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ABSTRACT. Recursive domain equations have natural solutions. In particular there are
domains defined by strictly positive induction. The class of countably based domains gives
a computability theory for possibly non-countably based topological spaces. A qcbo space
is a topological space characterized by its strong representability over domains.

In this paper, we study strictly positive inductive definitions for gcbo spaces by means
of domain representations, i.e. we show that there exists a canonical fixed point of every
strictly positive operation on gcby spaces.

INTRODUCTION

The domains we consider in this paper are consistently complete, algebraic cpos, so called
Scott domains [19]. The initial motivation for these domains was to provide a denotational
semantic for the A-calculus.

An important aspect of domain theory is the existence of solutions of recursive domain
equations, which are equalities between terms built from certain basic operations and a
finite list of parameters. Category theory is applied to solve recursive domain equations,
and the category Dom® used has domains as objects and embedding-projection pairs as
morphisms. The canonical solution is a least fixed point of some functor over Dom® [20]
and occurs as the limit of an inductively defined w-chain of domains.

Some recursive domain equations can be solved iteratively within set theory [21]. These
solutions are referred to as positive inductive definitions. We will focus on definitions by
strictly positive induction, where all function spaces involved have fixed input domains.
This is a natural restriction from a computer science point of view, which is also technically
beneficial. A fundamental example is the domain D = A 4+ [B — D], with A and B some
parameters.

A domain representation of a topological space X is a triple (D, D, §), where D is a
domain, D' is a subspace of the domain and 6 : D® — X is a continuous representation
map. Countably based domains carry a natural notion of computability. Via domain
representations we get a computability theory for a wide range of topological spaces [7, 22].
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The topological T quotients of countably based spaces, the gcby spaces, form an inter-
esting class of topological spaces [4, [10]. The category QCBy of gcby spaces with continuous
functions is Cartesian closed, so it admits finite products as well as an exponential. Qcbg
spaces have been characterised as the topological spaces with an admissible quotient TTE
representation [I8]. This result has been generalised to admissible quotient domain repre-
sentations [13].

A quotient domain representation might as well be considered as a domain with a partial
equivalence relation. The class of domains with partial equivalence relations is also of great
interest in its own right [5, 15]. It is strongly related to domains with totality [6].

In this paper we show that we can define gcby spaces by strictly positive induction.
The fundamental example is X = AW [B =° X], with A and B some parameters, - & - the
disjoint union and [- =-° -] the exponential of QCBy.

The category QCBy is known to have countable inductive limits [10,4]. Still, our result
is highly non-trivial, as it is apparent that a transfinite and possibly uncountable inductive
construction is required.

Topological domains are gcby spaces with a domain-like structure. Many important
results for domains have already been generalised to topological domains, including solutions
of recursive domain equations [2, [3]. Our aim here, however, is to show that in the simple
case of a strictly positive induction, such solutions exist for all gcby spaces. If we restricted
ourselves to topological domains, we would also throw away most spaces of interest in
computable analysis. For this purpose, it is essential that we use some kind of representation
of the gcby spaces. We will choose to work with domain representations. Our result could
be regarded as a further justification for the utility of domain representations.

In brief, we proceed as follows: We first define a category clcDP of certain well-
structured partial equivalence relations on domains. This category will be designed to
fulfill the following requirements:

(1) It contains representations of all gcby spaces.
(2) Strictly positive operations are functorial.
(3) It admits transfinite inductive limits.

It is then possible to construct least fixed points of all strictly positive functors. We then
show that this least fixed point construction can be performed with dense partial equivalence
relations on domains and with a dense least fixed point as the outcome. We also prove that
this dense least fixed point induces an admissible domain representation if all the parameters
involved are admissible, and this is the main technical difficulty of the paper.

On the other hand, if we have a strictly positive operation I' on gcbg spaces, we can
represent it by a strictly positive endofunctor F over clcDP in a standard way. The
dense least fixed point of F gives us a fixed point of I" which is independent of the actual
representing functor. This is a gcby space defined by strictly positive induction.

In section [Il we give a short introduction to domain theory, strictly positive induction,
gcbg spaces and admissible domain representations. In section B we study domains with
partial equivalence relations, and in particular the category clcDP and its least fixed point
construction. In section [Bl we apply the results from section 2] to prove our main result,
theorem B.5] that a strictly positive operation on gcby spaces has a canonical fixed point.

Some of the results have very long and technical proofs. For the sake of readability,
the proof of all claims made in these proofs are moved to appendix [Al An overview of the
notation used in different proofs can be found in appendix [Bl
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1. BACKGROUND

We review some of the basic theory. Our only intention is to present the notation we
will use. For an introduction to domain theory, see [I, 12, 21], and in particular [21] for
background on inductive definitions and recursive domain equations. For more on gcbg
spaces, see [4, 10, 18]. For details on the theory of domain representations, we refer to
[T, 22]. The listed results concerning admissible domain representations are from [13].

1.1. Domain theory. A cpo is a partial order with a least element, D = (D;C, 1), for
which every directed subset A C D has a least upper bound | |A € D. A p € D is compact
if whenever A C D is directed and p C | |A, there exists d € A with p T d. We denote
by D. the set of compact elements. We let approx(z) := {p € D. : p C x}, the set of
compact approximations of x € D. A cpo is algebraic if, for every x € D, the set approx(z)
is directed with = = | |approx(z).

A subset of a partial order is consistent if it has an upper bound. A cpo D is consistently
complete if every consistent A C D has a least upper bound | | A. For a consistent pair of
elements z,y € D, we usually denote the least upper bound by z Lly. We let tx := {y €
D:xCuy}.

A domain is a consistently complete, algebraic cpo. We will consider a domain D as a
topological space with the Scott topology. A base for this topology is given by {1p: p € D.}
and a domain is separable or countably based if D, is countable.

A function f : D — E is continuous if firstly it is monotone, i.e. z Cy = f(z) C f(y)
for all z,y € D, and secondly f(| |JA) = ||f[A] whenever A C D is directed. Every
monotone function f: D. — E has a unique extension to a continuous function f: D — E
with f(z) = || flapprox(z)] for every x € D. In fact, every continuous f : D — E can be
recovered from its restriction to D, in this way. We let Dom be the category of domains
with continuous functions as morphisms, and we denote by wDom its full subcategory of
countably based domains.

An embedding-projection pair (f,g) : D — E is a pair of continuous functions f : D —
E, the embedding, and g : E — D, the projection, such that g(f(z)) = z for every z € D
and f(g(y)) C y for every y € E. Each one of these functions is uniquely determined by the
other. Usually we will refer simply to the embedding f : D — F and denote the associated
projection by f~. We let Dom® be the category of domains with embeddings as morphisms
and wDom® its full subcategory of countably based domains.

More generally, an adjunction pair (f,g) : D — E is a pair of continuous functions
f: D — E, the lower adjoint, and g : £ — D, the upper adjoint, such that = C g(f(z)) for
every z € D and f(g(y)) C y for every y € E.

If D and E are cpos, we let the disjoint sum D + E be

{(0,2) :x € D}U{(1,y) :y € E} U{Ll},

with the separated partial order, i.e. (i,z) C (j,y) if and only if i = j and = C y, and
with L ¢ DU FE as a least element. The disjoint sum of two domains is itself a domain. If
{D;}ier is any finite, non-empty set of domains, we define the disjoint sum (#);.; D; in the
same way. Observe that the disjoint sum of just one domain D is the lifting D, of D, that
is D with a new least element added. The strict sum D @ E of cpos (or domains) D and F
is the disjoint sum D + E with (0, Lp) and (1, Lg) removed.
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If D and E are domains, we let the Cartesian product D x E be the domain obtained
from the Cartesian product of sets and the product order. The strict product D ® E of D
and FE is the Cartesian product D x E with all pairs (z,y) such that either x = Lp or
y = L g removed.

If p € D.,q € E., the step function [p;q] : D — E is the continuous function defined by

[p;q]@c):{ ¢ifpC e

1 otherwise

The function space [D — E], the set of continuous functions with the point-wise order,
is a domain with least upper bounds of finite consistent sets of step functions as compact
elements. So, an element of [D — E]. is written as | |, ;[p’;¢’], with J a finite set and

p’ € D, and ¢/ € E,. for every j € J. We will occasionally refer to [D — E] as the
exponentiation of E by D.

A continuous function f : D — E'is strict if f(Lp) = Lg. The strict function space
[D —, E] is the domain of strict continuous functions with point-wise order.

Each of the above-mentioned operations on domains give countably based domains from
countably based domains D and FE.

If f:D— D' and g : E — E’ are domain functions, there are natural definitions of
functions (f+g¢) : (D+E) = (D'+ FE')and (f xg): (D x E) — (D' x E'). If f and g are
continuous (resp. embeddings), then f + g and f x g are continuous (resp. embeddings)
as well. If f: D' — D (note that D and D’ have changed positions) and g : £ — E’
are continuous functions, then the function (f — g) : [D — E] — [D’ — E'] defined by
(f = g)(x) =goxo fis continuous. If f: D — D" and g : E — E’ are embeddings, then
(fT—=g):[D— E] = [D'— E'] is an embedding with f — g~ as associated projection.

1.2. Strictly positive induction. An operation I on domains is strictly positive if it is
constructed from a finite list of fixed domains using the basic operations identity, disjoint
sum, Cartesian product and exponentiation by a fixed domain. We will refer to fixed
domains occurring as exponents, i.e. on the left hand side of a function space, as the non-
positive parameters of I' and the remaining parameters in I' as the positive ones. In our
fundamental example I'(X) = A + [B — X]|, A is the positive parameter and B is the
non-positive parameter.

We have seen that the operations -+ -, - X - and [- — -] have strict counterparts -@®-, - ® -
and [- — -]. It may seem natural to include these as well as the lifting operation - as basic
operations above. However, our main concern here is the theory of domain representations
and not domain theory itself, and a domain representation (D, D~ J) can always be chosen
such that Lp ¢ D®. Therefore, the lifting operation and the strict sum and product can
safely be omitted from our discussion, since they differ from the identity operation and the
respective non-strict operations on D\ D only. When we go from the function space to the
strict function space, we throw away many total elements, since total continuous functions
by no means have to be strict. However, under the assumption that least elements are not
total, the represented space remains unchanged. This explains why even the strict function
space is irrelevant for us here and therefore ignored.

If K is a category, an operation I' : Obj(K) — Obj(K) is functorial in K if there exists a
functor F : K — K extending I', that is F(X) = I'(X) for every X € Obj(K). In particular,
it is easily verified that strictly positive operations on domains are functorial in Dom®. A
functor F : Dom® — Dom®€ is said to be strictly positive if it is the functorial extension
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of a strictly positive operation on domains. This generalises to multivariate operations and
multifunctors.

Definition 1.1. Let K be a category and let F : K — K be a functor. A fized point of
F is an X € Obj(K) which is isomorphic to F(X) in K. An F-algebra is a pair (X, f),
where X is an object of K and f : F(X) — X is a morphism. If (X, f) and (Y,g) are
F-algebras, an F-morphism from (X, f) to (Y,g) is a morphism h : X — Y such that
hof = goF(h). An F-algebra (X, f) is initial if for every other F-algebra (Y, g), there
exists a unique F-morphism A from (X, f) to (Y, g).

Finally, X is a least fized point of F if there exists some f such that (X, f) is an initial
F-algebra.

Note that initial F-algebras correspond to initial objects in the category of F-algebras
and F-morphisms (for a fixed F), thus initial F-algebras are unique up to isomorphism.
It can also be proved that if (X, f) is an initial F-algebra, then (F(X),F(f)) is an initial
F-algebra: If (Y, g) is another F-algebra and h : X — Y is the unique F-morphism from
(X, f) to (Y,g), then ho f is the unique F-morphism from (F(X),F(f)) to (Y,g). As a
consequence, f is an isomorphism in K and the least fixed point is indeed a fixed point.
Moreover, a least fixed point is, when it exists, unique up to isomorphism.

If F is an endofunctor over Dom®, a least fixed point of F is a fixed point D of F
with a natural and unique embedding h : D — FE into every other fixed point F of F.
The categorical presentation using F-algebras makes it possible to generalise this concept
to other categories, and at the same time it guarantees that a least fixed point is unique up
to isomorphism.

Definition 1.2. Let K be a category and let (I, <) be a directed partial order. A directed
system over I in K consists of a family { X };cr of objects from K and a family of morphisms
fi,j + Xi — Xj for all i < j € I satisfying

o fii=1idx, for every i € I; and

o fir=fjrofijforallijkelwithi<j<k.

An inductive limit over this directed system consists of an X € Obj(K) and morphisms
fi + X; — X for all @ € I such that f; = fj o f; ; whenever 7 < j. It is universal in the
sense that for every other such pair (Y, {g; }icr), there exists a unique mediating morphism
gr : X — Y such that g; o f; = g; for every ¢ € I. In categorical terms, (X, {fi}icr) is a
co-limiting cocone in K.

If ({D;}ier, {fij}i<jer) is a directed system in Dom®, there exists an inductive limit
(D,{fi}tier), defined as follows: Let D = (D,C) be the domain with

D={we|[Di:Vijel(i<j— filx;) =)}
el
and x Cy < Vi € I(x; Cp, y;) Let f; : D; — D be the embedding such that f, (z) = x;
for all x € D. It is worth noting that f;(z); = fi j(x) whenever ¢ < j and = € D;.

A directed system over a limit ordinal v is also called an y-chain and an endofunctor
is y-continuous if it preserves inductive limits of «-chains. A classical result from domain
theory says that every w-continuous functor F : Dom® — Dom® has a least fixed point,
see [2I]. For a sketch of the proof, consider the w-chain ({Dy}new, {fm.n}tm<new) defined
inductively as follows:

o Let DO = {J_} and Dn+1 = F(Dn)
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e Let fo, be the unique embedding from Dy into D,, and let

fm—i—l,n-‘,—l = F(fm,n) : Dm+1 — Dn+1-

Let (Dy,{fn}new) be the inductive limit of this chain. Then there is an isomorphism
f:D,— F(D,), and D, is a least fixed point of F. Since this least fixed point is obtained
as a countable limit, the result holds even for w-continuous endofunctors over wDom®.

All strictly positive functors over Dom® are w-continuous, see [21]. This means that if
I" is strictly positive, we obtain a least solution to the recursive domain equation X = I'(X)
by a least fixed point construction. This is of course not set-theoretical equality, but equality
of domains up to isomorphism.

1.3. The category of gcby spaces. If X and Y are topological spaces, we let X WY be
the disjoint union of X and Y, i.e. the set {(0,z) : 2z € X} U{(1,y) : y € Y} provided with
the finest topology which makes both inclusion maps continuous.

If X is a topological space, then U C X is sequentially open in X if for every sequence
{zn}n converging to = € U, there exists ng such that {x,, : n > ng} C U. Every open set
is sequentially open, and we say that X is sequential if, conversely, every sequentially open
set is open. The family of sequentially open sets defines a sequential topology refining the
original topology on X. We denote this new topological space by SX, the sequentialisation
of X, see [11].

Let X and Y be topological spaces. A function f : X — Y is sequentially continuous
if it maps convergent sequences in X to convergent sequences in Y. In particular, every
continuous function is sequentially continuous, and if X is sequential, the two notions
coincide. Let [X — Y] be the topological space with the set of sequentially continuous
functions f : X — Y as underlying set and topology generated from sub-basic open sets of
the form O(ng;U). Here,

O(no;U) :==A{f : fl{zn : no < n < 00}] C U},

with ng some natural number, z the limit of a convergent sequence {x, }nen in X and U
an open subset of Y.

A (sequential) pseudobase for a topological space X is a set P of non-empty subsets of X,
containing X, closed under non-empty finite intersections and such that if limz, = x € U
and U is open in X, there exists B € P and ny € N such that {x,, : ng <n < oo} CBCU.
The closure under finite intersections of an arbitrary superset of P is a pseudobase for X as
well.

A topological space is said to be a qcb space if it is the topological quotient of some
countably based space. It is gcbg if, in addition, it is Tp, see [4]. It is well-known that a Ty
space is gcb if and only if it is sequential and has a countable pseudobase, see [18].

Let QCBg be the category with gcby spaces as objects and continuous functions as
morphisms. The category QCBg admits countable products and coproducts and is Carte-
sian closed, see [4] [10]. The finite product in QCBy is the sequentialisation of the usual
product, denoted by - x?® - in the binary case. The exponentiation in QCBy is the sequen-
tialisation of [- —, -], denoted by [- = -]. This topology can similarly be obtained as the
sequentialisation of the compact-open topology on the set of continuous functions. The
disjoint sum X WY of gcby spaces X and Y is trivially gcbg.
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1.4. Admissible domain representations. A domain with totality is a pair (D, D),
where D is a domain and D¥ is a subspace of D (with the Scott topology). For most
purposes, we may assume Lp ¢ DR A domain with totality (D, D) is dense if D is
dense as a subspace of D.

