Logical Methods in Computer Science
Volume 21, Issue 1, 2025, pp. 3:1-3:39 Submitted  Jul. 19, 2023
https://Imcs.episciences.org/ Published Jan. 10, 2025

HYPERLTL SATISFIABILITY IS HIGHLY UNDECIDABLE,
HYPERCTL* IS EVEN HARDER

MARIE FORTIN ©*, LOUWE B. KUIJER ©°, PATRICK TOTZKE ©°,
AND MARTIN ZIMMERMANN @ ¢

¢ Université Paris Cité, CNRS, IRIF, France
e-mail address: mfortin@irif.fr

® University of Liverpool, UK
e-mail address: Louwe.Kuijer@liverpool.ac.uk, totzke@liverpool.ac.uk

¢ Aalborg University, Denmark
e-mail address: mzi@cs.aau.uk

ABSTRACT. Temporal logics for the specification of information-flow properties are able
to express relations between multiple executions of a system. The two most important
such logics are HyperLTL and HyperCTL*, which generalise LTL and CTL* by trace
quantification. It is known that this expressiveness comes at a price, i.e. satisfiability is
undecidable for both logics.

In this paper we settle the exact complexity of these problems, showing that both are
in fact highly undecidable: we prove that HyperLTL satisfiability is Yi-complete and
HyperCTL* satisfiability is ©3-complete. These are significant increases over the previously
known lower bounds and the first upper bounds. To prove 2-membership for HyperCTL*,
we prove that every satisfiable HyperCTL* sentence has a model that is equinumerous
to the continuum, the first upper bound of this kind. We also prove this bound to be
tight. Furthermore, we prove that both countable and finitely-branching satisfiability for
HyperCTL* are as hard as truth in second-order arithmetic, i.e. still highly undecidable.

Finally, we show that the membership problem for every level of the HyperLTL quantifier
alternation hierarchy is II{-complete.

1. INTRODUCTION

Most classical temporal logics like LTL and CTL* refer to a single execution trace at a time
while information-flow properties, which are crucial for security-critical systems, require
reasoning about multiple executions of a system. Clarkson and Schneider [CS10] coined
the term hyperproperties for such properties which, structurally, are sets of sets of traces.
Just like ordinary trace and branching-time properties, hyperproperties can be specified
using temporal logics, e.g. HyperLTL and HyperCTL* [CFK™14], expressive, but intuitive
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the HyperLTL alternation hierarchy.
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specification languages that are able to express typical information-flow properties such as
noninterference, noninference, declassification, and input determinism. Due to their practical
relevance and theoretical elegance, hyperproperties and their specification languages have
received considerable attention during the last decade.

HyperLTL is obtained by extending LTL [Pnu77], the most influential specification
language for linear-time properties, by trace quantifiers to refer to multiple executions of a
system. For example, the HyperLTL formula

vV, Glix < ig) — G(og > 0n/)

expresses input determinism, i.e. every pair of traces that always has the same input
(represented by the proposition 7) also always has the same output (represented by the propo-
sition o). Similarly, HyperCTL* is the extension of the branching-time logic CTL* [EH86] by
path quantifiers. HyperLTL only allows formulas in prenex normal form while HyperCTL*
allows arbitrary quantification, in particular under the scope of temporal operators. Conse-
quently, HyperLTL formulas are evaluated over sets of traces while HyperCTL* formulas
are evaluated over transition systems, which yield the underlying branching structure of the
traces.

All basic verification problems, e.g. model checking [BF22, BF23a, Fin21, FRS15],
runtime monitoring [AB16, BF16, BSB17, BF18, CFH*21, FHST18], and synthesis [BF20,
FHHT20, FHL*20], have been studied. Most importantly, HyperCTL* model checking
over finite transition systems is TOWER-complete [FRS15], even for a fixed transition
system [MZ20]. However, for a small number of alternations, efficient algorithms have been
developed and were applied to a wide range of problems, e.g. an information-flow analysis
of an I12C bus master [FRS15], the symmetric access to a shared resource in a mutual
exclusion protocol [FRS15], and to detect the use of a defeat device to cheat in emission
testing [BDFH16].

But surprisingly, the exact complexity of the satisfiability problems for HyperLTL
and HyperCTL* is still open. Finkbeiner and Hahn proved that HyperLTL satisfiability
is undecidable [FH16|, a result which already holds when only considering finite sets of
ultimately periodic traces and V3-formulas. In fact, Finkbeiner et al. showed that HyperLTL
satisfiability restricted to finite sets of ultimately periodic traces is ¥9-complete [FHH18]
(i.e. complete for the set of recursively enumerable problems). Furthermore, Hahn and
Finkbeiner proved that the 3*V*-fragment has decidable satisfiability [FH16] while Mascle
and Zimmermann studied the HyperLTL satisfiability problem restricted to bounded sets
of traces [MZ20]. The latter work implies that HyperLTL satisfiability restricted to finite
sets of traces (even non ultimately periodic ones) is also X{-complete. Following up on the
results presented in the conference version of this article [FKTZ21], Beutner et al. studied
satisfiability for safety and liveness fragments of HyperLTL [BCF*22|. Finally, Finkbeiner
et al. developed tools and heuristics [BF23a, FHH18, FHS17].

As every HyperLTL formula can be turned into an equisatisfiable HyperCTL* formula,
HyperCTL* satisfiability is also undecidable. Moreover, Rabe has shown that it is even
Y1-hard [Rabl6], i.e. it is not even arithmetical. However, both for HyperLTL and for
HyperCTL* satisfiability, only lower bounds, but no upper bounds, are known.

Our Contributions. In this paper, we settle the complexity of the satisfiability problems
for HyperLTL and HyperCTL* by determining exactly how undecidable they are. That
is, we provide matching lower and upper bounds in terms of the analytical hierarchy and
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beyond, where decision problems (encoded as subsets of N) are classified based on their
definability by formulas of higher-order arithmetic, namely by the type of objects one can
quantify over and by the number of alternations of such quantifiers. We refer to Roger’s
textbook [Rog87] for fully formal definitions. For our purposes, it suffices to recall the
following classes. ¥ contains the sets of natural numbers of the form

{zx € N|3xg. - Jzp. ¥(x,20,...,2)}

where quantifiers range over natural numbers and ) is a quantifier-free arithmetic formula.
The notation Y signifies that there is a single block of existential quantifiers (the subscript 1)
ranging over natural numbers (type 0 objects, explaining the superscript 0). Analogously, ¥1
is induced by arithmetic formulas with existential quantification of type 1 objects (functions
mapping natural numbers to natural numbers) and arbitrary (universal and existential)
quantification of type 0 objects. Finally, ¥? is induced by arithmetic formulas with existential
quantification of type 2 objects (functions mapping type 1 objects to natural numbers) and
arbitrary quantification of type 0 and type 1 objects. So, ¥ is part of the first level of the
arithmetic hierarchy, ¥1 is part of the first level of the analytical hierarchy, while ¥? is not
even analytical.

In terms of this classification, we prove that HyperLTL satisfiability is ¥1-complete while
HyperCTL* satisfiability is X3-complete, thereby settling the complexity of both problems
and showing that they are highly undecidable. In both cases, this is a significant increase of
the lower bound and the first upper bound.

First, let us consider HyperLTL satisfiability. The X1 lower bound is a straightforward
reduction from the recurrent tiling problem, a standard E%—complete problem asking whether
N x N can be tiled by a given finite set of tiles. So, let us consider the upper bound: i
allows to quantify over type 1 objects: functions from natural numbers to natural numbers,
or, equivalently, over sets of natural numbers, i.e. countable objects. On the other hand,
HyperLTL formulas are evaluated over sets of infinite traces, i.e. uncountable objects. Thus,
to show that quantification over type 1 objects is sufficient, we need to apply a result
of Finkbeiner and Zimmermann proving that every satisfiable HyperLTL formula has a
countable model [FZ17]. Then, we can prove 2%—membership by expressing the existence of
a model and the existence of appropriate Skolem functions for the trace quantifiers by type 1
quantification. We also prove that the satisfiability problem remains E%—complete when
restricted to ultimately periodic traces, or, equivalently, when restricted to finite traces.

Then, we turn our attention to HyperCTL* satisfiability. Recall that HyperCTL*
formulas are evaluated over (possibly infinite) transition systems, which can be much larger
than type 2 objects, as the cardinality of type 2 objects is bounded by ¢, the cardinality
of the continuum. Hence, to obtain our upper bound on the complexity we need, just
like in the case of HyperLTL, an upper bound on the size of minimal models of satisfiable
HyperCTL* formulas. To this end, we generalise the proof of Finkbeiner and Zimmermann
to HyperCTL*, showing that every satisfiable HyperCTL* formula has a model of size c. We
also exhibit a satisfiable HyperCTL* formula . whose models all have at least cardinality c,
as they have to encode all subsets of N by disjoint paths. Thus, our upper bound ¢ is tight.

With this upper bound on the cardinality of models, we are able to prove E%—membership
of HyperCTL* satisfiability by expressing with type 2 quantification the existence of a model
and the existence of a winning strategy in the induced model checking game. The matching
lower bound is proven by directly encoding the arithmetic formulas inducing ¥? as instances of
the HyperCTL* satisfiability problem. To this end, we use the formula ¢, whose models have
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for each subset A C N a path encoding A. Now, quantification over type 0 objects (natural
numbers) is simulated by quantification of a path encoding a singleton set, quantification
over type 1 objects (which can be assumed to be sets of natural numbers) is simulated
by quantification over the paths encoding such subsets, and existential quantification over
type 2 objects (which can be assumed to be subsets of 2V) is simulated by the choice of
the model, i.e. a model encodes k subsets of 2V if there are k existential type 2 quantifiers.
Finally, the arithmetic operations can easily be implemented in HyperLTL, and therefore
also in HyperCTL*.

Using variations of these techniques, we also show that HyperCTL* satisfiability restricted
to countable or to finitely branching models is equivalent to truth in second-order arithmetic,
i.e. the question whether a given sentence of second-order arithmetic is satisfied in the
structure (N, 0,1, +,-, <). Restricting the class of models makes the problem simpler, but it
is still highly-undecidable.

After settling the complexity of satisfiability, we turn our attention to the HyperLTL
quantifier alternation hierarchy and its relation to satisfiability. Rabe remarks that the
hierarchy is strict [Rab16]. On the other hand, Mascle and Zimmermann show that every
HyperLTL formula has a polynomial-time computable equi-satisfiable formula with one
quantifier alternation [MZ20]. Here, we present a novel proof of strictness by embedding the
FO[<] alternation hierarchy, which is also strict [CB71, Tho81]. We use our construction to
prove that for every n > 0, deciding whether a given formula is equivalent to a formula with
at most n quantifier alternations is I1i-complete (I1} is the co-class of X1, i.e. containing the
complements of sets in 31).

2. PRELIMINARIES

Fix a finite set AP of atomic propositions. A trace over AP is a map t: N — 24P denoted
by t(0)t(1)t(2) - - -. Tt is ultimately periodic, if t = x -y for some z,y € (2AF)*F, i.e. there
are s,p > 0 with ¢(n) = t(n + p) for all n > s. The set of all traces over AP is (24F)«.

