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ABSTRACT. We study the expressive power and complexity of second-order revised Krom
logic (SO-KROM"). On ordered finite structures, we show that its existential fragment
TIKROM" equals £1-KROM, and captures NL. On all finite structures, for k > 1, we show
that ¥} equals ¥}, ,-KROM" if k is even, and T}, equals T} ;-KROM?" if k is odd. The
results give an alternative logic to capture the polynomial hierarchy. We also introduce an
extended version of second-order Krom logic (SO-EKROM). On ordered finite structures,
we prove that SO-EKROM collapses to II3-EKROM and equals II}. Both SO-EKROM
and II3-EKROM capture co-NP on ordered finite structures.

INTRODUCTION

Descriptive complexity studies the logical characterization of computational complexity
classes. It describes the property of a problem using the logical method. Computational
complexity considers the computational resources such as time and space needed to decide
a problem, whereas descriptive complexity explores the minimal logic that captures a
complexity class. We say that a logic £ captures a complexity class C, if (i) the data
complexity of £ is in C, i.e., for every L formula ¢, the set of models of ¢ is decidable in C;
and (ii) if a class of finite structures is in C, then it is definable by an £ formula. Moreover,
if two logics £1 and Lo capture two complexity classes C; and Cs, respectively, then £ and
L9 have the same expressive power if and only if C; is equal to C2 [EF95]. So the equivalence
problem between different complexity classes can be transformed into the expressive power
problem of different logics. In 1974, Fagin showed that the existential fragment of second-
order logic (3SO) captures NP [Fag74]. This seminal work had been followed by many
studies in the logical characterization of complexity classes. In 1982, Immerman and Vardi
independently showed that the least fixed-point logic FO(LFP) captures P on ordered finite
structures [Imm82, Var82]. In 1987, Immerman showed that the deterministic transitive
closure logic FO(DTC) and transitive closure logic FO(TC) capture L and NL on ordered
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finite structures, respectively [Imm8&87]. In 1989, Abiteboul and Vianu showed that the partial
fixed-point logic FO(PFP) captures PSPACE on ordered finite structures [AV89].

Whether P equals NP is an important problem in theoretical computer science. 3SO
captures NP on all finite structures. Hence, no logic capturing P on all finite structures
implies P # NP. The capturing result of FO(LFP) for P is on ordered structures. Actually,
FO(LFP) even cannot express the parity of a structure [EF95]. So finding a logic that can
capture P effectively on all finite structures is of importance. Many extensions of FO(LFP)
had been studied. FO(IFP, #) is obtained by adding counting quantifiers to the inflationary
fixed-point logic FO(IFP) which has the same expressive power as FO(LFP) [GO92, Ott96].
FO(IFP,rank) is an extension of FO(IFP) with the rank operator that can define the
rank of a matrix [Daw08, DGHL09, ABD09]. Both FO(IFP,#) and FO(IFP,rank) are
strictly more expressive than FO(LFP), but neither of them captures P on all finite struc-
tures [EF95, DGP19]. Second-order logic and its fragments are further candidates of logics
for P. In [Gra91], Grédel showed that SO-HORN captures P on ordered finite structures.
Feng and Zhao introduced second-order revised Horn logic (SO-HORN") and showed that it
equals FO(LFP) on all finite structures [FZ12, FZ13].

Similar to the results for P, it is easy to check that no logic capturing NL on all finite
structures implies NL # NP. Gradel showed that SO-KROM captures NL on ordered
finite structures [Gré92]. Cook and Kolokolova introduced the second-order theory V-Krom
of bounded arithmetic for NL that is based on SO-KROM [CKO04]. In this paper, we
introduce second-order revised Krom logic (SO-KROM"). It is an extension of SO-KROM by
allowing the formula 3zZRZz in the clauses where R is a second-order variable. SO-KROM" is
strictly more expressive than SO-KROM. Its existential fragment Y1-KROM" is equivalent
to SO-KROM on ordered finite structures. For all £ > 1, on all finite structures, we show
that every E,i formula is equivalent to a E}v +1-KROM" formula for even k, and every H,lg
formula is equivalent to a II} +1-KROM" formula for odd k. Hence, every second-order
formula is equivalent to an SO-KROM" formula. For the data complexity of SO-KROM",
we show that E}HI-KROMT is in X} for even k, and H}CH—KROMT is in IT} for odd k, where
=1 =P, 2} 41 1s the set of decision problems solvable in nondeterministic polynomial
time by a Turing machine augmented with an oracle in ¥, and IT}_; is the complement
of ¥} ., [Sto76]. The polynomial time hierarchy PH = [J;Z, ¥}, which is contained within
PSPACE. It is well-known that the second-order formulas Z,l€ (resp., H}C) capture X} (resp.,
II}) (k > 1) Imm98]. Combining these we see that SO-KROM" gives an alternative logical
characterization for PH, which is an interesting result in the field of descriptive complexity.
The main results in the paper are summarized in Figure 1.

