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ABSTRACT. We consider a first-order logic for the integers with addition. This logic
extends classical first-order logic by modulo-counting, threshold-counting and exact-counting
quantifiers, all applied to tuples of variables (here, residues are given as terms while moduli
and thresholds are given explicitly). Our main result shows that satisfaction for this
logic is decidable in two-fold exponential space. If only threshold- and exact-counting
quantifiers are allowed, we prove an upper bound of alternating two-fold exponential
time with linearly many alternations. This latter result almost matches Berman’s exact
complexity of first-order logic without counting quantifiers.

To obtain these results, we first translate threshold- and exact-counting quantifiers into
classical first-order logic in polynomial time (which already proves the second result). To
handle the remaining modulo-counting quantifiers for tuples, we first reduce them in doubly
exponential time to modulo-counting quantifiers for single elements. For these quantifiers,
we provide a quantifier elimination procedure similar to Reddy and Loveland’s procedure
for first-order logic and analyse the growth of coefficients, constants, and moduli appearing
in this process. The bounds obtained this way allow to restrict quantification in the original
formula to integers of bounded size which then implies the first result mentioned above.

Our logic is incomparable with the logic considered by Chistikov et al. in 2022. They
allow more general counting operations in quantifiers, but only unary quantifiers. The
move from unary to non-unary quantifiers is non-trivial, since, e.g., the non-unary version
of the Hartig quantifier results in an undecidable theory.

1. INTRODUCTION

Presburger arithmetic is the first-order theory of the structure Z, i.e., the integers with
addition, comparison, binary relations = (standing for equality modulo k) for all k > 2,
and all constants ¢ € Z. Presburger [Pre30] developed a quantifier elimination procedure for
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this theory and therefore showed its decidability. The upper complexity bounds of three-fold
exponential time [Opp78| and of two-fold exponential space [FR79] have been shown before
Berman [Ber80] proved the exact complexity to be two-fold exponential alternating time
with linearly many alternations. Further results in this direction concern the complexity of
fragments of Presburger arithmetic [RL78, Gra88, Sch97, Haal4).

Classical first-order logic can be extended by allowing further quantifiers besides 3 and
V. One such quantifier was introduced by Héartig in [H&r62] and is therefore known as Hértig
quantifier (usually denoted I, cf. [HKPV91] for a survey on this Hartig quantifier). The
formula Iz: (¢(x),(z)) expresses the equality of the number of witnesses z for ¢(z) and for
(x), resp. Apelt, in [Ape66], considered this extension FO[Iz] of classical first-order logic
for the structure of integers with addition. He provides a system of axioms and derivation
rules whose completeness he proves using a quantifier elimination. Since the system of
axioms and the derivation relation are decidable, he infers that the FO[Ix]-theory of the
integers with addition is decidable. Alternatively, this decidability follows since Apelt’s
quantifier elimination is effective and the truth of quantifier free statements is decidable.

Another possibility of extending classical first-order logic was considered by Schweikardt
[Sch05] who added the threshold-counting quantifier 3%¢x (here, t is a term, = a variable,
and the formula 37!z ¢ says “there are at least ¢ witnesses  for the formula ¢”); it is not
difficult to see that this extension FO[3*!x] is equally expressive as Apelt’s extension FO[Iz].
She provided an effective quantifier elimination procedure for the quantifier 37z implying
the decidability. An alternative quantifier elimination for FO[3%!z] was given by Chistikov
et al. [CHM21, CHM22].

It should be noted that we do not know any elementary upper bounds for the quantifier
elimination procedures from [Ape66, Sch05, CHM21, CHM22] for the logics FO[/z] and
FO[3%tx]. Consequently, no elementary upper bounds for the respective theories of the
integers are known.

In our earlier conference paper [HK15], we obtained such an elementary upper bound for
the logic FO[H(q’p)x] (here, ¢ and p stand for natural numbers, = for a variable, and a formula
of the form 3(@P)z o expresses “the number of witnesses z for ¢ is congruent to ¢ modulo p”).
More precisely, we presented a quantifier elimination procedure for this logic, analysed the
size of coefficients, constants, and moduli appearing in the resulting formula, and inferred
that quantification can be bounded to integers of at most triply-exponential absolute value;
as a result, the theory can be decided in doubly exponential space which matches the
best known upper bound for Presburger arithmetic using deterministic Turing machines.
Extending Klaedtke’s automata-based decision procedure for Presburger arithmetic [Kla0§],
our conference paper also contains an automata-based decision procedure for this logic that
runs in triply exponential time (which is the optimal time bound known for deterministic
Turing machines [Opp78]).

In [CHM22], Chistikov et al. analysed their quantifier elimination procedure for the logic
FO[3*tx]. For two fragments, called “F” and “monadically guarded PAC”, respectively,
they obtained elementary upper bounds for the decision problems. The following results
follow since the two logics are contained in the two named fragments.

e The F O[El(t’p)x, 37¢x, 37°z]-theory of the integers is decidable in doubly exponential space
(here, t stands for a term, p and ¢ for natural numbers, and x for a variable).

e The FO[3”¢x, 3=¢z|-theory of the integers can be decided by an alternating Turing machine
using doubly exponential time and linearly many alternations (in this logic, no modulo-
counting quantifiers are allowed and the thresholds are given explicitly). More precisely,
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the number of alternations is not only bounded by the length, but even by the depth of
the formula.

These two upper bounds coincide with the best known upper bounds for Presburger arithmetic
wrt. deterministic and alternating Turing machines, resp.

It should be noted that all logics considered so far extend classical first order logic by
unary quantifiers, i.e., the quantifiers I, 3%, and 3“?) bind a single variable. They can
easily be extended to bind tuples of variables, e.g., the formula

I(z',y): ((ac’zO/\Oéy’<z),(0<w’<x/\0<y’<y))

expresses that the number 2 of pairs (0,7') satisfying 0 < 3’ < 2z equals the number z - y
of pairs (z/,y’) satisfying 0 < 2’ < z and 0 < ¢/ < y, i.e., 2 = x - y. Hence, allowing this
non-unary Hértig quantifier IZ leads to an undecidable theory, the resulting logic FO[[Z]
does not possess effective quantifier elimination, and the same applies for the non-unary
version of the threshold-counting quantifier 32'Z. Chistikov et al. ask in the introduction
of [CHM21] whether non-unary counting quantifiers 377 and 377 lead to (efficiently)
decidable theories. In this paper, we answer this question in the affirmative proving that
the non-unary versions of the quantifiers 3“?)Z, 3>Z, and 3*°T (where the threshold is
given explicitly) behave much better than Hértig’s quantifier I. Namely, we prove the two
complexity bounds that follow from the work by Chistikov et al. on the fragments “F” and
“monadically guarded PAC” also for the non-unary quantifiers:

e The FO[EI(t’p)f, 37z, 37°7]-theory of the integers is decidable in doubly exponential space
(here, ¢ stands for a term, p and ¢ for natural numbers, and Z for a tuple of variables).

e The FO[37°T, 37¢T]-theory of the integers can be decided by an alternating Turing machine
using doubly exponential time and linearly many alternations. As opposed to the above
mentioned result on the unary versions of these quantifiers, we cannot prove that the
number of alternations is bounded by the depth of the formula.

Despite the similarity of results, we cannot follow the route of proof used by Chistikov et al.
since they start from their handling of the unary Hartig quantifier which cannot be extended
to its non-unary version. Differently, we proceed as follows.

(1) In polynomial time, we compute from a formula in the full logic FO [H(t’p)f, 3>z, Hzcﬂ
an equivalent formula in the fragment FO [El(t’p)f], that is, non-unary threshold- and
exact-counting quantifiers can be eliminated in polynomial time. This procedure does
not introduce new modulo-counting quantifiers; consequently, from a formula from
FO[37°z, 3=¢7], it computes an equivalent formula from classical first-order logic FO.
Since the “block depth” (a notion defined later, it is bounded by the length of the
formula) of the resulting formula is linear in the size of the original one, we obtain
that the satisfaction relation for FO[37¢Z, 37°7] is decidable in two-fold exponential
alternating time with O(n) many alternations. Note that this is very close to Berman’s
optimal result for FO where only n alternations are necessary [Ber80].

(2) We provide a quantifier elimination procedure for the logic FO [El(t’p)f] and therefore, by
the first result, for the full logic FO[3(P)z, 327, 3=°F|. It follows that this full logic
agrees in expressive power with classical first-order logic FO.

(3) Analysing the size of constants, coefficients, and moduli appearing in this procedure, we
can restrict quantification to integers of bounded size. As a result, we get a decision
procedure in two-fold exponential space for the full logic FO [El(tu”)f, 377, EIZCT]. Note
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that this equals the best known upper bound using Turing machines for classical first-
order logic FO from [FR79).

2. PRELIMINARIES

We consider 0 a natural number.

The structure. The universe of the structure Z is the set of integers Z. On this set, we
consider the constants ¢ € Z, the binary function +, the binary relation <, and the binary
relations =i, for k > 2 (with m =, n iff k divides m — n).

Terms and assignments. We will use the countable set {x; | i € N} of variables. Terms
are defined by induction: z; and c are terms for ¢ € N and ¢ € Z, and as and s + ¢ are
terms whenever a € Z and s and ¢ are terms (we write —s for the term (—1)-s and s — ¢ for
s+ (—=1)-1).

An assignment is a function f: {x; | i € N} — Z that assigns integers to variables. In a
natural way, an assignment f is extended to a function (also denoted f) that maps terms to
integers. Two terms s and t are equivalent if f(s) = f(t) holds for all assignments f; we
write s < t to denote that s and ¢ are equivalent.

A term is in nmormal form if it is of the form t' = ( < (a1xi, + agwi,) + - -anajin) +c
with i1y < ig < -+ <y, a1,...,a, # 0, and ¢ € Z. Note that, for any term ¢, there exists a
unique equivalent term in normal form. For a term ¢ with normal form #', we call a; the
coefficient of z;; and ¢ the constant; note that coefficients are non-zero, but the constant
can be zero (in which case we call the term ¢ constant-free).

If the normal form of a term ¢ does not contain the variable x;, then we call ¢t an x;-free
term.

Atomic formulas. Expressions of the form s < ¢ (also written ¢t > s) and s =, ¢ for terms
s and t and a natural number k > 1 are called atomic formulas. We extend an assignment
f to a function (also denoted f) that maps atomic formulas to the truth values tt and ff:
fls<t)y=tiff f(s) < f(t) and f(s = t) = t iff k divides f(s) — f(t) = f(s —t). Two
atomic formulas o and § are equivalent if f(a) = f(B) holds for all assignments f; we write
« < [ for this fact.

Let x be a variable. An atomic formula ¢ is z-separated if there are an z-free term t
and a non-negative integer a € N such that ¢ is of the form ax < ¢, t < ax, or ax = t. If ¢
is an z-free term, then, e.g., the formula 0x = t is x-separated. Since 0 is the normal form
of Oz, also the formulas 0 = ¢, 0 < ¢, and ¢ < 0 are considered to be z-separated (despite
the fact that it does not mention x at all). It follows that, for any atomic formula « and
any variable z, there exists an equivalent z-separated atomic formula.

