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ABSTRACT. This article is a fundamental study in computable analysis. In the framework
of Type-2 effectivity, TTE, we investigate computability aspects on finite and infinite
products of effective topological spaces. For obtaining uniform results we introduce natural
multi-representations of the class of all effective topological spaces, of their points, of their
subsets and of their compact subsets. We show that the binary, finite and countable
product operations on effective topological spaces are computable. For spaces with non-
empty base sets the factors can be retrieved from the products. We study computability
of the product operations on points, on arbitrary subsets and on compact subsets. For the
case of compact sets the results are uniformly computable versions of Tychonoff’s Theorem
(stating that every Cartesian product of compact spaces is compact) for both, the cover
multi-representation and the “minimal cover” multi-representation.

1. INTRODUCTION

In this article we study basic aspects of computable analysis in the framework of Type-2 the-
ory of effectivity (TTE) [13] 2, [I7]. In computable analysis usually computability has been
studied on fixed computable structures such as computable topological spaces (e.g. R"),
computable metric spaces, computable Banach spaces, computable Hilbert spaces, com-
putable Sobolev spaces or computable measure spaces. Computability of such a structure
means that some of its “characteristic data” can be computed.

Sometimes in a proof, an “intermediate” structure, for example a metric space, is used
the characteristic data of which can be computed from not necessarily computable input
data and hence may be non-computable. Therefore, the known theorems about computable
metric spaces cannot be applied. A more general computability theory uniform on all
metric spaces is needed where the metric space occurs as a parameter and the functions in
the theorems are computable also in the characteristic data of the metric space.

Often the validity of such uniform computability results is almost obvious and used in
a somewhat informal fashion. In some articles proofs of the uniform versions are presented.
But sometimes the validity of the uniform version is not at all obvious. For example, to prove
the computability of bi-holomorphic mappings on simply connected domains, a computable
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Tychonoff theorem is used to prove in a simple way the compactness of certain function
spaces [10]. However, without a uniform version of this theorem, the results either depend
on some kind of informal argumentation on uniformity, or are restricted to a very bounded
class of domains. In this article we will prove, among others, a uniformly computable
Tychonoff theorem.

Since the cardinality of the class of underlying spaces is usually greater than that of
the continuum (that is, the set of infinite sequences of symbols), it has no representation.
Sometimes the cardinality problem can be solved by factorization, where spaces are identi-
fied which have the same data specifying computability. In this way one gets a class of at
most continuum cardinality (see e.g. [5],[9][13], Section 8.1]). In our case this method fails.
We solve the problem by using a multi-representation of the class of all “effective” spaces
under consideration.

In this article we continue the study of elementary computable topology [13\ 17, 15} 16,
0, 11]. We define a natural multi-representation A of the class of all effective topological
spaces [17] and study the product operation on this class. We work in the representation
model of computable analysis 7] 13| 2].

In Section 2l we introduce some basic definitions and notations from computable anal-
ysis. For more details see [13] 2] [17].

In Section Bl we define a multi-representation A of the class of all effective topological
spaces, where we apply the definition of “effective topological space” from [I7]. We mention
that there are other slightly different definitions of “effective topological spaces”, e.g. in
[13], which, however, have turned out to be less natural and useful. We formulate a meta-
theorem by which essentially all theorems in [I7] stating computability have a computable
version uniform in the spaces under consideration. The canonical (multi-)representations §
of the points, 6 of the open sets, % of all subsets and k and k of the compact sets for a fixed
effective topological space from [17] are generalized in two ways to the class of all spaces.

In Section [ we define finite and infinite products of effective topological spaces. We
characterize the product by universal properties. We prove that the product operations on
the spaces are computable w.r.t. the multi-representation A. For spaces with non-empty
base sets the factors can be retrieved from their products. In general the product is, up to
equivalence of spaces, commutative and associative.

In Section [ we study computability of the product operations and their inverses on
points (a tuple of points from a sequence of spaces is mapped to a point in the product
space), on arbitrary sets and on compact sets for finite and infinite sequences of effective
topological spaces. We prove computability uniform in the class of all effective topological
spaces. As corollaries we obtain the versions for fixed computable spaces and for computable
points of fixed computable spaces.

By Tychonoff’s theorem from topology, every Cartesian product of compact spaces is
compact. As a main result we obtain that the (finite as well as countable) product of
compact subsets of effective topological spaces can be computed uniformly in the spaces.
This is true for the multi-representations of the compact sets by finite covers as well as for
the multi-representations of the compact sets by minimal finite covers [I3] Section 5.2],[17].

Brattka [I] has shown that []32, [—|2;[; |#;]] is a computable compact set in RY if (;);en
is a computable sequence of real numbers. Gherardi et al. [5, Lemma 8.8] have shown that
the operator (z;)ien — [lsoq[—|il; |«i|] is computable. These results are applications of
Theorem 5.4l Escardé [4] has proved that the computable countable product of searchable
subsets of a domain D is searchable in DY, where searchable sets are a special kind of
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computable compact sets. This corresponds to the following corollary of Corollary [B.8|[3]):
For a computable topological space the product of a computable sequence of compact sets
is a computable compact set (in the computable product space). Since “searchable” and
“computably compact” are different concepts, the two results are incomparable. The main
result in this article, Theorem B4J[]), is much more uniform with respect to computability.

In this article we study computability on the class of all effective topological spaces.
The methods can be used as a blueprint to provide uniform computability on many other
classes of spaces considered in Type-2 theory of effectivity.

2. PRELIMINARIES

In this section we recall some definitions of Type-2 theory of effectivity (TTE). We nev-
ertheless assume basic knowledge on the theory and furthermore depend on the notations
introduced in [13}, 2, [17].

Let X be a finite alphabet such that 0,1 € ¥. By ¥* we denote the set of finite words
over ¥ and by X the set of infinite sequences p : N — ¥ over X, p = (p(0)p(1)...). We
use the “wrapping function” ¢ : ¥* — ¥* «(ajas...ax) := 110a10a20...a;011 for coding
words such that ¢(u) and ¢(v) cannot overlap properly. Let (i,5) := (i +j)(i+j+1)/2+j
be the bijective Cantor pairing function on N. We consider standard functions for finite or
countable tupling on ¥* and X¢ [13| Definition 2.1.7], in particular,

(Ugy.ooyupn) = (uy)...t(uy),

(u,p) = (u)p,

(p1,p2;- -+, Pn) (1(0)p2(0) ... pn(0)p1 (1)p2(1) - .. pu(1))P1(2) - .-,
<p07p17"'><i7j> = pl(])

where u,uq,us,... € X* and p,q,po,p1,..- € X¥. Forue X* andpeX*orpe ¥ u<p

means that «(u) is a subword of p (that is, p = vi(u)q for some v, q). As a technical detail,

notice that n can be determined from (uq,...,u,) in Line 1 but not from (p1, pa,...,pn) in

Line 3.

For a notation (that is, a surjective function) p : C ¥* — Y the canonical notation
pf of the finite subsets of Y is defined by p(w) = W iff (Vo < w)v € dom(p) and
W = {u(v) | v < w} [13,[17]. For the natural numbers we will use the notation vy, where
vN(0™) ;= n and w ¢ dom(vy) for all other words w € ¥*. Then vy is equivalent to other
standard notations of N [13].

