
Logical Methods in Computer Science
Volume 19, Issue 4, 2023, pp. 3:1–3:35
https://lmcs.episciences.org/

Submitted Nov. 28, 2022
Published Oct. 18, 2023

IMPURE SIMPLICIAL COMPLEXES: COMPLETE AXIOMATIZATION

ROJO RANDRIANOMENTSOA a, HANS VAN DITMARSCH b, AND ROMAN KUZNETS a

a TU Wien, Austria
e-mail address: rojo.randrianomentsoa@tuwien.ac.at, roman.kuznets@tuwien.ac.at

b University of Toulouse, CNRS, IRIT, France
e-mail address: hans.van-ditmarsch@irit.fr

Abstract. Combinatorial topology is used in distributed computing to model concurrency
and asynchrony. The basic structure in combinatorial topology is the simplicial complex,
a collection of subsets called simplices of a set of vertices, closed under containment.
Pure simplicial complexes describe message passing in asynchronous systems where all
processes (agents) are alive, whereas impure simplicial complexes describe message passing
in synchronous systems where processes may be dead (have crashed). Properties of impure
simplicial complexes can be described in a three-valued multi-agent epistemic logic where
the third value represents formulae that are undefined, e.g., the knowledge and local
propositions of dead agents. In this work we present an axiomatization for the logic of the
class of impure complexes and show soundness and completeness. The completeness proof
involves the novel construction of the canonical simplicial model and requires a careful
manipulation of undefined formulae.

1. Introduction

In this contribution, we present an axiomatization called S5▷◁ for an epistemic logic and
show that it is sound and complete for the class of structures known as impure simplicial
complexes. Not surprisingly given its name, S5▷◁ is a variant of the well-known multi-agent
epistemic logic S5 [Hin62]. And in view of that, it may not come as a complete surprise that
impure simplicial complexes, a notion from distributed computing [HKR14], correspond to
certain multi-agent Kripke models [GLR22, vDK23], the usual vehicle to interpret knowledge
on. Impure complexes model that agents (or processes) may have crashed, in other words,
may not be alive but dead. A live agent may be uncertain whether other agents are dead
or alive but may wish to reason about them regardless. In [vDK23] (extending [vD21]), it
was argued that for a dead agent it should be undefined what it knows or does not know.
This requires a three-valued logical semantics for the knowledge modality Ka (for ‘agent a
knows that’) and, consequently, a variation of the standard axiomatization S5 wherein, for
example, the normality axiom K, i.e. Ka(φ→ ψ) → (Kaφ→ Kaψ), and modus ponens MP,
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i.e. “from φ and φ → ψ, infer ψ,” do not always hold. Still — we do not wish to put off
the reader too much at this stage — the usual three properties of knowledge, i.e. veracity,
positive introspection, and negative introspection, are valid in this three-valued semantics.
In [vDK23], this semantics was extensively motivated. However, no complete axiomatization
was given. The underlying work is a follow-up investigation providing that axiomatization,
and only that, and nothing else. In order to make the work self-contained we first sketch the
area and the results already obtained in the literature.

Knowledge and complexes. Combinatorial topology [HKR14] has been used in distributed
computing to model concurrency and asynchrony since [FLP85, LA87, BMZ90], with higher-
dimensional topological properties entering the picture in [HS99, SZ00]. The basic structure
in combinatorial topology is the simplicial complex, a collection of subsets called simplices
of a set of vertices, closed under containment. Geometric manipulations such as subdivision
have natural combinatorial counterparts.

Epistemic logic investigates knowledge and belief, and change of knowledge and belief,
in multi-agent systems. A foundational study is [Hin62]. Knowledge change was extensively
modeled in temporal epistemic logics [Pnu77, HM90, DNR15] and in dynamic epistemic
logics [BMS98, vDvdHK07, Mos15].

A vertex of a complex represents the local state of an agent or process. Given a complex,
an agent may be uncertain about the local state of other agents. This happens when a
vertex for this agent is contained in different simplices that contain vertices for the other
agents but for different local states of those agents. Similarly, higher-dimensional topological
properties involve higher-order knowledge or group knowledge. There is, therefore, a natural
relation between epistemic reasoning and simplicial complexes.

An epistemic logic interpreted on pure simplicial complexes (i.e. where all processes are
alive) was proposed in [Led19, GLR21], which was finalized in [vDGL+21]. It is axiomatized
by the multimodal logic S5 augmented with the so-called locality axiom stating that all
agents know their local state, i.e. Kapa ∨ Ka¬pa for all agents a and local propositional
variables pa for that agent.

Common knowledge and distributed knowledge were also considered in these works,
and even the application of novel group epistemic notions such as common distributed
knowledge [BS20] to the setting of simplicial semantics, exactly in view of describing
higher-dimensional topological properties (for example, whether a complex is a mani-
fold) [Led19, vDGLR22].

The dynamics of knowledge was another focus of those works and of additional
works [PS18, vDGL+21, VCR21]: the action models of [BMS98] can be used to model
distributed computing tasks and algorithms. Action models even appeared in combi-
natorial topological incarnations as simplicial complexes in [Led19] and in [vDGLR22].
Additionally, [VCR21] proposed novel dynamic objects called communication patterns that
represent arbitrary message exchange and are based on similar proposals in dynamic epis-
temics [ÅW17, BS20]. Communication patterns are different from action models, and their
relation is complicated.

Pure complexes and their temporal development describe asynchronous systems. All pro-
cesses then remain potentially active (alive), even when they have crashed: in asynchronous
systems [HS99] crashed processes can be modeled as being infinitely slow. In synchronous
systems [HRT09] crashed processes can be identified — for example, in message passing, with
timeouts. This makes it possible to use impure simplicial complexes, wherein some processes
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are dead, to represent them. For a detailed example, see [HKR14, Section 13.5.2] (see
also [HRT00] for more extended discussion). Impure simplicial complexes are considerably
smaller in terms of their number of faces.

Epistemic logics interpreted on impure simplicial complexes were proposed in [vD21], of
which the extended version, henceforth the only cited one, is [vDK23],1 and also in [GLR22].

In [vDK23], a three-valued modal logical semantics was proposed for an epistemic logical
language interpreted in faces of impure simplicial complexes that are decorated with agents
and with local propositional variables. The third value stands for ‘undefined.’ The following
are undefined:

• dead processes cannot know or be ignorant of any proposition;
• live processes cannot know or be ignorant of factual propositions involving processes they
know to be dead.

The issue of the definability of formulae has to be handled with care: standard notions
such as validity, equivalence, and the interdefinability of dual modalities and non-primitive
propositional connectives have to be properly addressed. The epistemic modality is a
three-valued version of S5 knowledge. No complete axiomatization was given in [vDK23].

In [GLR22], a different, classical two-valued modal logical semantics was proposed,
also interpreted in impure simplicial complexes. The authors reduce the setting to one
where processes may not know their local state, and that can then be treated in standard
multi-agent modal logic: they axiomatize the logic as multimodal KB4. Exciting further
developments of this framework can be found in [GKLR23]: namely, distributed knowledge
modalities interpreted on simplicial sets (also known as pseudo-complexes), a generalization
of simplicial complexes wherein a face may have multiple occurrences.

The works [GLR22, vDK23] also showed that, whereas pure complexes correspond to
Kripke models with equivalence relations, impure complexes correspond to Kripke models
with partial equivalence relations (symmetric and transitive relations that need not be
reflexive).

The novel epistemic notions proposed for impure complexes are akin to knowledge but
are, therefore, not exactly S5 knowledge. Consider the T axiom Kaφ→ φ. It is an axiom
in S5▷◁ (and in [vDK23]) but its meaning is ‘known formulae cannot be false’ rather than
‘known formulae must be true’ (because they may be undefined instead). T is not an axiom
in KB4 [GLR22], but, conveniently, in that work Ka⊥ denotes that ‘agent a is dead.’ Various
other synchronous and asynchronous epistemic notions have been proposed in distributed
computing, relating in yet other ways to modal logics of knowledge and belief. We recall
‘belief as defeasible knowledge’ of [MS93], knowledge in interpreted systems of [DM90, HM90],
distinctions between knowledge and belief presented in [HSS09], and encoding byzantine faults
through the hope modality, an epistemic notion weaker than belief [vDFK22], among others.

Examples of pure complexes and corresponding Kripke models. Some of our readers
may be familiar with simplicial complexes, while other readers may be familiar with Kripke
models. As the correspondence between these semantic structures has only recently been
proposed [vDGL+21], we provide some simple examples illustrating how.

Figure 1 depicts some pure simplicial complexes and corresponding Kripke models:
These simplicial complexes are for three agents a, b, and c. The vertices of a simplex

are required to be labeled, or colored, with different agents. Therefore, a maximum-size

1All statements from [vDK23] we rely on are also present and proved in [vD21], unless stated otherwise.
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Figure 1: Pure simplicial complexes and corresponding Kripke models

simplex, called facet, consists of three vertices, described as having dimension 2. These
are the triangles in the figure. For two agents we get lines/edges, for four agents we get
tetrahedra, etc. In the figure, the vertices are not named, to simplify the exposition. A label
like 0a on a vertex represents that it is a vertex for agent a and that agent a’s local state
has value 0, etc. We can see this as the boolean value of a local proposition, where 0 means
false and 1 means true. In other figures (where the value of a proposition is irrelevant) we
may only provide agent labels or vertex names. Simplicial complexes where vertices are
decorated with agents and with propositions will later be called simplicial models.

The Kripke models are also defined for three agents. The worlds that are indistinguishable
for agent a are connected by an a-labeled link; in other words, for each agent we assume
reflexivity, transitivity, and symmetry of the usual accessibility relations.

A triangle corresponds to a world in a three-agent Kripke model. Together the local
states of the triangle determine the world of the Kripke model, and the values of the local
state variables together determine the valuation in that world. For example, in worlds
labeled 0a1b1c in Figure 1 agent a’s value is 0, b’s is 1, and c’s is 1. The single triangle
corresponds to the singleton reflexive world below it. With two triangles, if they intersect
only in an a-colored vertex, i.e. are a-adjacent, it means that agent a cannot distinguish
these (global) states (as in the corresponding Kripke model), making a uncertain about
the value of b. If the triangles intersect in two vertices colored a and c, both a and c are
uncertain about the value of b.

The current state of the distributed system is represented by a distinguished facet of
the simplicial complex, just as we need a distinguished world in a Kripke model in order to
evaluate propositions. For example, in the leftmost triangle, as well as in the leftmost world,
the value of b is 1 but a is uncertain whether the value of b is 0 or 1. In other words, a does
not know whether the value of b is 0 or 1. In the same triangle, b knows that its value is 1
and all three agents know that the value of c is 1.

Examples of impure complexes and corresponding Kripke models. We continue
with several examples of impure complexes, also in relation to pure complexes we have
already seen above. They are depicted in Figure 2. See [HKR14, Section 13.5.2] for a
standard example of an impure simplicial complex from distributed computing.

The pure complex on the right encodes that all agents know local states of each other,
just as in the same complex on the right of Figure 1. It is merely here for comparison.

The impure complex on the left of Figure 2 encodes that agent a is uncertain whether
agent c is alive. When agent c is dead, in the edge, it does not have a value and propositions
like ‘agent c knows that pb is true’ are undefined. When agent c is alive, in the triangle, its
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Figure 2: Impure simplicial complexes and corresponding Kripke models

local variable pc is true. We, therefore, say that agent a knows that pc is true: whenever
agent c is alive and, therefore, local variable pc is defined (namely, in the triangle) it is true.

The impure complex in the middle encodes that agent a is uncertain whether b or c has
crashed. Agent a no longer considers it possible that all processes are alive. In this case,
agent a knows that pb, justified by the edge 1b—0a (where b is alive) and agent a also knows
that pc, justified by the edge 0a—1c (where c is alive). However, pointedly, agent a does not
know that pb ∧ pc: for that to be true we would need a triangle wherein a, b, and c are all
alive. This example demonstrates that Kaφ ∧Kaψ does not imply Ka(φ ∧ ψ).

Below the complexes we find the corresponding Kripke models. In this visualization, the
upper indices to a world make explicit who is alive in this world. It is merely a depiction of
models with symmetric and transitive relations, also known as partial equivalence relations.
Such a relation is a partial equivalence in the sense that it is an equivalence relation when
restricted to the worlds where it is not empty, i.e. in our terms, where the agent is alive.

In the Kripke model on the left, as c is dead in the 0a1b0c world and alive in the
0a1b1c world, the relation for agent c is restricted to the reflexive arrow from 0a1b1c to itself.
The Kripke model representation, unlike the impure simplicial complex, contains superfluous
information: even though c is dead in the world 0a1b0c, local variable pc is false there.

Therefore, another representation of the same impure complex is the model 0a1b1c
a

—— 0a1b1c,
where again c is dead in 0a1b1c. (Strictly speaking, the number of such representations
depends on how many local variables agent c has.)

Similarly, in the Kripke model in the middle, c is dead on the left and b is dead on the
right. Accordingly, there are four different Kripke models corresponding to the simplicial
complex above it.

These are some examples of pure and impure complexes, and how they are used to
model agents’ reasoning about each other.

Our results. We present a complete axiomatization S5▷◁ for a three-valued epistemic
semantics interpreted on impure complexes. It has some notable differences from the

standard multi-agent axiomatization S5, such as non-standard axioms K▷◁ and KK̂ instead
of K and a non-standard derivation rule MP▷◁ instead of MP. Some technical features of
the completeness proof may be considered novelties of interest. First, instead of a canonical
Kripke model, we construct a canonical model that is a canonical simplicial complex. Second,
the faces of this canonical simplicial complex are not maximal consistent sets, but what we
call definability-maximal consistent sets: they need not be maximal and may be contained
in one another, just like the faces of simplicial complexes in general.
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Outline. Section 2 recalls the impure simplicial semantics of [vDK23] and obtains additional
results for formula definability that are crucial in this three-valued setting. Section 3 presents
axiomatization S5▷◁. Section 4 shows that this axiomatization is sound, and Section 5 that it
is complete. Section 6 describes some remarkable features of the simplicial canonical model.
Section 7 concludes. Some of the proofs are relegated to Appendix B, with Appendix A
providing auxiliary statements used exclusively in these proofs.

2. Impure Simplicial Models and Definability

We recall the semantics of simplicial complexes from [vDK23], both pure (for fault-free
systems) and impure (for systems where byzantine failures are restricted to crashes).

We consider a finite set A of agents (or processes) a, b, . . . and a set P =
⊔

a∈A Pa of
propositional variables where sets Pa are countable and mutually disjoint sets of local variables
for agent a, denoted pa, qa, p

′
a, q

′
a, . . .

2 As usual in combinatorial topology, the number |A|
of agents is taken to be n+ 1 for some n ∈ N, so as to make the dimension of a simplicial
complex (to be defined below), which is one less than the number of agents, equal to n.