An atomic formula is constant separated if it is of the form ¢ < s, s < ¢, or s =5 ¢ where
s is a constant-free term and ¢ € Z a constant. Again, for any atomic formula «, there exists
an equivalent constant separated atomic formula.

1Usually7 one writes s =t for the equivalence of terms and formulas, but this might lead to confusion in
this paper because of the central role of the relations = for k > 2.
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Formulas. Formulas of classical first-order logic are built from atomic formulas using the
quantifier 3 (applied to single variables) and the Boolean combinators negation, conjunction,
implication, and equivalence. We extend this classical logic by quantifiers that allow threshold-
(32¢) and ezact-counting (3=¢) as well as modulo counting (3P)), all applied to tuples of
variables.

Definition 2.1. Formulas of the logic FO [H(t’p)f, Iz, HZCT] are defined by induction:

(1) Any atomic formula is a formula.

(2) If ¢ and 9 are formulas, then so are =, p A, ¢ Vb, p — ¢ and ¢ <> 1.

(3) If ¢ is a formula and y a variable, then Jy: ¢ is a formula.

(4) If p is a formula, t a term, y1,...,ye (with £ > 1) distinct variables, and p > 2 a natural

number, then 3&P) (y1,-..,9¢): @ is a formula.

(5) If p is a formula, y1,...,ye (with £ > 1) are distinct variables, and ¢ > 1 is a natural
number, then 3%¢(y1,...,y0): @ and I=(y1,...,y¢): ¢ are formulas.

3
4

The size |p| of a formula ¢ is the amount of space needed to write it down (we assume
integers to be written in binary and variables to have size one).

For certain fragments of the logic FO [E(t’p)f, ez, Elch] we use the following naming
scheme.

e FO[--- ,3tP)Z...] denotes that item (4) can be used in the construction of formulas
without any restriction. FO[--- ,3@P)Z...] limits the use of item (4) to the case that ¢
is a constant from N (and not an arbitrary term), and FO[.-- ,3(@P)z...] requires, in
addition, that (4) is only used with ¢ = 1, i.e., we can use the unary modulo-counting
quantifiers with constant residue, only.

e FO[---,3%°%, 37T - - - | denotes that item (5) can be used in the construction of formulas
without any restriction. Similarly to the above, FO[- - ,3%¢z, 3=z - - -] restricts the use
of item (5) to the case ¢ = 1, i.e., we can use the unary threshold- and exact-counting
quantifiers, only.

Remark 2.2. The logics FO[3*¢z, 3=¢z], FO[3(@P)z], and FO[3(@P)z, 3¢z, 3=¢7] are often
denoted C, FO+MOD and C+MOD, respectively.

We can further extend an assignment f in the standard way to a function (also denoted f)
that maps formulas to the truth values tt and ff.

Before we define the semantics of quantified formulas, we need the following definitions.
For £ > 1,5 = (y1,...,y) an f-tuple of distinct variables, and @ = (ay, ..., as) € Z¢, we let
Jy/a be the assignment that maps the variable y; to the value a; (for all 1 < i < ¢) and, apart
from this, coincides with the assignment f. In other words, fj/a(vyi) = a; for all 1 <i </
and fy/5(z) = f(z) for all variables = ¢ {y1,...,ye}.

To define the semantics of the quantifiers, let ¢ be a formula, ¢ a term, y1, ..., y, distinct
variables, p > 2, and ¢ > 1. With ¥ = (y1,...,y¢), we then define the following:

o f(3y1: @) = tt iff there exists a € Z such that f,, /,() = tt.
. f(EI(t’p)y: ¢) = tt iff the set {a € Z* | fy/a(w) =t} is finite and

{ae’: frale) = t}| = 1(1).

In other words, the formula 3P)3: ¢ expresses that the number of witnessing tuples 7
for ¢ is (modulo p) congruent to the value of the term t.
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o f(F7Y: ) =ttiff
‘{EE 7t fg/a(go) :tt}‘ >ec.

In other words, the formula 3%¢y: ¢ expresses that the number of witnessing tuples 7 for
¢ is at least ¢ (and possibly infinite). With £ = 1, 37! is the usual existential quantifier
3. This easy observation allows us to consider 3 as an abbreviation and therefore to skip
item (3) in the definition of fragments of the full logic FO [El(t’p)f, 3>z, EI:CE], provided
item (5) is allowed with ¢ = 1.

° f(EIZC@: cp) =1t iff ‘{6 ezt | fy/a(go) = ‘ut}’ =c.

Two formulas a and § are equivalent if f(a) = f(B) holds for all assignments f; we
write a < ( for this fact.

Clearly, the formula 3=¢5: ¢ is equivalent to 327G : @ A~3ZH17: ©, i.e., we can eliminate
any occurrence of 3=¢ without changing the semantics of a formula. But this elimination
may increase the size of the formula exponentially.

Note that f(s <tVs >t) =t iff f(s)# f(t) since < is a strict linear order on the set Z.
Therefore, we will write s = t as abbreviation of the formula —(s < tVs > t). Similarly, s < ¢
stands for —s > t and sequences of comparisons like s; < s9 < s3 denote the conjunction
s1 < S92 A\ 89 < s3. Similarly, we write Va ¢ as abbreviation for ~dz —p.

We define the quantifier-depth qd(¢) of formulas ¢ € FO [El(tvp)f, 3>z, Elch} by induc-
tion:

If ¢ is an atomic formula, then qd(¢) = 0.

If ¢ = —a, then qd(p) = qd(a).

If g€ {a A BaV B a— B.aw B, then ad(p) = max{ad(a),ad(8)}.

If p =3z a, then qd(p) = 1 + qd(«).

If o is any of the formulas 3%¢(yy,...,y¢): @, 3= (y1, ..., ye): a, or IEP) (y1, ... y0): a,
then qd(y) = £+ qd(«).

Note that the quantifier depth depends on the length of tuples of variables that follow a
quantifier, i.e., it increases by ¢ whenever we prepend a quantifier 3 (y1,...,y¢) to a formula.

The overall goal of this paper is to obtain an elementary decision procedure for the
full logic FO [El(t’p)fj?%, EIZCE]. As a first step, we will transform a formula « from
FO[3tPz, 377, 37°F] into an equivalent formula B from FO[3(@P)z], that will later be
transformed into an equivalent quantifier-free formula . To control the form of the resulting
formulas 8 and ~, we define the following sets.

Definition 2.3. Let ¢ € FO [H(t’p)f, F>z, Hch] be a formula. Then COEFF(p) C Z is the
set of integers 0, -1, £2 and +a where a is a coefficient in the term s; — so for some atomic
formula s1 < sy from ¢. Similarly, CONST(p) C Z is the set of integers 0, +1, +2, and +c¢
where c is the constant term in s; — so for some atomic formula s; < so from .

The set MOD(¢) C N contains 1 and all integers k > 1 such that an atomic formula of the
form s; =y, s9 or some quantifier 3%*) appears in . Finally, P(p) = COEFF(¢) U MoOD(p).

Example 2.4. Consider the following formula ¢:

A7425.23) () 00) 1 2y < By A dys < 56

A3y 132+ 2 <3z +y —2A 57z =13 2y + 27



Vol. 19:3 NON-UNARY COUNTING QUANTIFIERS FOR PRESBURGER ARITHMETIC 4:7

Then we have
COEFF(p) = {0,+1,+2, £3,+4, +16},
ConsT(p) = {0, £1,+2, +56, +4}
Mob(p) = {1,13,23}, and
P(p) ={0,+1,4+2,£3,+4,+16,23,13}.

Note that COEFF(y) and CONST(y) depend on subformulas of the form s < ¢, but not
on subformulas of the form s =, £. On the other hand, MoD(y) only depends on subformulas
of the form s =, t and on the moduli k of modulo-counting quantifiers %) appearing in ¢.

2.1. An excursion into Presburger arithmetic. Berman proved in [Ber80] that Pres-
burger arithmetic is complete for the class STA(x, 220(n),n) of all problems that can be
solved by an alternating Turing machine in doubly exponential time with n alternations.
Here, we are mainly interested in the proof of the upper bound. He presents this proof
in a very sketchy way essentially saying that Ferrante and Rackoff have shown in [FR79]
that quantification can be reduced to integers of at most triply exponential size (which
can be represented in doubly exponential space). It should be noted that this latter result
holds for any formula, no matter whether it is in prenex normal form or it contains the
Boolean connective <». Berman’s result actually means that the algorithm by Ferrante
and Rackoff can be implemented on an alternating Turing machine with the above time
and alternation bound. Looking into the algorithm from [FR79], one sees that the formula
is first transformed into prenex normal form and that then, the alternation of the Turing
machine equals the quantifier alternation depth of the resulting formula. Note that turning
a formula into prenex normal form is possible in polynomial time whenever the Boolean
connectives are restricted to -, V, A, and —. Differently here, we also allow the connective
<> which gives a convenient way to write certain formulas succinctly. But in the presence of
this connective, we do not know how to compute equivalent formulas in prenex normal form
in polynomial time.

For later reference, we now sketch a proof that, also in the presence of <>, Berman’s
upper bound holds. Since the computation of prenex normal forms is too costly, we need
another bound for the alternation. To this aim, we define the block depth of a formula.
Intuitively, the block depth bd"®(a) of the formula a € FO bounds the number of blocks of
existential quantifiers along any path in the syntax tree of a.

Definition 2.5.

e BD{© is the set of atomic formulas.

e For n > 1, the set BDEO contains the formulas of the form Jxq Jdzs ... Jx,,: 5 where
m > 0 and f is a Boolean combination (possibly using -, A, V, —, and <) of formulas
from BDEO,

e The block depth bd¥©(a) of a formula a € FO is the minimal natural number n with
o € BDEO.

Note that the block depth of any formula is at most half of its depth (which is the
maximal length of a branch in the syntax tree) and therefore half of its length.

With this definition in place, we can now formulate Berman’s upper bound for first-order
logic in presence of the Boolean connective <.
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Theorem 2.6. There is an alternating Turing machine that, on input of a closed formula
¢ € FO, decides in time doubly exponential in || with 2bd¥C(¢) < |p| alternations whether
© holds or not.

