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ABSTRACT. In this paper we study the behaviour at infinity of the Fourier transform of
Radon measures supported by the images of fractal sets under an algorithmically random
Brownian motion. We show that, under some computability conditions on these sets, the
Fourier transform of the associated measures have, relative to the Hausdorff dimensions
of these sets, optimal asymptotic decay at infinity. The argument relies heavily on a
direct characterisation, due to Asarin and Pokrovskii, of algorithmically random Brownian
motion in terms of the prefix-free Kolmogorov complexity of finite binary sequences. The
study also necessitates a closer look at the potential theory over fractals from a computable
point of view.

1. INTRODUCTION

It is important to add here that order is not to be identified with predictability.
Predictability is a property of a special kind of order such that a few steps
determine the whole order (...as in curves of low degree) but there can be
complex and subtle orders which are not in essence related to predictability
(...a good painting is highly ordered, and yet this order does not permit one
part to be predicted from another). (David Bohm [4] p 149.)

In 1869 Heine proposed to Cantor the problem of determining whether or not every trigono-
metric series ) c(n)e™ that converges to 0 at all real numbers z will have all its
coefficients c¢(n) necessarily equal to 0 or equivalently, whether two trigonometric series
which converge to the same limit for every real number x are (formally) equal in the sense
that their coefficients are the same. In 1870, by making extensive use of Riemann’s work
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in his Habilitationsschrift (1854) on trigonometric series, Cantor proved that the answer
to Heine’s problem was in the affirmative. Eventually Cantor showed that the same holds
true if a trigonometric series converges everywhere with the possible exception of a closed
countable set. This is arguably the first example of a mathematical argument that is based
on a transfinite induction. For more background on this historical development, the reader
is referred to the book [22].

These works of Riemann and Cantor pioneered a very highly developed theory of so-
called sets of uniqueness in harmonic analysis with wide-ranging implications for number
theory (Diophantine approximation) and descriptive set theory. For the former, the reader
could consult the book by Meyer [33] and for the latter the book by Kechris and Louveau

[22].

A set E C [0,1] is a set of uniqueness if every trigonometric series which converges
to 0 for = € [0,1] \ E is identically 0, or equivalently, if any two trigonometric series that
converge to the same limit for every real x € [0,1] \ E are identical. Intuitively, this means
that [0,1] \ E is sufficiently “large” to ensure that if the two series already agree pointwise
on it, then they are formally the same , in the sense that they have the same coefficients. A
set which is not a set of uniqueness is called a set of multiplicity. More specifically, a subset
M C [0,1] is a set of multiplicity if there exist two (formally) distinct trigonometric series
that converge to the same limit outside M.

It is well-known that if £ is a set of uniqueness and is Lebesgue-measurable, then its
Lebesgue measure is 0. It was first conjectured by Luzin that all Lebesgue null sets should
be sets of uniqueness until Menshov (1916) [34] constructed an example of a closed null
set of multiplicity. Since then major progress has been made on this problem. Salem and
Zygmund [43] characterized Cantor type sets of fixed ratio £ as being sets of uniqueness
solely in terms of the number theoretical structure of . (The resulting Cantor set is a set
of multiplicity if and only if €' is a so-called Pisot number. For a more modern proof,
the reader is referred to the book [33].) However, the characterisation of sets of uniqueness
is very far from being complete. Indeed, as is discussed in [22], it follows from arguments
by Solovay (unpublished) and independently by Kaufman [21I] that the complexity of the
problem is, from the viewpoint of descriptive set theory, of an intrinsic nature.

For the purpose of this paper, it is important to note that a compact subset E of the
unit interval is a set of multiplicity if and only if there is a distribution 7" (in the sense
of Schwartz) , also called a temperate distribution, supported by E such that its Fourier
transform is such that 7'(u) — 0 as |u| — co. (See, for example Meyer [33], Theorem 1,
p 81.) In particular, a compact set E will be a set of multiplicity if it is supported by a
Radon probability measure p with the property that its Fourier transform fi(u) approaches
zero as |u| — oo.

The following question was posed by Beurling and solved in the affirmative by Salem
[42] in 1950:

Given a number v € (0,1), does there exist a closed set on the line whose
Hausdorff dimension is vy and that carries a non-zero Radon measure ji whose
Fourier transform ji(u) = [ e™“du(z) is dominated by a constant times
lu|=7/? as |u| = o0 ?
Such sets are instances of what are now called Salem sets. It is well-known (see for example
[31L pp 162-163]) that given a compact subset E of [0, 1] with Hausdorff dimension v € (0, 1),
the number ~/2 is critical for Beurling’s question to have an affirmative answer since any
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Radon measure p supported by E is such that the function u +— |u|*fi(u) is not bounded
for any o > «y/2. This is a direct consequence of ([ZI4]). See also Chapter 2 in [36] for an
extensive discussion.

Note that a set meeting Beurling’s condition will necessarily be a set of multiplicity [33]
p 81] since every Radon measure is a Schwartz distribution. Salem [42] proved that the
answer to Beurling’s question is in the affirmative by constructing for every ~ in the unit
interval, a random Radon measure p (over a convenient probability space) whose support
has Hausdorff dimension « and which satisfies his requirement with probability one. By
contrast, we should mention interesting results on the construction of non-random Salem
sets, as can be found in [3].

It follows from the results of this paper (see Theorem [B.3]) that such sets can also be
constructed by looking at Cantor type ternary sets E with computable ratios £ and then
considering the image of F under an algorithmically random Brownian motion. Along these
lines we shall be able to find, for every algorithmically random infinite binary string w and
every computable real 7 in the unit interval, a II3(w, ) compact set S, (w) which is a Salem
set of Hausdorff dimension . We emphasise that these sets are uniformly definable in ~
and w.

This means that each algorithmically random binary string w will answer Beurling’s
question in the affirmative for all v which are computable. These sets can be uniformly
constructed from each specific algorithmically random w in a manner which is Hgfdeﬁnable
in w and the dimension 7.

A Brownian motion on the unit interval is algorithmically random if it meets all effective
(Martin-Lof) statistical tests expressed in terms of the statistical events associated with
Brownian motion on the unit interval. The class of functions corresponds exactly, in the
language of Weihrauch [44] [45], Gécs [I7] and specialised by Hoyrup and Rojas [19], in the
context of algorithmic randomness, to the Martin-Lo6f random elements of the computable
measure space

R = (00[07 1]7 d7 B7 W)7
where Cy[0,1] is the set of the continuous functions on the unit interval that vanish at the
origin, d is the metric induced by the uniform norm, B is the countable set of piecewise
linear functions vanishing at the origin with slopes and points of non-differentiability all
rational numbers, and where W is the Wiener measure.

