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ABSTRACT. We investigate conditions under which a co-computably enumerable set in a
computable metric space is computable. Using higher-dimensional chains and spherical
chains we prove that in each computable metric space which is locally computable each
co-computably enumerable sphere is computable and each co-c.e. cell with co-c.e. boundary
sphere is computable.

1. INTRODUCTION

A closed subset of R™ is said to be computable if it can be effectively approximated by
a finite set of points with rational coordinates with arbitrary given precision on arbitrary
given bounded region of R™. A closed subset of R™ is said to be co-computable enumerable
(co-c.e.) if its complement can be effectively covered by open balls. Each computable set is
co-c.e. On the other hand, there exist co-c.e. sets which are not computable. In fact, while
each nonempty computable set contains computable points, there exists a nonempty co-c.e.
set which contains no computable points ([9]). Although the implication

S co-computably enumerable = S computable (1.1)

does not hold in general, there are certain conditions under which it does hold. The following

result has been proved in [7]:

(i) if S € R™ is homeomorphic to S™, where S™ C R™*! is the unit sphere, then (1.1)
holds;

(i) if S € R™ is such that there exists a homeomorphism f : B” — S, where B™ C R" is
the unit ball, such that f(S"71) is a co-c.e. set, then ([1.1]) holds.

In the case n = 1, i.e. in the case when S is a topological circle or when .S is a co-c.e. arc with
computable endpoints, the preceding result has been generalized in [5] to computable metric
spaces with the effective covering property and compact closed balls. Furthermore, by [6],
the assumption of the effective covering property and compact closed balls can be replaced
here by the weaker assumption that a computable metric space is locally computable.

In this paper we prove that this result holds for every m > 1, i.e. we prove that if
(X,d,«) is a computable metric space which is locally computable, then
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(i) if S is a co-c.e. set in (X, d, @) homeomorphic to S™, then S is computable in (X, d, a);
(ii) if f : B® — S is a homeomorphism, where S is co-c.e. in (X,d, a), such that f(S"1!)
is also co-c.e., then S is computable.

In order to prove this, we use techniques similar to those in [5]. In Section [3| we examine
the topological side of the problem. We define the notions of n—chain and spherical n—chain
in a metric space. These notions play the same role as the notions of a chain and a circular
chain play in the proof of the main results of [5]. However, the higher-dimensional aspect
of the problem will require some deeper topological facts and we will rely here on a result
proved in [4]. In Section 4| we include computability into consideration and we prove the

main results of the paper: Theorem and Theorem

2. PRELIMINARIES

If X is a set, let P(X) denote the set of all subsets of X.
For m € Nlet Ny, = {0,...,m}. For n > 1 let

Nnm: {(xla'-->$n) |$1>-'-7$n ENm}

We say that a function ® : N¥ — P(N") is computable if the function ® : NF*" — N
defined by

(I)(‘T7 y) = X&(x) (y))
r € NF, y € N" is computable (i.e. recursive). Here x5 : N* — {0,1} denotes the character-
istic function of S C N™. A function ® : N¥ — P(N") is said to be computably bounded
if there exists a computable function ¢ : N¥ — N such that ®(z) C Ng(2): for all x € N,

We say that a function ® : N¥ — P(N") is c.c.b. if ® is computable and computably
bounded.

Proposition 2.1.

(1) If ,¥ : N* — P(N") are c.c.b. functions, then the sets {x € N¥ | &(z) = ¥(z)} and
{z € N* | ®(x) C U(2)} are decidable.

(2) Let ® : NF — P(N") and ¥ : N* — P(N™) be c.c.b. functions. Let A : NF — P(N™) be
defined by

x € NF. Then A is a c.c.b. function.
(3) Let ® : N¥ — P(N") be c.c.b. and let T C N" be c.e. Then the set S = {x € NF |
O(x) CT} is c.e. [

A function F : N¥+t1 — Q is called computable if there exist computable functions a, b, ¢ :
NF+1 5 N such that

Flp) = (_1)e@ _92)
(z) = (=1) b(z)+1
for each € N*¥*1. A number z € R is said to be computable if there exists a computable
function g : N — Q such that |z — g(i)| < 27* for each i € N.
By a computable function N¥ — R we mean a function f : N¥ — R for which there
exists a computable function F : NF+t1 — Q such that

|[f (@) = F(z,4)] <27



CO-C.E. SPHERES AND CELLS IN COMPUTABLE METRIC SPACES 3

for all z € N¥ and i € N.
In the following proposition we state some elementary facts about computable functions
NF — R.

Proposition 2.2.

(1) If f,g : N* = R are computable, then f + g, f — g : N¥ = R are computable.

(2) If f : N¥ = R and F : N*1' & R are functions such that F is computable and
|f(z) — F(z,i)] < 27% Vo € Nk, Vi € N, then f is computable.

(3) If f: N1 = R and ¢ : N = N are computable functions, then the function g : N — R
defined by

l) = max L, -y 0n
g(l) ogjl,.,.,jngso(z)f( J1 Jn)

18 computable.
(4) If f,g : N¥ = R are computable functions, then the set {x € N¥| f(x) > g(x)} is c.e.

U

A tuple (X, d, ) is said to be a computable metric space if (X, d) is a metric space and
a: N — X is a sequence dense in (X, d) (i.e. a sequence which range is dense in (X, d))
such that the function N? — R,
(1,7) = d(ou, o)
is computable (we use notation o = (a;)).
If (X,d,«) is a computable metric space, then a sequence (z;) in X is said to be
computable in (X,d, a) if there exists a computable function F : N> — N such that

d(xi, o) <27

for all i,k € N. A point a € X is said to be computable in (X,d,«) if the constant
sequence a,a, ... is computable.