Proof sketch. The alternating algorithm runs as follows:

o If ¢ is atomic, then validity of the closed formula ¢ is checked deterministically.

e Now let ¢ = Jxy ... 32y, ¢ where ¢ is a Boolean combination of formulas o1, ..., 0, of
block depth at most n. Then the alternating algorithm first guesses m integers ki, ..., kn
of bounded size (which suffices by [FR79]) as well as a set X C {1,2,...,¢}. Then, it
branches universally checking that
(1) the Boolean combination 1 holds while assuming X is the set of indices 7 such that

O'i(kl, ey km) hOldS,
(2) for all i € X, the closed formula o;(k1, ..., ky) holds, and
(3) for all j € {1,2,...,£}\ X, the closed formula o;(ki, ..., k) does not hold.
Thus, the algorithm first branches existentially and then universally before checking
whether the corresponding formulas o; of block depth < n hold or not. []

3. EXISTENTIAL AND UNARY MODULO-COUNTING QUANTIFIERS SUFFICE

In this section, we will transform a formula from FO [El(t’p)f, R EI:CE] into an equivalent

one from FO [EI(W):L']. Note that the logic FO [El(t’p)f] is an intermediate logic between these
two logics:

e In the logic FO [El(t’p)f,EI%E, EIZCE], we can use the non-unary threshold- and exact-

counting quantifiers 3%¢(z1, ..., x¢) and 37¢(x1, ..., z,) while FO [H(t’p)f] does not allow
threshold- and exact-counting quantification.
e FO [H(t’p)f] allows non-unary modulo-counting quantifiers 3¢?)(zy, ..., xz,) with ¢ an ar-

bitrary term while FO [H(Q»P)x] allows only unary modulo-counting quantification of the

form 3(@P)z with ¢ € N.
We will transform a formula from FO [El(t’p)f, R EI:CE] first into an equivalent formula
from FO [El(t’p)f], i.e., we will eliminate threshold counting quantifiers. In a second step, the
resulting formula from FO [El(t’p)f] will be translated into an equivalent one from FO [El(q’p)x],
i.e., we will eliminate non-unary modulo-counting quantifiers as well as terms as residue. Both
these transformations will leave the sets of coefficients, constants, and moduli unchanged;
the first transformation will be done in polynomial time while the second one uses doubly
exponential time.

3.1. Elimination of threshold- and exact-counting quantifiers. Here, we give the
transformation from FO[3*P)F, 32°F, 37¢7] to FO[3(P)7Z]. We will provide a polynomial-
time transformation that does not change the sets COEFF, CONST, and MoD. In addition,
this transformation will not introduce new modulo-counting quantifiers so that formulas
from FO[3%°Z, 37°F] get translated into equivalent formulas ¢ from first-order logic® whose
validity can then be checked using Theorem 2.6.

2Stefan Géller (private communication) explained to us a polynomial translation of formulas from FO[3%“z]
to FO. The work in this section is an extension and elaboration of his idea.
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We now come to the translation, i.e., to the elimination of threshold- and exact-counting
quantifiers for tuples. First note that the formulas 3=¢%: ¢ and 3% p A ~37¢H17: © are
clearly equivalent, i.e., semantically, there is no need for the exact-counting quantifier 3=¢.
But applying this replacement to all exact-counting quantifiers in a formula increases the
size of the formula exponentially. Similarly, 37y: ¢ is equivalent to

I e N W=7

1<i<j<ec
AV: <( 7=7) —MD)
1<i<e
(where (y',92,...,y") = (v},...,y}) abbreviates Nicj<e Yy = yf) Since the constant c is

written in binary, already the prefix of existential quantifiers is of exponential length, i.e.,
also this transformation incurs an exponential blow-up in formula size. Finally note that
the non-unary quantifiers 37 and V7 are equivalent to 3y’ 332 --- Fy’ and Vy' Vo2 - - - Vyt,
respectively.

Thus, we saw that any formula from FO [H(t’p)f, Iex, 3:%] can be transformed into an
equivalent one from FO [El(t’p)f] (and similarly for FO[37°Z, 37°Z] and FO), but at the cost
of an exponential size increase. Our first result shows that this size increase can be avoided.

The crucial part in this construction is the elimination of a threshold- or exact-counting
quantifier in front of a formula from FO [El(m’)f] or from FO, respectively. This construction
adapts a binary search strategy. For instance, the formula 3=2¢y: 59 < y < y1 A ©(y)
expresses that the interval® [yg, y1) contains precisely 2c many numbers y satisfying ¢. This
is equivalent to saying that there exists some number y 1 in the said interval such that both
intervals [yo,y% ) and [y% ,y1) contain precisely ¢ numbers satisfying ¢. The constructed
formula then contains the conjunction of the two formulas 3=%: (yo <y<y 1 A <p(y)) and

F=Cy: (y 1<y<yi A go(y)). Therefore, using this binary-search idea alone does not prevent
2

an exponential blow-up. The solution is to replace the conjunction of these two formulas by
an expression of the form

Va,b: ((a, b) € {(yg,y%), (y%,yl)} — I %: (a <y<bA go(y))) i

This idea (known as Fischer-Rabin-trick) goes back to [FR74] where it is attributed to earlier
work by Fischer and Meyer as well as by Strassen without specifying concrete publications.
A similar idea transforms the formula 3=2¢T1y: 35 < y < y1 A p(y) into
Fy1: Yo <y1 <m
A e(yy)
A Va,b: ((a, b) € {(yo,y1), (yr + Ly)} = Iy (a<y <bA w(y))) :
Note that this results in an exponential increase in formula size since the formula ¢ is

mentioned twice. To avoid this size increase, we “postpone” the evaluation of the formula
oy 1 ). Slightly more precisely, the above construction proceeds recursively since in both

cases, we have the subformula 3= (a <y<bA gp(y)) Along this recursion, we collect in

3All intervals in this paper are considered as sets of integers or of tuples of integers.
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some set V' all the variables y1 seen in between that are required to satisfy ¢. At the very
2
end of the recursion, we write down the formula

Vy: ((\/ z=y) = o))

zeV

expressing all the “postponed” requirements at once.

The above idea is based on the linear order on the integers. If we consider the non-unary
quantifier 3=, the role of this linear order < is played by the lexicographic order on
tuples .

The proof of the following lemma formalises the above ideas. The crucial requirement
is that the formula and its block depth shall grow only by a small summand (the latter
makes sense only in case the formula ¢ does not contain any modulo-counting quantifiers,
i.e., belongs to FO).

Lemma 3.1. Let a = 37Y: ¢ or a = 3=y ¢ with p € FO [El(t’p)f]. There exists a formula
¢ € FO[3UPz] with v <= «, CoNsT(¥)) = CONST(ar), COEFF(¢)) = COEFF(a), and
Mob(y) = Mob(«a).

Furthermore, || < |p| 4+ O(£ -log c) where £ is the length of the tuple of variables § and
the formula v can be computed from « in time |p| + O£ -logc).

If ¢ belongs to FO, then also v € FO and the block depth of v is at most bd¥C () +
2[log(c)] + 2.

Proof. Before formalising the above idea, we need some notational preparation. For an
(-tuple of variables T = (z1,...,z¢) and an assignment f, we write f(Z) for the tu-
ple (f(z1), f(z2),..., f(2¢)) € Z'. Furthermore (being a bit pedantic), we write 3z for
dxq dxo - - - dxy and similarly for the universal quantifier.

For 0 > 1, let gfex denote the lexicographic order on Z¢. By induction on ¢, we construct
formulas (y1,...,9) <t (21, .-, 2¢) as follows:

° <11eX z1 stands for y; < z1.
® (yla . '7y€) <1Zex (Zlv s ,Zg) stands for y1 < 21 Vy1 =21 A (y27 s 7y€) <1£;<1 (Z27 .- 'azf)'

Then, for any assignment f, we have f(y <i, %) = tt iff f(7) <l f(%). Similarly, the
formulas

(T <hex 2) = ~(Z <{ex V)
and
S@,2) = (J <tex ZA =TT (J <{ex T <lex 7))

hold under the assignment f iff f(7) gfex f(Zz) and f(y) is the immediate predecessor of f(Z)
in (Z¢, <fex), respectively. Later, we will need that all these formulas g are of size O(¢) and
satisfy CONST(3) = COEFF(f) = {0,£1,4+2} and Mop(5) = {1}.

We fix fresh ¢-tuples of variables Zief;, Zmiddles Zright, 21, 22, and z3 that have no variable
in common.

By induction on n > 0, we will now construct for any finite set V' of /-tuples of variables
a formula 1), v with the following property: Let f be an assignment such that

L4 f (Eleft) <1€ex f (Eright) and
e no tuple v from V satisfies f(Ziets) <b, f(T) <o f(Zrignt)-
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In other words, the interval [ fZiet), f (Eright)) C (Z!, <fex) is not empty, but contains none
of the values f(v) for v € V. Our construction of the formula v, 1y will ensure that it holds
under such an assignment f, i.e., f(¢v) = tt, iff
e for all tuples v from V, we have f(¢(v)) = tt (more precisely: f(VZ: (T =0 — ¢)) = tt)
and
e there are precisely n tuples m € Z¢ such that f(Zien) <t ™ <b, f(Zright) and fz /mlp) =
tt.
In this construction, it will be convenient to write w € V for \/;., 7 = w, i.e., for the
semantical property that f(w) is one of the tuples of integers f(v) with v € V.
We start with n =0 and n = 1:

Yo =T ((Frets Slox T <lex Zright VEE V) = (p T € V))
Y1,V = FZmiddle: Zleft <fex Zmiddle <fex Zright
AN VT ((Eleft gfex x <l€ex Zright V T € V) — (g@ —~zTzeVU {zmiddle}))

For the induction step, we now construct 1, v and 9,41y with n > 1. The former is
the simpler case:

Yon v = I71, %2, 73 Zlott = 21 <boy 22 <t 73 = Zright
A vEleftu Eright : ((Eleftv E1right) € {(Za 5)7 (727 73)} — wn,V)

Note that (Ziefs, Zright) is a 2¢-tuple of variables so that (Zieft, Zright) € {(71, %), (%2, %)} is
shorthand for the formula

(zleft =Z1 N\ Eright = 72) V (Eleft =Z2 N\ Eright = %) .
The idea of the formula g, v is to divide the interval [ fGies), f (zright)) = [ fGz), f (5))
into two subintervals [ f(21), f(z2)) and [f(z2), f(%3)) and to verify that both these intervals
satisfy the formula v, v, i.e., contain in particular precisely n witnesses for .
To also construct 9,411/, we need another ¢-tuple Zy' of fresh variables and set

S S S Ay — —
Yopy1,v = F21, 22,22, 231 Zleft = 21 <jox 22 jox 22 <lex 23 = Zright N\ S(Z2', Z2)

N YZleft, Zright : ((Zleft,zright) e{(z, %) (=m)} — wn,VU{g/}).

Here, the idea is to divide the interval I = [ fZett), f (Eright)) = [f (z1), f (E)) into the
half-open interval Iy = [f(21), f(22)) and the open interval I = (f(22'), f(z3)) and to verify
that both these intervals satisfy the formula t,, vz}, 1.e., contain in particular precisely n
witnesses for ¢, and that f(z3') satisfies . Since I is the disjoint union of the intervals I,
{f(z2')}, and I, this ensures that the interval I contains precisely 2n + 1 witnesses for ¢.
Then the formula
FZett Zright * ((Eleft <1eex Zright /\ %,@)

is equivalent to 3°°T: ¢ since it expresses that some interval contains precisely ¢ witnesses
for . Furthermore, the formula

3717 72V§1efta z1"ight : ((zleft glﬁex Z1 NZ2 glﬁex Erigh‘c) — wc,@)
is equivalent to 37T : @ since it expresses that for some interval, any superinterval contains
precisely ¢ witnesses for .
It remains to analyse the size of the resulting formula as well as the block depth in case
v € FO.
To estimate the size of 1. g, note the following:
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e The size of the formulas 1o, and ty,y is of the form ||+ O(£-log(c)) since we allow the
Boolean connective <+ in our formulas and since the size of V' is bounded by [log(c)]| (the
formula size doubles if we consider <+ as abbreviation).

o The size increase when moving from v, v to ¢, v is bounded by a summand of size O(¢)
and the same applies to the construction of Y941,y from v, vz -

It follows that |1 g| < |¢@| 4 3¢+ £ -log(c) for some constant s. One sees easily that the same
holds for the formula ¢ and that it can be constructed in time |¢| + O( - log(c)).

