini”%’“ (TimeDiv3BlI; (Parity(£2))). U]

Eliminating redundant states in Tf". The states with 19"™ as the last component are
redundant and were introduced just to have a three stage game to prove Theorem B.12] using
Lemma [BI1l These redundant states can be removed as follows. The objective Parity(Q/™)
depends only on the infinitely often occurring indices in traces. Consider the states in T/
of the form <§, 12”’“). Player 1 has only one move from such a state, to (E, 14). The parity
of (E, 19um) is the same as the parity of <§, 14). Thus, these kinds of states can be removed,
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and the incoming edges made to point to the destination of these states without changing
the part of the winning set with 1, as the last component. That is, given a state (ﬁ, 1dum)
with m incoming edges (sf* (R,19™)) for 1 < j < m, we can remove the state (R,19um)
and add m edges (sf (R,14)) for 1 < j < m without changing the part of the winning set
with 1, as the last component.

3.2.3. Complexity of reduction. Recall that for a timed automaton game T, A; is the set of
actions for player i and C' is the set of clocks. Let [A;[* = 1+ min {|4;|+ 1, [L]- 2‘C|} (the
+1 outside is due to the relinquishing move of player 1, the min is because we can either
use player-1 actions, including pure time moves; or use tuples of locations with clock reset
sets as actions), and let |As[* = min {|As| + 1, |L| - 21°1}. Let |Tconstr| denote the length of
the clock constraints in T and d be the order of the parity index function Q The size of the

qtd qtd
state space of T/ (with the 19™ states eliminated) is bounded by 8 - |S TS | where SRzg

is the set Of regions of {]\’?{2,:; . The number of edges originating from player—l states is at

most |SReg |- (44 3|A1]*). The number of edges originating from player—2 states is at most
\SReg |- 6 |Aa|*. The total number of edges is thus at most ]SReg |- (44 3|A1]* + 6] A2]").
We also have \SReg | to be bounded by 32-d - |L| - [[cc(ce + 1) - |C + 1] - 411,

Theorem 3.13. Let T be a timed automaton game, and let Q be a location parity index
function of order d. The set WinTimeDivj (Parity(Q)) can be computed in time

ch %24—%
(i + 14a1) - (515780 ) ])
which equals

* * T %—i_%
O ( ISFeg] - d- 11 [Teonstel + | (ALl +|42") - (5| - - 256 - C1 )

qtd
@ <| RZZ |{-TConstr| +

where

o SReg is the set of regions of T, with |SReg| = |L| [Tec(ca +1) - [CJ1 - 4I€1,
~qtd

o g:’e’bgl is the set of regions of ‘J'gbl , with |SRZZ |=32-(|C|+1)-d |SReg|

o |Tconstr| s the length of the clock constraints in T,

|A1* = 1 +min {|A1| + 1, |Z| - 21} and |As* = min {|Ao| + 1, |L| - 2/} with A; being
the set of discrete actions of player i fori € {1,2},
o [ is the set of locations, and C is the set of clocks in T.

Proof. To solve for WinTimeDiv] (Parity(Q2)), we solve the turn-based game Af by Theo-
rems 3.9 and B12, and Lemma B3l For constructing T/, we need to check which regions
satisfy clock constraints from 7. For this, we build a list of regions wit}; valid invariants

t
together with edge constraints satisfied at the region. This takes O(|SR§bgl - |Tconstr|) time
(we assume a region can be represented in constant space in our analysis). From [Sch07],
we have that a turn-based parity game with m edges, n states and d parity indices can be
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§+%) time. The turn-based game Af can hence be solved in time

d+2 1
?Qtd T+§
(8'|SR?e)lél > ])
2qtd %4—%
O ((\Al\* + [A2]%) - [(8'\52221 > ]) L

Remark 3.14 (Effects of receptive formulation). In the complexity, we multiply |Sgeg| by

d as we go from Parity(Q) to Parity(Q2') = TimeDivBlI; (Parity(Q2)) (this also increases the
value of the exponent from % + 3 to d—"§2 + 2). Multiplication of \Sgeg\ by 32 - |C| comes in
due to the extra clock z which measures global time, and introduction of the variables tick

and 3bly.

solved in O(m - n

?Qtd
0 [|SRzg (443 +6|A2|*>} -

which is equal to

Usefulness of the finite turn-based game Jf*. The reduction allows us to solve the
finite-state game T/* to compute winning sets for all w-regular region parity objectives
Parity(§2) for a timed automaton game T, using any algorithm for finite state turn-based
games, e.g., strategy improvement, small-progress algorithms [VJ0O0, [Jur00]. It also allows
us to leverage any future improvements in algorithms for finite-state games for solving timed
parity games. The reduction to a finite-state game that is linear in the number of regions
of Tg;{l also shows that we do not pay any complexity penalty due to the concurrent nature
of the timed game where both players simultaneously propose moves.

4. RoBUST WINNING OF TIMED PARITY GAMES

In this section we study restrictions on player-1 strategies to model robust winning, and
show how the winning sets can be obtained by reductions to general timed automaton
games. The results of Section B] can then be used to obtain algorithms for computing the
robust winning sets.

There is inherent uncertainty in real-time systems. In a physical system, an action
may be prescribed by a controller, but the controller can never prescribe a single timepoint
where that action will be taken with probability 1. There is usually some jitter when the
specified action is taken, the jitter being non-deterministic. The model of general timed
automaton games, where player 1 can specify exact moves of the form (A, a1) consisting of
an action together with a precise delay A, assumes that the jitter is 0. In subsection [4.1], we
obtain robust winning sets for player 1 in the presence of non-zero jitter (which are assumed
to be arbitrarily small) for each of its proposed moves. In subsection [£2] we assume the
jitter to be some fixed ¢; > 0 for every move that is known. The strategies of player 2 are
left unrestricted. In the case of lower-bounded jitter, we also introduce a response time for
player-1 strategies. The response time is the minimum delay between a discrete action, and
a discrete action of the controller. We note that the set of moves with a jitter of ¢ > 0
around (A, a;) contains the set of moves with a jitter of £/2 and a response time of ¢j/2
around (A, a1) (as {(Aya1) | A+¢/2 <A < A+4¢g} C{(Aar) | A <A < A+¢}
Thus, the strategies of subsection [£.I] may be considered to have a response time greater
than 0. The winning sets in both sections are hence robust towards the presence of jitter
and response times.
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4.1. Winning in the Presence of Jitter. In this subsection, we model games where the
jitter is assumed to be greater than 0, but arbitrarily small in each round of the game.
Given a state s, a limit-robust move for player 1 is either the move (A, L,); or it is a
tuple ([, 5], a1) for some 0 < a < (3 such that for every A € [a, ] we have (A, a1) € T'i(s)
(I8 — «| does not have a lower bound, it just needs to be greater than 0 — hence the
term limit-robust). Note that a move (A, L,) for player 1 implies that it is relinquishing
the current round to player 2, as the move of player 2 will always be chosen, and hence we
allow a singleton time move. Given a limit-robust move mrob; for player 1, and a move mo
for player 2, the set of possible outcomes is the set

{5jd(s,m1,m2) (a) mrob; = (A, L) and my = mroby; or }

(b) mroby = ([, 8], a1) and m1 = (A, a1) with A € [a, f]

A limit-robust strategy ﬂ{°b for player 1 prescribes limit-robust moves to finite run
prefixes. A limit-robust strategy 7/°° is receptive if for all player-2 strategies o, all states
s € 5, and all runs r € Outcomes(s,w{"b,ﬂg), either » € Timediv or r € Blameless;. We let
H5°b denote the set of limit-robust strategies for player-1 and HEOb’R the set of limit-robust

receptive strategies. Given an objective ®, let RobWinTimeDivj (®) denote the set of states

either

s in T such that player 1 has a limit-robust receptive strategy 7T£°b € H;Ob’R such that for
all receptive strategies my € Hf, we have Outcomes(s, 7T£°b, mg) C ®. We say a limit-robust
strategy 7T£°b is region equivalent to a (non-robust) strategy m if for all runs r and for all
k > 0, the following conditions hold:
(i) if m (r[0..k]) = (A, L,), then ©°P(r[0..k]) = (A', 1,) with Reg(r[k] + A) = Reg(r[k] +
A"); and
(i) if m (r[0..k]) = (A, a1) with a; # L., then 7°°(r[0..k]) = (o, B],a1) with Reg(r[k] +
A) = Reg(r[k] + A') for all A’ € [«, f].
Note that for any limit-robust move ([«, 5], a1) with a; # L, from a state s, we must have
that the set {s + A | A € [a, 8]} contains an open region of T.
We first present an extension to Lemma 2.7]

Lemma 4.1. Let T be a timed automaton game and T be the corresponding enlarged game
structure. Let ® be an w-regular region objectve of T. If w1 is a region strategy that is
winning for ® from Wing(tI)) and 7T£°b 1s a robust strategy that is region-equivalent to my,

then T°° is a winning strategy for ® from Win{(@).

