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ABSTRACT. Leroux has proved that unreachability in Petri nets can be witnessed by a
Presburger separator, i.e. if a marking m,. cannot reach a marking mygt, then there is a
formula ¢ of Presburger arithmetic such that: ¢(msc) holds; ¢ is forward invariant, i.e.,
w(m) and m — m’ imply ¢(m'); and —(m4g) holds. While these separators could be
used as explanations and as formal certificates of unreachability, this has not yet been the
case due to their worst-case size, which is at least Ackermannian, and the complexity of
checking that a formula is a separator, which is at least exponential (in the formula size).

We show that, in continuous Petri nets, these two problems can be overcome. We
introduce locally closed separators, and prove that: (a) unreachability can be witnessed by
a locally closed separator computable in polynomial time; (b) checking whether a formula
is a locally closed separator is in NC (so, simpler than unreachability, which is P-complete).

We further consider the more general problem of (existential) set-to-set reachability,
where two sets of markings are given as convex polytopes. We show that, while our approach
does not extend directly, we can efficiently certify unreachability via an altered Petri net.

1. INTRODUCTION

Petri nets form a widespread formalism of concurrency with several applications ranging
from the verification of concurrent programs to the analysis of chemical systems. The
reachability problem — which asks whether a marking ms,. can reach another marking mg
— is fundamental as a plethora of problems, such as verifying safety properties, reduce to it
(e.g. [GS92, FMW 17, BMTZ21)).

Leroux has shown that unreachability in Petri nets can be witnessed by a Presburger
separator, i.e., if a marking my,. cannot reach a marking mygy, then there exists a formula
¢ of Presburger arithmetic such that: ¢(mg.) holds; ¢ is forward invariant, i.e., p(m)
and m — m/ imply ¢(m/'); and ¢(myg) does not hold [Lerl2]. Intuitively, ¢ “separates”
Mgt from the set of markings reachable from my... Leroux’s result leads to a very simple
algorithm to decide the Petri net reachability problem, consisting of two semi-algorithms;

Key words and phrases: Petri net and continuous reachability and separators and certificates.

M. Blondin was supported by a Discovery Grant from the Natural Sciences and Engineering Research
Council of Canada (NSERC), and by the Fonds de recherche du Québec — Nature et technologies (FRQNT).
J. Esparza was supported by an ERC Advanced Grant (787367: PaVeS).

|IEE| LOGICAL METHODS © M. Blondin and J. Esparza
IN COMPUTER SCIENCE DOI:10.46298/LMCS-20(1:15)2024 @ Creative Commons


https://lmcs.episciences.org/
https://orcid.org/0000-0003-2914-2734
https://orcid.org/0000-0001-9862-4919
http://creativecommons.org/about/licenses

15:2 M. BLONDIN AND J. ESPARZA Vol. 20:1

the first one explores the markings reachable from my,., and halts if and when it hits Mg,
while the second enumerates formulas from Presburger arithmetic, and halts if and when it
hits a separator.

Separators can be used as explanations and as formal certificates. Verifying a safety
property can be reduced to proving that a target marking (or set of markings) is not
reachable from a source marking, and a separator is an invariant of the system that explains
why the property holds. Further, if a reachability tool produces separators, then the user
can check that the properties of a separator indeed hold, and so trust the result even if
they do not trust the tool (e.g., because it has not been verified, or is executed on a remote
faster machine). Yet, in order to be useful as explanations and certificates, separators
have to satisfy two requirements: (1) they should not be too large, and (2) checking that
a formula is a separator should have low complexity, and, in particular, strictly lower
complexity than deciding reachability. This does not hold, at least in the worst-case, for the
separators of [Ler12]: In the worst case, the separator has a size at least Ackermannian in
the Petri net size (a consequence of the fact that the reachability problem is Ackermann-
complete [LS19, Ler21, CO21]) and the complexity of the check is at least exponential.

In this paper, we show that, unlike the above, continuous Petri nets do have separators
satisfying properties (1) and (2). Continuous Petri nets are a relaxation of the standard
Petri net model, called discrete in the following, in which transitions are allowed to fire
“fluidly”: instead of firing once, consuming %, tokens from each input place p and adding
o4 tokens to each output place ¢, a transition can fire o times for any nonnegative real
number «, consuming and adding « - 7, and « - o, tokens, respectively. Continuous Petri
nets are interesting in their own right [DA10], and moreover as an overapproximation of
the discrete model. In particular, if myg is not reachable from myg;. under the continuous
semantics, then it is also not under the discrete one. As reachability in continuous Petri
nets is P-complete [FH15], and so drastically more tractable than discrete reachability, this
approximation is used in many tools for the verification of discrete Petri nets, VAS, or
multiset rewriting systems (e.g. [BFHH17, BEH"20, EHJM20]).

It is easy to see that unreachability in continuous Petri nets can be witnessed by
separators expressible in linear arithmetic (the first-order theory of the reals with addition
and order). Indeed, Blondin et al. show in [BFHH17] that the continuous reachability relation
is expressible by an existential formula reach(m,m') of linear arithmetic, from which we can
obtain a separator for any pair of unreachable markings. Namely, for all markings mg,. and
Mgt if Mg is not reachable from g, then the formula sep,, (m) = —reach(Mgyc, m)
is a separator. Further, reach(m,m’) has only linear size. However, these separators do
not satisfy property (2). Indeed, while the reachability problem for continuous Petri nets is
P-complete [FH15], checking if a formula of linear arithmetic is a separator is coNP-hard,
even for quantifier-free formulas in disjunctive normal form, a very small fragment. So, the
separators arising from [BFHH17] cannot be directly used as certificates.

In this paper, we overcome this problem. We identify a class of locally closed separators,
satisfying the following properties: unreachability can always be witnessed by locally closed
separators; locally closed separators can be constructed in polynomial time; and checking
whether a formula is a locally closed separator is computationally strictly! easier than
deciding unreachability. Let us examine the last claim in more detail. While the reachability
problem for continuous Petri nets is decidable in polynomial time, it is still time consuming

1Assuming; P # NC.
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for larger models, which can have tens of thousands of nodes. Indeed, for a Petri net
with n places and m transitions, the algorithm of [FH15] requires to solve O(m?) linear
programming problems in n variables, each of them with up to m constraints. Moreover,
since the problem is P-complete, it is unlikely that a parallel computer can significantly
improve performance. We prove that, on the contrary, checking if a formula is a locally closed
separator is in NC rather than P-complete, and so efficiently parallelizable. Further, the
checking algorithm only requires to solve linear programming problems in a single variable.

We further consider “set-to-set reachability” where one must determine whether there
exists a marking mg,. € A that can reach some marking myz; € B. This naturally generalizes
the case where A = {my.} and B = {myy}. We focus on the case where sets A and B are
convex polytopes, as it can be solved in polynomial time for continuous Petri nets [BH17].
We prove that, unfortunately, we cannot validate locally closed separators in NC for set-to-set
reachability. Nonetheless, we show that we can efficiently construct and validate locally
closed separators (respectively in P and NC), at the cost of working with an altered Petri
net that encodes A and B.

The paper is organized as follows. Section 2 introduces terminology, and defines
separators (actually, a slightly different notion called bi-separators). Section 3 recalls the
characterization of the reachability relation given by Fraca and Haddad in [FH15], and
derives a characterization of unreachability suitable for finding bi-separators. Section 4
shows that checking the separators derivable from [BFHH17] is coNP-hard, and introduces
locally closed bi-separators. Sections 5 and 6 show that locally closed bi-separators satisfy
the aforementioned properties (1) and (2). Finally, Section 7 shows the limitation and
extension of our approach to set-to-set reachability.

2. PRELIMINARIES

Numbers, vectors and relations. We write N, R and R to denote the naturals (including
0), reals, and non-negative reals (including 0). Given a,b € N, we write [a..b] to denote
{a,a+1,...,b}. Let S be a finite set. We write e, to denote the unit vector e, € R®
such that es(s) = 1 and e4(t) = 0 for all s,t € S such that t # s. Given z,y € R, we
write & ~g y to indicate that x(s) ~ y(s) for all s € S, where ~ is a total order such as
<. We define the support of a vector € R¥ as supp(x) := {s € S : x(s) > 0}. We write
x(S) = ,cgx(s). The transpose of a binary relation R is RT := {(y, ) : (z,y) € R}.