A transition system 7 = (V, E,v;,A) consists of a non-empty set V of vertices, a
set £ CV x V of (directed) edges, an initial vertex v; € V, and a labelling A: V — 2AF of
the vertices by sets of atomic propositions. We require that each vertex has at least one
outgoing edge. A path p through 7 is an infinite sequence p(0)p(1)p(2) - - - of vertices with
(p(n),p(n+1)) € E for every n > 0. The trace of p is defined as A(p(0))A(p(1))A(p(2)) - --

2.1. HyperLTL. The formulas of HyperLTL are given by the grammar
pu=3m. | Vr. | Y Yi=ar | [P VY | XY [pUy

where a ranges over atomic propositions in AP and where 7 ranges over a fixed countable
set V of (trace) variables. Conjunction, implication, and equivalence are defined as usual,
and the temporal operators eventually F and always G are derived as F ¢ = =) U and
Gy = -F ). A sentence is a formula without free variables.

The semantics of HyperLTL is defined with respect to a trace assignment, a partial
mapping IT: V — (247)%. The assignment with empty domain is denoted by IIy. Given a
trace assignment II, a variable 7, and a trace t we denote by II[r — ¢] the assignment that
coincides with IT everywhere but at m, which is mapped to t. Furthermore, II[j, c0) denotes
the trace assignment mapping every 7 in II's domain to II(7)(5)II(7)(j + D)II(7)(j +2)-- -,
its suffix from position j onwards.
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For sets T of traces and trace assignments II we define

o (T\1) | ay if a € TI(m)(0),

o (T.T0) =~ if (T,T1) I 9,

o (T.T0) =41 v s i (T.T0) = 461 or (T,TI) =

o (T.T0) =X 4 i (T, T1[1,00)) b= ¥,

o (T,1I) |= 91 Uy if there is a j > 0 such that (T,1II[j,00)) = ¥ and for all 0 < j’ < j:
(T, T1[}",00)) = 11,
(T7 IT) = 3. ¢ if there exists a trace t € T such that (T,II[r — t]) = ¢, and

)
(T,1I) |= VY. ¢ if for all traces t € T: (T, I[r — t]) = .

We say that T satisfies a sentence ¢ if (T,1Iy) = . In this case, we write T |= ¢ and say
that T is a model of p. Two HyperLTL sentences ¢ and ¢’ are equivalent if T' = ¢ if and
only if T'|= ¢’ for every set T of traces. Although HyperLTL sentences are required to be in
prenex normal form, they are closed under Boolean combinations, which can easily be seen
by transforming such a formula into an equivalent formula in prenex normal form.

2.2. HyperCTL*. The formulas of HyperCTL* are given by the grammar

pu=ar |~ |leVe|Xe|eUp|3Im. o|Vr. ¢

where a ranges over atomic propositions in AP and where 7 ranges over a fixed countable
set V of (path) variables, and where we require that each temporal operator appears in the
scope of a path quantifier. Again, other Boolean connectives and temporal operators are
derived as usual. Sentences are formulas without free variables.

Let T be a transition system. The semantics of HyperCTL* is defined with respect to a
path assignment, a partial mapping II from variables in V to paths of 7. The assignment
with empty domain is denoted by Ily. Given a path assignment II, a variable 7, and a path p
we denote by II[m — p| the assignment that coincides with II everywhere but at 7, which is
mapped to p. Furthermore, II[j, 00) denotes the path assignment mapping every 7 in II’s
domain to II(7)(j)II(7)(j + 1)II(7)(j + 2) - - -, its suffix from position j onwards.

For transition systems 7 and path assignments IT we define

o (T,II) = ar if a € A(TI1(7)(0)), where A is the labelling function of T,

o (T,1) & if (T,1I) = 9,

° (T,H) 'Z¢1V'¢2 if (T H) ):wl or (T H) ):@bg,

o (T,1I) = X4 if (T,11[1,00)) = ¢,

o (T,1I) = 91 Uy if there exists a j > 0 such that (7, I1[j,00)) |= 12 and for all 0 < j' < j:
(T, 115", 00)) = %1,

e (7,II) = 3m. o if there exists a path p of T, starting in rent(II), such that (7, I[r —

pl) |= ¢, and
o (T,1I) = V. ¢ if for all paths p of T starting in rent(I): (7,17 — p]) = ¢.

Here, rent(I1) is the initial vertex of II(), where 7 is the path variable most recently added
to or changed in II, and the initial vertex of 7 if II is empty.! We say that 7 satisfies a
sentence ¢ if (T,1IIy) = ¢. In this case, we write 7 |= ¢ and say that T is a model of .

IFor the sake of simplicity, we refrain from formalising this notion properly, which would require to keep
track of the order in which variables are added to or changed in II.
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2.3. Complexity Classes for Undecidable Problems. A type 0 object is a natural
number n € N, a type 1 object is a function f: N — N, and a type 2 object is a func-
tion f: (N — N) — N. As usual, predicate logic with quantification over type 0 objects
(first-order quantifiers) is called first-order logic. Second- and third-order logic are defined
similarly.

We consider formulas of arithmetic, i.e. predicate logic with signature (0,1, +,-, <)
evaluated over the natural numbers. With a single free variable of type 0, such formulas
define sets of natural numbers (see, e.g. Rogers [Rog87] for more details):

e ¥? contains the sets of the form {z € N | 3xg. ---3zp. ¥(x,0,...,7%)} where ¥ is a
quantifier-free arithmetic formula and the x; are variables of type O.
e Y1 contains the sets of the form {zx € N | Jx¢. ---Jzp. (2,20, .., 7))} where 1 is an

arithmetic formula with arbitrary (existential and universal) quantification over type 0
objects and the x; are variables of type 1.

e Y2 contains the sets of the form {zx € N | Jz¢. ---Jzp. (2,20, .., 7))} where 1 is an
arithmetic formula with arbitrary (existential and universal) quantification over type 0
and type 1 objects and the x; are variables of type 2.

Note that there is a bijection between functions of the form f: N — N and subsets of N,
which is implementable in arithmetic. Similarly, there is a bijection between functions of the
form f: (N — N) — N and subsets of 2V, which is again implementable in arithmetic. Thus,
whenever convenient, we use quantification over sets of natural numbers and over sets of sets
of natural numbers, instead of quantification over type 1 and type 2 objects; in particular
when proving lower bounds. We then include € in the signature.

Also, note that 0 and 1 are definable in first-order arithmetic. Thus, whenever convenient,
we drop 0 and 1 from the signature of arithmetic. In the same vein, every fixed natural
number is definable in first-order arithmetic.

3. HYPERLTL SATISFIABILITY IS Z{-COMPLETE

In this section, we settle the complexity of the satisfiability problem for HyperLTL: given a
HyperLLTL sentence, determine whether it has a model.

Theorem 3.1. HyperLTL satisfiability is X1 -complete.

We should contrast this result with the %{-completeness of HyperLTL satisfiability re-
stricted to finite sets of ultimately periodic traces [FHH18, Theorem 1]. The Z%—completeness
of HyperLTL satisfiability in the general case implies that, in particular, the set of satisfiable
HyperLTL sentences is neither recursively enumerable nor co-recursively enumerable. A
semi-decision procedure, like the one introduced in [FHH18]| for finite sets of ultimately
periodic traces, therefore cannot exist in general.

3.1. HyperLTL satisfiability is in ¥1. The X1 upper bound relies on the fact that every
satisfiable HyperLTL formula has a countable model [FZ17]. This allows us to represent
these models, and Skolem functions on them, by sets of natural numbers, which are type 1
objects. In this encoding, trace assignments are type 0 objects, as traces in a countable
set can be identified by natural numbers. With some more existential type 1 quantification
one can then express the existence of a function witnessing that every trace assignment
consistent with the Skolem functions satisfies the quantifier-free part of the formula under
consideration.
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Lemma 3.2. HyperLTL satisfiability is in Y1

Proof. Let ¢ be a HyperLTL formula, let ® denote the set of quantifier-free subformulas of ¢,
and let I be a trace assignment whose domain contains the variables of . The expansion
of ¢ on IT is the function e, 1: ® x N — {0,1} with

1 if II[j, 00) = %, and
0 otherwise.

ecp,l_[(waj) = {

The expansion is completely characterised by the following consistency conditions:
epn(ar, j) =1 if and only if a € II(7)(j).

epn(—, j) =1 if and only if e, 11(¢, j) = 0.

eon(P1 Vo, j) = 1 if and only if e, (1, 5) = 1 or e, 11 (¢, 5) = 1.

eon(X1),j) =1if and only if e, (v, 5 +1) = 1.

eom(¥1 U, j) = 1 if and only if there is a j° > j such that e, m(¢2,5') = 1 and
eo (12, 5") =1 for all j” in the range j < j” < j.

Every satisfiable HyperLTL sentence has a countable model [FZ17]. Hence, to prove that
the HyperLTL satisfiability problem is in E%, we express, for a given HyperLTL sentence ¢
encoded as a natural number, the existence of the following type 1 objects (relying on the
fact that there is a bijection between finite sequences over N (denoted by N*) and N itself):

e A countable set of traces over the propositions of ¢ encoded as a function 7" from N x N to
N, mapping trace names and positions to (encodings of) subsets of the set of propositions
appearing in .

e A function S from N x N* to N to be interpreted as Skolem functions for the existentially
quantified variables of ¢, i.e. we map a variable (identified by a natural number) and a
trace assignment of the variables preceding it (encoded as a sequence of natural numbers)
to a trace name.

e A function F from N x N x N to N, where, for a fixed a € N encoding a trace assignment II,
the function z,y — F(a,z,y) is interpreted as the expansion of ¢ on II, i.e. x encodes a
subformula in ® and y is a position.

Then, we express the following properties using only type 0 quantification: For every trace
assignment of the variables in ¢, encoded by a € N, if a is consistent with the Skolem
function encoded by S, then the function z,y — E(a,x,y) satisfies the consistency conditions
characterising the expansion, and we have E(a,xg,0) = 1, where ¢ is the encoding of the
maximal quantifier-free subformula of . We leave the tedious, but standard, details to the
industrious reader. []

3.2. HyperLTL satisfiability is ¥}-hard. To prove a matching lower bound, we reduce
from the recurrent tiling problem [Har85], a standard Y}-complete problem.

Lemma 3.3. HyperLTL satisfiability is %1-hard.

Proof. A tile is a function 7: {east, west, north, south} — C that maps directions into a
finite set C of colours. Given a finite set T% of tiles, a tiling of the positive quadrant with T4
is a function #i: N x N — 7% with the property that:

e if ti(i,j) =7 and ti(i + 1, j) = 72, then 7y (east) = m2(west) and

o if ti(i,5) = 1 and ti(i,j + 1) = T2, then 71(north) = m(south).
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The recurring tiling problem is to determine, given a finite set 7% of tiles and a designated
70 € Ti, whether there is a tiling ¢ of the positive quadrant with 7% such that there
are infinitely many j € N such that ti(0,5) = 79. This problem is known to be 3i-
complete [Har85], so reducing it to HyperLTL satisfiability will establish the desired hardness
result.

In our reduction, each z-coordinate in the positive quadrant will be represented by a
trace, and each y-coordinate by a point in time.? In order to keep track of which trace
represents which z-coordinate, we use one designated atomic proposition x that holds on
exactly one time point in each trace: x holds at time ¢ if and only if the trace represents
x-coordinate 1.