Proof. Consider any strategy mo for player 2, and a state 5 € Winflr(EI;). We observe that

the set Outcomes(s, m°P, mg) consists of runs r such that for all k > 0, either

(1) m°P(r[0..k]) = (A, L) and r[k + 1] € §a(r[k], (A, L1), ma(r[0..K])); or
(2) wieb(r[0..k]) = <La,ﬂ],a1> for some > a >0
with [k + 1] € 0jq(r[k], (A, a1), m2(r[0..k])) for some A € [a, 3].
It can be observed that

Outcomes(s, 7P, ) = U Outcomes(s, 7}, T2)
ﬂ./
1

2We can alternatively have an open, or half-open time interval, the results do not change.
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where 7} ranges over all those (non-robust) player-1 strategies such that for runs r €
Outcomes(s, 7}, m2) and for all £ > 0 we have

0 ALy it APP(r[0.K]) = (A, Ly)
1\ [0..k])—{<A,a1> it w°P(r[0..k]) = (o, B],a1)

for some A € [a, 8]; and 7] acts like 71 otherwise (note that the runs r and the strategies
7} are defined inductively with respect to k, with 7[0] = §). Each player-1 strategy 7 in
the preceding union is region equivalent to 7y since 7Tr°b is region equivalent to 7 and hence

each 7} is a winning strategy for player 1 by Lemma Z77l Thus, Outcomes(s, 7% my) =

lel Outcomes(s, 7}, o) is a subset of &J, and hence ﬂ{°b is a winning strategy for player 1.[]

We now show how to compute the set RobWinTimeDiv] (®). Given a timed automa-
ton game T, we have the corresponding enlarged game structure ‘3’3 which encodes time-
divergence (we use the modified blame variable bl; 3 as in Lemma [3.3]). We add another
boolean variable to ‘J'3 to obtain another game structure ‘J}ob The state space of ‘J'rob is

7 x {TRUE, FALSE}. The transition relation 570 is such that

6T (5, 7b1), (A, ) = (3(5, (A, @), 705)
where rb] = TRUE iff rb; = TRUE and one of the following hold:
(i) a; € Ag; or
(il) a; = Ly or
(iii) a; € Alll and s + A belongs to an open region of 7.
A region R of T is said to be open if for all states 5§ € R we have all the clock values in
S to be non-integral. Given a location parity index function 2 on T of order d, we define

another game structure T (based on ‘J'rob) with the parity index function Qrob encoding
d

TlmeDlvBll,g(Parlty(Q)) A O(rby = TRUE) as follows. The state space of TG 45 ST b —

~ qtd
STb % {0,...,d —1}. The transition relation 57 i specified as follows (similar to 7).

qtd
For <A7ai> € F3(8)7 we have 5T mb(<8737 tZCk‘, blla rb17p>7 <A7az>) = <S ¥ ,tZCk‘/, blb rb17p>

where

o s’ =6"(s, (A a;)).

e i =(;+A) mod 1.

o tick' = TRUE iff 3 + A > 1.

e bl) = TRUE iff i = 1 (i.e., its a player-1 move).

TRUE if rb; = TRUE,qa; € A U{L;}
and all clock values in C'U {z} are non-integral
TRUE if 7b; = TRUE and a; € A3 U {L,}
FALSE otherwise
, max(p, Q(s")) if tick = FALSE
{ Q(s) if tick = TRUE

by =

°
s
Il
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The parity index function Qﬁgb is defined as

1 if rby = FALSE
td . )0 if rby = TRUE and tick = bl 3 = FALSE
ron ({53, tick, blu 3, b1,p) = ¢4 if rb; = TRUE and tick = FALSE, bl 3 = TRUE

p+2 if rb;y = TRUE and tick = TRUE

Lemma 4.2. Let T be a timed automaton game, Parity(Q2) an objective on T, and TS
the corresponding enlarged game structure with the parity index function Qﬁgb. Then in the

structure T, we have Parity(Q!4,) = TimeDivBlI; 3(Parity(Q)) A O(rb; = TRUE).

Proof. The proof follows along similar lines to the proof of Lemma We also observe
than once rb; becomes false, it stays false in T4 and hence the parity also stays odd for
all the following states. Thus, if the maximum of InfOften(Q, (7)) is even for a run 7, then
we must have O(rb; = TRUE) in the run. U]

Theorem 4.3. Given a state s in a timed automaton game T and an w-reqular location
parity index function Q, we have s € RobWinTimeDiv] (Parity(Q)) iff

~ntd
(s, by = TRUE,") € Win‘lyﬂ"’b ( TimeDivBly 3(Parity(2)) A O(rby = TRUE)).

Proof.

= Suppose player-1 has a winning limit-robust receptive strategy m for Parity(2), starting
from a state s in J. We show

~otd
(s, vy = TRUE, ") € Win‘lyﬂ"’b ( TimeDivBly 3(Parity(2)) A O(rb; = TRUE)).

We may consider 71 to be a strategy in T, Since m1 is a limit-robust strategy, player-1
proposes limit-robust moves at each step of the game. Given a state 5, and a limit-robust
move ([a, 8], a1), there always exists a < o/ < 3/ < f such that for every A € [/, 3],
we have §+ A belonging to an open region of T Thus, given the limit-robust strategy
71, we can obtain another limit-robust strategy 7 in ‘/J\', such that for every run 7 and
every k > 0,
(a) if w1 (7]0..k]) = (A, L.), then 7 (7]0..k]) = m1(7]0..k]); and
(b) if m (7]0..k]) = ([v, B], a1), then 7} (7[0..k]) = (([¢/, B'], a1) with [/, 8] C [« B], and
{Flk] + A | A’ € [o, B']} being a subset of an open region of T%eb.
Thus for any player-2 strategy m2, and for any run 77 € Outcomes((s, -, -, -, TRUE, -), ], 2),
we have that 7 satisfies O(rb; = TRUE). Since m; was a receptive winning strategy for
Parity(2), 7} is also a receptive winning strategy for Parity(€2) as Outcomes(s, 7y, ) C
Outcomes(s, 7}, m2) for any player-2 strategy mo. Thus, 7] enables player-1 to satisfy
TimeDivBly 3(Parity(2)) A O(rb; = TRUE).

AQtd
< Suppose § = (8,-,-,-,7b; = TRUE,-) € Win] *(TimeDivBl; 3(Parity(2)) A O(rb; =
TRUE)). We show that player-1 has a limit-robust receptive winning strategy from
state § (and hence from s). Let m; be a winning region strategy for player-1 for the
objective TimeDivBlI; 3(Parity(2)) A O(rb; = TRUE) in TUsh. Since the strategy ensures
rby = TRUE for all states in all runs from 3, we have that for every run 7 starting from
state 5, the strategy 7 is such that 71 (7]0..k]) = (AF,a¥) where either a} = L, or
7[k] + A* belongs to an open region R of 7% Since R is an open region, there always
exists some o < @ such that for every A € [a, §], we have 7[k] + A € R. Consider
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the strategy 7°° that prescribes a limit-robust move {[a, A, a¥) for the history [0..k] if

m1(r[0..k]) = <Ak a¥) with a¥ # L., and 71°°(r[0..k]) = m1(r[0..k]) otherwise. The strat-
egy 7T£°b is region-equivalent to 71, and hence is also winning for player-1 by Lemma [Tl
Since it only prescribes limit-robust moves, it is a limit-robust strategy. It is also a
receptive strategy as it is region equivalent to the receptive strategy . L]

Theorem 4.4. Let T be a timed automaton game, and let Q) be a location parity index func-
tion of order d. The limit-robust winning set RobWinTimeDivy (Parity(Q))) can be computed
m time

(‘Sgegmb‘ "J’Constr‘ + (‘Al‘* + ‘Azl*) . < ’Sgegmb‘> )

Proof. Using reductions similar to those in Section B the game on T can be solved in
~ntd ~
time O((|A1]* + |Az2]*) - (8- \STme \)T %) where ST is the set of regions of T, with

Reg Reg
|‘J'R rOb| =64-(|C|+1)-d-|SZ..|. We also need to build a list of regions with valid invariants

Reg |
~td
‘]'ngb

Reg |’ ‘TConstr’) time.