Petri nets. A Petri net® is a tuple N = (P, T, F) where P and T are disjoint finite sets,
whose elements are respectively called places and transitions, and where F' = (F_,F,) with
F_F,.: PxT — N. For every t € T, vectors A, , Az“ € N are respectively defined as the
column of F_ and F associated to t, i.e. A; = F_-e; and A} .= F - e;. A marking is
a vector m € Ri. For every Q C P, let m(Q) = ZpGQ m(p). We say that transition ¢ is
a-enabled if m > a/A; holds. If this is the case, then ¢ can be a-fired from m, which leads

to marking m' == m — aA; + aA;, which we denote m % m/. A transition is enabled if

2In this work, “Petri nets” stands for “continuous Petri nets”. In other words, we will consider standard
Petri nets, but equipped with a continuous reachability relation. We will work over the reals, but note that it
is known that working over the rationals is equivalent. For decidability issues, we will assume input numbers
to be rationals.
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it is a-enabled for some real number o > 0. We define F:=F, —F_ and A; :=F - ¢;. In
particular, m o/ implies m' = m + a/,. For example, for the Petri net of Figure 1:

1/2)t
{p1 = 2,p2— 0,p3 —= 0,ps — 0} & {p1 = 3/2,p2 = 1/2,p3 — 0,ps — 0}.

Moreover, w.r.t. to orderings p; < --- < ps (rows) and £; < --- < t4 (columns):

1220 0010 1 -2 -1 0
0010 100 0 1 0 -1 0
F-=10g00 1" F+=|o110 2@™F=14 1 1
0100 010 1 0 0 0 1

Figure 1: A Petri net and two markings mg. = {p1 — 2,p2 — 0,p3 — 0,p4 — 0} (black
circles) and myg = {p1 +— 0,p2 — 0,p3 — 0,ps — 1} (colored squares).

A sequence 0 = aity - - - oty is a firing sequence from Mg to Mygy if there are markings

. . a1ty anln : g
my, ..., My satisfying mg. = mog — my --- —= m,, = Myy. We write mg — m,,. We
say that mg.. enables o, and that myg enables o backwards, or backward-enables o. The
support of o is the set {t1,...,t,}. For example, for the Petri net of Figure 1, we have

Mgre — My, Where
Mge = {p1 — 2,p2 — 0,p3 — 0,pg > 0},
Mygy = {p1 > 0,p2 > 0,p3 = 0,pg = 1},
o= (1/2)t1 (1/2)ts (1/2)t4 (1/2)t2 (1/2)t4.

We write m — m/ to denote that m 2% m/ for some transition ¢ and some o > 0, and
m —* m/ to denote that m = m/ for some firinng sequence o.

The Petri net Ny is obtained by removing transitions 7'\ U from A. In particular,
m —Y" m/ holds in NV iff m —* m’ holds in NVy.

The transpose of N' = (P, T, (F_,F))is N7 := (P, T, (F1,F_)). We have mg = myg
in NV iff mygr — Mg in N7, where 7 is the reverse of 0. For U C T', we write U to denote
U in the context of N'T.

Linear arithmetic and Farkas’ lemma. An atomic proposition is a linear inequality
of the form ax < b or ax < b, where b and the components of a are over R. Such a
proposition is homogeneous if b = 0. A linear formula is a first-order formula over atomic
propositions with variables ranging over R (the classical definition uses R, but in our
context variables will encode markings.) The solutions of a linear formula ¢, denoted [¢],
are the assignments to the free variables of ¢ that satisfy ¢. A linear formula is homogeneous
if all of its atomic propositions are homogeneous. For every formula ¢(x,y) where x and y
have the same arity, we write ¢! to denote the formula that syntactically swaps & and ¥, so



Vol. 20:1 SEPARATORS IN CONTINUOUS PETRI NETS 15:5

that [¢ '] = [¢]". Throughout the paper, we will use Farkas’ lemma, a fundamental result
of linear arithmetic that rephrases the absence of solution to a system into the existence
of one for another system. The lemma has many variants, of which we give just one (e.g.
see [GMO7, Proposition 6.4.3(iii)]):

Lemma 2.1 (Farkas’ lemma). Let A € R™*" and b € R™. The formula Ax < b has no
solution iff ATy =0AbTy <0Ay >0 has a solution.

We give some geometric intuition for this lemma. We consider only the case n = m. Let
y be a vector satisfying y > 0 (that is, y belongs to the positive orthant) and b'y < 0. The
hyperplane H perpendicular to y divides the space into two half-spaces. Since b'y < 0, the
vectors y and b lie in opposite half-spaces; we say that H separates b from y. Further, since
y belongs to the positive orthant, the complete positive orthant lies in the same half-space
as y. In other words, H separates b not only from vy, but from the positive orthant.

We argue that ATy = 0 holds for some y satisfying y > 0 and b"y < 0 iff Az < b has
no solution. It is the case that ATy = 0 holds for a vector y iff every column vector of
A is perpendicular to y, and so iff every column vector of A lies in H. Since H separates
y and b, and Ax is a linear combination of the columns of A for every vector x, every
column vector of A lies in H iff b — Az lies on the same half-space as b for every x. Since
H separates b from the positive orthant, this is the case iff b — Ax is not in the positive
orthant for any «, and so iff Az < b has no solution.

2.1. Separators and bi-separators. Let us fix a Petri net N' = (P, T, F') and two markings
P
Megrc, Mgt € R+-

Definition 2.2. A separator for (Mg, Mygt) is a linear formula ¢ over ]Ri such that:
(1) Mrc € [[(P]]v
(2) ¢ is forward invariant, i.e., m € [¢] and m — m' implies m’ € [¢]; and

(3) Mgt ¢ [

It follows immediately from the definition that if there is a separator ¢ for (Mg, Mgt ),
then mgc /4% myg. Thus, in order to show that mg.. /A My in N, we can either give a
separator for (Mg, Mygr) w.r.t. N, or a separator for (mygt, Mec) W.I.t. NT. Let us call
them forward and backward separators. Loosely speaking, a forward separator shows that
Mgt is not among the markings reachable from my;., and a backward separator shows that
Mg is not among the markings backward-reachable from myg;. Bi-separators are formulas
from which we can easily obtain forward and backward separators. The symmetry w.r.t.
forward and backward reachability make them easier to handle.

Definition 2.3. A linear formula ¢ over Ri X Rﬁ is
o forward invariant if (m,m') € [¢] and m’ — m” imply (m,m”) € [¢];
e backward invariant if (m',m”) € [¢] and m — m/ imply (m,m”) € [¢]; and
e bi-invariant if it is forward and backward invariant.
A bi-separator for (Mg, Mygy) is a bi-invariant linear formula ¢ such that (Mmge, mgc) € [¢],
(Mg, Mugt) € [0 and (Misre, Mugr) € [2]
The following proposition shows how to obtain separators from bi-separators.

Proposition 2.4. Let ¢ be a bi-separator for (M., Myy). The following holds:
o Y(m) = (Mg, m) is a separator for (Mg, Myg) in N;
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o V' (m):= p(m, myy) is a separator for (Mg, Mgy) in NT.

Proof. 1t suffices to prove the first statement, the second is symmetric. We have mg. € [¢]
and Mgy ¢ [Y] as (Mse, M) € [¢] and (Mg, migt) ¢ [¢]-
It remains to show that 1 is forward invariant. Let m € [¢] and m % m’. Since

(Mge,m) € [¢] and ¢ is forward invariant, it is the case that (mg., m') € [¢]. Hence,
m/' € [¢] as desired. ]

3. A CHARACTERIZATION OF UNREACHABILITY

Given a Petri net N' = (P, T, F), a set of transitions U C T', and two markings mgc, Mg €
Rf , we write mge =Y Mgy to denote that myg;. Z Mg for some sequence o with support

U. In words, mg. Z Mygt denotes that myy can be reached from mg,.. by firing all
transitions of U and only transitions of U. We say that myg is U-reachable from mig.

In [FH15], Fraca and Haddad gave the following characterization of U-reachability in
continuous Petri nets:

Theorem 3.1 [FH15]. Let N = (P, T, F) be a Petrinet, let U C T, and let Mg, Mg € Ri.
It is the case that Mg <Y My iff the following conditions hold:

(1) some vector x € Ri with support U satisfies Mg + Fx = myy,
(2) some firing sequence o with support U is enabled at Mgy, and
(3) some firing sequence T with support U is backward-enabled at my,y.

Furthermore, these conditions can be checked in polynomial time.