For this purpose, let Ti and 7y be given, and define the following formulas® over
AP = {z} U Ti:

e Every trace has exactly one point where x holds:

o1 =7 (2, Uz AN X G —2y))

For every i € N, there is a trace with x in the i-th position:

w2 = (Im. xx) A (V1. Ima. F(zg, AX2py))

If two traces represent the same z-coordinate, then they contain the same tiles:

p3 =1, 72 (F(2m, A2my) = G( N (Tr, ¢ 7ny)))
T€Ti

Every time point in every trace contains exactly one tile:

oy =Vr. G \/ (T2 A /\ =(7")x)

TeTi e Ti\{r}

Tiles match vertically:
— /
w5 = vr. G !1.(7—# A \/T’G{T’E Ti|T(north)=7'(south)} X(T )ﬂ-)
e Tiles match horizontally:

e = V1, m2. (F(zm AX2my) = G \/ (Tr A \/
TeTi

(7))

T'e{r’' € Ti|r(east)=T'(west)}

e Tile 7y occurs infinitely often at x-position 0:
w7 =3r. (xx NGF(19)r)

Finally, take ¢ 1; = \;<,<7 ¢n. Collectively, subformulas ¢;-¢3 are satisfied in exactly
those sets of traces that can be interpreted as N x N. Subformulas ¢4—pg then hold if and
only if the N x N grid is correctly tiled with T%. Subformula @7, finally, holds if and only
if the tiling uses the tile 7g infinitely often at x-coordinate 0. Overall, this means ¢7; is
satisfiable if and only if 7% can recurrently tile the positive quadrant.

The Y1-hardness of HyperLTL satisfiability therefore follows from the ¥1-hardness of
the recurring tiling problem [Har85]. (]

2Note that this means that if we were to visually represent this construction, traces would be arranged
vertically.

3Technically7 the formula we define is not a HyperLTL formula, since it is not in prenex normal form.
Nevertheless, it can be trivially transformed into one by moving the quantifiers over conjunctions.
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The Y}-completeness of HyperLTL satisfiability still holds if we restrict to ultimately
periodic traces.

Theorem 3.4. HyperLTL satisfiability restricted to sets of ultimately periodic traces is
Y1-complete.

Proof. The problem of whether there is a tiling of {(7,7) € N2 | i > j}, i.e. the part of
N x N below the diagonal, such that a designated tile 7y occurs on every row, is also
Y1-complete [Har85].* We reduce this problem to HyperLTL satisfiability on ultimately
periodic traces.

The reduction is very similar to the one discussed above, with the necessary changes
being: (i) every time point beyond z satisfies the special tile “null”, (ii) horizontal and
vertical matching are only checked at or before time point = and (iii) for every trace 7; there
is a trace 7y such that my has designated tile 7 at the time where 7 satisfies = (so 7y holds
at least once in every row).

Membership in ¥} can be shown similarly to the proof of Lemma 3.2. So, the problem
is X1-complete. [

Furthermore, a careful analysis of the proof of Theorem 3.4 shows that we can restrict
ourselves to ultimately periodic traces of the form x - ()%, i.e. to essentially finite traces.

Finally, let us also state for completeness the complexity of finite-state satisfiability, i.e.,
the question whether a given HyperLTL sentence is satisfied by the set of traces of some
finite transition system. The result is a direct consequence of HyperLTL model-checking
being decidable [FRS15] (i.e., one can exhaustively enumerate and model-check all finite
transition systems), yielding the upper bound, and a careful analysis of the undecidability
proof for HyperLTL satisfiability due to Finkbeiner and Hahn: they present a reduction
from Post’s correspondence problem (PCP) to HyperLTL satisfiability so that the following
are equivalent for any PCP instance P and resulting HyperLTL sentence ¢p:

e P has a solution.
e p is satisfiable.
e ¢p has a finite model of ultimately periodic traces.

Proposition 3.5 [FRS15, FH16]. HyperLTL finite-state satisfiability is X -complete.

4. THE HYPERLTL QUANTIFIER ALTERNATION HIERARCHY

The number of quantifier alternations in a formula is a crucial parameter in the complexity
of HyperLTL model-checking [FRS15, Rab16]. A natural question is then to understand
which properties can be expressed with n quantifier alternations, that is, given a sentence ¢,
determine if there exists an equivalent one with at most n alternations. In this section, we
show that this problem is in fact exactly as hard as the HyperLTL unsatisfiability problem
(which asks whether a HyperLTL sentence has no model), and therefore I1}-complete. Here,
I} is the co-class of 3}, i.e. it contains the complements of the 3 sets.

4The proof in [Har85] is for the part above the diagonal with 7o occurring on every column, but that is
easily seen to be equivalent.
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4.1. Definition and strictness of the hierarchy. Formally, the HyperLTL quantifier
alternation hierarchy is defined as follows. Let ¢ be a HyperLTL formula. We say that ¢
is a Yg- or a IIp-formula if it is quantifier-free. It is a ¥,-formula if it is of the form ¢ =
Jmy. ---3mp. ¢ and ¢ is a Il,_;-formula. It is a II,-formula if it is of the form ¢ =
Vry. ---Vmg. ¢ and @ is a 3, 1-formula. We do not require each block of quantifiers to be
non-empty, i.e. we may have k = 0 and ¢ = . Note that formulas in ¥y = Iy have free
variables. As we are only interested in sentences, we disregard ¥y = Il in the following and
only consider the levels 3, and II,, for n > 0.

By a slight abuse of notation, we also let ¥,, denote the set of hyperproperties definable
by a ¥,-sentence, that is, the set of all L(p) = {T C (22P)¥ | T k= ¢} such that ¢ is a
Yp-sentence of HyperLTL.

Theorem 4.1 [Rabl6, Corollary 5.6.5]. The quantifier alternation hierarchy of HyperLTL
is strict: for allm >0, ¥, C X 41.

The strictness of the hierarchy also holds if we restrict our attention to sentences whose
models consist of finite sets of traces that end in the suffix ()%, i.e. that are essentially finite.

Theorem 4.2. For all n > 0, there exists a X,+1-sentence ¢ of HyperLTL that is not
equivalent to any X,-sentence, and such that for all T C (28°)°, if T = ¢ then T contains
finitely many traces and T C (28F)" (.

This property is a necessary ingredient for our argument that membership at some
fixed level of the quantifier alternation hierarchy is IT1i-hard. It could be derived from a
small adaptation of the proof in [Rabl16], and we provide for completeness an alternative
proof by exhibiting a connection between the HyperLTL quantifier alternation hierarchy and
the quantifier alternation hierarchy for first-order logic over finite words, which is known
to be strict [CB71, Tho82]. The remainder of the subsection is dedicated to the proof of
Theorem 4.2.

The proof is organised as follows. We first define an encoding of finite words as sets of
traces. We then show that every first-order formula can be translated into an equivalent
(modulo encodings) HyperLTL formula with the same quantifier prefix (Lemma 4.4). Finally,
we show how to translate back HyperLTL formulas into FO[<] formulas with the same
quantifier prefix (Lemma 4.8), so that if the HyperLTL quantifier alternation would hierarchy
collapse, then so would the hierarchy for FO[<].

First-Order Logic over Words. Let AP be a finite set of atomic propositions. A finite
word over AP is a finite sequence w = w(0)w(1) - - - w(k) with w(i) € 24T for all i. We let
|w| denote the length of w, and pos(w) = {0, ..., |w| — 1} the set of positions of w. The set
of all finite words over AP is (24F)".

Assume a countably infinite set of variables Var. The set of FO[<] formulas is given by
the grammar

pu=alr) [z <y|-p|eVe|Ir ¢|Ve o,

where a € AP and x,y € Var. The set of free variables of ¢ is denoted Free(y). A sentence
is a formula without free variables.

The semantics is defined as follows, w € (2AF)" being a finite word and v : Free(p) —
pos(w) an interpretation mapping variables to positions in w:
e (w,v) Ea(x) if a € w(v(x)).
o (W) £z <yif () < w(y).
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o (w,v) E g if w,v = p.

o (w,v) EeVyifw,vEypor (wv) =1

o (w,v) = Jx. ¢ if there exists a position n € pos(w) such that (w, vz — n]) = ¢.
o (w,v) = V. ¢ if for all positions n € pos(w): (w,v[z — n]) = ¢.

If ¢ is a sentence, we write w |= ¢ instead of (w,v) = .

As for HyperLTL, a FO[<] formula in prenex normal form is a ¥,,-formula if its quantifier
prefix consists of n alternating blocks of quantifiers (some of which may be empty), starting
with a block of existential quantifiers. We let 3, (FO[<]) denote the class of languages of
finite words definable by X,,-sentences.

Theorem 4.3 [Tho82, CB71]|. The quantifier alternation hierarchy of FO[<] is strict: for
alln >0, ¥,(FO[<]) € X,41(FO[K]).

Encodings of Words. The idea to prove Theorem 4.2 is to encode a word w € (247)" as a
set of traces T" where each trace in 1" corresponds to a position in w; letters in the word are
reflected in the label of the first position of the corresponding trace in 7', while the total
order < is encoded using a fresh proposition o ¢ AP. More precisely, each trace has a unique
position labelled o, distinct from one trace to another, and traces are ordered according to
the order of appearance of the proposition o. Note that there are several possible encodings
for a same word, and we may fix a canonical one when needed. This is defined more formally
below.

A stretch function is a monotone funtion f : N — N\ {0}, i.e. it satisfies 0 < f(0) <
f(1) < ---. For all words w € (2*F)" and stretch functions f, we define the set of
traces enc(w, f) = {tn | n € pos(w)} C (2APYH)*( as follows: for all i € N,

e for all a € AP, a € t,(i) if and only if i = 0 and a € w(n)
e 0 € ty(7) if and only if i = f(n).

It will be convenient to consider encodings with arbitrarily large spacing between o’s

positions. To this end, for every N € N, we define a particular encoding

ency(w) = enc(w,n — N(n+1)).

So in ency(w), two positions with non-empty labels are at distance at least N from one
another.

Given T = enc(w, f) and a trace assignment I1: V — T, we let T") = ency(w),
and IIMV) . Y — TW) the trace assignment defined by shifting the o position in each ()
accordingly, i.e.

e 0 IM)(7)(N(i + 1)) if and only if o € II(7)(f(i)) and
e for all a € AP: a € TIV(7)(0) if and only if a € TI(7)(0).

From FO to HyperLTL. We associate with every FO[<] formula ¢ in prenex normal form
a HyperLTL formula enc(¢) over AP U {o} by replacing in ¢:

e a(x) with a,, and

o z <y with F(o, A Fo,).

In particular, enc(y) has the same quantifier prefix as ¢, which means that we treat variables
of ¢ as trace variables of enc(yp).
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Lemma 4.4. For every FO[<] sentence ¢ in prenex normal form, ¢ is equivalent to enc(yp)
in the following sense: for all w € (2AP)* and all stretch functions f,

wE e if and only if enc(w, f) | enc(p).

Proof. By induction over the construction of ¢, relying on the fact that traces in enc(w, f)
are in bijection with positions in w. []

In particular, note that the evaluation of enc(yp) on enc(w, f) does not depend on f.
We call such a formula stretch-invariant: a HyperLTL sentence ¢ is stretch-invariant if for
all finite words w and all stretch functions f and g,

enc(w, f) =@ if and only if  enc(w,g) = ¢.
Lemma 4.5. For all ¢ € FO[<], enc(yp) is stretch-invariant.

