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ABSTRACT. This paper shows equivalence of several versions of applicative similarity and
contextual approximation, and hence also of applicative bisimilarity and contextual equiv-
alence, in LR, the deterministic call-by-need lambda calculus with letrec extended by data
constructors, case-expressions and Haskell’s seq-operator. LR models an untyped version
of the core language of Haskell. The use of bisimilarities simplifies equivalence proofs in
calculi and opens a way for more convenient correctness proofs for program transforma-
tions.

The proof is by a fully abstract and surjective transfer into a call-by-name calculus,
which is an extension of Abramsky’s lazy lambda calculus. In the latter calculus equiva-
lence of our similarities and contextual approximation can be shown by Howe’s method.
Similarity is transferred back to LR on the basis of an inductively defined similarity.

The translation from the call-by-need letrec calculus into the extended call-by-name
lambda calculus is the composition of two translations. The first translation replaces the
call-by-need strategy by a call-by-name strategy and its correctness is shown by exploiting
infinite trees which emerge by unfolding the letrec expressions. The second translation
encodes letrec-expressions by using multi-fixpoint combinators and its correctness is shown
syntactically by comparing reductions of both calculi.

A further result of this paper is an isomorphism between the mentioned calculi, which
is also an identity on letrec-free expressions.

2012 ACM CCS: [Theory of computation]: Semantics and reasoning—Program constructs / Pro-
gram semantics; Logic; [Software and its engineering]: Software notations and tools—Formal language
definitions—Semantics.
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1. INTRODUCTION

Motivation. Non-strict functional programming languages, such as the core-language of
Haskell [Pey03], can be modeled using extended call-by-need lambda calculi.

The operational semantics of such a programming language defines how programs are
evaluated and how the value of a program is obtained. Based on the operational semantics,
the notion of contextual equivalence (see e.g. [Mor68| [Plo75]) is a natural notion of program
equivalence which follows Leibniz’s law to identify the indiscernibles, that is two programs
are equal iff their observable (termination) behavior is indistinguishable even if the pro-
grams are used as a subprogram of any other program (i.e. if the programs are plugged into
any arbitrary context). For pure functional programs it suffices to observe whether or not
the evaluation of a program terminates with a value (i.e. whether the program converges).
Contextual equivalence has several advantages: Any reasonable notion of program equiv-
alence should be a congruence which distinguishes obvious different values, e.g. different
constants are distinguished, and functions (abstractions) are distinguished from constants.
Contextual equivalence satisfies these requirements and is usually the coarsest of such con-
gruences. Another (general) advantage is that once expressions, contexts, an evaluation,
and a set of values are defined in a calculus, its definition of contextual equivalence can be
derived, and thus this approach can be used for a broad class of program calculi.

On the other hand, due to the quantification over all program contexts, verifying equiv-
alence of two programs w.r.t. contextual equivalence is often a difficult task. Nevertheless
such proofs are required to ensure the correctness of program transformations where the
correctness notion means that contextual equivalence is preserved by the transformation.
Correctness of program transformations is indispensable for the correctness of compilers,
but program transformations also play an important role in several other fields, e.g. in
code refactoring to improve the design of programs, or in software verification to simplify
expressions and thus to provide proofs or tests.

Bisimulation is another notion of program equivalence which was first invented in the
field of process calculi (e.g. [Mil80, Mil99, [SWO01]), but has also been applied to functional
programming and several extended lambda calculi (e.g. [How89, [Abr90, How96]). Finding
adequate notions of bisimilarity is still an active research topic (see e.g. [KWO06, [SKS11]).
Briefly explained, bisimilarity equates two programs si, ss if all experiments passed for s;
are also passed by sg and vice versa. For applicative similarity (and also bisimilarity) the
experiments are evaluation and then recursively testing the obtained values: Abstractions
are applied to all possible arguments, data objects are decomposed and the components are
tested recursively. Applicative similarity is usually defined co-inductively, i.e. as a greatest
fixpoint of an operator. Applicative similarity allows convenient and automatable proofs of
correctness of program transformations, e.g. in mechanizing proofs [DBG97].

Abramsky and Ong showed that applicative bisimilarity is the same as contextual equiv-
alence in a specific simple lazy lambda calculus [Abr90, [AO93], and Howe [How89, How96]
proved that in classes of lambda-calculi applicative bisimulation is the same as contextual
equivalence. This leads to the expectation that some form of applicative bisimilarity may
be used for calculi with Haskell’s cyclic letrec. However, Howe’s proof technique appears
to be not adaptable to lambda calculi with cyclic let, since there are several deviations
from the requirements for the applicability of Howe’s framework. (i) Howe’s technique is
for call-by-name calculi and it is not obvious how to adapt it to call-by-need evaluation. (ii)
Howe’s technique requires that the values (results of reduction) are recognizable by their
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top operator. This does not apply to calculi with letrec, since letrec-expressions may be
values as well as non-values. (iii) Call-by-need calculi with letrec usually require reduction
rules to shift and join letrec-bindings. These modifications of the syntactic structure of
expressions do not fit well into the proof structure of Howe’s method.

Nevertheless, Howe’s method is also applicable to calculi with non-recursive let even in
the presence of nondeterminism [MSSI10], where for the nondeterministic case applicative
bisimilarity is only sound (but not complete) w.r.t. contextual equivalence. However, in
the case of (cyclic) letrec and nondeterminism applicative bisimilarity is unsound w.r.t.
contextual equivalence [SSSM11]. This raises a question: which call-by-need calculi with
letrec permit applicative bisimilarity as a tool for proving contextual equality?

Our Contribution. In [SSSM10] we have already shown that for the minimal extension
of Abramsky’s lazy lambda calculus with letrec which implements sharing and explicit re-
cursion, the equivalence of contextual equivalence and applicative bisimilarity indeed holds.
However, the full (untyped) core language of Haskell has data constructors, case-expressions
and the seq-operator for strict evaluation. Moreover, in [SSMS13| it is shown that the ex-
tension of Abramsky’s lazy lambda calculus with case, constructors, and seq is not con-
servative, i.e. it does not preserve contextual equivalence of expressions. Thus our results
obtained in [SSSM10] for the lazy lambda calculus extended by letrec only are not transfer-
able to the language extended by case, constructors, and seq. For this reason we provide
a new proof for the untyped core language of Haskell.

As a model of Haskell’s core language we use the call-by-need lambda calculus Lg
which was introduced and motivated in [SSSS08|. The calculus Ly extends the lazy lambda
calculus with letrec-expressions, data constructors, case-expressions for deconstructing the
data, and Haskell’s seg-operator for strict evaluation.

We define the operational semantics of Ly in terms of a small-step reduction, which
we call normal order reduction. As it is usual for lazy functional programming languages,
evaluation of Ljgr-expressions successfully halts if a weak head normal form is obtained,
i.e. normal order reduction does not reduce inside the body of abstractions nor inside
the arguments of constructor applications. The Lyg calculus has been studied in detail in
[SSSS08| and correctness of several important program transformations has been established
for it.

Our main result in this paper is that several variants of applicative bisimilarities are
sound and complete for contextual equivalence in Ly, i.e. coincide with contextual equiv-
alence. Like context lemmas, an applicative bisimilarity can be used as a proof tool for
showing contextual equivalence of expressions and for proving correctness of program trans-
formations in the calculus L. Since we have completeness of our applicative bisimilarities
in addition to soundness, our results can also be used to disprove contextual equivalence of
expressions in Lzr. Additionally, our result shows that the untyped applicative bisimilarity
is sound for a polymorphic variant of Lp, and hence for the typed core language of Haskell.

Having the proof tool of applicative bisimilarity in Lpp is also very helpful for more
complex calculi if their pure core can be conservatively embedded in the full calculus. An
example is our work on Concurrent Haskell [SSS11] [SSS12], where our calculus CHF that
models Concurrent Haskell has top-level processes with embedded lazy functional evaluation.
We have shown in the calculus CHF that Haskell’s deterministic core language can be
conservatively embedded in the calculus CHF.
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Figure 1: Overall structure. Solid lines are fully-abstract translations, which are also iso-
morphisms and identities on letrec-free expressions; dotted lines are convergence
preservation to/from the system Ly, of infinite trees.

We prove the equivalence between the applicative similarities and contextual equiva-
lence in L g, by lifting the equivalence from a letrec-free call-by-name calculus L. The
calculus L., minimally extends Abramsky’s lazy calculus by Haskell’s primitives. As shown
in [SSMS13], data constructors and seq are explicitly needed in Lj... The structure of the
proof, with its intermediate steps, is shown in Figure [l We prove the equivalence between
the applicative similarities and contextual equivalence in L., by extending Howe’s method.
We bridge Lpr and L. in two steps, using intermediate calculi Lygme and Liyee. Lpgme 1S
the call-by-name variant of L, and L., is obtained from L,y by encoding letrec using
multi-fixpoint combinators. The calculi Lz and Lyume are related to each other via their
infinite unfoldings, thus we introduce a calculus Ly, of infinite trees (similar infinitary
rewriting, see [KKSdV9T7, [SS07]). Convergence of expressions in Ly and Lygme is shown
to be equivalent to their translation as an infinite tree in the calculus Ly (dotted lines
in the picture). We establish full abstractness of translation N and W between calculi
Lir, Lpame, and Lj.. with respect to contextual equivalence. Correctness of similarity is
transferred back from L., to L1z on the basis of an inductively defined similarity (for more
details see Fig. [[.2).

A consequence of our result is that the three calculi L g, Lyname, and L. are isomorphic,
modulo the equivalence (see Corollaries and [£.33)), and also that the embedding of the
calculus Lj.. into the call-by-need calculus Lz is an isomorphism of the respective term
models.

Related Work. In |Gor99] Gordon shows that bisimilarity and contextual equivalence
coincide in an extended call-by-name PCF language. Gordon provides a bisimilarity in
terms of a labeled transition system. A similar result is obtained in [Pit97] for PCF extended
by product types and lazy lists where the proof uses Howe’s method ([How89, How96l;
see also [MSS10l [Pit11]), and where the operational semantics is a big-step one for an
extended PCF-language. The observation of convergence in the definition of contextual
equivalence is restricted to programs (and contexts) of ground type (i.e. of type integer or
Bool). Therefore 2 and Az.Q2 are equal in the calculi considered by Gordon and Pitts. This
does not hold in our setting for two reasons: first, we observe termination for functions
and thus the empty context already distinguishes 2 and Az.(2, and second, our languages
employ Haskell’s seq-operator which permits to test convergence of any expression and thus
the context seq [-] True distinguishes €2 and Az.Q.
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[Jef94] presents an investigation into the semantics of a lambda-calculus that permits
cyclic graphs, where a fully abstract denotational semantics is described. However, the
calculus is different from our calculi in its expressiveness since it permits a parallel conver-
gence test, which is required for the full abstraction property of the denotational model.
Expressiveness of programming languages was investigated e.g. in [Fel91] and the usage
of syntactic methods was formulated as a research program there, with non-recursive let
as the paradigmatic example. Our isomorphism-theorem [[.7] shows that this approach is
extensible to a cyclic let.

Related work on calculi with recursive bindings includes the following foundational
papers. An early paper that proposes cyclic let-bindings (as graphs) is [AK94], where
reduction and confluence properties are discussed. [AFM™ 95, [AF97] study equational the-
ory for call-by-need lambda calculus extended with non-recursive let, which is finer than
contextual equivalence, and in [MOWDO9S]| it is shown that call-by-name and call-by-need
evaluation induce the same observational equivalences for a call-by-need lambda calculus
with non-recursive let. Additionally, the extension of the corresponding calculi by recur-
sive let is discussed in [AFM™95, [AF97], and further call-by-need lambda calculi with a
recursive let are presented in [AB97, [AB02, NH09] where [NH09] study the equivalence
between a natural semantics and a reductions semantics. In [AB02] it is shown that there
exist infinite normal forms and that the calculus satisfies a form of confluence. All these
calculi correspond to our calculus Lpr. A difference is that the let-shifting in the standard
reduction in the mentioned works is different from L;r. However, this difference is not sub-
stantial, since it does not influence the contextual semantics. A more substantial difference
is that L1 combines recursive let with data constructors, case-expressions and seq, which
none of the related works do.

In [MS99] a call-by-need calculus is analyzed which is closer to our calculus L g, since
letrec, case, and constructors are present (but not seq). Another difference is that [MS99]
uses an abstract machine semantics as operational semantics, while their approach to pro-
gram equivalence is based on contextual equivalence, as is ours.

The operational semantics of call-by-need lambda calculi with letrec are investigated
in [Lau93|] and [Ses97], where the former proposed a natural semantics, and proved it correct
and adequate with respect to a denotational semantics, and the latter derived an efficient
abstract machine from the natural semantics.

Investigations of the semantics of lazy functional programming languages including the
seqg-operator can be found in [JV06, V.JOT].

Outline. In Sect. 2 we introduce some common notions of program calculi, contextual
equivalence, similarity and also of translations between those calculi. In Sect.Blwe introduce
the extension L. of Abramsky’s lazy lambda calculus with case, constructors, and seq,
and two letrec-calculi Lpg, Lnpeme as further syntactic extensions. In Sect. [d we show
that for so-called “convergence admissible” calculi an alternative inductive characterization
of similarity is possible. We then use Howe’s method in L;. to show that contextual
approximation and a standard version of applicative similarity coincide. Proving that L.
is convergence admissible then implies that the alternative inductive characterization of
similarity can be used for L;... In Sect. Bl and [6] the translations W and N are introduced
and the full-abstraction results are obtained. In Sect.[flwe show soundness and completeness
of our variants of applicative similarity w.r.t. contextual equivalence in Lyr. We conclude
in Sect. 8
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2. COMMON NOTIONS AND NOTATIONS FOR CALCULI

Before we explain the specific calculi, some common notions are introduced. A calculus
definition consists of its syntax together with its operational semantics which defines the
evaluation of programs and the implied equivalence of expressions:

Definition 2.1. An untyped deterministic calculus D is a four-tuple (E,C, —, A), where E
are expressions (up to a-equivalence), C : E — E is a set of functions (which usually repre-
sents contexts), — is a small-step reduction relation (usually the normal-order reduction),
which is a partial function on expressions (i.e., deterministic), and A C E is a set of answers
of the calculus.

For C € C and an expression s, the functional application is denoted as C|[s]. For
contexts, this is the replacement of the hole of C' by s. We also assume that the identity
function Id is contained in C with Id[s] = s for all expressions s, and that C is closed under
composition, i.e. C1,Cy € C = Cy0(Cy € C.

The transitive closure of — is denoted as —» and the transitive and reflexive closure

of — is denoted as ~. The notation 2% means equality or one reduction, and £, means
k reductions. Given an expression s, a sequence s — §1 — ... — S, is called a reduction
sequence; it is called an evaluation if s, is an answer, i.e. s, € A; in this case we say s
converges and denote this as s{ps, or as slp if s, is not important. If there is no s, s.t.
sdpsn then s diverges, denoted as sftp. When dealing with multiple calculi, we often use

. . . D . .
the calculus name to mark its expressions and relations, e.g. — denotes a reduction relation
in D.

We will have to deal with several calculi and preorders. Throughout this paper we
will use the symbol < for co-inductively defined preorders (i.e. similarities), and < for
(inductively defined or otherwise defined) contextual preorders. For the corresponding sym-
metrizations we use ~ for < N > and ~ for < N >. All the symbols are always indexed by
the corresponding calculus and sometimes more restrictions like specific sets of contexts are
attached to the indices of the symbols.

Contextual approximation and equivalence can be defined in a general way:

Definition 2.2 (Contextual Approximation and Equivalence, <p and ~p). Let D =
(E,C,—,A) be a calculus and s1, sy be D-expressions. Contextual approzimation (or con-
textual preorder) <p and contextual equivalence ~p are defined as:

s1<p sy iff VCeC: C[Sl]J,D = C[32]~LD
sy ~psg iff 51 <psaAsy<psi

A program transformation is a binary relation n C (E x E). A program transformation
n is called correct iff n C ~p.

Note that <p is a precongruence, i.e., <p is reflexive, transitive, and s <p t implies
C[s] <p C[t] for all C € C, and that ~p is a congruence, i.e. a precongruence and an
equivalence relation.

We also define a general notion of similarity coinductively for untyped deterministic
calculi. We first define the operator Fp g on binary relations of expressions:

Definition 2.3. Let D = (E,C,—, A) be an untyped deterministic calculus and let Q@ C C
be a set of functions on expressions (i.e. VQ € Q : @Q : E — E). Then the Q-experiment
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operator Fp g : 2E¥E) — 2(EXE) ig defined as follows for  C E x E:
s1Fp,o(n) sz if s1lpvi = Fua. (s2dv2 AVQ € Q: Q(v1) 1 Q(v2))

Lemma 2.4. The operator Fp o is monotonous w.r.t. set inclusion, i.e. for all binary
relations n1,1m2 on expressions N1 C 2 => Fp o(m) C Fp,o(n2).

Proof. Let 1 C mp and s1 Fp,o(n1) s2. From the assumption sy Fp g(n1) s2 the implication
silpvr = (s2dpr2 AVQ € Q: Q(v1) m1 Q(ve)) follows. From 71 C 1y the implication
silvr = (s2lpr2 AVQ € Q: Q(v1) 12 Q(v2)) follows. Thus, s1 Fo(12) s2. N

Since Fp g is monotonous, its greatest fixpoint exists:

Definition 2.5 (Q-Similarity, <p o). The behavioral preorder <p g, called Q-similarity,
is defined as the greatest fixed point of Fp o.

We also provide an inductive definition of behavioral equivalence, which is defined as a
contextual preorder where the contexts are restricted to the set Q (and the empty context).

Definition 2.6. Let D = (E,C,—, A) be an untyped deterministic calculus, and @ C C.
Then the relation <p g is defined as follows:

$1<p,g s2 it Vn > 0:VQ; € Q: Q1(Q2(... (Qn(51)))ip = Q1(Q2(. .. (Qn(s2)))Ip

Note that contextual approximation is a special case of this definition, i.e. <p = <p_c.

Later in Section [ we will provide a sufficient criterion on untyped deterministic calculi
that ensures that <p ¢ and <p g coincide.

We are interested in translations between calculi that are faithful w.r.t. the correspond-
ing contextual preorders.