The paper is organized as follows. In Section 1, we give the basic definitions and
notations. In Section 2, we study the expressive power and complexity of the existential
fragment of SO-KROM?". In Section 3, we study the descriptive complexity of SO-KROM".
In Section 4, we introduce second-order extended Krom logic and study its descriptive
complexity. Section 5 is the conclusion of the paper.

1. PRELIMINARIES

Let 7 = {c1,c9,...,Cm, P1, Pa,..., P,} be a vocabulary, where cy, ca,..., ¢y, are constant
symbols and Py, Ps,..., P, are relation symbols. A 7-structure A is a tuple

(A,elt eq, ... et PA PSR, PR,

Y m?
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L=

rk rk — 11Tk rk — 11Tk
]| =g | gk =gk

Figure 1: The expressive power and complexity of SO-KROM". E’,;k and H};k denote E,lg—
KROM" and H,ﬁ—KROMT, respectively. The dashed rectangle parts show the
equivalence relation between second-order formulas and SO-KROM" formulas.
The solid rectangle parts show the capturing results of SO-KROM" for PH.

where A is the domain of A, and ci',¢c4,...,cA PA, Ps, ..., PA are the interpretations of
the constant and relation symbols over A, respectively. We assume the identity relation “="
is contained in every vocabulary, and omit the superscript “A” in the notation when no
confusion is caused. We call A finite if its domain A is a (nonempty) finite set. In this paper,
all structures considered are finite. We use | | to denote the cardinality of a set or the arity
of a tuple, e.g., |[{a,b,c}| = 3 and |Z| = 3 where T = (21, z2,x3), and arity(X) to denote
the arity of a relation symbol (variable) X. A finite structure is ordered if it is equipped
with a linear order relation “<”, a successor relation “SUCC”, and constants “min” and
“max” interpreted as the minimal and maximal elements, respectively.

Given a logic £, we use L(7) to denote the set of £ formulas over vocabulary 7. For
better readability, the symbol “7” is omitted when it is clear from context. Given two logics
L1 and Lo, we use L1 < Lo to denote that every £ formula is equivalent to an L9 formula.

If both £1 < L5 and £5 < £4 hold, then we write £ = Lo.

Definition 1.1. Given a vocabulary 7, the second-order Krom logic over 7, denoted by
SO-KROM(T), is a set of second-order formulas of the form

QlRl ot QmRmvj(Cl VANCIVAN Cn)

where each Q; € {V,3}, C4,...,C, are Krom clauses with respect to Ri,...,R,,, more
precisely, each C is a disjunction of the form

51\/--'\/,3q\/H1VH2,
where
(1) each s for s € {1,...,q} is either Py or =Py (P € 7);
(2) each Hy is either R; z, =R; z (1 <i < m), or L (for false).
If we replace (2) by

(2") each Hy is either R; 2, = R; 2, 321+ - 32apity(r,) Ri 21+ - - Zarity(ry) (1 <4 <m), or L (for
false),
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then we call this logic second-order revised Krom Logic, denoted by SO-KROM" (7).

We use S1-KROM" (resp., ITL-KROM") to denote the set of SO-KROM" formulas whose
second-order prefix starts with an existential (resp., a universal) quantifier and alternates
k — 1 times between series of existential and universal quantifiers.

Example 1.2. A directed graph is strongly connected iff there exists a path between every
pair of nodes. The strong connectivity problem is NL-complete, which is defined by
Input: a directed graph G = (V, E),

Output: yes if G is strongly connected, and no otherwise.