Proof. By induction over the construction of enc(y), relying on the fact that the only
temporal subformulas of enc(y) are of the form F(o, A Foy). ]

Going Back From HyperLTL to FO. Let enc(FO[<]) denote the fragment of HyperLTL
consisting of all formulas enc(p), where ¢ is an FO[<] formula in prenex normal form.
Equivalently, ¢ € enc(FO[<]) if it is a HyperLTL formula of the form ¢ = Q1 - - - Q. Vo,
where 1) is a Boolean combination of formulas of the form a, or F(o, A F oy).

Let us prove that every HyperLTL sentence is equivalent, over sets of traces of the
form enc(w, f), to a sentence in enc(FO[<]) with the same quantifier prefix. This means
that if a HyperLTL sentence enc(y) is equivalent to a HyperLTL sentence with a smaller
number of quantifier alternations, then it is also equivalent over all word encodings to one of
the form enc(v), which in turns implies that the FO[<] sentences ¢ and 1 are equivalent.

The temporal depth of a quantifier-free formula in HyperLTL is defined inductively as
depth(ar) = 0,
depth(—p) = depth(yp),
depthl(sp /1) = max(depth(p), depth(1)),
depth(X ¢) = 1+ depth(p), and
depth(o U ) = 1 4+ max(depth(ep,)).
For a general HyperLTL formula ¢ = Q171 - - - Qpmg. ¥, we let depth(p) = depth(y).

Lemma 4.6. Let ¢ be a quantifier-free formula of HyperLTL. Let N = depth(y) + 1. There

exists a quantifier-free formula ¢ € enc(FO[<]) such that for all T = enc(w, f) and trace
asstgnments 11,

(@™, 10N =4 if and only if (T,10) |=1).

Proof. Assume that Free(y) = {m,...,m} is the set of free variables of ¢. Note that
the value of (TN), TI(N)) = ¢ depends only on the traces M) (7y), ..., TIM) (7). We see
the tuple (TIV)(my),..., TTMN) (7)) as a single trace wr v over the set of propositions
AP’ ={a, |a € APU{o} A7 € Free()}, and ¢ as an LTL formula over AP’.

We are going to show that the evaluation of 1) over words w7 11 n is entirely determined
by the ordering of og,,...,0r, in wrnn and the label of wr v (0), which we can both
describe using a formula in enc(FO[<]). The intuition is that non-empty labels in wr g n
are at distance at least IV from one another, and a temporal formula of depth less than N
cannot distinguish between w7 1 v and other words with the same sequence of non-empty
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labels and sufficient spacing between them. More generally, the following can be easily
proved via Ehrenfeucht-Fraissé games:

Claim 4.7. Let m,n > 0, (a;);en be a sequence of letters in 2AP" and
w1, Wy € fl)mao(l)”‘l)*m@"@*az@”@* cee
Then for all LTL formulas ¢ such that depth(p) < n, wi | ¢ if and only if wa = ¢.

Here we are interested in words of a particular shape. Let Ly be the set of infinite
words w € (22P)* such that:

e For all 7 € {my,...,m}, there is a unique ¢ € N such that o, € w(i). Moreover, i > N.
. IfoWEfw()andoﬂlew( "), then |i — /| > N ori=74'.
o If ar € w(i) for some a € AP and 7 € {my,..., 7}, then i = 0.

Notice that wr gy € Ly for all T and all II.

For wy,wy € Ly, we write wy; ~ weo if wy and wy differ only in the spacing between
non-empty positions, that is, if there are ¢ < k and aq,...,as € 24P" guch that wy, W €
ap0*a10* - - - aP”. Notice that ~ is of finite index. Moreover, we can distinguish between
its equivalence classes using formulas defined as follows. For all A C {a, | a € AP AT €

{my,...,m}} and all total preorders < over {my,...,m},> we let
YA=< = /\a/\/\ﬂa/\ /\ (0r; NFog,).
acA ag¢A ™ =T

Note that every word w € Ly satisfies exactly one formula ¢4 <, and that all words in an
equivalence class satisfy the same one. We denote by L4 < the equivalence class of Ly /~
consisting of words satisfying ¢4 <. So we have Ly = 4/ L4 <.

Since 1 is of depth less than N, by Claim 4.7 (with n = N — 1 and m = 0), for all

wy ~ we we have wy = v if and only if we = ¢. Now, define @Z as the disjunction of all
@A < such that 1 is satisfied by elements in the class L4 <. Then ¢ € enc(FO[<]), and

for all w € Ly, w):@/l)\ifandonlyifw)zib.

In particular, for every T' and every II, we have (TN), TI(M) |= ¢ if and only if (T, I =
1. Since the preorder between propositions o, and the label of the initial p051t10n are the
same in (T TI(N)) and (T,1I), we also have (T,1I) = ¢ if and only if (1 M) = .
Therefore,

(T™), TV |= ¢ if and only if (T, T1) = 9. s

For a quantified HyperLTL sentence ¢ = Q171 - - - Qx7g. ¥, we let = Q171 ... Qpmg. 121\,
where v is the formula obtained through Lemma 4.6.

Lemma 4.8. For all HyperLTL formulas @, for all T = enc(w, f) and trace assignments II,

(T, 11MN)) k= ¢ if and only if (T,11) = &,
where N = depth(p) + 1

Sle. < is required to be transitive and for all w, 7’ € {m1,..., 7}, we have 7 < 7’ or 7’ < 7 (or both)
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Proof. We prove the result by induction. Quantifier-free formulas are covered by Lemma 4.6.
We have

(T,10) = 3. {ﬁ\ 3t € T such that (T, 1|7 — t]) &= 1//1\
3t € T such that (7™, (Il[r — )M)) = ¢ (IH)
3t € T such that (T, 1IN 1 1]) = o

(1™, 1IM) | 3. 4,

t o0

and similarly,

(T,I) =Vr. ¢ < VteT,we have (T,I[r — t]) =
& VteT,wehave (TN, (L[x — ) V)) E ¥ (IH)
& Vte TW) we have (TW™W), TN [1 — 1)) E ¥
& (W IOy Evr. . O

As a consequence, we obtain the following equivalence.

Lemma 4.9. For all stretch-invariant HyperLTL sentences ¢ and for all T = enc(w, f),
TEe ifandonlyif TE@.

Proof. By definition of ¢ being stretch-invariant, we have T' = ¢ if and only if T(V) |= ¢,
which by Lemma 4.8 is equivalent to 1" = . []

We are now ready to prove the strictness of the HyperLTL quantifier alternation
hierarchy.

Proof of Theorem 4.2. Suppose towards a contradiction that the hierarchy collapses at
level n > 0, i.e. every HyperLTL 35,4 1-sentence is equivalent to some 3,-sentence. Let us
show that the FO[<] quantifier alternation hierarchy also collapses at level n, a contradiction
with Theorem 4.3.

Fix a ¥, ¢1-sentence ¢ of FO[<]. The HyperLTL sentence enc(y) has the same quantifier
prefix as ¢, i.e. is also a ¥,ii-sentence. Due to the assumed hierarchy collapse, there
exists a HyperLTL ¥,,-sentence 1 that is equivalent to enc(p), and is stretch-invariant by
Lemma 4.5. Then the HyperLTL sentence 1Z defined above is also a X,,-sentence. Moreover,
since ¢ € enc(FO[<]), there exists a FO[<] sentence ¢’ such that ) = enc(), which has
the same quantifier prefix as ¢, i.e. ¢ is a Sp-sentence of FO[<]. For all words w € (2AF)*,
we now have

w = ¢ if and only if enc(w, f) = enc(p) (Lemma 4.4)
if and only if enc(w, f) =1 (assumption)
if and only if enc(w, f) =1 (Lemma 4.9 and Lemma 4.5)
if and only if enc(w, f) = enc(y') (definition)
if and only if w = ¢’ (Lemma 4.4)

for an arbitrary stretch function f. Therefore, ¥, 11(FO[<]) = X, (FO[<]), yielding the
desired contradiction.

This proves not only that for all n > 0, there is a HyperLTL ¥, ;-sentence that is not
equivalent to any X,-sentence, but also that there is one of the form enc(y). Now, the
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{a,;0} {a} {a} {8} {3} {8} {8} {8}
oy 0 {of {8} {8} {8} {8} {8}
3y {3t {8} [{a} {a} {ab} 0 {a}
{3t {83 {3y {6} {a} {b} {a,0} {a}

T,

Figure 1: Example of a split set of traces where each row represents a trace and b = 3.

proof still goes through if we replace enc(y) by any formula equivalent to enc(p) over all
enc(w, f), and in particular if we replace enc(¢) by enc(p) A ¢, where the sentence

¢ =3I V' (FG ;) AG(G 0, — Giy)

with 0 = A,cap —ar selects models that contain finitely many traces, all in (2AP)* . .
Indeed, all enc(w, f) satisfy ¥. Notice that v is a 3g-sentence, and since n + 1 > 2, (the
prenex normal form of) enc(p) A 1 is still a ¥,,41-sentence. ]

4.2. Membership problem. In this subsection, we investigate the complexity of the
membership problem for the HyperLTL quantifier alternation hierarchy. Our goal is to prove
the following result.

Theorem 4.10. Fix n > 0. The problem of deciding whether o given HyperLTL sentence is
equivalent to some %, -sentence is H%—complete.

The easier part of the proof will be the upper bound, since a corollary of Theorem 3.1 is
that the problem of deciding whether two HyperLTL formulas are equivalent is IT{-complete.

The lower bound will be proven by a reduction from the HyperLTL unsatisfiability
problem. The proof relies on Theorem 4.2: given a sentence @, we are going to combine
© with some X, 11-sentence ¢, 1 witnessing the strictness of the hierarchy, to construct
a sentence 1 such that ¢ is unsatisfiable if and only if ¢ is equivalent to a X,-sentence.
Intuitively, the formula v will describe models consisting of the “disjoint union” of a model
of vp+1 and a model of p. Here “disjoint” is to be understood in a strong sense: we split
both the set of traces and the time domain into two parts, used respectively to encode the
models of ¢,11 and those of .

To make this more precise, let us introduce some notations. We assume a distinguished
symbol $ ¢ AP. We say that a set of traces T' C (2APU8H)* is bounded if there exists b € N

such that T C (2A7)" - {$}«.

Lemma 4.11. There exists a I11-sentence wpq such that for all T C (2APU{$})W, we have
T = @pq if and only if T is bounded.

Proof. We let
opa =17 (-8, UGS A N\ G((ax ASx)) AF (28 A =S A XS AXS)
a€AP

The conjunct (=$; UG $:) A\ cap G(—(axA$r)) ensures that every trace is in (247)"- {§}«,
while F (=$; A =8,» A X $; A X $,/) ensures that the $’s in any two traces m and 7’ start at
the same position. L]
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We say that a nonempty set 1" of traces is split if there exist a b € N and T3, 15 such
that T'= Ty W1y, Ty C (2Ap)b -{$}¥, and Ty C {$} - (2P)*. Note that b as well as T}
and 75 are unique then. Hence, we define the left and right part of T as T, = T} and
T, = {t € (2*7)” | {$}* - t € T}, respectively (see Figure 1).

It is easy to combine HyperLTL specifications for the left and right part of a split model
into one global formula.

Lemma 4.12. For all HyperLTL sentences @y, @, one can construct a sentence ¥ such that
for all split T C (2APYBNY it holds that Ty = @p and Ty |= o, if and only if T |= .

Proof. Let @, denote the formula obtained from ¢, by replacing:

e every existential quantification 3r. ¢ with Ir. (F G —$:) A ¢);
e every universal quantification Vr. ¢ with Vr. (F G =$;) — ¢);
e the quantifier-free part ¢ of ¢, with $; U(=$; A ¢), where 7 is some free variable in ¢.