Let (X,d, ) be a computable metric space. Let ¢ : N — Q be some fixed computable
function whose image is QN {0, 0o) and let 7,7’ : N — N be some fixed computable functions

such that {(7(i),7'(i)) | i € N} = N2, For i € N we define

Ii = B(ar(iy, 4r(i))s Li = B(ariys G (i)
Here, for x € X and r > 0, we denote by B(z,r) the open ball of radius r centered at
z and by B(z,r) the corresponding closed ball, i.e. B(z,r) = {y € X | d(z,y) < r},

B(z,r) ={y € X | d(z,y) <r}. For A C X we will denote the closure of A4 by 4.
As a consequence of Proposition we get the following corollary.

Corollary 2.3. Let (X,d,a) be a computable metric space. The set {(k,i) € N? | a, € I;}
is c.e. ]

A closed subset S of (X, d) is said to be computably enumerable in (X, d, «) if
{ieN|SNI; #0}

is a c.e. subset of N. A closed subset S is said to be co-computably enumerable in
(X,d,a) if there exists a computable function f : N — N such that

X\S = L.

1€EN
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It is easy to see that these definitions do not depend on functions 7, 7" and q. We say that
S is a computable set in (X, d, «) if S is both computably enumerable and co-computably
enumerable (2], [10]).

Let 0 : N> » N and 1 : N = N be some fixed computable functions with the following
property: {(c(4,0),...,0(4,1(j))) | 7 € N} is the set of all finite sequences in N excluding
the empty sequence, i.e. the set {(ao,...,a,) |n €N, ag,...,a, € N}. Such functions, for
instance, can be defined using the Cantor pairing function. We use the following notation:
(7)i instead of o(j,4) and j instead of n(j). Hence

{(Go,---»(4)7) |7 € N}

is the set of all finite sequences in N. For j € N let [j] be defined by

] ={G)i |0 <i<j}. (2.1)
Note that the function N — P(N), j — [j], is c.c.b.
Let (X, d,a) be a computable metric space. For j € N we define

Jj = Ufz', sz Ufz
i€s] i€[s]
The sets J; represent finite unions of rational balls and the sets f] finite unions of closed
rational balls.

Corollary 2.4. Let (X,d, ) be a computable metric space. The set {(k,j) € N? | ay, € J;}
8 c.e.

Proof. We have ay, € J; if and only if there exists i € N such that i < j and a4, € I(;), and
the claim follows from Corollary U

A computable metric space (X, d, «) has the effective covering property if the set
{(w.j) €N*| I, € Jj}

is computably enumerable ([2]). It is not hard to see that this definition does not depend
on the choice of the functions ¢, 7,7, 0,7 which are necessary in the definitions of sets I,
and Jj.

For example, if a: N — R" is a computable function (in the sense that the component
functions of a are computable) whose image is dense in R™ and d is the Euclidean metric
on R, then (R",d, «) is a computable metric space. A sequence (z;) is computable in this
computable metric space if and only if (z;) is a computable sequence in R™ and (z1, ..., z,) €
R™ is a computable point in this space if and only if x1,...,z, are computable numbers.
This computable metric space has the effective covering property (see e.g. [5]).

If (X,d,«) is a computable metric space, then a compact set K in (X,d) is said to
be computably compact in (X,d, «) if K is computably enumerable in (X, d, ) and if
the set {j € N | K C J;} is c.e. ([I]). A computable metric space (X,d,a) is locally
computable ([I]) if for each compact set A in (X,d) there exists a computably compact
set K in (X,d, «) such that A C K.

Let (X, d, «) be a computable metric space. A computable metric space (Y, d’, §) is said
to be a subspace of (X,d,a) f Y C X, d : Y xY — R is the restriction of d : X x X — R
and f is a computable sequence in (X, d, a).

The proofs of the following propositions can be found in [6].
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Proposition 2.5. Let (Y,d',3) be a subspace of a computable metric space (X,d,a) and

let SCY.

(i) If S is co-c.e. in (X,d, ), then S is co-c.e. in (Y,d', ).

(i1) If S is c.e. in (X,d,«), then S is c.e. in (Y,d',3). Conversely, if S is closed in (X,d)
and c.e. in (Y,d', ), then S is c.e. in (X,d, ). 0]

Proposition 2.6. Let (X,d,a) be a computable metric space and let K be a nonempty
compact set in (X,d). Then K is computably compact in (X, d, ) if and only if there exist
a metric d' on K and a sequence B in K such that (K,d', 3) is a subspace of (X,d,a) and
(K, d',8) has the effective covering property. ]

3. n—CHAINS AND SPHERICAL n—CHAINS

For n > 1 let
B" ={z eR" | [lz]| <1}
and
Sl =tz e R" | ||z| = 1}.
A topological space X is called an n—cell if it is homeomorphic to B"™. We say that X is
an n—sphere if it is homeomorphic to S™.

By the boundary sphere of an n—cell E we mean the set f(S" 1), where f : B" — E
is a homeomorphism. (Note that the boundary sphere of E, when E is a subspace of
some topological space X, need not be equal to the topological boundary of E in X.)
The definition of the boundary sphere does not depend on a particular homeomorphism
f : B™ — E. Namely, this a consequence of the fact that each homeomorphism B" — B"
maps S ! onto S"~! (or equivalently B™\ S"~! onto B™\ S"~!) which follows from the
Invariance of domain theorem (see [§]): if h : U — R"™ is continuous and injective, where U
is an open subset of R™, then h(U) is open.

The result that we want to prove can now be restated in this way: if (X,d,«a) is a
computable metric space which is locally computable, then

(1) each co-c.e. n—sphere is computable;
(2) each co-c.e. n—cell whose boundary sphere is co-c.e. is computable.

Let us first note that it is enough to prove this result in the case when (X,d,«) is
a computable metric space which has the effective covering property and compact closed
balls. Namely, suppose that the result holds for such computable metric spaces and let
(X,d, @) be a computable metric space which is locally computable. Let S C X be a co-c.e.
n-sphere. Then S C K, where K is computably compact in (X, d, ). By Proposition
there exist d’ and ( such that (K, d’, 3) is a subspace of (X, d, a) and such that (K, d’, 8) has
the effective covering property. By Proposition [2.5{(i) S is co-c.e. in (K, d’, 3) and therefore
S is computable in (K, d’,3). Proposition [2.5(ii) implies now that S is c.e. in (X,d, @),
hence S is computable in (X, d,«). In the same way we get that each co-c.e. n—cell in
(X, d, «) whose boundary sphere is co-c.e. is computable.