Since NL = co-NL, the complement of the strong connectivity problem is also NL-complete,
which can be defined by the following ¥1-KROM" formula

(Exy — Rxy) A (Exy A Ryz — Rxz) )

JRIYVaVyVz ( A(=Rzy < Yay) A JuFvY uv

where R is the transitive closure of F, and Y is the complement of R. A graph G satisfies
the formula iff there exist two nodes a, b such that a cannot reach b.

SO-KROM is closed under substructures [Gra92|, which means that if a structure satisfies
a SO-KROM formula then all its substructures also satisfy the formula. Because a non-
strongly connected graph may be made strongly connected by removing nodes, SO-KROM
cannot define the complement of the strong connectivity problem. The above example shows
that SO-KROM?" is strictly more expressive than SO-KROM.

2. THE EXPRESSIVE POWER AND COMPLEXITY OF ¥{-KROM"

In this section, we study the expressive power of the universal and existential fragments of
SO-KROM", and show that ¥1-KROM" captures NL on finite ordered structures.

Proposition 2.1. Every III-KROM" formula is equivalent to a first-order formula Yz,
where ¢ is a quantifier-free CNF formula.

Proof. Given a II}-KROM" formula ® = VX; ... VX, VZ(Cy A - A Cp,), we deal with each
clause C;j for j € {1,...,m} as follows. Let o denote the first-order part of C;.

Case 1: If C; = oV = X;Z1 V 322X;T2, then remove the clause Cj.

Case 2: If C; = oV X;21 V = X;Z, then replace C; by a V T = Zs.

Case 3: For the other cases, remove all occurrences of second-order variables in Cj.

After the above steps, all second-order variables are removed and we obtain a first-order
formula ¢ = Vz(C] A--- A C} ), where each O} is quantifier-free.

In Case 1, = X;z; V dT2X;Z2 is a tautology, so the clause can be removed safely. In
Case 2, if 1 = Z9, then X;Z1 V = X%y is always true; if T; # To, then there exists a
valuation for X; such that X;z; V - X;Zs is false, the clause is true iff « is true. Hence,
VXVZ(a V X;Z1 V —X;Z9) is equivalent to VZ(a V &1 = Z2). In Case 3, there is always a
valuation for the second-order variables in C; under which the second-order part of C; is
false. So all occurrences of second-order variables can be removed from C;. Therefore, ®
and ¢ are equivalent. []

Corollary 2.2. For each k > 1, if k is odd, then Ek—KROMT = Ei+1-KROMT,' and if k is
even, then H,lg—KROMT = H}C_H—KROMT.
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Proof. 1f the type of the innermost second-order quantifier block of a SO-KROM" formula is
universal, then it can be removed by Proposition 2.1 to get an equivalent formula. []

We use pla/f] to denote replacing the variable (or the formula) « in ¢ with .

Lemma 2.3. Let dx1...3x,¢ be a quantified Boolean formula. It is equivalent to the
following formula

d)[xl/J_, . ,xn/J_] V \/ dry .o dri 3Ty .. 3$n¢[$z/T]

1<i<n
Proof. Jx1...3xy¢ is true iff ¢ is true when all z1,...,x, are false, or for some x;, where
(1 <i<mn), the formula 3x; ...3x;_13z;11 ... I, ¢ is true when z; is true. O]

From Lemma 2.3 we can infer the following proposition.

Proposition 2.4. Every X1-KROM" formula is equivalent to a formula of the form 3y1é1 V
<o+ V JYpdp, where each ¢; fori € {1,...,n} is a X1-KROM formula.

Proof. Let ¥ = 3R3YVZ¢$ be a X}1-KROM" formula, and «(z) = (z = ) V RZ where § have
no occurrence in ¢. It is easily seen that if Z = g holds then «(Z) is true, and if z # g holds
then a(z) is equivalent to Rz. So «(Z) is equivalent to Rz except at the point §. Define

V' = 3YVzg[Rz/ L]V IgFRIYVIP[RZ/(2)].

We show that U and ¥’ are equivalent. It is easily seen that for any structure A, A = ¥
iff (A, R) = 3YVZe, where either R = () or R is not empty. Every occurrence of 3zZRz
in W is either replaced by 3z or replaced by 3za(z) which is a tautology. We remove
the occurrences of 3z and the clauses containing 3Z(z) in ¥’. For any structure A, we
can construct a quantified Boolean formula ¥ 4 such that A = W iff W 4 is true (see the
proof of Proposition 3.3 for details of the construction). Similarly, we can construct ¥',
such that A = ¥ iff ¥/, is true. By Lemma 2.3, ¥ 4 and ¥/, are equivalent. Therefore,
U and W' are equivalent. The same procedure can be repeated for each Y; € Y until all
occurrences of FvY;v are removed. Finally, we can obtain an equivalent formula of the form
G101V - -+ V Iy, where each ¢; (1 < i < n)is a LI-KROM formula. L]

Proposition 2.5. The data complezity of ¥1-KROM" is in NL.