A domain representation of a topological space X consists of a domain with totality
(D, D®) and a representation map 6 : D® — X, which is a surjective, continuous function.
The representation is countably based if D is separable, and dense if (D, D) is dense.

If (D,D%,§) and (E, E®,¢) are domain representations of X and Y, respectively, a
map g : X — Y is (d,¢)-representable if there exists some continuous function f : D — F
with f[DF] C Ef and go§ = co f|pr. Such an f : D — E is (J,¢)-total, which means
that f[DF] C EF and §(x) = 0(y) = e(f(x)) = e(f(y)) for all z,y € DE. A (§,¢)-total
function f : D — FE represents a unique map g : X — Y. If § is a quotient map, all
(6, ¢)-representable maps are continuous.

Definition 1.3. A countably based domain representation (D, D, §) of a topological space
X is admissible if every continuous map ¢ : Ef — X, with (E, ER) a countably based,
dense domain with totality, factors through 9, i.e. there exists a continuous map ¢ : £ — D
such that [E®] C D and 6 o ¢(e) = p(e) for every e € EF,

Remark 1.4. This is actually the definition of w-admissibility, but for countably based do-
main representations the notions of admissibility and w-admissibility coincide, see [13]. The
general definition of admissibility, which is of no interest in this paper, is more restrictive.

Theorem 1.5. A topological space X has a countably based, admissible domain represen-
tation if and only if it is Ty and has a countable pseudobase.

Proof. We give a sketch of the proof. For details, see [13].

If P is a pseudobase for X, then (P,2) is a cusl, so let D = Idl(P,2), the domain
obtained by ideal completion. Define a relation —p as follows: If I € D and x € X, let
I —p zx if firstly x € B for every B € I and secondly there exists B € I with x € B C U for
every open U C X with # € U. Let D be the set of ideals I such that I —p z for some
r € X, and on condition that X is Tp, define 6 : DF — X by 6(I) = 2. Then it can be
verified that (D, D, §) is an admissible domain representation of X.

Conversely, if (D, D, §) is an admissible domain representation of X, it can be verified
that {0[tp N DF] : p € D.} is a pseudobase for X and that X is Tp. O

Remark 1.6. The admissible domain representation of X constructed from P in the proof
above, is known as the standard representation of X w.r.t. P. An important aspect of this
representation is the existence of a greatest representative I* = {B € P : x € B} for every
x € X. Since every B € P is non-empty, it is clear that the representation is dense.

Remark 1.7. An alternative approach to dense, admissible domain representations is via
continuous reductions, as defined in [§]. If (D, DF,§) and (E,E¥ ¢) are domain repre-
sentations of X, a continuous reduction is a (0,¢)-total map representing idx. A dense
representation of X is then admissible if and only if it is universal among all dense repre-
sentations of X w.r.t. continuous reductions.

An important motivation for admissible domain representations is the lifting of contin-
uous functions.

Lemma 1.8. Let (D, D 6) and (E, E®,¢) be admissible domain representations of X and
Y, respectively. If g : X — 'Y 1is (9, e)-representable, then it is sequentially continuous.
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Conversely, if DR is dense in D, then every sequentially continuous function g : X —Y
is (0,¢)-representable.

Lemma 1.9. Let (D,D® ) and (E,ER ) be admissible representations of X and Y,
respectively. Then there exist

e a representation map o : DEPWER — X WY such that (D + E,DRwER, ) is admissible;

e a representation map o : D x Ef — X xY such that (D x E, D% x EE ) is admissible;
and

e a representation map o : [D — E|f — [X —, Y], such that ([D — E],[D — E|%, o)
is admissible, on condition that D is dense in D. Here, [D — E|® is set of (6,¢)-total
continuous maps.

The representation maps ¢ in the lemma are the expected ones. In particular, in the latter
case, o(f) : X — Y is the sequentially continuous function represented by f.

For sequential spaces, the notions of continuity and sequential continuity coincide. This
is the situation when we consider quotient domain representations.

Lemma 1.10. Let (D, D% 5) be an admissible domain representation of X. Then § is a
quotient map if and only if X is a sequential space.

Corollary 1.11. A topological space X has a countably based, admissible quotient domain
representation if and only if it is a qcby space.

2. DOMAINS WITH PARTIAL EQUIVALENCE RELATIONS

We review the theory of partial equivalence relations on domains, as presented in [5]. We
introduce a new category of domains with partial equivalence relations and show by a
transfinite induction that a strictly positive functor over this category has a least fixed
point.

Furthermore, we make the connection between admissible quotient domain representa-
tions and domains with partial equivalence relations, and show how the least fixed point
obtained can be replaced by a dense one. Finally, we use the intuition acquired from the
fundamental example to show that this dense least fixed point induces an admissible domain
representation.

Least fixed points in similar categories have been studied previously [14] [I7]. For our
purpose, however, the inductive construction of the least fixed point, as we know it from
domain theory, is crucial when we later will relate our result to gcby spaces through the
notion of admissibility.

2.1. Introduction. A partial equivalence relation (per) on a set X is a binary relation
which is symmetric and transitive. A per = induces an equivalence relation on its domain,
i.e. there is a subset (X,~)® := {x € X : x ~ 2} of X such that ~ restricted to (X,~)% is
an equivalence relation.

A domain-per, short for a domain with a per, is a pair D = (D, =), where D is a domain
and &~ is a per on D. We will denote domain-pers by calligraphic letters D, &, ... and the
respective underlying domains by D, F, ..., unless stated otherwise. The per of D is usually
denoted by =, but with a subscript D if the domain-per is not clear from the context.
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If D is a domain-per, let D be the topological space of {x € D : x ~ x}, the set of
D-total elements of D, with the subspace topology inherited from D. We say that D is
trivial if D = () and non-trivial otherwise. D is dense if DF is dense in D.

We let QD := D/, i.e. the topological space with the underlying set {[z]p : = €
DR}, and with quotient topology generated from the equivalence relation ~ on D, where
[z]p := {y € D : x ~ y}, the partial equivalence class of . If p € D. and x € D, we say
that p <p [z], if there exists some y € [x]p with p C y.

If D and £ are domain-pers, let [D — &]| be the domain-per with [D — E|] as the
underlying domain and per defined by: f = ¢ if and only if

Vz,y € D (z ~p y = f(x) ~e g(y)).
An equivariant mapping f : D — £ is a continuous function f : D — FE such that f =~ f.
Thus, [D — £]f is the set of equivariant mappings. An equivariant f : D — & induces a
unique continuous function f<€ : QD — QE defined by f2([z]p) = [f(z)]e, with fS = ¢©
if and only if f =~ g.
The following technical result will prove itself useful. The proof is straight-forward and
therefore omitted.

Lemma 2.1. If f : D — £ is equivariant and g : D — E is conlinuous, then f ~p_.g) g if
and only if f(x) ~¢ g(z) for every x € DE.

An equivariant map f : D — & is equi-injective if f(z) ~¢ f(y) = x ~p y for all
z,y € D.

Let PER(Dom) be the category with domain-pers as objects and equivalence classes
of equivariant mappings as morphisms, as defined in [5]. It is easily verified that this is
a well-defined category; the identity function is equivariant and the composition of two
equivariant functions is always equivariant.

Note that D and £ are isomorphic in PER(Dom) if and only if there exist equivariant
maps f: D — £ and g : £ — D such that go f ~ idp and f o g ~ idg. It is immediate
that QD = QE whenever such a pair exists. In this case, we say that D and &£ are weakly
isomorphic (and that (f,g) is a weak isomorphism pair), weakly in the sense that the
underlying domains are not, in general, isomorphic.

If (D, D 6) is a quotient domain representation of a topological space X, we may
define a domain-per D° = (D, ~s) by letting = ~; y if 2,y € D and §(z) = 6(y). We
then have (D?)® = D® and X = Q(D?). We will refer to D° as the domain-per associated
to (D, D%, §). Conversely, an arbitrary domain-per induces a unique quotient domain rep-
resentation (D, D 6p) of QD. Note that for the function space [D — &] defined above,
[D — E]F is exactly the set of (dp, dg)-total maps.

Definition 2.2. Let D and £ be domain-pers.

e The disjoint sum of D and £, D+ &, is the domain-per with D + E as underlying domain
and per ~ defined by (i, ) =~ (j,y) if and only if either i = j =0and z ~pyori=j=1
and x ~¢ y.

e The Cartesian product of D and £, D x &, is the domain-per with D x E as underlying
domain and per & defined by (z,y) = (2/,3) if and only if = ~p 2’ and y ~¢ ¥/

e The exponentiation of € by D is the domain-per [D — £] defined above.

These constructed domain-pers have strict counterparts D & £, D ® £ and [D —, &].

We define these using the respective strict counterparts from domain theory as underlying

domains and the restrictions of the respective pers as pers.
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If D is a domain-per, the lifting of D is the lifting D of D with the extension of ~p
as per.

We now have natural operations of binary sum, binary product and function space on
domain-pers. We say that an operation on domain-pers is strictly positive if the underlying
operation on domains is strictly positive.

Remark 2.3. It is easy to see that the binary sums and products defined above extend to
finite sums and products. In fact, PER(Dom) is a Cartesian closed category, with cate-
gorical finite product and exponentiation corresponding to the finite product and function
space defined above; see [5] for details.

Lemma 2.4. Let f : D — D' and g: £ — &' be equivariant. Then the following maps are
equivariant:

(f+9):(D+E) — (D' +E)

(fxg):(Dx&)— (D' x¢&

(f—=9):[D—=& —[D—¢E

Proof. The cases (f + ¢g) and (f X g) are straight-forward and left for the reader.
If & ~pp_,e) y, then goz o f Xip_,e) goyo f, and this shows that that (f — g) is
equivariant. ]

2.2. A category with inductive limits. Embedding-projection pairs play a crucial role in
the least fixed point construction used to solve recursive domain equations. More precisely,
they are necessary for the construction of inductive limits of directed systems.

We now introduce a category of domain-pers which has inductive limits and for which
strictly positive operations are functorial.

Definition 2.5. An equiembedding is a map f : D — £ such that
e f: D — FE is an embedding;

e f:D — & is equivariant; and

e Vx c DR (f(2) mey =z ~p [ (y)).

First, we show that this is a valid choice of morphisms. The identity map on the
underlying domain of a domain-per is clearly an equiembedding, so it remains to prove that
equiembeddings are closed under composition.

Lemma 2.6. Let f : D — & and g : € — F be equiembeddings. Then g o f is an
equiembedding.

Proof. Embedding-projection pairs and equivariant maps are both closed under composi-
tion, so it remains to verify the third requirement. Assume x € DF and g(f(z)) ~7r v.
Then f(z) € R, so f(x) ~¢ g~ (y), because g is an equiembedding. Moreover,

z~p f (9 (y)=1(9°f) (y)

because f is an equiembedding. L]
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Proposition 2.7. Strictly positive operations are functorial w.r.t. equiembeddings.

Proof. The proof is by structural induction on strictly positive operations:

e Equiembeddings are closed under disjoint sums: Let f : D — D' and g : £ — & be
equiembeddings. Then f + ¢ is an embedding of domains and equivariant by lemma 2.4]
We need to verify the third requirement of definition

Assume that (i,2) € (D+ &) and (f +¢)(5,2) ~prye (i,y). If i =0, then f(z) ~p y
and, since f is an equiembedding, x ~p f~(y). If i = 1, then g(x) ~¢ y and, since g is
an equiembedding, = ~¢ ¢~ (y). Either way, we obtain (i,2) ~pie (f + 9)~ (%, ).

e Equiembeddings are closed under Cartesian products: Let f: D — D’ and g : £ — &' be
equiembeddings. Then f X g is an embedding of domains and equivariant by lemma 2.4
Again, we need to verify the last requirement of definition

Assume that = € (D x )% and (f x g)(x) ~pxer y. If we let = (x1,22) and
y = (y1,y2), then f(z1) ~pr y; and g(x2) ~¢ y2. Since f and g both are equiembeddings,
we can conclude that z; ~p f~(y1) and 2 ~¢ ¢~ (y2). This means that x ~pxe f~(y).

e Equiembeddings are closed under exponentiations by a fixed domain-per: Let f: D — D’
be an equiembedding and let B be a fixed domain-per. Then the embedding idg — f is
equivariant by lemma 2.4, and we need only verify the third condition in definition

Assume z € [B — D. We need to show that if (idg — f)(#) ~gpy v, then
T ~pp) (idp — f)~(y). Put differently, we have f oz ~z_,p y, and need to show that
this implies « ~z_,p) f~ o y. For an arbitrary b € BY, we have f(z(b)) ~p y(b). Since
f is an equiembedding, this implies z(b) ~p f~(y(b)), and we are through. O

For the inductive limits to be well-defined, we need to restrict ourselves to certain well-
structured domain-pers.

Definition 2.8. A domain-per D is weakly conver if x ~ y = = =~ x Ll p whenever = C y
and p € approx(y), and convezx if ¢ ~ y = = ~ x U z whenever z,z C y.

A domain-per D is local if [z]p is consistent in D for every z € D, and strongly local
if [x]p is directed for every x € DE.

A local domain-per D is complete if x ~ | |[z]p for every z € DF.

First, we look at a useful technical lemma:

Lemma 2.9. Let B be a dense domain-per and let D be a weakly convex and strongly local
domain-per. Let | |;c ;[p’;¢’] € [B — D]. and let f € [B — D)E.
If Ujesdd’ : P Ea} <p [f(2)] for every x € BE, then | ;e ;[p": ¢’] <5y [f]-

Proof. Let x € B and assume that I_ljej{qj p7 = x} <p [f(x)]. By definition of <p,
there exists some y € [f(x)] such that | |, ;{¢’ : p/ T z} is a compact approximation of
y, and we can assume f(x) C y since D is strongly local. Then f(z) is consistent with
{¢’ : p? T x}jcy, and since D is weakly convex, we have

J@) ~p f@)U| {9 T ol
jeJ
Moreover, since Bf is dense in B, f(p) and Llje i@’ : p! T p} are consistent for all p €
B, so g = fUlljc;[p’;¢’] exists. By lemma 2.1} f ~pp) g, and this shows that
I_IjeJ[pj§qj] <[B—D] [f]- [
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Clearly, a local and complete domain-per is also strongly local, so in particular the
lemma holds for convex, local and complete D. The converse of this lemma holds trivially
and without any restrictions on B or D. Also note that for an arbitrary finite subset
{(#?, @) }jes of Be x De, if | | {¢’ : 9! C 2} <p [f(z)] for all z € BE then {[p/;¢]} ey is
[B — D]-consistent. This holds because B is dense.

Definition 2.10. Let clcDP be the category with convex, local and complete domain-pers
as objects and equiembeddings as morphisms.

Domain-pers D and &£ are isomorphic in clcDP if there exists an isomorphism pair
(f,9) : D — E such that both f and g are equivariant. As for domains, it is possible to
construct a pair of non-isomorphic domain-pers with equiembeddings in both directions.
Note that this is a stronger kind of isomorphism than what we have for PER(Dom). In
fact, the category clcDP is not even closed under weak isomorphisms. The notion of weak
isomorphism will still be useful for us at a later stage.

Remark 2.11. If F : clcDP — clcDP is a functor, there is a unique underlying functor

F : Dom® — Dom® which maps the underlying domain of a domain-per D to the underlying
domain of F(D).

The following lemma shows that the restriction to convex, local and complete domain-
pers works well with strictly positive operations.

Lemma 2.12. Let I' be a strictly positive operation on domain-pers. Assume that all non-
positive parameters in I' are dense and that all positive parameters are convez, local and
complete.

If D is a convez, local and complete domain-per, then I'(D) is convezx, local and complete.

Proof. The proof is by structural induction on I'. The base cases are trivial, and it is easily
verified that both the product and the sum of two convex, local and complete domain-pers
are again convex, local and complete, so we only prove the step involving exponentiation:

If B is an arbitrary domain-per and D is convex, then [B — D] is convex: Let f,g,h €
[B — D] and assume that f C g C h and f ~g_p) h. If z € Bf we have f(z) C g(x) C
h(z) and f(z) ~p h(z), which implies f(z) ~p g(x) since D is convex. This shows that
[ ~p=p) g by lemma 2,11

If B is dense and D is convex, local and complete, then [B — D] is local and complete:
Assume that f ~p_,p) g. lfz € B then f(x) ~p g(x), and since D is local, f(x) and g(z)
are consistent. This implies that f(p) and g(p) are consistent for every p € B, since B is
dense in B, so f and g are consistent in [B — D]. Moreover, [f]jz_p) is a consistent set
and h = | |[f]jpp) exists. If 2 € BY, then h(z) = [{g(2) : f ~5p] 9}, and in particular
f(x) E h(z) E [J[f(x)]p. This shows that f(x) ~p h(x) since D is convex, and f ~g_,p) h
by lemma 211 L]

Proposition 2.13. Directed systems in clcDP admit inductive limits.

