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ABSTRACT. Is there any Cartesian-closed category of continuous domains that would be
closed under Jones and Plotkin’s probabilistic powerdomain construction? This is a major
open problem in the area of denotational semantics of probabilistic higher-order languages.
We relax the question, and look for quasi-continuous dcpos instead. We introduce a natural
class of such quasi-continuous dcpos, the omega-QRB-domains. We show that they form
a category omega-QRB with pleasing properties: omega-QRB is closed under the prob-
abilistic powerdomain functor, under finite products, under taking bilimits of expanding
sequences, under retracts, and even under so-called quasi-retracts. But... omega-QRB is
not Cartesian closed. We conclude by showing that the QRB domains are just one half of
an FS-domain, merely lacking control.

1. INTRODUCTION

1.1. The Jung-Tix Problem. A famous open problem in denotational semantics is whether
the probabilistic powerdomain V1 (X) of an FS-domain X is again an FS-domain [JT98],
and similarly with RB-domains in lieu of FS-domains. V(X) (resp. V<i(X)) is the dcpo
of all continuous probability (resp., subprobability) valuations over X: this construction
was introduced by Jones and Plotkin to give a denotational semantics to higher-order prob-
abilistic languages 89].

More generally, is there a category of nice enough dcpos that would be Cartesian-closed
and closed under V1?7 We call this the Jung-Tiz problem. By “nice enough”, we mean nice
enough to do any serious mathematics with, e.g., to establish definability or full abstraction
results in extensional models of higher-order, probabilistic languages. It is traditional to
equate “nice enough” with “continuous”, and this is justified by the rich theory of continuous
domains .

However, quasi-continuous dcpos (see [GLS83], or [GHKT03, T11-3]) generalize contin-
uous dcpos and are almost as well-behaved. We propose to widen the scope of the problem,
and ask for a category of quasi-continuous dcpos that would be closed under V. We show
that, by mimicking the construction of RB-domains [AJ94], with some flavor of “quasi”,
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Figure 1: Part of the Hasse Diagram of V;(X)

we obtain a category wQRB of so-called wQRB-domains that not only has many desired,
nice mathematical properties (e.g., it is closed under taking bilimits of expanding sequences,
and every wQRB-domain is stably compact), but is also closed under Vj.

We failed to solve the Jung-Tix problem: wQRB is indeed not Cartesian-closed. In spite
of this, we believe our contribution to bring some progress towards settling the question,
and at least to understand the structure of V;(X) better. To appreciate this, recall what
is currently known about V. There are two landmark results: V;(X) is a continuous dcpo
as soon as X is ([Eda95], building on Jones [JP89]), and V;(X) is stably compact (with
its weak topology) whenever X is [JT98, [AMJKO04]. Since then, no significant progress has
been made. When it comes to solving the Jung-Tix problem, we must realize that there
is little choice: the only known Cartesian-closed categories of (pointed) continuous dcpos
that may suit our needs are RB and FS [JT98]. I.e., all other known Cartesian-closed
categories of continuous dcpos, e.g., be-domains or L-domains, are not closed under Vj.
Next, we must recognize that little is known about the (sub)probabilistic powerdomain of
an RB or F'S-domain. In trying to show that either RB or F'S was closed under Vi, Jung
and Tix [JT98] only managed to show that the subprobabilistic powerdomain V<1 (X) of a
finite tree X was an RB-domain, and that the subprobabilistic powerdomain of a reversed
finite tree was an FS-domain. This is still far from the goal.

In fact, we do not know whether V(X)) is an RB-domain when X is even the simple
poset {L,a,b, T} (a and b incomparable, 1. < a,b < T, see Figure [I| right)—but it is
an FS-domain. For a more complex (arbitrarily chosen) example, take X to be the finite
pointed poset of Figure[2 (): then V;(X) and V<;(X) are continuous and stably compact,
but not known to be RB-domains or FS-domains (and they are much harder to visualize,
t00).

No progress seems to have been made on the question since Jung and Tix’ 1998 attempt.
As part of our results, we show that for every finite pointed poset X, e.g. Figure 2 (i),
Vi(X) is a continuous wQRB-domain. This is also one of the basic results that we then
leverage to show that V1(X) is an wQRB-domain for any wQRB-domain, in particular
every RB-domain, not just every finite pointed poset, X.
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Figure 2: Poset Examples

One may obtain some intuition as to why this should be so, and at the same time give
an idea of what (w)QRB-domains are. Let X be a finite pointed poset. In attempting
to show that V;(X) is an RB-domain, we are led to study the so-called deflations f :
Vi(X) — V(X), i.e., the continuous maps f with finite range such that f(v) < v for
every continuous probability valuation v on X, and we must try to find deflations f such
that f(v) is as close as one desires to v. All natural definitions of f fail to be continuous,
and in fact to be monotonic. (E.g., Graham’s construction [Gra88] is not monotonic, see
Jung and Tix.) Looking for maps f such that f(v) is instead a finite, non-empty set of
valuations below v shows more promise—the monotonicity requirements are slightly more
relaxed. Such a set-valued function is what we call a quasi-deflation below. For example,
one may think of fixing N > 1 (N = 3 in Figure [I), and mapping v to the collection of
all valuations v/ below v such that the measure of any subset is a multiple of 1/N, keeping
only those v/ that are maximal. (Pick them from the left of Figure[I], in our example.) This
still does not provide anything monotonic, but we managed to show that one can indeed
approximate every element v of V1 (X), continuously in v, using quasi-deflations. The proof
is non-trivial, and rests on deep properties relating QRB-domains and quasi-retractions,
all notions that we define and study.

1.2. Outline. We introduce most of the required notions in Section 2. Since we shall only
start studying the probabilistic powerdomain in Section [6 we shall refrain from defining
valuations, probabilities, and related concepts until then.

We introduce QRB-domains in Section Bl They are defined just as RB-domains are,
only with a flavor of “quasi”, i.e., replacing approximating elements by approximating
sets of elements. We establish their main properties there, in particular that they are
quasi-continuous, stably compact, and Lawson-compact. Much as RB-domains are also
characterized as the retracts of bifinite domains, we show that, up to a few details, the
QRB-domains are the quasi-retracts of bifinite domains in Section @l This allows us to
parenthesize QRB as quasi-(retract of bifinite domain) or as (quasi-retract) of bifinite
domain. Quasi-retractions are an essential concept in the study of QRB-domains, and we
introduce them here, as well as the related notion of quasi-projections—images by proper
maps.

We also show that the category of countably-based QRB-domains is closed under finite
products (easy) and taking bilimits of expanding sequences (hard, but similar to the case
of RB-domains) in Section B

The core of the paper is Section [0, where we show that the category wQRB of countably-
based QRB-domains is closed under the probabilistic powerdomain construction. This
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capitalizes on all previous sections, and will follow from a variant of Jung and Tix’ result
that V1(X) is an RB-domain whenever X is a finite tree, and applying suitable quasi-
projections and bilimits. The key result will then be Theorem [65] which shows that for
any quasi-projection Y of a stably compact space X, V1(Y) is again a quasi-projection of
V1(X), again up to a few details.

We conclude in Section [7

1.3. Other Related Work. Instead of solving the Jung-Tix problem, one may try to cir-
cumvent it. One of the most successful such attempts led to the discovery of qcb-spaces
and to compactly generated countably-based monotone convergence spaces [BSS06],
as Cartesian-closed categories of topological spaces where a reasonable amount of seman-
tics can be done. This provides exciting new perspectives. The category of qcb-spaces
accommodates two probabilistic powerdomains [BS09]. The observationally induced one is
essentially V1(X) (with the weak topology), but differs from the one obtained as a free
algebra.

2. PRELIMINARIES

We refer to [AJ94, Mis98] for background material. A poset X is a set with a
partial ordering <. Let | A be the downward closure {x € X | Jy € A-z < y}; we write [ x
for [{z}, when 2 € X. The upward closures 1 A, T« are defined similarly. When z <y, x
is below y and y is above x. X is pointed iff it has a least element L. A dcpo is a poset X
where every directed family (z;);.; has a least upper bound sup;.; x;; directedness means
that I # () and for every i,7 € I, there is an ¢ € I such that z;, z; < 2.

Every poset, and more generally each preordered set X comes with a topology, whose
opens U are the upward closed subsets such that, for every directed family (x;),.; that has
a least upper bound in U, z; € U for some i € I. This is the Scott topology. When we see a
poset or dcpo X as a topological space, we will implicitly assume the latter, unless marked
otherwise.

There is a deep connection between order and topology. Given any topological space X,
its specialization preorder < is defined by x < y iff every open containing x also contains y.
X is Ty iff < is an ordering, i.e., v < y and y < x imply x = y. The specialization preorder
of a depo X (with ordering <, and equipped with its Scott topology), is the original ordering
<.

A subset A of a topological space X is saturated iff it is the intersection of all opens
U containing A. Equivalently, A is upward closed in the specialization preorder [Mis98],
Remark after Definition 4.34]. So we can, and shall often prove inclusions A C B where B
is upward closed by showing that every open U containing B also contains A.

A map f: X — Y between topological spaces is continuous iff f=1(V') is open for every
open subset V of Y. Every continuous map is monotonic with respect to the underlying
specialization preorders. When X and Y are preordered sets, it is equivalent to require f
to be Scott-continuous, i.e., to be monotonic and to preserve existing directed least upper
bounds. A homeomorphism is a bijective continuous map whose inverse is also continuous.

Given a set X, and a family B of subsets of X, there is a smallest topology containing
B: then B is a subbase of the topology, and its elements are the subbasic opens. To show
that f : X — Y is continuous, it is enough to show that the inverse image of every subbasic
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open of Y is open in X. A subbase B is a base if and only if every open is a union of
elements of B. This is the case, for example, if B is closed under finite intersections.

The interior int(A) of a subset A of a topological space X is the largest open contained
in A. A is a neighborhood of x if and only if x € int(A), and a neighborhood of a subset
B if and only if B C int(A). A subset @ of a topological space X is compact iff one can
extract a finite subcover from every open cover of (). The important ones are the saturated
compacts. X is locally compact iff for each open U and each x € U, there is a compact
saturated subset @ such that z € int(Q) and @ C U. In any locally compact space, we
have the following interpolation property: whenever () is a compact subset of some open
U, then there is a compact saturated subset ()1 such that @ C int(Q1) C Q1 C U.

X is sober iff every irreducible closed subset is the closure of a unique point; in the
presence of local compactness (and when X is Tp), it is equivalent to require that X be
well-filtered m Theorem II-1.21], i.e., to require that, for every open U, for every
filtered family (Q;);c; of saturated compacts such that ﬂfe Qi CU,Q; CU for somei € 1
already. We say that the family is filtered iff it is directed in the D ordering, and make it
explicit by using | as superscript. (Symmetrically, we write UT for directed unions.)

Given a topological space X, let Q(X) be the collection of all non-empty compact
saturated subsets @ of X. There are two prominent topologies one can put on Q(X). The
upper Vietoris topology has a subbase of opens of the form OU, U open in X, where we write
OU for the collection of compact saturated subsets @ included in U. We shall write Qy,(X)
for the space Q(X) with the upper Vietoris topology, and call it the Smyth powerspace. The
specialization ordering of Qy (X)) is reverse inclusion O. On the other hand, we shall reserve
the notation Q,(X) for the Smyth powerdomain of X, which is equipped with the Scott
topology of O instead. When X is well-filtered, Q(X) is a dcpo, with least upper bounds
of directed families computed as filtered intersections, and OU is Scott-open for every open
subset U of X, i.e., the Scott topology is finer than the upper Vietoris topology. When X
is locally compact and sober (in particular, well-filtered), the two topologies coincide, and
Q,(X) is then a continuous dcpo (see below), where Q < Q' iff Q' C int(Q) [GHKT 03|
Proposition 1-1.24.2]. Schalk [Sch93|, Chapter 7] provides a deep study of these spaces.

For every finite subset I of a topological space X, E is compact and 1 E is saturated
compact in X. We call finitary compact those subsets of the form T E with E finite, and let
Fin(X) be the subset of Q(X) consisting of the non-empty finitary compacts. Fin(X) can
be topologized with the subspace topology from Qy(X), in which case we obtain a space
we write Finy(X), or with the Scott topology of reverse inclusion D, yielding a space that
we write Fing (X).

Given any poset X, any finite subset I/ of X, and any element = of X, we write F < z
iff © € TE, ie., iff there is a y € E such that y < x. Given any upward closed subset
U of X, we shall write U < z iff for every directed family (z;);.; that has a least upper
bound above x, then x; is in U for some i € I. Then a finite set E approximates x iff
T E < x. This is usually written £ < « in the literature. We shall also write y < z, when
y € X, as shorthand for 1y < x. This is the more familiar way-below relation, and a poset
is continuous if and only if the set $x of all elements y such that y < z is directed and has
x as least upper bound. One should be aware that T £ < x means that the elements of £
approximate x collectively, while none in particular may approximate = individually. E.g.,
in the poset Ny (Figure 2 (i), the sets {(0,m), (1,n)} approximate w, for all m,n € N;

but (0,m) € w, (1,n) L w.
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It may be helpful to realize that Fin(X) can also be presented in the following equivalent
way. Given two finitary compacts T E and T E’, + E D 1 E’ if and only if for every 2’ € E’,
there is an € E such that < 2/, and then we write E/ <! E’: this is the so-called Smyth
preorder. Then we can equate the finitary compacts T EF with the equivalence classes of
finite subsets E, up to the equivalence = defined by F = F' iff 1 E = tE' iff E <! E'
and E' <! E. declare that Fin(X) is the set of equivalence classes of non-empty finite sets,
ordered by <f. But the approach based on finitary compacts is mathematically smoother.

Among the Cartesian-closed categories of continuous dcpos, one finds in particular
the B-domains (a.k.a., the bifinite domains), the RB-domains, i.e., the retracts of bifi-
nite domains [AJ94, Section 4.2.1], and the FS-domains [AJ94, Section 4.2.2][GHKT 03|
Section I1.2]. There are several equivalent definitions of the first two.