In this paper we shall show that if F is an “effectively closed” subset of the unit
interval having Hausdorff dimension 8 at most 1/2, and if ¢ is an algorithmically random
Brownian motion, then the image ¢(FE) is a Salem set of Hausdorff dimension 2. Our proof
involves a finitisation of Kahane’s arguments in Kahane |20 p 253] together with a direct
Kolmogorov complexity theoretical argument involving the incompressibility coefficient of
an algorithmically random binary string [6]. We also rely on the original characterisation
of Asarin and Pokrovskii [2] of algorithmically random Brownian motions ¢ in terms of
finitary zig-zag paths x, having high Kolmogorov complexity and which approximate ¢ in
a uniform and computable manner. We shall utilize a Fourier analytic representation (a
Franklin-Wiener series) of an algorithmically random Brownian motion [9]. For the main
theorem we develop a suitable constructivisation of Frostman’s potential theoretic approach
to the theory of Hausdorff dimension. Another approach to Frostman’s lemma in the context
of algorithmic randomness can be found in Reimann [3§].

This paper could be viewed as a further contribution towards the understanding of the
sample path properties of algorithmically random Brownian motion. For similar results the
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reader may consult Fouché [8, [0l 10, 11], Kjos-Hanssen and Nerode [23] 24], Kjos-Hanssen
and Szabados [25] and Potgieter [41]. More results on the Fourier structure of sample paths
of algorithmically random Brownian motion can be found in [13].

The paper is organised as follows: In Section 2, we discuss preliminaries from Brownian
motion, fractal geometry and the theory of Kolmogorov complexity. We also introduce
ideas towards viewing Frostman’s potential theory over compact subsets of the unit interval
from the viewpoint of computable analysis. The main results are presented in Section 3. In
Section 4, we discuss some Fourier analytical properties of a finite binary string with high
Kolmogorov complexity. The proof of the main result is given in Section 5 which is based
on key estimates (a finitisation of Kahane’s work [20]) related to the even moments of the
Fourier transform of image measures of Brownian motion. These estimates are established
in Section 6.

The results of this paper enable one to to define the an anologue of Lévy local time for
algorithmically random Brownian motion. This line of thought will be discussed in a sequel
to this paper.

It would also be interesting to look at at the beautiful results of Laba and Pramanik
[26] within the context of this paper. Some results along these lines can be found in [13].
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2. PRELIMINARIES FROM BROWNIAN MOTION, KOLMOGOROV COMPLEXITY AND
GEOMETRIC MEASURE THEORY

2.1. Brownian motion and complex oscillations. Suppose we are given a probability
space (2, P, A), and a set E. A random element of E, or random object is a mapping X
from €) into E. The usual problem is to consider a subset B of E and to determine the
probability of the subset of Q consisting of the w such that X (w) € B. Of course, this only
makes sense when X ~1(B) € A. Then, instead of X 1(B), or {w: X(w) € B}, we simply
write [X € B], and we can speak of the event: “X belongs to B”. In a similar vein, when
X € B is defined by a predicate @ (X) on E, we write [Q (X)] for [X € B] and refer to it
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as the event defined by the predicate ). If this event holds with probability one, we say
that “Q (X) holds almost surely” and write @ (X) a.s. An important case is when E is a
topological space. We say that a mapping X from €2 to F is a a random wvariable in E if
X~H@G) € A for all open subsets G of E. This has the implication that for each B of the
o-algebra B generated by the open set in E (the “Borel algebra” of E), the set X 1(B)
belongs to A. The mapping B — P (X -1 (B)) defines a probability measure vy on (E, B),
which is called the distribution of X. Two random variables on a probability space are
said to be statistically equivalent when their distributions are the same. From the point of
view of integration theory, the measures P and vy are related as follows: Suppose f is a
real-valued function on E such that f(X) is integrable with respect to P. Then

/ £ (X (@) dP(w) = / f(@)dvx ().
Q E

This is known as the change of variable formula. If X is a real-valued random variable on
(Q, P, A) such that its distribution vy is absolutely continuous with respect to Lebesgue
measure A and if f is the Radon-Nikodym derivative of vx with respect to A, we say that
X has a density and call f the density function of X. In this case, for a Borel set A of real
numbers, we have:

P(X € A) =vx(A) = /Af(t)dt.

A random variable X with mean m and non-zero variance o
density function of the form

2 is normal if it has a

L —-m)?/20?
V21 o ’
A Brownian motion on the unit interval is a real-valued function (w,t) — X, (t) on
Q x [0, 1], where Q is the underlying space of some probability space, such that X,,(0) = 0

a.s. and for t; < ... < t, in the unit interval, the random variables X, (1), Xy (t2) —
Xw(t1), -+, Xou(tn) — Xy (t,—1) are statistically independent and normally distributed with
means all 0 and variances ti,to — t1,--- ,t, — t,—1, respectively. This means that the

probability of a finitary event of the form [X(¢;) € A; for 1 < j <n], where 0 <t; <... <
t, < 1, will be given by the integral

/ / ﬁ ! exp _(yj_yj_1)2 dyp, - . . dyr
Ay An b 27 (tj — tj—l) 2 (tj - tj—l)

where tg = 0 and Aq,..., A, are Borel subsets of the reals. It is a fundamental fact that
any Brownian motion has a “continuous version” (see, for example [16]). This means the
following: Write C0, 1] for the set of real-valued continuous functions on the unit interval
and X for the o-algebra of Borel sets of C[0, 1] where the latter is topologised by the uniform
norm topology

[2]loe = sup |z(t)].
0<t<1

There is a unique probability measure W on ¥ such that for 0 <t¢; < ... <t, <1 and for
a Borel subset B of R, we have

P({w € Q: (Xu(t1), - Xu(tn)) € BY) = W(A),
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where
A={x e C[0,1] : (x(t1), -+ ,x(t,)) € B}.
The measure W is known as the Wiener measure. We shall usually write X (¢) instead of
Xw(t).
The set of finite words over the alphabet {0, 1} is denoted by {0,1}*. If a € {0,1}*, we
write |a| for the length of a. If @ = agay ... is an infinite word over the alphabet {0,1},
we write @(n) for the word [[;_, a;. We use the usual recursion-theoretic terminology