Definition 2.7 ([SSNSS08, [SSNSS09]). For i = 1,2 let (E;,C;,—;,A;) be untyped de-
terministic calculi. A translation 7 : (Eq1,Cq1,—1,A1) — (Eg,Cy,—2,A2) is a mapping
75 : E1 — E5 and a mapping 7¢ : C; — Cq such that 7¢(Id;) = Idy. The following
properties of translations are defined:
e 7 is compositional iff T(Cls]) = 7(C)[7(s)] for all C,s.
T is convergence equivalent iff s, <= 7(s)], for all s.
T is adequate iff for all s,t € Eq: 7(s) <o 7(t) = s <y t.
T is fully abstract iff for all s,t € Ey: s <1t < 7(s) <o 7(¢).
T is an isomorphism iff it is fully abstract and a bijection on the quotients

T/N : El/N — EQ/N.

Note that isomorphism means an order-isomorphism between the term-models, where
the orders are <; /~ and < /~ (which are the relations in the quotient).

Proposition 2.8 ([SSNSS08, [SSNSSQ09]). Let (E;, C;, —;, A1) for i = 1,2 be untyped deter-
ministic calculi. If a translation 7 : (E1,Cy,—1,A ) — (Eg,Cq, —2,Ag) is compositional
and convergence equivalent, then it is also adequate.

Proof. Let s,t € E; with 7(s) <g 7(t) and let C[s]|; for some C' € C. It is sufficient to show
that this implies C[t]};: Convergence equivalence shows that 7(C[s])],. Compositionality
implies 7(C)[7(s)[{2, and then 7(s) <g 7(t) implies 7(C)[7(t)]{5. Compositionality applied
once more implies 7(C[t])y, and then convergence equivalence finally implies C[t];. [
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3. THREE CALCULI

In this section we introduce the calculi Lyr, Lyame, and Li... Lig is a call-by-need calculus
with recursive let, data constructors, case-expressions, and the seqg-operator. The calculus
Lyame has the same syntactic constructs as Lz g, but uses a call-by-name, rather than a call-
by-need, evaluation. The calculus L;.. does not have letrec, and also uses a call-by-name
evaluation.

For all three calculi we assume that there is a (common) set of data constructors c
which is partitioned into types, such that every constructor ¢ belongs to exactly one type.
We assume that for every type T the set of its corresponding data constructors can be
enumerated as cr, ..., cr 7 where |T| is the number of data constructors of type T'. We
also assume that every constructor has a fixed arity denoted as ar(c) which is a non-negative
integer. We assume that there is a type Bool among the types, with the data constructors
False and True both of arity 0. We require that data constructors occur only fully saturated,
i.e. a constructor ¢ is only allowed to occur together with ar(c) arguments, written as

(¢ 81 ... Sar(c)) Where s; are expressions of the corresponding calculud]. We also write (c ?)
as an abbreviation for the constructor application (¢ s1 ... Su(e)). All three calculi allow

deconstruction via case-expressions:
caser s of (CT71 1,1 «-- TlLar(ep) — 81) . (CT,\T| TiT|1 - ‘T|T\,ar(cT,‘T‘) — 3\T|)

where s, s; are expressions and z; ; are variables of the corresponding calculus. Thus there is
a caserp-construct for every type T and we require that there is exactly one case-alternative
(CTJ' Til - Tiar(er;) s,-) for every constructor CTyi of type T. In a case-alternative
(eri zig --. Ti ar(er,s) — si) we call er; w1 ... Tiar(er,;) @ pattern and s; the right hand
side of the alternative. All variables in a case-pattern must be pairwise distinct. We will
sometimes abbreviate the case-alternatives by alts if the exact terms of the alternatives are
not of interest. As a further abbreviation we sometimes write if s; then sy else s3 for the
case-expression (casepyy s1 of (True — s9) (False — s3)).

We now define the syntax of expressions with letrec, i.e. the set E, of expressions
which are used in both of the calculi Lz and L, gme-

Definition 3.1 (Expressions E;). The set Ez of expressions is defined by the following
grammar, where x, x; are variables:

TS, tri, Siti €EEp u= x| (st)| (A\x.s)| (letrec z1 = s1,...,&y = Sy, in t)
| (¢ 51...5ar(c)) | (seq s t) | (caser s of alts)

We assign the names application, abstraction, seq-expression, or letrec-expression to the
expressions (s t), (Az.s), (seq s t), or (letrec z; = s1,...,%, = S, in t), respectively.
A walue v is defined as an abstraction or a constructor application. A group of letrec
bindings is sometimes abbreviated as Env. We use the notation {mg(i) = sh(i)}?:m for the
chain Z(,,) = Sh(m)s Tg(m+1) = Sh(m+1)s - - - s Lg(n) = Sh(n) Of bindings where g,h : N — N are
injective, e.g., {z; = s;—1}-,, means the bindings T, = Sm—1,Tm+1 = Sm, ... Tn = Sp_1.
We assume that variables z; in letrec-bindings are all distinct, that letrec-expressions
are identified up to reordering of binding-components, and that, for convenience, there is
at least one binding. letrec-bindings are recursive, i.e., the scope of z; in (letrec z; =
Sly-+.y&Tp—1 = Sp—1 in s,) are all expressions s; with 1 <i < n.

Ipartial applications of constructors of the form ¢ s1 ... s, (as e.g. available in Haskell) thus have to be
represented by Azn41 ... )\xar(c).c 81 ... Sn Tntl... Tar(e)
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C, denotes the set of all contexts for the expressions E.

Free and bound variables in expressions and a-renamings are defined as usual. The set
of free variables in s is denoted as FV(s).

Convention 3.2 (Distinct Variable Convention). We use the distinct variable convention,
i.e., all bound wvariables in expressions are assumed to be distinct, and free variables are
distinct from bound variables. All reduction rules are assumed to implicitly a-rename bound
variables in the result if necessary.

In all three calculi we will use the symbol  for the specific (letrec-free) expression
(Az.(z 2)) (Az.(z z)). In all of our calculi Q is divergent and the least element of the
corresponding contextual preorder. This is proven in [SSSS08] for L;r and can easily be
proven for the other two calculi using standard methods, such as context lemmas. Note
that this property also follows from the Main Theorem for all three calculi.

3.1. The Call-by-Need Calculus Ljr. We begin with the call-by-need lambda calculus
Lpr which is exactly the call-by-need calculus of [SSSS08]. It has a rather complex form
of reduction rules using variable chains. The justification is that this formulation permits
direct syntactic proofs of correctness w.r.t. contextual equivalence for a large class of trans-
formations. Several modifications of the reduction strategy, removing indirections, do not
change the semantics of the calculus, however, they appear to be not treatable by syntactic

proof methods using diagrams (see [SSSS08]). L1 r-expressions are exactly the expressions
Ec.

Definition 3.3. The reduction rules for the calculus and language L are defined in Fig. 2]
where the labels S,V are used for the exact definition of the normal-order reduction below.
Several reduction rules are denoted by their name prefix: the union of (llet-in) and (llet-e)
is called (llet). The union of (llet), (lapp), (lcase), and (Iseq) is called (111).

For the definition of the normal order reduction strategy of the calculus Lpr we use
the labeling algorithm in Fig. Bl which detects the position where a reduction rule is applied
according to the normal order. It uses the following labels: S (subterm), T (top term), V
(visited), and W (visited, but not target). We use V when a rule allows two options for a
label, e.g. s°VT stands for s labeled with S or 7.

A labeling rule [ ~ r is applicable to a (labeled) expression s if s matches | with the
labels given by [, where s may have more labels than [ if not otherwise stated. The labeling
algorithm takes an expression s as its input and exhaustively applies the rules in Fig. Bl
to sT, where no other subexpression in s is labeled. The label T is used to prevent the
labeling algorithm from descending into letrec-environments that are not at the top of the
expression. The labels V and W mark the visited bindings of a chain of bindings, where
W is used for variable-to-variable bindings. The labeling algorithm either terminates with
fail or with success, where in general the direct superterm of the S-marked subexpression
indicates a potential normal-order redex. The use of such a labeling algorithm corresponds
to the search of a redex in term graphs where it is usually called unwinding.

Definition 3.4 (Normal Order Reduction of Ljr). Let s be an expression. Then a single

normal order reduction step LB is defined as follows: first the labeling algorithm in Fig. 3]
is applied to s. If the labeling algorithm terminates successfully, then one of the rules in
Fig. Blis applied, if possible, where the labels S, V' must match the labels in the expression
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(Ibeta) C[((A\z.s)° t)] — C[letrec x =t in &

(cp-in) letrec 1 = (\x.s)", {z; = z;_1}"y, Env in Clz)]
— letrec 1 = (Az.9), {x; = z;_1}]"y, Env in C[(Az.s)]

(cp-e) letrec x1 = (M\z.s)”, {z; = x;_1}"y, Env,y = C[z)] in t

— letrec 1 = (Az.s), {z; = xi_1}"y, Env,y = C[(Az.s)] in t
(lapp) CJ((letrec Env in s)s t)] — C[(letrec Env in (s t))]

(Icase) C[(caser (letrec Env in 5)° of alts)]
— C[(letrec Env in (caser s of alts))]

lseq) C[(seq (letrec Env in s)° t)] — C[(letrec Env in (seq s t))]

llet-in) letrec Env; in (letrec Envsy in s)° — letrec Envy, Envy in s

(

(

(llet-e) letrec Envi,z = (letrec Envs in s)° int — letrec Envy, Bnvy,z = s in't
(seq-c) Cl(seq v s)] — O3] if v is a value

(

seq-in) (letrec z1 = v, {z; = z;_1}™,, Env in C[(seq )/, s)])
— (letrec 1 = v, {z; = z;_1}]"5, Env in C[s])
if v is a constructor application

(seq-e) (letrec w1 = v°, {x; = z;_1}"y, Env,y = C[(seq x), s)] in t)
— (letrec 1 = v, {x; = x;—1}["5, Env,y = C[s] in t)
if v is a constructor application

(case-c) C[(caser (¢; §)Sof...((c; ) = t;)...)] = C[(Letrec {y; = s} in t,)]
if ar(¢;) > 1
(case-c) C[(caser c¢of ... (¢c; = t;)...)] = C[t;] if ar(c;) =0

(case-in) letrec x; = (¢; %)%, {x; = 21}y, Env
in Clcaser 2V, of ... ((¢; Z) —t)...]
— letrec xy = (¢; ¥), {yi = s}y, {2 = w1}y, B

ar(c;

in C[(letrec {z = y;},_y int)] if ar(¢;) > 1 and where y; are fresh

(case-in) letrec 71 = ¢, {x; = x;_1}"y, Env in C[caser x), ... (¢; = 1)...]

— letrec x1 = ¢, {z; = zi—1}[%y, Env in C[t] if ar(¢;) =0
(case-e) letrec x1 = (¢; §)°, {z; = i1},
u = Clcaser z¥ of ... ((¢; Z)—t)...], Env
inr
— letrec x; = (Ci 7), {yl = SZ}?L(ch), {l’l = l’i—l}?lga
u = C|(letrec {z; = yl}?ifl) in t)], Env
inr
if ar(¢;) > 1 and where y; are fresh
(case-e) letrec m1 =7, {z; = 2;_1}"y,u = Clcaser z), ... (¢; = t)...],Env inr
— letrec 1 = ¢, {z; = xi—1}[%y...,u=C[t], Env inr if ar(¢;) =0

Figure 2: Reduction rules of Ly g
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(letrec Env in s)T ~+ (letrec Env in s°)V

(S 75)3VT ~s (SS t)v

(seq s t)°VT ~  (seq s t)V

(caser s of alts)>VT ~+ (caser s of alts)V

(letrec z = s, Env in C[z°]) ~ (letrec x = s°, Env in C[z"])

(letrec z = VYW y = C[2°], Env in t) ~» fail

(letrec x = C[2°], Env in s) ~  fail

(letrec z = s,y = C[z°], Env in t) ~ (letrec x = 5%,y = C[zV], Env in t)
if Clx] #x

(letrec = = s,y = 2°, Env in t) ~ (letrec x = 5%,y = 2™, Env in t)

Figure 3: Labeling algorithm for Ljg

s (again s may have more labels). The normal order redex is defined as the left-hand side

of the applied reduction rule. The notation for a normal-order reduction that applies the

. LR, LR,] .
rule a is % e.q. PP, applies the rule (lapp).

The normal order reduction of Ly implements a call-by-need reduction with sharing
which avoids substitution of arbitrary expressions. We describe the rules: The rule (Ibeta)
is a sharing variant of classical S-reduction, where the argument of an abstraction is shared
by a new letrec-binding instead of substituting the argument in the body of an abstraction.
The rules (cp-in) and (cp-e) allow to copy abstractions into needed positions. The rules
(lapp), (lcase), and (Iseq) allow moving letrec-expressions to the top of the term if they
are inside a reduction position of an application, a case-expression, or a seg-expression. To
flatten nested letrec-expressions, the rules (llet-in) and (llet-e) are added to the reduction.
Evaluation of seg-expressions is performed by the rules (seq-c), (seq-in), and (seq-e), where
the first argument of seq must be a value (rule seq-c) or it must be a variable which is bound
in the outer letrec-environment to a constructor application. Since normal order reduction
avoids copying constructor applications, the rules (seq-in) and (seg-e) are required. Cor-
respondingly, the evaluation of case-expressions requires several variants: there are again
three rules for the cases where the argument of case is already a constructor application
(rule (case-c)) or where the argument is a variable which is bound to a constructor applica-
tion (perhaps by several indirections in the letrec-environment) which are covered by the
rule (case-in) and (case-e). All three rules have two variants: one variant for the case when a
constant is scrutinized (and thus no arguments need to be shared by new letrec-bindings)
and another variant for the case when arguments are present (and thus the arity of the
scrutinized constructor is strictly greater than 0). For the latter case the arguments of the
constructor application are shared by new letrec-bindings, such that the newly created
variables can be used as references in the right hand side of the matching alternative.

Definition 3.5. A reduction context Ry g is any context, such that its hole is labeled with
S or T by the Ljg-labeling algorithm.

Of course, reduction contexts could also be defined recursively, as in [SSSS08, Definition
1.5], but such a definition is very cumbersome due to a large number of special cases. The
labeling algorithm provides a definition that, in our experience, is easier to work with.
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(ge) Clletrec {z; = s}y int] = C[t], if FV(t) N{z1,...,xn} =0

(ge) Clletrec {z; = s;}' ¢, {yi = t;}I"; in t] = Cletrec {y; = t;}I", in t],
if (FV) U, FV () N {z1,...,2n} =10

(lwas) C[(s (letrec Env in t))] — C[letrec Env in (s t)]

(lwas) C[(c s1 ...(letrec Env in ;) ...s,)] — C[letrec Env in (¢ $1 ... 8; ...5p)]

(lwas) C[(seq s (letrec Env in t))] — C[letrec Env in seq s t|

Figure 4: Transformations for garbage collection and letrec-shifting

By induction on the term structure one can easily verify that the normal order redex,
as well as the normal order reduction, is unique. A weak head normal form in Lig (Lpr-
WHNF) is either an abstraction Az.s, a constructor application (c s1 ... Su(c)), Or an
expression (letrec Env in v) where v is a constructor application or an abstraction, or
an expression of the form (letrec zy = v, {z; = z;_1}™,, Env in x,,), where v = (¢ 7).
We distinguish abstraction-WHNF (AWHNF) and constructor WHNF (CWHNF) based on
whether the value v is an abstraction or a constructor application, respectively. The notions
of convergence, divergence and contextual approximation are as defined in Sect. 2 If there
is no normal order reduction originating at an expression s then s{}; . This, in particular,
means that expressions for which the labeling algorithm fails to find a redex, or for which
there is no matching constructor for a subexpression (that is a WHNF) in a case redex
position, or expressions with cyclic dependencies like letrec x = x in z, are diverging.

Example 3.6. We consider the expression s; := letrec z = (y Auw.u),y = Az.z in x.
The labeling algorithm applied to s; yields (letrec z = (y¥ Mu.u)V,y = (A\z.2)° in 2¥)V.

The reduction rule that matches this labeling is the reduction rule (cp-e), i.e. s1 LB,
(letrec # = ((\2'.2') Muu),y = (M\z.2) in ) = sg. The labeling of s is (letrec z =
((A2".2")% M)V, y = (A\z.2) in V)Y, which makes the rule (Ibeta) applicable, i.e. so LE,
(letrec & = (letrec 2/ = Au.u in 2'),y = (A\z.z) in z) = s3. The labeling of s3 is
(letrec z = (letrec 2/ = \u.u in /)%,y = (Az.2) in 2")V. Thus an (llet-e)-reduction is
applicable to sg3, i.e. s3 LR, (letrec x = 2,2/ = Au.u,y = (A\2.2) in x) = s4. Now s4 gets
labeled as (letrec z = 2V 2/ = (Au.u)®,y = (A\z.2) in 2¥)V, and a (cp-in)-reduction is
applicable, i.e. s4 LA, (letrec x = 2/, 2/ = (A\u.u),y = (A\z2.2) in (Au.u)) = s5. The labeling
algorithm applied to s5 yields (letrec z = 2/, 2’ = (\u.u),y = (Az.2) in (Aw.u)®)V, but no
reduction is applicable to ss5, since s5 is a WHNEF.

Concluding, the calculus Lp is defined by the tuple (E.,Cg, —L—R—>, ApR) where App are
the L;r-WHNFSs, where we equate alpha-equivalent expressions, contexts and answers.

In [SSSSO08] correctness of several program transformations was shown:

Theorem 3.7 ([SSSS08, Theorems 2.4 and 2.9]). All reduction rules shown in Fig. [2 are
correct program transformations, even if they are used with an arbitrary context C in the
rules without requiring the labels. The transformations for garbage collection (gc) and for
shifting of letrec-expressions (lwas) shown in Fig. [J] are also correct program transforma-
tions. L]
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(letrec Env in 5)X ~» (1 trec Env in s¥) if X is Sor T
(s )3T ~ (57 1)

(seq s t)°VT ~  (seq §° t)

(caser s of alts)*VT ~» (caser s° of alts)

Figure 5: Labeling algorithm for L,gme

(beta) C[(A\z.s)° t] — Cls[t/z]]
(gecp) O
(lapp) C[
(Icase) C|(caser (letrec Env in s)° of alts)]

— C|(letrec Env in (caser s of alts))]

(
[letrec Env, x = s in Co[z°V7T]] — Ci[letrec Env, x = s in Cy[s]]
(

(letrec Env in s)° t)] — C[(letrec Env in (s t))]

(Iseq) Cl(seq (letrec Env in s)° t)] — C[(letrec Env in (seq s t))]
(seq-c) Cl(seqv® s)] — C|[s] if v is a value

(case)  C[(caser (¢ 51...8a(c)° of ... ((c T1. . Tar(e) = 1) ...)]
- C[t[sl/xh <o 730,7‘(0)/‘7:(17‘(0)

Figure 6: Normal order reduction rules D9 of Lame

3.2. The Call-by-Name Calculus L, ,,.. Now we define a call-by-name calculus on E -
expressions. The calculus L4 has E, as expressions, but the reduction rules are different
from Lg. The calculus L,qme does not implement a sharing strategy but instead performs
the usual call-by-name beta-reduction and copies arbitrary expressions directly into needed
positions.

