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ABSTRACT. The probabilistic modal u-calculus is a fixed-point logic designed for expressing
properties of probabilistic labeled transition systems (PLTS’s). Two equivalent semantics
have been studied for this logic, both assigning to each state a value in the interval [0, 1]
representing the probability that the property expressed by the formula holds at the state.
One semantics is denotational and the other is a game semantics, specified in terms of
two-player stochastic parity games.

A shortcoming of the probabilistic modal p-calculus is the lack of expressiveness required
to encode other important temporal logics for PLTS’s such as Probabilistic Computation
Tree Logic (PCTL). To address this limitation we extend the logic with a new pair of
operators: independent product and coproduct. The resulting logic, called probabilistic
modal p-calculus with independent product, can encode many properties of interest and
subsumes the qualitative fragment of PCTL.

The main contribution of this paper is the definition of an appropriate game semantics
for this extended probabilistic u-calculus. This relies on the definition of a new class of
games which generalize standard two-player stochastic (parity) games by allowing a play
to be split into concurrent subplays, each continuing their evolution independently. Our
main technical result is the equivalence of the two semantics. The proof is carried out in
ZFC set theory extended with Martin’s Axiom at an uncountable cardinal.

1. INTRODUCTION

The modal p-calculus (Ly) [I8], 30, 5] is a very expressive logic, for expressing properties
of labeled transition systems (LTS’s), obtained by extending classical propositional modal
logic with least and greatest fixed point operators. In the last decade, a lot of research has
focused on the study of reactive systems that exhibit some kind of probabilistic behavior,
and logics for expressing their properties. Probabilistic labeled transition systems (PLTS’s)
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[29] are a natural generalization of standard LTS’s to the probabilistic scenario, as they
allow both non-deterministic and (countable) probabilistic choices. A state s in a PLTS
can evolve by non-deterministically choosing one of the accessible probability distributions d
(over states) and then continuing its execution from the state s’ with probability d(s"). This
combination of non-deterministic choices immediately followed by probabilistic ones, allows
the modeling of concurrency, non-determinism and probabilistic behaviors in a natural
way. PTLS’s can be visualized using graphs labeled with probabilities in a natural way
[13, 19, I]. For example the PLTS depicted in Figure [Il models a system with two states
p and ¢. At the state ¢ no action can be performed. At the state p the system can evolve
non-deterministically either to the state ¢ with probability 1 (when the transition p —— dy
is chosen) or to the state p with probability % and to the state ¢ and with probability %

(when the transition p —— d; is chosen).
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Figure 1: Example of a PLTS

The probabilistic modal p-calculus (pLy), introduced in [27, 14, [10], is a generaliza-
tion of Ly designed for expressing properties of PLTS’s. This logic was originally named
the quantitative u-calculus, but since other p-calculus-like logics, designed for expressing
properties of non-probabilistic systems, have been given the same name (see, e.g., [11]), we
adopt the probabilistic adjective. The syntax of the logic pLu coincides with that of the
standard p-calculus. The denotational semantics of pLu [27) [10] generalizes that of Lu, by
interpreting every formula F' as a map [F]: P— |0, 1], which assigns to each state p a degree
of truth. In [23], the authors introduce an alternative semantics for the logic pLy. This
semantics, given in term of two-player stochastic parity games, is a natural generalization
of the two-player (non stochastic) game semantics for the logic Ly [30]. As in Ly games, the
two players play a game starting from a configuration (p, F'), where the objective for Player
1 is to produce a path of configurations along which the outermost fixed point variable X
unfolded infinitely often is bound by a greatest fixed point in F'. On a configuration of the
form (p, Gy V G3), Player 1 chooses one of the disjuncts G;, i € {1,2}, by moving to the
next configuration (p, G;). On a configuration (p, G1 A Go), Player 2 chooses a conjunct G;
and moves to (p,G;). On a configuration (p, uX.G) or (p,vX.G) the game evolves to the
configuration (p, G), after which, from any subsequent configuration (g, X) the game again
evolves to (¢,G). On configurations (p, (a)G) and (p,[a] G), Player 1 and 2 respectively
choose a transition p—-+d in the PLTS and move the game to (d, G). Here d is a probabil-
ity distribution (this is the key difference between pLu and Ly games) and the configuration
(d,G) belongs to Nature, the probabilistic agent of the game, who moves on to the next
configuration (¢, G) with probability d(q). This game semantics allows one to interpret
formulas as expressing, for each state p, the (limit) probability of a property, specified by
the formula, holding at the state p. In [23], the equivalence of the denotational and game
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semantics for pLy on all finite models, was proven. The result was recently extended to
arbitrary models by the present author [26].

Having a complementary game semantics for the logic pLu is of great conceptual im-
portance. In the quantitative approach to probabilistic temporal logics, the truth value
associated with a formula at a given state is supposed to represent the probability that the
property expressed by the formula holds at the state. Since the connectives of pLu can
be given other meaningful denotational interpretations different from those considered in
[27, [10] (see, e.g., [14]), one naturally seeks an alternative description for the properties
associated with formulas going beyond the mere denotational interpretation. The game
semantics for pLu provides such an operational interpretation in terms of the interactions
between the controller (Player 1) and a hostile environment (Player 2) in the context of the
stochastic choices occurring in the PLTS (Nature).

However, a shortcoming of the probabilistic p-calculus is the lack of expressiveness
required to encode other important temporal logics for PLTS’s, such as Probabilistic Com-
putation Tree Logic (PCTL) of [2]. To address this limitation, we consider an extension of
the logic pLu obtained by adding to the syntax of the logic a second conjunction operator (-)
called product and its De Morgan dual operator called coproduct (®). We call this extension
the probabilistic modal p-calculus with independent product, or just pLu®. The denotational
semantics of the product operator is defined as [F-G](p) =[F](p)-[G](p), where the product
symbol in the right hand side is multiplication on reals. The denotational semantics of the
coproduct is defined, by De Morgan duality, as [F©G](p)=1— ((1-[F](p))- (1 - [G](p)))-
These operators were already considered in [14] as a possible generalization of standard
boolean conjunction and disjunction to the lattice [0,1]. Our logic pLu® is novel in con-
taining both ordinary conjunctions and disjunctions (A and V) and independent products
and coproducts (- and ®). While giving a denotational semantics to pLu® is straightfor-
ward, the major task we undertake in this paper is to extend the game semantics of [23]
to the new connectives. The conceptual importance of this kind of result has already been
outlined above (see also [25], §1] for an extensive exposition). The game semantics imple-
ments the intuition that H; - Hy expresses the probability that Hy and Hy both hold if
verified independently of each other.

To capture formally this intuition we introduce a game semantics for the logic pLu® in
which independent execution of many instances of the game is allowed. Our games build
on those for pLu outlined above. Novelty arises in the game interpretation of the game
states (p, Hy-Hs) and (p, H; ® Hs). When during the execution of the game one of this
kind of nodes is reached, the game is split into two concurrent and independent subgames
continuing their executions from the states (p, H1) and (p, Ha) respectively. The difference
between the game-interpretation of product and coproduct operators is that on a product
configuration (p, H; - Hy), Player 1 has to win in both generated sub-games, while on a
coproduct configuration (p, Hy ® Hs), Player 1 needs to win just one of the two generated
sub-games.

To illustrate the main ideas, let us consider the PLTS of figure and the pLu for-
mula F'=(a){a)# which asserts the possibility of performing two consecutive a-steps. The
probability of F' being satisfied at p is %, since after the first a-step, the state 0 is reached
with probability % and no further a-step is possible. Let us consider the pLu® formula
H=upX.(F® X). Figure depicts a play in the game starting from the configuration
(p, H) (fixed-point unfolding steps are omitted). The branching points represent places
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Figure 2: Illustrative example

where coproduct is the main connective, and each T; represents play in one of the inde-
pendent subgames for (p, F') thereupon generated. We call such a tree, describing play on
all independent subgames, a branching play. Since all branches are coproducts, and the
fixpoint is a least fixpoint, the objective for Player 1 is to win at least one of the games
T;. Since the probability of winning a particular game 7T is %, and there are infinitely
many independent such games, the probability of Player 1 winning the whole game H is 1.
Therefore the game semantics assigns H at p the value 1.

The above example illustrates an interesting application of the new operators, namely
the possibility of encoding the qualitative probabilistic modalities P~oF (F holds with
probability greater than zero) and P—; F' (F holds with probability 1), which are equivalent
to the pLu® formulas uX.(F ® X) and vX.(F - X) respectively. Other useful properties can
be expressed by using these probabilistic modalities in the scope of fixed point operators.
Some interesting formulas include pX.((a) X V(P=1H)), vX.(P>o(a)X) and P, (vX.(a)X).
The first formula assigns to a state p the probability of eventually reaching, by means of a
sequence of a-steps, a state in which H holds with probability 1. The second, interpreted on
a state p, has value 1 if there exists an infinite sequence of possible (in the sense of having
probabilty greater than 0) a-steps starting from p, and 0 otherwise. The third formula,
expresses a stronger property, namely it assigns to a state p value 1 if the probability
of making (starting from p) an infinite sequence of a-steps is greater than 0, and value 0
otherwise. As a matter of fact the logic pLu® is expressive enough to encode the qualitative
fragment of PCTL.

Formalizing the pLu® games outlined above is a surprisingly technical undertaking.
To account for the branching plays that arise, we introduce a general notion of tree game
which is of interest in its own right. Tree games generalize two-player stochastic games, and
are powerful enough to encode certain classes of games of imperfect information such as
Blackwell games [2I]. A further level of difficulty arises in expressing when a branching play
in a pLu® game is considered an objective for Player 1. This is delicate because branching
plays can contain infinitely many interleaved occurrences of product and coproduct oper-
ations (so our simple explanation of such nodes above does not suffice). To account for
this, branching plays are themselves considered as ordinary two-player (parity) games with
coproduct nodes as Player 1 nodes, and product nodes as Player 2 nodes. Player 1’s goal in
the outer pLu® game is to produce a branching play for which, when itself considered as a
game, the inner game, they have a winning strategy. To formalize the class of tree games
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whose objective is specified by means of inner games, we introduce the notion of two-player
stochastic meta-parity game.

Our main technical result is the equivalence of the denotational semantics and the game
semantics for the logic pLu®. As in [26] the proof of equivalence of the two semantics is
based on the unfolding method of [11]. However there are significant complications, notably,
the transfinite inductive characterization of the set of winning branching plays in a given
pLu® game (section [B) and the lack of denotational continuity on the free variables taken
care by the game-theoretic notion of robust Markov branching play (Section [7). Moreover,
because of the complexity of the objectives described by means of inner games, the proof is
carried out in ZFC set theory extended with MAy, (Martin’s Axiom at R;) and therefore
our result is at least consistent with ZFC. We leave open the question of whether our result
is provable in ZFC alone; we do not know if this is possible even restricting the equivalence
problem to finite models.

The rest of the paper is organized as follows. In Section Bl we discuss the required
mathematical background. In Section [3] we define the syntax and the denotational semantics
of the logic pLu®. In Section M the class of stochastic tree games, and its sub-class given by
two-player stochastic meta-parity games, are introduced in detail. In Section [B] the game
semantics of the logic pLu® is defined in terms of two-player stochastic meta-parity games.
In Section [0l we provide a transfinite inductive characterization of the winning set of the
game associated with a formula uX.F. In Section [1 we introduce the technical notion of
robust Markov branching play. In Section [§ we prove the equivalence of the two semantics,
our main result. Conclusions and directions for future research are presented in Section [0

2. MATHEMATICAL BACKGROUND

Definition 2.1. A (discrete) probability distribution d over a set X is a function d: X —
[0,1] such that )"y d(x) =1. The support of d, denoted by supp(d), is defined as the
(necessarily countable) set {x € X | d(x)>0}. We denote with D(X) the set of probability
distributions over X. We denote with ., for x € X, the unique probability distribution
such that supp(d,)={z}.