0 and T12 for the arithmetical subsets of N¥ x {0,1}"*! k,I € N. (See, for example,
[18]). We denote the Cantor space {0, 1} by A/. We write \ for the Lebesgue probability
measure on {0,1}". For a binary word s of length n, say, we write [s] for the “interval”
{a € {0,1}N : @(n) = s}. A sequence (a,) of real numbers converges effectively to 0 as
n — oo if for some total recursive f : N — N, it is the case that |a,| < (m +1)~! whenever
n > f(m). A real number f is said to be recursive (or computable) if there is an algorithm
which yields, for every natural number n, two integers p, ¢ such that |5 — §| < 2%

If f, g are positive real-valued functions on {0, 1}*, we write f <™ g to signify that there
is an absolute positive constant D such that f(x) < g(z)+ D for all values of z. By a slight
but useful abuse of notation we shall sometimes write f(z) <t g(z) instead of f <™ g.

Let (¢e : € > 0) be an effective enumeration of all the partial recursive functions from
from {0,1}* to {0,1}*. Let U be the partial recursive function given by

U(0° o) = ¢o(0), e > 1, 0 € {0,1}*.

In this case, we call 0° '1o a program (or description) for U of the number s = ¢.(0).
For s a finite binary string, the plain U-descriptive complexity of s, denoted by Cy(s), is
the length of the shortest program for U which will output s.

In the sequel we write C'(s) in stead of Cp(s). The values of Cyy are independent of the
choice of the effective enumeration of the partial recursive functions (¢.) up to the relation
<*. (See [3T, pp 75-79] for a thorough discussion.)

A universal prefix-free machine V is just a universal Turing machine with domain a
prefix-free set. This means that for no two distinct words in the domain of V' can the one
be an initial segment of the other. We call V optimal if Cyy <t Cf, for every universal
prefix-free universal Turing machine V’. The construction of an optimal universal prefix-
free Turing machine can be found in [37, p 84], for example. Let V' be an optimal universal
prefix-free Turing machine from {0,1}* to {0,1}*. For s a finite binary string, the prefix-
free Kolmogorov complexity Ky (s) of s is the length of the shortest program for V' which
outputs s. In the sequel, we fix V' and denote the associated Kolmogorov complexity by
K (s). For a machine-independent modulo <™ characterisation of K, see Theorem 2.2.19 in
137, p 90].

It is well-known that C' and K are related as follows:
C(z) <t K(x) <t C(x) + 2log(C(z)) <* C(z) + 2log(|z|). (2.1)

(See, for example, p 94 in [37].)
Recall that an infinite binary string « is Kolmogorov-Chaitin complex if

34V, K(@(n)) >n—d. (2.2)
In the sequel, we shall denote the set of Kolmogorov-Chaitin binary strings by K C' and refer

to its elements as K C-strings. The set KC' is independent of our choice of the the optimal
universal prefix-free machine V. (See, e.g., [5], [7], [30], [27] or [37] for more background.)
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For n > 1, we write C,, for the class of continuous functions on the unit interval that
vanish at 0 and are linear with slopes ++/n on the intervals [(¢ — 1)/n,i/n] ,i = 1,...,n.
With every x € C,, one can associate a binary string a = ay---a, by setting a; = 1 or
a; = 0 according to whether z increases or decreases on the interval [(i —1)/n,i/n]. We call
the word a the code of x and denote it by ¢(z). Conversely, any binary string a = a1 - - - a,
uniquely determines a function x € C,, and it will be denoted z = c.(a).

The following notion was introduced by Asarin and Pokrovskii in [2].

Definition 2.1. A sequence (z,) in C[0,1] is complex if x,, € C), for each n and there is a
constant d > 0 such that

K(c(zp)) >n—d (2.3)
for all n. A function ¢ € C|0,1] is a complex oscillation if there is a complex sequence (zy,)
such that ||¢ — z,]|c0 converges effectively to 0 as n — oc.

The class of complex oscillations is denoted by C. It is well-known that the class of
complex oscillations has Wiener measure one. For another effective measure-theoretic char-
acterisation of C, the reader is referred to [§].

REMARK. If € is a KC-string, then (c.«(é(n))) is a complex sequence. One readily sees
that ¢, (E(n)) diverges in C'[0, 1] [8]. Indeed, this result follows from the simple probabilistic
observation to the effect that for o = Ile; in N, the sequence ((ao +.. 4 /Vn+ 1))
diverges almost surely. This follows, for example, from Khintchine’s law of the iterated
logarithm which, when applied to the probability space (N, \, B) (with B the Borel-algebra
on {0, 1}Y), states that

. ag+ ...+ an
lim sup =1,
n—oo /2 (n+1)loglog (n+ 1)

almost surely. It then follows that all the I1J sets B,, defined by
a € By, =V, Y[k, £ >n = |lec(@(k)) — ce(@?))||oo < 1]

are of A-measure 0 and, therefore, that no set B, can contain any KC-string.

Here we have worked with a Kurtz-test and invoked the results to be found on [37, p
127] for example. What we required is the fact that no I19-set in A of A\-measure zero will
contain any K C-string. Or equivalently, if a H(l)-event happens to contain a KC' element it
is probabilistically significant to the extent that the event has non-zero probability.

In particular, for no K C-string €, will the initial segments €(n) define a complex oscilla-
tion via the operation c.. Fortunately, there is a computational way of interpreting complex
oscillations in terms of KC' (see Theorem [9]), an observation which will play a central
role in this paper.

In the sequel, if ¢ is a complex oscillation (¢ € C), and d is a natural number such that
for some complex sequence x,, satisfying ([2.3]) converges effectively to ¢, we shall call d an
incompressibility coefficient of ¢.

For recent refinements of the result of Asarin and Pokrovskii, the reader is referred to
the work of Kjos-Hanssen and Szabados [25]. They note that Brownian motion and scaled,
interpolated simple random walks can be jointly embedded in a probability space in such
a way that almost surely, the n-step walk is, with respect to the uniform norm, within a

distance O(n_% logn) of the Brownian path, for all but finitely many positive integers n.
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In the same paper, Kjos-Hanssen and Szabados show that, almost surely, their constructed
sequence (x,) of n-step walks is complex in the sense of Definition 2] and all Martin-Lof
random paths (= complex oscillations) have such an incompressible close approximant. This

strengthens a result of Asarin [I], who obtained instead the bound O(n_% logn).
The following result will play an important role in this paper:

Theorem 2.2. [9]. There is a bijection ® : KC' — C and a uniform algorithm that, relative
to any KC'-string o, with input a dyadic rational number t in the unit interval and a natural
number n, will output the first n bits of the the value of the complex oscillation ® (o) at t.