For our purposes, an RB-domain is a pointed dcpo X with a directed family (f;);c;
of deflations such that sup,c; fi = idx [AJ94] Exercise 4.3.11(9)]. A deflation f on X is
a continuous map from X to X such that f(x) < x for every x € X, and that has finite
image. We order deflations, as well as all maps with codomain a poset, pointwise: i.e.,
f < giff f(x) < g(x) for every = € X; knowing this, directed families and least upper
bounds of deflations make sense. Every RB-domain is a continuous dcpo, and f;(z) < x
for every i € I and every x € X.

A B-domain is defined similarly, except the deflations f; are now required to be idem-
potent, i.e., f; o f; = f; [AJ94, Theorem 4.2.6]. This implies that f;(x) < fi(z), i.e., that
all the elements f;(z) are finite; hence all bifinite domains are also algebraic. Every bifinite
domain is an RB-domain. Conversely, the RB-domains are exactly the retracts of bifinite
domains: we shall define what this means and extend this in Section @l

An FS-domain is defined similarly again, except the functions f; are no longer de-
flations, but continuous functions that are finitely separated from idx. That is, we now
require that there is a finite set M; such that for every x € X, there is an m € M; such that
filx) <m < z. We say that M; is finitely separating for f; on X.

Every deflation is finitely separated from idx: take M; to be the image of f;. The
converse fails. E.g., for every € > 0, the function =z — max(xz — €,0) is finitely separated
from the identity on [0, 1], but is not a deflation [JT98| Section 3.2]. Every RB-domain is
an FS-domain. The converse is not known.

A quasi-continuous depo X (see [GLS83] or [GHKT03, Definition I1I-3.2]) is a dcpo
such that, for every x € X, the collection of all 1 E € Fin(X) that approximate = (1 E < z)
is directed (w.r.t. 2) and their least upper bound in Q(X) is Tz, i.e., [ perin(x) T £ = T 2.

T E<x
The theory of quasi-continuous dcpos is less well explored than that of continuous dcpos, but

quasi-continuous dcpos retain many of the properties of the latter. (Every continuous dcpo
is quasi-continuous, but not conversely. A counterexample is given by N, see Figure 2l (i7).)
Every quasi-continuous dcpo X is locally compact and sober in its Scott topology

I11-3.7]. In a quasi-continuous dcpo X, for every 1 E € Fin(X), the set AE defined as
{z € X | 1E < z}, is open, and equals the interior int(1 E) [GHKT03| II1-3.6(ii)]; every
open U is the union of all the subsets TF with 1 E € Fin(X) contained in U m
IT1-5.6]; and for every compact saturated subset () and every open subset U containing @),
there is a finitary compact subset 1 E of X such that Q C fE and 1E C U m

I11-5.7]. In particular, Q = ﬂi T E. Another consequence is interpolation:
1 BeFin(X), Qe

writing 1+ E < 1 E' for 1 E < y for every y in E' (equivalently, 1 E' C 1E), if 1 E < z in a
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quasi-continuous depo X, for some T FE € Fin(X), and x € X, then t E < T E' < x for some
tE' € Fin(X).

If X is a quasi-continuous dcpo, the formula QQ = ﬂi
1 E€Fin(X), QcTE
Q € Q(X), shows that @ is the filtered intersection of its finitary compact neighborhoods,
equivalently the directed least upper bound of those non-empty finitary compacts 1 E (E €
Fin(X)) that are way-below Q. In other words, the finitary compacts form a basis of Q(X).

T E, valid for every

3. QRB-DOMAINS

We model QRB-domains after RB-domains, replacing single approximating elements f;(x),
where f; is a deflation, by finite subsets, as in quasi-continuous dcpos.

Definition 3.1 (QRB-Domain). A quasi-deflation on a poset X is a continuous map
¢ : X — Fin,(X) such that z € ¢(z) for every x € X, and im¢ = {p(z) | z € X} is finite.

A QRB-domain is a pointed dcpo X with a generating family of quasi-deflations, i.e.,
a directed family of quasi-deflations (y;);c; with T2 = ﬂfe ; ¢i(x) for each x € X.

We order quasi-deflations pointwise, i.e., ¢ < 9 iff p(z) 2 ¢ (x) for every z € X. Above,
we write ()" instead of () to stress the fact that the family (@i(x));c; of which we are taking
the intersection is filtered, i.e., for any two i,i’ € I, there is an i’ € I such that ¢ (z) is
contained in both ¢;(z) and ¢y (). It is equivalent to say that (y;(x)),c; is directed in the
D ordering of Fin(X).

One can see the finitary compacts ¢;(z) as being smaller and smaller upward closed sets

containing . The intersection ﬂfe ;i(x) is then just the least upper bound of (¢;(z));c;
in the Smyth powerdomain Q(X). On the other hand, X embeds into Qy(X) by equating
x € X with T2 € Q(X). Modulo this identification, the condition Tx = ﬂfe ; @i(x) requires
that z is the least upper bound of (¢;(z)),;c; in Q(X).

That ¢ is continuous means that ¢ is monotonic (z < y implies ¢(x) 2 ¢(y)), and that

for every directed family (z;),. ; of elements of X, ¢(supjc s ;) is equal to ﬂfe 1 (z;)—this
implies that the latter is finitary compact, in particular.

Proposition 3.2. Every RB-domain is a QRB-domain.

Proof. Given a directed family of deflations (fi(x));c;, define p;(x) as 1 fi(x). If f; < fj,
then ¢;(z) 2 ¢j(x) for every x € X, so (p;),c; is directed. Also, ﬂiiej vi(z) is the set of
upper bounds of (fi(x));c;, of which the least is x. So this set is exactly 1 x. ]

We shall improve on this in Theorem [(.3], which implies that not only the RB-domains,
but all FS-domains, are QRB-domains.

For any deflation f, and more generally whenever f is finitely separated from the
identity, f(z) is way-below z [GHKF03, Lemma I1-2.16]. Similarly:

Lemma 3.3. Let X be a poset, and ¢ be a quasi-deflation on X. For every x € X,
olx) <.
Proof. Let (a;j)je ; be a directed family having a least upper bound above z. Since ¢ is

continuous, ﬂje J(r;) € @(x). But since im ¢ is finite, there are only finitely many sets
o(zj), j € J. So ¢(z;) C p(x) for some j € J. Since z; € p(z;), xj € ¢(z). O]
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Corollary 3.4. Every QRB-domain is quasi-continuous.

In general, QRB-domains are not continuous. E.g., Vs (Figure[2 (7)) is not continuous.
However, N> is a QRB-domain: for all 7, j € N, take ¢;;(w) = 1{(0,4), (1,5)}, ©ij(0,m) =
(0, min(m, 7)), (1,7)}, »i;(1,m) = 1{(0,4), (1, min(m, j))}. Then (p;;); ;cy is the desired
directed family of quasi-deflations.

RB-domains, and more generally FS-domains, are not just continuous domains, they
are stably compact, i.e., locally compact, sober, compact and coherent (see, e.g., [AJ94,
Theorem 4.2.18]). We say that a topological space is coherent iff the intersection of any
two compact saturated subsets is compact (and saturated). In a stably compact space,
the intersection of any family of compact saturated subsets is compact. We show that
QRB-domains are stably compact as well.

Since every quasi-continuous dcpo is locally compact and sober m Proposi-
tion I11-3.7], and also compact since pointed, only coherence remains to be shown. For this,
we need the following consequence of Rudin’s Lemma, a finitary form of well-filteredness:

Proposition 3.5 ([GHKT03| Corollary I1I-3.4]). Let X be a dcpo, (1 E;);c; be a directed
family in Fin(X). For every open subset U of X, if ﬂfel TE; CU, then tE; CU for some
iel.

It follows that, if X is a dcpo, then the Scott topology on Fin(X) is finer than the
upper Vietoris topology. Indeed, this reduces to showing that Fin(X)NOU is Scott-open in

Fin(X), for every open subset U of X. And this is Proposition 3.5 plus the easily checked
fact that OU is upward closed in D.

Corollary 3.6. Let X be a depo. The Scott topology is finer than the upper Vietoris topology
on Fin(X), and coincides with it whenever X is quasi-continuous.

Proof. It remains to show that, if X is a quasi-continuous dcpo, then every Scott-open U
of Fin(X) is open in the upper Vietoris topology. Let 1 E € Fin(X) be in . It suffices to
show that there is an open subset U of X such that 1 E € OU C Y. Write E = {z1,...,2,}.
For each 7, 1 < i < n, Tx; is the filtered intersection of all finitary compacts 1 E; < x;.
The unions T EyU...UTE, =1(FE1U...UE,), with 1 F} < 21, ..., T E, < x,, also form
a directed family in Fin(X), and their intersection is 1 E. So there are finitary compacts
By € 11, ..., TE, < x, whose union is in 4. Since T E; < x; for each i, each x; is in
the Scott-open TE;, so 1 E € OU with U = TE, U ... UTE,. Moreover, OU C U: for each
+E € OU, 1 E' is included in U C 1 Ey U ... 1 E,; since 1 By U... 1 E, is in U and U is
upward-closed in D, 1 E’ is in U. ]

Schalk [Sch93 Chapter 7] proved that Q) defines a monad on the category of topology
spaces (see for an introduction to monads and their importance in programming
language semantics). This means first that there is a unit map nx—here, nx maps z € X
to +o € Qy(X), and this is continuous because ny'(OU) = U. That Qy is a monad also
means that every continuous map h: X — Qy(Y) has an extension h' : Qp(X) — Qp(Y),
i.e., hl is continuous and h' o nx = h. This is defined by h'(Q) = Uzeg A(2) in our case.

Again, h' is continuous, because hT_l(DU ) = Oh~1(0OU). And the monad laws are satisfied:
77& = idg,,(x); ht onx = h, and (¢ o h)T = g7 o AT. One should be careful here: Qy is a
monad, but 9, is not a monad, except on specific subcategories, e.g., sober locally compact
spaces X, where Q;(X) = Qy(X) anyway.

The continuity claims in the following lemma are then obvious.
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Lemma 3.7. Let X, Y be topological spaces. Given any continuous map v : X — Finy(Y),
its extension Y1 restricts to a continuous map V' : Finy(X) — Finy(Y). If im is finite,
then " maps Qy(X) continuously into Finy(Y).

Proof. In each case, one only needs to show that 1/ maps relevant compacts to finitary com-
pacts. In the first case, for every finitary compact 1 E € Fin(X), (1 E) = UxeTE P(x) =
Uzer ¥ (x) (because 1 is monotonic), and this is finitary compact. In the second case,
PI(Q) = U,eq () is a finite union of finitary compacts since im ¢ is finite. ]

One would also like ¢t to be continuous from Q,(X) to Fin,(Y), in the face of the
importance of the Scott topology. This is a consequence of the above when X is sober and
locally compact, and Y is a quasi-continuous dcpo, since Q,(X) = Qp(X) and Fin,(Y) =
Finy(Y') in this case. However, one can also prove this in a more general setting, using the
following observation. For each topological space Z, write Z, for Z with the Scott topology
of its specialization preorder. For short, we shall call quasi monotone convergence space
any space Z such that the (Scott) topology on Z, is finer than that of Z, i.e., such that
every open subset of Z is open is Scott-open. This is a slight relaxation of the notion of
monotone convergence space, i.e., of a quasi monotone convergence space that is a dcpo
in its specialization preorder ﬂm, Definition II-3.12]. E.g., every sober space is a
monotone convergence space, and in particular a quasi monotone convergence space.

Lemma 3.8. Let Z be a quasi monotone convergence space and Z' be a topological space.
FEvery continuous map f: Z — Z' is Scott-continuous, i.e., continuous from Z, to Z..

Proof. Since f is continuous, it is monotonic with respect to the underlying specialization
preorders. Let (2;);,c; be any directed family of elements of Z, with least upper bound
z. Certainly f(z) is an upper bound of (f(2;)),c;. Let us show that, for any other upper
bound 2/, f(z) < 2. Tt is enough to show that every open neighborhood V of f(z) contains
2. Since f(z) € V, z is in the open subset f~!(V), which is Scott-open by assumption, so
2 € f~1(V) for some i € I. It follows that f(z;) is in V, hence also 2’ since V is upward
closed. []

When X is sober and locally compact, the topology of Q,(X) coincides with that
of Qp(X). In particular, Z = Qp(X) is a quasi-monotone convergence space. Taking
Z' = Qp(Y) in Lemma B8 one obtains the following corollary.

Corollary 3.9. Let X be a sober, locally compact space, and'Y be a topological space. Every
continuous map from Qy(X) to Qy(Y') is also Scott-continuous from Q(X) to Q(Y).

Similarly, with Z' = Finp(Y):

Corollary 3.10. Let Y be a topological space, Z be a quasi monotone convergence space.
Every continuous map from Z to Finy(Y') is Scott-continuous, i.e., continuous from Z, to
Fin,(Y).

Lemma 3.11. Let X be a QRB-domain, and (¢;);c; a generating family of quasi-deflations.

For every open subset U of X, UZTE] goi_l(DU) =U.

Proof. The union is directed, since ¢; '(OU) C ¢, (DU) whenever ¢; is pointwise below
@i, i.e., when @;(x) D @y () for all z € X. For every i € I, ; 1(OU) C U: every element x
of ; 1(OU) is indeed such that = € p;(x) C U. Conversely, we claim that every element z of
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U is in goi_l(DU) for some i € I. Indeed, Tt C U, so [\;c; Twi(z) € U. By Proposition B.5]
wi(x) C U for some i € I, i.e., p;(x) € OU. O

Lemma 3.12. Let X be a QRB-domain, and (@;),c; a generating family of quasi-deflations.
For every compact saturated subset Q of X, Q = ﬂiiel @I(Q).