Definition 2.2 (PLTS [29]). Given a countable set L of labels, a Probabilistic Labeled
Transition System is a pair £ = (P,{—=}4er), where P is a countable set of states and
25 CPx D(P), for every a € L. In this paper we restrict our attention to those PLTS’s
such that for every p € P and every a € L, the set {d | p % d} is countable. We refer
to the countable set U,ep Uyep{d | p 2+ d}, denoted by D(L), as the set of probability
distributions of the PLTS. We say that a PLTS L is not-probabilisitc, or just a LTS, if every
probability distribution d€D(L) is of the form ¢, for some pe P.

Given a set X, we denote with 2% the set of all subsets Y C X. Given a complete
lattice (L, <), we denote with | |: 2/ — L and []: 2% — L the operations of join and meet
respectively. A function f:L— L is monotone if z <y implies f(z) < f(y), for every x,y € L.
The set of fixed points of any monotone function f:L — L, ordered by <, is a non-empty
complete lattice [32]. We denote with lfp(f) and gfp(f) the least and the greatest fixed
points of f, respectively.

Theorem 2.3 (Knaster—Tarski [32]). Let (L,<) be a complete lattice and f: L — L a
monotone function. The following equalities hold:
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(1) Up(f) = Lo f*, where f* =g, F(f7).
(2) gfp(f) =T, fa, where fo =Tlg0 f(f5),

where the greek letters a and B range over ordinals.

The closed real interval [0, 1], with its standard order <, is a (distributive) complete
lattice [25] with | | X =sup X and [| X =inf X, for every X C[0,1]. When X = {z,y} we
simply have zUy = max{z,y} and My = min{z, y}. The involutive map x — 1—=z is clearly
order-reversing, thus the structure ([0, 1], <, A\z.1 — x) constitutes a complete De Morgan
algebra. We shall consider the operation of product (-), i.e., standard multiplication on [0, 1],

and its De Morgan dual, called coproduct (®), defined as: = ® ydﬁfl —((1—2)-(1—y).
Equivalently, * © y=2 + y — xy. Both operations are commutative, associative, monotone
and extend uniquely to infinitary operations of type [, : [0, 1] — [0, 1] as follows:

H{xn}nEN = |—| o ... Ty,  and H{wn}neN = |_| 20 ® ... 0 Ty,
meN meN
We shall make use of the following fast growing function on the natural numbers to approx-
imate infinite (co)products.

Definition 2.4. The function #:N—N is defined as #(n) def g2nt1,
Proposition 2.5. The following inequalities hold for every z—:e (0 1] and Z, €10, 1]N:

H(wn Ha:n +¢ and H Ly — Hxn

neN neN neN neN
and, similarly, if mﬁmtary products are replaced by mﬁmtary coproducts.

Proof. Both inequalities are easily proved by routine methods. We refer to Lemma 2.2.10
of [25] for a detailed proof. O

In the following we assume standard notions of basic topology and basic measure theory.
We refer to [17] and [31] as standard references to these topics. The author’s PhD thesis
[25, Chapter 2| provides a succinct introduction to the necessary material. The topological
spaces we consider will always be 0-dimensional Polish spaces.

Adopting standard notation, we denote with I‘g, for '€ {X,II, A} and « a countable
ordinal greater than 0, the corresponding class of subsets (of a Polish space) in the Borel
hierarchy. In particular, A?, Z? and H? denote the collections of clopen, open and closed
sets respectively.

Definition 2.6. For each n>1 the projective classes 3L (X), II!(X), AlL(X) of subsets of
a Polish space X are defined as follows:

E%LH = {ACX | A={z | 3y.(z,y) € B} for some BT} (X x Y)}
I, = {ACX | (X\4)ex,,(X)}
Al = oMl

where Y is a Polish space, and X x Y is equipped with the product topology. It is a well-
known result of Susin (see, e.g., Theorem 14.11 in [I7]) that Al is the collection of Borel
sets. Thus the class of projective sets is defined, starting from the Borel sets, by iterating
the operations of projection and complementation.

Definition 2.7. Given a Polish space X and a subset AC X, we say that A is universally
measurable if it is p-measurable for every Borel probability measure on X. It follows that
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the collection of universally measurable subsets of X, denoted by UM(X), forms a o-algebra.
Given a measurable space (Y,S) and a function f: X — Y, we say that f is universally
measurable if f~1(9) € UM(X) for all SES.

The following facts will be useful.

Theorem 2.8. Let X be a Polish space. The following assertions hold:

(1) ZHX) C UM(X), and if X is uncountable the inclusion is strict.
(2) If AcUM(Y) and f:X — Y is universally measurable, then f~1(A)€ UM(X).

It is not possible, in ZFC alone, to show that universally measurable sets extend any
further up in the projective hierarchy.

Theorem 2.9. Let X be a Polish space. If ZFC is consistent the following assertions hold:
(1) ZFC ¥ AL(X) C UM(X),
(2) ZFC ¥ AL(X) € UM(X).

Proof. The result of the first assertion is due to Kurt Godel, see, e.g., Corollary 25.28 of
[15]. A proof of the second assertion can be found in, e.g., [22]. ]

Thus, it is not decidable in ZFC if every set in A}(X) is universally measurable. As
we shall see in later sections, the winning sets of pLu® games are, in general, Al(X)
sets. To deal with the associated measure theoretic issues, we will carry our main result
in ZFC 4+ MAy, set theory, where MAy, is the so-called Martin’s Aziom at Nq, the first
uncountable cardinal. We often identify N; with the least uncountable ordinal wi. We refer
to [22] 25] for a description of the axiom MAy, and some of its set-theoretic consequences.
Here we list those that are relevant to our work.

Theorem 2.10 ([22]). Let X be a Polish space, p be a Borel probability measure on X
and { Ay }a<w, @ collection of u-measurable subsets of X, where wy is the least uncountable
ordinal. The following assertions hold in ZFC + MAxy, :

(1) A3(X) € UM(X),

(2) wi-completeness: |J,., Aa is a p-measurable set,

(3) wi-continuity: p(Ugep, Aa) = Uacw, #(Aa).

Note that, since singleton sets are always closed (hence measurable) in Polish spaces, it
follows immediately from Theorem 2. I0lthat Martin’s Axiom at 81 implies 2% # Xy, i.e., the
negation of Continuum Hypothesis [15]. As a matter of fact, Martin’s Axiom was introduced
by the authors as a possible set-theoretic alternative to the Continuum Hypothesis [22].

3. THE LoGIC PLu®

Given a set Var of propositional variables ranged over by the letters X, Y and Z, and a set
of labels L ranged over by the letters a, b and ¢, the formulas of the logic pLu® are defined
by the following grammar:
F.G:=X|FANG|FVG|F-G|FOoG| [aF | {a)F |vX.F|pX.F

which extends the syntax of the probabilistic modal p-calculus (pLp) with a new kind of
conjunction (+) and disjunction (®) operators called product and coproduct respectively. As
usual the operators v X.F' and pX.F bind the variable X in F. A formula is closed if it has
no free variables.
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Definition 3.1 (Subformula). We define the set Sub(F) by case analysis on F' as follows:

Sub(X) Y (X}, Sub([a] F)={[a] FYUSub(F), Sub(Fy AFy)={Fi AFy}USub(F})USub(F),
Sub(Fy - Fo)={F - Fo} U Sub(F) U Sub(Fy) and Sub(vX.F)={vX.F}USub(F). The cases
for the connectives (a), V, ® and puX are defined as for their duals. We say that G is a
subformula of F if G € Sub(F).

Given a PLTS (P, {-"}4er) we denote with [0,1]” the complete lattice of functions
from P to the real interval [0,1] with the pointwise order. A function p: Var — [0,1]%
is called a [0, 1]-valued interpretation, or just an interpretation, of the variables. Given a
function f: P — [0, 1] we denote with p[f/X] the interpretation that assigns f to the variable
X, and p(Y) to all other variables Y.

The denotational semantics [F],: P — [0,1] of the pLu® formula F', under the inter-
pretation p, is defined by structural induction on F' as follows:

[XT,(p) = p(X)(p)
GV H],(p) = [Gly(p)U[H],(p)
[GAH]p)p) = [Gly(p) N[H],(p)
IGo H],(p) = [Gly(p)
G- H]]p(p) = [Gl,(p)-

p
(@Gl = u( > d<q>-nan<q>)

pi>d g€supp(d)

Wcle = [1( > da)-6l@)

p-2sd  g€supp(d)

1X.Gloe) = 1p(AL(CLp/x) ) )

WXGlp) = gfo(M(ICyx) @)
where the symbols - and ® on the right hand side denote the operations of product and
coproduct on [0, 1], respectively. It is easy to verify that the interpretation assigned to
every pLu® operator is monotone, thus the existence of the least and greatest fixed points
is guaranteed by the Knaster—Tarski theorem.

The interpretation of the connectives of the logic pLu® (and its fragment pLyu) resembles
the corresponding ones for Lu. Both operations {LI, ®}, when restricted to the two element
set {0,1} act as ordinary boolean disjunction. Similarly, the operations {1, -} restricts to
ordinary boolean conjunction. For what concerns the semantics associated with the modal
operators, since in PLTS’s transitions lead to probability distributions over states, rather
than states, the most natural way to interpret the meaning of a formula G at a probability
distribution d is to consider the expected probability of the formula G holding at a state g
randomly drawn in accordance with d, and this is formalized by the weighted sums in the
definition above.

Remark 3.2. As it is common practice when dealing with fixed point logics such as the
modal p-calculus, we presented the syntax of pLu® in positive form, i.e., without including
a negation operator. This simplifies the presentation of the denotational semantics because
all formulas in positive form are interpreted as monotone functions. A negation operator
on (closed) pLu® formulas can be defined by induction on the structure of the formula, by
exploiting the dualities between the connectives of the logic, in such a way that [-F],(p) =
1 —[F],(p), for all formulas F' and states p. We omit the routine details.
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As anticipated in the introduction, the main reason for extending the logic pLu with
the new pair of connectives of product and coproduct is to get a richer and more expressive
logic capable of encoding the qualitative threshold modalities defined as follows.

Definition 3.3. Given a pLu® formula F, we define the macro formulas P~oF and P_; F

as follows: PoF e uX.(F®X) and P F e vX.(F-X), where X is not free in F.

The following lemma captures the denotational semantics of the qualitative threshold
modalities.

Lemma 3.4. Given a PLTS L = (P,{~}acr), a [0,1]-interpretation of the variables
p€ Var—1[0,1]Y and a pLu® formula F, the following assertions hold:

Parb)=0 o g 0 Parlo={ o !

for every state pe P.

Proof. The map = — A ® x, for a fixed X\ €[0,1], has 1 as unique fixed point when \ > 0,
and 0 as the least fixed point when A=0. Similarly for the map x + A-x. The result then
follows trivially. ]

It is easy to verify that the derived qualitative threshold modalities, if taken as prim-
itives, are De Morgan duals. As an immediate consequence of Lemma [3.4] we have the
following fact.

Proposition 3.5. The denotational interpretation of an open pLu® formula F is, in gen-
eral, not continuous in the free variables, i.e., the denotation of a formula, seen as a func-
tion of type (Var—) [0, 1]P) —[0,1]7, where (Var—) [0, 1]P) s ordered pointwise, does not
preserve countable C-increasing chains.

Proof. Consider the formula P—1 X =vY.(X - Y) having just one free variable X. We have
that [P=1X],(p) =0 if p(X)(p) <1 and [P=i X7 (p)=1 if p(X)(p)=1. O

This contrasts with the fact that the denotations of pLu formulas (i.e., formulas without
occurrences of (co)products operators) when interpreted over finite PLTS’s, are continuous
in the free variables (see, e.g., Appendix C of [23] for a proof of this fact, and [25, §3.3.2.3]
for a discussion about this phenomenon). It then follows that the qualitative threshold
modalities are not expressible in pLyu. Thus, pLu® is a strictly more expressive logic than
pLu, as previously claimed.