Proof. Let I = (I, <) be a directed partial order and let ({D;}icr, {fi j}i<jer) be a directed
system over I in clcDP. Let ~; be the per on D;.

({D;}ier, {fij}i<jer) is a directed system in Dom®, so let (Dy, {f;}icr) be its inductive
limit. We define a binary relation ~; on Dy as follows: x ~; z’ if and only if there exists
i € I such that z; ~; x} and such that

Vk > i (fik(zi) =k 2k A fir(2)) =5 2l,).
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We then say that x ~ 2’ is witnessed by i. This is clearly a symmetric relation, and it also
has a number of other nice properties:

e Let x =~ 2’ be witnessed by 7 and let 7 > i. Then x ~; 2’ is witnessed by j: We have
xj ~j fij(w:i) =5 fij(2}) =; @ because j > i and f; ; is equivariant. Moreover, if k > j,
then f; 1 is equivariant, and it follows that

fiw(@;) =i fin(fij(@i)) = fip(@i) =k k.
This shows that f; x(2;) = z and by symmetry, f;x(2) = 2},

e ~s is transitive: Assume that x ~; 2’ is witnessed by 7 and that 2’ ~; 2” is witnessed by
J. We can then choose a common witness k > 4, j. The transitivity of ~, gives xj ~, .
If | > k, then

frea(@r) =1 fra(fin(z:) = fin(w:) =1 3.
By symmetry, using j, we obtain fj;(z}) a4 z]. This shows that « ~; z”, witnessed by
k.

o If x ~; x is witnessed by 7 and z ~; 2/, then z ~; z’ is witnessed by 7: Choose j > 7
such that = ~; 2’ is witnessed by j. We show that z; ~j ) for k¥ > i: Choose some
1 > j,k. Firstly, fri(xr) =~ @ since | > i is a witness that  ~; z. Secondly, z; ~; z]
since [ > j is a witness that « ~; 2. Transitivity of ~; gives f ;(z%) ~; =} which implies
xy, Ry, @) since fi; is an equiembedding.

In particular, z; ~; z; and f; i (z}) = fix(x:i) =k o =~ x), for arbitrary k > i.

We have now shown that = is a partial equivalence relation. We denote the domain-per

(Dr,~7) by D;. We have also seen that the equivalence classes formed by this per have

uniform witnesses, so we may choose representatives as we like.

We will now show that Dy is convex, local and complete:

e D;is convex: Assume that x = y is witnessed by ¢ and that x,z C y, and let k£ > i. By
projection xj ~p yi and g, zx T yi, and since Dy is convex this gives zp ~p xp U 2z;. In
particular, z; ~; x; U z;. Moreover, zy, =i, fi (i), and f; x(x;) =k fir(z; U z;) since f;
is equivariant. By transitivity of ~y, this gives f; x(2; U 2;) = 2 U z;. This shows that
x ~1 x Uz, witnessed by 1.

e Dyislocal: Let x € Df”. We prove that [z]p, is consistent by showing that an arbitrary
finite subset of [z]p, is consistent:

Choose «/,2", ..., 2™ € [z]p,. Then there exists some uniform witness i € I such that

T; € DZR and ‘T;7 ‘T;/7 s 7‘T£n) S [xZ]Dz

For an arbitrary j € I, choose some k > i,j. We have z},z},. .. ,x,(:z) € [zk]p,. Since
Dy, is local, this means that {z}, 2}, ... 733](:)} is consistent in Dj. The set of projections,
{x;, x;-’ - ,xg-")}, is then consistent in D;. Since j was arbitrarily chosen, this shows that
{o',2",..., ("™} is consistent in Dj.

e Dy is complete: Assume that z ~; x is witnessed by i. For each k > i, we have
{a) :x~p 2’} ={u € Dy : xp ~ u}.

Let T := | {2/ : * =1 2'}. We show that x ~; T, witnessed by i:
— T = | o}z =r 2’} = | [{u: 2; =i u} & 2 since Dy, is complete; and
— for each k > 4, we have {f; x(u) : z; =; u} C {v: x = v}, and

fik(zi) C fin(T) = U{fi,k(u) cap R ul O |_|{U LT R v} = T
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Since Dy, is convex, this shows that f; 1 (T;) =~k Ts.
It remains to show that (Dy, {f;}icr) is an inductive limit:

e Each f; : D; — Dy is an equiembedding: Trivially, f; is an equivariant embedding.
Assume that u € DF and that fi(u) ~; x is witnessed by some j > i. Then f; ;(u) ~;

xj, and since f; ; is an equiembedding, this implies that u ~; x;.

o (Dr,{fi}ier) is universal in clcDP: Let £ be a convex, local and complete domain-per
and let {g; : D; — E}ics be a family of equiembeddings such that g; = g; o f; ; whenever

1 < j. At domain level, there exists a unique embedding g; : D;j — E such that g; = gro f;

for all ¢ € I, and it is defined by gr(z) = | |;c; 9i(x;). We show that g; : Dy — £ is an

equiembedding;:

— If # ~; 2/ and this is witnessed by 4, then =y ~y z), for all k& > i and gr(z) =
Lisi 9k (zx) ~¢ gi(xi), since € is convex. By symmetry, gr(z’) ~¢ g;(z}). Moreover,
gi(azi) ~¢ gi(x)) since g; is equivariant. This shows that gr(z) ~¢ gr(z’), and that gr
is equivariant.

— Assume that x € DF, witnessed by 4, and that gr(z) ~g¢ y. Then, for each k > 1,
we have fi(x;) ~p zr and g;(z;) ~¢ gr(xp), since g is equivariant. Thus, gr(z) =
Licr 9i(z:) =e gi(z;). It follows that gi(xr) ~e¢ y and x3, ~) g7 (y)r. This holds for
arbitrary k > 4, so it shows that = ~1 g (y). U]

Remark 2.14. In the case of (I, <) being a well-order, we define
rank;(z) := min{i € I : z € f;(DF)},

for an arbitrary x € DE. If z ~ y, then rank;(z) = rank;(y), since the fact that each f;
is an equiembedding ensures that equivalent elements are introduced at the same level.

Definition 2.15. Let (D, f) := ({Di}ier, { fij}i<jer) and (€, 9) := ({&i}ier, {9 }i<jer) be
directed systems over the same directed partial order (I, <).

A wuniform mapping from (D, f) into (€,g) is a a family ¢ = {p; : D; — & }ier of
equivariant maps such that g; j o p; = ;o f; ; whenever ¢ < j € I.

Lemma 2.16. Let ¢ : (D, f) — (€,9) be a uniform mapping.

Then there exists a unique equivariant ¢y : Df — &1 such that pyro f; = g; 0p; for every

i € I. Moreover, if x = {Xiticr : (€,9) = (D, f) is a uniform mapping such that (@;, Xi) s
a weak isomorphism pair for every i € I, then (@1, Xx1) is a weak isomorphism pair.
Proof. If i < j, then gi o p; o fi” = gjogijopio fi =gjopjofijofi Tgjopjof;,
so {giow;o f7 i€ I} is a directed set in [D; — Ej]. Let ¢ be its least upper bound.
Furthermore, gj o ;o f; o fi = gjopjo fij = g;ogi;opi = giopi, whenever ¢ < j, thus
e10 fi = LLj»i(g5 095 0 f7) 0 fi = gi o i for every i € I.

7 is equivariant: Let x,y € Dy and assume that = ~; y. Then there exists some i € [
such that = = f;(z;), y = fi(y;) and x; ~; y;. Both g; and ¢; are equivariant, so this gives
g1(w) = (gi 0 wi)(w5) =1 (9i 0 i) (Wi) = g1(y)-

Let x = {xi}ier : (£,9) = (D, f) be a uniform mapping such that (¢;, x;) is a weak
isomorphism pair for every i € I. Let x € DI and choose i € I such that x = f;(;) and
T; € DZ-R. Then

(x1owr)(x) = (X1 ogiopi)(zi) = (fioxiowi)(w) = fi(z:) =z
This shows that x; o ¢y, and @5 o X7 = idg by a symmetric argument. L]
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Isomorphism of domains is preserved under inductive limits of directed systems. This
means that if the weak isomorphism pairs are actual isomorphisms in clecDP, i.e. isomor-
phism pairs of the underlying domains, then the inductive limits are isomorphic as well. In
particular, the inductive limit of a directed system in clcDP is unique up to isomorphism.

2.3. A least fixed point. A functor F : clcDP — clcDP is strictly positive if it is the
functorial extension of a strictly positive operation on domain-pers. We will now show that
such a functor has a least fixed point. In domain theory, least fixed points are constructed
by the means of w-chains. For domain-pers, we will need uncountable chains over clcDP.

Definition 2.17. Let F : clcDP — clcDP be a strictly positive functor and let 5 be a

limit ordinal. We construct a -chain ({Da}acs, { fa.o’ ta<arep) from F as follows:

e Let Dy be the initial object in clcDP, i.e. the trivial domain {1} with the empty per.

o If a € 8, let Doy := F(D,) and let fy 41 be the unique equiembedding from Dy into
D1

o Ifa< o € ,8, let fa—l—l,a’—l—l = F(fa,a’)-

o If v € § is a limit ordinal, let (D,,{fa,y}acy) be the inductive limit of the 7-chain

({Da}a@v {fa,a’ }aSa’G’Y)-

The underlying functor F : Dom® — Dom® of a strictly positive F is obtained by re-
placing each parameter in F by its underlying domain and each basic operation by the
corresponding basic operation on domains, so clearly it is strictly positive as well. The
w-chain ({D, }nEw, {fmn}m<new) coincides with the w-chain used in the least fixed point
construction for F, and D,, is a least fixed point of F. However, D,, is not in general a fixed
point of F', as the example below shows.

We have D, = D, for all & > w, since isomorphisms are preserved under inductive
limits in Dom®, S0 fa,a+1 is an isomorphism in clcDP if and only if f_ ., is equivariant.

Example 2.18. Let A be some non-trivial domain-per and let N' = (N, = |y), with N
the flat domain of natural numbers. Let F : clcDP — clcDP be defined by F(X) =
A+ [N — X].
We show that f ., is not equivariant: Choose some a € AP and let 2o := (0,a). If
T, € DE, let ¢, : NJ — D, be the function constantly equal to z,, and let z,+1 := (1, @n).
Let ¢ : N| — D, be the strict function defined by ¢(n) = z,,. Then ¢ € F(D,)". However,
wwt1(®@) = (1,0) & Upe, DI = DR since rank, (v,) = n for every n € N.

Lemma 2.19. Let F : clcDP — clcDP be strictly positive.
Then there exists a limit ordinal o such that if ({Da}acyo, {fa,8}a<per) 5 the yo-chain
constructed from F, then fo a+1 s an isomorphism in clcDP for some o € 7.

Proof. Choose |yg| > |D,,| and assume for contradiction that f, ., is not equivariant for
any o € yg. For every a € vy, there exists some = € D§+1 such that fozaﬂ(x) ¢ DE and
rank,, () = o+ 1. This shows that rank,, is a surjective function from Dﬁ) onto the set of

successor ordinals below 5o, s0 [yo| < [Df|. On the other hand, |Df | < |Dy,| = [Dy| < |l
which is a contradiction. U]
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Proposition 2.20. IfF : clcDP — clcDP is strictly positive, there is an initial F-algebra.

Proof. By lemma [ZT9 we can choose vy > w such that (D, f;(wO +1) is an F-algebra, but
it remains to prove that it is initial.
Let (£,9) be an arbitrary F-algebra. We will then show that there exists a unique

equiembedding h : Dy, — & satisfying ho f2 . ., =go F(h).

Claim 1. There exists a family {hg : Dg — £}3<,, of equiembeddings such that, for each
B €0, hg =goF(hg)o fgp41=hsgs10 f841-

The claim is proved by transfinite induction on 3, see appendix [A] for details. In
particular, this gives us an equiembedding h., : D, — £.

From domain theory, we see that (E, g) is an F-algebra and that h, is an F-morphism
from (Ds,, fo) 1o41) Into (E, g). It remains to prove that hq, o f1/ - 1 = goF(hy,):

Claim 2. Let w < 3 < 79 and assume that fg gy is an isomorphism. Then hg : Dg — E
is the unique F-morphism from (Djg, f5.41) into (E, g).

The proof is by transfinite induction on 8 < 7, see appendix [Al As a consequence
of uniqueness, we have hg o fﬁ_ gi1 = 9g°© F(hg) for all infinite 8 < 7p. In particular,
hyy : Dy, — E is the unique embedding satisfying

hao © o mot1 = 9 © F (R, ).
Then h,, : Dy, — & is the unique equiembedding for which this equality holds, and this

shows that the F-algebra (D, f, . 41) is initial. Il

When we consider domain representations of qcbg spaces, countably based domain-pers
are of particular interest. It is therefore important to note that if we start with countably
based parameters, then the least fixed point is countably based, even though we might have
to use an uncountable transfinite induction to construct it:

Observation 2.21. Let F : clcDP — clcDP be strictly positive and assume that all
parameters are countably based.
Then the least fixed point of F' is countably based.

Proof. The parameters in the underlying functor F are countably based, so the least fixed
point D,, of F is countably based. If D, is the least fixed point of F, then D,, = D,, and
D, is countably based. U]

In many examples of interest, e.g. for representation of a countably based regular space,
we can choose a domain-per D which is upwards-closed, i.e. a domain-per which satisfies
Ve,ye D(x e DAz Cy=z~py).
An upwards-closed domain-per is convex, local and complete. We verify that the property
of being upwards-closed is preserved under the least fixed point construction in clcDP:

Observation 2.22. Let F : clcDP — clcDP be strictly positive and assume that all
positive parameters are upwards-closed.
Then the least fixed point of F' is upwards-closed.

Proof. 1t is sufficient to prove that if ({D;}ier, {fi;}i<jer) is a directed system in clcDP
and every D; is upwards-closed, then the inductive limit D; is upwards-closed.
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Let x,y € D; and assume that x € Dﬁ and x C y. Then z; C y; for every ¢ € I, so
if x € Dﬁ is witnessed by i, then z; =; y; by the upwards-closedness of D;. If k > i, then
fik(xi) = x =k yi, and because f; ) is an equiembedding, this implies that v = fi r(vi)-
For an arbitrary j € I, choose k > i,j. Then y; = fj_k(yk) = f]_k(flk(y,)) = fi(yi);. This
shows that y = f;(y;) and that z ~; y. L]

2.4. Admissible domain-pers. We say that a domain-per D is admissible if the associ-
ated domain representation (D, D%, 6p) of QD is admissible. Our definition of admissibility
applies only to countably based domain representations, so it will be implicit that an admis-
sible domain-per is countably based in what follows, even though this is of no significance
for the results obtained.

We show that admissibility is preserved both under strictly positive operations and
under weak isomorphisms.

Lemma 2.23. Let I be a strictly positive operation on domain-pers with admissible positive
parameters and dense, admissible non-positive parameters.
If D is an admissible domain-per, then T'(D) is admissible.

Proof. By lemma and structural induction on T'. L]

Lemma 2.24. Let D and & be weakly isomorphic domain-pers.
Then QD = QE, and if D is admissible, then £ is admissible.

Proof. Let (f,g) : D — £ be a weak isomorphism pair, i.e. go f ~idp and f og~idg.
Then f9: QD — QF and ¢< : Q€ — QD are continuous maps with g2 o f€ = idgp

and f2o g9 = idge. This shows that QD and Q& are homeomorphic topological spaces.
Now, assume that D is admissible. Let F be a domain, let F'® be a dense subset and let

p: F R _s Q€ be a continuous function. Then gQ op: F R _y OD is a continuous function

which factors through ép via x : F' — D, by the admissibility of D. Then foyx: F — E is

a continuous function which satisfies

(1) (fox)[FR] C f[DF] C € ; and

(2) if z € F¥, then dp(x(2)) = ¢%(p(x)) and de(f(x())) = f2(9°%(p(x))) = ¢(2).

This shows that ¢ factors through d¢ via f oy and that £ is admissible. L]

The converse of this lemma is not true in general, but it does hold if we consider dense
domain-pers:

Lemma 2.25. If D and £ are dense, admissible domain-pers and QD = QE, then D and
& are weakly isomorphic.

