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ABSTRACT. Partial synchrony is a model of computation in many distributed algorithms
and modern blockchains. These algorithms are typically parameterized in the number of
participants, and their correctness requires the existence of bounds on message delays and
on the relative speed of processes after reaching Global Stabilization Time (GST). These
characteristics make partially synchronous algorithms both parameterized and parametric,
which render automated verification of partially synchronous algorithms challenging. In
this paper, we present a case study on formal verification of both safety and liveness of the
Chandra and Toueg failure detector that is based on partial synchrony. To this end, we
first introduce and formalize the class of symmetric point-to-point algorithms that contains
the failure detector. Second, we show that these symmetric point-to-point algorithms
have a cutoff, and the cutoff results hold in three models of computation: synchrony,
asynchrony, and partial synchrony. As a result, one can verify them by model checking
small instances, but the verification problem stays parametric in time. Next, we specify
the failure detector and the partial synchrony assumptions in three frameworks: TLA™,
IVy, and counter automata. Importantly, we tune our modeling to use the strength of
each method: (1) We are using counters to encode message buffers with counter automata,
(2) we are using first-order relations to encode message buffers in IVy, and (3) we are using
both approaches in TLAY. By running the tools for TLA* (TLC and APALACHE) and
counter automata (FAST), we demonstrate safety for fixed time bounds. This helped us to
find the inductive invariants for fixed parameters, which we used as a starting point for the
proofs with IVy. By running IVy, we prove safety for arbitrary time bounds. Moreover, we
show how to verify liveness of the failure detector by reducing the verification problem to
safety verification. Thus, both properties are verified by developing inductive invariants
with IVy. We conjecture that correctness of other partially synchronous algorithms may be
proven by following the presented methodology.
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1. INTRODUCTION

Distributed algorithms play a crucial role in modern infrastructure, but they are notoriously
difficult to understand and to get right. Network topologies, message delays, faulty processes,
the relative speed of processes, and fairness conditions might lead to behaviors that were
neither intended nor anticipated by algorithm designers. To be able to make meaningful
statements about correctness, many specification and verification techniques for distributed
algorithms [Lam02, LT88, MP20, DWZ20] have been developed.

Verification techniques for distributed algorithms usually focus on two models of compu-
tation: synchrony [SKWZ19] and asynchrony [KLVW17a, KLVW17b]. Synchrony is hard to
implement in real systems, while many basic problems in fault-tolerant distributed computing
are unsolvable in asynchrony.

Partial synchrony lies between synchrony and asynchrony, and escapes their shortcom-
ings. To guarantee liveness properties, proof-of-stake blockchains [BKM18, YMR*19] and
distributed algorithms [CT96, BCG20] assume time constraints under partial synchrony.
That is the existence of bounds A on message delay, and ® on the relative speed of processes
after some time point. This combination makes partially synchronous algorithms parametric
in time bounds. While partial synchrony is important for system designers, it is challenging
for verification.

We thus investigate verification of distributed algorithms under partial synchrony, and
start with the specific class of failure detectors: the Chandra and Toueg failure detec-
tor [CT96]. This is a well-known algorithm under partial synchrony that provides a service
to solve many problems in fault-tolerant distributed computing.

Contributions. In this paper, we do formal verification of both safety and liveness of the
Chandra and Toueg failure detector in case of unknown bounds A and ®. In this case, both
A and ® are arbitrary, and the constraints on message delay and the relative speeds hold in
every execution from the start.

(1) We introduce and formalize the class of symmetric point-to-point algorithms that contains
the failure detector.

(2) We prove that the symmetric point-to-point algorithms have a cutoff, and the cutoff
properties hold in three models of computation: synchrony, asyncrony, and partial
synchrony. In a nutshell, a cutoff for a parameterized algorithm A and a property
¢ is a number k such that ¢ holds for every instance of A if and only if ¢ holds for
instances with k& processes [EN95, BJK15]. Our cutoff results with k£ = 2 were presented
in [TKW20, TKW21]. Hence, we verify the Chandra and Toueg failure detector under
partial synchrony by checking instances with two processes.

(3) We introduce encoding techniques to efficiently specify the failure detector based on our
cutoff results. These techniques can tune our modeling to use the strength of the tools:
FAST [BFLP08], Ivy [MP20], and model checkers for TLA™ [YML99, KKT19].

(4) We demonstrate how to reduce the liveness properties Eventually Strong Accuracy, and
Strong Completeness to safety properties.

(5) We check the safety property Strong Accuracy, and the mentioned liveness properties
on instances with fixed parameters by using FAST, and model checkers for TLA™.

(6) To verify cases of arbitrary bounds A and ®, we find and prove inductive invariants of the
failure detector with the interactive theorem prover Ivy. We reduce the liveness properties
to safety properties by applying the mentioned techniques. While our specifications are
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Algorithm 1 The eventually perfect failure detector algorithm in [CT96]

1: Fvery process p € 1..N executes the following:

2: for all ¢ € 1..N do > Initalization step
3 timeout [p, q] := default-value

4 suspected [p, q] := L

5: Send “alive” to all ¢ € 1..N > Task 1: repeat periodically
6: for all ¢ € 1..N do > Task 2: repeat periodically
7 if suspected [p, q] = L and not hear ¢ during last timeout [p, q] ticks then

8 suspected [p, q] :==T

9: if suspected [p, q] then > Task 3: when receive “alive” from ¢

10: timeout [p, q] := timeout [p, q] + 1
11: suspected [p, q] :== L

not in the decidable theories that Ivy supports, Ivy requires no additional user assistance
to prove most of our inductive invariants.

Structure. In Section 2, we discusses challenges in verification of the Chandra and Toueg
failure detector. In Section 3, we introduce the class of symmetric point-to-point algorithms,
and present how to formalize this class. Our cutoff results in the asynchronous model are
presented in Section 4, and the detailed proofs are provided in Section 5. We extend the
cutoff results for partial synchrony in Section 6. Our encoding technique to efficiently specify
the failure detector is presented in Section 7. In Section 8, we present how to reduce the
mentioned liveness properties to safety ones. Experiments for small A and ® are described
in Section 9. Ivy proofs for parametric A and ® are discussed in Section 10. Finally, we
discuss related work in Section 11.

2. CHALLENGES IN VERIFICATION OF FAILURE DETECTORS

The Chandra and Toueg failure detector [CT96] can be seen as an oracle to get information
about crash failures in the distributed system. The failure detector usually guarantees some
of the following properties [CT96] (numbers 1..N denote the process identifiers):

e Strong Accuracy: No process is suspected before it crashes.
G(Vp,q € 1..N: (Correct(p) N\ Correct(q)) = —Suspected(p, q))
e Eventual Strong Accuracy: There is a time after which correct processes are not suspected
by any correct process.
FG(Vp,q € 1..N: (Correct(p) A Correct(q)) = —Suspected(p, q))
e Strong Completeness: Eventually every crashed process is permanently suspected by every

correct process.
FG(Vp,q € 1..N: (Correct(p) A = Correct(q)) = Suspected(p, q))

where F and G are temporal operators in linear temporal logic (LTL) [Pnu77] !, predicate
Suspect(p, q) refers to whether process p suspects process ¢ to have crashed, and predicate
Correct(p) refers to whether process p is correct. Given an execution trace, process p is

LA brief introduction of LTL is provided in Appendix A.
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correct if Correct(p) is true for every time point 2. However, a process might crash later (and
not recover). Given an execution trace, if process ¢ crashes at time ¢, predicate Correct(q)
is evaluated to false from time t. Predicate Suspected(p, q) corresponds to the variable
suspected in Algorithm 1, and depends on the variable timeout[p, q] and the waiting time of
process p for process gq.

Algorithm 1 presents the pseudo code of the failure detector of [CT96]. A system instance
has N processes that communicate with each other by sending-to-all and receiving messages
through unbounded N? point-to-point communication channels. A process performs local
computation based on received messages (we assume that a process also receives the messages
that it sends to itself). In one system step, all processes may take up to one step. Locally
in each step, a process can only make a step in at most one of the locally concurrent
tasks. Some processes may crash, i.e., stop operating. Correct processes follow Algorithm 1
to detect crashes in the system. Initially, every correct process sets a default value for
a timeout of each other (Line 3), i.e., how long it should wait for others, and assumes
that no processes have crashed (Line 4). Symbols L and T refer to truth values false and
true, respectively. Every correct process p has three tasks: (i) repeatedly sends an “alive”
message to all processes (Line 5), and (ii) repeatedly produces predictions about crashes
of other processes based on timeouts (Line 6), and (iii) increases a timeout for process ¢
if p has learned that its suspicion on ¢ is wrong (Line 9). Notice that process p raises
suspicion on the operation of process ¢ (Line 6) by considering only information related to
q: timeout [p, ql, suspected [p, q], and messages that p has received from ¢ recently.

Algorithm 1 does not satisfy Eventually Strong Accuracy under asynchrony since there
exists no bound on message delay, and messages sent by correct processes might always
arrive after the timeout expired. Liveness of the failure detector is based on the existence of
bounds A on the message delay, and ® on the relative speed of processes after reaching the
Global Stabilization Time (GST) at some time point Ty [CT96].> There are many models
of partial synchrony [DLS88, CT96]. In this paper, we focus only on the case of unknown
bounds A and ® because other models might call for abstractions which are out of scope of
this paper. In our case, Ty = 1, and both parameters A and ® are arbitrary. Moreover, the
following constraints hold in every execution:

(TC1) If message m is placed in the message buffer from process ¢ to process p by some
operation Send(m,p) at a time s; > 1, and if process p executes an operation
Receive(p) at a time sp with so > s1 + A, then message m must be delivered to p at
time sy or earlier.

(TC2) In every contiguous time interval [t, ¢ + ®] with ¢ > 1, every correct process must
take at least one step.

These constraints make the failure detector parametric in A and .
Moreover, Algorithm 1 is parameterized by the number of processes and by the initial
value of the timeout. If a default value of the timeout is too small, there exists a case in

2We deviate from the original definition in [CTY6], as it allows us to describe global states at specific
times, without reasoning about potential crashes that happen in the future. Actually, our modeling captures
more closely the failure patterns from [CT96]. Regarding the failure detector properties, the strong accuracy
property is equivalent to the one in [CT96]. The other two properties have the form F G(...), where we may
consider satisfaction only at times after the last process has crashed and thus our crashed predicates coincide
with the ones in [CT96].

3A time Ty is called the Global Stabilization Time (GST) if A or ® holds in [To, ).
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which sent messages are delivered after the timeout expired. This behavior violates Strong

Accuracy.
As a result, verification of the failure detector faces the following challenges:

(1) Its model of computation lies between synchrony and asynchrony since multiple processes
can take a step in a global step.

(2) The failure detector is parameterized by the number of processes. Hence, we need to
verify infinitely many instances of algorithms.

(3) The initial value of the timeout is an additional parameter in Algorithm 1.

(4) The failure detector relies on a global clock and local clocks. A straightforward encoding
of a clock with an integer would produce an infinite state space.

(5) The algorithm is parametric by time bounds A and ®.

(6) Eventually Strong Accuracy and Strong Completeness are liveness properties.

3. MODEL OF COMPUTATION

In this section, we introduce the class of symmetric point-to-point algorithms, and present
how to formalize such algorithms as transition systems. Since every process follows the
same algorithm, we first define a process template that captures the process behavior in
Section 3.1. Every process is an instance of the process template.

In Section 3.2, we present the formalization of the global system. This formalization is
adapted with the time constraints under partial synchrony in Section 3.3, and our analysis
is for the model under partial synchrony.

Intuitively, a global system is a composition of N processes, N? point-to-point outgoing
message buffers, and N control components that capture what processes can take a step.
Every process is identified with a unique index in 1..N, and follows the same deterministic
algorithm. Moreover, a global system allows: (i) multiple processes to take (at most) one
step in one global step, and (ii) some processes to crash. Every process may execute three
kinds of transitions: internal, round, and stuttering. Notice that in one global step, some
processes may send a message to all, and some may receive messages and do computation.
Hence, we need to decide which processes move, and what happens to the message buffers.
We introduce four sub-rounds: Schedule, Send, Receive, and Computation. The transitions
for these sub-rounds are called internal ones. A global round transition is a composition
of four internal transitions. We formalize sub-rounds and global steps later. As a result of
modeling, there exists an arbitrary sequence of global configurations which is not accepted
in asynchrony. So, we define so-called admissible sequences of global configurations under
asynchrony.

Recall that the network topology of algorithms in the symmetric point-to-point class
contains N2 point-to-point message buffers. Every transposition on a set of process indexes
preserves the network topology. Importantly, every transposition on process indexes also
preserves the structures of both the process template and the global transition system. It
implies that both the process template and the global transition system are symmetric.

3.1. The Process Template. We fix a set of process indexes as 1..N. Moreover, we assume
that the message content does not have indexes of its receiver and sender. We let Msg denote
a set of potential messages, and Set(Msg) denote the set of sets of messages.
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We model a process template as a transition system Uy = (Qn, Trn, Rely, ¢%) where
Qn = Loc x Set(Msg) X ... x Set(Msg) xD x ... x D
—_——

N times N times

is a set of template states 4, Try is a set of template transitions, Rely C Qn X Try X Qn
is a template transition relation, and qR, € @n is an initial state. These components of Uy
are defined as follows.

States. A template state p is a tuple (¢,51,...,Sn,d1,...,dy) where:

e [ € Loc refers to the value of a program counter that ranges over a set Loc of locations.
We assume that Loc = Locgpg U Locyey U Loccomp U {Lerash }, and three sets Locgng, Locyey,
Loc comp are disjoint, and €., is a special location of crashes. To access the program
counter, we use a function pc: Qn — Loc that takes a template state at its input, and
produces its program counter as the output. Let p(k) denote the £ component in a
template state p. For every p € Qu, we have pc(p) = p(1) .

e S, € Set(Msg) refers to a set of messages. It is to store the messages received from a
process p; for every i € 1..N. To access a set of received messages from a particular
process whose index is in 1..N, we use a function rcvd: Qn x 1..N — Set(Msg) that takes
a template state p and a process index i at its input, and produces the (i +1)* component
of p at the output, i.e. for every p € Qn, we have rcvd(p, i) = p(1+1) .

e d; € D refers to a local variable related to a process p; for every ¢ € 1..N. To access
a local variable related to a particular process whose index in 1..N, we use a function
lvar: Qn x 1..N — D that takes a template state p and a process index ¢ at its input, and
produces the (1 + N + 4)® component of p as the output, i.e. lvar(p,i) = p(1+ N + i)
for every p € @Qn. For example, for every process p in Algorithm 1, variable d; of process
p refers to a tuple of the two variables timeout[p, i] and suspect[p, i].

Initial state. The initial state ¢% is a tuple ¢% = (¢o,0,...,0, do, ..., dy) where £ is a
location, every box for received messages is empty, and every local variable is assigned a
constant dy € D.

Transitions. We define Try = CSnd U CRcv U {comp, crash, stutter} where

e (CSnd is a set of transitions. Every transition in CSnd refers to a task that does some
internal computation, and sends a message to all. For example, in task 1 in Algorithm 1, a
process increases its local clock, and performs an instruction to send “alive” to all. We let
csnd(m) denote a transition referring to a task with an action to send a message m € Msg
to all.

e (CRcv is a set of transitions. Every transition in CRcv refers to a task that receives N sets
of messages, and does some internal computation. For example, in task 2 in Algorithm 1, a
process increases its local clock, receives messages, and removes false-negative predictions.
We let crcv(Sy,...,Sy) denote a transition referring to a task with an action to receive
sets S1,..., Sy of messages. These sets Sy, ..., Sy are delivered by the global system.

e comp is a transition which refers to a task with purely local computation. In other words,
this task has neither send actions nor receive actions.

e crash is a transition for crashes.

4We denote S; X ... X Sm by a set {(s1,...,5m) | Aj<ic.n i € Si} of tuples. The elements of the set Qn
are tuples with 2N + 1 elements.
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e stutter is a transition for stuttering steps.

Transition relation. For two states p,p’ € @y and a transition tr € Try, instead of
(p,tr,p), we write p LN p’. In the model of [DLS88, CT96], each process follows the same

deterministic algorithm. Hence, we assume that for every pg o, po and py I, Py if po = p1
and tro = trq, then it follows that pj = pj. Moreover, we assume that there exist the
following functions which are used to define constraints on the template transition relation:

e A function nextLoc: Loc — Loc takes a location at its input and produces the next location
as the output.

e A function genMsg: Loc — Set(Msg) takes a location at its input, and produces a singleton
set that contains the message that is sent to all processes in the current task. The output
can be an empty set. For example, if a process is performing a Receive task, the output of
genMsg is an empty set.

e A function nextVal: Loc x Set(Msg) x D — D takes a location, a set of messages, and a
local variable’s value, and produces a new value of a local variable as the output.

Let us fix functions nextLoc, genMsg and nextVal. We define the template transitions as
follows.

d
(1) For every message m € Msg, for every pair of states p,p’ € Qn, we have p M P if

and only if

(a) pc(p) € Locsna A pe(p') = nextLoc(pe(p)) A{m} = genMsg(pc(p))
(b) Vi € 1..N: revd(p, i) = revd(p', 1)

(¢) Vi € 1..N: lar(p', i) = nextVal(pc(p), 0, lar(p, i))

Constraint (a) implies that the update of a program counter and the construction
of a sent message m depend on only the current value of a program counter, and a
process sends only m to all in this step. For example, process p in Algorithm 1 sends
only message “alive” in Task 1. Constraint (b) refers to that no message was delivered.
Constraint (c) implies that the value of lvar(p’, i) depends only on the current location
and the value of lvar(p,i). The empty set in Constraint (c) means that no messages
have been delivered.