Let us observe how the statement (2) was proved in [5] in the case n = 1. Let E be a
co-c.e. arc with computable endpoints a and b. For each £ > 0 there exists a finite sequence
of open sets Cy, ..., Cy, such that

(i) ECCoU---UCp;
(ii) a € Cp, b € Cpy;
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(iii) C;NC; =0 for all 4, j such that |i — j| > 1;

(iv) each Cj is the finite union of rational balls, i.e. it is equal to some Jj;

(v) diamC; < ¢,

where diam C; denotes the diameter of the set C; (see Figure 1). Since S is co-c.e. and
(X, d, ) has the effective covering property and compact closed balls, it is possible to find
effectively for each k € N sets Cy, ..., C,, with properties (i)—(v), where ¢ = 27F.

Figure 1. Figure 2.

However, this means that we can effectively approximate S, namely properties (i)—(v) imply
that CoU---UC,, is a 2~ % —approximation of S in the following sense: for each x € E there
exists y € CoU---UCy, such that d(x,y) < 27% and for each y € CoU---UC,, there exists
x € E such that d(y,z) < 27k Using this fact we can prove that E is computable.

Why properties (i)—(v) imply that Co U --- U C,, is an 2~ ¥ —approximation of S? The
fact that for each x € E there exists y € Co U -+ U Cp, such that d(z,y) < 27% follows
trivially from (i). On the other hand, the fact that for each y € Cp U --- U (), there exists
x € E such that d(y,z) < 27% can be easily deduced from (v) and the fact that

CiNS #( for each i € {0,...,m}. (3.1)

But why holds? If we assume C; N E = () for some i € {0,...,m}, then 0 < i < m
and CoU---UC;—1 and Cj1q U---UC), are two disjoint open sets (Figure 2.) which cover
FE and each of them intersects £ which contradicts the fact that F is connected.

Suppose now that F is a 2—cell which is co-c.e. and whose boundary sphere is co-c.e.
In order to prove that E is computable, we would like to proceed similarly as in the case
of an arc. Naturally, in this case we are trying to find sets C; ;, 0 < 4, j < m, which satisfy
properties similar to properties (i)—(v) with basic difference that instead of (iii) we require

CijNCy jr = 0 if |1 — i/| > 1or|j —j/| > 1. (3.2)
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Figure 3. The sets C; j cover the 2-cell whose boundary sphere is the red curve

The main question here is what other properties we should require so that those properties
imply
CiyNE # () for all 4,5 € {0,...,m}; (3.3)

the fact 1' is important since we want to conclude that UZ ; Cij approximates I in the
same way as in the case of an arc.

If we suppose that ig and jp are such that 0 < ig < m, 0 < jp < m and such that
Ciy.jo N E =0, then we cannot conclude in general that E is covered by two disjoint open
sets as in the case of an arc, but we can define the sets

v=UUcu v'=UUCu

i<ip J >0 J
!
v=UUeu v'= U Uc
Jj<jo i J>jo i

and then these sets cover E and we have UNU’ =0, VNV’ = (). (See Figure 4. The
missing set is Cj, j,. The vertical blue sets are U and U’, the horizontal blue sets are V and

B

Figure 4.

Since E is homeomorphic to I? = [0,1] x [0,1], this raises the following question: is it
possible to cover I? by open sets U, U’, V and V' so that UNU' =, VNV’ = () and so
that (see Figure 5.)

{0} x [0,1] C U, {1} x [0,1] CU’, [0,1] x {0} CV, [0,1] x {1} CV'?
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Figure 5.

Let X be a topological space and let A, B, L be subsets of X. We say that L is a partition
between A and B (see [4]) if there exist open sets U and W in X such that

ACU BCW, UnNW=0and X\L=UUW.
For n > 1 let
I" ={(z1,...,zp) €R" | 21,..., 2, € [0,1]}.
Forn>1andie{l,...,n} let

AT = {(z1,...,2,) € I | 2y = 0},
A = {(z1,. . m,) € T | @y = 1),

When the context is clear, we write A? and AZ1 instead of A?’O and A?’l. Let 0I™ denote
the boundary of I™ in R™, hence

orr=Au...uAluAiu--uAl

It is a well known fact that there is a homeomorphism h : B® — I"™ such that h(S"~!) = 9I™.
Hence if E is an n—cell, then there is a homeomorphism f : I"™ — E. In this case f(9I") is
the boundary sphere of E.

The following theorem can be found in [4] (Theorem 1.8.1).

Theorem 3.1. Let n > 1. If L; is a partition between AY and A} in I™ fori € {1,...,n},
then (i Li # 0. [

Corollary 3.2. Letn > 1. Suppose Uy, ..., U, and Vi,...,V, are open subsets of I such
that

UnNAl =0, VinAY =0 and U; N V; = 0
forallie{l,...,n}. Then I" #UyU---UU, UVLU---UV,.

Proof. Suppose the opposite. Then {Uy,..., Uy, Vi,...,V,} is an open cover of I" and let
A be its Lebesgue number. We can certainly find finitely many closed subsets By, ..., B; of
I™ whose union is I™ and each of which has the diameter less than A. Then each of the sets
By, ..., B is contained in some of the sets Uy,...,Up, Vi,..., V.