In TTE representations are used as “naming systems” for sets of abstract objects and
computations are performed on “names” from X* or X“. In this article multi-representations
are essential. Formally, a multi-representation of a class (not necessarily set) M is a relation
d CY x M where Y = ¥* or Y = X% such that (Vo € M)(3p € Y)(p,z) € 6. We write
§:Y = M and define 6(p) := {z € M | (p,z) € 6} and dom(d) :={p € Y | é(p) # 0}. We
do not consider § as a (single-valued) representation of a subset of 2M. If z € §(p) we can
say “p is a d-name of x”. In general such a name does not identify an object but only gives
some property of the object. (For example, “Peter” is the first name of many people.) We
mention that in TTE there are two interpretations of the concept “multi-function” which
can be distinguished formally by the definition of composition, see [14], Sections 3 and 6].

Computability on multi-represented sets is defined as follows. Let v : ¥ = M and
v Y = M (Y)Y € {¥* 3“}) be multi-representaions of classes M and M’, respectively.
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A partial function g : CY — Y’ realizes f : C M — M’ if f(z) € v/ o g(p) whenever
x € dom(f)Nd(p). The partial function f: CM — M’ is (v,7)-computable iff there exists
a computable (by a Type-2-Turing machine) function g : CY — Y’ which realizes f. A
subset X CM is y-r.e. (recursively enumerable), iff there is a Type-2 machine N such that
for all z,p with x € v(p): N halts on input p iff x € X [I§].

Computability on products can be defined in the same way. See e.g. [14], Section 6] for
further details. Given two multi-representations =y, 7/ of classes M C M’, respectively, we
say that v is reducible to 7/ (y < 4/ for short) iff the inclusion m — m of M into M’ is
(7,7')-computable. We call v and " equivalent (y =+') iff M = M’ and v <+ and v < 7.
Notice that v <+ iff v(p) C +' o h(p) for some computable function h. (If v and v were
considered as single-valued representations of 2 and 2M’, respectively, then we should use
equality y(p) =~ o h(p).)

Let v : ¥* = X be a multi-representation. Define 6, : ¥ = X by §(¢(w)00...) = v(w)
for w € dom(v). Since the function h : ¥* — X¢  h(w) := ¢(w)00... and its inverse are
computable [I3, Theorem 2.1.8], v = §,, where the functions A~ and h translate back and
forth. Notice that the same function h works for all notations. Therefore, for convenience
it suffices to consider only multi-representations ¢ : ¥“ = X in all theorems where multi-
representations can be replaced by equivalent ones.

The functions that are computable w.r.t. multi-representations are closed under com-
position [14] Sections 3 and 6]. More generally, they are closed under programming with
“Turing machines on represented sets” [12], which are a useful model for discussing algo-
rithms in computable analysis. Implicitly we will use this model without further mentioning.

3. COMPUTABILITY ON THE CLASS OF EFFECTIVE TOPOLOGICAL SPACES
The basic structure in [I7] is the computable topological space.

Definition 3.1 (effective/computable topological space [17]). An effective topological space
is a 4-tuple X = (X, 7, 3,v) such that (X,7) is a topological Ty-space and v : C¥X* — [ is
a notation of a base 3 of 7. Let 7 be the class of all effective topological spaces.

X is a computable topological space if dom(v) is recursive and

v(u)Nrv(v) = U{l/(w) | (u,v,w) € S} for all u,v € dom(v) (3.1)

for some r.e. set SC(dom(v))3.

A closer look at [17] shows that all the proofs of computability use from the underlying
computable topological space only the characteristic function of dom(r) and an enumeration
of a set SC(dom(v))? such that (3I) holds. (Spaces with the same characteristic function
and the same enumeration cannot even be distinguished.) Therefore, the whole theory
can be generalized to effective topological spaces where the formerly computable functions
become computable with the (not necessarily computable) characteristic function of dom(v)
and some (not necessarily computable) enumeration of the set S as oracles. Following these
ideas we introduce a multi-representation of the class of effective topological spaces as
follows.

Definition 3.2. Define a multi-representation A : X* = 7T of the class T of effective
topological spaces as follows: X = (X,7,8,v) € A(r,s) (r,s € 3¥) iff r enumerates the
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graph of the characteristic function of dom(v) and s enumerates a subset SC(dom(r))? such
that

v(u)Nv(v) = U{V(w) | (u,v,w) € S} for all u,v € dom(v).

Obviously, X is a computable topological space, iff X € A(t) for some computable
t € X¥. For every set SC(X*)3 let Tg be the class of effective topological spaces for which
S realizes intersection. Then every non-empty class Tg has a maximal element X' € Tg
such that X € Tg iff X can be obtained from X’ by deleting some points and renaming
the other points [I7, Proposition 34, Theorem 36]. In particular, the representation A is
multi-valued in general, and spaces with the same name may be not even homeomorphic.
Our observation on uniformization can be formulated as follows.

Theorem 3.3 (Meta-Theorem). Consider a theorem in [IT] of the following form where
Yo,...,Y, € {¥*, 3%} .
Let X = (X,7,B,v) be a computable topological space. Then there is a
computable function h: CYy x ... x Y, = Yy such that Q(h,X).
Then the following uniform generalization is true:
There is a computable function h : C X% x Y] x ... x Y, — Yy such that
Q(hy, X) forall X = (X, 7,8,v) € A(t), where hy(y1, - ., Yn) == h(t, Y1, -, Yn)-
This meta-theorem holds accordingly if finitely many effective topological spaces are involved.

We can say: There is a function h uniformly computable in X such that Q(h,X).

Proof. For every theorem in in [I7] under consideration check its proof and observe that
from every computable topological space X = (X, 7, ,v) only the characteristic function
of dom(v) and an enumeration of a set SC(dom(v))? such that (3.I]) holds are used. Il

For effective topological spaces the following natural (multi)-representations have been
introduced [8], 13}, 17, [11].

Definition 3.4. For an effective topological space X = (X, 7, 3,v) define a representation
0x of the points, a representation fx of the open sets, a multi-representation 1x of all
subsets and multi-representations kx and kx of the compact subsets as follows:

r=0x(p) <= Mvel)(w<p <= zecrv(w), (3.2)
_ ) w <L p = w € dom(v),
wox = {3 e 3:3)
Bex(p) 1= (WweL)(w<p < Bnu(w)#0), (3.4)
Kerx(p) <= MveX)(w<gp < KQUVfS(w)),
fs
Kcix(p) = (Mwey)(w<p < { (\m*’; ngf VV(UEIQL{A Lo B0)

In 32) “r € v(w)” includes w € dom(v), correspondingly in ([34]) and w € dom(v®)
in (B35) and (34). The above definitions induce mappings from 7 to the class of multi-
representations of points, open sets, subsets and compact sets (X — dx etc.). Every such
mapping can be generalized to a multi-representation as follows.
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Definition 3.5. Let 7P, TO, 7S and TC (points, open sets, arbitrary sets and compact
sets) be the class of pairs (X, ), (X, W), (X, B) and (X, K), respectively, where X € T,
z € X is a point, W C X is an open set, B C X is a set, and K C X is a compact set.
Define multi-representations 4, 8, v, k and & of TP, TO, TS and TC, respectively, as follows:

(X,x) €d(s) <= x—éx(),
(X, W) eb(s) <= = 0x(s),
(X,B)ev(s) :<= B ewx<s>,
(X,K) €ek(s) :<—= K €rx(s),
(X,K) €k(s) <= K €rx(s).

for X €T, x € X, open WCX, BCX, and compact KCX.

Computability with respect to the above multi-representations means that the realizing
function is independent of the represented effective Ty-space. To allow to use information
on this space we introduce a second kind of multi-representations, again derived from the
natural multi-representations dx, 0x, ¥x and kx.

