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Abstract. Bishop’s measure theory (BMT), introduced in [Bis67], is an abstraction of
the measure theory of a locally compact metric space X, and the use of an informal notion
of a set-indexed family of complemented subsets is crucial to its predicative character. The
more general Bishop-Cheng measure theory (BCMT), introduced in [BC72] and expanded
in [BB85], is a constructive version of the classical Daniell approach to measure and
integration, and highly impredicative, as many of its fundamental notions, such as the
integration space of p-integrable functions Lp, rely on quantification over proper classes
(from the constructive point of view). In this paper we introduce the notions of a pre-
measure and pre-integration space, a predicative variation of the Bishop-Cheng notion
of a measure space and of an integration space, respectively. Working within Bishop
Set Theory pBSTq, elaborated in [Pet20b], and using the theory of set-indexed families
of complemented subsets and set-indexed families of real-valued partial functions within
BST, we apply the implicit, predicative spirit of BMT to BCMT. As a first example, we
present the pre-measure space of complemented detachable subsets of a set X with the
Dirac-measure, concentrated at a single point. Furthermore, we translate in our predicative
framework the non-trivial, Bishop-Cheng construction of an integration space from a given
measure space, showing that a pre-measure space induces the pre-integration space of
simple functions associated to it. Finally, a predicative construction of the canonically
integrable functions L1, as the completion of an integration space, is included.

1. Introduction

In the most popular approach to classical measure theory, see e.g., [Hal74], integration is
defined through measure. Starting from a measure space pX,A, µq, one defines simple and
measurable functions, the latter through the Borel sets in R. As a positive measurable
function is the limit of an increasing sequence of positive, simple functions, the obviously
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defined integral of a simple function is extended to the integral of a positive, measurable
function. The integral of a measurable function f : X Ñ R is then defined through the
integrals of the positive, measurable functions f` and f´. The highly non-constructive
standard approach can be roughly characterised as an approach “from sets to functions”.

In the Daniell approach to classical measure theory, see e.g., [Loo53, Tay73], measure is
defined through integration. It was introduced by Daniell [Dan18], it was taken further by
Weil [Wei40], Kolmogoroff [Kol48], Stone [Sto48], Carathéodory [Car56], and Segal [Seg54,
Seg65], and it is incorporated in Bourbaki [Bou04]. The starting point of the Daniell approach
is the notion of Daniell space

`

X,L,
ş ˘

, where L is a Riesz space of real-valued functions
on X and

ş

: L Ñ R is a positive, linear functional that satisfies the Daniell property, a
certain continuity condition. Using the (non-constructive) Bolzano-Weierstrass theorem,
one extends L to L`, which is the set of functions f : X Ñ R that are limits of increasing
sequences in L, and

ş

is extended to
ş`

: L` Ñ R accordingly. The upper
ş

f and lower
integral

ş

f of a function f : X Ñ R are defined through the (non-constructive) completeness

axiom of real numbers, and f is integrable, or an element of L1, if
ş

f “
ş

f P R. A function
f : X Ñ r0,`8s is called measurable, if it can be approximated appropriately by integrable
functions, and a subset A of X is measurable, if its characteristic function χA is measurable,
while A is integrable, if χA P L1. If A is integrable, a measure function A ÞÑ µpAq is defined
through the integral of χA. A clear advantage of this approach is that “certain properties
of the integral already follow from the integrals of the nice functions, which are easier to
handle than arbitrary integrable functions” [Wij90]. The Daniell approach can be roughly
characterised as an approach “from functions to sets”.

As functions are more appropriate to constructive study than sets, Bishop followed the
Daniell approach both in [Bis67], and, in a different and more uniform way, in [BC72, BB85].
We call Bishop measure theory pBMTq the measure theory developed by Bishop in [Bis67].
Although the integration theory of locally compact metric spaces within BMT follows the
Daniell approach, the treatment of abstract measures within BMT follows the more popular
approach to classical measure theory. As the Borel sets are defined inductively in BMT, the
set theory required for it must accommodate inductive definitions with rules of countably
many premises.

The more general theory of measure introduced in [BC72], and significantly extended
in [BB85], is what we call Bishop-Cheng measure theory pBCMTq, which makes no use of
(inductively defined) Borel sets, and hence it is based on a set theory without inductive
definitions. Following the tradition of the Daniell approach, Bishop and Cheng consider first
the integral on a certain set L of given functions, then extend it to the larger set of functions
L1, and define the measure at a later stage. Although complemented subsets1 are first-class
citizens both in BMT and in BCMT, their set-indexed families are not employed in BCMT.
What we call here the Bishop-Cheng integration space is the constructive analogue to Daniell
space2 that captures all basic examples of the classical Daniell theory. The broadness of
results within BCMT presented in [BB85] and in several related publications is striking.
Numerous applications of Bishop-Cheng measure theory to probability theory and to the
theory of stochastic processes are found in the older work of Chan [Cha72]-[Cha75], and

1These are pair of subsets that are disjoint in a positive and strong way. Their use in BMT and BCMT is
crucial to avoid many negatively defined concepts from their classical counterparts.

2In [Pet24] it is explained why the notion of a Bishop-Cheng integration space is a natural, constructive
counterpart to the classical notion of Daniell space.
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especially in his recent monograph [Cha21]. The generality of BCMT though, is due to the
use of impredicative definitions, which hinder the extraction of efficient computations from
proofs.

If FsepXq is the totality of strongly extensional, real-valued, partial functions f on a set
with a given inequality pX,“X ,‰Xq, the set of integrable functions L1 is defined in BCMT
by the separation scheme as follows:

L1 :“
␣

f P FsepXq | f is integrable
(

.

The membership-condition of the totality FsepXq involves quantification over the universe of
sets, since a partial, real valued function is by definition a set A together with an embedding
(or injection) iA of A into X and a function f : A Ñ R. Hence, FsepXq is a proper class, and
the separation scheme on a proper class does not define a set. Thus, from a predicative point
of view, the Bishop-Cheng definition of L1 does not determine a set. As this impredicativity
of L1 is “dense” in BCMT, the original approach of Bishop and Cheng, as a whole, cannot
express successfully the computational content of measure theory. Exactly this computational
deficiency of BCMT is also recognised by Spitters in [Spi06a].

Already in the definition of a Bishop-Cheng integration space a similar problem arises.
Namely, the integral is supposed to be defined on a subset L of the proper class FsepXq,
without specifying though, how such a subset can be defined i.e., how a subclass of FsepXq

can be considered to be a set. It seems that both in [BC72] and in [BB85] the totality
FsepXq is taken to be a set. This fundamental impredicativity built in BCMT directed the
subsequent constructive studies of measure theory to different directions3.

Coquand, Palmgren, and later Spitters, also acknowledged that BCMT does not facilitate
the extraction of efficient computations. According to Spitters [Spi06a], it is unlikely that
BCMT “will be useful when viewing Bishop-style mathematics as a high-level programming
language”. As a result, the search of the computational content of measure theory in construc-
tive mathematics was shifted from the Bishop-Cheng theory to more abstract, algebraic, or
point-free approaches (see the work of Coquand, Palmgren and Spitters, in [CP02], [Spi06a]
and [CS09]). However, in terms of applications4, these approaches attain neither the range
nor the broadness of BCMT.

Already in BMT though, Bishop avoided impredicativities by using (two) set-indexed
families of complemented subsets in his definition of a measure space, in order to quantify
over the index-sets only. Discussing in [Bis70], p. 67, the exact definition of a measure space
in BMT within his formal system Σ, he writes the following:

3Outside Bishop’s constructivism there are various approaches to measure theory. The theory of mea-
sure [Hey56] within Brouwer’s intuitionism contradicts the classical theory, while measure theory [Eda09]
within the computability framework of Type-2 Theory of Effectivity is based on classical logic. Measure
theory [Šan68], [BD91] within Russian constructivism employs Markov’s principle of unbounded search. In
intuitionisitic Martin-Löf type theory pMLTTq [ML98] the interest lies mainly in probabilistic program-
ming [BAVG12], while in homotopy type theory [Uni13] univalent techniques, such as higher inductive types,
are applied to probabilistic programming too [BFS21].

4The applications to probability theory were difficult to explore in Spitters’ approach and postponed
in the approach of Coquand and Palmgren. Recently, a decisive step towards a point-free treatment of
measure theory has been taken by Simpson [Sim12]. Simpson advocates however in a classical framework,
that sublocales, rather than subspaces, be vital. This conceptual move allows one to even circumvent some of
the constraints at the outset of measure theory. A fairly constructive development, which had been kept by
Simpson for future work, has been proposed by Ciraulo [Cir23]. However, Ciraulo invokes the principle of
countable choice. Interestingly, he is also concerned with the status of complemented sets from a point-free
perspective.
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To formalize in Σ the notion of an abstract measure space, definition 1 of
chapter 7 of [Bis67] must be rewritten as follows. A measure space is a family
M ” tAtutPT of complemented subsets of a set X . . ., a map µ : T Ñ R0`,
and an additional structure . . . . If s and t are in T , there exists an element
s_t of T such that As_t ă As Y At. Similarly, there exist operations ^ and
„ on T , corresponding to the set theoretic operations X and ´. The usual
algebraic axioms are assumed, such as „ps_ tq “ „s ^ „t. . . . Considerations
such as the above indicate that essentially all of the material in [Bis67],
appropriately modified, can be comfortably formalised in Σ.

This indexisation method, roughly sketched in [Bis67], is elaborated within Bishop Set Theory
pBSTq in [Pet20b]. Based on this, we present here the first crucial steps to a predicative
reconstruction pPBCMTq of BCMT. Following Bishop’s explanations in [Bis70], we replace
a totality of strongly extensional, real-valued, partial functions L in the original definition
of a Bishop-Cheng integration space by a set-indexed family Λ of such partial functions.
Applying tools and results from [Pet20b], we recover the concept of an integration space in
an indexised form. The predicative advantage of the indexisation method within PBCMT is
that crucial quantifications are over an index-set and not proper classes. Following [Pet20b],
we elaborate the concept of a pre-integration space in which the index-set I is equipped with
all necessary operations so that a pre-integral

ş

can be defined on I. A pre-integration space
induces a predicative integration space, the integral

ş˚ of which on the partial function fi is
given, for every i P I, by

ż ˚

fi :“

ż

i.

We provide a predicative treatment of L1 by considering only the canonically integrable
functions5 of a given pre-integration space. Our main result is that the set-indexed family of
canonically integrable functions admits the structure of a pre-integration space (Theorem 10.6),
which is an appropriate completion of the original pre-integration space (Theorem 10.8).
The theory developed in [Pet20b] together with careful arguments that avoid the use of
the class of full sets and countable choice (see [Ric01, Sch04] for a critique to the use of
countable choice in Bishop-style constructive mathematics, also known as BISH) helped us
prove a constructive and predicative version of Lebesgue’s series theorem (Theorem 10.4),
which is crucial to the proof of our main result. A predicative definition of L1 ensures
that all concepts defined through quantification over L1 in BCMT are also predicative. For
example, quantification over L1 is used in the Bishop-Cheng definition of a full set, which
is a constructive counterpart to the complement of a null set in classical measure theory.
This predicative treatment of L1 is the first, clear indication that the computational content
of measure theory can be grasped by the predicative reconstruction PBCMT of the original
BCMT.

2. Overview of this paper

We structure this paper as follows:
‚ In section 3 we describe the connection between complemented subsets and boolean-valued

partial functions, which explains the crucial role of partial functions in BCMT. The con-
structive way to employ the passage from functions to sets in the classical Daniell approach

5This terminology is introduced by Spitters in [Spi02].
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through the use of characteristic functions of subsets, is to work with complemented subsets
and their (partial) characteristic functions.

‚ In section 4 we describe the basic properties of set-indexed families of subsets of a given
set X. We discuss the set-character within BST of the totality of families of subsets of X
indexed by some set I, which will be relevant to our presentation of a pre-measure space.