The following theorem summarizes some expressivity results about the logic pLu®.
Since the focus of this paper is primarily the study of a game semantics for pLu®, we just
refer to Theorem 7.2.16 and Proposition 7.2.5 in [25] for detailed proofs.

Theorem 3.6. The following propositions hold. s.

(1) the logic pLu® can encode the qualitative fragment of the logic PCTL of [2],

(2) there are (closed) pLu® formulas that can by satisfied only by infinite PLTS’s. Thus
pLu® does not satisfy the (expected adaptation of) the finite model property,

(3) there are (closed) pLu® formulas satisfiable by some PLTS’s but not satisfiable by any
non-probabilistic PLTS (see Definition[2.2),

where a PLTS L= (P, {—}qc1) satisfies a (closed) formula F, if there is some p € P such
that [F](p)=1.
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4. STOCHASTIC TREE GAMES

In this (unavoidably long) section we introduce a new class of games which we call two-
player stochastic tree games, or just 2%—player tree games. Stochastic tree games generalizes
standard two-player turn-based stochastic games (see, e.g., [7], [§]) by allowing a new class
of branching states on which the execution of the game in split in independent concurrent
subgames. Formally, stochastic tree games games are infinite duration games played by
Player 1, Player 2 and a third probabilistic agent named Nature, on a game arena A =
((S,E),(S1,52,SN, B),m), where (S, E) is a directed graph with countable set of vertices S
and transition relation F, (S1,S2, Sy, B) is a partition of S and 7:Sy —D(S). The states
in Sy, So, Sy and Sp are called Player 1 states, Player 2 states, probabilistic states and
branching states respectively. We denote with E(s), for s€ S, the set {s' | (s,s') € E}. As
a technical constraint, we requird] that supp(m(s)) C E(s), for every s€ Sy.

Definition 4.1 (Paths in .A). We denote with P¥ and P<“ the sets of infinite and finite
paths in A. Given a finite path §€ P<“ we denote with first(s) and last(3) the first and last
state of §, respectively. Given a finite path § and a (finite or infinite) path t we write §<¢
if §'is a (not necessarily proper) prefix of t and, provided that first t_) ek (last(§°)), we write
.t for the concatenation of the two paths. We denote with P? the set of finite paths ending
in a terminal state, i.e., the set of paths § such that E(last(s))=0. Similarly, we denote
with P and P~ the sets of finite paths ending in a state in Sy and S, respectively. We
denote with P the set P¥ U P! and we refer to this set as the set of completed paths in A.
Given a finite path §€ P<%, we denote with Oz the set of all completed paths having 5 as
prefix. We consider the standard topology on P where the countable basis for the open sets
is given by the clopen sets Og, for §€ P<“. This is a 0-dimensional Polish space [25].

Definition 4.2 (Tree in A). A tree in the arena A is a collection T'=1{5; };c of finite paths

5;€P<¥, such that

(1) T is down-closed: if 5€T and £ <1 5 then < T.

(2) T has a root: there exists exactly one finite path {s} of length one in T'. The state s,
denoted by root(T), is called the root of the tree T'.

We consider the nodes § of T as labeled by the last function.

Definition 4.3 (Uniquely and fully branching nodes of a tree). A node §'in a tree T is said
to be uniquely branching in T if either E(last(5))=0 or § has a unique child in 7". Similarly,
§is fully branching in T if, for every s€ E(last(s)), it holds that s.s€T.

An outcome of the game in A, which we call a branching play, is a possibly infinite tree
T in A defined as follows:

Definition 4.4 (Branching play in A). A branching play in the arena A is a tree T in A
such that, for every node 5€ T the following conditions holds:

(1) If last(5) € S1 U S U Sy then § branches uniquely in 7'

(2) If last(S) € B then § branches fully in 7.

We denote with BP the set of branching plays T in the arena A.
IThe constraint supp(m(s)) = E(s), which might look more natural, is unnecessarily restrictive since one

just one want to impose that Nature’s choices always belong to the set of successor states. Our relaxed
constraint will be technically convenient, see, e.g., Footnote [3l
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A branching play T represents a possible execution of the game from the state s labeling
the root of T. The nodes of T" with more than one child are all labeled with a state s€ B
and are the branching points of the game. Their children represent the many independent
instances of play generated at the branching point.

Definition 4.5 (Topology on BP). Given a finite tree F' in A, we denote with Op C BP
the set of all branching plays T' such that FF C T. We fix the topology on BP, where the
basis for the open sets is given by the clopen sets Op, for every branching-play prefix F. It
is routine to show that this is a 0-dimensional Polish space [25].

As usual when working with stochastic games, it is useful to look at the possible out-
comes of a play up-to the behavior of Nature. In the context of standard two-player stochas-
tic games this amounts to considering Markov chains. In our setting the following definition
of Markov branching play is natural:

Definition 4.6 (Markov branching play in A). A Markov branching play in A is a tree M
in A such that for every node s€ M, the following conditions hold:

(1) If last(8) € S; U Sy then § branches uniquely in 7.
(2) If last(5) € Sy U B then § branches fully in 7.

A Markov branching play is similar to a branching play except that probabilistic choices
of Nature have not been resolved.

Definition 4.7 (Probability measure Pys). Every Markov branching play M determines a
probability assignment Py (Op) to every basic clopen set Op CBP, for F' a finite tree in A
(we can assume that every node §€ F' such that last(5) € Sy has a unique child in F, since
otherwise Op =), defined as follows:

By (Op) [[{r(s)(8) | 5.8 €FAseSy}t i FCM
MAVE 0 otherwise

Such an assignment extends, by Carathéodory’s Extension Theorem [31], 25], to a unique

Borel probability measure on BP, whence to a complete probability measure, also denoted
by ]PM

It is the definition above that implements the probabilistic independence of the sub-
branching plays rooted at some branching node.

Definition 4.8 (Two-player stochastic tree game). A two-player stochastic tree game (or
a 2%-player tree game) is given by a pair (A, ®), where A is a stochastic tree game arena
as described above, and ® C BP, which is the objective or winning set for Player 1, is a
universally measurable set of branching plays in A.

Definition 4.9 (Expected value of a Markov branching play). Let (A, ®) be a 2%-player
tree game, and M a Markov branching play in A. We define the expected value of M as
follows: E(M) = Py (®). The value E(M) should be understood as the probability for
Player 1 to win the probabilistic play represented by M.

As usual in game theory, players’ moves are determined by strategies.

Definition 4.10 (Deterministic strategies). An (unbounded memory deterministic) strat-
egy o1 for Player 1 in A is defined as a function o1 : P;* — SU{e} such that o1 (5) € E(last(s))
if E(last(s))#0 and o1(5) =e otherwise. Similarly a strategy oo for Player 2 is defined as
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a function o9: Py — S U {e}. A pair (01,02) of strategies, one for each player, is called a
strategy profile and determines the behaviors of both players.

Note that the above definition of strategy captures the intended behavior of the game:
both players, when acting on a given instance of the game, know all the history of the
actions happened on that subgame, but have no knowledge of the evolution of the other
independent parallel subgames.

Definition 4.11 (MZ° ). Given an initial state sp € S and a strategy profile (o1,02) a

01,02

unique Markov branching play Mz? , is determined:

(1) the root of M is labeled with sg,
(2) for every se Mzo . if last(5)=s with s€ S not a terminal state, then the unique child

01,027

of §in M30 _ is §.(Ul(§))7

01,02

(3) for every se Mz . if last(5)=s with s€ S not a terminal state, then the unique child

01,027
of §in M, is 5.(02(3)).

This specifies uniquely M7 ;. because Markov branching plays branch fully on probabilistic
and branching states.

Definition 4.12 (Upper and lower values of a 2%-player tree game). Let G= (A, ®) be a

2%—player tree game. We define the lower and upper values of G on the state s, denoted by
VAL{(G) and VALL(G) respectively, as follows:

VALi(g) = |_|0'1 |—|02E(M(;'91,02) VAL']S\(g) = |_|0'2 |—|O'1E(M;170'2)

VAL (G) represents the limit probability of Player 1 winning, when the game begins at
s, by choosing his strategy o; first and then letting Player 2 pick an appropriate counter
strategy og. Similarly VALY(G) represents the limit probability of Player 1 winning, when
the game begins at s, by first letting Player 2 choose a strategy oo and then picking
an appropriate counter strategy oi. Clearly, for every s, the following inequality holds:
VAL{(G) < VALI(G). In the special case (not true in general) that this inequality is an
equality, we say that the game G is determined at s.

Definition 4.13 (e-optimal strategies). Let G= (A, ®) be a 2%-player tree game. We say
that a strategy o; for Player 1 in G is e-optimal, for € >0, if for every state s, the following
inequality holds:

M,BO, ,,) > VALY(O) — =
Similarly we say that a deterministic strategy oo for Player 2 in G is e-optimal, for € >0, if
for every state s, the following inequality holds:

Uy E(M;, 5,) < VALL(G) +e.

01,02
Clearly e-optimal (mixed and deterministic) strategies for Player 1 and Player 2 always
exist for every € >0, but not necessarily so for e=0.

Remark 4.14. Observe that a 2%-player tree game without branching states is just an
ordinary two-player turn-based stochastic game (see, e.g., [8], [25]): the set of branching
plays is homeomorphic to the set of completed paths, the notion of Markov branching play
collapses to the standard notion of Markov chain, and strategies are maps from finite paths
to successor states. Thus, as previously claimed, two-player stochastic tree games constitute
a generalization of ordinary two-player stochastic games.
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Notwithstanding our primary interest in an appropriate game semantics for pLu®, we
highlighting here that the simple form of partial information implemented in tree games
(players when acting on a given subgame are not aware of what happens in the other
independent subgames) is surprisingly powerful. For instance the class of Blackwell games
[3, 2I] can be encoded as two-players tree games (Theorem 4.2.18 in [25]). Moreover,
interesting open problems in the field, such as that of qualitative determinacy of stochastic
games (see, e.g., [6]), can be formulated as appropriate determinacy problems for 2-player
tree games (see, [25] §4.4]). We refer to the author’s PhD thesis [25] for an extensive
introduction and analysis of tree games.

4.1. Two-player stochastic meta-parity games. In this subsection we identify a class
of two-player stochastic tree games, called 2%—player meta-parity games, which will be used
to give an appropriate game semantics to the logic pLu®.

A 2%—player meta-parity game is a 2%—player tree game G= (A, ®), which we refer to as
the outer game, in which every branching play T is itself interpreted as a (ordinary) two-
player parity game G, which we refer to as the inner game associated with T, and whose
objective ® is defined as the set of branching plays T for which Player 1 has a winning
strategy in Gr.

We start formalizing this notion with the following definitions.

Definition 4.15. A parity assignment § for a two-player stochastic tree game arena A=
((S,E),(S1,52,SNn,B),m) is a function Q:S — N whose image is finite. In other words
Q) assigns to each state s € S a natural number, also referred to as a priority, taken from
a finite pool of options {ng,...,n;} =0Q(S). We denote with max(€2), min(Q2) and || the
natural numbers max{ny, ..., ng }, min{nyg, ...,nx } and |{ng, ..., nx }| respectively.

The function €2 induces a set of completed paths, denoted by Wq, specified as follows.

Definition 4.16. Let A= ((S, E), (S1,S2,Sn,B),7) be a 2%—player tree game arena and
Q) a parity assignment for it. A completed path § belong to the parity set induced by 2,
denoted by Wq CP, if either:
(1) §is a finite terminated path, i.e., §€P?!, and the priority assigned to the last state of §
is odd, i.e., Q(last(5)) =1 (mod 2), or
(2) §is infinite, i.e., §€PY with §={s;};cn, and the greatest priority assigned to infinitely
many states s; in 5 is even, i.e., (limsupQ(s;)) =0 (mod 2).
€N

It is well known (see, e.g., [7]) that Wq is a A§ set, hence a Borel set.