~A _
Definition 3.6. Define multi-representations 62, 2, ¢, k2 and &2 of TP, TO, TS and
TC, respectively, as follows:

(X,z) € 62(r,s) <= XeAlr) A z=0x(s),
(X, W) €02(r,s) <= XecAlr) A W=06x(s),
(X,B) €9 (rs) <= XeA@r) A Beix(s),
(X,K) e k®(r,s) <= XeAlr) A K €rx(s),
(X,K) € ®®(r,s) <= XeAlr) A K €Fx(s).

for X €T, x € X, open WCX, BCX, and compact KCX.
Other multi-representations defined in [I7] can be generalized accordingly. Notice that
(X,2) €8(p) == 2 =0x(p) <= {a} €vx(p) <= (X, {z}) €¥(p), (3.7)
hence § can be considered as the restriction of @ to the sets with cardinality 1 (correspond-

ingly for 62 and %A). If K € kx(p), then p is a list of all finite sets {Uq,...,U,} of base
sets such that K is contained in their union and every U; € § intersects K. This allows
us to derive K from k and 1. For multi-representations v : ¥ = X and 0 : ¥* = Y the
conjunction YA : 3% =2 X NY is defined as follows ([13 111 [17]:

(YA p,q) = ~(p)Ndg). (3.8)

The two multi-representations of the compact sets are related by @ as follows.

Lemma 3.7.

(1) For every effective topological space X, kx /\%X < kx,
for every computable topological space X, kx /\%X =KX,

(2) KAY <R,

(3) RA = K2 /\@A
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Proof. ([2]) suppose (X, K) € (k AY){p1,p2). Then K € kx(p1) and K € ¥x(p2). From the
list p; of all finite base-covers of K and the list po of all base elements U with U N K # ()
we can compute a list s of all minimal finite base-covers of K, hence K € kx(s). Therefore,
(X, K) € K(s), and kK AN < K.

@) Suppose (X, K) € #2(r,s). Then X € A(r) and K € &x(s). From dom(vx), hence
form r, and the list s of all minimal finite base-covers we can compute a list of all finite
base-covers, hence a function p; such that K € xx(p;), hence (X, K) € x®(r,p1). From
s we can compute a list of all base elements U such that K NU # (), hence a function py

~ ~A ~A
such that K € ¢X(p2)7 hence (Xv K) € 1,[) <7",p2>. Then (Xv K) € (’{A /\TJZ) )<<T7p1>7 <7",p2>>-
~A
Therefore, &2 < kK AN .
~A .
(k2 Ay ) < & follows straightforwardly from (2.
() The first statement follows from (2]) and the second statement from (3)). O

For translating kx to kx from a list of all minimal finite base-covers we must find a
list of all finite base-covers. But this cannot be done without knowing dom(vx). Therefore,

rx < KX /\%X is false in general and kK < Kk A @ is false. If we replace the class T by the

subclass 7" of spaces X such that vx is a total function, then k < xk A f?]) We do not know
whether the restriction to 7" is sufficiently general in future applications.

4. PRODUCTS OF SPACES

We generalize the definitions of the representations [01,...,d,], [6]"* and [6]Y of products
and sums for single-valued representations introduced in [I3, Definitions 3.3.3, 3.3.14] to
multi-representations. Remember that the disjoint union of a sequence (A;,)nen of sets is
defined by |#),, 4, == {(n,z) | z € A} = U, {n} x Ay.
Definition 4.1. Let §; : ¥ = X; (i = 1,2,...) be multi-representations.
(1) Define a multi-representation of the finite product X; x ... x X,, by
[51, N 75n]<p1, ce ,pn> = 51(})1) X ... X 5n(pn)
(2) Define a multi-representation of ), X» by
(61 Vo2 V...)(1"0p) := {n} x d,(p).
(3) Define a multi-representation [d1,d2,...|T of the disjoint union of finite products
o> X1 % ... x Xy, by
[51,52, ‘e ]+(1n0<p1, ‘e ,pn>) = {n} X 51(])1) X ... X 5n(pn) .

(4) Define a multi-representation of the infinite product X; x Xs x ... by

(331,332,...) c [51,52,...]<p1,p2,...> < (VZ > 1)332' c (52(]%)
Let [0]" :=[6,...,0] (n-times), [§]* := [6,0,...]T and [§]N := [6,6,...].

The following three characterizations show that the product [01,d2] is very natural.

Theorem 4.2. Let 0; : ¥ = X; (i = 1,2) be multi-representations. For multi-representations
v XY = X1 x Xo of Xy X Xy define

S(vy) <= the function (z1,x2) — (x1,22) is (01, d2,)-computable,

Aly) ¢ = { (x1,x2) > 1 is (7, d1)-computable and

(x1,x2) > o is (7, 02)-computable .
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Then
[01,0] <v <= S(7), (4.1)
v < [61,02] = A7), (4.2)
Y=[61,0] = S(v) A A(v). (4.3)

Proof. The proofs of [@1]) and ([£2) are straightforward. Remember that for p;,ps € X¢,
(p1,p2) — (p1,p2) and (p1,p2) — p; (i = 1,2) are computable. (@3] follows from (I]) and
@2). O

By (&), [01, 2] is (up to equivalence) the least, that is richest, multi-representation of
X1 x Xy which can be “synthesized” from d; and d2. By ([@2l), [01, 2] is (up to equivalence)
the greatest, that is poorest, multi-representation of X; x X which allows analysis, that
is, allows to compute the components of a pair. In summary, [d1,d2] is, up to equivalence,
the only multi-representation that allows both, synthesis and analysis. By Theorem [4.2]
among the set of all computability concepts on the Cartesian product, the one induced
by the multi-representation [d1,d2] is the most natural one. The characterizations hold
accordingly for finite and infinite products. Special cases have been considered, for example,
in [13} Lemma 3.3.4].

We define the product of two, of finitely many and of countably many effective topo-
logical spaces as follows. The product of two effective topological spaces has been studied
already in [17, Section 8.

Definition 4.3 (products of effective topological spaces).

Let X; = (X, 7, Bi,vi), i = 1,2,... be effective topological spaces.

(1) Define the product Xy x Xg := (X, 7,5,v) as follows [17] :
X = Xi x Xo, dom(v) := {(u1,u2) | u1 € dom(r1), ug € dom(rva)}, v{uy,uz) =
vi(uy) X vo(ug), B := range(u), 7 is the topology generated by the set 3.

(2) For n > 1 define X; x Xo x...x X, := X!, := (X, 7}, B}, V) inductively by X] := X;,

ra1 = X7, x X,11, that is, X’ (. (X x Xg) x ... x Xp,).
(3) Define the countable product X; x Xg x ...: =Y := (Y, Ty, By, vy ) by
Y = XixXox...,
dom(vy) = {(u1,...,ur) | k>1, u; € dom(r;) for 1 <i <k},
vy (Ui, ... uk) = vi(ur) X va(ua) X ... X vp(ug) X Xgp1 X Xggpo X ooy
By = range(ry),
Ty := the topology on Y generated by Sy .

In (), 8 is a base of the product topology 7 on X7 x Xo, In (2), ), is a base of the
product topology 7/, on X7 x ... X X,, and in @), Sy is a base of the product topology
7y on Y [3]. Therefore all the constructed spaces are effective topological spaces. By the
inductive definition in (2I),

vl (ug,ug), . ) u) = vi(ug) X .o X vp(ug) (4.4)

Notice that the following functions ¢ and ¢’ are computable (where u; € ¥*):
c:1M0(. .. (ur,u2), .. )y up) = (U1, ..., Up), (4.5)
di(ur, . un) = o (ugue) ) ug) (4.6)

For each of the products of effective topological spaces we have two representations of
points which turn out to be equivalent.
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Theorem 4.4. For effective topological spaces X1, Xo,.. .,

[6X17 SRR 6Xn] = 5X1><...><Xn ) (47)
[5X175X27---]+ = (5X’1 \/5}(/2 \/...), (4.8)
[5X175X27"'] = 5X1><X2><... . (4.9)

There are realizations of the reductions which do no depend on A-names of the spaces X;.

