Logical Methods in Computer Science
Vol. 4 (2:1) 2008, pp. 1-29 Submitted Jan. 2, 2007
www.Imcs-online.org Published  Apr. 08, 2008

NORMALIZATION OF IZF WITH REPLACEMENT
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ABSTRACT. IZF is a well investigated impredicative constructive version of Zermelo-Fraen-
kel set theory. Using set terms, we axiomatize IZF with Replacement, which we call
IZF r, along with its intensional counterpart IZF . We define a typed lambda calculus A7
corresponding to proofs in IZF, according to the Curry-Howard isomorphism principle.
Using realizability for IZF, we show weak normalization of A\Z. We use normalization
to prove the disjunction, numerical existence and term existence properties. An inner
extensional model is used to show these properties, along with the set existence property,
for full, extensional I1ZF g.

1. INTRODUCTION

Four salient properties of constructive set theories are:

Numerical Existence Property (NEP): From a proof of a statement “there exists a natural
number x such that ...” a witness n € N can be extracted.

Disjunction Property (DP): If ¢ V ¢ is provable, then either ¢ or 1 is provable.

Term Existence Property (TEP): If 3x. ¢(x) is provable, then ¢(t) is provable for some
term ¢.

Set Existence Property (SEP): If 3x. ¢(z) is provable, then there is a formula 1 (x) such
that 3lx. ¢(x) A1(z) is provable, where both ¢ and 1 are term-free.

How to prove these properties for a given theory? There is a variety of methods appli-
cable to constructive theories. Cut-elimination, proof normalization, realizability, Kripke
models. ... Normalization proofs, based on the Curry-Howard isomorphism principle, have
the advantage of providing an explicit method of witness and program extraction from
proofs. They also provide information about the behaviour of the proof system.

We are interested in intuitionistic set theory IZF. It is essentially what remains of ZF
set theory after excluded middle is carefully taken away. An important decision to make on
the way is whether to use Replacement or Collection axiom schema. We will call the version
with Collection IZF ¢ and the version with Replacement IZFg. In the literature, IZF usually
denotes IZF¢. Both theories extended with excluded middle are equivalent to ZF [Fri73].
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They are not equivalent [FS85]. While the proof-theoretic power of IZF¢ is equivalent to
that of ZF, the exact power of IZFg is unknown. Arguably IZF¢ is less constructive, as
Collection, similarly to Choice, asserts the existence of a set without defining it.

Both versions have been investigated thoroughly. Results up to 1985 are presented in
[Bee85, @ Later research was concentrated on weaker subsystems [AROI, Lub02]. A
predicative constructive set theory CZF has attracted particular interest. [AROI] describes
the set-theoretic apparatus available in CZF and provides further references.

We axiomatize IZF g, along with its intensional version IZF, using set terms. We define
a typed lambda calculus AZ corresponding to proofs in IZF,. We also define realizability
for IZF ,, in the spirit of [McC84], and use it to show that A\Z weakly normalizes. Strong
normalization of AZ does not hold; moreover, we show that in non-well-founded IZF even
weak normalization fails.

With normalization in hand, the properties NEP, DP and TEP easily follow. To show
these properties for full, extensional IZF r, we define an inner model T" of IZF g, consisting
of what we call transitively L-stable sets. We show that a formula is true in [ZF g iff its
relativization to 7' is true in IZFy. Therefore IZFg is interpretable in IZF . This allows
us to use the properties proven for IZF,. In IZFg, SEP easily follows from TEP.

The importance of these properties in the context of computer science stems from the
fact that they make it possible to extract programs from constructive proofs. For example,
suppose 1ZFg = Vn € NIm € N. ¢(n,m). From this proof a program can be extracted
— take a natural number n, construct a proof IZFr - 7 € N. Combine the proofs to get
IZFr F 3m € N. ¢(,m) and apply NEP to get a number m such that IZFp - ¢(7,m). A
detailed account of program extraction from IZFp proofs can be found in [CMO6].

There are many provers with the program extraction capability. However, they are
usually based on variants of type theory, which is a foundational basis very different from
set theory. This makes the process of formalizing program specification more difficult, as an
unfamiliar new language and logic have to be learned from scratch. strongly argues
against using type theory for the specification purposes, instead promoting standard set
theory.

1ZF i provides therefore the best of both worlds. It is a set theory, with familiar language
and axioms. At the same time, programs can be extracted from proofs. Our AZ calculus
and the normalization theorem make the task of constructing the prover based on IZFg not
very difficult.

This paper is mostly self-contained. We assume some familiarity with set theory, proof
theory and programming languages terminology, found for example in [Kun80, [SU06] Pie02].
The paper is organized as follows. We start by presenting in details intuitionistic first-order
logic in section 2l In section [3] we define IZFr along with its intensional version IZF . In
section ] we define a lambda calculus AZ corresponding to IZF}, proofs. Realizability for
IZF%, is defined in section Bl We use it to prove normalization of A\Z in section [6, where
we also show that non-well-founded IZF does not normalize. We prove the properties in
section [1 and show how to derive them for full, extensional IZF g in section 8 Comparison
with other results can be found in section

2. INTUITIONISTIC FIRST-ORDER LOGIC

Due to the syntactic character of our results, we present the intuitionistic first-order
logic (IFOL) in details. We use a natural deduction style of proof rules. The terms will



be denoted by letters ¢,s,u. The variables will be denoted by letters a,b,c,d, e, f. The
notation @ stands for a finite sequence, treated as a set when convenient. The i-th element
of a sequence is denoted by a;. We consider a-equivalent formulas equal. The capture-
avoiding substitution is defined as usual; the result of substituting s for @ in a term ¢t is
denoted by t[a := s]. We write t[ay,...,an := s1,..., Sp] to denote the result of substituting
simultaneously sy, ..., s, for ai,...,a,. Contexts, denoted by I', are sets of formulas. The
set of free variables of a formula ¢, denoted by FV(¢), are defined as usual. The free
variables of a context I', denoted by FV(T'), are the free variables of all formulas in I". The
notation ¢(@) means that all free variables of ¢ are among a@. The proof rules are as follows:

r-1 TI'Féo—=y I'ko LoFy

ToF¢ TFo TFo TFo
TFé¢ TFy TFHoAY TrEOAD
TF oAy TFo TFo
TFo Ty Thovey ToF9 Tk d
TFove TFoVve TFo
I'o I'-Va. ¢
T va g * ¢V TF ¢la =1
TFola:=t TrF3a¢ Dok
rfgp¢] a;i¢7¢ Lag PV L)

Negation in IFOL is an abbreviation: —¢ = ¢ — L. So is the symbol <: ¢ < ¢ =
(¢ — ¥ ANy — ¢). Note that IFOL does not contain equality. The excluded middle rule
added to IFOL makes it equivalent to the classical first-order logic without equality. We
adopt the “dot”-convention — a formula Va. ¢ should be parsed as Va. (¢). In other wordﬂ
the dot represents a left parenthesis whose scope extends as far to the right as possible.

Lemma 2.1. For any formula ¢, ¢[a := t][b := ula := t]] = ¢[b := ul[a :=t], for b ¢ FV(t).
Proof. Straightforward structural induction on ¢. ]

3. IZF g

Intuitionistic set theory IZFp is a first-order theory, equivalent to ZF when extended
with excluded middle. It is a definitional extension of term-free versions presented in
Bee85| [FS85]. The signature consists of one binary relational symbol € and func-
tion symbols used in the axioms below. The set of all IZF g terms will be denoted by T'ms.
The notation ¢ = u is an abbreviation for Vz. z € t <+ z € u. Function symbols 0 and S(t)
are abbreviations for () and (J{t, {t,t}}. Bounded quantifiers and the quantifier Jla (there
exists exactly one a) are also abbreviations defined in the standard way. The axioms are as
follows:

e (EMPTY) Ve.ce+ L
PAIR) Va,bVc. c € {a,b} <3 c=aVe=1D
INF)Ve.cew+c=0Vabew. c—S(b)

(

(

(SEP )VfaVc cES( (af)HcEa/\qS( )
(UNION) VaVe. cGUa<—>E|b6a ceb

e (POWER) VaVe. c € P(a) <> Vb.bec—b€Ea

1Borrowed from [SUGE].
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o (REPL¢( b )V f, ave. ¢ € R, o) (a )< (Vo e adly. d(z,y, ) A Gz € a. (z,c, f))
o (IND,, ) V[ (Va. (Vb € a. §(b, [) = &(a, ) = Va. ¢(a, [)
o (Ly,. ) Viiab.a=b— é(a, f) = 6(b, f)

Axioms SEP,, REPLg, INDy4 and Ly are axiom schemas, and so are the corresponding

function symbols — there is one function symbol for each formula ¢. Formally, we define
formulas and terms by mutual induction:

pu=tect|opNng]... tu=a | {t,t} | S¢(aﬁ(t,f§ \ qu(a’b’f)(t,t‘) ...

Our presentation is not minimal; for example, the empty set axiom can be derived as
usual using Separation and Infinity. However, we aim for a natural axiomatization of IZF g,
not necessarily the most optimal one.

The Leibniz axiom schema Lg is usually not present among the axioms of set theories,
as it is assumed that logic contains equality and the axiom is a proof rule. We include Ly
among the axioms of IZF r, because there is no obvious way to add it to intuitionistic logic
in the Curry-Howard isomorphism context, as its computational content is unclear. Our
axiom of Replacement is equivalent to the usual formulations, see [Moc0Gb| for details.

IZF} will denote IZF g without the Leibniz axiom schema Lg. IZF7 is an intensional
version of IZFr — even though extensional equality is used in the axioms, it does not
behave as the “real” equality.

The terms Sy(a, f) and Ry(a, f) can be displayed as {z € a | ¢(x, f)} and {z | (Vz €
aly. ¢(x,y, f)) NIz € a. ¢(z, z, f)}.

The axioms (EMPTY), (PAIR), (INF), (SEP,), (UNION), (POWER) and (REPL) all
assert the existence of certain classes and have the same form: Va.Ve. ¢ € t4(@) <> ¢a(c, @),
where t 4 is a function symbol and ¢ 4 a corresponding formula for the axiom A. For example,
for (POWER), tpowrr is P and ¢powrr is Vb. b € ¢ — b € a. We reserve the notation ¢4
and ¢4 to denote the term and the corresponding formula for the axiom A.