(2) For arbitrary sets of messages S, ..., Sy C Msg, for every pair of states p,p’ € Qn, we
S1,ee055,
have p M o' if and only if the following constraints hold:

(a) pe(p) € Locyey N pe(p') = nextLoc(pe(p)) A = genMsg(pe(p))
(b) Vi € 1..N: revd(p', i) = revd(p, i) U S;
(¢) Vi € 1..N: ar(p', i) = nextVal(pc(p)), Si, war(p, 7))
Constraint (a) in crev is similar to constraint (a) in csnd, except that no message is sent in
this sub-round. Constraint (b) refers that messages in a set S; are from a process indexed
i, and have been delivered in this step. For example, in Algorithm 1 Constraint (b)
implies that rcvd(p, i) C {“alive”} for every template state p and every index 1 < i < N.
After the first “alive” message was received, the value of rcvd(p, i) is unchanged. This
does not raise any issues in our analysis as Line 7 in Algorithm 1 considers only how
long process p has waited for a new message from process ¢q. Constraint (c¢) in crev
implies that the value of lvar(p’, i) depends on only the current location, the set S; of
messages that have been delivered, and the value of lvar(p, 7).

(3) For every pair of states p,p’ € Qn, we have p RN P’ if and only if the following
constraints hold:
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(a) pc(p) € Loceomp N pe(p') = nextLoc(pe(p)) A0 = genMsg(pc(p))

(b) Vi € 1..N: revd(p', i) = revd(p, 1)

(c) Vi € 1..N: War(p', i) = nextVal(pc(p), D, lar(p, i))
Hence, this step has only local computation. No message is sent or delivered.

(4) For every pair of states p,p’ € Qn, we have p crash, P’ if and only if the following
constraints hold:
(a) pC(P) 7& Ecmsh A pC(,OI) = Ecmsh
(b) Vi € 1..N: revd(p, i) = revd(p', i) A lvar(p, i) = lar(p/, i)
Only the program counter is updated by switching to £ qsh-

stutter

5) For every pair of states p,p’ € Qn, we have p —— p’ if and only if p = p'.
P, p p p p=p

3.2. Modeling the Global Distributed Systems. We now present the formalization of
the global system. In this model, multiple processes might take a step in a global step.
This characteristic allows us to extend this model with partial synchrony constraints that
are formalized in Section 3.3. To capture the semantics of asynchrony, we simply need a
constraint that only one process can take a step in a global step [AW04]. This constraint is
formalized in the end of this subsection.

Given N processes which are instantiated from the same process template Uy =
(Qn, Try, Reln, q%), the global system is a composition of (i) these processes, and (ii) N?
point-to-point buffers for in-transit messages, and (iii) N control components that capture
what processes can take a step. We formalize the global system as a transition system
gy = (CN, Try, RN,gR,) where
o Cyv = (Qn)"N x Set(Msg)V'V x Bool! is a set of global configurations,

e Try is a set of global internal, round, and stuttering transitions,
e Ry CCy x Try x Cp is a global transition relation, and
) g]% is an initial configuration.

These components are defined as follows.

Configurations. A global configuration k is defined as a following tuple
K= (ql,...,qN,Sll,Sf...,SST,...S]]\}f,actl,...,actN)
where:

e ¢; € Qn: This component is a state of a process p; for every i € 1..N. To access a local
state of a particular process, we use a function Istate: Cny x 1..N — @Qn that takes input as
a global configuration s and a process index 4, and produces output as the i component
of x which is a state of a process p;. Let (i) denote the i?* component of a global
configuration k. For every i € 1..N, we have Istate(k,i) = k(i) = ¢;.

e ST € Set(Msg): This component is a set of in-transit messages from a process ps to
a process p, for every s,r € 1..N. To access a set of in-transit messages between two
processes, we use a function buf: Cy x 1..N x1..N — Set(Msg) that takes input as a global
configuration «, and two process indexes s, 7, and produces output as the (s- N + 7)™
component of x which is a message buffer from a process ps (sender) to a process p,
(receiver). Formally, we have buf(k,s,r) = k(s- N +r) = S! for every s,r € 1..N.

e act; € Bool: This component says whether a process p; can take one step in a global step for
every i € 1..N. To access a control component, we use a function active: Cy x1..N — Bool
that takes input as a configuration x and a process index i, and produces output as the
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((N +1)- N + i)™ component of x which refers to whether a process p; can take a step.
Formally, we have active(r,i) = k((N +1)- N + i) for every 7 € 1..N. The environment
sets the values of acty, ..., acty in the sub-round Schedule defined later.

We will write x € (Qn)" x Set(Msg)V " x Bool® or k € Cy.

Initial configuration. The global system Gy has one initial configuration gg,, and it must
satisfy the following constraints:

(1) Vi € 1..N: —active(g%, i) A lstate(g%, i) = q%

(2) Vs, 7 € 1.N: buf (g%, s,7) =0

Global stuttering transition. We extend the relation ~» with stuttering: for every
configuration s, we allow x ~ k. The stuttering transition is necessary in the proof of
Lemma 4.13 presented in Section 4.

Global internal transitions. In the model of [DLS88, CT96], many processes can take a
step in a global step. We assume that a computation of the distributed system is organized
in rounds, i.e. global ticks, and every round is organized as four sub-rounds called Schedule,
Send, Receive, and Computation. To model that as a transition system, for every sub-round

we define a corresponding transition: Sched, for the sub-round Schedule, 524 for the sub-

. cC .
round Send, RV, for the sub-round Receive, =, for the sub-round Comp. These transitions
are called global internal transitions. We define the semantics of these sub-rounds as follows.

(1) Sub-round Schedule. The environment starts with a global configuration where every
process is inactive, and move to another by non-deterministically deciding what processes
become crashed, and what processes take a step in the current global step. Every correct
process takes a stuttering step, and every faulty process is inactive. If a process p is

crashed in this sub-round, every incoming message buffer to p is set to the empty set.

Formally, for x,x’ € Cy, we have k Sched, 7 if the following constraints hold:

) Vi € 1..N: —active(k, i)

crash

(a
(b) Vi € 1..N: Istate(r, i) 22 Istate(r', i) V Istate(r, i) <22 Istate(r, i)
(c) Vi € 1..N: pc(lstate(r', 1)) = Lepash, = —active(k', 1)
(d) Vs, r € L.N: pe(lstate(r’, 7)) # Lorash = buf (ys,7) = buf (k" 5,7)
(e) Vr € 1.N: pc(lstate(k', 1)) = lerash, = (Vs € 1.N: buf (K, s, 1) = 0)
We let predicate Enabled(k, i, L) denote whether process i whose location at the
configuration x is in L takes a step from k. Formally, we have

Enabled(k,i, L) = active(k, i) A pc(lstate(k,i)) € L

Predicate Enabled is used in the definitions of other sub-rounds.

(2) Sub-round Send. Only processes that perform send actions can take a step in this
sub-round. Such processes become inactive at the end of this sub-round. Fresh sent
messages are added to corresponding message buffers. To define the semantics of the
sub-round Send, we use the following predicates:

Frozeng(rk,K',i) 2 lIstate(k, 1) stutter, Istate(k', %)
A active(k, i) = active(k', 1)

ANT € 1.N: buf (k,4,7) = buf (v, i, 7)
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Sending(k,K',i,m) =  Vr € 1.N: m ¢ buf (k,i,r)
AVr € 1.N: buf (k',i,7) = {m} U buf (k, i, 7)

csnd (m)

A lstate(k, i) ——— Istate(r’, )

Formally, for x,x’ € Cy, we have k 5ndy 4! if the following constraints hold:
(a) Vi € 1..N: =Enabled(k, i, Locs,q) < Frozeng(k, ', 1)
(b) Vi € 1..N: Enabled(k, i, Locg,q) < Im € Msg: Sending(k, k', i, m)
(c) Vi € 1..N: Enabled(k, i, Locs,q) = —active(r', 1)

The semantics of the Send sub-round forces that the Send primitive is atomic.

(3) Sub-round Receive. Only processes that perform receive actions can take a step in
this sub-round. Such processes become inactive at the end of this sub-round. Sets of
delivered messages that may be empty are removed from corresponding message buffers.
To define the semantics of this sub-round, we use the following predicates:

N .\ Stutter

Frozeng(k, k', 1) Istate(k, i) —— Istate(k’, 1)

A active(k, i) = active(r', 1)

AVs € 1.N: buf (k,s,1) = buf (k' s, 1)
Receiving(k,k',i,81,...,85) 2 Vs € 1.N: Ss N buf(x',5,4) =0

AVs € 1..N: buf (', 5,4) U Ss = buf (k, s,1)

. S1,00,8
A lstate(k, i) erov(S1y5n),

Istate (k' i)
Formally, for x,x’ € Cy, we have k ROV, k! if the following constraints hold:
(a) Vi € 1..N: =~Enabled(k, i, Loc,) < Frozeng(k, k', i)
(b) Viel.N: Enabled(r,i, Locycy)
< 38,..., Sy CVMsg: Receiving(k,x',4,51,...,Sn)
(c) Vi € 1..N: Enabled(k, i, Locye,) = —active(k’, 1)
(4) Sub-round Computation. Only processes that perform internal computation actions
can take a step in this sub-round. Such processes become inactive at the end of this

sub-round. Every message buffer is unchanged. Formally, for x,x’ € Cy, we have

ke Pyl if the following constraints hold:

) Vi € 1..N: Enabled(k, i, Loccomp) < Istate(k, 1) L, Istate(K', 0)

stutter

(a
(b) Vi € 1..N: =Enabled(k, i, Loccomp) < lstate(k, i) — Istate(x’, i)
(c) Vs,r € 1.N: buf (k, s, r) = buf (k, s, 1)

(d) Vi € 1..N: Enabled(k, i, Loc comp) = —active(r’, 1)

Remark 3.1. Predicate Sending refers that at most one “alive” message in Algorithm 1 is in
every message buffer. In Section 3.3, we extend our formalization by introducing the notion
of time and by modeling time constraints under partial synchrony. In that formalization,
every “alive” message is tagged with its age, and therefore, the message buffers can have
multiple messages.

Remark 3.2. Observe that the definitions of & 2% , and k Snd, ,and K Bevy ! , and

e P o allow K = K/ , that is stuttering. This captures, e.g., global steps in [DLS88, CT96]
where no process sends a message.
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Global round transitions. Intuitively, every global round transition is induced by a se-

o Sched o Snd o Rcv o Comp
quence of four transitions: a ——— transition, a —» transition, a — transition, and a —

transition. We let ~» denote global round transitions. For every pair of global configurations

Ko, k4 € Cny, we say kg ~ Ky if there exist three global configurations k1, ko, k3 € Cy such

Sched Snd Rcv Comp ..
that kg —— K1 — Ko — K3 — K4. Moreover, global round transitions allow some

processes to crash only in the sub-round Schedule. We call these faults clean crashes. Notice
that correct process ¢ can make at most one global internal transition in every global round
transition since the component act; is false after process i makes a transition.

Admissible sequences. An infinite sequence m = Kgk1 ... of global configurations in Gy
is admissible if the following constraints hold:

(1) ko is the initial state, i.e. ko = g%, and

(2) 7 is stuttering equivalent with an infinite sequence 7’ = k(] ... such that &}, Sched,

/ Snd / Rcv / COlﬂP ’
Kipy1 — Kapyo — Kypys — Kyp g for every k > 0.

Notice that it immediately follows by this definition that if 7 = kgk1 ... is an admissible
sequence of configurations in Gy, then rlj, ~ K}, 44 for every k£ > 0. From now on, we only
consider admissible sequences of global configurations.

Admissible sequences under synchrony. Let m = kgk1 ... be an admissible sequence of
global configurations in Gy. As every correct process makes a transition in every global step

under synchrony[AW04], we say that 7 is under synchrony if every correct process is active

after a sub-round Schedule. Formally, for every transition s Sched, 4/ in 7, the following

constraint holds: Vi € 1..N: pc(lstate(k’, 1)) # Lepash = active(r', 7).

Admissible sequences under asynchrony. Let m = kgk1 ... be an admissible sequence
of global configurations in Gy. As at most one process can make a transition in every global
step under asynchrony[AWO04], we say that 7 is under asynchrony if at most one process

is active after a sub-round Schedule. Formally, for every transition s Sched, & in m, the
following constraint holds: Vi,j € 1..N: active(r’, i) A active(r',j) = i = j.

3.3. Modeling Time Constraints under Partial Synchrony. Time parameters in
partial synchrony only reduce the execution space compared to asynchrony. Hence, we
can formalize the system behaviors under partialy synchrony by extending the above
formalization of the system behaviors with the notion of time, message ages, time constraints,
and admissible sequences of configurations under partial synchrony. They are defined as
follows.

Time. Time is progressing with global round transitions. Formally, let 7 = kgk; ... be an
admissible sequence of global configurations in Gy. We say that the configuration kg is at
time 0, and that four configurations xk4;_3, . .., k4 are at time k for every k > 0.

Recall that in Section 3.2, a global round transition is induced of a sequence of four sub-
rounds: Schedule, Send, Receive, and Computation. In an admissible sequence m = Kgk1 . ..
of global configurations in Gy, for every k& > 0, every sub-sequence of four configurations
Kak_3, .- ., Kap presents one global round transition. Configuration r4;_3 is in sub-round
Schedule, and configuration kg4 is in sub-round Computation for every k£ > 0. So, the notion
of time says that the global round transition k4;_3 ~ k4 happens at time k.
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Message ages. Now we discuss the formalization of message ages. For every sent message
m, the global system tags it with its current age, i.e., (m, age,,). Message ages require that
the type of message buffers needs to be changed to buf: Cy x 1..N x 1..N — Set(Msg x N).

In our formalization, when message m was added to the message buffer in sub-round
Send, its age is 0. Instead of predicate Sending, our formalization now uses the following
predicate Sending’.

Sending'(k,k',i,m) 2 Vr € 1.N: (m,0) ¢ buf(k,i,r)
AVT € 1.N: buf (k',i,7) = {(m,0)} U buf (k, i, )

csnd (m)

A lstate(k, i) —— Istate(x’, i)

Message ages are increased by 1 when the global system takes a Sched, transition.
Formally, for every time k£ > 0, for every process s, € 1..N, the following constraints hold:
(i) For every message (m, age,,) in buf (K4, s, r), there exists a message (m’, age,,/) in
buf (Kax+1, S, ) such that m = m’ and age,,,, = age,, + 1.
(ii) For every message (m’, age,,/) in buf (kqk+1, S, ), there exists a message (m, age,,) in
buf (K4, , ) such that m = m’ and age,,, = age,, + 1.
Constraint (i) ensures that every in-transit message age will be added by one time-unit in
the sub-round Schedule. Constraint (ii) sensures that no new messages will be added in
buf (Kak+1, S, 7). These two constraints are used to replace Constraint (1d) about unchanged
message buffers in the definition of sub-round Schedule in Section 3.2.

Moreover, the age of an in-transit message is unchanged in other sub-rounds. Formally,
for every time k > 0, for every 0 < £ < 3, for every pair of processes s, € 1..IN, for every
message (m, age,,) in buf (kagp_g, s, 7), there exists (m/, age,,/) in buf (k4r_3, s, ) such that
m = m’ and age,, = age,,.

Finally, message ages are not delivered to processes in sub-round Receive. Instead of
predicate Receiving, our formalization now uses the following predicate Receiving’.

Receiving(k,k',i,51,...,5y) 2 Vs € 1.N: S;Nbuf(x',5,4) =0
AVs € 1.N: buf (', s,1) U Ss = buf (k, s, 1)
crev(g(81),-.-,9(Sn))

A lstate(k, i) Istate(K', i)

where function ¢g: Set(Msg x N) — Set(Msg) is to detag message ages in a set S. Formally,
we have two following constraints:

(1) For every (m, agey) € S, it holds m € g(S).

(2) For every m € ¢(5), there exists age,, € N such that (m, agey,) € S.

Partial synchrony constraints. We here focus on the case of unknown bounds. Recall that
Constraints (TC1) and (T'C2) hold in this case. Given an admissible sequence ™ = Kok . ..
of global configurations in Gy, Constraints (TC1) and (TC2) on 7 can be formalized as
follows, respectively:

(PS1) For every process r € 1..N, for every time k > 0, if Enabled(kqg—_2, 7, LoCyey), then
for every process s € 1..N, there exists no message (m, age,,) in buf (kgp—_1,5,7)
such that age,, > A.

(PS2) For every process i € 1..N, for every time interval [k, k + ®], if we have that
pe(lstate(ke, 1)) # Lerash for every configuration index in the interval [4k — 3, 4(k + @)],
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then there exist a configuration index ¢ in [4k — 3,4(k + ®)] and a set L of locations
such that Enabled(ky, 4, L) where L is one of Locgpq, Locrcy, and Loc comp-

Constraint (PS1) requires that if process r takes a step from k4;_9 in the sub-round
Receive, then there exists no in-transit messages (sent to process r) whose ages are at least
A time-units in r4;_1, that is, older messages must have been received before that. In
principle, partial synchrony allows messages to be older than A time-units as long as the
receiver does not take a step after the message reaches age Delta. Consistent to (TC1),
whenever a receiver takes a step after a message is older than A time-units, the reception
step removes it from the buffer. This limitation is to enabled processes. Constraint (PS2)
ensures that for every time interval [k, k + ®] with configurations ryx_3, ..., K4(k1e), for
every process i € 1..N, if process i is correct in this time interval, there exist a configuration
Koy € {Kak—3,..., /<a4(,€+<p)} and a set L of locations such that the location of process i at ry,
is in L and process 4 takes a step from kg, .

Admissible sequences under partial synchrony. Let m = kgk1 ... be an admissible
sequence of global configurations in Gy. We say that 7 is under partial synchrony if
Constraints (PS1) and (PS2) hold in 7. Notice that admissible sequences under partial
synchrony allow multiple processes to make a transition in a time unit.

4. CUTOFF RESULTS IN THE MODEL OF THE GLOBAL DISTRIBUTED SYSTEMS

Let A be a symmetric point—to—point algorithm. In this section, we show cutoff results for
the number of processes in the algorithm A in the unrestricted model. These results are
Theorems 4.1 and 4.2, and the detailed proofs are provided in Section 5. With these cutoff
results, one can verify two properties Strong Completeness and Eventually Strong Accuracy
of the failure detector of [CT96] by model checking two instances of sizes 1 and 2 in case of
synchrony.