Theorem 3.1 provides a witness of U-reachability in the shape of a vector & and two
firing sequences ¢ and 7. In this section, we find a witness of U-unreachability, i.e., a witness
showing that Mg ¥V Mgt -

Consider the logical form of Theorem 3.1:

U
Mgre = Mgt

<— (Jdr e Ri: Ai(x)) AN (o e T*: Ay(0)) A (T € T*: As(7)), 3.1)

where Aj(x), A2(0), A3(T) denote that  has support U and satisfies mg.c + Fa = mygy, that
o has support U and is enabled at my,.., and that 7 has support U and is backward-enabled
at Mg, respectively. The theorem is logically equivalent to

U
Migrc 7L> mtgt

3.2
= (Vz e RL: =Ai(x)) v (Vo € T*: =Az(0)) V (V7 € T*: =A3(7)). (3.2)
To obtain a witness of U-unreachability, we proceed in two steps:
e In Section 3.1, we define predicates By(Q) and Bs(R), where Q, R C P, satisfying
(Vo € T": = As(0)) < (3Q C P: B2(Q)), 23
(V1 € T*: =A3(7)) < (3R C P: B3(R)). (3:3)

)
)
e In Section 3.2, we define a predicate Bi(y), where y € R, satisfying

(Vz € RY: =Ai(z)) = (Fy € RY: Bi(y)) = mge Y Mgt (3.4)
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Here, a remark is in order. Observe that we do not claim that “va@ € RT: —A;(z)” is
equivalent to “Jy € RY: By(y).” Rather, we claim that the former implies the latter, and
the latter implies U-unreachability.

Altogether, applying propositional logic to (3.2), (3.3), and (3.4) we obtain:

U
Mgre 5 Mgt

i (3.5)
< (Gy eRy: Bi(y)) vV (3Q C P: B2(Q)) V(3R C P: B3(R)).

This shows that U-unreachability is witnessed either by a vector y, a set @, or a set R.

3.1. The predicates B2(Q) and Bs(R). The predicates Bs(Q) and Bs(R) were already
implicitly defined in [FH15] in terms of sets of places called siphons and traps. Given a
set of places X, let *X (resp. X*®) be the set of transitions ¢ such that F,(p,t) > 0 (resp.
F_(p,t) > 0) for some p € X. A siphon of N is a subset @ of places such that *Q C Q°. A
trap is a subset R of places such that R®* C °*R. Informally, empty siphons remain empty,
and marked traps remain marked. Formally, if m — m/, then m(Q) = 0 implies m/(Q) = 0,
and m(R) > 0 implies m/(R) > 0. Fraca and Haddad proved in [FH15]:

Proposition 3.2 [FH15]. Let N = (P, T, F) be a Petri net, let U C T, and let m € ]Ri.
The following statements hold:

e No firing sequence with support U is enabled at m iff there exists a siphon Q of Ny such
that Q* # () and m(Q) = 0;

e No firing sequence with support U is backward-enabled at m iff there exists a trap R of
Ny such that °R # 0 and m(R) = 0.

The if-direction of the proposition is easy to prove. A siphon @Q of Ny satisfies Q® C U.
Since @ is empty at m, if we only fire transitions from U then () remains empty, and so no
transition of Q® ever becomes enabled. So, transitions of ® can only fire after transitions
that do not belong to U have fired first. But no such firing sequence has support U, and
we are done. The case of traps is analogous. For the only-if direction, we refer the reader
to [FH15].

By Proposition 3.2, the predicates

By(Q) == Q is a siphon of Ny such that Q°* # () and mg.(Q) = 0,
B3(R) :== R is a trap of Ny such that *R # () and myg(R) = 0,
satisfy (3.3).

3.2. The predicate B;(y). In order to define the predicate B;(y), we need to introduce
exclusion functions.

Definition 3.3. Let N = (P, T, F) be a Petri net, let mgc, Mg € Rf andlet SC S CT.
An exclusion function for (S,S’) is a function f: Ri — R such that

(1) forallt € S’ if m 4 m/ then f(m) < f(m'); and
(2) either f(mgc) > f(mygt), or f(mee) = f(Myg) and there exists ¢ € S such that if

m 5 m/ then f(m) < f(m/).
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An exclusion function for S is an exclusion function for (5,S5). An exclusion function
f: RE — R is linear if there exists a vector y € R such that f(m) = > pep Y(p) - m(p) for

every m € Ri . Abusing language, we speak of the linear exclusion function y.

We define:
Bi(y) := y is a linear exclusion function for U.

We can easily show the second implication of (3.4), namely that an exclusion function for U
is a witness of U-unreachabilty:

Lemma 3.4. If there exists a (linear) exclusion function for U C T, then mug. 7L>U Mygy.

Proof. Let f be an exclusion function for U. Call f(m) the value of m. By the definition of
an exclusion function, either myg; has lower value than my;. and no transition of U decreases
the value, or my,. and myg have the same value, no transition of U decreases the value,
and at least one transition of U increases it. So, it is impossible to reach myg; from mg,. by
firing all and only the transitions of U. []

The first implication of (3.4) is shown in the forthcoming Proposition 3.6. We first
need a technical lemma, one of the many consequences of Farkas’ lemma. Recall that, given
~ € {<,=,>}, the notation & ~y; y stands for “x(t) ~ y(t) for all t € U”.

Lemma 3.5. The system 3z > 0: Ax = bAU C supp(x) C V has no solution iff this
system has a solution: 3y : ATy >y 0AbTy <OAbTy <>, (ATy)(2).

Rather than giving a proof (which appears in the appendix), let us give some geometric
intuition. Consider the case in which ) = U C V =T In this case, U C supp(x) C V holds
vacuously, and we can replace “>y” by “>” and “b'y < ZteU(ATy)(t)” by “bTy < 0”.
The conditions can now be geometrically interpreted as follows:

(1) 3z > 0: Az = b. The vector b lies in the cone spanned by the columns of A.

(2) Jy: ATy >0Ab"y < 0. There exists a hyperplane H (the hyperplane perpendicular
to y) such that all columns of A lie on the same side of the hyperplane as y (because
ATy > 0), while b lies on the opposite side (because by < 0).

Clearly, the two conditions are incompatible. The conditions of the general case U C V are

similar, but restricted to the columns of A for which « is positive: (1) now states that b

lies in the cone spanned by these columns, and (2) that some hyperplane separates these

columns from b.

We are now ready to prove the first implication of (3.4), namely

(v € RL: —=A;(z)) = (Jy € RY: -B1(y)).

Recall that A;(x) means that a has support U and satisfies mgc + Fx = myg, and Bi(y)
means that y is a linear exclusion function for U. We prove a slightly more general result;
the first implication of (3.4) is the special case S = U = 5"

Proposition 3.6. Let N' = (P, T, F) be a Petri net, let My, myy € RY, andlet SC S' CT.
If no vector x € R{ satisfies S C supp(z) C S and Mg + Fax = myy, then there exists a
linear exclusion function for (S,S").

Proof. Assume no such x € Ri exists. Let b := myg; — M. By Lemma 3.5, there exists
y € R” such that: FTy > 0AbTy <0AbTy <Y o(FTy),. We show that f(k) :=y'k
is a linear exclusion function for (S, 5").
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(1) We have f(mug) — f(Msre) = Y Mgy — Y Mige = Y (Mg — M) =y b=b"y <0,
and hence f(mtgt) < f(msrc)-

(2) Let m 2% m/ with s € ' and A € R,. We have m/ = m + AFe,. Thus: f(m/) =
y m' =y"m+ Ay Fle, =y m+\FTy)Te, > y"m = f(m), where the inequality
follows from A > 0, FTy >¢ 0 and s € S'.

(3) Recall that b’y < 0 and Y, .s(FTy), > b'y. If the latter sum equals zero, then
bTy < 0, and hence we are done since f(miygt) — f(mgee) = b’y < 0.

Otherwise, we have > _o(FTy)s > 0 since S C S’ and FTy >g 0. Therefore, there

exists a transition s € S such that (FTy)s > 0. Let m < m/. We have m’ = m + \Fe;
for some A > 0. Thus, f(m') = y"m+AFTy) e, > y"m = f(m), where the inequality
holds by A > 0 and (FTy), > 0. []

Putting together Theorem 3.1 with Proposition 3.2, and Proposition 3.6, we obtain the
following characterization of unreachability:

Proposition 3.7. Let N = (P, T, F) be a Petri net, let U C T, and Mg, Mg € Ri. It is
the case that m g, /Y Mgt iff

(1) there exists a linear exclusion function for U, or

(2) there exists a siphon Q of Ny such that Q® # () and m.(Q) =0, or

(3) there exists a trap R of Ny such that *R # ) and myu(R) = 0.