Lemma 3.1. Every term 7' = ¢ A(t?a%) of IZFpR is definable. In other words, there is a
term-free formula ¢(z, @) such that IZF g Va. ¢(T, @) A lz. ¢(x,ad).

Proof. Straightforward induction on the size of T. We first show the claim for w, then for
the rest of the terms. For w, the defining formula is:

px)y=cex<+c=0VIyex. c= 95y
Indeed, ¢(w) holds. Suppose ¢(z) for some z, we need to show that z = w. To do this, we
prove by €-induction Ve. ¢ € z <+ ¢ € w. Take any ¢ and suppose ¢ € z. Then ¢ = 0 or

there is y € z such that ¢ = S(y). In the former case ¢ € w, in the latter y € ¢, so by the
induction hypothesis y € w and hence ¢ € w. The other direction is symmetric.

Consider now arbitrary 7' =t A(Tﬁ) Let i denote m so T =ty (u). By the induction

hypothesis there are formulas ¢(x, @) defining #. Consider the formula:

o(x,d) = 3T qb:na;/\Vc cex <+ pale,T)

We will now show that ¢(z,d) defines T'. Take any d and take & = @. We have A ¢(u, a)
and by the axiom (A) corresponding to t4, we get Ve. ¢ € to(@) <> ¢pa(c,@). Furthermore,

2Strictly speaking, it is not term-free, but eliminating terms used in ¢ is straightforward.



suppose ¢(z,d) for some z. Then there are b such that A ¢(b, @) and Ve. ¢ € 2 dalc,b).

Since qS(x,c?; define @, b = % and thus also Ve. ¢ € 2 < pa(c,i). To show that z = T, it
suffices to show that Va. a € T <> a € z, which follows easily.

It remains to consider the situation when ¢4 contains some terms, which can happen if
A is the Separation or Replacement axiom. However, by the induction hypothesis all these
terms are definable as well, so there is also a term-free formula ¢’ equivalent to ¢. []

Corollary 3.2. For any closed term ¢ there is a term-free formula ¢(z) such that 1ZF gt
(Flz. d(x)) A ().

4. THE A\Z CALCULUS

We now present a lambda calculus A\Z for IZF, based on the Curry-Howard isomor-
phism principle. The first-order part of AZ is essentially AP1 from [SU0G]. The lambda
terms in the calculus correspond to proofs in IZF . The correspondence is captured formally
by Lemma

The lambda terms in AZ will be denoted by letters M, N, O, P. There are two kinds of
lambda abstractions, one used for proofs of implications, the other for proofs of universal
quantifications. We use separate sets of variables for these abstractions and call them proof
and first-order variables, respectively. We use letters x, y, z for proof variables and a, b, ¢ for
first-order variables. Letters t¢,s,u are reserved for IZFr terms. The types in the system
are IZF g formulas. The lambda terms are generated by an abstract grammar. The first
group of terms is standard and used for IFOL proofs:

M = z|MN|Xa. M| x:¢. M |inl(M) |inr(M) | fst(M) | snd(M) | [t, M] | M t
(M,N) | case(M,x : ¢. N,z : 1. O) | magic(M) | let [a,xz: ¢] :== M in N
The rest of the terms correspond to the axioms of IZF:
emptyProp(t, M) | emptyRep(t, M)
| pairRep(t, uy, ug, M)
| unionRep(t, u, M)
| SePy(, ]?)Rep(t u, i, M)

pairProp(t, uy, ug, M
unionProp(t, u, M
sepd)(a’fﬂ)Prop(t, w, i, M

powerProp(t,u, M) | powerRep(t, u, M)

~— ~— ~— \_/\_/\_/

|
infProp(¢, M) | infRep(t, M)
repl (abf)Prop(t u, @, M) | repl Sab. ) Rep(t, u,u, M)
d¢( b)(t M)

The ind term corresponds to the €-induction axiom schema (IND #(a, f))’ and Prop and Rep
terms correspond to the respective axioms. The exact nature of the correspondence will
become clear in the next section. Briefly and informally, the Rep terms are representatives
of the fact that a t is a member of a term ¢(#) and the Prop terms provide the defining
property of t € t(w). To avoid listing all of them every time, we adopt a convention of using
axRep and axProp terms to tacitly mean all Rep and Prop terms, for ax being one of empty,
pair, union, sep, power, inf and repl. With this convention in mind, we can summarize the
definition of the Prop and Rep terms as:

axProp(t,u, M) | axRep(t, o, M),



where the number of terms in the sequence u depends on the particular axiom.

The free variables of a lambda term are defined as usual, taking into account that
variables in A, case and let terms bind respective terms. The relation of a-equivalence is
defined taking this information into account. We consider a-equivalent terms equal. We
denote the set of all free variables of a term M by F'V (M) and the set of the free first-order
variables of a term by FVp(M). The free (first-order) variables of a context I' are denoted
by FV(I') (FVr(T')) and defined in a natural way. The notation M[z := N] stands for a
term M with N substituted for x. The set of all AZ lambda terms will be denoted by A.

4.1. Reduction rules. The deterministic reduction relation — arises by lazily evaluating
the following base reduction rules:
(Ax:¢p. M) N — Mz := N] (Aa. M)t — Mla :=t]
fst((M,N)) — M snd((M,N)) - N
case(inl(M),z:¢. N,z:¢.O)— N[z := M] case(inr(M),z:¢. N,z:1.0) — Oz := M]
let [a,z : @] :==[t, M] in N — Nla := t][x := M]
axProp(t, @, axRep(t, 4, M)) - M
ind,, 5 (£, M) = Ae. M ¢ (Ab. Az : b € c. ind o(ah) (t,M)b) ¢ b,z new
The laziness is specified formally by the following evaluation contexts:
(o] 5= fst([o]) | snd([o]) | case([e], @ : ¢.M,  : .N) | axProp(t, , o])
let [a,y : ¢] := [o] in N | [o] M | magic([])
In other words, the (small-step) reduction relation arises from the base reduction rules and
the following inductive definition:
M — M’ M — M’
fst(M) — fst(M') snd(M) — snd(M')
M — M
case(M,x : ¢. N,z : 1. O) — case(M',x : ¢. N,z : 1. O)
M — M M — M
axProp(t,u, M) — axProp(t,d, M) let [a,y: ¢ : =M in N = let [a,y: ¢| =M in N
M — M M — M
M N — M N magic(M) — magic(M’)

Definition 4.1. We write M | if the reduction sequence starting from M terminates.
We write M | v if we want to state that v is the term at which this reduction sequence
terminates. We write M —* M’ if M reduces to M’ in some number of steps.

We distinguish certain AZ terms as values. The values are generated by the following
abstract grammar, where M is an arbitrary term. Clearly, there are no reductions possible
from values.

Via=Xa. M | Xx:¢. M | inl(M) | inx(M) | [t, M] | (M,N) | axRep(t,u, M)



4.2. Types. The type system for AZ is constructed according to the principle of Curry-
Howard isomorphism for IZF,. Types are IZFr formulas. Contexts, denoted by I', are
finite sets of pairs (z;,¢;), written as x1 : ¢1,...,2y : ¢p. The domain of a context T' is
the set {z | (z,¢) € I'} and it is denoted by dom(I'). The range of a context I' is the
corresponding first-order logic context that contains only formulas and is denoted by rg(I").

The first group of rules corresponds to the rules of IFOL:
Tix:¢opbFM:q

x ¢ dom(T)

I'-M:¢—>¢ THFN:¢

Fx:oFaxz:¢ I'FXe:¢p. M:¢p—
IFM:¢ THFN:tb TFM:¢pAYw TFM:¢AD
F(M,N): N FHfst(M):¢ TkFsnd(M):
TFM:¢ TFM:
I'Einl(M): ¢V F'Finr(M): ¢V
'EM:ovy Tix:oFN:Y Dz O:90
't case(M,x :¢. Nyx:1. O) : 9
I'EM:¢ I'EM:Va. ¢
TT xa 3 va ¢ “ £ FVr(T) TFMt¢t:¢la=1
' M: ¢la:=t 'M:3a.¢ T,z:¢FN:v
FVp(T
TF[t,M]:3a ¢ rHet[a,x:¢];=MinN;¢“¢ Vi (T, 9)
I'EM: L
I' - magic(M) : ¢
The rest of the rules correspond to IZF7 axioms:
I'EM:pa(t,a) I'EM:teta(u)
I' - axRep(t,u, M) : t € ta(u) I' + axProp(t, @, M) : ¢4(t, @)
I'FM:Ve (Vb.bec— ¢(b,t)) = ¢(c, 1)

I+ ind¢(a7];)(7§; M) : Va. ¢(a,t)

4.3. Properties of A\Z. We now prove a standard sequence of lemmas for \Z.

Lemma 4.2 (Canonical Forms). Suppose M is a value and - M : ). Then:
v =1t¢eta(u) iff M = axRep(t,ud,N) and = N : ¢4(t, ).

V=¢Viff (M =inl(N)and - N : ¢) or (M =inr(N) and - N : v).
V=¢pNYpif M =(N,O0),FN:¢andF O : .
V=¢—=vYvif M=Xr:¢. Nand x: o+ N : .

¥=Va. ¢ it M =Xa. N and - N : ¢.

v =73a. ¢ iff M =[t,N] and - N : ¢[a :=t].

¥ = L never happens.

Proof. Immediate from the typing rules and the definition of values.

TFMN:¢

[

Lemma 4.3 (Weakening). If I' = M : ¢ and FV(¢) U {x} are fresh with respect to the

proof tree I' = M : ¢, then 'z : o = M : ¢.

Proof. Straightforward induction on I' = M : ¢. The freshness assumption is used in the
treatment of the proof rules having side-conditions, such as introduction of the universal

quantifier.

0



There are two substitution lemmas, one for the propositional part, the other for the
first-order part of the calculus. Since the rules and terms of AZ corresponding to I1ZFg
axioms do not interact with substitutions in a significant way, the proofs are routine.

Lemma 4.4. fT,z: 9o M:¢p andT'F N : ¢, then I' - M[z := NJ : 4.