[#D) generalizes [17, Lemma 27]. By [@8), [0x,,---,0x,] = 0x,x..xX, uniformly in n.

Proof. (&T) Follows from (4.8])

@R [0x,, 0%y, ---]T(q) = (n, 21, ..., 2y) iff for some p1,...,pn, ¢ = 1"0{p1,...,ps) and
pi is a list of all u; such that z; € v;(u;) (i = 1,...,n). On the other hand, (0x; V dx; V

- )(r) = (n,z1,...,2,) iff for some s, 7 = 1"0s and s is a list of all (... (u1,u2),...),u,)
such that z; € v;(u;) (i = 1,...,n). Therefore, from ¢ we can find some r such that
[0% 15 0%, - - -] T(q) = (0x7 V d%;, V...)(r) and vice versa.

HE9) [0%x,,0%,,---](p) = (z1,z2,...) iff there are p1,po,... such that p = (p1,pa,...)
and for all 7, p; is a list of all u; such that x; € v;(u;). On the other hand, 0x,xx,x...(¢) =
(x1,xo,...) iff ¢ is a list of all (uy,us,...,ug) such that (z1,z2,...) € vi(ur) X va(u2) X

- X Up(ug) X Xga1 X Xgao X .... Therefore, from p we can find some ¢ such that
[0%,,0X,,---](P) = 0%, xX,x... (q) and vice versa.

In both cases the computable functions operate only on names of the points and do not

require A-names of the spaces X;. L]

Theorem [£.4] can be considered as a justification of the definition of the product space
X; x X5. The products on the class T of effective topological spaces are computable.

Theorem 4.5.

(1) The function PDy : T x T — T, (X1,X2) = X1 x Xy is (A, A, A)-computable.

(2) The function PD* i, T" = T, (n,X1,...,Xy) = X, is ([A]F, A)-computable.
(3) The function PDN : TN — T, (X1, Xa,...) — X1 x Xy x ... is ([A]N, A)-computable.

Proof. Let X; = (X;, i, Bi,vi) € A(t;), t; = (ri,s;) (1 > 1). Then r; enumerates the graph
of the characteristic function of dom(v;) and s; enumerates a set S;C(dom(v;))3 such that
vi(u) Nvi(v) = Hri(w) | (u, v, w) € Si}.

@) Let S := {({u1,uz), (v1,v2), (w1, w2)) | (ur,vi,w1) € Sy, (ug,v2,w2) € S2f. A
straightforward calculation shows

v(u, ug) Nv{vr, v2) = U{p(wr, wa) | ((u, u2), (v1,v2), (w1, ws)) € S}
(An enumeration of the graph of) the characteristic function r of dom(v) can be computed
from 71 and 79 and an enumeration s of S can be computed from s; and sy. Therefore, a
word (r, s) can be computed which is a A-name of X; x Xo.

@) By () there is a computable function h : C 3¢ x ¥ — 3¢ such that h(ty,t2) is
a A-name of (X3 x Xo) if #1 is a A-name of X; and ty is a A-name of Xy. There is a
computable function g : C X — ¢ such that g(10t;) = t1, g(1"M0(t1,... to,tns1)) =
h(g(1™0(t1, ..., tn)),tnt1). Then g(10t1) = t1 is a [A]T-name of X} = X;. Suppose by
induction that g(170(t1,...,t,)) is a A-name of X/. Then g(1"*10(t1,... tn,tns1)) =
h(g(1"0(t1,...,tn)), tnt1) is & A-name of X, x X,,11 = X/, ;. Therefore, g is a ([A]T,A)

realization of the function (Xy,...,X,,) — X3 x ... x X,,.
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@) Suppose (Xi,Xs,...) € [A]¥(g). Consider Y from Definition A3l An enumera-
tion ry of the graph of the characteristic function of dom(ry) can be computed from the
characteristic functions of the dom(r;) which can be computed from g.

First, for given (uq,...,upm), (v1,...,v,) € dom(ry) we want to compute
vy (Ui, ..., um) Ny (v,...,v,) as a union of base elements.
Assume 1 < m < n. Let Upme1 := Umat, - .-, Uy 1= Up.

By @) from n and g we can compute a A-name ¢, of X! := (X, 7,5, ,v.) and hence
an enumeration of a set S, computing the intersection on f], according to (B1). By (£4),

(5] and (E.6),
vy (Ul .oy Up) Ny (U1, ..o, Up)
= vy(ui,...,up) Ny (v1,...,0,)
vi(ug) X oo X Up(up) Dvp(vr) X oo X v (vy)) X X1 X Xpgo X
/

= (W od{uy,...,un) N, ocd (wi,...,0)) X Xpy1 X Xpao X ...
= U{V;(w) | (' (uy .o yun), (v, vn),w) € Spt X X1 X Xpgo X ...
= U{I/;Loc/(wl,...,wnﬂ
(d(ut, .y un), d{vr, . vn), d{w, o wy)) € Spt X Xpgr X Xpgo X ...
= U{Vy(wl,...,wnH
(d(ut, .. un), d{vr, . vn), d{wr, .o wy)) € Sy}
Let
Smn = {({ug,...;um), (v1, ..., 0n), (W1, ..., wy)) |
ui, v, w; € dom(y;) and (d(m),d V), (w)) € S, }
where W := (U1, ..., Um, Vmt1,--,Un), U:= (V1,...,0,) and W := (w1, ..., wy). Then

vy Uty .y Um) Ny (U1, .., Up)
Uw<w17"'7wn> | ((ul,...,um>,(v1,...,vn>,(w1,...,wn>) € Smn

An enumeration of the set set S,,, can be computed from m,n and S,, hence form m,n
and ¢. Correspondingly sets Sy, , for m > n can be computed from m,n and g. Since for
X,y € 5%, (21, ..., m) = (Y1,...,Yn) implies m = n and x; = y; for all i, Sk N Sy = 0
for (k,1) # (m,n). Let S :=U,, neny Smn- Then

vy(u) vy (v) = J{ry(w) | (u,0,w) € S}

An enumeration of S can be computed from ¢. In summary, the function (Xi,Xo,...) —
X1 x Xy x ... is ([A]N, A)-computable. O

Next we study decomposition of products into their components. Let Y := (0, {0}, {0}, v2)
with dom(r) = ¥*, which is a computable topological space. Then for every effective topo-
logical space Xy = (X1,71,51,v1) with dom(v) = ¥*, Z := X; x Y = (0,{0},{0},v)}
with v{uy,us) = 0 for all uj,us € X*. Therefore, the function (Xj,Xs) — X3 x X3 is not
injective, hence in general from X; x Xy we cannot compute X; or Xs.

Let X1, X5 and X be the spaces from Definition 3l and assume that X; and X5 are
not empty. There must be words wy, wy € X such that v1(w;) # 0 and vo(wy) # 0. Then
dom(vy) = {u1 | (u1,we) € dom(v)} and for every u; € dom(vy), v1(u1) = pry o v{ug, ws).
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Therefore, X; and (correspondingly) Xs are determined uniquely by their product X; x Xa.
However, we do not know whether decomposition of the product is computable for non-
empty effective topological spaces. We prove computable decomposition for a somewhat
smaller class of spaces. Let

T = {(X,7,8,v)eT| X #0},
To = {(X,7,8,v) eT|X#0 and (YU € ) U # 0}.
Then ToCT1CT-

Theorem 4.6. For spaces from Ta,

(1) the functions (X1 x Xg) — X; (i =1,2) are (A, A)-computable,

(2) for i <m, the function (i,(n, Xy x ... x X;,)) = X; is (vy, [A]T, A)-computable,

(3) the function X1 x Xg X ... +— X1 is (A, A)-computable,

(4) the function X1 x Xg x ... — Xg x X3 X ... is (A, A)-computable.