[

We say a timed automaton T is open if all the guards and invariants in T are from
Constr*(C'). Note that even though all the guards and invariants are open, a player might
still propose moves to closed regions, e.g., consider an edge between two locations [y and [,
with the guard 0 < z < 2; a player might propose a move from (l1,z = 0.2) to (lo,z = 1).
The following example shows that player 1 might not have a robust winning strategy in an
open timed automaton.

together with edge constraints satisfied at the region. This takes O(|S,

Example 4.5. There exists an open timed automaton game T such that for a reachability
objective @, player 1 has a receptive winning strategy for ® from a state s, but does not
have a limit-robust receptive strategy for ® from s.

Consider the open timed automaton game T of Figure The invariants of all the
locations are true everywhere. The objective of player 1 is to reach I2. The set of player-1
actions is {a},al} and the set of player-2 actions is {aJ, a3, a3}. The location I3 and [* are
absorbing locations. Consider the location ['. If z # 1, then player 2 can propose a 0 time
duration move to either I* or [°, and hence prevent player 1 from reaching I2. If z = 1, then
player 1 can propose a 0 time duration move to [2, which a receptive strategy of player 2
must eventually allow. Now consider the location {°. If > 1 then player 2 can propose a 0
time duration move to [3. If < 1, player 1 wins provided that it moves to the location !
exactly when = = 1. Thus, no limit-robust winning strategy exists from any location (other
than trivially from [2). O

4.2. Winning with Bounded Jitter and Response Time. The limit-robust winning
strategies described in subsection 11 did not have a lower bound on the jitter: player 1 could
propose a move ([a, « + €], a1) for arbitrarily small @ and €. In some cases, the controller
may be required to work with a known jitter, and also a finite response time. Intuitively,
the response time is the minimum delay between a discrete action (of either the controller
or the environment) and a discrete action of the controller. The response time models the
delay between a location change in a timed game, and when the controller is allowed to
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Figure 6: An open timed automaton game J with no player-1 limit-robust winning strategy.

take an action based on the location change. We incorporate the response time in timed
automaton games by restricting player 1 strategies. The jitter is modeled by expanding
the set of resulting states to include all the states which lie in a jitter interval around the
proposed player-1 delay.

Strategies compatible for ¢j-jitter ¢,-response bounded-robust winning. Given a
finite response time ¢,, player 2 can always propose pure time moves of duration €,/2. Thus,
if player 1 is restricted to only playing moves of duration longer than &,, player 2 can ensure
that player-1 moves are never chosen (by repeatedly playing pure time moves, and action
moves of duration less than ¢,). To allow for such blocking player 2 pure time moves, we
only restrict player-1 strategies to contain moves that are of duration greater than ¢, from
the last time a non-pure time move was chosen. In case either player proposes moves such
that only time advances, without any discrete action being taken, we adjust the remainder
of the response time.

Let ¢ > 0 and &, > 0 be given bounded jitter and response time (we assume both
are rational). Formally, a strategy m compatible for ej-jitter e,-response bounded-robust
winning of player 1 proposes a move 7 (r[0..k]) = (A, a1) such that if

T[Ok] = S50, <m(1]7 m(2]>7 S1, <m%7 m%>7 <oy Sk
then at least one of the following conditions holds.
e For all 0 < j <k, we have ‘ '
— if blame;(s;,m], m}, sj+1) = TRUE, then m! = (Al L;) for i € {1,2}.
kel x i . 1 if blame;(s;,m], m}, sj11) = TRUE
T Aze- ijo A;(j)’ where g(j) = 2 otherwise. J ]
— {ml +elec0,5]} C Ii(sk).
This corresponds to the case where in the entire run 7[0..%], (a) no discrete actions have
been taken, only simple time moves; (b) player 1 can take a non-pure time move only
after &, time units from the start of the run; and (c) the moves m¥ 4 e must be legal
player-1 moves for all € € [0, ¢j].
e There exists a p with 1 < p < k such that all of the following hold.
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- blamei(sp_l,mlf—l,mg_l,sp) = TRUE, for i € {1,2}, and m!™" = (A" LaP™ 1) with

? z
a? 1 £ 1, (i.e., the state r[p] arises in the run r due to a non pure- -time move).
— For all p < j <k, if blamel(sj,ml,mz,sjﬂ) = TRUE then we have m] = (AJ ;) for
i € {1,2} (i.e., only simple time passage moves are taken after the p — 1-th stage).

CAse zk 1A] where g(j) = 1 if blam.el(sj,m]l,m%,sjﬂ) = TRUE
2 otherwise.
— {m'f +e€ ‘ €E [O,Ej]} - Fl(sk).
This corresponds to the case where in the run r[0..k], (a) the last non-pure move was
taken at r[p — 1]; (b) only simple time passage moves are taken from r[p — 1] till r[k];
(c) player 1 has to wait &, time units after the discrete action at r[p — 1] to propose a
new discrete action at r[k]; and (c) the moves m% + ¢ must be legal player-1 moves for all
€€ [0, € j].
gj-jitter ¢,-response bounded-robust winning. Given a move m; = (A, a;) of player 1
and a move my of player 2, the set of gj-jittered states is given by {djq(s,m1 + €,m2) |
€ € [0,¢]}. Given a player-1 strategy m; compatible for ¢j-jitter e,-response bounded-robust
winning of player 1, and a strategy mo of player 2, the set of possible outcomes in the present
semantics is denoted by Outcomesj.(s,m1,m2). Each run r in Outcomes;,.(s, 71, 7m2) is such
that for all k£ > 0, the state r[k + 1] belongs to the set of ¢j-jittered states arising due to
the moves m1(r[0..k]) and w2 (r[0..k]) of player 1 and player 2 respectively. We denote the
gj-jitter ,-response bounded-robust winning set for player 1 for an objective ® given finite

¢j and ¢, by JRWmTlmeDlvfr TE(D).

The timed automaton T%° for computing JRWinTimeDivr‘lr’ej’e'(CI)). We now show
that JRWinTimeDiv‘g’Ej’E’(®) can be computed by obtaining a timed automaton J%°" from

T such that WinTimeDivf{EJ’sr(@) = JRWinTimeDivflr’ej’E'(CI)). Given a clock constraint ¢ we
make the clocks appearing in ¢ explicit by denoting the constraint as 4,0(7) for 7 =
[€1,...,2,]. Given a real number ¢, we let 90(? + 0) denote the clock constraint ¢’
where ¢’ is obtained from ¢ by syntactically substituting z; + ¢ for every occurrence
of zj in ¢. Let f&% : Constr(C) + Constr(C) be a function defined by f® (o(7)) =
ElimQuant (V5 (0 < 6 < &j — (7 +0))), where ElimQuant is a function that eliminates
quantifiers (this function exists as we are working in the theory of reals with addition,
which admits quantifier elimination). The formula f€(p) ensures that ¢ holds at all the
points in {7 + A | A < £}
We now describe the timed automaton JT%-*r such that

WinTimeDiv] "™ (®) = JRWinTimeDiv, & ().
The automaton has an extra clock z in addition to the clocks of 7.

Locations: Corresponding to each location [ of T with outgoing player-1 edges e%, e
the automaton T has m + 1 locations: [,l.1,...,len. The invariant for [ is the same
as the invariant for [ in J. The invariant for le]f is z S gj for all k.