In Fig. [ the rules of the labeling algorithm for L,gm. are given. The algorithm uses
the labels S and 7. For an expression s the labeling starts with s7.

An L,gme reduction context R,qme is any context where the hole is labeled T" or S by
the labeling algorithm, or more formally they can be defined as follows:

Definition 3.8. Reduction contexrts R,qme are contexts of the form L[A] where the context
classes A and L are defined by the following grammar, where s is any expression:

Lel == []|letrec Env in L
Ae A == []|(As)| (caser A of alts) | (seq A s)

Normal order reduction 2225 of Lyame is defined by the rules shown in Fig. [0l where

the labeling algorithm according to Fig. Bl must be applied first. Note that the rules (seq-c),
(lapp), (Icase), and (Iseq) are identical to the rules for Lyr (in Fig. 2), but the labeling
algorithm is different.

Unlike L g, the normal order reduction of L, 4. allows substitution of arbitrary ex-
pressions in (beta), (case), and (gcp) rules. An additional simplification (compared to
Lyr) is that nested letrec-expressions are not flattened by reduction (i.e. there is no
(llet)-reduction in Lpgme). As in Lpgr the normal order reduction of L,ume has reduction
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rules (lapp), (lcase), and (lseq) to move letrec-expressions out of an application, a seq-
expression, or a case-expression.

Note that % ig unique. An Lygme.-WHNF is defined as an expression either of the
form L[Az.s] or of the form L[(c s1 ... Sqp())] Where L is an £ context. Let Apupe be the

name

set of Lygme-WHNFS, then the calculus Lygme is defined by the tuple (Ez, Cr, ——, Apame)
(modulo a-equivalence).

3.3. The Extended Lazy Lambda Calculus L;.. In this subsection we give a short de-
scription of the lazy lambda calculus [Abr90] extended by data constructors, case-expressions
and seg-expressions, denoted with Lj... Unlike the calculi Ly,mn. and Lpg, this calculus
has no letrec-expressions. The set Ey of Lj..-expressions is that of the usual (untyped)
lambda calculus extended by data constructors, case, and seq:

7,8,t, 71, 85,t €Exn=x | (st) | (Az.5) | (¢ 51...5ar(c)) | (caser s of alts) | (seq s t)

Contexts C, are Ey-expressions where a subexpression is replaced by the hole [-]. The
set Ay, of answers (or also values) are the Lj..-abstractions and constructor applications.
Reduction contexts R are defined by the following grammar, where s is any [E-expression:

Rice € Rice : =[] | (Riee s) | caser Rye. of alts | seq Ry, s

An s _reduction is defined by the three rules shown in Fig. [, and thus the calculus

lec

Ly is defined by the tuple (Ey,Cy, —, Aj.) (modulo a-equivalence).

(nbeta) Rie[(\2.5) 1)] <5 Rie[s[t/]]
(ncase) Ryecl(caser (¢ 51...8a(c)) 0o ... ((c 1. Tar(e)) = 1) .. .)]

l
S t[sl/xh s 73ar(c)/xar(c)]
(nseq)  Ryc[seq v ] LN Ry.]s], if v is an abstraction or a constructor application

Figure 7: Normal order reduction leey of L.

4. PROPERTIES OF SIMILARITY AND EQUIVALENCES IN L.

An applicative bisimilarity for L;.. and other alternative definitions are presented in subsec-
tion 4.2l As a preparation, we first analyze similarity for deterministic calculi in general.

4.1. Characterizations of Similarity in Deterministic Calculi. In this section we
prove that for deterministic calculi (see Def. 21]), the applicative similarity and its general-
ization to extended calculi, defined as the greatest fixpoint of an operator on relations, is
equivalent to the inductive definition using Kleene’s fixpoint theorem.

This implies that for deterministic calculi employing only beta-reduction, applicative
similarity can be equivalently defined as s < t, iff for all n > 0 and closed expressions r;,1 =
1,...,n, the implication (s r1...7,)dp = (¢t r1...7,)p holds, provided the calculus is
convergence-admissible, which means that for all r: (s r)lpv <= ' : slpv' A (V' r)pv

(see Def. [4.5]).
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This approach has a straightforward extension to calculi with other types of reductions,
such as case- and seq-reductions. The calculi may also consist of a set of open expressions,
contexts, and answers, as well as a subcalculus consisting of closed expressions, closed
contexts and closed answers. We will use convergence-admissibility only for closed variants
of the calculi.

In the following we assume D = (E,C,—, A) to be an untyped deterministic calculus
and Q C C be a set of functions on expressions. Note that the relations <p g and <p ¢
are defined in Definitions and [2.6], respectively.

Lemma 4.1. For all expressions s1,s2 € E the following holds: s1 <p,g s2 if, and only if,
sidpv1 = (s2dpv2 AVQ € Q: Q(v1) <p,0 Q(v2))-

Proof. Since <p ¢ is a fixpoint of F)p o, we have <p o = Fp o(<p,0). This equation is
equivalent to the claim of the lemma. ]

Now we show that the operator Fp g is lower-continuous, and thus we can apply
Kleene’s fixpoint theorem to derive an alternative characterization of <p o.
For infinite chains of sets S1,55..., we define the greatest lower bound w.r.t. set-

inclusion ordering as glb(S1,S2,...) = ) Si.
i=1

Proposition 4.2. Fg is lower-continuous w.r.t. countably infinite descending chains C' =
m2n2 2 ..., e glb(Fo(C)) = Fo(glb(C)) where Fo(C) is the infinite descending chain
Fo(m) 2 Fo(n) 2.

Proof. “27: Since glb(C') = () m:, we have for all i: glb(C) C n;. Applying monotonicity
=1

of Fg yields Fo(glb(C)) C Fgo(n;) for all . This implies Fo(glb(C)) C () Fo(m:), i.e.
=1

Fo(glb(C)) C glb(Fo(C)).

“C”: Let (s1,s2) € glb(Fo(C)), i.e. for all i: (s1,s2) € Fo(n;). Unfolding the definition
of Fg gives: Vi : silpvi = (s2dpv2 AVQ € Q: Q(v1)n; Q(v2)). Now we can move
the universal quantifier for ¢ inside the formula: s1lpv; = (s2lpva AVQ € Q : Vi
Q(v1)n; Q(v2)). This is equivalent to s1lpv; = (s2dpv2 AVQ € Q : Q(v1) ( N m) Q(v2))

=1

or s1lpvy = (S2dpeAVQ € Q: (Q(v1),Q(v2)) € glb(C)) and thus (s1, s2) GZ%'Q(glb(C’)).

U]
Definition 4.3. Let <p, g, for ¢ € Ny be defined as follows:
<p,g0 = ExEand=<pgi; = Fpo(xp,0i-1)ifi>0
o
Theorem 4.4. <D,0 = n <D,Q,i
i=1

Proof. The claim follows from Kleene’s fixpoint theorem, since Fg is monotonous and lower-
continuous, and since <p,gi+1 € <p,g; for all i > 0. [l

This representation of <p g allows inductive proofs to show similarity. Now we show
that Q-similarity is identical to <p ¢ under moderate conditions, i.e. our characterization
result will only apply if the underlying calculus is convergence-admissible w.r.t. Q:

Definition 4.5. An untyped deterministic calculus (E,C, —, A) is convergence-admissible
w.rt. Qif, and only if VQ € Q,s e E,v € A : Q(s)lpv < T : slpv/ AQ(W)|pv
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Convergence-admissibility can be seen as a restriction on choosing the set Q: In most
calculi (subsets of) reduction contexts satisfy the property for convergence-admissibility,
while including non-reduction contexts into Q usually breaks convergence-admissibility.

Lemma 4.6. Let (E,C, —, A) be convergence-admissible w.r.t. Q. Then the following holds:

e 51 <pos2 = Q(s1) <p,g Q(s2) for all Q € Q
e s1<po 82,81\LDU1, and 32~LDU2 = v1 <D,Q V2

Proof. The first part is easy to verify. For the second part it is important that D is deter-
ministic. Let s1 <p g s2, and s1)pv1, salpvs hold. Assume that Qi(...(Qn(v1)))lpv] for
some n > 0 where all Q; € Q. Convergence-admissibility implies Q1(... ((Qn(s1))))dpv].
Now s1 <p.g sz implies Q1(...(Qn(s2)))dpvs. Finally, convergence-admissibility (applied
multiple times) shows that solpve and Q1(. .. (Qn(v2)))dpvh holds. Il

We prove that <p o respects functions @ € Q provided the underlying deterministic
calculus is convergence-admissible w.r.t. Q:

Lemma 4.7. Let (E,C,—,A) be convergence-admissible w.r.t. Q. Then for all s1,s2 € E :
51 <p,0 852 = Q(s1) <p,0 Q(s2) for all Q € Q

Proof. Let s1 <p,g 2, Qo € Q, and Qo(s1)]pv1. By convergence admissibility 1 pv} holds
and Qo(v])lpv1. Since s1 <p,g $2 this implies so) pvh and for all Q@ € Q : Q(v]) <p,o Q(vh).
Hence, from Qo(v})dpv1 we derive Qo(v5)]pve. Convergence admissibility now implies
Qo(s2)d pva-.

It remains to show for all @ € Q: Q(v1) <p,0 Q(v2): Since Qo(v]))pv1 and Qo(vh)l pv2,
applying Lemma LT to Qo(v}) <p,0 Qo(vs) implies Q(v1) <p,0 Qve) for all Q@ € Q. [

We now prove that <p o and OQ-similarity coincide for convergence-admissible deter-
ministic calculi:

Theorem 4.8. Let (E,C,—,A) be convergence-admissible w.r.t. Q. Then <p o = <p.o-

Proof. “C”: Let s1 <p g s2. We use Theorem [4.4] and show s; <p g s2 for all i. We use
induction on i. The base case (i = 0) obviously holds. Let ¢ > 0 and let syl pv1. Then
s1 <p,o s implies sa|pve. Thus, it is sufficient to show that Q(v1) <p,0,i—1 @(v2) for all
Q@ € Q: As induction hypothesis we use that s; <p o s = s1 <p,0,i—1 s2 holds. Using
Lemma twice and s; <p o s2, we have Q(v1) <p o Q(v2). The induction hypothesis
shows that Q(v1) <p,0,i—1 Q(v2). Now the definition of <p o; is satisfied, which shows
$1 <D,0Q,i 52-

“D”: Let 51 <p,g s2. By induction on the number n of Q-contexts we show Vn,Q; € Q :
Q1(... (Qn(s1))dp = Qi(...(Qn(s2)))dp. The base case follows from s; <p o s2. For
the induction step we use the following induction hypothesis: t1 <p g to = Vj <n,Q; €

Q:Q(... (Qj(tl)))J,D — Ql( .. (Qj(tg)))J,D for all t1,t5. Let Ql( .. (Qn(s1)))dp. From

Lemma 7 we have 1 <p o r2, where 7, = Qn(s;). Now the induction hypothesis shows

that Ql( .. (Qn_l(rl)))iD == Ql( .. (Qn—l(r2)))¢D and thus Ql( .. (Qn(SQ)))\LD ]
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<lce contextual preorder in lcc
<lCC ::::::::::::::‘:::::::::::::: #lOCCQ Thm: _lo -\<locc Open eXtenSiOl’l Of Similarity in lcc
— )& lee cc,Qlec . . .
\ <cand  co-inductively defined candidate rela-
Thm E@\ o /Thm 37 tion for Howe’s technique
e ﬁlocc Q.. OPEN extension of Q-similarity in L
’ cC
Thm E23 | with Q = Qiec
=< cand é?c Q. OPEN extension of contextual preorder in

L. restricted to contexts Qe

Figure 8: Structure of soundness and completeness proofs for similarities in L;... The =!=
indicates a required equality which can only be proved via Howe’s technique.

4.2. Applicative Simulation in L;... In this section we will show that applicative simi-
larity and contextual preorder coincide in L.

Notation. In abuse of notation we use higher order abstract syntax as e.g. in [How89)]
for the proof and write 7(..) for an expression with top operator 7, which may be all possible
term constructors, like case, application, a constructor, seq, or A, and 6 for an operator
that may be the head of a value, i.e. a constructor or .

Definition 4.9. For a relation 7 on closed Ey-expressions 7° is the open extension on Lj.:
For (open) Ejy-expressions si, s2, the relation s; 7° so holds, if for all substitutions o such
that o(s1),0(s2) are closed, the relation o(s1) 7 o(s2) holds. Conversely, for binary relations
i on open expressions, (u)¢ is the restriction to closed expressions.

We say a binary relation p is operator-respecting, iff s; p t; for ¢ = 1,...,n implies
T(S1y ey 8n) 1 T(t1, . oy tp).

Note that 7 and 6 may also represent the binding A using A(x.s) as representing Az.s.
For consistency of terminology and treatment with that in other papers such as [How89],
we assume that removing the top constructor Az in relations is done after a renaming. For
example, Az.s p Ay.t is renamed before further treatment to Az.s[z/x] p Az.t[z/y] for a fresh
variable z.

Plan of Subsection We start by explaining the subgoals of the soundness and
completeness proofs for similarities in L., and its structure, illustrated in Fig.[8l The main
result we want to show is that contextual preorder <;.. and 4‘1’607@66 coincide, where 4‘1’60’@@
is the open extension of <cc ., and <ic,q,,, is @-similarity introduced in Definition
instantiated with the subcalculus of L;.. which consists of closed expressions, closed contexts,
and closed answers, and Q). is a specific set of small closed L;..-contexts. Q-similarity does
not allow a direct proof of soundness and completeness for contextual equivalence using
Howe’s method [How89, [How96], since it is not stated in terms of the syntactic form of
values derived by evaluation. We overcome this obstacle by defining another similarity <.
in Lj.. for which we will perform the proof of soundness and completeness w.r.t. contextual
preorder. Since the definition of <;.. does not obviously imply that <;.. is a precongruence,
a candidate relation < .4,q is defined, which is trivially compatible with contexts, but needs
to be shown to be transitive. After proving <cand= <7,.., %.€. that <7 . is a precongruence,
soundness of <7 =~ w.r.t. contextual preorder <., follows. Completeness can then also be
proven. In a second step we prove that <7 ~is sound and complete for contextual
equivalence, i.e.<j, = <lee. O After showing that L;.. is convergence-admissible we are
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also able to show that the inductive description <. g,. of Q-similarity coincides with
4100,@166-

Another obstacle is that the contextual preorder contains the irregularity Az.Q <.
¢ 81 ...8y, for any constructor ¢. This requires an adapted definition of the similarity relation,
and a slightly modified proof route.

In the following let cBot be the set of Ey-expressions s with the property that for all
E)-substitutions o: if o(s) is closed, then o(s);... That Ax.s <j. (¢ s1...$,) indeed holds
is shown in Proposition Now we define an applicative similarity <. in L. analogous
to [How89, [How96], where this irregularity is taken into account.

Definition 4.10 (Similarity in L;..). Let n be a binary relation on closed Ey-expressions.
Let Fj.. be the following operator on relations on closed Ejy-expressions:
s Fiee(n) t holds iff

o sl Ars’ = (thArt and 8" % ¢/, or
thiee(c ty...t)) and ' € cBot)
o slie(csy...sh) = (tly(cty...t),) and the relation s; n t] holds for all 7)

Similarity <. is defined as the greatest fixpoint of the operator Fj... Bisimilarity ~..
is defined as s ~j.. t il 8 <jee T AL <ypee S-

Note that the operator Fj.. is monotone, hence the greatest fixpoint <., exists.

4.2.1. Similarity and Contextual Preorder Coincide in Lj... Although applying Howe’s proof
technique is standard, for the sake of completeness, and to demonstrate that the irregular-
ity Ax.Q <y (¢ $1...8,) can also be treated, we will explicitly show in this section that
<% = <icc using Howe’s method [How89 [How96].

Lemma 4.11. For a relation n on closed expressions it holds ((n)°)¢ = n, and also s n° t
implies o(s) n° o(t) for any substitution o. For a relation p on open expressions, u C
((1)€)° is equivalent to s pt = o(s) (u)€ o(t) for all closing substitutions o. Il

Proposition 4.12 (Co-Induction). The principle of co-induction for the greatest fixpoint
of Fi.e shows that for every relation n on closed expressions with n C Fj..(n), we derive
N C <yee- This obviously also implies (7)° C (Kee)®- []

The fixpoint property of <;.. implies:

Lemma 4.13. For a closed value 01(s1, ..., Sp), and a closed term t with 01(s1,...,Sn) <ice

t, we have tl,. O2(t1,...,t,), and there are two cases:

(1) 61 = 02 are constructors or X and s; <9, t; for all i.

(2) 01(s1,...,8n) = A(z.s) with s € cBot and 02 is a constructor.

Lemma 4.14. For two expressions s,t: s € cBot implies s <{,. t. Thus any two expressions

s,t € cBot are bisimilar: s~ t. ]
Particular expressions in cBot are (case (Az.s) alts) and (c(s1,...,8,) a1...ay) for

m > 1; also s € cBot implies that (s t), (seq s t), (case s alts) and o(s) are also in cBot.
Lemma 4.15. The relations <. and <7,. are reflexvive and transitive.

Proof. Reflexivity follows by showing that 7 := <. U {(s,s) | s € Ej, s closed} satisfies
7 C  Fie(n). Transitivity follows by showing that 7 = <je U (Kiee © <iee) satisfies
17 C Fle(n) and then using the co-induction principle. ]
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The goal in the following is to show that <. is a precongruence. This proof proceeds
by defining a precongruence candidate =<..,q as a closure of <. within contexts, which
obviously is operator-respecting, but transitivity needs to be shown. By proving that <7
and =< g coincide, on the one hand transitivity of < 4nq follows (since <. is transitive)
and on the other hand (and more importantly) it follows that <. is operator-respecting
(since < cqna is operator-respecting) and thus a precongruence.

Definition 4.16. The precongruence candidate < 4,4 is a binary relation on open expres-

sions and is defined as the greatest fixpoint of the monotone operator F,,,q on relations on

all expressions:

(1) @ Fegna(n) siff x <9, s

(2) ’7'(81, . Sn) Feand(n) s iff there is some expression 7(s),...,s;,) <%, s with s; n s} for
=1,.

Lemma 4.17. If some relation n satisfies 1 C Feana(n), then 1 C < cand- U]

Since < egng 1S a fixpoint of Fi4,q, we have:

Lemma 4.18.