Definition 2.1 (Language). The language of epistemic logic is defined by the grammar
φ ::= pa | ¬φ | (φ ∧ φ) | Kaφ where a ∈ A and pa ∈ Pa.

Parentheses will be omitted unless confusion results. Connectives →, ↔, and ∨ are

defined by abbreviation as usual, as well as K̂aφ := ¬Ka¬φ. Expression Kaφ stands for

‘agent a knows (that) φ,’ and K̂aφ stands for ‘agent a considers (it possible that) φ.’

Definition 2.2 (Simplicial model). A simplicial model C is a triple (C,χ, ℓ) consisting of:

• A (simplicial) complex C ̸= ∅ is a collection of simplices that are non-empty finite subsets
of a given set V of vertices such that C is downward closed (i.e. X ∈ C and ∅ ̸= Y ⊆ X
imply Y ∈ C). Simplices represent partial global states of a distributed system. It is
required that every vertex form a simplex by itself, i.e.

{
{v} | v ∈ V

}
⊆ C.

• Vertices represent local states of agents, with a chromatic map χ : V → A assigning each
vertex to one of the agents in such a way that each agent has at most one vertex per
simplex, i.e. χ(v) = χ(u) for some v, u ∈ X ∈ C implies that v = u. For X ∈ C, we define

χ(X) := {χ(v) | v ∈ X}
to be the set of agents in simplex X.

• A valuation ℓ : V → 2P assigns to each vertex which local variables of the vertex’s owner
are true in it, i.e. ℓ(v) ⊆ Pa whenever χ(v) = a. Variables from Pa \ ℓ(v) are false in
vertex v, whereas variables from P \ Pa do not belong to agent a and cannot be evaluated
in a’s vertex v. The set of variables that are true in a simplex X ∈ C is given by

ℓ(X) :=
⊔
v∈X

ℓ(v).

If Y ⊆ X for X,Y ∈ C, we say that Y is a face of X. Since each simplex is a face of
itself, we use ‘simplex’ and ‘face’ interchangeably. A face X is a facet if it is a maximal
simplex in C, i.e. Y ∈ C and Y ⊇ X imply Y = X. Facets represent global states of the
distributed system, and their set is denoted F(C). The dimension of simplex X is |X| − 1,
e.g., vertices are of dimension 0, edges are of dimension 1, etc. The dimension of a simplicial

2We sometimes use ⊔ instead of ∪ to emphasize that this is a union of mutually disjoint sets. Similarly,
we use ⊆ for inclusion and ⊂ for proper inclusion, but may use ⊊ to emphasize the inclusion properness.
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complex (model) is the largest dimension of its facets. A simplicial complex (model) is pure
if all facets have dimension n, i.e. contain vertices for all agents. Otherwise it is impure.
A pointed simplicial model is a pair (C, X) where X ∈ C.

Remarks 2.3.

(i) It follows from the above definition that for any simplicial complex C, its set of vertices
V =

⋃
X∈C X. Thus, it is not necessary to specify V when defining a complex C

or a simplicial model C = (C,χ, ℓ) based on this complex. Further, complex C can
be computed from the set F(C) of its facets by taking the downward closure with
respect to non-empty sets. Thus, we typically forgo defining V explicitly and often
specify F(C) instead of C.

(ii) Due to the chromatic-map condition, |X| ≤ n+ 1 for all faces X of a complex and,
hence, each face is contained in a facet.

(iii) It has been common in the literature, including in [vDK23], to consider a more
expansive view of pure simplicial models requiring all the facets to have merely the
same dimension, without additionally requiring this common dimension to be the
largest possible for the given set of agents as we do here. We believe that the distinction
based on the presence/absence of dead agents is more meaningful than the previously
used distinction based on the stability of the number of dead agents. Indeed, it is
the presence of dead agents that gives rise to the question of what these dead agents
know. And, as we will see, it is the presence of dead agents rather than fluctuations of
their numbers that separates the logic of impure simplicial models from the standard
epistemic logic. In particular, both counterexamples to modus ponens from [vDK23]
(not present in [vD21]) and in the proof of Lemma 3.2 involve simplicial models with
all facets of the same dimension but with at least one dead agent per facet.

Since simplicial models are an alternative semantics for epistemic logic, it is useful to
understand their relationship to Kripke models. Worlds of a Kripke model correspond to
facets of a simplicial model. Vertices represent local states, and, hence, have no direct
Kripke representation. However, they play a crucial role in the simplicial variant of indistin-
guishability. Where two Kripke worlds are indistinguishable for agent a, their corresponding
facets X and Y in a simplicial model must have agent a in the same local state, meaning that
X and Y must share an a-colored vertex, i.e. a ∈ χ(X ∩ Y ), and we call them a-adjacent.
We also apply a-adjacency to faces.

The special case of pure simplicial models (of the maximum dimension n) corresponds
to the standard epistemic logic S5n+1 (augmented with the locality axiom to account
for variables being local, as mentioned in the introduction) and is a representation dual
to epistemic Kripke models. As noted in [vDK23], however, the case of impure models
introduces a new situation where formulae may be undefined in a facet. Indeed, if X is a
facet with b /∈ χ(X), which represents a global state where agent b has crashed, then all
local propositional variables of agent b are considered undefined. This imposes a two-tier
system on formulae: one must first determine whether a formula is defined, before one can
probe whether it is true or false. Note that we do not restrict these definitions to facets only.
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Definition 2.4 (Definability). Given a simplicial model C = (C,χ, ℓ) and its face X ∈ C,
the definability relation ▷◁ is defined by recursion on the formula construction:

C, X ▷◁ pa iff a ∈ χ(X);
C, X ▷◁ ¬φ iff C, X ▷◁ φ;
C, X ▷◁ φ ∧ ψ iff C, X ▷◁ φ and C, X ▷◁ ψ;
C, X ▷◁ Kaφ iff C, Y ▷◁ φ for some Y ∈ C with a ∈ χ(X ∩ Y ).

Definition 2.5 (Truth). Given a simplicial model C = (C,χ, ℓ) and its face X ∈ C, the
truth relation ⊨ is defined by recursion on the formula construction:

C, X ⊨ pa iff pa ∈ ℓ(X);
C, X ⊨ ¬φ iff C, X ▷◁ ¬φ and C, X ⊭ φ;
C, X ⊨ φ ∧ ψ iff C, X ⊨ φ and C, X ⊨ ψ;
C, X ⊨ Kaφ iff C, X ▷◁ Kaφ and

C, Y ⊨ φ for all Y ∈ C such that a ∈ χ(X ∩ Y ) and C, Y ▷◁ φ.

Remark 2.6. These definitions are equivalent to those from [vDK23], but differ from them
as follows:

• Ka is used as the primary connective instead of K̂a in [vDK23], which is harmless in light

of the duality of Ka and K̂a.
• In [vDK23], C, X ⊨ pa additionally requires that a ∈ χ(X), which is redundant because
ℓ(X) ∩ Pa = ∅ if a /∈ χ(X).

• In [vDK23], C, X ⊨ ¬φ requires C, X ▷◁ φ instead of the equivalent C, X ▷◁ ¬φ here.

These modifications are primarily to avoid the necessity of changing the axiomatization of S5
in order to ensure the Replacement Property in the language based on a ♢-like modality.

One of the design choices made is that undefined formulae do not have truth values.3

Lemma 2.7. For a simplicial model C = (C,χ, ℓ), its face X ∈ C, and formula φ:

(a) C, X ⊨ φ =⇒ C, X ▷◁ φ.
(b) C, X ⊨ ¬φ =⇒ C, X ▷◁ φ.
(c) It cannot be that both C, X ⊨ φ and C, X ⊨ ¬φ.

Proof.

(a) The proof is by induction on the construction of φ. For φ = ¬ψ and φ = Kaψ, the
statement follows directly from Definition 2.5. If C, X ⊨ pa, then pa ∈ ℓ(X), hence,
a ∈ χ(X), meaning that C, X ▷◁ pa. If C, X ⊨ ψ ∧ θ, then C, X ⊨ ψ and C, X ⊨ θ. By
the induction hypothesis, C, X ▷◁ ψ and C, X ▷◁ θ, hence, C, X ▷◁ ψ ∧ θ.

(b) If C, X ⊨ ¬φ, then C, X ▷◁ ¬φ by clause (a). Hence, C, X ▷◁ φ by Definition 2.4.
(c) This follows directly from Definition 2.5.

Thus, for C = (C,χ, ℓ), X ∈ C, and φ, there can be three mutually exclusive outcomes:

(i) if C, X ⊨ φ, we say that φ is true in X;
(ii) if C, X ̸▷◁ φ, we say that φ is undefined in X, due to crashes;
(iii) if C, X ▷◁ φ and C, X ⊭ φ, i.e. C, X ⊨ ¬φ, we say that φ is false in X.

The following corollary is easy to obtain from Definitions 2.4 and 2.5 and the abbreviation

K̂aφ := ¬Ka¬φ:

3The next few results are from [vDK23], but are reproved here for this language.
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Corollary 2.8. For a simplicial model C = (C,χ, ℓ), its face X ∈ C, formula φ, and agent a:

(a) C, X ▷◁ K̂aφ iff C, Y ▷◁ φ for some Y ∈ C such that a ∈ χ(X ∩ Y ), i.e. the definability

conditions for K̂aφ and Kaφ are the same.

(b) C, X ⊨ K̂aφ iff C, Y ⊨ φ for some Y ∈ C such that a ∈ χ(X ∩ Y ).
(c) C, X ⊨ Kaφ iff

• C, Y ⊨ φ for some Y ∈ C such that a ∈ χ(X ∩ Y ) and
• C, Z ⊨ φ whenever C, Z ▷◁ φ for any Z ∈ C such that a ∈ χ(X ∩ Z).

(d) C, X ⊨ ¬Kaφ iff C, Y ⊨ ¬φ for some Y ∈ C such that a ∈ χ(X ∩ Y ).

Definability and truth for other boolean connectives are even easier to derive. In
particular, φ∨ψ, φ→ ψ, and φ↔ ψ are defined iff φ∧ψ is, i.e. when both φ and ψ are defined.

The proof of the following monotonicity properties from [vDK23] applies as is:

Lemma 2.9 (Monotonicity [vDK23]). For a simplicial model C = (C,χ, ℓ), its faces
X,Y ∈ C such that X ⊆ Y , and formula φ:

(a) C, X ▷◁ φ =⇒ C, Y ▷◁ φ.
(b) C, X ⊨ φ =⇒ C, Y ⊨ φ.
(c) C, Y ⊨ φ and C, X ▷◁ φ =⇒ C, X ⊨ φ.

Since the standard modus ponens rule is not valid for impure simplicial models [vDK23]
(this result is not present in [vD21]), the rule has to be weakened based on the notion of
definability consequence that is similar to logical consequence but with definability in place
of truth. Before we state the axiom system for the logic of impure simplicial models, we
formulate this notion and list its relevant properties.

Definition 2.10 (Definability consequence). A formula ψ is a definability consequence of a
set Γ of formulae, notation Γ ⋉ ψ, iff there exists a finite subset Γ′ ⊆ Γ such that for any
simplicial model C = (C,χ, ℓ) and its face X ∈ C,

(∀φ ∈ Γ′) C, X ▷◁ φ =⇒ C, X ▷◁ ψ.

To simplify notation we omit { and } for finite sets Γ, where we assume without loss of
generality that Γ′ = Γ. Note, in particular, that ∅ ̸⋉ ψ for any formula ψ. For a set ∆ of
formulae, Γ ⋉ ∆ means that Γ ⋉ ψ for all ψ ∈ ∆. Formulae φ and ψ are called equidefinable,
written φ ▷◁ ψ, when both φ ⋉ ψ and ψ ⋉ φ.

Definition 2.11. For a set Γ of formulae and agent a, we define KaΓ := {Kaθ | Kaθ ∈ Γ}.

Lemma 2.12 (Properties of definability consequence). For an agent a, propositional
variable pa, formulae φ,ψ, θ, ψ1, . . . , ψm, and formula sets Γ and ∆:

(a) Γ ⋉ φ =⇒ Γ ∪∆ ⋉ φ.
(b) Γ ⋉ ∆ and ∆ ⋉ φ =⇒ Γ ⋉ φ.
(c) Kaφ ⋉ pa.
(d) pa ▷◁ Kapa.
(e) Kaφ ▷◁ KaKaφ.
(f) Kaφ ▷◁ ¬Kaφ ▷◁ Ka¬Kaφ.
(g) Kaθ, φ ⋉ Kaφ.
(h) KaΓ, φ ⋉ Kaψ =⇒ KaΓ,Kaφ ⋉ Kaψ.
(i) KaΓ,¬φ ⋉ Kaψ =⇒ KaΓ,¬Kaφ ⋉ Kaψ.
(j) Ka(Kaψ1 ∧ · · · ∧Kaψm) → Kaθ ⋉ Ka

(
Kaψ1 ∧ · · · ∧Kaψm → θ

)
.
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(k) Ka(Kaψ1 ∧ · · · ∧Kaψm) → K̂aθ ⋉ Ka

(
Kaψ1 ∧ · · · ∧Kaψm → θ

)
.

(l) Kaψ1 ∧ · · · ∧Kaψm ▷◁ Ka(Kaψ1 ∧ · · · ∧Kaψm).

Proof. The proofs are straightforward by using Definition 2.4 and can be found in Appendix B.

A closer observation of impure simplicial models uncovers several peculiarities that affect
not only the logic but also the notion of validity and even the object language used.

For instance, if boolean constants ⊤ and ⊥ are not chosen as primary connectives, it is
typically convenient and harmless to add them to the language as abbreviations by choosing
a (fixed but arbitrary) propositional variable p and using p ∨ ¬p for ⊤ and/or p ∧ ¬p for ⊥.
This works if p is a global variable. In our agent-oriented language, however, all propositional
variables are local to some agent. Thus, pa∨¬pa is not going to be true in all face(t)s, as one
would expect from boolean constant ⊤. Instead, pa ∨ ¬pa is true whenever agent a is alive
and undefined otherwise. We can use such a formula at most as a local boolean constant ⊤a,
which cannot be false but need not be true.

In fact, no formula is true in all face(t)s. For any formula φ, it is not hard to construct
a single-vertex simplicial model where φ is undefined. In other words, were we to define
validity as truth in all face(t)s of all models, the set of valid formulae would have been empty.
On the other hand, it is reasonable to consider ⊤a mentioned above valid in the sense that
it is never false. It is this notion of validity that we axiomatize in this paper:

Definition 2.13 (Validity [vDK23]). A formula φ is valid in the class of impure simplicial
models, written ⊨ φ, iff for any face X of any simplicial model C,

C, X ▷◁ φ =⇒ C, X ⊨ φ.

One might question why we define validity with respect to all faces even though it is
facets that represent global states. Fortunately, this point is moot as the logic remains the
same if the validity is restricted to facets.

Lemma 2.14 (Validity on facets). A formula φ is true in all facets of all impure simplicial
models where it is defined iff ⊨ φ.