Proof. By Proposition 2.4, we only need to show that the data complexity of the formula
G161V - -+ V Iy, where each ¢; (1 <i <n)is a XI-KROM formula, is in NL. Given a

structure A, the Turing machine can nondeterministically choose an 7 € {1,...,n} and a
tuple @; € A%l in logarithmic space. Whether A = ¢;[%;] holds can be checked in NL since
the data complexity of ¥1-KROM is in NL [Gri92]. H

Every £1-KROM formula is also a $1-KROM" formula. Because X}-KROM captures
NL on ordered finite structures [Gra92], combining Corollary 2.2 we obtain the following
corollary.

Corollary 2.6. Both X1-KROM" and $3-KROM" capture NL on ordered finite structures.
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3. THE DESCRIPTIVE COMPLEXITY OF SO-KROM"

SO-KROM collapses to its existential fragment. This is unlikely to be true for SO-KROM"
by the following result. Let ¥;-CNF (resp., X;-DNF) denote the set of quantified Boolean
formulas dz1VZodZs ... QrTr¢ whose prefix starts with an existential quantifier and has
k — 1 alternations between series of existential and universal quantifiers, and the matrix ¢ is
a quantifier-free formula in conjunctive normal form (resp., disjunctive normal form). The
definitions for II;-CNF and II-DNF are similar where the formula’s prefix starts with a
universal quantifier. Given a set F of quantified Boolean formulas, the evaluation problem of
F is deciding the truth value of the formulas in it. For the polynomial hierarchy, it is shown
that the evaluation problem of ¥;-CNF (resp., X;-DNF) is X} -complete if k is odd (resp.,
even) [Sto76]. Hence, the evaluation problem of II;-DNF (resp., II-CNF) is IT}-complete if
k is odd (resp., even) by duality.

Proposition 3.1. The evaluation problem of X1-DNF is definable in Z}HI-KROMT if k is
even, and the evaluation problem of 11;-DNF is definable in H,1€+1—KROM’" if k is odd.

Proof. We only prove for X;-DNF where k is even, the proof for II-DNF where k is odd
is the same as it. Let vocabulary 7 = {Clause, Vary,..., Varg, Pos, Neg}, where Clause,
Vary, ..., Vary are unary relation symbols, and Pos, Neg are binary relation symbols. Using
a similar method as in [Imm98|, we can encode a ¥;-DNF formula 37,VZy - - - 371 VT
via a T-structure A such that for any i, j € A, Clausei holds iff 7 is a clause, Vary, j holds iff
j is a variable occurring in the quantifier block 3(V)zy, for h € {1,...,k}, and Posij (resp.,

Negij) holds iff variable j occurs positively (resp., negatively) in clause i. For example, the
Y4-DNF formula

Jr1VaaIegVes((z1 A —x2) V (z2 A mxg) V (23 A 4))
1 2 3

can be encoded via the structure ({1,2, 3,4}, Clause, Vary, Vars, Vars, Vary, Pos, Neg), where
Clause = {1, 2,3}, Var; = {1}, Vary = {2}, Varg = {3}, Vary = {4}, Neg = {(1,2),(2,4)},
Pos = {(1,1),(2,2),(3,3),(3,4)}. Let ® be the following formula

32Yz A (Yo — Clause z)A
X1V Xy .. 33X VXY VaVy | Aj<pax(Yz APosay A Varpy — Xp y)A
Alghgk(Y.ﬁ A Neg Ty A Varh Yy — _'Xh y)

Obviously, ® is a 211€ +1-KROM" formula, and it expresses that there is a valuation X to 7y,
for any valuation Xy to Zo, ..., there is a valuation X;_1 to Zx_1, for any valuation X to
Tk, there is a nonempty set Y of clauses such that every literal in the clauses in Y is true
under the valuation. For an arbitrary X;-DNF formula ¢, let A be the 7T-structure that
encodes 1, it is easily seen that A = @ iff ¢ is true. []

Before showing that every second-order formula is equivalent to a SO-KROM" formula,
we first prove a lemma.