Here, the first two replacements restrict quantification to traces in the right part while the
last one requires the formula to hold at the first position of the right part. We define @y by
similarly relativizing quantifications in ¢,. The formula @; A @, can then be put back into
prenex normal form to define 1. L]

Conversely, any HyperLTL formula that only has split models can be decomposed into
a Boolean combination of formulas that only talk about the left or right part of the model.
This is formalised in the lemma below.

Lemma 4.13. For all HyperLTL %, -sentences ¢ there exists a finite family (go%, ©L)i of
Yn-sentences such that for all split T C (2APUBH . T = » if and only if there is an i with
Ty = ¢y and T, |= ;..

Proof. To prove this result by induction, we need to strengthen the statement to make
it dual and allow for formulas with free variables. We let Free(¢) denote the set of free
variables of a formula . We prove the following result, which implies Lemma 4.13.

Claim 4.14. For all HyperLTL %,,-formulas (resp. II,-formulas) ¢, there exists a finite family
of ¥,,-formulas (resp. IL,-formulas) (¢}, ¢;.); such that for all i, Free(p) = Free(y;)WFree(y}.),
and for all split 7" and II: (7,1I) = ¢ if and only if there exists ¢ such that

e For all 7 € Free(y), () € Ty if and only if 7 € Free(¢}) (and thus II(w) € T\ Ty if and
only if 7 € Free(?)).

o (T, 1I') |= L, where II' maps every 7 € Free(¢%) to the trace in T} corresponding to I1(m)
in T (i.e. () = {$}* - II'(n) for some b).

To simplify, we can assume that the partition of the free variables of ¢ into a left and
right part is fixed, i.e. we take V; C Free(yp) and V, = Free(p) \ Vp, and we restrict our
attention to split 7" and II such that I1(V;) C Ty and II(V;.) C T\ T;. The formulas (¢}, ¢1);
we are looking for should then be such that Free(¢}) = V; and Free(¢l) = V. If we can
define sets of formulas (), ") for each choice of V4, V;, then the general case is solved by
taking the union of all of those. So we focus on a fixed Vp, V,., and prove the result by
induction on the quantifier depth of ¢.
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Base case. If ¢ is quantifier-free, then it can be seen as an LTL formula over the set of
propositions {ar, $ | 7 € Free(p),a € AP}, and any split model of ¢ consistent with Vp, V.
can be seen as a word in Xy - ¥, where

Se={aU{$; |reV.}|aC{ax|TEViAa€c AP}} and
Sr={aU{$:|meVi}|aC{ax|TEV, Nac AP}}.

Note in particular that ¥, N X, = (). We can thus conclude by applying the following
standard result of formal language theory:

Claim 4.15. Let L C X7 - ¥, Whepe 1Ny =0. If L =L(yp) for some LTL formula ®s
then there exists a finite family (¢, ¢5); of LTL formulas such that L = (J; ;<) L(¢]) - L(¢5)

and for all i, L(p}) C X3 and L(¢h) C X%.

Proof. A language is definable in LTL if and only if it is accepted by some counter-free
automaton [DGO8, Tho81]. Let A be a counter-free automaton for L. For every state ¢
in A, let

LI = {w € ¥} | o = q for some initial state go} and
LI ={w € ¥ | there is an accepting run on w starting from ¢} .

We have L = |, LT L3. Moreover, L{ and Lj are still recognisable by counter-free automata,
and therefore LTL definable. ]

Case ¢ = 3m. 9. Let (%,17 ‘1) and (1/122, ! 5) be the formulas constructed respectively
for (v, V, U{r}, V) and (¢, Vp, V. U {7}). We take the union of all (Ir. %,17%@'@1) and
(%,27 3. wia)-

Case p = V. 9. Let (&, &)1<i<k be the formulas obtained for 3m. —1p. We have (T,1I) | ¢
if and only if for all 4, (Ty,II) [~ & or (T,,1I') B~ & or, equivalently, if there exists
h:{1,...,k} = {{,r} such that (T3,1I) = Apu= =& and (T,,11') = Nniy=r —£L. Take

the family (p%, @)y, where !t = /\h(i):ﬁ —¢&l and @ = /\h(i)zr —€L. Since ¢ = V. 1 is a
II,,-formula, the formula J7. =7 and by induction all 5;2 and & are ,-formulas. Then all
- are I1,-formulas, and since IT,,-formulas are closed under conjunction (up to formula
equivalence), all gaé} and " are II,-formulas as well. ]

We are now ready to prove Theorem 4.10.

Proof of Theorem 4.10. The upper bound is an easy consequence of Theorem 3.1: Given
a HyperLTL sentence ¢, we express the existence of a X,-sentence ¥ using first-order
quantification and encode equivalence of ¢ and ¢ via the formula (=@ A1) V (¢ A —1)), which
is unsatisfiable if and only if ¢ and 1 are equivalent. Altogether, this shows membership in
I}, as I} is closed under existential first-order quantification (see, e.g. [Hinl7, Page 82]).

We prove the lower bound by reduction from the unsatisfiability problem for HyperLTL.
So given a HyperLTL sentence ¢, we want to construct ¢ such that ¢ is unsatisfiable if and
only if 1 is equivalent to a X,-sentence.

We first consider the case n > 1. Fix a 3,1 1-sentence ¢,41 that is in not equivalent to
any X,-sentence, and such that every model of ¢, 41 is bounded. The existence of such a
formula is a consequence of Theorem 4.2: There we have constructed ;41 such that it only
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has finite models where every trace in the model ends in (/. The construction can easily
be adapted so that ¢, 11 only has finite models where every trace in the model ends in (%,
i.e., it is bounded. Now, by Lemma 4.12, there exists a computable 1 such that for all split
models T, we have T' = 9 if and only if Ty = ¢,41 and T, = .

First, it is clear that if ¢ is unsatisfiable, then 1) is unsatisfiable as well, and thus
equivalent to Iw. a; A —a,, which is a X,,-sentence since n > 1.

Conversely, suppose towards a contradiction that ¢ is satisfiable and that 1 is equivalent
to some Y,-sentence. Let (zp;;, ¥1); be the finite family of ¥,,-sentences given by Lemma 4.13
for 9. Fix a model T}, of . For a bounded T', we let T denote the unique split set of traces
such that 7y = T and T, = T,. For all T', we then have T |= ¢, if and only if 7' is bounded
and T |= ¢. Recall that the set of bounded models can be defined by a II;-sentence g
(Lemma 4.11), which is also a X,,-sentence since n > 1. We then have T' = ¢p41 if and only
if T |= ppq and there exists i such that T |= 9} and T, = ¢, So ¢n41 is equivalent to

i
©bd N \/Z with Tl (I

which, since Y,-sentences are closed (up to logical equivalence) under conjunction and
disjunction, is equivalent to a Y,,-sentence. This contradicts the definition of ¢, 41.

We are left with the case n = 1. Similarly, we construct ¢ such that ¢ is unsatisfiable if
and only if ¢ is unsatisfiable, and if and only if 1) is equivalent to a Xi-sentence. However,
we do not need to use bounded or split models here. Every satisfiable Y¥i-sentence has a
model with finitely many traces. Therefore, a simple way to construct ¢ so that it is not
equivalent to any Yj-sentence (unless it is unsatisfiable) is to ensure that every model of 1)
contains infinitely many traces.

Let ¢ AP, and T, = {0"{z}0“ | n € N}. As seen in the proof of Lemma 3.3, T, is
definable in HyperLTL: There is a sentence ¢, such that 7' C (24PU{#H)« is a model of @, if
and only if T = T,,. By relativising quantifiers in ¢, and ¢ to traces with or without the
atomic proposition z, one can construct a HyperLTL sentence v such that T = v if and
only if T, CT and T'\ T, .

Again, if ¢ is unsatisfiable then v is unsatisfiable and therefore equivalent to 37. a; A—ay,
a X1-sentence. Conversely, all models of ¢ contain infinitely many traces and therefore, if ¢
is equivalent to a Xj-sentence then it is unsatisfiable, and so is ¢. L]

5. HyPERCTL* SATISFIABILITY IS ¥?-COMPLETE

Here, we consider the HyperCTL* satisfiability problem: given a HyperCTL* sentence,
determine whether it has a model 7 (of arbitrary size). We prove that it is much harder
than HyperLTL satisfiability. As a key step of the proof, which is interesting in its own
right, we also prove that every satisfiable sentence admits a model of cardinality at most ¢
(the cardinality of the continuum). Conversely, we exhibit a satisfiable HyperCTL* sentence
whose models are all of cardinality at least c.

Theorem 5.1. HyperCTL* satisfiability is %3-complete.

The proof proceeds as follows: In subsection 5.1, we present the upper bound on the
size of models of HyperCTL* sentences, which is then used in subsection 5.2 to prove
that HyperCTL* membership is in ¥2: Intuitively, the existence of a transition system
of cardinality ¢ and the fact that it is indeed a model can be expressed using existential



Vol. 21:1 HYPERLTL IS HIGHLY UNDECIDABLE, HYPERCTL* IS EVEN HARDER 3:19

quantification of type 2 objects. Finally, in subsection 5.3 we present the matching lower
bounds. To this end, we first show that there is a satisfiable HyperCTL* sentence whose
models have to contain pairwise disjoint paths encoding all traces over some fixed AP. Note
that this formula has only models of cardinality ¢, thereby giving a matching lower bound
to the upper bound on the size of models of HyperCTL*. Using this model, we can reduce
existential third-order arithmetic to HyperCTL* satisfiability.

5.1. An Upper Bound on the Size of HyperCTL" Models. Before we begin prov-
ing membership in ¥2, we obtain a bound on the size of minimal models of satisfiable
HyperCTL* sentences. For this, we use an argument based on Skolem functions, which
is a transfinite generalisation of the proof that all satisfiable HyperLTL sentences have a
countable model [FZ17]. Later, we complement this upper bound by a matching lower
bound, which will be applied in the hardness proof.

In the following, we use w and w; to denote the first infinite and the first uncountable
ordinal, respectively, and write g and N; for their cardinality. As ¢ is uncountable, we have
Nl <ec.

Lemma 5.2. Fach satisfiable HyperCTL* sentence ¢ has a model of size at most c.

The proof of Lemma 5.2 uses a Skolem function to create a model. Before giving this
proof, we should therefore first introduce Skolem functions for HyperCTL*.

Let ¢ be a HyperCTL* formula. A quantifier in ¢ occurs with polarity 0 if it occurs
inside the scope of an even number of negations, and with polarity 1 if it occurs inside the
scope of an odd number of negations. We then say that a quantifier occurs existentially
if it is an existential quantifier with polarity 0, or a universal quantifier with polarity 1.
Otherwise the quantifier occurs universally. A Skolem function will map choices for the
universally occurring quantifiers to choices for the existentially occurring quantifiers.

For reasons of ease of notation, it is convenient to consider a single Skolem function
for all existentially occurring quantifiers in a HyperCTL* formula ¢, so the output of the
function is an I-tuple of paths, where [ is the number of existentially occurring quantifiers
in . The input consists of a k-tuple of paths, where k is the number of universally occurring
quantifiers in ¢, plus an [-tuple of integers. The reason for these integers is that we need to
keep track of the time point in which the existentially occurring quantifiers are invoked.