Proof. Continuous functions between dense, admissible domain-pers are representable. In
particular, a homeomorphism pair (f,g) : QD — QE is represented by a pair of continuous
functions f D—&and g:&— D. The composite functions g o f and f o g represent the
respectlve identities, and this shows that ( f §) is a weak isomorphism pair, i.e. §o f idp
and fo g~ idg. L]
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Remark 2.26. Lemma 227 is just a reformulation of a well-known result: All dense,
admissible domain representations of a given topological space are continuously equivalent,
see [8].

The following observation makes an important connection between equiembeddings and
admissible domain-pers. In particular, it implies that the inductive limit of a directed system
of domain-pers cannot be admissible unless all the domain-pers in the directed system are
admissible.

Observation 2.27. Let f : D — £ be an equiembedding and let £ be admissible.
Then D is admissible.

Proof. Let (F,F%) be a dense domain with totality and assume that ¢ : F® — QD is
continuous. Then y := fQo ¢ : F — QF is continuous, and by the admissibility of &,
there exists a continuous X : F — E such that {[Ff] C &% and [Y(z)]e = x(z) for every
r € FR,

Let ¢ := f~ox : FF — D. We will show that ¢ factors through dp via ¢: Let
x € FE and choose some d € DF such that [d]p = ¢(z). Then f9(p(z)) = [Y(z)]s an
f(d) ~¢ x(x). Since f is an equiembedding, this implies that d ~p f~(x(z)) = ¢(z )
Hence, ¢[F®] C DF and [p(x)]p = ¢(x) for all z € FE. ]

2.5. A dense least fixed point. Density is an important but problematic notion in the
study of domain representations and domain-pers, see [5l [6] [7, 9, 13]. One major advantage
is that it helps lifting of continuous functions, see lemma [[L8 A major issue with density
is that it is not preserved by the function space construction. We will now show how a
domain-per which is defined by a strictly positive induction with dense parameters, can be
replaced by a dense domain-per.

It is well-known that given any domain representation of a topological space X, there
is a dense domain representation of the same space, see [9, [13]. The following definition
is just a reformulation of this result. From a given domain-per D, we construct a dense
domain-per with the same set of total elements, using the topological closure of D.

Definition 2.28. If D is a domain-per, we define D?, the dense part of D, as follows:

o If D is trivial, let D? = Dy, the initial domain-per.
e If D is non-trivial, let D% be the domain-per with

= {z € D : approx(z) C {p € D, :tp N DE £ (1},

partially ordered by the restriction of Ep as the underlying domain, and with ~p re-
stricted to D as the per.

Clearly, QD = Q(D?), as the topology on D% is the same when it is considered as a subspace
of D4,

For each of the basic operations, there is a basic dense operation obtained by left
composition with the dense part construction. Let I" be a strictly positive operation and let
I'? be the operation obtained by inductively replacing all parameters and basic operations
by their dense counter-parts. A simple structural induction on I' then shows that T'%(D)
and I'(D)?¢ are equal up to isomorphism of domain-pers. Note here that density is preserved
under disjoint sum and Cartesian product, so it is only the function space construction
which demands extra attention.

We make some further important observations, but skip the proofs.
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Observation 2.29. Let D be a convex, local and complete domain-per. Then D? is convex,
local and complete.

Observation 2.30. Let D be an admissible domain-per. Then D? is admissible.

In fact, this is lemma 7.5 in [I3]: The dense part of an admissible representation is itself
admissible.

Observation 2.31. Let ({D;}icr, {fi;j}i<jer) be a directed system in clcDP and assume
that for every ¢ € I there exists some j > ¢ such that D; is dense. If (Dy,{fi}icr) is the
inductive limit, then Dy is dense.

Unfortunately, our choice of morphisms in clcDP obstructs any restriction to a full
subcategory of domain-pers which are either dense or trivial. This is in contrast to the
case for PER(Dom), see [5]. The specific problem which cannot be overcome is that the
natural restriction of an equiembedding f : D — &£ to D¢ is not in general an embedding
into the underlying domain of £%. This means that the dense strictly positive operations
would not be functorial in such a category.

Nevertheless, proposition 2.34] below shows that the dense part of a strictly positive
functor F (or more precisely of the underlying operation I') produces a «-chain in clcDP.
Moreover, the inductive limit coincides with the dense part of the inductive limit of the
~-chain constructed from F'.

For certain strictly positive functors, the y-chain will contain trivial domain-pers only.
Then even the least fixed point is trivial, and it will be convenient to leave these trivial
cases aside. This motivates the following definition:

Definition 2.32. A strictly positive functor F : cleDP — clcDP is trivial if F(Dy) is
trivial and non-trivial if F(Dy) is non-trivial.

Non-trivial functors are characterized by the following lemma. The straight-forward
inductive proof by cases is omitted here.

Lemma 2.33. Let F : clcDP — clcDP be a strictly positive functor.
Then F is non-trivial if and only if at least one of the following statements hold:

F is constantly equal to a non-trivial domain-per A.

F is the disjoint sum of functors of which at least one is non-trivial.
F is the Cartesian product of functors which both are non-trivial.

F is the exponentiation of a non-trivial functor by a domain-per B.

The potential problem with trivial parameters is avoided by assuming that all parameters
are dense. This lemma will simplify some proofs by induction on the structure of a functor.

Proposition 2.34. Let F : clcDP — clcDP be a strictly positive functor with dense pa-
rameters and let y be a limit ordinal. Let ({Dq}acy, {fa,8}a<pey) be the y-chain constructed
from ¥, and let (D, {far}acy) be its inductive limit.

Then ({D} ner, {fiﬁ Ya<pey) 18 ay-chain in clcDP with inductive limit (nyl, {fi,y}aefy).

Proof. If F is trivial, then D, is trivial for each o € ~, and the result holds trivially.
Therefore, we may assume that F is non-trivial.

We can use the same underlying domain D of D, for all « € v: If n € w, then D,
is isomorphic to a subdomain of D, so we may assume that D,, has D, as the underlying
domain. If a > w, then D, is isomorphic to D,. We let D = D,. Moreover, we assume
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that f, g = idp for all o, 8 € . This is a valid assumption, since we simply can redefine
the directed system inductively if it does not hold.

We denote the per on D, by =, for all @ < v. If a < 8, € DE and 2’ € D, then
r o o' & x ~g /. If §is alimit ordinal, then z ~3 2/ & Ja € B (x ~, 2’) for all
xz,7 € D.

We denote the underlying domain of D¢ by D¢. Then fi gt D — Dg is the inclusion
map. It remains to show that it is an embedding of domains and that nyl is the inductive
limit of {D%}4e, in Dom®.

Claim 3. There exists a family {A, },e, of closed subsets of D, closed under binary lubs,
such that

(1) Ay € Apyr; and

(2) A, NDE =DE for every a > w.

We define the subsets A, € D by induction on n € w, see appendix [A] for the entire
proof. Note that D¢ C A, since A, is a closed superset of D2 and D¢ is its closure.

Claim 4. Let n > 1. Then there exists a continuous map r, : D — D such that
(1) A, ={x € D:rp(x) =x}; and
(2) if @ > n, then r, : D, — D, is equivariant.

We prove the claim by induction on n, see appendix [Al

These two claims together show that we, in a continuous way, can project the a-total
elements onto the n-total elements whenever 1 <n < «a € 7.

Claim 5. Let p € D, and assume that 1p N DX = () for some o € . Then p € Unew An.

The proof is by transfinite induction on «, see appendix [Al
This shows that if a p € D, has a total extension at some arbitrary level «, then it has a
total extension at some finite level n.

This implies that fgf 3 is an embedding whenever a < 3: Let p1, po be compact elements
of Dg, and assume that they are consistent in Dg. Then there exists n € w such that p;,ps €
A,,. Moreover, A, is by construction closed under binary lubs in D, so piLpps € A,. On the
other hand, there exists (by the assumption that py,ps € Dg) some x € Dg with p1,p2 C x.
Then p; Up p2 = rn(p1 Up p2) C 7 (2) € DE. This shows that p; Lip po € DS C D4,

Moreover, Diif is the inductive limit of {D%},e,: For an arbitrary o > w and p € (DY),
there exists n € w such that tp N DE # (. This implies that (D2), = |, (D4). and that
D¢ is the inductive limit of {DZ},,c,,. Moreover, for a > w, it follows that 1p N DE # () <1
pNDE # (), which means that D¢ = D2,

Finally, iﬁ is an equiembedding if o < S, since if 2 € D and 2’ € D, then z ~, 2’ <
x ~g /. Moreover, Dﬁ‘f is isomorphic to the inductive limit of {D%},e,, since x ~y ol &
da € v (x =g 2') for z,2’ € D. ]

Thus, for every strictly positive operation I' on domain-pers with dense parameters,
there exists a dense domain-per D such that I'(D)? = D. Moreover, if F : clcDP — clcDP

is the functorial extension of I', then D is the dense part of the least fixed point of F. By
abuse of notation, we refer to D as the dense least fized point of F.



STRICTLY POSITIVE INDUCTION 21

Remark 2.35. A setback with the dense part construction is that it does not preserve
effectivity in general [9]. As a consequence, the dense least fixed point of F is not effective
just because the parameters of F are.

In fact, this is a returning problem with density. For a simple example of the difficulty
of obtaining an effective, dense subset in the set of continuous functionals, see Example 4.1
in [16].

2.6. An admissible least fixed point. We will now show that the dense least fixed point
of a strictly positive functor over clcDP is admissible if all the parameters involved are
dense, admissible. This will ensure that the resulting gcb space is Tjy and that all continuous
functions are representable.

Example 2.36. Let F(X) = A+ [B — X], with A and B some dense, admissible parame-
ters, and let D be the dense least fixed point of F.

An z € D can be represented as a well-founded tree with branching in B® and leaf
nodes in Af. A branch {z,},<y is obtained by iterated evaluation of z over a sequence
{bp}new over BE, ie. by starting with zg = x(by) and extending the branch with z,,1 =
Ty (bpy1) while z,, € [B — D]F. Ultimately, this process yields an zy € A for some finite
N. From this we can construct an equivariant and equi-injective map

n:D—[BY— A @N].

The example gives a rough idea of the method we will use more generally for a strictly
positive F with dense, admissible parameters. The domain-per of input sequences, B in
the example, will be constructed from the non-positive parameters of F. The domain-
per of evaluation results, A, in the example, will be the disjoint union of all the positive
parameters of F.

We will then show that the dense least fixed point is weakly isomorphic to its dense
image under 7, and that the dense image is admissible if the function space is admissible.
Before we start, we must explain what we mean by the image of an equivariant map:

Definition 2.37. If p : D — & is equivariant, the image of D under ¢ is the domain F
with the partial equivalence relation =~ defined by

trpy© Jue DP (2 me plu) ~e ).
We denote (E,~,) by ¢[D].
Lemma 2.38. Let ¢ : D — & be equivariant. Then idg : p|D] — £ is an equiembedding.

Proof. If x =, y, then z ~¢ y by definition. If z € p[D]® and x ~¢ y, then there is some
u € DE such that = ~¢ ¢(u). Hence, y ~¢ ¢(u) and x ~, y. ]

In order to show that the dense least fixed point is weakly isomorphic to its dense
image under 7, we will define an equivariant lower adjoint ¥ of F. The idea is to represent
iterated evaluation of elements of the dense least fixed point by the non-positive parame-
ters. Lemma and lemma 2401 will describe the situation for one-step evaluations. For
these results, we look at an arbitrary domain-per and not the dense least fixed point. In
lemma 241] and lemma 242, we define the maps 7 and 9 using the results for one-step
evaluations.
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If F : clcDP — clcDP is a strictly positive functor, we let {F¥}rcx,. be the set of
atomic subfunctors of F with repetition allowed. Then each F¥ represents an occurrence
either of the identity functor or of some constant functor.

Lemma 2.39. Let F : clcDP — clcDP be a strictly positive functor with dense non-
positive parameters. Then there exists a dense domain-per Tg, and for every convezx, local
and complete domain-per D, an equivariant and equi-injective map
e F(D) — [Te — |4 FH(D)].
keKg
If the non-positive parameters in F are admissible, then Tg is admissible.
Proof. We fix a convex, local and complete domain-per D. Independently of D, we define
Tg by structural induction on F. Simultaneously, we define a map
me : F(D) = [Te » [ FHD)],
keKg
which is equivariant and equi-injective, i.e. such that for all x,y € D,

T 2D Y & IR (L) R, g, FHD) TF(Y).

e If F is atomic, let T be the domain-per with T = {t} as underlying domain and with
t ~7 t. Tr is trivially dense. Observe that . F¥(D) = F(D),. If x € F(D), let
nr(z) be the map which sends ¢ to (0,z) € F(D),. Then

z =pmp) Y < (0,2) =ppy, (0,y) < 1r(®) Rrmorm), ] MF(Y).
o If F=Fy+Fy, let T = Tp, X Tr,, which is dense by induction. Note that
W Fo = Fo)ye(H F D).

k)EKF k)EKFO k‘EKFl

We define np as the strict map with np(i,z) = M.Eval(ng, (), t;) for all (i,z) € F(D) \
{L}. By the induction hypothesis, we have

(i,2) ~pp) (4,Y) & i =J AR (T) R S, FrD) T8 (Y)-
i kEKE,

The right hand side implies directly that ng (i, x) ~ nr(j,y). Moreover, ng(i,z) ~ ng(j,y)

is possible only if i = j, since ng(i,2) and ng(j,y) then map every t € 7'FR into the same

F*(D) for some k € K, the disjoint union of K¢, and Kg,. If =((i, ) ~r) (J,Y)), We

must show that —(ng(i,z) = nr(j,y)), and there are two cases to consider:

— If i # j, it follows from the observations above.

— If i = j, then —(np,(z) ~ nr,(y)) and there exist s,¢t € Ty, with s ~7, ¢ such that
—(Eval(nr,(z),s) = Eval(nr(y),t)). By the density of Tg, there exist s',¢' € Ty such
that s; = s, t/ =t and s’ =, t/, and

~(Eval(ne (i, v), ') =y, ¥y Eval(ne(iy),1")).
o If F=Fy x Fy, let Tr = Tr, + Tr,, which is dense by induction. Once again, we have

H FO =y FiD)a( iy FD).

keKg kGKFO kEKFl
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We define np(x) as the strict map such that Eval(ng(z), (7,t)) = Eval(nr,(z;),t). Again
by the induction hypothesis, x ~pp y if and only if nr,(z0) ~ nr,(y0) and nr, (z1) ~
nr, (Y1), and this is equivalent to ng(x) =~ nr(y).

e If F = [B — F4], where B is a non-positive parameter, let Tp = B X Tg,, which is dense
by induction since B is assumed to be dense. Then F has the same atomic subfunctors
as F1, so Kr = K, .

For every x € [B — Fi(D)], we define np(z) by np(z) = At.Eval(ng, (z(to)),t1). By
the induction hypothesis, x ~p(p) v if and only if ng, (2(b)) ~ nr, (y(c)) whenever b =5 c,
or equivalently if

brpc= (s~ t = Eval(nr, (2(b)),s) ~ Eval(nr, (y(c)),1)).
A simple paraphrasing is

(b,s) =7 (c,t) = Eval(np, (x(b)), s) ~ Eval(ng, (y(c)), 1)),
which holds if and only if nr(z) ~ nr(y).
It is a trivial inductive verification that 7g is admissible if every non-positive parameter in

F is admissible, in the last induction step because B is admissible. ]

Note that the assumption that the domain-pers were convex, local and complete was
of no importance in this proof. However, this restriction must be made in what follows, so
we included it above for the sake of consistency in the presentation. As our next step, we
will now define the lower adjoint of ng.