‚ In section 5 we define within BST the notions of a family of partial functions and of a
family of complemented subsets indexed by some set I. These function-theoretic concepts
will be used in PBCMT instead of the abstract sets of partial functions and of subsets,
respectively, that are considered in BCMT.

‚ In section 6 we introduce the notion of a pre-measure space as a predicative counterpart
to the notion of Bishop-Cheng measure space in BCMT. The pre-measure space of
complemented detachable subsets of a set X with the Dirac-measure concentrated at a
single point is studied.

‚ In section 7 we include the facts on real-valued, partial functions that are necessary to the
definition of a pre-integration space within BST (Definition 8.2).

‚ In section 8 we introduce the notion of a pre-integration space as a predicative counterpart
to the notion of an integration space in BCMT. We also briefly describe the pre-integration
space

`

X, I,
ş

dµ
˘

, where X is a locally compact metric space X with a so-called modulus
of local compactness, I is the set of functions with compact support on X, and the integral
ş

fdµ of f P I is the measure µpfq, where µ is a positive measure on X (Theorem 8.3).
‚ In section 9 we construct the pre-integration space of simple functions from a given

pre-measure space (Theorem 9.9). This is a predicative translation within BST of the
construction of a Bishop-Cheng integration space from the simple functions of a measure
space (Theorem 10.10 in [BB85]). Although we follow the corresponding construction
in section 10 of chapter 6 in [BB85] closely, our approach allows us to not only work
completely predicatively, but also to carry out all proofs avoiding the axiom of countable
choice.

‚ In section 10 we first present the canonically integrable functions explicitly as a family
of partial functions, in order to avoid the impredicativities of the original Bishop-Cheng
definition of L1. Based on a predicative version of Lebesgue’s series theorem (Theorem 10.4),
we then show that this family admits the structure of a pre-integration space (Theorem 10.6)
and explain in what sense it can be seen as the completion of our original pre-integration
space (Theorem 10.8).

‚ In section 11 we list some question for future work stemming from the material presented
here.

We work within BST, which behaves as a high-level programming language. For all notions
and results of Bishop set theory that are used here without definition or proof we refer
to [Pet21], in this journal6, and to [Pet20b, Pet22]. For all notions and results of constructive
real analysis that are used here without definition or proof we refer to [BB85]. The type-
theoretic interpretation of Bishop’s set theory into the theory of setoids (see especially the
work of Palmgren [Pal05]-[PW14]) has become nowadays the standard way to understand
Bishop sets7. Other suitable, yet different, formal systems for BISH are Myhill’s Constructive
Set Theory pCSTq, introduced in [Myh75], and Aczel’s system CZF (see [AR10]).

6In [Pet21] the theory of spectra of Bishop spaces (see [Pet15]-[Pet19] and [Pet20a]-[Pet23]) is developed
within BST.

7For an analysis of the relation between intensional MLTT and Bishop’s theory of sets see [Pet20b],
Chapter 1.
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3. Partial functions and complemented subsets

Bishop set theory pBSTq, elaborated in [Pet20b], is an informal, constructive theory of
totalities and assignment routines that serves as a “completion” of Bishop’s original theory of
sets in [Bis67, BB85]. Its first aim is to fill in the “gaps”, or highlight the fundamental notions
that were suppressed by Bishop in his account of the set theory underlying Bishop-style
constructive mathematics BISH. Its second aim is to serve as an intermediate step between
Bishop’s theory of sets and an adequate and faithful formalisation of BISH in Feferman’s
sense [Fef79]. To assure faithfulness, we use concepts or principles that appear, explicitly or
implicitly, in BISH. BST “completes” Bishop’s theory of sets in the following ways. It uses
explicitly a universe of (predicative) sets V0, which is a proper class. It separates clearly sets
from proper classes. Dependent operations, which were barely mentioned in [Bis67, BB85],
are first-class citizens in BST. An elaborated theory of set-indexed families of sets is included
in BST. As an introduction to the basic concepts of BST is included in [Pet21], in this
journal, and in [Pet20b, Pet22], we refer the reader to these sources for all basic concepts
and results within BST that are mentioned here without further explanation or proof. Next
we present some basic properties of partial functions and complemented subsets within BST,
which are necessary to the rest of this paper. A subset of a set X is a pair pA, iAq, where
pA,“Aq is a set and iA : A ãÑ X is an embedding i.e., iApaq “X iApa1q ñ a “A a

1, for every
a, a1 P A. The intersection of two subsets is given by the corresponding pullback, and their
union is defined in [Bis67], p. 64. We denote the set of functions from A to X by FpA,Xq.

Definition 3.1. Let X,Y be sets. A partial function from X to Y is a triplet fA :“
pA, iA, fAq, where pA, iAq Ď X, and fA P FpA, Y q. We call fA total, if dompfAq :“ A “PpXq

X. Let fA ď fB, if there is an embedding eAB : A ãÑ B such that the following triangles
commute

A B

X

Y .

eAB

fA fB

iA iB

In this case we write eAB : fA ď fB. The partial function space FpX,Y q is equipped with
the equality fA “FpX,Y q fB :ô fA ď fB & fB ď fA. If X,Y are equipped with inequalities
‰X ,‰Y , respectively, let FsepX,Y q be the totality8 of strongly extensional elements of
FpX,Y q.

Definition 3.2. If 2 :“ t0, 1u and f “ pA, iA, fAq, g “ pB, iB, gBq P FpX,2q, let f _ g :“
maxtf , gu “ pAXB, iAXB, fA _ gBq, f ¨ g :“ f ^ g :“ mintf , gu :“ pAXB, iAXB, fA ^ gBq,
„ f :“ 1 ´ f :“ pA, iA, 1 ´ fAq, and f „ g :“ f ^ p„ gq, where 1 also denotes the constant
function on A with value 1.

An inequality on a set X induces a positively defined notion of disjointness of subsets
of X, which in turn induces the notion of a complemented subset of X. In this way the
negatively defined notion of the set-theoretic complement of a subset is avoided.

8As the membership condition for FpX,Y q requires quantification over the universe of sets V0, the totalities
FpX,Y q and Fse

pX,Y q are proper classes.
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Definition 3.3. Let pX,“X ,‰Xq be a set with inequality, and pA, iAq, pB, iBq Ď X. We say
that A and B are disjoint with respect to ‰X , in symbols AKJB, if @aPA@bPB

`

iApaq ‰X iBpbq
˘

.
A complemented subset of X is a pair A :“ pA1, A0q, where pA1, iA1q, pA0, iA0q Ď X, such
that A1KJA0. The characteristic function of A is the operation9 χA : A1 YA0 ù 2, defined
by

χApxq :“

"

1 , x P A1

0 , x P A0.

We call A total, if dompAq :“ A1 YA0 “PpXq X, Let A Ď B :ô A1 Ď B1 & B0 Ď A0, and
the totality of complemented subsets PKJpXq of X is equipped with the equality A “PKJpXq

B :ô A Ď B & B Ď A.

Clearly, the complemented powerset PKJpXq of X is a proper class. If f1 : A1 Ď B1

and f0 : B0 Ď A0, then f1, f0 are strongly extensional functions. E.g., if f1pa1q ‰B1 f1pa1
1q,

for some a1, a1
1 P A1, then from the definition of the canonical inequality ‰B1 we get

iB1

`

f1pa1q
˘

‰X iB1

`

f1pa1
1q
˘

. By the extensionality of ‰X we get iA1pa1q ‰X iA1pa1
1q :ô

a1 ‰A1 a1
1.

Example 3.4. If pX,“Xq is a set, let the following inequality on X:

x ‰pX,FpX,2qq x
1 :ô DfPFpX,2q

`

fpxq “2 1 & fpx1q “2 0
˘

If f P FpX,2q, the following extensional subsets of X

δ10pfq :“ tx P X | fpxq “2 1u,

δ00pfq :“ tx P X | fpxq “2 0u,

are called detachable, or free subsets of X. Clearly, δpfq :“
`

δ10pfq, δ00pfq
˘

is a complemented
subset of X with respect to the inequality ‰

FpX,2q

X . The characteristic function χδpfq of δpfq

is (definitionally equal to) f (recall that fpxq “2 1 :ô fpxq :“ 1), and δ10pfq Y δ00pfq “ X.

Remark 3.5. If A P PKJpXq, then χA :“ pA1 YA0, iA1YA0 , χAq P FsepX,2q.

Proof. Let z, w P A1 YA0 with χApzq ‰2 χApwq. If for example χApzq :“ 1 and χApwq :“ 0,
then z P A1, w P A0. As A1KJA0, we get iA1pzq ‰X iA0pwq ô: z ‰A1YA0 w.

Definition 3.6. If A,B P PKJpXq, let the following operations10 on them:

A _ B :“
`

rA1 XB1s Y rA1 XB0s Y rA0 XB1s, A0 XB0
˘

,

A ^ B :“
`

A1 XB1, rA1 XB0s Y rA0 XB1s Y rA0 XB0s
˘

,

´A :“ pA0, A1q,

A ´ B :“ A ^ p´Bq.

9A non-dependent assignment routine f : A ù B, where A and B are sets, is called an operation.
A function is an operation that preserves the corresponding equalities. See [Pet21] for a more detailed
explanation.

10BMT and BCMT involve different operations on complemented subsets. We only describe the algebra
of complemented subsets given in BCMT, which has a more “linear” behavior (see also [Shu22]). For total
complemented subsets the operations given in BMT and BCMT coincide. See [PW22] for an in-depth
comparison of the two algebras of complemented subsets.
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Proposition 3.7.
`

PKJpXq,^,_,´q satisfies all properties of a distributive lattice except11

for the absorption equalities pA^Bq_A “ A and pA_Bq^A “ A. Moreover, ´p´Aq “ A,
and ´pA _ Bq “ p´Aq ^ p´Bq, for every A,B P PKJpXq.

The classical bijection between PpXq and 2X is translated constructively as the existence
of “bijective”, proper class-assignment routines between the proper classes PKJpXq and
FsepX,2q. The proof of the following fact is found in [PW22], and it is the only place in this
paper that we refer to assignment routines defined on proper classes.

Proposition 3.8. Consider the proper class-assignment routines

χ : PKJpXq ù FsepX,2q & δ : FsepX,2q ù PKJpXq,

A ÞÑ χpAq fA ÞÑ δpfAq :“
`

δ1pfAq, δ0pfAq
˘

,

δ1pfAq :“
␣

a P A | fApaq “2 1
(

“: rfA “2 1s,

δ0pfAq :“
␣

a P A | fApaq “2 0
(

“: rfA “2 0s.

Then χ, δ are well-defined, proper class-functions, which are inverse to each other. Moreover,
δp„ fq “PKJpXq ´δpfq and χ´A “FpX,2q„ χA, where f P FsepX,2q and A P PKJpXq.

Proposition 3.9. Let A,B P PKJpXq and f , g P FsepX,2q.
(i) χA_B “FpX,2q χA _ χB, χA^B “FpX,2q χA ^ χB.
(ii) χ´A “FpX,2q 1 ´ χA and χA´B “FpX,2q χAp1 ´ χBq.
(iii) δpfAq _ δpfBq “PKJpXq δpfA _ fBq and δpfAq ^ δpfBq “PKJpXq δpfA ^ fBq.
(iv) δpfA „ fBq “PKJpXq δpfAq ´ δpfBq.

4. Families of subsets

In this section we present the basic notions and facts on set-indexed families of subsets that
are going to be used in the rest of the paper. Roughly speaking, a family of subsets of a set X
indexed by some set I is an assignment routine λ0 : I ù PpXq that behaves like a function
i.e., if i “I j, then λ0piq “PpXq λ0pjq. The following definition is a formulation of this
rough description that reveals the witnesses of the equality λ0piq “PpXq λ0pjq. This is done
“internally”, through the embeddings of the subsets into X. The equality λ0piq “V0 λ0pjq,
which is defined “externally” through the transport maps (see [Pet21], Definition 3.1), follows,
and a family of subsets is also a family of sets. We start by introducing some notation. For
details we refer to [Pet21].