(1) T <Xcand S Zﬁ$ <?cc S

(2) 7(s1,...,5n) <cand S iff there is some expression 7(s,...,s)) <. § with S; <cand S
fori=1,...,n. O

Some technical facts about the precongruence candidate are now proved:

Lemma 4.19. The following properties hold:

(1) <cand 1s reflexive.

(2) <cand and (K cand )¢ are operator-respecting.

(3) 4(1)00 C <X cand and <iee © (ﬁcand)c-

(4) <cand © —<lcc C <cand-

(5) (3 < cand sSAt= S cand t/) - t[S/.Z'] cand t/[ //.Z']

(6) S <cand t implies that o(8) < candg o(t) for every substitution o.
(7) < cand - ((ﬁcand)c)o

Proof. Parts (Il) - (@) can be shown by structural induction and using reflexivity of <7 ..
Part (@) follows from the definition, Lemma [4.I8] and transitivity of <.

For part (@) let n := < canqg U {( [s/x],7"[s'/x]) | ¥ S cana T'}. Using co-induction it suf-
fices to show that N C Feand(n): In the case & < cgna 7', we obtain z <9, v’ from the defi-
nition, and s %9 r'[s'/x] and thus z[s/z] < cand r'[s'/x]. In the case y <cang 7', We obtain
y <9, v’ from the definition, and y[s/z] =y < \lcc r'[s'/x] and thus y = y[s/z] <cand T'[5 //x]

Ifr=7(rq,.. Tn) T <cand 7' and r[s/x] n r'[s'/z], then there is some 7(r,...,7,) <5, r’
with 7; <¢cand 5. W.lo.g. bound variables have fresh names. We have r;[s/x] n r}[s’/z] and
r(rl, 1)l 2] <8, [/ ). Thus rls/] Fouma(n) s’ /).

Part (@) follows from item (). Part () follows from item (@) and Lemma Tl (]

Lemma 4.20. The middle expression in the definition of < cang can be chosen to be closed if
s,t are closed: Let s = 7(sq,... ,sar(T)), such that s <cqng t holds. Then there are operands

L, such that T(sy,...,s/ (7)) is closed, Vi : s; <cana S, and 7(s},..., s r )) <9 t.

S5 ) “ar ) “ar lee
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Proof. The definition of < 4,q implies that there is an expression 7(s7,. .. ,Sar(T)) such that
Si <cand S; for all i and 7(s7,... ,s;r(T)) <%. t. Let o be the substitution with o(x) :=r,
for all z € FV(7(sY,... ,s;’r(T))) where r, is any closed expression. Lemma now shows
that s; = 0(si) <cana 0(s) holds for all i. The relation o(7(s/,... ,s;’r(T))) <9, t holds,
since t is closed and due to the definition of an open extension. The requested expression
is 7(a(s), ... ,a(sgr(T))). O

. . lec. . .
Since reduction — is deterministic:
I
Lemma 4.21. If s — &', then s’ <%, s and s <3, §'. O

Lemmas E.2T] and ET9 imply that <cunq is right-stable w.r.t. reduction:

Lemma 4.22. If s <cqna t and t Lee, t', then s <cana t'- L]

We show that <44 is left-stable w.r.t. reduction:

Lemma 4.23. Let s,t be closed expressions such that s = 0(s1,...,8,) i a value and
S <cand t- Then there are two possibilities:
(1) s = Ax.sy and t.c(t1,...,t,), where ¢ is a constructor;
. . l .

(2) there is some closed value t' = 0(t1, ..., t,) witht ZON ¥ and for alli: s; <ecand ti-
Proof. The definition of < 4,q implies that there is a closed expression 6(¢],...,t,) with
Si <ecand t; for all i and 0(t},...,t]) < t. Lemma LT3 implies that t|;,, hence either

1 1
t S5 () or £ 25 At

. lec, . o1
e First let @ = X. The case t —= ¢(t”,...,t") is possibility (I) of the lemma.

I . . o
In the second case, t Lor Az.t], Lemma F.22] implies Az.s1 <cand Az.t]. Definition
of < cana and Lemma .20l now show that there is some closed Az.t!" with s1 <cana t]’
and Az.t]" <. Ax.t]. The latter relation implies t{" <9 ¢/, which shows s\ < cand t] by

lcc
Lemma ET9 ).

e If 0 is a constructor, then there is a closed expression 0(t,...,t)) with $; <cund t; for
lee,*

all i and 6(t},...,t)) < t. The properties of < 1mply that ¢ —= 0(t,...,t!)) with
t; <lce t;/ for all 4. By definition of <c4nq and Lemma [ (IZD, we obtain s; <cand t;/ for
all 4. D

.. . ! .
Proposition 4.24. Let s,t be closed expressions, s <cana t and s —s s where s is the
redex. Then s’ <cand t.

Proof. The relation s <¢qnq t implies that s = 7(s1,...,$,) and by Lemma (420 there is

some closed ¢ = 7(t},...,t)) with s; < cana t; for all 4 and t <9, t

e For the (nbeta)-reduction, s = (s; s2), where s; = (Az.s}), s2 is a closed term, and
t' = (t} t}). Therelation (A\x.s}) = s1 < cand t) implies that there exists a closed expression
Az.t] <9, t] with s <cana t7.

*

o The first case is t} Leerx, ¢(...) and t{ € cBot. Lemma 19 implies Az.s| < cana Az.tY,
and again by Lemmalml, we derive 31[82 /] <L cand t[s2/x], where t{[sa/ :17] € cBot. Then

t[s2/x] <9, t by Lemma E.14] which implies s} [s2/2] < cana t. Since s LN sh[s2/x], the
lemma. is proven for this case.
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o The second case is t} o . t7" with ¢ <9, t!". We also obtain \z.t{ <9 Az.t", and

by the properties of <9, w.r.t. reduction, also t{[ty/x] <7, t"[th/x]. Fromt’ —— fecx — t'[th /]
we obtain t{'[th/2] <iee t. Lemma 19 and transitivity of <. now show s}[s2/x] < cand
t[th/x]. Hence s1[s2/x] < cand t, again using Lemma .19

° Slmllar arguments as for the second case apply to the case-reduction.

e Suppose, the reduction is a (nseq)-reduction. Then s < ¢4nq t and s = (seq s1 s2). Lemma
20 implies that there is some closed (seq t] th) <%, t With $; < cand t;. Since s; is a value,

Lemma [£.23] shows that there is a reduction t’l —CC—> t , where t1 is a value. There are the

. l lee, l
reductions s — sy and (seq t] th) —» (seq t! th) < th. Since th <9, (seq t) th) <% t,
and $2 < cand th, we obtain s < cand t- ]

Proposition 4.25. Let s,t be closed expressions, s <cund t and s lc—c> s'. Then s <ogna t.

Proof. We use induction on the length of the path to the redex. The base case is proven

lec

in Proposition .24l Let R][s|,t be closed, R[s] <canqg t and R[s] — R[s'], where we
assume that the redex s is not at the top level and that R is an Lj.-reduction con-
text. The relation R[s| < cqng t implies that R[s] = 7(s1,...,s,) and that there is some

lee

closed expression t' with ¢’ = 7(t},...,t,) <0, t with s; <cana t; for all i. If s; — s
then by induction hypothesis s;- < cand t}. Since =< qng 1S Operator-respecting, we also ob—
tain R[s'] = 7(s1,...,8j-1,57, 85415+, 5n) Seand T, ) 1,5t q,...,1,), and from

T(t), ..., th) <8

<9, t we have R[s'| = 7(s1,.. .,sj_l,sg,sj+1, .. sn) <cand t- O
Lemma 4.26. If Ax.s, Ax.t are closed, A\x.S <X cang AT, and t € cBot, then also s € cBot.
Proof. For any closed r, we also have (Ax.s) r <cuna (Ax.t) 7, since =<.4nq iS Operator-

. . lec,
respecting. From ¢ € cBot, we obtain that (Az.t) 7)f1,.. Now suppose that (Az.s) r —— s,
where s is a value. Lemma [£25] implies that s’ < g (Az.t) 7. Now Lemma 23] shows
that this is impossible. Hence s € cBot. L]

Now we can prove an improvement of Lemma .23}

Lemma 4.27. Let s,t be closed expressions such that s = 0(s1,...,sy,) is a value and
S <cand t- Then there are two possibilities:
(1) s = Aw.s1, td.c(te, ..., ty) where ¢ is a constructor, and s1 € cBot.

. . lee, .
(2) there is some closed value t' = 0(t1,...,t,) witht S5 and for all i S; <eand ti-
Proof. This follows from Lemma .23l and Lemma [£.26] ]

Now we are ready to prove that the precongruence candidate and similarity coincide.

Theorem 4.28. (Scand)’ = ice 0nd Scand = <,

ee*

Proof. Since < C (KX eand)® by Lemma [£T9] we have to show that (Xcend)¢ € <ice- There-
fore it is sufficient to show that (<cqnq)¢ satisfies the fixpoint equation for <. We
show that (Xcand)® € Flee((Reand)©). Let s (Xeand)© t for closed terms s,t. We show

that s Fiee((Reand)©) t: If s e, then s Fioo((Keand)©) t holds by Definition EI0l If

$d1ec0(S1y -+ -y Sn), then O(s1, ..., Sn) (Keand)¢ t by Proposition [4.25]
Lemmas [£.25] and 4.27] show that there are two possibilities:
lee,*

o t —— c(t1,...,t,) for a constructor ¢, sl Az.s1, and s; € cBot.
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LN H(tl, .., tp) and for all 7 : s; < cand ti-
This implies s F; ZCC((\ cand)©) t. Thus the fixpoint property of (X cang)¢ w.r.t. Fje. holds, and
hence (4cand) = <lce-

Now we prove the second part The first part, (Xcand)¢ € <ice, implies ((Xcand))° C
<7, by monotonicity. Lemma EI9 (@) implies <canda € ((Kcand))’ € <. The other

direction is proven in Lemma [£T19] (3). ]
Since <7, is reflexive and transitive (Lemma T3] and (< canq)® is operator-respecting

(Lemma .19 ([2)), this immediately implies:

Corollary 4.29. <7  is a precongruence on expressions Eyx. If o is a substitution, then
s X9 t implies o(s) 9., o(t). L]

Lemma 4.30. 7. C <.

Proof. Let s,t be expressions with s <7t such that C[s]|;... Let o be a substitution that
replaces all free variables of C[s], C[t] by Q. The properties of the call-by-name reduction
show that also o(C[s]|)!.. Since o(C[s]) = o(C)[o(s)], U(C’[t]) = o(C)[o(t)] and since
o(s) <%, o(t), we obtain from the precongruence property of <? _ that also o(C[s]) <ec
o(C[t]). Hence o(C[t])d}.- This is equivalent to C[t]},., since free variables are replaced
by €2, and thus they cannot overlap with redexes. Hence <7, C <. L]

Corollary 4.31. s lc—c> s' implies s ~.. s'. Thus the reduction rules of the calculus L.
are correct w.r.t. ~.. 1n any context.

Proof. This follows from Lemmas [£.21] and ]

Now we show a characterization for [Ey-expressions, which includes the previously men-
tioned irregularity of <j.:

Proposition 4.32. Let s be a closed Li..-expression. Then there are three cases: s ~j. (1,
§ ~iee Ax.s' for some s, s~y (¢ S1...8,) for some terms si,..., 8, and constructor c.
For two closed Lj..-expressions s,t with s <je. t: Fither s ~. Q, or s ~j (¢ $1...5y),
t~e (cty. n) and s; <y t; for alli for some terms 81, . Sn,tl, .., ty and constructor
C, 0T S ~ee )\x s’ and t ~.. \v.t' for some expressions s’ t’ with s" <9 _t', or s ~j. Ax.s’
and t ~ye (¢ t1...t,) for some term s’ € cBot, expressions t1,...,t, and constructor c.

Proof. We apply Lemma Corollary [4.371] then shows that using reduction the classifi-
cation of closed expressions into the classes w.r.t. ~j. holds.

For two closed Lj..-expressions s,t with s <. t: we obtain the classification in the
lemma but with <. instead of <;... For the three cases s ~.. €2, both s,t are equivalent
to constructor expressions, and both s, ¢ are equivalent to abstractions, we obtain also that
$ <jee t. In the last case A\x.s’ <y (¢ 81-.. 8,), we also obtain from the <..-definition, that
it is valid and from Lemma [£30, that it implies A\x.s’ <. (¢ s1...5,). Other combinations
of constructor applications, abstractions and 2 cannot be in <. -relation:

o (cty...ty) Liee Q and Ax.s Lo Q since the empty context distinguishes them.

e (c1 81...8,) Liee (2 t1...ty): Let C :=caser || (c1 x1...2, — Ay.y) alts where all al-
ternatives in alts have right hand side . Then C[(c1 s1 ... Sn)[diee Put Cl(c2 t1 - .- )] ce-

e (¢S1...8) Lice (Cty...ty)if 8; Lyee ti: Let context D be the witness for s; €y t;. Then
C = caser [| (c x1...xy, — D[z;]) distinguishes (¢ s1...s,) and (¢ t1...1ty)

e (¢ 51...8,) Lice (Ax.t): The context caser [-] (c x1... x, = A\y.y) alts is a witness.
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e \r.s Lo Ax.t if s Ly t: Let D be the witness for s €y, t. Then C = DI([:] )]
distinguishes Az.s and Ax.t.

o 2.8 Lie (cty...ty) if s & cBot: Since s € cBot and FV (s) C {x}, there exists a closing
substitution ¢ = {x — r} such that o(s)l,.. For the context C = ([:] r) the expression
C[Ax.s] converges while C[(c t; ...t,)] diverges. O

Lemma 4.33. <. C <9

lec”

Proof. The relation <, satisfies the fixpoint condition, i.e. <{.. C Fj..(<Y,.), which follows

—lce

from Corollary [4.31] and Proposition [4.32] ]
Lemmas [4.30] and A.33] immediately imply:
Theorem 4.34. <7, = <. ]

4.2.2. Alternative Definitions of Bisimilarity in L;... We want to analyze the translations
between our calculi, and the inherent contextual equivalence. This will require to show that
several differently defined relations are all equal to contextual equivalence.

Using Theorem [4.8] we show that in L;.., behavioral equivalence can also be proved
inductively:

Definition 4.35. The set Q.. of contexts () is assumed to consist of the following contexts:

(i) ([] r) for all closed r,
(ii) for all types T, constructors ¢ of T', and indices i:
(caser [] of...(c T1...Tar() — ¥i)...) where all right hand sides of other case-
alternatives are 2,
(iii) for all types 7" and constructors ¢ of T (caser [] of...(c &1...Za() — True)...)
where all right hand sides of other case-alternatives are €.

The relations <ec.Q,., <icc,Q,. are instantiations of Definitions and Definition 2.6} re-
spectively, with the set ;.. and the closed part of L,.. consisting of the subsets of all closed
[E-expressions, closed contexts Cy, and closed answers Ay..

Lemma 4.36. The calculus Lj.. is convergence-admissible in the sense of Definition [4.5],
where the Q-contexts are defined as above.

Proof. Values in L. are L;..-WHNFs. The contexts ) are reduction contexts in L;... Hence
every reduction of Q[s] will first evaluate s to v and then evaluate Qv]. O

o

— J— J— o —_ o
Theorem 4.37. <lcc - <lcchlcc - Slcchlcc and %lcc_ <lCC7Qlcc - SZCC,QZCC
Proof. Theorem .8l shows <icc,Q,. = <icc,Qp. Sihce Li. is convergence-admissible.

The first equation is proved by showing that the relations satisfy the fixpoint equations
of the other one in Definition 10| and [2.5] respectively.

® <ice € Fo(Siee): Assume s <. t for two closed s,t. If si;..v, then t|;, w for values
v,w. Since reduction preserves ~.., the fixpoint operator conditions are satisfied if v, w
are both abstractions or both constructor applications. If v = Az.s’ with s’ € cBot and
w = c(t1,...,tn), Q(v) diverges for all @, hence s F(<icc) t-

® <ice.0ue © Free(Sice,Qu, ): Assume s <ec 0, t- Let sl,.v. Then also t,..w for some value
w. In the cases that v,w are both abstractions or both constructor applications, when
using appropriate @ of kind (ii) or (iii), the Fj..-conditions are satisfied. If v = Az.s" and
w = c(t1,...,t,), we have to show that s’ € cBot: this can be done using all Q-contexts
of the form ([] r), since (w r)f;,. in any case. Il
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Definition 4.38. Let CE).. be the following set of closed E)-expressions built from con-
structors, 2, and closed abstractions. These can be constructed according to the grammar:

7€ CEic =02 | Az.s | (€71 Tar(e))

where \x.s is any closed Ey-expression.
The set Qg is defined like the set Q.. in Definition E.35] but only expressions r from
CE\. are taken into account in the contexts ([] r) in (i).

We summarize several alternative definitions for contextual preorder and applicative
simulation for L., where we also include further alternatives. () is contextual preorder,
() the applicative simulation, (B]), (4]) and (Bl are similar to the usual call-by-value variants,
where () and (B]) separate the closing part of contexts, where (Bl can be seen as bridging
the gap between call-by-need and call-by-name. (7)) is the Q-similarity, (8] is a further
improved inductive QO-simulation by restricting the set of test arguments for abstractions,
and (@) is the co-inductive version of (g]).