Proof. The “if” direction trivially follows from Definition 2.13 as valid formulae are true in
all faces where they are defined, including all facets. For the “only if” direction, assume
that ⊭ φ, i.e. there exists a face X of a simplicial model C such that C, X ▷◁ φ but C, X ⊭ φ,
i.e. C, X ⊨ ¬φ. By Lemma 2.9(b), C, Y ⊨ ¬φ for any facet Y ⊇ X. By Remark 2.3(ii), such
a facet exists. In this facet, C, Y ▷◁ φ but C, Y ⊭ φ, meaning that φ is not valid with respect
to facets either.

As a matter of a sanity check, it is easy to see that all propositional tautologies are
valid in the class of impure simplicial models. Indeed, whenever such a tautology is defined,
boolean connectives behave the same way as in classical propositional logic.

Comparing three- and two-valued semantics for impure complexes. Let us explain
the difference between our approach and that of [GLR22] by the leftmost model in Figure 2,
which we call C3. It consists of two facets, the 1-dimensional edge, let us call it X, to the left
and the two-dimensional gray triangle, let us call it Y , to the right, which are a-adjacent,
signifying the fact that agent a is not sure whether agent c is alive (even though this cannot
be expressed in the object language).



Vol. 19:4 IMPURE SIMPLICIAL COMPLEXES: COMPLETE AXIOMATIZATION 3:11

The first observation to make is that our model C3 corresponds to multiple models in
the semantics of [GLR22]. Indeed, where we treat any local propositional variable of agent c
as undefined in edge X because c is dead there, the two-valued semantics requires to assign
one of two truth values to each of c’s variables. This means that for a local state consisting
of n local variables, one model C3 corresponds to 2n two-valued models that differ in the
local state of the dead agent (infinitely many local variables would give rise to infinitely
many distinct two-valued models).

The differences among these two-valued models go beyond formulae undefined in C3,
however. The objective changes to the truth values of dead-agent variables result in subjective
changes to the knowledge of live agents. In C3, agent a knows that pc is true, i.e. C3 ⊨ Kapc,
because pc is true whenever defined. In the two-valued semantics of [GLR22], by contrast,
a may or may not know pc to be true depending on whether pc is true at X, i.e. C′

2 ⊨ Kapc
while C′′

2 ⊨ ¬Kapc depending on how pc is evaluated at X, where c is dead, in two-valued
models C′

2 vs. C′′
2 . Thus, a formula valid in three values may be validated or invalidated by

the choice of truth values of dead-agent formulae in two values.
It can also happen that a formula valid in three values must be invalid in two values.

Consider, for instance, a model CX−b
3 that differs from C3 only in the value of pb in edge X,

i.e. C3, X ⊨ pb but CX−b
3 , X ⊭ pb. Then we have CX−b

3 ⊨ Ka(pb ∧ pc) because pb ∧ pc is true
in the only facet it is defined, at Y . By contrast, CX−b

2 , X ⊭ pb ∧ pc no matter how pc is

evaluated, resulting in CX−b
2 ⊭ Ka(pb ∧ pc) for all two-valued models corresponding to CX−b

3 .

3. Axiom System S5▷◁

The main goal of this paper is to provide a sound and complete axiomatization for the
notion of validity from Definition 2.13. Since pure simplicial models correspond to Kripke
models with equivalence accessibility relations, their logic is an extension of multimodal S5,
the epistemic logic where individual knowledge has both positive and negative introspection
(the extension deals with the locality of propositional variables). The susceptibility of agents
to crashes can be reasonably expected to weaken the logic somewhat but one could still
expect some subsystem of S5.

As we have discovered, the impact of dead agents and undefined formulae is quite drastic
and, interestingly, affects the core reasoning, both modal and propositional, rather than
the additional epistemic properties. Although these results are from [vDK23], we find it
instructive to repeat the proofs found there as it provides insight to the reader on why these
axioms/rules are invalid in their “usual” form.

Firstly, the normality axiom K at the basis of all normal modal logics is not valid even
for the above weaker notion of validity:

Lemma 3.1 (Failure of normality [vDK23]). In the presence of at least three agents,

⊭ Ka(φ→ ψ) → (Kaφ→ Kaψ).

Proof. Consider model CK with agents a, b, and c in Figure 3. Let φ = pc and ψ = pb.
Model CK has only two facets, X of dimension 1 and Y of the maximal dimension 2. The
instance

Ka(pc → pb) → (Kapc → Kapb) (3.1)

of axiom K is defined in both facets because all formulae are defined in Y , which is a-adjacent
to all facets. In addition, pc is true wherever it is defined, making Kapc true in both facets.
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Figure 3: Counterexample for the unrestricted axiom K

Similarly, pc → pb is true wherever it is defined, i.e. wherever both b and c are alive, because
pb is only false in X where c is dead. This ensures that Ka(pc → pb) is true in both facets.
At the same time, CK, X ⊨ ¬pb and, hence, Kapb is false in both facets. Thus, not only is
instance (3.1) of axiom K falsified in this model, but, in fact, its negation is valid in CK.

Perhaps, even more surprisingly, even the modus ponens MP rule, a staple of most
logics, does not generally preserve validity. In [vDK23] (though not in [vD21]), we presented
a counterexample to this effect that involved four agents. Here we offer a mild improvement
and demonstrate that already for three agents, MP does not preserve validity:

Lemma 3.2 (Failure of modus ponens). In the presence of at least three agents, there exist
formulae φ and ψ such that

⊨ φ→ ψ and ⊨ φ, but ⊭ ψ.

Proof. Our counterexample to modus ponens preserving validity uses φ = ⊤a ∧ ⊤b and

ψ = K̂cK̂aK̂bpc ∨ K̂cK̂bK̂a¬pc. We will prove the validity of φ and of φ→ ψ, i.e. that

⊨ ⊤a ∧ ⊤b, (3.2)

⊨ ⊤a ∧ ⊤b → K̂cK̂aK̂bpc ∨ K̂cK̂bK̂a¬pc. (3.3)

but that applying modus ponens to these valid formulae does not produce a valid formula.
For the latter part, consider simplicial model CMP with agents a, b, and c in Figure 4, which

has six facets, all of non-maximal dimension 1. To show that ⊭ K̂cK̂aK̂bpc ∨ K̂cK̂bK̂a¬pc,
we demonstrate

CMP, X ⊨ ¬
(
K̂cK̂aK̂bpc ∨ K̂cK̂bK̂a¬pc

)
.

It remains to prove the former part, i.e. validities (3.2) and (3.3). The validity of
formula φ in (3.2) immediately follows from our earlier discussion that local boolean
constants ⊤e := pe ∨ ¬pe cannot be falsified. Let us show that formula φ → ψ in (3.3) is
valid. Assume that φ→ ψ is defined in a face Q of a simplicial model C. This necessitates that
agents a and b be alive due to ⊤a and ⊤b, as well as agent c being alive due to modalities K̂c.
In other words, φ→ ψ is only defined in Q if Q is a face with a, b, and c all being alive. In
particular, variable pc is defined, i.e. is either true or false in Q. Since face Q is a-adjacent,

b-adjacent, and c-adjacent to itself, if pc is true in Q, so is K̂cK̂aK̂bpc, while if ¬pc is true
in Q, so is K̂cK̂bK̂a¬pc. This completes the proof that ⊤a ∧⊤b → K̂cK̂aK̂bpc ∨ K̂cK̂bK̂a¬pc
is true whenever defined.

Let us now show that ψ = K̂cK̂aK̂bpc ∨ K̂cK̂bK̂a¬pc is invalidated in model CMP. For

the second disjunct K̂cK̂bK̂a¬pc evaluated in facet X, out of three faces c-adjacent to X,
i.e. X, Y , and their common vertex, agent b is alive only in Y , hence, the definability/truth

of K̂cK̂bK̂a¬pc in X is fully determined by definability/truth of K̂bK̂a¬pc in Y . Out of three
faces b-adjacent to Y , i.e. Y , V , and their common vertex, agent a is alive only in V , hence,
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Figure 4: Counterexample for the unrestricted modus ponens

the definability/truth of K̂bK̂a¬pc in Y is fully determined by definability/truth of K̂a¬pc
in V . Out of three faces a-adjacent to V , i.e. V , U , and their common vertex, ¬pc is defined
only in U , hence, K̂a¬pc is defined at V and its truth is fully determined by the truth of ¬pc
in U . Since ¬pc is false in U , it follows that K̂a¬pc is false in V , that K̂bK̂a¬pc is defined
and false in Y , and that K̂cK̂bK̂a¬pc is defined and false in X. The argument for the first
disjunct is similar, except the chain of faces there is X, followed by X, followed by W , and

finally followed by Z. In summary, K̂cK̂aK̂bpc ∨ K̂cK̂bK̂a¬pc is defined but false in X.
It is interesting to note that implication (3.3) is nowhere defined in CMP.

Intuitively, the failure of both K and MP can be attributed to the fact that different
instances of modality in impure simplicial models may have different scope in terms of
adjacent faces, which prevents the usual first-order reasoning about the adjacency. One way
to amend this is by imposing definability restrictions so as to ensure the homogeneity of the
scope of modal operators.

Definition 3.3 (Axioms system S5▷◁). The axioms and rules of axiom system S5▷◁ can be
found below (non-standard axioms are in the right column):

Taut prop. tautologies L Kapa ∨Ka¬pa
T Kaφ→ φ K▷◁ Ka(φ→ ψ) → (Kaφ→ Kaψ) where ψ,Kaφ ⋉ φ

4 Kaφ→ KaKaφ KK̂ Ka(φ→ ψ) → (Kaφ→ K̂aψ)
5 ¬Kaφ→ Ka¬Kaφ MP▷◁ from φ→ ψ and φ, infer ψ where ψ ⋉ φ
N from φ, infer Kaφ

Thus, axiom system S5▷◁ is obtained by

• taking all axioms and rules of multimodal S5 that are valid for impure simplicial models
(see the left column in Definition 3.3),

• adopting the locality axiom L used for pure simplicial models,
• restricting K and MP by imposing definability conditions, and

• adding axiom KK̂.

This last addition is needed for the completeness proof. Intuitively, it can be explained by
the dual universal–existential nature of modalities Ka. In impure semantics, knowledge of φ
means both truth in all adjacent faces where φ is defined (universal aspect) and truth in
at least one adjacent face (existential aspect). Just like its unrestricted variant K, axiom K▷◁

deals only with the universal aspect. The new axiom KK̂ is needed to take care of the
existential one.

Remark 3.4. Logic S5▷◁ does not satisfy the property of uniform substitution. Note that
agent a’s local propositional variable pa in axiom L cannot be replaced with propositional
variable qb of some other agent b, let alone with an arbitrary formula. Indeed, Kaqb ∨Ka¬qb
for a ̸= b is not generally valid, and assuming its validity would go against the ideology of
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distributed systems where agents are autonomous and do not generally know each other’s
local state. This lack of closure with respect to substitution is yet another of the multiple
ways logic S5▷◁ fails to be a normal modal logic, albeit in this case inherited from the logic
of pure simplicial complexes.

4. Soundness

Definition 4.1 (Derivability in S5▷◁). A formula φ is derivable in S5▷◁, written ⊢ φ, iff
there is a finite sequence ψ1, . . . , ψk of formulae such that ψk = φ and each formula in the
sequence is either an instance of one of the axioms in Definition 3.3 or follows from earlier
formulae in the sequence by one of the rules from Definition 3.3. A formula φ is derivable
in S5▷◁ from a set Γ of formulae, written Γ ⊢ φ, iff either ⊢ φ or ⊢

∧
Γ0 → φ for some finite

non-empty subset Γ0 ⊆ Γ.

Remark 4.2. The proviso that Γ0 ̸= ∅ and the special case for derivations from the empty
set are necessary due to the lack of boolean constants in the language, which makes it
problematic to interpret the empty conjunction.

Theorem 4.3 (Soundness). Axiom system S5▷◁ is sound with respect to impure simplicial
models:

⊢ φ implies ⊨ φ.

Proof. The proof by induction on an S5▷◁-derivation is standard: one shows that all axioms
are valid and all rules preserve validity. It has already been shown in [vDK23] that the
locality axiom L and all axioms from the left column of Definition 3.3 are valid and that the
necessitation rule N preserves validity. For readers’ convenience, we reproduce these proofs
in Appendix B. Here we provide the argument for the remaining two axioms and rule:

• AxiomKK̂ is valid. Consider an arbitrary simplicial model C = (C,χ, ℓ) and its faceX ∈ C.

If one of formulaeKa(φ→ ψ) andKaφ is undefined, axiomKK̂ is undefined. If both formu-

lae are defined but one of them is false, KK̂ is true. Finally, assume that C, X ⊨ Ka(φ→ ψ)
and C, X ⊨ Kaφ, Then, C, X ▷◁ Ka(φ → ψ) by Lemma 2.7(a), i.e. C, Y ▷◁ φ → ψ for
some face Y such that a ∈ χ(X ∩ Y ), where C, Y ▷◁ φ and C, Y ▷◁ ψ by the definition
of ▷◁. Since both φ→ ψ and φ are defined in Y , they must be true by our assumptions,

i.e. C, Y ⊨ φ → ψ and C, Y ⊨ φ. Hence, C, Y ⊨ ψ and C, X ⊨ K̂aψ. We conclude that in

this final case again C, X ⊨ Ka(φ→ ψ) → (Kaφ→ K̂aψ).
• Axiom K▷◁ is valid, provided ψ,Kaφ ⋉ φ. From now on, we omit all trivial cases and

assume that C, X ⊨ Ka(φ→ ψ) and C, X ⊨ Kaφ. As already shown for axiom KK̂, the
former assumption implies that ψ is defined in some face a-adjacent to face X. It remains
to show that ψ is true in all such a-adjacent faces where it is defined. Consider any
face Z such that a ∈ χ(X ∩ Z) and C, Z ▷◁ ψ. Before we can apply our assumptions to Z,
we have to make sure that both φ → ψ and φ are defined in Z using the definability
provision of K▷◁. C, X ⊨ Kaφ means that φ is defined in at least one face Y a-adjacent
to X. But Y being a-adjacent to X is equivalent to Y being a-adjacent to Z because
a ∈ χ(X∩Z). Hence, C, Z ▷◁ Kaφ. Therefore, provision ψ,Kaφ ⋉ φ ensures that C, Z ▷◁ φ
and, consequently, C, Z ▷◁ φ → ψ. Now we can use the assumptions to obtain C, Z ⊨ φ
and C, Z ⊨ φ → ψ, meaning that C, Z ⊨ ψ. This concludes the proof that C, X ⊨ Kaψ
and, hence, of the validity of K▷◁.
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• Rule MP▷◁ preserves validity, provided ψ ⋉ φ. We assume that ⊨ φ → ψ and ⊨ φ and
need to show that ψ is true whenever defined. The definability provision means that φ is
defined whenever ψ is, hence, so is φ→ ψ. Their validity means that φ and φ→ ψ are
true whenever ψ is defined, and from that we conclude that ψ is true whenever it is
defined.