Definition 4.1. Let I be as set and λ0 : I ù V0. A dependent operation over λ0

Φ :
ń

iPI

λ0piq

assigns to each i P I an element Φpiq :“ Φi P λ0piq. We denote by ApI, λ0q the totality of
dependent operations over λ0 equipped with the equality

Φ “ApI,λ0q Ψ :ô @iPI

`

Φi “λ0piq Ψi

˘

.

11In [BB85], p. 74, it is mentioned that complemented subsets satisfy “all the usual finite algebraic laws
that do not involve the operation of set complementation”. In [CP02], p. 695, it is noticed though, that the
absorption equalities are not satisfied.
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Definition 4.2. Let X and I be sets and let DpIq :“ tpi, i1q P I ˆ I | i “I i
1u be the

diagonal of I. A family of subsets of X indexed by I, is a triplet ΛpXq :“ pλ0, E , λ1q, where
λ0 : I ù V0,

E :
ń

iPI

F
`

λ0piq, X
˘

, Epiq :“ Ei; i P I,

λ1 :
ń

pi,jqPDpIq

F
`

λ0piq, λ0pjq
˘

, λ1pi, jq :“ λij ; pi, jq P DpIq,

such that the following conditions hold:
(i) For every i P I, the function Ei : λ0piq Ñ X is an embedding.
(ii) For every i P I, we have that λii “Fpλ0piq,λ0piqq idλ0piq.
(iii) For every pi, jq P DpIq we have that Ei “Fpλ0piq,Xq Ej ˝ λij .

λ0piq λ0pjq

X.

λij

Ei Ej

We call a pair Ai :“ pλ0piq, Eiq an element of ΛpXq. If pA, iAq P PpXq, the constant I-
family of subsets A is the pair CApXq :“ pλA0 , EA, λA1 q, where λ0piq :“ A, EA

i :“ iA, and
λ1pi, jq :“ idA, for every i P I and pi, jq P DpIq, respectively. If pA, iAq, pB, iBq Ď X, the
triplet Λ2pXq :“ pλ2

0 , E , λ2
1q, where λ2

0p0q :“ A and λ2
0p1q :“ B, E0 :“ iA and E1 :“ iB,

λ2
1p0, 0q :“ idA and λ2

1p1, 1q :“ idB is the 2-family of subsets A and B of X. If FampI,Xq

denotes the totality of I-families of subsets of X, its equality is defined as in [Pet21], Definition
3.2.

Example 4.3. Let
`

X,“X ,‰pX,FpX,2qq

˘

be the set with inequality from Example 3.4. The
family of subsets ∆1pXq :“

`

δ10 , E1, δ11
˘

over the index-set FpX, 2q is defined by the following
rules:

δ10 : FpX,2q ù V0, f ÞÑ δ10pfq, f P FpX,2q,

E1 :
ń

fPFpX,2q

Fpδ10pfq, Xq, E1
f : δ

1
0pfq ãÑ X x ÞÑ x; x P δ10pfq,

δ11 :
ń

pf,gqPDpFpX,2qq

Fpδ10pfq, δ10pgqq, δ11pf, gq :“ δ1fg : δ
1
0pfq Ñ δ10pgq x ÞÑ x; x P δ10pfq.

If ∆0pXq :“
`

δ00 , E0, δ01
˘

, where δ00 : FpX,2q ù V0 is defined by the rule f ÞÑ δ00pfq, for every
f P FpX,2q, and the dependent operations E0, δ01 are defined similarly to E1 and δ11, then
∆1pXq,∆0pXq are sets of subsets of X in the following sense.

Definition 4.4. Let ΛpXq :“ pλ0, E , λ1q P FampI,Xq. We say that ΛpXq is a set of subsets
of X if

@i,jPI

`

λ0piq “PpXq λ0pjq ñ i “I j
˘

.

In this case we write ΛpXq P SetpI,Xq. We can always make ΛpXq into a set of subsets
Λ̃pXq :“ pλ0, E , λ̃1q indexed by the set λ0IpXq, where λ0IpXq is the totality I with a new
equality given by

i “λ0IpXq j :ô λ0piq “PpXq λ0pjq,
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for every i, j P I. The assignment routine λ0 : I ù V0 and the dependent function
E :

Ż

iPI F
`

λ0piq, X
˘

are the same as in ΛpXq. Using the dependent version of Myhill’s axiom
of unique choice12, one can define the dependent function λ̃1 :

Ż

pi,jqPDpλ0IpXqq F
`

λ0piq, λ0pjq
˘

.

As we explained in [Pet21], the totality FampIq of all I-families of sets cannot be accepted
as a set, as the constant I-family with value FampIq would then be defined through a totality
in which it belongs to. This does not work as an argument against the set-character of
FampI,Xq. It is not clear how the constant I-family FampI,Xq can be seen as a family
of subsets of X. If ν0piq :“ FampI,Xq, for every i P I, we need to define a modulus of
embeddings Ni : FampI,Xq ãÑ X, for every i P I. From the given data one could define the
assignment routine Ni by the rule Ni

`

ΛpXq
˘

:“ Eipuiq, if it is known that ui P λ0piq. Even
in that case, the assignment routine Ni cannot be shown to satisfy the expected properties.
Clearly, if Ni was defined by the rule Ni

`

ΛpXq
˘

:“ x0 P X, then it cannot be an embedding.
The set-character of the totality FampI,Xq is related to the definition of a pre-measure space
(see also the discussion after the definition of a Bishop-Cheng measure space in section 6).
Next we describe the Sigma- and the Pi-set of a family of subsets.

Definition 4.5. Let ΛpXq :“ pλ0, E , λ1q P FampI,Xq. The interior union, or the union
of ΛpXq is the totality

ř

iPI λ0piq, which we denote in this case by
Ť

iPI λ0piq. Let the
non-dependent assignment routine e :

Ť

iPI λ0piq ù X defined by pi, xq ÞÑ Eipxq, for every
pi, xq P

Ť

iPI λ0piq, and let

pi, xq “Ť

iPI λ0piq pj, yq :ô epi, xq “X epj, yq :ô Eipxq “X Ejpyq.

If ‰X is an inequality on X, let pi, xq ‰Ť

iPI λ0piq pj, yq :ô Eipxq ‰X Ejpyq. The family ΛpXq is
called a covering of X, or ΛpXq covers X, if

Ť

iPI λ0piq “PpXq X. If ‰I is an inequality on I,
we say that ΛpXq is a family of disjoint subsets of X pwith respect to ‰Iq, if @i,jPI

`

i ‰I j ñ

λ0piqKJλ0pjq
˘

, where by Definition 3.3 λ0piqKJλ0pjq :ô @uPλ0piq@wPλ0pjq

`

Eipuq ‰X Ejpwq
˘

.

Clearly, “Ť

iPI λ0piq is an equality on
Ť

iPI λ0piq, and the operation e is an embedding
of

Ť

iPI λ0piq into X, hence
`
Ť

iPI λ0piq, e
˘

Ď X. The inequality ‰Ť

iPI λ0piq is the canon-
ical inequality of the subset

Ť

iPI λ0piq of X. Hence, if pX,“X ,‰Xq is discrete, then
`
Ť

iPI λ0piq,“Ť

iPI λ0piq,‰Ť

iPI λ0piq

˘

is discrete, and if ‰X is tight, then ‰Ť

iPI λ0piq is tight. As
the following left diagram commutes, ΛpXq covers X, if and only if the following right
diagram commutes i.e., if and only if X Ď

Ť

iPI λ0piq

Ť

iPI λ0piq X

X

Ť

iPI λ0piq X

X.

e

e idX

g

e idX

12According to it, if pµ0, µ1q is an I-family of sets such that for every i P I there is a unique (up to
equality) xi P µ0piq, then there is a dependent assignment routine Φ:

Ż

iPI µ0piq. The non-dependent version
of this axiom is generally accepted by the practitioners of BISH and it is included in Myhill’s system CST
in [Myh75]. If i “λ0IpXq j, then by the equality λ0piq “PpXq λ0pjq there is a unique function λ0piq Ñ λ0pjq

commuting with the embeddings Ei and Ej . To avoid Myhill’s axiom, we need to add to our data a dependent
assignment routine ∆ that corresponds to every element of the diagonal of λ0IpXq an element of the set of
witnesses pe, e1

q of the corresponding equalities.
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If pi, xq “Ť

iPI λ0piq pj, yq, it is not necessary that i “I j, hence it is not necessary that
pi, xq “ř

iPI λ0piq pj, yq (as we show in the next proposition, the converse implication holds).
Consequently, the first projection operation prΛpXq

1 :“ prΛ1 , where Λ is the I-family of sets
induced by ΛpXq, is not necessarily a function! The second projection map on ΛpXq is
defined by prΛpXq

2 :“ prΛ2 . Notice that ‰Ť

iPI λ0piq is an inequality on
Ť

iPI λ0piq, without
supposing neither an inequality on I, nor an inequality on the sets λ0piq’s. The following
remarks are straightforward to show.

Remark 4.6. Let ΛpXq :“ pλ0, E , λ1q P FampI,Xq.

(i) If pi, xq “ř

iPI λ0piq pj, yq, then pi, xq “Ť

iPI λ0piq pj, yq.
(ii) If e :

ř

iPI λ0piq ù X is an embedding, then
`
ř

iPI λ0piq, e
˘

“PpXq

`
Ť

iPI λ0piq, e
˘

.
(iii) If ‰I is tight and ΛpXq is a family of disjoint subsets with respect to ‰I , then

e :
ř

iPI λ0piq ãÑ X.

Remark 4.7. If i0 P I, pA, iAq Ď X, and CApXq :“ pλA0 , EA, λA1 q P FampI,Xq is the constant
family A of subsets of X, then

ď

iPI

A :“
ď

iPI

λA0 piq “PpXq A.

Remark 4.8. If Λ2pXq is the 2-family of subsets A,B of X,
Ť

iP2 λ
2
0piq “PpXq AYB.

Definition 4.9. Let ΛpXq :“ pλ0, E , λ1q P FampI,Xq, and i0 P I. The intersection
Ş

iPI λ0piq
of ΛpXq is the totality defined by

Φ P
č

iPI

λ0piq :ô Φ P ApI, λ0q & @i,jPI

`

EipΦiq “X EjpΦjq
˘

.

Let e :
Ş

iPI λ0piq ù X be defined by epΦq :“ Ei0
`

Φi0

˘

, for every Φ P
Ş

iPI λ0piq, and

Φ “Ş

iPI λ0piq Θ :ô epΦq “X epΘq :ô Ei0
`

Φi0

˘

“X Ei0
`

Θi0

˘

,

If ‰X is a given inequality on X, let Φ ‰Ş

iPI λ0piq Θ :ô Ei0
`

Φi0

˘

‰X Ei0
`

Θi0

˘

.

The following remarks are straightforward to show.

Remark 4.10. Let ΛpXq :“ pλ0, E , λ1q P FampI,Xq.

(i) Φ “Ş

iPI λ0piq Θ ô Φ “ApI,λ0q Θ.
(ii) If Φ P

Ş

iPI λ0piq, then Φ P
ś

iPI λ0piq.
(iii) If pX,“X ,‰Xq is discrete, the set

`
Ş

iPI λ0piq,“Ş

iPI λ0piq,‰Ş

iPI λ0piq

˘

is discrete.

Remark 4.11. Let i0 P I, pA, iAq Ď X, and CApXq :“ pλA0 , EA, λA1 q P FampI,Xq the
constant family A of subsets of X. Then

č

iPI

A :“
č

iPI

λA0 piq “PpXq A.