Proof. By induction on I',x : ¢ = M : ¢b. We show two interesting cases.
e ) =11 — Py, M = Ay : 1. O. Using a-conversion we can choose y to be new, so that
y ¢ FV(I',z) U FV(N). The proof tree must end with:
F7$:¢7y:¢1|_01¢2
F,a::qﬁl—)\y:wl. 021/11—>¢2
By the induction hypothesis, T',y : ¢1 - Olx := N] : ¢y, s0 T F Ay : ¢1. Oz := N| : ¢p; —
9. By the choice of y, T'F (Ay : ¢1. O)[x := N| : 1 — 1)a.
o 1) =)o, M =let [a,y : Y] := My in Ms. The proof tree ends with:
P,a;:qﬁl—Ml:EIa. 1/11 P,xi(ﬁ,yilﬂlFMgil/Jg
Tyz: ot let [a,y: Y] := My in My : by
Choose a and y to be fresh. By the induction hypothesis, I' - M; [z := N] : Ja. ¢; and
T,y : 1 b Myx := NJ|:pg. Thus T'F let [a,y : 1] := My[z := NJ] in Mz := N : 9s.
By a and y fresh, I' - (let [a,y : ¥1] := My in My)[x := N] : ¢, which is what we want.[]
Lemma 4.5. If ' M : ¢, then I'[a :=t] F M[a :=t] : ¢[a:=1].
Proof. By induction on I' F M : ¢. Most of the rules do not interact with first-order
substitution, so we show the proof just for the four of them which do.
e ¢ =VYb. ¢y, M = A\b. My. The proof tree ends with:
'k M1 : ¢1
' MAb. My - V0. ¢
Without loss of generality we can assume that b ¢ FV(t) U {a}. By the induction
hypothesis, I'[a := t] = Mila := t] : ¢1[a := t]. Therefore I'la := t| & Ab. Mi[a :=t] :
Vb. ¢1[a :=t] and by the choice of b, I'la :=t] F (Ab. M;)[a :=t] F (Vb. ¢1)]a := t].
o ¢ =¢1[b:=u], M = M; u for some term u. The proof tree ends with:
Tk M, : Vb ¢
Pl—Ml u:gbl[b::u]
Choosing b to be fresh, by the induction hypothesis we get T'la := t] = Mla := t] :
Vb, (¢1][a :=t]), so T'[a :=t] - Myla :=t] ula :=t] : ¢1]a := t][b := ua := t]]. By Lemma
2T and b ¢ FV(t), we get I[a:=t] - (M u)[a :=t] : ¢1[b := u][a := t].

b¢ FVr(D)

L' M: ¢b:=ul

T+ [w, M] : 3b. ¢
Choosing b to be fresh, by the induction hypothesis we get I'la := t] b M[a = ] :
¢[b := u]la := t]. By Lemma 2T and b ¢ FV(t), we get I'a :=t| - M[a :=t] : ¢[a :=
t][b := ufa := t]]. Therefore 'la := t] b [u[a := t], M]a := t]] : 3b. pla := t], so also
Ila:=t] F (Ju, M])[a :=t] : (3b. ¢)[a = t].




THM:3b.¢ T,z:¢k N:
THlet [b,z:¢] = Min N : ¢ b FVr(T,v)
We choose b so that b ¢ FV(t). By the induction hypothesis I'la := t] = Ma = t] :
Jb. ¢la :=t] and I'[a := t],x : ¢pla := t]| b Nla :=t] : ¢¥[a := t]. By our choice of b and
b¢ FVp(T',4), we also have b ¢ FVp(I'[a := t],¢[a := t]). Thus also I'[a :=t] F let [b,x :
¢la :=1t]] := Mla:=t] in N[a :=1t] : ¢Y[a :=t]. O
With the lemmas at hand, Progress and Preservation easily follow:

Lemma 4.6 (Subject Reduction, Preservation). If ' M : ¢ and M — N, then ' N : ¢.

Proof. By induction on the definition of M — N. We show several cases. Case M — N of:
e (\z:¢1. My) My — My[x := Ms]. The term M has the form M = (Az : ¢1. M) My and
the proof proof tree I' - M : ¢ ends with:
F,x : (251 F Ml : (25
F")\JE¢1 M11¢1—>¢ Fl_MQ:QSl
Fl—()\x:gbl. Ml) M2:¢
By Lemma @4 T'+ Mj[x := M| : ¢1.
o let [a,x : ¢1] = [t,M1] in My — Msla = t][x := M;]. The term M has the form
M =1let [a,z : ¢1] := [t, M;] in M5 and the proof tree I' = M : ¢ ends with:
'+ M1 : ¢1[CL = t]
'+ [t,Ml] : Ja. ¢1 F,a;:qﬁl |—M2 . ¢
I'Flet [a,z : ¢1] := [t, M1] in Ms : ¢
Choose a to be fresh. Thus M;j[a := t] = M; and I'[a := t] = I'. By the side-condition
of the last typing rule, a ¢ FV(¢), so ¢[a := t] = ¢. By Lemma [ we get I'a := t], x :
¢1la == t] = Maa :=t] : ¢pla :=t], so also ',z : ¢1[a := t] + Msla :=t] : ¢. By Lemma
A we get I' - Msla := t][x := Mi] : ¢.
e axProp(t, i, axRep(t, @, My)) — M;j. In this case the term M is has the form M =
axProp(t, @, axRep(t, @, My)) and the proof tree ends with:
T'F M ga(t,a)
'+ axRep(t, @, My)) : t € ta(7)
I' - axProp(t, @, axRep(t, u, My)) : ¢a(t, Q)
The claim follows immediately.

. indw(a f)(t_; M) — Xe. My c (Ab.Ax:bec. indw(a f)(t_; M) b). The term M has the form

M =ind, =« (# M;) and the proof tree ends with:

W(a,f)
L'+ M :Ve. (Vb bec— p(b,t) — (e, t)
I+ indw(af)({, M) : Ya. i(a,t)

We choose b, ¢, z to be fresh. By applying a-conversion we can also obtain a proof tree
of ' - My : Ve. (Vd. d € e — (d,t)) — (e, t), where {d,e} N {b,c} = . Then by
Weakening we get I',z : b € ¢ = My : Ve. (Vd. d € e — ¥(d,1)) — ¥(e,t), so also



Iz:beck indw(a f)(f; M) : Va. ¢(a,t). Let the proof tree T be defined as:

| becl—indw(af)(f;Ml):Va. ¥(a,t)
z:be cl—indd}(af)(t_;Ml) b: (b, 1)

I'FXx:beec indw(aﬂ(ﬂMl)b:b€c—>¢(b,f)

X Az:bec mdw(m({,Ml) b:Vb. bec—bt)

Then the following proof tree shows the claim:
T F M :Ve. (Vb. b€ c— (b)) — (e, )
LM oc:(Wb.bec—ybt) —=v(et) T
UMy c Az :becindy, 5(F M) b) :(e,1)

(a,f)
Lk Ae. My e (Aba:b € c.indy, 5(F M) b) : Ve y(c,?)
[
Lemma 4.7 (Progress). If + M : ¢, then either M is a value or there is N such that

M — N.

Proof. Straightforward induction on the length of M. We show the cases for the terms
corresponding to IZF i axioms.

o If M = axRep(t, @, N), then M is a value.
e If M = axProp(t,u,0), then we have the following proof tree:
FO:tety(u)
F axProp(t, i, O) : ¢pa(t,d)
By the induction hypothesis, either O is a value or there is O; such that O — O;. In the
former case, by Canonical Forms, O = axRep(t, u, P) and M — P. In the latter, by the

evaluation rules axProp(t,u,O) — axProp(t, u, O1).
e The ind terms always reduce. []

Corollary 4.8. If W M : ¢ and M | v, then F v : ¢ and v is a value.
Corollary 4.9. If - M : L, then M does not normalize.

Proof. If M normalized, then by Corollary we would have a value of type L, which by
Canonical Forms is impossible. L]

Finally, we state the formal correspondence between A\Z and IZF:

Lemma 4.10 (Curry-Howard Isomorphism). If I' = O : ¢ then IZF+rg(I') - ¢, where
rg(L) ={¢ | (z,¢) € T'}. If IZFz+T I ¢, then there exists a term M such that T'+ M : ¢,
where I' = {(z4,0) | ¢ €'}

Proof. Both parts follow by easy induction on the proof. The first part is straightforward,
to get the claim simply erase the lambda terms from the proof tree. For the second part,
we show terms and trees corresponding to IZF 7}, axioms:

e Let ¢ be one of the IZF}, axioms apart from €-Induction. Then ¢ = Va. Ve. c € t4(a) <
¢ a(c,@) for the axiom (A). Recall that ¢ <> ¢ is an abbreviation for (¢1 — ¢2) A (¢2 —



¢1). Let M = Az : ¢ € t4(@). axProp(c,d,x) and let N = Az : ¢p4(c,a). axRep(c, d, ).
Let S be the following proof tree:
Diz:ceta(d)bFx:ceta(d)
[,z :ce€ts(a@) b axProp(c,d,x) : palc,d)
I'EM:cety(d) — palc,d)
And let T be the following proof tree:
Dyx:dale,d) bz pale,d)
I,z :¢a(c,d) F axRep(c,d, z) : ¢ € ta(d)
I'EN:oale,d) — ceta(a)
Then the following proof tree shows the claim:
S T
F(M,N):ceta(@) < da(c,a)
I'E XaXe.(M,N) :Va. Ve. ¢ € t4(@) < ¢palc,a)
e Let ¢ be the c-induction axiom. Let M = Afiz : (Va.(Vb. b € a — ¥(b, f) —
Y(a, f)) indw(af) (f, x). The following proof tree shows the claim:

—

T,z :Va.(Vb. b e a— b, f)) — la, f) F z:Va.(vb. b e a— b, f)) — v(a, f)
T,z :Va.(Vh. b € a— ¢(b, f)) = ¢(a f) ind,,, 5 (f'7) : Va. ¥(a, f)

— —

DM :VYf.(Va.(¥b. b€ a — ¥(b, f) = ¥(a, f) = Va. ¥(a, f)

[

Note that all proofs in this section are constructive and quite weak from the proof-
theoretic point of view — Heyting Arithmetic should be sufficient to formalize the argu-
ments. However, by the Curry-Howard isomorphism and Corollary .9, normalization of
AZ entails consistency of IZFy, which easily interprets Heyting Arithmetic. Therefore a
normalization proof must utilize much stronger means, which we introduce in the following
section.

5. REALIZABILITY FOR IZF}_z

In this section we work in ZF. It is likely that IZF~ would be sufficient, as excluded
middle is not used explicitly; however, arguments using ordinals and ranks would need to
be done very carefully, as the notion of an ordinal in constructive set theories is problematic
[Tay96].