Proof. Since x € p;(z) for every z, ngT-(Q) contains @ for every i € I. So Q C ﬂiiel ngT-(Q).
Conversely, since @ is saturated, it is enough to show that every open U containing () also
contains ﬂiiel cpj(Q). Since Q C U, by Lemma B.I1l Q C UZ.TE] gpi_l(DU). By compactness,
QC @;I(DU) for some i € I, i.e., for every = € Q, ¢;(z) CU. So (,D;[(Q) CcU. ]

Proposition 3.13. For every QRB-domain X, Q(X) is an RB-domain.

Proof. Assume X is a QRB-domain, with generating family of quasi-deflations (¢;);c;. The
family (@Z)ie] is directed, since if ¢; is below @;, i.e., if @;(x) D ;(x) for every x € X, then

@Z(Q) = Useq ?i(z) 2 U, eq viz) = @}(Q). Since X is quasi-continuous (Corollary [3.4)), it
is sober and locally compact. So Corollary applies, showing that 4,01- is Scott-continuous
from Q(X) to Q(X). Lemma[BI2states that the least upper bound of (903)2.61 is the identity
on Q(X). Clearly, 4,01- has finite image. So Q(X) is an RB-domain. U]

Theorem 3.14. Every QRB-domain is stably compact.

Proof. Let X be a QRB-domain, with generating family of quasi-deflations (¢;);c;. We
claim that, given any two compact saturated subsets Q and Q' of X, QN Q' is again compact
saturated. This is obvious if @NQ" is empty. Otherwise, writing 1y- y for the upward closure
of an element y of a poset Y, To(x) QOTQ( X) @’ is an intersection of two finitary compacts in
Qyp(X). Since X is a quasi-continuous decpo by Corollary B4l X is sober and locally compact,
so Qp(X) = 9Q,(X). Moreover, Q(X) is an RB-domain (Proposition BI3)), so Qp(X) is
coherent. Therefore To(x) @NTo(x) @’ is compact saturated in Qy,(X). It is also non-empty:
pick z € QN Q’, then Tx z is in To(x) @NTgox) Q' So Tox) QN Tox) Q' is in Q(Qv(X)).

Now there is a (continuous) map px : Qp(Qp(X)) — 9Qp(X) defined as idTQV ( X)—this is

the so-called multiplication of the monad—and pu X(TQ( x) @ NTox) Q') is then an element
of Q(X), i.e., a compact subset of X. We now observe that ux(Tox)@ N Tox) Q') =
Ugreax) Q" is equal to QN Q" the left to right inclusion is obvious, and conversely every

Q"CQ,Q’
x € QN Q' defines an element Q" = 1y x of Q(X) that is included in @ and Q'. So @ N Q'

is compact saturated. We conclude that X is coherent.
X is compact since pointed, and also locally compact and sober, as a quasi-continuous
dcpo, hence stably compact. O

The Lawson topology is the smallest topology containing both the Scott-opens and the
complements of all finitary compacts T E € Fin(X). When X is a quasi-continuous dcpo,
since 1 F is compact saturated and every non-empty compact saturated subset is a filtered
intersection of such sets 1 F, the Lawson topology coincides with the patch topology, i.e., the
smallest topology containing the original Scott topology and all complements of compact
saturated subsets. Every stably compact space is patch-compact, i.e., compact in its patch

topology [GHK¥03| Section VI-6]. So:

Corollary 3.15. Fvery QRB-domain is Lawson-compact.
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In the sequel, we shall need some form of countability:

Definition 3.16. An wQRB-domain is a QRB-domain with a countable generating family
of quasi-deflations.

Proposition 3.17. A pointed depo X is an wQRB-domain iff there is a generating se-
quence of quasi-deflations (¢;);cy., i-€., for every i,i' € N, i < i, pi(x) 2 @y (x) for every
reX, and Tx = njeN wi(x) for every z € X.

Proof. Let X be an wQRB-domain, and (1);) jeN be a countable generating family of quasi-
deflations. Build a sequence (j;);cy by letting jo = 0, and j;11 be any j € N such that 1),
is above ; and vj,, by directedness. Then let ; = 1), for every ¢ € N. By construction,
whenever @ < 7/, ¢; is below ¢;+1. And for every i € N, ¢; is below ¢; = 9, so Tz =
ﬂjeN @i(x) for every x € X. So (¢;);c is the desired sequence. ]

Recall that a topological space is countably-based if and only if it has a countable
subbase, or equivalently, a countable base.

Proposition 3.18. A QRB-domain X is an wQRB-domain iff it is countably-based.

Proof. Only if: let (¢;);cy be a generating sequence of quasi-deflations on X. For each i € N,
enumerate im ¢; as {t E;1,..., T Eip, } C Fin(X), and let E; be the finite set U;“Zl E;j. We
claim that the countably many subsets int(y;(y)), v € Ej, i,j € N, form a base of the
topology.

It is enough to show that, for every open U and every element = € U, = € int(p;(y)) for
some y € Ej, 4,7 € N, such that ¢;(y) C U: since Tz = ﬂj‘eN @;(x) C U, use Proposition 3.5l
to find j € N such that ¢;(z) C U. Since z € p;(x) and ¢;(z) = 1 Ej), for some k, there
isay € Ej, C Ej such that y < x, and y € U. Repeating the argument on y, we find
i € N such that ;(y) € U. By Lemma B3l ¢;(y) < y, i.e., y is in int(p;(y)) since X is
quasi-continuous. Since y < z, x is in int(p;(y)).

If: let (¢i);c; be a generating family of quasi-deflations on X, and assume that the
topology of X has a countable base {Uy, | K € N}. Assume without loss of generality that
Uy # 0 for every k € N. For every pair £,k € N such that Uy C t+E C U for some
finite set E, pick one such finite set and call it Ey,. One can enumerate all such pairs
as Ly, kyn, m € N. By Lemma B.12] ﬂjel cpl-L(TEgmkm) = 1Ey, k- By Proposition B35
@Z(T Ey, k,,) C Uy, for some i € I: pick such an i and call it 7,,. By directedness, we
may also assume that ; , is also above ¢;, , 0 < n < m. Define v, as ¢;,,. This yields a
non-decreasing sequence of quasi-deflations (T/Jm)meN.

We claim that it is generating. On one hand, T2 C ﬂteN () since each 1y is a
quasi-deflation. Conversely, every open neighborhood U of x contains some Uy, k € N,
with € Ug. Then ta = ﬂiiel vi(z) C Uy, so pi(x) C Uy for some i € I. Write p;(x)
as T E, where F is finite. By Lemma B3, ¢;(z) < z, so z € TE C 1E C U,. As
*E is open, € U, C TE for some ¢ € N. In particular, U, C 1E C U,. So (,k
is a pair of the form /,,,k,,. By definition ¢in(TEgk) C Ug. Since x € Uy C 1 Ey,
Y () = (1 2) C h(t Egw) € Uy € U. So every open neighborhood U of 2 contains
() for some m € N, hence nineN Y (). So ﬂineN Ym(x) C 12, whence the equality. []
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Figure 3: A quasi-retraction

4. QUASI-RETRACTS OF BIFINITE DOMAINS

The RB-domains can be characterized as the retracts of bifinite domains. Recall that a
retraction of X onto Y is a continuous map r : X — Y such that there is continuous map
s:Y — X (the section) with r(s(y)) =y for every y € Y.

We shall show that (w)QRB-domains are not just closed under retractions, but under
a more relaxed notion that we shall call quasi-retractions. More precisely, our aim in this
section is to show that the wQRB-domains are exactly the quasi-retracts of bifinite domains,
up to some details.

For each continuous r : X — Y, define Qr : Qy(X) — OQp(Y) by Or(Q) = t{r(x) |
r € Q). Qr is continuous, since Qr~H(0OV) = Or~}(V) for every open V. This is the
action of the Qy, functor of the Smyth powerspace monad [Sch93 Chapter 7], equivalently
Qr = (gy or)l.

Definition 4.1 (Quasi-retract). A quasi-retraction r : X — Y of X onto Y is a continuous
map such that there is a continuous map ¢ : ¥ — Qyp(X) (the quasi-section) such that
Qr(s(y)) =Ty for every y € Y.

A topological space Y is a quasi-retract of X iff there is a quasi-retraction of X onto
Y.

In diagram notation, we require the bottom right triangle to commute, but not the top
left triangle—what the puncture -+ indicates; the outer square always commutes:

X 7”/ Y (4.1)
| £

Qy(X) o Qp(Y)

While a section s : Y — X picks an element s(y) in the inverse image r~!(y), continuously, a
quasi-section is only required to pick a non-empty compact saturated collection of elements
from 1 (1y) meeting 7~ *(y) (see Figure []), continuously again.

Every retraction r (with section s) defines a canonical quasi-retraction: let ¢(y) = 1 s(y),
then Or(<(y)) = Mr(2) | s(y) < 2z} =1r(s(y)) =1v.

The converse fails. For example, N3 is a quasi-retract of N, + N, (see Figure 2] (ii7)):
r maps both (0,w) and (1,w) to w € Na, and ¢(y) = r~(1y) for every y. But Y is not a
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retract of X: X is a continuous dcpo, and every retract of a continuous dcpo is again one;
recall that A is not continuous.

Every quasi-retraction r : X — Y induces a continuous map ny or : X — Qy(Y), which
is then a retraction in the Kleisli category Cg. A retraction in a category is a morphism
r: X — Y such that there is a section morphism s :Y — X, i.e., one with r o s = idy. It
is easy to see that the quasi-retractions are exactly those continuous maps r : X — Y such
that ny o r is a retraction in Co.

Lemma 4.2. FEvery quasi-retraction v : X — Y onto a Ty space Y is surjective. More
precisely, if < is a matching quasi-section, then every element y € Y is of the form r(x) for
some x € s(y).

Proof. For every y € Y, Ty = Qr(s(y)). Since y € Qr(s(y)), r(x) < y for some x € ¢(y).
But 7(z) is then in Or(s(y)) =1y, so y < r(x). Therefore y = r(x). O

The following is reminiscent of the fact that every retract of a stably compact space
is again stably compact [Law87, Proposition, bottom of p.153, and subsequent discussion]:
we shall show that any Ty quasi-retract of a stably compact space is stably compact. We
start with compactness.

Lemma 4.3. FEvery Ty quasi-retract Y of a compact space Y is compact.

Proof. The image of a compact set by a continuous map is compact. Now apply Lemma [£.2]

L]
Lemma 4.4. Any quasi-retract Y of a well-filtered space X is well-filtered.

Proof. Let r : X — Y be the quasi-retraction, with quasi-section ¢ : Y — Qy(X).

Let (Qi);c; be a filtered family of compact saturated subsets of Y, and assume that
njel Qi €V, where V is open in Y. Let Q) = ¢1(Q;). This is compact saturated, and
forms a directed family, since ¢ is monotonic. We claim that Nicr @i < r~1(V). Indeed,
every = € (,c; Q; is such that, for every i € I, there is a y; € @Q; such that = € ¢(y;); then
r(z) € Qr(s(yi)) = Tyi, so r(z) € Q;, for every i € I. Since ﬂiiej Q; CV,r(x)isin V,
whence the claim.

Since X is well-filtered, @ C r~(V) for some i € I. Then, for every y € Q;, s(y) C
Qi) = @ S 11 (V). so y € Qr(s(y) € Qr(r (V) C V. So Qs C V. 0

Lemma 4.5. Any Ty quasi-retract Y of a coherent space X is coherent.

Proof. Let r : X — Y be the quasi-retraction, with quasi-section ¢ : Y — Qy(X).

We use the fact that Or oct is the identity on Qy(Y'). This is a well-known identity on
monads: by the monad law (g7 oh)T = gf o AT, and since Qr = (ny or)f, Qroct = (Qroq)f,
and this is n}L, = idg,,(y) by the first monad law.

Let Q1, Q2 be two compact saturated subsets of Y. Then ¢T(Q1) N<T(Q2) is compact
saturated in X, using the fact that X is coherent. So Qr(s"(Q1) N<'(Q2)) is compact
saturated in Y. We claim that Qr(s"(Q1) N<f(Q2)) = Q1 N Q2, which will finish the proof.
In one direction, every element y of Q1 N Qs is in Qr(sT(Q1) N<T(Q2)): by Lemma B2 pick
x € ¢(y) such that y = r(x), and observe that z € ¢'(Q1) (indeed z € ¢(y), where y € Q1)
and z € ¢<T(Q3). In the other direction, Qr(sH(Q1) N<T(Q2)) € Qr(<T(Q1)) N Or(sT(Q2)) =
Q1 N Qo, since Qr o' is the identity on Q(Y). ]
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Lemma 4.6. Any quasi-retract Y of a locally compact space X is locally compact.

Proof. Let r: X — Y be the quasi-retraction, with quasi-section ¢ : Y — Qp(X). Let y be
any point of Y, and V be an open neighborhood of y. Since y € V, Or(s(y)) =ty C V,
so () € 7~ 1(V). Observe that ¢(y) is compact saturated and r~!(V) is open in X. Use
interpolation in the locally compact space X: there is a compact saturated subset )1 such
that ¢(y) C int(Q1) C Q, C r— (V).

In particular, ¢(y) € Oint(Q1), so y is in the open subset ¢~ '(0int(Q1)). The latter
is included in the compact subset Qr(Q1), since every element 3’ of it is such that ¢(y’) C
int(Q1) € @1, hence 1y = Or(s(y’)) € Qr(Q1). In particular, y is in the interior of
Qr(Q1). Finally, since Q1 C r~1(V), Qr(Q1) C V. O]

Proposition 4.7. Every Ty quasi-retract Y of a stably compact space X 1is stably compact.