Remark 4.12. If Λ2pXq is the 2-family of subsets A,B of X,
Ş

iP2 λ
2
0piq “PpXq AXB.
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5. Families of partial functions and families of complemented subsets

Next we define within BST the notions of a family of partial functions and of a family of
complemented subsets indexed by some set I. These function-theoretic concepts will be used
in PBCMT instead of the abstract sets of partial functions and of subsets, respectively, that
are considered in BCMT.

Definition 5.1. Let X,Y and I be sets. A family of partial functions from X to Y indexed
by I, or an I-family of partial functions from X to Y , is a triplet ΛpX,Y q :“ pλ0, E , λ1, fq,
where ΛpXq :“ pλ0, E , λ1q P FampI,Xq and f :

Ż

iPI F
`

λ0piq, Y
˘

with fpiq :“ fi, for every i P I,
such that, for every pi, jq P DpIq, the following diagrams commute

λ0piq λ0pjq

X

Y .

λij

fi fj

Ei Ej

If i P I, we call the partial function fi :“ pλ0piq, Ei, fiq P FpX,Y q an element of ΛpX,Y q.
The equality on the totality FampI,X, Y q of I-families of partial functions from X to Y

can be defined in an obvious way, analogously to the equality on FampI,Xq given in [Pet21,
Def. 3.2].

Clearly, if ΛpX,Y q P FampI,X, Y q and pi, jq P DpIq, then pλij , λjiq : fi “FpX,Y q fj .

Definition 5.2. Let ΛpX,Y q :“ pλ0, E , λ1, fq P FampI,X, Y q. We say that ΛpX,Y q is a set
of partial functions from X to Y if

@i,jPI

`

fi “FpX,Y q fj ñ i “I j
˘

.

In this case we write ΛpX,Y q P SetpI,X, Y q and even ΛpX,Y q P SetsepI,X, Y q if ΛpX,Y q

is a family of strongly extensional partial functions.
As described in Definition 4.4, we can make ΛpX,Y q into a λ0IpX,Y q-set of partial

functions Λ̃pX,Y q :“ pλ0, E , λ̃1, fq. As in the case for subsets, λ0IpX,Y q is the totality I
equipped with the equality

i “λ0IpX,Y q j :ô fi “FpX,Y q fj ,

or if ΛpX,Y q is a family of strongly extensional partial functions,

i “λ0IpX,Y q j :ô fi “FsepX,Y q fj .

The only component changing is the new λ̃1, which is defined using dependent unique choice.

Definition 5.3. Let the sets pX,“X ,‰Xq and pI,“Iq. A family of complemented sub-
sets of X indexed by I, or an I-family of complemented subsets of X, is a structure
ΛpXq :“

`

λ10, E1, λ11, λ
0
0, E0, λ01q, such that Λ1pXq :“

`

λ10, E1, λ11
˘

P FampI,Xq and Λ0pXq :“
`

λ00, E0, λ01
˘

P FampI,Xq i.e., for every pi, jq P DpIq, the following diagrams commute
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X

λ00piq

λ00pjq.

λ10piq

λ10pjq E1
j

E1
i E0

i

E0
j

λ1ij λ0ij

Moreover, for every i P I the element λ0piq :“
`

λ10piq, λ00piq
˘

of ΛpXq is in PKJpXq. Again,
the equality on FampI,Xq, the totality of I-families of complemented subsets of X, is defined
in an obvious way, analogously to [Pet21], Definition 3.2.

As in the case of FampI,Xq, we assume the totality FampI,Xq to be a set. The operations
^ and _ between complemented subsets in Definition 3.6 are extended to families of
complemented subsets. We write SetpI,Xq for the totality of I-sets of complemented
subsets of X, which are defined completely analogously to sets of subsets or partial functions.

6. Pre-measure spaces

In this section we introduce the notion of a pre-measure space as a predicative counterpart to
the notion of Bishop-Cheng measure space in BCMT. The pre-measure space of complemented
detachable subsets of a set X with the Dirac-measure concentrated at a single point is
described. The notion of a Bishop-Cheng measure space is defined in [BB85], p. 282, and
appeared first13 in [BC72] p. 47.

Definition 6.1 Bishop-Cheng measure space. A (Bishop-Cheng) measure space is a
triplet pX,M,µq consisting of an inhabited set with inequality pX,“X ,‰Xq, a set M of
complemented sets in X, and a mapping µ of M into R0`, such that the following properties
hold:
pBCMS1q If A and B belong to M , then so do A _ B and A ^ B, and µpAq ` µpBq “

µpA _ Bq ` µpA ^ Bq.
pBCMS2q If A and A^B belong to M , then so does A´B, and µpAq “ µpA^Bq`µpA´Bq.
pBCMS3q There exists A in M such that µpAq ą 0.
pBCMS4q If pAnq is a sequence of elements of M such that limkÑ8 µ

`
Źk

n“1An

˘

exists and is
positive, then

Ş

nA
1
n is inhabited.

The elements of M are the integrable sets of the measure space pX,M,µq, and for each A
in M the non negative number µpAq is the measure of A. In the above definition there
is no indication how the set M of complemented sets of X is constructed, and pBCMS2q

requires quantification over the universe V0, as B is an arbitrary complemented subsets of X.
In [Bis67], p. 183, Bishop used two families of complemented subsets, in order to avoid such a
quantification in his definition of a measure space within BMT. One set-indexed family which
A and A ^ B belong to, and one which B belongs to. In Definition 6.2 we predicatively
reformulate the Bishop-Cheng definition of a measure space. Especially for condition pBCMS2q

we provide two alternatives. In the first one, condition pPMS2q in Definition 6.2, we use the
fact that within BST the totality Famp1, Xq of 1-families of complemented subsets, where

13In [BC72], p. 55, condition pBCMS1q appears in the equivalent form: if B P M with B1
Ď A1 and

B0
Ď A0, then A P M .
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1 :“ t0u, is assumed to be a set14, hence quantification over it is allowed. In the second
alternative, the weaker condition pPMS˚

2q in Definition 6.2, only quantification over the
index-set is required. If ΛpXq is an I-family of complemented subsets of X, we can define an
equality on the index set I, such that the converse implication λ0piq “PKJpXq λ0pjq ñ i “ j

also holds. The family ΛpXq is then called (as in the case of a family of subsets in [Bis67],
p. 65) a set of complemented subsets. Consequently, functions on the index-set I are extended
to functions on the complemented subsets λ0piq’s.

One could predicatively reformulate the definition of a Bishop-Cheng measure space
within BST. We proceed instead directly to define the notion of a pre-measure space, giving
an explicit formulation of Bishop’s suggestion, expressed in [Bis70], p. 67, with respect to
Definition 6.2. The main idea is to define operations on I that correspond to the operations
on complemented subsets, and reformulate accordingly the clauses for the measure µ.

Definition 6.2 (Pre-measure space within BST). Let pX,“X ,‰Xq be an inhabited set, and
let pI,“Iq be equipped with operations _ : IˆI ù I,^ : IˆI ù I pfor simplicity we use the
same symbols with the ones for the operations on complemented subsetsq, and „ : IˆI ù I.
If i, j P I, let i ď j :ô i ^ j “ i. Let ΛpXq :“ pλ10, E1, λ11;λ

0
0, E0, λ01q P SetpI,Xq, and

µ : I Ñ r0,`8q such that the following conditions hold:

pPMS1q @i,jPI

ˆ

λ0piq _ λ0pjq “ λ0pi_ jq &λ0piq ^ λ0pjq “ λ0pi^ jq &

λ0piq ´ λ0pjq “ λ0pi „ jq & µpiq ` µpjq “ µpi_ jq ` µpi^ jq

˙

.

pPMS2q @iPI@ApXqPFamp1,Xq

„

DkPI

ˆ

λ0piq ^ α0p0q “ λ0pkq

˙

ñ

λ0piq ´ α0p0q “ λ0pi „ kq & µpiq “ µpkq ` µpi „ kq

ȷ

.

pPMS3q DiPI
`

µpiq
˘

ą 0.

pPMS4q @αPFpN,Iq

„

D lim
mÑ`8

µ

ˆ m
ľ

n“1

αpnq

˙

& lim
mÑ`8

µ

ˆ m
ľ

n“1

αpnq

˙

ą 0 ñ

DxPX

ˆ

x P
č

nPN

λ10pαpnqq

˙ȷ

.

We call the triplet MpΛpXqq :“ pX, I, µq a pre-measure space, the function µ a pre-measure,
and the index-set I the set of integrable, or measurable indices of MpΛpXqq.

Alternatively to pPMS2q, one could use the following clause:

pPMS˚
2q @i,jPI

`

µpiq “ µpi^ jq `µpi „ jq
˘

.

Remark 6.3. Condition pPMS˚
2q involves quantification over a set and is absolutely safe

from a predicative point of view. Actually, it is only pPMS˚
2q that is needed to construct the

pre-integration space of simple functions.

Corollary 6.4. Let MpΛq :“ pX, I, µq be a pre-measure space and i, j P I.
(i) The operations _, ^ and „ are functions, and the triplet pI,_,^q satisfies the properties

of a distributive lattice, except from the absorption equalities.

14Notice that in order to define an 1-family of complemented subsets we need first to construct a
complemented subset pA1, A0

q of X, and afterwards to define λ0
0p0q :“ A1 and λ0

0p0q :“ A0.



Vol. 20:4 PRE-MEASURE AND PRE-INTEGRATION SPACES IN BCMT 2:15

(ii) i ď j ô λ0piq Ď λ0pjq.

Proof. (i) We show that _ is a function, and for ^ and „ we proceed similarly. We have that

i “ i1 & j “ j1 ñ λ0piq “ λ0pi1q & λ0pjq “ λ0pj1q

ñ λ0piq _ λ0pjq “ λ0pi1q _ λ0pj1q

ñ λ0pi_ jq “ λ0pi1 _ j1q

ñ i_ j “ i1 _ j1.

All properties follow from the corresponding properties of complemented subsets (Proposi-
tion 3.7), from pPMS1q, and the fact that ΛpXq P SetpI,Xq. E.g., to show i_ j “ j _ i, we
use the equalities λ0pi_ jq “ λ0piq _ λ0pjq “ λ0pjq _ λ0piq “ λ0pj _ iq. For the rest of the
proof we proceed similarly.

Next we give a constructive treatment of the classical Dirac measure as a pre-measure on a
set of integrable indices I. First we consider the total case, where I :“ FpX,2q is a Boolean
algebra.

Proposition 6.5. Let
`

X,“X ,‰pX,FpX,2qq

˘

be a set inhabited by some x0 P X, and let the
maps _,^,„: FpX,2q ˆ FpX,2q Ñ FpX,2q and „ : FpX,2q Ñ FpX,2q, defined by the corre-
sponding rules given in Definition 3.2 for partial functions. If ∆pXq :“

`

δ10 , E1, δ11 , δ
0
0 , E0, δ01

˘

is the set of complemented detachable subsets of X, where by Example 4.3

δ0pfq :“
`

δ10pfq, δ00pfq
˘

:“
`

rf “ 1s, rf “ 0s
˘

,

and if µx0 : FpX,2q ù r0,`8q is defined by the rule

µx0pfq :“ fpx0q “: χδ0pfqpx0q; f P FpX,2q,

then the triplet Mp∆pXqq :“ pX,FpX,2q, µx0q is a pre-measure space.