This proposition shows that we can produce a witness of unreachability for a given
support either as an exclusion function, a siphon, or a trap. The following example shows
how to use this to show that a marking cannot be reached from another one.

Example 3.8. Consider the Petri net of Figure 1, but with myg == {p1 — 0,p2 — 0,p3 —

1,ps — 0} as target. We prove mge /4 myg. For the sake of contradiction, assume

Mye =Y Mgt for some U C T'. We proceed in several steps:

e Claim: t4 ¢ U. The function f(m) = m(p4) is an exclusion function for 7. Indeed, since
no transition decreases the number of tokens of py, m — m’ implies f (m) < f(m’) for
every transition ¢t € T'. Furthermore, f(mgc) =0 = f(myg), and, since ¢4 adds tokens to

D4, T AN implies f(m) < f(m'). It follows that no firing sequence from Mg to Mgt
can fire t4. Therefore, myg; is reachable from myg,. in N iff it is reachable from myg in
N1\(ta)-

e Claim: ty ¢ U. The set Q = {ps} is a siphon of Np\,; (but not of N). Since
mec(Q) = 0, it is impossible to use transitions of NT\{t4} that consume from @, i.e.
transitions of Q* = {t2}. So My is reachable from my. in N iff it is reachable from
Migpe N NT\{tg,t4}

e Claim: t1,t3 ¢ U. The set R = {p1,p2} is a trap of Np\ 4, +,3 (but not of N ,3). Since
My (R) = 0, it is impossible to reach myg using transitions of /\/’T\{tz,t 4} that produce in
R, i.e. transitions of *R = {t;,t3}.

By the claims, myg is reachable from mg.. in A iff it is reachable from mg.. in Njy. But

this can only happen if mg.. = Mg, which is not the case.

In the next section, we transform this collection of witnesses of unreachability into one
single separator that can be used as certificate.
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4. SEPARATORS AS CERTIFICATES

Let N = (P, T, F) be a Petri net and let mg., mig € RY be markings of V. From [BFHH17],
one can easily show that if mg.. /A My, then there is a separator for (Mg, Mmygt). Indeed,
[BFHH17, Prop. 3.2] shows that there exists an existential formula ¢ of linear arithmetic such
that m —* m/ iff (m,m’) € [¢)]. Thus, the formula p(m) := ¢)(Mmg., m) is a separator.
However, ¢ is not adequate as a certificate of unreachability. Indeed, checking a certificate
for mg. 4% Mg should have smaller complexity than deciding whether mgc —* M.
This is not the case for existential linear formulas, because Mg, —* Mg can be decided in
polynomial time, but checking that an existential linear formula is a separator is coNP-hard.

Proposition 4.1. The problem of determining whether an existential linear formula ¢ is a
separator for (Mg, Myg) is coNP-hard, even if ¢ is a quantifier-free formula in DNF and
homogeneous (i.e., each atomic proposition ax ~ b is such that b =0.)

Proof. We give a reduction from the problem of determining whether a DNF boolean formula
Y(xy,...,z,) is a tautology. Since v is in DNF, we can test whether it is satisfiable in
polynomial time. Obviously, if it is not, then it is not a tautology. Thus, we consider the
case where 1) is satisfiable. We define v’ as 1) but where literals are modified as follows: z;
becomes m(z;) > 0, and —z; becomes m(x;) < 0. We construct a Petri net N' = (P, T, F),
where P = {x1,...,Zm,p,q}, T = {t}, and ¢ produces a token in p. Note that all places
but p are disconnected. Let myg; = 0 and myg, be such that mg(p) = Mec(q) =1 and
(Mgre(21), ..., Msre(Ty)) encodes an (arbitrary) assignment that satisfies 1. We claim that
the following formula ¢ is a separator for (Mg, Mmyg) iff ¢ is a tautology:
p(m) = (m(p) <0Am(q) >0)V (m(p) >0Am(q) >0 (m)).

As mg € [¢] and myg ¢ [¢], it suffices to show that ¢ is forward invariant iff ¢ is a
tautology

=) Let (y1,...,ym) € {0,1}". We show that ¢(y1,...,¥yn) holds. Let m be such that
m(p) =0, m(q) =1 and m(x;) = y; for every i € [1..m]. We have m € [¢] since the first
disjunct is satisfied. We can fire ¢ in m which leads to a marking m’ where m/(p) > 0,
m/(¢) =1 and m/(x;) = y; for every i € [1..m]. Since ¢ is forward invariant by assumption,
we have m/ € [¢]. Since m/(p) > 0 and m/(g) > 0, this means that the second disjunct is
satisfied. In particular, this means that ¢)'(m/) holds, and hence that ¥ (yi, ..., ym) holds.

<) Let m € [¢] and m 2 m/. We have m(q) > 0. By definition of ¢, we have
m/(p) > 0, and m’ equal to m on all other places. Since v is a tautology, ¥’'(m) holds.
Thus, m’ € [¢] holds as the second disjunct is satisfied. []

Remark 4.2. The problem of determining whether a quantifier-free linear formula ¢ is a
separator for (Mg, Mygt) is in coNP. Indeed, we can specify that a formula ¢ separates
(Mesre, Mygt) as follows:

©(Mgre) A mo(Mggr) AVm > 0 Vo > 0 /\ [p(m) Am > al;) = p(m + aly)].
teT
Membership follows since the universal fragment of linear arithmetic is in coNP [Son85].
In the rest of the section, we introduce locally closed bi-separators, and then, in Sections 5
and 6, we respectively prove that they satisfy the following:

o If mg /A" myg, then some locally closed bi-separator for (mgc, myg) can be computed
in polynomial time by solving at most O(|7'|) linear programs;
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e Deciding whether a formula is a locally closed bi-separator is in NC.

4.1. Locally closed bi-separators. The most difficult part of checking that a formula ¢
is a bi-separator consists of checking that it is forward and backward invariant. Let us focus
on forward invariance, backward invariance being symmetric.

Recall the definition: for all markings m,m’, m’ and every transition ¢: if (m, m’) € [¢]

and m’ 25 m” then (m, m”) € [p]. Assume now that ¢ is in DNF, i.e., a disjunction

of clauses ¢ = ¢1 V ---V ¢,. The forward invariance check can be decomposed into n
smaller checks, one for each i € [1..n], of the form: if (m,m’) € [¢;], then (m, m”) € [¢].
However, in general the check cannot be decomposed into local checks of the form: there
exists j € [1..m] such that (m,m’) € [¢;] implies (m, m”) € [¢;]. Indeed, while this
property is sufficient for forward invariance, it is not necessary. Intuitively, locally closed
bi-separators are separators where invariance can be established by local checks.

For the formal definition, we need to introduce some notations. Given a transition ¢ and
atomic propositions 1,1, we say that ¢ t-implies ¢, written 1) ~; ¢', if (m,m/) € [¢]
and m’ 2% m” implies (m,m) € [¢']. We further say that a clause ¥ = 1 A -+ Ay,
t-implies a clause o' = ] A -+ A1), written ¢ ~; ¢/, if for every j € [1..n], there exists
i € [1..m] such that ¢; ~ 9.

Definition 4.3. A linear formula ¢ is locally closed w.r.t. N = (P, T, F) if:

o =1 V-V, is quantifier-free, in DNF and homogeneous,
o for every t € T and every ¢ € [1..n], there exists j € [1..n] s.t. p; ~>¢ ¢;,
e for every t € TT and every i € [1..n], there exists j € [1..n] s.t. @] ~ cp;r.

Note that the definition is semantic. We make the straightforward but crucial observation
that:

Proposition 4.4. Locally closed formulas are bi-invariant.

Proof. Let ¢ = @1V ---V ¢y be a locally closed formula. We only consider the forward case;

the other case is symmetric. Let (m,m’) € [¢] and m/ 2% m”. Let i € [1..n] be such that
(m,m’) € [¢;]. Since ¢ is locally closed, there exists j € [1..n] such that ¢; ~ ¢;. For every
atomic proposition 1’ of ¢;, there exists an atomic proposition 9 of ¢; such that ¢ ~»; .
Since each atomic proposition of ; is satisfied by (m,m’), we obtain (m,m”) € [¢;]. [

Proposition 4.4 justifies the following definition:

Definition 4.5. A locally closed bi-separator for (Mg, Mygy) is a locally closed formula ¢
st (Misre, Mare) € [], (Mutgt, Mitgt) € [¢] and (Mg, Migt) & []-

Indeed, by Proposition 4.4, a locally closed bi-separator is a bi-separator, as the bi-
invariance condition of Definition 2.3 follows from local closedness.