Proof. Y is Ty by assumption, and locally compact, well-filtered, compact, and coherent by
Lemmal43] LemmaL4] LemmalLd] and LemmalL6l In the presence of local compactness,
it is equivalent to require sobriety or to require the space to be Ty and well-filtered [GHKT 03,
Theorem I1-1.21]. []

Call a space X locally finitary if and only if for every x € X and every open neighbor-
hood U of x, there is a finitary compact 1 E such that = € int(1 E) and T E C U. This is the
same definition as for local compactness, replacing compact saturated subsets by finitary
compacts. The interpolation property of locally compact spaces refines to the following: In
a locally finitary space X, if Q) is compact saturated and included in some open subset U,
then there is a finitary compact 1 E such that @ C int(T E) and T £ C U. The proof is as
for interpolation in locally compact spaces: for each x € @, pick a finitary compact 1 E,
such that @ € int(t Ey) and T E; C U. (int(T Ez)),eq is an open cover of Q. Since @ is
compact, it has a finite subcover 1 F1, ..., T F,. Then take £ = Fy U...U E,.

We observe right away the following analog of Lemma

Lemma 4.8. Any quasi-retract Y of a locally finitary space X is locally finitary.

Proof. As in the proof of Lemma L@ let y € Y and V' be an open neighborhood of y. By
interpolation between Q = ¢(y) and U = r~%(V) in the locally finitary space X, we find a
finitary compact subset Q1 = 1 E1 of X such that ¢(y) C int(Q1) € Q1 € r~ (V). The rest
of the proof is as for Lemma [£.6] only noticing that Qr(Q1) = 1r(E) is finitary compact. []

The importance of locally finitary spaces lies in the following result: see Banaschewski
[Ban'T7], or the equivalence between Items (6) and (11) in Lawson [Law85, Theorem 2]. See
also Isbell [Isb75] for the notion of locally finitary space, up to change of names.

Proposition 4.9. The locally finitary sober spaces are exactly the quasi-continuous dcpos
in their Scott topology.

We use this, in particular, in the following proposition.
Proposition 4.10. Every Ty quasi-retract of an (w)QRB-domain is an (w)QRB-domain.

Proof. Let X be a QRB-domain, Y be a Ty space, r : X — Y be a quasi-retraction, and
¢:Y — 9Qp(X) be a matching quasi-section. We first note that Y is stably compact, by
Proposition [£.7], using the fact that X is itself stably compact (Theorem[B.I4]). So Y is sober.
By Proposition 9] X is locally finitary, so Y is, too, by Lemma [£8 By Proposition
again, Y is a quasi-continuous dcpo, and its topology is the Scott topology.
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Note that Y is pointed. Letting L be the least element of X, r(_L) is the least element
of Y: for every y € Y, pick some x € X such that r(z) = y by Lemma 2] then r(L) <
r(z) =y.

For each quasi-deflation ¢ on X, ¢ is continuous from X to Finy(X): indeed it is
continuous from X to Fin,(X) and Fin,(X) = Finyp(X) by Corollary 3.6 since X is quasi-
continuous (CorollaryB4)). So ¢! makes sense. Let $ : Y — Finy(Y) map y to Qr(p'(s(y)));
?(y) is in Fin(Y) because o'(¢(y)) € Fin(X) (Lemma B2, second part), and Qr(1E) =
MNr(z) | z € E} is finitary compact for every finite set E.

Explicitly, §(y) = M{r(2) | Iz € <(y) - z € p()}.

For every open subset V of Y, ¢~ 1(0OV) is the set of all y € Y such that for every
x € s(y), for every z € ¢(z), r(z) € V. lLe., for every z € <(y), p(x) C r~1(V), that
is, (y) € o1 (@r (V). So p~H(OV) = ¢ H(Op~H(Or=(V))). Since the latter is open,
and the sets OV form a subbase of the topology of Qy(Y), @ is continuous from Y to
Finy(Y). Since Y is a quasi-continuous dcpo and its topology is Scott, by Corollary
Fin,(Y) = Finp(Y), so ¢ is also Scott-continuous from Y to Fin(Y'). (Alternatively, apply
Corollary 3.101)

We claim that y € §(y) for every y € Y. Since Qr(s(y)) = Ty, y € Or(s(y)), so there
is an = € ¢(y) such that r(z) < y. Now z € ¢(z), so taking z = x in the definition of p(y),
yis in 3(y).

Let now (¢;);c; be a generating family of quasi-deflations on X. Clearly, if ¢; is below
©;, then @; is below @;, so (©;);¢; is directed.

It remains to show that ﬂfe 1 @i(y) = Ty for every y € Y. Since y € @;(y), it remains
to show ﬂfe ;1 @i(y) € Ty: we show that every open V containing y contains ﬂfe 1 2i(y).
Since y € V and Qr(s(y)) = 1y, 9Or(s(y)) C V, so s(y) € Qr~HaV) = Or~Y(V), i.e.,
s(y) € »~Y(V). By Lemma B.IT] UZTeI o; H(Or~Y(V)) = r~}(V). Since s(y) is compact,
s(y) C o H(Or~H(V)) for some i € I. So y is in ¢~ }(Op; *(Or~'(V))), which is equal
to @; (OV) (see above). It follows that V' contains @;(y), hence ﬂfel vi(y). SoY is a
QRB-domain.

The case of WQRB-domains is similar, where now (¢;);c is a generating sequence of
quasi-deflations. []

Later, we shall need a refinement of the notion of quasi-retraction, which is to the latter
as projections are to retractions. Recall that a projection is a retraction r : X — Y, with
section s, such that additionally s o r < idx. Similarly, it is tempting to define a quasi-
projection as a quasi-retraction (with quasi-section ¢) such that = € ¢(r(x)) for every x € X.
If r is a retraction, with section s, and we see r as a quasi-retraction in the canonical way,
defining ¢(y) as 1 s(y), then the quasi-projection condition z € ¢(r(x)) is equivalent to the
projection condition (sor)(x) < x.

The point z shown in Figure [3 satisfies the condition x € ¢(r(z)): x is in the gray area
¢(y), where y = r(x). However, Lemma [A.T1] below shows that r is not a quasi-projection:
for this to be the case, the gray area ¢(y) should fill the whole of 7=(1y).

There is no need to invent a new term, though: Lemmal[LITlshows that quasi-projections
are nothing else than proper surjective maps. A map r : X — Y is proper if and only if it
is continuous, | r(F) is closed in Y for every closed subset F of X, and r~!(1y) is compact
in X for every element y of Y [GHK 03] Lemma VI-6.21 (3)].
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Lemma 4.11. Let X be a topological space, and Y be a Ty topological space. For a map
r: X =Y, the following two conditions are equivalent:

(1) r is a quasi-retraction, with matching quasi-section s : Y — Qy(X), such that addition-
ally x € s(r(x)) for every x € X;
(2) r is proper and surjective.

Then the quasi-section < in () is unique, and it is defined by <(y) = r~(1y).

Proof. We first prove the following fact, which will serve in both directions of proof: (x)
assume s(y) = r~(Ty) for every y € Y, then for every open subset U of X, the complement
of ¢<~1(OU) in Y is L r(F), where F is the complement of U in X. Indeed, the complement
of ¢71(0U) is the set of elements y € Y such that ¢(y) is not included in U, i.e., such that
there is an z € ¢(y) that is not in U, i.e., in F. Since ¢(y) = r~*(1y), this is the set of
elements y such that there is an « € F' such that y < r(z), namely, | r(F).

Assume r is a quasi-retraction, and ¢ is a matching quasi-section such that x € ¢(r(x))
for every x € X. We have seen that r is surjective (Lemma [A.2]).

Since Qr(s(y)) = Ty, every element x of ¢(y) is such that r(z) is in Ty, so ¢(y) C
r~1(ty). Conversely, for every x € r~1(1y), ie., if y < r(z), then ¢(y) 2 <(r(x)) since
¢ is monotonic. We have assumed that x was in ¢(r(z)), so = € ¢(y). It follows that
s(y) = r~'(1y), which proves the last claim in the Lemma.

It also follows that r~!(1%) is compact in X. And, using (¥), for every closed subset F
of X, with complement U, |.7(F) is the complement of ¢~1(0(U)), which is open since ¢ is
continuous, so | r(F') is closed. Therefore r is proper.

Conversely, assume that r is proper and surjective. Define ¢(y) as 7~ '(1y). Since r is
surjective, ¢(y) is non-empty. It is saturated, i.e., upward closed, because r is monotonic.
Since r~1(1y) is compact, ¢(y) is an element of Q(Y). For every open subset U of X, with
complement F', ¢~1(OU) is the complement of | 7(F) by (%), hence is open since r is proper.
So ¢ is continuous.

The equation Or(s(y)) = 1y follows from Or(s(y)) = {r(z) | * € r(1y)} and the
fact that r is surjective. It is clear that z is in ¢(r(z)) = r~}(1r(z)) for every z € X. [

Let us turn to bifinite domains, or rather to their countably-based variant. Countability
will be needed in a few crucial places.

A pointed dcpo X is an wB-domain (a.k.a. an SFP-domain) iff there is a non-decreasing
sequence of idempotent deflations (f;),cy such that, for every z € X, & = sup,cy fi(z). Le.,
an wB-domain is just like a B-domain, except that we take a non-decreasing sequence, not
a general directed family of idempotent deflations.

The key lemma to prove Theorem (13| below is the following refinement of Rudin’s
Lemma [GHK¥03| IT1-3.3]. Note that Rudin’s Lemma would only secure the existence of a
directed family Z whose least upper bound is y, and which intersects each E? ; but Z may
intersect each EY in more than one element y;. We pick exactly one element y; in each E?,
and for this countability seems to be needed.

Lemma 4.12. Let Y be a depo, y € Y, and (1 EY),_ a non-decreasing sequence in Fin(Y')
(w.r.t. 2) such that 1y = ﬂ%eNTEZQ. There is a non-decreasing sequence (y;);cy Y such
that y; € EZQ for every i € N, and sup;en Vi = Y-

Proof. Let E; = E? N ]y for every i € N. (Ei);en is a non-decreasing sequence in Fin(Y)
such that y € ﬂjeNTEi, and E; C .
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Build a tree as follows. Informally, there is a root node, all (non-root) nodes at distance
i > 1 from the root node are labeled by some element of F; 1, and each such node N,
labeled y;_1, say, has as many successors as there are elements y; in E; such that y;_1 < y;.
Formally, one can define the nodes as being the sequences yo,y1,...,¥yi—1, ¢ € N, where
Yo € Eo, y1 € B, ..., yi—1 € E;_1,and yo < y1 < ... < y;—1. Such a node is labeled 1;_1
(if ¢ > 1), and its successors are all the sequences yo, y1,...,¥i—1,y; with y; chosen in E;,
and above y;_1 if i > 1.

This tree has arbitrarily long branches (paths from the root). Indeed, for every i € N,
pick an element y; € F;—this is possible since y € 1 E;, hence F; is non-empty—, then an
element y;_1 € F;_1 below y;—since T F;_1 2 1T E;—, then an element y;_o € E;_o below
Yi—1, ---, and finally an element yy € Fy below y;. This is a node at distance i + 1 from
the root.

It follows that the tree is infinite. It is finitely-branching, meaning that every node has
only finitely many successors—because F; is finite. Koénig’s Lemma then states that this
tree must have an infinite branch. Reading the labels on non-root nodes in this branch, we
obtain an infinite sequence yop < y1 < ... < y; < ... of elements y; € E;, i € N. Clearly,
Yi € E? for each i € N. In particular, sup;cyy; € ﬂiieNTE? =Ty, so y < sup;en ¥i- Since
E; C |y for every i € N, the converse inequality holds. So sup;en i = ¥- []

Theorem 4.13. The following are equivalent for a depo Y :
(1): Y is an wQRB-domain;
(7i): Y is a quasi-retract of an wB-domain;
(7i1): Y is the image of an wB-domain under a proper map.

Proof. (iii) = (i1). Because any proper surjective map is a quasi-retraction (Lemma [Z.1T]).

(17) = (i). Write Y as a quasi-retract of an wB-domain X. X is trivially an wQRB-
domain. Since Y, as a dcpo, is T, Proposition applies, so Y is an wQRB-domain.

(1) = (7ii). Let Y be an wQRB-domain, with generating sequence of quasi-deflations
(0i)ien- Let imy; = {1 Ej1,...,T Eip, }, and define E; as the finite set U;“Zl E;j, for each
i € N. Let X be the set of all non-decreasing sequences § = (y;);cy in Y such that
Yi € Uj<i E;, and y; € ¢;i(suppen Yk). Order X componentwise. As in [Jun88|, Theorem 4.9,
Theorem 4.1], X is an wB-domain: for each iy € N, consider the idempotent deflation f;,
defined by f;, (¢) = (ymin(i,io))ieN' To show that this is well-defined, we must show that
Ymin(iio) € Pi(SUPLEN Ymin(k,io))s 1-€-» that Yminiin) € Pi(Yio). 17 <o, then yming i) = vi €
@i(supren Ur) € i(yi,) since ¥ € X and ¢; is monotonic, else Ymin(i,ip) = Yio € ¥i(yo) since
@i is a quasi-deflation. It is easy to see that f;, is Scott-continuous.

Let now r : X — Y map ¥ to sup,cyy;- This is evidently Scott-continuous. For any
fixed y € Y, apply Lemma with 1 EY = ¢;(y) to obtain a non-decreasing sequence
¥ = (¥i);en such that y; € ;(y) for every i € N and sup;eyy; = ¥: in particular, 3 is in Y,
and 7(y) = y. So r is surjective. Let us show that it is proper.

To this end, we first remark that r~1(1y) = {f € X | Vi € N-y; € p;(y)}. Indeed, if
§= (Yi)iey is in 77 (1y), then y < () = supyen yr, and since § € X, y; € @i(supgenyr) C
vi(y), using the fact that ¢; is monotonic. Conversely, if y; € ¢;(y) for every i € N, then
7(7) = supsen ¥i € Nien ©i(y) = Ty

This remark makes it easier for us to show that »~!(1y) is compact for every y € Y.
For each ig € N, let Q;, = {7 € X | Vi <ip-y; € pi(y)}. Let K, be the set of all elements
y of Q;, such that y; = y;, for every i > ig. Note that K, is finite, (recall that each y; with
1 < g is taken from the finite set Ujgz‘ E;), and that Q;, = 1 Kj,. Indeed, for every ¥ € Q;,,
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its image f;, (%) by the idempotent deflation f;, is in K;,, and is below ¥. So Q;, is (finitary)
compact. Every wB-domain is stably compact [AJ94, Theorem 4.2.18], and any intersection
of saturated compacts in a stably compact space is compact, so r~!(1y) = mz‘oeN Qi, is
compact.