In (1) for the case i =1, Xy € Ty is sufficient, in (2) X; € Ty is sufficient, in (3) X; € Ty
is sufficient, and in () X; € T1 for i > 2 is sufficient.

Proof. Consider the terminology from Definition4.3]

(@) We show that (X; x X3) +— Xj is computable. Let X; x Xo € A(r,s). Then
r enumerates the graph of the characteristic function x of dom(v) = (dom(vy ), dom(r2)).
Since dom(vq) # () and dom(vs) # 0, from r we can find words tg,t € X* such that (to,t) €
dom(v), hence tg € dom(v;) and ¢t € dom(r»). Since u € dom(v1) <= (u,t) € dom(v), we
can compute an enumeration r; of the graph of the characteristic function of dom(v;) and
also an enumeration of dom(vy).

The sequence s enumerates a set S of triples ((uy,us), (v1,ve), (w1, ws)) for computing
the intersection of base elements [B.I)). For ui,v; € dom(vy),

() N (1)) X va(t) = wlug,t) N vlog,b)
= | Jri(w1) x va(wa) | ((ur, 1), (01,8, (w1, wy)) € S}
= (i (wr) x va(t) | Gwa) ((ug, £), (01, 1), (w1, w3)) € S}
Udwa(wr) | Guz)((ur, 1), (v1,8), (w,ws)) € S} x v(t)
The third “=" holds since va(ws) # (. Since vo(t) # 0,
vi(ur) Nwr(or) = | J{w(wr) | Gwz)((ur,t), (v1,£), (wr,wz)) € S}

Let Sy := {(u1,v1,w;) € (dom(v1))? | (Bwa)((u1,t), (v1,t), (wi,ws)) € S}. Then
vi(u) Nvy(vr) = U{v(wr) | (w1, v1,w1) € Si}. Since dom(v;) and Sp can be computed, a
A-name of X; can be computed from (r, s).

Notice that assuming X € 77 is sufficient.

@) Apply () repeatedly, use a Turing machine on represented sets [12]. As an example
we show how to compute (2, (4,X; X ... x Xy)) — Xo.

X1 X...XX4:X§’XX4I—>X, :X/2XX3I—>X/2:X1 X Xo — Xo
Notice that assuming Xy € 77 is sufficient.

@) Let Y = X3 x Xs... as in Definition 43l and let Y € A(r,s). Then r enumerates
the graph of the characteristic function x of dom(ry).
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Since dom(rv1) # 0 and dom(rvp) # 0, from r we can find words tp,t € ¥* such that
(to,t) € dom(vy), hence t9 € dom(vy) and t € dom(r). Since u € dom(vy) <= (u,t) €
dom(ry), we can compute an enumeration r1 of the graph of the characteristic function of
dom(v) and also an enumeration of dom(v1). For uy,v; € dom(vy),

(v1(u1) Nvi(vg)) X va(t) x X3 x ...
= vy (ui,t) Nvy(uz,t)
= Ulow(wiwa, . wn) | ((u, 1), (us, 1), (wi,wg, . wy)) € Sy}
= U{VY<W1> | ((wa,2), (uz, 1), (w1)) € Sy}
UU{Vy<w1, cowp) [n>2 and  ((ug,t), (ug, t), (wi,we, ..., wy)) € Sy}
= Ulov(w,t) ((ul,t>,<u2,t>,<w1>) € Sv}
Ul v (w, ) | @n > 2) Gwa,. . wy) ((ur, 1), (g, 1), (wi,wa, ., w,)) € Sy}
= (J{vv(ws,t (Eln > 1) Bwa, ... wy) ((u1, 1), (uz, 1), (wi,wa, ..., wy)) € Sy}

= U{Vl w1 XI/Q(?f)XXgX...|
(In > 1) (Jwe, ... wy) ((u1,t), (uz, t), (wy,wa,...,wy,)) € Sy}

The fourth “=" holds since v;(w;) # 0 for all i > 2 and X; # () for all i > 3. Since v,(t) # 0
and X; # () for i > 3,

vi(u))w(vr) = J{ra(w) | Gn > 1) Gug, .. wa) ((ur,8), (ug, 8), (wy,wa, ..., w,)) € Sy}

Let

St = {(ur,v1,w1) | (Fn >1) Fws,...wy) ((ug,t), (ug, t), (wi,we, ..., wy,)) € Sy} .
Then vy (uy) Nvi(v1) = U{vi(w1) | (ui,v1,w1) € S1}. From s, which enumerates Sy, we
can compute an enumeration of s; € X of the set S1. Therefore, we can compute a A-name
(r1,s1) of Xj. Notice that assuming Xy € 77 is sufficient.

() This proof is similar to those of () and (3]). L]

By Theorems and many rearrangements of products of effective topological
spaces from 75 are computable, for example
*Xl XXQ'-)XQXXl,

— (Xl X Xg) X X3 — X1 X (Xg X Xg),

- X—XxX, X—=XxXx...,

- Xy XY X..xX, xY,—X; X...xX,,

- Xy x...xX,—~» X, x...x Xy,

- Xy x o x X, Y X xY ) = Xy x . X x Y x Lo x Y, ),
= X1 X Xg X ... Xp1) X Xpe X ... where h: N — N is computable.

We do not know whether Theorem remains valid for spaces from 77 where base
elements may be empty. However, rearrangements within products without deleting factors
are possible on the whole space 7.

The product (X;,Xz) — X; x X5 is essentially commutative and associative.

Theorem 4.7.

(1) The function X1 — X1 x Xy is (A, A)-computable.
(2) The function X1 x Xg +— Xo x X1 is (A, A)-computable.
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)-computable.
)-computable.

> >

(3) The function (X1 X Xg) X X3 g X1 X (Xg X X3) 18 (A,
(4) The function X1 x (Xg x X3) — (X1 x X3) x X3 is (A,
Proof. For i > 1 let X; = (X;, 73, Bi, vi)-

(@) This follows from computability of (X1, X3) — X1 x Xg (Theorem EIIT]).

@) Let G : €T — T such that dom(H) = {X; x Xz | X1,Xs € T} and G(X; x X3) =
X x Xj. Let G(Y) = Z. Then there are spaces X1, Xy such that

Y = (YuTY7BY7VY):X1XX27

Z = (Z,717,8z,vz) =X xXj.
where Y = X7 x X5 and Z = X5 x X7,
dom(vy) = {(ui,ug)| (V1 <i<2)u; €dom(r;)},
dom(vyz) = {(ve,v1)| (V1 <i<2)v; € dom(v;)}.

Suppose A(p,q) = Y. Then the sequence p enumerates the graph of the characteristic
function of dom(ry ) and the sequence g enumerates some set Sy such that vy (u) Ny (v) =
Ury(w) | (u,v,w) € Sy. Since (uy,us) € dom(ry) <= (uz,u;) € dom(vz), from p we
can compute some s € ¢ which enumerates dom(vz). Define SzC(dom(vz))? by
Sz = {({ug, u1), (v2,v1), (w2, w1)) | ((ur,uz), (v, v2), (w1, w2)) € Sy}.
Then
vz(ug,u1) Nvz(vz,v1)
= I/Q(UQ) X Vl(ul) N 1/2(’02) X 1/1(’[)1)
= (J{ra(ws) x v1(wn)
| ({1, u2), (v1,v2), (w1, w2)) € Sy}
= ({va(ws, wr)
| ({u2, u1), (v, v1), (w2, w1)) € Sz}

From the enumeration ¢ of Sy we can compute an enumeration s of Sz. Therefore, A(r, s) =
Z and hence the operator G is computable.