Our definition of realizability is inspired by McCarty’s presentation in his Ph. D. thesis
[McC84]. However, while he used it mainly to prove independence results for IZF¢ and to
carry out recursive mathematics, we use it to prove normalization of AZ.

The realizability relation I relates realizers with 1ZF r formulas over an extended sig-
nature. The realizers are terms of \Z; the signature is extended with class-many constants
we call A-names. We proceed with the formal definitions.

Definition 5.1. The set of all values in AZ is denoted by A,y.

Definition 5.2. A set A is a A-name iff A is a set of pairs (v, B) such that v € A,y and B
is a A-name.



In other words, A-names are sets hereditarily labelled by AZ values.
Definition 5.3. The class of \-names is denoted by V*.

Formally, V* is generated by the following transfinite inductive definition on ordinals:

V= PhwxVy) V= | W
B<a acORD

The A-rank of a A-name A, denoted by Ark(A), is the smallest a such that A € V).
Definition 5.4. For any A € V*, A% denotes {(M,B) | M | v A (v, B) € A}.

Definition 5.5. An environment is a finite partial function from first-order variables to
VA

We will use the letter p to denote environments.

The environments are used to store elements of V*. In order to smoothen the presenta-
tion and make the account closer to the standard accounts of realizability for constructive
set theories [McC84, [Rat05, [Rat06], we make it possible for the formulas to mention con-
stants from V* as well. Strictly speaking this is unnecessary and we could give the account
of the realizability relation and the normalization theorem using only environments; the
cost to pay would be some loss of clarity.

Formally, we extend the first-order language of IZFg in the following way:

Definition 5.6. A (class-sized) first-order language L arises by enriching the IZF  signature
with constants for all A-names.

From now on until the end of this section, the letters A, B, C range over A-names.

Definition 5.7. For any formula ¢ of L, any term ¢ of L and p defined on all free variables
of ¢ and t, we define by metalevel mutual induction a realizability relation M I, ¢ in an
environment p and a meaning of a term [t], in an environment p:
(1) [al, = pla)
(2) [4], = A
(3) [w], = ', where ' is defined by the means of inductive definition: w’ is the smallest
set such that:
e (infRep(0, N),A) € ' if N | inl(O), O Ik, A =0 and A € V).
o If (M, B) € W', then (infRep(, N), A) € o' if N | inr(Ny), Ny | [t,O], O | (M, P),
Pk, A=S(B), Ae V.
Note that if (M, B) € w'", then there is a finite ordinal « s@) that B € V.
4) [ta(@)], = {(axRep(0,0, N), B) € Ayt x V3 | NIk a(B, [u],)}
) M-, L=1
) MlF,tes=M LuvA(v,[t],) € [s],
) Mk, o ANy =M | (My,Ma) NMy Ik, ¢ A Ma I, )
) Mk, oV = (M | inl(My) AM; -, ¢) V(M | inr(My) A My Ik, )
) M-, ¢ == (M | Ax. M) A\VN. (N I-, ¢) = (Mi[z := N] I, 1)
) Mlk,Va. ¢ =M | Aa. N AVA € VAVt € Tms. Nla :=t]IF, ¢pla = A]
) Mlk,3a. =M | [t, NJAJA €V . N It, ¢la = A]

Note that M I, A € B iff (M, A) € BY.
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The definition of the ordinal v in item [4] depends on t 4 (). This ordinal is close to the
rank of the set denoted by t4 (i) and is chosen so that Lemma [5.I8 can be proven. Let
a= /\rkr([[u]]p;. Case t () of:

o) —~=0.

o {uj,us} — v =mazx(a,asz).

Plu) —y=a+1.

Uu—v=a

S¢>(a,f)(uvﬁ) —y=0q.

R (ab, f)(u, @). This case is more complicated. The names are chosen to match the corre-
sponding clause in the proof of LemmaBI8 Let G = {(N1, (Na1, B)) € A x [u]} | 3d €
VA (N1, Not, B,d)}, where 1)(Ny, Noy, B,d) = (N7 | Aa. N11) A (N1 | Az. O) A 3s €
Tms. (Olx := Noy] | [5,01]) A (O1 I+, (B, d, [[u—]];) AYe. ¢(B,e, [[u—]];) — e =d). Then for
all g € G thereis D and (Ny, (Na1, B)) such that g = (N1, (Na1, B)) and ¢(Ny, Noy, B, D).
Use Collection to collect these D’s in one set H, so that for all g € G there is D € H such
that the property holds. Apply Replacement to H to get the set of A\-ranks of sets in H.
Then f = |JH is an ordinal and for any D € H, A\rk(D) < (. Therefore for all g € G
there is D € VﬁA and (N1, (N1, B)) such that g = (Ny, (Nai, B)) and ¢(Ny, Nay, B, D)
holds. Set v =+ 1.

Lemma 5.8. The definition of realizability is well-founded.

Proof. We define a measure function m which takes a clause in the definition and returns a
triple of natural numbers:

o m(M I, ¢) = (“number of constants w in ¢”, “number of function symbols in ¢”,

“structural complexity of ¢”)

e m([t],) = (“number of constants w in ¢”, “number of function symbols in ¢, 0)

With lexicographical order in N3, it is trivial to check that the measure of the definiendum
is always greater than the measure of the definiens — the number of terms does not increase
in the clauses for realizability and the formula complexity goes down, in the clause for w, w
disappears and in the rest of clauses for terms, the topmost t4 disappears. Since N3 with
lexicographical order is well-founded, the claim follows. ]

Since the definition is well-founded, (metalevel) inductive proofs on the definition of
realizability are justified, such as the proof of the following lemma:

Lemma 5.9. [tla := s]], = [tla = [s],]l, = [t]pa:=[s],) and M |-, dla := s] iff M Ik,
qﬁ[a = [[S]]p] iff M ”_p[a::[[s]]p] ¢

Proof. Straightforward induction on the definition of realizability. We show representative

cases. Case t of:

o A — then [t[a := s]], = [tla == [s],l], = [t] pja:=[s1,) = A

e a— then [tfa = s]], = [s],. [la = [<], 1], = [[s]y = [, and also [ g, = s

o t4(@). Then [tla:=s]], = {(axRep(0, 0, N), A) | N IFp ¢a(A, dla := s])}. By the induc-
tion hypothesis, this set is equal to {(axRep(0,d, N), A) | N IFp, da(A, tla = [s],])} =
[tla := [s],]], and also to {(axRep(0, 0,N N),A) [ N IFpa=s],] ¢a(A, @)} and thus to

[t pla=(s1,1
Case ¢ of:



et cu Wehave M Ik, (t € u)la := s] iff M I, tla := s] € ula := s]iff M | v
and (v, [tla = s]],) € [[u[ := s]],.- By the induction hypothesis, this is equivalent
o (v, [[t[a = [slpllp) € [ula = [s],l], and to (v, [t]pa:=fs1,) € [Wlpfa:=s,), SO also to
Mk, tla = [s],] € ula == [s],] and to M IFjj4.—[],] t € u. This shows the claim.

o Vb. . We have M I, (Vb. ¢)[a : iff (choosing b to be fresh) M Ik, Vb. ¢[a := 5] iff
M | Ab. N and VA € V’\,Vu € T'ms. N[b:= u] Ik, ¢[a := s|[b:= Al. By the choice of b,
this is equivalent to VA € VA Vu € T'ms. N[b := u] I-, ¢[b := Al[a := s]. By the induction
hypothesis, this is equivalent to VA € VA, Vu € Tms. N[b := u] I, ¢[b := Al[a = [s],)]
and to VA € VA Vu € Tms. N[b := u I pja:=[s],] P[0 := A], from which we easily recover
the claim. U]

Lemma 5.10. If (M I, ¢) then M |.

1,
nd t
= ]

Proof. Straightforward from the definition of realizability. For ¢ = 1, the claim trivially
follows and in every other case the definition starts with a clause assuring normalization of
M. L]

Lemma 5.11. If M —* M’ then M’ I+, ¢ iff M Ik, ¢.

Proof. Whether M I, ¢ or not depends only on the value of M, which does not change
with reduction or expansion. U]

Lemma 5.12. If p agrees with p’ on FV(¢), then M I+, ¢ iff M IF, ¢. In particular, if
a ¢ FV(¢), then M Ik, ¢ iff M IFppq.—4) ¢

Proof. Straightforward induction on the definition of realizability — the environment is
used only to provide the meaning of the free variables of terms in a formula. []

Lemma 5.13. If M |-, ¢ — ¢ and N |-, ¢, then M N IF o).

Proof. Suppose M I+, ¢ — 1. Then M | (Az. O) and for all P I+ ¢, Oz := P] I 1. Now,
M N —* (Ax. O) N — Oz := N]. Lemma [5.TT] gives us the claim. O

We now prove a sequence of lemmas which culminates in Lemma [B.18] the keystone in
the normalization proof.

Lemma 5.14. If A € VaA then there is 3 < « such that for all B, if M I-, B € A, then
B e Vg. Also, if M I, B= A, then B e V.

Proof. Take A € V). Then there is 8 < a such that A € P(Ayy x VE‘). Take any B. If
M-, Be A, then M | vand (v,B) € A, s0o B € VB)‘.

For the second part, suppose M I, A = B. This means that M I, Ve. c € A+ c€ B,
so M | Ac. N and for all ¢ € T'ms, for all C, N[c :=t] IF, C € A & C € B, so
Vt,C. Nic:=t| | (My,Ms), My IF,C € A— Ce Band MylF,C e B— C € A. Thus, for
all t,C, My | Ax. M3 and for all My Ik, C' € B, M3z := My] I, C € A. Take any element
(v,C) € B. Thenv I+, C € B, so M3[x :=v| I, C € A. Thus by the first part, C' € Vﬁ)‘.

Therefore B C Aygr X V3, 50 B € P(Ayay X V) = Vi, s0 B € V. O
The following two lemmas will be used for the treatment of w in Lemma [5.18]

Lemma 5.15. If A, B € V', then [{4,B}], € V}\;.

Proof. Take any (M C) € [{A, B}],. By the definition of [{A, B}],, any such C is in V2,
so [{A,B}], €V, a+1 O



Lemma 5.16. If A € V) and (M, C) € [JA],, then C € V.

Proof. By the definition of [|J A],, if (M, C) € [ A], then (M,C) € V;Tk( 4y 80 C € v
Lemma 5.17. If A€ V) and M I, B = S(A), then B € V\, ;.

