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ABSTRACT. We obtain a non-implication result in the Medvedev degrees by studying
sequences that are close to Martin-Lof random in asymptotic Hamming distance. Our
result is that the class of stochastically bi-immune sets is not Medvedev reducible to the
class of sets having complex packing dimension 1.

1. INTRODUCTION

We are interested in the extent to which an infinite binary sequence X, or equivalently
a set X C w, that is algorithmically random (Martin-L6f random) remains useful as a
randomness source after modifying some of the bits. Usefulness here means that some
algorithm (extractor) can produce a Martin-Lo6f random sequence from the result Y of
modifying X. For further motivation see Subsection and Section [3

A set that lies within a small Hamming distance of a random set may be viewed as
produced by an adaptive adversary corrupting or fixing some bits after looking at the
original random set. Similar problems in the finite setting have been studied going back to
Ben-Or and Linial [1].

If Ais a finite set and 0,7 € {0,1}#, then the Hamming distance d(o, ) is given by

d(o,7) = [{n:a(n) #7(n)}.
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Let the collection of all infinite computable subsets of w be denoted by €. Let p : w — w.
For X,Y € 2¥ and N C w we define a notion of proximity, or similarity, by

Xr~pNY = (3no)(Vn €N, n>no)(dX [n,Y [n)<pn)).
We will study the effective dimension of sequences that are ~, y to certain algorithmi-
cally random reals for suitably slow-growing functions p.
We use the following notation for a kind of neighborhood around X.
(Xlpn ={Y 1Y ~p v X}
Moreover, for a collection A of subsets of w,

[Alpn = U{[X]p,N 1 X € A},

Turing functionals as random variables. Since a random variable must be defined for all
elements of the sample space, we consider a Turing functional ® to be a map into
Q=2 U2~
Setting the domain of ® to also be 2 allows for composing maps. Let
A (n) = X(n).

Thus A : 2 — 2 is the identity Turing functional.
We define a probability measure A on € called Lebesgue (fair-coin) measure, whose
o-algebra of \-measurable sets is

§={S CQ:S5N2%is Lebesgue measurable},

by letting A(S) equal the fair-coin measure of SN2¥. Thus A(2¥) = 1 and A\(2<%) = 0, that
is, A is concentrated on the functions that are actually total.

The distribution of ® is the measure S + M X : ®¥ € S}, defined on §. Thus the
distribution of A is .

If X € 2% then X is called a real, a set, or a sequence depending on context. If
I C w then X | I denotes X, viewed as a function, restricted to the set I. We denote the
cardinality of a finite set A by |A|. Regarding X,Y as subsets of w and letting + denote
sum mod two, note that (X +Y)Nn = {k < n: X(k) # Y(k)} and generally for a set
ICw, (X+Y)NI={kel:X(k)#Y(k)}.

For an introduction to algorithmic randomness the reader may consult the recent books
by Nies [10] and Downey and Hirschfeldt [4]. Let MLR denote the set of Martin-L6f random
elements of 2. For a binary relation R we use a set-theoretic notation for image,

R[A] ={y: (Fz € A)((z,y) € R)}.
Let the use ¢ (n) be the largest number used in the computation of ®* (n). We write
d¥(n) | Qs

if ®X (n) halts by stage s, with use at most s; if this statement is false, we write ®X(n) 1 @s.
We may assume that the running time of a Turing reduction is the same as the use, because
any X-computable upper bound on the use is a reasonable notion of use.

For a set A C 2, let

Interior, y(A) = {X : (VY ~, v X)(Y € A)}

C Interior, (A) ={X : (VWY = X)(Y e 4)} C A
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where =* denotes almost equality for all but finitely many inputs. It is easy to see that
Interior, y(MLR) = &
whenever N C w and p is unbounded.

Definition 1.1 (Effective convergence). Let {a,}new be a sequence of real numbers.

e {aytnew converges to oo effectively if there is a computable function N such that for all
k and all n > N(k), a,, > k.
o {an}new converges to O effectively if the sequence {a;,'},e. converges to oo effectively.

Definition 1.2. For a sequence of real numbers {a, }new, lim*n_>C>O an is the real number
to which a,, converges effectively, if any; and is undefined if no such number exists.

As a kind of effective big-O notation, p, = w*(¢,) means im’y, 00 ¢n /P = 0, i.€., ¢n/Pn
goes to zero effectively.