@) Let H : €T — T such that dom(H) = {(X; x X2) x X3 | X1,X2,X3 € T} and
H((X; x Xg) x X3) =X x (X3 x X3). Let H(Y) = Z. Then there are spaces X1, Xg, X3
such that

Y = (YaTY7BY7VY):(Xl XXQ)XX37
Z = (Z,Tz,ﬂz,l/z) = Xl X (Xg X Xg) .
By Definition 13l YV = Z = X7 x Xy x X3 and 7y = 77,
dom(vy) = {{{u1,u2),us)| (V1 <i <3)u; € dom(y;)},
dom(vyz) = {{u1,(ug,us)) | (V1 <i < 3)u; € dom(y;)}.
Suppose A(p,q) = Y. Then the sequence p enumerates the graph of the characteristic
function of dom(ry ) and the sequence ¢ enumerates some set Sy such that vy (u) Ny (v) =

Ulvy (w) | (u,v,w) € Sy}
Therefore, from p we can compute an enumeration r of the graph of the characteristic
function of dom(vz). Define SzC(dom(vz))? by

Sz = {((u1, (uz,u3)), (v1, (va, v3)), (w1, (w2, ws)))
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| (((u1, u2), uz), ((v1,v2), v3), (w1, w2), w3)) € Sy}
Then
vz{uy, (ug,us))
vi(u1) x va(u2)
vy ((u1, u2), u3)
= (frw (w1, we), ws)) |
(({u1, u2), us), {{v1,v2), v3), (w1, w2), w3)) € Sy}
= vz (wi, (wa, w3)) |
((u1, (u2, us)), (v1, (v2,v3)), (wi, (w2, ws))) € Sz}

From the enumeration ¢ of Sy we can compute an enumeration s of Sz. Therefore, A(r, s) =
Z and hence the operator H is computable.

@) Analog to (3). []

These results can be generalized to longer products. We do not go into further details.

vz(v1, (v2,v3))
1/3(U3) M 1/1(’[)1) X 1/2(’02) X 1/3(’03)

N
X
Ny ((v1, v2), v3)

5. PRODUCTS OF SUBSETS, TYCHONOFF’S THEOREM

In this section we prove that the various product operations are computable on points,
on arbitrary sets and on compact sets. Some facts about the product of two computable
topological spaces are already proved in [17, Lemma 27] (where the proof of Lemma 27.7
on the product of compact sets is false). Here we prove uniform versions also for finite and
for infinite products. By (B8.7]), the multi-representation ¢ of points can be considered as the
restriction of the multi-representation @ to the sets with cardinality 1. Therefore, we start
with the multi-representation 1 of sets. Remember that (X, B) € ¢(p) : <= B € ¢¥x(p).

Theorem 5.1.
(1) The function 1152 : (TS)? — TS,
(X1, B1), (X2, Ba)) = (X1 x X, Bi x Ba),
is ([v,v],v))-computable.
(2) The function II°% : ¢, (TS)" — TS,
(n,(X1,B1), ..., Xn,Bp)) = (X1 X ... x Xy, By X ... X By),
is ([0]F,4)-computable.
(3) The function 115> : (TSN — T8,
N(()glaBl),(Xg,Bg),...) — (Xl XX2 X ...,Bl X BQ X ),
is ([N, 4)-computable.

~A ~
The three functions are also computable w.r.t. ¢ instead of .

Proof. ([Il) Let M be a Type-2 Turing machine that on input (p1,p2) writes a sequence of
all t{uy,us) such that u; < p; and us < p2 (and from time to time writes 11 in order to
produce an infinite sequence). Since

(X1, B1), (X2, Bp)) € [, 0] (p1,p2) = By €dx,(p1) and By GN@xz(pz)
= B1 x By € ¥x,xx, © fu(p1,p2) = (X1 x Xg,B1 x Ba) €Yo fup1,p2)
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(notice that v1(u1)N By # 0 and vo(uz) N By # O iff v{uy, ug) N By X By # (), the computable
function fys is a realizer of 1152,

(@) Let far be the computable realization from Case ({l). There is a computable function
H : % — Y% such that

H(10(p1)) = p1,
H(1n+10<p17”’7pn+1>) = fM(H(1n0<p177pn>)7pn+l)
We show by induction that the function H realizes the function II*T. For n = 1 we obtain:
(1, (X1, B1)) € []F(10(p1) = (X1, B1) € d(p1) = I (1, (X1, B1)) € ¢ o H(10(p1)).
and for n 4 1 by induction,
(n + 17 (X17 Bl)7 ceey (Xn+17 Bn-i—l)) S [@]+(1n+10<p17 LI 7pn+1>)
(XZ',BZ') S %(pz) for 1<i<n+1
((X17 B1)7 ey (Xn7 Bn)) S [@]+(1n0<p17 o 7pn>) A (Xn+17 Bn—i—l) S %(pn-i—l)
(Xyx...xX,,By X...x By) €¢oH1"0(p1,...,pn))
A (Xn—l—lan—H) € ¢(pn+1)
— (X1 X ... X Xn—i—l,Bl X ... X Bn+1) S ¢ o fM(H(ln()(pl, S 7pn>),pn+1)
- HS+(n + 17 (X17 Bl)7 cee (Xn+17 Bn+1) € 1/} © H(1n+10<p17 s 7pn7pn+l>)

I

@) Suppose ((X1,B1), (X2, Bs),...) € {1N(p1,pa,...). Then (¥i)(X;, Bi) € ¥(py).
Therefore, for every i, p; is a list of all +(u;) such that (u; € dom(v;) and) v;(u;) N B; # 0.
With the terminology of Definition L3|[3]), from (pi1,p2,...) we want to compute a list of
all ¢(w) such that w € dom(ry) and By x By X ... Nvy(w) # (. By the definition,
w € dom(vy) iff there are some k > 1 and words u; € dom(ry), ... , ux € dom(ry) such
that w = (uqug ... ug) = t(ug)e(uz) ... t(ug). For every k > 1,

vy (t(ur), ... t(ug)) N By X By X ... #£(
— MWI<i<kvu)nNB;#0
— MWI<i<k)u <p;
There is a computable function h such that h(p1,pa,...) is a list of all ¢(¢(uy)e(ug) ... t(uk))
such that £ > 1 and u; < p; for all 1 <4 < k. Then

((leBl)y (X2yB2)7 .- ) € [%Z)]N<p17p27 . > = (Y7 Bl X B2 X .. ) € ?Z) © h<p17p27 . > .
Therefore, II5%° is ([%]N ,%)—computable.

~A ~
By Theorem the three functions are also computable w.r.t. 1 instead of 3. []

In the proof for the case of @ for every effective topological space X = (X, 7, ,v), no
information about intersections v(u) N v(v) is needed and the information about dom(v)
given by the @—names is sufficient. Therefore the computable realizations of the operators
are independent of the spaces, hence the theorem can be formulated for .

The next theorem considers points.
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Theorem 5.2.
(1) The function TIP2 : (TP)? — TP,
((X17 $1)7 (X27 IIJ‘Q)) = (Xl X X27 (IIJ‘l,ZEQ)),
is ([0,0],0))-computable. Its inverse is (9, [0,d])-computable.
(2) The function TP : |, (TP)" = Nx TP,
(n, (X1, 21)y oy Xy n)) = (0, (Xy X oo X Xy (21,000, 20))),
is ([0]F, [N, 8])-computable. Its inverse is ([vy, 4], [6]T)-computable.
(3) The function TIP* : (TP)N — TP,
((X1,$1), (Xg,xg), .. ) — (Xl X Xog X ..., ($1,$2, .. )),
is ([6]N, 6)-computable. Its inverse is (6, [0]Y)-computable.
The three functions are also computable w.r.t. 6° instead of 6. Their inverses restricted to
T2 (the spaces with non-empty base sets) are computable w.r.t. 6° instead of §.