Lemma 3.2. Fvery first-order formula is equivalent to a second-order formula 3YVZ(IyY ZyA
Cy A -+ NCy) where each C; is a disjunction of atomic or negated atomic formulas.

Proof. Given a first-order formula ¢, without loss of generality, assume that ¢ is in the
prenex normal form Vz13y; - - - V2,37 (C1 A - - - A Cyy,), where each C; for i € {1,...,m} is a
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disjunction of atomic or negated atomic formulas. Define
p1= VI1--VZpIyr--IGYT1 - Tol1 o Yn,
oo = VI1---VI, Vi - .Vgnvq—;/l .. -VEZV% .. Vg;l
(You e m A Vet
- /\1§i§n<(/\1§j§i Tj=7;) == yé)),
Y3 = Vi'lvfgl T Vﬂ?nv%(yﬁ T -fngl e gn — Algigm Cz)

The relation Y encodes a Skolem function for each g; (1 < i < n), whose value only

depends on the values of Z1,...,T;. It is easy to check that ¢ is equivalent to the formula
Y (¢1 A p2 A ¢3), which can be converted to the form of IYVZ(3gYzy ACi1 A --- A C,),
where Z are variables from Z. L]

Proposition 3.3. Fvery second-order formula is equivalent to an SO-KROM" formula.
More precisely, for each k > 1, if k is even, then Z}C < E}CH-KROMT; and if k is odd, then
I <11, ,-KROM".

Proof. Given a Z,lﬁ—formula 3X 1V Xy ... 3X,_ 1V Xk, where k is even and ¢ does not contain
second-order quantifiers, we show that it is equivalent to a E,l€ 4+1-KROM" formula. The
proof for the other cases is essentially the same. By Lemma 3.2, —p is equivalent to a
formula 3X} 1 VE(3yXp112g ACLA - ACpy). So X 1V Xy ... 33X 1V X is equivalent to
the formula

d =dXVXs... EX]C,1VX]€VX]€+13E(Vg—!XkJrlfg VDV V Dm)

where each Dj is a conjunction of atomic (or negated atomic) formulas. Suppose that ®
is over vocabulary o. Given a o-structure A, we construct a X;-DNF quantified Boolean
formula 1 such that A = ® iff ¢ is true. Let A be the domain of A. We replace the
first-order part 3z(Vg—YzyV Dy V ---V D,,) by

\ (( A ﬂng[g/b]) VDV - va> [z/a).
acAlzl ~ peAldl

We remove the clauses with a formula (—)R¢ that is false in A and delete the formulas
(—)Rc that are true in A in every clause, where R € 0. Then we replace each quantifier
3X; (or VX;) with a sequence 3X;d; ... HXiJwamg(xi) (or VX;d; .. .VXZ‘CZM‘anzy(Xi)) where
each c{j e Aity(Xi) We treat the atoms Xiczj as propositional variables, and the resulting
formula ¢ is a ©}-DNF quantified Boolean formula. It is clear that A = @ iff ¢ is true.

By Proposition 3.1 and its proof, we know that ¢ can be encoded in a 7-structure B,
where 7 = (Clause, Vary, ..., Varg, Pos, Neg) and there is a E}CH—KROMT(T) formula ¥ such
that v is true iff B = . In the following, we define a quantifier-free interpretation

II = (ﬂ-uni(l_))y 7I-Clause(l_})a TVary (17), -« -y TVary, (17), 7"-Pos(z_}la l_}g), TNeg (1_)17 1_}2))

of 7 in o, where Tuni, TClause, TVar; » - - - » TVarg » TPos» TNeg are all quantifier-free formulas over
o. Intuitively, my,i defines the domain of B, mcjause defines the set of clauses of v, each vy,
(1 <i < k) defines the set of variables occurring in the quantifier block 3(V)X;, mpes (or
TNeg) defines a variable occurs positively (or negatively) in a clause.
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For any o-structure A, II defines a 7-structure A" that encodes the formula ¢ such
that A |= U iff 9 is true iff A = ®. Since II is an interpretation of 7 in o, we can construct
a ¥} 1-KROM" (0) formula ¥~ from ¥ such that A" = W iff A = U~ Therefore, U1
and ® are equivalent. For more details of the interpretation from one vocabulary to another,
we refer the reader to [EF95].