Now suppose ¢ € FO. Since in the construction, we only introduce classical existential
quantifiers, we obtain ¢,y € FO. We want to analyse the block depth of v . First note
that

bd"O (10,1), bd¥O (11,1) < bdFO () + 2,
bd"® (19, v) < bd¥C () + 2, and
bd™ (Yon41,v) < DA™ (W vipmn) +2.

It follows that bd"® (1. 1)) < bd™(¢) + 2 - [log(c)]. In the final step, the block depth
increases by at most 2. Hence we obtain bd™® (y) < bd¥©(¢) + 2[log(c)] + 2. ]

The above lemma can be applied iteratively to all threshold- and exact-counting quanti-
fiers. Hence, from a formula from FO [El(t’p)f, 3>z, EIZCT], we obtain an equivalent formula
in FO[3*")7], and from a formula from FO[3*°T, 3=°F|, we obtain a formula from FO. In

order to bound the block depth of this formula from FO, we extend its definition to formulas
from FO[3ZT, 3] as follows:

Definition 3.2.

e BDj is the set of atomic formulas.
e For n > 1, the set BD,, contains the formulas of the following forms:
— Jzy Jzg ... Jzp,: B where m > 0 and f is a Boolean combination (possibly using —, A,
V, —, and <) of formulas from BD,,_;
— 3%°%: B or 37°z:  where 3 is a Boolean combination of formulas from BD,,2[log, ¢] -2
e The block depth bd(a) of a formula o € FO[37°T, 3=°7] is the minimal natural number n
with o € BD,,.

Note that the block depth of a formula from FO[37Z, 37°7] is at most twice the length
of the formula (since the constants ¢ in 3%¢ and 3=¢ are written in binary). Furthermore, if
o € FO, then bd"°(a) = bd(a).

Proposition 3.3. From a formula ¢ € FO [El(t’p)f, F>°z, EIZCE], one can construct in time
polynomial in |@| an equivalent formula 1 € FO [H(t’p)f].

In addition, we have COEFF(1)) C COEFF(p), CONST(1)) C CONST(y), and MoD(¢)) C
MoD(y).

Furthermore, if ¢ € FO[37°T, 3], then the resulting formula v belongs to FO and the
block depth bd(v)) of 1 equals that of .

Proof. Let pg = ¢ contain n threshold- or exact-counting quantifiers. We construct, in-
ductively, formulas ¢; 1 from ¢; using Lemma 3.1 that contain one threshold- or exact-
counting quantifier less. When constructing ¢;1, suppose we eliminate a quantifier of the
form 3% (y1,...,yp,) or 3= (y1,...,ys,). Then ¢;+1 can be constructed from ¢; in time
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il + O(€; - log(cy)). Since Y oc;p bi < |eo] and Y, log(c;) < ||, the construction of
©n, can be carried out in time polynomial in |¢p|.

Now suppose ¢ € FO[37°T, 37°Z]. Then the formula ¢,, belongs to FO. Furthermore,
when moving from ¢; to @;+1, the block depth does not increase. []

From Berman’s upper bound for Presburger arithmetic, we get immediately the following
for the logic FO[37°z, 377], i.e., the fragment of FO [El(t’p)f, Iz, Elch] without modulo-
counting quantifiers.

Corollary 3.4. Satisfaction of a closed formula ¢ € FO[37°Z, 37°T| can be decided in doubly
exponential alternating time with linearly many alternations.

Proof. The transformation of ¢ into an equivalent closed formula ¢ from FO increases the
size of the formula only polynomially and the resulting block depth belongs to O(|g|). Hence
the claim follows from Berman’s Theorem 2.6. ]

Somewhat surprisingly, the above result says that adding the quantifiers 3¢z and 3=z
does not increase the complexity of the decision procedure; for the unary version of the
above logic, i.e., for FO[37¢x, 3=¢z], this was already observed in [CHM22].

3.2. Elimination of non-unary modulo-counting quantifiers. Here, we give the trans-
formation from FO [El(t’p)f] to FO [E(q’p)x]. We will provide a transformation that can be
computed in doubly exponential time and does not change the sets COEFF, CONST, and
Mob, nor the quantifier depth.

The crucial task in this section is to express a non-unary quantification 3%?) (yy,...,y,)
(where the remainder is given as a term ¢) using only unary modulo-counting quantifications
where the remainder is given as a constant. The first step is obvious: Using a case distinction,
we replace 3P » by the disjunction of all formulas ¢ =, T A 3rP)g: o for 0 < r < p. As
a second step, one has to eliminate the quantification over a tuple 3. We explain the basic
idea using the formula 32 (y;,y2): p(y1,y2) where p is some formula and R is the set of
pairs of integers satisfying p. We have to express that R is finite and its number of elements
is even.

Assuming R to be finite, its size is even iff the number of elements y; with

’{m | (y1.92) € R}) odd
is even. This can be expressed by the formula

302y, 3D 0 plyr, 1) .

Further, R is finite iff its number of elements is even or odd. But this would not eliminate
the non-unary quantification. Alternatively, R is finite iff it is bounded, i.e., if

2V Yy (p(y1,y2) = |yl lya| < 2)
holds. Although being a simple formula, its quantifier rank is larger than that of the formula
we started with. Yet another characterisation of finiteness of R is “only finitely many
elements can be extended to a tuple from R and no element can be extended in infinitely
many ways”. The following formula expresses precisely this:

3021 3ya: plyr,y2) V 3Ty 3 p(yr, y2)

AV (H(O’Q)yz: p(y1,y2) v 3Dy p(yl,y2)>
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The proof of the following lemma formalises this idea (and extends it to other moduli and
remainder given as terms). In other words, it shows how to eliminate a single non-unary
modulo-counting quantifier.

Lemma 3.5. Let o = 34P)y: ¢ with ¢ € FO [El(q’p)x]. There exists a formula v €
FO [3(‘”’):0] with ¢ <= «a, CONST(¢)) = CONST(«r), COEFF(¢)) = COEFF(«), MOD(¢)) =
Mob(«), and qd(¢) = qd(«).

Furthermore, 1 can be constructed from « in time O(pp'ﬁ . |a|) where £ is the length of
the tuple 7.

Note that the modulus p is given in binary. Hence the time bound is doubly exponential
in the size of the formula a.

Proof. First suppose £ = 1 and consider the formula

P = \/ (r=p t AITPy;: )

0<r<p

which is clearly equivalent to o and has all the properties required by the claim of the
lemma.

So suppose £ > 1. First, we construct inductively a formula from FO [El(q’p):r] expressing
that there are only finitely many tuples 7 satisfying ¢ (for 0 <n < ¢ —1):

N1yt yee1) =\ 3Py o
0<i<p

nn(yh ce. 7yn) = \/ E](ijp)yn-‘rl El(yn+27 ceey yﬂ) 2
0<i<p

AVYns1: M1 (Y1, - -+ YUnt1)

Let (y1,...,y¢—1) be any tuple of integers. The formula 7y_; expresses that the tuple
(y1,...,ye—1) can be extended to a tuple satisfying ¢ in only finitely many ways.

Now let (yi1,...,y¢—2) be any tuple of integers. The first line of the formula 7,
expresses that the tuple (yi,...,y,—2) can be extended to a tuple (yi,...,ye—1) that allows
a further extension to a tuple satisfying ¢ in only finitely many ways. The second line
expresses that, for any integer yy_1, there are only finitely many extensions of the tuple
(y1,---,ye—1) to a tuple (y1,...,ys) satisfying ¢. Hence, ny_o expresses that there are only
finitely many extensions of (y1,...,ys—2) satisfying ¢.

Arguing inductively, we obtain that ng expresses that there are only finitely many tuples

(y1,--.,ye) satisfying .
Now consider the formula

B = \/ (r Ept/\no/\El(T’p)g: ©)

0<r<p

that is equivalent with a. It remains to rewrite 3?7 » into a formula from FO [Ei(q’p)a:]. In
this construction, we can assume that ng holds, i.e., that there are only finitely many tuples
(y1,...,ye) satisfying . To this aim, consider the FO [El(q’p):n]-formulas (foro0<n</l-1
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and 0 < d < p)

‘52[—1(917 Y1) = 3Py, . ¢ and

() 0<i<p
where the disjunction () extends over all tuples (di,...,dp—1) over {0,1,...,p — 1} such
that
> dici=pd. (3.1)
0<i<p
Let (y1,...,y¢e—1) be a tuple of integers. Then the formula 5?_1 expresses that there are

d many ways to extend the tuple (y1,...,y¢—1) to a tuple satisfying ¢ (all counts in this
paragraph are understood modulo p). Next let (y1,...,ys—2) be a tuple of integers. Then
the conjunction in the formula 5?_2 expresses that, for all i € {1,2,...,p — 1}, there are d;
many values for yy,_; that satisfy 6@71(y1, ...yYr—1), i.e., that can be extended in i many
ways to a tuple satisfying ¢. Thus, the formula 5?72 expresses that the tuple (y1,...,ys—2)
can be extended in d many ways to a tuple satisfying . Arguing inductively, the formula
53 expresses that there are d many tuples satisfying ¢.
Setting
Y i=1n9 A \/ (r Ept/\ég)

o<r<p
we consequently get a < < ¢ € FO [El(q’p)x].

Note that the construction of 1y and dy leaves the sets COEFF(.), MoD(.), and CONST(.)
and the quantifier-depth unchanged.

It remains to bound the time needed to construct the formula . First, ng can be
constructed in time O(¢-p-|a|) since the formula 7,11 appears only once in 7,,. Next, any of the
formulas 64 ; can be constructed in time O(|a|). We now consider the construction of §¢ from
the formulas &7, , ;. Note that the tuple (di, ..., d,—2) together with equation (3.1) completely
determines the value of dy_1 € {0,...,p — 1}. Hence the disjunction (x) extends over at
most pP~2 tuples. Consequently, the formula §¢ contains at most p?=2 - (p — 1) < pP~! many
subformulas 67, ;. By induction, we obtain that §j can be constructed in time O(p(p_l)'e |a).

Since the construction of 1 requires this to be done for all € {0, 1,...,p—1} and furthermore
r =, t has to be added, the formula t can be constructed in time O(p - log(p) - pP~V - |a])
which is in O(pP* - |a|) as £ > 1. ]

The above lemma allows to reduce the number of non-unary modulo-counting quantifiers
by one, hence an inductive application eliminates all of them. The algorithmic cost and the
form of the resulting formula is analysed in the following proof.