This theorem is an other formulation of Theorem B4l By (3.7), computability of IIP2,
ITP* and TP follows from Theorem [5.11

Proof. By (1) and Theorem [5.1] the functions I1P?, TP+ and IIP> can be considered as
restrictions of the computable functions II%2, II*T and II** to singleton sets, hence they are
computable. It remains to show that their inverses are computable.

(@) Suppose (X1 x Xa, (z1,22)) € d(p). Then (x1,22) = 0x,xx,(p). By Theorem [£4]
there is a computable function h such that (x1,z9) = [0x,, 0x,]oh(p). There are computable
functions hy, he such that h(p) = (h1(p), ha(p)). Then (x1,22) = (dx, ° h1(p), ox, © ha(p)),
hence (Xi,z1) € ¢ o hi(p) and (Xa,22) € J o ha(p) and finally ((X1,x1), (X2, 22)) €
[0,0](h1(p), ha(p) = [6, 6] © h(p).

@) Suppose (n, (X1 x ... x Xy, (z1,...,25))) € [vN,0](p,q). Then vy(p) = n and
(T15- -, Tn) = 0%, x..xX,, (q), hence (n, x1, ..., x,) = (6x; Vdx,V...)(1"0q). By Theorem[4.4]
there is a computable function h such that (n,z1,...,2,) = [0x,,0%X,, -] 0h(1"0q). There
are functions py,...,p, € £ such that h(1"0q) = 1"0(p1, ..., pn). Then by Definition [£.113]
x; = 0%, (pi), hence (X;,z;) € d(p;) for all 1 < i < n. Hence, (n,(X1,21),...,(Xn,2,)) €
[6]F(1"0(p1,...,pn)) = h(1™0q). Therefore, (p,q) — h(1")0q) is a computable realization
of (IP+)~1,

B) Suppose (X1 x Xg X ..., (z1,22,...)) € 0(p). Then (z1,x2,...) = 0x,xX,x...(p). By
Theorem 4] there is a computable function h such that ox, xx,x...(P) = [0x,,0%X,, - - -]oh(p).
There are unique functions p; € ¥ such that h(p) = (p1,p2,...). Then z; = dx,(pp), hence

(X, ;) € §(p;) for all i. Therefore, ((X1,1), (Xa,22),...) € [6]N o h(p).
Computability w.r.t. 62 instead of ¢ follows from Theorems and L]

Notice that a name p of (X,z) = 0(p) contains no information about the effective
topological space X. Therefore, the theorem does not mean that the components X; of the
product spaces can be computed in general (cf. Theorem [4.0]).

Corollary 5.3 (projections).
(1) The functions (X1 X Xo, (z1,22)) — (X4, z;) (i =1,2) are (8,0)-computable.
(2) The function
(i, Xy X ... x X,y (21, .., 20))) = (Xiyz) (1<i<n)
is (vn, N, 9, 0)-computable.
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(3) The function (i,(X1 X Xo X ..., (21,22,...))) — (X4, z;) is (vn, 0, 0)-computable.

As main results we prove computable versions of Tychonoff’s theorem stating that the
product of compact spaces is compact.

Theorem 5.4 (computable Tychonoff theorem).
(1) The function TI¢ : (TC)? — TC,
(X1, K1), (X2, K2)) = (X1 x Xg, K1 X Kb)
is ([&2, k2], k®))-computable.
(2) The function TI°" : |4, -, (TC)" — TC ,
(n, (X1, K1),..., Xp, Kp)) = (Xq x ... x X, Ky X ... X K),
is ([K2]F, K2)-computable.
(3) The function T1¢° : (TC)N — TC,
((Xl,Kl),(Xg,Kg),...) — (Xl X X2 X ...,Kl X K2 X )
is ([K2]N, K2)-computable.

Proof. We use the terminology from Definition [4.3]

(@) For compact sets K1CX; and KoCXo, K7 x K is compact in X; x Xo [3]. First,
we assume that X; and Xg are computable topological spaces. We want to enumerate all
words w such that K; x KoC |Jv®(w). From w € dom(v®) we can compute a number n
and pairs (u;,v;) € dom(v1) x dom(ve) (1 <4 < n) such that Jv™(w) = U;cp v1(wi) x va(v;)
for the index set I :={1,...,n}. Then

Ky x Ko v (w) (5.1)
< K1 X K2Q U Vl(ui) X I/Q(Ui) (52)
i€l
— (Vze Ky)(3JC]) <x e (M viluy) A Foc ug(vj)) (5.3)
jeJ jeJ
—  (3J1,...,JmCI) (Klg U N valuy) A () K2C | yg(vj)) (5.4)
I=1j€J; JEJ
— (Hjl,...,ngI)<K1g U M i) r ke VQ(»UJ-)> . (5.5)
I=1j€J, 1=1j€J,

By [17, Theorem 11], from w and Ji,...,Jn (a Ox,-name of) the open set W; :=
UiZi Njes, v1(wy) and (a x,-name of) the open set Wy := (2, ;¢ v2(v;) can be com-
puted. By [I7, Theorem 13.5], KCW for compact K and open W is (kx,,0x,)-r.e. for
i = 1,2. Therefore, K1 x KoCV is (kx,, Kx,,J®)-r.e. , hence from (a kx,-name of)
K1 and (a kx,-name of) Ky we can compute a list of all w such that K; x KoC |Jv™(w).
Therefore, there is a computable function h : CX¥ x ¥¥ — 3¢ such that

K1 x Ky € KXi1xXsy O h(pl,pg) if K € KX4 (pl) and K5 € HX2(p2), (56)

hence (K1, K3) — K1 x Ky is (kx;, KX, KX, xX, )-computable.
If we abbreviate (5.6) by Q(h,X7,X3), then by the meta-theorem B3] there is a com-
putable function h such that
K1 x K3 € kx,xX, © h(t1,t2,p1,p2)
if Xl c A(tl), X2 c A(tg), Kl € KX, (pl) and K2 € KX, (pg)
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By Theorem there is a computable function f such that
X;xXg€Ao f(tl,tg) if X;e A(tl) and X, € A(tg).
Therefore,
(X1 x X, Ky x K3) € K8(f(t1,t2), h(t1, t2, p1,p2))
if (Xl,Kl) S HA<t1,p1> and (XQ,KQ) S H,A<t2,p2>

Define h'((t1,p1), (t2, p2)) := (f(t1,t2), h(t1,t2,p1,p2)). Then
(Xl X Xo, K7 X KQ) S HA o h/<Q1,qg> if (Xl,Kl) S HA(ql) and (XQ,KQ) S H,A(QQ)
Therefore, the function (X1, K1), (Xa, K2)) — (X1 x X, K1 x K») is (82, k%, k2)-com-
putable.
@) Let A’ be the realizing computable function from Case (). There is a computable
function H : 3% — 3¢ such that
H(10(p1)) = p1,

H(1n+10<p1, e ypn+1>) = h/(H(1n0<p1’ s ’p”>)’p"+1) :

We show by induction that the (computable) function H realizes the function IT°T. For
n = 1 we obtain:

(1, (X1, K1) € [s2]F(10(p1)) = (X1, K1) € 6%(p1) = &2 0 H(10(p1)).