Remark 4.4. While all the standard epistemic axioms are valid, the meaning of this
validity sometimes defies the usual intuitions. For instance, axiom T is often called the
factivity of knowledge and normally states that whatever is known must be true. This
interpretation is, however, too strong for impure simplicial models and is not entailed by
the validity ⊨ Kaφ → φ. Indeed, for model CK from Figure 3, CK, X ⊨ Kapc even though
formula pc is undefined rather than true in facet X. In our three-valued semantics, the
validity of T means ‘known facts cannot be false’ rather than ‘known facts must be true.’
In this context, perhaps, it is better described as the veracity of knowledge. This is why we
may still see logic S5▷◁ as an epistemic logic (see [vDK23] for an extensive discussion on the
epistemic interpretation).

In preparation for the completeness proof, we now illustrate how the impurity and
its associated definability restrictions affect standard modal (and propositional) reasoning
techniques.

Lemma 4.5 (Hypothetical syllogism). If φ→ ρ ⋉ ψ, the following rule is derivable

⊢ φ→ ψ ⊢ ψ → ρ

⊢ φ→ ρ
.

Proof.

1. (φ→ ψ) →
(
(ψ → ρ) → (φ→ ρ)

)
tautology

2. φ→ ψ derivable by assumption
3. ψ → ρ derivable by assumption
4. (ψ → ρ) → (φ→ ρ) MP▷◁(1.,2.) as (ψ → ρ) → (φ→ ρ) ⋉ φ→ ψ
5. φ→ ρ MP▷◁(3.,4.) as φ→ ρ ⋉ ψ and, hence, φ→ ρ ⋉ ψ → ρ

Lemma 4.6 (Contraposition). The following rule is derivable:

⊢ φ→ ψ

⊢ ¬ψ → ¬φ
.

Proof. See Appendix B.

Lemma 4.7 (Replacement for Ka). If ψ,Kaφ ⋉ φ, the following rule is derivable:

⊢ φ→ ψ

⊢ Kaφ→ Kaψ
.

Proof. See Appendix B.

Lemma 4.8 (Partial normality of Ka with respect to conjunction).

⊢ Kaφ ∧Kaψ → Ka(φ ∧ ψ)
⊬ Ka(φ ∧ ψ) → Kaφ ∧Kaψ.
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Proof. See Appendix B.

As desired, in this logic, agents know the truth value of their local variables:

Lemma 4.9 (Knowledge of local variables).

⊢ pa → Kapa

⊢ ¬pa → Ka¬pa.

Proof.

1. Kapa → pa axiom T
2. ¬pa → ¬Kapa Lemma 4.6(1.)
3. Kapa ∨Ka¬pa axiom L
4. (Kapa ∨Ka¬pa) → (¬Kapa → Ka¬pa) tautology
5. ¬Kapa → Ka¬pa MP▷◁(3.,4.) as ¬Kapa → Ka¬pa ⋉ Kapa ∨Ka¬pa
6. ¬pa → Ka¬pa Lemma 4.5(2.,5.) as ¬pa → Ka¬pa ⋉ ¬Kapa

This derives the second formula. The first one can be derived analogously.

Theorem 4.10 (Deduction theorem).

Γ, φ ⊢ ψ =⇒ Γ ⊢ φ→ ψ.

Proof. See Appendix B.

The following three lemmatas are used in the completeness proof:

Lemma 4.11. For m ≥ 1,

⊢ Kaψ1 ∧ · · · ∧Kaψm → Ka(Kaψ1 ∧ · · · ∧Kaψm).

Proof. See Appendix B.

Lemma 4.12. For m ≥ 1, the following rule is derivable:

⊢ ¬(φ ∧Kaψ1 ∧ · · · ∧Kaψm)

⊢ ¬(Kaφ ∧Kaψ1 ∧ · · · ∧Kaψm)
.

Proof. See Appendix B.

Lemma 4.13. For m ≥ 1, the following rule is derivable:

⊢ ¬(¬φ ∧Kaψ1 ∧ · · · ∧Kaψm)

⊢ ¬(¬Kaφ ∧Kaψ1 ∧ · · · ∧Kaψm)
.

Proof. See Appendix B.
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5. Completeness via the Canonical Simplicial Model

In this section, we present the novel construction of the canonical simplicial model. Our main
challenge was that the standard canonical Kripke model construction, based on maximal
consistent sets, builds the canonical model out of Kripke worlds representing global states,
whereas a simplicial model is built from vertices representing local states, i.e. agents’ view
of the world.

Before giving the technical account of the necessary changes and a proof of completeness,
we explain the chosen construction on the structural level. To do that, we briefly recall
how standard canonical Kripke models are constructed and used to prove completeness.
A canonical model MC for a given logic can be viewed as a universal countermodel, in the
sense that any formula that can be refuted in some world w of some Kripke model M can
also be refuted in a world of the canonical model MC . To this effect, for any world w of any
Kripke model M, there is a world in the canonical model that assigns exactly the same truth
values as w, which is achieved by using the set ΓM,w := {φ | M, w ⊨ φ} of formulae that are
true at world w of Kripke model M as a world in the canonical model. In fact, the domain
of the canonical model consists of all sets ΓM,w over all models M and worlds w. Note
that in the binary boolean semantics the set ΓM,w of formulae that are true in w provides a

complete description of all truth values in w: the set of formulae false in w is ΓM,w, the
complement of the set of true formulae.

The completeness proof is achieved by combining these syntactic objects (sets of formu-
lae) — via an appropriate valuation and accessibility relations — into a Kripke model in
such a way that semantic truth can be reduced to syntactic membership. This reduction is
termed the Truth Lemma and states that a formula φ is true at a world Γ of the canonical
model iff φ ∈ Γ. Again, the syntactic criterion for falsity at a world of the canonical model
easily follows:

a formula φ is false at a world Γ ⇐⇒ φ /∈ Γ ⇐⇒ ¬φ ∈ Γ. (5.1)

Of course, building a model from all worlds of the class of all Kripke models would
have been unwieldy, especially given that all ΓM,w are subsets of the set of all formulae,
making the set of worlds of the canonical model a subset of the power set of the set of
all formulae. Instead, the canonical model is built of maximal consistent sets that are
syntactically consistent with respect to the given axiomatization, whereas the condition of
maximality ensures that a set is maximally consistent iff it is equal to ΓM,w for some Kripke
model M and world w.

Our construction of the canonical simplicial model below adapts these ideas to the
semantics of impure simplicial complexes. At first, it might seem that, unlike in the binary
case, knowing the set of formulae that are true would not be sufficient to represent the
distribution of our three truth values. How would we be able to distinguish formulae that
are false from those that are undefined? Fortunately, it is possible to do by separating the
two descriptions of falsity in (5.1), which were equivalent in the binary semantics. In our
three-valued case, we will formulate the truth lemma to associate true formulae with formulae
in Γ, false formulae with formulae whose negation is in Γ, with all remaining formulae,
i.e. formulae φ such that both φ /∈ Γ and ¬φ /∈ Γ, undefined. This enables us to continue
building the canonical model out of sets of formulae rather than pairs of sets or some such.

The next hurdle is that such sets of formulae represent a possible distribution of three
truth values in a global state, whereas we need to find a syntactic representation of local
states for each agent a. There are two immediate candidates for formulae belonging to a:
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propositional variables pa ∈ Pa and knowledge assertions Kaφ. We will show that the
latter are sufficient to describe the local state of a and, hence, each a-colored vertex in our
canonical simplicial model will be a set KaΓ of formulae of the form Kaφ. Accordingly, each
face in the canonical simplicial model will be a finite set X = {Ka1Γ,Ka2Γ, . . . ,KamΓ} of
sets KaiΓ of knowledge assertions for distinct agents a1, a2, . . . , am alive in a global state Γ,
and the whole canonical simplicial model will be a set of such finite sets X, supplied with
appropriate valuation and coloring functions.

In the logic of impure simplicial models, it is possible to restore the global state Γ from
the collection

XΓ = {Ka1Γ,Ka2Γ, . . . ,KamΓ}
of local states for all agents a1, a2, . . . , am alive in Γ.

There is one final piece of the puzzle before we begin the formal part of the proof. As
discussed above, in the boolean case, maximal consistent sets represent all possible truth
sets across all worlds of all Kripke models. We need to do the same for all facets of all
impure simplicial models, and it is clear that the absolute maximality condition is too
strong for that. In Kripke models, adding any formula to a truth set of a given world would
make the set inconsistent. If, however, agent a is dead in a given facet, then adding a
propositional variable pa ∈ Pa to the set of formulae that are true in this facet need not
lead to inconsistency. There may well be another facet where a is alive and some previously
undefined formulae, including pa, are true there. (It is also possible that adding pa does
lead to inconsistency if, e.g., Kb¬pa is present in the given truth set.) In our canonical
model construction, we replace maximal consistent sets with maximal consistent subsets of
definability-complete sets.

Definition 5.1 (Definability completeness). A set Ξ ̸= ∅ is definability complete iff it
contains all its definability consequences, i.e. if φ ∈ Ξ whenever Ξ ⋉ φ.

To streamline proofs and avoid the reliance on Ξ as an extra parameter, we use a more
direct description of maximal consistent subsets of such Ξ’s as sets that determine all their
definability consequences.

Definition 5.2 (Being determined). A formula φ is determined by a set Γ of formulae,
written φ ∈∗ Γ, iff either φ ∈ Γ or ¬φ ∈ Γ. Accordingly, a formula is not determined,
written φ /∈∗ Γ, iff Γ ∩ {φ,¬φ} = ∅.

Definition 5.3 (Consistent sets). A set Γ of formulae is inconsistent iff ⊢ ¬
∧

Γ0 for some
finite ∅ ̸= Γ0 ⊆ Γ. Otherwise, Γ is consistent. In particular, ∅ is consistent.

Remark 5.4. The non-standard requirement Γ0 ̸= ∅ is due to the lack of boolean constants.

Definition 5.5 (Definability-maximal consistent (DMC) sets). A consistent set Γ ̸= ∅ is
definability maximal (a DMC set) iff it determines all its definability consequences:

Γ ⋉ φ =⇒ φ ∈∗ Γ. (5.2)

The following facts are standard for classical propositional reasoning but need to be
reaffirmed here due to our weaker version of modus ponens.

Lemma 5.6 (Monotonicity of ⊢). For formulae φ and ψ and a finite set Γ ̸= ∅ of formulae:

(a) If ⊢ ¬
∧
Γ, then ⊢ ¬ (φ ∧

∧
Γ).

(b) If ⊢
∧
Γ → ψ, then ⊢ φ ∧

∧
Γ → ψ.
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Proof. See Appendix B.

Let us justify the term definability maximal by showing that DMC sets are exactly
maximal consistent subsets of definability-complete sets:

Lemma 5.7. For any consistent set Γ ̸= ∅, the following statements are equivalent:

(i) Γ is a DMC set;
(ii) Γ is maximal among consistent subsets of some definability-complete set Ξ.

Proof. (i) =⇒ (ii). Let Γ be a DMC set, i.e. let (5.2) hold. We start by showing that
set Ξ := {φ | Γ ⋉ φ} is definability complete. Indeed, if Ξ ⋉ ψ, then Γ ⋉ ψ by Lemma 2.12(b),
and ψ ∈ Ξ by construction. Since Γ ⋉ ψ for any ψ ∈ Γ, clearly Γ ⊆ Ξ, in particular, Ξ ̸= ∅.
It remains to show that Γ is maximal among consistent subsets of Ξ. Suppose, towards a
contradiction, that Γ ∪ {ψ} were consistent for some ψ ∈ Ξ \ Γ. Then ψ /∈ Γ but Γ ⋉ ψ,
which, due to (5.2), would imply that ¬ψ ∈ Γ. But then ⊢ ¬(ψ∧¬ψ) for {ψ,¬ψ} ⊆ Γ∪{ψ},
contradicting the supposition of consistency for this set. The contradiction shows that Γ is
maximal among consistent subsets of the definability-complete set Ξ.

(ii) =⇒ (i). Let Ξ be a definability-complete set, Γ be maximal among consistent subsets
of Ξ, and let Γ ⋉ φ. Then there is some finite subset Γ0 ⊆ Γ such that φ is defined whenever
all formulae from Γ0 are. Since Γ0 ⊆ Γ ⊆ Ξ, we have Ξ ⋉ φ. Since φ ▷◁ ¬φ, also Ξ ⋉ ¬φ.
Due to the definability completeness of Ξ, it means that {φ,¬φ} ⊆ Ξ. Suppose towards a
contradiction that φ /∈ Γ and ¬φ /∈ Γ. Due to the maximality of Γ among consistent subsets
of Ξ, it would mean that both Γ ∪ {φ} and Γ ∪ {¬φ} would be inconsistent. In view of
Lemma 5.6(a), without loss of generality, ⊢ ¬

(
φ ∧

∧
Γ0 ∧

∧
Γ1

)
and ⊢ ¬

(
¬φ ∧

∧
Γ0 ∧

∧
Γ2

)
for some non-empty finite subsets Γ1,Γ2 ⊆ Γ. The following is a propositional tautology:

⊢ ¬
(
φ ∧

∧
Γ0 ∧

∧
Γ1

)
→

(
¬
(
¬φ ∧

∧
Γ0 ∧

∧
Γ2

)
→ ¬

(∧
Γ0 ∧

∧
Γ1 ∧

∧
Γ2

))
.

Since it is clear that

¬
(
¬φ ∧

∧
Γ0 ∧

∧
Γ2

)
→ ¬

(∧
Γ0 ∧

∧
Γ1 ∧

∧
Γ2

)
⋉ ¬

(
φ ∧

∧
Γ0 ∧

∧
Γ1

)
,

it would follow by MP▷◁ that

⊢ ¬
(
¬φ ∧

∧
Γ0 ∧

∧
Γ2

)
→ ¬

(∧
Γ0 ∧

∧
Γ1 ∧

∧
Γ2

)
.

Note, additionally, that

¬
(∧

Γ0 ∧
∧

Γ1 ∧
∧

Γ2

)
⋉ ¬

(
¬φ ∧

∧
Γ0 ∧

∧
Γ2

)
.

Indeed, whenever ¬
(∧

Γ0 ∧
∧

Γ1 ∧
∧

Γ2

)
is defined, all formulae from Γ2 and Γ0 are defined,

the latter implying that φ is defined. Hence, ¬
(
¬φ∧

∧
Γ0 ∧

∧
Γ2

)
is defined. Thus, another

application of MP▷◁ would yield ⊢ ¬
(∧

Γ0 ∧
∧

Γ1 ∧
∧

Γ2

)
. But Γ0 ∪Γ1 ∪Γ2 is a finite subset

of Γ, creating a contradiction with the assumption that Γ is consistent. This contradiction
shows that Γ determines φ. Since φ was chosen arbitrarily, Γ determines all its definability
consequences, i.e. is a DMC set.