For i € {1,...,n} we define F to be the union of A? and all sets By, ..., B; which are
subsets of U; and Fi1 to be the union of A} all By,..., B; which are subsets of V;. Then
FY ... FO F}, ..., F}! are closed subsets of I", their union is I" and for each i € {1,...,n}
we have

AYC F? Al C F! and FONE = 0.
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Let i € {1,...,n}. Since F and F}! are closed and disjoint, there exist open sets W and
W}l in I"™ which are disjoint and such that F) C WP, F! C Wl. Let L; = 1"\ (WP UW}).
Then L; is a partition between A? and A}. We have

n n n
L= \Jw?uw)h cr\JEurh =0,
i=1 =1 =1
which is impossible by Theorem |3.1 ]

Corollary 3.3. Letn > 2. Suppose U1, ..., Up_1 and Vi,...,Vy_1 are open subsets of OI"™
such that

vin (APt ap®) =0, vin (4700 AY) =0 and U; 0 Vi = 0
for alli € {1,...,n —1}. Let E be the union of all A? such that 1 < i <mn, p € {0,1},
(i,p) # (n,0), ic.
E=AYu...ua™ uartu..uArt
Then E is not contained in the union Uy U---JU,—1 UV U---UV,_1.

<
|/
Figure 6.

Proof. See Figure 6. (case n = 3): the left and right blue sets are U; and U respectively,
and the left and right green sets are V) and V5, respectively. In this figure F equals the
union of vertical faces of the cube and the upper face of the cube.

Let f: E — I"! be defined by

£ ) L, 1 1 1,1 1
X R = — r1 — — ey T LTn—1 — — .
Lyeeeoin 2 o, +1\t 2 T i T

It is straightforward to check that f is bijective. Since F is compact and f clearly continuous,
f is a homeomorphism. For each i € {1,..,n — 1} we have

FAPnap®) = art0, g (APt napt) = aph
Suppose that E C Uy U---UU,_1UViU---UV,_1. Then
Il = f(ENU)U---UFENU,_1)Uf(ENV)U---Uf(ENTV,).
For each i € {1,...,n — 1} the sets f(ENU;) and f(ENV;) are open in I"~!, disjoint and
FIENU)NAT =0, f(EnV)nAF0 =
This is impossible by Corollary O
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Fori e {1,...,n} let
NN, = {(z1,...,2,) €NL | 2y =0}, )N, = {(21,...,2,) € NL, | z; = m}
and let

oNg, = |J o'Ny |u | U aing,

1<i<n 1<i<n
Let X be a set, n > 1 and m € N. A function
C:N;, = P(X)
is called an n-chain in X (of length m) if
Ciiin N Cir o = 0 (3.4)
for all (i1,...,4n), (J1,---,Jn) € NI\, such that |i; — j;| > 1 for some [ € {1,...,n}. Here we
use Cj, ;. to denote C(i1,...,ip).

A spherical (n — 1)-chain in X (of length m) is a function
C:0N;, — P(X)

such that (3.4) holds for all (i1,...,i,), (j1,-.-,Jn) € ONI, such that |i; — j;| > 1 for some
le{l,...,n}.

Figure 7. A 2-chain and a spherical 1-chain

If C: N - P(X) is a function, we define its boundary 9C as the restriction of C
to ONI'. For i € {1,...,n} and p € {0,1} we define 97C as the restriction of C to 9N,.
Note: if C' is an n-chain, then 0C' is a spherical (n — 1)-chain.

If C: NI, — P(X) is a function and i € {1,...,n}, p € {0,1}, we also use 9/C to
denote the restriction of the function C' to 9/ NZ,.

If (X,d) is a metric space, then we say that an n—chain C' = (Cj, . .)0<iy,....in<m D
X is open if Cj, ., is an open set in (X,d) for all iy,...,i, € Ny,. We similarly define
the notion of a compact n-chain in (X, d) and the notions of open spherical n-chain and
compact spherical n-chain.

In general, if A is a set and f: A — P(X) a function, we will denote by J f the union
Ugea f(a) and we will say that f covers S, where S C X, if S C |J f. If (X, d) is a metric
space and f(a) a nonempty bounded set for each a € A, then we define mesh(f) as the
number

mesh(f) = max (diam f(a)) .

Let € > 0. A (spherical) n-chain C in a metric space (X, d) is said to be a (spherical)
¢ — n-chain if mesh(C) < e.
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A function C' : A — P(X), where A C N7, is said to be e—proper if for all (i1,...,iy),
(J1s-+-+Jn) € A such that [i; — j1] < 1,....|in — jn| < 1 there exist z € Cj, 5, and
y € Cj,,...j, such that d(z,y) <e.

The proof of the following lemma is straightforward.

Lemma 3.4. Let (X,d) be a metric space, € > 0 and A C N!. Let C,D : A — P(X)
be such that D(a) # 0 and D(a) C C(a) for each a € A. Suppose C is e—proper and
mesh(C) < e. Then D is 3s—proper. [

Lemma 3.5. Let (X,d) be a metric space and let K be a compact (spherical) n-chain of
length m in (X,d). Suppose Uy,...,Uy are open sets. Then there exists an open (spherical)
n-chain C of length m in (X,d) such that K, C C, for all a € N7, and such that C, C U,
whenever i € {1,...,k} is such that K, C U;. Moreover, if mesh(K) < r, we can choose C
so that mesh(C') < 2r.

Proof. If S C X and € > 0 let
Se = U B(s,e).
sesS
This is clearly an open set. If S is a compact set contained is some open set V', then there
exists € > 0 such that S, C V. Furthermore, if S and T are disjoint compact sets, then
there exists € > 0 such that S. N7, = 0. It follows readily from this that there exists ¢ > 0
such that C' : N, — P(X) (or C : ON}!, — P(X)) defined by C, = (K,): is a desired
n-chain (spherical n-chain). O
Proposition 3.6. Let n > 2. Suppose f : 0I"" — S is a homeomorphism, where S is a
subspace of a metric space (X,d). Let U, 1 < i <mn, p € {0,1}, be open sets in (X,d) such
that
fFA) Uy
forall i € {1,...,n} and p € {0,1}. Then for each € > 0 there exists an open spherical
e — (n —1)-chain C in (X, d) which is e—proper, which covers S and such that

1Ay cJwroy cuy
forallie{l,....,n} and p € {0,1}.
Proof. For m € N let D™ : N! — P(I"™) be defined by
11 i1+ 1 in in+1
s X oo X s .
m+1 m+1 m+1 m+1

Then D™ is a compact n—chain in I"™ which covers I". Clearly for each € > 0 there exists
m € N such that mesh(D") < e. Note that for all (i1,...,), (J1,...,7Jn) € NI such that

liv — 71| < 1,...,lin — jn| < 1 we have
Dif i N DJ g # 0

We easily conclude from this that for each € > 0 there exists m € N such that mesh(D™) < ¢
and such that D™ is e—proper.