Theorem 4.1. Let A be a symmetric point—to—point algorithm under the unrestricted model.
Let G1 and Gy be instances of 1 and N processes respectively for some N > 1. Let Pathy
and Pathy be sets of all admissible sequences of configurations in G and in Gy, respectively.
Let wy be a LTI\X formula in which every predicate takes one of the forms: Py(i) or
Py (i, i) where i is an index in 1..N. Then, it follows that:

(V?TN € Pathy: Gy, TN ): /\ W{z}) = (V?Tl € Pathy: G1,m |: W{l})
i € 1.N

Theorem 4.2. Let A be a symmetric point—to—point algorithm under the unrestricted model.
Let Go and Gy be instances of 2 and N processes respectively for some N > 2. Let Paths
and Pathy be sets of all admissible sequences of configurations in Go and in Gy, respectively.
Let 1y jv be an LTL\X formula in which every predicate takes one of the forms: Py (i), or
Ps(j), or Ps(i,j), or Py(j,i) where i and j are different indexes in 1..N. It follows that:
i#]
(VWN € Pathy : gN,7TN lz /\ ¢{w}) = (V7T2 € Paths: gg,ﬂg |: w{l’g})
ij € 1.N

Since the proof of Theorem 4.1 is similar to the one of Theorem 4.2, we focus on
Theorem 4.2 here. Its proof is based on the symmetric characteristics in the system
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model (the network topology and the three functions nextLoc, genMsg, and nextVal) and
correctness properties, and on the following lemmas.

e Lemma 4.6 says that every transposition on a set of process indexes 1..N preserves the
structure of the process template Uy .

e Lemma 4.7 says that every transposition on a set of process indexes 1..N preserves the
structure of the global transition system Gy for every N > 1.

e Lemma 4.13 says that Gy and Gy are trace equivalent under a set AP{l,z} of predicates
that take one of the forms: P;(7), or Pa(j), or P3(i,j), or Py(j,1).

In the following, we present definitions and constructions to prove these lemmas.

4.1. Index Transpositions and Symmetric Point-to-point Systems. We first recall
the definition of transposition. Given a set 1..N of indexes, we call a bijection a: 1..N — 1..N
a transposition between two indexes i,j € 1..N if the following properties hold: «(i) = 7,
and a(j) =i, and Vk € 1L.N: (kK # i Nk # j) = a(k) = k. We let (i <> j) denote a
transposition between two indexes 7 and j.

The application of a transposition to a template state is given in Definition 4.3. Informally,
applying a transposition a = (i <> j) to a template state p generates a new template state
by switching only the evaluation of rcvd and lvar at indexes 7 and j. The application of a
transposition to a global configuration is provided in Definition 4.4. In addition to process
configurations, we need to change message buffers and control components. We override
notation by writing ag(p) and ac(k) to refer the application of a transposition « to a state
p and to a configuration k, respectively. These functions ag and a¢ are named a local
transposition and a global transposition, respectively.

Definition 4.3 (Local Transposition). Let Uy be a process template with process in-
dexes 1..N, and p = (¢, 51,...,5n,d1,...,dy) be a state in Uy. Let a« = (i <> j) be a
transposition on 1..N. The application of « to p, denoted as ag(p), generates a tuple
(0, 8,...,8y,di,...,dy) such that

(1) £=/,and S; = Sj(, and S; = S5/, and d; = dj’- and d; = d/, and

(2) VE e ILLN: (k#iNk#j)= (Sp =S, Nd = dJ)

Definition 4.4 (Global Transposition). Let Gy be a global system with process indexes
1..N, and & be a configuration in Gy. Let a = (i <> j) be a transposition on 1..N. The
application of a to k, denoted as a¢(k), generates a configuration in Gy which satisfies
following properties:

(1) Vi € 1..N : Istate(ac(k), a(i)) = ag(lstate(k, 1)).

(2) Vs,r € 1..N: buf (ag(k), a(s),a(r)) = buf (k, s, r)

(3) Vi € 1..N: active(ac(k),a(i)) = active(k, i)

Since the content of every message in Msg does not have indexes of the receiver and
sender, no transposition affects the messages. We define the application of a transposition to
one of send, compute, crash, and stutter template transitions return the same transition. We
extend the application of a transposition to a receive template transition as in Definition 4.5.

Definition 4.5 (Receive-transition Transposition). Let Uy be a process template with
indexes 1..N, and a = (i <> j) be a transposition on 1..N. Let crcv(S1,...,Sn) be a
transition in Uy which refers to a task with a receive action. We let ag(crcv(Si,...,Sn))
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denote the application of «a to crcv(Sy, ..., Sy), and this application returns a new transition
crev(Sy, ..., Sy) in Uy such that:

(1) S; =8}, and S; = S/, and

(2) Vk e 1LLN: (k#iNk#j)= (Sp =S, Nd = dJ,)

We let ay(Un) and ag(Gy) denote the application of a transposition a to a process
template Uy and a global transition system Gy, respectively. Since these definitions are
straightforward, we skip them in this chapter. We prove later that ag(Uy) = Uy and
ac(Gn) = Gn (see Lemmas 4.6 and 4.7).

Lemma 4.6 (Symmetric Process Template). Let Uy = (Qn, Trn, Reln, q?v) be a process
template with indexes 1..N. Let o = (i > j) be a transposition on 1..N, and ag be a local
transposition based on « (from Definition 4.3). The following properties hold:

(1) agq is a bijection from Qn to itself.
(2) The initial state is preserved under ag, i.e. ag(q%) = q%-
(3) Let p,p’ € Uy be states such that p p' for some sets of messages Si,...,Sy

S1yeeesS,
in Set(Msg). It follows ag(p) anleres(5,5n)) ag(p).
(4) Let p,p’ be states in Uy, and tr € Try be one of send, local computation, crash and

crev (S1,..,SN)
—_—

stutter transitions such that p 2 p'. Then, ag(p) = ag(p).

Lemma 4.7 (Symmetric Global System). Let Gy = (CN, Trn, Ry, g%,) be a global transition

system. Let o be a transposition on 1..N, and acc be a global transposition based on o (from

Definition 4.4). The following properties hold:

(1) ac¢ is a bijection from Cy to itself.

(2) The initial configuration is preserved under ac, i.e. ac(gy) = g%.

(3) Let k and K’ be configurations in Gy, and tr € Try be either a internal transition such
that k > K. It follows ac(k) LN ac(K).

(4) Let k and k' be configurations in Gn. If k ~ k', then ag(k) ~ ac(K).

4.2. Trace Equivalence of G; and Gy under AP{LQ}- Let Go and Gy be two global
transition systems whose processes follow the same symmetric point—to—point algorithm. In
the following, our goal is to prove Lemma 4.13 that says G and Gy are trace equivalent under
a set APy 9y of predicates which take one of the forms: Q1(1), Q2(2), @3(1,2), or Q4(2,1).
To do that, we first present two construction techniques: Construction 4.8 to construct a
state in Us from a state in Uy, and Construction 4.9 to construct a global configuration in
Gy from a given global configuration in Gy. Second, we define trace equivalence under a
set APy 9y of predicates in which every predicate takes one of the forms: P (i), or Pa(j),
or P3(i,7), or Py4(j,). Our definition of trace equivalence under APy, o) is extended from
the definition of trace equivalence in [Hoa80]. Next, we present two Lemmas 4.10 and 4.12.
These lemmas are required in the proof of Lemma 4.13.

To keep the presentation simple, when the context is clear, we simply write Uy,
instead of fully Uy = (QN, Try, Rely, q]%). We also write Gy, instead of fully Gy =

(CN7 TTN, RN? g](if)

Construction 4.8 (State Projection). Let A be an arbitrary symmetric point—to—point
algorithm. Let Uy be a process template of A for some N > 2, and pV be a process
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FIGURE 1. Given execution in Gs, construct an execution in Go by index
projection.

configuration of Uy. We construct a tuple p*> = (pcy, revdy, revds, v, v2) based on oY and a
set {1,2} of process indexes in the following way:

(1) per = pe(pM).

(2) For every i € {1,2}, it follows rcvd; = rcvd(p" , ).

(3) For every i € {1,2}, it follows v; = lvar(p", ).

Construction 4.9 (Configuration Projection). Let A be a symmetric point—to—point algo-
rithm. Let Ga and Gy be two global transition systems of two instances of A for some N > 2,
and kN € Cy be a global configuration in Gy. A tuple

k2 = (s1, 52, bufl, buf?, bufy, bufl, acty, acty)
is constructed based on the configuration k" and a set {1,2} of indexes in the following way:

(1) For every i € {1,2}, a component s; is constructed from Istate(x" i) with Construc-
tion 4.8 and indexes {1,2}.

(2) For every s,r € {1,2}, it follows buf = buf (k" , s, 7).

(3) For every process i € {1,2}, it follows act; = active(x",1).

Note that a tuple p? constructed with Construction 4.8 is a state in Us, and a tuple
k? constructed with Construction 4.9 is a configuration in Go. We call p? (and ?) the
index projection of pV (and k") on indexes {1,2}. The following Lemma 4.10 says that
Construction 4.9 allows us to construct an admissible sequence of global configurations in Go
based on a given admissible sequence in Gy . Intuitively, the index projection throws away
processes 3..N as well as their corresponding messages and buffers. Moreover, for every
i,7 € {1,2}, the index projection preserves (i) when process i takes a step, and (ii) what
action process i takes at time ¢ > 0, and (iii) messages between process ¢ and process j. For
example, Figure 1 demonstrates an execution in Gy that is constructed based on a given
execution in Gs with the index projection.

Lemma 4.10. Let A be a symmetric point—to—point algorithm. Let Gy and Gy be two
transition systems such that all processes in Go and Gy follow A, and N > 2. Let 7V =
Ii(]]vh‘,iv ... be an admissible sequence of configurations in Gy. Let % = ﬁ%/{% ... be a sequence
of configurations in Ga such that m% is the index projection of H{Cv on indezes {1,2} for every

k> 0. Then, ©% is admissible in Gs.

Sketch of proof. The proof of Lemma 4.10 is based on the following observations:

(1) The application of Construction 4.8 to an initial template state of Uy constructs an
initial template state of Us.
(2) Construction 4.8 preserves the template transition relation.
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FiGURE 2. Construct an execution in G3 based on a given execution in Gs.

(3) The application of Construction 4.9 to an initial global configuration of Gy constructs
an initial global configuration of Gs.
(4) Construction 4.9 preserves the global transition relation. L]

Moreover, Lemma 4.12 says that given an admissible sequence 72

= kKT ... in Gy, there
exists an admissible sequence 7 = Iiév kY ... in Gy such that nf is the index projection of

xN on indexes {1,2} for every 0 < i.

7
Definition 4.11 (Trace Equivalence under APy 7). Let A be an arbitrary symmetric
point—to—point algorithm. Let Go = (Q2, Ty, Rela, ¢3) and Gy = (Qn, Try, Rely, qR,) be
global transition systems of A for some N > 2. Let APy 9 be a set of predicates that
take one of the forms: Py(i), or Pa(j), or P3(i,j), or Py(j,i). Let L: Qo U Qn — 247 be
an evaluation function. We say that G and Gy are trace equivalent under APy oy if the

following constraints hold:

(1) For every admissible sequence m? = k3r?... of configurations in Ga, there exists an

admissible sequence of configurations 7V = k' ...in Gy such that L(x2) = L(kY) for
every 1 > 0.

(2) For every admissible sequence admissible sequence of configurations 7 = x{'x{ .. .in
Gy, there exists an admissible sequence T2 = n%/@% ... of configurations in Go such that

L(k?) = L(kY) for every i > 0.

2

Lemma 4.12. Let A be an arbitrary symmetric point—to—point algorithm. Let Go and Gx be

global transition systems of A for some N > 2. Let 2 = H%H% ... be an admissible sequence
of configurations in Go. There exists an admissible sequence T = kY ki ... of configurations

i Gy such that fi% is the index projection of Iﬁ',Z]-V on indexes {1,2} for every i > 0.

Sketch of proof. We construct an execution 7y in Gy based on w9 such that all processes
3..N crash from the beginning, and w9 is an index projection of wy. For instance, Figure 2
demonstrates an execution in Gz that is constructed based on one in Go. We have that m is
admissible in Gs. ]

Lemma 4.13. Let A be a symmetric point—to—point algorithm. Let Gy and Gy be its
instances for some N > 2. Let AP 9y be a set of predicales that take one of the forms:
Pi(1), P2(2), P3(1,2) or Py(2,1). It follows that Go and Gy are trace equivalent under
APp1,2y-

Sketch of proof. The proof of Lemma 4.13 is based on Definition 4.11, Lemma 4.10, and
Lemma 4.12. []
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5. DETAILED PROOFS FOR CUTOFF RESULTS IN THE MODEL OF THE GLOBAL
DISTRIBUTED SYSTEMS

In this section, we present the detailed proofs for Theorems 4.1 and 4.2. In Sections 5.1 and
5.2 we prove that every transposition on a set of process indexes 1..N preserves the structure
of the process template Uy and the structure of the global transition system Gy for every
N > 1, respectively. In Section 5.3 we show that G and Gy are trace equivalent under
APy 9. Next, we prove that G; and Gy are trace equivalent under APy in Section 5.4.
Then, the detailed proofs for Theorems 4.1 and 4.2 is presented in Section 5.5. Finally, we
discuss why we can verify the strong completeness property of the failure detector of [CT96]
under synchrony by model checking instances of size 2 by applying our cutoff results.

5.1. Transpositions and Process Templates. The proof of Lemma 4.6 requires the
following propositions:

e Given a transposition «, Proposition 5.1 says that a function o, which refers to the
application of a to a state in Qy, is a bijection from Qy to itself.

e Proposition 5.2 says that o has no effect on the initial template state q]%.

e Propositions 5.3 and 5.4 describe the relationship between transpositions and template
transitions.

Lemma 4.6. Let Uy = (Qn, Try, Reln, q%) be a process template with indexes 1..N. Let
a = (i < j) be a transposition on 1..N, and ag be a local transposition based on a (from
Definition 4.3). The following properties hold:

(1) agq is a bijection from Qn to itself.

(2) The initial state is preserved under g, i.e. ag(qy) = q%.

S1,0sS
(3) Let p,p’ € Uy be states such that p M
ag(crev(S,...,SN))

P’ for some sets of messages Si, ..., Sy

in Set(Msg). It follows ag(p) ag(p).
(4) Let p,p" be states in Uy, and tr € Try be one of send, local computation, crash and

stutter transitions such that p - p'. Then, ag(p) o, ag(p).

Proof. We have: point 1 holds by Proposition 5.1, and point 2 holds by Proposition 5.2, and
point 3 holds by Proposition 5.3, and point 4 holds by Proposition 5.4. []

Proposition 5.1. Let Uy = (Qn, Trn, Rely, q%) be a process template with indeves 1..N.
Let oo = (i <> j) be a transposition on 1..N, and ag be a local transposition based on o (from
Definition 4.3). Then, aq is a bijection from Qn to itself.

Proof. Since two transpositions (i <+ j) and (5 <> i) are equivalent, we assume i < j. To

show that a is a bijection from @y to itself, we prove that the following properties hold:

(1) For every template state p' € Qu, there exists a template configuration p € Qy such
that ag(p) = p'.

(2) For every pair of states p1, p2 € Qn, if ag(p1) = ag(p2), then p; = ps.
We first show that Point 1 holds. Assume that p’ is a following tuple

p/:(E,Sl,...,SZ‘,...,Sj,...,SN,dl,...,di,...,dj,...,d]v)
where ¢ € Loc, S; € Set(Msg), d; € D for every i € 1..N. Let p be the following tuple
,0:(E,Sl,...,Sj,...,Si,...,SN,dl,...,dj,...,di,...,dN)
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where S = 5], A d, = d}, for every k € 1..N \ {7,7}. By Definition 4.3, we have ag(p) = p'.
Moreover, by the definition of a process template in Section 3.1, it follows p € Qn.

We now focus on Point 2. By definition of the application of a process—index transposition
to a template state, it is easy to check that ag((ag(p))) = p for every p € Q. It follows

that p1 = aq((aq(p1))) = aq((ag(p2))) = p2 since ag(p1) = aqg(p2).
Therefore, Proposition 5.1 holds. L]

Proposition 5.2. Let Uy = (Qn, Trn, Rely, q%) be a process template. Let o = (i ¢ j)
be a transposition on 1..N, and ag be a local transposition based on o (from Definition 4.3).
It follows that aq(q%) = ¢%.

Proof. By definition of ¢% in Section 3.1, we have rcvd(q%, i) = rcvd(q%,5) and lar(qY, i) =
war(q%, 7). It immediately follows ag(q%) = ¢%. []

Proposition 5.3. Let Uy = (Qn, Try, Rely, q%) be a process template with indexes 1..N.

S1,0s8
Let pg and p1 be states in Uy such that pg M p1 for some sets of messages:

S1,...,9n C Set(Msg). Let a = (i <> j) be a transposition on 1..N, and ap be a receive-
ag(crev(Si,...,SN))

transition transposition based on o (from Definition 4.5). It follows ag(po)
aQ(p1)-

Proof. We prove that all Constraints (a)—(c) between two states ag(po) and ag(p1) in the
transition csnd defined in Section 3.1 hold. First, we focus on Constraint (a). We have
pc(ag(p1)) = pe(p1) by Definition 4.3. We have pe(p1) = nextLoc(pc(pg)) by the semantics
of ercv(Si,...,Sn) in Section 3.1. We have nextLoc(pc(po)) = nextLoc(pc(ag(po))) by
Definition 4.3. It follows pc(ag(p1)) = neatLoc(pe(ag(po))). Moreover, we have

{m} = genMsg(pc(py)) (by the semantics of crev in Section 3.1)
= genMsg(pc(ag(po))) (by Definition 4.3)

Hence, Constraint (a) holds.

Now we focus on Constraint (b). By Definition 4.3, we have rcvd(ag(po), k) = rcvd(po, k)
and rcvd(ag(p1), k) = rcvd(p1, k) for every k € 1.N \ {i,j}. We have rcvd(p1, k) = S U
revd(po, k) by the semantics of crev(Si, ..., Sy) in Section 3.1. It follows rcvd(ag(p1), k) =
Sk U rcvd(ag(po), k) for every k € 1..N \ {4,5}. Now we focus on rcvd(ag(p1),i). We have
revd(ag(p1), i) = rcvd(p1,j) and revd(ag(po), i) = rcvd(po,j) by Definition 4.3. Since
revd(p1,7) = revd(po, j) U S;, it follows revd(ag(p1), @) = revd(ag(po), i) U S;. By similar
arguments, we have rcvd(ag(p1),j) = revd(ag(po),j) U S;. Hence, Constraint (b) holds.