Fouché [10] proved that every complex oscillation ¢ has the following modulus of con-
tinuity: For any C' > 1, and for all sufficiently small values of h,

Pt |6(t + h) — (t)] < +/2C|h[log(1/|R]). (2.4)

As has been noted before, Kjos-Hanssen and Szabados [25] showed that for any complex
oscillation ¢ there exists a complex sequence (x,,) in C[0, 1] and a constant C' such that, for
n sufficiently large,

Clogn

N

¢ — nlloo < (2.5)

2.2. Hausdorff and Fourier dimensions. If (X,d) is a metric space, a reqular Borel
measure p on X is a Borel measure with the property that for every subset A of X, there is
a Borel set B containing A such that u(B) = p*(A). Here p* is the outer measure associated
with p, in other words, writing B3 for the Borel algebra on X,

w(A) =inf{u(B): AC Be B}, AcCX.

A measure on the Euclidean space R? is a Radon measure if it is a regular Borel measure
and assumes finite values on compact subsets of R?, i.e., if it is locally finite. On a general
complete separable metric space (a Polish space), a measure is Radon iff it is locally finite
and Borel regular.

If X is a Polish space, and p is a Radon measure on X, the support of u, denoted
by supp(p), is the complement of the set of points of x € X such that p vanishes on some
neighbourhood of z. Hence the support of 1 is the smallest closed set F' such that u(F¢) = 0,
where F'¢ denotes the complement of F' in X.

If X and Y are Polish spaces, f is a Borel mapping from X to Y, and p is a Radon
measure on X, the pushout measure f,u is given by

Fen(A) = p(f~H(A)),
for Borel sets A in Y. It is known that if f is continuous and the Radon measure p has
compact support then f,u too is a Radon measure. Moreover

suppfep = f(supp(p)).

For any Borel function g : Y — C, the change of variable formula is given by

/ o()dfply) = / o(f (@) dp(x).
Y X
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We shall frequently apply this in the following way: Let X : [0,1] — R be a continuous
function and let x4 be a non-zero Radon measure on [0, 1]. If we write v for the pushout of
1 under X, then for all reals &

1
e dy(s) = X ()¢ . .
/R du(s) /0 dp(t) (2.6)

This formula expresses the Fourier transform (&) in terms of X and p.
For a compact subset E of Euclidean space R% and real numbers «, e with 0 < a < d
and € > 0, consider all coverings of A by balls B,, of diameter < ¢ and the corresponding

sums
2 1Bl

n
where |B| denotes the diameter of B. All the metric notions here are to be understood
in terms of the standard ¢?> norms on Euclidean space. The infimum of the sums over all
coverings of E by balls of diameter < ¢ is denoted by HS(F). When e decreases to 0, the
corresponding H¢ (F) increases to a limit (which may be infinite). The limit is denoted by
H,(F) and is called the Hausdorff measure of £ in dimension « or a-Hausdorff measure of
E.
If 0 < o < 8 < d, then, for any covering (B,,) of E,

> 1Bul” < sup|B," ") (Bl
n
m

from which it follows that
HY(E) < " “H(E).
Hence if H,(E) < oo, then Hg(FE) = 0. Equivalently,
H3(E) > 0= H,(F) = oc.
Therefore,
sup{a : Ho(E) = oo} = inf{f : H3(E) = 0}.
This common value is called the Hausdorff dimension of E and denoted by dimy, E.

If o is such that 0 < Hy(E) < oo, then o« = dimy, E. However, a = dimy, F does not
necessarily imply 0 < H,(E) < oc.

Proposition 2.3. (Frostman’s lemma) [I5]. If E is a compact subset of R%, then
H,(E) > 0 if and only if E carries a nonzero Radon measure v such that

v(B) < C|B|%,
for all balls B in R* and some constant C' > 0.

Let E be a non-empty closed subset of the unit interval such that dim, £ > «. For
8 < a, let v be a non-zero Radon measure such that for some constant C' > 0,

v(I) < Ol (2.7)

for all subintervals of the unit interval. It is the case that v can be chosen such that
v(I) < |I|P for all dyadic subintervals of the unit interval and C' = 3 in (Z1).

With the pair (F,v), we associate a directed tree T'= T'(F) and a flow f thereon as
follows: The vertex set V of T consists of all dyadic intervals I such that ENT # (). Denote
these intervals as I, = [(j —1)/N,j/N) for 1 <j < N —1and I;,, =[(j —1)/N,j/N] for
j = N where N = 2". The edges are of the form J; — Jo where Jy, Jo are in V' and Js is
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obtained upon dissecting J; (that is, if J; = I}, then Jy = I 41 or Jo = Ij41 pnq1). Write
& for the set of edges of T. Define a function f : & — R by setting f(J; — J2) = v(J2).
For v € V', write B, for the set of edges emanating from v. Since v is (finitely) additive, it
follows that f is a flow on the tree. This means that for every v € V' (such that v is not the
root), if we write e, for the edge ending in v, then, for all vertices v

flew) = fle). (2.8)

eeBy,
Moreover, if v is the dyadic interval of length %, then

Flew) < 57 (2.9)
Conversely for a given compact set F, suppose that there is a flow f on T'(E) satisfying
(238) and ([Z9). Then there is a non-zero Radon measure v supported by E such that (27
holds. To see this, for a dyadic interval I, set v(I) = f(e), when [ is a vertex of the tree and
e is the edge ending in I, and set v(I) = 0 if I is not an edge, that is, if I is disjoint from
E. The flow-condition ensures that v is countably additive on the semi-algebra of dyadic
intervals. It can therefore be extended to the Borel o-algebra on the unit interval. It is
quite readily seen that for an arbitrary closed interval I of the unit interval,

v(I) < 3|1|°.

(This follows the fact for any interval I C [0, 1], there exist 3 dyadic intervals K7, Ky, K3 of
[0,1] of equal length < |I| such that I C K1 U Ky U K3.)