Let us now show that | r(F") is closed for every closed subset F' of X. Consider a directed
family (z;), ; of elements of [r(F'), and let z = supjc ;2. Since z; € Lr(F), F intersects
r~Y(12). The family (r~(1z;)) je 1s a filtered family of compact saturated subsets of X,
each of which intersects the closed set F. Since X is an wB-domain, it is stably compact,
hence well-filtered: so ﬂje 77 (1 25) intersects F. (Explicitly: if it did not, it would be
included in the open complement U of F, hence some r~!(1 z;) would be included in U,
contradicting the fact that it intersects F.) Let ¥ be any element of ﬂje ST (tz) N F.
Then z; < r(y) for every j € J, so z = sup;¢; 2z; < r(¥), hence z € | r(F). U]

5. PropucTs, BILIMITS
We first show that finite products of QRB-domains are again QRB-domains.

Lemma 5.1. If (©;);c; (resp. (Q[Jj)jeJ) is a generating family of quasi-deflations on X
(resp. Y'), then (Xij);er jey @5 one on X XY, where xi5(x,y) = ¢i(x) x ¥;(y).

Proof. Clearly, (z,y) € xij(x,y), Xij(z,y) is finitary compact, and im x;; is finite. For all
i,7, Xij is easily seen to be Scott-continuous, and ﬂjel jes Xij(Ty) = ﬂjel jes(pi(z) x

¢](y)) :mziej(pz(x) anejw](y) ZTHJXTyZT(x7y) 0
So:

Lemma 5.2. For any two (w)QRB-domains X, Y, X x Y, with the product ordering, is
an (w)QRB-domain.

Recall that a retraction p : X — Y, with section e : ¥ — X, is a projection iff,
additionally, e(p(z)) < x for every z € X; then e is usually called an embedding, and is
determined uniquely from p. An expanding system of dcpos is a family (X;),.;, where I is
a directed poset (with ordering <), with projection maps (pij)i,jel,igj where p;; : X; — X,
pii = idx,, and p;; = pijopjr, whenever ¢ < j < k [AJ94, Section 3.3.2]. This is nothing else
than a projective system of dcpos, where the connecting maps p;; must be projections. If
eij + X; — X is the associated embedding, then one checks that e;; = idx, and e;; = ej,0e;;
whenever i < j < k, so that (X;),.; together with (eij)i,jel,igj forms an inductive system
of depos as well. In the category of dcpos, the projective limit of the former coincides with
the inductive limit of the latter (up to natural isomorphism), and is called the bilimit of the
expanding system of dcpos. We write this bilimit as lim;c7 X;, leaving the dependence on <,
Pij, €ij, implicit. This can be built as the dcpo of all those elements & = (x;),.; € [[;c; Xi
such that p;j(x;) = z; for all ¢, j € I with ¢ < j, with the componentwise ordering.

General bilimits of countably-based dcpos will fail to be countably-based in general, so
we shall restrict to bilimits of expanding sequences of dcpos [AJ94l Definition 3.3.6]: these
are expanding systems of dcpos where the index poset [ is N, with its usual ordering. To
make it clear what we are referring to, we shall call w-bilimit of spaces any bilimit of an
expanding sequence (not system) of spaces.
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One can appreciate bilimits by realizing that the B-domains are (up to isomorphism)
the bilimits of expanding systems of finite, pointed posets [AJ94, Theorem 4.2.7]. Similarly,
the wB-domains are the w-bilimits of expanding sequences of finite, pointed posets.

Bilimits are harder to deal with than products. But the difficulty was solved by Jung
[Jun88 Section 4.1] in the case of RB-domains and deflations, and we proceed in a very
similar way. We first recapitulate the notion of bilimit.

Consider any set G of functions ¢ from X to Fin(X) such that ¢(x) 2 1z, i.e., z € ¥(x),
for every x € X. We say that G is gfs (for quasi-finitely separating) iff given any finitely
many pairs (1 Eg,zx) € Fin(X) x X with 1By < z, 1 < k < n, there is a ¢ € G that
separates the pairs, i.e., such that T Ey 2 ¢ (k) 2 Txk (equivalently, zx € ¥(xx) C 1 Ex)
for every k, 1 < k <n.

Proposition 5.3. Let X be a poset. Then X is a QRB-domain iff X is a quasi-continuous
depo and the set G of quasi-deflations on X is qfs.

Proof. It X is a QRB-domain, then let (1 Ex, zx) € Fin(X) x X be such that 1 B, < xj
for every k, 1 < k <n, and (‘Pi)ie ; be a generating family of quasi-deflations. For each £,
1<k<n, tx = ﬂiiej wi(xr) C FE}, so by Proposition there is an ¢ € I such that
wi(ry) € TE), C 1 E),. And we may pick the same i for every k, by directedness. So ; is
the desired ¢ € G.

Also, X is a quasi-continuous dcpo by Corollary [3.4]

Conversely, assume that X is a quasi-continuous dcpo and G is gfs. We show that
H = {o'op | p € G} is a generating family of quasi-deflations. Using Corollary [3.6}
Finy(X) = Fin,(X). Write it Fin(X), for short. For each ¢ € G, ¢ is continuous from
X to Fin(X), and ¢! is continuous from Fin(X) to Fin(X) by Lemma BT, so ¢f o ¢ is
continuous from X to Fin(X). Since z € ¢(x), z is also in ey o) = (¢ o @)(x).
Also, im(ip' o ) is finite, since all its elements are unions of elements of the finite set im (.
So ¢! o ¢ is a quasi-deflation.

Let us show that H is directed. Pick ¢ and ¢’ from G. Let imy = {1 E,..., T En},
and B = JL, E;. Similarly, let im¢’ = {1 E{,...,1E}} and E' = |J;_, Ej}. For each
y € E, p(y) <y by LemmaB3 Since X is quasi-continuous, use interpolation, and pick a
finitary compact 1 £, such that ¢(y) < T E, < y. Similarly, let TEZ’/, be a finitary compact
such that TE;, <y and ¢'(y) < TE;, for each ¢/ € E'.

Consider the finite collection of all pairs (T Ey,y), (¢(y), 2), (T E?’J,, y'), and (¢'(v'),2'),
where y € E, z € Ey, ¥y € E', 2/ € Ey. Since G is dfs, there is a ¢y € G such that
T E" D 4p(x) D T for all the above pairs (E”, z). In particular, looking at the pair (1 Ey, y),
we get: (a) TE, 2 9¥(y) for every y € E. And looking at the pair (p(y), 2), ©(y) 2 ¥(z)
forally € E, z € Ey. So o(y) 2 U.cp, ¥(2) = U.erp, ¥(2) = Y1 (1 E,). We have proved:
(b) p(y) 2 Y1 E,) for every y € E. Then, for every z € X, (! 0 p)(z) = Uyep) ) 2
Uyeom) ©T(T Ey) (by (0) 2 Uyepw @' 0 9)(y) (by (a) = (T o) (p(x)) 2 (¥ o) (1)
(since p(z) 2 T2) = (T o) (nx(x)) = (¥ 01b)(z) (by one of the monad laws). So ' o ¢
is below T 01, Similarly, ¢'T o ¢/ is below 1T o, so H is directed.

Finally, we claim that ngoeG(‘PT op)(z) = Tx. In the D direction, this is because
¢! o ¢ is a quasi-retraction. Conversely, let 1 E € Fin(X) be such that 1 £ < z. By
interpolation, find T E’ € Fin(X) such that 1 F < 1 F' < z. Since G is dfs, applied to
the pairs (T E',x) and (1 E,y) for each y € E’, there is an element ¢ € G such that
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TE D p(z) and TE D ¢(y) for every y € E'. So 1 E D (1 E') D (¢f o 9)(x). So
ﬂweG(gDT op)(z) C ﬂ*EeFin(X) 1B<x T E =12, as X is quasi-continuous. O
Theorem 5.4. Any (w-)bilimit of (w)QRB-domains is an (w)QRB-domain.

Proof. Let (X;);c; be an expanding system of QRB-domains, with projections p;; : X; —
X; and embeddings e;; : X; — Xj;, i < j. Let X = lim;e; X;. There is a projection
pi + X — X, given by p;(¥) = x; (where ¥ = (2;),c;), and an embedding e; : X; — X for
every ¢ € I.

We observe that: (a) if TE < p;(Z) in X;, then Qe;;(1E) < p;j(Z) for every j > i.
Indeed, consider any directed family (y),cp such that p;(Z) < supgeg yx. Then p;(Z) =
pij(p; (%)) < suppeg pij(yr), so for some k € K, there is a z € E with z < p;;(yg). Then
eij(z) < eij(pij(yr)) < yx. We conclude since e;;(z) € Qe;i(T E).

We now claim that the family Dz of all finitary compacts of the form Qe;(1 E), where
TE € Fin(X;) and T E < p;(Z), ¢ € 1, is directed. Given Qe;(T E) and Qe;(1 E’) in Dz, find
some k € I such that i, j < k, by directedness. Then Qe; (1 E) = Qe (Qeir(T E)), and by (a)
Qcix(1 F) < pel#), and similarly Qc;( F') = Qex(Qesu( ), with Qesp(1F) < pu(d).
Replacing ¢ by k, T E by the finitary compact Qe;, (1 E), j by k, and 1 E' by Qe (1 E') if
necessary, we can therefore simply assume that ¢ = j. Since X; is quasi-continuous, there
is an E” € Fin(X;) such that 1 E,T E' < 1 E” < p;(Z), and then Qe;(1 E”) is an element of
D, above both Qe;(1 E) and Qe;(T E').

Moreover, we claim that (g e:(1 B)eDs Qe; (T F) equals T Z. That it contains Z is obvious:
whenever T E < p;(Z), pick z € E with z < p;(Z), so that e;(z) < e;(p;(¥)) < Z, hence
7 € Qei(T E). Conversely, every Z € (g, pyep, Q6i(T E) must be such that z; = p;(Z) €
Qpi(mTE<pi(f) Qez(TE)) C mTE<Pi(f) sz(Qez(T E)) = nTE<pi(5;‘) TE = sz(f) = Tz,
since X; is quasi-continuous. As this holds for every i, £ < Z. So ﬂgem E)eDy Qe;(TE) C
1.

In particular, X is a quasi-continuous dcpo.

We check that the set of quasi-deflations on X is gfs. Consider a finite collection of pairs
(1 Dy, Zr) € Fin(X) x X with + Dy < &, 1 < k < n. Recall that 1 Dy, < @ can be rephrased
equivalently as: @ is in the open subset $Dj. Since ﬂQei(TE)eka Qe;(tE) = 12, by

Proposition B for each k, pick Qe;(1 Ey) € Dz, included in Tﬁk, in particular above Tﬁk.
Le., pick i € I and 1 E}, € Fin(Xj;) such that T Ej, < p;(Z)), and such that +Dy D Qe; (1 Ex).
(We can pick the same i for every k, by directedness, as above.) Since X; is a QRB-domain,
and T FEr < pi(Zy), using Proposition B there is a quasi-deflation ¢ on X; such that
©(pi(Z1)) € TER. So p(pi(#k)) C 1 Eg, for every k, 1 < k < n. Consider ¢ : X — Fin(X)
defined as Qe;opop;. Qe;, restricted to Fin(X;), takes its values in Fin(X), using Lemma[3.7]
and the fact that Qe; = (nx o ez-)T. Moreover, 1) is continuous from X to Finy (X), hence to
Fin, (X) since X is quasi-continuous, by Corollary For every ¥ € X, p;(Z) € ¢(pi(Z)),
since ¢ is a quasi-deflation. Then e;(p;(Z)) is below Z, and is in (%), so & € ¥(Z). So ¥ is
a quasi-deflation.

Moreover, by construction, for each k, 1 < k < n, o(p;(Zx)) € T Ek, so ¥(Z) C
Qe (1 Ey), so (&) C 1 Dy, since 1 Dy, D Qe; (T Ey). So the set of quasi-deflations on X is
qfs.

By Proposition 5.3, X is then a QRB-domain.

To deal with w-bilimits of wQRB-domains, observe that any bilimit of a countable ex-
panding system (in particular, an expanding sequence) of countably-based quasi-continuous
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Figure 4: Discretizations of V1(X), X ={L1,a,b, T}

dcpos is countably-based. Indeed, a countably based quasi-continuous dcpo X; has a count-
able base of sets of the form TE;, 1 E;, € Fin(X;), k € N. The Dz construction above,
suitably modified, shows that the sets Tﬁ’ik, where Tﬁ’ik = Qei(Fi), i,k € N, form a,
necessarily countable, base of the topology on X. By Proposition BI8 X is an wQRB-
domain. L]

6. THE PROBABILISTIC POWERDOMAIN

Let X be a fixed topological space, and let O(X) be the lattice of open subsets of X. A
continuous valuation v on X is a map from O(X) to RT such that v(0)) = 0, which is
monotonic (v(U) < v(V) whenever U C V'), modular (v(UUV )+v(UNV) = v(U)+v(V) for
all opens U, V'), and continuous (V(UZ.TE[ U;) = sup;e; v(U;) for every directed family (U;),.;
of opens). A (sub)probability valuation v is additionally such that v is (sub)normalized,
ie., that v(X) =1 (v(X) <1). Let Vi(X) (V<i(X)) be the dcpo of all (sub)probability
valuations on X, ordered pointwise, i.e., v < v/ iff v(U) < V/(U) for every open U. Vi (V<)
defines a endofunctor on the category of dcpos, and its action is defined on morphisms f
by V1 f(0)(U) = v(f1(D)).