Lemma 2.40. Let F : clcDP — clcDP be a strictly positive functor with dense non-
positive parameters, and let D be a convex, local and complete domain-per. Let ng :
F(D)? — [Tp — Wrere F%(D)] be defined as in lemma [Z39. Let DY be the underlying

domain of F(D)? and let E¥ be the underlying domain of ng[F(D)]<.
Then there exists a continuous map J¢ : E¥ — DF which is the lower adjoint of ng
and such that for every x € F(D)® and q € EF,

q <pepo)e MR ()] = Ir(q) <p(D) [2]-

Proof. First, observe that ;¢ F*(D) is convex, local and complete since F(D) and all

the positive parameters are, and recall that Tg is dense. The domain-per nr[F(D)]? is

defined as the dense part of the image of nr, which means that a [ |, Sid’] € [Tr —
Wrerp F¥(D)]c is an element of EY¥ if and only if there exists some x € F(D) such that

Ujej[pi; v =T —Wie s FHD)] [nF(x)]. Moreover, by lemma [2.9] this is equivalent to

vi e T (| {e’ 1P/ St} <y, ¥r(py) [Eval(ne(2),1)])
jeJ
for the same choice of x € F(D)%. In this case, we say that |_|jeJ[pj; ¢’] € E¥ is witnessed
by x.
Following the inductive definition of 7 given in the proof of lemma 2.39, we define by
structural induction on F a monotone map ¢ : EX — F(D). which satisfies

(1) if Ujej[pj;qj] € EY is witnessed by = € F(D), then ﬂF(UjeJ[pj;qj]) <r(p) [z] which
implies 7.9F(|_|j€][pj; ¢’]) € D¥; and
(2) if ujeJ[pj;qj] € E¥ and r € F(D)., then ﬁF(ujeJ[pj;qj]) Cr&e Ujej[pi;qj] C ne(r).
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This yields a monotone map Jp : E¥Y — DF satisfying ¥r(q) C r < q C np(r)) for all
q € E¥ and r € DF. The continuous extension to E¥ is then the lower adjoint of 7 with
q <pe[r)e MF(2)] = Ir(q) <p(p) [z] for all z € F(D)® and q € EY.

Since ¥ by necessity is strict, we consider only those |_|je JW; ¢’] € E¥ for which J is

non-empty and ¢/ # L for every j € J.
e F atomic: If I_ljeJ[t; (0, qj)] € EcF, let 19F(|_|jej[t§ (0, qj)]) = |_|jeJ qj-'

If z € F(D)" is a witness, then Eval(np(z),t) = (0,2) and (0,¢7) <wp),) [(0,2)].
Since F(D) is local, it follows that {¢/};e is conéistent with [ |;c; ¢/ <p(p) [z]. Then Vg
is clearly well-defined and monotone, and if r € F(D),, then

s 50N Er = |y
jeJ jeJ
& VielJ(d Cr)
& ¥jeJ((0,¢) E Eval(e(r),t))
& | #0,¢) E ().
jeJ
e F=Fy+F;: If |_|j€J[pj; ¢’] € EF and this is witnessed by (i,2) € F(D)%, let

19F(|_| [p;¢’]) = (4, |_| {0r,( |_| [/pg;qj]) : {p’}jes consistent}).

jeJ JICJ jeJr
If (i, 2') is another witness that | |;c ;[p’; ¢’] € E¥ and i # 7, then

de(ly FHONN W FrD)) ={L},

keKF, k€K,

for any j € J. This contradicts the assumption that ¢’ # L. Thus the index i is uniquely
determined by | |;c ;[p’; ¢’]- '

Choose j € J and ¢t €tpl N 7}}3 Both 7g, and 7r, are dense, so we may choose
t' etp? N T such that Eval(nr,(z),t) = Eval(ng(i,x),t'). Then ¢/ C Eval(np(i,z),t'),
and this shows that ¢/ <pp) [Eval(nr, (z),t)]. Hence, ujeJ[pg;qj] € E¥i and this is
witnessed by = € F;(D)%. _ _

If J' C J, then p, (;c [0} ¢’]) is bounded by Or, (Le s 05 ¢’]), since Up, is monotone
by the induction hypothesis. This means that

{9, ( |_| [pf;qj]) : {p’}jer consistent and J' C J}
JjeJ’

is a consistent set and has a least upper bound.

Let | |;c [P’ ¢’], UkeK[pk; ¢*] € EF (where we assume that J and K are disjoint finite
index sets). If | |;c;[p’:¢’] C Uye i [P"; ¢*], we must show that

(|5 @) S or(| | " 4")):
jeJ keK

For every J' C J with {p/};c, consistent, we can construct a K’ C K with {p*}rer
consistent such that Jr, (| ;c ! ¢?]) © 0%, (Upe g [PF; ¢¥)): Let K/ = Ujes{k € K :
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p¥ C p’}. Then for every j € J', we have

¢ C L {d" p"Cp = | " ey e [ {d o)
keK keK'’ keK'’

This shows that | |; ;] C Uger[PF;¢"], and Jg, is monotone by the induction
hypothesis. Hence,

(@) € | (e, L] Iphia") s (97} e consistent)) C e (| | 0": D).

jeJ JCcy keK’ keK
Claim 6. Let p € EF and r € F(D),. Then 9p(p) 7 < p C np(r).

This shows that (Jg,nr) is an adjunction pair. In the proof, we use the induction
hypothesis that (Jr,,nr,) is an adjunction pair for ¢ = 0,1. See appendix [Al for the full
details. o _

Let ujeJ[p];q]] € E¥ be witnessed by (i,z). If J' C J with {p’}jeJ/ consistent, then
Ljer[pl;a’] € EE? is witnessed by 2. In this case, Ir,(|;c 5 [p]; ¢’]) <p,(p) [2] by the
induction hypothesis. This implies that ﬁF(UjeJ[pi;qj]) <r(p) [(i,7)], since F;(D) is
local.

F=FoxF;: Let UjeJ[(ij,pj); ¢’] € E¥. Then there are complementary subsets Jy and
Jyp of J such that

| 16y, 07):d] = | ] 10,07 /T 0 | ] 1L 27 )
jed jeJdo je1

This decomposition is unique, because ng(x) is a strict map for every = € F(D).
We define Jg on E¥ by

I (| 1G5, 07); ') = O, (| | ;). 9%, (|| P75 D))
jeJ j€do jen
By induction, Jr is clearly well-defined and monotone. ‘

' If 7 € F(D)c, then it is easily verified that | |, ;[(i;,p’);¢’] C r if and only if | ;. ; {¢’ :
p’ C t} C Eval(ng,(ri),t) for all t € Ty, for i = 0 and for ¢ = 1. It follows, from the
induction hypothesis, that (Y, nr) is an adjunction pair.

Finally, assume that ujeJ[(ij,pj);qj] € EF is witnessed by # € F(D)® . Then, if
i=0,1,5 € J; and t €fp’ 07}1;5, we have
qj =F,(D) [EV&I(TIF(‘T)? (Z7t))] = [EVal(nFi (xi)7t)]7
which shows that | |;c ;. [7;¢7] € EFi is witnessed by x; € F;(D)®. By the induction
hypothesis, there exists 2} € F;(D) with ~p,(p) i such that I, (| ];c;, [p7; ¢’]) C /.
It follows that (x(,z]) ~pp) = and that
Ir(| |0 U | 1L 07); @) <pep) [2].
j€Jdo NS
=[B—-F: If UjEJ[pj;qj] € EF, we let
Ir(| |75 1) = || Ipd; 0, (| |{[PFs "] : P € P01

jed jed keJ
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Note that in this case |_|j€J[pj; @] € [BxTg, — Wrere fk(D)], and {[p{7 vl :pé C pljes
is [T, = Wrerye fk(D)]—consistent for every p € B..
Claim 7. Let b € B¥ and p € approx(b). Let |_|j€J[pj; ¢] € EF be witnessed by
z € [B— Fi(D)]". '

Then UjEJ{[p{; @] : pl C p} € EF! is witnessed by z(b).

In particular, this means that UkeJ{[p'f; ¢ :phk C pé} € EF1 for every j € J.
Claim 8. Let Ujej[pj;qj] € EF. |

If J' is a subset of J such that {p)};e is consistent in B, then {Jr, (| lyc,{[p};d"] :
pE C pi})}jes is consistent in F.(D).

This shows that {[pé;ﬁpl(ukeJ{[p’f;qk] . pk C ph})]}jes is a consistent set of step
functions in [B — F(D)]. In particular, this means that

|_| [t Ve, ( U{plv :pg Cpp})] € [B = Fi(D)].

jed keJ
Claim 9. Assume Ujej[pj;qj] C e [p¥; ¢*] € E¥. Then
It 0w, (LI a') - 0h € b)) © [ s 0, (L] {05 0™ = 2" C p6D))
j€J leJ keK meK

This shows that ¥g is a well-defined and monotone map.
Claim 10. Let UjEJW§qj] € EF and let r € DF. Then Ujej[pi;qj] C np(r) if and only
if, for every j € J,

L |
| | {pF;a*) : p6 S pd} C o (r(00)-
keJ

The induction hypothesis is that (Jg,,nr,) is an adjunction pair:
L . .
| J{Ipt: 6" 6 © o4} E e, r(9)) & Or, (|_|{Ip: 6" : 06 S P} T r(p))
kedJ ked

for every j € J, which again is equivalent to Jr(| ;¢ ;Ip7;¢%]) C r by the definition of J.
This shows that (Jg,nF) is an adjunction pair: o

Assume now that = € [B — F{(D)]® is a witness that Ujeslp’s '] € EF. Let b € BE.
If j € J and p% C b, then z(b) is a witness that ukeJ{[pr;qk] :pk Cpl} € EFL. By the
induction hypothesis, this implies that

Ir ({13 d"] : b6 Epb}) < [2(b)].

keJ
Then, since B is dense and F1(D)) is convex, local and complete, we have (by lemma [2.9])
|_|{p0719F1 |_|{p17 ;6 C b} < [a]. O
JjeJ keJ

In example 2.36] the representation of a total element x of the dense least fixed point of
F as a well-founded tree used iterated evaluation of x over some input parameter. We will
now use the adjunction pair (9g,nF), which represents one-step evaluations over the dense
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least fixed point D, to show that the situation of the example extends to the more general
case of a strictly positive functor with dense, admissible parameters. We do this by means
of an adjunction pair (9, 7).

Lemma 2.41. Let F : clcDP — clcDP be a strictly positive functor with dense, admissible
parameters. Let D be the dense least fized point of F.

Then there exist dense, admissible domain-pers U and &, and an equivariant and equi-
injective map 7 : D — U — £].

Proof. Let T be the dense, admissible domain-per Tg as defined in the proof of lemma 2.39]
The domain-per U is defined as follows: Let U be the domain of sequences x = {y, }men
over T, partially ordered by z Cpy y < Vm € w (2, Er ym). Let &4 be the partial
equivalence relation defined by x ~y y <> Vm € w(xp, =7 yYm).

Claim 11. U is dense and admissible.

Let € be the domain-per (4, y An) @N, where Ay, ..., Ay are the positive parameters
of F. Clearly, £ is admissible since Ay, ..., Ay are admissible. It is simply a matter of
convenience that we use the strict product in the definition of £.

In what follows, we will consider |4, - 5 A as a subdomain of the underlying domain of
Wrere F*(D) in the obvious way. We observe that if 2,2’ € Weeky P:k(D) and L # 2 C 2/,
then z, 2’ are either both in 4,y A or both in its complement.

Let n: D — [T — e F¥(D)] be the equivariant and equi-injective map as defined
in the proof of lemma This map exists because D = F(D)<.

In order to define the map 7, we must first describe the evaluation tree which n produces
from an x € D. For a fixed (z,u) € D x U, we define a (finite or infinite) sequence over

LﬂkeKF F:k(D) as follows:

o Let z(ox’u) = Eval(n(z),u0) € Wyep, FF(D).
e Ifmewand 2} ) = (k:g ) U u)) ¢ < An, let

2t = Bval(n(dyl ), umt1) € 1) FR(D).
keKg

o Let My, :={mecw: Z(zu) ¢ W<y An}

Note that the definition comes to a halt once 23\ € #,.<n An. The sequence {d?; ) Fm< My

m
(ZU,U

evaluation path of (z,u). If M, ,) < w, and o is the finite evaluation path of (z,u), we let
N(eu) = (0), With (-) a fixed injective function from the set of finite sequences over K into
N. We say that n(, ) is the code for the evaluation path. In the case of a finite M(, ), we

over D is the evaluation sequence of (x,u). The sequence {k )}m<M(x,u) over Ky is the

)

obtain an evaluation result zé\zz) € Hng NAn It Mg ) = (), then the evaluation sequence
and evaluation path of (x,u) are both empty.

We define a map ¢ : D x U — E as follows: Let ((x,u) = (z
M) <w and let ((z,u) = Lif M(,,) = w.

Let 77 := curry(¢). We will show that ¢ is continuous, equivariant and equi-injective,
and as a consequence 7] will be well-defined, continuous, equivariant and equi-injective.

If the evaluation sequence of (z,u) is infinite, we get ((x,u) = L. Note that, since we
used the strict product of |4, -y A and N, we get {(z,u) = L even when the evaluation

Mg )

(z,u)

,n(x,u)) € Fif
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sequence is finite with L as evaluation result. This is because the evaluation path is of no
interest if the evaluation result is L.

Claim 12. Let (v, u), (',u) € D x U and assume (z,u) C (2',u’). Then M,y < My .,
and z&u) C ZZ?;,’U,) for every m < M, finite. Moreover, if M ) < My, then
Mg ) = L
(z,u) :
This foAllows from the fact mentioned above that comparable non-terminating elements
of ¢ K F%(D) are either both in &Jng ~ Ay or both in its complement. For the full proof,
see appendix [Al
This is used below to show that ( is a monotone map. Another consequence is that the
evaluation path over (z,u) is an initial segment of the evaluation path over (z’,u’) when
(2,u) T («/,u).

Claim 13. Let A be a non-empty directed subset of D x U. For each m € w, let A™ be
the subset {(z,u) € A: M) > m}. If m < My is finite, then

(1) A™ is directed with | |[A™ =] | A; and

(2) {chb,u) : (z,u) € A™} is directed with least upper bound 274 .

Both parts of the claim is proved by a simultaneous induction on m, see appendix [Al

If Mua < w, then AMoa £ () and 2\pa = U{z?ﬁfﬁ . (z,u) € AMua} Combining
this with the previous claim, we observe that the evaluation path of | | A is identical to the
evaluation path of (z,u) for all (z,u) € AMua je. A = Nau)-

We can now show that ( : D x U — FE is continuous:

e Assume that (z,u) C (2/,u). Then either M,y = My ) or z{w y = L. If either

T,
M) = w or zé‘iu) = 1, then ((z,u) = L. Otherwise, z%’u) C zg\/[x,m,
Ny wy, Which means that ¢(z,u) C ((z',u’).

e Let A C D x U be non-empty, directed. If M A = w, then ((UA) = ((z,u) = L for
all (z,u) € A. If Ma < w, then there exists (z,u) € A such that M,y = Mya and
Aas =200 ¢ (w,u) € AMuay,

This also means that 77 : D — [U — E] is well-defined and continuous.

Recall that the dense least fixed point D is constructed as the inductive limit of a -
chain of dense domain-pers with D as the underlying domain, for some ordinal . If 2 € D,
we let rank(x) := rank,(z), the level of the induction at which z is introduced as a total
element.

Claim 14. Let z € D with rank(z) = o+ 1. Then n(z) € [T = Wyex F¥(Da)]E.

This shows that the evaluation under 7 of a total element will give a total element of
strictly lower rank, and hence that such an evaluation will proceed in a finite number of
steps.

Claim 15. Let (z,u), (z/,u') € D x U and assume that (z,u) ~pxy (',u’). Then Mg,y =
Mgy < w, and ZE; w & ng/ ) for every m < M, ).

) and n( ) =

An immediate consequence is that the evaluation paths of (z,u) and (2, ") are identical
and finite. Hence, n; ) = n(w 47, and the respective evaluation results are equivalent in

. T,u M T,u . . . . .
Hng N An, ie. z(w’(uj )~ Z(x'(,ﬁ'))‘ In particular, this shows that ( is equivariant, and therefore

also that 7 is equivariant.
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Finally, we give a direct proof that 7 is equi-injective since n is: Choose z,2’ € D
and assume that 7(z) ~pge (). Let u,u’ € U and assume that u ~y u'. Then
Eval(7(z), u) ~¢ Eval(7(z'), u'). Firstly, this means that n, ) = 1y W), so the evaluation
paths of (z,u) and (2/,u) are identical, and the evaluation sequences are of the same length,
say M. Secondly, this means that zg‘;{u) ~ Z%’,u’)? and since u,, ~7 u,, for all m < M and
7 is equi-injective, we obtain zgg w ~ z(g, ) by a backwards induction on m, and ultimately
x~p ol L]

We will now define a lower adjoint of 7 : D — 7[D]¢, and show that these two domain-
pers are weakly isomorphic.

Lemma 2.42. Let F : clcDP — clcDP be a strictly positive functor with dense, admissible
parameters, and let D be a dense least fived point of F. Let the domain-pers U and £ and
the equivariant and equi-injective map 7 : D — [U — E] be as defined in the proof of

lemma [2.41]

Then D and 7[D])* are weakly isomorphic domain-pers.

Proof. We will define an equivariant map 9 : 7[D]* — D such that 9 o 7 ~|pp] idp and
such that 7 o 9 R[[D)d—qD)4] 1dF, where F' is the underlying domain of n[D]e.