Proof. M |k, B = S(A) means M I, B = (U{A,{A4,A}}. By Lemma B.I4] it suf-
fices to show that [J{A,{A, A}}], € Voj\+3. Applying Lemma twice, we find that
[{A,{A,A}}], € V2,5 By Lemma 516l if (M,C) € [U{A, {4, A}}],, then C € V),

0%

which shows the claim. ]

The following lemma states the crucial property of the realizability relation.
- -
Lemma 5.18. (M, A) € [ta(@)], iff M = axRep(0,0, N) and N I, ¢pa(A, [u],).

Proof. For all terms apart from w, the left-to-right part is immediate. For the right-to-left
part, suppose N I, ¢4(A,[u],) and M = axRep(D, D, N). To show that (M, A) € [ta(d)],,
we need to show that A € VV’\. The proof proceeds by case analysis on t4(i). Let @ =

)\Tk;([[u]]p;. Case t4 () of:

e (). If N I, L then anything holds, in particular A € 0.

o {u1,uz}. Suppose that N IF, A = [ui], V A = [uz],. Then either N | inl(N1) A Ny IF,
A = [ui], or N | inr(N1) ANy I, A = [us],. By Lemma [5I4] in the former case
A€ V), in the latter A€ V), so A€ Vnia:c(ahocz)'

e P(u). Suppose that N I-, Vc. ¢ € A — ¢ € [u],. Then N | Ac. Ny and for all ¢,C,
Nife :=t] | Ax. Ny and VO. (O I C € A) = Nofz := O] I, C € [u],. Take any
(v,B) € A. Thenwv I, B € A. So Na[z :=v| I, B € [u],. By Lemma [5.14] any such B
isin V}, so A € V2.

e [Ju. Suppose N I, Jc. ¢ € [u], NA € ¢. Then N | [t,0] and there is C such that
O | (01,02), Oy IF, C € [u], and O3 IF, A € C. Two applications of Lemma [5.14]
provide the claim. .

° qu(a,f)(u’ﬁ)' Suppose N |-, A € [u], N #(A, [u],). Then N | (N1,Nz) and Ny Ik, A €
[u],. Lemma [5.14] shows the claim.

— —

o R¢(a7b7f)(u,ﬂ’). Suppose N I+, (Vo € [u],3y. (&x;y, [u],))A3x € [u],. ¢(x, A, [u],). Then
N \l, <N1,N2> and N2 H—p dx € [[u]]p ¢($,A, [[u]]p) Thus N2 J, [t,N@)NQO \l, <N21,N22>
and there is B such that Noy IF, B € [u], and Noo I, ¢(B, A, [u],). We also have
Ny Ik, Vo € [u] , 3. é(x, v, m), so N1 | Aa. Nyp and for all C, ¢, Nij[a :==t] | Az. O
and for all PIF, C € [u],, Olz = P] I, ly. ¢(C,y, [u],). So taking C = B, ¢ = a and
P = N, there is D such that Ny | Aa. Ni1, N1 | Az. O, Olz := Noy| | [s,01] and
O1 1k, ¢(B, D, [[u—]];) AVe. ¢(B,e, [[u—]];) — e = D. Therefore (N1, (Na1, B)) € G from the
definition of ~, so there is D € VV)‘ such that N1 | Aa. Ny1, N1 | Az.O, Oz := Noyp] |

s e
[s,01] and Oq Ik, ¢(B, D, [u],) AVe. ¢(B,e,[u],) = e = D. So O | (O11,012) and
O12 I, Ve. ¢(B, e, m) — e = D. Therefore, O12 | Aa. @, Q | Az. Q1 (since we can take
again t = a and Qla :=a| = Q) and Q1[x := Nap| -, A=D. By Lemmal5.14], A € VV)‘.
Now we tackle w. For the left-to-right direction, obviously M = infRep((), N'). For the
claim about N, we proceed by induction on the definition of w’:

e The base case. Then N | inl(O) and OlF, A=0,s0 NIF, A=0V Iy cw'. A= 5(y).



e The inductive step. Then N | inr(Ny), Ny | [t,0], O L (M',P), (M',B) e 7, P, A=
S(B). Therefore, there is C' (namely B) such that M’ |k, C € W’ and P I, A = S(C).
Thus [t,0] Ik, Jy. ye W' NA=S(y),so NIF, A=0VIyew'. A= S(y).

For the right-to-left direction, suppose N IF, A=0V (Jy. y € w' A A= S(y)). Then either

N | inl(Nq) or N | inr(Ny). In the former case, N I, A = 0, so by Lemma 514 A € V).

In the latter, Ny I, Jy. y € w' A A = S(y). Thus N; | [¢t,0] and there is B such that

OlrpBew NA=S5(B). SoO | (M, P), (M'B)ecwt and P, A= S(B). This is

exactly the inductive step of the definition of w’, so it remains to show that A € Vw)‘. Since

(M', B) € w'*, there is a finite ordinal o such that B € V;}. By Lemma 517, A € V2,5, so

also A € V) and we get the claim. L]

6. NORMALIZATION

In this section, environments p are finite partial functions mapping proof variables to
terms of AZ and first-order variables to pairs (, A), where t € Tms and A € V*. Therefore,
p:VarUFVar — AU(Tms x V?*), where Var denotes the set of proof variables and F'Var
denotes the set of first-order variables. For any p, pr denotes the restriction of p to the
mapping from first-order variables into terms: pr = Aa € FVar. mi(p(a)). Note that any
p can be used as a realizability environment by considering only the mapping of first-order
variables to V.

We first define a reduction-preserving forgetting map M — M on the terms of A\Z.
The map changes all first-order arguments of axRep and axProp terms to (). It is induced
inductively in a natural way by the cases:

axRep(t, i, M) = axRep(0), 0, M) axProp(t, @, M) = axProp(0, 0, M)
So for example, Aa. M = Xa. M,[t,M] = [t,M],(M,N) = (M,N) and so on. The
reduction-preserving character of the map is captured by the following lemmas:
Lemma 6.1. If M — N then M — N.

Proof. Straightforward. The first-order terms mapped to () do not play a role in reductions.
L]

Lemma 6.2. If M normalizes, then so does M.

Proof. By Lemma [6.I] an infinite reduction sequence starting from A would induce an
infinite reduction sequence starting from M. []

Definition 6.3. For asequent I' - ¢, p = T'F M : ¢ means that p is defined on FV (', M, ¢)
and for all (z;,¢;) € T, p(a;) Ik, ¢.

Note that if p = I' = M : ¢, then for any term t in T, ¢, [t], is defined and so is the
realizability relation M I-, ¢.
Definition 6.4. For a sequent I' = M : ¢, if p = T = M : ¢ then M[p] is M[xy :=

p(x1), . xy = p(xy),a1 = pr(ar),...,a := pr(ax)], where FV(M) = {x1,...,z,} and
FVp(M) = {a1,...,a;}. Similarly, if p is defined on the free variables aq, ..., aj of ¢, then
t[p] denotes ta1 := pr(ay),...,ar := pr(ag)].

Lemma 6.5. If p is not defined on x, then M|p|[z := N| = M|[p[z := N]]. Also if p is not
defined on a, then M[a :=t] = M|pla := (t, A)]].

Proof. Straightforward structural induction on M. L]



Theorem 6.6 (Normalization). IfI' = M : 9 then for allp =T+ M : 9, M[p] Ik, 9.

Proof. For any AZ term M, M’ in the proof denotes M[p]. We proceed by metalevel
induction on I' - M : . Case I' = M : 1 of:

[}
Lz:obFx:0
Then M’ = p(x) and the claim follows.
TFM:¢—¢ THN:¢
TFEMN:¢
By the induction hypothesis, M’ IF, ¢ — 1 and N’ I, ¢. Lemma [5.T3] gives the claim.

Fx:obFM:
F'FXe:o. M:op—
Take any p |=T" and fresh . We need to show that for any N I+, ¢, M'[z := N] Ik, 1.
Take any such N. Let p/ = p[z := NJ]. Then p/ =T,z : ¢ & M : 1, so by the
induction hypothesis M '] IF, 1. Since x is fresh, p is undefined on z, so by Lemma [6.5]
Mlp') = M[p][z := N] = M’'[x := N|. Therefore M'[z := N] I, 1. Since p’ agrees with
p on logic variables, by Lemma we get M'[z := NJ Ik, 9.

I'EM: L
I'F magic(M) : ¢
By the induction hypothesis, M’ IF, L, which is not the case, so anything holds, in
particular magic(M’) I, ¢.

T M: A

' fst(M) : ¢
By the induction hypothesis, M’ I, ¢ A, so M" | (My, M) and M, I, ¢. Therefore
fst(M) —* fst((M7, M3)) — M. Lemma [E1T] gives the claim.

THM:pAp
I'Fsnd(M) 9

Symmetric to the previous case.
IFM:¢ TFN:o
F(M,N): oAV
All we need to show is M’ I, ¢ and N’ I, 1, which we get from the induction hypothesis.

'EM:¢
I'+inl(M): ¢V
We need to show that M’ I, ¢, which we get from the induction hypothesis.

TFM:
F'Finr(M): ¢V

Symmetric to the previous case.



'EM:ovy Tix:oFN:Y Dz ybEO:90
't case(M,z :¢. Nyx :1. O) : 9
By the induction hypothesis, M’ IF, ¢ V 1. Take x fresh, so that p is undefined on z.
Therefore either M’ | inl(M;) and M; Ik, ¢ or M’ | inr(Ms) and M, Ik, . We only
treat the former case, the latter is symmetric. Since plz := M| IF, 'z : ¢ = N : ¥,
by the induction hypothesis we get N[p[x := M;i]] I, 9. We also have case(M,z :
¢. N,z :1p. O) —* case(inl(My),z : ¢. N,z : 1. O) — N[z := M;]. By Lemma G.5]

N[z := Mi] = Nlp[z := Mi]], so Lemma [5.1T] gives us the claim.

-M:¢
I'FXa. M :Va. ¢
By the induction hypothesis, for all p' =T+ M : ¢, M[p'] I, ¢. We need to show that
for all p =T'F Xa. M :Va. ¢, (Aa. M)[p] IF, Va. ¢. Take any such p. Using a-conversion
we can assure that p is not defined on a, so it suffices to show that Aa. M{p] IF, Va. ¢,
which is equivalent to VA,t. M[p]la := t| IF, ¢[a := A]. Take any A and t. By Lemma
it suffices to show that M{p][a := t] IFjq.—a) ¢. Since pla := (t,A)] =T+ M : ¢, by
the induction hypothesis we get M|[p[a := (t, A)]] IFjfq.=a) ¢. By Lemma MIp|[a :=
t] = M|p[a := (t, A)]], which shows the claim.