We write d, for the Dirac valuation at z, a.k.a., the point mass at x. This is the
continuous valuation such that 0,(U) =1 if z € U, §,(U) = 0 otherwise.

The probabilistic powerdomain construction V7 is an elusive one, and natural intuitions
are often wrong. For example, one might imagine that if X has all binary least upper
bounds, then so has V1(X). This was dispelled by Jones and Plotkin [JP89]. Consider
X ={Ll,a,b, T}, with a and b incomparable, L below every element and T above every
element (see Figure[ll right). Then the upper bounds of %(ﬁ_ + %5[1 and %(ﬁ_ + %51) in V1(X)
are the probability valuations of the form (1 —a, — ap — a1)0) + g4 + pdp + aTdT where
Qg +aT > %, ap +aT > %, and oy + ap + a1 < 1. The minimal upper bounds are those of
the form ad| + (3 — a)da + (3 — @)& + adt, o € [0,1]. So there is no unique least upper
bound; in fact, there are uncountably many of them, even on this small example.

It is unknown whether V1 (X), with X = {1,a,b, T} is an RB-domain, although it is
an FS-domain, as a consequence of [JT98| Theorem 17]. Again, some of the most natural
ideas one can have about V1 (X) are flawed. It seems obvious indeed that V(X)) should be

1
the bilimit of the sequence of finite posets V' (X), defined as those probability valuations
(1 —ay—ap —aT)dy + agds + apdy + aTdT where ag, ap, aT are integer multiples of %
See Figure Ml for Hasse diagrams of a few of these posets, for n small.
That V1(X) is such a bilimit is necessarily wrong, because any bilimit of finite posets
is an wB-domain, hence is algebraic, but V1(X) is not algebraic, since no element except
6 is finite.
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Best discretizations:

Figure 5: Largest discretizations below v fail to be unique

However, one may imagine to define (non-idempotent) deflations f,, on V1(X) directly,
1

which would send v € V(X)) to some discretized probability valuation in V' (X). However,
all known attempts fail. A careful study of [JT98] will make this precise. Let us only note
that if we decide to define f, () through its values on open sets, typically letting f,(v)(U)
be the largest integer multiple of % that is zero-or-strictly-below v(U), we obtain a set
function that is not modular. If we decide to define f,(>°,cx @2dz) as > cx B0, where
for each x # L (3, is the largest integer multiple of % that is zero-or-strictly-below ., then
fn is not monotonic. If we decide to define f,(v) as the largest probability valuation way-

1
below v in V" (X)), we run into the problem that there is no unique such largest probability
valuation. For example, v = %5a + %55, + %57 admits four largest probability valuations in

1
V3 (X) way-below it: %(ﬁ_ + %56“ %(ﬁ_ + %5[1 + %51,, %(ﬁ + %57, and %(ﬁ + %51,, see Figure [l
1

Observe that the number of largest discretizations of v in V7 (X) is always finite,
provided X is finite. This was our original intuition that replacing deflations by quasi-
deflations, hence moving from RB-domains to QRB-domains, might provide a nice enough
category of domains that would be stable under the probabilistic powerdomain functor
V,. However, defining quasi-deflations directly, as hinted above, does not work either:
monotonicity fails again. This is where the characterization of QRB-domains as quasi-
retracts of bifinite domains (up to details we have already mentioned) will be decisive.

If YV is a retract of X, then V;(Y) is easily seen to be a retract of V;(X), using the
V1 endofunctor. We wish to show a similar result for quasi-retracts. We have not managed
to do so. Instead we shall rely on the stronger assumptions that X is stably compact, that
Y is a quasi-projection of X, not just a quasi-retract (i.e., the image of X under a proper
map).

Moreover, we shall need to replace the Scott topology on V1(X) by the weak topology,
which is the smallest one containing the subbasic opens [U > a], defined as {v € V(X)) |
v(U) > a}, for each open subset U of X and a € R. When X is a continuous pointed dcpo,
the Kirch-Tixz Theorem states that it coincides with the Scott topology (see [AMJK04], who
attribute it to Tix [Tix95, Satz 4.10], who in turn attributes it to Kirch [Kir93| Satz 8.6]).

However, the weak topology is better behaved in the general case. For example, writing
Ry for RT U {+oco} with the Scott topology, and [X — R7]; for the space of all continuous
maps from X to R} with the Isbell topology, there is a natural homeomorphism between
the space of linear continuous maps from [X — RF]; to RS and the space of of (extended,
i.e., possibly taking the value 4+00) continuous valuations on X, with the weak topology
[Hec96, Theorem 8.1]. This is an analog of the Riesz Representation Theorem in measure
theory, of which one can find variants in [Tix95 [Gou07b] among others, and which we shall
use silently in the proof of Theorem Let V1 i (X) be V1(X) with its weak topology.
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V1w defines an endofunctor on the category of topological spaces, by V1 i, (f)(v)(V) =
v(f~HV)), where f : X =Y, v € Vi ,x(X), and V € O(Y). That Vq ,(f) is continu-
ous for every continuous f, in particular, is obvious, since for every open subset V of Y,
Viwk(f)THV > a] = [f71(V) > d].

As we have said above, we shall also require X to be stably compact. If this is so, then
the cocompact topology on X consists of all complements of compact saturated subsets.
Write X9, the de Groot dual of X, for X with its cocompact topology. Then X9 is again
stably compact, and X% = X (see [AMJK04, Corollary 12] or [GHKT03| Corollary VI-
6.19]). The patch topology on X, mentioned earlier, is nothing else than the join of the two
topologies of X and X¢.

Write XP2tch for X equipped with its patch topology. If X is stably compact, then
XPateh is not only compact Hausdorff, but the graph of the specialization preorder < of X
is closed in XP2t": one says that (X patch <) is a compact pospace. The study of compact
pospaces originates in Nachbin’s classic work [Nac65]. Conversely, given a compact pospace
(Z,=), i.e., a compact space with a closed ordering =< on it, the upwards topology on Z
consists of those open subsets of Z that are upward closed in <. The space ZT, obtained
as Z with the upwards topology, is then stably compact. Moreover, the two constructions
are inverse of each other. (See [GHK¥03| Section VI-6].)

If X and Y are stably compact, then f : X — Y is proper if and only if f : XPatch
yPateh ig continuous, and monotonic with respect to the specialization orderings of X and
Y m Proposition VI.6.23], i.e., if and only if f is a morphism of compact pospaces.

Now, the structure of the cocompact topology on V7 ,x(X), when X is stably compact,
is as follows. For every continuous valuation v on X, following Tix [Tix95], define vT(Q) as
infrreo(x),uo V(U), for every compact saturated subset @ of X. Define (Q > a) as the set
of probability valuations v such that v1(Q) > a. The sets (Q > a) are compact saturated in
V1 wik(X), and Proposition 6.8 of [Goul0] even states that they form a subbase of compact
saturated subsets. This means that the complements of the sets of the form (Q > a), Q
compact saturated in X, a € R, form a base of the topology of Vi ,,(X)9. A similar claim
was already stated in [Jun04) last lines|.

Lemma 6.1. Let X, Y be stably compact spaces, and r be a proper surjective map from X
to Y. Then Vi,x(r)()(Q) = vI(r=1(Q)), for every compact saturated subset Q of Y.

Proof. We must show that infyoqv(r~'(V)) = infyo,-1(g)v(U), where V' ranges over
opens in Y and U over opens in X.

For every open V containing @, U = r~!(V) is an open subset of X containing the
compact saturated subset r~1(Q), so infyoq v(r~H(V)) > infyo,—1g) v(U).

Conversely, for every open U containing r~!(Q), we shall build an open subset V' con-
taining @ such that (V') C U. This will establish infy>q v(r~(V)) < infyo,-1(g) v(U),
hence the equality.

Recall from Lemma [Z T that r forms a quasi-retraction, with a unique matching quasi-
section ¢ : Y — Qy(X) such that x € ¢(r(z)) for every z € X, and such that ¢(y) = r~(1y)
for every y € Y. We let V = ¢~ }(0U). Since r~1(Q) C U, r~1(Q) is in OU. For every
y€Q,s(y) =r"1(1y) Cr Q) is then also in OU, so y isin ¢ 1(OU) =V. So Q C V.
On the other hand, for every element x of r=*(V), r(x) is in V = ¢~1(0U), so ¢(r(x)) is in
OU. Then z € ¢(r(z)) CU. So r~1(V) C U, and we are done.
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Similarly to the formula Vi ,.(f)"'[V > a] = [f~'(V) > a], which allowed us to
conclude that Vi ,x(f) was continuous for every continuous f, we obtain:

Lemma 6.2. Let X, Y be stably compact spaces, and r be a proper surjective map from X
toY. Then Vi i (r)"HQ > a) = (r~1(Q) > a) for every compact saturated subset Q of Y,
and a € R.

Proof. Using Lemma BT}, Vi (r)"(Q > a) = {v € Viu(X) | Viur()(®)1(Q) > a} =
{v e Viu(X) [ v1(r7H(Q)) 2 a} = (r7(Q) 2 a). O

Proposition 6.3. Let X be a stably compact space, Y be a Ty space, and r be a proper
surjective map from X to'Y. Then Vi (r) is a proper map from V1 1 (X) to Vi i (X).

Proof. First, since r is proper and surjective, r is a quasi-retraction (Lemma [.IT]), so Y
is stably compact by Proposition 7l Vi ,x(7) is continuous from Vi ,x(X) to Vi 41 (Y).
Lemma 6.2l implies that V' . (r) is also continuous from V7 ., (X)P2N to V. (Y)PEN: it
suffices to check that the inverse images of subbasic patch-open subsets, of the form [U > a]
or whose complements are of the form (@) > a), are patch-open. Also, V1 () is monotonic
with respect to the specialization orderings of Vi .,k (X) and Vi ,x(Y), being continuous.
So V1 i (r) is proper. ]

Let us establish surjectivity. One possible proof goes as follows. Let M;(Z) denote
the space of all Radon probability measures on the space Z. If X is stably compact,
then M (XP2th) is compact in the vague topology, and forms a compact pospace with the
stochastic ordering, where p is below ' if and only if u(U) < p/(U) for every open subset U
of X Theorem 31]. By Theorem 36], there is an isomorphism between
V1 wk(X) and MT(xPateh),

Now assume a second stably compact space Y. For two measurable spaces A and B, and
f+ A — B measurable, let M(f) map the Radon measure p to its image measure, whose
value on the Borel subset E of B is u(f~'(E)). A standard result [Bou69, 2.4, Lemma 1]
states that for any two compact Hausdorff spaces A and B, if r is continuous surjective from
A to B, then M(r) is surjective. The desired result follows, up to a few technical details,
by taking A = XPatch B — yPatch remembering that since r is proper from X to Y, it is
continuous from XPatch to ypatch,

Instead of working out the—technically subtle but boring—technical details, let us
give a direct proof, similar to the above cited Lemma 1, 2.4 [Bou69]. Instead of using
the Hahn-Banach Theorem, we rest on the following Keimel Sandwich Theorem [Kei06,
Theorem 8.2]: let C' be a topological cone, ¢ : C — RZ be a continuous superlinear
map, p : C — RS be a sublinear map, and assume ¢ < p; then there is a continuous
linear map A : C — RY such that ¢ < A < p. Here, a cone is an additive commutative
monoid, with a scalar multiplication by elements of R satisfying a(x + y) = az + ay,
(a +b)x = ax + bz, (ab)r = a(bzr), 1z = x, 0z = 0 for all a,b € R, x,y € C. A cone is
topological if and only if addition and multiplication are continuous. The continuous maps
f:C = RS are sometimes called lower semi-continuous in the literature. Such a map is
superlinear (resp., sublinear, linear) if and only if f(ax) = af(z) for all a € RT, z € C
and f(x+y) > f(z)+ f(y) for all x,y € C (resp., <, =). It is easy to see that the space
[X — RZ] of all continuous maps from X to RY, equipped with the obvious addition and
scalar multiplication and with the Scott topology of the pointwise ordering, is a topological
cone.
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Proposition 6.4. Let X, Y be stably compact spaces, and r be a proper surjective map
from X toY. Then Vq i (1) is surjective.

Proof. Fix some continuous probability valuation v on Y. Let C' be [X — @] Since
r is proper, it has an associated quasi-section ¢, with x € ¢(r(x)) for every z € X, by

Lemma EITl Define ¢ : C — RT by q(h) = fer h.(s(y))dv, where h.(Q) = mingeq h(zx),

and integration of continuous maps from Y to RJ is defined by a Choquet formula
[GouOTa], or equivalently by Heckmann’s general construction [Hec96].

Note that h,(Q) is well-defined as min Qh(Q), since Qh(Q) is compact saturated hence
of the form [a, +00] for some a € Rf—then h,(Q) = a. Moreover, h, is continuous from
Qy(X) to RS, because h;!(a,+oc] = Oh~!(a,+c]. So hy o< is continuous, whence the
integral defining ¢ makes sense. We now claim that the map h — h, is (Scott-)continuous.
First, h +— h, is clearly monotonic. Now let (h;);c; be a directed family in [X — RJ]
with a least upper bound h. By monotonicity, for every Q € Q(X), h;(Q) < hi(Q), so
sup;cr hi(Q) exists and is below h,(Q). Conversely, we must show that for every a € R
such that a < h(Q), a < sup;c; hi«(Q). The elements @ € Q(X) such that a < h,(Q) are
those such that for every T € Q, there is an i € I such that h;(z) € (a,+00), i.e., they are
the elements of O J;c; h; Y(a,4+00). Since O commutes with directed unions, if a < hy(Q)
then @ € Oh; (a, +o0) for some i € I, i.e., hi,(Q) > a, and we are done. Since h +— h* is
continuous, and since the Choquet integral is Scott-continuous in the integrated function
(see [Tix95, Satz 4.4], or [Hec96l Theorem 7.1 (3)]), we obtain that ¢ is (Scott-)continuous.