We suppose that A contains at least two different elements. Let

g = max{arity(Xy),...,arity(Xg), arity(Xg+1))},

d=3+max{(|z| +m+1),(g+k+1)}

Define the width of II to be d. Let my,i(v) = /\le(vi = v;), it defines the domain of A'l.
For any @ = (ay, as, ..., aq) € A% we will make the following assumptions:

e if @ encodes a clause, then a1 # ag A as = as, and
e if @ encodes a variable, then a1 # a3 A a1 = as.

If @ encodes a clause, it is partitioned as follows

a1a20304 -+ - Am+4Am+5 **° A 44| 7| Am+5+|z| *° Ad
NN ——

az=ag m+1 |Z| padding elements

where a1 # as,as = a3, and amys, - - -, A t4+4|z| are interpretations for Z. ay,...,amyq are
used to encode the clauses Vy—-Xy412y, D1,...,Dy,. More precisely, we use a; = aq A
Ns<j<m+4@3 = a; to indicate that a encodes the clause Vy—Xj 112y, and use Aycjc;iya1 =
aj A Nits<n<ma @3 = ap to indicate that a encodes D; for i € {1,...,m}, respectively. This
can be expressed by the formula

<’U1 =g N /\ ’U3:Q}j> V \/ < /\ v = v A /\ U3:Uh>. (3.1)
5<j<m+4 1<i<m M<j<it+4 i+5<h<m-+4

We also require that there is no formula that is false in clause D; (1 <14 < m), when Z are
interpreted by a5 @yqa4z|- Let a; denote the first-order part of D;. This is can be
expressed by the formula

\/ (( /\ v =5 A /\ v3 = vh> — [T/ Vmys - 'vm+4+g—v|]>. (3.2)

1<i<m > 4<j<it4 i+5<h<m-+4

All padding elements must equal a1, which can be expressed by

v1 #£ v3 Avy = v3 A /\ v = v; (3.3)
m~+5+|z|<i<d

Define mciause(0) to be the conjunction of (3.1), (3.2) and (3.3).
If @ encodes a variable, it is partitioned as follows

01420304 Q4 AQk+45 " Ay Atarity(X;) Vke+5-+arity(X;) *°° Ad
\ A arity(X;) arity(X;)

ap=az k+1 artiy(X;) padding elements

where a1 # as,a; = ag, and a4 ---ag4q encode Xi,..., Xpy1. More precisely, we use
Na<j<ivs @1 = aj A Nija<n<iia @3 = ap to indicate that a encodes the variable with relation
symbol X;, where (1 <4 < k+ 1). This can be expressed by the following formula

Vari(v):( /\ v = v A /\ ngvh).

4<j<i+3 1+4<h<k+4
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We use agi5- - Qryatarity(x,) to indicate that a encodes the atom X;axi5 - - appatarity(x;)-
We also require that all padding elements ay 5 qrity(x,) ** * @d equal a1. The formula myay, (),
for i € {1,...,k — 1}, is defined by

TVar; (V) = <’U1 # v3 A vy = va A Var;(0) A /\ V] = ’Uj).
k+5+arity(X;)<j<d

Define 7y, (0) to be the conjunction of v; # v3 A v; = vy and

(Vark(v) A A v = vj) Vv <Vark+1(v) A A v] = vj>.

k+5-+arity(Xy)<j<d k+5-+arity(Xp1)<j<d

In the following we define the formula 7pos (01, U2), which expresses that the atom encoded
by U2 occurs positively in clause D; (1 < j < m) encoded by v1. Let o1 = vy ...v1 4 and
Uy =21 ...V24. We use the following formula ¢ D; (01) to express that v encodes clause D;
for j € {1,...,m}.