5. CONSTRUCTING LOCALLY CLOSED BI-SEPARATORS

In this section, we prove that unreachability can always be witnessed by locally closed
bi-separators of polynomial size and computable in polynomial time. The proof uses the
results of Section 3.
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Theorem 5.1. If m,., 74>U* Mg, then there is a locally closed bi-separator ¢ for (Mgpc, Mgt
w.r.t. Ny. Further, ¢ = \/|<,<,, i, where n < 2|U|+1 and each ¢; contains at most 2|U|+1
atomic propositions. Moreover, o is computable in polynomial time.

Proof. We proceed by induction on |U|. First consider U = ). There must exist p € P such
that mgc(p) # Mygt(p). Take p(m, m’) = e,m < e,m’ or —e,m < —e,m’, depending on
whether Mg (p) > Mg (p) Or Mare(p) < Mige(p).

Now, assume that U # (). We make a case distinction on whether the system

Jdx € Ri i Mgre + F = myg Asupp(xz) CU .

has a solution. Suppose first that it has no solution. By Proposition 3.6, taking S = () and
S" = U, there is a linear exclusion function for (0, U), i.e. a linear function f satisfying (1)
(M) > f(myg), and (2) m - m/ implies f(m) < f(m/) for all u € U. (The first item
holds due to Item 2 of Definition 3.3 and S = (.) So we can take p(m,m’) == (f(m) <
F(m).

Suppose now that the system has a solution x € RK. By convexity, we can suppose
that supp(z) C U is maximal. Indeed, if ' and «” are solutions, then (1/2)x’ + (1/2)x”
is a solution with support supp(z’) U supp(a”). Let U’ := supp(x). For every t € U \ U’,
consider the system of Proposition 3.6 with S = {¢t} and S’ = U. By maximality of U’ C U,
none of these systems has a solution. Consequently, for each ¢t € U \ U’, Proposition 3.6
yields a linear exclusion function for ({t},U), i.e. a linear function f; that satisfies:

(3) fe(misee) > f(migt),
(4) m % m/ implies fi(m) < fy(m’) for all u € U,
(5) either fi(mgc) > fi(mygt), or m L m/ implies fr(m) < fo(m/).
If fi(msee) > fi(migt) holds for some ¢ € U\U’, then we are done by taking ¢(m,m’) =
(fe(m) < fi(m')) as Item 4 ensures that ¢ ~-, ¢ for every u € U. So assume it does not

hold for any t € U\ U’, i.e. assume that f;(mgc) = fi(myg) holds, and the second disjunct
of Ttem 5 holds for all ¢ € U \ U’. This is the most involved case. Let

pine(m,m) = \(fi(m) < fi(m')) and @i(m, m’) = (fi(m) < fi(m')).
teU\U’

Let @, R C P be respectively the maximal siphon and trap of Ny such that mg.(Q) = 0 and
Mgt (R) = 0 (well-defined by closure under union). Let U” := U’ \ (Q*U°R). By Theorem 3.1
and Proposition 3.2, Q®* U°®R # (). Thus, U” is a strict subset of U’, and, by induction
hypothesis, there is a locally closed bi-separator w.r.t. Ny~ of the form ¢ = \/,,.,, ¥; that
satisfies the claim for set U”. Let o

o(m,m') = \/ oi(m, m') V [piy(m, m') Am(Q) + m/(R) > 0] v

e\ \/ [@ine(m, m/) Am(R) +m/(Q) < 0 A thi(m,m)].
1<i<m

As (Mg, Mge) € [pinv] and (Mg, Mgc) € [0], we have (Mg, mgc) € [p]. Similarly,
(mtgtamtgt) € [[90]] By Item 3a (erC7mtgt) ¢ [[VtEU\U’ @t(mam/)]]- Further, msrc(Q) +
Mg (R) = 0 and (Mgre, Migt) € [¥]. So, (Msre, Migr) € [#].
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The number of disjuncts of ¢ is |[U \ U’| + 1 + m and hence at most
U\NU'|+1+2)U"+1 < (U —|U")) +1+2|U"| +1 (since U D U' D U")

= Ul +1U"] +2
<|UI+ (U] —1)+2 (since U" C U)
=2|U| + 1.

The same bounds holds for the number of atomic propositions per disjunct.

It remains to show that ¢(m,m’) is locally closed w.r.t. Niy. We only consider the
forward case, as the backward case is symmetric. Let (m,m’) € [¢] and m' % m” for
some u € U. By Item 4, p; ~, ¢; holds for each ¢;. Indeed, fi(m) < fi(m') and m’ % m”
imply fi(m) < fi(m/) < fi(m/), and hence fi(m) < f(m”). To handle the other clauses,
we make a case distinction on u.

e Case u € U\ U'. Atomic proposition § = (f,(m) < fu,(m')) of piny satisfies 6 ~, py.

Indeed, if f,(m) < f.(m') and m’ % m”, then we have f,(m) < f,(m') by Ttem 5.

e Case v € U'. By Item 4, each atomic proposition 6 of pj,, satisfies 6 ~,, 6.

— Case u € *R. We have 0’ ~», (m(Q) + m/(R) > 0) for any atomic proposition ', since
m’' % m” implies m”(R) > 0 (regardless of ¢').

— Caseu € Q*. If m/(Q) <0, then u is disabled in m/. Thus, it only remains to handle
00 = (m(Q)+m/(R) > 0). Since R is a trap of Ny, firing u from m’ does not empty
R, and hence 0~ ~>, 0¢.

— Case u € U". Let 0<p == (m(R) + m/(Q) < 0) and 059 = (m(Q) + m'(R) > 0).
Since @ and R are respectively a siphon and trap of Ny, we have <o ~», <o and
0=0 ~>y 0>0. Moreover, by induction hypothesis, for every i € [1..m], there exists
J € [1..m] such that ¢); ~», ;.

We conclude the proof by observing that it is constructive and can be turned into
Algorithm 1. The procedure works in polynomial time. Indeed, there are at most |U]
recursive calls. Moreover, each set can be obtained in polynomial time via either linear
programming or maximal siphons/traps computations [DE95]. ]

Example 5.2. Let us apply the construction of Theorem 5.1 to the Petri net and the
markings of Example 3.8: mge = {p1 — 2,p2 — 0,p3 — 0,ps — 0} and myg = {p1 —
0,p2 — 0,p3 — 1,p4 — 0}. The locally closed bi-separator is the formula ¢ below, where
the colored arrows represent the relations ~s, ..., ~y,:

otz 5. 14 <7 [m(pa) < m/ (pa)] V

ta
= m(pa) < (pa) Am(pa) + m (pa) > 0]V 0t

X
121 [m(p4) < m,(p4) A m/(pl) + m/(pz) > 0} VoSt

[m(ps) < m/(ps) Am(p1) +m(p2) <OA—m(ps) < —m/(p)] > tots
As an example, consider transition f4 and these atomic propositions occurring within ¢:
0(m, m') = m(ps) < m/'(ps),
0'(m, m') = m(ps) < m/(ps).
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Algorithm 1: Construction of a locally closed bi-sep. for (mgc, Mygt).

Input: N = (P,T,F), U C T and mg.c, Mygt € Qi St Mgre AU Mgy
Output: A locally closed bi-separator w.r.t. Ny

bi-separator (U)

if U =0 then

pick p € P such that mg.c(p) # Mgt (p)

return (am < am’) where a = sign(Mmg.(p) — mMmg(p)) - €p
else

b = Mgt — Mgrc

X ={z eRL :Fz = b,supp(z) C U}
Yo={yeR:Fly>y 0,7y <0,b'y <Y  o(FTy),}

if X =0 then
| pick y € Y and return (y'm < y'm/)
else

U'={ueU:ax(u) >0 for some x € X}
fort e U\ U’ do
pick y; € Yyyy; fi(m) =y/m
if fi(mse) > fi(mig) then return (fi(m) < fi(m'))

@ = largest siphon of Ny such that mg..(Q) =0
R := largest trap  of Ny such that myg(R) =0

Pinv = N\ (fr(m) < fe(m))

1 V-V b, == bi-separator (U’ \ (Q* U°R))

return \/,c i\ pr(m, m') V [ine (m, m') Am(Q) + m/(R) > 0] v
Vi<icml@mv(m, m') Am(R) + m/(Q) < 0 ¢pi(m, m')]

Given (m, m’) € [0] and m’ 2% m”, we must have m/(ps) < m” (p4) since ¢, produces in
place p4, and hence (m, m”) € [#']. Thus, by definition of ¢4-implication, we have 6 ~~;, ¢'.
This explains why the first clause of ¢ is t4-implied by each clause of ¢. Similar reasoning
yields the other ¢;-implications, which shows that ¢ is bi-invariant.