Proof. Straightforward calculations as in the proof of Proposition 3.9(iii) prove the required
equalities between complemented in condition pPMS1q. Clearly, the operation µx0 is a
function, and a simple case-distinction shows the required equality fpx0q ` gpx0q “ rfpx0q _

gpx0qs ` rfpx0q ^ gpx0qs. Let f P FpX,2q and B :“ pB1, B0q P PKJpXq with α0p0q :“ B. If
g P FpX,2q such that

δ0pfq ^ B :“
`

rf “ 1s XB1, prf “ 1s XB0q Y prf “ 0s XB1q Y prf “ 0s XB0q
˘

“
`

rg “ 1s, rg “ 0s
˘

,

then the equality between the following complemented subsets

δ0pfq ´ B “
`

rf “ 1s XB1, prf “ 1s XB1q Y prf “ 0s XB0q Y prf “ 0s XB1q
˘

,

δ0pf „ gq “
`

rf “ 1s X rg “ 0s, rf “ 1 “ gs Y rf “ 0 “ gs Y rf “ 0s X rg “ 1s
˘

follows after considering all necessary cases (the rule Ex falsum quodlibet is necessary to this
proof). The required equality fpx0q “ gpx0q`fpx0q^p1´gqpx0qq follows after considering all
cases. As µx0p1q “ 1 ą 0, pPMS3q follows. For the proof of pPMS4q we fix α : N Ñ FpX,2q,
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and we suppose that

D lim
mÑ`8

µx0

ˆ m
ľ

n“0

αpnq

˙

& lim
mÑ`8

µx0

ˆ m
ľ

n“0

αpnq

˙

ą 0 ô

D lim
mÑ`8

ˆ m
ľ

n“0

αpnq

˙

px0q & lim
mÑ`8

ˆ m
ľ

n“0

αpnq

˙

px0q ą 0 ô

D lim
mÑ`8

m
ź

n“0

rαpnqspx0q & lim
mÑ`8

m
ź

n“0

rαpnqspx0q ą 0.

Finally, we have that

lim
mÑ`8

m
ź

n“0

rαpnqspx0q ą 0 ñ lim
mÑ`8

m
ź

n“0

rαpnqspx0q “ 1

ô Dm0PN@měm0

ˆ m
ź

n“0

rαpnqspx0q “ 1

˙

ñ @nPN
`

rαpnqspx0q “ 1
˘

ô x0 P
č

nPN

δ10pαpnqq.

Remark 6.6. Although the derivation of pPMS2q in the above proof requires the Ex falsum
quodlibet rule, the derivation of pPMS˚

2q rests on trivial calculations. Hence the whole proof
in the latter case can be carried out in minimal logic!

If partial functions are considered, then using Proposition 3.9(iii)-(iv) we get similarly
the following constructive version of the Dirac measure.

Proposition 6.7. Let ΛpX,2q :“ pλ0, E , λ1, fq be a family of pstrongly extensionalq partial
functions from X to 2, with fi :“ pλ0piq, Ei, fiq P FsepX,2q, for every i P I. Let _,^,„ be
operations on I, such that for every i, j P I we have that fi_j “ fi _ fj ,fi^j “ fi ^ fj, and
fi„j “ fi „ fj. Moreover, let „ be an operation on I, such that if B is a given complemented
subset of X, then the equality δpfiq ^ B “ δpfkq implies δpfiq ´ B “ δpfi„kq, where the
assignment routine δ is defined in Proposition 3.8. If x0 P X such that x0 P

Ş

iPI λ0piq, and
if µx0 : I ù r0,`8q is defined by the rule µx0piq :“ fipx0q, for every i P I, then the triplet
Mp∆pI,Xqq :“ pX, I, µx0q is a pre-measure space.

7. Real-valued, partial functions

Next we present the facts on real-valued, partial functions that are necessary for the definition
of an integration space within BST (Definition 8.2).

Definition 7.1. If pX,“X ,‰Xq is an inhabited set, let fA :“ pA, iA, fAq P FpX,Rq. We call
fA strongly extensional, if fA is strongly extensional, where A is equipped with its canonical
inequality as a subset of X i.e., fApaq ‰R fApa1q ñ iApaq ‰X iApa1q, for every a, a1 P A
pwhere a ‰R b :ô a ă b _ b ă a, for every a, b P Rq. Let FpXq :“ FpX,Rq be the class of
partial functions from X to R, and FsepXq the class of strongly extensional, partial functions
from pX “X ,‰Xq to pR,“R,‰Rq. Let |fA| :“ pA, iA, |fA|q. If fB :“ pB, iB, fBq in FpXq and
λ P R
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A X B

R,

iA iB

fA fB

let λfA :“ pA, iA, λfAq P FpXq and fA ˝ fB :“
`

AXB, iAXB,
`

fA ˝ fB
˘

AXB

˘

, where

pfA ˝ fB
˘

AXB
pa, bq :“ fApaq ˝ fBpbq; pa, bq P AXB, ˝ P t`, ¨,^,_u.

The totality of I-families of strongly extensional, partial functions i.e., of structures ΛpX,Rq :“
pλ0, E , λ1, fq, with fi :“ pλ0piq, Ei, fiq strongly extensional, for every i P I, is denoted by
FamsepI,X,Rq.

The operation pfA ˝ fB
˘

AXB
: AXB ù R is a function. If pa, bq “AXB pa1, b1q :ô iA “X

iApa1q ô a “A a1, we get fApaq “R fApa1q. Since iBpbq “X iApaq and iBpb1q “X iApa1q,
we also get b “B b1 and hence fBpbq “R fBpb1q. If λ denotes also the constant function
λ P R on X we get as a special case the partial function fA ^ λ :“

`

A X X, iAXX ,
`

fA ^

λ
˘

AXX

˘

, where A X X :“ tpa, xq P A ˆ X | iApaq “X xu, iAXXpa, xq :“ iApaq, and
`

fA ^λ
˘

AXX
pa, xq :“ fApaq ^λpxq :“ fApaq ^λ, for every pa, xq P AXX. By Definition 5.1,

if ΛpX,Rq :“ pλ0, E , λ1, fq P FampI,X,Rq, then fi :“
`

λ0piq, Ei, fi
˘

P FpXq, for every i P I,
and if i “I j, the following diagrams commute

λ0piq λ0pjq

X

R.

λij

fi fj

Ei Ej

If fi is strongly extensional, then, for every u,w P λ0piq, we get fipuq ‰R fipwq ñ Eipuq ‰X

Eipwq. We may also regard ΛpX,Rq as a λ0IpX,Rq-set of real valued, strongly extensional,
partial functions, following the construction in Definition 5.2.

Definition 7.2. Let ΛpX,Rq :“ pλ0, E , λ1, fq P FamsepI,X,Rq. We write g : λ0IpX,Rq Ñ Y
to denote a function g : I Ñ Y , where I is equipped with the equality in Definition 5.2, and
we may also write gpfiq instead of gpiq. If κ : N` Ñ I, the family

ΛpX,Rq ˝ κ :“
`

λ0 ˝ κ, E ˝ κ, λ1 ˝ κ, f ˝ κ
˘

P FampN`, X,Rq

is the κ-subsequence of ΛpX,Rq, where pλ0 ˝ κqpnq :“ λ0pκpnqq,
`

E ˝ κ
˘

n
:“ Eκpnq, pλ1 ˝

κqpn, nq :“ λκpnqκpnq :“ idλ0pκpnqq and
`

f ˝ κ
˘

n
:“ fκpnq for every n P N`.

If we consider the intersection
Ş

nPN`pλ0 ˝ κqpnq :“
Ş

nPN` λ0pκpnqq, by Definition 4.9
we get

Φ P
č

nPN`

λ0pκpnqq :ô Φ:
ń

nPN`

λ0pκpnqq & @n,mPN`

`

EκpnqpΦnq “X EκpmqpΦmq
˘

,

Φ “Ş

nPN` λ0pκpnqq Θ :ô Eκp1qpΦ1q “X Eκp1qpΘ1q,
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eΛpX,Rq˝κ :
č

nPN`

λ0pκpnqq ãÑ X, eΛpX,Rq˝κpΦq :“
`

E ˝ κq1pΦ1q :“ Eκp1qpΦ1q.

Definition 7.3. Let ΛpX,Rq :“ pλ0, E , λ1, fq P FampI,X,Rq, κ : N` Ñ I, and ΛpX,Rq ˝ κ
the κ-subsequence of ΛpX,Rq. If pA, iAq Ď

Ş

nPN` λ0pκpnqq, we define the function
ÿ

nPN`

fκpnq : A Ñ R,

ˆ

ÿ

nPN`

fκpnq

˙

paq :“
ÿ

nPN`

fκpnq

ˆ

“

iApaq
‰

n

˙

; a P A,

under the assumption that the series on the right converges in R, for every a P A.

In the special case
`
Ş

nPN` λ0pκpnqq, idŞ

nPN` λ0pκpnqq

˘

Ď
Ş

nPN` λ0pκpnqq, we get the
function
ÿ

nPN`

fκpnq :
č

nPN`

λ0pκpnqq Ñ R,

ˆ

ÿ

nPN`

fκpnq

˙

pΦq :“
ÿ

nPN`

fκpnq

`

Φn

˘

; Φ P
č

nPN`

λ0pκpnqq,

under the same convergence assumption. The following fact is shown in [Pet20b], pp. 212–213,
and it is used in Definition 10.2.

Proposition 7.4. If in Definition 7.3 the partial functions fκpnq :“
`

λ0pκpnqq, Eκpnq, fκpnq

˘

are strongly extensional, for every n P N`, then the real-valued, partial function

fA :“

ˆ

A, eΛpX,Rq˝κ ˝ iA,
ÿ

nPN`

fκpnq

˙

A
Ş

nPN` λ0pκpnqq X

R

iA eΛpX,Rq˝κ

ř

nPN` fκpnq

is strongly extensional.

8. Pre-integration spaces

In this section, and in accordance to our previous predicative reconstruction of Bishop-Cheng
measure space, we introduce the notion of a pre-integration space as a predicative counterpart
to the notion of an integration space in BCMT. The notion of a Bishop-Cheng integration
space is defined in [BB85], p. 217, and appeared first in [BC72], p. 2. Condition pBCIS2q is
the constructive counterpart to Daniell’s classical continuity condition in the definition of a
Daniell space. The exact relation of a Bishop-Cheng integration space to that of a Daniell
space is explained in [Pet24].

Definition 8.1 Bishop-Cheng integration space. A triplet pX,L,
ş

q is a (Bishop-Cheng)
integration space if pX,“X ,‰Xq is an inhabited set with inequality, L is a subset of FsepXq,
and

ş

: L Ñ R, such that the following properties hold.
pBCIS1q If f , g P L and α, β P R, then αf ` βg, |f |, and f ^ 1 belong to L, and

ż

pαf ` βgq “ α

ż

f ` β

ż

g.
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pBCIS2q If f P L and pfnq is a sequence of non-negative functions in L such that
ř

n

ş

fn
converges and

ř

n

ş

pfnq ă
ş

f , then there exists x P X such that
ř

n fnpxq converges
and

ř

n fnpxq ă fpxq.
pBCIS3q There exists a function p in L with

ş

p “ 1.
pBCIS4q For each f P L, limnÑ8

ş

pf ^ nq “
ş

f and limnÑ8

ş

p|f | ^ n´1q “ 0.

As already mentioned in the introduction, there is no explanation how the set L is “separated”
from the proper class FsepXq, so that the integral

ş

can be defined as a real-valued function
on L. The extensional character of L is also not addressed. This impredicative approach to
L is behind the simplicity of the Bishop-Cheng integration space. E.g., in condition pBCIS4q

the formulation of the limit is immediate as the terms f ^n P L and
ş

is defined on L. If one
predicatively reformulates the Bishop-Cheng definition though, where an I-family of strongly
extensional, real-valued, partial functions is going to be used instead of L, then one needs to
use an element αpnq of the index-set I such that f ^ n “FsepXq fαpnq, in order to express the
corresponding limit. The formulation of the continuity condition pBCIS2q takes the form

@iPI@κPFpN`,Iq

"„

ÿ

nPN`

ż

fκpnq P R &
ÿ

nPN`

ż

fκpnq ă

ż

fi

ȷ

ñ

D
pΦ,uq P

`

Ş

nPN` λ0pκpnqq

˘

X λ0piq

ˆ

ÿ

nPN`

fκpnqpΦnq P R &
ÿ

nPN`

fκpnqpΦnq ă fipuq

˙*

,

where
ˆ

č

nPN`

λ0pκpnqq

˙

X λ0piq :“

"

pΦ, uq P

ˆ

č

nPN`

λ0pκpnqq

˙

ˆ λ0piq | Eκp1qpΦq “X Eipuq

*

,

λ0pκpnqq X λ0piq

R.