Definition 4.17. A player assignment Pl for a two-player stochastic tree game arena A=
((S,E),(S1,52,SNn,B),n) is a function Pl: B — {1,2}. We often include the information
provided by Pl directly in the signature of A by considering the partition (S1, S2, Sy, B1, B2),
where B;=PI71({i}), for i€ {1,2}.

The function Pl assigns a player identifier to each state s € B. This allows to consider
each branching play T in A as a parity game Gp (induced by Q and Pl) played by Player
1 and Player 2 on the tree T', where Player 1 and Player 2 controls the vertices § of T" such
that Pl(last(3)) =1 and Pl(last(3)) =2 respectively. All other vertices are either leaves, in
which case the game G ends, or have a unique child, towards which the game automatically
progresses. The result of the game is a branch in T or, equivalently, a completed path in
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A. Adopting standard terminology (see, e.g., [20], [30]), we say that Player 1 (respectively
Player 2) wins the parity game G if they have a winning strategy guaranteeing the outcome
of the game to be in the set Wq (respectively, in P\ Wq). It is well known (see, e.g., [20]),
that one of the two player has a winning strategy in Gr.

We are now ready to formally introduce the notion of 2%—player meta-parity game.

Definition 4.18. Given a 2%—player tree game arena, a priority assignment ) and a player
assignment Pl for it, the associated two-player stochastic meta-parity game is defined as the
2%—player tree game G= (A, ®q p), where ®q p| C BP is defined as follows:

Pop ={T | T € BP and Player 1 has a winning strategy in Gr}.
Note that, by previous observations, the set BP \ ®q p can be specified as follows:
BP\ ®qp={T | T € BP and Player 2 has a winning strategy in Gr}.
We often just write ® if the priority and player assignments are clear from the context.

Remark 4.19. Note that a 2%—player meta-parity game G= (A, ®q p) without branching
states is just an ordinary 2%—player game. The game Gp associated with a branching play
T (which is just a completed path 5, see Remark [.14]) is trivial, and belongs to ®q p; if
and only if € Wq. Thus 2%—player meta-parity games generalize ordinary 2%—player parity
games in an obvious way.

Note that Definition 18] is meaningful, in accordance with Definition 8], only if the
set ®q py is a universally measurable set of branching plays. As we now discuss, this turns
out to be a delicate point.

Theorem 4.20. Given a 2%—player tree game arena A, a priority assignment Q0 and a
player assignment Pl for it, the associated set ®q py of branching plays is a A% set.

Proof. Let us denote with P5* the set of finite paths € P<* in A such that last(5) € B
and Pl(last(5)) =4, for i€ {1,2}. Let us consider the set X; of functions P5* — P<“U{e}.
This set contains all the strategies available to Player 7 in every game G, for T'€ BP, seen
as functions f€3; restricted to T. We endow X; with the Baire space-like topology, where
for every pair (z,y), with = € PE:" and y € P<“U{e}, the set O, , of all functions fe€¥;
such that f(z)=y is a basic open set. This is a O-dimensional Polish space.

Let us now consider the subset of BP x 31 x 5, denoted by 7T, consisting of all triples
(T, 01,02) such that the strategies o1 and oy are valid strategies in Gr, i.e., functions from
finite sequences of vertices in T' to vertices in T'. It is easy to see that 7T is a closed subset
of BP x ¥; x ¥y (endowed with the product topology). Indeed, the set of triples which
do not belong to 7T is open, because one can tell if one of the two strategies o1 and oy is
not valid in the inner game Gr, i.e., it makes choices which are not in T, just by looking at
finite information about 7', o1 and 2. Hence T is a Polish space, as it is a closed subset of
the Polish space BP x X1 X Xo.

Let us denote with out : T — P the function which maps a triple (T),01,02) to the
induced play (i.e., a completed path in A) in Gp. The function out is clearly continuous.

Let us now consider the set ACT defined as the set of triples (T, 01, 02) such that the
game G is won by Player 2 when the two players follow the (valid for Gr) strategies o1 and
09 respectively, i.e., the set formally defined as A=out~!(P\ Wq). Since out is continuous
and Wq is a Borel set, it follows that A is a Borel set.

Let us now define the set BCBPx %, as B={(T,01) | Joa€39.(T,01,02) € A}. The
set B is the set of all pairs (T, 01), such that Player 2 has a strategy oy in the game Gp
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winning against oy, i.e., such that the strategy profile (o1, 09) induces in Gy a completed
path in P\ Wq. The set B is a 31 set by construction. Observe that its complement B
is the set of all pairs (T',01) such that Player 2 does not have a strategy oo for the game
gr winning against the strategy oq. Equivalently, by determinacy of 2-player parity games
[20], the strategy oy is a winning strategy for Player 1 in the game Gr. The set B is a H%
set by construction. We can now define the set ®q pj C BP of all branching plays T" where
Player 1 has a winning strategy in Gr as ®q p = {T' | Jo1 € £1.(T,01) € B}. It then follows
that, by construction, ®q pj is a > set.

The desired result then follows by observing that the complement set m is also a Z%
set. This is because m is the winning set associated with the triplet (A, Q, PI), where Q is
the dual parity assignment defined as Q(s) = Q(s) + 1, and Q is the dual player assignment
inverting the role of the two players, specified as PI(b) =0 if and only if PI(b) =1. ]

The following theorem asserts that the result of Theorem is strict. Thus the
technologies employed in this paper for dealing with the complexity of the winnings sets in
2%—player meta-parity games are not trivially avoidable. Since the technicalities required
for proving the result would not be particularly useful for the main theorem of this paper,
we just provide a reference to a detailed proof.

Theorem 4.21. There exists a 2%-player meta-parity game G= (A, g pi), having a finite
arena A, such that the winning set ®q p| is not analytic nor co-analytic, i.e., ®q py §ZE%UH%.

Proof. One can construct an explicit example of finite 2%—player meta-parity game and show

that both a X1-complete set and a IT}-complete set are Wadge-reducible to the winning set
P pi. We refer to Theorem 6.4.3 in [25] for a detailed proof. []

It follows that, absent any further evidence, the winning set of a 2%—player meta-parity
game might be not provably universally measurable in ZFC set theory. However, as stated
in Theorem [ZT0] it is provably universally measurable in ZFC 4+ MAy, set theory. This is
one of the uses we make of Martin’s axiom at R; but, as we shall note later in Section [R1],
not the only one.

The following theorem, which will be useful later, exposes an important property of
2%—player meta-parity games and sheds some light on the relationship between this class of
games and the logic pLu®. It constitutes the expected generalization of the corresponding
property of ordinary 2%—player parity games (see, e.g., Proposition 4.19 in [26]).

Theorem 4.22. Let G= (A, Pqpi) be a two-player stochastic parity game with arena A=
((S,E), (S1, S, Sn, B1, Ba), ), where Bi=PI7*({i}). The functions VAL, (G) and VAL+(G),
of type S—1[0,1], are fized points of the functional F:[0,1]° —[0,1]° defined as follows:
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Q(s) (mod 2) if E(s)=0, i.e, if s is a terminal state
] r@ if s€ S
teE(s)
[ @ if s€ S5
teE(s)
FHs) =9 D w(s)t)- f(t) ifseSn
teE(s)
IT 7o if s€ By
teE(s)
IT 7o if s€ By
\ teE(s)

Proof. The proof is carried out following the same methodology of, e.g., Proposition 4.19
in [26]. The interesting cases are associated with the analysis of the branching nodes s € By
and s € Bs. In what follows we just show that, for every s € By, the following equality holds:

VAL(G)(5) 2 e p(s) VALL(G) (D).

The reverse inequality VAL, (G)(s) < [T;ep(s) VALL(G)(?), as well as all other cases for s €
{S1,S2, Sy B2} can be proved in a similar way. We refer to Theorem 5.2.10 of [25] for a
detailed proof covering all cases.

By Definition A of VAL (G), we need to prove that the equality | |, [1,, E(MJ, ,,)>
iers) (U, M, B(ML ) holds. Let E(s) = {ti}icr. At the state s the game is split
in I-many subplays continuing their execution from the states t;. Let 7i be a e;-optimal
strategy (see Definition FL13]) for Player 1, with &; >0.

Define the strategy oy for Player 1, when the game starts at s and the I-many subplays
are generated, to behave in the subplay continuing its execution from t; as the strategy 7.
Given any strategy oo for Player 2, the Markov branching play M, can be deplctedE as

0'1 g2
follows:
t; tj
va’fﬁ T{,Tg
RT~——7/7 K- ~———
AN 7 N Ve
AN N 7 N . 7/
ti\ / J
S

where, for each i € I, the strategy 74 is specified as 74(f;) = o2(s.t;) for all finite paths f;
with first(f;) = t;. Let us denote to improve readability, with M and M;, for ¢ € I, the

Markov branching plays Mg, ,, and M t’z i respectively. We are now going to show that
T2
the following equality holds:
P (Pap) =] [Pas (Pap) (4.1)
el

2The edge connecting s with ¢; has not been dashed to highlight that s is a branching node.
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holds. This will conclude the proof. Indeed note that, by construction of 0%, the inequality
P, (®api) > VAL (G)(t;) — e; holds. Thus, the strategy o guarantees, by appropriate
choices of values ¢;, for i€ I, a value closed to HVAL 1(G)(t;) as desired.
el

For what concerns Pj;, we can restrict attention to the set of branching plays BP;,
where BP, denotes the set of branching plays in A rooted at s, since the set of all other
branching plays in G gets assigned probability 0 by Definition 7] of Py;. Similarly, when
considering Py, we can restrict to the set BP; of branching plays rooted at t;. We can
depict the branching plays in BPs and the branching plays in BP; as follows:

T; T;

\s / . \ ;

where we use T; to range over the set of branching plays in G rooted at ¢;. We denote
with s[Tj];cr the branching play on the left. Let [[, BP; be endowed with the product
topology. Define m : [[, BP; = BPs as m({T;}ier) = s[Tilicr- It is easy to verify that m is
a homeomorphism. Consider the product measure X;cPyz, on the space [[, BP;. We now
show that the equality

Xier Pag, (X) =Pp(m(X)) (4.2)
holds for every measurable X C [[, BP;. By regularity of measures in Polish spaces (see,
e.g., [17]), we just need to prove that for each basic open set O C [[, BP; the equality
Xie1P i (O)=Ppr(m(0)) holds. The basic sets O in the product topology are of the form
OpyX...x Of, X Hi>k BP; with O, CBP,, for some k€N and 0 < n < k. As usual, Of,
denotes the basic open set of branching plays containing the finite tree F,. Equality

then follows by definition of m and Definition [L.7] of the probability measures Py; and Py, .
The validity of Equation [1]is then derived as follows:

Py (®ap) =a Pu(®op N BPs)
=5 Py (m(I]ic;(Pop N BP)))

= 1-—-Puy (m(Hiel((I)Qm M B’PZ)))
=p 11— Xie/Pn,(PopNBP;)

=g 1- ][] (1= Pu,(@ap N BP))

icl

= 1=]] (1 =P (@ap))
iel

=G H]P’Mi(q)ﬂ,m)-

el
where the overlined sets denote the expected complements. Steps (A) and (F) hold by
previous observations. To justify step (B), observe (using a standard strategy stealing
argument) that a branching play s[T;];cr is winning for Player 1 (i.e., it is in ®q py) if and
only if at least one of its subtrees 7; is winning for Player 1. This is because the state
s € By is under the control of Player 1 in the inner game. Step C is valid because m
is a homeomorphism, thus a bijection. Step (D) holds by Equation Step E holds
by definition of product measure. Lastly, step (G) holds by De Morgan dualities of the
operations of product and coproduct. ]
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We conclude this section by remarking that the notion of 2%-player meta-parity game
can be further generalized, allowing the inner games to be 2-player games with general Borel
winning sets. We refer to [25] §5] for an analysis of this sort of games.