Actions: The automaton T%>*r has the following actions:

e The set of actions for player 1 is {(1,e) | e is a player-1 edge in T}.
e The set of actions for player 2 is AJU{(az,€) | ag € A3 and e is a player-1 edge in T} U
{(2,€) | e is a player-1 edge in T} (we assume the unions are disjoint).
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Edges: The automaton T%° has the following edges (every edge includes z in the reset
set):
e For (I, as,p,l’,\) a player-2 edge of T, the automaton T°r contains the player-2 edge
(Il,a9, 0, ', \U{z}). ‘
e For every player-1 edge e; = (I,a], p,l’, \) of T, the location [ of T%*r has the outgoing
player-1 edge (I, (1,¢;), f5 (v7(1)) A (2 2 &) A (), Ly AU{2}).
e For (I, az, 2,1, \) a player-2 edge of T and e; a player-1 edge from [, the location le;
of the automaton T has a player-2 edge (l.;, (a2, e;), 2,1, AU {z}).
e For every player-1 edge e; = (I, a{, 1,0, \) of T, the location le; of T also has an
additional outgoing player-2 edge (lc,, (2,¢;), ¢1,1', AU {2}).
The automaton T%°" as described above contains the rational constants e, and ¢;. We can
change the timescale by multiplying every constant by the least common multiple of the
denominators of ¢, and ¢; to get a timed automaton with only integer constants.
The role of the different edges in T¢>* is described below.

e A player-2 edge in T4 labelled with ae such that ay € Ag corresponds to the player-2
edge labelled a9 in 7.

e Player 1 moving from [ to [.; with the edge labelled (1,e;) indicates the desire of player 1
to pick the edge e; from location [ in the game 7. This is possible in T iff the following
conditions hold.

(a) More that e, time has passed since the last discrete action.

(b) The edge e; is enabled for at least j more time units.

(c) The invariant of [ is satisfied for at least £ more time units.

These three requirements are captured by the new guard in T%°", namely (z > &) A

F3(9) A 15 (77(1).

e Consider a location [, in T If the game is at ., then it corresponds to the situation
in 7 where player 1 has picked the edge labelled e; from location [, and it is up to player 2
to allow it or not. The presence of jitter in T causes uncertainty in when exactly the edge
e; is taken. This is modeled in T%° by having the location [.; be controlled entirely by
player 2 for a duration of ¢; time units. Within ¢; time units, player 2 must either:

— propose a move (ag, €;) (corresponding to one of its own moves as in 7T), or,

— allow the action (2,e;) (corresponding to the original player-1 edge e;) to be taken.
Given a parity function Q7 on T, the parity function QT on TEE s given by QI (1) =
QI (Ie;) = Q7(1). In computing the winning set for player 1, we need to modify blame; for
technical reasons. Whenever an action of the form (1, e;) is taken, we blame player 2 (even
though the action is controlled by player 1); and whenever an action of the form (2,¢;) is
taken, we blame player 1 (even though the action is controlled by player 2). Player 2 is
blamed as usual for the actions (ag, ;). This modification is needed because player 1 taking
the edge e; in T is broken down into two stages in T%°. If player 1 were to be blamed for
the edge (1,¢e;), then the following could happen:

(a) player 1 takes the edge (1, e;) in T%°" corresponding to its intention to take the edge e;

in 7, and

(b) player 2 then proposes its own move (az, e;) from [, corresponding to it blocking the

move e; by az in 7.

If the preceding scenario happens infinitely often, player 1 gets blamed infinitely often even

though all it has done is signal its intentions infinitely often, but its actions have not been
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1
2—2:=0
az, T > z c aly>2—2:=0
<a%7eo1>7x>2—>z:20

<17601>7fgj(x<1)/\z>6r—>z:=0 (2,e0), 2 <1 —z:=2:=0

<17610>7f€j (y > 1)/\
z>2e —2:=0

<a%7e1o>7y >2—=32:=0

<17602>7f6j (JZ < 1)/\

ad,x>2—2:-0

<17620>7f€j (‘T: S 1)/\

z>e —z:=0
(2,e20),2 <1 —2:=0 @
(a3, ex0),z>2—2:=0

Figure 7: The timed automaton game T°" obtained from 7.

chosen. Hence player 2 is blamed for the edge (1, ;). If player 2 allows the intended player 1
edge by taking (2, e;), then we must blame player 1. We note that this modification is not
required if &, > 0, as in this case player-1 signalling its moves infinitely often via moves
of the type (1,e;) can only happen if time progresses by ¢, infinitely often, which implies
time divergence. The construction of 7% can be simplified if ¢; = 0 (then we do not need
locations of the form [, ).

Example 4.6 (Construction of T%-°'). An example of the construction is given in Figure [T,
corresponding to the timed automaton of Figure [Il For the automaton T, we have A; =
{a},a3,a3,a]} and Ay = {a},a3,a3}. The invariants of the locations of T are all TRUE.
Since T has at most a single edge from any location I/ to I*, all edges can be denoted as €jk-
The set of player-1 edges is then {egy, €2, €20, €10}. The location [* has been replicated for
ease of drawing in T%°r. The location [3 is also an absorbing location — it only has self-loops
(we omit these self loops in the figures for simplicity). Observe that fi(z <1) = 2 < 1—¢j
and fo(y>1) =y > 1. ]

Given a set of states S of T¢i e let JStates(g ) denote the projection of states to T, de-
fined formally by JStates(S) = {(I,x) | I is a location of T and (I,%) € S such that r(z) =
k(z) for all € C}, where C is the set of clocks of T. The next theorem states that the
timed automaton game T can be used to compute the winning states in T from which
player 1 has an ¢j-jitter e,-response bounded-robust winning strategy. The proof of correct-
ness of the construction follows from the arguments given in the description of T,
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Theorem 4.7. Let T be a timed automaton game, £, > 0 the response time of player 1, and
gj > 0 the jitter of player 1 actions such that both e, and €j are rational constants. Then,
for any w-regular location objective Parity(Q7) of T, we have

JStates <[[z =0] N WinTimeDiv‘{Ej'“(Parity(QTEj'E'))) — JRWinTimeDiv] " (Parity(Q7)),

where JRWinTimeDiv‘lr’sj’er(CD) 1s the winning set in the jitter-response semantics, T¢" is
the timed automaton with the parity function QT described above,and [z = 0] is the set
of states of T with k(z) = 0. O
Theorem 4.8. Let T be a timed automaton game, £, > 0 the response time of player 1, and
gj = 0 the jitter of player 1 actions such that both e, and €; are rational constants. Then,
for any w-regular location objective Parity(Q7) of T, the winning set

JRWinTimeDiv‘lj’Ej’Er (Parity (Q7))

can be computed in time
2

T,ei,er,82 2 T,ei,er,82 d%"‘%
0 <<‘SR7ng7 ; ‘ : "ICOnstr’ )) + ‘Alf . ‘A2’ . (8. ’SR;:; " ’> >

T,ej,€r,82
Reg

T,ej,6r,82
Sreg " | = [Skegl 128 - (IC] +1) - (IC +2) - d - (| As| +1)-

where S, is the set of regions of T with

-max (num(g;), num(e,)) - (lem(denom(e,), denom(e;))) Clt

in which

° Sgeg is the set of regions of T;

e lcm() is the least common multiple function, denom() and num() are the denominator and
numerator functions respectively;

o |Tconstr| is the length of the clock constraints in T.

Proof. Let the timed automaton game T have |L| locations and |A;| player-i edges for
i € {1,2}. The automaton T has |L| - (1 + |A1]) locations, (|Ai|+ |Az2| + |A1] - |A2|)
player-2 edges, and |A;| player-1 edges. Given rational constants ¢; and ¢y, all the constants
in the system need to be multiplied by the least common multiple of the denominators of
g; and g,. The timed parity game T°" can hence be solved in time

_ af2 3
O (!Al\ | A - (8 . Sigg’a““) 5 2>

For every player-1 edge e¢; = (I,af, p,l’,\) we need to obtain f€i .
This takes time O(|¢|?) (see [BPR0O3]). We observe that feilcm({denom(s:).denom(s)}) () can-
not have any constants other than those in ¢, and &,&, (this can be seen by putting ¢ in
a disjunctive normal form and applying a Fourier-Motzkin like quantifier elimination pro-
cedure [Sch&6]). Thus, building a list of regions of T¢°r with valid invariants together with

edge constraints satisfied at the regions takes time O(]Sgg’e“ﬂ\ | Tconstr ) O]

-lecm({denom(e(),denom(g;)})
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Figure 8: General timeline of a run in the game of Fig. [l (decreasing sequence of timegaps
al).