Now we focus on Constraint (c¢). By similar arguments in the proof of Constraint (b),
for every k € 1..N \ {i,7}, we have

ar(ag(p1), k) = nextVal (pe(ag(po)), Sk, war(ag(po), k))

Now we focus on lvar(ag(p1),i). We have lar(ag(pi),t) = lar(pi,j) by Defini-
tion 4.3. By the semantics of crcv(Si,...,Sy) in Section 3.1, it follows that lvar(p1,j) =
next Val (pc(po), Si, lvar(po,j)). By Definition 4.3, we have

ar(ag(p1), )
— lwar(pr, )
= nextVal(pc(po), Sj, war(po, j))
= nextVal(pc(ag(po)), Sj, war(ag(po), i)
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Moreover, by similar arguments, we have

ar(ag(p1),5) = nestVal(pc(ag(po)), S, war(ag(po), i)

ag(crev(Sy,...,S
R( ( 1 N)) OlQ(pl) D

Proposition 5.4. Let Uy = (Qn, Try, Rely, q%) be a process template with indexes 1..N.

Constraint (c) holds. Hence, we have ag(po)

Let p and p' be states in Uy, and tr € Try be a transition such that p N P’ and tr refers
to a task without a receive action. Let oo = (i <> j) be a transposition on 1..N, and ag be a

local transposition based on o (from Definition 4.3). It follows ag(p) o, ag(p').

Proof. We prove Proposition 5.4 by case distinction.

d
e Case pg L(m)) p1. By similar arguments in the proof of Proposition 5.3, it follows

pe(ag(p1)) = nextLoc(pe(ag(po))) and {m} = genMsg(pc(ag(po))). Constraint (a) holds.
By Definition 4.3, for every k € 1..N \ {14, 7}, we have rcvd(ag(po), k) = rcvd(po, k) and
revd(ag(p1), k) = rcvd(p1, k). Hence, it follows rcvd(ag(p1), k) = revd(ag(po), k) for ev-
ery k € 1.N \ {i,j}. Now we focus on rcvd(ag(p1),i). We have rcvd(ag(p1),1) =
revd(p1,7) and revd(ag(po), i) = rcvd(po,j) by Definition 4.3. Since rcvd(p1,j) =
revd(po,j), it follows that rcvd(ag(p1),i) = revd(ag(po),i). By similar arguments,
we have rcvd(ag(p1),]) = revd(ag(po),j). Constraint (b) holds. By similar arguments
in the proof of Proposition 5.3, for every & € 1..N, we have

lar(ag(p1), k) = nextVal (pc(aQ(po)), 0, war(ag(po), k))

) csnd(m)

Constraint (c) holds. It follows ag(p1 ag(ph)-

e Case pg RN p1. Similar to the case of csnd.

o Case pg Lcrash, p1- We have pc(ag(p1)) = pe(p1) and pe(ag(po)) = pe(po) by Definition 4.3.
By the transitions’ assumptions, we have pc(ag(p1)) = Lerasn and pe(ag(po)) # Lerash-
By similar arguments in the case of csnd, it follows Vk € 1.N: rcvd(ag(p1), k) =
revd(ag(po), k) Alvar(ag(pr), k) = lwar(ag(po), k). Hence, it holds ag(po) crash, ag(pr).

e Case p stutter, p'. Similar to the case of csnd.

Hence, Proposition 5.4 holds. L]

5.2. Transpositions and Global Systems. The proof strategy of Lemma 4.7 is similar
to the one of Lemma 4.6, and the proof of Lemma 4.7 requires the following Propositions 5.5,
5.6, 5.7 and 5.8.

Lemma 4.7. Let Gy = (CN, TrN,RN,gR,) be a global transition system. Let o be a

transposition on 1..N, and ac be a global transposition based on « (from Definition 4.4).

The following properties hold:

(1) ac¢ is a bijection from Cy to itself.

(2) The initial configuration is preserved under ac, i.e. ac(gy) = g%.

(3) Let k and k' be configurations in Gy, and tr € Try be either a internal transition such
that & 5 K. It follows ac (k) L ae (k).

(4) Let k and &' be configurations in Gn. If k ~ K/, then ac(k) ~ ac (k).
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Proof. We have: point 1 holds by Proposition 5.5, and point 2 holds by Proposition 5.6, and
point 3 holds by Proposition 5.7, and point 4 holds by Proposition 5.8. []

Proposition 5.5. Let Gy = (CN, Try, Ry, gg,) be a global transition system with indexes
1..N. Let a be a process—index transposition on 1..N, and a¢ be a global transposition based
on « (from Definition 4.4). Then, ac is a bijection from Cy to itself.

Proof. By applying similar arguments in the proof of Proposition 5.1. []

Proposition 5.6. Let Gy = (CN, Try, Ry, g]%) be a global transition system with indexes
1..N. Let a be a process—index transposition on 1..N, and a¢ be a global transposition based
on « (from Definition 4.4). It follows that ac(g%) = g%

Proof. By applying similar arguments in the proof of Proposition 5.2. []

Proposition 5.7. Let Gy = (CN, Try, Ry, gjov) be a global transition system with indexes
1..N and a process template Un = (Qn, Trn, Rely, qg,). Let a be a process—index transposi-
tion on 1..N, and ac be a global transposition based on o (from Definition 4.4). Let k and

k' be configurations in Gy, and tr € Try be an internal transition such that k gy Then,
ac(k) LN ac(K).

Proof. We prove Proposition 5.7 by case distinction.

(1) Sub-round Schedule. We prove that all Constraints (a)—(e) for the sub-round Schedule
hold as follows.

First, we focus on Constraint (a). By Proposition 5.5, both ¢ (k) and (k') are con-
figurations in Gy. By Definition 4.4, for every ¢ € 1..N, we have active(ac(k),a(i)) =
active(k, ). We have —active(k, i) by the semantics of the sub-round Schedule in Sec-
tion 3.2. It follows —active(ac(k), a(i)). Hence, the sub-round Schedule can start with
a configuration a (ko). Constraint(a) holds.

Now we focus on Constraint (b) by examining process transitions. For every i € 1..N,
by Lemma 4.6, we have

Istate(k, 1) Stutter, Istate(r', i) = ag(lstate(k, 1)) Stutter, aq(lstate(x', 1))
By Definition 4.4, it follows a ¢ (Istate(k, 1)) = Istate(ac(k), a(i)) and ag(Istate(k’, 7)) =
Istate(ac(K'), a(i)). Hence, it follows

Istate(k, 1) stutter, Istate(x', 1)

= Istate(ac(k), a(1)) Stutter, Istate(ao ('), a(i))

By similar arguments, we have
Istate(k, 1) crash, Istate(k', k)

= Istate(ac(k), a(i)) crash, Istate(a o (K'), a(k))

Hence, every process makes either a crash transition or a stuttering step from a configu-
ration a¢ (k) to a configuration a¢ (k). Constraint (b) holds.

We now focus on Constraint (c¢) by examining control components of crashed processes.
Assume that pc(lstate(k’, 1)) = Lepgsp, for some i € 1..N. By the semantics of the sub-
round Schedule in Section 3.2, we have —active(x’,1). By Definition 4.4, it follows
—active(ae(k), a(i)) A —active(k’, 1). Constraint (c) hodls.
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Now we focus on Constraint (d) by examining incoming message buffers to cor-
rect processes. By Definition 4.4, we have buf(ac(k'),a(s),a(r)) = buf(x',s,r)
for every s,r € 1..N. By the semantic of the sub-round Schedule in Section 3.2,
if pe(lstate(k',1)) # Lerash, , then buf(k',s,r) = buf(k,s,r). By Definition 4.4,
we have buf(k,s,r) = buf(ac(k),a(s),a(r)). Hence, Constraint (d) holds since
buf (ac(), als), a(r) = buf (ac(x), als), a(r)

Now we focus on Constraint (e) by examining incoming message buffers to a crashed
process. Let r be an index in 1..N such that pc(istate(r’, 7)) = Lepasn. By similar
arguments in the above case of pc(lstate(k’, 1)) # Cergsh, if pe(lstate(k', 1)) = Lerash, then
buf (e (), a(s),a(r)) = buf (x/, s, 7). By the semantics of the sub-round Schedule in
Section 3.2, we have buf (', s,r) = (0. It follows buf(ac(K'), a(s),a(r)) = 0. Therefore,

Constraint (e) holds.

It implies ave (k) 2225 o (K)).

Sub-round Send. We prove that all Constraints (a)—(c) for the sub-round Send hold as
follows. By Definition 4.4, we have

active(ac(k), a(i)) = active(k, )
pe(lstate(ac(k), a(i))) = pe(ag(lstate(k, i)))

By Definition 4.3, we have pc(ag(lstate(k,i))) = pc(lstate(k,i)) for every i € 1..N.
Hence, we have pc(lstate(ac(k),a(i))) = pe(lstate(k,)). For every i € 1..N, we have
Enabled(k, i, Locspg) < Enabled(ac(k), i), Locs,q) by the definition of Enabled in
Section 3.2. It implies that a process Istate(k, s) is enabled in this sub-round if and only
if a process Istate(ac(k), a(s)) is enabled in this sub-round for every s € 1..N.

Now we focus on Constraint (a) by examining processes which are not enabled in this
sub-round Send. Let i be an arbitrary index in 1..N such that =Enabled(k, i, Locsyq).

By the semantics of the sub-round Send in Section 3.2, it follows that Istate(x, i) shutter,

Istate(r', 7). By Definition 4.4, we have
Enabled(ac(k), a(i), Locsng) = Enabled(k, i, Locg,q)

Since —Enabled(k, i, Locsng) (we are examining inactive processes in this sub-round
Send), we have —Enabled(ac(k), a(i), Locsyg). We prove that

Frozeng(ac(k),ac(K'), ali))
as follows. By Definition 4.4, we have
aq(lstate(k, 1)) = Istate(ac(k), a(i))
aq(lstate(r', 1)) = Istate(ac(K'), (i)
stutter

By Proposition 5.4, it follows that aq(Istate(k, 1)) —— ag(Istate(x',1)). It follows

Istate(ac(k), a(1)) stutter, Istate(ac(K'), a(i)). We now examine the control component

for a process p;. By Definition 4.4, we have
active(k, 1) = active(ac(k), a(i))
active(k', 1) = active(ac ('), a(i))
By definition of Frozeng in Section 3.2, we have active(k, i) = active(x', 7). It follows

active(ao(k), a(i)) = active(ac(k'), a(i)). We now show that each outgoing message
buffer from a process p; is unchanged from a¢ (k) to ac(x’). By Definition 4.4, we have
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buf (e (K), a(i), a(f)) = buf (K, 4,£). Since buf (k',,€) = buf (k, i, £), (we are examining
inactive processes in this sub-round Send), it follows buf (¢ (K'), a(i), a(€)) = buf (k, i, £).
By Definition 4.4, we have buf (k,i,0) = buf (ac(k), (i), a(f)). It follows that

buf(aC(H/)aa(i)va(E)) = buf(aC(K)aa(i)va(E))

Therefore, it follows Frozeng(ac(k),ac(k'),a(i)). Constraint (a) holds.
Now we focus on Constraint (b) by examining processes which are enabled in this

sub-round Send. Let s € 1..N be an arbitrary index such that active(k,i). By the

d
semantics of the sub-round Send in Section 3.2, it follows Istate(x, s) cond(m), Istate(K', s).

We have Istate(k, s) = Istate(ac(k),a(s)) and Istate(k',s) = Istate(ac(K'), a(s)) by
Definition 4.4. By Proposition 5.4, it follows

Istate(ac(K), a(s)) cond(m), Istate(ac(K'), a(s))

We show that m is new in buffers buf(ac(k),a(s),1),..., buf(ac(k),a(s),1). By
Definition 4.4, for every s, € 1..N, we have

buf (g (), a(s), a(r)) = buf (k, s,7)

buf (e (K), a(s), a(r)) = buf (+', s,7)

We have m ¢ buf(k, s, r) and m € buf(x’,s,r) by the semantics of the sub-round
Send in Section 3.2. It follows

m ¢ buf (ac(k),a(s),a(r)) and m € buf(ac(k),a(s),a(r))

In other words, the message m is new in the buffer buf (a¢(k), a(s),a(r)). As a result,
Constraint (b) holds.

Now we focus on Constraint (c). Let s € 1..N be an arbitrary index such that
Enabled(k, i, Locg,q) = T. By arguments at the beginning of the proof of Proposi-
tion 5.15, we have Enabled(ac(k), (i), Locsng). By the semantics of the sub-round
Send in Section 3.2, we have —active(x’, 7). By Definition 4.4, we have active(r’, i) =
active(ao(k'), a(i)). Tt follows —active(ac(k'), a(i)). Constraint (c¢) holds.

It implies that ac (k) 2% ac (k).

Sub-round Receive. By similar arguments in the case of the sub-round Send, we have
that Constraints (a) and (c) in the sub-round Receive holds. In the following, we focus
on Constraint (b). By similar arguments in the case of the sub-round Send, we have
that a process Istate(k, s) is enabled in this sub-round Receive if and only if a process
Istate(ac(k), a(s)) is enabled in this sub-round Receive for every s € 1..N. Hence, we
focus on processes which are enabled in this sub-round Receive. Let r € 1..N be an index

such that Enabled(k, i, Loc,e,). By the semantics of the sub-round Receive in Section 3.2,

S15eesS,
we have Istate(k, r) erov(81,,5n), Istate(x', ) for some sets S1,...,Sy C Set(Msg) of

messages. By Definition 4.3, we have
aq(lstate(k,r)) = Istate(ac(k), a(r))
ag(lstate(r',r)) = Istate(ac(K'), a(r))
By Proposition 5.3, it follows

apr(crev(St,...,SN))

Istate(ac(k), a(r)) Istate(ac ('), a(r))
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Now we focus on the update of message buffers. By the semantics of the sub-round
Receive in Section 3.2, we have S5 C buf (k, s, r) for every s € 1..N. By Definition 4.4, we
have buf (k,s,r) = buf (ac(k), a(s),a(r)). It follows that Ss C buf(ac(k),a(s),a(r))
for every s € 1..N. We now prove that for every s € 1..N, Sy is removed from the
message buffer buf (ac(k'), a(s),a(r)). By Definition 4.4, we have

buf (ac(K'), a(s), a(r)) = buf (k' s, r)
buf (ae(k), a(s),a(r)) = buf (k, s, r)
By the semantics of the sub-round Receive in Section 3.2, we have
Ss N buf (K, s,7) =10
buf (k,s,7) = buf (x',s,7) U S;
It follows that
Ss N buf (ac(K), a(s),a(r)) =0
buf (ac(k), a(s), a(r)) = buf (ac(k'), a(s),a(r)) U Ss

Constraint (b) holds. It implies that a¢(x') Rev, ac(k).
(4) Sub-round Computation. By applying similar arguments in above sub-rounds.

Therefore, Proposition 5.7 holds. L]

Proposition 5.8. Let Gy = (CN, Try, Ry, gJOV) be a global transition system with indexes
1..N and a process template Uy = (Qn, Trn, Rely, qg,). Let k and k' be configurations in
Gn such that k ~ k'. Let a be a transposition on 1..N, and ac be a global transposition
based on « (from Definition 4.4). It follows a¢(k) ~ ac(K').

Proof. 1t immediately follows by Proposition 5.7 and the fact that for all i € 1..N, we have
active(ac(k), a(i)) = active(k, 7). []

5.3. Trace Equivalence of G, and Gy under AP{LQ}. Recall that Gy and Gy are two
global transition systems of 2 and N processes, respectively, such that every correct process
runs the same arbitrary symmetric point—to—point algorithm, and a set AP{LQ} contains
predicates that takes one of the forms: P;(1), P2(2), P3(1,2), or P4(2,1) where 1 and 2 are
process indexes.

Proposition 5.9. Let A be an arbitrary symmetric point—to—point algorithm. Let Us and
Uy be two process templates of A for some N > 2, and p" € Qn be a state of Uy. Let p?
be a tuple that is the application of Construction 4.8 to p~ and indexes {1,2}. Then, p? is
a template state of Us.

Proof. It immediately follows by Construction 4.8. []

Proposition 5.10. Let A be an arbitrary symmetric point—to—point algorithm. Let Go and
Gn be two global transition systems of two instances of A for some N > 2, and k" € Cy be
a global configuration in Gy . Let k? be a tuple that is the application of Construction 4.9 to
kN and indexes {1,2}. Then, k% is a global configuration of Go.

Proof. It immediately follows by Construction 4.9. []
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Lemma 4.10. Let A be a symmetric point—to—point algorithm. Let Go and Gy be two
transition systems such that all processes in Go and Gy follow A, and N > 2. Let 7V =
liévlif[ ... be an admissible sequence of configurations in Gy. Let % = ﬁgﬁ% ... be a sequence
of configurations in Go such that K3 is the index projection of /f]iv on indezes {1,2} for every
k > 0. Then, ©% is admissible in Gs.

The proof of Lemma 4.10 requires the following propositions:

(1) Proposition 5.11 says that the application of Construction 4.8 to an initial template
state of Gy constructs an initial template state of Go.

(2) Lemmas 5.12 and 5.13 say that Construction 4.8 preserves the process transition relation.

(3) Proposition 5.14 says that the application of Construction 4.9 to an initial global
configuration of Gy constructs an initial global configuration of Ga.

(4) Propositions 5.15 and 5.16 say Construction 4.9 preserves the global transition rela-
tion. Proposition 5.15 captures internal transitions. Proposition 5.16 captures round
transitions.

Proof of Lemma 4.10. 1t is easy to check that Lemma 4.10 holds by Propositions 5.11,
5.13, 5.14, 5.15, and 5.16. The detailed proofs of these propositions are given below.

Proposition 5.11. Let A be an arbitrary symmetric point—to—point algorithm. Let Uy =
(Qn, Try, Reln, q%),Us = (@2, Tra, Rela, ¢3) be two process templates of A for some N > 2.
It follows that ¢ is the index projection of qR, on indexes {1,2}.