5. GAME SEMANTICS OF PLy®

In this section we define the game semantics of the logic pLu®. As for Ly [30] and pLu
[23] 26], given a PLTS (P, {~}4cr) and an interpretation of the variables p a game Qf is
constructed for every pLu® formula F. The game semantics of a formula F' at a state p is
defined as the value of the game at a designated state (p, F'). The logics Ly and pLu are
interpreted using ordinary 2-player parity games and 2%—player parity games, respectively.
As anticipated earlier, we shall interpret pLu® with the novel class of 2%—player meta-parity
games. Following the approach of [30], we first identify a class of pLu® formulas which is
easier to work with and allow the simplification of some definitions.

Definition 5.1 ([30]). We say that a pLu® formula F is in normal form, if every occurrence
of a p or v binder binds a distinct variable, and no variable appears both free and bound.
Every formula can be put in normal form by standard a-renaming of the bound variables.

Definition 5.2 ([30]). Given a pLu® formula F in normal form, we say that a variable X
subsumes a variable Y if X and Y are bound in F by the subformulas x; X.G and Y. H
respectively, and xoY.H € Sub(G), for x1,x2 € {u, v}.

Definition 5.3. We say that a pLu® formula F is in product normal form if

(1) it is in normal form, and
(2) it does not contain subformulas of the form G -G or G ® G.

Every formula can be put in product normal form by (recursively) replacing every subfor-
mula G x G with, e.g., the semantically equivalent formula G x (G V G), for x€ {-, ®}.

In what follows we shall restrict our attention, without loss of generality, to formulas in
product normal form. While the advantage of restricting to normal formulas is clear [30], the
product normal form is useful for the following reason. As anticipated in the introduction,
we shall interpret game-states of the form (p, F' - G) and (p, F ® G) as branching states
having the states (p, F') and (p, G) as children. When F'=G@, the set of children becomes a
singleton, and this does not reflect the intended game interpretation. The product normal
form is one of the simplest way to avoid this kind of situations. As an alternative solution,
one might consider multisets of successor states, rather than sets, in the definition of 2%-
player meta-parity games.

We are now ready to specify how, given a PLTS L= (P, {-%}ac1), the 2%—player meta-
parity game Q[If = (A, P pi), associated with a pLu® formula F and a [0, 1]-interpretation
p of the variables, is constructed.

The game arena A = ((S, E), (S1, S2, Sy, B), m) is defined as follows. The set of game

states S is defined as § % (P xSub(F)) U (D(L)x Sub(F)) U{T, L}, where D(L) denotes
the (countable) set of probability distribution in £ (see Definition [Z2]), and {T, L} are two

special states representing immediate win and loss for Player 1, respectively. The relation

E is defined as follows: E((d,G)) = {{p,G) | p € supp(d)} for every d € D(L). The set

E({(p,G)) is defined, by case analysis on the outermost connective of G, as follows:
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(1) if G=X, with X free in F, then E((p,G)) < {1, T}.
def

(2) if G=X, with X bound in F' by the subformula xX.H, with x € {u, v}, then E({(p,G)) =

{(p.H)}.
def

3) if G=+X.H, with x€{u, v}, then E((p,G)) = {(p, H)}.

4) if G=(a)H, then E({(p,G)) ™ {(d, H) | p - d}.

)

)

5) if G=[a] H, then E({p, )= {(d, H) | p %+ d}.

6) if G=H x H' with x € {\, A, ®,-} then E((p, G))={(p, H), (p, H'}}

Lastly we define T and L to be terminal states, i.e., E(L) = E(T) = 0. The partition
(S1,52,Sn, B) of S is defined as follows: every state (p, G) with G’s main connective in
{{a),V,uX} or with G = X where X is a u-variable, is in S7. Dually, every state (p, G) with
G’s main connective in {[a] , A, v X} or with G = X where X is a v-variable, is in Ss. Every
state of the form (d,G) or (p, X), with X free in F', is in Sy. Every state (p, G) whose G’s
main connective is either - or ® is in B. Lastly we define the terminal states | and T to be
in S7 and S respectively. The function 7: Sy —D(S) assigns a probability distribution to
every state under the control of Nature (thus specifying its indended probabilistic behavior)
and it is defined as 7({d, G))({p, G))=d(p) on all states of the form (d,G). All other states
in Sy are of the form (p, X), with X free in F. The function 7 is defined on these states
as follows:

(
(
(
(

et p(X)(p) if SfT
T((p, X))(s) = ¢ 1—p(X)(p) if s=1
0 otherwise

The priority assignment €2:5 — N is defined as usual in p-calculus games: an odd priority
is assigned to the states (p, X) with X a u-variable and, dually, an even priority is assigned
to the states (p, X) with X a v-variable, in such a way that if Z subsumes Y in F then
Qp, Z)) > Q(p,Y)). Moreover, for every terminal state s € S, we define (s) = 0 if
s €Sy, and Q(s) =1 if s € S9. This implements the policy that a player who gets stuck
at a terminal state loses (see Theorem [£.22)). All other states get assigned, by convention,
priority 0. Lastly, the player assignment Pl: B—{1,2} is defined as Pl((p, G1;®G2))=1 and
Pl((p, G1-G2))=2, for every p€ P and G1, G2 € Sub(F).

Remark 5.4. We now list some useful observations about the above defined game g}j .

(1) If no (co)product operators occur in F, then B =), and the game g}f is equivalent
to the pLu games of [23|, 26] (see Remark [19). Thus the game semantics for pLu®
generalizes the game semantics of pLu, as previous claimed.

(2) If the PLTS L is finite then the game arena A of Qf is finite too.

(3) Note how the only role of two game states {T, L} is to interpret the game states (p, X)
with X a free variable. By application of Theorem [4.22] it follows that the game values
at T, L and (p, X) are 1, 0, and p(X)(p) respectively, as expected. This solution avoid
the otherwise necessary introduction of [0, 1]-valued payoff functions in the definition of
2%-player meta-parity games.

We are now ready to state our main result.

Theorem 5.5 (MAy,). Given a PLTS L= (P,{~%}acr), for every state p€ P, interpre-
tation of the variables p and pLu® formula F, the following equalities hold:

VALL(G))((p, F)) = VALN(G) ) ((p, F)) = [F],(p)-
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Note that Theorem asserts that pLu® games are determined. In light of this result,
we can just write VAL(Q;7 ) for the unique value function of the game Qf . The game
semantics of F' at p under the interpretation p is then defined as VAL(gf )((p, F')), and it
coincides with the denotational semantics [F],(p), as desired.

The game semantics for pLu® offers a clear and simple operational interpretation for
the meaning of the qualitative threshold modalities P~y and P_; (see Definition 33]). Let
us consider, for example, the game QE”F associated with a PLTS £ = (P,{-%}ucr), a
[0, 1]-interpretation p and the pLu® formula PsoF def puX.(F® X). The game QE”F, at the
state (p, uX.(F ® X)), for some p€ P, can be depicted as follows:

(p, F) (p, X)

(p,FOX)

|

(puX(FOX))

After an initial unfolding step from (p, uX.(F © X)) to (p, F ® X), the game is split in two
concurrent sub-games, one continuing its execution from the state (p, F) (this sub-game
can be considered an instance of the game Q[If starting at (p, F')) and the other from the

state (p, X). In order to win the game QE”F, Player 1 has to win in at least one of the
two generated sub-games, thus either in the instance of Qf or in the sub-games continuing
at (p, X). This second sub-game, however, after an unfolding step, progresses to the game
state (p, F'® X), where the protocol is repeated generating yet another two sub-games. The
infinite execution of the game leads to the generation of infinitely many instances of the
game gf . A branching play T in QE”F can be depicted as follows:

—_——— - — e

(p, F) (p, X)
(p, F © X)

(p, pX.(F © X))
where T, Ts, . .., represent the branching plays corresponding to the plays in each generated
instance of the game g}f . Since the variable X unfolded infinitely often in the rightmost
path in 7" is bound by a least fixed point in pX.(F ® X), and since the ® nodes are Player
1 choices in the inner game Gr, we have that 7' is a winning branching play for Player 1 if
and only if there exists some n €N such that T;,, the outcome of the n-th generated instance
of G(F,p), is winning for Player 1. Thus, the game QE”F, at the state (p, uX.F ® X) can
be simply described as follows: generate an infinite number of instances of the game g}j at

the state (p, F'); Player 1 wins if at least one of the infinitely many generated instances of
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g}j ends up in a winning branching play and Player 2 wins otherwise. It is then quite clear

that if VAL(QE”F)((p, P-oF)) >0 (or, equivalently, [F],(p) >0 by Theorem [B.5]), then the
probability that at least one (and in fact countably many) of the infinitely many instances
of Qf will result in a win for Player 1, is 1. Similarly, if [F],(p) =0, then the probability
that at least one of the instances of Q[If will result in a win for Player 1, is 0.

The game semantics for pLu® thus offers a straightforward interpretation for the prob-
abilistic qualitative modality P~ exploiting the simple idea that an event (which we can,
at some extent, see as a pLu® property) has probability greater than zero if and only if,
when repeated infinitely many time, it almost surely occurs at least once. An analogous

straightforward interpretation can be given to the other qualitative threshold modality

]P’ledéf vX.(F - X): generate an infinite number of instances of the game Qg at the state

(p, F); Player 1 wins if all of them end up in a winning branching play for Player 1, and
Player 2 wins otherwise.

6. INDUCTIVE CHARACTERIZATION OF THE WINNING SET OF Gh~7"

In this section we provide a transfinite inductive characterization of the set ®**¥" of winning
branching plays of the game g;;X'F, for an arbitrary pLu® formula F' and interpretation
p. This result will be used in the proof of our main result, in Section 8 The inductive
characterization of ®*X-f' will be obtained exploiting the similarities between the pLu®

games QﬁX'F and the simpler (in the complexity of the formula) game Qf . The game

arenas of the two games, denoted here by A*X-¥ and AF, are almost identical as they differ
only in the following aspects:

(1) The set of game states of A*X-F" is the set of states of A" plus the set of states of the
form (p, uX.F). The latter states, however, play almost no role in the game because
they have only one successor, namely (p, F'), and are not reachable by any other state.

(2) More importantly, the states of the form (p, X'), which are present in both game arenas,
are Player 1 states in G‘;X'F (with (p, F') as unique successor), and Nature states in
g}f (with twdd terminal successors, T and L, reachable with probability p(X)(p) and
1—p(X)(p), respectively).

Moreover observe that the player assignments of the two games, denoted here by Pl and
PIX-F are identical, and that the priority assignments, QF and Q#XF differ only on the
game-states s of the form (p, X): QF(s) =0 and Q**¥(s) = p for some odd (maximal)
priority p=max(Q**I") (see Definition EI5]).

A branching play T in the game Q[If , rooted at the game state (p, F'), can be depicted
as in figure The triangle representﬂ the set of paths in T never reaching a state of
the form (g, X), for ¢ € P, and the other edges represents the (possibly empty) collection
of paths {5;}ier in T, for some countable index set I, reaching a state of the form (p;, X)
which is (necessarily) followed by a terminal state b; € {T, L}. Similarly a branching play

3Note that the set of successor state of (p, X)) is defined to be {T, L}, even when p(X)(p) € {0, 1}.

4The picture is quite simplistic. For example there are, in general, paths in T never reaching a state of
the form (g, X'), that nonetheless branch away from the paths §;, for i € I, somewhere between the root (p, F')
and the last state (p;, X), whereas the picture depicts all such branches as branching away immediately at
the root (p, F).
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Ty T;
b|o br
{p, F)
(a) Branching play in Qf (b) Branching play in ggX‘F

(p, F)

(c) Branching pre-play T[], .,

Figure 3: Branching plays and pre-plays

T in g,‘;X'F, rooted at (p, F'), can be depicted as in figure We extract the common
part between the branching plays of Qf and Q,’)LX'F by the following definition.

Definition 6.1 (Branching pre-play). Let T be a branching play in g}j or in gﬁX'F, and

{Si}ier be the I-indexed set of paths in T reaching a state of the form (p;, X), as described
above. The branching pre-play T'|x;|;cr, which can be depicted as in figure is the tree
obtained from the branching play 7' by pruning its subtrees rooted at 3;, for i€ 1.