Proposition 3.6. From a formula ¢ € FO [El(t’p)f}, one can construct in time doubly
exponential in |@| an equivalent formula v € FO [H(q’p)x].

In addition, we have COEFF(y) C COEFF(y), CONST(y) C CONsT(¢), MoD(y) C
Mob(y), and qd(v) < qd(p).

Proof. Let P be the maximal value such that some modulo-counting quantifier 3&F) appears
in the formula ¢ and let L be the maximal arity of any modulo-counting quantifier in (.
Finally, let n be the number of non-unary modulo-counting quantifiers in .
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Let o = ¢. To inductively construct ;1 from ¢;, we chose some subformula
3(tp) (Y1,-..,9¢): @ with £ > 1 and a € FO [Ei(q’p)a:]. This subformula is replaced by an
equivalent formula from FO [E(Q’p)x} that we obtain from Lemma 3.5. This reduces the
number of non-unary modulo-counting quantifiers by one so that v := ¢, is a formula from
FO[3@P)g].

From Lemma 3.5, we get v <= ¢, CONST(y) = CONST(¢), COEFF(y) = COEFF(yp),
Mon(y) = Mob(y), and qd(y) = qd(¢).

Also from Lemma 3.5, we get that ¢; 1 can be constructed from ¢; in time O(PF% - |p;|)
and is therefore of size at most O(PY% . |¢;]). Consequently, v can be constructed from
o in time O((PP'L)n -||). Since the binary encoding of P appears in ¢, we get P < 2I#.
Furthermore, L,n < |p|. Consequently, the construction of 4 from ¢ can be carried out in
doubly exponential time. ]

The above two Propositions 3.3 and 3.6 imply the following.

Theorem 3.7. From a formula ¢ € FO [El(t’p)f, B EIZ‘T], one can construct in time
doubly exponential in |p| an equivalent formula v € FO [El(q’p):c].

In addition, we have COEFF(y) C COEFF(p), CONST(y) C CONST(yp), and MoD(y) C
MobD(yp).

In addition, the quantifier depth qd () is polynomial in the size of .

Proof. Using Proposition 3.3, one first constructs in polynomial time an equivalent formula
1 from FO [El(t’p)f}. This formula is then, using Proposition 3.6, translated into an equivalent
formula v from FO [El(q’p)x].

Since [9| is polynomial in the size of ¢, its quantifier depth is also polynomial in |y].
Hence, the same holds for the quantifier depth of ~. ]

4. QUANTIFIER ELIMINATION

This section provides a quantifier elimination procedure for the logic FO [El(q’p)x] where,
differently from the full logic FO [El(t’p)f, F°z, 32|, only unary quantifications 3y and
3@P)y with ¢ € N are allowed.

As usual with quantifier elimination procedures, we first demonstrate how to eliminate
a single quantifier in front of a Boolean combination of atomic formulas. Since the classical
existential quantifier and the modulo-counting quantifier behave rather differently, we handle
them in separate Lemmas 4.2 and 4.3. The main point in both these lemmas is

(a) properties of the form 3/3(@P)z: 3 where 3 is quantifier-free can be expressed without
quantification and

(b) the sets of coefficients, constants, and moduli vary in this process, but these sets can
be controlled.

Our quantifier elimination is effective, but we do not concentrate on this fact. We do, in
particular, not aim at a fast elimination algorithm nor at small resulting formulas. All we
need for our later decision procedure is a bound on the size of the coefficients, constants,
and moduli appearing in the resulting formula.

For this bound, suppose f is a quantifier-free formula and E is a quantifier 3 or 3(@P).
We will prove that Ex: 8 is equivalent to some quantifier-free formula v whose sets of
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coefficients etc. are contained in the following sets (with p = 1 in case E = 3):

COEFF,(f) = {a1a2 — asay ’ ai,as,as, a4 € COEFF(ﬂ)}

CoNsT,(B) = {0101 — as(ea + ¢) ay,as € COEFF(f), c1,co € CONST(D) }

lc| < max COEFF(f) - p - lem MoD(/3)

MODp(ﬁ) = {alagklkz ’ ajaz € COEFF(ﬂ), ki,ko € MOD(B) U {p}}
Note that the first set does not depend on the number p and that CONsT,(3) € CONST,, ()
forall 1 < p<pyg.

Using these sets, we formulate the following condition on the triple (3,,p) where
and v are formulas and p > 1 is a positive integer:

COEFF(y) € COEFF,(S), CONST(y) € CONST,(8),MoD(vy) € MoD,(5) (4.1)

Let § be a quantifier-free formula and z =t an equation (with ¢ an z-free term). Write
B’ for the formula obtained from 3 by replacing all occurrences of x by t so that 3’ is a
Boolean combination of x-free atomic formulas. Then the formulas z =t A S and x =t A 3
are equivalent. The following lemma, whose statement will be used repeatedly, demonstrates
the analogous fact for equations of the form ax =t (with a # 0), i.e., constructs an x-free
quantifier-free formula 8’ so that ax =t A 8 and ax =t A ' are equivalent. The main point
here is that, under a specific condition on a, t, and ¢, the triple (3, 8’, p) satisfies the above
Condition (4.1).

Lemma 4.1. Let B be a Boolean combination of x-separated atomic formulas, ax <t or
t < ax some atomic formula from [ with a > 0, p > 1 a positive integer, and ¢ € Z with
le| < a-p-lemMoD(B). There exists a Boolean combination Bq 1. of x-free atomic formulas
such that the triple (B, Ba,i+c,p) satisfies Condition (4.1) and, for all assignments f,

flazx) = f(t + c) implies f(B) = f(Bat+c) -
Note that in particular
ar =t+cAB <= ar =t+cA Byisc-

Proof. The formula S ¢+ is obtained from f by the following replacements (where s is some
a-free term, o’ > 0, and k > 2):

a'r < s isreplaced by a't+d'c<as
s < ad'xz isreplaced by as < d't+d'c
a'x =i s 1is replaced by a't +d'c =g as

Let f be some assignment with f(ax) = f(¢t + ¢). Then we have

fld'z < s)= f(dax < as) since a > 0
= f(d'(t+c) < as) since f(ax) = f(t +c)
= f(ad't+d'c<as)
and similarly

f(s<dx)= flas < dt+dc)
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as well as
fld'z = s) = f(daz =q, as)
= f(d'(t+¢) =ak as)
= f(d't +d'c =4 as).

This completes the proof that f(ax) = f(t + ¢) implies f(5) = f(Bat+c)-

It remains to verify Condition (4.1). First note that a € COEFF(S) since ax < t or
ax >t appears in § and since ¢ is z-free.

Now, let b € COEFF(8, 14.)- If b € COEFF(f3), we get b = 1b—0b implying b € COEFF,(3)
since 1,0 € COEFF(f3). So let b ¢ COEFF(f). Then there exists some atomic formula ¢’z < s
or s < @'z in B such that b is some coefficient in the term as — a/(t 4+ ¢). Consequently,
there exists a variable y with coeflicient a9 in s and with coefficient a4 in ¢ such that
b = aas — a'ay. Since a’x < s or s < a’x is an atomic formula in 3 and since s is z-free, we
have o’ € COEFF(/3). Hence, also in this case, b € COEFF,(f3).

Next let d € CONST(fq,14¢). If d € CONST(), we have d = 1d — 0(0 + ¢) € CONST,(f).
So suppose d ¢ CONST(S). Then, as above, there exists some atomic formula a'z < s
or s < d'xz in 8 such that +d is the constant term in as — a/(t + ¢). Consequently,
+d = ac; — d/(ca + ¢) where ¢; and ¢y are the constant terms of s and ¢, resp. Since
a,a’ € COEFF(3) (see above) and since |¢| < a-p-lem MoD(3), we get d € CONST,(f).

Finally, let £ € MoOD(B4¢+c). If £ € MoOD(B), then £ =1-1-¢-1 € MoD,(3) since
1 € COEFF(8). Otherwise, there exists an atomic formula a’x = s in 8 with ¢ = ak. Hence,
also in this case, £ =1-ak -1 € MoD,(B). []

We now come to the elimination of the classical existential quantifier. Neither the result
nor its proof are new, we present them here to be able to also verify Condition (4.1).

Lemma 4.2. Let x be a variable and B a Boolean combination of x-separated atomic
formulas. Then there exists a Boolean combination v of x-free atomic formulas such that
the triple (8,7, 1) satisfies Condition (4.1) and (3x: ) <= 7.

Proof. Let T be the set of all pairs (a,t) such that 5 contains an atomic formula of the form
ax < tort < ax with a > 0. We first assume that this set T is not empty. Let furthermore
N = lcm(MOD(ﬂ)). In particular, N is a multiple of every integer k such that the atomic
formula ax =j t appears in 8 for some term ¢ and some a € Z. Then we set

Y= \/(Ba,t—‘rc A0 =,t+ C)

where the disjunction extends over all triples (a,t,c) with (a,t) € T and —aN < ¢ < aN
(since T # (), this disjunction is not empty). We prove (3z: 3) <= v. So let f be an
assignment with f(3x: 8) = t. Then there is b € Z with f,,(8) = tt. Let g = f, . Since

the values L& for (a,t) € T divide Z into intervals, there exists (a,t) € T such that

(1) b= @ or
2) L2 < b and for all (@', #') € T with 42 < b, we have L) < L0

a a

<
(3) b< L8 and for all (a/,#) € T with b < L&) we have L& < L&)

t
/
a a a

or

The 2nd and 3rd cases are not exclusive, but if b < IO for all a,t) € T, then only
a

the third case applies and symmetrically in case b > @) Assume the first case. Then

glax) = ab = f(t) = g(t) where the last equality holds since ¢ is z-free. Hence, by Lemma 4.1,
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we get tt = g(8) = g(Ba) = f(Ba,s) and, since @ =b € Z, also f(0 =, t) = tt. Hence,
using the triple (a,t,0), we have f(v) = tt.

Next consider the second case. There exists k € N with 0 < (b — kN) — (t) < N or,
equivalently, 0 < a(b—kN)— f(t) < aN. We set ¢ = a(b—kN)— f(t) so that —aN <c<aN.

Since N is a multiple of all moduli appearing in 3, we get f,;_rn(8) = tt from
fz/p(B) = tt and the choice of (a,t) and of k. Set ¢’ = f,/p—pn. Then ¢'(azx) = a(b —
kEN) = f(t 4+ ¢) = ¢'(t + ¢) since the term t + ¢ is a-free. Hence, by Lemma 4.1, we get
t = fm/b—kN(/B) = gl(IB) = gl(ﬁa,t-i-c) = f(ﬁa,t—i—c)' Furthermore, f(t) + ¢ = a(b — kN) is
divisible by a so that f(0 =, t + ¢) = tt. Using the triple (a,t,c), we obtain f(y) = tt also in
the second case.

The third case is symmetric to the second, i.e., we showed f(3z: §) = tt = f(vy) = tt.