¢p,(v1) = (Wcmuse(l_fl) A ( /\ v = v A /\ V13 = v1,h))-

4<I<j+4 j+5<h<m+4

Suppose that the atomic formula X;z’ occurs in clause D;, where ¥r=a... x; rity(X:)
variables from Z, and 75 encodes the atom X;v, where 0}, are the corresponding elements
in 7y by its definition. Let #} be obtained by replacing Z’ with the corresponding ele-
ments in 01 that encodes D; (note that vy m4s, ... s Ul,m+4+|z| are interpretations for z, and
Xi@' [/ (V1m+55 - -+ Vimtas|z))] = Xi01). We require that X;0) = X;0y, i.e., 0] = 05. The
following formula ap; x,(v1,v2) expresses that the atom encoded by v2 occurs positively in
clause D; encoded by ;. For i € {1,...,k — 1}, define

are

ap,; x,(01,02) = <<ppj (1) A Tvar, (T2) A \ vy = 17’2>,

X5’ occurs positively in D
and for ¢ € {k,k + 1}, define
- = — — — —/ —/
ap, x,(V1,02) = (goDj (01) A Tvar, (02) A Var;(v2) A \/ ] = v2>.
X;T' occurs positively in D

Define mpos(¥1,02) to be the conjunction of vy 1 = w21 Avi3 = v23 and
\/{OJD].’XZ.(’Dl, U2) | X; has a positive occurrence in D;}.

Similarly, we can define the formula Wll\leg(’l_)l, U9) to express that the atom encoded by
U9 occurs negatively in clause D; (1 < j < m) encoded by v1. For the clause Vy—Xj 412y,
let o] and ¥4 be obtained by replacing z with the corresponding elements in 7; that encodes

the clause, and the corresponding elements in v that encodes Xy, 1, respectively. Let

i (77 B ) _ 7"'Clause(ﬁl) A (Ul,l =v14 N /\5§i§m+4 V1,3 = 'Ul,i)/\
X1 \P1> 2 TVary, (172) A Vark+1(172) Av11 = Va1 A\ V1,3 = V23 N 27/1, = @g ’

Define WNeg(T)l,TJQ) = ﬂ-{\leg(@l’@?) V 5Xk+1@1752)-
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Let © be the following formula

32V (2) A (Y (01) ~ Totmuse(®1) ) A
32125 ... 32, AV Z YV | Njcich, (Y (01) A Tpos (D1, 2) A Tvar, (B2) — Zi(@))A

Nrcici (Y 01) A T (01,82) A v, (52) = ~Zi(0))

The formula © says that there is a valuation for Xy, for any valuation to Xo, ..., there is a
valuation to Xj_1, for any valuation to X3 and X1, there is a nonempty set Y of clauses,
such that all literals in the clauses are true under the valuation. ® and © are equivalent on
the structures with at least two elements. For any finite structure, there is a quantifier-free
formula that captures its isomorphism type [EF95]. So on one-element structures, ® is
equivalent to VzVy(z = y A d(x)), where §(x) is a disjunction of isomorphism types of one-
element structures satisfying ®. The formulas © V VaVy(z = y A d(x)) and ® are equivalent
on all finite structures. Since all formulas in IT are quantifier-free, © V VaVy(x = y A §(x))
can be converted to an equivalent E}C 4+1-KROM" formula by elementary techniques. []

The following proposition says that the data complexity of SO-KROM" is in the
polynomial hierarchy.

Proposition 3.4. For each k > 1, if k is odd, then the data complexity of H,lc_H—KROM’"
and H}HQ—KROMT are in Hﬁ; if k is even, then the data complexity of E}CH—KROMT and
E}HQ-KROMT are in XF.

Proof. From Corollary 2.2, we know that H]1€+1—KROMT = H}Hz—KROMT if k£ is odd, and
i +1-KROM" = =i 4o-KROM" if k is even. We only prove that the data complexity of
I, ;-KROM" is in II}} (k is odd), the proof for the other cases is similar.

Let ® = VX 13X,5...VX3X,1VZp be a H}CH—KROMT formula (k is odd). Given
a structure A, we construct an alternating Turing machine that first assigns the values
of X1, Xo,..., X} alternately between universal and existential moves according to their
quantifier types. This step can be done in Hi. The complexity of deciding whether
(Aﬁ,)??, X?, e ,Xﬁ) = 3X1.1VZp is in NL, since all occurrences of 32X,z (1 <i < k) in
3X 14 1VZ¢ can be replaced by their truth values, and the resulting formula is a $1-KROM"

formula which can be evaluated in NL by Proposition 2.5. Therefore, the total complexity
of checking A = @ is in II}. O

Since Z}C captures Ei and Hi captures Hi for k > 1, combining Proposition 3.3 with

Proposition 3.4 we conclude the following corollary.

Corollary 3.5. On all finite structures, for each k > 1, if k is even, then E,{,H—KROMT = E,{,,
and if k is odd, then H}CH—KROMT = H,lc.