The notation adopted for branching pre-plays is motivated by the use we make of
them. We consider a branching pre-play T'[z;];c; as a context on which we can plug in
other branching plays: at the hole indexed by 4, for ¢ € I, any branching play rooted at
(pi, X) can be plugged. If we desire to obtain a branching play for the game Qf , we shall
fill the branching pre-play T'[x;];c; with branching plays T} rooted at (p;, X) in AF. These
are trees ending immediately either in the leaf T or in the leaf 1. We denote with T'[b;];er
the branching play in Qg obtained by filling the hole indexed by ¢ with the branching play
rooted at (p;, X) and having b; as leaf, for b; €{T, L} (see Figure 3(a)]). Similarly given a
I-indexed family {T;};cs of branching plays in G**-¥"| where each T} is rooted in (p;, X), we
denote with T[T;];er the branching play in Q,’)LX'F obtained by filling the hole indexed by 4
with the branching play T; (see Figure .

Clearly every branching play 7" in g}j , rooted at (p, F'), is uniquely of the form T'[b;];cr
for an appropriate sequence {b;};c;. Similarly every branching play T rooted at (p, F') in
g;;X'F is of the form T'[T;|;c; for an appropriate sequence {7T;};c;. We now exploit these
observations to define the following function from branching plays in Q’;X'F to branching
plays in gf .

Definition 6.2. Let X CBP*XF be a set of branching plays in the game g,‘;X'F. We define
the function mx : BP*XF - BPF, from branching plays in g;:X'F to branching plays in gf ,
as follows:

B ' ' : def T if TZ’ cX
mX(T[Tz]zeI) = T[ngX]ZEI where T;EX = { 1 otherwise



PROBABILISTIC MODAL p-CALCULUS WITH INDEPENDENT PRODUCT 23

Thus, the function my maps a branching play (uniquely expressible as T'[T;]ics, as
observed above) to the corresponding branching play T'[b;]icr in Qg , obtained by filling the
i-th hole of T'[z;];cr, with the branching play having T as leaf if and only if 7; belongs to
the set X.

Lemma 6.3. Let X CBP*XE be an open (Borel, universally measurable) set of branching
plays in the game Q’;X'F. Then the function mx is continuous (Borel measurable, univer-

sally measurable).

Proof. 1t is clear that the function A\T.(T'€X) of Definition [6.2]is continuous (Borel, univer-
sally measurable) precisely when X is open (Borel, universally measurable), where {T, L} is
endowed with the discrete topology. The proof is then carried out with standard arguments
(see, e.g., Theorem 6.2.18 in [25]). Here we omit the routine details. O

We are now ready to define the operator of which ®“X¥' the winning set of the game
GhXF s the least fixed point.

Definition 6.4. The operator W: BPHX-F — BPHXF ig defined as follows:
def  _
W(X) E my (@F) = {T[Ti]icr | TIT€Xier € ¥}
where ®f' is the winning set of the game g}f .

We now prove a few important properties of the operator W.

Lemma 6.5. If X is a set of branching plays winning for Player 1 in QﬁX'F, i.e., if

X COHXFE then W(X)COHXFE oo,

Proof. Fix some X C ®**¥ and consider an arbitrary branching play Ty = T'[T;] € W(X).
It follows by definition of W that Ty = T[T;€X];e; € ®F, i.e., Th is a winning branching play
in the game Qg . Equivalently, Player 1 has a winning strategy o in the inner game Gr,
(see Section EL1]). We now prove that T3 € ®*X-F'ie. that Player 1 has a winning strategy
7 in the inner game G, (see Section [41]) by a strategy stealing argument, exploiting the
common structure (the branching pre-play T'[x;];cr) of the two branching plays 77 and
Ts. The strategy 7 behaves as the strategy ¢ until a hole §;, for i € I, is reached. Thus
if no hole is ever reached, the plays in the two games are identical, hence Player 1 wins
following 7, as desired. If a hole §; €I is reached, then it is necessarily the case that T; € X,
because otherwise the play in G, would end in the losing state L =7;€X while playing in
accordance with the winning strategy o. A contradiction. We then define the strategy 7 to
play the rest of the game as a winning strategy 7; for the inner game G7,. Note that such a
strategy exist because T; € X C ®*X-F'_ Tt then follows that Player 1, playing in accordance
with 7, always produces a play with a winning tail. Thus, 7 is winning, as desired. ]

Lemma 6.6. The operator W is monotone, i.e., W(X)CW(Y') holds for every X CY.

Proof. Fix X CY C BP*E . Assume Ty = T[Ti]ie; € W(X), ie., T[T;€X])icr € ®F. We
need to prove that T3 € W(Y) too, i.e., that Ty = T[T;€Y];cr € ®F. Equivalently, we need
to show that if Player 1 has a winning strategy in the inner game G, associated with 77,
then they have a winning strategy in Gz, too. The two parity games G, and G, are
almost identical, except that a play ending in one of the holes §;, for ¢ € I, might be losing
for Player 1 in G, (when the game ends in the leaf | =T7;€X) but winning in Gz, (when
T;€Y =T). The desired result then trivially follows. []
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As a consequence, by application of the Knaster—Tarski theorem, the operator W has
a least fixed point Ifp(W). We are now ready to prove the main result of this section.

Theorem 6.7. The following equality holds: ®"X-F = 1fp(W).

Proof. We already know, by application of Lemma[6.5}, that 1fp(W)C ®*X-F, We now prove
that the equality holds by showing that, for every T ¢ lfp(W), the branching play T' does
not belong to ®*X-¥", Fix an arbitrary T ¢1fp(W). We show that T ¢ ®*X-¥" by constructing
a winning strategy ag for Player 2 in the inner game Gr. By assumption we have that
T = T[T;)icr & fp(W) or, equivalently, T'[T;€lfp(W)];c; € ®F'. For notational convenience,
let us denote with R the branching play T'[T;€lfp(W)];er in Qf . Let £ be a strategy
winning for Player 2 in the inner game Gi. As already done in the proof of Lemma [6.5] we
define 01 exploiting the common structure (the branching pre-play T'[z;];c;) of T and R.
The strategy ag behaves as the strategy 7'2R until a hole §;, for i€ 1, is reached. Thus if no
hole is ever reached, the plays in the two games are identical, hence Player 2 wins following
ag, as desired. If a hole §; € I is reached, then it is necessarily the case that T; & lfp(W),
because otherwise the play in G would end in the state T =T;€lfp(W), which is winning
for Player 1, while playing in accordance with the winning strategy af. A contradiction.
We then define the strategy O'g to play the rest of the game (forgetting the previous history)
as the strategy 0’;[ *, constructed as for ¢, but with respect to the branching play 7;. We
shall call this a re-starting point of the play. We now prove that the strategy O'g is winning
for Player 2 as desired. There are two cases to consider. A play in the game Gr played in
accordance with o2 can have,

(1) either finitely many restarting points, or

(2) infinitely many restarting points, i.e., infinitely many occurrences of states of the form

(pi, X), foriel.

In the first case, following earlier observations, the resulting path has a winning tail and
thus is winning. In the second case, since the states of the form (p;, X) are assigned maximal
odd priority in QﬁX'F, the play is winning for Player 2 (see Definition [£.16]). ]

The following results will be used for dealing with the measure-theoretic complications
associated with the complexity of the winning set ®*X-F"

Lemma 6.8. The least fixed point of W is reached in at most wq iterations, i.e., the equality
Up(W) =U g, Wa holds, where Wo =z, W(Wp).

Proof. Assume T[T}];c; € W, 41 or, equivalently, T[T;€W,,| € ®F. Let J = {i | T, €W,,, }.
For each j € J, let 3; be the least ordinal such that 7 € Ws,. Note that j5; is a countable
ordinal, since W, =, <w; Wa, and wy is the least uncountable ordinal. Let 8 = L] e Bj
be the supremum ordinal of all 3;. Note that § is a countable ordinal since I is countable
and J CI. It then follows, by Definition [6.4] that T[T;€Wpg] and T[T;€W,, ] are identical
branching plays. Thus T'[T;);cr € Wgy1 C W, . Hence W, 11 C W, as desired. O

The result of Lemma can be shown to be strict. One can indeed construct a pLu®
game g}f such that W, C ®*X-F for every countable ordinal a. We refer to Lemma 6.3.8 in
[25] for a proof of this fact.

We now show that each set in the chain {W,}a<w,, having ®*X-¥" as limit, is provably
universally measurable in ZFC 4+ MAy, set theory.
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Figure 4: Markov branching play M[\;];cr

Lemma 6.9 (MAy,). If X C BP*XF s universally measurable then so is W(X), i.c., the
function W maps universally measurable sets to universally measurable sets.

Proof. By Definition [6.4, we need to show that W(X) ey my' (®7) is universally measur-

able. By application of Theorem E.20] and Theorem 210} the winning set ®% is provably

universally measurable in ZFC + MAy,. The desired result then follows by application of
Lemma [6.3] and Theorem 2.8|(b). ]

The techniques adopted in this section can be trivially adapted to get the expected
dual results which we simply summarize in the following proposition.

Proposition 6.10. The following assertion holds for every pLu® formula vX.F and inter-
pretation p:

(1) the winning set ®*XF' is the greatest fized point of the operator W,

(2) gfp(W) =N, ey, W, where W = ﬂﬁ<a W(W?),

(3) (MAy, ) for every countable ordinal a, the set W is universally measurable.

7. ROoBUST MARKOV BRANCHING PLAYS

In this section we identify a property of Markov branching plays in pLu® games which will
be used in the proof of Theorem in the next section.

Given a pLu® game Gf , with ' a pLu® formula (having a free variable X) and p a [0, 1]-
interpretation of the variables, respectively, we extend the graphical notation, introduced in
Section [6] for branching plays, to Markov branching plays in the expected way. Thus, given
a Markov branching play M in fo rooted at (p, F') (for some state p), we depict M as in
Figure @ and denote it by M[\;];er, with \; € [0, 1] being the probability labeling the edge
connecting (p;, X) with T. Note that, by definition of the game Qg , the value \; coincides
with p(X)(p;), for i € I. However, it is convenient to consider, as a technical tool, Markov
branching plays of the form M[\;];c; having A;, for i€ I, of an arbitrary value, even though
these plays never really correspond to achievable plays in g}j . The associated probability

measure Py(y,),., over branching plays in g}f is defined as expected.

Definition 7.1 (Robust Markov branching plays). Fix a pLu® formula F (with a free
variable X) and a [0, 1]-interpretation p. We say that a Markov branching play M[\;];cr in
g}f , for I C N, is robust in the variable X, or just robust when X is clear from the context,
if for every € > 0 the following properties hold,

(1) E(M[vi]) > B(MA]) = > s 51, and

(2) E(M[5i]) < EM[N]) + X ies 31
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(p,Y) (p, X)
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(p,Y) (p, X)
N

(p, nX.(Y © X))

Figure 5: Illustrative example. The symbol \; denotes the value 1 — \;.

for every sequences {7;}ic;r and {0;};e; of reals in [0,1] such that, for every i € I, the
inequalities v; > \; — % and §; < \; + % hold (see Definition 2:4] of #:N—N).

The notion of robustness captures a useful substitutivity property. If, in a Markov
branching play M[\;];cr, the probability A; of reaching from the state (p;, X) the winning
(for Player 1) state T is replaced with a smaller but close enough value +;, then the resulting
Markov branching play M [v;];c; has an expected value close to that of M[\;];cr too.