We start our formal presentation by showing that DMC sets represent all possible truth
sets across all faces of all simplicial models. This is slightly more than representing all facets,
i.e. all global states, but creates no additional problems.
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Lemma 5.8. For any simplicial model C = (C,χ, ℓ) and its face X ∈ C, the truth set

ΓC,X := {φ | C, X ⊨ φ}
is a DMC set.

Proof. It is clear that ΓC,X cannot be empty. Hence, to show that ΓC,X is consistent, consider
any non-empty finite subset Γ0 ⊆ ΓC,X . We have C, X ⊨

∧
Γ0 by construction. Therefore,

C, X ⊭ ¬
∧
Γ0 and ⊬ ¬

∧
Γ0 by the soundness of S5▷◁ (Theorem 4.3). Since Γ0 was chosen

arbitrarily, we have established that ΓC,X is consistent.
It remains to show that ΓC,X is definability maximal (DM). Assume that ΓC,X ⋉ φ,

i.e. there is a finite subset Γ0 ⊆ ΓC,X such that φ is defined whenever all formulae from Γ0 are.
Since, by construction, C, X ⊨ ψ for all ψ ∈ ΓC,X , it follows from Lemma 2.7(a) that C, X ▷◁ ψ
for all ψ ∈ Γ0. Thus, C, X ▷◁ φ, meaning that either C, X ⊨ φ or C, X ⊨ ¬φ. By construction,
either φ or ¬φ belongs to ΓC,X , i.e. φ ∈∗ ΓC,X .

Properties of DMC sets differ slightly from those of maximal consistent sets:

Lemma 5.9 (Properties of DMC sets). For DMC sets Γ and ∆, an agent a, propositional
variable pa ∈ Pa, and formulae φ, φ1, φ2, and ψ:

(a) Γ ⋉ φ and Γ ⊢ φ =⇒ φ ∈ Γ.
(b) Γ ⋉ φ =⇒ exactly one of φ ∈ Γ and ¬φ ∈ Γ holds.
(c) φ1 ∧ φ2 ∈ Γ ⇐⇒ both φ1 ∈ Γ and φ2 ∈ Γ.
(d) KaΓ ̸= ∅ and φ ∈∗ Γ =⇒ Kaφ ∈∗ Γ.
(e) pa ∈ Γ iff Kapa ∈ Γ, and ¬pa ∈ Γ iff Ka¬pa ∈ Γ. Hence, pa ∈∗ Γ implies KaΓ ̸= ∅.
(f) KaΓ, φ ⋉ Kaψ and Kaφ ∈∗ Γ =⇒ Kaψ ∈∗ Γ.
(g) KaΓ ⊆ Ka∆ and ¬Kaφ ∈ Γ =⇒ ¬Kaφ ∈ ∆.
(h) Kaφ ∈ Γ =⇒ ¬φ /∈ Γ and KaΓ ∪ {φ} is consistent.
(i) ¬Kaφ ∈ Γ =⇒ KaΓ ∪ {¬φ} is consistent.

Proof.

(a) Since Γ ⊢ φ, we have ⊢
∧
Γ0 → φ for some finite ∅ ̸= Γ0 ⊆ Γ. Given tautology

⊢
(∧

Γ0 → φ
)
→ ¬

(
¬φ ∧

∧
Γ0

)
, it follows by MP▷◁ that ⊢ ¬

(
¬φ ∧

∧
Γ0

)
because

¬
(
¬φ ∧

∧
Γ0

)
⋉

∧
Γ0 → φ. Thus, ¬φ ∈ Γ would contradict Γ’s consistency. On the

other hand, either φ ∈ Γ or ¬φ ∈ Γ because Γ is DM and Γ ⋉ φ. Thus, φ ∈ Γ.
(b) It follows from ⊢ ¬(φ ∧ ¬φ) and Γ being DM.
(c) It follows by clause (a) since for i = 1, 2 φ1 ∧ φ2 ⊢ φi, φ1 ∧ φ2 ⋉ φi, φ1, φ2 ⊢ φ1 ∧ φ2,

and φ1, φ2 ⋉ φ1 ∧ φ2.
(d) By Lemma 2.12(g), Γ ⋉ Kaφ. Hence, Kaφ ∈∗ Γ because Γ is DM.
(e) By Lemma 2.12(d), since pa ▷◁ ¬pa, it follows that pa ▷◁ Kapa and ¬pa ▷◁ Ka¬pa. By

Lemma 4.9, pa ⊢ Kapa and ¬pa ⊢ Ka¬pa. By axiom T, Kapa ⊢ pa and Ka¬pa ⊢ ¬pa.
Hence, the first two iff claims follow from clause (a). The last claim follows from them.

(f) By Lemma 2.12(h), KaΓ,Kaφ ⋉ Kaψ, hence, also KaΓ,¬Kaφ ⋉ Kaψ. Thus, however
Γ determines Kaφ, we know that Γ ⋉ Kaψ. Now Kaψ ∈∗ Γ follows from Γ being DM.

(g) By clause (a), since ¬Kaφ ⋉ Ka¬Kaφ and additionally ¬Kaφ ⊢ Ka¬Kaφ due to
axiom 5, it follows that, if ¬Kaφ ∈ Γ, then Ka¬Kaφ ∈ KaΓ ⊆ Ka∆. Similarly,
Ka¬Kaφ ⋉ ¬Kaφ by Lemma 2.12(f) and Ka¬Kaφ ⊢ ¬Kaφ by axiom T. Hence,
¬Kaφ ∈ ∆ by clause (a).

(h) Since ¬(Kaφ ∧ ¬φ) is equidefinable and equivalent to Kaφ → φ, i.e. to axiom T,
having ¬φ ∈ Γ would have contradicted the consistency of Γ. (Note that, unlike in
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traditional modal logic, this does not necessarily mean φ ∈ Γ.) We prove the consistency
of KaΓ∪{φ} by contradiction. Were it not, we would have Kaψ1, . . . ,Kaψm ∈ KaΓ ⊆ Γ
such that (without loss of generality in view of Lemma 5.6(a)) ⊢ ¬(φ∧Kaψ1∧· · ·∧Kaψm).
A contradiction ⊢ ¬(Kaφ ∧Kaψ1 ∧ · · · ∧Kaψm) to the consistency of Γ would follow
by Lemma 4.12.

(i) The argument here is similar to the preceding clause, except that Lemma 4.13 is used in
place of Lemma 4.12 and instead of assuming KaΓ ̸= ∅, the non-emptiness is inferred
from Ka¬Kaφ ∈ Γ, which is obtained by the same argument as in clause (g).

Lemma 5.10 (Lindenbaum Lemma). Any consistent set Γ ̸= ∅ can be extended to a DMC
set ∆ ⊇ Γ such that Γ ⋉ ψ for all ψ ∈ ∆.

Proof. Let ψ0, ψ1, . . . be an enumeration of the set Γ⋉ := {ψ | Γ ⋉ ψ} of all definability
consequences of Γ. Starting from ∆0 := Γ, add formulae ψi one by one, unless doing so would
cause inconsistency: ∆i+1 := ∆i ∪ {ψi} if that set is consistent or ∆i+1 := ∆i otherwise.
Define ∆ := ∪∞

i=0∆i ⊆ Γ⋉, which is consistent for the same reason as in the standard
Lindenbaum construction that enumerates all formulae: were ∆ inconsistent, one of ∆i

would have been. We now show that ∆ is maximal among consistent subsets of Γ⋉. Indeed,
any ψ ∈ Γ⋉ \∆ is one of ψi’s and was not added to ∆i due to ∆i ∪ {ψ} being inconsistent.
Hence, ∆ ∪ {ψ} is also inconsistent. Since Γ⋉ is definability complete by Lemma 2.12(b), it
follows from Lemma 5.7 that ∆ is a DMC set.

Definition 5.11 (Simplicial canonical model). Let G denote the collection of all DMC sets.
For Γ ∈ G, we define

XΓ := {KaΓ | a ∈ A,KaΓ ̸= ∅}.
The simplicial canonical model Cc = (Cc, χc, ℓc) is defined as follows:

• Cc := {X | (∃Γ ∈ G) (∅ ̸= X ⊆ XΓ)}. Accordingly, its set of vertices can be computed as
Vc =

⋃
X∈Cc X = {KaΓ | Γ ∈ G, a ∈ A,KaΓ ̸= ∅}.

• For KaΓ ∈ Vc, we define χc(KaΓ) := a.
• For KaΓ ∈ Vc, we define ℓc(KaΓ) := {pa ∈ Pa | Kapa ∈ KaΓ}.

In other words, given Γ ∈ G, non-empty sets KaΓ are vertices of the canonical model Cc

and sets XΓ are, in most cases, its facets (but not necessarily, see Section 6). The color of
vertex KaΓ must obviously be a, and the local variables that are true there are those known
by this agent a.

Remark 5.12. Unlike sets Γ ∈ G, sets KaΓ are not DMC sets. For instance, neither
pa ∈ KaΓ nor ¬pa ∈ KaΓ even though either Kapa ∈ KaΓ or Ka¬pa ∈ KaΓ and pa is a
definability consequence of either.

Lemma 5.13 (Correctness). The object Cc constructed in Definition 5.11 is a simplicial
model.

Proof. The proof is straightforward and can be found in Appendix B.

The Truth Lemma has to be adapted to the logic of impure simplicial models in two ways:

(i) formulae may be undefined, in addition to being true or false, necessitating an extra
clause (5.3) in the Truth Lemma;

(ii) the Truth Lemma is only proved for faces of the form XΓ because their proper
subfaces X ⊊ XΓ do not generally correspond to DMC sets.
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Lemma 5.14 (Truth Lemma). Let Cc be the canonical simplicial model constructed in
Definition 5.11. Then, for any DMC set Γ ∈ G and any formula φ,

φ /∈∗ Γ =⇒ Cc, XΓ ̸▷◁ φ, (5.3)

φ ∈ Γ =⇒ Cc, XΓ ⊨ φ, (5.4)

¬φ ∈ Γ =⇒ Cc, XΓ ⊨ ¬φ. (5.5)

Proof. The proof is by induction on the construction of φ. Note that XΓ ∈ Cc.4

For φ = pa:
(5.3) Assume pa /∈∗ Γ. Then Γ ̸⋉ pa because Γ is DM , hence, KaΓ = ∅ by Lemma 2.12(c).

Therefore, KaΓ /∈ XΓ, a /∈ χc(XΓ), and Cc, XΓ ̸▷◁ pa.
(5.4) Assume pa ∈ Γ. Then, Kapa ∈ KaΓ by Lemma 5.9(e). Since KaΓ ̸= ∅, we have

KaΓ ∈ Vc, and pa ∈ ℓc(KaΓ) ⊆ ℓc(XΓ). Therefore, Cc, XΓ ⊨ pa.
(5.5) Assume ¬pa ∈ Γ. Then, Ka¬pa ∈ KaΓ by Lemma 5.9(e). Again, KaΓ ̸= ∅ implies

KaΓ ∈ Vc and a ∈ χc(XΓ). Therefore, Cc, XΓ ▷◁ pa. On the other hand, pa /∈ Γ by
the consistency of Γ implying Kapa /∈ KaΓ by Lemma 5.9(e). Hence, pa /∈ ℓc(XΓ)
meaning Cc, XΓ ⊭ pa. Thus, in summary, Cc, XΓ |= ¬pa.

For φ = ¬ψ:
(5.3) Assume ¬ψ /∈∗ Γ. Then ψ /∈∗ Γ since Γ is DM and ψ ⋉ ¬ψ. Then Cc, XΓ ̸▷◁ ψ by

induction hypothesis (5.3) for ψ. Accordingly, Cc, XΓ ̸▷◁ ¬ψ.
(5.4) Assume ¬ψ ∈ Γ. Then, Cc, XΓ |= ¬ψ by induction hypothesis (5.5) for ψ.
(5.5) Assume ¬¬ψ ∈ Γ. Then ψ ∈ Γ by Lemma 5.9(a) because ¬¬ψ ⋉ ψ and ¬¬ψ ⊢ ψ.

Thus, Cc, XΓ ⊨ ψ by induction hypothesis (5.4) for ψ. Accordingly, Cc, XΓ ⊨ ¬¬ψ.
For φ = ψ1 ∧ ψ2:

(5.3) Assume ψ1 ∧ ψ2 /∈∗ Γ. Then ψi /∈∗ Γ for at least one of the conjuncts since Γ is DM

and ψ̃1, ψ̃2 ⋉ ψ1 ∧ ψ2 for any ψ̃j ∈ {ψj ,¬ψj}. Then Cc, XΓ ̸▷◁ ψi by induction
hypothesis (5.3) for this ψi. Accordingly, Cc, XΓ ̸▷◁ ψ1 ∧ ψ2.

(5.4) Assume ψ1 ∧ ψ2 ∈ Γ. Then, ψi ∈ Γ for both conjuncts by Lemma 5.9(c). Thus,
Cc, XΓ |= ψi by induction hypothesis (5.4) for both ψi. Accordingly, Cc, XΓ ⊨ ψ1∧ψ2.

(5.5) Assume ¬(ψ1 ∧ ψ2) ∈ Γ. Then ψj ∈∗ Γ since Γ is DM and ¬(ψ1 ∧ ψ2) ⋉ ψj

for both conjuncts. Hence, Cc, XΓ ▷◁ ψj by Lemma 2.7(a)–(b) and induction
hypotheses (5.4)–(5.5) for both ψj . Thus, Cc, XΓ ▷◁ ψ1 ∧ ψ2. On the other hand,
ψ1 ∧ ψ2 /∈ Γ by the consistency of Γ, hence, ψi /∈ Γ for at least one of ψi by
Lemma 5.9(c). It follows that ¬ψi ∈ Γ and Cc, XΓ ⊭ ψi by induction hypothesis (5.5)
for this ψi. Hence, Cc, XΓ ⊭ ψ1 ∧ ψ2 and, overall, Cc, XΓ ⊨ ¬(ψ1 ∧ ψ2).

For φ = Kaψ:
(5.3) Assume that Kaψ /∈∗ Γ.

– If KaΓ = ∅, then KaΓ /∈ XΓ. Therefore, a /∈ χc(XΓ), and there can be no Y ∈ Cc

such that a ∈ χc(XΓ ∩ Y ) and Cc, Y ▷◁ ψ. In this case, we have Cc, XΓ ̸▷◁ Kaψ.
– If KaΓ ̸= ∅, then KaΓ ∈ XΓ. Consider any Y ∈ Cc such that a ∈ χc(XΓ ∩ Y ).