Theorem 4.39. In L., all the following relations on open Ey-expressions are identical:

(1) <lcc-

(2) <(ljcc'

(3) The relation <1 defined by s1 <iec1 s2 iff for all closing contexts C: C[sill;, =
C[S2H/lcc'

(4) The relation <. 2, defined as: s1 <ic2 s2 iff for all closed contexts C and all closing
substitutions o: Clo(s1)[de = Clo(s2)diee-

(5) The relation <3, defined as: s1 <iec3 s2 iff for all multi-contexts M-, ..., | and all
substitutions o: M[o(s1),...,0(81)[dje = Mlo(s2),...,0(52)[d1ec-

(6) The relation <icc 4, defined as: s1 <jcca 52 iff for all contexts C[-] and all substitutions
o C[U(sl)]\l/lcc = C[J(SQ)H/ZCC'

(7) SZOCC7QZCC

(8) The relation <9, Qo where <jee.p 05 defined as in Definition 2.6 instantiated by the

closed part of ch; and by the set Qcg in Definition [{.38
9) The relation < is defined as in Definition [2.1 instantiated by the closed part o
lec,QoE

Li.. and by set Qcg in Definition [{.38

Proof. ¢« (1) < (@) <= ([@): This is Theorem .34 and Theorem E.3T]
e ) < @): The “="-direction is obvious. For the other direction let s; <j.1 s2
and let C' be a context such that () # FV(Cl[s1]) U FV(Cls2]) = {z1,...,2,} and let

. lee,* . . . .
C[s1)diee, i-€. Cls1] —= v where v is an abstraction or a constructor application. Let
lce,nbeta, ’

C' = (M\x1,...,2,.C) Q...Q. Then C'[s;] —— s = C[s][Q/x1,...,Q/x,] for

(3
n-times
i = 1,2. Tt is easy to verify that the reduction for C[si] can also be performed for

. . . lec, .
s/, since no reduction in the sequence C[s1] —= v can be of the form R[z;] with R

being a reduction context. Thus C’[s;]};... Since C’[s;] must be closed for ¢ = 1,2, the

o . . lee, .
precondition implies C’[s5]};,. and also shl,,. W.lo.g let sh — o/ where v/ is an
L;..-WHNF. It is easy to verify that no term in this sequence can be of the form R[],
where R is a reduction context, since otherwise the reduction would not terminate (since

R[] feet, R[Q]). This implies that we can replace the Q-expression by the free variables,
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i.e. that C[s9];... Note that this also shows by the previous items (and Corollary [£.3T])
that (nbeta) is correct for ~.

e (I) < (@): This follows from Corollary E.3Ilsince closing substitutions can be simulated
by a context with subsequent (nbeta)-reduction. This also implies that (nbeta) is correct
for ~jec2 and by the previous item it also correct for ~j.. 1 (where ~jc. = <jeei N >ieci)-

e (@) < () The direction “ =" is trivial. For the other direction let s; <., s and let
C be a context, o be a substitution, such that Clo(s1)]};... Let o = {1 — t1,... 2y — t,}

nbeta,n

and let C' = C[(A\x1,...,2n.["]) t1 ... t,]. Then C'[s;] ——— C[o(s1)]. Since (nbeta)-
reduction is correct for ~y.., we have C'[s1]};.- Applying s1 <i s2 yields C'[s2]) -

Since C'[s5] nbeta,n C[o(s2)] and (nbeta) is correct for ~y.., we have C[o(s2)]{ e

e B) < ([@): Obviously, s1 <jec;3 52 = 81 <jeca 2. We show the other direction by
induction on n — the number of holes in M — that for all Ey-expressions s1, s2: 51 <jec4 52
implies M[o(s1),...0(s1)[diee = M[o(s2),...0(52)[d1cc-

The base cases for n = 0,1 are obvious. For the induction step assume that M has
n > 1 holes. Let M’ = M[o(s1),-2,...,n) and M" = M[o(s2),-2,...,n]. Then obvi-
ously M'[o(s1),...,0(s1)] = Mlo(s1),-..,0(s1)] and thus M'[o(s1),...,0(81)]d}. For
C =Ml1,0(s1),...,0(s1)] we have Clo(s1)] = M'[o(s1),...,0(s1)] and also Clo(s2)] =
M"[o(s1),...,0(s1)]. Since Clo(s1)]s, the relation s <j 4 2 implies that Clo(s2)]d e
and hence M"[o(s1),...,0(51)]jec. Now, since the number of holes of M” is strictly
smaller than n, the induction hypothesis show that M"[o(s2),...,0(s2)] ;- Because of
M"[o(s2),...,0(s2)] = M[o(s2),...,0(s2)] we have M[o(s2),...,0(52)[d1ee-

e (1) < (8): The direction () = (&) is trivial.

For the other direction we show that §7CC7QCE - S(l)cclecc by showing that the inclusion
<iee,Qop S Zice,Q,, holds. Let s1,s2 be closed expressions with s1 <. ., s2 and let
Q1f--- Qnls1] - e for Qi € Qiee. Let m be the number of normal-order-reductions
of @Q1]...Qn[s1]...] to an L;..-WHNF. Since the reduction rules are correct w.r.t. ~,
for every subexpression r of the contexts @Q;, there is some r’ with ' <. r, where
r" € Qcp, which is derived from r by (top-down)-reduction, which may also be non-normal

order, i.e. T Eﬂ) Tm+1 Where 7,11 has reducible subexpressions (not in an abstraction)
only at depth at least m + 1. All those deep subexpressions are then replaced by £,
and this construction results in 7. By construction, r’ <;. r. We do this for all the
contexts @;, and obtain thus contexts @}. The construction using the depth m shows
that (Q)[. .. [Q[s1]]])41cc, since the normal-order reduction does not use subexpressions
at depth greater than m in those r’. By assumption, this implies (Q[. .. [@}[s2]]])41ccs
and since (Q)[. .. [QL[s2]]]) <ice (Q)[.--[Q)[s2]]), this also implies (Q1]. .. [Qn[s2]]])-

e B) < (@): This follows for the relations on closed expressions by Theorem [4.8] since
the deterministic calculus (see Def. 21]) for L;.. with Qcg as defined above is convergence-
admissible. It also holds for the extensions to open expressions, since the construction
for the open extension is identical for both relations. ]

Also the following can easily be derived from Theorem and Corollary 371

Proposition 4.40. For open Ej-expressions s1, s2, where all free variables of s1,s2 are in
{1, 2} 81 <jee S2 <= AZ1,... 2051 <jee ATL, ... Ty .S2 ]

Proposition 4.41. Given any two closed Ey-expressions s1,82: 81 <je S2 iff the following
conditions hold:
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o If s1liAx.8y, then either (i) salj Ax.sh, and for all (closed) r € CEie: $1 7 <jec S2 7,
or (ii) sad.(c s{...s) and s} € cBot.

o if sily(c s)...sh), then saly.(c sy ...st), and for all i : s, <je s/

Proof. The if-direction follows from the congruence property of <;.. and the correctness of

reductions. The only-if direction follows from Theorem [£.39 L]

This immediately implies

Proposition 4.42. Given any two closed Ey-expressions s1, s2.

e [f s1,89 are abstractions, then s1 <. so iff for all closed r € CEe: s1 7 <jeec S2 T
o Ifsy=(cty...ty) and so = (' t|...t,) are constructor expressions, then s1 <y s2 iff
c=c, n=m and for all i :t; <i.t, O

We finally consider a more relaxed notion of similarity which allows to use known contextual
equivalences as intermediate steps when proving similarity of expressions:

Definition 4.43 (Similarity up to ~.). Let <.~ be the greatest fixpoint of the following
operator Fj.. . on closed L;.-expressions:

We define an operator Fj.. . on binary relations 7 on closed L;..-expressions:
s Fiee~(n) t iff the following holds:

(1) If s ~jee Az.s’ then there are two possibilities: (i) if ¢ ~y. (¢ t1...t,) then s’ € cBot, or
(ii) if t ~j Ax.t’ then for all closed r: (Az.s") r) n (A\x.t') r);
(2) If s ~jee (€ 81...8y) then t ~y (¢ ty...t,) and s; n t; for all i.

Obviously, we have s ¢ ~ t iff one of the three cases holds: (i) s ~jc Ax.s', t ~ee Az t/,
and (Az.s') 7 e~ (Az.t’) r for all closed r; (ii) s ~jee Ax.8', t ~jee (€ t1... 1), and
s € cBot, or (iii) 8 ~ee (€ S1...8n), t ~iee (¢ t1 ... ty), and 8; Xjee,~ t; for all i.

Proposition 4.44. <i.cn = Siee = <., and <, = <0e = Zice-

—lcc? Nliee,~
b

Proof. We show the first equation via the fixpoint equations. (i) We prove that the relation
<ice,~ satisfies the fixpoint equation for <..: Let s <.~ t, where s,t are closed. If
Sdpee(€ s1...8,), then also s ~y. (¢ s1...sy,) which clearly implies ¢};..(c t1...t,), and also
t ~iee (cti...t,). The relation < ~ is a fixpoint of F.. ~(n), hence s; <~ t; for all i.

If sl Az.s" and tl; Az.t’ then similar arguments show ((Az.s") 7) <jeen ((Az.t') 7)
for all r. If s}, Az.s’ and t};..(c t1...t,), then s ~y. Ax.s’ and ¢ ~y. (c t1...t,). Again
the fixpoint property of <. ~ shows s’ € cBot.

(ii) We prove that the relation <. satisfies the fixpoint equation for Fj.. ~: Let s <jc. ¢
for closed s,t. We know that this is the same as s <j.. t. If s ~j. (¢ s1...5y), then clearly

Shige(c 8y ... sl) where (¢ s1...8,) ~iee (¢ 8)...s),). Since in this case t ~j. (¢ t1...t,)

n
and thus t},..(c ¢} ...1),) where t ~j. (¢ ti...tn) ~ie (ct) ... 1)), and also $; <ee ~ t; for
all 7 holds, since reduction is correct. If s ~j,. Az.s’ and s ~j. Az.t’ then s);, Az.s” and
thigeAzt” and (Az.s") 1) <iee~ ((Az.t') 7).
If s ~ie Ax.s" and s ~e. (¢t ... ty), then for s}, Ax.s”, we have Ax.s’ ~i .. A\x.s”, and
since s <. t, the characterization of expressions in Proposition shows s, s” € cBot.[]
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5. THE TRANSLATION W : Lir — Luame

The translation W : Lpgr — Luame is defined as the identity on expressions and contexts,
but the definitions of convergence predicates are different. In this section we prove that
contextual equivalence based on L r-evaluation and contextual equivalence based on L, gme-
evaluation are equivalent. We use infinite trees to connect both evaluation strategies. In
[SS07] a similar result was shown for a lambda calculus without seq, case, and constructors.

5.1. Calculus for Infinite Trees L;... We define infinite expressions which are intended
to be the letrec-unfolding of the E-expressions with the extra condition that cyclic variable
chains lead to local nontermination represented by Bot. We then define the calculus Ly
which has infinite expressions and performs reduction on infinite expressions.

Definition 5.1. Infinite expressions 1 are defined like expressions E, without letrec-
expressions, adding a constant Bot, and interpreting the grammar co-inductively, i.e. the
grammar is as follows

S,T,S;,T; € E&x == x| (S1 S2) | (A\z.S) | Bot
| (¢ S1...Sar(e)) | (seq S1 S2) | (caser S of alts)

In order to distinguish in the following the usual expressions from the infinite ones, we
say tree or infinite expressions. As meta-symbols we use s, s;,t,t; for finite expressions and
S,T,S;, T; for infinite expressions. The constant Bot is without any reduction rule.

In the following definition of a mapping from finite expressions to their infinite images,
we sometimes use the explicit binary application operator @ for applications inside the
trees (i.e. an application in the tree is sometimes written as (@ S; S2) instead of (S S2)),
since it is easier to explain, but use the common notation in other places. A position is
a finite sequence of positive integers, where the empty position is denoted as . We use
Dewey notation for positions, i.e. the position i.p is the sequence starting with 4 followed
by position p. For an infinite tree S and position p, the notation S|, means the subtree at
position p and p(S) denotes the head symbol of S|,.

This induces the representation of an infinite expression S as a (partial) function S
from positions to labels where application of the function S to a position p is written as
p(S) and where the labels are @, caser, (¢ 1 ... z,) (for a case-alternative), seq, ¢, Az,
and z. The domain of such a function must be a prefix-closed set of positions, and the
continuations of a position p depend on the label at p and must coincide with the syntax
according to the grammar in Definition B.11

Definition 5.2. The translation IT : E; — &7 translates an expression s € E, into
its infinite tree IT(s) € &. We define the mapping IT by providing an algorithm that,
computes the partial function I7(s) from positions to labels. Given a position p, computing
p(IT(s)) starts with s||, and then proceeds with the rules given in Fig. @ The first group
of rules defines the computed label for the position €, the second part of the rules describes
the general case for positions. If the computation fails (or is undefined), then the position
is not valid in the tree IT(s). The equivalence of infinite expressions is extensional equality
of the corresponding functions, where we additionally do not distinguish a-equal trees.

Example 5.3. The expression letrec x = x,y = (Az.z) z y in y has the corresponding
tree ((Az1.z1) Bot ((Az2.22) Bot ((Az3.23) Bot ...))).
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Cl(s t)]l] =@

Cl(caser ...)|] — caser

Cllexy... xp = 9)|le] — (cx1 ... x) for a case-alternative

Cl(seq s t)||] — seq

Cl(c s1-.-50)|e] e

Cl(A\x.9)||] = Ax

Clx|l] — x if = is a free variable or a lambda-bound variable in C[z]

The cases for general positions p:

L Cl(Az.5)(1.] = ClAz.(s]|p)]

2. Cl(s t)lp] = Cl(sllp t)]

3. Clls O)lay) > Cl(s )

1 Cliseas Dlliy) — C(seq sl )]

5. Cl(seq s 1)]ay) — Cl(seq s 1],

6. C[(caser s of alt;...alty)|1 ] —  C[(caser sl||p of alt;...alty)]

7. C[(caser s of alty...alt )”(H—l).p] — Cl(caser s ofalt; . altin c..alty)]
8. Cl..(cxy ... l’n—>S)H1.p ] — Cl..(cxy ... l’n—>8||p)...]

9. Cllest...sn)lipl = Cllest...Sillp-..sn)]

10. Cl(letrec Env in s)|[,] — C[(letrec Env in s||,)]

11. Ci[(letrec x = s, Env in Cyz|p])] — Ci[(letrec x = s||,, Env in Ch[z])]
12 Cilletrec z = s,y = Calz||p), . Cilletrec z = sy, y = Calx],

Env in t] Env in t]
13. Ci[(letrec x = Cylz||,), Env in s)] — Ci[(letrec x = Calz]|p, Env in s)]

If the position ¢ hits the same (let-bound) variable twice, then the result is Bot.
(This can only happen by a sequence of rules 11,12,13.)

Figure 9: Infinite tree construction from positions for fixed s

The set C7 of infinite tree contexts includes any infinite tree where a subtree is replaced
by a hole [-]. Reduction contexts on trees are defined as follows:

Definition 5.4. Call-by-name reduction contexts Ree 0f Ly are defined as follows, where
the grammar is interpreted inductively and S € &7:

R.R; € Ripee == []|(RS)| (case R of alts) | (seq R S)

For an infinite tree, a reduction position p is any position such that p(S) is defined and there
exists some R € Ry with R[S'] =S and R|, = []

Definition 5.5. An Ly.-answer (or an Ly...-WHNF) is any infinite £z-expression S which
is an abstraction or constructor application, i.e. €(S) = Az or (S) = ¢ for some constructor
¢. The reduction rules on infinite expressions are allowed in any context and are as follows:

(betaTr) ((Az.S1) S2) — S1[S2/z]

(seqTr) (seq Sy S2) — Sy if Sy is an Lype-answer

(caseTr) (caser (¢ Sy...Sp)of ...(cx1...xp — S")...) = S'[S1/x1,...,50/%n]

If S = R[S)] for a Rie-context R, and S; % Sy for a € {(betaTr), (caseTr), or (seqTr)},

then we say S e, o = R[Ss] is a normal order reduction (tree-reduction) on infinite trees.



SIMULATION IN THE CALL-BY-NEED LAMBDA CALCULUS 29

Here S is the tree-redex of the tree-reduction. We also use the convergence predicate |,
tree,*

for infinite trees defined as: S|, iff S —— S’ and S’ is an Lyy..-WHNF.

tree ,betaTr\ tree,caseTr

Note that and > only reduce a single redex, but may modify infin-
itely many positions, since there may be infinitely many positions of a replaced variable x.
E.g., a (tree,betaTr) of IT((Az.(letrec z = (2 z) in 2)) r) = Az.((-.. (... z) z) x)) r

— ((-.. (... r) r) r) replaces the infinite number of occurrences of = by r.
tree

Concluding, the calculus Ly, is defined by the tuple (E7,Cz, —, Atee) where Aypee
are the Lye.- WHNFs.

In the following we use a variant of infinite outside-in developments [Bar84) [ KKSdV97]
as a reduction on trees that may reduce infinitely many redexes in one step. The motivation
is that the infinite trees corresponding to finite expressions may require the reduction of

Lna'mc

infinitely many redexes of the trees for one LB or —2% reduction, respectively.

Definition 5.6. We define an infinite variant of Barendregt’s 1-reduction: Let S € £7 be an
infinite tree. Let { be a special label and M be a set of (perhaps infinitely many) positions
of S, which must be redexes w.r.t. the same reduction a € {(betaTr), (caseTr), or (seqTr)}.

Now exactly all positions m € M of S are labeled with . By S LM, S’ we denote the
(perhaps infinite) development top down, defined as follows:
e Let Sy =5 and My= M.
e [teratively compute M;;1 and S;11 from M; and S; for i = 0,1,2,... as follows:
Let d be the length of the shortest position in M;, and M; 4 be the finite set of positions
that are the shortest ones in M;.

For every p € M, 4 construct an infinite tree T, from S;|, by iterating the following
reduction until the root of S|, is not labeled: remove the label from the top of S;|,, then
perform a labeled reduction inheriting all the labels. If this iteration does not terminate,
because the root of S;|, gets labeled in every step, then the result is 7}, := Bot (unlabeled),
otherwise a result 7}, is computed after finitely many reductions.

Now construct S; 41 by replacing every subtree at a position p € M; 4 in S; by T},: for
the positions p of S; that do not have a prefix that is in M; 4, we set p(S;+1) := p(S;) and
for p € M; 4 we set S;|p, := T),.

Let M;11 be the set of positions in S;11 which carry a label §. The length of the
shortest position is now at least d + 1. Then iterate again with M;11, S;41.

e 5’ is defined as the result after (perhaps infinitely many) construction steps Sy, Ss, . ..
I, M ,—tree

N
S/

If the initial set M does not contain a reduction position then we write S
. I, . .
We write § 227 g (S ER S’, resp.) if there exists a set M such that S
LM .,
(S —— 5, resp.).

I,M,—tree
_—

. . 1,M .
Example 5.7. We give two examples of standard reduction and ——-reductions.

An & reduction on expressions corresponds to an LM, reduction on infinite trees and
perhaps corresponds to an infinite sequence of infinite tree-reductions. Consider letrec y =
(Ax.y) a in y. The (LR,lbeta)-reduction with a subsequent (LR,llet) reduction results in
letrec y = y,x = a in y. The corresponding infinite tree of letrec y = (Az.y) a in y is
S = ((Az1.((Az2.((Ax3.(... a)) a)) a)) a). The (tree, betaTr)-reduction-sequence is infinite.
let M be the infinite set of positions of all the applications in S, i.e. M = {e,1.1,1.1.1.1,.. . }.
Then in the (infinite) development described in Def. all intermediate trees have a label
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at the top, and thus we have S ﬂ) Bot. For a set M without ¢, the result will be a value
tree.