By means of the map g defined in lemma [Z40, we will first define a monotone map
U : F, — D, such that if ¢ € F,, x € D and q <p¢ [7(x)], then ¥(¢) <p [z]. This map
extends uniquely to a continuous map ¥ : F' — D, and we will then show that (J,7) is an
adjunction pair.

The map 1 is constructed as follows: For each |_|jeJ[p7; (¢7,n?)] € F.\ {L}, we will
define an evaluation tree T consisting of finite, decreasing sequences of non-empty subsets
of the index set J. This tree depends only on {(p’,n?)};cs which is a finite subset of U, x N,
since we w.l.o.g. assume that (¢/,n’) # L for all j € J. In the next step, we decorate all
the leaf nodes of T using the finite subset {¢’};jcs of §,,<n An. Inductively we decorate
the rest of the tree with the help of ¥g. Ultimately, we decorate the empty node with an
element of D., which we take as 7§(|_|j€J[pj; (¢, n7)]).

Let J be some finite index set. By a finite, decreasing sequence ¢ of length || over J,
we will mean a non-empty finite list of non-empty sets =1 €S Cq C J.

For a finite subset {(p’,n?)};es of U. x N, let T({(p’,n?)};es) be the set of finite,
decreasing sequences ¢ over J such that

e {ph}ic, is consistent in Ty for every m < [s|; and
e there exist natural numbers n¢ and M such that

— n? = n for each j € ¢p; and

— n¢ codes a finite evaluation path of length M¢ > |¢| — 1.
Ordered by sequence extension, and with the empty sequence e added as a root, T'({(p’,n’) } jes)
is a tree.

The number n is determined by ¢, the first entry of the sequence ¢, and M. depends
only on n.. This means that if ¢ C 7, then nc = n, and M, = M,. By definition of the
tree, we have [¢| < M.+ 1 for every ¢. If || = M.+ 1, then no further extension is possible.
If [¢] < M. + 1, then ¢ has a trivial extension. Hence, a sequence ¢ is maximal if and only
if || = M. + 1. Moreover, M. + 1 is the upper bound on the length of an extension of .
The tree is finite, since J is finite and there is a finite number of M. to choose from.

For each s € T({(p’,n?)};es), we define p* € U, as follows:
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o 15 = e, pin for every m < |g|; and
o ps, =L for m > [¢].
Claim 16. Let |_|j€J[p7; (¢7,n?)] C UkeK[pk; (qk,nk)] (with JN K = 0).
Then there exists a function f : T({(p?,n%)}jcs) — T({(p*,n*)}rex) such that
P’ Eps;
cCT=f(c) S f(r);
(<) = Is|; and o
s is maximal in T({(p’,n?)}jcs) < f(s) is maximal in T({(p*, n*)}rex).

We define the sequence f(<) inductively, starting with the first entry. For the details,
see appendix [Al This shows that if | |, ;[p?, (¢/,n?)] € [U — Elc, then the evaluation tree

T({(p’,n’)}jes) is uniquely defined up to isomorphism of trees.

For a given | | e JP75 (@7, n?)] € Fe, we will now give a decoration ¢° for each non-empty
node ¢ of the evaluation tree, starting with the leaf nodes. For this purpose, we fix some
z € D such that e, 7 (.0)] <gine) ()]

Claim 17. Let ¢ be maximal with || = M + 1, and let j € . If u €1ps NUE, then

¢ = (W An) [zg‘;{u)], where zg‘;{u) is the evaluation result of (z,u).

This shows that {¢’ : j € cp_} is consistent for a maximal g, since |4, A, is a local
domain-per. We let

q = U ¢ e |+ A, C L—_l—J F+(D).
JESM¢ n<N keKy
For a non-maximal g, let S(¢) be the set of immediate successors of ¢ in the evaluation
tree.

Claim 18. Let ¢ be non-maximal and non-empty, and assume that

vr € S() Vo eU” (pT Cv=q" <y, FHD) Ed)

(z,0)

Then {[/p‘z'; q"] : 7 € S(c)} is consistent and if u €1p* NUFE, then

LK :07) 7 € S0} <o e (d )]

This shows that we can apply Jp on | | . S(<) [prg‘; q7] if ¢ is non-maximal and non-empty
and ¢ is well-defined for all 7 € S(5). With the additional condition that ¢ is non-empty,

let
¢ = (K op( | Ilsa) € ) FE(D),
TE€S(s) keKy
where {k"},<nr. is the evaluation path coded by n.
We now have a decoration ¢° € ;.. F¥(D) for all non-empty ¢, with the additional

M_l] for all u etps NUL. Inductively, we see that

property that ¢° = (Wrercg FH(D)) [z(x’u)
LI{Iph: ']+ < € S(0)} =iy, vy E ()]
We can now define:

I, (7)) = o ({5 a] < < € S(e)}) € Dey

jedJ
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where e is the empty sequence. By lemma 240} we even have 9(| | i S, (¢, n7)]) <p [=].
We take J(Lr) := Lp. We show that ¥ : F, — D, is a well-defined and monotone map
by a leaf-to-root induction on the evaluation tree.

Claim 19. Let | |;c;[p’; (¢/,7/)] C Uyex[p"; (6", %)) € Fe, and let f: T({(p/,n7)}jer) —
T({(p*,n*)}kex) be as in the claim above. If ¢ € T'({(p’,n’)};es) is non-empty, then
¢ C ¢/,

If jesl07s (@7, n7)] E Urerlp”s (¢%,n*)], then for each sequence o € T({(p/,n/)}jes)
of length 1, there is a sequence f(s) € T({(p",n*)}rex) of length 1, with p/(©) C p¢ and
¢° C ¢/(9). This shows that

I (o7 n?)]) £ OC|] 1% (¢",n"))).
=Y keK
We have a unique continuous extension ¥ : F' — D. We will now show that (9,7) is an

adjunction pair.

Claim 20. Let |_|j€J[p7; (¢?,n%)] € F. and let r € D,. Then |_|j€J[p7; (¢7,n%)] C 7(r) if and

only if ¢° z‘(ﬂ;j) for every non-empty ¢ € T.
The claim shows that |_|j€J[pj; (¢7,n7)] E f(r) if and only if ¢° C z?r ps) = Eval(ng(r),py)

for each ¢ € S(e). This is again equivalent to

|| Inbia] € ),
seS(e)
and furthermore to Vr(|.cg(e [Ph; ¢°]) E 7 since (JF,7r) is an adjunction pair. This shows
that (J,7) is an adjunction pair.
The monotone map ¥ extends uniquely to a continuous map on ﬁ[D]d, and (0,7) is an
adjunction pair with the required <-property.

Claim 21. Let y € 7[D]®. Then 7(9(y)) Nu—e] Y-

In this proof, we use the fact that D is local and complete. See appendix [A] for details.
A direct consequence is that if 7(x) ~p_e y, then 7(z) ~p_g 7(9(y)) which implies
x ~p Y(y), since 7 is equi-injective. In particular, if x € D, then z ~p J(f(z)). This also
shows that 9 : 7[D]? — D is equivariant: If y ~p) ¥'» then there is some = € DE such that
Y e () Ru—e y' and therefore I(y) ~p x ~p V(y'). Hence, (9,7) : 7[D]? — D is a
weak isomorphism pair. ]

We can now prove our main result.

Theorem 2.43. Let F : clcDP — clcDP be a strictly positive functor with dense, admis-
sible parameters.
Then the dense least fized point of F is admissible.

Proof. Let D be the dense least fixed point of F. By lemma 2.41] and lemma 2.42], we have
dense, admissible domain-pers ¢/ and € and an equivariant map 77 : D — [ — &] such that
D and 7[D]? are weakly isomorphic.

We have that [ — £] is admissible since U, £ are dense, admissible by lemmal[l.9] Then
id : 7[D] — [U — &] is an equiembedding by lemma[2.38l This shows that 77[D] is admissible
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by observation 2.27 Admissibility is preserved under the dense part construction, see
observation 230}, so f[D]? is admissible. Finally, since D and 7[D]? are weakly isomorphic,
we can use lemma [2.24] and conclude that D is admissible. L]

3. STRICTLY POSITIVE INDUCTION IN QCByg

We will now use the construction of a dense, admissible least fixed point of a strictly positive
functor F : clcDP — clcDP with dense, admissible parameters to define gcby spaces by
strictly positive induction.

First, we show that the choice of convex, local and complete domain-pers as the objects
in the category cleDP was adequate.

Lemma 3.1. Let X be a topological space. Then X is a qcby space if and only if there
exists a countably based, dense, admissible, convez, local and complete domain-per D such
that QD = X.

Proof. Let X be a qcbg space. Let (D,DR,d) be the standard dense and admissible rep-
resentation of X w.r.t to some countable pseudobase P, see the proof of theorem for
details, and let D be the associated domain-per.

If € D, then I°®) is a greatest representative for §(x), so I°®) = | |[z]p. Hence, D
is local and complete.

For the convexity, let I,.J, K be ideals over (P,D) and assume that I C J C K and
that I, K —p . Then x € B for all B € J, since J C K. If z € U and U C X is open,
then there exists B € I C J with x € B C U. This shows that J —p z.

For the converse, QD is a qcb space by since it is the quotient space of D, a countably
based space. It is a gcby space by corollary [[L11] since D is an admissible domain-per. []

The basic operations for gcby spaces are identity (id), disjoint sum (- W -), sequential
product (- x?-), and QCBg-exponential ([- =° -]), as defined in section Il An operation on
qcbg spaces is said to be strictly positive if it is constructed from a finite list of gcby spaces
(the positive parameters), using identity, disjoint sum, sequential product and QCBy-
exponentiation by a fixed gcbg space (a non-positive parameter). The basic operations on
qcbg spaces are representable by the corresponding basic operations on domain-pers:

Lemma 3.2. Let D and £ be admissible domain-pers. Then
QD+ €&) = (QD) W (QE);

Q(D x &) = (QD) x* (QE).
If, in addition, D is dense, then QD — £] = [QD =° Qf] .

Proof. As already observed in lemmal[2.23] the domain representations induced by D+& and
D x & are admissible domain representations of (D)W (QE) and (QD) x (QE), respectively.
On condition that D is dense, the domain representation induced by [D — £] is an admissible
domain representation of [QD =, OE].

This implies that Q(D+E), Q(DxE) and Q[D — &] are homeomorphic to the respective
sequential closures (QD) W (QE), (QD) x* (QE) and [QD =* QE]. O]
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For the domain-pers we took the categorical approach to the problem of definitions by
strictly positive induction, similar to the technique for solving recursive domain equations.
We then made a suitable choice of morphisms which were, in a sense, embeddings. For the
qcbg spaces, there is no obvious choice of embeddings. We will therefore pass directly from
a strictly positive operation on gcby spaces to a functorial representation over clcDP.

If T is a strictly positive operation on gcbg spaces, we obtain a strictly positive operation
on domain-pers by replacing

e cach (positive or non-positive) parameter P in I" by a countably based, dense, admissible,
convex, local and complete domain-per A with 9.4 = P; and

e cach occurrence of one of the basic operations id, -W-, - x*- or [ =% -] by the corresponding
domain-per operation id, - + -, - X - or [ — -].

Strictly positive operations are functorial in clcDP, and in combination with lemma

this implies that there exists a functor F : clcDP — clcDP such that for every domain-per

D and gcb space X, we have

QD= X = Q(FD) =T'X.
We refer to F as the functorial representation of I over clecDP.

Proposition 3.3. Let I be a strictly positive operation on qcby spaces. Let F be a functorial
representation of I' over clcDP, and let D be a least fixed point of F. Then QD is a qcby
space and a fized point of ', i.e. QD =T (QD).

Proof. The functorial representation F' of I' has countably based, dense, admissible param-
eters by definition. Then D is countably based by observation 2.2Il The dense part of D is
a dense least fixed point of F and therefore admissible by theorem 243 Since QD & Q(Dd)
by the definition of dense part and Q(D?) is a qcby space by lemma [B1 this shows that

9D is a gcby space.
Since D is a least fixed point of F, we have D = F(D) and 9D = Q(FD). Moreover,
Q(FD) = T'(QD) since F is a functorial representation of I". This shows that QD = T'(9D).
L]

This shows that strictly positive operations on gcbg spaces admit fixed points. Put
differently, we can construct a solution of the strictly positive ’recursive gcbg equation’
X =T(X) by means of a functorial representation of I' over clcDP. In order to say that
this is a definition by strictly positive induction, we need to show that it is a canonical
solution, i.e. independent of the chosen functorial representation of I'.

Proposition 3.4. Let I' be a strictly positive operation on qcby spaces. If F and G are
functorial representations of I' over clcDP and D and £ are least fized points of F and G,
respectively, then QD = QF.

Proof. We say that strictly positive endofunctors over clcDP are weakly equivalent if we can
obtain one from the other by replacing each parameter by a weakly isomorphic domain-per.

Claim 22. Let F and G be weakly equivalent strictly positive endofunctors over clcDP.

Then there exist assignments ¢ — G and ¢ — ¢&F from the class of equivariant maps

into itself with the following properties:

(1) if ¢ : D — &, then pF'G : F(D) — G(€) and p&F : G(D) — F(&);

(2) if (¢, x) is a weak isomorphism of domain-pers D and &, then (¢¥G,
isomorphism of F(D) and G(&); and

GF) is a weak

X
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(3) if ¢, x are equivariant maps and f, g are equiembeddings which satisfy go ¢ = x o f,
then G(g) o oG = xF:C o F(f).

The proof is straight-forward. Some more details are given in appendix [Al

Now, let F and G be functorial representations of I' over clcDP. Then F and G are
weakly equivalent: A parameter in I' is represented by a dense, admissible parameter in F
and by a dense, admissible parameter in G. By lemma 2.25] these parameters are weakly
isomorphic.

If 5 is an ordinal, let ({Dq }aes, { fa,o’ ta<arep) be the f-chain constructed from F, and
let ({€a}aecps {9a.a’ ta<arep) be the [-chain constructed from G. Choose a limit ordinal ~
such that D, and &, are least fixed points of F and G, respectively.

Claim 23. There are families {pg : Dg = E5}p<y and {xs : £ = Dg}g<~ of equivariant
maps such that each (g, x3) is a weak isomorphism pair.

This proof is by transfinite induction on 8 < ~ and make use of the assignments
0 "G and ¢ — @&F defined above. We also need an extra induction hypothesis and
the notion of a uniform mapping ( definition 2.15]) for the induction to go through. The
complete proof is given in appendix [Al

In particular, the claim shows that (¢, x,) is a weak isomorphism pair of D, and &,.
By lemma 2.24], this implies that 9D, = QE,. L]

Now, we are ready to state and prove our main result.

Theorem 3.5. Let I' be a strictly positive operation on qcby spaces. Then I' has a fixed
point X = T'(X). Moreover, the fixed point is defined via a least fized point construction in
domain theory, and it is is independent, up to homeomorphism, of the admissible standard
domain representations used for the parameters involved.

Proof. The fixed point of T' exists by proposition B3l It is independent of the choice of
functorial representation of I by proposition [3.41 L]

Applications of interest in analysis usually concern Hausdorff spaces, so we include the
following important result.

Proposition 3.6. If X is a qcby space defined by a strictly positive induction in which all
positive parameters involved are Hausdorff, then X is Hausdorff.

Proof. Let I be the strictly positive operation used to define X and let Ag,..., Ay be the
positive parameters involved.

Let D be the dense least fixed point of some functorial representation of I'. Consider
the equivariant and equi-injective map 7 : D — [ — &] defined in lemma 24Tl Let 7€ be
the induced continuous, injective map from X to [QU — (H,« A:) x N], which is the set
of continuous functions from QU into (I, A;) x N with a topology which is finer than
the compact-open topology. B

Choose distinct points x,y € X. Then 79(x) # 79(y), so they are evaluated differently
for some u € QU, that is Eval(7(z), u) # Eval(9(y),u). Now, because (|4, A;) x N is
Hausdorff, these evaluation results can be separated by open neighbourhoods V,, and Vy.
Then {f : f(u) € V;} and {f : f(u) € V,} are disjoint basic open sets in the compact-
open topology, thus separating 72(z) and 72(y). The inverse images are then disjoint open
neighbourhoods separating x and y. ]
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Remark 3.7. If f : D — £ is an equiembedding, then f< : QD — QE is an injective
map. Moreover, it has the property that a sequence is mapped to a convergent sequence if
and only if it is itself convergent. Note that these sequential embeddings are not necessarily
embeddings in the topological sense, unless the spaces are countably based.

Unfortunately, there is no obvious way to lift a sequential embedding f : X — Y of
qchg spaces to an equiembedding of representing domain-pers. Therefore, these embeddings
are of limited interest.