The boundary D™ is a spherical (n — 1)-chain in I"™ which covers 0I"™.

For m € N let G™ : ONI!, — P(0I") be defined by

G™(a) = (8D™)(a) N OI™.

Dm =

U1yeesin




12 Z. ILJAZOVIC

Then G™ is a compact spherical (n — 1)-chain in 0™ which covers 9I", moreover
AL cJ@ram)
for all : € {1,...,n} and p € {0,1}. Note that these sets need not be equal, however:

for each = € U (0PG™) there exists y € A such that d'(z,y) < (3.5)

m+1’
where d’ is the Euclidean metric on R®. We also have that for each € > 0 there exists m € N
such that mesh(G™) < ¢ and such that G is e—proper.

For m € N let F™ : ONI! — P(S) be defined by

F™(a) = f(G™(a)).

Then F™ is a compact spherical (n — 1)-chain in S which covers S and such that
fah < J@rem)

for all i € {1,...,n} and p € {0,1}.

Figure 8. D3, 0D3, G3 and F? (in the case n = 2)

The fact that f is uniformly continuous implies, together with , that for each ¢ > 0
there exists m € N with the property that F™ is e—proper, mesh(F"™) < e and with the
property that for all i € {1,...,n}, p € {0,1} and = € |J (0/F™) there exists y € f(A?)
such that d(z,y) < e.

Let e > 0. Using the fact that the sets A? are compact and U/ are open, it is not hard

to conclude now that there exists m € N such that F" is e—proper, mesh(F"™) < 5 and

2
ran clJorrm cuf
for alli € {1,...,n} and p € {0,1}. Now we apply Lemma to F and the sets U’ and
we get an open spherical € — (n — 1)-chain C' in (X, d) which is e—proper such that
fah clJereycuor
forallie {1,...,n} and p € {0,1}. Ll
In the same way we prove the following proposition.

Proposition 3.7. Let n > 1. Suppose f : I — E is a homeomorphism, where E is a
subspace of a metric space (X,d). Let U, 1 <i <mn, p € {0,1}, be open sets in (X,d) such
that

fA7) c Ut
for allie {1,...,n} and p € {0,1}. Then for each € > 0 there exists an open € — n-chain
C in (X, d) which is e—proper, which covers E and such that

fap cJere) c oy
forallie {1,...,n} and p € {0,1}.
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If (X,d) is a metric space, then for nonempty subsets S and 7' of X we denote the
number inf{d(z,y) | x € S,y € T} by d(S,T).

The next proposition provides conditions under which a spherical (n — 1)-chain approx-
imates an (n — 1)-sphere.

Proposition 3.8. Let f : I — S be a homeomorphism, where S is a subspace of a metric
space (X,d). Let WP, 1 <i<mn, pe{0,1}, be open sets in (X,d) such that WP N W} =0
forallie {1,...,n}. Let e >0 be such that

2¢ < d(f(A7), F(A})) (3.6)

foreachi € {1,...,n}. Suppose C is an open spherical e — (n—1)-chain in (X,d) of length
m which is e—proper, which covers S and suppose that

fan cwe, | Jere) cwy

foralli e {1,...,n} and p € {0,1}. Then for each x € |JC there exists y € S such that
d(z,y) < 3e.

Proof. It is enough to prove the following: for each (pi,...,p,) € ONI' with the property
that pr, € {0,m} for exactly one k € {1,...,n} the set Cp, ., intersects S. Namely,
if this holds, then for each (qi,...,q,) € ON}, there exists (p1,...,p,) € ONI, such that
lgn —p1] <1, ..., |gn —pn] < 1 and such that Cp, . ,, NS # 0. Since C'is an € — (n — 1)-
chain and e—proper, we now easily get that for each = € |JC there exists y € S such that
d(z,y) < 3e.

Suppose the opposite, that there exists (p1,...,pn) € ON}, such that p, € {0,m} for
exactly one k € {1,...,n} and such that Cp, . ,, NS = 0. We may assume p, = m (all
other cases can be reduced to this one if we modify C' and f by interchange of appropriate

coordinates). It follows 0 < p; <m, ..., 0 < pp_1 < m.

Fori e {1,...,n— 1} we define the set U; as the union of all sets of the following form:
lea---vjifl7l7ji+17---7jn—17m’ where I < pj; (3.7)
Citim 1.0 1y’ (3.8)
Cjy....in_1.0, Where this set is such that it intersects f(AY). (3.9)

Furthermore, let V; be the union of all sets of the following form:
Gt it gn—1,ms Where I > pi; (3.10)
lev---vji—l7m7ji+17---7jn; (3‘11)
Cjy..jn_1.0, Where this set is such that it intersects f(A}). (3.12)

Let i € {1,...,n — 1}. The sets U; and V; are open and it is straightforward to check
that they are disjoint. (Figures 9. and 10. show C in case n = 3 and m = 5; the red set is
Cp1 pa,ps» i this case Ca 25, the blue sets in Figure 9. are Uy and Vi, the blue sets in Figure
10. are U and Va. For example, note that in Figure 11. the black set is (3 2, the red set
is 50,1 and the blue set is C55.)
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Figure 9. Figure 10.

Figure 11.