Example 4.9 (Differences between various winning modes). Consider the timed automaton
T in Fig.[[l Let the objective of player 1 be O(—I3), i.e., to avoid [3. The relevant part of the
automaton for this example is the cycle 19,1'. The only way to avoid I3 in a time divergent
run is to cycle in between [° and (! infinitely often. In additional player 1 may choose to
also cycle in between [° and [, but that does not help (or harm) it. In our analysis, we
omit such 19,12 cycles, noting that our receptive formulation correctly allows any number
of 19,12 cycles. We present an intuitive explanation here, a detailed analysis can be found
in the appendix. ' '

Let the game start from the location [°. In a run r, let t and t} be the times when the
a}l transition and the a? transitions respectively are taken for the j-th time. The timeline
is depicted in Figure 8 The guards z < 1 on a} and y > 1 on a? ensure that the distance
between the j + 1-th a} transition, and the j-th a? transition keeps on strictly decreasing
with increasing j. To see this, observe that tjl+1 — ] < 1 because of the guard z < 1, and
t —tj2_1 > 1 because of the guard y > 1. Rearranging, we get t]1+1 —t, <t] —té_l. Consider
the time gap sequence o/ 1 = t]1+1 — ), i.e., the sequence of time gaps between the j + 1-th
al transition, and the j-th a? transition. For any e-jitter strategy of player 1 with e > 0, this
sequence must decrease by more than e for each step, which clearly cannot happen infinitely
often since o/ must be positive for all j, as the j 4+ 1-th a% transition must always happen
after the j-th a? transition. Thus, player 1 has no e-jitter bounded-robust winning strategy
from [°. Player 1 does however have a limit-robust strategy, as a limit-robust strategy can
be such that the time gap sequence o/ decreases, but by a smaller and smaller amount at
each step, ensuring that o stays positive for all j. This shows that e-jitter bounded-robust
winning strategies for € > 0 are strictly less powerful than limit-robust strategies.

To see that limit-robust strategies are strictly less powerful than general receptive strate-
gies, observe that player 1 does not have a winning limit-robust strategy from (I°, 2z = y = 1)
as it would have to take the first a} transition immediately. It can be shown that there
exists a winning player-1 receptive strategy from (I°,z =y = 1). ]

The following theorem follows from the fact that bounded-robust winning strategies
are no more powerful than limit-robust strategies, which are in turn no more powerful than
general receptive strategies. The strictness of the inclusions can be observed in Example

Theorem 4.10. Let T be a timed automaton and ® an objective. For all ;> 0 and e, > 0,
we have JRWinTimeDiv{""(®) C RobWinTimeDiv;(®) C WinTimeDiv(®). All the subset
inclusions are strict in general. ]
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Sampling semantics. Instead of having a response time for actions of player 1, we can
have a model where player 1 is only able to take actions in an ¢; interval around sampling
times, with a given time period esample. A timed automaton can be constructed along similar
lines to that of T¢"*r to obtain the winning set.
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5. APPENDIX

5.1. Proofs of Section 2l Proof of Lemma

Proof. Consider a run 7 of T We show that the maximum index visited infinitely often
is even iff the run 7 satisfies ((O< tick — Parity(Q)) A (-0 tick — SO-bly))

= Suppose the run 7 satisfies ((O< tick — Parity(2)) A (=0 tick — ©O-bly)) We show
the maximum index visited infinitely often is even. The following cases can arise.

(a) The run 7 satisfies -0 tick and $O-bly, i.e., 7[j] has tick = bly = false for all
j > n for some n. In this case the parity seen infinitely often is 0 (even).

(b) The run 7 satisfies O< tick and also belongs to Parity(£2). The component p of the
state in T remembers the maximum € index seen since the state following the
last occurrence of tick = TRUE. That is, in a run 7, if 7[j] has tick = TRUE, and
Tlj +1],...7[j + m] all have tick = FALSE (except possibly for 7[j + m]), then for
j+ 1<k <j+m the value of p in 7[k] is equal to max{Q(7[i]) | j +1 < i < k}.
Since tick is true infinitely often, the maximum Q' index seen infinitely often is
m + 2 where m is the maximum §2 index seen infinitely often in 7. Since 7 belongs
to Parity(Q2), m is even. Thus the parity seen infinitely often is m + 2 (even).

< Suppose the run 7 does not satisfy ((O< tick — Parity(2)) A (-0 tick — ©O-bly)).

We show the maximum index visited infinitely often is odd. The following cases can

arise.

(a) The run 7 satisfies -O< tick and O bly. In this case tick = false for all j > n for
some n; and bl; = TRUE infinitely often. Thus, the maximum index seen infinitely
often is 1.

(b) The run 7 satisfies O tick and also belongs to Parity(€2). As above, the maximum
Q' index seen infinitely often in 7 is m 4 2 where m is the maximum € index seen
infinitely often in 7. Since 7 does not belong to Parity(£2), m is odd. Thus the parity
seen infinitely often is m + 2 (odd). O

Proof of Lemma [2.7]
=~ntd
Proof. Consider the p-calculus formula ¢ for describing the winning set Win‘lIQ (Parity (Q')).

The formula contains the CPre; operator. The set CPre;(Z) remains unchanged (for Z a
union of regions of ‘j’md) if player 1 is restricted to use only memoryless strategies. Suppose
5 € CPrey(Z), and let m$ be the winning move of player 1 from § such that no matter
what player 2 does, the next state lies in Z. Let Ry = Reg(6(5,m%)), and let the available

moves of player 2 from 5 be to regions 1%, - ,R\g We have that from any state in Reg(s),
player 1 has a move to R, and that player 2 can only take moves to Ri,..., R?. From

Lemma [3.1] it then follows that if player 1 proposes a move to R; from any state in Reg(s),
then no matter what player 2 does, the resulting state will lie in Z. Thus, memoryless
region strategies suffice as winning strategies. Moreover, again from Lemma Bl any move
of player 1 to the region Riisa winning move. Thus, we have that there is a memoryless
region winning strategy m from winning states, and that any strategy region equivalent to
m1 is also a winning strategy. L]
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Proof of Proposition 2.8l

Proof. Intuitively, in the structure T, we want player 1 to be able to infer the values corre-
sponding to 3, tick, bl1,p. If player 1 can do this, then it can maintain the structure g
in memory, and thus it can use a winning memoryless strategy of g (by Lemma [27]
memoryless strategies suffice in ‘/J\'Qtd). This strategy will then be move-independent. The
values of 3 and tick can be inferred from the value of the global clock z. And given a
state r[k] in a run r, and a move (Aq,a;) of player 1, the bl; component will be true iff
(time(r[k + 1]) — time(r[k])) = A1 and 6(r[k], (A1,a1)) = r[k + 1]. The value of the compo-
nent p can be inferred from the parity values of 2, and the values of tick, bl;. ]

Proof of Lemma

Proof. Consider the CPre; operator in the p-calculus formula for describing the winning
td

set Win‘lIQ (Parity(Q2')). The set CPre;(Z) remains unchanged (for Z a union of regions
of {]\’Qtd) if player 2 is restricted to playing only move-independent region strategies. This
is because from it can be shown from Lemma [B.1] that from any state s, the ability of
player 2 to prevent player 1 from reaching Z in the next step depends only on Reg(s), the
regions in Z, and the current move of player 1. Moreover, if player 2 can prevent player 1
from reaching Z from s for all player 1 moves, then there is a unique region R* such that

N

! S

for all 3" € Reg(5s), against any player 1 move mfl, player 2 has a counter-move m; T
~~td =~/ 5 ~ ~/ s/ —~
with 67 (’s”,mé ™) € R* such that the move mg "™ prevents the player-1 move mj
from reaching Z. Thus, move-independent region strategies of player 2 suffice as spoiling

strategies. L]

5.2. Proofs of Section 3l We start with the statement of a classical result of [AD94] that
the region equivalence relation induces a time abstract bisimulation on the regions.