' M :Va. ¢
LEMt: ¢la:=t]
By the induction hypothesis, M’ IF, Ya. ¢, so M’ | Aa. N and VA, u. N[a := u] I, ¢la :=
A]. In particular Nfa := t[p]] IF, ¢[a := [t],]. By Lemma B39, Nia := t[p]] I, ¢[a := t].
Since M t[p] = M’ (t[p]) =* (Aa. N) t[p] = Nla := t[p]], Lemma 511 gives us the claim.

L' M: ¢la:=t]

L'k [t,M]:3a. ¢
By the induction hypothesis, M’ I, ¢[a := t], so by Lemma B9, M’ Ik, ¢la := [t],].
Thus, there is a A-name A, namely [t],, such that M’ Ik, ¢[a := A]. Thus, [t, M][p] =
[t[p], M'] IF, Ja. ¢, which is what we want.

''FM:da.¢ T,x:oFN:9Y

Cklet [a,z:¢]:=Min N : 9
Let p =T F let [a,z : ¢| := M in N : ¢). Choose x,a so that p is undefined on these
variables. We need to show (let [a,z : ¢] := M in N)[p] = let [a,z : ¢] :== M’ in N[p] IF,
¥. By the induction hypothesis, M’ IF, Ja. ¢, so M’ | [t, M;] and for some A, M; IF,
¢la := A]. By the induction hypothesis again, for any p/ = T,z : ¢ = N : ¢ we have
0] IFy 4. Take p' = plz := My,a = (t,A)]. Since a ¢ FV(¢), by Lemma (12
[p] Ik, p. Now, let [a,z : ¢] :== M’ in N[p] —* let [a,z : ¢] := [t,M;] in N[p] —
[

a ¢ FV(L,4)

== =

plla := t][x := My] = N|[p']. Lemma [E.11] gives us the claim.

T M:a(t, @)
'+ axRep(t, @, M) : t € ta(u)




By the induction hypothesis, M’ I, ¢a(t, u) By Lemma [5.9] this is equivalent to M’ I,
gbA([[t]]p,[[ ). By Lemma [5.18] (aXRep((Z), ,M’), [tl,) € [ta(@)],, so axRep(t,u, M) Ik,
t e ta(a).
I'EM:te tA(ﬁ)
I’ axProp(t, i, M) : ¢4 (t,u)
By the induction hypothesis, M’ Ik, t € t4(@). This means that M’ | v and (v, [t],) €
[ta(@)],. By Lemma 518 v = axRep(),0, N) and N I-, ¢a([t],, [u],). By Lemma 5.9
N Ik, ¢a(t,u). Moreover,
axProp(t,u, M)[p] = axProp(0, @, M") —* axProp(0, @, axRep (0, @, N)) — N .

Lemma [B.17] gives us the claim.

'+ M :Ve. (V0. bec—>gbbf§ — ¢(c, 1)
[+ ind,, f)(tM ¢(a,t)
Since ind, - )(t M) reduces to Ae. M" ¢ (A\b. Ax. ind, «(t,M") b), by Lemma [5.11]

o(a.f)
it suffices to show that for all C,t, M’ t (Ab. Ax. ind, 7 ~)(t, M') b) Ik, ¢(C,T). We

proceed by induction on A-rank of C'. Take any C,t. By the induction hypothesis,
M' I, Ye. (Yb. b € ¢ — ¢(b,)) — ¢(c,t), so M’ | Ae. N and Nc :=t] Ik, (Vb. b €
C — ¢(b,t)) — ¢(C,t). By Lemma BII, M’ ¢ I, (Vb. beC—>¢bt‘) — ¢(C, 1), so
by Lemma [5.13] it suffices to show that Ab. Ax. ind¢( f)(t M) b, Vb. b€ C — ¢(b,1).
Take any B,u, O I, B € C, we need to show that 1nd¢( f)(t Mz := O] ulF, ¢(B,1).
As x ¢ FV(M'), it suffices to show that ind¢( f)(t M') u Ik, ¢(B, 1), which, by Lemma
BT is equivalent to M’ u (Ab. Az. ind,, 7 )(t M) b) Ik, ¢ B,f). As O Ik, B € C, the

A-rank of B is less than the A-rank of C' and we get the claim by the induction hypothesis.
L]

Corollary 6.7 (Normalization). If - M : ¢, then M |.

Proof. Take p mapping all free proof variables of M to themselves and all free first-order
variables a of M to (a,()). Then p = M : ¢. By Theorem 6.6, M[p] normalizes. By the
definition of p, M|[p] = M. By Lemma G2 M normalizes. ]

Recall that in non-deterministic reduction systems, strong normalization means that
for any term M, all reduction paths starting from M terminate, while weak normaliza-
tion means that for any term M there is a terminating reduction path starting from M.
Our reduction system for AZ can be viewed as selecting a call-by-need reduction strategy
in a non-deterministic reduction system, where a reduction can be applied anywhere in-
side of the term. In this view, our results show only weak normalization of the calculus.
Strong normalization then, surprisingly, does not hold. One reason, trivial, are ind terms.
However, even without them, the system would not strongly normalize, as the following
counterexample, invented by M. Crabbé and adapted to our framework shows:

Theorem 6.8 (Crabbé’s counterexample). There is a formula ¢ and a term M such that
FM: ¢ and M does not strongly normalize.



Proof. Let t ={x €0 | x € x — L}. Consider the terms:
N = My : t € t. snd(sepProp(t,0,y)) y M =MXx:te0. N (sepRep(t,0, (x,N)))

We first show that these terms can be typed. Let T' denote the following proof tree, showing
that FN:tet — L:

y:tethy:te{red|zecr— L}
y:t €tk sepProp(t,0,y)):t€0ANtet — L
y:t €tk snd(sepProp(t,0,y)) :t€et— L y:tetby:tet
y:t €tk snd(sepProp(t,0,y)) y: L
FAy:tet snd(sepProp(t,0,y)) y:t et — L

By Weakening, we can also obtain a tree T} showing that x:t € OF N :t €t — 1. The
following proof tree shows that - M :t € 0 — L:

T
r:t€0kFx:t€0 x:te0FN:tet— 1L
T, x:te0kF(x,N):teOAtet— L
z:te0FN:tet— L x:t€0F sepRep(t,0,(x,N)):t €t

x:te€ 0k N (sepRep(t,0, (z,N))) : L
FAx:te0. N (sepRep(t,0,{(x,N))):t€0— L
We now exhibit an infinite reduction sequence starting from M:
M =Xz :te€0. N (sepRep(t,0, (x,N)))
Ax:t€0. (A\y:tet. snd(sepProp(t,0,y)) v) (sepRep(t,0, (x, N)))
Az : t € 0. snd(sepProp(t, 0, (sepRep(t, 0, (z, N))))) (sepRep(t, 0, (z, N)))
Az :t € 0. snd({xz,N)) (sepRep(t,0, (z, N))
Ax:t€0. N (sepRep(t,0, (z,N))) =M

L

0

Note that the counterexample also shows that the weak normalization of \Z is really
weak — although F M : ¢ entails weak normalization of M, I' = M : ¢ does not, as there
is a context I' such that I' = M : ¢ and M does not normalize.

Moreover, a slight (from a semantic point of view) modification to IZFj, namely making
it non-well-founded, results in a system which is not even weakly normalizing. A very small
fragment is sufficient for this effect to arise. Let T" be an intuitionistic set theory consisting
of 2 axioms:

e (C)Va.aec+ra=c
e (D)Va.acd+—acchaca—aca.

The constant ¢ denotes a non-well-founded set. The existence of d can be derived from
the Separation axiom: d = {a € ¢ | a € a — a € a}. The lambda calculus corresponding to
T is defined just as for IZFF.

Lemma 6.9. THdcc

Proof. 1t suffices to show that d = ¢. Take any e € d, then e € ¢. On the other hand,
suppose e € ¢. Since obviously e € e — e € e, we also get e € d.

Proof.



Theorem 6.10. There is a formula ¢ and a term M such that =7 M : ¢ and M does not
weakly normalize.

Proof. Let N be the lambda term corresponding to the proof of Lemma [6.9] along with the
proof tree Ty. Take ¢ =d € d — d € d. Consider the terms:

O = Xz : d € d. snd(dProp(d, c,z)) x M = O (dRep(d, ¢, (N, O))).
Again, we first show that these terms are typable. Let S be the following proof tree, showing
that FO:ded— d € d:

r:dedkFx:ded
x:dedtdProp(d,c,z)) :dechded—ded
z:d € dtF snd(dProp(d,c,z)):ded—ded x:dedbx:ded
x:d € dt snd(dProp(d,c,z)) z:d € d
F Az :d e d. snd(dProp(d,c,z)) x:ded—ded

Then the following proof tree shows that M is typable:

TN S
FN:dee FO:ded—ded
S F(N,O):dechded—ded

FO:ded—ded F dRep(d, ¢, (N,0)) :d e d
~0 (dRep(d,c, (N,0))) - d € d
Finally, we exhibit the only reduction sequence starting from M:
M = O (dRep(d, ¢, (N, O)))
(Ax : d € d. snd(dProp(d, c,x)) x) (dRep(d, ¢, (N, O)))
snd(dProp(d, ¢, dRep(d, ¢, (N, 0)))) (dRep(d, ¢, (N, 0)))
snd((N, 0)) (dRep(d, ¢, (N, 0)))
O (dRep(d, c, (N, 0))) = M

R

[

These counterexamples to normalization properties can also be presented in a cleaner
way in the framework of higher-order rewriting [Moc0Gal.

7. APPLICATIONS

The normalization theorem immediately provides several results.
Corollary 7.1 (Disjunction Property). If IZF 3 ¢ V 4, then IZF & ¢ or IZF F ).

Proof. Suppose IZF = ¢ V . By the Curry-Howard isomorphism, there is a AZ term M
such that = M : ¢ V. By Corollary [4.8 M | v and F v : ¢ V ¢. By Canonical Forms,
either v = inl(N) and F N : ¢ or v = inr(N) and - N : 7. By applying the other direction
of the Curry-Howard isomorphism we get the claim. ]



Corollary 7.2 (Term Existence Property). If IZF ;- J2. ¢(x), then there is a closed term
t such that IZF - ¢(t).