Eκpnq Ei

fκpnq fi

Next we directly formulate the Bishop-Cheng definition of an integration space using ap-
propriate operations on the index-set of the appropriate family (set) of real-valued partial
functions that replaces the original impredicative subset (actually, proper-class) L of FsepXq.

Definition 8.2 (Pre-integration space within BST). Let pX,“X ,‰Xq be an inhabited set
with inequality, and let the set pI,“Iq be equipped with operations ¨a : I ù I, for every
a P R, ` : I ˆ I ù I, |.| : I ù I, and ^1 : I ù I, where

¨apiq :“ a ¨ i, `pi, jq :“ i` j, |.|piq :“ |i|; i P I, a P R.

Let also the operation ^a : I ù I, defined by the previous operations through the rule

^a :“ ¨a ˝ ^1 ˝ ¨a´1 ; a P R & a ą 0.

Let ΛpX,Rq :“ pλ0, E , λ1, fq P SetsepI,X,Rq i.e., fi “FsepXq fj ñ i “I j, for every i, j P I,
and fi :“

`

λ0piq, Ei, fi
˘

is strongly extensional, for every i P I. Let
ş

: I Ñ R be a function,
where i ÞÑ

ş

i, for every i P I, such that the following conditions hold:

pPIS1q @iPI@aPR

ˆ

afi “ fa¨i &

ż

a ¨ i “ a

ż

i

˙

.
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pPIS2q @i,jPI

ˆ

fi`fj “ fi`j &

ż

pi`jq “

ż

i `

ż

j

˙

.

pPIS3q @iPI

`

|fi| “ f|i|

˘

.

pPIS4q @iPI

`

fi ^1 “ f^1piq

˘

.

pPIS5q @iPI@κPFpN`,Iq

"„

ÿ

nPN`

ż

κpnq P R &
ÿ

nPN`

ż

κpnq ă

ż

i

ȷ

ñ

D
pΦ,uq P

`

Ş

nPN` λ0pκpnqq

˘

X λ0piq

ˆ

ÿ

nPN`

fκpnqpΦnq P R &
ÿ

nPN`

fκpnqpΦnq ă fipuq.

˙*

pPIS6q DiPI

ˆ
ż

i “R 1

˙

.

pPIS7q @iPI

ˆ

lim
nÝÑ`8

ż

^npiq P R & lim
nÝÑ`8

ż

^npiq “

ż

i

˙

.

pPIS8q @iPI

ˆ

lim
nÝÑ`8

ż

^ 1
n

p|i|q P R & lim
nÝÑ`8

ż

^ 1
n

p|i|q “ 0

˙

.

We call the structure L0 :“
`

X, I,ΛpX,Rq,
ş ˘

a pre-integration space.

All the operations on I defined above are functions. E.g., since ΛpX,Rq P SetsepI,X,Rq,

i “I i
1 ñ fi “ fi1 ñ afi “ afi1 ñ fa¨i “ fa¨i1 ñ a ¨ i “I a ¨ i1.

The most fundamental example of an integration space within BCMT is that induced by a
positive measure µ on a locally compact metric space X i.e., a non-zero linear map on the
functions with compact support CsupppXq (see [BB85], pp. 220-221). In [Gru22, GP23] this
major example is described as a pre-integration space. For that a notion of a locally compact
metric space with a modulus of local compactness is introduced. If pX, dq is an inhabited
metric space with x0 P X, and pKnqnPN is a sequence of compact subsets of X, a modulus of
local compactness for X is a function κ : N Ñ N, n ÞÑ κpnq, such that rdx0 ď ns Ď Kκpnq, for
every n P N, where dx0 : X Ñ r0,`8q is defined by dx0pxq :“ dpx, x0q, for every x P X. In
this way the initial impredicativity of Bishop’s notion of a locally compact metric space (for
every bounded subset B of X, there is a compact subset K of X with B Ď K) is avoided. If
`

X, d, pKnqnPN,κ
˘

is a locally compact metric space with a modulus of local compactness, a
uniformly continuous function on every bounded subset of X (this impredicativity can be
easily avoided) has compact support if there is m P N such that Km is a support of f i.e.,
@xPX

`

dpx,Kmq ą 0 ñ fpxq “ 0
˘

. If we consider their set CsupppXq as the index-set of the
family SupppX,Rq P SetsepI,X,Rq of strongly extensional, real-valued, partial functions on
X

f ÞÑ pX, idX , fq,

where X is equipped the canonical inequality induced by its metric
`

x ‰pX,dq x
1 :ô dpx, x1q ą

0
˘

, then the following result is shown in [Gru22, GP23] within BST, and it is the starting
point of a predicative reconstruction of the integration theory of locally compact metric
spaces within BST.

Theorem 8.3 (The pre-integration space of a locally compact metric space with a modulus
of local compactness). Let

`

X, d, pKnqnPN,κ
˘

be a locally compact metric space, ‰pX,dq the
canonical inequality on X, and let I :“ CsupppXq be equipped with the following operations:

(i) If a P R, then ¨a : I Ñ I is defined by f ÞÑ af .
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(ii) ` : I ˆ I Ñ I is the addition of functions on I.
(iii) |.| : I Ñ I is defined by f ÞÑ |f |.
(iv) ^1 : I Ñ I is defined by f ÞÑ f ^ 1.
(v) If a ą 0 P R, then ^a : I Ñ I is defined as the composition ^a :“ ¨a ˝ ^1 ˝ ¨a´1.

Let the obviously defined set SupppX,Rq of strongly extensional real-valued, partial functions
over I. If µ : I Ñ R is a linear, positive measure on X i.e., there is f P I with µpfq ą 0, and
for every f P I we have that f ě 0 ñ µpfq ě 0, let

ż

_dµ : I Ñ R, f ÞÑ

ż

fdµ :“ µpfq; f P I.

Then
`

X, I,SupppX,Rq,
ş

_dµ
˘

is a pre-integration space.

9. Simple functions

In this section we construct the pre-integration space of simple functions from a given
pre-measure space (Theorem 9.9). This is a predicative translation within BST of the
construction of an integration space from the simple functions of a measure space (Theorem
10.10 in [BB85]). Although we follow the corresponding construction in section 10 of chapter
6 in [BB85] closely, our approach allows us to not only work completely predicatively, but
also to carry out all proofs avoiding the axiom of countable choice. For the remainder of this
section we fix an inhabited set with inequality pX,“X ,‰Xq, and an I-family of complemented
subsets ΛpXq :“

`

λ10, E1, λ11, λ
0
0, E0, λ01q with i0 P I. For every i P I let

χi :“
`

domi :“ λ10piq Y λ00piq, Ei, χi

˘

P FsepXq,

where χi is the characteristic function of the complemented subset λ0piq :“
`

λ10piq, λ00piq
˘

of
X.

Definition 9.1. If n P N`, i1, . . . , in P I, and a1, . . . an P R, the triplet15

n
ÿ

k“1

akχik :“

ˆ n
č

k“1

domik , i
Şn
k“1 domik

,
n
ÿ

k“1

akχik

˙

P FsepXq

is called a simple function. Consider the totality16 SpI,ΛpXqq :“
ř

nPN`pR ˆ Iqn. Let
the non-dependent assignment routine dom0 : SpI,ΛpXqq ù V0, defined by dom0pn, uq :“
Şn

k“1 domik , for every n P N` and every u :“
`

pa1, i1q, . . . , pan, inq
˘

. Furthermore, let
Z :

Ż

pn,uqPSpI,ΛpXqq Fpdom0pn, uq, Xq be the dependent assignment routine, where Zpn,uq :

dom0pn, uq ãÑ X is the canonical embedding induced by the embeddings E1
ik

and E0
ik

, where
k P t1, . . . , nu, and the dependent assignment routine f :

Ż

pn,uqPSpI,ΛpXqq Fpdom0pn, uq,Rq

15The fact that
řn

k“1 akχik is strongly extensional is based on Remark 3.5 and the following properties of
a, b P R: a ` b ą 0 ñ a ą 0 _ b ą 0 and a ¨ b ą 0 ñ a ‰R 0 ^ b ‰R 0 (see [BB85], p. 26 and [Pet18], p. 17,
respectively).

16The elements of SpI,ΛpXqq are pairs pn, uq, where n P N` and u “
`

pa1, i1q, . . . , pan, inq
˘

is an n-tuple
of pairs in R ˆ I. With a bit of abuse of notation we also write the elements of this Sigma-set as pak, ikq

n
k“1,

which is more convenient and contains all the information needed to write down the corresponding element
in its proper form.
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given by fpn,uq :“
řn

k“1 akχik , for every n P N` and every u :“
`

pa1, i1q, . . . , pan, inq
˘

. We
now take SpI,ΛpXqq to be equipped with the equality

pak, ikqnk“1 “SpI,ΛpXqq pbℓ, jℓq
m
ℓ“1 :ô

n
ÿ

k“1

akχik “FsepXq

m
ÿ

ℓ“1

bℓχjℓ

and define the set of simple functions as the SpI,ΛpXqq-set of strongly extensional partial
functions SimplepΛpXqq :“

`

dom0,Z, dom1, f
˘

P Setse
`

SpI,ΛpXqq, X,R
˘

, where dom1 is
defined through dependent unique choice as explained in Definition 5.2.

It is immediate to show that SimplepΛpXqq is a set of strongly extensional, partial
functions over SpI,ΛpXqq. Next we translate the results from [BB85] needed to prove that
the simple functions form a pre-integration space. For the most part the proofs of the many
lemmas work exactly analogous to the corresponding ones in [BB85], so we won’t give them
here. Some of the results can however be sharpened, thus allowing us to avoid the axiom of
countable choice altogether, and we present the proofs of those results. First, we state the
predicative analogues of lemmas (10.2) - (10.5) of chapter 6 in [BB85]. One of the reasons
working always with an inhabited set X is that an element x0 P X is needed in Bishop’s
negativistic definition of the empty subset17 HX of X (see [Bis67], p. 65).

Lemma 9.2. Let MpΛq :“ pX, I, µq be a pre-measure space, i1, ..., in P I, and F :“
Şn

k“1 domik .
(i) If i P I such that λ10piq “ HX , then µpiq “ 0.
(ii) There is j P I such that λ0pjq “ pHX , F q.
(iii) If j P I, then there is k P I such that λ0pkq “ pλ10pjq X F, λ00pjq X F q and µpkq “ µpjq.
(iv) If i, j P I, F 1 :“ domi X domj X F , and χipxq ď χjpxq, for every x P F 1, then

µpiq ď µpjq.

Remark 9.3. For the proof of Lemma 9.2 it suffices to use condition pPMS˚
2q. It is only

here that we rely on pPMS2q, or pPMS˚
2q.

Many later proofs rely on the fact that we can restrict our attention to disjoint simple
functions. The next lemma, which corresponds to lemma (7.8) of chapter 6 in [BB85], makes
this fact precise.

Lemma 9.4.
(i) If n :“ t1, . . . , nu, the assignment routine disjrep : SpI,ΛpXqq ù SpI,ΛpXqq

pak, ikqnk“1 ÞÑ

ˆ

ÿ

fpkq“1

ak , jf :“

ˆ

ľ

fpkq“1

ik

˙

„

ˆ

ł

fpkq“0

ik

˙˙

fPFpn,2q

is a function equal to idSpI,ΛpXqq. If v P SpI,ΛpXqq and disjreppvq :“ pbℓ, jℓq
m
ℓ“1,

then the complemented subsets λ0pjℓq are disjoint, i.e., if ℓ ‰ k, then χjk ¨ χjℓ “ 0 on
domjl X domjk .