For the expression letrec y = (seq True (seq y False)) in y the LE, reduction
results in the expression letrec y = (seq y False) in y which diverges. The corre-
sponding infinite tree is (seq True (seq ((seq True (seq (...) False)) False))), which
has an infinite number of tree-reductions, at an infinite number of deeper and deeper po-
sitions. Let M = {£,1.2,1.2.1.2,...} be the set consisting of all those positions. Then

s DY, (seq (seq (seq... False) False) False).

There may be S,S’ such that S LM o as well as § 2255 87 for some sets M, M’
where M contains a reduction position, but M’ does not contain a reduction position. For
example S = (Az1.21) ((Az2.z2) ((Azs.z3)...)), where a single (betaTr)-reduction at the
top reproduces S, as well as a single (betaTr)-reduction of the argument.

5.2. Standardization of Tree Reduction. Before considering the concrete calculi Lpp
and Lygme and their correspondence to the calculus with infinite trees, we show that for
an arbitrary reduction sequence on infinite trees resulting in an answer we can construct a
tree-reduction sequence that results in an Lyqe.- WHNEF.

. . . I M“
Lemma 5.8. Let T be an infinite expression. If T LM mbree,

an answer, then T is also an answer.

T for some M, where T is

. . I,M,—tree . .
Proof. This follows since an answer cannot be generated by ————-reductions, since

neither abstractions nor constructor expressions can be generated at the top position. []

. , .M .
Lemma 5.9. Any overlapping between a 17, reduction and a ~=-reduction can be closed
as follows. The trivial case that both given reductions are identical is omitted.

I.M I,M I,.M
T —_— T —_— T _ .
| 7 /
tree\L tree tree\L / treel s
LMY s LM 4 lree
L >

Proof. This follows by checking the overlaps of 1, with tree-reductions. The third diagram
applies if the positions of M are removed by the tree-reduction. The second diagram applies
if the tree-redex is included in M and the first diagram is applicable in all other cases. []
Lemma 5.10. Let T be an infinite tree such that there is a tree-reduction sequence of length
n to a WHNF T', and let S be an infinite tree with T LM S, Then S has a tree-reduction
sequence of length < mn to a WHNF T".

Proof. This follows from Lemma by induction on n. L]

Lemma 5.11. Consider two reductions ~= and 22 of the same type (betaTr), (caseTr)
or (seqTr). For all trees T, Th,To: if T L, Ti, and T RELEN Ty, and My C My, then there
is a set Ms of positions, such that Ts % T:.

I,M
T s V1 Tl

1,M; ~ 7 I,M3
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Proof. The argument is that the set M3 is computed by labeling the positions in 1" using
M, and then by performing the infinite development using the set of redexes My, where
we assume that the Mj-labels are inherited. The set of positions of marked redexes in 15

. 1,M: .
that remain and are not reduced by T} ——— T5 is exactly the set Ms. L]

Consider a reduction T 22 T" of type (betaTr), (caseTr) or (seqTr). This reduction

may include a redex of a normal order tree-reduction. Then the reduction can be split into

T e T RN , and splitting of the reduction can be iterated as long as the remaining

T Ly T has a tree-redex. Tt may happen that this process does not terminate.

. . . . LM
We consider this non-terminating case, i.e. let Tp —— T’ and we can assume that
tree,k

there exist infinitely many 141,75, ... and My, M, ..., such that for any k: Ty —— T} and

Ty LMy o By induction we can show for every k > 1: Tp_1 = Rp_1[Sp_1] = Rp_1[Sk] =
T} for a reduction context R; and where Sj_; is the redex and S}, is the contractum of
Ti_1 — T} and the normal order tree-redex of My, labels a subterm of S,. This holds, since

. . .M .
the infinite development for T' —— T" is performed top down.

This implies that the infinite tree-reduction goes deeper and deeper along one path of
the tree, or at some point all remaining tree-reductions are performed at the same position.

Lemma 5.12. Let T 25 T such that T} iree and M labels the normal order redex of T.

Then there exists T" and M’ such that T -2, v Mo0tree,
k M,
Proof. Let T =Ty Lreck, Ti, T =2 T’ where M, labels a normal order redex.
T/
I,M
1,M; I, My
TO tree Tl - Rl [Sl] tree T tree Tk - Rk[Sk] tree

We have Ty, = Ry[Sk| where Ry, is a reduction context, and My labels the hole of Ry, which

is the normal order redex. The normal order reduction is T}, = Ry[Sk] tree, Ri[S,] =: Tri1.

Let pi be the path of the hole of Ry, together with the constructors and symbols (case,
seq, constructors and @) on the path. Also let M}, = Mj, WM}, o, (where U means disjoint
union) where the labels of M}, ; are in Ry, and the labels My, o are in S,. Lemma [5.11] the
structure of the expressions and the properties of the infinite top down developments show
that the normal order redex can only stay or descend, i.e. h > k implies that py is a prefix
of Ph-
Also, we have Rj[S] LM, R}[S], where Ry[] M, R}.[-], and S ENFS

There are three cases:

e The normal order reduction of Ty halts, i.e., there is a maximal k. Then obviously

T tree,* Tk Mk,ﬁtree\ T

e There is some k, such that Ry = Ry, for all h > k. In this case, 7" = R;[s']. The infinite

1M . P " .
development Ty —— T” will reduce infinitely often at the position of the hole, hence it
will plug a Bot at position py of 7", and so T’ = R} [Bot]|. But then 7" cannot converge,
and so this case is not possible.
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e The positions p; of the reduction contexts Ry will grow indefinitely. Then there is an
infinite path (together with the constructs and symbols) p such that py is a prefix of p for

every k. Moreover, p is a position of 7”. The sets M}, 1 are an infinite ascending set w.r.t.
tree,00

C, hence there is a limit tree T, with T' —— T, which is exactly the limit of the

contexts Ry, for k — oo. There is a reduction T, LM hich s exactly M’ =, M 1.
Hence T" has the path p, and we see that the tree 7' cannot have a normal order redex,
since the search for such a redex goes along p and thus does not terminate. This is a
contradiction, and hence this case is not possible. ]

I,M,ﬁtree\ tree

s T'. Then the reduction can be commuted to T —

tree

Lemma 5.13. Let T
T3 LM for some M’.

Ty

. . I,M,—tree .
Proof. This follows since the ————-reduction cannot generate a new normal order tree-

redex. Hence, the normal order redex of T also exists in 7. The set M’ can be found by
labeling T with M, then performing the tree-reduction where all labels of M are kept and
inherited by the reduction, except for those positions which are removed by the reduction.[]

,tree

Lemma 5.14. Let T 227 T and T | iree- Then Ty -

,—tree T tree,k

Proof. We show by induction on k that whenever T ! T" where T" is an Liyee-
WHNF, then T'|,,... The base case is k = 0 and it holds by Lemma [5.8] For the induction

- k -

step let T [otree, oy tree Ty ek We apply Lemma .13l to T Lomtree, oy tree, Ty and
I,M

thus have T 2% T 1 — Ty

tree,k
= T" for some M.

This situation can be depicted by the following diagram where the dashed reductions
follow by Lemma [5.13t

1,—tree tree,k

T T/ tree? TO T//

—

| ~
—~

_ - I,M

If M does not contain a normal order redex, then the induction hypothesis shows that
Tl and thus also T'];,... Now assume that M contains a normal order redex. Then

we apply Lemma [5.12] to T3 LM, Ty (note that Tol.. and hence the lemma is applicable).
. : I,
This shows that T} freex, Ty Toy:

—tree
\

I,—tree tree,k

T T/ tree TO T//

“
tree IJ\//I/ 4

T1 7
| 7 I,—tree
e
tree,* y

. . . - k
Now we can apply the induction hypothesis to T} ——=% T, et 77 and have T b iree

which also shows T'],,.. (]
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I,Mj_
Proposition 5.15 (Standardization). Let T1, ..., Ty be infinite trees such that T ksl

M, , .
Tpoy 222y o I 1 where Ty is an Lipee- WHNF. Then Tily,,

Proof. We use induction on k. If £ = 1 then the claim obviously holds since T}, = T} is al-
I,M;_
ready an Lye.- WHNF. For the induction step assume that T; SN Ti 1 ... % Ti and

1,M; . :
Tiliree- Let Tin1 —— T;. If M; contains a normal order redex, then we apply Lemma [5.12]
and have the following situation

I,M; I

Tina T; T

tree,*l/ \L tree,*
I,—tree
/ !
Tit T
. 1,—tree tree,* .
where T} is an Lee- WHNF. We apply Lemma 5.T4to T T; T/ which shows

that 77, 4. and thus also Tii 1]
If M; contains no normal order redex, we have

I,—tree 1%

Tiv1 T; T
\Ltree,*
z“ti/
/- I,~tree tree,* /
where T} is an Lype.-WHNF. We apply Lemma [5.14] to T;41 s T > T/ and have
,Ti-l-l\Ltree' L]

5.3. Equivalence of Tree-Convergence and L i-Convergence. In this section we will
show that L g-convergence for finite expressions s € E, coincides with convergence for the
corresponding infinite tree I7(s).

Lemma 5.16. Let s1,s2 € Ep be finite expressions and s; — so by a rule (cp), or (11).
Then IT(s;) = IT(s2). L]

Lemma 5.17. Let s be a finite expression. If s is an Lpp-WHNF then IT(s) is an answer.
If IT(s) is an answer, then sl p.

Proof. 1f s is an L;r-WHNF, then obviously, IT(s) is a answer. If IT(s) is an answer, then
the label computation of the infinite tree for the empty position using s, i.e. s||, must be Az
or ¢ for some constructor. If we consider all the cases where the label computation for s||-
ends with such a label, we see that s must be of the form NL[v]|, where v is an L p-answer
and the contexts NL are constructed according to the grammar:

NL ::= []|letrec Env in NL
| letrec 1 = NL[-|,{z; = NL[z;—1]}!,, Env in NL[z,]

We show by induction that every expression NL[v], where v is a value, can be reduced
by normal order (cp)- and (llet)-reductions to a WHNF in L;r. We use the following
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induction measure p on NL[v]:

p(v) =0
p(letrec Env in NL[v]) =14 p(NL[v])
p(letrec x1 = NL;[v],{z; = NL;[z;— 1]}, Env in NL, ¢[z,]) ==

pu(NLg[v]) + p(letrec xg = NLg[v], {@; = NL;[z;— 1]} 4, Env in NLp 4 1[z,])

The base case obviously holds, since v is already an L;z-WHNF'. For the induction step as-

sume that NL[v'] LR epVllets, t, where t is an Lzp-WHNF for every NL[v'] with u(NL[v']) <
k. Let NL, and v be fixed, such that u(NL[v]) = k > 1. There are two cases:

e NL[v] = letrec Env in NL'[v]. If NI is the empty context, then NL[v] is an L zr-WHNF.
Otherwise NL'[v] is a letrec-expression. Thus we can apply an (LR, (llet-in))-reduction
to NL[v], where the measure p is decreased by one. The induction hypothesis shows the
claim.

e NL[v] = letrec z; = NL;[v],{z; = NL;[z;—1]}I_ 5, Env in NL,[z,]. If NLpiq|2]
is a letrec-expression, then we can apply an (LR,llet-in)-reduction to NL[v] and the
measure y is decreased by 1. If NL,,; is the empty context, and there is some i such
that NL; is not the empty context, then we can choose the largest number ¢ and apply an
(LR, llet-e)-reduction to NL[v]. Then the measure p is strictly decreased and we can use
the induction hypothesis. If all the contexts NL; for i = 1,...,n+ 1 are empty contexts,
then either NL[v] is an L;z-WHNF (if v is a constructor application) or we can apply an
(LR, cp) reduction to obtain an Lzz-WHNF. U]

Lemma 5.18. Let s € Ez such that s ey If the reduction a is (cp) or (1) then
IT(s) = IT(t). If the reduction a is (Ibeta), (case-c), (case-in), (case-e) or (seq-c),

(seq-in ), (seq-c) then IT(s) LMe, IT(t) for some M, where a' is (betaTr), (caseTr), or

(seqTr), respectively, and the set M contains normal order redexes.

Proof. Only the latter needs a justification. Therefore, we label every redex in I7T(s) that
is derived from the redex s =% ¢ by IT(.). This results in the set M for IT(s). There will
be at least one position in M that is a normal order redex of IT(s). L]

Proposition 5.19. Let s € Ex such that slpr. Then IT(s)l -

LR, . .
Proof. We assume that s ELAN t, where t is a WHNF. Using Lemma [5.18] we see that there

is a finite sequence of reductions IT(s) RLAy T(t). Lemma [5.17 shows that IT(r) is an
Liree-WHNF. Now Proposition shows that IT(s)!4yee- (]

We now consider the other direction and show that for every expression s: if IT'(s)
converges, then s converges, too.

tree,a’

Lemma 5.20. Let R be some reduction context, s.t. IT(s) = R[T] R[T']. Then for

(@',a) € {(betaTr,lbeta), (caseTr, case), (seqTr,seq)} there exist expressions si,sq2,s3 and

. . . LR, * LR,cp,0V1 LR,a . I,M
an infinite tree T with s s1 P S9 s3 with R[T"] —— IT(s3).
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IT(")

s IT(s) = R[T]
[

LR, | B 7 ~
A IT() ~ , ~
8‘1 - i< tree,a \\

LR,cp,0V1 Phd | I,M,a’
Yy ~ ,
52 R[T] i
[ | -
LR,a | vI,M’,a’/ -

4 IT() <
Sg————— - - = IT(s3)

Proof. Let p be the position of the hole of R. We follow the label computation to T along p
inside s and show that the redex corresponding to 7' can be found in s after some (ll1) and
(cp) reductions. For applications, seg-expressions, and case-expressions there is a one-to-
one correspondence. If the label computation shifts a position into a “deep” letrec, i.e.
Cl(letrec Env in s)l|,] — C[(letrec Env in s||,)] where C is non-empty, then a sequence

of normal order (lll)-reduction moves the environment Env to the top of the expression,

. ) ) LRI,
where perhaps it is joined with a top-level environment of C. Let s =20 ¢ Lemma 5,16

shows that IT(s") = IT(s) and the label computation along p for s’ requires fewer steps

than the computation for s. Hence this construction can be iterated and terminates. This

. ) LR, )
yields a reduction sequence s ki Y s1 such that the label computation along p for sy

does not shift the label into deep letrecs and where IT(s) = IT(s;) (see Lemma [5.10]).
Now there are two cases: Either the redex corresponding to T is also a normal order redex
of s1, or s1 is of the form letrec z1 = A\v.s’, 29 = z1,...,Zpm = Tym—1,... R [zy].... For
the latter case an (LR, cp) reduction is necessary before the corresponding reduction rule
can be applied. Again Lemma assures that the infinite tree remains unchanged. After

. . . . LR,a .
applying the corresponding reduction rule, i.e. s —— s3, the normal order reduction
tree,a’

may have changed infinitely many positions of IT(s3), while R[T] —— RI[T’] does not

change all these positions, but nevertheless Lemma [5.I8 shows that there is a reduction

R[T] RELN IT(s3), and Lemma [5.11] shows that also R[T”] RELEUN IT(s3) for some M'.[]

Example 5.21. An example for the proof of the last lemma is the expression s defined
as s := letrec x = (A\y.y) z in =. Then IT(s) = (Ay.y) ((Ay.y) ((Ay.y)...)). The
tree-reduction for IT(s) is IT(s) reebeter, (s). On the other hand the normal order
reduction of Ly reduces to s’ := letrec x = (letrec y =z in y) in x and IT(s’) = Bot.

.. . .M .
To join the reductions we perform an ——-reduction for I7(s) where all redexes are labeled
in M, which also results in Bot.

Proposition 5.22. Let s be an expression such that IT($))pee- Then slpp.

Proof. The precondition I7T(s)l .. implies that there is a tree-reduction sequence of I7(s)

to an Liye.-WHNF. The base case, where no tree-reductions are necessary, is treated in
tree,a’

Lemma [5.17. In the general case, let T —— T" be a tree-reduction. Lemma [5.20] shows

. ) LRI LR,cp,0V1 LR, I.M
that there are expressions s’,s” with s *, LGPV % ¢ and TV == IT(s").
Lemma [5.10] shows that IT(s”) has a normal order tree-reduction to a WHNF where the
number of tree-reductions is strictly smaller than the number of tree-reductions of T' to a
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WHNEF. Thus we can use induction on this length and obtain a normal order LR-reduction

of s to a WHNF. U]
Propositions [(5.19] and imply the theorem
Theorem 5.23. Let s be an Ep-expression. Then slpp if and only if IT(8) ree- L]

5.4. Equivalence of Infinite Tree Convergence and L,,,,.-convergence. It is easy to
observe that several reductions of L,qmne do not change the infinite trees w.r.t. the translation
IT(:):

Lemma 5.24. Let s1,50 € Ex. Then s; 1AmeR, s for a € {gcp, lapp, lcase, Iseq} implies
IT(SI) :IT(SQ) D

Lemma 5.25. For (a,ad’) € {(beta, betaTr), (case, caseTr), (seq,seqTr)} it holds:

If 51 =% sy for s; € Eg, then IT(s;) free.d’, IT(s2).
Proof. Let s1 := Rpamels]] Ruamelsh] = s2 where s is the redex of the "%
reduction and R, gme is an Ly gme-reduction context. First one can observe that the redex
s} is mapped by IT to a unique tree position within a tree reduction context in I7(s;).
We only consider the (beta)-reduction, since for a (case)- or a (seq)-reduction the reason-
ing is completely analogous. So let us assume that s{ = ((Az.s}) s§). Then IT transforms
s} into a subtree o((Ax.IT(s])) IT(s))) where o is a substitution replacing variables by in-
finite trees. The tree reduction replaces o((A\x.IT(s])) IT(s})) by o(IT(s)))[c(IT(s}))/x],
hence the lemma holds. L]

name,a

Proposition 5.26. Let s € Ez be an expression with s Then IT(8)dree-

name*

Proof. This follows by induction on the length of a normal order reduction of s. The

base case holds since IT(L[v]), where v is an Lygne-answer is always an Ly..-answer. For

the induction step we consider the first reduction of s, say s ——— g

hypothesis shows IT(s')|;e. If the reduction s % &' is (name,gcp), (name,lapp),

name,a

(name,lcase), or (name,lseq), then Lemma [5.24] implies IT(8)) . If s ——— ' for

a € {(beta), (case), (seq)}, then Lemma [5.25] shows IT'(s) ree, IT(s") and thus IT(8)} -
[]

The induction

Now we show the other direction:

Lemma 5.27. Let s € Ep such that IT(s) = R[T], where R is a tree reduction context and
name,lapp\/lcaso\/lseq\/gcp,*\

T is a value or a redex. Then there are expressions s',s” such that s
s, IT(s") = IT(s), s = R[s"], IT(L[s"]) = T, where R = L[A[']] is a reduction context
for some L-context L and some A-context A, s” may be an abstraction, a constructor
application, or a beta-, case- or seq-redex iff T is an abstraction, a constructor application,
or a betaTr-, caseTr- or seqTr-redez, respectively, and the position p of the hole in R is
also the position of the hole in A[].