For every a € RT, g(ah) = aq(h). Moreover, since (h1+hs). > hi,+ha,, and integration
is linear, ¢ is superlinear.

Define p(h) as inf {fer R (y)dv ‘ RelYy =R, h<ho 7‘}. Clearly, p is sublinear.
Notably,

pln) +pha) = it { [y I4() + M)l dv | M€Y 5 REL by <Hfor,
B, € [V — RE, hy gh’zor}
> inf{fyeyh’ dy(h e[y - RJ), h1+h2§h’or}:p(h1+h2).

Whenever h < b/ or, we claim that h.(s(y)) < h'(y). Indeed, since y = r(x) for some z € X

(Lemma [1.2]), andsmcefﬂeg( (@) = <(y), he(s(y)) < h(z) < W (r(z)) = I'(y).
It follows that g(h) = fer hy(s(y))dv < f cy P (y)dv. By taking infs over h', ¢ < p.

__ So Keimel’s Sandwich Theorem apphes There _is a continuous linear map A : C' —
RS such that ¢ < A < p. Define vy : O(X) — RS by v(U) = A(xv), where ypy is
the characteristic function of U. Then 14 is a continuous valuation on X; in particular,
(U UV)+1UNnV)=uvy(U)+vo(V) because xyuv + xvunv = Xu + Xv-

Now, given an open subset V of Y, take h = y,.— 1(V) Then h.(Q) = 1iff Q Cr~1(V),
50 he = Xo,-1(v), and therefore h.(s(y)) = xor—1(v)(r~ ' (1Y) = xv(y), using the fact that
r is surjective. It follows that g(h) = fer xvdv =v(V). On the other hand, take b/ = xv
in the definition of p, and check that h < A’ o r. Tt follows that p(h) < fer xv(y)dv =
v(V). Since q(h) < vo(r=4(V)) < p(h), vo(r~1(V)) = v(V). This holds for every open
subset V' of Y. In particular, taking V' =Y, we obtain that vy is a probability valuation:
vo(X) = vo(r~1(Y)) = v(Y) = 1. And finally, that vo(r~1(V')) = v(V) holds for every open
V of Y means that v = V7 ,(10). L]
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Figure 6: The path space of Figure 2 (7)

Putting together Proposition and Proposition [6.4] we obtain:

Theorem 6.5 (Key Claim). Let X be a stably compact space, and Y be a Ty space. If
r s a proper surjective map from X to'Y, then Vi, (r) is a proper surjective map from
V1 wk(X) to V1 wk(X)

In particular, if Y is a quasi-projection of X, then Vi ,x(Y) is a quasi-projection of
Vl wk (X)

We shall apply this theorem twice, and first, to finite pointed posets. Let < be the
strict part of <.

Definition 6.6 (Path Space). Let Y be any finite pointed poset. Write y — ¢ iff y is
immediately below y', i.e., y < 3’ and there is no z € Y such that y < z < ¢'. A path 7 in
Y is any set {yo,v1,-..,yn} C Y with yo = L — y1 — ... = y,. The path space TI(Y) is
the set of paths in Y, ordered by C.

Alternatively, the ordering on paths yg — y1 — ... — vy, is the prefix ordering on
sequences Yoyi - - - Yn.

Note that TI(Y") is always a finite tree, i.e., a finite pointed poset such that the downward
closure of a point is always totally ordered. Up to questions of finiteness, this is exactly
how we built a tree from an ordering in the proof of Lemma .12l by the way.

We observe that every finite pointed poset Y is a quasi-projection of its path space
I(y).

Lemma 6.7. For every finite pointed poset Y, the map r : I(Y) — Y defined by r(n) =
max 7 1§ proper and surjective.

Proof. See Figure [0l which displays the path space of the space Y of Figure 2] (7). Each
gray region is labeled with an element from Y, which is the image by r of every point in
the region; e.g., the top right, 5-element region is mapped to j in Y.

Formally, let X = II(Y), and define  : X — Y by r(7) = maxm, ie., r(yo = y1 —
... = Yn) = Yp. The map r is surjective, and monotonic. Since X and Y are finite, r is
then trivially proper. L]

Y is certainly not a retract of II(Y') in general: it is, if and only if Y is a tree. Indeed,
if Y is a tree, then Y is isomorphic to II(Y'), and conversely, every retract of a tree is a tree.
Finite trees are very special. Jung and Tix proved that V<;(T') is an RB-domain
[JT98, Theorem 13| for every finite tree 7. They noted (comment after op.cit.) that
V<i(T) is even a be-domain in this case, i.e., a pointed continuous dcpo in which every
pair of elements with an upper bound has a least upper bound. It is well-known that every
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bc-domain is an RB-domain: given any finite subset A of a basis B of a be-domain X, the
map fa(z) = sup(ANiz) is a deflation, the family of these deflations is directed, and their
least upper bound is the identity map.

Lemma 6.8. For every finite tree T, V1(T') is a countably-based be-domain.

Proof. Since T is a finite tree, it is trivially a continuous pointed dcpo, so V1(T') is again
continuous [Eda95l, Section 3]. A basis is given by the valuations of the form }~, . a;d;
with a; € [0,1], > ,cra; = 1 and each a; rational. Since V1(T) has a countable basis
B, its topology has a countable base consisting of the subsets Tb, b € B. So Vi(T) is
countably-based.
To show that V1(7T') is a be-domain, we observe that every probability valuation v on
T is entirely characterized by the values v(11¢), t € T. Indeed, for every open subset U of T,
let Min U be the (finite) set of minimal elements of U; the sets 1¢, t € Min U, are pairwise
disjoint, so ¥(U) = > ,eminp Y(Tt). The map f: T — [0, 1] defined by f(t) = v(1t) satisfies
f(L) =T and f(t) > > ycp i f(t') for every t € T. Let us call such maps admissible.
Given any admissible map f, there is a unique probability valuation v such that f(t) = v(1t)
for every t € T, namely >, pa;0y with a; = f(t) — > pcqyp f(¥'). So Vi(T) is order-
isomorphic to the poset of admissible maps, with the pointwise ordering. Therefore we only
have to show that any two admissible maps f1, fo below a third one fy have a least upper
bound f. As a least upper bound, f(t) must be above fi(t), f2(t), and Zt,eTJ_)t, f(), so
define f(t) by descending induction on ¢ by f(t) = max(f1(?), f2(t), > per sy f(t)). (By
descending induction, we mean induction on the largest length n of a sequence tg — t; —
. — t,, in T such that tg = ¢.) This is admissible if and only if f(L) = 1, and in this
case will be the least upper bound of fi, fo. By definition f(L) > 1. It is easy to see that
f(t) < fo(t) for every t, by descending induction on ¢: so f(L) < fy(L) = 1, hence f is
admissible. []

We retrieve the Jung-Tix result that V<1(T) is a be-domain for every tree T let T
be T" with an extra bottom element added below all elements of T', and apply Lemma
to Vl(TJ_) = Vgl(T).

Proposition 6.9. For every finite pointed poset Y, V1(Y') is a continuous wQRB-domain.

Proof. Y is trivially a continuous pointed dcpo. Then we know that V(YY) is again con-
tinuous [Eda95l Section 3], and that V1(Y) = Vy ,(Y) by the Kirch-Tix Theorem. Sim-
ilarly for V1 (II(Y)). TI(Y) is clearly stably compact, since finite. By Theorem [6.0] using
Lemma 6.7, V1(Y) is the image of V1(II(Y')) under some proper surjective map. But II(Y)
is a tree, so V{(II(Y)) is a countably-based bc-domain by Lemma [6.8] hence a countably-
based RB-domain, hence an wQRB-domain, by Proposition and Proposition 3.18] By
Proposition 10L V1(Y') must also be an wQRB-domain. ]

We can finally prove the main theorem of this paper.
Theorem 6.10. The probabilistic powerdomain of any wQRB-domain is an wQRB-domain.

Proof. Let Y be an wQRB-domain. By Theorem T3] Y is the image of some wB-domain
X = lim;en X; under some proper surjective map. Since V7 is a locally continuous functor
on the category of dcpos, (as mentioned in proof of [JT98 Lemma 11]), V;(X) is also
a bilimit of the spaces V1(X;), ¢ € I. Each V;(X;) is a continuous wQRB-domain by



28 J. GOUBAULT-LARRECQ

|

(0,3) (1,3)

(0,2) (1,2)

(0,1) (1,1)

(0,0) (1,0)
L

Figure 7: Plotkin’s Domain T'

Proposition [6.9], hence so is V(X ), by Theorem [5.4] and since bilimits of continuous dcpos
are continuous [AJ94] Theorem 3.3.11].

Since X is bifinite, it is stably compact, (use, e.g., Theorem B.I4]), and Vi(X) =
V1 wi(X) because X is continuous and pointed, using the Kirch-Tix Theorem. So V7 ,x(Y)
is the image of V1(X) under a proper surjective map, by Theorem It is clear that
V1 wk(Y) is Ty, so by Proposition V1 wk(Y)) is an wQRB-domain in its specialization
preorder =<, and its topology must be the Scott topology of <.

But it is easy to see that < is the usual ordering on V1(Y), i.e., v < V' iff v(U) < v/ (U)
for every open U of Y: note that if v < ¢/, then v/ € [U > r| for every r < v(U). So
Viwk(Y)) =V1(Y), and we conclude. []

Using the fact that V1 (X) is continuous whenever X is continuous and pointed [Eda95,
Section 3], it also follows:

Corollary 6.11. The probabilistic powerdomain of any continuous wQRB-domain (in par-
ticular, every RB-domain) is again a continuous wQRB-domain.

7. CONCLUSION, FAILURES AND PERSPECTIVES

We have shown that the category wQRB of wQRB-domains and continuous maps is a
category of quasi-continuous, stably compact dcpos that is closed, not only under finite
products, bilimits of expanding sequences, retracts (and even quasi-retracts), but also under
the probabilistic powerdomain functor V. It is thus reasonably well-behaved.

But wQRB is not Cartesian-closed. Consider the space T of [AJ94, Figure 12], see
Figure [l This is an wQRB-domain: define the quasi-deflations ;, i € N, as mapping L
to t{L}, any element (j,n) to T{(j,n)} if n < i, and any other element to 1{(0,4), (1,7)}.

However, [T' — T is not an wQRB-domain.

Assume (;);cy Were a generating sequence of quasi-deflations on [T" — T]. For each

function f : N — {0,1}, there is a continuous map f : T — T that sends L to L, T to
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T, (0,n) to (f(n),n) and (1,n) to (1 — f(n),n)A(f exchanges (0,n) and (1,n) if f(n) =1,

leaves them unswapped if f(n) = 0). Write o;(f) as T E; s, where E; f is finite.
We claim that: (%) for each f : N — {0,1}, there is an index ¢ € N such that f e E; g If

there were an element g of ¢;(f) such that g(0,0) = L, for infinitely many values of i € N,
then this would hold for every i; but the map sending L and (0,0) to L, and all other
elements to T would be in (), ¢i(f) = 1 f, which is impossible. So, for i large enough,

N A~

no element g of ¢;(f) maps (0,0) to L. Similarly, for i large enough, no element g of ;(f)
maps (1,0) to L. Since f € ¢;(f), for i large enough we find g € E; ; with ¢(0,0) # L,
9(1,0) # L, and g < f

We check that g = f. First, g(L) < f(L) = L so g(L) = f(L). Next, ¢(0,0) is an
element below f(0,0) = (f(0),0) and different from L, and the only element satisfying this
is f(0,0). Similarly, ¢(1,0) = f(l, 0). By induction on n € N, we show that g(j,n) = f(j,n).
At rank n+1, g(0,n+1) is an element below f(0,n+1) = (f(n+1),n+1) and above both

A~ A~

g(0,n) = f(0,n) = (f(n),n) and g(1,n) = f(1,n) = (1 — f(n),n). The only such element
is (f(n+1),n+1) = f(0,n+1). Similarly, g(1,n +1) = f(1,n +1). Finally, g(T) is an
element above all g(j,n), hence must equal T = f(T).

Since g € E; y, and g = f, Claim (%) is proved.

However, there are uncountably many functions of the form f , and only countably many

elements of |J ey Fj ¢, since each set E; f is finite, and for each i € N, there are only
f:N—{0,1}
finitely many distinct sets E; ; with f : N — {0,1}. We have reached a contradiction.
Since exponentials in any full subcategory of the category of dcpos must be isomorphic

to the ordinary continuous function space [Smy83|, it follows:
Proposition 7.1. wQRB is not Cartesian-closed.

The above argument also shows that, although 7' is both continuous (even algebraic)
and an wQRB-domain, T is not an RB-domain: so Corollary is not enough to settle
the Jung-Tix problem in the positive either.

One might hope that countability would be the problem. However, we required count-
ability in at least two places. The first one is Lemma 12} which would fail in case we
allowed for directed families (E?) ;er instead of non-decreasing sequences. The second one
is in the (i) = (#ii) direction of Theorem I3l where we need countability to obtain Y’
as a quasi-projection, and not just a quasi-retract. (This is similar to an open problem
in the theory of RB-domains, see [Jun88, Remark after Theorem 4.9].) In turn, we need
quasi-projections, not just quasi-retracts, in the Key Claim, Theorem

To get around the Jung-Tix problem using our results, one might shift the focus to-
wards the Kleisli category wQRB, for example. This is a full subcategory of Jung, Kegel-
mann and Moshier’s pleasing category SCS* of stably compact spaces and closed relations
IEMOT).

On the other hand, we would like to point out the following deep connection between
QRB-domains and FS-domains.