The idea of presenting Radon measures on the reals as flows on directed trees belongs
to the folklore of fractal geometry. The authors learnt these ideas from the book by Morters
and Peres [35].

Denote by D the set of pairs (j,n), 1 < j < N = 2" (j,n integers). To say that the
function (j,n) — v(I;,) (defined on D) is computable is equivalent to requiring that the
flow v +— f(e,) on the vertex set of the tree T'(F) associated with (E,v) is computable. It
is an interesting problem to identify conditions on a set E of a given Hausdorff dimension
to ensure the existence of a computable flow on the tree associated with F that will provide
computable measures v witnessing the validity of Frostman’s lemma. As shown in [35],
this problem is related to finding computable versions of the mincut-maxflow theorem on
countable trees. We shall discuss a large class of perfect sets (Cantor sets) for which such
constructive flows can be found.

For a compact set E and a measure v satisfying the conclusion of Proposition 2.3} let

N

v =Y v(Ijn)djn, (N=2"

j=1
where d;/y is the Dirac measure concentrated at j /N. (We also frequently invoke Riesz’s
representation theorem and thus also think of of Radon measures on a compact Hausdorff
space as positive linear functionals on the space X.) The measures v, converge weakly to
v in the sense that for all f € C(F), the Banach space of continuous functions on E with
the uniform norm, it is the case that

lim v (f) = v(f),

n—o0

for all f € C(E).



FOURIER SPECTRA OF MEASURES AND KOLMOGOROV COMPLEXITY 11

The discrete measure v, will be called the n-approximation of v. It is clear that for any
subinterval I of [0, 1], it is the case that

vp(I) <1/N® for |I| < 1/N and v, (I) < 3|I| for |I| > 1/N. (2.10)
Indeed if |I| < 1/N, then I C I;,, for some j and hence
vn(I) S vn(Ljn) = v(Ijn) < [Ijnl* =1/N°.

For |I| > 1/N, consider 3 dyadic intervals K, K, K3 of equal length r < |I| and r > 1/N
such that I € K7 U Ko U K3. Then

N
vn(I) S vn(K1 UKy UKs) = > v(Ijn)6;n (K1 UKy U Ks)
j=1
Vn(Kl) + Vn(K2) + Vn(K3)
I/(Kl) + V(Kg) + I/(Kg)
| K| + [Ka|™ + |K3]*
3)1|°.

[VANVAN

Definition 2.4. Let 0 < a < 1. We call a Radon (probability) measure on the unit interval
an a-Frostman measure if for some constant C' > 0, we have v(I) < C|I|* for all dyadic
intervals I contained in the unit interval.

This has the implication that v(I) < 3C|I|* for any general interval I. Recall that D
the set of pairs (j,n), 1 < j <2". For any d = (j,n) € D, denote Iy = [(j — 1)/2",5/2™).

Definition 2.5. An a-Frostman measure v is called an effective a-Frostman measure if the
function
D—R, d—v(ly)

is computable.

This means that one can effectively and uniformly find, from d € D, m € N, some
rational 7 such that |v(Iy) —r| < 1/2™.

Definition 2.6. Let E be a compact subset of Hausdorff dimension g > 0. We say that
the Hausdorff dimension of E is effectively witnessed, if for each rational 0 < a < 3, there
is an effective a-Frostman measure which supports E.

Cantor ternary sets C¢ with a computable ratio 0 < { < 1/2 give examples of compact
subsets of the unit interval which effectively witness the Hausdorff dimensions

B =log2/log(1/¢)

of these sets. We recall that the sets are constructed in the following way. Start from the
interval [0, 1], remove an open interval of length 1 — 2¢ in the middle of the original interval
[0, 1], then from each of the two remaining intervals, remove the interval of length £(1 — 2¢)
in the middle. At the nth step, there are 2" closed intervals of common length £" and each
of these generates two subintervals of length ¢"T! by removing an open interval of length
€"(1—2¢) in the middle. Denote by A,, the set of the 2" intervals that have survived up to
stage n. Each of these intervals has length £". By definition,

Ce = ﬁ U 7 (2.11)

n=1JeA,
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It is well-known that the S-Hausdorff measure of C¢ is 1. This has the implication that
dimh Cg = 5
One can construct a non-zero Radon measure v supported by C¢ such that
v(J)=1/2" = |J|’,
for each J € A,,.
It is well-known that
v(I) < ClI|7,
for all intervals I and a constant C. (See, for example [31), p 62].)
Given a dyadic interval I and a natural number n > 1, since £ is computable, we can
effectively compute the number L of intervals J € A,, which intersect /. Note that

L 2
)
n| T 2n

We conclude that v is an effective S-Frostman measure and that the Hausdorff dimension
B of C¢ is effectively witnessed.

For 0 < £ < % set v = 2 where (3 is the Hausdorff dimension of C¢. Note that v is
computable iff £ is and will range over all the computable reals in the (open) unit interval
as & ranges over the computable reals in (0, i) For w € KC and a computable £ in the unit
interval set

v(I)

5,() = B(@)(Ce), 7 =251, (2.12)
og f

where ®(w) is the complex oscillation asssociated with w. (See Theorem [2.2])
Note that unfolding (2.11]) yields

1
@ € Sy(w) & YndyenoTrea, (¥ € J) A @(W)(y) — 2] < 5, (2.13)
where Dy denotes the set of dyadic numbers in the unit interval.
It follows from Theorem and the fact that v hence £ is computable that the sets
S, (w) are II3(v,w) definable over (0,1), x KC, where (0,1), denotes the set of computable
real numbers

For a Radon measure y on R% with compact support set

_ du(x)du(y)
Talpr) = /Rd /Rd z—ylo

We say that p has finite energy with respect to ||~ when I, (u) < co. If E carries positive
measures of finite energy with respect to |z|~® we say that E has positive capacity with
respect to |z|~% and we write
Cap,(FE) > 0.
If E carries no positive measure of finite energy with respect to |z|~, we say that E has
capacity zero with respect to this kernel and we write Cap,(E) = 0. (See, for example
Chapter 10 in [20, pp 132-134] for more details on capacities.)
It follows from the Fourier analysis of Schwartz distributions that

Toli) = Clad) [ ()Pl (214)
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when 0 < a < d, where C'(a, d) is a positive constant and where, moreover,

i = [ ),

the Fourier transform of the measure p. For more on the Fourier analysis of Radon measures,
see, for example, [31], 162-163].
The following result is well-known. (See, for example [20, p 133].)