Central Limit Theorem. Let A be the cumulative distribution function for a standard nor-

mal random variable; so
1 z 2
N(x :—/ e /2 gt
(z) 5

Let P denote fair-coin probability on 2. We may write
P(Event) = P({X : X € Event}) = M{X : X € Event}.
We will make use of the following quantitative version of the central limit theorem.
Theorem 1.3 (Berry—EsséenE). Let {X,,}n>1 be independent and identically distributed

real-valued random variables with the expectations E(X,,) = 0, E(X2) = 02, and E(|X,, %) =
p < 0o. Then there is a constant d (with .41 < d < .71) such that for all x and n,

]}D<ng>_/\[(:ﬂ) <i
g+\/MN

~ o3y/n’
We are mostly interested in the case X,, = X(n) — 3, X(n) € {0,1}, for X € 2% under
A, in which case o = 1/2.

1.1. New Medvedev degrees. Let <; denote Medvedev (strong) reducibility and let <,,
denote Muchnik (weak) reducibility. A recent survey of the theory behind these reducibili-
ties is Hinman [§].

Definition 1.4 (see, e.g., [9]). A set X is immune if for each N € €, N ¢ X. If w\ X is
immune then X is co-tmmune. If X is both immune and co-immune then X is bi-immune.

Definition 1.5. A set X is stochastically bi-immune if for each set N € €, X [ N satisfies

the strong law of large numbers, i.e.,
. [ XnNnn| 1

| —_— = .

ISee for example Durrett [5].
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Definition 1.6. Let 0 < p < 1. A sequence X € 2 is p-stochastically dominated if for
each L € €,

LN XNMnN
lim sup £ N7l >0 = (IMe¢) MCL and lim supM
n—00 n n—o00 ]Mﬂn\

The class of stochastically dominated sequences is denoted SD = SDy,. If w\ X € SD; then
we write X € SDP and say that X is stochastically dominating.

Let IM denote the set of immune sets, CIM the set of co-immune sets, and W3R the
set of weakly 3-random sets. Let K denote prefix-free Kolmogorov complexity.

Definition 1.7 (see, e.g., [, Ch. 13]). The effective Hausdorff dimension of A € 2% is

dimg(A) = liminf M

new n
The complex packing dimension of A € 2% is

dimg,(A) = sup inf M
NeeneN n
The effective packing dimension of A € 2% is
K(A
dim,(A) = limsup %
new

Proposition 1.8. For all A € 2¢,
0 < dimpg(A) < dimg,(A4) < dim,(A) < 1.

Proof. The inequality dimpy(A) < dimy,(A) uses the fact that each cofinite set N C w is in
¢. The inequality dim.,(A) < dim,(A) uses the fact that each N € € is an infinite subset
of w. O

By examining the complex packing dimension of reals that are ~, v to a Martin-Lof
random real for p growing more slowly than n/(logn), we will derive our main result, which
states the existence, for each Turing reduction @, of a set Y of complex packing dimension
1 for which ®Y is not stochastically bi-immune.

1.2. Relation of our results to other recent results. Jockusch and Lewis [9] prove that
the class of bi-immune sets is Medvedev reducible to the class of almost diagonally non-
computable functions DNC*, i.e., functions f such that f(z) = ¢,(z) for at most finitely
many z. Downey, Greenberg, Jockusch, and Milans [3] show that DNCj (the class of DNC
functions taking values in {0, 1,2}) and hence also its superset DNC*, is not Medvedev
above the class of Kurtz random sets. We do not know whether the class of stochastically
bi-immune sets is Medvedev reducible to the class of DNC* functions. We show in Theorem
below that from a set of complex packing dimension 1 one cannot uniformly compute
a stochastically bi-immune set; on the other hand, to compute a DNC* function from a set

of complex packing dimension 1 one would apparently also need to know the witnessing set
N ec¢.

Definition 1.9 (see, e.g., [10, Def. 7.6.4]). A sequence X € 2¥ is Mises-Wald-Church
(MWC) stochastic if no partial computable monotonic selection rule can select a biased
subsequence of X, i.e., a subsequence where the relative frequencies of 0s and 1s do not
converge to 1/2.
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DNGC,

MLR

[KR| |[MWC|  DNCj

wef [ [0

[BI] (cp,1) |

Figure 1: Some Medvedev degrees. The fact that (cp,1) is not Medvedev above SBI is
Theorem 3]

Included in

-~ > Not Medvedev above

=——— Medvedev above

Figure 2: Meaning of arrows.