Proof. Tt follows by Construction 4.8 and the definition of ¢¥ in Section 3.1. []

Proposition 5.12. Let A be an arbitrary symmetric point—to—point algorithm, and Us

and Uy be process templates of A. Let py and p1 be template states in Uy such that

S1,0s8
0 M) p1 for some sets Si,..., Sy of messages . Let pj, and p} be template states

of Uy such that they are constructed with Construction 4.9 and based on configurations pg
rcv(S1,82)

and p1 and indexes {1,2}. It follows pyy ——— pf.
Proof. We prove that all Constraints (a)—(c) for the transition csnd defined in Section 3.1
hold. First, we focus on Constraint (a). We have pc(ag(p1)) = pc(p1) by Definition 4.3.
We have pc(p1) = nextLoc(pc(po)) by the semantics of crcv(S, ..., Sn) in Section 3.1. We
have nextLoc(pc(po)) = nextLoc(pe(py)) by Definition 4.3. Hence, it follows pe(ag(p1)) =
nextLoc(pc(ag(po))). Moreover, we have ) = genMsg(pc(po)) by the semantics of crev in
Section 3.1. By Construction 4.8, we have genMsg(pc(po)) = genMsg(pc(pp)). It follows
that genMsg(pc(pp)) = 0. Constraint (a) holds.

We now check components related to received messages (Constraint (b)). Let ¢ be an
arbitrary index in 1..2. It follows

revd(pl, i)
= revd(p1, 1) (by Construction 4.8)
= rcvd(po, 1) U S; (by the semantics of crcv(S,. .., Sy) in Section 3.1)
= revd(pg, i) U S;  (by Construction 4.8)

Hence, we have Vi € 1..2: rcvd(p), i) = rcvd(py, i) U S;. Constraint (b) holds. Moreover, by
similar arguments in the proof of Proposition 5.3, we have

Vi € 1..2: lar(p}, i) = nextVal (pc(pp), S, war(pp, i)
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51,5
Constraint (c) holds. It follows pf, MGG TON iy [
Proposition 5.13. Let A be an arbitrary symmetric point—to—point algorithm, and Us and
Uy be process templates of A. Let tr € Try be a transition such that it is one of send,
computation, crash or stuttering transitions. Let py and p1 be template states in Uy such

that po I, p1. Let pjy and p) be states of Us such that they are the index projection of po

and py on indexes {1,2}, respectively. Then, pj, N o

Proof. By similar arguments in the proof of Lemma 5.12. L]
Now we turn to properties of global configurations under Constructions 4.9.

Proposition 5.14. Let A be an arbitrary symmetric point—to—point algorithm. Let Gy =
(Cn, Try, Ry, g](i,) and Gy = (Ca, Tra, Ra, g9) be two transition systems of two instances of A
for some N > 2. It follows that g9 is the index projection of g% on indexes {1,2}.

Proof. 1t immediately follows by Construction 4.9 and the definition of gg,. []

Proposition 5.15. Let A be an arbitrary symmetric point—to—point algorithm. Let Go =
(Co, Tra, Ra, ¢9) and Gy = (Cn, Trn, Ry, g%) be global transition systems such that all
processes in Gy and Gy follow the same algorithm A for some N > 2. Let ko and k1 be

global configurations in Gy such that kg LN k1 where tr is an internal transition. Let k|,
and K} be the index projection of ko and k1 on a set {1,2} of indexes, respectively. It follows

RN
that kg — K.

Proof. First, by Proposition 5.10, both pf, and p} are configurations in G,. We prove
Proposition 5.15 by case distinction. Here we provide detailed proofs only of two sub-rounds
Schedule and Send. The proofs of other sub-rounds are similar.

e Sub-round Schedule. We prove that all Constraints (a)—(c) hold in x{, and x}. We now focus
on Constraint (a). We have active(r, 1) = active(rko, 1) and active(ko,2) = active(ko,2)
by Construction 4.9. By the semantics of the sub-round Schedule in Section 3.2, we have
—active(ko, 1) A mactive(ko, 2). Hence, it follows —active(k(, 1) A —active(k(,2). Hence,
the sub-round Schedule can start with a configuration {. Constraint (a) holds. By
Proposition 5.13, Constraint (b) holds. Constraint (c) holds by Construction 4.9. Now
we focus on incoming message buffers to correct processes to prove Constraint (d). Let r
be an index in 1..N such that pc(lstate(k), 7)) # Lerash.- By Construction 4.9, for every
s € 1.2, we have buf(k},s,r) = buf(k1,s,r) and buf(ko, s,r) = buf(k(, s, r). By the
semantics of the sub-round Schedule in Section 3.2, we have buf (k1, s, r) = buf(ko, s, )
for every s € 1..2. Tt follows buf (s}, s, ) = buf (k{, s, r) for every s € 1..2. Constraint (d)
holds. Now we focus on message buffers to crashed processes to prove Constraint (d). Let
r be an index in 1..N such that pc(lstate(k), 7)) = erash. By Construction 4.9, for every
s € 1..2, we have buf (K}, s, ) = buf(k1, s, r). By the semantics of the sub-round Schedule

in Section 3.2, we have buf(k1,s,r) = 0 for every s € 1..2, It follows buf (x}, s, r) = 0 for

every s € 1..2. Constraint (e) holds. It implies that &y, Sched, Kj.

o Sub-round Send. We have active(k{), 1) = active(ko, 1) and active(ko, 2) = active(ky, 2) for
every k € 1..2. Hence, if a process piN in Gy is enabled in this sub-round, a corresponding
process p2 in Gy is also for every i € 1..2. We prove that all Constraints (a)—(c) between
k( and £} for the sub-round Send defined in Section 3.2 hold. By similar arguments in
the proof of Proposition 5.15, Constraint (a) holds. Now we focus on enable processes to
prove Constraints (b) and (c).
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Assume that a process pZN in Gy has sent a message m in this sub-round, we show

that a process p? in Gy has also sent the message m in this sub-round where i € 1..2.
csnd(m)

By Proposition 5.13, it follows that Istate(k(, i) —— Istate(x),i). Now we show
that the message m is new in buffers buf(x},4,1) and buf(x},7,2). By Construction
4.9, we have buf (k},1,£) = buf (k1,1,£) and buf (s, i,£) = buf (Ko, i,£) for every £ € 1..2.
By the semantics of the sub-round Send in Section 3.2, we have buf(k1,i,¢) = {m} U
buf (ko, i, £). It follows buf (K}, i,¢) = {m}Ubuf (k(, i, ¢) for every £ € 1..2. Moreover, since
m ¢ buf (Ko, 1, L) for every ¢ € 1.2, we have m ¢ buf (k{, i,¢). Therefore, the message
m is new in a buffer buf (], 1,£) for every ¢ € 1..2. Constraint (b) holds. Moreover, by
Construction 4.9, we have active(r1,i) = active(k}, 7). We have —active(k1,4) by the

semantics of the sub-round Send in Section 3.2. It follows —active(r}, i). Constraint (e)

holds. It follows that f) % k.

e Sub-rounds Receive and Computation. Similar.
Therefore, Proposition 5.15 holds. L]

Proposition 5.16. Let A be an arbitrary symmetric point—to—point algorithm. Let Go and
Gn be global transition systems of A for some N > 2. Let kg and k1 be global configurations
of Cn such that ko ~ k1. Let k{, and k| be the index projection of ko and k1 on indezes
{1,2}. Then, K~ K.

Proof. It immediately follows by Propositions 5.13 and 5.15. L]

Now we present how to construct an admissible path of Gy from a given admissible
path of Go with Lemma 4.12 below. The main argument is that from an admissible sequence
of configurations in Go, we can get an admissible sequence of configurations in Gy by letting
processes 3 to N be initially crashed. The proof of Lemma 4.12 requires the preliminary
Propositions 5.17 and 5.18.

Proposition 5.17. Let A be an arbitrary symmetric point—to—point algorithm. Let Go and
Gn be global transition systems of A for some N > 2. Let k? be a configuration in Ga. There
exists a configuration k" in Gy such that the following properties hold:

o x2 is the index projection of k™ on indexes {1,2}, and

o Vi € 3.N: pc(lstate(k"N, 1)) = Lerash N nactive(k™ )

e Vs €3.N,r € 1.N: buf(k,s,r) =10

e Vs € 3.N,r € 1..2: rcvd(Istate(k”, 5), 1) = )

e Vsel.N,r € 3.N: buf(k,s,7) =10

Proof. Proposition 5.17 is true since our construction simply adds N — 2 crashed processes
that have not sent any messages in the global system. The last two constraints requires that
processes 1 and 2 have not received any messages from crashes processes and the message
buffers to crashed processes are empty. Other components are arbitrary. []

Proposition 5.18. Let A be an arbitrary symmetric point—to—point algorithm. Let Gy and

Gn be global transition systems of A for some N > 2. Let k2 and k? be configurations in Go
0 1

tr . . " . .
such that k% — K2 where tr is an internal transition. There exists two configurations k)’

and /i{v i Gy such that
(1) k3 and k? are respectively the index projection of ki and kY on a set {1,2} of indexes,
and ,
,
(2) kY = &Y.
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Proof. By Proposition 5.17, there exists a configuration 2’ in Gy such that (i) 2 is the
index projection of k{’ on indexes {1,2}, and (ii) all processes with indexes in 3..N are
crashed and inactive in ﬁ;év , and (iil) every process p; has not received any messages from
a process p; where i € {1,2},j € 3..N (as the configuration construction in the proof of
Proposition 5.17).

We construct /i{v as the following. Intuitively, this construction keeps process 3..N
crashed, and two processes 1 and 2 in Gy make similar transitions with processes 1 and 2 in

Ga.”

(1) Vi € 3..N: Istate(xY, i) = lstate(/fo ,1) A —active(ki, 4).
(2) Vs € 1..N,r € 3..N: buf (v, s,7) =0

(3) Vi € {1,2}: active(kY, i) = active(x?, i)

(4) Vs € 3..N,r € 1..N: rcvd(lstate(rkY, s),r) =

(5) Vs, r € {1,2}: buf (k,s,7) = buf (K2, s,7)

( ) csnd(m)

6) For every s € {1,2}, we have: If Istate(k3,s) ——— Istate(k3,s) for some m € Msg,
then buf (k2,s,7) = {m}Ubuf (x, s, r) for every 3 < r < N. Otherwise, buf (k?',s, ) =
buf (kY , s, 7).

(7) For every i € {1,2}, the configurations of processes with index 7 is updated as following:
o pc(lstate(kd 1)) = pe(lstate(k?, 1))
o Vj € {1,2}: revd(Istate(x,4),j) = rcvd(lstate(/il, i),7)
o Vj € {1,2}: ar(Istate(kd,i),5) = lvar(lstate(;—;l, 1), 7)
e Vj € 3..N: revd(Istate(kY i), 7) = revd(Istate(k},i),7) =0
e Vj € 3.N: lwar(Istate(k) i), j) = nextVal(pc(lstate(sd) , 1)), 0, war(Istate(sy) , i), 7))

By the construction of kN , it follows that kN is a configuration in Gy . Moreover, we have
1 1 g

Istate(kd , ) stubter, Istate(kY, ) and Istate(k{, i) is crashed for every i € 3..N. Moreover,

no message from a process p; has been sent or received for every ¢ € 3..N.

By the above construction, it immediately follows that x? is the index projection x{' on
indexes {1,2}. Hence, point 1 in Proposition 5.18 holds. We prove point 2 in Proposition 5.18
by case distinction.

e Sub-round Schedule. By similar arguments in the proof of Proposition 5.15 and the

. stutter
construction of £, we have k¥ = 2.

e Sub-round Send. By construction of ﬁév and /i{v , we know that every process p; is crashed,
and its state is not updated, and every outgoing message buffer from p; is always empty for
every i € 3..N. Therefore, in the following, we focus on only two processes p1 and po. For
every i € 1..2, if ﬂEnabled(CO ,cl N Locsna), it follows Frozeng(xkl', kY, i) by the construc-
tion of configurations x{) and x2. Constraint (a) holds. We now focus on enabled processes
in this sub-round. Let ¢ be an index in 1..2 such that Enabled(cév, c{v, Locgpg). By the

d
semantics of the sub-round Send in Section 3.1, we have Istate(ko, i) cond(m), Istate(k1,1).

nd (m
We prove that Istate(kd), ) CS—()> Istate(kY , i) as follows. By the construction of x}’,

we have that pe(lstate(r(,i)) = pc(lstate(rg,i)). By the construction of k1, we have
that pc(lstate(kd 1)) = pc(lstate(k1,1)). By the semantics of the transition csnd(m) in
Section 3.1, we have pc(lstate(k1, 1)) = nextLoc(pc(lstate(kg, 1))). It follows that

pe(lstate(kY 1)) = nextLoc(pe(lstate(k) , 1))
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By similar arguments, it follows {m} = genMsg(pc(Istate(x’,))). Now we focus on
received messages of a process p;. By the semantics of the transtion csnd(m) in Section 3.1,
we have rcvd(Istate(k?,1),j) = rcvd(Istate(k3, ), 7). For every j € {1,2}, we have

)

revd (Istate(kY | 1), j
= revd(Istate(ky,1),§)  (by the construction of k')
vd( 7)

(
Istate(ko, 1), (by the semantics of csnd(m) in Section 3.1)
(

= rcvd(lstate kY ,i),7) (by the construction of s )
For every j € 3..N, we have

revd (Istate(kY 1), 7) =0 (by the construction of £2)
= revd(Istate(kY) ,4),7) (by the construction of k) )

Hence, a process p; does not receive any message when taking a step from /<a to k. By
the construction of ', it follows

ar(Istate(kY 1), 7)
=nextVal (pc(lstate(ry) , 1)), 0, war(Istate(kd . i), §))
d(m
for every j € 1..N. Hence, it follows Istate(x{', ) cond(m), Istate(rk), ). Now we focus
on outgoing message buffers from p;. It is easy to see that the message m is new
in every message buffer buf(x?,i,j). By construction of ) and ¥, it follows that
m & buf (kl,4,7) and m € buf (kY ,4,7). By similar arguments, we have buf k), 4,5) =
{m} U buf (x},i,7). Hence, Constraint (b) between x} and &% in the sub-round Send
in Section 3.2 hold. Moreover, by the construction of /@{V , we have actz’ve(;—c{v i) =
active(k1,1). By the semantics of the sub-round Send i 1n Sectlon 3.2, we have —active(ky, ).

It follows —active(kd,i). Constraint (c) between ) and xJ in the sub-round Send in

Section 3.2 holds. Therefore, it follows x}’ Snd, K.

o (Case kg fev, k1. It follows by similar arguments of the sub-round Send, except that if

51,5
Istate(ko, 1) rev(S5%), Istate(k1, 1), then

N ) rcv(S1,52,0,...,0)

Istate(ky' , @ Istate(kY, 1)

e Case Ko Comp, k1. By similar arguments in the case of the sub-round Send.
Then, Proposition 5.18 holds. L]

Notice that in Proposition 5.18, if both pfv and p2 take a stuttering step from Iio to

kY, then k) = ki

Lemma 4.12. Let A be an arbitrary symmetric point—to point algorithm. Let Go and

Gn be global transition systems of A for some N > 2. Let n° = rZx?... be an admissible
sequence of configurations in Go. There exists an admissible sequence 7rN = /iévﬁ{\] ... of

configurations in Gy such that Ii% is the index projection of mfv on indezes {1,2} for every
i > 0.

Proof. We prove Lemma 4.12 by inductively constructing Ii{cv .



17:30 T.H. TraN, I. KoNNOV, AND J. WIDDER Vol. 19:1

Base case. Since 7% and 7V are admissible sequences, it follows n% = g9 and név = gR,.)
By Proposition 5.14, we have that /i% is the index projection of /iév on indexes {1,2}. We
construct x{ by scheduling that all processes 3..N crash in x{’. Formally, we have:

(1) Vi € 3..N: pe(lstate(kd ;1)) = Lerasn A —active(ki, 7).

(2) Vi € {1,2}: active(x}, i) = active(r?,i) A pc(lstate(x) , i) = pe(lstate(k?, 1))
(3) Vs,r € 1.N: buf (k¥ 5,7) = buf (ki', s, )

(4) Vs,r € 1..N: revd(lstate(kY, s), ) = rcvd(Istate(x) , s), )

(5) Vs, r € 1..N: lar(lstate(kY, s),r) = war(Istate(k}), s),7)

. Sched
The above constraints ensure that s} ——— x'.

Induction step. It immediately follows by Proposition 5.18.
Hence, Lemma 4.12 holds. L]

Lemma 4.13. Let A be a symmetric point—to—point algorithm. Let Go and Gy be its
instances for some N > 2. Let AP 9y be a set of predicales that take one of the forms:
Pi(1), P2(2), P3(1,2) or Py(2,1). It follows that Go and Gy are trace equivalent under
/1}){1 2}

Proof. 1t immediately follows by Definition 4.11, Lemma 4.10 and Lemma 4.12. []

5.4. Trace Equivalence of §; and Gy under AP(;;. Lemma 5.21 says that two global
transition systems G; and Gy whose processes follow an arbitrary symmetric point—to—
point algorithm are trace equivalent under a set AP, of predicates which inspect only
variables whose index is 1. The proof of Lemma 5.21 is similar to one of Lemma 5.21, but
applies Constructions 5.19 and 5.20. Constructions 5.19 and 5.20 are respectively similar to
Constructions 4.8 and 4.9, but focus on only an index 1. Constructions 5.19 and 5.20 are
used in the proof of Lemma 5.21.

Construction 5.19. Let A be an arbitrary symmetric point—to—point algorithm. Let Uy be
a process template of A for some N > 2, and p" be a template state of Uy. We construct a
tuple p' = (pey, revdy, v1) based on pV and a set {1} of process indexes in the following way:
per = pe(p), revdy = revd(pV, 1), and v = lar(p™,1).

Construction 5.20. Let A be a symmetric point—to—point algorithm. Let G1 and Gy be
two global transitions of two instances of A for some N > 1, and kN € Cy be a global
configuration in Gy. We construct a tuple k? = (s1, buf!, acty) based on k™ and a set {1} in
the following way: s1 is constructed from Istate(x™,1) with Construction 5.19 and an index
1, and bufi = buf (x™,1,1), and act; = active(sk™, 1).