For the converse implication, suppose f(v) = tt. Then there is a triple (a,t,c) with
(a,t) € T and —aN < ¢ < alN such that f(Bgt+c N0 =, t+c¢) = tt. Because of 0 =, f(t)+c,
there exists b € Z with ab = f(t +c). Let g = f, 5. Then g(ax) = ab = f(t +c) = g(t + ¢
since t is z-free. Hence, by Lemma 4.1, we have g(8) = g(Bat+c) = f(Bat+c) = th. Since
9 = fusp, this implies f (3x: B) = tt and therefore the remaining implication.

Finally, we have to verify Condition (4.1). Recall that (a,t) € T' means that ax < ¢
or t < az is a subformula of 5 (or a = 1 and ¢t = 0). Hence COEFF(y) C COEFF;(f)
and CONST(y) € ConsTy(f) follow immediately from Lemma 4.1 since these sets only
refer to atomic formulas of the form o’z < s or a’z > s. Next let £ € MoD(y). Then
¢ € MoD(fg,t+¢) or £ = a for some (a,t) € T and |c| < aN. In the first case, £ € MoD;(5)
follows from Lemma 4.1, in the latter case note that a,1 € COEFF(8) and 1 € MoD(f) so
that {=a=1-a-1-1€ MoD;(f).

Thus, we proved the lemma in case T # (). Now assume T = ). Note that the formulas
B and BA(x <0V -z < 0) are equivalent, agree on the sets of coefficients etc., and that the
latter contains some atomic formula of the form ax < t. Thus, by the above arguments, we
find the Boolean combination v with the desired properties also in this case. ]

Having shown how to eliminate a single existential quantifier, we now come to the
analogous result for modulo-counting quantifiers.

Lemma 4.3. Let x be a variable, 5 a Boolean combination of x-separated atomic formulas,
and 0 < g < p natural numbers. Then there exists a Boolean combination of x-free atomic
formulas ~ such that the triple (8,7, p) satisfies Condition (4.1) and (3P z: B) < ~.

The proof of this lemma requires several claims and definitions that we demonstrate
first, the actual proof of Lemma 4.3 can be found on page 23. Its idea is to split the integers
into finitely many intervals (depending on the set of terms that appear in 8) and to express
the number (modulo p) of witnesses for § in any such interval by a quantifier-free formula.
The claims below consider different types of such intervals.

Let N = lem(Mob(f)). Let T be the set of all pairs (a,t) such that 8 contains an
atomic formula of the form ax < t or ¢t < az with a > 0 (if no such formula exists, set
T ={(1,0)}).

Let S be some non-empty subset of 7" and let < be a strict linear order on .S. We call
an assignment f consistent with (S, <) if the following hold:

o %511) < %522) < (a1,51) < (ag, s2) for all (a1, s1), (az,s2) € S
e for all (a1,t1) € T, there exists (ag, s2) € S with %t;) — fls2)

az
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In the following, let S = {(a1,s1), (az,2), ..., (an,sn)} with (a1,s1) < (az,s2) < -+ <
(an, sp). Then any assignment f that is consistent with (S, <) divides Z into the open

intervals® (—oo, f(sl)), (f(si) f(si“)) for 1 <i < n, and (@,oo), and the (singleton)

a1 a; 7 a1 a

closed intervals [%‘?), %‘?)] for 1 < j < n. The following formulas describe (modulo p) the
number of witnesses for § in these intervals (for 0 < r < p):

Boyr = 3P g (a1x < s1 A P) Bnyr = 3rp) g (sn < anz A B)

Bir =3P z: (5 < @ Aaiy1z < si41 A B) Bir = APz (ajz = s; A B)

Now consider the formula

eV A s A )
0<i<n 1<i<n

where the disjunction extends over all tuples (1, 71,...,7n, 7,75 ..., 7)) of integers from
the set {0,1,...,p — 1} that, modulo p, sum up to ¢q. For any assignment f consistent with
(S, <), we get f(H(q’p):z;: B) = f(«p'<). In order to construct v as claimed in Lemma 4.3, we
next eliminate the counting quantifiers from the formulas 5o, 3, Bn,r, and B},r‘ In this
elimination procedure (detailed in the following claims), we will assume the assignment f to
be consistent with (.9, <).

Claim 4.4. Let 0 < r < p. There exists a Boolean combination 'y(fr of x-free atomic

formulas such that the triple (8, vq',, p) satisfies Condition (4.1) and f(Bo,-) = f(vg,,) for
all assignments f that are consistent with (.5, <).

Proof. Let f be an assignment that is consistent with (S, <). Let b € Z with a1b < f(s1).

For all (a,t) € T, we have b < %811) < @ and therefore a(b— N) < ab < f(t). Consequently,
b and b — N satisfy the same inequalities from §. Since N is a multiple of all moduli
appearing in 8, the same holds for all modulo constraints. Hence we obtain

fx/b(ﬁ) = fx/b—N(ﬁ) :
Consequently, there are infinitely many b € Z satisfying f, (a1 < s1 A 3) = tt or none. For

r # 0, we can therefore set 7', = (0 < 0) ensuring Condition (4.1) for the triple (3,75, p)-
It remains to consider the case r = 0. Note that

f(Boo) = f(a(o’p)l"i (mz < s1 A 6)) = f(—EIx: (a1x < s1 A\ B))

since, if any, infinitely many integers b < %‘?) satisfy f,,5(8) = tt. Let a be the formula

obtained by Lemma 4.2 from the formula 3z: (a12 < s1 A ) and set ygy = —a. Since
ajx < $1 or 51 < ajr is an atomic formula from 3, we get COEFF(3) = COEFF(ajz < s1 A f3)
and similarly for CONST and Mobp. Hence the triple (8, a,p) and therefore (8,75%,P)
satisfies Condition (4.1). ]

Symmetrically, we also get the following:

Claim 4.5. Let 0 < r < p. There exists a Boolean combination 'y,fm of z-free atomic
formulas such that the triple (8,7,',,p) satisfies Condition (4.1) and f(B.,) = f(7,) for
all assignments f that are consistent with (.5, <).

40f course, these intervals are considered as sets of integers so that the terms “open” and “closed” are to
be understood as “excluding / including the given bounds if they happen to be integers”.
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We next want to eliminate the initial quantifier 3("P) from Biy for 1 <1 < m, ie., we

consider the integers in the open interval (M, M) To get the idea of the rather long

a; Aq+1
proof, consider the formula

H(O’Q)x:y<x<z/\x53y+z

and assume that the assignment f satisfies f(y) < f(z). Then the witnesses for ¢ := (z =3
y + z) in the interval ( fy), f (z)) are 3-periodic. Consequently, any subinterval of length
6 = 3 - 2 contains an even number of witnesses for . It follows that we only need to count
the number of witnesses of ¢ in the interval (f(y), fly)+ b) where 1 < b < 6 is the unique
number satisfying 6 | f(z) — b (since then the length of the interval [f(y) + b, f(2)) is a
multiple of 6).

The main additional difficulty in the following proof is based on the occurrence of
subformulas of the form ax < t for a > 0.

Claim 4.6. Let 1 <i < n and 0 < r < p. There exists a Boolean combination v, of z-free
atomic formulas such that the triple (3,7,5.,p) satisfies Condition (4.1) and f(8;,) = f(v;5.)
for all assignments f consistent with (.5, <).

Proof. Let f be any assignment that is consistent with (S, <) and let W C Z be the set of
witnesses for 3, i.e.,
f(si) f(sit1)
ai 7 Q41

quantifier-free formula and irrespective of the concrete (.S, <)-consistent assignment f, that
|I N W| =, r holds.

We first split the interval I into an initial segment of length < pN and subsequent
subintervals of length p/N each. To this aim, let b be the unique integer from the set
{1, 2, ooy aiaiﬂpN} with

Furthermore, we write I for the interval ( ) Our task is to express, by a

b =a;a;+1pN aif(Si—i-l) - ai+1f(5i) .
Since N is the least common multiple of MoD(f), this is equivalent to requiring that the
formula
/\ b =q,a;41pm @iSit1 — Qit1S;
meMob(B)
evaluates to tt under the assignment f. Note that a;a;11pN divides a;f(s;4+1) — ai+1f(s;) — b,

hence
aif(si+1) — aiv1f(si) — b

K =
CLZ'CLZ‘_HpN

%‘?) < fi;:;) implies b < a;f(si+1) — ai+1f(s;) and therefore

K € N. Now we define the following intervals:
.IO ( (1),f(51)+ b )

is an integer. Even more,

a; QG441

o Jp= K b, )y

Qag a;Qi41

v (k+1)- pN) for 0 <k < K

Note that these intervals form a partition of the interval I.
Let c € Z with f( )ce<etr N< @ i.e.,, c,c+ N € 1. Since f is consistent with

aa+1

(S, <), for any (a,t) ET, we have @ < ( ) cec<etNore<ed+ N < f(s”l) < < 1@
541 a
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Hence ¢ and ¢ + N satisfy the same inequalities from 5. Since N is a multiple of all moduli
appearing in 3, it follows that ¢ and ¢ + N also satisfy the same modulo constraints from .
Hence we get

f:p/c(ﬁ) = fx/c+N(ﬂ) :
It follows that the set W of witnesses for § within the interval I is N-periodic. Since the
interval Jj, C I is of length pN, it follows that |JyNW| =, 0 for all 0 < k < K. Consequently,

INW]=[InW|+ > |JhnW]|
0<k<K
= |IQ N W| .

It remains to construct a formula expressing that the interval Iy has, modulo p, r witnesses
for 5.

To characterise the elements of Iy, let e € Z be arbitrary. By the definition of Iy,
we have e € Iy iff a;11f(si) < ajait1e < aj+1f(s;) +b. This is clearly equivalent to
0 < ae — f(si) < —2—. Equivalently, there exists an integer d with

f(Sz) +d

a;

O<d<{ Jande:

Qi1

Set M = {1,2,..., Lb_lJ}. Then we showed

IOZ{W ‘deva(Si)+dEaiO}'

Now let d € M with f(s; + d) =4, 0 be arbitrary and set e = ﬂs;ijd) Then we have
fm/e(aiﬂf) = a;€ = fx/e(si + d) .

Hence, by Lemma 4.1, we get

fx/e(ﬁ) = fx/e(ﬁai,sz‘-i-d) = f(Bai,si-‘rd)
where the last equality holds since (,, 5,14 is 2-free. It follows that e € W iff f(B,, 5,44) = tt.

Hence we showed that Iy N W is the set of fractions L5+ (S;jd) for d € M with f(s; +d) =4, 0
and f(Bq;.s,+4) = tt. We consequently get

f(SZ‘ + d)

i

‘IOQW:‘{ :d€M7f(3i+d) =aq; va(/Bai,Si+d):tt}‘

- ‘{d € M: f(si+d=a, 0A Basr4d) = tt}‘ .
It follows that |Io N W| =, r iff the following formula 'y;r holds under the assignment f:

/\ b =a;a;r1pm AiSi+1 — Gi4+15;
meMoD(3)
\/ /\ (S’i +d =a; 0A Bai,si—i—d)
1<b<aai41pN A \/ deWo
WoCM A /\ _'(Si +d=q 0A ﬁamﬁd)
Wol=pr de M\Wy
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We finally verify Condition (4.1) for the triple (ﬁ,fy;,p). Note that any element of
COEFF(v,;.) or CONST(7;;.) appears in a subformula of the form f,, s, 1a for some integer
d € M and therefore 1 < d < gi;fl < a;pN. Hence COEFF(v;;.) C COEFF,(S) and
CONST(v;7.) € ConsTy(B) follow from Lemma 4.1.