(ii) For every v :“ pak, ikqnk“1 P SpI,ΛpXqq we have
n
ÿ

k“1

ak ¨ µpikq “
ÿ

fPFpn,2q

ˆ

ÿ

fpkq“1

ak

˙

¨ µpjf q

where jf P I is defined, for every f P Fpn, 2q, as in (i).
17For a positively defined empty subset of X see [PW22].
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Remark 9.5. If v P SpI,ΛpXqq, we call disjreppvq the disjoint representation of v. The
above lemma allows us to restrict our attention to disjoint simple functions, whenever we
want to prove a statement for all simple functions. Combining this with the fact that we
can prove statements about simple function by induction on their first component n P N`

we can show that some extensional property P holds for all v P SpI,ΛpXqq if can show the
following:
‚ P holds for all simple functions of length one v :“ pa, iq, with a P R and i P I.
‚ If P holds for v “ pak, ikqnk“1 disjoint and we have an`1 P R and in`1 P I disjoint from any

of the indices i1, ..., in P I, then P also holds for pak, ikq
n`1
k“1 P SpI,ΛpXqq.

Lemma 9.6.
(i) Let v :“ pak, ikqnk“1, w :“ pbℓ, jℓq

m
ℓ“1 P SpI,ΛpXqq such that

n
ÿ

k“1

ak ¨ χikpxq ď

m
ÿ

ℓ“1

bℓ ¨ χjℓpxq

for all x P F :“
`
Şn

k“1 domik

˘

X
`
Şm

ℓ“1 domjl

˘

, then
řn

k“1 ak ¨ µpikq ď
řm

ℓ“1 bℓ ¨ µpjℓq.
(ii) The assignment-routine

ş

_dµ : SpI,ΛpXqq ù R, defined by

pak, ikqnk“1 ÞÑ

n
ÿ

k“1

ak ¨ µpikq,

is a function.

The next lemma is a slight improvement of Lemma 10.8 in [BB85] that will allow us to
proceed without using the axiom of countable choice in the proof of Theorem 9.9. It is at
this point that we use the induction principle for disjoint simple functions as described in
Remark 9.5.18

Lemma 9.7. If S`pI,ΛpXqq :“ tv P SpI,ΛpXqq | fv ě 0u is the set of positive simple
functions, then there is a function ϕ : N` ˆ S`pI,ΛpXqq Ñ I, with pN, vq ÞÑ ϕN pvq P I,
such that for every N P N` and every v P S`pI,ΛpXqq, the following conditions hold:

(i) domϕN pvq Ď dom0pvq.
(ii) @xPλ0

0pϕN pvqq

`

fvpxq ă N´1
˘

.
(iii) µpϕN pvqq ď 2N

ş

v dµ.

Proof. Let N P N`. For the base case let a P Rě0 and i P I. We construct ϕN pa, iq P I
satisfying
‚ λ10pϕN pa, iqq Y λ00pϕN pa, iqq Ď λ10piq Y λ00piq,
‚ @xPλ0

0pϕN pa,iqq

`

aχipxq ă N´1
˘

,
‚ µpϕN pa, iqq ď 2Naµpiq.
Since p2Nq´1 ă N´1 we get that a ă N´1 or a ą p2Nq´1 and using an algorithm that lets
us decide which case obtains (using Corollary 2.17 in [BB85]) we set

ϕN pa, iq :“

#

i „ i, if a ă N´1

i, if a ą p2Nq´1.

18We owe this alternative proof to a note of the late Erik Palmgren found in the copy of the book [BB85]
by Bishop and Bridges that Erik used to own.
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Using the fact that λ0pi „ iq “ pH, λ10piq Y λ00piqq, the verifications of the above properties
become routine for both possible values of ϕN pa, iq. For the inductive step we assume that we
have a disjoint v “ pak, ikqnk“1 P S`pI,ΛpXqq satisfying the above conditions and an`1 ě 0

and in`1 P I disjoint from all the i1, ..., in. Let w “ pak, ikq
n`1
k“1 Working similarly, we set

ϕN pwq :“

#

ϕN pvq _ pin`1 „ in`1q, if an`1 ă N´1

ϕN pvq _ in`1, if an`1 ą p2Nq´1.

First, assume that an`1 ă N´1. We have that

λ0pϕN pwqq :“
`

λ10pϕN pvqq X pλ10pin`1q Y λ00pin`1qq , λ00pϕN pvqq X pλ10pin`1q Y λ00pin`1qq
˘

.

The first condition then follows immediately from the inductive hypothesis. Now let x P ϕN pwq

and observe that this means that either x P λ00pϕN pvqqYλ10pin`1q or x P λ00pϕN pvqqYλ00pin`1q.
In the first case we get that fwpxq “ an`1 ă N´1 by our disjointness assumption and in the
second case we get fwpxq “ fvpxq ă N´1 by the inductive hypothesis. Finally, we get

µpϕN pwqq ď µpϕN pvqq ` µpin`1 „ in`1q ď µpϕN pvqq ď 2N

ż

v dµ ď 2N

ż

w dµ.

Next we assume that an`1 ą p2Nq´1. We have that

λ10pϕN pwqq :“ pλ10pϕN pvqq X λ10pin`1qq Y pλ10pϕN pvqq X λ00pin`1qq Y pλ00pϕN pvqq X λ10pin`1qq

λ00pϕN pwqq :“ λ00pϕN pvqq X λ00pin`1q

By the inductive hypothesis the first two conditions follow easily, and for the third we get

µpϕN pwqq ď µpϕN pvqq ` µpin`1q ď 2N

ż

v dµ` 2Nan`1µpin`1q “ 2N

ż

w dµ.

It is straightforward to check that the properties of cases (i)-(iii) are extensional.

The last lemma needed for the proof of Theorem 9.9 corresponds to Lemma 10.9 in [BB85],
and although it reads similar to Lemma 9.7, the way it is used in the proof of Theorem 9.9
does not invoke countable choice and it doesn’t allow for an induction proof. Hence, we state
it without proof, as a rather direct translation of Lemma 10.9 in [BB85].

Lemma 9.8. Let v :“ pak, ikqnk“1 P SpI,ΛpXqq and c ą 0, such that fv ď c on dom0pvq. If
i P I, such that fv ď 0 on λ00piq X dom0pvq, then for every ε ą 0 there is j P I satisfying the
following conditions:

(i) domj Ď dom0pvq.
(ii) @xPλ0

1pjq

`

fvpxq ą ε
˘

.
(iii) µpjq ě c´1

` ş

v dµ´ 2εµpiq
˘

.

Putting everything together we can prove the main result of this section. The proof follows
closely [BB85] but avoids countable choice by using our Lemma 9.7 instead of Lemma 10.8
of [BB85] at the corresponding point in the proof. We refer to [Zeu19] for details.

Theorem 9.9. The structure
`

X,SpI,ΛpXqq, SimplepΛpXqq,
ş

_dµ
˘

is a pre-integration
space.
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10. Canonically integrable functions

One of the most central constructions in BCMT is the completion or, to be more precise, the
L1-completion of a Bishop-Cheng integration space. To avoid the impredicativities of this
definition within BCMT, we first present in this section the canonically integrable functions
explicitly as a family of partial functions. We then show that this family admits the structure
of a pre-integration space and explain in what sense it can be seen as the completion of our
original pre-integration space. We follow closely Section 2 of Chapter 6 in [BB85], with the
exception that we make almost no mention of full sets. This is because quantification over full
sets is not allowed, even though the property of being a full set can be defined predicatively.
We will discuss this in more detail below. As a result, a few of the key lemmas in [BB85]
are missing in our setting, making some of the proofs, like the one of Theorem 10.4, more
tedious. We start by giving some basic results on pre-integration spaces, which we will only
state without proof, as those work completely analogous to the ones in [BB85], pp. 217–218.
For the remainder of this section we fix a pre-integration space L0 :“

`

X, I,ΛpX,Rq,
ş ˘

.

Lemma 10.1.
(i) Let i P I and α : N` Ñ I, such that for all n P N` we have fαn ě 0 and

ř

nPN`

ş

αn P R,
and

ş

i`
ř

nPN`

ş

αn ą 0. Then there exists x P λ0piq X
Ş

nPN` λ0pαnq such that
ÿ

nPN`

fαnpxq P R & fipxq `
ÿ

nPN`

fαnpxq ą 0.

(ii) @iPI

`

fi ě 0 ñ
ş

i ě 0
˘

.
(iii) @iPI

`

|
ş

i| ď
ş

|i|
˘

.
(iv) If i, j P I such that fipxq ď fjpxq, for every x P λ0piq X λ0pjq, then

ş

i ď
ş

j.

In classical measure theory, two functions in L1 are identified, if they agree almost everywhere.
In BCMT, two integrable functions in the L1-completion of an integration space are identified,
if they agree on a full set. In [BB85] each function f in L1 comes with a representing sequence
pfnqn of functions from the base integration space.19 Each representing sequence defines
the canonically integrable function

ř

n fn on a full domain, and the represented function f
agrees with

ř

n fn on this domain, i.e. they are identified in L1. Classically speaking, each
equivalence class of L1 contains a canonically integrable function given by the representing
sequence of an element of the equivalence class. This means that without loss of generality, we
can describe L1 predicatively by focusing only on representing sequences and their associated
canonically integrable functions.

Definition 10.2. The set of representations of L0 is the totality

I1 :“

"

α P FpN`, Iq |

8
ÿ

n“1

ż

|αn| P R

*

,

Let ν0 : I1 ù V0 be given by

ν0pαq :“

"

x P

8
č

n“1

λ0
`

αn

˘

|

8
ÿ

n“1

|fαnpxq| P R

*

.

19This approach to the definition of L1 was developed by Bishop and Cheng in [BC72] a few years prior
to Mikusiński’s similar approach to L1 within the classical Daniell integration theory (see [Mik78, Mik89]).
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Furthermore, let H :
Ż

αPI1
Fpν0pαq, Xq be the dependent assignment routine where Hα :

ν0pαq ãÑ X is the canonical embedding induced by the embeddings λ0pαnq ãÑ X and the
dependent assignment routine g :

Ż

αPI1
Fpν0pαq,Rq given by gαpxq :“

ř8
n“1 fαnpxq, for every

x P ν0pαq. We now take I1 to be equipped with the equality

α “I1 β :ô
`

ν0pαq,Hα, gα
˘

“FsepXq

`

ν0pβq,Hβ, gβ
˘

and define the set of canonically integrable functions as the I1-set of strongly extensional20,
partial functions Λ1 :“ pν0,H, ν1, gq, where ν1 is defined through dependent unique choice
as explained in Definition 5.2.

Let the canonical embedding of I into I1 be the assignment routine h : I ù I1, defined
by the rule i ÞÑ

`

i, 0 ¨ i, 0 ¨ i, . . .
˘

.

Clearly the assignment routine h is an embedding, since

i “I j :ô fi “FsepXq fj

ô

ˆ

λ0piq, Ei, fi `

8
ÿ

n“2

0 ¨ fi

˙

“FsepXq

ˆ

λ0pjq, Ej , fj `

8
ÿ

n“2

0 ¨ fj

˙

ô hpiq “I1 hpjq,

as one can easily verify that λ0piq Ď ν0phpiqq and λ0pjq Ď ν0phpjqq.
Following [BB85], p. 224, and with a bit of abuse of notation, we can define basic

functions on I1 such as

_ ` _ : I1 ˆ I1 Ñ I1, α ` β :“ pα1, β1, α2, β2, . . .q,

satisfying

gα`β “FsepXq gα ` gβ & hpi` jq “I1 hpiq ` hpjq.