Theorem 3.6. On all finite structures, for each k > 1, if k is even, then Z,lc_H—KROM’"
captures Ez, and if k is odd, then H}Hl-KROMT captures Hi.
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4. AN EXTENDED VERSION OF SECOND-ORDER KROM LOGIC

In this section, we define second-order extended Krom logic and study its expressive power
and data complexity.

Definition 4.1. Second-order extended Krom logic over a vocabulary 7, denoted by SO-
EKROM(7), is the set of second-order formulas of the form

vX:dY; -- -VXkHYkV@(Cl VANRIERAN Cn),

where C; (1 <i < n) are extended Krom clauses with respect to Y1, ..., Yy, more precisely,
each Cj is a disjunction of the form

arV---Vao VHV Hs,

where

(1) each ay is either Qy or =Qy, where Q@ € T U{X7,..., X},
(2) each Hy is either Y;Z or its negation —Y;z, where (1 < i < k).

Proposition 4.2. SO-EKROM is closed under substructures.

Proof. All universal first-order formulas are closed under substructures. It is easy to check
that the formula obtained by quantifying a relation in a formula which is closed under
substructures still preserves this property. L]

Proposition 4.3. The data complexity of SO-EKROM is in co-NP.

Proof. Let ® =VX;3Y7...VX,3YVZ(CL A --- A Cy) be a SO-EKROM formula over o. For
an arbitrary o-structure A, we replace the first-order part VZ(C1 A---ACy) by Aze iz (C1 A
-~ A Cp)[z/a). We remove the clauses with a formula (—)Rb that is true in A and delete
the formulas (—)Rb that are false in A in every clause, where R is a relation symbol in
o. Then we replace each second-order quantifier VX; (3Y;) in the prefix with a sequence
VX,d; .. .inJlA‘arity(Xi) (3Yid, . .. Hnd_lAlarity(Xi)) where each d; € Aerity(Xi)  We treat the
atoms X;d; (Y;d;) as propositional variables, the resulting formula ¢ is a QE-2CNF formula.
It is clear that A = ® iff ¢ is true. It was proved that for any fixed number m, the

evaluation problem for the QE-2CNF formulas whose quantifier prefixes have m alternations
is in co-NP [FKB90]. Hence, whether A |= ® holds is decidable in co-NP. []

Since I1} captures co-NP, we can get the following corollary.

Corollary 4.4. Every SO-EKROM formula is equivalent to a 113 formula on ordered finite
structures.

Proposition 4.5. II}-KROM" < II3-EKROM on ordered finite structures.

Proof. Let VX3YVZp be a II-KROM" formula. We see that 3YVZyp is a $i-KROM”
formula. By Corollary 2.6, it is equivalent to a ©}-KROM formula on ordered finite
structures. This implies that YX3Y'VZy is equivalent to a H%—EKROM formula on ordered
finite structures. []

Combining Proposition 3.3, Corollary 4.4 and Proposition 4.5 gives the following corollary.

Corollary 4.6. SO-EKROM = II}-EKROM = I1} on ordered finite structures.
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Theorem 4.7. Both SO-EKROM and IIL-EKROM can capture co-NP on ordered finite
structures.

5. CONCLUSION

In this paper, we introduce second-order revised Krom logic and study its expressive power
and data complexity. SO-KROM" is an extension of SO-KROM by allowing 3ZRZz in the
formula matrix, where R is a second-order variable. For SO-KROM", we show that the
innermost universal second-order quantifiers can be removed. Hence, E}C—KROMT = Z,lg 1

KROM?" for odd k, and Hk-KROM’" = 1'[,1c +1-KROM" for even k. SO-KROM collapses to its
existential fragment. The same statement is unlikely to be true for SO-KROM". On ordered
finite structures, we prove that $1-KROM" equals ¥1-KROM, and captures NL. On all finite
structures, we show that X1 = Z}CH—KROM’” for even k, and II}, = H,1€+1—KROM’” for odd k.
This result gives an alternative logic for capturing the polynomial hierarchy, which is the
main contribution of the paper. We also study an extended version of second-order Krom
logic SO-EKROM. On ordered finite structures, SO-EKROM collapses to II3-EKROM and
equals I1}. Therefore, both of them can capture co-NP on ordered finite structures.
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