Definition 1.10. A sequence X € 2 is BI? (bi-immune for sets of size two) if there is no
computable collection of disjoint finite sets of size 2 on which the set omits a certain pattern
such as 01. More precisely, X is BI? if for each computable disjoint collection {T), : n € w}
where each T), has cardinality two, say T,, = {sp,t,} where s, < t,, and each P C {0,1},
there is an n such X (s,,) = P(0) and X (¢,) = P(1).

Each von Mises-Wald-Church stochastic (MWC-stochastic) set is stochastically bi-
immune. Our main theorem implies that a set of complex packing dimension 1 does not
necessarily uniformly compute a MWC-stochastic set. This consequence is not really new
with the present paper, however, because the fact that DNCj3 is not Medvedev above BI? is
implicit in Downey, Greenberg, Jockusch, and Milans [3] as pointed out to us by Joe Miller.
The situation is diagrammatically illustrated in Figure [I, with notation defined in Figures
and Bl In the future we could hope to replace complex packing dimension by effective
Hausdorff dimension in Theorem
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Abbreviation Unabbreviation Definition

DNC, Diagonally non-computable function in n®

MLR Martin-Lof random
KR Kurtz random (weakly 1-random)

MWC Mises-Wald-Church stochastic 1.9
SBI Stochastically bi-immune
BI bi-immune L4
BI? bi-immune for sets of size two

(H,1) effective Hausdorff dimension 1 L7

(cp, 1) complex packing dimension 1 L7

Figure 3: Abbreviations used in Figure [

2. HAMMING SPACE
The Hamming distance between a point and a set of points is defined by d(y, A) :=
minge 4 d(y, a). The r-neighborhood of a set A C {0,1}" is
I'h(A) ={y € {0,1}" :d(y, A) < r}.

In particular,
Lr({e}) ={y €{0,1}" : d(y,c) < r},

r,(4) = | Do(fa)).

acA
A Hamming-spherd] with center ¢ € {0,1}" is a set S C {0,1}" such that for some k,

Ir({c}) €8 CThi1({c}).

Theorem 2.1 (Harper [7]; see also Frankl and Fiiredi [6]). For each n,r > 1 and each set
A C{0,1}™, there is a Hamming-sphere S C {0,1}" such that

[Al = 15[, and |T+(A)| = |TH(S)].

and

Following Buhrman et al. [2], we write

b(n, k) := (g) et (Z)

Note that for all ¢ € {0,1}", [T'x({c})| = b(n, k)
If the domain of ¢ is an interval [ in w rather than an initial segment of w, we may
emphasize I by writing
Bi(o) =T,({o}) = {7 € {0,1}) : d(o,7) <1}
P denotes the uniform distribution on {0, 1}/, so by definition
_|E|
P(E) = o

Recall that D,, is the m™ canonical finite set. The intuitive content of Lemma
below is that a medium size set is unlikely to contain a random large ball. (Note that we
do not assume the sets I,,, are disjoint.)

2A Hamming-sphere is more like a ball than a sphere, but the terminology is entrenched.
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Lemma 2.2. Let x € w*. Suppose

lim* x(n)/v/n = . (2.1)
n—oo
Let f € w* be a computable function. Let I, = Dy and ny, = |Ly|. Suppose
lim* n,, = cc. (2.2)
m—0o0

For each m € w let E,, C {0,1}/™. Suppose limsup,, .. P(E,,) < p where 0 < p < 1
1s computable. Writing
By (X)  for By (X | In),

(nm)
we have .
nlmigloo ]P’({X : Bx(n)(X) - Em}) = 0. (23)

Moreover, for each mg € w and computable q € (p,1) there is a modulus of effective con-
vergence in (2.3) that works for all sets {Ep, }mew such that for all m > mg, P(E,,) <q.

Proof. Let X € 2% be a random variable with X =; A, and

St =3 " X(i).

iEI’UL
Let
S —n /2
—p(2—% <

fm(z) =P < NI R x)
We havel d
Since lim*m_>Oo Ny, = 00, lim” \/gm =0. So

lim" sup | fm(x) — N ()| = 0. (2.4)

m—oo g

Let » = r,, be such that
b(n,r) < |Epn| < b(n,r+1).