Proof. By the Curry-Howard isomorphism, there is a AZ-term M such that = M : dz. ¢.
By normalizing M and applying Canonical Forms, we get [t, N| such that - N : ¢(t) and
thus by the Curry-Howard isomorphism IZF = ¢(t). If ¢ is not closed already, then let
d = FV(t). We have IZF ,F- Va. ¢(t), so also ¢(t[d := o). L]

To show NEP, we first define an extraction function F' which takes a proof - M :t € w
and returns a natural number n. F' works as follows:

It normalizes M to natRep(t,N). By Canonical Forms, - N : ¢t =0V 3y € w. t = S(y).
F then normalizes N to either inl(O) or inr(O). In the former case, F returns 0. In the latter,
FO:3y.yewAt=S(y). Normalizing O it gets [¢t1, P|, where - P : t; € w At = S(t1).
Normalizing P it obtains @ such that - @ : t; € w. Then F returns F(- Q : t; € w) + 1.

To show that F' terminates for all its arguments, consider the sequence t,ty,ts,... of
terms obtained throughout the execution of F. We have IZF ;- t € w, IZF - t = S(t1),
IZF,F t1 = S(t2) and so on. The length of the sequence is therefore exactly the natural
number denoted by t.

Corollary 7.3 (Numerical Existence Property). If IZF - 32 € w. ¢(x), then there is a
natural number n and term ¢ such that IZF F ¢(t) At = 7.

Proof. As before, use the Curry-Howard isomorphism to get a value [t, M] such that -
[t,M]:3zx. 2 € wA@(x). Thusk M :t € wAP(t), so M | (My, M) and = M : t € w. Take
n = F(F M; :t € w). By patching together the proofs IZF -t = S(t1), IZF;F t1 = S(t2),
. JIZF = t, = 0 obtained throughout the execution of F', we get IZF -t = 7. L]
This version of NEP differs from the one usually found in the literature, where in the
end ¢(m) is derived. However, IZF} does not have the Leibniz axiom for the final step.
We conjecture that it is the only version which holds in non-extensional set theories. More
specifically, we conjecture that there is a term ¢ and formula ¢ such that IZF - ¢(t) At =7
and IZF, does not prove ¢(7).

8. EXTENSIONAL IZF R
We will show that we can extend our results to full IZFg. We work in IZF.
Lemma 8.1. Equality is an equivalence relation.
Proof. Straightforward. []
Definition 8.2. A set C' is L-stable, if A € C' and A = B implies B € C.

Thus, L-stable sets are well-behaved as far as the atomic version of the Leibniz axiom
(Va,b,c.a € cANa=0b— b€ c) is concerned.

Definition 8.3. A set C'is transitively L-stable (we say that TLS(C) holds) if it is L-stable
and every element of C' is transitively L-stable.

This definition is formalized in a standard way, using transitive closure, available in
1ZF7,, as shown e.g. in [ARO1]. We denote the class of transitively L-stable sets by T". The
statement V' = T stands for VA. TLS(A). The class T in IZF}, plays a similar role to the
class of well-founded sets in ZF without Foundation.



Lemma 8.4. IZFr-V =T.
Proof. Straightforward €-induction. []

The restriction of a formula ¢ to T, denoted by ¢, is defined as usual, taking into
account the following translation of terms:

ol =a {t,u}T = {7 T} wl =w (U ! = UtT P =rPtTYnT
(S0, (@ D) = Sy’ “7) (Biyap,y(t )" = Brpngran, t
The notation T |= ¢ means that ¢ holds.
Lemma 8.5. T is transitive.
Proof. Take any A in T and suppose a € A. Then by the definition of T', a € T as well. []
Lemma 8.6. f A=C and A€ T, then C €T.

Proof. This is not obvious, as there is no Leibniz axiom in the logic. Suppose a € C and

a=0>b. Since A=C, a € A. Since A is L-stable, b € A, so also b € C. Thus C is L-stable.
If a € C, then a € A. Since A € T and T is transitive, a € T. Thus C is transitively

L-stable. ]

Lemma 8.7. Equality is absolute for T

Proof. Take any a,b € T. Suppose (a = b)”. This means that for all c € T, ¢ € a <+ ¢ € b.
As T is transitive, this is equivalent to for all ¢, ¢ € a <+ ¢ € b, so also @ = b in the real
world. On the other hand, if Ve. ¢ € a <> ¢ € b, then obviously also Ve € T. c € a <> ¢ € b.[]

The following three lemmas are essentially used to show that 7" is closed under the
axioms of IZF g.

Lemma 8.8. 0 T. If A€ T, then S(A) € T.

Proof. That 0 € T is obvious. Take any A € T. To show that AU {A} € T, suppose
ac AU{A}anda=0b. Ifa € A, thenby A€ T wehavebe Aand a € T. If a € {A}, then
a= A, soalso b= A and by Lemma 86 a € T. In both cases b € AU {A} which shows the
claim. L]

The following two lemmas are proved together by mutual induction on the definition
of terms and formulas.

— — — —

Lemma 8.9. For any term ¢(a, f), Va, b, fer. (a=b—tT(a,f)=tTb, f))Nt"(a, f) € T.

—

Proof. Case t(a, f) of:

e a, f;,0. The claim is trivial.

e w. It suffices to show that w € T. We show by &€-induction on a that Va. a € w — a €
TAVb. a =b— b€ w. Take any a € w. Then either a = 0 or there is y € w such that
a = S(y). Take any b such that a = b. In the former case b = 0, so b € w and by Lemmas
and B8 we get a € T'. In the latter case, take this y. We have b = S(y), so b € w. By
a = S(y), y € a, so by the induction hypothesis y € T', thus by Lemma we also get
acT.



— —

o {tl( , ) ta(a, f)}. By the induction hypothe51s tT(a,f) = tT(b, f) and tL(a, f) =

t'(b, f) In order to show that {t(a, f), tg(a mr = { 1(b, f) ta(b, /)Y, take any
A e {tT(a, f), tT(a F)}. Then either A = tT(a fYor A=1tT(a,f), so either A =tT(b, f)
or A=tl(b, £), in both cases A € {t1(b, f) ta(b, f1}T. The other direction is symmetric
and we get {t1(a, f), ta(a, /)}7 = {t1(b, ), t2(0, )}".

Furthermore, by the induction hypothesis, t (a, f) € T and t% (a, f) € T. Thus in both
cases by Lemma 86, A € T. Suppose A = B. Then either B = 1 (a, f), or B =tl(a, f).
In both cases B € {t1(a, f),t2(a, f)}T. Thus we have shown that {t,(a, f),t2(a, f)}T € T.
Ut(a, f). Take any A € (Ut(a, f))T = UtT(a, f). By the induction hypothesis, tT(a f)
tT(b, ). Thus there is B € tT(a, f) such that A € B. Thus also B € t7(b, f)

A e JtT(b, f). The other direction is symmetric and we get ((Jt(a, f))T = (t(b, f)) .

Furthermore, by the induction hypothesis, tT(a, f) € T, so by transitivity of T, B € T
and also A € T. Finally, suppose that C' = A. Then since B € T, C € B, so C €
Ut (a, f). This shows the claim.

P(t(a f)) By the induction hypothesis, t7 (a, f) = tT( f) Suppose A € (P(t(a, f)))T.
Then A C t7(a, f) and A € T. Thus also A C t7(b, f), so A € (P(t(b, f)))T. The other
direction is symmetric and we get (P(t(a, f)))T = (P(t(b, f)))T.

Suppose A = B. Since A € T, by Lemma B0l B € T. It is easy to see that also

BCtTa,q,soBEPtTa, M NT = (P(t(a, f)))T

- (fl (t"(a, [)) (((f))) .

Se(a.fy(t(a f),t(a, f)). Suppose A € (S, =(t(a, Fitla, /)T Then A € tT(a, f) A
#(a,f) é(a.f)

¢T(A,t7(a, f)). By the induction hypothesis, t*(a, f) € T and tT(a, f) € T. Thus, by

transitivity of 7', A € T'. Moreover, by the induction hypothesis, t"(a, f) = tT (b, f) and

N2

t"(a, f_s = ¢T(b, ). Therefore A € tT(b, f). By Lemma BI0 we get ¢7 (A,tT (b, f)). This
shows that A € (S (a f)( (b, f), t(b, H)T. The other direction is symmetric and we get

i

(S, (10, P s )T = (S50, 7, 20 D).
Suppose A = B. By Lemma B.6, B € T. Since tT(a, )GT B¢ t'(a, 3 By Lemma

BIO, ¢”(B,t"(a, f)) holds. Thus ( f( (a, _)),t(a, T
Royan (a, f). Suppose A € (R¢(abf ( (a, f),u(a, f)))T and A = B. This means that:

— Vo € tT(a, Ay € T. ¢7(z,y,uT (a, f)). Take any = € t7(b, f). By the induction
hypothesis, = € t*(a, f) Thus there is y € T such that ¢ (x,y,u” (a, f)) and ¥z €
T. ¢"(z,z,u” (a, f)) = z = y. We will now show that there is exactly one yerT such

— —
that ¢* (z,y',u” (b, f)). Take 3y’ = y. By the induction hypothesis, u’ (a, f) = u” (b, f).
By LemmaRI0 ¢7 (2,9, u? (b, f)). Take any 2’ € T and assume ¢” (z, 2, u’ (b, f)). By
LemmaBI0, ¢(x, 2, u” (a, f)), so 2/ = y'. Thus we have shown that Vz € ¢7(b, f)3Ily €
E—
T. tT(:Ev Y, uT(bv f))




o P —
— xetla, f). Ac T A" (x,Au" (a,f)). Take this . By Lemma 8, B € T, so by
Lemma BI0, ¢ (z, B,u” (a, f)). Moreover, by Lemma BI0, ¢ (z, A, u” (b, f)). Thus
there is 2 € t7(b, f) such that ¢7 (x, A,u” (b, f)).

ﬁ
Altogether, this shows that A € (R¢(a b f) ( (b, f),u(b, ))T. The other direction is sym-
- ﬁ
metric and we get (R¢( ) (t(a, f),ula, F))T (R¢(abf (t(b, f), (b,f)))T. We have
ﬁ
also shown that (R S(ab,f) ( (a, f),u(a, f)))T € T, so the proof is complete. O

— —

Lemma 8.10. T = L In other words, Va,b, f € T. a = b — o (a, f) — &7 (b, f).