Lemma 5.21. Let A be a symmetric point—to—point algorithm. Let Gi and Gy be its
instances for some N > 2. Let APy be a set of predicates which inspect only variables
whose index is 1. It follows Gy and Gy are trace equivalent under AP(.

Proof. By applying similar arguments in the proof of Lemma 4.13 with Constructions 5.19
and 5.20. u
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5.5. Cutoff results in the unrestricted model. In the following, we prove Proposi-
tions 5.22 and 5.23 which allows us to change positions of big conjunctions in specific
formulas. Propositions 5.22 and 5.23 are used in the proof of our cutoff results, Theorems 4.1
and 4.2, respectively.

Proposition 5.22. Let A be a symmetric point—to—point algorithm. Let Gy be instances of
N processes for some N > 1. Let Pathy be sets of all admissible sequences of configurations
in Gn. Let wg;y be a LTI\NX formula in which every predicate takes one of the forms: Py(i)
or Py(i,1) where 1 is an index in 1..N. Then,

(VT['N € PathN: gN,ﬂ'N ): /\ w{z}) (51)
1 € 1.N
= < /\ (V?TN € Pathy: Gy, N ): W{z})> (5.2)
i € 1.N

Proof. (=) Let my be an arbitrary admissible sequence of configurations in Pathy such
that Gn, v = A\; € 1.y wiiy- Let ip be an arbitrary index in 1..N, we have Gy, mn | wii)-
Hence, for every my € Pathy, for every ip € 1..N, it follows Gy, 7y = Wiip}- Therefore,
Formula 5.1 implies: for every iy € 1..N, for every my € Pathy, it follows Gy, 7y = W{io)-
It follows that: for every iy € 1..N, Voy € Pathy: Gy, 7N = Wi} Now, we have that
Formula 5.1 implies Formula 5.2.

(<) By applying similar arguments. []

Proposition 5.23. Let A be a symmetric point—to—point algorithm. Let Gy be instances of
N processes respectively for some N > 1. Let Pathy be sets of all admissible sequences of
configurations in Gy . Let wg;y be a LTL\X formula in which every predicate takes one of
the forms: Py1(i) or Pa(i,i) where i is an index in 1..N. Then,

i#]
(VT&'N S PathN: gN,Tl'N ): /\ ¢{i,j}) (53)
ij € 1.N
i#]
= ( /\ (V7TN € Pathy : gN,WN |: 'lb{hj})) (5.4)
ij € 1.N

Proof. (=) Let my be an arbitrary admissible sequence of configurations in Pathy such that
Gn, TN E /\f';jE L v ¥y Let i and jo be arbitrary indexes in 1..N such that iy # jo, we
have that Gy, 7N |= ¥4 4,1 Hence, for every my € Pathy, for every i € 1..N, for every
Jo € 1..N such that iy # jo, it follows that Gy, 7y = Yligjoy- Therefore, Formula 5.3 implies:
for every i € 1..N, for every jo € 1..N such that iy # jy, for every my € Pathy, it follows
OGN, TN [ Vfig joy- 1t follows that: for every 4 € 1..N, for every jo € 1..N such that i # j,
it holds Vry € Pathy: Gy, 7N E w{io,jo}' Therefore, Formula 5.3 implies Formula 5.4.
(<) By applying similar arguments. L]

Theorem 4.1. Let A be a symmetric point—to—point algorithm under the unrestricted
model. Let Gy and Gy be instances of 1 and N processes respectively for some N > 1. Let
Pathy and Pathy be sets of all admissible sequences of configurations in G and in Gy,
respectively. Let wy;y be a LTI\ X formula in which every predicate takes one of the forms:
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P1(i) or Pa(i,i) where i is an index in 1..N. Then, it follows that:

(V?TN (S PathN: QN,TrN ): /\ (,U{Z}) -~ (V?Tl € Pathq: Ql,m li(z.){n)
i € 1..N

Proof. By Proposition 5.22, we have

(VT['N € Pathy: Gy, TN |: /\ w{l}> = ( /\ (Vﬂ'N € Pathy: Gy, TN )ZW{Z})>
i € 1.N i € 1.N

Let ¢ be an index in a set 1..N. Hence, o = (i <> 1) is a transposition on 1..N (*). By
Lemma 4.7, we have: (i) ¥1q() = tq13, and (i) a(Gn)) = G, and (iii) a(gy) = g3

Since wy;y is an LTL\X formula, Awy;) is a LTL\X formula where A is a path op-
erator in LTL\X (see [CJGK*18]). By the semantics of the operator A, it follows that
Van € Pathy: Gy, 7N | wyyy if and only if = A wgyy. By point (*), it follows
Gy, 9% E A wy;y if and only if Gy, = A wyyy. Since an index i is arbitrary, we have
OGN IV EN €1 A wyyy if and only if gn, 9% E A wggy

We have that Gy, g% E A wg;y if and only if Vry € Pathy: Gy, 7y = wyy by the
semantics of the operator A. It follows Vmy € Pathy: Gy, 7y E Wiy if and only if
Vmy € Pathy: Go, 2 = wyyy by Lemma 5.21. Then, Theorem 4.1 holds. ]

Theorem 4.2. Let A be a symmetric point—to—point algorithm under the unrestricted
model. Let Go and Gy be instances of 2 and N processes respectively for some N > 2. Let
Paths and Pathy be sets of all admissible sequences of configurations in Ga and in Gy,
respectively. Let iy; ;3 be an LTI\ X formula in which every predicate takes one of the forms:
P1(7), or Pa(j), or P3(i,j), or Py(j,i) where i and j are different indexes in 1..N. It follows
that:

i#]
(VTI‘N € Pathy: Gy, TN |: /\ Tﬂ{w}) - (VT&'Q € Patho: Gy, mo }: 1/}{1,2})
ij € 1.N
Proof. By similar arguments in the proof of Theorem 4.1. []

5.6. Verification of the Failure Detector of [CT96] with the Cutoffs. In the following,
we present Lemmas 5.25 which explains why the cutoff result 4.2 allows us to verify the
strong completeness property of the failure detector of [CT96] under synchrony by model
checking instances of size 2.

Proposition 5.24. Let Gy = (Cy, Try, Ry, gR,) be a global transition system of a symmetric
point-to-point algorithm under the unrestricted model. Its indexes are 1..N for some N > 1.
Let i and j be two indexes in the set 1..N. Let ug; ;v be a first-order formula in which every
predicate takes one of the forms: Q1(i), or Q2(j), or Qs3(i,7), or Qu(j,i). The following
conditions hold:

(1) FGA,;; € 1.n Ky be an LTL\X formula.

(2) Nij € 1.vFGpyijy be an LTI\NX formula.

(3) Let m = koK1 ... be an admissibe sequence of configurations in Gy . It follows Gy, 7 =

FG/\Z-’]. € 1.8 H{ij) if and only if Gy, T = /\i,j c1.vFGug
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Proof. Points (1) and (2) hold by the definition of LTL\X (see [CJGK'18]). We prove Point
(3) as follows.

(=) Since Gy, m = F G\, ; ¢ 1 H{ij), there exists £op > 0 such that for every ¢ > £y,
we have kg = A, ; ¢ 1y 14i41- Let 1o and jo be two indexes in 1..N. We have ry [= g4, jo}
for every ¢ > {y. Hence, it follows Gy, 7 = F G pig, jo3- Because ip and jo are arbitrary
indexes in 1..N, it follows that Gn, 7 = A, ; ¢ 1 v F G py -

(«=) Let g and jyo be two indexes in 1..N. Since Gy, 7 = A\, ; ¢ 1. n F G 14353, it follows
that Gy, m = F G gy 501 Therefore, there exists Kji- > 0 such that kg = g4, ) for every
‘> E;g Let ¢ = max({ﬁé: i € 1.NAj € 1..N}) where maz is a function to pick a maximum
number in a finite set of natural numbers. It follows that r; = jug; ;3 for every £ > £y, for
every i,j € 1..N. Therefore, Gy, 7 = FG/\M € 1.N i) (]

Lemma 5.25. Let Go and Gy be two global transition systems of a symmetric point-to-point
algorithm such that:

(1) These systems Go and Gy have 2 and N processes respectively where N > 2.

(2) All processes Gy and Gy follow Algorithm 1.

(3) The model of computation of these systems is under the unrestricted model.

Let 11 be a set of indexes, and p(II) denote the strong completeness property in which the set
of process indexes is 11, i.e.

w(Il) £ F G(Vp, q € 11 : (Correct(p) A —Correct(q)) = Suspected(p, q))

Let Pathe and Pathy be sets of all admissible sequences of configurations in Go and in Gy,
respectively. Then, it holds:

Vry € Pathy: QN,WN ): ,u(l..N)
<Vry € Pathg: Go,ma | p(1..2)

L

Proof. To keep the presentation simple, let v(p, q) be a predicate such that v(p,q) =
(Correct(p) N —~Correct(q)). Let my be an admissible sequence of configurations in Gy. We
have Gy, mn = p(Il) if and only if Gy, 7y =F G(Vp, ¢ € 1.N: v(p, q) = Suspected(p, q)).
It follows

gn,mn = p(l..N)

&Gy, v EFG( \ v(p, q) = Suspected(p, q))
p,g € 1.N

&GN, TN /\ F G(v(p, q) = Suspected(p, q)) (by Proposition 5.24)
p,q € 1.N

The last formula is equivalent to

p#q
Gv,mv b=\ FG((p,q) = Suspected(p, q))
p,g € 1.N
p=q
ANGN, TN E /\ F G(v(p, q) = Suspected(p, q))

p,g € 1.N
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For every p,q € 1..N, if p = ¢, then (Correct(p) A =Correct(q)) = L (*). Hence, it follows
that

Gv.iv = N\ FGu(p, q) = Suspected(p, q))
p,g € 1.N

PF#q

&GN, TN /\ F G(v(p, q) = Suspected(p, q))
p,qg € 1.N

It follows that Vry € Pathy: Gy, mn = p if and only if

p#q
Vrny € Pathy: Gy, 7N = /\ F G(v(p, q) = Suspected(p, q))
p,g € 1.N

By Theorem 4.2, it follows

Vry € Pathy: gN,ﬂ'N ': ,u(l..N)

PFq
& Vmy € Pathy: Go, o = /\ F G(v(p, q) = Suspected(p, q))

p,g € 1.2
By point (*), we have
Vry € Pathy: Gy, 7y = u(1..N)

& Vg € Pathy: Gy, mo = /\ F G(v(p, q) = Suspected(p, q))
p,q € 1.2

By Proposition 5.24, it follows
Vry € Pathy: Gy, = p(1..N)

& Vmy € Pathy: Ga,mo = F G( /\ (v(p, q) = Suspected(p, q)))
p,q € 1.2
& Vmy € Pathy: Ga,mo = p(1..2)

Hence, Lemma 5.25 holds. []

Lemma 5.26. Let Gi and Gy and Gy be three global transition systems of a symmetric

point-to-point algorithm such that:

(1) These systems G1 and Go and Gy have 1, 2 and N processes respectively.

(2) All processes in G and Ga and Gy follow Algorithm 1.

(3) Three sets Pathy and Pathy and Pathy be sets of admissible sequences of configurations
m G1 and Gy and G, respectively.

(4) The model of computation of these systems is under the unrestricted model.

Let 11 be a set of process indexes, and p(Il) denote the eventually strong accuracy property

in which the set of process indexes is 11, i.e.,

w(IT) £F G(Vp, q € II: (Correct(p) N Correct(q)) = —Suspected(p, q))

It followsVry € Pathy: Gy, 7y | w(1..N) if and only if both Vmy € Pathy: Go,mo = pu(1..2)
and ¥y € Pathy: G, m E u(l..1).
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Proof. To keep the presentation simple, we define
v(p, q) = (Correct(p) N\ Correct(q)) = —Suspected(p, q)

By similar arguments in Proposition 5.25, we have Vry € Pathy: Gy, 7y = p(1..N) is
equivalent to the following conjunction
p=q
(vnN € Pathy: Gy,7n = )\ FGZ/(p,q))
p,q € 1.N
p#4q
A (VTrN € Pathy: Gy, 7N E /\ FGrv(p, q))
p,qg € 1.N

By Theorems 4.1 and 4.2, the above conjunction is equivalent to
p=q
(vm € Pathy: Grm )\ FGI/(l,l))
p,g € 1.N
p#q
A (Vﬂg € Pathy: Gy, mo = /\ FGV(l,Q))
p,g € 1.N

By Proposition 5.24, the above conjunction is equivalent to

p=q
(vm € Pathy: G m FFG N\ y(1,1))
p,qg € 1.N
p#q
A (Vﬂg € Pathy: Go,my EF G /\ V(1,2))
p,g € 1.N
Therefore, Lemma 5.26 holds. L]

6. CuTOoFF RESULTS IN THE CASE OF UNKNOWN TIME BOUNDS

In this section, we extend the above cutoff results on a number of processes (see Theorems 4.1
and 4.2) for partial synchrony in case of unknown bounds A and ®. The extended results
are formalized in Theorems 6.1 and 6.2. It is straightforward to adapt our approach to other
models of partial synchrony in [DLS88, CT96].

Theorem 6.1. Let A be a symmetric point—to—point algorithm under partial synchrony
with unknown bounds A and ®. Let G1 and Gy be instances of A with 1 and N processes
respectively for some N > 1. Let Pathy and Pathy be sets of all admissible sequences of
configurations in G1 and in Gy under partial synchrony, respectively. Let wi;y be a LTI\X
formula in which every predicate takes one of the forms: Pi(i) or Ps(i,i) where i is an
index in 1..N. It follows that:

(V?TN € Pathy: Gy, N ): /\ W{Z—}) & (V?Tl € Pathy: G1,m ’:w{1}>
i € 1.N
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Theorem 6.2. Let A be a symmetric point—to—point algorithm under partial synchrony
with unknown bounds A and ®. Let Gy and Gy be instances of A with 2 and N processes
respectively for some N > 2. Let Patho and Pathy be sets of all admissible sequences of
configurations in Ga and in Gy under partial synchrony, respectively. Let ty; ;3 be an LTI\ X
formula in which every predicate takes one of the forms: Qi(i), or Q2(j), or Qs(i,j), or
Q4(j, 1) where i and j are different indexes in 1..N. It follows that:

i#]
(Vrn € Pathy: Gy, 7y /\ Vi gy) < (Vma € Patha: Go,mo |= 1 91)
ij € 1L.N

Since the proofs of these theorems are similar, we here focus on only Theorem 6.2. The
proof of Theorem 6.2 follows the approach in [EN95, TKW20], and is based on the following
observations. Remind that Steps 1 and 2 are already proved in Section 4.

(1) The global transition system and the desired property are symmetric.

(2) Let Go and Gy be two instances of a symmetric point-to-point algorithm with 2 and
N processes, respectively. We have that two instances G and Gy are trace equivalent
under a set of predicates in the desired property.

(3) We will now discuss that the constraints maintain partial synchrony. Let 7y be an
execution in Gy. By applying the index projection to wpy, we obtain an execution 7y in
Go. If partial synchrony constraints (PS1) and (PS2) — defined in Section 3.3 — hold on
my, these constraints also hold on ms. This result is proved in Lemma 6.3.

(4) Let m be an execution in Go. We construct an execution my in Gy based on m such
that all processes 3..IN crash from the beginning, and 79 is an index projection of 7y
(defined in Section 4.2). For instance, see Figure 2. If partial synchrony constraints (PS1)
and (PS2) — defined in Section 3.3 — hold on 79, these constraints also hold on 7. This
result is proved in Lemma 6.4.

Lemma 6.3. Let A be a symmetric point—to—point algorithm under partial synchrony with
unknown bounds A and ®. Let Go and Gy be instances of A with 2 and N processes,
respectively, for some N > 2. Let Paths and Pathy be sets of all admissible sequences of

configurations in Go and in Gy under partial synchrony, respectively. Let ¥ = Ii(])vl-ﬁ?{v .
be an admissible sequences of configurations in Gy. Let m° = r2k?... be a sequence of

configurations in Go such that /i% be an index projection of K,]kv on indezes {1,2} for every
k > 0. It follows that

(a) Constraint (PS1) on message delay holds on w2
(b) Constraint (PS2) on the relative speed of processes holds on 2.

Proof. Recall that the index projection is defined in Section 4.2. In the following, we denote
p? and p two processes such that they have the same index, and p? is a process in Go, and
p" is a process in Gy. We prove Lemma 6.3 by contradiction.

(a) Assume that Constraint (PS1) does not hold on 72. Hence, there exist a time £ > 0,
and two processes s2, 72 € 1..2 in Gy such that after r2 executes Receive at a time ¢, there
exists an old message in a message buffer from process s2 to process r2. By the definition of
the index projection, for every k > 0, we have that:

o Let pV, ¢V € {1,2} be two processes in Gy, and p?, ¢> be corresponding processes in Go.

For every k > 0, two message buffers from process p? to process ¢ in K,i, and from process

p™ to process ¢ in Iiév are the same.
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e Let pVV € {1,2} be a process in Gy, and p? be a corresponding process in Go. For every
k > 0, process p? takes an action act in configuration KJ% if and only if process p"V takes
the same action in configuration HkN .

It implies that process 7V in Gy also executes Receive at a time ¢, and there exists an old

message in a buffer from process sV to process V. Contradiction.
(b) By applying similar arguments in case (a). ]

Lemma 6.4. Let A be a symmetric point—to—point algorithm under partial synchrony with
unknown bounds A and ®. Let Go and Gy be instances of A with 2 and N processes,
respectively, for some N > 2. Let Paths and Pathy be sets of all admissible sequences of

configurations in Go and in Gy under partial synchrony, respectively. Let m> = ﬁ%ﬁ% .
be an admissible sequences of configurations in Go. Let VN = H(])VR{V ... be a sequence of

configurations in Gy such that (i) every process p € 3..N crashes from the beginning, and
(ii) k% be an index projection of kY on indexes {1,2} for every k > 0. It follows that

(a) Constraint (PS1) on message delay holds on 7V .
N

(b) Constraint (PS2) on the relative speed of processes holds on .