Remark 3.8. The fixed point of I' can be constructed as an inductive limit: Let F be
a functorial representation of I' over clecDP. By proposition 2.34] there exists a ~y-chain
({Da}aecy: {fa,8}a<pey) of dense domain-pers and equiembeddings such that the inductive
limit D, is a dense least fixed point of F. The dense least fixed point is admissible by
theorem [2.43] and so all the domain-pers are admissible by observation This shows
that ({QDa }acy, {f agﬂ}ag Bev) is a directed system of gcby spaces and continuous functions.
Using the lifting of all continuous functions to dense, admissible domain representations
(lemma [[F), we can show that @D, is the inductive limit.

For what it is worth, the continuous functions of the directed system are sequential
embeddings as described in the previous remark.

The fixed point of I' is an example of an inductive limit, possibly uncountable, of gcbg
spaces. The category QCBg does not have uncountable inductive limits, so the existence
of the fixed point cannot be proved inductively within the class of gcby spaces. On the
contrary, the chain of gcbg spaces is constructed from the limit and down and not from the
bottom and up. Furthermore, this means that we do not know whether the fixed point is a
least fixed point of some strictly positive endofunctor over QCBg. For examples of initial
algebras in QCBy, see [3].

A natural extension of this work would be to study positive inductive definitions in
general.

APPENDIX A. PROOF OF CLAIMS

Proposition [2.20]

Claim 1. There exists a family {hg : Dg = £}3<,, of equiembeddings such that, for each
B €0, hg = goF(hg) o fgpr1=hpr10 fpp-

Proof. The proof is by transfinite induction on 5.

Let ho be the unique equiembedding from Dy into £. Since g o F(hg) o fo1 is an
equiembedding from Dy into £, we have hg = g o F(hg) o fo1.

Assume that hg : Dg — £ is an equiembedding satisfying hg = g o F(hg) o f3 g4+1. Let
hﬁ—i—l =go F(hg) Then hg = hﬁ—i—l 9] fﬁ,ﬁ—i—l and

hgi1 =goF(hgi10 fepr1) =goF(hgr1) o F(fap41) = go F(hgi1) o fat1,p+2.
Assume that hq = hat1 © fa,a+1 for every a € B, where 8 < ~p is some limit ordinal.

Let hg : Dg — £ be the mediating morphism from (Dg, {fas}acs) to (€, {hatacs), i-e.
the unique equiembedding such that h, = hg o f, g for every o € 3, which exists since



36 P. K. KOBER

(Dg,{fa,s}tacp) is the inductive limit. Then, for each o € /3, we have
ha = goF(ha)o faat1
= goF(hgo fap)o faat
= goF(hg) oF(fa)© faat1
= go F(hﬁ) o fa,ﬁ—i—l
= goF(hg)o fagpt10 fo:ﬁ
Together with the uniqueness of hg, this implies that hg = g o F(hg) o f3 g41. ]

Claim 2. Let w < 3 < 7p and assume that fg gy is an isomorphism. Then hg : Dg — E
is the unique F-morphism from (Dg, f5 5,,) into (E, g).

Proof. The proof is by transfinite induction on g < «y. From domain theory, we know that
there exists an initial F-algebra (D, f). In fact, we can use D = D,, and f : F(Dw) — D,
the unique embedding such that f o f‘(fmw) = fnt1w for all n € w. In our notation, f is
fw_ w41, an isomorphism, thus A, is an F-morphism and unique by the initiality of (D, f).

Assume that hg : Dg — E is the unique F-morphism from (Dg, fgﬁﬂ) into (F,g), and

in particular that (Dg, f5 5,,) s an initial F-algebra. Then

(DB+17f5_+176+2) = (F(Dﬁ)vF(fﬁjﬁ+1))

is an initial f‘—algebra and hﬁofﬁ_ﬁJrl = hg41 is the unique F-morphism from (Dg+1, fﬁ_ﬂ’ﬁ”)
into (E,g).

Assume that hy : Dy — E is the unique F-morphism from (Das faar1) into (E,9)
for every a € 3, for some limit ordinal 3 < 7. Then fz 311 is an isomorphism, since
every faa+1 is an isomorphism. This shows that hg is an F-morphism. Now, assume that
h' : Dg — E is another F-morphism from (DB,]‘EBH) into (E,g). If « € B, we have
Wofas=goF(h)o f3.5110 fap=9goF(h o fap)o faar1. This shows that h' o f, s is
an F-morphism from (D, faws1) into (E,g) and that hq = R’ o fo 5. By definition of hg,
we have hg = I/, so hg is unique. O

Proposition [2.34

Claim 3. There exists a family {A, },c, of closed subsets of D, closed under binary lubs,
such that

(1) A C Apyy; and

(2) A, NDE =DE for every a > w.

Proof. We define A,, € D by induction on n € w. We let Ay := (). Take as induction
hypothesis that A, C D is a closed subset, closed under binary lubs, such that A,, C A, 11
and A, N DE = DE for every o > w. By induction on the structure of a strictly positive
functor F’ with dense non-positive parameters, we define a closed subset AEI of F/ (D),
closed under binary lubs, satisfying AF' N F/(Dy)% = F/(D,,)" for every a > w:

e If we have a constant functor, let A := A. Clearly, AN AF = AR,

e For the identity functor, let Ald := A,,. Then AlYNDF = D by the induction hypothesis

on n.
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o Let AFo+F1 .— Uizo1{(i,2) 12 € AFiYv U {1}. The verification is straight-forward.

o Let AFoxFi .= AFo s AFi The verification is straight-forward.

o Let AP7FI {z € [B = Fi(D)] : z[B] € AF1}. We verify the set equality: If for
some o > w, we have x € [B — F1(D,)]F N AB=F1l and by ~p bo, then x(b1) ~q z(b2).
Furthermore x(by),z(b) € AFt N Fy(D,) = F1(D,)¥, which implies x(by) =, z(bs).
This shows that = € [B — F1(D,)]%.

If z € [B— F1(D,)]%, then z[BY] C F1(D,). This implies z[B] C cl(F1(D,)?) C

. . . B—F
AF1 since Bf is dense in B. Hence, € AL —Fi,

In particular, this holds for the functor F. We let A,y := AF. By the isomorphism of

F(D) and D, this can be considered as a closed subset of D which is also closed under
binary lubs. Then, for every a > w,

Drlz%—i-l = F(Dn)R = AE n F(Da)R = App1 N Dg—i—l =Ap1 N ,Dg
since D, C DE. O

Claim 4. Let n > 1. Then there exists a continuous map r, : D — D such that
(1) A, ={x € D:rp(x) =x}; and
(2) if @ > n, then r, : D, — D, is equivariant.

Proof. We prove the claim by induction on n. In the beginning of the proof of proposi-
tion .34l we make the assumption that F is non-trivial. Therefore, we begin by construct-
ing a continuous map r§ : F/(D) — F/(D) satisfying AF = {z € F/(D) : 7' (z) = «}, by
induction on the structure of a non-trivial, strictly positive F/. Non-triviality means that
we only have to consider the four induction steps of lemma 2.33]

e If F/ is atomic, it is a constant functor and equal to some dense A. Let rg "= idy.

Verification of the set-equality above is trivial.
o If Fy + F1 is non-trivial, then at least one of Fy and F; is non-trivial. If both are non-

trivial, let rg ofF1 . rg o+ rg '. Verification is straight-forward. If one of them, say F1,
is trivial, we fix 29 € Fo(Do)®. Let rt °TF1 be the strict function which maps (0,z) to

(0, 7‘(1;0 (z)) and (1,x) to (0,zp). This is a continuous function, since rgo

the induction hypothesis. Then 7‘50+F1 (0,z) = (0, z) if and only if rgo (z) = z, again by

is continuous by

the induction hypothesis. Keeping in mind that Agl = () (because F is trivial), we see
that this verifies the set equality.
o If Fy x F is non-trivial, then both Fg and F; are non-trivial, and we let rg oxF1

Tg 0 x Tg !, Verification is again straight-forward.

e Finally, if [B — F1] is non-trivial then F; is non-trivial, so let réB_)Fl] = (idp — r¢1).
Then z € A([)B_)Fl] if and only if z[B] C Agl, which by the induction hypothesis is

1

equivalent to 7§ ' (z(b)) = z(b) for every b € B, that is 7§ ' o = .
It is easily verified by structural induction on F’ that v : F/(D,) — F/(Dy) is equivari-
ant. The only case for which it is not immediate is F' = Fq + F; with F; trivial: If
(0,2) ~p/(p,) (0,y), then re0(z) ~ rg°(y) by the induction hypothesis, and if 2 € F1 (D)%,
then Tg”Fl(l,x) = (0, z0).

In particular, this shows that we have a continuous map rg : D — D satisfying
A=A ={zeD:rf@) =z}
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For the induction start n = 1, we let r := rg . Then r : D, — D, is equivariant by

induction on o > 1:

e Let a =o' + 1. Then 1{ : F(Dy) — F(Dy) equivariant.

e Let o be a limit ordinal. If z =, vy, then z ~, y for some o/ € a. By the induction
hypothesis, we have r1(z) =1 r1(y). This shows that r; is equivariant.

For the induction step, assume that the claim holds for n. Recall that strictly positive
operations are functorial in Dom as well, so we may consider F as a functor over Dom.
Then 7,41 := F(ry,) is continuous, and A, 11 = {z € D : rp41(x) = x}, This can be verified
by an induction on the structure of a non-trivial, strictly positive F/ as for n = 1 above,
since F is assumed to be non-trivial, and all the induction steps of lemma [2.33] is covered
above. Moreover, 1,11 : Da11 — Dpa1 is equivariant for every o > n, because F is a functor
over PER(Dom) as well, and this extends to every limit ordinal as it did for n =1. [

Claim 5. Let p € D, and assume that 1p N D2 # () for some o € . Then p € |J

TLEUJ
Proof. We prove this claim by transfinite induction on «a.

e Trivially true for a = 0, since D =0 .
e Assume that the claim holds for . By induction on the structure of a strictly positive F’
with dense non-positive parameters, we prove that TpNF/ (D) # 0 = p € Unew AE’ for

allp € F’ (D). All cases are trivially verified, except for the exponentiation: Assume that
T|_|J€J[p7'q3] [B — F1(D,)]® # 0. Then for each j € J , we have 1p/ N BR # {), since

B is dense. This implies that 1¢7 N F1(Dy) # 0, for each j € J, and by the induction
hypothesis, we then have {¢’},cs C Unew AF1. Since J is finite, we have {¢}jes C A

for some n € w, and this shows that UjEJW;qj] € AL?_)Fl]. In particular, we have
Doy1 = F(Dy) and tpN DL # 0= p € Up,e, An

e Let o € v be a limit ordinal and assume that the claim holds for all o € a If tpNDE +£ (),
then tp N DE £ for some o’ € o, so p € |J L]

nEw

Lemma
Claim 6. Let p € EF and r € F(D).. Then 9p(p) C r < p C np(r).
Proof. Observe that since ng is a strict map, we have J9g(p) = L if and only if p = L, so
we prove the result for |_|j€J[p7; ¢] € E¥ and (i,r) € F(D). \ {L}.

Let 79F(|_|j€J-[p7'; ¢’]) C (i,7). Then i is the index determined by |_|j€J[p7; ¢’] as above
and ﬂFi(ujeJ,[pg;qj]) C r for every J' C J with {p’};cs consistent. By the induction
hypothesis | |;c [/pz7 ¢’] C g, (r) for every such J' C J. In particular, if j € J, then

¢’ C Eval(ng, (r), p]) = Eval(ne(i,r), /).
Hence, | J;c;[0; ¢’) € np (i, 7).
Let UjeJ[pj;qj] C nr(i,r). Then ¢/ C Eval(ng,(r),p!) for every j € J. Moreover, i is
the indgx determined by Ujej[pi;qj], and | |;c 5 g;qj] C ng,(r) for J* C J on condition
that {p’};c is consistent. This condition is essential, since it ensures that

|_| ¢ C U{Eval(np(i,r),pj) cjeJ" E U{Eval(npi(r),pg) cjeJ"},

jeJ”
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whenever J” C J'. By the induction hypothesis, U, (Ll;c [pg;qj 1) C r for every such
J' € J,s0 9p(Uje s ') C (o). O
Claim 7. Let b € B and p € approx(b). Let |_|j€J[pj; ¢’] € EF be witnessed by z € [B —
F, (D)% o

Then ujeJ{[p{; @] : pl C p} € E¥' is witnessed by z(b).
Proof. Let j € J and t eTp{ N T}E, and assume that p/ C p. Then we have p/ = (p%,p{)
(b,t). By assumption, we then have ¢ < [Eval(np(z), (b,t))]. Since Eval(ng(z), (b,t))
Eval(ng, (z(b)),t), this implies ¢/ < [Eval(ng, (x(b)),t)].
Claim 8. Let | |;c,[p’; ¢/] € EF.

If J/ is a subset of J such ‘Ehat {pé}je], is consistent in B, then {J, (|, {[p};¢"] :
Pk C pi})}jes is consistent in F(D).
Proof. Choose x € [B — F1(D)]¥ witnessing that |_|j€J[pj; ¢] € EF.

Assume that J* C J and that {pg}je g is consistent in B. Let j € J and choose
b GTUjEJ,pf) N BE. Then |, {[pf;¢"] : p§ C p}} € EF* is witnessed by x(b) by the
previous claim. Moreover, by the induction hypothesis, we have 9, (||, {[P};¢"] : pf C
Py}) <y (o) [#(b)]. This is sufficient as F1(D) is local. O]

Claim 9. Assume UjEJ[pj;qj] C e [p¥; 4] € EF. Then
Lt o, ({0t ' = ph EDI E | o6 9w (L] {05 a™] = 2" E 2§}

jed leJ keK mek

O om

Proof. Fix j € J. If | € J with plo C pé, then

¢ C | |{": " | |{d piTrinpt Coi}.

keK keK
This shows that | |, ;{[p’; ¢'] :pé Cpl}C Uke e {[P¥:d" : 0§ C P}, and we have
o k. k k j
Or, (|_[{lPh54"T 06 S b)) € | | {9r, (05 "]) : 1§ C p)}
leJ keK
since Y, is continuous. L]

Claim 10. Let Ujej[pj;qj] € E¥ and let r € DF. Then Ujej[pj;qj] C nr(r) if and only
if, for every j € J,

LI 0"+ 26 C 0§} € e, ().

keJ
Proof. Assume UjEJ[pj;qj] C e (r). Fix j € J and let J' := {k € J : p§ C p}}. Then for
each k € J', we have

¢" C Eval(ne(r), p*) C Eval(, (r(p)). pt) C Eval(yp, (r(p)), p1)-
Hence, | |yc ;{[pf; ¢"] C ne. (r(pp))-
Let j € J and assume that | |, {[pf;¢"] : pf C po} C npl(r(p%)) If k € J and pf C po,

then ¢* C Eval(npl(r(p%)),plf). In particular, ¢/ C Eval(npl(r(p%)) pl) = Eval(np(r), p?).
This holds for all j € J, so Ujej[pj;qj] C nr(r). L]
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Lemma [2.47]
Claim 11. U is dense and admissible.

Proof. U is obviously dense, since 7 is dense.

We can characterise Y as the domain-per [N — | T, since strict functions z : N} —
T are interchangeable with countable sequences over T. We know that A is dense and
admissible and that 7 is admissible. By lemma [[L9] this means that I/ is admissible. []

Claim 12. Let (z,u), (2/,u) € D x U and assume (z,u) C (2/, /).
Then M, ) < My ), and z@b w E ng/ W) for every m < M, ) finite. Moreover, if

M) _
M(x,u) < M(x/m/), then Z( =1.

z,u)
Proof. The monotonicity of n gives z(”; ) Cz ( by an easy induction on m. This implies

that

/')

el A=z, e H A

n<N n<N
which shows that M, ) < M ..
M= Mg, < Mg u) then zé‘/[ € W<y An and z(w ) gé W,<n An. Since

(J\f ) C z( W) this leaves z( w = =1 as the only possibility. U]

Claim 13. Let A be a non-empty directed subset of D x U. For each m € w, let A™ be
the subset {(z,u) € A: M, ) > m}.

If m < M is finite, then
(1) A™ is directed with | |[A™ =| | A; and
(2) {z@u) : (z,u) € A™} is directed with least upper bound 274 .
Proof. We have seen that (z,u) C (2,u’) = Mg,y < Mgy, which shows that A™ is
an upwards-closed subset of A. Hence, A™ is directed with | |A™ = | | A whenever it is
non-empty.