Consider, for example, a HyperCTL* formula of the form V. G Jms. 4. This formula
states that for every path 71, and for every future point 71 (7) on that path, there is some my
starting in 7 (7) satisfying 1. So the choice of o depends not only on 71, but also on i. For
each existentially occurring quantifier, we need one integer to represent this time point at
which it is invoked. A HyperCTL* Skolem function for a formula ¢ on a transition system 7T
is therefore a function f of the form f: paths(T)¥ x N — paths(T)!, where paths(T) is the
set of paths over T, k is the number of universally occurring quantifiers in ¢ and [ is the
number of existentially occurring quantifiers. Note that not every function of this form is a
Skolem function, but for our upper bound it suffices that every Skolem function is of that
form.

Now, we are able to prove that every satisfiable HyperCTL* formula has a model of
size c.

Proof of Lemma 5.2. 1If ¢ is satisfiable, let T be one of its models, and let f be a Skolem
function witnessing the satisfaction of ¢ on 7. We create a sequence of transition systems
T, as follows.
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e Ty contains the vertices and edges of a single, arbitrarily chosen, path of 7T starting in the
initial vertex.

o To+1 contains exactly those vertices and edges from 7 that are (i) part of 7, or (ii) among
the outputs of the Skolem function f when restricted to input paths from 7.

e if v is a limit ordinal, then 7, =

a'<a 7:36' .

Note that if o is a limit ordinal then 7, may contain paths p(0)p(1)p(2)--- that are not
included in any T, with ¢/ < «, as long as each finite prefix p(0) - - - p(¢) is included in some
o) < a.

First, we show that this procedure reaches a fixed point at a = wy. Suppose towards a
contradiction that T, +1 # Tw,. Then there are p'= (p1,. .., px) € paths(T,,)* and 7 € N!
such that f(p,7) & paths(T,,)!. Then for every i € N and every 1 < j < k, there is an
ordinal «;; < w; such that the finite prefix p;(0)---p;(i) is contained in 7, ;. The set
{aij |1 € N,1 <j <k} is countable, and because «; j < w; each ¢ ; is also countable.
A countable union of countable sets is itself countable, so sup{a;; | i € N;1 < j < k} =
Uien Ur<jcr @ij = B < wr.

But then the g are all contained in Tg, and therefore f(g,7) € paths(Ts+1)'. But
B+ 1 < wi, so this contradicts the assumption that f(p,7) ¢ paths(T,,)!. From this
contradiction we obtain 7, +1 = 7u,, so we have reached a fixed point. Furthermore, because
7w, is contained in 7 and closed under the Skolem function and 7 satisfies ¢, we obtain
that 7, also satisfies (.

Left to do, then, is to bound the size of 7, , by bounding the number of vertices that
get added at each step in its construction. We show by induction that |7, | < ¢ for every a.
So, in particular, we have 7., < ¢, as required.

As base case, we have |Ty| < Ry < ¢, since it consists the vertices of a single path.
Consider then |7,41|. For each possible input to f, there are at most | new paths, and
therefore at most |N x I| new vertices in 754 1. Further, there are |paths(75)|* x |N|' such
inputs. By the induction hypothesis, |T,| < ¢, which implies that |paths(Ta)| < ¢. As
such, the number of added vertices in each step is limited to ¢* x N6 X Ng X1 =¢ So
Tot| < [Tal +¢ = <.

If o is a limit ordinal, 7, is a union of at most Ny sets, each of which has, by the
induction hypothesis, a size of at most ¢. Hence |T,| <8y x ¢ =c. ]

5.2. HyperCTL* satisfiability is in X2. With the upper bound on the size of models at
hand, we can place HyperCTL* satisfiability in ¥, as the existence of a model of size ¢ can
be captured by quantification over type 2 objects.

Lemma 5.3. HyperCTL* satisfiability is in 3.

Proof. As every HyperCTL* formula is satisfied in a model of size at most ¢, these models can
be represented by objects of type 2. Checking whether a formula is satisfied in a transition
system is equivalent to the existence of a winning strategy for Verifier in the induced model
checking game. Such a strategy is again a type 2 object, which is existentially quantified.
Finally, whether it is winning can be expressed by quantification over individual elements
and paths, which are objects of types 0 and 1. Checking the satisfiability of a HyperCTL*
formula ¢ therefore amounts to existential third-order quantification (to choose a model
and a strategy) followed by a second-order formula to verify that ¢ holds on the model (i.e.
that the chosen strategy is winning). Hence HyperCTL* satisfiability is in X2
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Formally, we encode the existence of a winning strategy for Verifier in the HyperCTL*
model checking game G(7T, ¢) induced by a transition system 7 and a HyperCTL* sentence .
This game is played between Verifier and Falsifier, one of them aiming to prove that 7 = ¢
and the other aiming to prove T [~ ¢. It is played in a graph whose positions correspond to
subformulas which they want to check (and suitable path assignments of the free variables):
each vertex (say, representing a subformula 1) belongs to one of the players who has to pick
a successor, which represents a subformula of 1. A play ends at an atomic proposition, at
which point the winner can be determined.

Formally, a vertex of the game is of the form (II,v,b) where II is a path assignment,
¥ is a subformula of ¢, and b € {0,1} is a flag used to count (modulo two) the number
of negations encountered along the play; the initial vertex is (Ily, ¢, 0). Furthermore, for
until-subformulas 1, we need auxiliary vertices of the form (IT,%,b,j) with 7 € N. The
vertices of Verifier are

e of the form (II, v, 0) with ¢ = 11 V 12, 1 = 101 Utbe, or ¢ = 3. 9/,
e of the form (II, V. ¢/, 1), or
e of the form (II,¢; U1y, 1, ).

The moves of the game are defined as follows:

o A vertex (II, ar,b) is terminal. It is winning for Verifier if b = 0 and a € A(II(7)(0)) or if
b=1and a ¢ \(II(7)(0)), where X is the labelling function of 7.

e A vertex (II, ), b) has a unique successor (II, 1, b+ 1 mod 2).

o A vertex (II, 91 V 12,b) has two successors of the form (II,;,b) for i € {1,2}.

o A vertex (II, X 4, b) has a unique successor (II[1,00),1,b).

e A vertex (I, 41 U1g, b) has a successor (I, 91 U g, b, j) for every j € N.

o A vertex (II, ¢ U1bg, b, j) has the successor (I1[j, 00), 12, b) as well as for every 0 < j' < j
the successor (II[j’, 00),41,b) .

e A vertex (II,3m. ¢, b) has successors (II[r — p], 1, b) for every path p of T starting in
rent (IT).

e A vertex (II,Vm. ¢, b) has successors (II[r — p], 1, b) for every path p of T starting in
rent (IT).

A play of the model checking game is a finite path through the graph, starting at the
initial vertex and ending at a terminal vertex. It is winning for Verifier if the terminal vertex
is winning for her. Note that the length of a play is bounded by 2d, where d is the depth® of
©, as the formula is simplified during at least every other move.

A strategy o for Verifier is a function mapping each of her vertices v to some successor
of v. A play wvg--- v is consistent with o, if vi11 = o(vp) for every 0 < k' < k such that
v 18 a vertex of Verifier. A straightforward induction shows that Verifier has a winning
strategy for G(T, ) if and only if T | .

Recall that every satisfiable HyperCTL* sentence has a model of cardinality ¢ (see
Lemma 5.2). Thus, to place HyperCTL* satisfiability in X7, we express, for a given natural
number encoding a HyperCTL* formula ¢, the existence of the following type 2 objects
(using suitable encodings):

e A transition system 7 of cardinality c.
e A function o from V to V, where V is the set of vertices of G(T, ). Note that a single
vertex of V' is a type 1 object.

6The depth is the maximal nesting of quantifiers, Boolean connectives, and temporal operators.
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Figure 2: A depiction of 7;. Vertices in black (on the left including the initial vertex) are
labelled by fbt, those in red (on the right, excluding the initial vertex) are labelled
by set.

Then, we express that o is a strategy for Verifier, which is easily expressible using quantifi-
cation over type 1 objects. Thus, it remains to express that ¢ is winning by stating that
every play (a sequence of type 1 objects of bounded length) that is consistent with o ends
in a terminal vertex that is winning for Verifier. Again, we leave the tedious, but standard,
details to the reader. ]

5.3. HyperCTL* satisfiability is ¥?-hard. Next, we prove a matching lower bound. We
first describe a satisfiable HyperCTL* sentence ¢, that does not have any model of cardinality
less than ¢ (more precisely, the initial vertex must have uncountably many successors), thus
matching the upper bound from Lemma 5.2. We construct ¢, with one particular model 7,
in mind, defined below, though it also has other models.

The idea is that we want all possible subsets of A C N to be represented in 7; in the
form of paths p such that p4(i) is labelled by 1 if i € A, and by 0 otherwise. By ensuring
that the first vertices of these paths are pairwise distinct, we obtain the desired lower bound
on the cardinality. We express this in HyperCTL* as follows: First, we express that there
is a part of the model (labelled by fbt) where every reachable vertex has two successors,
one labelled with 0 and one labelled with 1, i.e. the unravelling of this part contains the
full binary tree. Thus, this part has a path p4 as above for every subset A, but their
initial vertices are not necessarily distinct. Hence, we also express that there is another part
(labelled by set) that contains a copy of each path in the fbt-part, and that these paths
indeed start at distinct successors of the initial vertex.

We let 7. = (V¢, Ee, te, \) (see Figure 2), where
o Vo={t,|ue{0,1}*}u{sy|ie NAACN}

o o= {(tustu0), (bustur) | w € {0, 11} U{(t,8%) | A C N} U{(siy, s'f 1) | A C N,i € N,
e and the labelling A, is defined as
- )\c(te) = {fbt}
- )\c(tu-()) = {fbt,()}
— Ac(ty1) = {fbt, 1}, and
(s = {set,0} ifi¢ A,

o(5a) = {set,1} ifie A.
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Lemma 5.4. There is a satisfiable HyperCTL* sentence @, that has only models of cardinality
at least c.

Proof. The formula ¢, is defined as the conjunction of the formulas below:
(1) The label of the initial vertex is {fbt} and the labels of non-initial vertices are {fbt,0},
{fbt, 1}, {set,0}, or {set, 1}:
V. (fbotx A =07 A =l A —set;) AX G ((set7r < —fbt;) A (07 —|17T))

(2) All fbt-labelled vertices have a successor with label {fbt,0} and one with label {fbt, 1},
and all fbt-labelled vertices that are additionally labelled by 0 or 1 have no set-labelled
SuCCessor:

vr. G (fbtr — ((3mo. X(£btryAOry))A(Im1. X(£btr, Alr ) )A((02V1s) = Va'. X £bty)))
(3) From set-labeled vertices, only set-labeled vertices are reachable:

Vr. G(set — Gset)

(4) For every path of fbt-labelled vertices starting at a successor of the initial vertex, there
is a path of set-labelled vertices (also starting at a successor of the initial vertex) with
the same {0, 1} labelling:

vr. (X £bt,) — 37'. X(set A G(0r <> 0r1)))
(5) Any two paths starting in the same set-labelled vertex have the same sequence of labels:
vr. G (setr = V', G(0r > 0r)) .