This implies that KaΓ ∈ Y . By Definition 5.11, ∅ ̸= Y ⊆ X∆ for some ∆ ∈ G
and, hence, KaΓ ∈ X∆. Therefore, Ka∆ = KaΓ, and it follows that Ka∆ ̸= ∅,
meaning that a ∈ χc(XΓ ∩X∆). Since Kaψ ∈∗ ∆ iff Kaψ ∈∗ Γ by Lemma 5.9(g),
it follows that Kaψ /∈∗ ∆. By Lemma 5.9(d), ψ /∈∗ ∆ and, by induction
hypothesis (5.3), Cc, X∆ ̸▷◁ ψ. From Lemma 2.9(a), it follows that Cc, Y ̸▷◁ ψ.
Since face Y , which is a-adjacent to XΓ, was chosen arbitrarily, Cc, XΓ ̸▷◁ Kaψ.

4See the proof of Lemma 5.13 in Appendix B.
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(5.4) Assume that Kaψ ∈ Γ. Hence, KaΓ ̸= ∅, KaΓ ∈ XΓ, and a ∈ χc(XΓ). By
Corollary 2.8(c), for Cc, XΓ ⊨ Kaψ, it is sufficient to show that:

(i) Cc, Y ▷◁ ψ implies Cc, Y ⊨ ψ for all Y ∈ Cc such that a ∈ χc(XΓ ∩ Y ), and
(ii) Cc, Y ⊨ ψ for some Y ∈ Cc with a ∈ χc(XΓ ∩ Y ).

To show (i), consider any Y ∈ Cc such that a ∈ χc(XΓ ∩ Y ) and Cc, Y ▷◁ ψ. It
follows from a ∈ χc(XΓ ∩ Y ) that KaΓ ∈ Y . By Definition 5.11, ∅ ̸= Y ⊆ X∆ for
some ∆ ∈ G. Then, on the one hand, KaΓ ∈ X∆ which implies that Ka∆ = KaΓ,
and, on the other hand, Cc, X∆ ▷◁ ψ by Lemma 2.9(a). It follows from induction
hypothesis (5.3) that ψ ∈∗ ∆. Since Ka∆ = KaΓ we have Kaψ ∈ ∆ and, hence,
¬ψ /∈ ∆ by Lemma 5.9(h). Therefore, ψ ∈ ∆. Thus, Cc, X∆ ⊨ ψ by induction
hypothesis (5.4), and Cc, Y ⊨ ψ by Lemma 2.9(c). We have shown that ψ is true in
all faces a-adjacent to XΓ where it is defined.
To show (ii), consider KaΓ ∪ {ψ}, which is consistent by Lemma 5.9(h). By
Lindenbaum Lemma 5.10, there exists a DMC set ∆ ⊇ KaΓ ∪ {ψ} such that
KaΓ, ψ ⋉ ψ for all ψ ∈ ∆. We have KaΓ ⊆ Ka∆ by construction. To prove the
opposite inclusion, consider any Kaθ ∈ ∆. Since KaΓ, ψ ⋉ Kaθ, by Lemma 2.12(h)
KaΓ,Kaψ ⋉ Kaθ, and, hence, Γ ⋉ Kaθ. Then Kaθ ∈∗ Γ because Γ is DM. Were
¬Kaθ ∈ Γ, we would have had ¬Kaθ ∈ ∆ by Lemma 5.9(g), making ∆ inconsistent.
It follows that Kaθ ∈ Γ for all Kaθ ∈ ∆. Thus, KaΓ = Ka∆ and a ∈ χc(XΓ ∩X∆).
It remains to note that, by induction hypothesis (5.4) for ψ, we have Cc, X∆ ⊨ ψ,
and X∆ serves as a face a-adjacent to XΓ where ψ is true.

(5.5) Assume ¬Kaψ ∈ Γ. By Corollary 2.8(d), for Cc, XΓ ⊨ ¬Kaψ, it is sufficient
to show that Cc, Y ⊨ ¬ψ for some Y ∈ Cc with a ∈ χc(XΓ ∩ Y ). Consider
KaΓ ∪ {¬ψ}, which is consistent by Lemma 5.9(i). By Lindenbaum Lemma 5.10,
there exists a DMC set ∆ ⊇ KaΓ ∪ {¬ψ} such that KaΓ,¬ψ ⋉ ψ for all ψ ∈ ∆. By
construction, KaΓ ⊆ Ka∆. To prove the opposite inclusion, consider any Kaθ ∈ ∆.
By Lemma 2.12(i), KaΓ,¬Kaψ ⋉ Kaθ, and, hence, Γ ⋉ Kaθ. Then Kaθ ∈∗ Γ
because Γ is DM. Were ¬Kaθ ∈ Γ, this would have meant that ¬Kaθ ∈ ∆ by
Lemma 5.9(g), making ∆ inconsistent. It follows that Kaθ ∈ Γ for all Kaθ ∈ ∆.
Thus, KaΓ = Ka∆ and a ∈ χc(XΓ ∩X∆). It remains to note that, by induction
hypothesis (5.5) for ψ, we have Cc, X∆ ⊨ ¬ψ, and X∆ serves as a face a-adjacent
to XΓ where ψ is false.

Theorem 5.15 (Completeness). Axiomatization S5▷◁ is complete with respect to impure
simplicial models:

⊨ φ =⇒ ⊢ φ.

Proof. We prove the contraposition. Suppose ⊬ φ for a formula φ. Then {¬φ} is a consistent
set. By Lindenbaum Lemma 5.10, {¬φ} is a subset of some DMC set Γ. By Truth
Lemma 5.14, Cc, XΓ ⊨ ¬φ. Thus, φ is not valid.

6. Simplicial Canonical Model Reflections

In most similar papers, the completeness theorem would be the happy ending. The deed is
done, leaving only the conclusions section to summarize the results and possibly set up a
sequel. Here, however, we would like to take a moment to reflect on the structure of the
canonical simplicial model Cc constructed in Definition 5.11 and how well it matches the
class of all impure simplicial models. As with the normality axiom K and modus ponens
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rule MP, there are surprising departures from the properties we are used to expect, which
makes it worthwhile to dispel some possible misconceptions.

One structural property we have largely ignored until now was the distinction between
facets, i.e. maximal faces, and faces that are not maximal. As mentioned earlier, it is facets
that correspond to global states, i.e. worlds in Kripke models, whereas other faces are just
intermediate constructs. One can even argue that these non-facet faces are just artifacts of
simplicial complex structure with no significance of their own. It was Lemma 2.14 that gave
us license to ignore this distinction. If the logic does not depend on whether we look only at
global states or additionally allow their partial shadows, there seemed little reason to bother
about separating these shadows away.

As a result, we constructed canonical simplicial model Cc to faithfully represent all faces
of all simplicial models, which, of course, includes all facets of all simplicial models. But
we did not make an effort to ensure that those facets are represented by facets in Cc. One
might expect the canonicity to take care of that. We now show that such an expectation
would be misplaced, i.e. that there are facets represented in Cc by non-maximal faces.

Example 6.1. In impure simplicial complexes, the situation when two agents are unsure
whether the third agent is dead or alive is typically represented by simplicial models of the
form CXmas = (C,χ, ℓ), which we are going to call Christmas cracker models,

vla vrc

vravlc

vlb vrbWr

Zr

Wl

Zl

Ul UrCXmas :

Figure 5: Christmas cracker models

for three agents a, b, and c with

• six vertices V = {vla, vra, vlb, vrb , vlc, vrc},
• four facets F(C) =

{
{vla, vlb, vlc}, {vra, vrb , vrc}, {vla, vrc}, {vlc, vra}

}
,

• a chromatic map χ : v∗i 7→ i, which maps each vertex to its subscript, and
• a valuation ℓ that must satisfy the following conditions:

ℓ(vla) = ℓ(vra), ℓ(vlb) = ℓ(vrb ), ℓ(vlc) = ℓ(vrc ). (6.1)

Let us use Ul and Ur for 2-dimensional facets (triangles), Zl and Zr for 1-dimensional
facets (edges), and Wl ⊂ Ul and Wr ⊂ Ur for the ac-colored 1-dimensional faces of the
triangles (see Figure 5). It immediately follows from the rotational symmetry that, omitting
the name of the simplicial model and using

ΓV := {φ | CXmas, V ⊨ φ} (6.2)

for the truth sets of its faces, we get ΓUl
= ΓUr , ΓZl

= ΓZr , ΓWl
= ΓWr , etc. (recall that the

set of formulae that are true in a face also provides a complete description of formulae false
and undefined in the same face). These sets are DMC sets according to Lemma 5.8.

Accordingly, in the canonical model Cc, facets Zl and Zr are represented by the
same canonical simplex XΓZl

= {KaΓZl
,KcΓZl

} of dimension 1. By the same token,
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faces Wl and Wr are represented there by canonical simplex {KaΓUl
,KcΓUl

} of dimen-
sion 1, which is a canonical face within canonical facet XΓUl

= {KaΓUl
,KbΓUl

,KcΓUl
} of

the maximal dimension 2. We will show that {KaΓZl
,KcΓZl

} = {KaΓUl
,KcΓUl

}, i.e. both
facets Zl and Zr and non-maximal faces Wl and Wr are represented by the same canonical
face that is not a facet.

KaΓZl
= KaΓUl

follows directly from Definitions 2.4 and 2.5 because Zl and Ul share
a-colored vertex vla. To show that KcΓZl

= KcΓUl
, it is sufficient to note that the truth values

of formulae Kcφ in Zl are determined by truth values of φ in all simplices c-adjacent to Zl,
i.e. in {vrc}, Zl,Wr, {vrc , vrb}, and Ur, whereas the same truth values in Ul are determined by

truth values of φ in all simplices c-adjacent to Ul, i.e. in {vlc}, Zr,Wl, {vlc, vlb}, and Ul. As
already noted earlier, for every of these five pairs of corresponding simplices, truth values
are identical. Hence, the truth value of each Kcφ in Zl and Ul is also the same.

This example makes it clear that, while all facets are represented in the canonical model,
they may not be represented by a canonical facet. The same example demonstrates that
definability-maximal consistent sets need not be maximal consistent in the usual sense but
only with respect to subsets of some definability-complete set.

Lemma 6.2. There exist DMC sets Γ and ∆ such that Γ ⊊ ∆.

Proof. It is sufficient to show that ΓZl
⊊ ΓUl

in Example 6.1. Note that all formulae are
defined in Ul because all agents are alive there. We show by mutual induction that any
formula that is true (false) in Zl is true (respectively false) in Ul, i.e. that

C, Zl ⊨ φ =⇒ C, Ul ⊨ φ and C, Zl ⊨ ¬φ =⇒ C, Ul ⊨ ¬φ.
For propositional variables φ = pa ∈ Pa, this is trivial as truth values for them are determined
by ℓ(vla). For φ = pc ∈ Pc, it follows from (6.1). No pb ∈ Pb is defined in Zl.

For φ = ¬ψ, if ¬ψ is true in Zl, then ψ is false there, hence, ψ is false in Ul by the
induction hypothesis, making ¬ψ true in Ul. The argument for false ¬ψ in Zl is analogous.

For φ = ψ1 ∧ ψ2, if ψ1 ∧ ψ2 is true in Zl, then both ψ1 and ψ2 are true there, hence,
both are true in Ul by the induction hypothesis, and ψ1 ∧ ψ2 is true in Ul. If ψ1 ∧ ψ2 is false
in Zl, then at least one of the conjuncts is false there. Hence, this conjunct is false in Ul by
the induction hypothesis. Since ψ1 ∧ ψ2 is defined in Ul, it can only be false.

No Kbψ is defined in Zl. For φ = Kaψ, if it is true in Zl, then Kaψ ∈ KaΓZl
according

to (6.2). It was shown in Example 6.1 that KaΓZl
= KaΓUl

, i.e. Kaψ is also true in Ul

by (6.2). If Kaψ is false, then Kaψ /∈ KaΓZl
= KaΓUl

. Since Kaψ is defined in Ul, it must
be false. The case of φ = Kcψ is analogous.

Thus, ΓZl
⊆ ΓUl

, and it remains to note that either pb or ¬pb must belong to ΓUl

(depending on valuation ℓ), but neither belongs to ΓZl
, making the inclusion strict.

So far we have shown that facets may be represented by non-facets in the canonical
model and that truth sets of facets may be subsumed by larger facet truth sets. One might,
therefore, ask a question whether it always happens. Could it be that all DMC sets are
embedded into some maximal consistent sets, in which case the canonical model would be a
pure simplicial model? We finish this section by dispelling this suspicion and showing that
canonical simplicial model Cc is impure.

Example 6.3. Given at least three agents a, b, and c, consider simplicial model C in Figure 6
consisting of one facet U = {va, vc} of dimension 1. This simplicial model is impure in our
terms because one of the agents, b, is dead in its only facet. Using Γ := {φ | C, U ⊨ φ} for
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va vc
U

Figure 6: Simplicial model: agent b is dead

the set of formulae that are true in U and recalling that Γ is a DMC set, we are guaranteed
that it is represented by XΓ = {KaΓ,KcΓ} in canonical simplicial model Cc. We will now
show that this XΓ is a canonical facet.

Suppose towards a contradiction that there exists a DMC set ∆ such that KaΓ = Ka∆,
KcΓ = Kc∆, but Kb∆ ̸= ∅, meaning that XΓ ⊊ X∆ is not a facet. Take any propositional
variable pb ∈ Pb. SinceKbφ ⋉ pb for any formula φ by Lemma 2.12(c), it follows that pb ∈∗ ∆,
i.e. pb ∈ ∆ or ¬pb ∈ ∆. If pb ∈ ∆, then, since Kaθ, pb ⋉ Kapb for any θ by Lemma 2.12(g),
we conclude that Kapb ∈∗ ∆ because Ka∆ = KaΓ ̸= ∅. The same applies if ¬pb ∈ ∆
since pb ▷◁ ¬pb. On the one hand, Kapb cannot be in Ka∆ = KaΓ because Kapb is undefined
in U and, hence, cannot be true there. On the other hand, ¬Kapb cannot be in ∆ because
this would imply that Ka¬Kapb ∈ Ka∆ by axiom 5 and, hence, Ka¬Kapb ∈ KaΓ, which is
impossible for the same reason. This contradiction shows that such a DMC set ∆ does not
exist, and XΓ is a canonical facet where agent b is dead.

7. Conclusions and Future Work

We presented the axiomatization called S5▷◁ and showed that it is sound and complete for
the class of impure complexes. The completeness proof involved the construction of the
canonical simplicial model, a novel kind of a canonical model for a three-valued epistemic
semantics where the third value means ‘undefined.’

We envisage various generalizations and refinements, both concerning axiomatizations
but also concerning epistemic semantics for distributed computing.

While S5▷◁ applies to any number of agents, for small numbers of agents, e.g., for one or
two agents, simpler axiomatizations should be possible. As follows from Lemmatas 3.1–3.2,
the full system is required starting from at least three agents.

Different epistemic semantics can be envisioned wherein, apart from local variables, there
are global variables stating that agents are alive. Those logics would be more expressive.
Such more expressive semantics would allow for an embedding into two-valued semantics for
impure complexes.

Adding distributed knowledge modalities is a generalization of the semantics, see, for
instance, [GKLR23]. This would also increase the expressivity with respect to impure
complexes. Distributed knowledge can be considered independently from global atoms for
life and death. Finally, one can generalize from simplicial complexes to simplicial sets.