Proposition 2.7. For a compact subset E of R? and 0 < a < 8 < d,
Hg(E) > 0= Cap,(E) > 0= H,(E) >0,

and
sup{a : Io(u) < oo} = sup{a : Cap,(F) > 0} = dimy, E.

Definition 2.8. Let E be a compact subset of R%. The Fourier dimension of E (denoted
dim E) is the supremum of the numbers 0 < o < d such that E carries a non-zero Radon
measure y such that the function R — RT : u +— |u|*?|a(u)|, (v € R) is bounded.

It is well known that for any compact E of R%, dimy F < dimp E. If 0 < dimy E =
dimy F, then F is called a Salem set. Every Salem set (or in general every compact set with
non-zero Fourier dimension) is a set of multiplicity. Proofs of these results can be found in
[31], Chapter 12. See also [36] for a fully self-contained exposition of these results.

We also require the following result, a proof of which can be found on p 139 of [20].

Theorem 2.9. Suppose we are given a compact set E in R?, and a mapping f from E to
R™ such that for some 0 < 8 <1 and C > 0,

1f(z) = f(y)| < Clz —y|”,
forx,y € E. Then
dimy, (f(E)) < min(% dimy, (E), n).

By now taking (2.4]) into account, we can infer the following;:

Theorem 2.10. If ¢ is a complex oscillation and E is a compact subset of the unit interval,
then
dimy, ¢(F) < min(2dimy(E),1).

3. MAIN RESULTS
We shall prove the following:

Theorem 3.1. Let 0 < o < 1. Suppose ¢ is a complex oscillation and 0 is an effective
a-Frostman measure on [0,1] and € > 0. Then for all reals u such that |u| is sufficiently
large (depending on €),

1
/ e"“¢(t>d9(t)‘ <2 (3.1)
0

— ’u‘a—e :
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In other words, if v is the pushout measure of § under the complex oscillation ¢, its
Fourier transform satisfies

p(w)| < C

- |u|a—e
for a constant C (depending only on €) and |u| > 1. Now write E for the support of § and
F for the support of v. Then F = ¢(F). It follows that

dimy F' > min(1, 2a).
This theorem has the following consequence:

Theorem 3.2. Suppose E is a compact subset of the unit interval whose Hausdorff dimen-
sion (B is effectively witnessed and such that 0 < 8 < 1. If ¢ is a complex oscillation, then
the image, ¢(E), is a Salem set of dimension min{1,23}.

Proof. By Theorem BT, the Fourier dimension of ¢(F) is > min{1, 2a} for any « such that
0 < o < 3. Hence dimy ¢(F) > min{1,25}.

Since dimy, ¢(£) < min{1, 28} (Theorem ZI0), it follows that dim s ¢(F) = dimy, ¢(E) =
min{1,23} (using the fact that dim;¢(E) < dimy¢(F)). O

It follows that all the sets Sy (w) (see (ZII), @I2) and @I3)) with v € (0,1), and
w € KC, are Salem sets. Moreover

dimp, Sy(w) = dimf S, (w) = 7.
We can therefore infer:

Theorem 3.3. Write (0,1), for the set of real computable numbers in the unit interval and
KC for the set of infinite binary numbers which are random in the sense of Kolmogorov-
Chaitin-Levin-Martin-Lif. There is a 113 predicate over R x (0,1), x KC which for each
(7,w) € (0,1), x KC, defines a Salem set S, (w) of Fourier dimension .

4. FOURIER ANALYTICAL PROPERTIES OF FINITE SEQUENCES OF HIGH KOLMOGOROV
COMPLEXITY

In this section, we fix an integer n and set N = 2". We assume that the set {0,1}% is
endowed with the canonical probability measure (the product pi * po * ... % puy where uy is
the Bernoulli fair-coin toss measure on {0,1}).

For any finite binary string w € {0,1}", denote by S, (w) the continuous function on
the unit interval that vanishes at 0 and is linear on each interval I;,, = [(j — 1)/N,j/N),
j=1,...,N with slope +v/N according to whether wj =1orw; =0. Here w = wowy . ...
For any ¢t € [0,1], we denote by S,(t), the random variable w — Sy (w,t) = Sy, (w)(t) on
{0,1}¥. Recall that d, is the Dirac measure concentrated at a. We have the following
result:

Theorem 4.1. Let 0 be an effective a-Frostman measure on [0,1] and 0,, its n-step approz-
tmation, that is,

On = Zc(j)aj/Nv (41)

Jj=1



FOURIER SPECTRA OF MEASURES AND KOLMOGOROV COMPLEXITY 15

where ¢(j) = 0(1;n), N =2"and I;, =1[(j —1)/N,j/N)), for j=1,2,...,N. Then for
any positive integer ¢ < logn, and any real number u such thatn < u <n+1,

1
E(/ eiuSn(w,t)den(t)

0
for all large values of n.

2q
) < (22qu?), (4.2)

The proof of Theorem [.1]is given in Section [6l We now deduce from Theorem (4] the
following Theorem which will be used in the following section to prove Theorem [B.11

Theorem 4.2. Let 0 be an effective a-Frostman measure on [0,1] and 0,, its n-step approz-
imation [{1]). Let € > 0 be any fized rational number. For any natural number d, there is
a number Lq such that for n > Lq we have for all w € {0,1}, N = 2", whose Kolmogorov
complezity satisfies

K(w)> N —d,
that
1 2 1
/0 cusn@t gy ()| < e (4.3)
for all rational numbers u =n, n + %, n 4+ %, coo,n+ 1
Proof. For a given n and u € {n, n+ %, n+ %, ...,n+ 1}, we define

2
F(w,u) =

)

1
/ eiuSn(w,t) do,, (t)
0

when w € {0,1}¥.
Then for any € > 0, and sufficiently large integers n, we have that
1

P{F(w,u) >u?"} < 5 (4.4)
Indeed, by the Chebyshev’s inequality and Theorem H.1l we obtain, for ¢ < logn, that
- E[(F(w, u))?]
2a+€ )
P {F(w, U) > U + } ~ W
(22qu—?*)1
— (u—2a+e)q :

Taking g = [6/€] (the smallest integer > 6/¢) and w such that u > (22¢)? yields relation
).