Now let p; € MOD(*y:r). There are three cases to be considered:

e p1 = a;ai+1pm for some m € MoD(3). Then p; € MoD, ().

e p1 = a;. Then p; € COEFF() C MoD,(f)
e p1 € MOD(fq, s;+d) for some integer d with

1<d<apN.
Then, by Lemma 4.1, p1 € MoD,(5).
Thus, indeed, MOD(V;,) C Mob,(3) which finishes the proof of Claim 4.6. ]

Claim 4.7. Let 1 < j < n and 0 < r < p. There exists a Boolean combination 5;7, of z-free
atomic formulas such that (8,0, p) satisfies Condition (4.1) and, for all assignments f
(even those that are not cons1stent with (5, <)), f(8),) = f(c5< )

Proof. Since the term s; is z-free, there can be at most one witness for the formula a;x =
sj A B (which is the quantifier-free part of the formula 6}77"). For r > 1, we therefore set
05 =(0<0).

For the same reason, we obtain

3(1.p) 4. (ajz =s; A B) < Fx: (ajz =5, A\B).

Hence, we obtain the formula 5* from Lemma 4.2. Since precisely one of the formulas 5<

must hold, we can set 05}, = /\0<T<p =07, (which is equivalent to =07 ). D

Having shown all these claims, we can now use them to finally prove Lemma 4.3.

Proof of Lemma 4.3. Let S C T be some non-empty subset of T" and let < be a strict linear
order on S. As above, we let S = {(al,sl),...,(an,sn)} with (a1,s1) < (ag,$2) < --+ <
(an, Sp). Then set

=LA A A

0<i<n+1 1<j<n

where the disjunction extends over all tuples (9,71, ..., Tn+1,71,75 ..., 7)) of natural num-

bers from {0,1,...,p — 1} with Y o, 17 + > 1cic, i =p ¢- The above claims imply

f(©™) = f(77) for all assignments f that are consistent with (5, <). Furthermore, v~ is a

Boolean combination of atomic formulas and the triple (8,77, p) satisfies Condition (4.1).
Next consider the formula

/\ ai+18; < aiSi+1 N /\ \/ a;t = as; .

1<i<n (at)eT 1<i<n

Then, for any assignment f, we have f(a™) =t if and only if f is consistent with (.S, <).
Since o~ is a Boolean combination of formulas of the form a’s < at® with (a, s), (a/,t) € T,
the triple (5, a~,p) satisfies Condition (4.1).

5Write —a;t < as; N\ —a;t > as; for a;t = as;.
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Finally, let

v=V(@ Ay
*)

where the disjunction (x) extends over all strict linear orders < on some non-empty subset
of T. O

Lemmas 4.2 and 4.3 above show how to eliminate a quantifier in front of a quantifier-free
formula and analyses the sets of coefficients, constants, and moduli appearing in this process.
The following proposition summarises these results and provides bounds on the maximal
coefficients etc. Recall that P(p) = COEFF(¢) U MOD(yp).

Proposition 4.8. Let x be a variable and o a Boolean combination of atomic formulas. Let
furthermore E =3 or E = 3P for some 0 < ¢ < p and 2 < p. Then there exists a Boolean
combination v of x-free atomic formulas such that (Ex: ) <= 7. Furthermore, we have
the following:

max P(7) < maxP(Ez: a)
<m

max CONST(7) ax CONST(Ez: ) - 16mxP(Fz: a)
Proof. If E =3, set p=1. Without changing the sets of coefficients etc., we can transform
« into an equivalent Boolean combination 8 of z-separated atomic formulas. By Lemma 4.2
or 4.3, there exists a Boolean combination 7 of z-free atomic formulas with (Fz: a) <= v
such that the triple (a, 7, p) satisfies Condition (4.1).

Note that max COEFF(a), max MOD(a) < maxP(«a). From COEFF(y) C COEFF,()
and MoD(y) € MoD,(«), we can therefore infer

ax COEFF,(a) < 2 - max COEFF(a)?
3

max COEFF(y) < m
< max COEFF(«)
<maxP(Ez: a)!

and

max MoD(v) ax MoD,(«)

<m
< max COEFF()? - max MoD(Fz: a)?
<m

axP(Ex: a)t.

Consequently, max P(y) < max P(Ez: a)*.
From CONST(y) € CONST,(cx), we can infer

max CONST(y) < 2 - max COEFF(«) - max CONST(a) + max COEFF(a)? - p - lem(Mob(a))
<

2
max P(a)? - (max CONST(a) + p - lem{1,2,...,max MoD(a)}).
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Since lem{1,2,...,n} < 4" ! by [Nai82], we can continue

n]aD(I)(Cy)2 '(HJ&J((]CHQST((y)-+»p '4HHDCP(Q))
omaxP(a) | (max CONST () + 2p+2~maxP(a)) (provided max P(a) # 3)
max CONST(q) - 2P 3 maxP(a)

max CONST(q) - 24 maxP(Ez: o)

. 16maxP(Ew: ) )

INCINCIN N

= max CONST(Ez: a)

If maxP(a) = 3, we get max P(a)? - (max CONST(a) + p - 422*P(@)) < max ConsT(a) -
opt3maxP(a) 49 well since 2p < 2P so that the desired estimation holds in this case, too. []

Now, by induction on the quantifier depth we can obtain the following theorem.

Theorem 4.9. Let ¢ € FO [El(q’p)a:] be a formula of quantifier-depth d. There exists an
equivalent Boolean combination v of atomic formulas with

max P(7y) < maxP(go)4d , and
d
max CONST(7y) < 2(maxP(E)" . ax CONST(¢p) .

Proof. The proof proceeds by induction on d. For d = 0, the claim is trivial since then, we can
set v = . Now suppose the theorem has been shown for formulas of quantifier-depth < d.

So let ¢ = Ex: 1) where E =3 or E = 3(@P) for some 0 < ¢ < p and the formula 1 has
quantifier-rank < d. If £ = 3, set p = 1. Then, by the induction hypothesis, there exists a
Boolean combination « of atomic formulas such that ¢ <= «,

4d71

max P(a) < (maxP(¢)) and

d—1
max CONST(a) < 20 PWD" " ax ConsT(1h) .

By Prop. 4.8, we find a Boolean combination v of atomic formulas such that the following
hold:

o y<—= Fr:a<= FEzx: =9y
e maxP(y) < maxP(Ex: a)*
e max CONST(7) < max CONST(Ez: o) - 16™2xP(Ez: a)

Note that max P(Ez: ) is the maximum of p < p*'~ and max P(a) < maxP(¢)*" .
Similarly, the maximum of p and max P (¢) is equal to max P(Ex: ¢). Therefore we get

maxP(Ez: o) < maxP(Ez: ). Hence

max P(7) < maxP(Ez: a)!
< (maxP(Ez: )

d—1
4 )4
= max P(90)4d .
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Before we prove the desired upper bound for max CONST(+y), note the following for all n > 2
and d > 1:

4d71

d—1 d—1 _
logy (16" 2" ) =4-n*"" 40

With n = max P(y), we therefore obtain

max CONST(v) < 16 P(E: ) ynax ConsT(Ex: o)

d—1

d—1
0 gmaxP(p)* oo CoNST(ip)

< 16™max P(p)

d
2max P hax CoNsT(¢) . O

N

Using Proposition 3.6, the extension of the above result to the larger logic FO [El(t’p)f]
follows immediately.

Corollary 4.10. Let ¢ € FO [El(t’p)f] be a formula of quantifier-depth d. There exists an
equivalent Boolean combination v of atomic formulas with

max P(y) < maXP(g0)4d and
d
max CONST(7y) < 2(maxP(E)* . ax CONST(p) .

If we allow the threshold counting quantifiers 32¢ and 37¢, the result gets a bit weaker
since we have to replace the exponent d in the above bounds by a polynomial in the size of .
To see this, let ¢ € FO [El(t’p)f, 377, EIZCE]. Then, by Proposition 3.3, it can be transformed
in polynomial time into an equivalent formula ¢’ from FO [E(t’p)f]. The quantifier depth d’
of ¢’ is bounded by the size of ¢/ and therefore polynomial in the size of . Now we can
resort to the above corollary and obtain

Corollary 4.11. Let ¢ € FO [El(t’p)f, 3>z, Elch] be a formula. There exists an equivalent
Boolean combination v of atomic formulas with

max P(v) < max P(np)4p01y(w) and

maxP(ga))‘lpOly(M)

max CONST(7) < 2¢ - max CONST(yp) .

5. AN EFFICIENT DECISION PROCEDURE

Let ¢(z) be a Boolean combination of formulas with a single free variable. To determine
validity of the formula 3z : ¢, one has to check, for all integers n € Z, whether ¢(n) holds.
The following lemma reduces this infinite search space to a finite one that is exponential in
the coeflicients and moduli as well as linear in the constants from .

Lemma 5.1. Let A > 6 and B > 0. Let x be a variable and v a Boolean combination
of atomic formulas of the form ax > b, ax < b, and cx =, d with a,b,c,d € Z, h > 2,
lal,h < A, and |b| < B. Then 3z: v is equivalent to Jz: (|z| < A¥ . B A7).
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Proof. Since h < A, we can assume that 0 < ¢,d < A for all formulas of the form cx =, d.
We can also assume that v is in negation normal form, i.e., only atomic formulas are negated.
We make the following replacements:

—(ax > b) isreplaced by azr <b+1
—(cx =, d) isreplaced by Vocpop gpa cx =n d
ax > b isreplaced by —ax < —b

As a result, 7 is equivalent to a formula in disjunctive normal form, without negations, and
with atomic formulas of the form az < b and cx =, d with 0 < ¢,d, |al,h < A and |b| < B.
Hence v <— v1<i<n d; where each of the formulas d; is a conjunction of atomic formulas of
the allowed form. Consequently, Jx: v is equivalent to \/1<i<n Jx: d;.

Consider one such conjunction ;. Note that it contains at most A® many atomic
formulas of the form cx =), d since 0 < ¢,d, h < A. For any such atomic formula, introduce
a new variable y and replace cx =, d by cx — hy = d. Then §; is equivalent to 3y: 0] where
4/ is a conjunction of formulas of the form cx — hy = d and az < b with 0 < ¢, h,d, |a] < A
and |b| < B and 7 is a sequence of at most A3 variables.