We also have
U;nf(Aln A% =0. (3.13)
Otherwise, the set f(A} N A%) = f(A}) N f(A%) would intersect one of the sets in ,
(3.8) or . The sets in are contained in W,! which is disjoint with f(A%). The sets
in (3.8) are contained in W which is disjoint with f(A}). Finally, f(A}) cannot intersect
a set in since holds. In the same way we get
Vin f(AY N A%) = 0. (3.14)
Let
Q=U,U---UU,_1UVTU---UV,_1.
Let i € {1,...,n} and p € {0, 1} such that (i, p) # (n,0). We claim that
fAhy cq. (3.15)
Suppose that there exists z € f(A?) such that @ ¢ Q. Since C covers S, there exists
(J1,---,Jn) € ONT such that
WS Cj1,~~~,jn'
We have (j1,...,Jn) # (p1,-..,pn) since Cp, ., NS =0. So, if j, = m, then C},, _; must
be one of the sets in or . But this is impossible since x ¢ Q. So j, < m. Now,
if j, > 0, then Cj, ;. is one of the sets in or , impossible. Therefore j, = 0.
We have Cj, ;. N f(A?) # 0 and this also yields to contradiction. Namely, if i < n,
then Cj, . ;. is one of the sets in or . And if i = n, then p =1 and

FAR) € W, G, < J(0RC) € W7,
which is impossible since W2 N W} = (). Hence (3.15) holds.

n
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Let
E=A---uA’ ;uAlu.-..uAl
For each i € {1,...,n— 1} the sets f~1(U;) and f~!(V;) are open in OI", they are disjoint,
by (3.13) and (3.14)

FHUNN(ATNAY) =0, fF7H (Vi) N (A7 N A7) =0

and by (3.15)
ECfHU)U-Uf T Un) U (V) U U FH (Vi)
This is impossible by Corollary []

The next proposition provides conditions under which an n-chain approximates an n-
cell.

Proposition 3.9. Let f : I™ — E be a homeomorphism, where E is a subspace of a metric
space (X, d). Suppose C is an open € — n-chain in (X,d) of length m which is e—proper,
which covers E and such that dC covers f(0I™) and suppose that WP, 1 <i<n, p € {0,1},
are open sets in (X, d) such that

2e < d(WP, W),
FAD)y CWF and | J(00C) c W/
foralli € {1,...,n} and p € {0,1}. Then for each x € |JC there exists y € E such that
d(z,y) < Te.

Proof. 1t is enough to prove that for each (p1,...,pn) € N!, with the property that 1 <
pr < m—1for each k € {1,...,n} the set Cp, _,, intersects E. Why is it enough to prove
this? Suppose that this fact holds. Assume that m > 4. Let € |JC. Then z € Cy, 4.
for some (q1,...,qn) € N For i € {1,...,n} let

1if ¢; =0,
=< m—1if ¢ =m,
q; otherwise.
Then g1 —¢}| <1,...,|gn—¢q,| <land 1 < ¢ <m—1 foreachi € {1,...,n}. Since C is

e—proper, there exist 2’ € Cq17._,,q
numbers pi,...,p, be defined by

and 2" € Cyr o such that d(2’, 2") < e. Now, let the

»dn

n

2if ¢} = 1,
pi=4q m—2ifg,=m—1,
¢, otherwise,
i € {l,...,n}. We have |¢} — p1] < 1, ..., |g), — pn| < 1] and therefore there exist
y" € Cy . q and y € Cp _p, such that d(y",y') < e. Clearly 1 < p; < m —1 for

each i € {1,...,n} and therefore there exists y € Cp, . p, N E. Using the fact that the

diameters of the sets Cy, ... 4., qu’m,% and Cy, .. p, are less than e, we obtain

d(z,y) < d(z,2’) +d(z’,2") + d(2",y") + d(y",y") + dy', y) < 5e.

If m < 3, then for all (aj,...,ay),(b1,...,b,) € N we have, for each i € {1,...,n},
that a;,b; € {0,...,m} C {0,1,2,3} and therefore there exist ¢;,d; € {0,...,m} such that
la; —ci| <1, |e; —d;i| <1, |d; — b;| <1 which, together with the fact that C' is e—proper,
implies that there exist € Cy,, 4., 2',¥ € C¢. e, Y, 2" € Cqy...a, and z € Ch, 4,

n
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such that d(z,2") < e, d(y',y") < € and d(2",z) < e. Tt follows d(x,z) < be. This proves
that d(Cq,Cy) < be for all a,b € NJ',. Since E is nonempty and contained in |JC, there
exists b € N7 such that C, N E # (. Tt follows d(C,, E) < 6¢ for each a € N, and therefore
for each z € |JC we have d(z, E) < Te.

So, let (p1,...,pn) € N be such that 1 < pp < m—1 for each k € {1,...,n}. We want
to prove that Cp, . NE # 0. Suppose Cp, _, NE ={.

For i € {1,...,n} let U; be the union of all sets Cj, _;, such that

ji<piand 1 < jp <m—1forall k€ {1,...,n} (3.16)
or
ji € {0,1}. (3.17)
Let V; be the union of all sets Cj, ... j, such that

ji>piand 1 < jp <m—1forall k € {1,...,n}
or
Ji € {m - 17m}'
For each i € {1,...,n} the sets U; and V; are open and disjoint. Note that every Cj,

where (j1,...,Jn) # (P1,.-.,Pn), is contained in some U; or V;. Therefore e
ECU U---UU, UV U---UV,. (3.18)

Let ¢ € {1,...,n}. We prove now that
U; N f(AD = 0. (3.19)