Lemma 5.1 ([AD94]). Let Y,Y’ be regions in the timed game structure T. Suppose player i
has a move from sy € Y to s} € Y', fori € {1,2}. Then, for any s2 € Y, player i has a
move from sy to some sh € Y'. ]

Proof of Lemma B.11

Proof. From Lemma[5.1] if player ¢ has a move from some s1 € Y to s§ € Y/, for i € {1,2}.
Then, for any se € Y, player ¢ has a move from sy to some s, € Y.
Consider the case when Y{ # Yj. The proof follows from the fact that each region has
a unique first time-successor region. Thus, if Y] is “closer” to Y than Y3, then the move of
player 1 wins, otherwise, the move of player 2 wins. A region R’ is a first time-successor of
R # R’ if for all states s € R, there exists A > 0 such that s + A € R’ and for all A’ < A,
we have s + A’ € RU R'. The time-successor of (I, h, P(C)) is (I, ', P'(C)) when
e h ="n,PC) = (C_1,Cy # 0,C1,...,Cy), and P'(C) = (C_1,C) = 0,C1,....C 1)
where C/ = C;_1, and h(z) < ¢, for every z € Cy.
e h = N, P(C) = (C_1,Cy # @,Cl,...,Cn>, and P/(C) = <Cl_1 =C U Co,Cé =
0,Cy,...,Cp), and h(z) > ¢, for every x € C.
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h = hla P(C) = <C—17OO 7& (DaCl,--- 7Cn>7 and P/(C) = <C,—170(/) = ®7 C{)'--v 1/’L+1>

where C] = C;j_; for i > 2, h(z) < ¢, for every z € C] C Cy, and h(z) > ¢, for every

T € C()\Ci, and C/—l =C_1UCCy \ Ci

e P(C)=(C_1,Cy =0,C1,...,C), P'(C) = (C_1,C} = Cp,Ch,...,Ch_q), and W (x) =
h(z) +1 < ¢, for every x € Cy,, and h'(z) = h(x) otherwise.

P(C) = <O—17 Co = (Da Cy,. .. 7On>7 P/(C) = <Ol_1 = C_1UCy,Cy, Oy, ..., Cn—1>7 and

B (x) = h(x) = ¢, for every x € Cy,, and h'(z) = h(z) otherwise.

P(C)=(C_1,Co=0,C4,...,Cy), P(C) =(C"y =C_1UC,\C|, Cy,Ch, ... ,Cpq), and

B (z) = h(z) +1 < ¢, for every xz € C C Cy, h'(z) = h(x) = ¢, for every x € C,, \ Cf,

and h'(z) = h(z) otherwise.

In case Y{ = Y7, then player 2 can pick the same time to elapse as player 1, and ensure that

the conditions of the lemma hold. ]

Completion of proof of Lemma

Proof. (Continued).
We constructed the 3-region strategy 7] from 71, and we claimed 7] was a winning strategy.
We were proving it by contradiction. We assumed a spoiling strategy w5 for n7, and we
constructed a player-2 strategy mo that we claimed was spoiling for m;. We were showing
by induction that there exists a run 73 € Outcomes(s, 7, m2) such that r3[k] = 75[k] for all
k > 0 (75 was the run used in defining 7o, and is such that 75 € Outcomes(s, 7}, 73) and
75 ¢ TimeDiv3Bly (Parity(€2))). We present the details of the induction proof. The proof of
the above claim is by induction on k. For k = 0 the claim is trivially true. Suppose the
claim is true for all j < k. Thus, we have a run 73 such that 73[j] = 73[j] for all j < k.
We show that the run 73[0..k] can be extended to 73[0..k + 1] according to 71, w9 such that
r3[k + 1] = 73[k + 1]. We have the following cases:
(1) The following hold.

o m1(73[0..k]) = (A, a1), and

o a1 = L,. R

Since 71 is a memoryless strategy of ‘J'gld, we have m(73[0..k]) = (A, Ls). Sup-

pose 73(75[0..k]) has the form (Ag,ag). By definition of 7y, we have ma(73[0..k]) =

75(73]0..k]) = 75 (r3[0..k]) = (A2, a) (73 is a memoryless strategy). Hence, we have

Pk + 1] = 6780 (73], (Ao, a2)) = 670 R[], (Ao, 02) = Talk + 1]
(2) The following hold.

o m(73[0.k]) = (A, ay),

e a; # 1,, and

~qtd
e Succry  (73]k], A) = TRUE
Since m; is a memoryless strategy, we have m(73[0..k]) = (A,a;). Combining this
~otd
with SuccrgQ (r3[k], A) = TRUE, yields 7} (75[0..k]) = m(75[0..k]) = (A,a1). Let
75 (73[0..k]) = (Ag,a2). By definition of mp, we have ma(r3[0..k]) = m5(r3[0..k]) =
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75 (73[0..k]) = (Ag, a2) (75 is a memoryless strategy). Thus,

S (P lk], m (P[0 ), o (Fo[0.-K])) = G (FafI], (A, an), (Ao, a2))

= 05" (F5[K]. (A, a), (Aa, a2)
~otd

— T (R3], e (F3[0.K]), w3 (3 10-.RD).

Hence 73[0..k] can be extended to 73[0..k 4 1] according to 71, mo such that 73[0..k+1] =
~

73[0..k + 1].

The following hold.

o mi(T3[0.k]) = (A, a1), a1 # L,

~otd
o Sucerd” (Fy[k], A) = FALSE,

o 7} (3[0..k]) = (A, L;), and

o 75(73[0..k]) = (A*,a}) with A* < A,

We have mo(73[0..k]) = 75 (73[0..k]) = (A*,a}). Since A’ < A (by definition of 77), we
have A* < A, hence

Fotd ~qotd

Fall 4+ 1] € 0 (lk]. (A, 1), (A" az)) = {60 (Fafh]. (A", )}
Since 7], m5 are memoryless, we have
1 (F3(0..k]) = 77 (73[0..k]) = (A, Ly)
m3(73[0..k]) = w3 (73[0..k]) = (A%, az).
Thus, 75k + 1] belongs to

§§thld e / * ?Qtd fons * ?Qtd o *

5jd (T3[k]7 <A 7-L1>7 <A 7a2>) = {5 sl (T3[k]7 <A ,CL2>)} = {5 sl (T3[k]7 <A 7a2>)}’
The following hold.

L] 7'('1(?3[05)]) = (A,a1>,a1 75 _L*,

~nt
o Succr]” (73[k], A) = FALSE,
o 7} (13[0..k]) = (A', L;), and
o 15(73[0..k]) = (A*,a}) with A* > A,
We have ma(73[0..k]) = (A, L3) by definition. Since A" < A(by definition of #7), we

have
2otd

?3[]€ + 1] S 5;3bl (?3[]€], <A, CL1>, <A/, _L2>) = {5§§btld (?3[/?], <A/, _L2>)}.

Also, since 7] and 75 are memoryless, we have

~otd

Q
Filk + 1] € 65" (F3[k], (A, L1), (A%, as))
~otd
= {6%n (F5[K], (A, L1)}
?Qtd .
= {07 (P3[k], (A, L))}
Thus, r3[k+ 1] and 75 [k + 1] are the same except for perhaps the 3bl; component. Since

~otd
Succr;rQ (r3]k], A’) = FALSE (by definition of 77), we must have 3bl; = FALSE in both
r3[k + 1] and 75[k + 1]. Hence 73[k + 1] = 5[k + 1].
The following hold.
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[ ] 7I'1(7‘3A ]) (A a1> al 75 J_*,

e Sucerd” (?3[ ], A) = FALSE,

. WT(T:&[O k) = (A, L),

. 7r§(r3[0 k]) = (A*,a}) with A* = A/

o T8 (F31H], w3 F510.) = 730k + 1], and

o S0 (F[K), 73 (75 0.K)) £ Rk + 1]

We have my(73[0..k]) = m3(73[0..k]) = (A*,a3) by definition. Also 77 (73[0..k]) =

i (73[0..k]) = (A', 11); and 73(75[0..k]) = 77’5(?3[95]) = (A*,a3) since 77 and 7
1

Q
are both memoryless. Now, 7r3[k + 1] belongs to 5;3“ (73[k], m1(73[0..k]), w2 (73[0..K])),

and

57{1%1 (Fs[k], m1 (73[0..k]), ma (F3[0..K])) = 523“ <?3[/c]7 (A, a1), (A%, a3))

= (70 (Falk). (A", 03)))

= (70 (31K, (A", a3))}
= {r3lk + 1]}

Thus, we have 73[k + 1] = 5[k + 1].