Let "
_I'm—3
2
and let . )
I =t SR T a2
By 2.4),
" | fon (bm) — N (by)| = 0. (2.5)

m—o0

3Indeed7 let V; = X; — E(X;) where E(X;) = % is the expected value of X;, so E(Y;) = 0. By the
Berry-Esséen Theorem [[L3] for all

(B <) | < 2= L

where p = 1/8 = E(|Y;]*), and ¢ = 1/2 is the standard deviation of X; (and Y;).
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We have

vn/2 T /nf2

= lim sup ]P’(S(m) < ry) = limsup b(n—;LT) <limsupP(E,,) < p.
Since f, — N uniformly, it follows that
limsup N (a,) < p,

m—0o0

(m) _n/2 Sp—}
limsup fy,(an,) = limsup P <S n/ <! 2 )
m—o0 m—0Q

and so as N is strictly increasing,
limsupa, <N Hp) (=0ifp=1/2).

m—o0

Let mg be such that for all m > my,

\/%/2 <N7Hp) + 1.

Since by assumption lim', o X(n)/y/7 = 00, we have that by, is the sum of a term that
goes effectively to —oo, and a term that after mg never goes above N'~1(p) + 1 again. Thus

Ay, +

. *
lim b, = —oc0.
m—o0

It is this rate of convergence that is transformed in the rest of the proof. Now
lim* N (b,,) = 0.
m—r00

Hence by @35), im0 fm (bm) = 0.
Let us write

By(X) = B{"(X | In),
considering X | I,,, as a string of length n. By Harper’s Theorem 2.1] we have a Hamming
sphere H with
|H| = [2En| and  [Dy(~Em)| 2 [Py ()]

Then

]P’({X X € Fx(n)(_‘Em)}) > ]P’({X X € Fx(n)(H)})
Therefore

PU{X : X €T (mEn)}) SPHX : X €T, H)}).
Let H be the complement of H. If the Hamming sphere H is centered at ¢ € {0,1}" then
clearly H is a Hamming sphere centered at ¢, where ¢(k) =1 —c(k). Since

(ﬁ‘ = |Em| < b(n, 7 + 1),

we have H C Iy 1({¢}). So we have:

b(n, 7 +1—x(n))
2TL

S(m)—% r+1—-3 —x(n)

iz ST ap

<P{X : Bym)(X) € Trn({eh)}) =

= P[5(™) Sr—l—l—x(n)]:]P’[



ASYMPTOTIC HAMMING DISTANCE 9

Since we showed that lim*m_,OO fm(bm) = 0, and since by assumption lim*m_,OO Ny, = 00,

lim" P({X : By(,)(X) € Ep}) =0. O

m—ro0

3. TURING REDUCTIONS THAT PRESERVE RANDOMNESS

The way we will obtain our main result Theorem is by proving essentially that for any
“randomness extractor” Turing reduction, and any random input oracle, a small number
of changes to the oracle will cause the extractor to fail to produce a random output. This
would be much easier if we restricted attention to Turing reductions having disjoint uses
on distinct inputs, since we would be working with independent random variables. Indeed,
one can give an easy proof in that case, which we do not include here. The main technical
achievement of the present paper is to be able to work with overlapping use sets; key in that
respect is Lemma below. The number of changes to the random oracle that we need to
make is small enough that the modified oracle has complex packing dimension 1. We were
not able to set up the construction so as to guarantee effective Hausdorff dimension 1 (or
even greater than 0); this may be an avenue for future work.

For a set of pairs E, we have the projections E¥ = {y : (z,y) € E} and E, = {z :

(z,y) € E}.

Lemma 3.1. Let 1 and uo be probability measures on sample spaces 01 and o and let E
be a measurable subset of 21 x Qs. Suppose that n, o, and & are positive real numbers such
that

By >n (YyeQ), and (3.1)
iz peE* <a}>1-0. (3.2)
Then n < a+ 9.
Proof. By Fubini’s theorem,

n</Q Nl(Ey)dN2(y)://Q . E(a:,y)dul(w)duz(y)=/Q p2(E)dpn ()

<a-pf{r:ipe(EY) <al+1-wm{r:p(E)>af<a-1+1-6. L]
Definition 3.2. For a real X and a string o of length n,
on) ifn<|of,
X =
(@ X)(n) {X(n) otherwise,

and
o(n if n <o,
(07 X)) = {X((n) — o) otherw|is<|a.
Thinking of ¢ and X as functions we may write
o\ X =0 U(X [ w\|o])
and thinking in terms of concatenation we may write

o X =0X.
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Lemma 3.3. Let ® be a Turing reduction such that
M@HSD,]) =1 (3.3)
and let ®X = ®7 X Then for any finite set ¥ C 2<%,
(Ve > 0)(Vig)(3i > ig) (Vo € )
P{X [ @7 (i) =1}) <p+e.