It is easy to check that 7; = ¢.. Note however that it is not the only model of ¢.: for
instance, some paths may be duplicated, or merged after some steps if their label sequences
share a common suffix. So, consider an arbitrary transition system 7 = (V, E, vy, A) such
that 7 | ¢.. By condition 2, for every set A C N, there is a path p4 starting at a successor
of vr such that A(pa(i)) = {fbt, 1} if i € A and A\(pa(i)) = {£fbt,0} if i ¢ A. Condition 3
implies that there is also a set-labelled path p/; such that p/y starts at a successor of v, and
has the same {0, 1} labelling as p4. Finally, by condition 4, if A # B then p/,(0) # p/5(0).

So, the initial vertex has at least as many successors as there are subsets of N, i.e., at
least ¢ many. L]

Before moving to the proof that HyperCTL* satisfiability is ¥3-hard, we introduce
one last auxiliary formula that will be used in the reduction, showing that addition and
multiplication can be defined in HyperCTL*, and in fact even in HyperLTL, as follows: Let
AP = {argl, arg2,res,add, mult} and let 7(, .) be the set of all traces ¢ € (247)* such that
o there are unique ni,ng,n3 € N with argl € t(n;), arg2 € t(n2), and res € t(n3), and
e cither add € ¢(n) and mult ¢ ¢(n) for all n and ny+ng = n3, or mult € t(n) and add ¢ t(n)

for all n and nj - ny = ns.

Lemma 5.5. There is a HyperLTL sentence ¢4 .y which has T(4 .y as unique model.

Proof. Consider the conjunction of the following HyperLLTL sentences:
(1) For every trace t there are unique ni,ng,n3 € N with argl € t(n1), arg2 € t(na), and
res € t(n3):
V. A (max) U(ax A X G —ay)

a€c{argl,arg2,res}
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(2) Every trace t satisfies either add € #(n) and mult ¢ ¢(n) for all n or mult € ¢(n) and
add ¢ t(n) for all n:

Vr. G(add; A —mult,)V G(mult, A —add;)

In the following, we only consider traces satisfying these formulas, as all others are not
part of a model. Thus, we will speak of addition traces (if add holds) and multiplication
traces (if mult holds). Furthermore, every trace encodes two unique arguments (given by
the positions n; and ng such that argl € t(n1) and arg2 € ¢(n2)) and a unique result (the
position nz such that res € t(ng3)).

Next, we need to express that all possible arguments are represented in a model, i.e.
for every n; and every ng there are two traces ¢t with argl € t(n1) and arg2 € t(nz), one
addition trace and one multiplication trace. We do so inductively.

(3) There are two traces with both arguments being zero (i.e. argl and arg2 hold in the
first position), one for addition and one for multiplication:

/\ dn. ax Nargl Aarg2_
ac{add,mult}

(4) Now, we express that for every trace, say encoding the arguments n; and ng, the
argument combinations (n; + 1,7n2) and (n1,na + 1) are also represented in the model,
again both for addition and multiplication (here we rely on the fact that either add or
mult holds at every position, as specified above):

V. 3wy, mo. /\ add, <> add,, | AF(argl, A Xargl, ) AF(arg2, Aarg2 ) A
i€{1,2}
F(argl, Aargl,)AF(arg2 AXarg2 )
Every model of these formulas contains a trace representing each possible combination of
arguments, both for addition and multiplication.

To conclude, we need to express that the result in each trace is correct. We do so by
capturing the inductive definition of addition in terms of repeated increments (which can be
expressed by the next operator) and the inductive definition of multiplication in terms of
repeated addition. Formally, this is captured by the next formulas:

(5) For every trace t: if {add,argl} C ¢(0) then arg2 and res have to hold at the same

position (this captures 0 +n = n):

V7. (add, A argl,) — F(arg2, Ares;)
(6) For each trace t with add € t(0), argl € t(n1), arg2 € t(n2), and res € t(n3) such that
ni > 0 there is a trace ¢’ such that add € ¢/(0), argl € t/(n; — 1), arg2 € t/(n2), and

res € t/(ng — 1) (this captures ny +ng =n3 < ny — 1+ ny =ng — 1 for ng > 0):

Vr. 3n’. (add, A —argl,) —
(add AF(Xargl Aargl ) AF(arg2 Aarg2 ) AF(Xres, Aresy))
(7) For every trace t: if {mult,argl} C ¢(0) then also res € ¢(0) (this captures 0-n = 0):
V7. (mult, Aargl, ) — res;

(8) Similarly, for each trace t with mult € ¢(0), argl € t(ny), arg2 € t(ns2), and res € t(ng3)
such that ny > 0 there is a trace ¢’ such that mult € /(0), argl € t/(n1—1), arg2 € t'(n2),
and res € t'(n3 — n2). The latter requirement is expressed by the existence of a



Vol. 21:1 HYPERLTL IS HIGHLY UNDECIDABLE, HYPERCTL* IS EVEN HARDER 3:25

trace t” with add € ¢"(0), arg2 € t"(n2), res € t"(n3), and argl holding in t" at the
same time as res in ¢, which implies res € t/(ng — n2). Altogether, this captures
ny-ng =ng < (np — 1) -ng = ng — ng for n; > 0.

V. 3n’, 7", (mult, A —argl ) — (mult, A add,~A
F(Xargl Aargl.)AF(arg2 Aarg2. Aarg2 ,)A
F(res, Nargl_,) A F(res; Ares,))

Now, T(, .y is a model of the conjunction ¢,  of these eight formulas. Conversely,
every model of ¢, y contains all possible combinations of arguments (both for addition
and multiplication) due to Formulas (3) and (4). Now, Formulas (5) to (8) ensure that the
result is correct on these traces. Altogether, this implies that T(, .y is the unique model of

Pl+y): L]

To establish Y2-hardness, we give an encoding of formulas of existential third-order
arithmetic into HyperCTL*, i.e. every formula of the form Jxy. ...dx,. ¥ where x1,..., 2,
are third-order variables and 1) is a sentence of second-order arithmetic can be translated
into a HyperCTL* sentence.

As explained in section 2, we can (and do for the remainder of the section) assume that
first-order (type 0) variables range over natural numbers, second-order (type 1) variables
range over sets of natural numbers, and third-order (type 2) variables range over sets of sets
of natural numbers.

Lemma 5.6. One can effectively translate sentences ¢ of existential third-order arithmetic
into HyperCTL* sentences ¢ such that (N, +,-,<,€) is a model of ¢ if and only if ¢ is
satisfiable.

Proof. The idea of the proof is as follows. We represent sets of natural numbers as infinite
paths with labels in {0, 1}, so that quantification over sets of natural numbers in ¢ can be
replaced by HyperCTL* path quantification. First-order quantification is handled in the
same way, but using paths where exactly one vertex is labelled 1. In particular we encode
first- and second-order variables z of ¢ as path variables 7, of ¢/. For this to work, we
need to make sure that every possible set has a path representative in the transition system
(possibly several isomorphic ones). This is where formula ¢, defined in Lemma 5.4 is used.
For arithmetical operations, we rely on the formula ¢ ) from Lemma 5.5. Finally, we
associate with every existentially quantified third-order variable x; an atomic proposition a;,
so that for a second-order variable y, the atomic formula y € xz; is interpreted as the atomic
proposition a; being true on the second vertex of m,. This is all explained in more details
below.

Let ¢ = dxy. ... 3xy. ¥ where x1, ..., x, are third-order variables and v is a formula
of second-order arithmetic. We use the atomic propositions

AP ={ay,...,ay,0,1,set, fbt,argl, arg2, res, mult, add}.

Given an interpretation v : {z1,...,2,} — 2(2") of the third-order variables of ¢, we denote
by 7, the transition system over AP obtained as follows: We start from 7, and extend it
with an {a1,...,a,}-labelling by setting a; € A(pa(0)) if A € v(x;); then, we add to this
transition system all traces in T{, .y as disjoint paths below the initial vertex.

From the formulas ¢, and ¢4 .) defined in Lemmas 5.4 and 5.5, it is not difficult to
construct a formula ¢, ) such that:
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e Forall v:{xy,...,xn} — 2(2N), the transition system 7, is a model of ¢, 4 .y.
e Conversely, in any model T = (V, E, vy, A) of ¢( 1 ), the following conditions are satisfied:
(1) For every path p starting at a set-labelled successor of the initial vertex vy, the
vertex p(0) has a label of the form A(p(0)) = {set,b} U ¢ with b € {0,1} and
¢ C{ay,...,an}, and every vertex p(i) with ¢ > 0 has a label A(p(i)) = {set,0} or
A(p(i)) = {set, 1}.
(2) For every A C N, there exists a set-labelled path p4 starting at a successor of v; such
that 1 € A(pa(i)) ifi € A, and 0 € A(pa(i)) if i ¢ A. Moreover, all such paths have
the same {a1,...,a,} labelling; this can be expressed by the formula

v, . X <<G(set7r Asety A (1z < 17r/))> — /\ ar < awl> .

ae{ala"'zan}

(3) For every path p starting at an add- or mult-labelled successor of the initial vertex,
the label sequence A(p(0))A(p(1))--- of pisin T(, .

(4) Conversely, for every trace t € T4, there exists a path p starting at a successor of
the initial vertex such that A(p(0))A(p(1))--- =t.

We then let o = @ 4.y Ah(¢), where h(z)) is defined inductively from the second-order
body ¢ of ¢ as follows:
h(11 V 2) = h(¢1) V h(1h2).
o h(=¢) = —h(yr).

e If x ranges over sets of natural numbers,

h(3z. 1) = Im,. (Xsetr,) A h(1)),

and
h(Vx. 1) = V. (Xsetr,) — h(¢1)).

e If x ranges over natural numbers,
h(3x. 1) = Imp. (Xsetr,) AX(0r, U(lr, AXGOr,)) A h()1)),

and
h(Vz. 1) =Vm,. (Xsetyr, ) AX(0r, U(lz, AXGOr,)) — h(11)).

Here, the subformula 0., U(1,;, A X G0,) expresses that there is a single 1 on the trace
assigned to 7, i.e. the path represents a singleton set.

e If y ranges over sets of natural numbers, h(y € z;) = X(a;)x,

e If z ranges over natural numbers and y over sets of natural numbers, h(z € y) =
F(lp, A1g,).

o Wz <y)=F(l,, AXF1,,).

o hir+y=z)=3r (Xadd,;) AF(argl, Aly,) AF(arg2, Aly,) ANF(res; Aly,).
h(z-y=z)=3r. (Xmult,)AF(argl, Alg,)AF(arg2, Aly,) AF(res; Aly,).

If 1) is true under some interpretation v of z1,...,, as sets of sets of natural numbers,
then the transition system 7, defined above is a model of ¢'. Conversely, if T | ¢ for
some transition system 7T, then for all sets A C N there is a path p4 matching A in 7, and
all such paths have the same {a1,...,a,}-labelling, so we can define an interpretation v
of z1,...,z, by taking A € v(x;) if and only if a; € A(pa(0)). Under this interpretation
¥ holds, and thus ¢ is true, as first- and second-order quantification in (N,+,-, <, €) is
mimicked by path quantification in 7. []
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Now, we have all the tools at hand to prove the lower bound on the HyperCTL*
satisfiability problem.

Lemma 5.7. HyperCTL* satisfiability is ¥2-hard.

Proof. Let N be a Y2 set, i.e. N = {x € N| 3xg. ---3Iwy. (x,20,..., 7))} for some second-
order arithmetic formula 1 with existentially quantified third-order variables x;. For every
n € N, we define the sentence

op = dxg. - Jxg. Y(n,xo, ..., TE) -

Recall that every fixed natural number n is definable in first-order arithmetic, which is the
reason we can use n in .