$(a.f)’
Proof. We show representative cases. Case ¢ of:

e t(a,f) € s(a, f) for some terms ¢,s. We need to show that if A, B,F € T, A = B
and tT(A,F) € sT(A,F), then tT(B,F) € sT(B,F). By Lemma B3 tT(A F) =
tT(B, F),sT(A, F) = s"(B,F) and sT (A, F) € T. Therefore t*(B, F) € sT(A, F), which
entails t7(B, F) € s7(B, F).

° qbl(a,f) — qbg(a,f). Take any A, B, F € T, assume A = B, ¢{(A,ﬁ) — gbg(A,f) and
o (B, F ) By the induction hypothesis for ¢1, ¢7 (A, F ). Using the assumption we obtain
P2 (A, F ). By the induction hypothesm for ¢ we get ¢d (B, F ).

e Jc. ¢i1(a, f,c). Take any A, B,F € T, assume A = B and 3¢ € T. ¢T(A, F,c). Then
there is a set C € T such that ¢7 (A, F, (') holds. By the induction hypothesis, merging
fwith ¢, we get ¢1T(B,ﬁ, (), so also Je. ¢1T(B,f, c). ]

Theorem 8.11. T =1ZFg. In other words, T is an inner model of IZFpg.

Proof. We proceed axiom by axiom.

e (EMPTY) Straightforward.

e (PAIR) Take any A, B € T. That {A, B} satisfies the (PAIR) axiom in T follows by
absoluteness of equality.

e (UNION) Take any A € T'. Suppose C' € |J A. Then there is some B such that C' € B € A.
Since A is transitive, B € T'. On the other hand, if there is B € T such that C € B € A,
then obviously C € |J A.

e (INF) Suppose C € w. Then either C' = 0 or there is y € w such that C' = S(y). We need
to show that either C' = 0 or there is y € T such that y € w” and C = ST (y). If C =0,
the claim is trivial. Otherwise, suppose there is y € w such that C' = S(y). Then y € C,
so by transitivity of T, y € T. We also know that w’ = w and ST (y) = S(y). The claim
follows.

On the other hand, suppose C' = 0 or there is y € T such that y € w and C = S (y).
In both cases, C' is trivially in w.

e (POWER) Take any A,C € T. Suppose C € PT(A). Then VD € C. D € A, so also
forall D € T, D € C — D € A. On the other hand, suppose that for all D € T,
D e C — D e A. To show that C € PT(A), we need to show that C' € T and for all
D e C, D e A. We already have the former. To show the latter, note that by transitivity
of T, any D € C is also in T', so by the assumption in A. This shows the claim.



(SEP¢(af)) Take any A, F € T and suppose C' € {z € A | ¢(2, F)}T. Then C € A and

T (C, f), which is what we need. On the other hand, if C € A and ¢”(C, ﬁ), then also
Celved|dl(z,B)}={zeAldwB).

(REPqu(abf)) Take any A, F,C € T such that C € {z |(Vz € Ay. ¢(x,y, F)) Az €

A. ¢(x,z F)}T. This is equivalent to (Vo € Adly. y € T AT (2,y, F)) ATz € A. C €
T A o' (2,C, F ). Since A € T and T is closed under equality, it is also equivalent to
VMreT. zeA— Ty yce T/\(;ST(:E,y,ﬁ)/\Vz. ze€T 2=y — ng(a:,z,f))/\EI:E €
T.2ec ANC TN (z,C, ﬁ), which is what we want.

(IND¢(af)) Take F' € T and suppose that Va € T.VyeT.ycxz— qu(y,ﬁ)) — ng(:E,ﬁ).

We have to show that Va. a € T — ¢' (a, F ). We proceed by €-induction on a. Take any
A € T. By the assumption instantiated with A, (Vy € T.y € A — ¢*(y, F)) — ¢T (A, F).
We have to show that ¢ (A, F'). It suffices to show that Yy € T. y € A — ¢” (y, ). Take

any y € T N A. By the induction hypothesis for y, we get ¢” (y, ﬁ) and the claim.
(L #(a f)) Follows by Lemma B0 ]

Lemma 8.12. For any term #(&@) and any formula ¢(a@), IZF gl Va. t7 (@) = t(@) A ¢ (@)
¢(a).

Proof. By induction on the generation of terms and formulas. Case ¢ of:

a,w, . The proof is obvious.

{t1,t2}. By the induction hypothesis, 1 = t; and t3 = t5. Soif a € {t,t1'}, then a = t;

or a = tg, so a € {t1,t2}. The other direction is symmetric.

Ut:. By the induction hypothesis, t1 = t;. If a € |Jt!, then there is b such that

a€be tlT, so b €ty and a € |Jt;. The other direction is symmetric.

P(t1). By the induction hypothesis, t7 =t;. If a € P(t1)NT, then a C t],so alsoa C t

and consequently a € P(t1). On the other hand, if a € P(t1), then by V =T we also get

aeT,soac (Pt))T.

{x € t; | ¢(x,4)}. By the induction hypothesis, t = ¢;,4’ = @. Suppose a € {z €

th' | ¢T(z,a")}. Then a € t1, so a € t;. Since ¢ (a,u’) and we work in 1ZFg, ¢7 (a, ).

By the induction hypothesis, ¢(a, ), so a € {x € t; | ¢(z,%)}. The other direction is

symmetric.

{y | Vo € t1 Ay.¢(x,y, @) A 3w € t1. ¢(x,y,u)}. By the induction hypothesis, t1 = t; and

ul = @, Suppose a € {y | Vo € t; y.¢(x,y, @) Az € t1. ¢(z,y, %)}’ . Then:

— For all z € tlT there is exactly one y € T such that ¢”(z,y,4’). By the induction
hypothesis and V = T, we also have for all x € ¢; there is exactly one y such that
o(x,y, ).

— There is « € tI such that a € T and ¢* (x,a,a"). Then also there is z € ¢; such that
¢($, a, ,L_[)

Altogether, a € {y | Vo € t; y.¢(z,y, @) A Iz € t1. ¢(x,y,u)}. The other direction is

similar.

For the formulas, we show representative cases. Case ¢ of:

t € s. By the induction hypothesis, t/ =t and s’ = s, so by the Leibniz axiom ¢! € s”
is equivalent to t € s.

Ya. ¢1. Suppose Va. ¢q, then since V = T we have Va € T. ¢1. By the induction
hypothesis, Ya € T. ¢7. The other direction is similar. []



Lemma 8.13. 1ZF gt ¢ iff IZF o+ ¢7.

Proof. The left-to-right direction follows by Theorem B.IIl For the right-to-left direction,
if IZF ;= #T, then also IZF g+ ¢! and Lemma BI2 shows the claim.

Proof.
Corollary 8.14. 1ZFg satisfies DP, NEP and TEP.

Proof. For DP, suppose IZFgrl- ¢ v 1. By Lemma B.13] IZF ;- #T v T, By DP for 1ZF,
either IZF ;- #T or IZF - YT, Using LemmalB I3l again we get either IZF gk ¢ or IZF g 4.

For NEP, suppose IZFgl- Jz. © € w A ¢(x). By Lemma BI3] IZF - 3z s € T Az €
wl. ¢T(z), so 1ZFz- Fx € Wl 2z € T A ¢T(z). Since w! = w, using NEP for 1ZFj
we get a natural number n such that IZFL- dz € w. o € T A ¢T(x) Az = 7, thus
also IZF o 3z € T. 2 € w! A ¢T(z) A2 = m. By Lemma and m = nl, we get
I1ZF gt 3z. ¢(x) A x = 7. By the Leibniz axiom, IZF gz ¢(7).

For TEP, suppose IZF gt 3x. ¢(x). By Lemma RI3] IZF - 3z € T. ¢*(z). By TEP
for IZF 7y, there is a term ¢ such that IZF #T(t). This implies IZF g ¢ (t). By Lemma
BI2 t” = t, so by the Leibniz axiom in IZFr we get 1ZF gzl ¢ (tT). Since ¢” (t7) = ¢(t)7,
by Lemma R12l we get IZF gl ¢(t). ]

Corollary 8.15 (Set Existence Property). If IZF gt Jz. ¢(x) and ¢(x) is term-free, then
there is a term-free formula ¢ (z) such that IZF gl 3lz. ¢(z) A Y(z).

Proof. Take the closed t from Term Existence Property, so that IZF gt ¢(t). By Corollary
there is a term-free formula ¢ (x) defining ¢, so that IZFgt (3lx. ¥(x)) A (). Then
I1ZF gt Az, ¢(x) A (x) can be easily derived. O]

A different technique to tackle the problem of Leibniz axiom, used by Friedman in
, is to define new membership (€*) and equality (~) relations in an intensional uni-
verse from scratch, so that (V,€* ~) interprets his intuitionistic set theory along with
Leibniz axiom. Our 7', on the other hand, utilizes existing €,= relations. We present
an alternative normalization proof, where the method to tackle Leibniz axiom is closer to

Friedman’s ideas, in [MocO6b].

9. RELATED WORK

Several normalization results for impredicative constructive set theories much weaker
than IZFpR exist. Bailin [Bai88] proved strong normalization of a constructive set theory
without the induction and replacement axioms. Miquel interpreted a theory of similar
strength in a Pure Type System [Miq04]. In [Miq03] he also defined a strongly normalizing
lambda calculus with types based on Fw.2, capable of interpreting IZFo without the &-
induction axiom. This result was later extended — Dowek and Miquel interpreted
a version of constructive Zermelo set theory in a strongly normalizing deduction-modulo
system.

Krivine [LKO0I] defined realizability using lambda calculus for classical set theory con-
servative over ZF. The types for the calculus were defined. However, it seems that the types
correspond more to the truth in the realizability model than to provable statements in the
theory. Moreover, the calculus does not even weakly normalize.

The standard metamathematical properties of theories related to IZFg are well inves-
tigated. Myhill showed DP, NEP, SEP and TEP for IZF with Replacement and




non-recursive list of set terms. Friedman and Séedrov [FS83] showed SEP and TEP for
an extension of that theory with countable choice axioms. Recently DP and NEP were
shown for IZF ¢ extended with various choice principles by Rathjen [Rat0O6]. However, the
technique does not seem to be strong enough to provide TEP and SEP.

In [Moc06b|, we show normalization of IZFp extended with w-many inaccessible sets.
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