Suppose (n + 1, (X1, K1), ..., (Xps1, Kns1) € [#2]T(p). Then there are p; € X% such that
p=1""0(p1,...,pps1). We obtain

(’I’L +1, (X17K1)7 R (Xn+17Kn+1)) € [’QA]+(1N+1O<p17 I 7pn+1>)
(TL, (X17K1)7’ ey (Xn+17Kn) S [HA]+<1n0<pla cee 7pn>> A (Xn+17Kn+l) S HA(pn-i—l)
(X1 X .. X X, K1 X ... x Kp) € 62 0 HA™0(p1, ..., pn))

A (Xn+1, Kny1) € HA(pn-i-l)
— (Xyx...xXp1, K1 X ... x Kpy1) € 62 o B (HA™0(p1, ..., pn))s Prs1)
— (n+1,(Xy % .. X Xy, K1 X oo X Kpy1)) € 62 0 HA™ M 0(py, . . . D Prg)) -
Therefore, H realizes I1¢T.

([B) We use the terminology from Definition .3l We want to show that the function
(X1, K1), (X2, K2),...) = (Y, (K1 x Ko x ...), Y = [[2, Xi, is ([2,K2,..],65)-
computable.

By Theorem [£5] from (X1, Xs,...) we can compute Y = X3 x Xy X .... It remains
to show that from x-names (t1,p;), (ta,p2),...) of (X1, K1), (X2, K3),... we can compute
a ky-name of the set K; x Ko x ...CY (which is compact by the classical Tychonoff
theorem [3]), that is, a list of all w € dom(v%) such that K3 x Ky x ...CJvE(w). It
suffices to find a Type-2 machine which halts on input (((t1,p1), (t2, p2),...), w) such that
(ti,pi) € dom(x®) and w € dom(vE), iff Ky x Ky x ... CJvE (w).

Suppose, (t;, p;) € dom(k?) for i € N and w € dom(¥%). From w we can compute some
n and words vy, . . ., v, such that v (w) = {vy (v1),...,vy(v,)}. Forevery 1 < j < n we can
compute some m; and words u;1, . .., Ujp, such that vy (vj) = vi(uj1) X ... x Vi, (ujmj) X
Xmj+1 X ... Let m:=max{m; | 1 <j <n}. Then with Formula (4.4)

=
=
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vy (vj) = U {yl(uﬂ) X oo X Uy (Ujm, ) X
V41 (Wjm 1) X+ oo X U (Ujmn) X Xy X ...
| wjmj+1 € dom(Vi11), .. Ujm € dom(ym)}
— U {y,’n( U1, U)o U )y Ugim 1) - - )y Ugm)
| wjmj+1 € dom(vim11), - .. Ujm € dom(ym)} X X1 X ...

From w a list p" € X of all (... (u;1,uj2) - .., Ujm;), Ujm;+1) - - -); Ujm) such that 1 <
J <mnand ujm; 41 € dom(Vp,41), - - - Ujm € dom(vyy,) can be computed.

Then
U @) = @) [0 <0} x Xa x ...
hence

K, xKgx...gUy$—(w) — K xKgx...megU{V;l(w’)]w'<<p’}

By (@) of this theorem, from m and x“-names of (X1, K1), ..., (X, K;n) we can compute
a kxs-name ¢’ of Ky x ... x K,, (see Definition 3] and Formula (£4])), which is a list of all
v € dom((v/),)®) such that

Ky x...x K, C U(uﬁn)fs(v)
Since K x ... x K, is compact, finitely many v/, (u) with u < p’ suffice to cover it.
Therefore, K1 x Ky x ... C|JvS (w), iff there are u; < p/, ..., u < p’ such that K; x Ky x
QY (u) UL U, (ug), i there are uy < pf, ... ug < p/ such that v i= o(ug) ... o(ug) <
q’. There is a Type 2 machine M that halts on input (p/,¢’), iff there are words u; <
P, ..., ur < p' such that the word v := t(uy)...c(ug) < ¢

Let N be a machine which from a [k®)N-name ((¢1,p1), (t2, p2),...) of

(X1, K1), (X2, K3),...) and w € dom (1) first computes m and p/, then ¢’ and then applies
far to (', q"). This computation halts iff K1 x Ko x ... CJ v (w). O

Theorems [5.1] and [5.4] can be combined as follows.
Corollary 5.5. Theorem [5.4] holds accordingly if k2 is replaced by R2.

~A
Proof. By Theorem [5.1] the Cartesian products of sets are computable w.r.t. ¢ . By
Theorem [5.4] the Cartesian products of compact sets are computable w.r.t. k2. Therefore,

~A ~A ~
they are computable w.r.t. )~ A x®. By Lemma BB, v A k> = &2 ]

If X =(X,7,8,v) = A(r,s), then r supplies information about dom(v) and s supplies
information about intersection on the base 8 of the effective topological space.

We observe that the functions I1P2, IIP* and IIP> from Theorem on points and
their inverses are computable w.r.t. the multi-representation §. If (X,z) € §(p) then
the information about dom(r) contained in p € dom(d) is already sufficient to perform
the computations. No additional information from A-names about intersection of base
elements is needed. The corresponding remark holds for the functions I1%?, II** and II5>°
from Theorem [B.1] on sets. However, for computing the products I1¢2, II¢t and II¢>® of
compact sets the intersection information of the spaces is used.
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In Corollaries [5.6]{5.8]let X1, X5 be fixed computable topological spaces and let (X1, Xa, . .

be a (v, A)-computable sequence of (computable) topological spaces. As a special case of
Theorem B for fixed computable spaces we obtain:
Corollary 5.6. For subsets B;CX; the following holds.

(1) The function (By, Bg) — By X Bsg is ([@Xl7%)(2]7%)(1XXQ))-computable.
(2) For everyn >1 let 11,,(By,...,By) = By X ... X By.
There is a computable function f such that for every n > 1, g — f(0",q) realizes 11,

wort ([, Ux, ] %, < xx,)-
(3) The function (B, Ba,...) +— (B1 X By x ...)

— s ([@Xl,ﬁxz,...],ixlxxz X ...)-computable.

The next corollary is the special case of Theorems [£.4] and for fixed computable
topological spaces.

Corollary 5.7. For points x;CX; the following holds.
(1) [5X175X2] = 5X1 xXag -

(2) For every n > 1 let id, : (21,...,24) — (21,...,2,) . Then there are computable
functions f,g such that for everyn > 1,
- g f(0", q) realizes idy, w.r.t ([0x,,-..,0%,],0%,x..xX,) and
- q+— g(0",q) realizes idy, w.r.t (0%, x.. xXpns [0Xys---50X,,])-

(3) [0x1,0%s:-- ] = 0xyxXox...

For the weak multi-representations xx of compact sets we obtain from Theorem [(.4]
and Corollary

Corollary 5.8. For compact subsets K;CX; the following holds.

(1) The function (K1, Ko) — K1 x Ky is ([kx,, kX,], KX, xX,)) -computable.

(2) For everyn > 1 let 11, (K1,...,K,) = (K1 x...x K,,) . There is a computable function
f such that for everyn > 1,

g+ f(0",q) realizes I1,, w.r.t ([KxXy,---, KX, ], KXy x...xX,,)-
(3) The function (K1, Ks,...) — (K1 X K3 X ...)
is ([KXy, KXyy -« s KXy xXy X - - .)-computable.

All of this holds accordingly for the strong multi-representations kx by minimal covers.

A last sequence of even less uniform results is obtained from the fact that computable
functions map computable points to computable points. For example by Corollary [B.8] if
K is kx,-computable and K3 is kx,-computable then K; X K3 is kx, xx,-computable. We
do not list all the other obvious consequences of this kind.
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