Proof. The tree T' may be an abstraction, a constructor application, an application, or
a betaTr-, caseTr- or seqTr-redex in R[T]. Let p be the position of the hole of R. We

will show by induction on the label-computation for p in s that there is a reduction

name,lappVlcaseVlseqVgcp,* . . .
’ "~ s’, where s’ is as claimed in the lemma.
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We consider the label-computation for p to explain the induction measure, where we use
the numbers of the rules given in Fig. @ Let ¢ be such that the label computation for p is
of the form (10)*.q and ¢ does not start with (10). The measure for induction is a tuple
(a,b), where a is the length of ¢, and b > 0 is the maximal number with ¢ = (2V 4V 6)°.¢’.
The base case is (a,a): Then the label computation is of the form (2V 4V 6)* and indicates
that s is of the form L[A[s”]] and satisfies the claim of the lemma. For the induction step
we have to check several cases:

(1) The label computation starts with (10)*(2V 4V 6)*(10). Then a normal-order (lapp),
(Icase), or (Iseq) can be applied to s resulting in s;. The label-computation for p w.r.t.
s1 is of the same length, and only applications of (10) and (2 V4V 6) are interchanged,
hence the second component of the measure is strictly decreased.

(2) The label computation starts with (10)*(2Vv 4V 6)*(11). Then a normal-order (gcp) can
be applied to s resulting in s1. The length ¢ is strictly decreased by 1, and perhaps one
(12)-step is changed into a (11)-step. Hence the measure is strictly decreased.

In every case the claim on the structure of the contexts and s’ can easily be verified. L]

Lemma 5.28. Let s be an expression with 1T (s) T, Then there is some s with

name,*

s——= s and IT(s)=T.

tree

Proof. If IT(s) — T, then IT(s) = R[S] where R is a reduction context, S a tree-redex

tree

with § — S" and T' = RI[S’]. Let p be the position of the hole of R in IT(s). We apply
Lemma [5.27, which implies that there is a reduction s ———% §', such that IT(s) = IT(s')
and s’ = R[s"] where R = L[A[']] is a reduction context and IT(L[s"]) is a beta-, case-, or

seq-redex. It is obvious that s’ = L[A[s"]] ——% . Now one can verify that IT(t) = T
must hold. U]

Proposition 5.29. Let s be an expression with IT(8)dyee- Then slpame-

Proof. We use induction on the length k of a tree reduction IT(s) Lreek, T, where T' is an

Lyee-answer. For the base case it is easy to verify that if I7T(s) is an Lype-answer, then
name,gep,*

L[v] for some L-context L and some Lygme-value v. Hence we have s, ,me-

The induction step follows by repeated application of Lemma [5.28] L]
Corollary 5.30. For all Ep-expressions s: slpame ofs and only if IT($)dtyee- L]

Theorem 5.31. <,4me = <LR.

Proof. In Corollary we have shown that L,,m,.-convergence is equivalent to infinite
tree convergence. In Theorem [(.23] we have shown that Ljg-convergence is equivalent to
infinite tree convergence. Hence, L,qmn.-convergence and Ljgr-convergence are equivalent,
which further implies that both contextual preorders and also the contextual equivalences
are identical. U]

Corollary 5.32. The translation W is convergence equivalent and fully abstract. []
Since W is the identity on expressions, this implies:

Corollary 5.33. W is an isomorphism according to Definition [2.7. L]



38 M. SCHMIDT-SCHAUSS, D. SABEL, AND E. MACHKASOVA

A further consequence of our results is that the general copy rule (gcp) is a correct
program transformation in Lyr. This is a novel result, since in previous work only special
cases were proved correct.

Proposition 5.34. The program transformation (gcp) is correct in Lypgme and Lig.

Proof. Correctness of (gep) in Lygme holds, since for s,t € E, with s 9%y t and for any con-
text C: IT(C[s]) = IT(C[t]). Hence Corollary [5.30] implies that C[s]|,ame <= Cltlname
and thus s ~pame t. Theorem [B.37] finally also shows s ~ g . O]

6. THE TRANSLATION N : Luygme — Lice

We use multi-fixpoint combinators as defined in [Gol05] to translate letrec-expressions E,
of the calculus L,4mne into equivalent ones without a letrec. The translated expressions
are E, and belong to the calculus L.

Definition 6.1. Given n > 1, a family of n fixpoint combinators Y7} for i = 1,...,n can
be defined as follows:
Y7 = ANui,ooosfol Qzn,ocoonfi (mrxn oooxn) o (T 21 L 3))
At1, oy xn.f1 (T1 21 ocoxp) oo (T 21 .. Ty))
At1, oy xpfn (T1 21 o) oo (T 21 .. )
The idea of the translation is to replace (letrec z; = si,...,&, = S, in t) by

t[By/x1,...,Bn/xy,) where B; ;==Y Fy ... F, and F; := Axy,...,2,.S;.

In this way the fixpoint combinators implement the generalized fixpoint property:
Y! Fy...F, ~F, (Y FA...F,)...(Y] Fi...F,). However, our translation uses mod-
ified expressions, as shown below.

Consider the expression (Y Fy ... F,). After expanding the notation for Y} we
obtain the expression ((Af1,..., fn-(X; X1 ... X3)) F1 ... F,) where X; can be expanded
to X; =Ax1 ... (fi (k121 ... xy) ... (T 21 ... xy)). If we reduce further then we get:

M fiyeeo s f(Xi X1 o X)) Fy oo By (X! X ... XD,
where X! = Axy...2n.(F; (x1 21 ... 2p) ... (T @1 ... 2p))

nbeta,*

We take the latter expression as the definition of the multi-fixpoint translation, where
we avoid substitutions and instead generate (nbeta)-redexes which ensures that contexts
are mapped to contexts

Definition 6.2. The translation N : Lygme — L. is recursively defined as:

e N(letrec &1 = 81,...,&y = S, int) =
A, .. 2l (Axy, .oy . N(@)) Ur ... Uy) X1... X,
where z,...,z are fresh variables
U = o,2).. .2,
X! = Avp...opFi(zy .o op) . (g 1. 1),

Fi = )\:El, e ,ﬂj‘nN(SZ)
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e N(caser s of alt; ... altjp|) = caser N(s) of N(alt1) ... N(alt||)

e for a case-alternative: N(c o1 ... Taye) = 8) = (€ T1 ... Tap(e) = N(5))
. N@) -
We extend N to contexts by treating the hole as a constant, i.e. N([-]) = []. This is

consistent, since the hole is not duplicated by the translation.

6.1. Convergence Equivalence of N. In the following we will also use the context class
B, defined as B = L[B] | A[B] | [:] (£L- and A-contexts are defined as before in Sect. 3.2).

The proof of convergence equivalence of the translation N may be performed directly,
but it would be complicated due to the additional (nbeta)-reductions required in L;... For
this technical reason we provide a second translation N’, which requires a special treatment
for the translation of contexts and uses a substitution function o:

Definition 6.3. The translation N’ : L,gme — L. is recursively defined as:

e N'(letrec 1 = $1,...,Zn = $p in t) = o(N'(t)), where
o = {x1—=>U,...xn— Uy}
U, = (X[ X) ... X)),
X! = dvi...xp Fi(zizn oooozp) ool (@ @1 L. X)),

F, = Xxy,...,x,.N'(s;).

o N'(st) = (N'(s) N'(t))

. '(Seq s t) (seq N'(s) N'(t))

o N'(csp...sn) = (c N'(s1)... N'(sn))

o N'(Az. s) )\x N'(s)

e N'(caser s of alty ... altjp|) = caser N'(s) of N'(alty) ... N'(altp)
e for a case-alternative: N'(c x1 ... Tar(e) = 8) = (C T1 ... Tar(e) = N'(5))
e N'(z) = .

The extension of N’ to contexts is done only for B-contexts and requires an extended notion

of contexts that are accompanied by an additional substitution, i.e. a B-context translates

into a pair (C, o) of a context C' and a substitution o acting as a function on expressions.

Filling the hole of (C,o) by an expression s is by definition (C,0)(s) = Clo(s)]. The

translation for B-contexts is defined as

N'(C) = (C',0), where C" and o are calculated by applying N’ to C: for calculating

C’ the hole of C is treated as a constant, and o is the combined
substitution affecting the hole of C”.

This translation does not duplicate holes of contexts.

Lemma 6.4. The translation N is equivalent to N' on expressions, that is for all E.-
expressions s the equivalence N(s) ~y.. N'(s) holds.

Proof. This follows from the definitions and correctness of (nbeta)-reduction in L. by

Theorem .31 []

We first prove that the translation N’ is convergence-equivalent. Due to Lemma [6.4] this
will also imply that N is convergence-equivalent. All reduction contexts L[A[']] in Lpame
translate into reduction contexts Rj.. in L. since removing the case of letrec from the
definition of a reduction context in L, gmne results in the reduction context definition in L.
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However, this cannot be reversed, since a translated expression of L4, may have a redex
in Lje., but it is not a normal order redex in Ly, since (lapp), (Iseq), or (Icase) reductions
must be performed first to shift letrec-expressions out of an application, a seg-expression,
or a case-expression. The lemma below gives a more precise characterization of this relation:

Lemma 6.5. If L[A[]] is a reduction context in Lygme, then N'(L[A[]]) = R[o(-)], where
R is a reduction context in L. and o is a substitution.

If R is a reduction context in L., and N'(C') = (R,0) for some substitution o and
some context C' in Lygme, then C' is a B-context.

Proof. The first claim can be shown by structural induction on the context L[A[-]]. It holds,
since applications are translated into applications, seq-expressions are translated into seqg-
expressions, case-expressions are translated into case-expressions, and letrec-expressions
are translated into substitutions.

The other part can be shown by induction on the number of translation steps. It
is easy to observe that the definition of a reduction context in L,qmnme does not descend
into letrec-expressions below applications, seqg-, and case-expressions. For instance, in
((letrec Env in ((Ax.s1) s2)) s3) the reduction contexts are [-] and ([-] s3) and the redex is
(lapp), i.e. the reduction context does not reach ((Az.s1) s2). In general, applications, seg-,
and case-expressions in such cases appear in B-contexts, as defined above. By examining
the expression definition we observe that these (lapp), (Iseq), and/or (lcase)-redexes are the
only cases where non-reduction contexts may be translated into reduction contexts. ]

Lemma 6.6. Let N'(s) =t. Then:

(1) If s is an abstraction then so is t.
(2) If s =(c 81...8ar(c)) thent = (cty...t ))-

ar(c
Proof. This follows by examining the translation N’. L]

We will now use reduction diagrams to show the correspondence of L, qme-reduction
and Lj..-reduction w.r.t. the translation N'.

Transferring Lygme-reductions into Li..-reductions.

In this section we analyze how normal order reduction in L, can be transferred into L.
via N’. We illustrate this by using reduction diagrams. For s —— ¢ we analyze how the
reduction transfers to N’(s). The cases are on the rule used in s s ¢:

o (beta) Let s = R[(Az.s1) s2| be an expression in Lygme, where R is a reduction context.
We observe that in Lygme: s ——s t = R[s1[s2/2]]. Let N'(R[]) = (R',0). Then the
translations for s and ¢ are as follows:

N'(s) = Rlo(N'((Az.51) 52))] = R'[(Az.0(N'(s1))) o(N'(s2))]
N'(t) = N'(R[s1[s2/z]]) = R'[o(N'(s1]s2/2]))] = R'[o(N"(s1))[0(N'(s2))/]]

lcc,nbeta

Since R’ is a reduction context in L., this shows N'(s) N'(t). Thus we have
the diagram (1) in Figure [0l

e (gcp) Consider the (gep) reduction. Without loss of generality we assume that x; is the
variable that gets substituted:

S = L[letrec Tl =581,...,Tp = Sp in R[:El]] name,gcp

t = L[letrec x1 = $1,...,Tn = Sp, in R[s1]]
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N’ N’ N’

— . s L
name, name, name,
beta \L \Llcc,nbcta gep \L \Llcc,nbotaﬂn case \L \Llcc,ncase
N/ N/ N/
(1) (2) (3)
N’ N/ N’ N’
name, name, name, name, ;
lapp l N/ lcase l N Iseq l N seq l l cc,nseq
: * . - — s .
Nl

(4) () (6) (7)

Figure 10: Diagrams for transferring reductions between L, qme and L.

Let N'(L) = ([],01), N'(letrec x1 = $1,...,2p = S, in []) = ([], 05w ), and N'(R) =
(R',oRr) where R’ is a reduction context. Then
N'(s) = or(opw(R[or(21)]) = oL(0m(R))[oL(0Em (0R(21)))]
= oL(0 B (R))[oL(0pmw(z1))]
where the last step follows, since x1 cannot be substituted by og, and

N'(t) = o1(05n (R))[oL(0 B (N'(51)))]

where it is again necessary to observe that og(s1) = s; must hold. The context R” =
01(0 g (R')) must be a reduction context, since R’ is a reduction context. This means

that we need to show that R”[op (0 mn(21))] — fecx — R"[o1(0Emw(N'(s1)))] holds.

By Definition [6.3] of the translation N’ we have or(0mn,(21)) = Uy = (X1 X1 ... X)),
where X! = \zy...2p.Fi(x121 ... 2) ... (@p21 ... 2p), and F; = Axq,...,2n.0L(N'(s;)),
i.e., N'(t) = R"[Uy].

Performing the applications, we transform U; in 2n steps as

Azt (B (12 o) o (T .o x))) X oo X

mhetan Ry (XIXY. LX) (X’Xl LX)

= ety enon(N(s1)) (XiX0 o XY oo (XLXT .. X))
nbeta,n

D oL (N'(51))[U1 /1, ..., Uy /).

Obviously, for all reduction contexts in L. holds: rq ey g implies R[r] Lee, R[r].

Hence N'(s) Jecnbeta,2n R'"[or(N'(s1))[U1/21,...,Up/2ys]] and since zq,...,x, cannot
occur free in L, the last expression is the same as R"[o (0 gny (N'(s)))]. Thus we obtain the
diagram (2) in Figure [0 where n is the number of bindings in the letrec-subexpression
where the copied binding is.

(case) The diagram for this case is marked (3) in Figure The case is similar to

(beta): s= R[caser (¢ 5;)...((cT}) = 7)...] =% Rlr[s1/z1,... s Sar(e)/ Tar(e))] = T
Let N'(R[]) = (R',0). Then the translations for s and ¢ are as follows:
N'(s) = R'[o(N'(caser (¢ 81 Sar(e) - - - ((€ 1+ Tar(e )) =71)...))]

= R/[CaseT (C U(N (81))) s U(N/(Sar(c))) ((C Iy . ar(c)) — U(N/(T))) . ]
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N/( ) N/(R[ [81/1'1,... ar(c)/xar(c)“)
- R,[O-( ( [81/3)1, "7sar(c)/xar(c)]))]
- R/[U( ( ))[ (N (31))/‘T17 s 7U(N/( Sar(c) ))/xar(c H
Since R’ is a reduction context in L., this shows N'(s) e, N (t).
e (lapp) The reduction is R[(letrec Env in s1) sp] — R[(letrec Env in (s1 s2))].
Since free variables of so do not depend on Env, the translation of so does not change by

adding Env. Le., for N'(R) = (R',op) and N'(letrec Env in [-]) = ([-], 0 gnw) we have
N'(R[(letrec Env € s1) s3]) = R'[or(0Enm(N'(s1)) N'(s2))]
= R'[or(0pm0(N'(s1 N'(s2))))]
= N'(R|(letrec Env in (s1 s2))])
and thus the diagram for this case is as the one marked (4) in Figure [I0.

e (lcase) The case is analogous to that of (lapp), with the diagram marked as (5) in Fig-

ure 10
e (Iseq) The case is analogous to (lapp) and (lcase), with the diagram (6) in Figure [0

e (seq) s = R[seq v s1] =% Rl[s1] = t where v is an abstraction or a constructor applica-
tlOEet N'(R[-]) = (R, o). Then the translations for s and ¢ are as follows:
N'(s) = R'[o(N'(seq v 51))] = R'[seq o(N'(v)) o(N'(s1))]
N'(t) = R'[o(N"(s1))]
By Lemma N'(v) is a value in L. (which cannot be changed by the substitution
o) and thus N'(s) Lecseq, N'(t). The diagram for this case is (7) in Figure [0
We inspect how WHNFs and values of both calculi are related w.r.t. N':

Lemma 6.7. Let s be irreducible in Lypgme, but not an Lygme-WHNF. Then N'(s) is irre-
ducible in L. and also not an Lj..- WHNF.

Proof. Assume that expression s is irreducible in Ljgne but not an L,gn.-WHNEFE. There

are three cases:

(1) Expression s is of the form R[z] where z is a free variable in R[xz], then let N'(R) =
(R',0) and thus N'(s) = R'[o(x)]. Since o only substitutes bound variables, we get
o(z) = z and thus N'(s) = R'[z] where z is free in R'[z]. Hence N'(s) cannot be an
Li..-WHNF and it is irreducible in L.

(2) Expression s is of the form R[caser (¢ s1 ... Sa(¢)) of alts], but c is not of type T.
Let N'(R) = (R',0). Then N'(s) = R'[caser (c o0(N'(s1))...0(N'(5ax(c)))) of alts']
which shows that N'(s) is not an L;.-WHNF and irreducible in L.

(3) Expression s is of the form R[((c s1 ... Sar()) 7). Then again N'(s) is not an Lj.-
WHNEF and irreducible. L]

Lemma 6.8. Let s € Ex. Then s is an Lypgme- WHNF iff N'(s) is an Lj..- WHNF.

Proof. If s = L[Axz.s'] or s = L[(c s1...8a())] then N'(s) = Az.o(N'(s')) or N'(s) =
(c a(N'(51)) - 0(N'(sar(c)))) respectively, both of which are L;..-WHNFs.