Such generalizations of the epistemic semantics would come with different axiomatiza-
tions, and also promise to address specific modeling issues in distributed computing.
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Appendix A. Auxiliary Statements

Lemma A.1. The following rule is derivable:

⊢ φ1 → ψ1 . . . ⊢ φm → ψm

⊢ φ1 ∧ · · · ∧ φm → ψ1 ∧ · · · ∧ ψm
.

Proof. The tautology

(φ1 → ψ1) →
(
· · · → (φm → ψm) → (φ1 ∧ · · · ∧ φm → ψ1 ∧ · · · ∧ ψm)

)
can be used, followed by m applications of MP▷◁ justified by the fact that the definability
of φ1 ∧ · · · ∧ φm → ψ1 ∧ · · · ∧ ψm implies the definability of all φi’s and all ψj ’s, hence, of
any other formula in the derivation.

Lemma A.2.

⊢ Kaψ1 ∧ · · · ∧Kaψm → Ka(ψ1 ∧ · · · ∧ ψm).

Proof. Induction on m. For m = 1, the statement is trivial because Kaψ1 → Kaψ1 is a
tautology. For m = 2, it follows from Lemma 4.8. Assume the statement holds for m = k.

1. Kaψ1 ∧ · · · ∧Kaψk → Ka(ψ1 ∧ · · · ∧ ψk) induction hypothesis
2. Kaψk+1 → Kaψk+1 tautology
3. Kaψ1 ∧ · · · ∧Kaψk ∧Kaψk+1 → Ka(ψ1 ∧ · · · ∧ ψk) ∧Kaψk+1 Lemma A.1(1.,2.)
4. Ka(ψ1 ∧ · · · ∧ ψk) ∧Kaψk+1 → Ka(ψ1 ∧ · · · ∧ ψk ∧ ψk+1) Lemma 4.8
5. Kaψ1 ∧ · · · ∧Kaψk+1 → Ka(ψ1 ∧ · · · ∧ ψk+1) Lemma 4.5(3.,4.)

as Kaψ1 ∧ · · · ∧Kaψk+1 → Ka(ψ1 ∧ · · · ∧ ψk+1) ⋉ Ka(ψ1 ∧ · · · ∧ ψk) ∧Kaψk+1

Appendix B. Additional proofs

Lemma 2.12 (Properties of definability consequence). For an agent a, propositional
variable pa, formulae φ,ψ, θ, ψ1, . . . , ψm, and formula sets Γ and ∆:

(a) Γ ⋉ φ =⇒ Γ ∪∆ ⋉ φ.
(b) Γ ⋉ ∆ and ∆ ⋉ φ =⇒ Γ ⋉ φ.
(c) Kaφ ⋉ pa.
(d) pa ▷◁ Kapa.
(e) Kaφ ▷◁ KaKaφ.
(f) Kaφ ▷◁ ¬Kaφ ▷◁ Ka¬Kaφ.
(g) Kaθ, φ ⋉ Kaφ.
(h) KaΓ, φ ⋉ Kaψ =⇒ KaΓ,Kaφ ⋉ Kaψ.
(i) KaΓ,¬φ ⋉ Kaψ =⇒ KaΓ,¬Kaφ ⋉ Kaψ.
(j) Ka(Kaψ1 ∧ · · · ∧Kaψm) → Kaθ ⋉ Ka

(
Kaψ1 ∧ · · · ∧Kaψm → θ

)
.

(k) Ka(Kaψ1 ∧ · · · ∧Kaψm) → K̂aθ ⋉ Ka

(
Kaψ1 ∧ · · · ∧Kaψm → θ

)
.

(l) Kaψ1 ∧ · · · ∧Kaψm ▷◁ Ka(Kaψ1 ∧ · · · ∧Kaψm).

Proof.

(a) Γ ⋉ φ means that there is a finite subset Γ′ ⊆ Γ such that φ is defined whenever all
formulae from Γ′ are. But Γ′ is also a finite subset of Γ ∪∆. Hence, Γ ∪∆ ⋉ φ.
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(b) Since ∆ ⋉ φ, there exists a finite subset ∆′ = {ψ1, . . . , ψm} ⊆ ∆ such that φ is defined
whenever all ψi’s are. Since Γ ⋉ ∆, for each ψi there must exist a finite subset Γi ⊆ Γ
such that ψi is defined whenever all formulae from Γi are. It is now easy to see that φ is
defined whenever all formulae from the finite subset

⋃m
i=1 Γi ⊆ Γ are. Hence, Γ ⋉ φ.

(c) Starting from this clause, we consider an arbitrary simplicial model C = (C,χ, ℓ) and
its face X ∈ C and assume all formulae to the left of ⋉ to be defined in X, e.g., here
we assume that C, X ▷◁ Kaφ. By Definition 2.4, there exists Y ∈ C such that C, Y ▷◁ φ
and a ∈ χ(X ∩ Y ). Hence, a ∈ χ(X) and the conclusion follows from Definition 2.4.

(d) To show that pa ⋉ Kapa, assume that C, X ▷◁ pa. By Definition 2.4, a ∈ χ(X).
Equivalently, a ∈ χ(X ∩X). Hence, C, X ▷◁ Kapa by Definition 2.4. The other direction
follows from clause (c).

(e) Assume C, X ▷◁ Kaφ. By Definition 2.4, there exists Y ∈ C such that C, Y ▷◁ φ and
a ∈ χ(X ∩ Y ). Then a ∈ χ(Y ∩ Y ) so that C, Y ▷◁ Kaφ. Therefore, C, X ▷◁ KaKaφ.

Assume C, X ▷◁ KaKaφ. By Definition 2.4, there exists Y ∈ C such that C, Y ▷◁ Kaφ
and a ∈ χ(X ∩ Y ). This in turn implies that there exists Z ∈ C such that C, Z ▷◁ φ
and a ∈ χ(Y ∩ Z). Then a ∈ χ(X ∩ Z) and C, X ▷◁ Kaφ.

(f) ThatKaφ ▷◁ ¬Kaφ follows from Definition 2.4. It remains to prove only that additionally
¬Kaφ ▷◁ Ka¬Kaφ.

Assume C, X ▷◁ ¬Kaφ. Hence, C, X ▷◁ Kaφ. By Definition 2.4, there exists Y ∈ C
such that C, Y ▷◁ φ and a ∈ χ(X ∩ Y ). Then a ∈ χ(Y ∩ Y ) so that C, Y ▷◁ Kaφ and
C, Y ▷◁ ¬Kaφ. Therefore, C, X ▷◁ Ka¬Kaφ.

Assume C, X ▷◁ Ka¬Kaφ. By Definition 2.4, there is Y ∈ C such that C, Y ▷◁ ¬Kaφ
and a ∈ χ(X∩Y ), hence, also C, Y ▷◁ Kaφ. This in turn implies that there exists Z ∈ C
such that C, Z ▷◁ φ and a ∈ χ(Y ∩ Z). Then a ∈ χ(X ∩ Z) and C, X ▷◁ Kaφ, hence,
C, X ▷◁ ¬Kaφ.

(g) Assume C, X ▷◁ Kaθ and C, X ▷◁ φ. By Definition 2.4, there exists Y ∈ C such that
C, Y ▷◁ θ and a ∈ χ(X ∩ Y ). Then a ∈ χ(X ∩X) so that C, X ▷◁ Kaφ.

(h) Assume KaΓ, φ ⋉ Kaψ, i.e. there is a finite subset Γ′ ⊆ KaΓ ∪ {φ} such that Kaψ is
defined whenever all formulae from Γ′ are. If φ /∈ Γ′, then Γ′ ⊆ KaΓ∪{Kaφ}, so we are
done. Otherwise, Γ′ = KaΘ ∪ {φ} for some finite subset Θ ⊆ Γ. Assume C, X ▷◁ Kaθ
for all Kaθ ∈ KaΘ and C, X ▷◁ Kaφ. The latter means that there exists Y ∈ C such
that a ∈ χ(X ∩ Y ) and C, Y ▷◁ φ. It follows from the former that, for each Kaθ ∈ KaΘ,
there exists Zθ ∈ C such that a ∈ χ(X ∩ Zθ) and C, Zθ ▷◁ θ. Since face X cannot
have two a-vertices, we have a ∈ χ(Y ∩ Zθ), making C, Y ▷◁ Kaθ for each Kaθ ∈ KaΘ.
Recalling C, Y ▷◁ φ, we conclude C, Y ▷◁ Kaψ. Therefore, there exists Z ∈ C such
that a ∈ χ(Y ∩ Z) and C, Z ▷◁ ψ. The uniqueness of the a-vertex in Y yields once
again that a ∈ χ(X ∩ Z), hence, C, X ▷◁ Kaψ. We have shown that Kaψ is defined
whenever all formulae from the finite subset KaΘ∪ {Kaφ} ⊆ KaΓ∪ {Kaφ} are. Hence,
KaΓ,Kaφ ⋉ Kaψ.

(i) Assume KaΓ,¬φ ⋉ Kaψ. Since φ ▷◁ ¬φ, also KaΓ, φ ⋉ Kaψ. By clause (h), it follows
that KaΓ,Kaφ ⋉ Kaψ. Since Kaφ ▷◁ ¬Kaφ, we finally obtain KaΓ,¬Kaφ ⋉ Kaψ.

(j) Assume C, X ▷◁ Ka(Kaψ1 ∧ · · · ∧Kaψm) → Kaθ. Then, C, X ▷◁ Ka(Kaψ1 ∧ · · · ∧Kaψm)
and C, X ▷◁ Kaθ. By Definition 2.4, there exists Y ∈ C such that C, Y ▷◁ θ and
a ∈ χ(X ∩ Y ) and there exists Z ∈ C such that C, Z ▷◁ Kaψ1 ∧ · · · ∧ Kaψm and
a ∈ χ(X ∩ Z). From the latter, we conclude that C, Z ▷◁ Kaψi for each i, meaning that
for each i there is Zi ∈ C such that C, Zi ▷◁ ψi and a ∈ χ(Z∩Zi). Since a ∈ χ(Y ∩Zi) for
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each i, we have C, Y ▷◁ Kaψi for each i. Consequently, C, Y ▷◁ Kaψ1 ∧ · · · ∧Kaψm → θ,
and, as required, C, X ▷◁ Ka(Kaψ1 ∧ · · · ∧Kaψm → θ).

(k) The proof of this clause is the same as for the preceding clause because Kaθ ▷◁ K̂aθ.
(l) Assume C, X ▷◁ Kaψ1∧ · · · ∧Kaψm. Since C, X ▷◁ Kaψ1, there is Z such that C, Z ▷◁ ψ1

and a ∈ χ(X ∩ Z). Thus, a ∈ χ(X ∩X). Therefore, C, X ▷◁ Ka(Kaψ1 ∧ · · · ∧Kaψm).
Assume C, X ▷◁ Ka(Kaψ1 ∧ · · · ∧Kaψm). By Definition 2.4, there exists Y ∈ C such

that C, Y ▷◁ Kaψ1∧· · ·∧Kaψm and a ∈ χ(X∩Y ). It follows that C, Y ▷◁ Kaψi for each i,
meaning that for each i there exists Zi ∈ C such that C, Zi ▷◁ ψi and a ∈ χ(Y ∩ Zi).
Since we then have a ∈ χ(X ∩ Zi) for each i, we conclude that C, X ▷◁ Kaψi for each i.
Thus C, X ▷◁ Kaψ1 ∧ · · · ∧Kaψm.

Theorem 4.3 (Soundness). Axiom system S5▷◁ is sound with respect to impure simplicial
models:

⊢ φ implies ⊨ φ.

Proof. Additional cases proved earlier in [vDK23].

• Substitution instances of propositional tautologies are valid because their truth tables
produce truth whenever they produce anything.

• Axiom L is valid. Assume C, X ▷◁ Kapa ∨ Ka¬pa. Then C, X ▷◁ Kapa, that is, there
is a face Y with a ∈ χ(X ∩ Y ) such that C, Y ▷◁ pa. Hence, a ∈ χ(X) and C, X ▷◁ pa.
Let Xa ∈ X be the vertex of X with color a, i.e. χ(Xa) = a. We now show that
C, X ⊨ Kapa ∨Ka¬pa. Given C, Xa ▷◁ pa, either C, Xa ⊨ pa or C, Xa ⊨ ¬pa. Since Xa is
the only a-colored vertex in any face a-adjacent toXa, in the former case, C, Xa ⊨ Kapa and
in the latter case, C, Xa ⊨ Ka¬pa. Either way, C, Xa ⊨ Kapa ∨Ka¬pa. Since {Xa} ⊆ X,
it now follows from Lemma 2.9(b) that C, X ⊨ Kapa ∨Ka¬pa, as required.

• Axiom T is valid. Assume C, X ▷◁ Kaφ → φ. It follows that C, X ▷◁ φ and a ∈ χ(X).
If C, X ⊨ Kaφ, then C, Y ▷◁ φ implies C, Y ⊨ φ for all a-adjacent faces Y , in particular,
for Y = X itself, which is a-adjacent because a ∈ χ(X ∩X). Since C, X ▷◁ φ, we conclude
C, X ⊨ φ. We have shown that ⊨ Kaφ→ φ.

• Axiom 4 is valid. If C, X ⊨ Kaφ, then C, X ▷◁ Kaφ by Lemma 2.7(a). In particular,
C,W ▷◁ φ for some W such that a ∈ χ(X ∩W ). We also conclude C, X ▷◁ KaKaφ by
Lemma 2.12(e) and, hence, C, X ▷◁ Kaφ → KaKaφ, so that we do not need to assume
this separately. In order to prove C, X ⊨ KaKaφ, take an arbitrary face Y such that
a ∈ χ(X ∩ Y ). Then a ∈ χ(Y ∩W ) and, hence, C, Y ▷◁ Kaφ. To show that C, Y ⊨ Kaφ,
take an arbitrary face Z such that a ∈ χ(Y ∩ Z) and C, Z ▷◁ φ. Then a ∈ χ(X ∩ Z).
Thus, C, Z ▷◁ φ and the assumption C, X ⊨ Kaφ yield C, Z ⊨ φ. We proved that φ is
true whenever defined in faces a-adjacent to Y . Hence, C, Y ⊨ Kaφ. This shows that
Kaφ is true whenever defined in faces a-adjacent to X. In addition, C, X ▷◁ Kaφ and
a ∈ χ(X ∩X). Hence, C, X ⊨ KaKaφ. We have shown ⊨ Kaφ→ KaKaφ.