Note how, in Definition [7.]] the constraint on the distance between ~; (J;) and \;
crucially depends on the index i € I. Definition [.I] has been identified to meet the nature
of Markov branching plays in pLu® games and, as we shall see in the next section, every
Markov branching play in a pLu® game is indeed robust in every free variable. However, it
is useful to observe that the dependence on i € I for the constraint on the distance between
~i (0;) and \; is necessary. Indeed, the simpler property

(2"  E(M[5]) <EM[N]) 4+ e where Vi.(6; < A + ¢2) (7.1)

for some constant values ¢y, c2 € (0,1), is not satisfied (in general) by pLu® Markov branch-
ing plays. In other words, Markov branching plays in pLu® are not stable (in their expected
value) if the values \; are altered uniformly, i.e., by a fixed ¢ >0. Consider, for example,
the Markov branching play, having countably many holes, depicted as in Figure Bl Assume
that A\; =0, for every i€ N and fix some ¢z >0. Then it is simple to verify that E(M[\;])=0
and E(M[6;]) =1 (where §; =cq, for all i€ I), contradicting (2") above. This phenomenon
reflects the discontinuity of the denotational interpretation of pLu® formulas on the free

variables (see Proposition 3.5]). Indeed note that the play of Figure[lis a Markov branching

play of a pLu® game associated with a formula of the form puX.(Y ® X) def P-oY, similar
to the one discussed in the proof of Proposition

We now establish a useful property relating expected values of Markov branching plays
in ng and in the game g;:X'G. Again, following established notation, we denote with
M|[M;);er the Markov branching play depicted as in Figure @l The Markov branching pre-
play M |x;];cr captures the common structure of the Markov branching plays M[M;];c; and

M|[N)ier in g;:X'F and g}f, respectively.

Lemma 7.2. Let uX.F be a pLu® formula and p a [0,1]-interpretation of the free vari-

ables. Let M[M;lic; be a Markov branching play in g,‘;X'F. For an ordinal B, let %ﬁ =
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Figure 6: Markov Branching play M [M;];cr

Par,(Uacs Wa) be the probability of the event J,.3 Wa (see Lemma[6.8) associated with
the sub-Markov branching play M;, for i€ I. Then the equality

s

Ji

holds, where ®F is the winning set of the game Qf.

eI

Proof. Consider the function mx, as specified in Definition Recall that, by definition,
the equalities

Wg = Ua<5 W(W,) = mL_Ji<5 Wa ((I)F)

hold. The proof is completed by showing that the following property holds:

Partases (MG, w, (X)) = Pariyer (X)) (72)

for every Borel measurable set X C BPY, where BP denotes the set of branching plays
in g;? . Indeed the desired result follows from Equation by taking X = ®%. Since
probability measures in Polish spaces are regular, we can restrict X to range over basic
open sets. Equation can then be proved, with routine techniques, by induction of the
complexity of basic open sets Or (see Definition [L5]), i.e., on the size of the finite tree T".[]

Note that, as observed earlier, the Markov branching play M [v;];c considered in Lemma
[[.2] might not be a real play in gf , i.e., one induced by a strategy profile. This is the case
when ~; # p(X)(p;) for some i€ 1.

8. PROOF OF EQUIVALENCE OF GAME AND DENOTATIONAL SEMANTICS

This section is devoted to the proof of Theorem The proof technique we adopt is
based on the unfolding method of [11]. The unfolding method can be roughly described as
a technique for proving properties of (some sort of) two-player parity games by induction
on the number of priorities used in the game. Usually, the first step is to prove that the
property under consideration holds for all parity games with just one priority. Then the
the general result for games with n 4 1 priorities follows by some argument making use of
the inductive hypothesis. In our setting we are interested in two-player meta-parity games
of the form Qf , and the property we want to prove is that the lower and upper values of
these games coincide with the denotational value of F' under the interpretation p. We prove
this by induction of the structure of F' rather than on the number of priorities used in the
game Qg . This allows a more transparent and arguably simpler proof. The structure of our
proof closely resembles the one of [26], where the equivalence of the game and denotational
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semantics for the logic pLu is proved using the unfolding method. In the present context,
the proof is a significantly more technical undertaking due to the complexity of two-player
meta-parity games: the A%—complexity of the winning sets (Theorem .20, their transfinite
inductive characterization up to the first uncountable ordinal w; (Theorem [6.8)) and the dis-
continuity in the free variables of the denotational semantics (see Theorem and Section
[). In what follows, we shall focus primarily on the novel aspects of the proof, referring
to [26] for a detailed analysis of the simpler cases that easily generalize to the present setting.

We prove, by induction on the structure of the formulas that, for every PLTS L =
(P,{-%Yacr), pLu® formula F and [0, 1]-interpretation p of the variables, the following
assertions hold:

[F1,(p) = VALL(G)((p, F)) = VAL{(G)) ({p, F)), (8.1)
and
M is robust in the variable X (see Definition [7.]) (8.2)

for every free variable X in F', and Markov branching play M rooted at (p, F') in Q[If .

Base case: F=X, for some variable X € Var.

It follows immediately by application of Theorem that point BJ] holds. For what
concerns point B2] a Markov branching play M rooted at (p, X) in QS is of the following
form:

-

)\0\ 1—Xo

<p07 X>
where Ao = p(X)(p). Thus, M has only one hole (i.e., M = M[X\g]) and E(M)=Xy. The
Markov branching play M[y], can then be depicted as above, replacing \g with =, for every
~v€[0,1]. Therefore, E(M[y])=~ and point is trivially satisfied as desired.

Inductive cases F=Gj1 x G2 or F=0G, for x€{V,A,-,®} and o€ {(a), [a]}.

For all these cases, the proof of point [B.I] follows easily by application of Theorem [£.:22] The
result can be proved following the same lines of the proof of (the corresponding inductive
cases of ) Theorem 5.1 in [26], thus we omit the routine details.

We now prove that point holds for F' = G - G2. The other cases can be proved
in a similar way. Let us consider an arbitrary Markov branching play M in g}f rooted
at (p,G1 - G2). Then, M can be depicted as follows, where M; and Ms denote the two
sub-Markov branching plays rooted at (p, G1) and (p, Ga).

M, M,
TR ST
(p,G1) (p, Go)
<p7 Gl : G2>

Note that, by definition of the game Qf , the sub-Markov branching play M; is also a Markov
branching play rooted at (p,G;) in the game in, for i€ {1,2}. Also note that X is free in
both G and Ga, since it is free in G by assumption. Let M [x;];c;r be the Markov branching
pre-play obtained by pruning M at the states of the form (p;, X), as described in Section
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[0 Let \;, for i€ 1, be the probability labeling the edge connecting the i-th hole in M (i.e.,
the state (p;, X)), to the state T. By Definition [[1I] we need to prove that
(1) E(M[vilier) > E(M[X]ier) — > ic; 5071, and
(2) E(M[d:i]icr) < E(M[Nier) + 2 ier 5t
hold, for every sequence {’yz}ze 1 and {0; bier of reals in [0, 1] such that, for every i€ I CN,
the inequalities v; > \; — ( j and §; < \; + #( j hold. We just show how to prove the first
inequality because the second one can be proved in a similar way.

Let I; and Iy be the partition of the index set I specified as follows. The index i€ I of
a path §; in M[z;];er (connecting (p, G1 ® G2) with the hole (p;, X)) is in I if §; lies in M,
i.e., its second state is (p, G1). Similarly, the index i belongs to I5 if §; lies in Ms. Note that
I; indexes all the holes of the sub-Markov branching play M; and, similarly, I indexes the
holes of Mj. Thus, let us denote with M [x;];cr, the Markov branching pre-play associated
with M, and similarly for Ms[x;]jcr, and Ms. Then, by the inductive hypothesis on the
complexity of Gy and G, we know that M; and My are robust in X, i.e., the following
assertions, with respect to inequality (1) above,

a) E(Mi[vilier,) =2 E(Mi[Ailier,) — Zieh 21‘%, and

b) E(Ma[yjljer,) = E(Ma[Nj]jer) — ZjEIQ gj%’

hold. By applying the product measure technique adopted in the proof of Theorem [.22]
it is easy to verify that the equalities E(M[N]icr) = E(Mi[Niicr,) - E(Ma[Aj]jer,) and
E(Mvilicr) =E(Mi[vilier,) - E(M2[v;]jer,) hold. The desired equation (1) above can then
be derived as follows:

E(Myilier) = E(M[vilier,) - E(M2[vjljen)
>4 E(Mi[vilier,) - (B(M2[Ajljen) = Y ier, 2g+1)
> (E(Mlh/i]iGIl) ’ E( [ ]]612)) Z]ejz 23+1
>0 ((BOODen) = Siep, 557) - BOL em) - Yjen, 5T
>, (E(Mi[Nlien,) - E(M2[Xjljer,)) — Zzell 7 - djel, T
>r=nwr, (E(Mi[Aiier,) - E(M. [ ilien)) — Yier 7ot

E/—\

MNJier) = > ier 5t
x) are valid because all terms have values in the interval [0, 1].

=

where the steps labeled wit

Inductive case F=uX.G.

e We first prove that point [8.1] holds.

For every state p and every interpretation p we have, by definition of the denotational
semantics, that the following equality holds:

[1X.GLo(p) “1ip (A €10,117.(IGL15/x)) ) )

By the Knaster—Tarski theorem, the previous equation can be rewritten as:

[14X.Gl,(p) |_|[[G]] (8.3)

where o ranges over the ordinals, and [G] is deﬁned as | s a[[G]] [[G]] X Let us denote

with 7 the least ordinal such that [G]} = [uX.G],, and with p, €[0,1]” the interpretation
pl[G]}/X]. Thus, the following equation holds:

[G],, = [nX.Gl,. (8.4)
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Let us now turn our attention to the 2%-player meta-parity game g’;X'G. Our goal is
to prove that point B holds, i.e., that the following equalities

[1X.Gl,,(p) = VAL, (G4 ((p. nX.G)) = VALL(GEXC) ((p.uX.G))  (85)

hold, for every p€ P. As a first observation, note that the state (p, uX.G) is not reachable
by any other game state, and that it has the state (p, G) as its only successor state. It then
follows by application of Proposition that, in order to prove the desired result (8.3]),
we just have to show that the equalities

[Glp, () = VAL, (G55 9) ((p, G)) = VAL (G459 ((p, G)) (8.6)
hold. In order to improve readability, we shall denote with (uX.G')7: P— [0, 1] the function

defined as Ap€ P. <VAL (Q“X G) ((p G))) , for x€ {|,1}. Thus, Equation8.6lcan be rewritten
as follows:

[Glp, () = (HX.G(p) = (nX.G D} (p)- (8.7)
Note that the analogous functions (G [);[ £/x] : P—10, 1] specified, for x€ {{, 1}, as

ApeP. <Val (gp[f/X )(( G))) , satisfy the following equation:

— 4 — )
[Glor/x) = (]Gl)p[f/)q = (]GDp[f/X] (8.8)

for all f€0,1]F, by induction hypothesis (81]) on G.
We prove Equation B.7] by exploiting the similarities between the game g;,‘X'G and the
game QPG[ £/X] already discussed in Section [6l Our first observation is the following:

* * Eq. B
(nX.GDp = (G Dpux.cps/x) = G ux.cy/x) (8.9)

for x€{|,1}. Indeed when a state of the form (p, X) is reached in the game g;,‘X'G the play

continues from the state (p,G) and ends in a victory for Player 1 with (lower or upper)

value (pX.G)5(p), and, similarly, when the state (p, X) is reached in gf?EGHXGD*/X}’ the
S lp

play immediately terminates in favor of Player 1 with probability (uX.G )} (p).

By application of Equation B8 this implies that both (uX.G [); and (uX.G [)t are
fixed points of the functional Af € [0,1]7.([G],(r/x]). Note that, for all p € P, the in-
equality (uX.G [)i(p) < (uX.G [);(p) trivially holds. Moreover the inequality [puX.G],(p) <
(pX.G [);(p) holds, for all pe P, because [uX.G], (or, equivalently, [G],,) is the least fixed
point of Af €0, 1]P.([[G]]p[f/x]).