The following hold.

o ﬂl(?g[O k‘]) (A a1),a1 # Ly,

o Succr3 (?3[ ], A) = FALSE,

o i (73[0..k]) = (A, L),

o 71’5(?3[0 k]) = (A*, a3) with A* = A’; and

o 5T (7[R, 7 (F3[0.K])) = 73Tk + 1)

We have ma(73]0. fﬁ]) (A*, Lo) by definition. Also 7 (75[0..k]) = =7 (r3[0..k]) =

(A, 11); and 73(

73(0..k]) = 73(73[0..k]) = (A*,a3) since 7} and 75 are both memo-
ryless. Then, 75k + 1

sotd
| e 5;3171 (r3[k], m1(73]0..k]), m2(73[0..k])) and
- ~qtd

5. (rak], 1 (73]0..k]), mo (73[0..K])) = 5?3“ (?g[k], (A ar), (A%, L9))

= (70 (Ralh], (A", L2))}
= (70 (F3[H] (A7, L))
since SuccrgQtd (T3k],A) = SuccrgQtd (T3]k], A) = FALSE, and A’ = A* and

~otd
SuccrgQ (75[k], A’) = TRUE.
We have |,

Fylle + 1] = 6750 (F3[R], (A", L1)) = 67 (FS[K], (&, L1))
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and
?Qtd Sk * §§Z;ld P * [k * [k
67 (r3k], (A%, L1)) € 6,4 (r3[k], 71 (75]0..k]), w3 (73(0..K]))
Fotd

= 5Jd3“ (F3[K], (A", L1), (A", a3))
td
= 5 T (A [k]v <A,7 J-1>7 <A*7 a§>)
> r3[k + 1]
Thus, the run 73[0..k] can be extended such that r3[k + 1] = 5[k + 1].

Thus, in all cases, we have that 73[0..k] can be extended to 73[0..k + 1] according to
71, T2 such that 73[0..k + 1] = 75[0..k + 1]. Hence, we have 73 € Outcomes(s, m1,m2) and
73 ¢ TimeDiv3Bl; (Parity(2)) as 75 ¢ TimeDiv3Bl;(Parity(€2)), a contradiction since m; was
assumed to be a winning strategy. Hence, we cannot have the existence of the strategy 75
from which 73 and my were derived, i.e., 7] is a winning strategy for player 1 from 5. L]

Completion of proof of Lemma [3.7

Proof. (Continued).

We continue to show that if 5§ € CPre; 3(Z), then s € CPre;(Z). Suppose 5 € CPre; 3(2).
We can have the following cases.

(1) {0(5,(A,a2)) | (A,a2) € T'2(S) and Succrs(s, A) = TRUE} C Z.
Consider the cardinality of the set B = {Reg(d(5, (A, L2)) | (A, Lo) € T'5(5))}.
e If |B| < 3 then we have

(665, (A, a2)) | (A, az) € Ta(3) and Succrs(5,A) = TRUE}
={5(5, (A, a2)) | (A, a2) € I'y(5)}.

Hence 5 € CPre;(Z) in this case (when |B| < 3).

e Suppose |B| > 3. Then, there exists A such that (A, as) € I's(5) (and hence (A, L;) €
I'1(3)) with [{Reg(s+ A") | A’ < A}| = 3.
Consider the player-1 move (A, 11). Since (A, ag) € T'2(8), we must have (A, L) €
I'5(5). By assumption, we have

0(5,(A, La)) € Z

(the assumption being {5(/3\, (A, a2)) ‘ éﬁég@}; §(_) Ta;lSE } C 2).
Since A is such that Succra (S, A) = FALSE, we have 0(5, (A, L2)) = 4(5, (A, L)) (the
3bl; component is false in both cases). Hence, §(5, (A, L)) € Z. Also, since
*x {0(5, (A" ag)) | (A, az) € T'y(8) and Succr3(§,A ) = TRUE} C Z and
* [{Reg(s+A") |A"< A} =3
we have
{6(3,(A"ag)) | A" < A, and (A’ ag) € T9(3)} C Z.
Hence 5 € CPre;(Z) in this case by the second condition of CPre;(Z) (the winning
move of player 1 being (A, 11)).
(2) There exists (A, a1) € I'1(5) with a; # L, such that
(a) 4(5,(A,a1)) € Z, and
(b) {4(5, (A" ag)) | A" < A, Succrs(s,A’) = TRUE, and (A’ as) € I'y(5)} C Z.
Consider the cardinality of the set D = {Reg(s+ A’) | A’ < A}.
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o If |[D| < 3 then
{6(5,(A")az)) | A" < A, Succr3(s, A’) = TRUE, and (A, ag) € T'y(3)}
={6(5, (A", as)) | A" < A, and (A’ az) € T2(3)}.

Hence s € CPre;(Z) in this case (when |D| < 3) by the second condition of CPre; (7).
e Suppose |D| > 3. Since (A, a1) € T'1(8), we must have that there exists A’ < A such

that (A, L1) € T'1(S) and [{Reg(s+ A”) | A” < A’} =3.

Consider the player-1 move (A’ 11). As (A,a;) € T'1(5), we must have (A’ 15) €

I'y(5). Also, since

{6(3,(A" Jag)) | A” < A, Succr3(5,A”) = TRUE, and (A" ay) € T2(3)} C Z,

we must have §(s, (A’, L)) € Z. Since A’ is such that Succray(s,A) = FALSE, we

have (s, (A, L3)) = 6(8, (A, L1)) (the bl component is false in both cases). Hence

3(8, (A, 11)) € Z. Also, since

* {0(5, (A" ag)) | A” < A, (A", ag) € T's(5) and Succrs(s,A”) = TRUE} C Z and

* [{Reg(s + A") | A" < A} =3,

we have

{6(5, (A" ag)) | A" < A’ and (A" as) € T2(3)} C Z.
Hence s € CPrei(Z) in this case by the second condition of CPre;(Z) (the winning
move of player 1 being (A, 11)).

Thus, in all cases s € CPre;(Z) whenever 5 € CPre; 3(7). U]
Proof of Lemma B.111
Proof. Recall that by Equation B.Jlmentioned in Theorem B.10] given X = X7 x {1} U X5 x
{2} C Sf, we have

RegStates (Pre‘lyf (Pref‘{f (X))) = RegStates (Pref‘{f (Pre‘lyf (X1 % {1})>>

Similarly for the structure 7", given X* = Xi o x{la} U X7 x{l.} U X5 x {2} C ST
we have
RegStates (Pregf* (Pregf* (Pre‘ljf*(X*)») = RegStates (Pre‘ljf* (Pregf* (Pregf* (Xf))))
(5.1)

Thus, it suffices to show that if X7 x {1} € S and X} x {1,} C ST* are such that
RegStates(X; x {1}) = RegStates(X{ x {1}), then

RegStates (Pref‘{f (Prer‘{f(Xl X {1}))) = RegStates(Pref{f* <Prer‘1rf* (Prer‘lrf*(Xfa X {1a})>)) .
Note that RegStates(X1 x {1}) = RegStates(X{ x{1}) implies X; = Xj C §Reg, where
§Reg is the set of regions of ﬁ\'%:ld.
(=) For
sf = (R,1) € Prel’ (Pref{f (X3 x {1}))
we show

s/ = (R, 1,) € Prel” (Prer‘lrf* <Pref{f* (X3, x {1a})>> .

Let player 1 choose to go to <§, J,a1,2) from sf. We can have have two cases:
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— aq :J_*.

If this is the move of player 1 for demonstrating that s/ € PreTf (Prejf (X1 % {1}))

it means that every player-2 move from (R, j, a, 2) goes to X7 x {1}. For this to
happen, we must have that in the game structure ‘J'gbl , for every state 5 € R for
~ntd

every player-2 move (A, az) such that Succrg?“ (5,A) = TRUE and (A, ag) € T'5(38),
we have 6(3, (A, as)) € R’ with (R’,1) € X; x {1}.

Consider s/ = <§, 1,) in ST, Let player 1 choose to go to sf; = (ﬁ, 2). Because
of the restriction of player-2 moves from R proved above (that every player-2 move
within two successor regions must lead to a state such that the region corresponds
to a region in X7 and hence in X7 ), we must have that in TF* every player-2 edge
from s/ leads to a state (R’,19™) such that R’ € X; = Xi . Let X7 = Xi.
We now have that every player 2 edge from Sf; leads to a state in X7 x {1dum1,
The next state in the game will obviously be in Xy x {1,} = X{ x {1,}. Thus,

= (R,1,) € Pre‘lﬂ* (Pregf* <Pre7f (X3, x {1a}))> if the first move of player 1

corresponds to L.

al 75 Ly

This case can have two subcases according to the available move for player 2.

— This subcase corresponds to the case where player 2 does not “allow” the player-1

. . . &F0td ~
move in a corresponding stage in U?,:l . We must have fact 1: that for every s €
sotd

R, for every player-2 move (A, a2> such that (A, ag) € Fgw (5) and |{Regs+ A’ |
A" < A} < j+1, we have that 575 ( 5,(A,a2)) € R’ such that Reg(R') € X1.
— This subcase corresponds to the case where player 2 “allows” the player-1 move.