Suppose the opposite, that U; N f(A}) # (). It follows from the definition of U; that there
exist j1,...,7n € Ny, such that (3.16) or (3.17) hold and such that Cj, ;. N f(AD) # 0.
However, if (3.16]) holds, then 1 < ji < m — 1 for all k € {1,...,n} which implies that
Cj,....j, 1s disjoint with [J(OC). But we have the assumption that 0C covers f(9I") and
this implies that Cj, _;, is disjoint with f(0I™) which is impossible. Therefore, (3.16)) does
not hold which means that (3.17)) holds. Hence we have
Cj1,oin N (A7) # 0 and ji € {0,1}.
This, together with | J(99C) C W? and f(A}) C W}, implies d(W?, W) < 2e (namely, if
ji =0, then WO N W} =0, and if j; = 1, then d(Cj, .. ;., W) < e since C' is e—proper and
this implies d(W?, W) < 2¢). A contradiction. Hence (3.19) holds. In the same way we
get
Vin f(AY) = 0. (3.20)
For each i € {1,...,n} the sets f~1(U;) and f~1(V;) are open in I" and disjoint. By
B13)
"= U) U U U)W () U U (Va),
and by (3.19) and (3.20)
FHUNNAL =0, fTH (V)N A =0.
This is impossible by Corollary []
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4. COMPUTABILITY OF CO-C.E. SPHERES AND CELLS

Let n > 1. A finite n—sequence in N is any function of the form
{0,...,m}" — N.

Recall that any finite sequence iy, ..., iy, in N is of the form (5)o,..., (j)]f for some j € N.
Let f : N™ — N be some computable injection and let 7 and 7" be the functions from the
section Preliminaries. We define ¥ : N**! — N by
2(i7j17 cee 7]71) = (T(i))f(j1,~~-,jn)'
Then for any finite n—sequence a in N there exists ¢ € N such that a equals the function
{0,...,7())}" — N,
(jlv s 7]n) = Z(ivjl) s 7]n)

We will use the following notation: ¢ instead of 7/(i) and, for n > 2, (i);, . j, instead of
X(4y 1y s ln)-

Let (X,d, ) be a computable metric space. For [ € N let H; be the finite n—sequence
of sets in X defined by

(i.e. H; is the function {0, ...,1}" — P(X) which maps (ji,.. ., jn) to Ty, i)
For | € N let 7, be defined by
- (o

In Euclidean space R™ we can effectively calculate the diameter of the finite union
of rational balls. However, in a general computable metric space the function N — R,
j + diam(J;), need not be computable. For that reason we are going to use the notion

of the formal diameter. Let (X, d) be a metric space and xq, ...,z € X, 19,...,7 € R4
The formal diameter associated to the finite sequence (zg,19),. .., (zk, %) is the number
D € R defined by
D = max d(zy,zy)+ 2 max 7.
0<v,w<k 0<wv<k

Let (X,d, ) be a computable metric space. We define the function fdiam : N — R in
the following way. For j € N the number fdiam(j) is the formal diameter associated to the
finite sequence

(@r((0)> T (G)o)) -+ - (%(a’);» qr/((j);)) :
We have the following proposition (for the proof see [5]).

Proposition 4.1. Let (X,d, ) be a computable metric space.

~

(1) For all j € N, diam(J;) < fdiam(y).

(2) fdiam : N — R is a computable function.

(3) Let S be a compact subset of (X,d), r € Ry and Cy,...,Cpn, a finite sequence of open
sets which covers S and such that diam(C;) < r for each i € {0,...,m}. Then there
exist jo, . .., Jm € N such that the finite sequence of sets Jj,, ..., J;, covers S, j; C C;
and fdiam(j;) < r for each i € {0,...,m}.
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Let the function fmesh : N — R be defined by

fmesh(l) = max fdiam((1);,,..,.)-
0<j1,0,Jn <l

It is immediate from Proposition [4.1] and Proposition [2.2] that fmesh is a computable func-
tion.

Proposition 4.2. Let (X,d,«) be a computable metric space. The sets
Q={(l,k) e N* | H; is 2% — proper}
and
O = {(l,k) € N? | OH; is 27k _ proper}

are c.e.

Proof. Let ® : N?> — P(N?"*2) be defined in the following way. For [,k € N let ®(l, k) be
the set of all

(L kyity ey in, J1s- -y Jn)
such that i, ..,in,j1,...,Jn € Npand |iy — j1| < 1, ..., |in — jn| < 1. Then @ is c.c.b.
On the other hand, let S be the set of all (I, k,i1,...,ipn,J1,--.,Jn) for which there exists
xveJgy, . andyeJg, . such that d(z,y) < 27%. This is equivalent to the fact that
there exist p,q € N such that

,,,,,, and d(ap, ay) < 27F (4.1)

The set T of all (I, k,i1,...,%n,J1,---,Jn,P,q) such that (4.1)) holds is c.e. by Corollary
and Proposition 2.2] Therefore S is c.e. Since

Q={k) | 2(,k) €S}
we have that (2 is c.e. by Proposition We similarly get that €' is c.e. ]

Qp € J(l) Qg € J(l)jl

i1seeerin?

Lemma 4.3. Let (X,d, ) be a computable metric space. There exists a computable function
¢ : N = N such that Jeq) = \UH; for each | € N. There exists a computable function
¢" : N = N such that Joy = U(OHy) for each | € N. Furthermore, for all i € {1,...,m}
and p € {0,1} there exists a computable function ¢" : N = N such that Jenqy = (0] Hy)

for each Il € N. Similar statements hold for jj and ﬁl, 07%, Ofﬁl.

Proof. 1t is enough to prove the following: if & : N — P(N") and ¥ : N* — P(N) are c.c.b.
functions such that ®(I) # () and ¥(a) # 0 for all | € N and a € N”, then there exists a
computable function ¢ : N — N such that

o= U U & (4.2)
ace®(l)i€¥(a)
However, if ® and ¥ are such functions, by Proposition there exists a c.c.b. function

A : N — P(N) such that
Un=U U &
ieA(l) acd(l) icV(a)
For each | € N there exists j € N such that A(l) = [j] (recall definition (2.1)). Since
the set S = {({,7) | A(l) = [j]} is computable (Proposition and for each | € N there
exists j € N such that (I,j) € S, there exists a computable function ¢ : N — N such that
(1,¢(1)) € S for each | € N. It follows (4.2). L]
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The proof of the following proposition can be found in [5].