• Axiom 5 is valid. If C, X ⊨ ¬Kaφ, then C,W ⊨ ¬φ for some W such that a ∈ χ(X ∩W )
by Corollary 2.8(d). By Lemma 2.7(a), both C, X ▷◁ ¬Kaφ and C,W ▷◁ ¬φ. The former
implies C, X ▷◁ Ka¬Kaφ by Lemma 2.12(f). The latter implies C,W ▷◁ φ by Definition 2.4.
Hence, C, X ▷◁ ¬Kaφ → Ka¬Kaφ, so that we do not need to assume this separately.
In order to prove C, X ⊨ Ka¬Kaφ, take an arbitrary face Y such that a ∈ χ(X ∩ Y ).
Since a ∈ χ(Y ∩W ), it follows by Corollary 2.8(d) that C, Y ⊨ ¬Kaφ. Thus, we proved
that ¬Kaφ is true in all faces a-adjacent to X. Given that X is one of such faces,
C, X ⊨ Ka¬Kaφ. We have shown ⊨ ¬Kaφ→ Ka¬Kaφ.
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• Necessitation rule N preserves validity. Assume ⊨ φ and C, X ▷◁ Kaφ. Validity of φ means
that it is true whenever defined. In particular, it is true whenever defined for all faces
a-adjacent to X. In addition, C, X ▷◁ Kaφ means that there is a face a-adjacent to X
where φ is defined. Therefore, C, X ⊨ Kaφ. We have shown that Kaφ is true whenever
defined, as required. Thus, ⊨ Kaφ.

Lemma 4.6 (Contraposition). The following rule is derivable:

⊢ φ→ ψ

⊢ ¬ψ → ¬φ
.

Proof.

1. (φ→ ψ) → (¬ψ → ¬φ) tautology
2. φ→ ψ derivable by assumption
3. ¬ψ → ¬φ MP▷◁(1.,2.) as ¬ψ → ¬φ ⋉ φ→ ψ

Lemma 4.7 (Replacement for Ka). If ψ,Kaφ ⋉ φ, the following rule is derivable:

⊢ φ→ ψ

⊢ Kaφ→ Kaψ
.

Proof.

1. φ→ ψ derivable by assumption
2. Ka(φ→ ψ) N(1.)
3. Ka(φ→ ψ) → (Kaφ→ Kaψ) K▷◁ as ψ,Kaφ ⋉ φ
4. Kaφ→ Kaψ MP▷◁(2.,3.) as Kaφ→ Kaψ ⋉ Ka(φ→ ψ) follows from ψ,Kaφ ⋉ φ

Let us explain why Kaφ → Kaψ ⋉ Ka(φ → ψ) holds in the last step. If Kaφ → Kaψ is
defined in a face X, then both Kaφ and Kaψ are defined. The latter implies that there is
an a-adjacent face Y where ψ is defined. As before, if Kaφ is defined in X, it is defined in
all a-adjacent faces, including Y . Hence, the definability provision ψ,Kaφ ⋉ φ applied to Y
yields that φ, and, hence, φ→ ψ, is also defined in Y , making Ka(φ→ ψ) defined in X.

Lemma 4.8 (Partial normality of Ka with respect to conjunction).

⊢ Kaφ ∧Kaψ → Ka(φ ∧ ψ)
⊬ Ka(φ ∧ ψ) → Kaφ ∧Kaψ.

Proof.

1. φ→ (ψ → φ ∧ ψ) tautology
2. Ka

(
φ→ (ψ → φ ∧ ψ)

)
N(1.)

3. Ka

(
φ→ (ψ → φ ∧ ψ)

)
→

(
Kaφ→ Ka(ψ → φ ∧ ψ)

)
axiom K▷◁ as ψ → φ ∧ ψ ⋉ φ

4. Kaφ→ Ka(ψ → φ ∧ ψ) MP▷◁(2.,3.)
as Kaφ→ Ka(ψ → φ ∧ ψ) ⋉ Ka

(
φ→ (ψ → φ ∧ ψ)

)
5. Ka(ψ → φ ∧ ψ) →

(
Kaψ → Ka(φ ∧ ψ)

)
axiom K▷◁ as φ ∧ ψ ⋉ ψ

6. Kaφ→
(
Kaψ → Ka(φ ∧ ψ)

)
Lemma 4.5(4.,5.)

as Kaφ→
(
Kaψ → Ka(φ ∧ ψ)

)
⋉ Ka(ψ → φ ∧ ψ)

7.
(
Kaφ→

(
Kaψ → Ka(φ ∧ ψ)

))
→

(
Kaφ ∧Kaψ → Ka(φ ∧ ψ)

)
tautology

8. Kaφ ∧Kaψ → Ka(φ ∧ ψ) MP▷◁(6.,7.)
as Kaφ ∧Kaψ → Ka(φ ∧ ψ) ⋉ Kaφ→

(
Kaψ → Ka(φ ∧ ψ)

)
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Figure 3 provides a counterexample to the opposite direction. Indeed, in simplicial
model CK, formula Ka(pb ∧ pc) is true, formula Kapc is also true, but Kapb is false because
pb is false in X (where pc is undefined).

Theorem 4.10 (Deduction theorem).

Γ, φ ⊢ ψ =⇒ Γ ⊢ φ→ ψ.

Proof.

• Case ⊢ ψ. Then ⊢ ψ → (φ → ψ) as a tautology, and ⊢ φ → ψ is obtained by MP▷◁

because φ→ ψ ⋉ ψ. Hence, Γ ⊢ φ→ ψ by Definition 4.1.
• Case ⊢ φ→ ψ for the finite subset {φ} ⊆ Γ ∪ {φ}. Then Γ ⊢ φ→ ψ by Definition 4.1.
• Case ⊢

∧
Γ0 → ψ for a finite non-empty subset Γ0 ⊆ Γ.

1.
∧
Γ0 → ψ assumption

2.
∧
Γ0 ∧ φ→

∧
Γ0 tautology

3.
∧
Γ0 ∧ φ→ ψ Lemma 4.5(1.,2.) as

∧
Γ0 ∧ φ→ ψ ⋉

∧
Γ0

4. (
∧

Γ0 ∧ φ→ ψ) →
(∧

Γ0 → (φ→ ψ)
)

tautology
5.

∧
Γ0 → (φ→ ψ) MP▷◁(3.,4.) as

∧
Γ0 → (φ→ ψ) ⋉

∧
Γ0 ∧ φ→ ψ

Hence, Γ ⊢ φ→ ψ by Definition 4.1 based on Γ0 ⊆ Γ.
• Case ⊢

∧
Γ0 ∧ φ→ ψ for a finite subset {φ} ⊔ Γ0 ⊆ Γ such that Γ0 ̸= ∅.

1.
∧
Γ0 ∧ φ→ ψ assumption

2. (
∧

Γ0 ∧ φ→ ψ) →
(∧

Γ0 → (φ→ ψ)
)

tautology
3.

∧
Γ0 → (φ→ ψ) MP▷◁(1.,2.) as

∧
Γ0 → (φ→ ψ) ⋉

∧
Γ0 ∧ φ→ ψ

Hence, Γ ⊢ φ→ ψ by Definition 4.1 based on Γ0 ⊆ Γ.

Lemma 4.11. For m ≥ 1,

⊢ Kaψ1 ∧ · · · ∧Kaψm → Ka(Kaψ1 ∧ · · · ∧Kaψm).

Proof.

1. Kaψi → KaKaψi for each i = 1, . . . ,m axiom 4
2. Kaψ1 ∧ · · · ∧Kaψm → KaKaψ1 ∧ · · · ∧KaKaψm Lemma A.1(1.)
3. KaKaψ1 ∧ · · · ∧KaKaψm → Ka(Kaψ1 ∧ · · · ∧Kaψm) Lemma A.2
4. Kaψ1 ∧ · · · ∧Kaψm → Ka(Kaψ1 ∧ · · · ∧Kaψm) Lemma 4.5(2.,3.)

as Kaψ1 ∧ · · · ∧Kaψm → Ka(Kaψ1 ∧ · · · ∧Kaψm) ⋉ KaKaψ1 ∧ · · · ∧KaKaψm

Lemma 4.12. For m ≥ 1, the following rule is derivable:

⊢ ¬(φ ∧Kaψ1 ∧ · · · ∧Kaψm)

⊢ ¬(Kaφ ∧Kaψ1 ∧ · · · ∧Kaψm)
.

Proof.

1. ¬(φ ∧Kaψ1 ∧ · · · ∧Kaψm) derivable by assumption
2. Kaψ1 ∧ · · · ∧Kaψm → ¬φ equidefinable and equivalent to 1.
3. Ka

(
Kaψ1 ∧ · · · ∧Kaψm → ¬φ

)
N(2.)

4. Ka

(
Kaψ1 ∧ · · · ∧Kaψm → ¬φ

)
→

(
Ka(Kaψ1 ∧ · · · ∧Kaψm) → K̂a¬φ

)
axiom KK̂

5. Ka(Kaψ1 ∧ · · · ∧Kaψm) → K̂a¬φ MP▷◁(3.,4.) as, by Lemma 2.12(k),

Ka(Kaψ1 ∧ · · · ∧Kaψm) → K̂a¬φ ⋉ Ka

(
Kaψ1 ∧ · · · ∧Kaψm → ¬φ

)
6. Kaψ1 ∧ · · · ∧Kaψm → Ka(Kaψ1 ∧ · · · ∧Kaψm) Lemma 4.11
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7. Kaψ1 ∧ · · · ∧Kaψm → K̂a¬φ Lemma 4.5(5.,6.) as, by Lemma 2.12(l),

Kaψ1 ∧ · · · ∧Kaψm → K̂a¬φ ⋉ Ka(Kaψ1 ∧ · · · ∧Kaψm)

8. Kaψ1 ∧ · · · ∧Kaψm → ¬Ka¬¬φ from 7. by definition of K̂a

9. ¬¬Ka¬¬φ→ ¬(Kaψ1 ∧ · · · ∧Kaψm) Lemma 4.6(8.)
10. Ka¬¬φ→ ¬(Kaψ1 ∧ · · · ∧Kaψm) equidefinable and equivalent to 9.
11. φ→ ¬¬φ tautology
12. Kaφ→ Ka¬¬φ Lemma 4.7(11.) as ¬¬φ ⋉ φ
13. Kaφ→ ¬(Kaψ1 ∧ · · · ∧Kaψm) Lemma 4.5(12.,10.)

as Kaφ→ ¬(Kaψ1 ∧ · · · ∧Kaψm) ⋉ Ka¬¬φ
14. ¬(Kaφ ∧Kaψ1 ∧ · · · ∧Kaψm) equidefinable and equivalent to 13.

Lemma 4.13. For m ≥ 1, the following rule is derivable:

⊢ ¬(¬φ ∧Kaψ1 ∧ · · · ∧Kaψm)

⊢ ¬(¬Kaφ ∧Kaψ1 ∧ · · · ∧Kaψm)
.

Proof.

1. ¬(¬φ ∧Kaψ1 ∧ · · · ∧Kaψm) derivable by assumption
2. Kaψ1 ∧ · · · ∧Kaψm → φ equidefinable and equivalent to 1.
3. Ka(Kaψ1 ∧ · · · ∧Kaψm → φ) N(2.)
4. Ka(Kaψ1 ∧ · · · ∧Kaψm → φ) →

(
Ka(Kaψ1 ∧ · · · ∧Kaψm) → Kaφ

)
K▷◁

as Ka(Kaψ1 ∧ · · · ∧Kaψm) ⋉ Kaψ1 ∧ · · · ∧Kaψm by Lemma 2.12(l)
5. Ka(Kaψ1 ∧ · · · ∧Kaψm) → Kaφ MP▷◁(3.,4.) as, by Lemma 2.12(j),

Ka(Kaψ1 ∧ · · · ∧Kaψm) → Kaφ ⋉ Ka(Kaψ1 ∧ · · · ∧Kaψm → φ)
6. Kaψ1 ∧ · · · ∧Kaψm → Ka(Kaψ1 ∧ · · · ∧Kaψm) Lemma 4.11
7. Kaψ1 ∧ · · · ∧Kaψm → Kaφ Lemma 4.5(5.,6.) as, by Lemma 2.12(l),

Kaψ1 ∧ · · · ∧Kaψm → Kaφ ⋉ Ka(Kaψ1 ∧ · · · ∧Kaψm)
8. ¬(¬Kaφ ∧Kaψ1 ∧ · · · ∧Kaψm) equidefinable and equivalent to 7.

Lemma 5.6 (Monotonicity of ⊢). For formulae φ and ψ and a finite set Γ ̸= ∅ of formulae:

(a) If ⊢ ¬
∧
Γ, then ⊢ ¬ (φ ∧

∧
Γ).

(b) If ⊢
∧
Γ → ψ, then ⊢ φ ∧

∧
Γ → ψ.

Proof.

(a) 1. ¬
∧
Γ → ¬ (φ ∧

∧
Γ) tautology

2. ¬
∧
Γ derivable by assumption

3. ¬ (φ ∧
∧
Γ) MP▷◁(1.,2.) as ¬ (φ ∧

∧
Γ) ⋉ ¬

∧
Γ

(b) 1. φ ∧
∧
Γ →

∧
Γ tautology

2.
∧
Γ → ψ derivable by assumption

3. φ ∧
∧
Γ → ψ Lemma 4.5(1.,2.) as φ ∧

∧
Γ → ψ ⋉

∧
Γ

Lemma 5.13 (Correctness). The object Cc constructed in Definition 5.11 is a simplicial
model.

Proof. Since any face of any simplicial model yields a DMC set by Lemma 5.8, G ̸= ∅.
DMC sets are not empty by definition. Since ¬φ ⋉ φ and φ1∧φ2 ⋉ φi for i = 1, 2, it follows
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that, for each Γ ∈ G, either pa ∈∗ Γ or Kaψ ∈∗ Γ for some formula ψ and a ∈ A because
Γ is DM. Since pa ⋉ Kapa by Lemma 2.12(d) and, hence, also ¬pa ⋉ Kapa, we conclude
that Kaψ ∈∗ Γ for some formula ψ and a ∈ A in either case, from which it follows that
KaΓ ̸= ∅ for this a. Hence, XΓ ̸= ∅ for all Γ ∈ G. As a consequence, Cc ̸= ∅ and every
DMC set Γ is represented in the canonical model by XΓ ∈ Cc. Set Cc is closed under taking
non-empty subsets and all its faces are non-empty by construction. The faces are finite
because for X ⊆ XΓ, we have |X| ≤ |XΓ| ≤ n+ 1. Chromatic map χc is defined correctly
because all vertices KaΓ ∈ Vc are non-empty by construction and all formulae in KaΓ start
with Ka. Thus, it cannot happen that KaΓ = Kb∆ ̸= ∅ for a ̸= b, and the definition
of χc is unambiguous. Finally, by construction, each XΓ (and, consequently, any X ⊆ XΓ)
has at most one KaΓ per agent a. Thus, the chromatic map condition is fulfilled. The
correctness of ℓc relies on the same argument as that of χc, but in addition, by construction,
ℓc(KaΓ) ⊆ Pa and ℓc(KaΓ) = ℓc(Ka∆) in case KaΓ = Ka∆ ̸= ∅ for Γ ̸= ∆.
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