Let us denote by A, the event F(w,u) > u~2*%¢in {0,1}". By relation (@), for large
u7

1
P{du} < = (4.5)

We want to show that a finite binary w € A, has low Kolmogorov-Chaitin complexity,
since the cardinality of A, is “small”. Consider the following algorithm ¢; which on self-
delimiting inputs for the integers n and r with 0 < r < n enumerates the elements of
Ay. Firstly ¢1 computes N = 2" and v = n + . It then computes from N, increasingly
accurate approximations to the coefficients ¢(1),¢(2),...,¢(N). Since F'(w,u) is computable
in ¢(1),¢(2),...,c(N) we get that every string in A, will eventually be enumerated.
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We can thus specify any string in A, by giving its index j in this enumeration. For
this we need only self-delimiting codes for n,r and a code for j. Since we know that
|A,| < 2N=2l8™ we know that [j| < N — 5logn. By padding j with initial zeroes if
necessary, we can assume that

ljl =[N —5logn]
making j’s length computable from input n. Using the standard upper bound of 2log &k for
a self-delimiting code for k, a program to generate w will thus have length bounded by

2logn + 2logr + (N — 5logn) + C,

where C' covers our programming overheads. Clearly, for large enough n, this drops below
N —d for any pre-given d € N. Hence, if K(w) > N — d, then for large enough n, w ¢ A,,
or equivalently, relation ([3]) holds.

L]

5. PROOF OF THEOREM [3.1]

We are now ready to prove Theorem Bl Assume that (z,) is a complex sequence which
converges to ¢ as in (2. For n > 1 set ¢, = xn where N = 2". We also assume that
K(w,) > N —d for all n and for a fixed constant d where w, is the code of ¢,. Note that
o, — @] < \C/—% for a constant C' and all large n. Then S, (wy,t) = ¢ (t) and Theorem
implies that

2 1

— u2a—e

1
/ e g, (t)

0

(5.1)

for large n and all u = n, n+%, n+%, oon+ 1
Note that from relation (B.1I), one can deduce that, there exists a constant C, such that,
for any real number § with n < & <mn + 1, it is the case that,

1
/ e ag,, (t)| < 1_ + 9 (5.2)
0 S

Indeed, for n sufficiently large

1
/ (men) _ gi€on®)qp ()
0

IN

1
€l /0 6a(8)|d6a(2)
< Clu—¢|

where C' = sup,>; [|¢jllcc + 1. (Here we have used the inequality lef® — | < |z —yl.)
Taking u such that |u — &| < 1/n together with (B.1) yields (5.2).
Now for any real number £ such that n < £ < n+ 1, we have that

1 1
/ (eiéPn(t) eisfb(t))dgn(t)‘ < / E|pn(t) — o(t)|db,(t)
0 0

§llon — ¢l (since 0([0,1]) < 1)
Cin(n+1)

VN

IN

IN
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(by relation (235])) and the choice of £.) In addition,

1 1 %
/ €00, — / ei&bdg‘ _ Z / <OV gy (1) — / 1590 4o 1)
0 0

N J
< Z / N igs() _ i€¢(t)‘d9(t)
N
< E(Ca(1/N)log N)Y2 S 6(((j — 1)/N,5/N)) (by @)
j=1
(n+1)y/Caon
— N

To summarise, for n sufficiently large and all real £ in the interval (n,n + 1)

1 1
/ ei&i’(“de(t)‘g / e ag, ()| +
0 0

It follows that for all n large and all £ € (n,n + 1)

1
/ ei&b(t)dg(t)
0

Cin(n+1) N (n+1)y/Can
VN vN

= == +0()

- +0(

In conclusion, for sufficiently large real number &,

1
/ S0 qg(t)
0

This extends obviously to negative £ with |{]| large. ]

<

6. PROOF OF THEOREM [4.1]
We will need the following lemma, which is like an integration by parts for singular measures.

Lemma 6.1. Let u be the measure 2?21 c;j0t; where c;j are positive constants and 0 <ty <
ty...tn, < 1. Then for any differentiable function f defined on [0,1],

1 1
/f(t)du(t)=u[0,1]f(1)—/ f'(®)plo, t]dt. (6.1)
0 0

Proof. This can be proven by a direct calculation. Clearly,

/ ft)du(t) chf ) and p[0,1]f chf
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Also
1 to t3
/ Fou,dd = o | Fd+ e to) [ f@d+ ..
0 t1 to
1
+ert+ea+...+e) [ f(®)dt
tn
= > (1) = f(ty)):
j=1
The lemma follows immediately. ]

We are now ready to prove Theorem [£.1]

Proof. Since 6,, = Z;Vzl c(j)d;/n, one has that

1
/ eiuSn(t)den(t) _ Z c(j)ei”S”(j/N).
0

Therefore

1
/ zuSn( )d9 ( )
0

By symmetry, this implies that

1 2q
/ zuSn( )d9 ( )
0

2q

- Z c(j1)e(g2) - - - c(Jogq)

1<j1,525--,J2¢ <N
w S (31/N)+..45(iq/N)) o —it((Sn (Gg+1/N)+..+Xn(j2¢/N))

Y > c(j1)e(fz) - c(zq)

€€l 1<j1<...<jag<2"
w etu(€15n(j1/N)+...+e2q5n (j2q/N))

where
T={e=(e1,...,e29) 1 ¢j=+1 and €] + ... + ez, = 0}.

We rewrite the sum )
q

> exSu(j/N)

k=1
as

Zak n(k/N) = Sn(jk-1/N)]

where a, = €, + ... + €4 andjo =0.
Now note that, by definition, the random variables

By, = Sy(jr/N) = Su(jr-1/N), 0 < k < 2¢,

are independent and each By, has the same distribution as Sy, ((jx —jx—1)/N). Since Sy, (h/N)
is the sum of h independent and identically distributed variables Vi, Va, ...V, with P{Vj =
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1/V/N} = P{V; = —1/v/N} = 1/2, we have that
E[eiusn(h/N)] _ E[eiu(Vl+V2+...+Vh)]

h
= H E[e™Yi] (by independence of the V;)
j=1

. . h
= <(1/2)em/m + (1/2)6_2“/‘/ﬁ> (by definition of Vj)

h
= <cos(u/\/ﬁ)) .
Consequently
E[eiuaksn((jk_jkfl)/N)] = [cos(u ak/\/ﬁ)]jk—jkq.
Therefore
1 2q
E( / e dp, (1) ) = (@)%Y > cl)eliz). . clizg) %
0 €T 1<j1 <. jag <20
2q
H[cos(uak/\/ﬁ)]jk_jk*. (6.2)
k=1

Since «; is the sum of 2¢ — j + 1 numbers each equal to &1, it follows that a; # 0 for all
even j. Clearly, for any € = (e;,...,€3) € T, we have that |ag| < g for all 1 <k < 2q.
From the condition imposed on the numbers n, ¢, and u (¢ < logn,n <u <n+1, N =

27) it is clear that u/v/N is small enough to ensure that 0 < cos(uh/vN) < cos(u/vN)
for any 1 < h < ¢q. In particular

cos <u ak/\/ﬁ> < cos (u/\/ﬁ) for all even k.