Similarly, we obtain functions _ ¨_ : R ˆ I1 Ñ I1 and |_|, ^1 : I1 Ñ I1 commuting with their
counterparts on I and the corresponding operations on FsepXq. Note that for construction
of these sequences no choice principles are needed. Finally, the integral

ş

: I1 Ñ R is given by
ż

α :“
ÿ

n

ż

αn,

It is clear that
ş

hpiq “
ş

i for all i P I, which justifies our overloaded notation
The proof of the next lemma follows section 2 of chapter 6 in [BB85].

Lemma 10.3.
(i) @αPI1

`ˇ

ˇ

ş

α
ˇ

ˇ ď
ş

|α|
˘

.
(ii) If α P I1, such that @xPν0pαq

`

gαpxq ě 0
˘

, then
ş

α ě 0.
(iii) If α, β P I1, such that @xPν0pαqXν0pβq

`

gαpxq ď gβpxq
˘

, then
ş

α ď
ş

β.
(iv) There is a function ψ : I1 ˆ N` Ñ I1, such that for every α P I1 and n P N`,

ψpα, nq “I1 α and
ÿ

kPN`

ż

|ψpα, nqk| ď 2´n `

ż

|α|.

20By Proposition 7.4.
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Lemma 10.3(iv) is formulated in a way that allows us to avoid countable choice, by explicitly
constructing function ψ. Unlike in the previous section, we can however still follow the proof
of Lemma 2.14 in [BB85]. We are now able to prove the predicative version of Lebesgue’s
series theorem. The proof generally follows the proof of Theorem 2.15 in [BB85], but we
have to be a bit more cautious, since we don’t have a set of a full sets at hand. For a subset
A we can predicatively define what it means to be full, namely DαPI1ν0pαq Ď A. However,
the totality of full sets is still defined through separation from PpXq and quantification over
full sets is thus not possible.

Theorem 10.4. Let Γ: N` Ñ I1, such that
ř

nPN`

ş

|Γn| P R, and

A :“

"

x P

8
č

n“1

ν0
`

Γn

˘

|

8
ÿ

n“1

|gΓnpxq| P R

*

Then there exists α P I1 such that ν0pαq Ď A (i.e. A is full) and

@xPν0pαq

ˆ

gαpxq “

8
ÿ

n“1

gΓnpxq

˙

.

Moreover, if α P I1 fulfills the above condition, then limNÑ8

ş
ˇ

ˇα ´
řN

n“1 Γn

ˇ

ˇ “ 0.

Proof. We only give a proof sketch and refer the reader to the proof of Theorem 4.3.12
in [Zeu19] for details. For each n P N` let βn :“ ψpΓn, nq with ψ as in Lemma 10.3(iv) i.e.,
βn P I1, such that for all n P N` we have βn “I1 Γn and

8
ÿ

k“1

ż

|βnk| ă 2´n `

ż

|Γn|.

It follows that
ř8

n“1

ř8
k“1

ş

|fβnk
| P R. Let

B :“

"

x P
č

nPN`

č

kPN

λ0pβnkq |

8
ÿ

n“1

8
ÿ

k“1

|fβnk
pxq| P R

*

and fix a suitable bijection φ : N` Ñ N` ˆ N` (e.g. as in section 2.3 of [Zeu19]). Let
α : N` Ñ I be given by αn :“ βpr1pφpnqq pr2pφpnqq, then21 ř8

n“1

ş

|αn| “
ř8

n“1

ř8
k“1

ş

|βnk| P R
and hence α P I1. Using the same argument about double series, we can construct an equality
of partial functions:

´

ν0pαq, Hα, gα

¯

“FsepXq

´

B, iB,
8
ÿ

n“1

8
ÿ

k“1

fβnk

¯

21If pxnkqn,kPN` is a sequence of sequences of reals and if pym :“ xpr1pφpmqqpr2pφpmqqqmPN` , then
ř

n

ř

k xnk

converges absolutely if and only if
ř

m ym converges absolutely, and in this case the two sums are equal. This
fact can be proven constructively and without choice principles for a concrete, suitably chosen φ, see Lemma
2.3.2 in [Zeu19].
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The moduli of equality ν1pβn,Γnq give inclusions ν0pβnq ãÑ ν0pΓnq for n P N` and induce an
embedding e : B ãÑ A such that the following diagram commutes

X

ν0pαq B A

R.
gα“

ř

n fαn

e

iB

ř

n

ř

k fβnk

iA

ř

n gΓn

To show the second part of the theorem, let N P N` and α P I1 such that α satisfies the
conditions of the first part of the theorem and set γ :“

ˇ

ˇα ´
řN

n“1 Γn

ˇ

ˇ P I1. If δ : N` Ñ I is
an enumeration of the terms

´γ1 ´γ2 ´γ3 ¨ ¨ ¨

|βpN`1q 1| |βpN`1q 2| |βpN`1q 3| ¨ ¨ ¨

|βpN`2q 1| |βpN`2q 2| |βpN`2q 3| ¨ ¨ ¨
...

...
...

. . .

into a single sequence using the bijection φ : N` Ñ N`ˆN`, then
ř8

n“1

ş

|δn| “
ř8

n“1

ş

|γn| `
ř8

n“N`1

ř8
k“1

ş

|βnk| P R, i.e. δ P I1. Following the proof in [BB85] (p. 229), for each x P ν0pδq

we get that
8
ÿ

n“1

fδnpxq “

8
ÿ

n“N`1

8
ÿ

k“1

|fβnk
|pxq ´

8
ÿ

m“1

fγmpxq ě 0

By Lemma 10.3(ii) it follows that
ş

δ ě 0. Hence

0 ď

ż
ˆˇ

ˇ

ˇ

ˇ

α ´

N
ÿ

n“1

Γn

ˇ

ˇ

ˇ

ˇ

˙

“

ż

γ “

8
ÿ

n“1

ż

γn

ď

8
ÿ

n“N`1

8
ÿ

k“1

ż

|βnk| ď

8
ÿ

n“N`1

ˆ

2´n `

ż

|Γn|

˙

,

and the last expression converges to 0 for N Ñ 8.

Corollary 10.5. If α P I1, then limNÑ8

ş
ˇ

ˇα ´
řN

n“1 αn

ˇ

ˇ “ 0.

With Lebesgue’s series theorem at hand we can now show that the canonically integrable
functions form a pre-integration space, and as such the complete extension of the pre-
integration space L0. All these proofs follow closely [BB85] so we will omit them altogether.
The final Theorem 2.18 of section 2 of chapter 6 of [BB85] becomes:

Theorem 10.6.
`

X, I1,Λ1,
ş ˘

is a pre-integration space.

In order to treat L1 as the completion of L0, we introduce the 1-norm of L0. In classical
measure theory one often identifies integrable functions that agree almost everywhere and
the normed space L1 is defined modulo this equivalence relation. The positive, constructive
counterpart of this is to identify functions in the complete extension of an integration space
that agree on a full set. Proposition 2.12 in [BB85], p. 227, then tells us that we can define
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the 1-norm modulo this equality. Since in our predicative setting, we don’t have recourse
to a set of full set, we need to introduce the 1-norm a bit differently. The following fact is
straightforward to show.

Proposition 10.7. Let p P I, such that
ş

p “ 1.
(i) If i, j P I, the relation i “ş j :ô

ş

|i´ j| “ 0 is an equivalence relation on I.
(ii) The assignment routine

ş

: pI,“şq ù R, given by the rule i ÞÑ
ş

i is a function.
(iii) The functions ¨ and ` turn pI,“şq into an R-vector space with neutral element 0 ¨ p.
(iv) The function ||_||1 : I Ñ Rě0, given by the rule

|| i ||1 :“

ż

|i|,

is a norm on
`

pI,“şq , ¨,`, 0 ¨ p
˘

.

Putting everything together, and in correspondence to Corollaries 2.16, 2.17 in [BB85], we
get the following.

Theorem 10.8.
(i) The canonical embedding h : I ãÑ I1 is norm-preserving.
(ii) pI,“ş, ||_||1q is a dense subspace of pI1,“ş, ||_||1q through h.
(iii) I1 is complete with respect to ||_||1.

11. Concluding remarks and future work

We presented here the first steps towards a predicative reconstruction PBCMT of the original
impredicative Bishop-Cheng theory of measure and integration BCMT. Based on the theory
of set-indexed families of sets within BST, we studied the notions of a pre-measure and pre-
integration space, as predicative reformulations of the notions of a measure and integration
space in BCMT. As first fundamental examples we presented

(i) the Dirac measure as a pre-measure,
(ii) the pre-integration space associated to a locally compact metric space with a modulus

of local compactness, and
(iii) the pre-integration space of simple functions generated by a pre-measure space.

Finally, we gave a predicative treatment of L1 as an appropriate completion of the pre-
integration space of the canonically integrable functions. Using arguments that avoided the
use of full sets and the principle of countable choice, we managed to prove a predicative
version of the constructive Lebesgue’s series theorem.

A predicative definition of L1 ensures that all concepts defined through quantification
over L1 in BCMT become predicative in PBCMT. For example, quantification over L1 is used in
the Bishop-Cheng definition of a full set22 (see [BB85], p. 224), a constructive counterpart to
the complement of a null set in classical measure theory, and in the Bishop-Cheng definition
of almost everywhere convergence (see [BB85], p. 265). Our predicative treatment of L1 is
the first, clear indication that the computational content of measure theory can be grasped
by PBCMT.

22The property of being a full set can indeed be defined predicatively by quantification over the set I1.
However, the totality of full sets is still defined by separation from the class of all subsets and thus itself a
proper class.
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Many question arise naturally from our current work. In [BB85], pp. 232–236, the
measure space of an integration space is constructed. A complemented subset A of X is
called integrable, if its characteristic function χA is in L1, and the measure µpAq is the integral
ş

χA. A predicative treatment of the pre-measure space induced by a pre-integration space
is expected to be given by describing the intersection M “ L1 X FsepX,2q as an appropriate
set of complemented subsets. The exact relation between the pre-measure space of the pre-
integration space of a given pre-measure space with the original pre-measure space needs to
be determined. And similarly for the pre-integration space of the pre-measure space of a given
pre-integration space. One must also investigate, if the expected (pre-)measure space of the
pre-integration space

`

X, I1,Λ1,
ş

1

˘

is complete, in the sense of a predicative reformulation
of the definition of a complete measure space (see [BB85], pp. 288-289 and [Pet20b], p. 209).

The Radon-Nikodym theorem is a core result of classical measure theory, according to
which, under appropriate conditions, measures can be expressed as integrals

νpAq “

ż

A
fdµ

with respect to other measures. Following the Daniell approach, Shilov and Gurevich offer
a classical treatment of the Radon-Nikodym theorem in [SG66]. Although Bishop tackled
it already in [Bis67], he humbly admitted that his treatment “follows the classical pattern,
except that it is much messier”, partly due to the trade-off requirement of posing stronger
hypotheses. In the light of BCMT, Bridges offered an improved and extended constructive
version [Bri77], which led to the revised, joint account with Bishop given in [BB85]. The
definition of the notion of absolute continuity of one integral over another one, which is
central to this constructive proof of the Radon-Nikodym theorem, is impredicative. It requires
quantification over all integrable sets, and therefore over the proper class of complemented
subsets. As L1 is here predicatively defined, a predicative treatment of the constructive
Radon-Nikodym theorem within PBCMT is expected to be possible.

Bishop and Cheng introduced profiles in [BC72] as an auxiliary concept in order to address
convergence in the class of integrable functions. The profile theorem expresses positively
the classical fact that an increasing function on the reals can have at most countably many
discontinuities. At the same time, it is responsible for an abundant supply of integrable
sets within BCMT. It also implies the uncountability of reals, and since there are countable
sheaf models of reals [Spi06b], there is no hope of proving the profile theorem constructively
without employing some choice principle. A proof of a choice-free version of the profile
theorem was given by Spitters [Spi06b], using Coquand’s point-free version of the Stone
representation theorem. The question whether we can recover the basic applications of the
theory of profiles through a choice-free variation of its basic notions and results within PBCMT
is an important open problem.
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