Recall that since ¢ is a locally closed bi-separator, taking 1(m) = ¢(Mmg, m) yields a
forward separator. Since Mmgyc(p2) = Mge(P3) = Mgc(ps) = 0, several atomic propositions
trivially hold. After making these simplifications, we obtain

P(m) = m(p1) + m(p2) > 0V m(pyg) > 0.
Similarly, we obtain this backward separator ¢'(m) = p(m, mygy):

Y'(m) = m(p1) + m(p2) =0 Am(ps) > 1 Am(ps) = 0.

The backward separator ¢/ provides a much simpler proof of Mg 7 Mg than the one of
Example 3.8. The proof goes as follows: v’ is trivially backward invariant, because markings
that only mark p3 do not backward-enable any transition. In particular, since myg; only
marks p3, it can only be reached from mygy.
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6. CHECKING LOCALLY CLOSED BI-SEPARATORS IS IN NC

We show that the problem of deciding whether a given linear formula is a locally closed
bi-separator is in NC. To do so, we provide a characterization of ¢ ~»; 1)’ for homogeneous
atomic propositions ¢ and v¢’. We only focus on forward firability, as backward firability
can be expressed as forward firability in the transpose Petri net. Recall that ¢ ~+; 1" holds
iff the following holds:

(m,m') € [¢] and m/ s m/ imply (m,m") € [¢']. (%)
Property (x) can be rephrased as:
(m,m') € [¢] and m' > a- A; imply (m,m' + o - Ay) € [¢'].
As we will see towards the end of the section, due to homogeneity of 1) and v/, it actually
suffices to consider the case where o = 1, which yields this reformulation:
{(m,m) € [y] :m' > Ay} C {(m,m)): (m,m'+ Ay € [¥]}.
X Y

Therefore, testing ¢ ~»; 9" amounts to the inclusion check X C Y. Of course, if X = (), then
this is trivial. Hence, we will suppose that X # (), assuming for now that it can somehow be
tested efficiently. In the forthcoming Propositions 6.1 and 6.2, we will provide necessary
and sufficient conditions for X C Y to hold. In Proposition 6.3, we will show that these
conditions are testable in NC. Then, in Proposition 6.4, we will explain how to check whether
X # ) actually holds.

For X CY, we can characterize the case of atomic propositions 1 that use “<” (rather
than “<”):

Proposition 6.1. Let a,a’,l e R" and b’ € R. Let X = {x € R" :ax < 0Ax > 1} and
Y ={x e R": d'x <V} be such that X # 0. It is the case that X C Y iff there exists
A >0 such that Aa > a’ and —b' < (Aa — a')l.

Proof. The conical hull of a finite set V is defined as

conic(V) = {Z AU 1 Ay € R+} :

veV
We first state a generalization of Farkas’ lemma sometimes known as Haar’s lemma (e.g.
see [Sch86, p. 216]):

Let A € R™" beR™, a' € R" and b € R be such that [Az < b] # 0. It is the
case that [Az < b] C [a’z < b] iff (a’,V') € conic({(0,1)}U{(A;,b;) : i € [1..m]}).

We now prove the proposition. Let

a5 o= (%)

Note that X = [Ax < b]. So, by Haar’s lemma, we have X C Y iff (a’, V') € conic({(0,1)}U
{(A;,b;) : i € [1..m]}). Consequently, we have:

XCY <= A M, 0 >0:d =Xa— > Nejand V' > =Y A,
=1 =1
< IA>0:Aa>d and — b < (\a—a)l. ]
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We now give the conditions for all four combinations of “<” and “<”:

Proposition 6.2. Let a,a’ e R", ¥ e R, 1 > 0 and ~,~" € {<,<}. Let X ={x >1:
ax ~ 0} and Y = {x e R" : @’z ~' V'} be such that X # 0. It holds that X C Y./ iff
there exists A > 0 s.t. Aa > a' and one of the following holds:

(1) ~ =< and =V < (Aa —a')l;

(2) ~=<, ~ =<, and =V < (Aa — a)l;

(3) ~ =<, ~ =<, and either =V < (Aa —a’)l or —b' = (Aa —a' )l A X > 0.

Proof.

(1) If ~ = <, then it follows immediately from Proposition 6.1. Thus, assume ~ = <. We
claim that X C Y< iff X< C Y<. The validity of this claim concludes the proof of this
case as we have handled ~ = < and as X< D X # .

Let us show the claim. It is clear that X C Y< is implied by X< C Y<. So, we only
have to show direction from left to right. For the sake of contradiction, suppose that
Xo CY<and X< € Y<. Let X= := X<\ X<. Note that X_ # ). Let € X. and
' e X_\Y<. Wehave z,2’ > 1, ax <0, az’ =0,a’'z =c <V and d'a’ = > V' for
some ¢, ¢ € R. In particular, ' € [¢,c/). Let € € (0, 1] be such that ¥’ < ec+ (1 —€)c.
Let " .= ex + (1 — €)x’. Observe that «” > I. Moreover, we have:

azr” = eax + (1 — €)ax’ = cax <0,
adr’ =ecdz+ (1 -eaxr =ec+ (1—¢€)d >V.
Therefore, we have " € X and «” ¢ Y<, which is a contradiction.

(2) =) Since X< C Y., the system Jz : ¢ > I Aax < 0Aa’x > b has no solution. In
matrix notation, the system corresponds to Jdx : Ax < ¢ where

-1 -1
A=1|a and ¢ := 0
—a’ -

By Farkas’ lemma (Lemma 2.1), ATy = 0 and ¢"y < 0 for some y > 0. In other words,
2>0, AN >0:da—Nad =2zA -\ < zl.

Since z > 0, we have Aa > Na' A =NV < (Aa — Na')l. If X' > 0, then we are done by
dividing all terms by X'. For the sake of contradiction, suppose that \’ = 0. This means
that Aa > 0 and 0 < Aal. We necessarily have A > 0 and al > 0. Let x € X<. We have
0 > ax > al > 0, which is a contradiction.

<) Let € X<. We have @’z < b’ and hence € Y. as desired, since:

=V < (Aa—ad)l
< (Ma—a)z (by (M@ —a') >0 and > 1> 0)
= lax — ad'z
< —ad'zx (by A > 0 and ax < 0).

(3) =) Since X. C Y., this system has no solution: 3z : x >l Aax <0Aa'x > V. The
latter can be rephrased as 3x,y : y > 1Ax >yl ANax < —1 ANd'z > yb'. In matrix
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notation, this corresponds to dx : Ax < ¢ where

-1 17 0
A = _C;, [?, and ¢ = _01
0o -1 -1

By Lemma 2.1, ATy = 0 and ¢"y < 0 for some y > 0. In other words,
Fz>0 AN N >0:—2z+Xda—Na' =0A2zl+ N0 -\ =0A-2—=)\'<0.
Since z > 0, A > 0 and )’ > 0, we have:
Aa > Na' A[(=NV < (ha—Nad )V (=XNV = (Xa—Na)lAX>0).
If \ > 0, then we are done by dividing all terms by \'. For the sake of contradiction,
suppose that X = 0. This means that Aa > 0, and either 0 < Aal or 0 = Aal A X > 0.

We necessarily have A > 0 and a > 0. Let x € X.. We have 0 > ax > al > 0, which is
a contradiction.

<) Let x € Xo. If =0 < (Aa—a/)l holds, then we get « € Y. as in Item 2. Otherwise,
we have —0' = (Aa — a’)l and X > 0. Hence, we have:

—b =(\a—ad)l
<(\a-ad)zx (by (M@ —a') >0and x > 1> 0)
= lax — d'z
< —dz (by A > 0 and az < 0).
Thus, a’x < V' and hence x € Y. as desired. L]

The conditions arising from Proposition 6.2 involve solving linear programs with one
variable \. It is easy to see that this problem is in NC:

Proposition 6.3. Given a,b € Q" and ~ € {<,<}", testing IN>0:a\ ~ b is in NC.

Proof. Let X; :={\>0:a;\ ~; b;}. Let “;(” and “);” denote “[” and “]” if ~; = <, and
“(” and “)” otherwise. Each X; is an interval:

@ ifai:(]andOr;Ci bi,

[O, bl/am if a; > 0,

,(bz/a,,—koo) if a; < 0 and b; <0,

[0, +00) otherwise.