For k odd, we use the obvious inequality cos(uay/v/N) < 1. Consequently

1 2q
E(/ et dg,, () > < (@)Y > c(jr)e(gz) - - - c(jaq) x

0 €T 1<j1<.. <jog<2n

[cos(u/VN))2 7 [cos(u/ VN4 ~5 x
x ... [cos(u/V/N)JF2a=I2-1,
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Since the cardinality of T"is (2¢)!/(¢!?), and all the terms are positive

1 2q
E(/ X0 dp,, (t) ) < (29) Z Z Z Z . c(jag) X

0 J1=1j2=j1 jza=j2 J2q=J2q-1
[cos(u/VN)2771 [cos(u/V NP5 x
.. [COS(u/\/ﬁ)]qu_qu’1

J3 J5

< (29)! > > Z Z

1<71<3<.<j2q-1<N J2=j1 ja=j3  J2qg=J2q—1
c(j1)c(jz) - - - c(j2q) %
[cos(u/VN)2771 [cos(u/V NP5 x
x [cos(u/V/N)Ji2a=i2a-1,

By setting hy = jx — jr—1 for k even, and by taking ¢(t) = 0 for ¢ > 2", we obtain

1 N N N
E< [ e 0an, o Y Y Y

2q
) -
0 1<j1<j5<<j2q 1 SN ha=07a=0  hz,=0
c(jr)e(fs) - - - c(jag—1) X
c(jr + h2)e(fz + ha) . .. c(jag—1 + hag)
[cos(u/VN)]|"2[cos(u/VN)|* x
x [cos(u/VN)|"2a.

—~

We now estimate the sum
N
M = Zc(r + h)[cos(u/VN)", r <N
h=0
Clearly,

1 Nt N
M= / [cos (u/\/ﬁﬂ du(t) where p = Zc(j +7)dj/n
and c(h) =0 for h ¢ {1,2,...,N}.
By Lemma [6.1], we obtain that

EN:c(r—l—h) [cos (u/\/ﬁﬂh— [0,1]a¥ — Nlo a/latN [0, t]dt
= uf0, ga | a¥ul.

h=0
where
a = cos (u/ VN ) .
Since 6 is an a-Frostman measure and 6, is its n-step approximation, it follows from relation
(210) that,
w[0,t] = 0,[r/N,t+r/N| < Ct* fort>1/N (6.3)
and

0,(I) < 1/N® (6.4)
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for every interval I such that |I| < 1/N. We also have that 0 < a < 1. Then,

f:cr+h [cos (u/\/—)] < 6,[0,1]av
h=0

1/N 1
—Nloga / atNen[r,r+t]dt+C/ a'Ntodt | .
0 1/N

1/N 1/N
Nloga/ a'NOp[r,r +tldt < Nloga/ a'N(1/N) dt
0 0
= (a- /N

By (©4), we have that

and
1

C
CN lo a/ aNtdt = ——— T(a+1).
. 1/N (—Nloga)® ( )

Therefore (using 6,,[0,1] = 6[0,1] < 1),
al h 1—a C
h N < d r 1). .
;::Oc(r—i- )[cos(u/\/—)] < @+ +(Nlog(1/a))a (a+1) (6.5)
We next estimate each term in (6.5]).
1. Clearly, (1 —a)/N® < 1/u*.
2. For the quantity ¢ with a = cos <u/ VN >, we use the following estimates (“Taylor

expension”):
1—2%/2 4 /4!

—x for x >0

2?2 2t

5 T

cos(z)

<
log(1—z) <

IN

log(cos(x))

Therefore,

loga = Nlogcos <u/\/ﬁ>

2 4
u u
< N|-
- <2><N+4!><N2>

u? u?

2 I
Now since (for large n), u is such that u> < /N, it follows that
2 2

u

u
1 N<__ 1< ——
oga' < 2—1— =73

w2
for large u. Therefore, ¢’ < e~ s . This quantity converges to zero for u — co.
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3. For the quantity

.
(Nlog(1/a))*”
we have that
Nlog(1/a) = —Nlogcos (u/\/ﬁ)
u? ut
> _N(—
z —N( 2><N+4!><N2)
2
> L
- 2
u2
> 3 (for large n),
Therefore
# < 3C’/u2°‘
(Nlog(1/a))™ —
and
N
h 9 1 3CT(O£ + 1)
< w3, - P02\ )
Zc(r+h) [cos (u/x/ﬁ)] < e +u40‘ + 2
h=0
11
2o

by taking C' = 3 and « € [0, 1] and using the fact that the quantities e=v*/3 and 1 Jut®
are dominated by 1/u?® for relatively large u. Hence

1
E< / ¢S dg,, (t)

0
Finally,

2q
) < (2q)1(110 %) x

> c(jr)e(da) - - c(jzg-1).

1<51<y3<...<Jj2q—1<N

> c(j1)e(gs) - ciag-1) = /(Kt y t<1d9(t1)d9(t2)...d9(tq),

1<j1 <3< <jgg—1<2™

and we observe that, the integral

/ o (t1)do(ts) ... dO(t,)
0=to(1)Sto(2) - to(q) <1

is the same for all permutations o of {1,2,...,¢q}. Therefore,

1 1 1 1
/0<t1<t2mtq<1d@(tl)dﬁ(h)...d9(tq) = a/o /0 /0 dO(t1)do(ts) . .. dO(t,)
1

q

IN

since 6[0,1] < 1.
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(10]
(11]
(12]

(13]
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It follows that

! iuS, = (29)! 2 2
E / ™M g, (t) < T(11 200 < (22 quT2), ]
0 .
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