We shall prove the desired result (Equation 7)) by showing that, for all p € P, the
inequality

def
(uX.G)}(p) = Val' (G55) ((p,G)) < [G]p, () (8.10)
holds We do this by constructing, for every € >0 a strategy o5 for Player 2 in the game
Qp ) sa‘msfymg the following mequahty

|_|E alg ) < [Glp, (p) +e. (8.11)
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The strategy o5 is constructed using the collection of d-optimal strategies, for 6 >0, in
the game Qg, i.e., strategies Tg such that the following equality holds:

UE D) < VALGE ) (9, G)) + 6 G, (p) + 0. (8.12)

Let e: 77 Y.~ Nbea numberlng (i.e., an injective map into the natural numbers) of the

finite paths in the game gp . The strategy o5 is defined, for every € >0, as follows:
72 (3) if § does not contain states of the form (p, X), for pe P

5@ =1
2 F () oo o oy
o, (t) if §=35;.t with last(5}) = (p, X) for some p€ P

for every finite path §whose last state belong to Player 2 (i.e., such that last(3) € .S3), where
the function # :N— N is specified as in Definition 241 The strategy o5 can be informally
described as follows. When the game begins o5 behaves as the strategy 7'2% until a state of
the form (p, X) is reached. This is a good definition because plays in the two games Q“ ¢
and ggj are identical until states of this form are reached. If a state of the form (p, X) is
eventually reached following some path 5}, then Player 2 improves their strategy, and plays
the rest of the game (starting at the unique successor state (p, G) of (p, X)) in accordance

with the better strategy oy gice)

crucially depends on the path ;.
We are now going to show that, for every € > 0, the strategy o5 satisfies the desired
inequality .11l We need to show that, for every strategy oy for Player 1, the inequality

E(MP%) < [G],, (p) +e. (8.13)

o1 0'

. Note how the choice of the new strategy to be followed

holds. Recall that, by definition, E(M? _.)=P5 _.(®), where IP’< > denotes the probability

010 01,05

measure over branching plays in Qp ¢ induced by the Markov branchlng play M? ., and

01, U'
® denotes the set of winning branching plays for Player 1 in g;:X'G. By Theorem [6.7] and
Lemma [6.8] we know that &= «- Thus, the previous equation can be rewritten as
follows:

a<w1

P2 (| Wa) < [Cl, (p) + (8.14)

a<wi
By application of Theorem [2.10] under the set-theoretic assumption MAy, we can further
rewrite the previous equation as follows:

e
L] (B2 (W) < [Gl,, () +=. (8.15)
a<wi
This step allow us to set up a proof by transfinite induction for the desired Equality B.1Tl
We shall now prove that for every countable ordinal § < w; and every € > 0, the inequality

PP >(W5) < [Gl,, (p) +e. (8.16)

0'1 o§
holds. Assume Equation B.I6] holds for every ordinal o < . The Markov branching play

M (g f§> can be depicted, following the notation introduced in sections [6l and [7, as in Figure

[ By definition of o5, the sub-Markov branchlng plays M;, for i€ I, are Markov branching

plays played in accordance with the strategy o5’, with &; =5 m Let us denote with
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Mo M,
<po~iG> (pi, G)
<z-——~. (po,X) (pi, X)
N
BN
{p,G

Figure 7: Markov Branching play M [M;];cs

Nfon D\ fr
SR //pz,

(p,G)

Figure 8: Markov branching play M{[d;];cr

0 the value Py, (W), where Py, denotes the probability measure associated with M;, and
a < (. Moreover, let us denote with d;, for i € I the value | |, 3 0. Then, by induction
hypothesis on the ordinals, we know that, for every o< 3, the inequality

€ 1
52 < (Gl () + & - —L
holds, for every i € I. By application of Lemma [[.2] we know that the following equality
holds:

(8.17)

P (Wg) = B(M[5]ic)) (8.18)

01,05
where M|0;);e; denotes the Markov branching play in the game G& > obtained from M é‘? CC:;)
as specified in Section [l which can be depicted as in Figure 8l Let us denote with )\;, for
i€ 1, the value [G],, (p;). Observe that the Markov branching play M [);];cr (depicted by
replacing 9; with \; in Figure [§)) is a Markov branching play in the game Qg. Moreover, by
definition of o5, the Markov branching play M [);]icr is played by Player 2 in accordance

with the §-optimal strategy 72. It then follows by Equation B.I2] that
€
E(M([Xier) < [G]p, (p) + 3 (8.19)

Recall that, by induction hypothesis (8.2) on G, the Markov branching play M [\;];cr is
robust is the free (in ) variable X. Thus the following inequality holds:

E(M[0]ier) < Ailier +Z 3 Fe@) (8.20)

el

Since the numbering e is injective, it follows from equation RI9and 820 that E(M|[d;)icr) <
[G],,(p) — 5 — 5. Thus, Equation BI6 holds as desired.

e We now prove that point holds.
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My M;
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7G i) G
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{p, GY n, G
(a) Markov Branching play M (b) Markov Branching play M[A{]icr

Figure 9: Markov branching plays M = M [M;];cs in g;,‘X'G and M[AX{]ier in gf

We just discuss the main ideas of the proof as the necessary techniques have been already
introduced in the proof of point B.1] above.

We need to show that every Markov branching play M in Q’;X'G, rooted at (p, uX.G)
is robust in every free variable Y. Clearly Y # X, since X is bound in uX.F. As already
observed earlier, we can just consider Markov branching plays M rooted at (p, G), since the
state (p, uX.G) has (p, G) has its only successor state, and it is not reachable by any other
states. Let J CN be the set indexing the paths from the root (p, G) of M to states of the
form (p;,Y). Let us denote with M[y;];cs the associated Markov branching pre-play. Let
Aj€10,1], for j€J, be the value labeling the edge connecting the j-th hole in M with the
state T, i.e., A\j = p(Y)(p;). Thus M = M[\;]je;. We need to prove that, for every € > 0,
the inequalities

(1) E(Mysljes) = E(M[Nljes) — > ey 57, and

(2) E(M[0;]e) < EMNljes) + 3 s 5

hold for every sequences {v;};cs and {d;};jes of reals in [0, 1] such that, for every jeJCN,
the inequalities v; > \; — % and 0; < A+ % hold. We just consider the first inequality,
as the second one can be proved in a similar way.

Recall that, by application of Theorem [2.10, under the set-theoretic assumption MAy,,
the equality E(M[v;ljer) def Prriyilies (@) = Uacw, Parpy;lje,(Wa) holds.  Similarly for
E(M|)j]jcs). We shall then prove (1) above, by proving the following more general prop-
erty: for all Markov branching plays M = M[\;]jes in Q’;X'G rooted at (p, G) and sequence
{7;}jes as described above, the following equality holds:

€
Parylyes(Wa) = Pari)ye, (Wa) = > oy (8.21)
Jj€J
This is proven, again, by transfinite induction on the ordinals. Suppose the property holds
for all @« < B. The main idea to prove the inductive step is to reduce the problem on M
(which can be depicted as in Figure by exposing the collection of paths reaching states
of the form (p;, X), for an index set I) to that of M[Af];es (where AF =P, (U, 5 Wa)), the

Markov branching play in QS constructed as described in Lemma[7.2]and depicted in Figure
9(b). The result then follows by applications of Lemma (relating the values Py (Wp)
and of E(Pysye1)), by induction hypothesis on o (8.2I)) and by induction hypothesis (8.2)

on the robustness of the Markov branching plays M[A?];cr in ng. We omit the technical



34 M. MIO

details. A detailed proof of (a generalized version of) this result can be found in [25] §4.3].

Inductive case G=vX.G.
Similar to the previous one and based on the properties summarized in Proposition [6.10

8.1. Remarks about the use of MAy,. We conclude this section by highlighting the two
critical steps in our proof where the set-theoretic assumption MAy, is used.

As already discussed in Section [}, we make use of Martin’s Axiom at Ny to ensure that
the A% winning set of a pLu® game is universally measurable. The universal measurability
of A} sets can, however, be proved in other extensions of ZFC. For example, determinacy-
based axioms such as Analytic Determinacy [15], suffice (see, e.g., [17, §36.E]).

The second use we make of the axiom MAy, is in the derivation of Equation
in the proof above. This is a fundamental step required to set up a proof by transfinite
induction on the countable ordinals. As stated in Theorem [2.10], one of the consequences of
Martin’s Axiom at Ny is that probability measures on Polish spaces are wi-continuous. Such
a property, clearly implying the negation of the Continuum hypothesis, does not follow from
determinacy-based axioms mentioned above. As mentioned after Lemma [6.8] our inductive
characterization of the winning set of pLu® games, can be shown to require, in general,
wi-iterations (i.e., approximants) to converge. Thus some form of w;-continuity seems to
be required by the proof technique adopted in this Section.

9. CONCLUSIONS AND FUTURE WORK

One of the primary interests in a game semantics for pLu®, and more generally for all
logics having a [0, 1]-valued semantics with an intended probabilistic reading, is to offer an
accessible and clear interpretation for the property described by a formula. We suggest
that our game semantics, built on top of the elementary idea of concurrent execution of
independent sub-istances of the game, succeeds in this task. The logic pLu® is expressive
enough to encode the qualitative threshold modalities P~y and P_; which, as discussed at
the end of Section [0, are interpreted within the game semantics in a straightforward way.

Despite the naturalness of the definition, our proof of equivalence is a technically under-
taking. Our result, based on a transfinite characterization of pLu® winning sets, is carried
out in ZFC 4+ MAy, set-theory to deal with the measure theoretic complications associated
with the complexity of winning sets. We are not aware of any other result in theoretical
computer science whose proof is (or at least was originally) carried out in proper extensions
of ZFC set theory. Thus, our proof of determinacy, which is generalized in [25] from the
pLu® games considered in this paper to arbitrary two-player stochastic meta-parity games,
is perhaps noteworthy as being a first example of this kind of result.

Although the logic pLu® subsumes the qualitative fragment of the logic PCTL of [2],
it does not seem possible to encode the full logic PCTL within pLu®. In [25] an extension
of pLu®, obtained by adding to the syntax of the logic yet another pair of De Morgan
dual connectives, is considered. Interestingly, this extension, which is capable of encoding
the full logic PCTL, can be given an appropriate game semantics in terms of two-player
stochastic meta-parity games. We refer to [25] for a proof of this fact, which serves as a
demonstration of the expressive power of the new class of two-player stochastic meta-parity
games introduced in this paper.



PROBABILISTIC MODAL p-CALCULUS WITH INDEPENDENT PRODUCT 35

Our work leaves open several directions for future research. From a theoretical point of
view, it would be interesting to remove the dependencies on the set-theoretic assumption
MAy, from our proof. This, in light of the remarks of Section Bl looks as a challenging
task. In another direction, it would be interesting to investigate the theory of two-player
stochastic meta-games. Preliminary results, such as the fact that Blackwell games can
be encoded as tree games and that the open problem of qualitative determinacy [6] for
stochastic games can be formulated as a determinacy problem for tree games, are obtained
in the author’s PhD thesis [25]. However, several questions remain open. For example,
the concept of independent execution of actions in two-player games have been already
considered as a tool for understanding logics of imperfect information (see, e.g., [4], [12]).
It is then be natural to explore the expressive power of tree games in this setting. A very
general class of two-player games with concurrent behaviors, based on event structures, has
recently been considered in [9] where a determinacy theorem is obtained for games satisfying
appropriate restrictions. Comparing our notion of tree games with their concurrent games,
and the corresponding determinacy results, looks like a promising direction for future work.
Similarly, it is interesting to compare two-player non-stochastic meta-parity games with
the, apparently very similar, hierarchical four player games (2 vs 2) of [16], which are used
to formalize the semantics of first order logic extended with game quantifiers. Developing
verification methods is another source of possible research directions. For instance, it is
interesting to study the model checking problem for the logic pLu®. Is it possible to compute,
or at least approximate to an arbitrary degree of precision, the value [F](p) assigned by
a formula to a state p of a finite PLTS? The problem seems far from trivial. A source of
difficulty comes from the fact that (finite) two-player stochastic meta-parity games are not
positionally determined. We refer to [25], §8] for an overview of these issues.
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