We want to test whether X7 N---N X, # (). Since arithmetic belongs to NC, it suffices to:
(1) compute the left endpoint ¢; and the right endpoint r; of each X; in parallel; (2) compute

¢ :=max({1,...,0,) and r := min(ry,...,r,); and (3) accept iff £ < r, or £ = r and each X;
is closed on the left and the right. ]

X; =

Recall that at the beginning of the section we made the assumption that some pair
(m,m’) € [¢] is such that m/ enables a transition ¢. Checking whether this is actually
true has a cost. Fortunately, we provide a simple characterization of enabledness which can
checked in NC. Formally, we say that ¢ enables t if there exists (m, m’) € [¢] such that m/’
a-enables t for some a > 0. We have:

Proposition 6.4. Let ¢ (m, m') == am ~ bm’ where a,b € RY. It is the case that
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(1) p< enables u iff a 2 0 orb £ 0, and
(2) < enables u iff bA; >0 or (bA;, <O0A (a,—b) #(0,0)).

Proof.

(1) =) Since < enables u, we have [p<] # 0. Let (m,m’) € [¢<]. We have am < bm/.
It cannot be that a > 0 and b < 0, as otherwise am > 0 > bm/.

<) It suffices to give a pair (m,m’) € [p<] such that m’ > A, . Informally, if @ has
a negative value (resp. b has a positive value), then we can consider the pair (0, A;,) and
“fix” the value on the left-hand-side (resp. right-hand side) so that ¢ is satisfied. More
formally, if a(p) < 0, then (ke,, Ay) € [p<] with k= (|]bA, |+ 1)/|a(p)[; if b(p) > 0,
then (0, A, + kep) € [o<] with k == (|bA, |+ 1)/b(p).

(2) =) Let (m,m’) € [p<] be such that m’ enables u. We have m’ = x + aA;, for some
x > 0 and o > 0. Therefore, am < bx + abA,. We assume that bA,; < 0, as we are
otherwise trivially done. If @ > 0 and —b > 0, then we obtain a contradiction since
am > 0> bx + abA .

<) It suffices to exhibit a pair (m,m’) € [p<] such that m' > A; . If bA,; > 0,
then we are done by taking (0,A; ). Let us consider the second case where bA;, < 0
and a(p) < 0V b(p) > 0 for some p € P. Informally, we consider the pair (0,A;) and
“fix” the value on the left-hand-side or right-hand side depending on whether a(p) < 0
or b(p) > 0. More formally, we are done by taking either the pair (ke,, A, ) where

k= |bA;|/|a(p)|, or the pair (0, A, + ley,) where £ := |bA,|/b(p). ]

We can finally show that testing ) ~»; 1’ can be done in NC, for atomic propositions v
and ¢'. In turn, this allows us to show that we can test in NC whether a linear formula is a
locally closed bi-separator.

Proposition 6.5. Given a Petri net N, a transition t and homogeneous atomic propositions
Y and v’, testing whether 1 ~; 1" can be done in NC.

Proof. Recall that addition, subtraction, multiplication, division and comparison can be
done in NC. Note that, by Proposition 6.4, we can check whether ¢ enables ¢ in NC. If it
does, then we must test whether (m,m’) € [¢] and m’ Y m” implies (m,m") € [¢'].
We claim that this amounts to testing X C Y, where:

X = {(m,m') e RE xRY : (m,m) € [¢] and (m,m’) > (0,A;)},
V= {(m,m') e RY xRY : (m,m/ + A;) € [¢]}.

Let us prove this claim.

=) Let (m,m') € X. We have (m,m/) € [¢] and (m,m’) > (0,A;). Thus m’ AN
m/ + A;. By assumption, (m,m/ + A;) € [¢'], and hence (m,m/) € Y.

<) Let (m,m/) € [¢/] and m’ 2% m”. We have m/ > aA; and m” = m/ + al,.
Let k .= m/a, k' = m//a and k" := m” /a. As a > 0 and ¢ is homogeneous, we have
(k,K') € [Y], (k,K') > (0,A;) and k" = k' + A;. Thus, (k,k’) € X CY. By definition of
Y, this means that (k, k") € [¢']. By homogeneity, we conclude that (m,m”) € [¢/].

Now that we have shown the claim, let us explain how to check whether X C Y in
NC. Note that X # () since 1) enables ¢t. Thus, by Proposition 6.2, testing X C Y amounts
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to solving a linear program in one variable. For example, if ¥ = (a - (m,m/) < 0) and
Y = (a’- (m,m') <0), then we must check whether this system has a solution:

IAN>0:da>ad Ad - (0,A) < (Aa—ad)-(0,A7).
Thus, by Proposition 6.3, testing X C Y can be done in NC. L]

Theorem 6.6. Given N = (P, T, F), Mgy, Mg € Qf and a formula @, testing whether
is a locally closed bi-separator for (Mg, Myg) can be done in NC.

Proof. Recall that ¢ = 1V ---V @, must be in DNF with homogeneous atomic propositions.
As arithmetic belongs in NC and ¢ is in DNF, we can test whether (mge, mgc) € [¢],
(Metgt, Mygt) € [] and (Mg, Migr) € [] in NC by evaluating ¢ in parallel. We can further
test whether ¢ is locally closed by checking the following (which is simply the definition of
“locally closed”):

AV AN Vemwint AV AV ol =?
teT je[l.n]Pep; Y ep; teTT jE[l.n] vEp; Y Ep;
i€[l..n] i€[l..n]
By Proposition 6.5, each test ¥ ~»; ¢’ can be carried in NC. Therefore, we can perform
all of them in parallel. Note that we do not have to explicitly compute the transpose of
transitions and formulas; we can simply swap arguments. []

Remark 6.7. Testing whether ¢ is locally closed is even simpler if the tester is also given
annotations indicating for every clause ¢; and transition ¢ which clause ¢; is supposed to
satisfy ¢; ~+¢ ¢;. This mapping is a byproduct of the procedure to compute a locally closed
bi-separator, and so comes at no cost.

7. BI-SEPARATORS FOR SET-TO-SET UNREACHABILITY

In some applications, one does not have to prove unreachability of one marking, but rather
of a set of markings, usually defined by means of some simple linear constraints. Thus, we
now consider the more general setting of “set-to-set reachability”, i.e. queries of the form
Imge € A, Mg € B @ Mge =" Mgy, which we denote by A —* B. We focus on the case
where sets A and B are described by conjunctions of atomic propositions; in other words,
A and B are convex polytopes defined as intersections of half-spaces. In particular, this
includes “coverability” queries which are important in practice, i.e. where A is a singleton
and B is of the form {m : m > b}.

It follows from [BH17] that testing whether A 4* B can be done in polynomial time.
In this work, we have shown that, whenever A and B are singleton sets, we can validate a
certificate for A A* B in NC (and so with lower complexity). In the general case where either
A or B is not a singleton, we could proceed similarly by constructing a (locally closed) bi-
separator, as defined previously, but with the natural generalization that (Mg, ms.) € [¢],
(Mg, Mygt) € [@] and (Mo, Mygs) € [¢] for every mg.. € A and myg € B.

Unfortunately, as we will show in Section 7.1, checking that a given linear formula is a
(locally closed) bi-separator is coNP-hard. Nonetheless, in Section 7.2, we will show that
one can construct a locally closed bi-separator on an altered Petri net with a single source
and target marking.
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7.1. Hardness of checking set-to-set bi-separators.

Proposition 7.1. The problem of determining whether a given linear formula ¢ is a locally
closed bi-separator for convex polytopes (A, B) is coNP-hard, even if (1) A is a singleton
and B is of the form {m : m > b}, or (2) vice versa.

Proof of (1). We give a reduction from the problem of determining whether a DNF boolean
formula ¢ =\, ;¢j(z1,...,2m) is a tautology. As in the proof of Proposition 4.1, we
define 1/}2» as 1; but where literals are modified as follows: z; becomes m(x;) > 0, and —z;
becomes m(z;) < 0.