Proof. First note that for all o € 2<%, A(®1[SD,] = 1 as well.
Suppose otherwise, and fix €, 79 and X such that
(Vi >ip)(Fo €X) P(P,(i)=1)>p+e.

By density of the rationals in the reals we may assume ¢ is rational and hence computable.
Since there are infinitely many ¢ but only finitely many o, it follows that there is some o
such that

(F®k > i) P(P,(k)=1)>p+e (3.4)
and in fact
limsup [{k <n:P(®,(k)=1) >p+e}|/n>0.
Fix such a o and let ¥ = ®,. Let {/{, },e, be infinitely many values of k in (4] listed in

increasing order; note that L = {¢, },e, may be chosen as a computable sequence.
For an as yet unspecified subsequence K = {k;, }new, K C L, let

E={(X,n): ¥k, =1}. (3.5)
We obtain then also projections E, = {X : UX(k,) = 1}, BX = {n : ¥X(k,) = 1}. By
B]) we have for all n € w,
AE, >p+e. (3.6)
The fraction of events E,, that occur in N = {0,..., N — 1} for X is denoted
X
X |EX N N|
N N
By assumption (3.3]),
X €
A\ {X . (3K C L)(3M)(VN > M) <eN <p+ 5)} =1
Thus there is an M and a K (using that € is countable) such that

A{X:eﬁngr%}ZA{X:(VNZM)eﬁngrg}21—%. (3.7)
Let ©; be the unit interval [0,1]. Let Qo = M = {0,1,...,M — 1}. Let pu; = A. Let
uo = card be the counting measure on the finite set M = {0,1,..., M — 1}, so that for a
finite set A C M, card(A) is the cardinality of Al Let n=p+e, a=p+e/2, and 6 =¢/3,
and note that n > o+ ¢. By B0]), B1) and Lemma 1l n < o + d, a contradiction. [

“In this case, S (By)dpz(y) = [pa(En)duz(n) = [A(En)d card(n) = 32, o AM(En)card({n}) =
St AEn) - 1.
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4. EXTRACTION AND HAMMING DISTANCE
Theorem 4.1. Let p < 1 be computable. Let p : w — w be any computable function such
that p(n) = w*(y/n). Let ® be a Turing reduction. There exists an N € € and an almost

sure event A such that
AN Interior, y(®'[A]) = @

Proof. Let
A= W3R ¢ MLR ¢ CIMNIMN(SD, USDP).
We show
(1) If X(@71[SD],) = 1, or A(@~}[SDP]) = 1, then
MLR Ninterior, ny(®~'[CIM]) = @, or

MLR NInterior, x(® ' [IM]) = @,  respectively.

(2) Otherwise; then

W3R NInterior, (® ! [SD,]) = @

and

W3R Ninterior, (& [SDF]) = @
Proof of (2): If we are not in case (1) then M{X | ®¥ € SD,} < 1, so by the 0-1 Law,
MX | (VY =* X)(®Y € SDy)} = 0. This is (contained in) a II3 null class, so if X € W3R,
then (Y =* X)(®¥ ¢ SD,) hence we are done.
Proof of (1): By Lemma [3.3]

(Fp < 1)(Ve > 0)(Vn)(Vi)(Fi' > i) (Vo € 277)
P({Z : (i) = 1)) < p +&; (4.1)

Since @ is total for almost all oracles, it is clear that ' is a computable function f(k,n) of
e =1/k and n. Let g : w — w be the computable function with lim,,_,~, g(n) = oo given by
g(s) = 2s. Let ng =0 and iy = 0. Assuming s > 0 and ng and i; have been defined, let

is+1 = f(g(3)7n8)7
and let ngyq be large enough that

_ , 1
(Vo €27") MZ | 87 (igy1) T Qngy} < o (4.2)

.k p(ns—l—l - ns) >
1 —_— = d - < .
Note that since ¢’ > i in ([1]), we have is11 > is and hence R := {ig,i1,...} is a computable
infinite set. We now have
_ 1
(Vs)(Vo € 27™) P{Z: " (ig1) =1}) <p+ oF (4.3)
SO

1

P({Z : 7 (ig1) |=1Qng1}) <p+ o (4.4)

Note [a,b) = b\a.