Proof. By applying similar arguments in the proof of Lemma 6.3, and the facts that every
process p € 3..N crashes from the beginning, and that I@’z be an index projection of f@kN on
indexes {1,2} for every k > 0. []

7. ENCODING THE CHANDRA AND TOUEG FAILURE DETECTOR

In this section, we first discuss why it is sufficient to verify the failure detector by checking a
system with only one sender and one receiver by applying the cutoffs presented in Section 6.
Next, we introduce two approaches to encoding the message buffer, and an abstraction of
in-transit messages that are older than A time-units. Finally, we present how to encode the
relative speed of processes with counters over natural numbers. These techniques allow us
to tune our models to the strength of the verification tools: FAST, IVy, and model checkers
for TLA™.

7.1. The System with One Sender and One Receiver. The cutoff results in Section 6
allow us to verify the Chandra and Toueg failure detector under partial synchrony by
checking only instances with two processes. In the following, we discuss the model with two
processes, and formalize the properties with two-process indexes. By process symmetry, it is
sufficient to verify Strong Accuracy, Eventually Strong Accuracy, and Strong Completeness
by checking the following properties.

G((Correct(1) A Correct(2)) = —Suspected(2,1)) (7.1)
F G((Correct(1) A Correct(2)) = —Suspected(2,1)) (7.2)
F G((—Correct(1) A Correct(2)) = Suspected(2,1)) (7.3)

We can take a further step towards facilitating verification of the failure detector. First,
every process typically has a local variable to store messages that it needs to send to itself,
instead of using a real communication channel. Hence, we can assume that there is no
delay for those messages, and that each correct process never suspects itself. Second, local
variables in Algorithm 1 are arrays whose elements correspond one-to-one with a remote
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process, e.g., timeout[2,1] and suspected[2,1]. Third, communication between processes is
point-to-point. When this is not the case, one can use cryptography to establish one-to-one
communication. Hence, reasoning about Properties 7.1-7.3 requires no information about
messages from process 1 to itself, local variables of process 1, and messages from process 2.

Due to the above characteristics, it is sufficient to consider process 1 as a sender, and
process 2 as a receiver. In detail, the sender follows Task 1 in Algorithm 1, but does nothing
in Task 2 and Task 3. The sender does not need the initialization step, and local variables
suspected and timeout. In contrast, the receiver has local variables corresponding to the
sender, and follows only the initialization step, and Task 2, and Task 3 in Algorithm 1. The
receiver can increase its waiting time in Task 1, but does not send any message.

7.2. Encoding the Message Buffer. Algorithm 1 assumes unbounded message buffers
between processes that produce an infinite state space. Moreover, a sent message might be
in-transit for a long time before it is delivered. We first introduce two approaches to encode
the message buffer based on a logical predicate, and a counter over natural numbers. The
first approach works for TLA™ and IVy, but not for counter automata (FAST). The latter
is supported by all mentioned tools, but it is less efficient as it requires more transitions.
Then, we present an abstraction of in-transit messages that are older than A time-units.
This technique reduces the state space, and allows us to tune our models to the strength of
the verification tools.

7.2.1. Encoding the message buffer with a predicate. In Algorithm 1, only “alive” messages
are sent, and the message delivery depends only on the age of in-transit messages. Moreover,
the computation of the receiver does not depend on the contents of its received messages.
Hence, we can encode a message buffer by using a logical predicate existsMsgOfAge(z). For
every k > 0, predicate existsMsgOfAge(k) refers to whether there exists an in-transit message
that is k£ time-units old. The number 0 refers to the age of a fresh message in the buffer.
It is convenient to encode the message buffer's behaviors in this approach. For instance,
Formulas 7.4 and 7.5 show constraints on the message buffer when a new message is sent:

existsMsgOfAge’ (0) (7.4)
Vz € N.z > 0 = existsMsgOfAge/(z) = existsMsgOfAge(z) (7.5)

where existsMsgOfAge’ refers to the value of existsMsgOfAge in the next state. Formula 7.4
implies that a fresh message has been added to the message buffer. Formula 7.5 ensures
that other in-transit messages are unchanged.

Another example is the relation between existsMsgOfAge and existsMsgOfAge’ after the
message delivery. This relation is formalized with Formulas 7.6-7.9. Formula 7.6 requires
that there exists an in-transit message in existsMsgOfAge that can be delivered. Formula 7.7
ensures that no old messages are in transit after the delivery. Formula 7.8 guarantees that no
message is created out of thin air. Formula 7.9 implies that at least one message is delivered.

Jz € N . existsMsgOfAge(z) (7.6)
Vi € N.z > A = —existsMsgOfAge’(z) (7.7)
Vz € N. existsMsgOfAge’(z) = existsMsgOfAge(z) (7.8)
Jr € N. existsMsgOfAge’(z) # existsMsgOfAge(r) (7.9)
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Ageindexes 0 1 2 3 4 --- Ageindexes 0 1 2 3 4 ---

Messages in buf [ &[] | ] Messages in buf’ [ | [=[=] ]

FiGURE 3. The message buffer after increasing message ages in case of
buf =6

This encoding works for TLA™ and IVy, but not for FAST, because the input language
of FAST does not support functions.

7.2.2. Encoding the message buffer with a counter. In the following, we present an encoding
technique for the buffer that can be applied in all tools TLAT, IVy, and FAST. This
approach encodes the message buffer with a counter buf over natural numbers. The k% bit
refers to whether there exists an in-transit message with k time-units old.

In this approach, message behaviors are formalized with operations in Presburger
arithmetic. For example, assume A > 0, we write buf’ = buf + 1 to add a fresh message in
the buffer. Notice that the increase of buf by 1 turns on the 0% bit, and keeps the other
bits unchanged.

To encode the increase of the age of every in-transit message by 1, we simply write
buf’ = buf x 2. Assume that we use the least significant bit (LSB) first encoding, and the
left-most bit is the 0% bit. By multiplying buf by 2, we have updated buf’ by shifting to
the right every bit in buf by 1. For example, Figure 3 demonstrates the message buffer after
the increase of message ages in case of buf = 6. We have buf’ = buf x 2 = 12. It is easy to
see that the 1% and 2" bits in buf are on, and the 2" and 3" bits in buf’ are on.

Recall that Presburger arithmetic does not allow one to divide by a variable. Therefore,
to guarantee the constraint in Formula 7.8, we need to enumerate all constraints on possible
values of buf and buf’ after the message delivery. For example, assume buf = 3, and A = 1.
After the message delivery, buf’ is either 0 or 1. If buf = 2 and A = 1, buf’ must be 0
after the message delivery. Importantly, the number of transitions for the message delivery
depends on the value of A.

To avoid the enumeration of all possible cases, Formula 7.8 can be rewritten with
bit-vector arithmetic. However, bit-vector arithmetic are currently not supported in all
verification tools TLA™, FAST, and IVy.

The advantage of this encoding is that when bound A is fixed, every constraint in the
system behaviors can be rewritten in Presburger arithmetic. Thus, we can use FAST, which
accepts constraints in Presburger arithmetic. To specify cases with arbitrary A, the user
can use TLA™ or IVy.

7.2.3. Abstraction of old messages. Algorithm 1 assumes underlying unbounded message
buffers between processes. Moreover, a sent message might be in transit for a long time
before it is delivered. To reduce the state space, we develop an abstraction of in-transit
messages that are older than A time-units; we call such messages “old”. This abstraction
makes the message buffer between the sender and the receiver bounded. In detail, the
message buffer has a size of A. Importantly, we can apply this abstraction to two above
encoding techniques for the message buffer.

In partial synchrony, if process p executes Receive at some time point from the Global
Stabilization Time, every old message sent to p will be delivered immediately. Moreover,
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Age indexes 0 1 2 Age indexes 0 1 2

(a) Messages in buf | =[] Messages in buf’ [ | |=]

Age indexes 0 1 2 Age indexes 0 1 2

(b) Messages in buf [ |=| Messages in buf’ [ [=][=]

FI1GURE 4. The increase of message ages with the abstraction of old messages.
In the case (a), we have A = 2, buf = 6, and buf’ = 4. In the case (b), we
have A = 2, buf = 5, and buf’ = 6.

if buf < 22 then buf’ « buf x 2

else
if buf > 22 + 281 then buf’ + buf x 2 — 28+1
else buf’ « buf x 2 — 28+1 4 24

FI1GURE 5. Encoding the increase of message ages with
a counter buf, and the abstraction of old messages.

the computation of a process in Algorithm 1 does not depend on the content of received
messages. Hence, instead of tracking all old messages, our abstraction keeps only one old
message that is A time-units old, does not increase its age, and throws away other old
messages.

In the following, we discuss how to integrate this abstraction into the encoding techniques
of the message buffer. We demonstrate our ideas by showing the pseudo code of the increase
of message ages. It is straightforward to adopt this abstraction to the message delivery, and
to the sending of a new message.

Figure 4(a) presents the increase of message ages with this abstraction in a case of
A =2, and buf = 6. Unlike Figure 3, there exists no in-transit message that is 3 time-units
old in Figure 4(a). Moreover, the message buffer in Figure 4(a) has a size of 3. In addition,
buf’ has only one in-transit message that is 2 time-units old. We have buf’ = 4 in this case.
Figure 4(b) demonstrates another case of A = 2, buf = 5, and buf’ = 6.

Formally, Figure 5 presents the pseudo code of the increase of message ages that is
encoded with a counter buf, and the abstraction of old messages. There are three cases. In
the first case (Line 1), there exist no old messages in buf, and we simply set buf’ = buf x 2.
In other cases (Lines 3 and 4), buf contains an old message. Figure 4(a) demonstrates the
second case (Line 3). We subtract 227! to remove an old message with A 4 1 time-units old
from the buffer. Figure 4(b) demonstrates the third case (Line 4). In the third case, we also
need to remove an old message with A + 1 time-units old from the buffer. Moreover, we
need to put an old message with A time-units old to the buffer by adding 22.

Now we discuss how to integrate the abstraction of old messages in the encoding of
the message buffer with a predicate. Formulas 7.10-7.13 present the relation between
existsMsgOfAge and existsMsgOfAge’ when message ages are increased by 1, and this abstrac-
tion is applied. Formula 7.10 ensures that no fresh message will be added to existsMsgOfAge’.
Formula 7.11 ensures that the age of every message that is until (A — 2) time-units old will
be increased by 1. Formulas 7.12-7.13 are introduced by this abstraction. Formula 7.12
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implies that if there exists an old message or a message with (A — 1) time-units old in
existsMsgOfAge, there will be an old message that is A time-units old in existsMsgOfAge’.
Formula 7.13 ensures that there exists no message that is older than A time-units old.

—existsMsgOfAge’ (0) (7.10)
VieN.(0<z<A-2)

= existsMsgOfAge’(z + 1) = existsMsgOfAge(z) (7.11)
existsMsgOfAge’ (A) = existsMsgOfAge(A) V existsMsgOfAge(A — 1) (7.12)
Vz € N.z > A = existsMsgOfAge/(z) = L (7.13)

7.3. Encoding the Relative Speed of Processes. Recall that we focus on the case of
unknown bounds A and ®. In this case, every correct process must take at least one step in
every contiguous time interval containing ® time-units [DLS88].

To maintain this constraint on executions generated by the verification tools, we intro-
duced two additional control variables sTimer and rTimer for the sender and the receiver,
respectively. These variables work as timers to keep track of how long a process has not
taken a step, and when a process can take a step. Since these timers play similar roles,
we here focus on rTimer. In our encoding, only the global system can update rTimer. To
schedule the receiver, the global systems non-deterministically executes one of two actions
in the sub-round Schedule: (i) resets rTimer to 0, and (ii) if rTimer < @, increases rTimer
by 1. In other sub-rounds, the value of rTimer is unchanged. Moreover, the receiver must
take a step whenever rTimer = 0.

8. REDUCE LIVENESS PROPERTIES TO SAFETY PROPERTIES

To verify the liveness properties Eventually Strong Accuracy and Strong Completeness with
IVy, we first need to reduce them to safety properties. Intuitively, these liveness properties
are bounded; therefore, they become safety ones. In the following, we explain how to do
that.

8.1. Eventually Strong Accuracy. By cutoffs discussed in Section 6, it is sufficient to
verify Eventually Strong Accuracy on the Chandra and Toueg failure detector by checking
the following property on instances with 2 processes.

F G((Correct(1) A Correct(2)) = —Suspected(2,1)) (8.1)

where process 1 is the sender and process 2 is the receiver.
In the following, we present how to reduce Formula 8.1 to a safety property. Our
reduction is based on the following observations:

(1) Fairness (Line 5 in Algorithm 1): correct processes send “alive” infinitely often.

(2) The reliable communication (Constraint (TC1)): Let rcv_msg_from(2,1) be a predicate
that refers to whether process 2 receives a message from process 1. If processes p and ¢
are always correct, then it holds G F rcv_msg_from(2,1).
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(3) Transition invariant: Let (2, 1) be a predicate such that
¥1(2,1) £ rev_msg_from(2,1) A Correct(1) A Correct(2) A Suspected(2,1)
Then, the following property is a transition invariant.
G (¢1(p, q) = timeout'[2,1] = timeout[2,1] + 1) (8.2)

Points 1-3 implies that if timeout[2, 1] is always less than some constant in an arbitrary
execution path, then Formula 8.1 holds in this path.

Now we discuss why timeout[2, 1] does not keep increasing forever if processes 1 and 2 are
correct. To that end, we find a specific guard g for timeout[2, 1] such that if timeout[2,1] > ¢ °
and the sender is correct, then the receiver waits for the sender in less than g time-units.
Moreover, the value of ¢ depends only on the values of A and ®. Hence, it is sufficient to
verify Formula 8.1 by checking Formula 8.3.

G (timeout[2,1] > g = ((Correct(1) A Correct(2)) = —Suspected(2,1))) (8.3)

8.2. Strong Completeness. By cutoffs discussed in Section 6, it is sufficient to verify
Strong Completeness on the Chandra and Toueg failure detector by checking the following
property on instances with 2 processes.

F G((—Correct(1) A Correct(2)) = Suspected(2,1)) (8.4)

Notice that in partial synchrony, every sent message is eventually delivered. Hence,
after the sender crashes, the receiver eventually receives nothing from the sender. To reduce
Formula 8.4 to a safety property, we first introduced a ghost variable hLFSC to measure for
how long the sender has crashed. hLFSC is set to 0 when the sender crashes. After that, hLFSC
is increased by 1 in every global step if the receiver has not suspected the crashed sender.
Let ¢2(2,1) denote the constraint: (2,1) £ ~Correct(1) A Correct(2) A ~Suspected(2,1).
Then, the following property is a transition invariant.

G(¢2(p, q) = hLFSC’ = hLFSC + 1) (8.5)

By Formula 8.5, if hLFSC is always less than some constant in an arbitrary execution
path, then Formula 8.4 holds in this path.

Now we show that hLFSC cannot keep increasing forever. To that end, we find a specific
guard ¢’ > 0 for hLFSC such that if hLFSC = ¢/, then the receiver suspects the sender. It
implies that hLFSC is unchanged. Moreover, the value of ¢’ depends only on the values of A
and ®. Hence, it is sufficient to verify Formula 8.4 by checking Formula 8.6.

G (hLFSC = ¢’ = ((—Correct(1) A Correct(2)) = Suspected(2,1))) (8.6)

9. EXPERIMENTS FOR SMALL A AND &

In this section, we describe our experiments with TLA™ and FAST. We ran the following ex-
periments on a virtual machine with Core i7-6600U CPU and 8 GB DDR4. Our specifications
can be found at [TKW].

SAs the default-value of timeout[2,1] is a parameter, timeout[2,1] might be greater than g from the
initialization.
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SSnd = A ePC = “SSnd”
AIF (sTimer =0 A sPC = "SSnd")
THEN buf’ = buf + 1
ELSE UNCHANGED buf
A ePC’ = “RNoSnd”
A UNCHANGED (sTimer, rTimer...)

S ULk W N+~

FIGURE 6. Sending a new message in TLA™ in case of A >0

9.1. Model Checkers for TLA": TLC and APALACHE. We first use TLA™ [Lam(02]
to specify the failure detector with both encoding techniques for the message buffer, and the
abstraction in Section 7. Then, we use the model checker TLC in the TLA™ Toolbox version
1.7.1 [YML99, Mic] and the model checker APALACHE version 0.15.0 [KKT19, Sys19] to
verify instances with fixed bounds A and ®, and the GST Ty = 1. This approach helps us
to search constraints in inductive invariants in case of fixed parameters. The main reason is
that counterexamples and inductive invariants in case of fixed parameters, e.g., A <1 and
® < 1, are simpler than in case of arbitrary parameters. Hence, if a counterexample is found,
we can quickly analyze it, and change constraints in an inductive invariant candidate. We
apply the counterexample-guided approach to find inductive strengthenings. After obtaining
inductive invariants in small cases, we can generalize them for cases of arbitrary bounds,
and check with theorem provers, e.g., IVy (Section 10).

TLA™ offers a rich syntax for sets, functions, tuples, records, sequences, and control
structures [Lam02]. Hence, it is straightforward to apply the encoding techniques and the
abstraction presented in Section 7 in TLA™. For example, Figure 6 represents a TLA™
action SSnd for sending a new message in case of A > 0. Variables ePC and sPC are
program counters for the environment and the sender, respectively. Line 1 is a precondition,
and refers to that the environment is in subround Send. Lines 2-3 say that if the sender is
active in subround Send, the counter buf’ is increased by 1. Otherwise, two counters buf
and buf’ are the same (Line 4). Line 5 implies that the environment is still in the subround
Send, but it is now the receiver's turn. Line 6 guarantees that other variables are unchanged
in this action.

Figure 7 represents the next-state relation in TLA™. Line 1 describes actions in sub-
round Schedule. The environment schedules the Sender, schedules the Receiver, and then
increases message ages. Lines 2, 3, and 4 describes actions in sub-rounds Send, Receive, and
Computation, respectively. The program counter ePC of the environment is used to ensure
that every action is repeated periodically and in order.