Proposition 4.4. Let (X,d, ) be a computable metric space which has the effective cover-

ing property and compact closed balls.

(1) The set {(i,j) € N2 | J; C Ji}is c.e.

(2) Let S be a co-c.e. set in (X,d,a) which is compact. Then the set {j € N| S C J;} is
c.e. ]

Corollary 4.5. Let (X, d,«) be a computable metric space which has the effective covering
property and compact closed balls and let S be a co-c.e. set in (X,d,«) which is compact.
Then the sets

{l e N|H; covers S} and {l € N | OH; covers S}

are c.e.

Proof. This follows from Lemma {4.3| and Proposition [4.4] ]

The following proposition can be proved in the same way as Proposition 32 in [5].

Proposition 4.6. Let (X,d,«) be a computable metric space which has the effective cov-
ering property and compact closed balls. The sets Q = {l € N | H; is an n-chain} and
' ={l e N|OH, is a spherical (n — 1)-chain} are computably enumerable. O

The following lemma can be proved similarly as Lemma 14 in [5].

Lemma 4.7. Let (X,d,«) be a computable metric space. Let S be a compact set in this
space such that that there exists a computable function f: N — N with the property that for
each k € N the following holds:

S C Jyw) and for each x € Jyy) there exists y € S such that d(z,y) < 27k,
Then S is computable. 0]

Theorem 4.8. Let (X, d,«) be a computable metric space which is locally computable. Let
S be an (n—1)—sphere in (X, d) and suppose S is co-c.e. in (X,d,«). Then S is computable.

Proof. As we have seen, we may assume that (X, d,«) has compact closed balls and the
effective covering property. Let f : dI" — S be a homeomorphism. Choose sets W/,
1<i<mn,pe{0,1}, so that each of these sets is a finite union of rational balls (i.e. of the
form J;) and so that
WPNW! =0 and f(A) C W,
forall i € {1,...,n} and p € {0,1}.
Let kg € N be such that

22750 < d(f(AD), F(A7))

for each i € {1,...,n}.
By Proposition for each € > 0 there exists an open spherical € — (n — 1)-chain C' in
(X, d) which is e—proper, which covers S and such that

Fan) clJore)y cwy
for alli € {1,...,n} and p € {0,1}.
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From this, Lemma [3.4 and Proposition [£.1] we conclude that for each k € N there exists
I € N with the following properties:

dH, is a spherical (n — 1)-chain, (4
OH; covers S, (4.
fmesh(l) < 2~ (k+ho), (4
OH, is 2~ (ko) _ proper (4
and
U (o) cwy (4.7)
for all i € {1,...,n} and p € {0,1}.

Let Q be the set of all (k,l) such that (4.3]), (4.4), (4.5), (4.6) and (4.7) hold. Then
Q is c.e., which follows from Proposition Corollary Proposition Lemma

Proposition 1) and the fact that fmesh is a computable function. The fact that €2 is c.e.
and the fact that for each k& € N there exists | € N such that (k,l) € Q imply that there
exists a computable function ¢g : N — N such that (k, g(k)) € Q for each k € N.

Let k£ € N. By Proposition for each x € (J(OHy(1)) there exists y € S such that
d(z,y) < 3-27%. Now Lemma and Lemma imply that S is computable. O

Theorem 4.9. Let (X,d,«) be a computable metric space which is locally computable.
Let E be an n—cell in (X,d) and suppose E and the boundary sphere of E are co-c.e. in
(X,d,«). Then E is computable.

Proof. We proceed in a similar way as in the proof of Theorem First, we may assume
that (X, d, @) has compact closed balls and the effective covering property. Let f: I — E
be a homeomorphism. Let S = f(9I™). Choose sets W/, 1 <1i < n, p € {0,1}, so that
each of these sets is a finite union of rational balls and so that the closures W? and W}
are disjoint and f(A?) C W/ for alli € {1,...,n} and p € {0,1}. Let ko € N be such that
2-27h0 < (WP, W}) for each i € {1,...,n} (such ko certainly exists since W? and W} are
compact and disjoint for each i € {1,...,n}).

Using Proposition [3.7, Lemma [3.4] and Proposition [£.1] we conclude that for each k € N
there exists [ € N with the following properties:

‘H; is an n-chain, H; covers E, dH; covers S,

fmesh(l) < 2-*+ko) 3¢, is 2= (k+ko) _ proper (4.9)
and R
U (o) cwy (4.10)
foralli € {1,...,n} and p € {0,1}.

As in the proof of Theorem we conclude that there exists a computable function

g : N — N such that (4.8), (4.9) and (4.10) hold for each k € N and [ = g(k). Let k € N.
By Proposition for each z € |JH 41 there exists y € E such that d(z,y) < 7- 27% and
therefore F is computable. 0]
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Let us mention that a computable n-cell need not be computably homeomorphic to
the unit ball in R”. It has been shown in [7] that there exists a computable arc E in R?
with computable endpoints, but such that there exists no homomorphism [0, 1] — E which
is a computable function. Similarly, a computable (n — 1)-sphere need not be computably
homeomorphic to the unit sphere in R™ ([7]).

5. CONCLUSION

In this paper we have seen that topology plays an important role regarding the computability
of co-c.e. sets in computable metric space. We have seen that the topological types of
an arbitrary dimensional sphere and an arbitrary dimensional cell behave well from this
viewpoint not just in Euclidean space but in any computable metric space which is locally
computable, in particular in any computable metric space which has the effective covering
property and which is locally compact. Such a computable metric space is for example the
Hilbert cube I°°, equipped with a natural computability structure (see e.g. [5]).

It should be mentioned that co-c.e. spheres, as well as co-c.e. cells with co-c.e. bound-
ary spheres, need not be computable in a computable metric space which is not locally
computable. Moreover, by [6], there are examples of computable metric spaces X and Y
such that X has the effective covering property and Y is compact, but such that both X
and Y have noncomputable co-c.e. topological circles and a noncomputable co-c.e. arcs with
computable endpoints.
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