We must have fact 2: that for every 5 € R, there exists a player-1 move (A, ay)
A otd

such that (A, a1) € Ty T5hi (5) and [{Regs+ A’ | A’ < A}| = j + 1, we have that
575 (3,(A,a1)) € R’ such that Reg(R') € X;.
Let X{ = X1 = X7 . Consider sI™ = (R,1,) in S/*. Let player 1 choose to go
0 (ﬁ, J,2). we show player 1 can ensure going to X{ x {l1,} with this choice.

Player 2 can do two things from <§, 7, 2).
e Player 2 decides to “not allow” the player-1 move in a corresponding stage in

5?;{1 This corresponds to player 2 taking an edge to a state (ﬁ’ 1d“m> in ‘J'f :

from s/* which can happen if for every § € R there exists a player-2 move (A, a2>
A td

such that (A, ag) € T Yo (5) and [{Regs+ A’ | A’ < A} < j+1. By fact 1, we
must have that for every such (A, as), we must have §7 & (5,(A,az)) € R’ such
that Reg(ﬁ’ ) € X3. Hence, every “not allow” player-2 edge in ‘J'{z* from s/ leads
a state in X7 x {19™}  the next state from which will lie in X7 x {14}.

e Player 2 decides to “allow” the player-1 move in a corresponding stage in %gld.
This corresponds to player 2 taking the edge from s/~ in ‘J'{l* to the state <§, g, 1e).

From (ﬁ, J, 1.}, because of fact 2, player 1 can pick the edge corresponding to
the action a; which will lead it to a state in Xy x {1} = X7, x {14}
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Thus, if a1 # L, playerl has a strategy to go from sI™ to X7, x{1,} in three steps.
sI" = (R,1,) € Prer‘lrf* (Prer‘lrf* (Pref{f* (X7, x {1a}))>
Hence in both cases, we have that

s = (R, 1,) € Pre]” (Prer‘lrf* <Pref{f* (X3, x {1a})>> .
(<) For

~

P (R,1,) € Pregf* (Pregf* (Pre‘lﬂ* (Xfa X {1a})>>
we show R
st =(R,1) € Pre‘lyf <Pre‘17f (X1 % {1})) .

The following cases arise depending on the move of player 1 from s/~ which witnesses

s/ e Pregf* (Prer‘lrf* (Prer‘lrf* (X3, {1a}))) .

e Player 1 moves to (R,2) (this corresponds to a move a; = L, in 7).
This means that every player 2 move from (R, 2) goes to X§ x{14}. Since X7 = Xy,
we have (R,1) € Pre{f(Prer‘lrf(Xl x {1})) if the first move of player 1 from s/
corresponds to L.
e Player 1 moves to (ﬁ, J»2). This case has two subcases.
— Suppose we have fact 3: every player 2 move from <§, J,2) to (ﬁ’, 1S“m> is such
that R’ € X7..
Consider the situation in T/ where player 1 moves to some (ﬁ, j,a1,2) with a; #
1, and player 2 takes an edge corresponding to it not allowing player 1 in 7.
Because of fact 3, all such edges must go to X; x {1}, no matter the action ay.
— Suppose we have fact 4: every player 2 move from (ﬁ,j, 2) to <§,j, 1) is such
that (R,j,1.) € Pregf*(Xfa x {14}). This means that in 7T, from any state in
ﬁ, if player 1 is allowed to let time elapse to get to the j-th successor from ﬁ,
then it can take a discrete action a; such that the resultant state will be in some
region in Xy = X7 . Thus, there must exist a player-1 action a; such that from
the state (ﬁ, j,a1,2) in Tf, all player-2 edges, which correspond to it allowing a
move in T, end up in X7 x {1}.
Because of the two above subcases, if the witness for

s e Prel’” (Prerirf* <Preilrf* (X7, x {1a})))

in the structure 77" is a move to <§, J,2), then in the structure T/, there exists a
move of player 1 to a state (R, j,ay,2) such that (R, j,a;,2) € Pre‘lﬁ (X1 x {1}).
Thus in both cases of player-1 winning moves in 77" from sf*, we have the existence of
a player-1 move from s/ which witnesses that s/ = (R, 1) € Pre{f (Pref‘lrf (X1 % {1}))

[
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5.3. Proofs of Section @l Completion of analysis of Example

Ezample [{.9 (continued). Let the game start from the location I°. In a run r, let t]i
and té be the times when the al-th transition and the a?-th transitions respectively are
taken for the j-th time. The constraints are t{ — t{_l <1 and té — t%_l > 1. If the game
cycles infinitely often in between [ and I' we must also have that for all j > 0, t{“ >

té > 1. Conversely, we also have that if this condition holds then we can construct an
infinite time divergent cycle of 1901 for some suitable initial clock values. Observe that
=19+ (th =)+ (2 —tH) + -+ (] —#71) for i € {1,2}. We need

m
A (AR L I Z {(t{ — T — (] - tg—l)} + (1Y — t9) > 0 for all m > 0.
j=1

Rearranging, we get the requirement

m
. - . -
S{E-8) - -4 <@ -+ @ - 1),
j=1
Consider the initial state (I, 2 = y = 0). Let t = 1,¢] = 1.1,t{ — t{_l = 1,t% — t%_l =
1+10-U+YD, We have

-1 -1 — - m m
> {(t;—t; ) — (] -t )} <> 107U =10 2*@ < 1-0.1 = (7 )+ (£9-19).
j=1 j=1 ‘

Thus, we have an infinite time divergent trace with the given values. Hence (I°,z =
y = 0) € WinTimeDiv](O(—l%)). It can also be similarly seen that (1,2 = y = 1) €
WinTimeDivy (O(=13)) (taking t? = 0 and tJ = 0.1). We also have (1,2 = y = 1) ¢
RobWinTimeDiv; (O(—I3)) as player 1 would have to take the first ai transition immediately
from this state.
We now show (I°, 2 = y = 0) € RobWinTimeDiv (0(—?)). Consider
9 €[0.9,1,# —t " e [1 — 1070+ q]
t9 €[1.05,1.1]
-t € 140.5%1070+Y 141070+,
We have
S {B-6 - -} <> 1070 — (100
j=1 j=1
<2y 1070
j=1

=2%x1072 % —

1
0.9
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We also have (¢77! —#7) 4+ (t9 —t9) > 1 —10~("*+2) 4 (0.9 — 1.1) > 0.7. Thus, we have
s . o . . 1
Z{(t;—t; - -+ 1)} <2*10—2*®
i=1 '
< 0.7
< (#7670 + (1] — ).

This shows that we can construct an infinite cycle in between [° and {! for all the values in
our chosen intervals, and hence that (I°,z = y = 0) € RobWinTimeDivy(O(=I?)).

We next show that (1°,x = y = 0) ¢ JRWinTimeDivy"" (0(=l?)) for any ; > 0. Observe
that for any objective ®, we have JRWinTimeDivy"™ (®) C JRWinTimeDiv?’O(@). Let gj =€
and let e, = 0. Consider any player-1 strategy w1, for e-jitter O-response time bounded-
robust winning, that makes the game cycle in between [° and I!. Player 2 then has a
strategy which “jitters” the player-1 moves by e. Thus, the player-1 strategy m; can only
propose a} moves with the value of = being less than or equal to 1 — ¢ (else the jitter would
make the move invalid). Thus, player 2 can ensure that ] — t{_l < 1 —¢€ for all 5 for
some run (since z has the value t] — tjl_l when a} is taken for the j-th time for j > 0).
We then have that for any player-1 strategy that is a candidate for e-jitter O-response time
bounded-robust winning, player 2 has a strategy such that for some resulting run, we have
t]—t]' <l—eandt)— "' > 1. Thus, 37", {(tﬂ2 — T = (] - t{‘l)} > m * €, which
can be made arbitrarily large for a sufficiently large m for any ¢ and hence greater than
P — )+ (89 —13) < 1+ (19 — 19) for any initial values of ¢} and ¢J. This violates the
requirement for an infinite [°,1* cycle. Thus, (I, 2 = y = 0) ¢ JRWinTimeDivi’O(D(ﬂl?’))
for any € > 0. L]
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