Let N = (P,T,F) be the Petri net such that P := {x1,...,2mp,y}, T = {t}, and ¢
consumes and produces a token in y. Let

plmym') = (m/(y) < 0) v \/ [¢}(m) A m(y) > 0].
jeJ
Let A := {0} and B = {mg € RY : myg(y) > 1}.
Note that ¢ is homogeneous. Moreover, transition ¢ leaves markings unchanged, i.e.
m’ — m/” implies m” = m/, and likewise backward. Therefore, we trivially have 6 ~; 0
and 7 ~; T for every atomic proposition 6 of ¢. Further observe that (0,0) € [¢] and
(0, mygt) ¢ [] for every myg € B.
Consequently, ¢ satisfies all of the properties of a locally closed bi-separator for (A, B),
except possibly the requirement that (mgt, mgt) € [@] for every myg, € B. The latter
holds iff ¢ is a tautology (since @(Mmigt, Migr) = Vs ) (Migt)). Thus, we are done. [

Proof of (2). This follows immediately from the fact that ¢ is a locally closed bi-separator
for (A, B) in NV iff " is a locally closed bi-separator for (B, A) in N'T. ]

7.2. Certifying set-to-set unreachability. As shown in [BH17, Lem. 3.7], given an
atomic proposition ¢ = (ax ~ b), one can construct (in logarithmic space) a Petri net Ny,
and some y € {0,1}° such that ¢(z) holds iff (z,y) —* (0,0) in Ny. The idea—depicted
in Figure 2, which is adapted from [BH17, Fig. 1])—is simply to cancel out positive and
negative coefficients of . It is straightforward to adapt this construction to a conjunction
Ni<i<i ¥x(x) of atomic propositions. Indeed, it suffices to make k copies of the gadget,
but where places {p1,...,p,} and transitions {t,...,t,} are shared. In this more general
setting, ¢; consumes from p; and simultaneously spawns the respective coefficient to each

copy.

q>

©®

Figure 2: Petri net for ¢(x) = (a1 - x1 +--- + an - v, > ¢) where aj,a2,¢ > 0 and a,, < 0.
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€ A?

€ B?

Figure 3: Reduction from set-to-set reachability to (marking-to-marking) reachability.

In summary, the following holds:

Proposition 7.2. Given a conjunction of k atomic propositions p, it is possible to construct,
in logarithmic space, a Petri net N, and y € {0,1}°F such that p(z) holds iff (x,y) —* (0,0)
in N.

With the previous construction in mind, we can reformulate any set-to-set reachability
query into a standard (marking-to-marking) reachability query.

Proposition 7.3. Given a Petri net N and convex polytopes A and B described as con-
junctions of atomic propositions, one can construct, in logarithmic space, a Petri net N’
and markings Mg and Mmyg such that A —* B in N iff mge =" myg in N7.

Proof. Let N = (P,T,(F_,F})) where P = {p1,...,pn}. Let us describe N/ = (P, T’,
(F_,F’,)) with the help of Figure 3. The Petri net N/ extends N as follows:

e we add transitions {t1,...,t,} whose purpose is to nondeterministically guess an initial
marking of A/ in P, and make a copy in Q = {q1,...,qn};

e we add a net Ny = (P4, T4, Fa), obtained from Proposition 7.2, to test whether the
marking in @ belongs to A; and we add a net Ng = (Pp,Tp, Fg), obtained from
Proposition 7.2, to test whether the marking in P belongs to B.

The Petri net N is intended to work sequentially as follows:

) guess the initial marking mg.. of N;

) test whether myg, € A;

) execute N on mg, and reach a marking Mygt; and

4) test whether myy € B.

If N/ follows this order, then it is straightforward to see that A —* B in N iff
(0,0,y,y’) —* (0,0,0,0) in N/, where y and ¢y’ are obtained from Proposition 7.2. However,
N’ may interleave the different phases.® Nonetheless, this is not problematic, as any run of
N’ can be reordered in such a way that all four phases are consecutive.

More formally, let (0,0,y,%’) = (0,0,0,0) in A”. Note that A, =0 for every i € [1..n].

Thus, we can reorder ¢ so that

(
(
(
(

aity--antn

(07 07 Yy, y/) B (msrca Mgre, Y, y,) E_) (Oa 0, 07 O) in va

for some ay,...,a, € Ry, marking mg., and firing sequence ¢’ whose support does not
contain any of t1,...,%,.

31t is tempting to implement a lock, but this only works under discrete semantics.
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We have A; (r) = 0 for every t € T4 and r ¢ Q U Ps. Furthermore, we have A; (r) =0
for every t ¢ {t1,...,t,} and r € Q U P4. Thus, we can reorder ¢’ into 77" so that

(Msres Mere, Y, Y') = (0, Mg, 0,9') = (0,0,0,0) in NV,

the support of 7 only contains transitions from T4, no transition from 74 occurs in the
support of 7’.
We have A (r) = 0 for every t € T and r ¢ Pp. Therefore, we can reorder 7' into
77" so that
(0, Myrc, 0,y") T (0, Mg, 0,9') — (0,0,0,0) in N,

the support of 7" only contains transitions from 7', no transition from T occurs in the

support of 7, and Mg, € RY.
Altogether, we obtain

7_//

(Mgre,y) = (0,0) in Ny, mge — Mygy in N, and (Mg, y') — (0,0) in Np.
From this, we conclude that mg.. € A, Mg € B and mgc —* Mg in N. L]

As a consequence of Proposition 7.3, combined with Theorems 5.1 and 6.6, we obtain
the following corollary:

Corollary 7.4. A negative answer to a convex polytope query A —* B is witnessed by
a locally closed bi-separator, for an altered Petri net, computable in polynomial time and
checkable in NC.

8. CONCLUSION

We have shown that continuous Petri nets admit locally closed bi-separators that can be
efficiently computed. These separators are succinct and very efficiently checkable certificates
of unreachability. In particular, checking that a linear formula is a locally closed bi-separator
is in NC, and only requires to solve linear inequations in one variable over the nonnegative
reals. While this does not directly hold for the more general of set-to-set reachability, we
have shown that it can be extended to an altered Petri net (in the case of convex polytopes).

Verification tools that have not been formally verified, or rely (as is usually the case) on
external packages for linear arithmetic, can apply our results to provide certificates for their
output. Further, our separators can be used as explanations of why a certain marking is
unreachable. Obtaining minimal explanations is an interesting research avenue.

From a logical point of view, separators are very closely related to interpolants for
linear arithmetic, which are widely used in formal verification to refine abstractions in the
CEGAR approach [BZM08, RS10, SPDA14, ABKS15]. We intend to explore whether they
can constitute the basis of a CEGAR approach for the verification of continuous Petri nets.
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APPENDIX A. MISSING PROOFS

Proof of Lemma 3.5. Let S and &’ denote the two systems of the proposition. We must
show that S has no solution iff S’ has a solution. First, we prove the following claim:

Claim: The system Jx > 0: Az =bA S C supp(x) C S has a solution iff this system has
a solution: 3 >0,y > 1: Az =ybAx =3 0Ax >y 1, where 1 := (1,...,1).

Proof of the claim: =) Since x(t) > 0 for all ¢ € S, we can pick y > 1 sufficiently large so that
yx(t) > 1 for every t € S. Let &' := yx. We have Az’ = yAx = yb and '’ = yx > = > 0.
Moreover, ' (t) = yx(t) = 0 for every ¢t ¢ S’, and @'(t) = yx(t) > 1 for every t € S.

<) Let ' = x/y. We have Az’ = b. Moreover, for every t ¢ S’ it is the case that
Z'(t) = (1/y)x(t)t = 0 and for every ts € S it is the case that @'(t) = (1/y)x(t) > 1/y > 0.
Hence, S C supp(a’) C 5.

Now we proceed to prove the proposition. Let J € R¥*T be the matrix that contains
0 everywhere except for J;; =1 for all t ¢ S’. Let ¢ € RT be such that ¢(t) = 1 for every
t € S and ¢(t) = 0 for every t ¢ S. By the claim above, the system S has a solution iff the
system 3z’ : A’x’ < b’ has a solution, where

A -b 0
—-A b 0
Al=1]17J 0| andb =] 0
-I 0 —c
o' -1 -1

By Lemma 2.1, the latter system has no solution iff the following has one: 3z > 0: (A/)Tz =
0 A (b)Tz < 0. We can rewrite the latter as follows:

32>0: (A)Tz=0A(B)"2<0
= I(u, v, v,0,0) >0: AT(u—u) =0 —J oAb (v —u)=aA—cTv —a<0
=3y Iv,v,0)>0: ATy=v —-JvAbly=—ar—-a<cv
=3y Iv,0)>0:ATy=v —JwAbTy<0OAb y<c'v
=Jy: ATy > 0Ab Ty <0Ab Ty < Z(ATy)S.

seS

T

Note that the last equivalence holds since (JTv) =g/ 0 and since ¢' sums entries over S. []
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