Let X € MLR. We aim to define Y ~, X such that ®¥ ¢ MLR. We will in fact make
Y <1 X, so we define a reduction = and let Y = Z¥. Since we are defining Y by modifying
bits of X, the use of Z will be the identity function: £X(n) = n.
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Since ng = 0, Y [ ng is the empty string. Suppose s > 0 and Y}, has already been
defined. The set of “good” strings now is

G={r =Y}, | ®"+ (i) = 0}.
Define the “cost” of T to be the additional Hamming distance to X, i.e.,
d(r) = [(X +7) N [ng, nsr1)] -

Case 1: G # @. Then let Y}, | be any 79 € G of length ns;1 and of minimal cost, i.e.,
such that d(79) = min{d(7) | 7 € G}. That is, let

Y, € argmind(7).

T€G

Ns+1

Case 2: Otherwise. Then make no further changes to X up to length ngy1,ie., let Yy, , =

ans e Xms+1-
This completes the definition of Z and hence of Y. It remains to show that ®¥ ¢ MLR.
For any string o of length ng let

41 = {Z € {0, 1}femert) o (‘I’J\“Z(isﬂ) = O@ns-i-l)}
- {Z CONE () L= 1@n8+1}

U {Z ONZ () 1 @ns+1}

Since ([#2) and (&4) hold for all strings of length n, in particular they hold for ¢ = ZX | n,,
SO

11 1 .
(Vs) P(EJ,) <p+ %5 + 5 =P + 3 hence lini)sup ]P’(E::il °) <vp. (4.5)
Let
UXIne = {7 € {0, 1}fremest)  glemet) (7)€ BEIT
Since

pise1—ns) o
VTs+1 — Ns
we can apply Lemma 22 and there is h(s) with lim’s_o h(s) = 0 and
P(UX ™) < hs)

that only depends on an upper bound for an sy such that for all s > sg, P(Fsy1) < q (where
p < q <1 and qis just some fixed computable number). Since by (@A) such an upper
bound can be given that works for all X, actually h(s) may be chosen to not depend on X.
Let
Vi={Z:2eUZ"},

then V; is uniformly AY. To find the probability of V, we note that for each of the 27
possible beginnings of Z, there are at most (h(s)-2"s+17"s) continuations of Z on [ns,ns41)
that make Z € Vi; so we compute

P(V,) = {Z € {0,1}"+ : Z | [ng, nssq) € UZMs}|27 51
< 2 (h(s) - 2+ HL = Py(s)

so since lim's oo h(s) = 0, {Vs}sew is a Kurtz randomness test. Let {ms}se, be a com-
putable sequence such that 7 o, h(ms) < 27% Let Wy = U 5, Vin,- Then P(W;) < 27°
and W; is uniformly X¢ and hence it is a Martin-Léf randomness test. Since X € MLR,
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X ¢ W, for some t and hence X ¢ V,,,. for all but finitely many s. So ®¥ (my) = 0 for all
but finitely many s, hence ®¥ ¢ CIM.
By construction, we have

‘(X + Y) N [nsans-i-l)’ < p(nS-‘rl - nS)
for all but finitely many n. Therefore

(X +Y) N [0,n512)] <Y plnkgr — k) < p(nssr)
k=0

s0 X ~, v Y where N = {n; : s € w}. L]

4.1. Main result.

Lemma 4.2. Let p(n) = 0(fogm) and let N € € If X € MLR and X ~, N Y then
dimg,(Y) = 1.

Proof. Suppose there are at most p(n) many bits changed to go from X [ n to Y [ n,
in positions aj, ..., a,m). (In case there are fewer than p(n) changed bits, we can repeat
a; representing the bit 0 which we may assume is changed.) Let (Y [ n)* be a shortest
description of Y [ n. From the code

OEY I~ K [n)™ (Y [ n)* a1-a
we can effectively recover X [ n. Thus
n—c <KX |[n)<2log[K(Y [n)]|+1+K(Y | n)+pn)logn+ c
< 2log[n+2logn +c3] + 1+ K(Y [ n)+ p(n)logn + cs.

p(n)

Hence
n <" 3logn+ K(Y | n)+p(n)logn, and
n— (p(n) +3)logn <t K(Y [ n). ]

Theorem 4.3. For each Turing reduction procedure ® there is a set Y with dim.,(Y) =1
such that ®Y is not stochastically bi-immune.

Proof. Let p(n) = n?/3, so that p(n) = o(n/logn) and p(n) = w*(v/n). By the proof of
Theorem 4.1l and since the sequence of numbers ng is computable, for each weakly 3-random
set X there is a set Y ~, v X (for some N € €) such that ¥ is not both co-immune and in
SDy /2, in particular ®Y ¢ SBI. By Lemma[@Z] each such Y has complex packing dimension

1. [
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