Figure 8 represents how the environment schedules the Receiver in TLA™. Line 1 says
that the current step is to schedule the Receiver, and Line 2 refers to the next action that
is to increase message ages. Line 3 non-deterministically sets the Receiver active in the
current global step. Lines 4-6 are to update the program counter rPC of the Receiver. The
environment schedules the Sender, schedules the Receiver, and then increases message ages.
Lines 7-8 non-deterministically sets the Receiver inactive in the current global step if the
Receiver is not frozen in the last Phi — 1 global steps. Line 9 is to keep other variables
unchanged.

Now we present the experiments with TLC and APALACHE. We used these tools to
verify (i) the safety property Strong Accuracy, and (ii) an inductive invariant for Strong
Accuracy, and (iii) an inductive invariant for a safety property reduced from the liveness
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A

1 V SSched V RSched V IncMsgAge
2: VvV §8Snd VvV RNoSnd

3: V RRcv

4: VvV RComp

FIGURE 7. The Next predicate for the next-state relation in TLA™

1: RSched = A ePC = “RSched”

2 A ePC' = “IncMsgAge”

3 AV ArTimer’ =0

4: A V (rPC = "RNoSnd” A rPC" = “RRev")
5: V (rPC = "RRev’ A rPC’ = “RComp")
6: V (rPC = “RComp” A rPC’ = "RNoSnd")
7 V ArTimer < Phi — 1

8 A rTimer’ = rTimer + 1

9 A UNCHANGED (buf, sTimer...)

FIGURE 8. The RSched predicate for scheduling the Receiver in TLA™

property Strong Completeness in case of fixed bounds, and GST = 1 (initial stabilization).
The structure of the inductive invariants verified here are very close to one in case of arbitrary
bounds A and ®. While all parameters are assigned specific values in the inductive invariants
of small instances, they have arbitrary values in the case of arbitrary bounds.

Table 1 shows the results in verification of Strong Accuracy in case of the initial
stabilization, and fixed bounds A and ®. Table 1 shows the experiments with the three
tools TLC, APALACHE, and FAST. The column “#states” shows the number of distinct
states explored by TLC. The column “#depth” shows the maximum execution length
reached by TLC and APALACHE. The column “buf” shows how to encode the message
buffer. The column “LOC” shows the number of lines in the specification of the system
behaviors (without comments). The symbol “-” (minus) refers to that the experiments are
intentionally missing since FAST does not support the encoding of the message buffer with
a predicate. The abbreviation “pred” refers to the encoding of the message buffer with
a predicate. The abbreviation “cntr” refers to the encoding of the message buffer with a
counter. The abbreviation “TO” means a timeout of 6 hours. In these experiments, we
initially set timeout = 6 x ® + A, and Strong Accuracy is satisfied. The experiments show
that TLC finishes its tasks faster than the others, and APALACHE prefers the encoding of
the message buffer with a predicate.

Table 2 summarizes the results in verification of Strong Accuracy with the tools TLC,
APALACHE, and FAST in case of the initial stabilization, and small bounds A and &,
and initially timeout = A + 1. Since timeout is initialized with a too small value, there exists
a case in which sent messages are delivered after the timeout expires. The tools reported
an error execution where Strong Accuracy is violated. In these experiments, APALACHE
is the winner. The abbreviation “T'O” means a timeout of 6 hours. The meaning of other
columns and abbreviations is the same as in Table 1.

Table 3 shows the results in verification of inductive invariants for Strong Accuracy and
Strong Completeness with TLC and APALACHE in case of the initial stabilization, and
slightly larger but fixed bounds A and ®, e.g., A = 20 and ® = 20. The message buffer was
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TABLE 1. Showing Strong Accuracy for fixed parameters.

21 Al @ | but TLC APALACHE FAST
time #states depth  LOC | time depth |time LOC
1 9 | 4 pred 3s 10.2K 176 190 | 8m 176 - -
2 cntr 3s 10.2K 176 266 | 9m 176 | 16m 387
3 414 pred 3s 16.6K 183 190 | 12m 183 - -
4 cntr 3s 16.6K 183 487 | 35m 183 | TO 2103
5 415 pred 3s 44.7K 267 190 | TO 222 - -
6 cntr 3s 44.7K 267 487 | TO 223 | TO 2103

TABLE 2. Violating Strong Accuracy for fixed parameters.

2l Al | buf TLC AEALACHE FA.ST

time F#states depth time depth | time
1 9 | 4 pred 1s 840 43 11s 42 -
2 cntr 1s 945 43 12s 42 10m
3 4] 4 pred 2s 1.3K 48 15s 42 -
4 cntr 2s 2.4K 56 16s 42 TO
5 12020 pred | TO 22.1K 77 | 1hldm 168 -

TABLE 3. Proving inductive invariants with TLC and APALACHE.

TLC APALACHE
I Property time #states time
1| 4|40 | Strong Accuracy |33m 347.3M 12s
4 110 Strong 44m 13.4M 17s
Completeness

encoded with a predicate in these experiments. In these experiments, inductive invariants
hold, and APALACHE is faster than TLC in verifying them. In our experiment, we applied
the counterexample-guided approach to manually find inductive strengtheningss.

As one sees from the tables, APALACHE is fast at proving inductive invariants, and at
finding a counterexample when a desired safety property is violated. TLC is a better option
in cases where a safety property is satisfied.

In order to prove correctness of the failure detector in cases where parameters A
and ® are arbitrary, the user can use the interactive theorem prover TLA™ Proof System
(TLAPS) [CDLM10]. A shortcoming of TLAPS is that it does not provide a counterexample
when an inductive invariant candidate is violated. Moreover, proving the failure detector
with TLAPS requires more human effort than with IVy. Therefore, we provide IVy proofs
in Section 10.

9.2. FAST. A shortcoming of the model checkers TLC and APALACHE is that parameters
A and ¢ must be fixed before running these tools. FAST is a tool designed to reason
about safety properties of counter systems, i.e. automata extended with unbounded integer
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1: transition SSnd_Active := {

2 from := incMsgAge;

3: to := ssnd;

4 guard := sTimer = 0;

5 action := buf’ = buf + 1; };

FIGURE 9. Sending a new message in FAST in
case of A >0

variables [BLP06]. If A is fixed, and the message buffer is encoded with a counter, the
failure detector becomes a counter system. We specified the failure detector in FAST, and
made experiments with different parameter values to understand the limit of FAST: (i) the
initial stabilization, and small bounds A and @, and (ii) the initial stabilization, fixed A,
but unknown ®.

Figure 9 represents a FAST transition for sending a new message in case of A > 0.
Line 2 describes the (symbolic) source state of the transition, and region incMsgAge is a set
of configurations in the failure detector that is reachable from a transition for increasing
message ages. Line 3 mentions the (symbolic) destination state of the transition, and region
sSnd is a set of configurations in the failure detector that is reachable from a transition
named “SSnd_Active” for sending a new message. Line 4 represents the guard of this
transition. Line 5 is an action. Every unprimed variable that is not written in Line 5 is
unchanged.

The input language of FAST is based on Presburger arithmetics for both system and
properties specification. Hence, we cannot apply the encoding of the message buffer with a
predicate in FAST.

Tables 1 and 2 described in the previous subsection summarize the experiments
with FAST, and other tools where all parameters are fixed. Moreover, we ran FAST
to verify Strong Accuracy in case of the initial stabilization, A < 4, and arbitrary ®. FAST
is a semi-decision procedure; therefore, it does not terminate on some inputs. Unfortunately,
FAST could not prove Strong Accuracy in case of arbitrary ®, and crashed after 30 minutes.

10. IVY PROOFS FOR PARAMETRIC A AND &

While TLC, APALACHE, and FAST can automatically verify some instances of the failure
detector with fixed parameters, these tools cannot handle cases with unknown bounds A and
®. To overcome this problem, we specify and prove correctness of the failure detector with
the interactive theorem prover IVy [MP20]. In the following, we first discuss the encoding
of the failure detector, and then present the experiments with IVy.

The encoding of the message buffer with a counter requires that bound A is fixed. We
here focus on cases where bound A is unknown. Hence, we encode the message buffer with
a predicate in our IVy specifications,

In IVy, we declare relation existsMsgOfAge(X : num). Type num is interpreted as
integers. Since IVy does not support primed variables, we need an additional relation
tmpExistsMsgOfAge(X : num). Intuitively, we first compute and store the value of existsMs-
gOfAge in the next state in tmpExistsMsgOfAge, then copy the value of tmpExistsMsgOfAge
back to existsMsgOfAge. We do not consider the requirement of tmpExistsMsgOfAge as a
shortcoming of IVy since it is still straightforward to transform the ideas in Section 7 to IVy.
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Figure 2 represents how to add a fresh message in the message buffer in IVy. Line 1 means
that tmpExistsMsgOfAge is assigned an arbitrary value. Line 2 guarantees the appearance
of a fresh message. Line 3 ensures that every in-transit message in existsMsgOfAge is
preserved in tmpExistsMsgOfAge. Line 4 copies the value of tmpExistsMsgOfAge back to
existsMsgOfAge.

Algorithm 2 Adding a fresh message in IVy

tmpExistsMsgOfAge(X) := *;

assume tmpExistsMsgOfAge(0);

assume forall X: num.0 < X — existsMsgOfAge(X) = tmpExistsMsgOfAge(X);
existsMsgOfAge(X) := tmpExistsMsgOfAge(X);

Importantly, our specifications are not in decidable theories supported by IVy. In
Formula 7.11, the interpreted function “+4” (addition) is applied to a universally quantified
variable x.

The standard way to check whether a safety property Prop holds in an IVy specification is
to find an inductive invariant IndInv with Prop, and to (interactively) prove that Indinv holds
in the specification. To verify the liveness properties Eventually Strong Accuracy, and Strong
Completeness, we reduced them into safety properties by applying a reduction technique in
Section 8, and found inductive invariants containing the resulting safety properties reduced
from the liveness properties. These inductive invariants are the generalization of the inductive
invariants in case of fixed parameters that were found in the previous experiments.

TABLE 4. Proving inductive invariants with IVy for arbitrary A and ®.

# Property timeoutipit time LOC  #liney #strengther;ng

steps
1 Strong Accuracy =6x P+ A 4s 183 30 0
2| Eventually — % 4s 186 35 0

trong Accuracy

3 =6xd+A 8s 203 111 0
4 | Strong Completeness | > 6 x ® + A 22s 207 124 15
5 =% 44s 207 129 0

Table 4 shows the experiments on verification of the failure detector with IVy in case
of unknown A and ®. The symbol « refers to that the initial value of timeout is arbitrary.
The column “#line;” shows the number of lines of an inductive invariant, and the column
“#tstrengthening steps” shows the number of lines of strengthening steps that we provided
for IVy. The meaning of other columns is the same as in Table 1. While our specifications
are not in the decidable theories supported in IVy, our experiments show that IVy needs no
user-given strengthening steps to prove most of our inductive invariants. Hence, it took us
about 4 weeks to learn IVy from scratch, and to prove these inductive invariants.

The most important thing to prove a property satisfied in an IVy specification is
to find an inductive invariant. Our inductive invariants use non-linear integers, quanti-
fiers, and uninterpreted functions. (The inductive invariants in Table 4 are given in the
repository [TKW].)
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While IVy supports a liveness-to-safety reduction [PHL*17], this technique is not fully
automated, and IVy still needs user-guided inductive invariant for reduced safety properties
that may be different from those in Table 4. Moreover, IVy has not supported reasoning
techniques for clocks. Therefore, we did not try the liveness-to-safety reduction of IVy.

It is straightforward to generalize the inductive invariants in Table 4 for partially
synchronous models with known time bounds in [DLS88, CT96]. To reason about models
with GST > 0, we need to find additional inductive strengthenings because the global
system is under asynchrony before GST. Other partially synchronous models in [ABND*87]
consider additional paramaters, e.g., message order or point-to-point transmission that are
out of scope of this paper.

11. RELATED WORK

11.1. Cutoffs. Distributed algorithms are typically parameterized in the number of par-
ticipants, e.g., two-phase commit protocol [LS79] and the Chandra and Toueg failure
detector in Section 2. While the general parameterized verification problem is undecid-
able [AK86, Suz88, BJKT15], many distributed algorithms such as mutual exclusion and
cache coherence enjoy the cutoff property, which reduces the parameterized verification prob-
lem to verification of a small number of instances. In a nutshell, a cutoff for a parameterized
algorithm A and a property ¢ is a number &k such that ¢ holds for every instance of A if and
only if ¢ holds for instances with k processes [EN95, BJKT15]. In the last decades, researchers
have proved the cutoff results for various models of computation: ring-based message-passing
systems [EN95, EK04], purely disjunctive guards and conjunctive guards [EK00, EK03],
token-based communication [CTTV04], and quorum-based algorithms [MSB17]. However,
we cannot apply these results to the Chandra and Toueg failure detector because it relies on
point-to-point communication and timeouts. Moreover, distributed algorithms discussed
in [EN95, EK00, EK03, EK04, CTTV04, MSB17] are not in the symmetric point-to-point
class.

11.2. Formal verification for partial synchrony. Partial synchrony is a well-known
model of computation in distributed computing. To guarantee liveness properties, many prac-
tical protocols, e.g., the failure detector in Section 2 and proof-of-stake blockchains [BKM18,
YMR'19], assume time constraints under partial synchrony. That is the existence of bounds
A on message delay and ® on the relative speed of processes after some time point.

While partial synchrony is important for system designers, it is challenging for verification.
The mentioned constraint makes partially synchronous algorithms parametric in time bounds.
Moreover, partially synchronous algorithms are typically parameterized in the number of
processes.

Research papers about partially synchronous algorithms, including papers about failure
detectors [LAF99, ADGFT06, ADGFTO08] contain manual proofs and no formal specifica-
tions. Without these details, proving those distributed algorithms with interactive theorem
provers [CDLT12, MP20] is impossible.

System designers can use timed automata [AD94] and parametric verification frame-
works [LPY97, AFKS12, LRST09] to specify and verify timed systems. In the context of
timed systems, we are aware of only one paper about verification of failure detectors [AMO12].
In this paper, the authors used three tools, namely UPPAAL [LPY97], mCRL2 [BGK™19],
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and FDR2 [Ros10] to verify small instances of a failure detector based on a logical ring
arrangement of processes. Their verification approach required that message buffers were
bounded, and had restricted behaviors in the specifications. Moreover, they did not consider
the bound ® on the relative speed of processes. In contrast, there are no restrictions on
message buffers, and no ring topology in the Chandra and Toueg failure detector.

In recent years, automatic parameterized verification techniques [KLVW17a, SKWZ19,
DWZ20] have been introduced for distributed systems, but they are designed for synchronous
and/or asynchronous models. Interactive theorem provers have been used to prove correctness
of distributed algorithms recently. For example, researchers proved safety of Tendermint
consensus with IVy [Gall.

12. CONCLUSION

We have presented parameterized and parametric verification of both safety and liveness of
the Chandra and Toeug failure detector. To this end, we first introduce and formalize the
class of symmetric point-to-point algorithms that contains the failure detector. Second, we
show that the symmetric point-to-point algorithms have a cutoff, and the cutoff properties
hold in three models of computation: synchrony, asyncrony, and partial synchrony.

Next, we develop the encoding techniques to efficiently specify the failure detector, and
to tune our models to the strength of the verification tools: model checkers for TLA™" (TLC
and APALACHE), counter automata (FAST), and the theorem prover Ivy. We verify safety
in case of fixed parameters by running the tools TLC, APALACHE, and FAST. To cope
with cases of arbitrary bounds A and ®, we reduce liveness properties to safety properties,
and proved inductive invariants with desired properties in Ivy. While our specifications are
not in the decidable theories supported in Ivy, our experiments show that Ivy needs no
additional user assistance to prove most of our inductive invariants.

Modeling the failure detector in TLA™ helped us understand and find inductive invari-
ants in case of fixed parameters. Their structure is simpler but similar to the structure of
parameterized inductive invariants. We found that the TLA™' Toolbox [KLR19] has conve-
nient features, e.g., Profiler and Trace Exploration. A strong point of Ivy is in producing a
counterexample quickly when a property is violated, even if all parameters are arbitrary. In
contrast, FAST reports no counterexample in any case. Hence, debugging in FAST is very
challenging.

While our specification describes executions of the Chandra and Toueg failure detector,
we conjecture that many time constraints on network behaviors, correct processes, and
failures in our inductive invariants can be reused to prove other algorithms under partial
synchrony. We also conjecture that correctness of other partially synchronous algorithms may
be proven by following the presented methodology. For future work, we would like to extend
the above results for cases where GST is arbitrary. It is also interesting to investigate how
to express discrete partial synchrony in timed automata [AD94], e.g., UPPAAL [LPY97].
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APPENDIX A. LINEAR TEMPORAL LOGIC (LTL)

The syntax of LTL formulae is given by the following syntax [Pnu77]:
pi=T[p[-¢[oNd|XP|dUg

where

T stands for true,

e p ranges over a countable set AP of atomic predicates,

e — and A are Boolean operators negation and conjunction respectively,
e X and U are the temporal operators next and until respectively.

Other Boolean operators V, =, and < are defined in the standard way. We also use L
(false), F (eventually), G (always) to abbreviate =T, T U ¢ , and =(T U —¢) respectively.

Let us consider an LTL formula ¢ over propositions in AP and a word w: N — 247,
We define the relation w F ¢ (the word w satisfies the formula ¢) inductively as follows.

wE T for all w

wE pif p € wl0]

w E —¢ if not w E ¢

wE Q1 Ao if wE @1 and w E ¢o

wE X ¢ if w[l...] F ¢ where w[k...] denotes the suffix w[k]w[k +1]...

w E ¢1 U ¢9 if there exists j > 0 such that w[j...] F ¢2 and for all 0 < i < j, w[i...] F ¢1

Two words w and w’ are stuttering equivalent if there are two infinite sequences of
numbers 0 = ig < iy < i < ... and 0 = jo < j1 < jo < ... such that for every ¢ > 0, it holds
Wiy = Wiph] = o0 = Wipyy 1 = Wj, = W[ 3 = ... = wj’ﬂl_1 [CJGKT18].

In this paper, we deal with properties in LTL\X (LTL minus the next operator).
Importantly, all LTL properties that are invariants under stuttering equivalence can be

expressed without the next operator X [PW97].
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