We prove A™ # () and the second part of the claim simultaneously by induction on m:
e Let m = 0. Then A” = A # (. Moreover, 20, = LI{Z?:(: W (x,u) € A}, since 7 is

continuous. 7

e Let m < My and assume A™ # () and 27\ = |_|{z(xu : (z,u) € A™}. Then 2[]\ ¢

Un< ~ An, and since |,y Ay, s a closed subset, there exists some (z,u) € A™ such that
) §7§ W<y An and m < M, ). This shows that Ay,11 # 0. Furthermore,

ARt = Bvallp(_[{dfh.,) ¢ (z.0) € And), | [umir : (@,u) € A})
= Eval(n(|_[{dZ.) : (z.v) € Apia}) | [{ums : (,0) € Ay })
= | {Eval(n(df} ), ume1) : (2,u) € Apyr}
= LG (@) € Apgad. ]
Claim 14. Let z € D® with rank(z) = a + 1. Then n(z) € [T — e F¥(Da)]%.

Proof. First note that the operation [T — W, F¥(-)] is strictly positive and functorial
over clcDP. The equiembedding f, : D, — D is the identity map on D, so this gives us
[T = Wrere FF (D)) C T = Wik, FH(D)IE.
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Moreover, the domain function 7 is independent of the per . Thus, if rank(z) = a+1,
then x € DX | = F(D,)". This shows that n(z) € [T — W,cx FF¥ (Do)

Claim 15. Let (z,u), (2/,u') € D x U and assume that (z,u) ~pxy (2',u’). Then M, ) =
My < w, and ZE; w & ZE;’ ) for every m < M, ).

Proof. By induction on m, we have z(”;’u) ~ ZZ?;,’U,) since 7 is equivariant. This means
that the respective evaluation sequences simultaneously reach Hng ~ An, and that M, ) =
M(ZE’,'U‘/)'

Moreover, if m + 1 < M,y and rank(d?;vu)) = a + 1, then rank(d?;’ul)) < a If
we assume M(,,) = w, we obtain an infinite evaluation sequence over DR and the rank
operation gives an infinite and strictly decreasing sequence of ordinals, which leads to a
contradiction. Hence, M, ,) < w. ]

Lemma 2.42]

Claim 16. Let |_|j€J[pj; (¢7,n9)] T Upex[P®; (¢, n*)] (with J N K = 0). Then there exists
a function f: T({(p?,n)};es) = T({(®*,n*)}rer) such that

o p/) Cp5;

e s C7= f(s) C f(r);

* [f()] = [s]; and o

e ¢ is maximal in T({(p’,n’)};es) & f(s) is maximal in T({(p*, n*)}rex).

Proof. Let ¢ € T({(p’,n?)};es). We define a sequence ¢’ over K of length || inductively:
Let ¢, :={k € K:plg Cpyt andlet ¢ :={k g, :pfn_i_1 C pyq) form+1< |§|

~ We show that s/, # 0: For each j € J, there is some k € K such that pF C pJ, since
(¢?,n?) # L by assumption. In particular, for each j € ¢, there is some k € K such that
Pk Cph, CpS, and k € ¢,. By induction on m < ||, this shows that

O£ ({keK:piTpl} Cqp

n<m

Clearly, {p¥ }ree; is bounded by p5, by definition of ¢/,. Moreover, n/ = n* whenever
pF C 97, so if we take My = M, and ngo = n., we see that ¢’ € T({(p*, n*)}rek).

Let f(s) := ¢’. The inductive definition of ¢’ shows that f is monotone and that
|f(s)] = [s|. Since My = M, the function also preserves maximality. Il

Claim 17. Let ¢ be maximal with |¢| = M + 1, and let j € . If u €1ps NUE, then
M

¢ = (W ey An) [zg‘;fu)], where z(; s the evaluation result of (x,u).

Proof. Let u etps NUE. Choose some u' etp? NUP such that u), = u,, for every m < M,
which is possible since pf, C p5,. By assumption, (¢7,n7) <¢ [Eval(n(x),u)], and since
n’/ = ng codes an evaluation path of length M, this implies that ¢/ <y _ 4,) [zg‘;f ,)].

u
However, the evaluation result depends only on the first M +1 entries of v/, so z(]\;’ Wy = zg‘f -

0
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Claim 18. Let ¢ be non-maximal and non-empty, and assume that
R (T T 7|1
V71 € S(§) Yveld (p Cv=gq —<(wk€KF Fk (D)) [Z(:E,v) ])

Then {[p‘Tq; q"] : 7 € S(c)} is consistent and if u €ps NUT, then

T T -1
| {077+ 7 € ()} =<ppmeoye [ (dfy o))
Proof. Let u €tp* NUT. We must show that for each ¢ € T and each 7 € S(s), we have
T T -1
L™ Py © 1} <y, oo [Evallne(d ). 1)

Let ' € U" be u with uj¢ replaced by t. If ¢ ETprg‘, then «' €tp”™ and ¢” = (Wye o FH(D))
F

E |7l <] I<]

(e, )] by assumption. On the other hand, 2, = z(, ) and Eval(np(dl(;‘ u;) t) = zl;"u,) =
e -

Claim 19. Let |_|jeJ[pj; (¢/,n)] C UkeK[pk; (qk,nk)] € F., and let f: T({(p‘j,nj)}jeJ) —
T({(p*,n*)}kex) be as in the claim above. If ¢ € T({(p’,n/)};es) is non-empty, then
¢° £ ¢/,

Proof. Let ¢ be maximal with |¢| = M + 1. If j € <ps, then

FC | [{F e | |[{Fvm<Mm@phcp)tc || &
keK kek kef()m
This shows that ¢* = | | e ¢ C gl
Let ¢ be non-maximal and take as induction hypothesis that ¢” C ¢f(7) for all 7 € S(c).
Moreover, if 7 € 5(c), then f(7) € S(f(<)) and ¢" E |,eg(5()){4” Pl E ple}' This proves

that

| [l : 7€ S} E| [{Ippysa¥] : v e S(£(s))}-
Furthermore, J¥ is monotone, and n¢ = ny () so the respective evaluation paths are identi-
cal. This shows that

(e or( L gD EGEToeC L] BlpaD) - O
T€S(S) veS(f(<))
Claim 20. Let |_|J€J[ :(¢/,n?)] € F. and let r € D,.. Then Ujeslp’ 5 (¢7,m%)] E 7(r) if and

only if ¢° C z‘(cl 9 for every non-empty ¢ € T

Proof. Assume that |_|j€J[p7 (¢, n])] C 7(r) and let ¢ € T' be maximal. For each j € J, we
have (q] n’) € Eval(q(r),p’) = (zM Zrpi)> n(rpj)), With M the length of the evaluation path
of (r,p’), and this implies that ¢/ C z( ) and n/ = n . Moreover, if j € ¢pr, then
Z(J\T/j’pj) Cz (]\T/,[p<) since p/ C p°, and || = M + 1 since n. = n’/ which codes the evaluation

path of (r,p?). This shows that ¢¢ C z(r o

Assume that ¢* C z‘(cl 9 for every maximal ¢ € T'. If j € J, there is some maximal ¢ with
sv = {j}. Then ¢ = ¢ C z(r ) and n/ =n, = N(ppi); N SUM (¢7,n?) C Eval(q(r), p?).

This shows that U]EJW (¢7,n?)] C ij(r).
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Let ¢ € T be non-maximal and assume that ¢° C zld Y Then

or( || Wipa) Edi
TES(S)

which, since ng is the upper adjoint of ¥g implies that

L] bl a7) S neld).

TES(S)

. NES! P R L
In particular, for each 7 € S(s), we have ¢" C Eval(np(d(r pg)) ply) = Zpm) = Zrpr) -
Let ¢ € T be non-maximal and assume that ¢” C z‘(rlpf) for all extensions 7 of ¢ and that
if 7 is a maximal extension of ¢, then n, codes the evaluation path of (r,p™). Choose some

maximal extension 7 of ¢. Then n¢ = n, and gl = k‘(§|p<) since pS, = pr. for m < [s].

Moreover, for each 7 € S(¢), we have ¢" C z‘(TI o = Eval(np(dlg‘_l ):pfy)- Thus,

(r,p°)
T . T 1
L il Celd) ),
TES(S)
which since Jg is the lower adjoint of ng shows that

ls|—1
r( | i aD) Edg -

TES(§

5|1
Hence, ¢ C 2, ). L]

Claim 21. Let y € f[D]®. Then 7(J(y)) ~ NU—e] Y-

Proof. Fix some z € D such that 7(z) ~—e) Y- Since D is local and complete and 7 is
equivariant, we can assume that z = | |[z]. If ¢ € approx(y), then 9J(q) <p [x] which implies
Y(q) C z. This shows that J(y) = J(|_|approx(y)) C z.

Let u € UR. Then Eval(f(z),u) ~¢ y(u) and since (9,7) is an adjunction pair,

y(u) C Eval(7(d(y)), u) E Eval(7j(z), u).
This implies that Eval(7(9(y)), u) ~¢ y(u) since & is convex. O

Proposition [3.4.

Claim 22. Let F and G be weakly equivalent strictly positive endofunctors over clcDP.

Then there exist assignments ¢ — ©F'G and ¢ — &F from the class of equivariant maps

into itself with the following properties:

(1) if o : D — &, then ¥'CG : F(D) —» G(€) and ¢&F : G(D) — F(&);

(2) if (¢, x) is a weak isomorphism of domain-pers D and &, then (¥, x&F) is a weak
isomorphism of F(D) and G(&); and

(3) if ¢, x are equivariant maps and f, g are equiembeddings which satisfy go ¢ = x o f,
then G(g) o PG = \F'C o F(f).

Proof. We define the assignments ¢ — ¢¥'G and ¢ — ¢&F by simultaneous induction on
the structure of F and G. The tedious but straight-forward verifications of properties 1-3
at each induction step are left for the reader.
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o If F = G =id, let pF'C := oGF .= ¢,

e If F and G are constant functors, equal to A and A’, respectively, choose some weak
isomorphism pair (Y4 a,¥ar.4) : A — A, and let pFC =94 4 and p&F 1= ¢4 4 for
all equivariant ¢.

e If F=Fy+F; and G = Gy + Gy with F; and G; weakly equivalent for ¢ = 0 and for
i=1, let ()ORG = (pF07G0 4 QDFl’Gl and QDG’F = (meFo 4 ¢G17F1'

e If F =Fy xF; and G = Gy x Gy with F; and G; weakly equivalent for ¢ = 0 and for
i=1, let ()ORG = (pF07G0 % QDFl’Gl and QDG’F = (meFo % ¢G17F1'

e If F =B — Fi] and G = [B' — G;] with F; and G; weakly equivalent, choose some
weak isomorphism pair (Y g, vp ) : B — B'. Let oG = (Ve B — ©¥1G1) and let
pOF = (g — $OTF). O

Claim 23. There are families {pg : Dg = E5}p<y and {xs : £ = Dg}p<~ of equivariant
maps such that each (g, x3) is a weak isomorphism pair.

Proof. We define families {pg : Dg = E3}g<y and {xp : £g = Ds}p<, of equivariant maps

such that

(1) each (pg,x3) is a weak isomorphism pair; and

(2) {¥ataep is a uniform mapping (see definition 2.I5) from ({Da}acs, { fa.o’ ta<ares) to

({&a}aeps {900 ta<arep) if B < v is a limit ordinal.

The second point is necessary as part of the induction hypothesis for the definition of ¢g

when ( is a limit ordinal.

Since F and G are weakly equivalent, we can choose assignments ¢ — ¢¥'© and

0 — S F as in the claim above.

First, we define ¢g by transfinite induction on f:

e Let g := idDo = idEo-

o If 3 is a successor ordinal, let ¢g := cp]g’_cl'.

e If 3 is a limit ordinal, then {@q }aep is a uniform mapping from ({Da }aep: { fa.o’ ta<ares)
to ({€ataes {9a,0/ Ja<arep) by the induction hypothesis. Let 3 be the unique equivariant
map from Dg into 3 such that ¢g o fo g3 = gap © pa for all @ € 8. This map exists by
lemma

We define x5 symmetrically (just by swapping F and G).

(1) By a transfinite induction on 3, we show that (g, x3) is a weak isomorphism pair:
e For a successor ordinal 3, this follows from the claim above since (g, x3) = (gpg’_(i, Xg'_’l;
e If B is a limit ordinal, then it follows from the induction hypothesis by symmetry
that {Xa}aep is a uniform mapping. Thus, (¢3,xg) is a weak isomorphism pair by
lemma
(2) Let B be a limit ordinal. It is sufficient to prove that go o © Yo = @ © fa,o for all
a < o € B, since this implies that {¢q }aep is a uniform mapping. We prove this by a
transfinite induction on o and o’:
® oo/ ©P0 = Qo © fo, trivially for all o
e If a, @’ both are successor ordinals, then

F.G F.G
Jo,o! © Pa = G(ga—l,a’—l) © (Pa7_1 = (:Da;_l o F(foc—l,o/—l) = Pa’ © fa,a"

e If ¢ is a limit ordinal, then ¢/ © fo o/ = ga,a’ © ¢a by definition of ¢ .

).
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e If v is a limit ordinal, choose arbitrary o € a. By the induction hypothesis, we have
Vo' © far o) = Gar.ar © Par. Then
(Ga,or © Pa) © farra = Gayar © (Jarr a0 © Par)
= .gOé",O!/ O (pa//
= Py O fau@/
= (900/ © foc,o/) © fa”,a
which shows that go o © Yo = @’ © fa,« since o’ was arbitrary. []

APPENDIX B. NOTATION LIST

Notation which is repeated in different proofs is tentatively put together in this list.

Dy is the trivial domain.

Dy is the trivial domain-per.

N, is the flat domain of natural numbers.

N is the domain-per with N | as domain and equality restricted to N as partial equivalence
relation.

Let D = (D, =) be a domain-per.

D! is the subspace {x € D : x ~ z} of D.

If v € DE then [x] = {2’ € D : z ~ 2'}.

QD is the quotient space of D under the equivalence relation ~ lpr.

(D, DR, 6p) is a quotient domain representation of QD.

If p€ D, and 2 € DR, then p <p [], if there exists some ' € [z] with p C 2.
D4 is the dense part of D, see definition

Let f: D — £ be an equivariant map.

fe: QD — QE is the continuous map f2([z]) = [f(z)].
f[D] is the image of D under f, see definition 2.371

Let ({D;}icr, {fij}ti<jer) be a directed system over (I, <) in clcDP.

F

D; is the underlying domain of D;.
Dris{z € [l;e; Di: Vi, j € I(i < j — f;;(x;) = x;)} with the product order.
fi : Dr — Dj is the projection f; (z) = ;.
x =~ x’, and this is witnessed by 1, if
Fi€ I (w; m xy AVE >0 (fir(ai) = ap A fip(e]) =g 7))
Dy is Dj with per ~;j.
: Dom® — Dom®€ is the underlying functor of F : clcDP — clcDP, as described in

remark 2171
Let F : clcDP — clcDP be a strictly positive functor. Assume that all non-positive
parameters are dense.

Let D be a convex, local and complete domain-per.

— F(D)? is the dense part of F(D) with underlying domain DF | see definition 228

Tr is the dense domain-per defined in the proof of lemma 239 The underlying domain
is TF.

{F*}kekyp is the set of atomic subfunctors of F with repetition allowed.

ne : F(D)? = [Te = We K F*(D)] is the equivariant and equi-injective map defined
in the proof of lemma
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— EF is the underlying domain of np[F(D)]?, the dense part of the image of F(D)? under
nF, see definition 2371

— 9 : E¥ — DF is the lower adjoint of ng, defined in the proof of lemma 240l

e Let F : clcDP — clcDP be a strictly positive functor. Assume that all parameters are

dense and admissible.

— D is the dense least fixed point of F' defined in subsection The underlying domain
is D.

— T is the dense and admissible domain-per 7g defined in the proof of lemma The
underlying domain is 7'.

— n:D = [T = Wi F¥(D)] is the equivariant and equi-injective map ng as defined in
the proof of lemma

— U is the dense and admissible domain-per defined in the proof of lemma 2411 The
underlying domain is U.

— Ay, ..., Ay are the positive parameters of F. The underlying domains are Ag, ..., Ay.

— & is the domain-per (), 5 An) @ N. The underlying domain is E.

— 7 :D — [U — &] is the equivariant and equi-injective map defined in the proof of
lemma 2471

— If (z,u) €e D x U,
* the evaluation sequence {d?;’u)}m< M over D,

m
(z,u

* the evaluation result z%u) € l,<n4n

are defined in the proof of lemma 2411
— f[D]? is the dense part of the image of D under 7, see definition 2371

* the evaluation path {k )}m<M over K¢ and
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