For the other direction assume that N'(s) is an abstraction or a constructor application.
The analysis of the reduction correspondence in the previous paragraph shows that s cannot
have a normal order redex in Ly gme, since otherwise N'(s) cannot be an Lj..-WHNF. Lemma
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[6.7 shows that s cannot be irreducible in Lj4pe, but not an L, gme-WHNF. Thus s must be
an Lygme-WHNE. L]

Transferring Li..-reductions into Lygme-reductions.
We will now analyze how normal order reductions for N'(s) can be transferred into normal

order reductions for s in Lgme-

Let s be an E -expression and N'(s) Lt We split the argument into three cases

based on whether or not a normal order reduction is applicable to s:

o Ifs M) r, then we can use the already developed diagrams, since normal-order reduc-

tion in both calculi is unique.

e s is a WHNF. This case cannot happen, since then N’(s) would also be a WHNF (see
Lemma [6.8]) and thus irreducible.

e s is irreducible but not a WHNF. Then Lemma implies that N'(s) is irreducible in

L., which contradicts the assumption N'(s) lc—c> t. Thus this case is impossible.
We summarize the diagrams in the following lemma:

Lemma 6.9. Normal-order reductions in Lygme can be transferred into reductions in Li.,
and vice versa, by the diagrams in Figure[I0 O]

Proposition 6.10. N’ and N are convergence equivalent, i.e. for all Ep-expressions s:
S\Lname — N/(S)\l/lcc (S\l’name — N(S)\l/lcc} resp.).

. name,k
Proof. We first prove convergence equivalence of N’: Suppose sl,,me- Let s ——— s1

lee,x

where s1 is a WHNF. We show that there exists an L;..-WHNF sy such that N'(s) —— s
by induction on k. The base case follows from Lemma The induction step follows by
applying a diagram from Lemma and then using the induction hypothesis.

For the other direction we assume that N'(s){;., i-e. there exists a WHNF s1 € L. s.t.

lee,k . . .
N'(s) RN s1. By induction on k we show that there exists a Ljgme-WHNEF so such that

name,*

s ——> s9. The base case is covered by Lemmal6.8] The induction step uses the diagrams.
Here it is necessary to observe that the diagrams for the reductions (lapp), (lcase), and
(Iseq) cannot be applied infinitely often without being interleaved with other reductions.
This holds, since let-shifting by (lapp), (Icase), and (Iseq) moves letrec-symbols to the top
of the expressions, and thus there are no infinite sequences of these reductions.

It remains to show convergence equivalence of N: Let s, then N'(s)l,;., since N’
is convergence equivalent. Lemma [6.4] implies N'(s) ~.. N(s) and thus N(s)];,. must hold.
For the other direction Lemma [6.4]shows that N (s)],,. implies N'(s){;... Using convergence
equivalence of N’ yields sl ,me- L]

Lemma 6.11. The translation N is compositional, i.e. for all expressions s and all contexts
C: N(C[s]) = N(C)[N(s)].

Proof. This easily follows by structural induction on the definition. L]

Proposition 6.12. For all s1,s2 € Ep: N(s1) <jee N(52) = 81 <name S2, i.e. N is
adequate.

Proof. Since N is convergence-equivalent (Proposition [6.10]) and compositional by Lemma
[6.11] we derive that N is adequate (see [SSNSSO08] and Section [2)). Il
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Lemma 6.13. For letrec-free expressions si,s9 € Ey the following holds: s1 <pname
Sg = 81 Syee S2-

Proof. Note that the claim only makes sense since clearly Ey C E,. Let s, so be letrec-free
cc,k

. I
such that s1 <,ume s2. Let C be an Lj..-context such that C[s1], i-e. C[s1] — Az.s].

. . .. . k
By comparing the reduction strategies in L;gme and L., we obtain that C[sq] Jamen, Az.8Y

(by the identical reduction sequence) since C[s1] is letrec-free. Thus, C[s1]{,me and also
C[s2]dname- i-€. there is a normal order reduction in Lpgme for Clsa] to a WHNF. Since
C'[s2] is letrec-free, we can perform the identical reduction in L. and obtain C[sa|{;.. ]

The language L. is embedded into Lygme (and also Lpg) by ¢(s) = s.
Proposition 6.14. For all s € Er: s ~pame L(N(8)).

Proof. We first show that for all expressions s € Er: s ~pame t(IN(s)). Since N is the
identity mapping on letrec-free expressions of L,.m. and N(s) is letrec-free, we have
N(¢(N(s))) = N(s). Hence adequacy of N (Proposition [6.12]) implies s ~pame t(N(s)). O

Proposition 6.15. For all s1,52 € Er: 81 <name S2 = N(51) <jee N(82).

Proof. For this proof it is necessary to observe that Ey C E,, thus we can treat L.
expressions as Lygme expressions. Let s1,50 € Ep and s1 <,gme S2. By Proposition [6.14}
N(sl) ~name S1 Sname 52 ~name N(32)7 thus N(Sl) <name N(32)- Since N(Sl) and N(S2)
are letrec-free, we can apply Lemma [6.13] and thus have N(s1) <j.. N(s2). Il

Now we put all parts together, where (N o W)(s) means N(W(s)):

Theorem 6.16. N and N o W are fully-abstract, i.e. for all expressions s1,so € Ep:
s1<rr 2 <= N(W(s1)) <iee N(W(s2)).

Proof. Full-abstractness of N follows from Propositions and Full-abstractness of

N o W thus holds, since W is fully-abstract (Corollary [5.32]). (]
Since N is surjective, this and Corollary imply:
Corollary 6.17. N and N o W are isomorphisms according to Definition [2.7. L]

The results also allow us to transfer the characterization of expressions in Lj.. into
Lrr. With cBotrr we denote the set of Eq-expressions s with the property that for all
substitutions o: if o(s) is closed, then o(s) 'rg.

Proposition 6.18. Let s be a closed Ep-expression. Then there are three cases: s ~ Q,
s ~Lgr Ax.s' for some s', s ~Lg ¢ $1...5, for some terms si,...,8, and constructor c.
Moreover, the three cases are disjoint. For two closed E,-expressions s,t with s <pp t:
FEither s ~pp Q, or s ~pp C S1...8y, t ~cty...t, and s; <pg t; for all i for some terms
S1y-+.,8n,t1, ...ty and constructor ¢, or s ~ g A\v.s' and t ~pr \x.t' for some expressions
st with s <pp t', or s ~pp Ax.s' and t ~pg c ti...t, for some term s’ € cBotpg,
expressions t1,...,t, and constructor c.

Proof. This follows by Proposition [4.32] and since N o W is surjective, compositional and
fully abstract, and the identity on constructors. L]
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see Proof of Prop.

S1 %LRvQCE 52 ( > N(W(Sl)) 4lcc,Q0E N(W(SQ))
Thm NoW :
Th
81 <LR,Qcp S2 Elﬂ
Prop
L2 Cor Thm :
51 <LR 82 &—» W(Sl) <name W(SZ) &~ N(W<31)) <lee N(W<32))
.52 0. 10l

Figure 11: The structure of the reasoning for the similarities in Ly for closed expressions.

7. ON SIMILARITY IN Lpp

In this section we will explain co-inductive and inductive (bi)similarity for Lr. Our re-
sults of the previous sections then enable us to show that these bisimilarities coincide with
contextual equivalence in Ly g.

7.1. Overview of soundness and completeness proofs for similarities in L;r. Be-
fore we give details of the proof for lifting soundness and completeness of similarities from
L. to Lir, we show an outline of the proof in Fig. Il The diagram shows fully abstract
translations between the calculi Lig, Lygme, and L. defined and studied in Sections
and [6, where Corollary and Theorem show full abstractness for W and N, re-
spectively. These fully-abstract translations that are also surjective, and the identity on
letrec-free expressions, allow us to prove that s1 <pg s2 <= N(W(s1)) <jee N(W(s2)).
By Theorem 37 in Ly, this is equivalent to N(W(s1)) <%.. N(W(s2)). The proof is
completed by using the translations by transferring the equations back and forth between
Lr and L. in this section in order to finally show that s;1 <pr so <= 1 <%R7QCE S9 In
Theorem

7.2. Similarity in L;r. The definition of L;z-WHNFs implies that they are of the form
R[v], where v is either an abstraction Az.s or a constructor application (c s1 ... Sa(c,)), and
where R is an L1 r-AWHNF-context according to the grammar R ::= [-] | (Letrec Env in [])
if v is an abstraction, and R is an Ljr-CWHNF-context according to the grammar R ::=
[[] | (letrec Env in [-]) | (letrec xy =[], {z; = i—1}[", Env in z,,) if v is a constructor
application. Note that L;r-AWHNF-contexts and L;r-CWHNF-contexts are special L g-
reduction contexts, also called Lpp-WHNF-contexts.
First we show that finite simulation (see [SSMOS]) is correct for Lppg:

Definition 7.1. Let <r g, be defined for L r as instantiating the relation <g in Def-
inition with the closed subcalculus of the calculus Ljg and the set Q with Qg from
Definition

The relation <1 Q. is Q-similarity (Definition [2.5]) instantiated for the calculus Lzg
with the set of contexts Q¢ (Definition {L.38]). Its open extension is denoted with <75 5 .-

Proposition 7.2. Let 51,52 be closed Ep-expressions. Then s1 <pr s2 iff 51 <LR,Qep S2-
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Proof. The = direction is trivial. We show <=, the nontrivial part: Assume that the
inequation s1 <pp ., S2 holds. Then N (W (s1)) <ice.0up N(W(s2)), since for every n > 0
and context Q = Qn(...(Q2(Q1]])-..)) with Q; € Qcg, we have N(W(Q)) = Q, and also
Q(si) dLr <= Q(si) dice, since NoW is convergence-equivalent and compositional, and the
identity on letrec-free expressions. Now Theorem shows N(W(s1)) <jee N(W(s2)),
and then Theorem shows s1 <pg $2. O

The following lemma, is helpful in applying Theorem [4.8]

Lemma 7.3. The closed part of the calculus Lig is convergence-admissible: For all contexts
Q € Qcg, and closed Lir-WHNFs w: Q(s)ppw iff v : slppv and Q(v)lpw.

Proof. “=": First assume @ is of the form ([-] r) for closed r. Let (s 7)) gw. There are two

. . . . . LRk
cases, which can be verified by induction on the length k of a reduction sequence (s r) ——

w: (sr) RALN ((Az.s")r) RN w, where s LR (Az.s'), and the claim holds. The other case

is (s 1) LR (letrec Env in ((Az.s') r)) Ll w, where s LR (letrec Env in (Az.s)).

In this case ((letrec Env in (\z.s)) r) LB (lapp), (letrec Env in ((Az.s') 1)) LR w, and

thus the claim is proven. The other cases where @ is of the form (caser [] of ...) can be
proven similarly.
The “«<"-direction can be proven using induction on the length of reduction sequences. []

Lemma 7.4. In Lig, the equation (<$5)° = <pr holds.

Proof. If s,t are (open) Eg-expressions with s <r t, then (Azi....2y,.5) s1...5, <Gp
(Ax1....xn.t) $1...8, for closed expressions s;, and then by correctness of reduction in
Lir, 0(s) <{p o(t), and hence <pp C (<5)°

If for all closing Eg-substitutions o: o(s) <y o(t), then using the fully abstract
translations N o W, we obtain N o W(o)(IN o W(s)) <¢.. N o W(o)(IN o W(t)), hence

—lcc

NoW(s) <S¢, (NoW(t)) by Theorem Again using fully abstractness of N o W, we

—lce

obtain s <pp t. ]

Theorem 7.5. In Lig, for closed Ep-expressions s and t the statements s <XLrRQqp ts
s <LRQep t and s <pr t are all equivalent.

Proof. Lemma [( 3] shows that Theorem [4.8]is applicable for the testing contexts from Q ¢z,
ie. SLRQer= <LR,Qcp and Proposition shows <rrQos = <in []

For open E -expressions, we can lift the properties from L;.., which also follows from
full abstraction of N o W and from Lemma .40l
The results above imply the following theorem:

3 _ [0
Main Theorem 7.6. <;p = <LR.Ows"

Proof. Theorem [Z.5] shows <1r.Qor = <LR.Qer = <{p, hence <IRQeE = (<9r)° Then
Lemma [T 4] shows (<§,)° = <pp = <% ROck" L]

The Main Theorem implies that our embedding of L;.. into the call-by-need letrec
calculus Lzr (modulo ~) is isomorphic w.r.t. the corresponding term models, i.e.

Theorem 7.7. The identical embedding v : Ky — E, is an isomorphism according to

Definition [2.7 [
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Remark 7.8. Consider a polymorphically typed variant of Lpg, say le%y, and a corre-
sponding type-indexed contextual preorder < g poly,» Which relates expressions of polymor-
phic type 7 and where the testing contexts are restricted to well-typed contexts, i.e. for
s,t of type 7 the inequality s <pppoly,r ¢t holds iff for all contexts C' such that C[s] and
Ct] are well-typed: C[s|{ g = C[t|{r. Obviously for all expressions s,t of type 7 the
inequality s <pg t implies s <jg poly,r T, since any test (context) performed for <j, R,poly,r
is also included in the tests for <;pr (there are more contexts). Thus the main theorem
implies that <¢ RQep 18 sound w.r.t. the typed preorder <pp o1y, Of course completeness
does not hold, and requires another definition of similarity which respects the typing.

7.3. Similarity up to ~pp. A more comfortable tool to prove program equivalences in
L g is the following similarity definition which allows to simplify intermediate expressions
that are known to be equivalent.

Definition 7.9 (Similarity up to ~rr). Let <p ~ be the greatest fixpoint of the following
operator Fg ~ on closed E -expressions:

We define an operator Fpr ~ on binary relations 7 on closed Lj..-expressions:
s Frr~(n) t iff the following holds:

(1) If s ~ g Ax.s’ then there are two possibilities: (i) if t ~pg (¢ t1...t,) then s’ € cBot g,
or (ii) if ¢ ~pg Az.t’ then for all closed r : ((Az.s") r) n (Az.t') r);
(2) If s~pp (cs1 ... sp) thent ~pr (cty...t,) and s; n t; for all 4.

Lemma 7.10. <9, C <1p~

Proof. We show that 1 := <§ is F g ~-dense, i.e. n C Frp ~(n).

Let s nt and s ~pp Az.s’. Since s <§p ¢t either t ~p g Ax.t’ ort ~ g cty ... t, and
s € cBotpg. For the latter case we are finished. For the former case we have \z.t' ~ p t.
Since <§p is a precongruence, this implies ((Az.s") r) <pr ((Az.t') r) for all closed E.-
expressions 7. Thus we conclude s Frp (1) t.

Now let s n t and s ~{p ¢ 51 ... s,. Thent ~f, (ct; ... t,) by Proposition
The contexts C; := (case [| of ... (c x1... &, — x;)...) where all other right hand sides
of case-alternatives are L, show that also s; <y t; must hold, since otherwise s <¢p ¢
cannot hold. Thus also in this case s Fr g ~(n) t holds.

Lemma 7.11. NW(Krr,~)) C <ice,~-

Proof. We show that n := {(N(W(s)), N(W(t))) | s <LRr,~ t} is Fje ~-dense (see Definition
A43), i.e. 7 C Flee~(n). Let s Spp~ t for closed s,t. If N(W(s)) ~e Az.s’, then also
s ~r Ax.s'. Now there are two cases: If t ~pr (ct; ... t,) then s’ € cBotr must hold.
Then also s’ € cBot and N(W(t)) ~ (ct1 ... t,) and we are finished. If t ~;p Az.t/
then for all closed Eg-expressions r: (Az.s') r <rr~ (Az.t’) 7 (by unfolding the fixpoint
equation for Frp ). Since N o W is surjective, compositional and fully abstract, this also
shows N(W(Az.s")) r n N(W (Az.t')) r for all L..-expressions r.

If N(W(s)) ~iee (¢ s1...5p), then also s ~rr (¢ $1...5,). Now s <pr~ t shows
that ¢ ~rr (c t; ... t,) such that for all i: s; <pr~ t;. Hence (s;,t;) € n and also
N(W(t)) ~iee (¢ t1 ... t,), since N o W is fully abstract. []
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Theorem 7.12. <;p = <R~

Proof. For the closed relations, one direction of the equation <7z~ = <¢p is Lemma [Z.10)],
the other direction follows from Lemma [[11] since s <rr~ t implies N(W(s)) <icc~
N(W(t)) which in turn implies N (W (s)) <{.. N(W(t)) and finally, full-abstraction of NoW
shows s <{ p t.

For the open extension the claimed equality holds, since s <pp t iff o(s) <pg o(t) for
all closing substitutions o: This holds, since for o = {z1 + s1,...,2, — s, } the equation
o(s) ~Lg letrec 1 = $1,...,%, = S, in s holds by correctness of the general copy rule
(gep) (Proposition [5.34])) and of garbage collection (gc¢) (Theorem B.7)). O

We demonstrate the use of similarity up to ~pr in the following example:

Example 7.13. As an example we prove the list law R[map (Az.True) (repeat u)] ~rr
R'[(repeat True)] where u is a closed expression and R’, R, resp. contains the definition of
repeat, or repeat and map, resp., i.e. the corresponding E--expressions are:

s := letrec
repeat = \z.Cons z (repeat z),
map = Af.Axs.caser;y zs of (Nil — Nil) (Cons y ys — Cons (f y) (map f ys))
in map (Az.True) (repeat u)

t:= letrec
repeat = \z.Cons z (repeat z),
in repeat True

Let n := {(t,s), (s,t) }U{(True, True)}. We show that n C Fpp ~(n) which implies s <y ~ ¢
as well as ¢t <~ s and thus by Theorem [7.12] also s ~pp t.
Evaluating s and ¢ in normal order first shows: s ~pg v1,t ~pr v With

v1 = letrec
repeat = \z.Cons z (repeat x),
map = Af.Azs.caser;s zs of (Nil — Nil) (Cons y ys — Cons (f y) (map f ys))
f1 = (A\x.True),z1 = t,xzs; = Cons x| zh, 2} = x1,xh, = (repeat t),y; = x},ys; =
in Coms (f1 y1) (map f; ys;)

v9 = letrec
repeat = \z.Cons z (repeat ),
xr1 = True
in Cons x; (repeat x;)

Using correctness of garbage collection, copying of bindings (gcp), shifting constructors over
letrec, and the other correct reduction rules (see Theorem 3.7 and Proposition [5.34]), we
can simplify as follows: v1 ~pr Cons True s and vy ~pr Cons True t. Now the proof is
finished, since obviously True n True and s n t, t n s.

8. CONCLUSION

In this paper we have shown that co-inductive applicative bisimilarity, in the style of Howe,
and also the inductive variant, is equivalent to contextual equivalence in a deterministic call-
by-need calculus with letrec, case, data constructors, and seq which models the (untyped)
core language of Haskell. This also shows soundness of untyped applicative bisimilarity
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for the polymorphically typed variant of Lpr. As a further work one may try to estab-
lish a coincidence of the typed applicative bisimilarity and contextual equivalence for a
polymorphically typed core language of Haskell.
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