Definition 7.2. A controlled quasi-deflation on a poset X is a pair of a Scott-continuous
map f: X — X and of a quasi-deflation ¢ : X — Fin(X) such that ¢(x) C 1 f(x) for every
x € X. The map f is the control.
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A controlled QRB-domain is a pointed dcpo X with a generating family of controlled
quasi-deflations, i.e., a directed family of controlled quasi-deflations (in the pointwise or-
dering) (fi, i);c; such that x = sup,c; fi(x) for every x € X.

So a controlled quasi-deflation is a pair (f, ¢) with the property that 1 f(x) 2 ¢(x) D Tz
for every z € X. Every controlled QRB-domain is a QRB-domain: given a generating

family of controlled quasi-deflations (f;, ¥i);c;, ﬂje ;i) C ﬂje ;T filx) = Tsupie; filx) =
1, and the converse inclusion Tz C ﬂfe ;i) is obvious; so (¢;);c is a generating family
of quasi-deflations.

Theorem 7.3. The controlled QRB-domains are exactly the FS-domains, and hence form
a Cartesian-closed category.

Proof. If (fi, ¢i);cs is a generating family of controlled quasi-deflations on a pointed dcpo
X, then f; is finitely separated from idx: indeed, let imp; = {Ej,..., Ei,, } and M; =
U;il E;j, then for every x € X, since x € p;(z), there is a point m € E;; where 1 E;j = ¢;(x)
such that m < z, and since T E;; C 1 fi(z), we have f;(z) < m; so M, is a finitely separating
set for f; on X.

Conversely, assume X is an FS-domain, and let (g;),.; be a directed family of continuous
maps, finitely separated from idx, and whose pointwise least upper bound is idx. Let
fi = gi 0 g;- By [Jun90, Lemma 2], f; is strongly finitely separated from idy, i.e., there is
a finite set F; of pairs of elements m < m’ such that for every z € X, one can find a pair
(m,m’) € E; such that f;(x) < m < m’ < x. Moreover, the pointwise least upper bound of
(fi)iel is again idX.

For each pair (m,m’) € E; with m < m/, tm/ C fm C Ujer fj_l(fm). Indeed,
for every z € fm, since z = sup;¢; fi(z) and Pm is Scott-open, filz) € m for some
j € I. Since tm’ is compact, and the family (fj_l(Tm))jE] is directed, tm’ C fj_l(Tm)
for some j € I. By directedness again, we can take the same j for all pairs m < m’ in
E;. But now tm’ C fj_l(Tm) implies that whenever m’ < z, then m < f;j(z). Using
the separation property of E;, for every x € X, one can find a pair (m,m’) € E; such
that fi(z) < m < f;j(z). In particular, letting M; be the set of elements m such that
(m,m') € E; for some m’ € X, f; is finitely separated from f;, with separating set M;, with
the obvious meaning: for every z € X, there is an m € M; such that f;(z) < m < f;(x). In
this case, we write f; <ar, f;-

We now define ¢;(x) as 1(M; N1 fi(z)). Since M; is finite, ¢; is a map from X to
Fin(X). It is monotonic, and we claim it is Scott-continuous. Let (),c; be a directed
family in X. Then ¢;(suprer zx) = T(M; N Tsuppeg fi(zr)) (since f; is continuous) =
MM 0 pere T filxr)) = TMker (Mi N1 fi(xr)). The latter intersection is an intersection
of finite sets, hence there is a k € K such that ;(supcx 2x) = @i(xy), from which Scott-
continuity is immediate.

We must now check that (¢;);c; is directed. Given i,i € I, one can find j,j' € I so
that f; <ar, f; and fy <a, fj. By directedness, there is an £ € I such that f;, fir < fo.
We claim that for every x € X, ¢;(x), pir(x) 2 pe(x). For every y € wi(x), fo(z) <y. So
fj(x) <wy. Since f; <, f;, there is an element m € M; such that fj(z) < m < fij(z) < y.
So m is in M; N1 fi(x), and below y, whence y € ¢;(z). Similarly, y is in ¢; (z).

Finally, z € p;(z) for every € X: by definition, there is a pair (m,m’) € E; such
that fi(z) < m < m’' <x;s0m e M;, m €7 fi(x), and m is below z. And ﬂiiel wi(z) C
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ﬂje ; T fi(x) = T2, while the converse inclusion is obvious. So (¢;),.; is a generating family
of quasi-deflations. L]

Defining the controlled wQRB-domains as the wQRB-domains, except with sequences
of controlled quasi-deflations instead of directed families, and similarly for the wFS-domains
(a.k.a., the countably-based FS-domains, again a Cartesian-closed category [Jun90, Theo-
rem 11]), we prove similarly:

Theorem 7.4. The controlled wQRB-domains are exactly the wFS-domains, and hence
form a Cartesian-closed category.

Using this last observation, Corollary [6.11] settles half of the conjecture that the prob-
abilistic powerdomain of an wFS-domain would be an wFS-domain again. We are only
lacking control.

OPEN PROBLEMS

(1) Is countability necessary in Theorem Precisely, can one show that the QRB-
domains are exactly the quasi-retracts of B-domains? The main difficulty seems to lie
in the fact that a non-countable analog of Lemma [.12]is missing—and Rudin’s Lemma
does not quite give us what we need, as discussed before the statement of the lemma.

(2) If Y is a quasi-retract of X, X is stably compact, and Y is Ty, then is Vi (YY) a
quasi-retract of V7 ,(X)? This would be the analog of Theorem [65] only with quasi-
retractions instead of quasi-projections.

(3) Is stable compactness necessary to derive Theorem [G.3F

(4) One way of trying to prove that the probabilistic powerdomain of an wFS-domain is
again an wFS-domain would be by inventing a new notion, say of good maps, and show
that the wFS-domains, or alternatively the controlled wQRB-domains, are exactly the
images under good maps of wB-domains. Good maps should intuitively be intermediate
between projections and proper surjective maps, in the sense that every projection
should be good, and that every good map should be proper and surjective. Indeed
surjective proper maps preserve the QRB part, but not the control, while projections
preserve too much, in the sense that not all wQRB-domains, only the wRB-domains,
are retracts of wB-domains. Such a characterization of wFS-domains would be of
independent interest, too.

ACKNOWLEDGMENT

I would like to thank G. Plotkin for discussions, the anonymous referees at LICS’2010,
and the anonymous referees of this paper, who offered counterexamples to conjectures, and
numerous simplifications and improvements in almost every part of the paper. I am greatly
indebted to them.



32

[AJ94]

[AMJKO4]
[Ban77]

[Bou69]
[BS09]

[BSS06]

[BSS07]

[Eda95]
[GHK 03]

[GLSS83]

[Gou07a]

[GouO07b]

[Goul0]

[Grag8]

[Hec96]

[Isb75]

[JKMO1]

[JP89]

[JT98]

[Jun8s]
[Jun90]

[Jun04]

J. GOUBAULT-LARRECQ

REFERENCES

Samson Abramsky and Achim Jung. Domain theory. In S. Abramsky, D. M. Gabbay, and T. S. E.
Maibaum, editors, Handbook of Logic in Computer Science, volume 3, pages 1-168. Oxford
University Press, 1994.

Mauricio Alvarez-Manilla, Achim Jung, and Klaus Keimel. The probabilistic powerdomain for
stably compact spaces. Theoretical Computer Science, 328(3):221-244, 2004.

Bernhard Banaschewski. Essential extensions of Tp-spaces. General Topology and Applications,
7:233-246, 1977.

Nicolas Bourbaki. Intégration, volume IX. Diffusion CCLS, 1969.

Ingo Battenfeld and Alex Simpson. Two probabilistic powerdomains in topological domain theory.
Domains IX Workshop, Sussex, UK, September 2009.

Ingo Battenfeld, Matthias Schréder, and Alex Simpson. Compactly generated domain theory.
Math. Struct. Computer Science, 16:141-161, 2006. Klaus Keimel Festschrift.

Ingo Battenfeld, Matthias Schréder, and Alex Simpson. A convenient category of domains. Elec-
tronic Notes in Theoretical Computer Science, 172:69-99, 2007. Computation, Meaning and
Logic, Articles dedicated to G. Plotkin.

Abbas Edalat. Domain theory and integration. Theoretical Computer Science, 151:163—193, 1995.
Gerhard Gierz, Karl Heinrich Hofmann, Klaus Keimel, Jimmie D. Lawson, Michael Mislove,
and Dana S. Scott. Continuous lattices and domains. In Encyclopedia of Mathematics and its
Applications, volume 93. Cambridge University Press, 2003.

Gerhard Gierz, Jimmie D. Lawson, and A. Stralka. Quasicontinuous posets. Houston Journal of
Mathematics, 9:191-208, 1983.

Jean Goubault-Larrecq. Continuous capacities on continuous state spaces. In Lars Arge, Christian
Cachin, Tomasz Jurdziniski, and Andrzej Tarlecki, editors, Proceedings of the 34th International
Colloquium on Automata, Languages and Programming (ICALP’07), pages 764-776. Springer-
Verlag LNCS 4596, July 2007.

Jean Goubault-Larrecq. Continuous previsions. In Jacques Duparc and Thomas A. Henzinger,
editors, Proceedings of the 16th Annual EACSL Conference on Computer Science Logic (CSL’07),
pages 542-557. Springer-Verlag LNCS 4646, September 2007.

Jean Goubault-Larrecq. De Groot duality and models of choice: Angels, demons, and nature.
Mathematical Structures in Computer Science, 20:169-237, 2010.

S. Graham. Closure properties of a probabilistic powerdomain construction. In M. Main,
A. Melton, M. Mislove, and D. Schmidt, editors, 8rd MFPS Workshop, pages 213-233. Springer
Verlag LNCS 298, 1988.

Reinhold Heckmann. Spaces of valuations. In S. Andima, R. C. Flagg, G. Itzkowitz, Y. Kong,
R. Kopperman, and P. Misra, editors, Papers on General Topology and Applications: 11th Sum-
mer Conference at the University of Southern Maine, volume 806 of Annals of the New York
Academy of Sciences, pages 174—200, New York, USA, 1996.

John R. Isbell. Meet-continuous lattices. Symposia Mathematica, 16:41-54, 1975. Convegno sulla
Topologica Insiemsistica e Generale, INDAM, Roma, Marzo 1973.

Achim Jung, Mathias Kegelmann, and M. Andrew Moshier. Stably compact spaces and closed
relations. In Proc. 17th Conference on Mathematical Foundations of Programming Semantics,
Aarhus, Denmark. Electronic Notes in Theoretical Computer Science, 2001.

Claire Jones and Gordon D. Plotkin. A probabilistic powerdomain of evaluations. In Proc. 4th
IEEE Symposium on Logics in Computer Science (LICS’89), pages 186-195. IEEE, 1989.
Achim Jung and Regina Tix. The troublesome probabilistic powerdomain. In A. Edalat, A. Jung,
K. Keimel, and M. Kwiatkowska, editors, Proc. 3rd Workshop on Computation and Approrima-
tion. Electronic Notes in Theoretical Computer Science, 13:70-91, 1998.

Achim Jung. Cartesian Closed Categories of Domains. PhD thesis, Technische Hochschule Darm-
stadt, July 1988.

Achim Jung. The classification of continuous domains. In Proceedings of the Fifth Annual IEEE
Symposium on Logic in Computer Science, pages 35—40. IEEE Computer Society Press, 1990.
Achim Jung. Stably compact spaces and the probabilistic powerspace construction. In J. Deshar-
nais and P. Panangaden, editors, Domain-theoretic Methods in Probabilistic Processes, volume 87
of Electronic Lecture Notes in Computer Science. Elsevier, 2004. 15pp.



[Kei06]

[Kir93]
[Laws85)

[Law87]

[Mis98]
[Mog91]

[Nac65]

[Sch93]
[Smy83]

[Tix95]

QRB-DOMAINS 33

Klaus Keimel. Topological cones: Foundations for a domain-theoretical semantics combining
probability and nondeterminism. Flectronic Notes in Theoretical Computer Science, 155:423—
443, 2006.

Olaf Kirch. Bereiche und Bewertungen. Master’s thesis, Technische Hochschule Darmstadt, June
1993.

Jimmie D. Lawson. Tp-spaces and pointwise convergence. Topology and its Applications, 21:73-76,
1985.

Jimmie D. Lawson. The versatile continuous order. In Michael G. Main, Austin Melton,
Michael W. Mislove, and David A. Schmidt, editors, Proc. 8rd MFPS Workshop, pages 134—
160. Springer Verlag LNCS 298, 1987.

Michael Mislove. Topology, domain theory and theoretical computer science. Topology and Its
Applications, 89:3-59, 1998.

Eugenio Moggi. Notions of computation and monads. Information and Computation, 93:55-92,
1991.

Leopoldo Nachbin. Topology and Order. Van Nostrand, Princeton, NJ, 1965. Translated from
the 1950 monograph “Topologia e Ordem” (in Portuguese). Reprinted by Robert E. Kreiger
Publishing Co. Huntington, NY, 1967, 1976.

Andrea Schalk. Algebras for Generalized Power Constructions. PhD thesis, Technische
Hochschule Darmstadt, 1993.

Michael B. Smyth. The largest cartesian closed category of domains. Theoretical Computer Sci-
ence, 27:109-119, 1983.

Regina Tix. Stetige Bewertungen auf topologischen Rdumen. Diplomarbeit, TH Darmstadt, June
1995.

This work is licensed under the Creative Commons Attribution-NoDerivs License. To view
a copy of this license, visit http://creativecommons.org/licenses/by-nd/2.0/ or send a
letter to Creative Commons, 171 Second St, Suite 300, San Francisco, CA 94105, USA, or
Eisenacher Strasse 2, 10777 Berlin, Germany



	1. Introduction
	1.1. The Jung-Tix Problem
	1.2. Outline
	1.3. Other Related Work

	2. Preliminaries
	3. QRB-Domains
	4. Quasi-Retracts of Bifinite Domains
	5. Products, Bilimits
	6. The Probabilistic Powerdomain
	7. Conclusion, Failures and Perspectives
	Open Problems
	Acknowledgment
	References