Let M be the maximal absolute value of the determinant of an (m x m)-matrix with

< A3 + 2, where the first m — 1 columns contain entries of absolute value at most A
and the entries in the last column have absolute value at most B. Then it is not hard to
determine that

< (AP 42)1. A1 B,

Now the main theorem of [VS78] implies that the formula Jz,7: ¢ is equivalent to the
existence of a solution (x,7) of & where the absolute value of every entry is at most

(A% +2) - M < A* (AY1-AY . B
< A4 (A4)A4 AA . B
< A4+5-At .B< < AN . B
In summary, we get
dx: v <= \/ Jx:
= \/323y: 4
<:>\/EI$ (Jz| < < AY . B ATy &)
— Jz: (Jz| < < AY . BA \/5
— Jz: (Jz| < AN B A7)
where all disjunctions extend over 1 < ¢ < n. []

The core of the above lemma is the reduction of the search space for closed formulas
of the form Jz: p(z) with ¢ quantifier-free. The following corollary provides an analogous
reduction for arbitrary formulas ¢(z). In addition, we allow the formula ¢ to have further
free variables y1, ..., y, that are handled as parameters.

Corollary 5.2. There exists k > 2 wzth the following property. Let d > 1 and consider a
formula o(z,y1,...,y¢) from FO [EI( x] of quantifier-depth at most d. Let ny,...,ny € Z
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with |n;| < N. Then the closed formula 3z: o(z,n1,...,n) holds if and only if there exists
n € Z such that p(n,ny,...,ng) holds with

e
In| < 2P . max CoNsT(p) - N - max{1, £} .

Proof. The implication “<” is trivial since, if there is a small n satisfying p(z, nq,...,np),
then 3z: ¢(z,nq,...,ny) holds.

Conversely suppose Jz: ¢(x,n1,...,ny) holds. Let ¢i = pr(z) be the formula obtained
from ¢ by substituting n; for y;. For any inequality s < t in ¢, the term s — ¢ contains
at most ¢ of the variables y;, each with a coefficient from COEFF(p) C P(y). Hence these
substitutions at most eliminate coefficients, do not change moduli, but can increase constants
by N - £-maxP(y). Hence we get

max P(p) and
max CONST(¢) + N - £ - maxP(yp).

max P(¢r)

NN

max CONST(¢g)
By Theorem 4.9, there exists an equivalent Boolean combination v of atomic formulas with

max P(y7) < max P(cp)4d =: A and
49

max CONST(vy) < 2 P@)7 . (max CoNsT(¢) + N - £ - max P(¢))

gmax P(<p)5d

N

-max CONST(yp) - N - max{1,¢} =: B.
From Lemma 5.1, we obtain that there is some n € Z with |n| < A4” - B such that ~x(n)
holds. Hence, for this n, also ¢(n,ni,...,ny) holds. Note that we have (with p = max P(¢p))
(p4d>5 d d d d
AAS < <p4d) :p4d.p5'4 < pp5-4 +2d < 2pc _ 2maxP(g0)C
for some ¢ > 1 and therefore
od d
In| < 2maxP)* . maxP(2)” . ax CONST(p) - N - max{1, ¢}
wd
< 2 P)" . max ConsT() - N - max{1,(}
for some k > 2. ]

In the following, we want to prove a similar result for the modulo-counting quantifier.
Recall that 3@P)z: o(z) can only be true if ¢ has only finitely many witnesses, i.e., if the
formula JyVax: (go(x) = Jz| < y) is true. Applying the above corollary, one finds a finite
interval such that ¢ has infinitely many witnesses iff it has at least one witness in this
interval. In case ¢ has only finitely many witnesses, then all of them are of bounded absolute
value. More precisely, we get the following.

Lemma 5.3. Let d > 1 and k > 2 be the constant from Corollary 5.2. Furthermore, let ¢ =
o(z,y1,...,y0) € FO [H(Q’p)x] be a formula of quantifier-depth at most d, let ny,...,ng € Z
with |n;| < N. Suppose there exist only finitely many n € Z such that (n,ni,...,ng) holds.
Then all n € Z such that p(n,n1,...,ng) holds satisfy

RA+1
In| < 2maxP(@) -max CONST(¢p) - N - max{1,¢} .
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Proof. Since there are only finitely many n € Z such that ¢(n,nq,...,ng) holds, the closed
formula

JyVx: (go(x,nl, cooyng) = x| < y) (5.1)
holds. Let ¢’ denote the subformula starting with Vz. Note that its quantifier-depth equals
d+1, P(p) = P(¢'), and ConsT(p) = CoNsT(¢’). Hence, by Corollary 5.2, the above
formula (5.1) is equivalent to

Fy: (Jy| < 2maXP(“0)K'd+l -max CONST(¢p) - N - max{1,(} A ¢)
and therefore to
Va: (o(z,n1,...,ne) = |z] < QmaXP(‘p)KdH - max CONST(¢) - N - max{1,¢}).
Now the claim follows since the formula (5.1) and therefore this formula holds. ]

Corollary 5.4. Let d > 1 and k be the constant from Corollary 5.2 and

et
C = gmaxP(p) - max CONST(yp) - N - max{1, (}.

Let ¢ = o(z,y1,...,y¢) € FO [EI(‘LP):U] be a formula of quantifier-depth at most d, let
ni,...,ng € Z with |n;| < N. Then 39P)x: o(x,ny,...,ny) is true if and only if the
following hold:

(a) no integer n with C' < |n| < C? makes p(n,n1,...,ng) true and

(b) ’{n €Z:|n| <C and p(n,ny,...,ng) is trueH =,q.

Proof. We first show that 3(@P)y: o(z,n1,...,ng) is true if and only if
() Va: (¢(x,n1,...,n0) = |z| < C) is true and
(b) ‘{n €Z:|n| < C and p(n,ny,...,ng) is true}‘ =,q.

Suppose there are infinitely many integers n such that ¢(n,ny,...,ny) holds. Then the
formula 3(@P)z:  does not hold. Furthermore, statement (a) is false since there are only
finitely many integers x with |z| < C. Hence, in this case, the equivalence holds.

So it remains to consider the case that there are only finitely many integers n such that
o(n,ni,...,ng) holds. Then, by Lemma 5.3, all these integers satisfy |n| < C. Consequently,
statement (a’) is true and

{n ez ‘ en,ni,...,ng) holds} = {n €Z:|n| < C and p(n,ny,...,ng) holds}.

Hence, in this case, 3Pz ¢ is equivalent to statement (b). Since (a’) is true in this case,
we have the equivalence.

We complete the proof of this corollary by showing that (a) and (a’) are equivalent.
Consider the formula

= (go(x,xl,...,wg) Alz| > C).

Then P(¢’) = P(p) and CoNsT(¢') = CoNST(¢) U {+C} implying max CONST(¢') =
C. Hence, by Corollary 5.2, Jx: ¢’ is equivalent to the existence of n € Z satisfying
o(z,ny,...,ng) with C < |n| and

/ KZd
In| < 2P max ConsT(p') - N - max{1, £}
e
= 9maxP)" 0. N . max{1, £}
<C?.

Hence, statement (a'), i.e., =3z: ¢/, is equivalent to statement (a). ]
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Corollaries 5.2 and 5.4 allow to compute the truth value of a closed formula ¢ from
FO [E(q’p)x] by, recursively, computing the truth value of subformulas ¢ of ¢ with arguments
of bounded size. More precisely, let d be the quantifier depth of ¢ and set

d+2

D = 2maxP@)" " max CoNsT(p) . (5.2)
Note that maxP(y), x > 2 implying D > d.
Now suppose Jz: (x,y1,...,y¢) is a subformula of ¢, d' is the quantifier depth of 1,
and ny,...,n, are integers. Then to determine the truth of Jz: ¥ (z,n1,...,ny), it suffices
by Corollary 5.2 to verify the truth of ¥(n,ni,...,ny) for all integers n with

/

wd
In| < 29 PW)" max ConsT(v) - max{|ny|,. .., |ng|} - max{1, ¢}
e
< 29 P . max ConsT(p) - max{|nil, ..., |n} - d
< D -max{|ni|,...,|n},

which, for later purposes, can be bounded by
< D? -max{|ny], ..., |ne}>.

Similarly, suppose 3@P)x: 4h(xz, 41, ...,9) is a subformula of ¢, d’ is the quantifier depth of
¥, and nq,...,ny are integers. Then to determine the truth of 3(@P)z: v(x,ny,...,ng), it
suffices by Corollary 5.4 to verify the truth of ¥(n,ni,...,n,) for all integers n with

!
R4 +1

In| < (2maxP(w) -max CONST(¢)) - max{|ni],...,|ng} - Inaux{l,ﬁ})2
Poydt! 2
< (2mex () - max CONST () - max{|ni|,..., |ng} - d)
< D? -max{|nyl, ..., |ng}?.

By induction, we obtain that all recursive calls of the evaluation procedure use integers of
size at most

2

44
DY = <2maxp("9) - max CONST(«,@))

ch
< gmax P(y) - max CONST((P)4d )

where ¢ is some constant. To store any such integer, one needs space 4%log D. When
evaluating a closed formula of quantifier depth d, one has to store at most d variables at
once. Therefore we get the following.

Proposition 5.5. Satisfaction of a closed formula ¢ € FO [El(q’p):r] of quantifier-depth d can
be decided in space O(4% - log D) with D given by Equation (5.2).

Let ¢ € FO [El(q’p):n]. Then the quantifier depth d is at most |p|. Since coefficients etc.
are written in binary, max P(¢) and max CONST() are bounded by 2/#/. Consequently, the
proposition shows that satisfaction of closed formulas ¢ € FO [El(q’p)m] can be decided in
space doubly exponential in |¢].

Recall that for formulas from FO [El(q/p)x] we require modulo-counting quantifiers of
the form 3P (y1,...,ye) to satisfy t € N and £ = 1. We now show that also without this
restriction, the doubly exponential space bound remains true.
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Theorem 5.6. Satisfaction of a closed formula p € FO [H(t’p)f] can be decided in space
doubly exponential in |p|.

Proof. Let p € FO [El(t’p)f] be a closed formula. By Proposition 3.6, we can compute in

doubly exponential time an equivalent closed formula v € FO [El(q’p)x] without changing
the sets of coefficients, moduli, or constants and without increasing the quantifier depth.
Because of the time bound, this construction requires at most doubly exponential space and
|v| is at most doubly exponential in |p|.

By Proposition 5.5, validity of v can be decided using space O(4qd(7) -log D) with D
given by Equation (5.2). Since 7 and ¢ agree on the sets of coefficients etc. and on the
quantifier depth, this value is doubly exponential in the size of . []

Since Proposition 3.3 allows to translate formulas from FO [H(t’p)f, ez, EZCT] into
equivalent formulas from FO [El(t’p)f] in polynomial time, we also get the corresponding
result for the logic FO [El(tﬁp)f, Fez, I=°z).

Corollary 5.7. Satisfaction of a closed formula ¢ € FO [El(t’p)f, 3>z, EIZCE} can be decided
in space doubly exponential in |p|.

Note that this complexity matches the best known upper space bound for Presburger
arithmetic without modulo-counting quantifiers from [FR79]. From [Ber80], we know that
Presburger arithmetic can be decided in alternating doubly exponential time with linearly
many alternations (and our Corollary 3.4 extends this to the logic FO[37°Z, 3=°7]). Our
handling of the modulo-counting quantifier requires us to count witnesses of bounded size.
As the number of potential witnesses is triply exponential, we do not see how to do this
using an alternating Turing machine in only doubly exponential time.
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