Then ¢, is true if and only if n € N. Combining this with Lemma 5.6, we obtain a
computable function that maps any n € N to a HyperCTL* formula ¢/, such that n € N if
and only if ¢/, is satisfiable. []

5.4. Variations of HyperCTL" Satisfiability. The general HyperCTL* satisfiability
problem, as studied above, asks for the existence of a model of arbitrary size. In the
Y:2-hardness proof we relied on uncountable models with infinite branching. Hence, it is
natural to ask whether satisfiability is easier when we consider restricted classes of transition
systems. In the remainder of this section, we study the following variations of satisfiability.

e The HyperCTL* finitely-branching satisfiability problem: given a HyperCTL* sentence,
determine whether it has a finitely-branching model.”

e The HyperCTL* countable satisfiability problem: given a HyperCTL* sentence, determine
whether it has a countable model.

But let us again begin with finite-state satisfiability, i.e., the question whether a given
HyperCTL* sentence is satisfied by a finite transition system. As for HyperLTL (see
Proposition 3.5), finite-state satisfiability is much simpler, but still undecidable. In fact, the
lower bound is directly inherited from HyperLTL while the argument for the upper bound is
the same, as HyperCTL* model-checking is also decidable.

Proposition 5.8 [FRS15, FH16]. HyperCTL* finite-state satisfiability is ¥9-complete.

Next, we show that the complexity of HyperCTL* finitely-branching satisfiability and
countable satisfiability lies between that of finite-state satisfiability and general satisfia-
bility: both are equivalent to truth in second-order arithmetic, that is, the problem of
deciding whether a given sentence of second-order arithmetic is satisfied in the standard
model (N,0,1,+, -, <, €) of second-order arithmetic.

Theorem 5.9. All of the following problems are effectively interreducible:
(1) HyperCTL* countable satisfiability.

(2) HyperCTL* finitely-branching satisfiability.

(3) Truth in second-order arithmetic.

To prove Theorem 5.9, we show the implication (1) = (3) in Lemma 5.10 and the
implication (2) = (3) in Lemma 5.11. Then, in Lemma 5.15 we show both converse
implications simultaneously.

A transition system is finitely-branching, if every vertex has only finitely many successors.
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We start by showing that countable satisfiability can be effectively reduced to truth in
second-order arithmetic. As every countable set is in bijection with the natural numbers,
countable satisfiability asks for the existence of a model whose set of vertices is the set of
natural numbers. This can easily be expressed in second-order arithmetic, leading to a fairly
straightforward reduction to truth in second-order arithmetic.

Lemma 5.10. There is an effective reduction from HyperCTL* countable satisfiability to
truth in second-order arithmetic.

Proof. Let ¢ be a HyperCTL* sentence. We construct a sentence ¢ of second-order
arithmetic such that (N,0,1,+,-,<,€) = ¢ if and only if ¢ has a countable model, or,
equivalently, if and only if ¢ has a model of the form 7 = (N, E,0,\) with vertex set N,
which implies that the set E of edges is a subset of N x N. Note that we assume (w.l.o.g.)
that the initial vertex is 0. The labeling function A maps each natural number (that is, each
vertex) to a set of atomic propositions. We assume a fixed encoding of valuations in 24P
as natural numbers in {0, ..., |247| — 1}, so that we can equivalently view A as a function
A : N — N such that A\(n) < [24P] for all n € N. Note that binary relations over N can be
encoded by functions from natural numbers to natural numbers, and the encoding can be
implemented in first-order arithmetic.
The formula ¢ is defined as

¢ =3E. 3\ (Yo. Jy. (z,y) € E) A (Vo Mz) < [22F]) A ¢/ (E, X, 0),

where F is a second-order variable ranging over subsets of N x N, A\ a second-order variable
ranging over functions from N — N, and ¢/(F, ), i), defined below, expresses the fact that
the transition system (N, E,0,\) is a model of .

We use the following abbreviations:

e Given a second-order variable f ranging over functions from N to N, the formula
path(f,E) = VYn. (f(n), f(n + 1)) € E expresses the fact that f(0)f(1)f(2)... is a
path in (N, E,0,\).

e Given second-order variables f and f’ ranging over functions from N to N and a first-order
variable ¢ ranging over natural numbers, we let

branch(f, f',i, E) = path(f, E) A path(f', E) ANVj <. f(5) = f'(j) .-

This formula is satisfied by paths f and f’ if f and f’ coincide up to (and including)
position 7. We will use to restrict path quantification to those that start at a given position
of a given path.

We define ¢’ inductively from ¢, therefore considering in general HyperCTL* for-
mulas with free variables 7y,..., 7, in which case the formula ¢’ has free variables
E, X\, fris---5 fr,,t. The variable 7 is interpreted as the current time point. If ¢ is a
sentence, 7 is not free in ¢, as we use 0 in that case. Also, the translation depends on an
ordering of the free variables of ¢, i.e. quantified paths start at position ¢ of the largest
variable, as path quantification depends on the context of a formula with free variables.
In the following, we indicate the ordering by the naming of the variables, i.e. we have
< < Tk
o ar (BN fryy ooy frr 1) = V pe2apaeyy A fr; (1) = [v], where [v] is the encoding of v as a

natural number.

o If 90(7[-17"' aﬂk) = _‘7/J then (p,(Ea)\vfﬂla'--vfﬂk’i) = _'(w/(Ev)\afﬂla" 'afﬂ’kai))-
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If (71, ..., m) = 1 V)9 then
SDI(E7A7f7T1?"'7f7Tk’i):(wll(E’)\7f7r17"'7f7rk7Z.))\/(w/Q(E’)\7f7r17"'7f7rk7Z.))'
If p(m1,...,m) = X1, then we define

QO/(E,)\,fWU...,fWk,?:) = ¢/(E7>‘7f7r17"‘7f7rk7i+ 1)
If p(71,...,m) = Y1 U by, then we define
SDI(E7)\77I'1 g 7f71'k7i) = 3.].] ZiA¢§(E7A7fW1a" : 7f7rk7j) A
Vil (1 <5 <j = DIEN frpseos frn d)) -

If ¢ = 3m.9p(m1) is a sentence, then we define

<p/(E, A) = Afn, path(fr, E) A fz,(0) =0 A W(E, A, fr1,0) .

Recall that fr, ranges over functions from N to N and note that the formula requires f to
encode a path and to start at the initial vertex 0.
If p(m1,y ..., m) = Mgy, Y(m1, ..., Ty 1) With & > 0, then we define

SOI(Ea)\afﬂla e 'af7rk7i) = EIfWkJrl' bmnch(fﬂkﬂ,fﬁk,i,E) /\1//(E,)\, f7r1> ce '7f7rkaf7rk+1ai)-

Here, we make use of the ordering of the free variables of ¢, as the translated formula
requires the function assigned to fr, ., to encode a path branching of the path encoded by
the function assigned to fr,.

o If o =Vmy. ¢(m) is a sentence, then we define

¢ (B, N) =V fry. (path(fry, E) A fr,(0) = 0) = ' (E, X, fry,0).
If p(m1, ..., mg) = Vogyr. Y(m1, ... T, 1) With & > 0, then we define
SOI(EvAmfﬂ'l: .. 'afﬁk7i) = vfﬂ'kJrl' branCh(fﬂk+17f7rkai7E) — wl(EvAmfﬂ'l: .. '>f7rk7f7l'k+17i)

Now, ¢ has a countable model if and only if the second-order sentence ¢° is true in
(N70717+7'7<7€)' D

Since every finitely-branching model has countably many vertices that are reachable from
the initial vertex, the previous proof can be easily adapted for the case of finitely-branching
satisfiability.

Lemma 5.11. There is an effective reduction from HyperCTL* finitely-branching satisfiability
to truth in second-order arithmetic.

Proof. Let ¢ be a HyperCTL* sentence. We construct a second-order arithmetic formula ¢/
such that (N,0,1,+, -, <, €) = ¢/ if and only if ¢ has a finitely-branching model, which we
can again assume without loss of generality to be of the form 7 = (N, E,0, \), where the
set of vertices is N, the set E of edges is a subset of N x N, the initial vertex is 0, and the
labeling function A is encoded as a function from N to N.

The formula ¢/ is almost identical to ¢¢, only adding the finite branching requirement:

O =3E. 3. (Vz. Jy. (z,y) € E) A (Vo. Ty. Vz. (1,2) € E — 2 < y)A
(Vz. Mx) < |28F))A
o' (E,\,0). [
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Now, we consider the converse, i.e. that truth in second-order arithmetic can be reduced
to countable and finitely-branching satisfiability. To this end, we adapt the YX?-hardness
proof for HyperCTL*. Recall that we constructed a formula whose models contain all
{0, 1}-labelled paths, which we used to encode the subsets of N. In that proof, we needed to
ensure that the initial vertices of all these paths are pairwise different in order to encode
existential third-order quantification, which resulted in uncountably many successors of the
initial vertex. Also, we used the traces in T{ ) to encode arithmetic operations.

Here, we only have to encode first- and second-order quantification, so we can drop
the requirement on the initial vertices of the paths encoding subsets, which simplifies our
construction and removes one source of infinite branching. However, there is a second source
of infinite branching, i.e. the infinitely many traces in T{ .y which all start at successors of the
initial vertex. This is unavoidable: To obtain formulas that always have finitely-branching
models, we can no longer work with 7(, ). We begin by explaining the reason for this and
then explain how to adapt the construction to obtain the desired result.

Recall that we defined T .) over AP = {argl,arg2,res,add, mult} as the set of all

traces t € (2AF)” such that

e there are unique ni,ng,n3 € N with argl € t(n;), arg2 € t(n2), and res € t(n3), and

o either add € ¢(n) and mult ¢ t(n) for all n and ny+ng = n3, or mult € ¢(n) and add ¢ t(n)
for all n and ni - ny = ns.

An application of Kénig’s Lemma [K6én27] shows that there is no finitely-branching
transition system whose set of traces is T( ). The reason is that 7(, .y is not (topologically)
closed (see definitions below), while the set of traces of a finitely-branching transition system
is always closed.

Let Pref(t) C (22F)* denote the set of finite prefixes of a trace t € (24F)%. Furthermore,
let Pref(T) = |, Pref(t) be the set of finite prefixes of a set T C (2AF)* of traces. The
closure cl(T') C (24F)% of such a set T is defined as

cl(T) = {t € (2*F)¥ | Pref(t) C Pref(T)}.

For example, {add}* € cl(T(4 .)) and {mult}*{arg2,mult}{mult}* C cl(7{, ). Note that
we have T' C cl(7T') for every T. As usual, we say that T is closed if T' = cl(T).

Let AP be finite and let T' C (22F) be closed. Furthermore, let 7(T') be the finitely-
branching transition system (Pref(7"), £, e, \) with

E = {(w,wv) | wv € Pref(T) and v € 24T},
Ae) = 0, and A(wv) = v for all wv € Pref(T) with v € 247,

Remark 5.12. The set of traces of paths of 7(T') starting at the successors of the initial
vertex ¢ is exactly 7T'.

In the following, we show that we can replace the use of T{ .y by cl(7 .)) and still
capture addition and multiplication in HyperLTL. We begin by characterising the difference
between T .y and cl(T{4 .)) and then show that cl(7(;. .)) is also the unique model of some
HyperLTL sentence gpfi’_).

Intuitively, a trace is in cl(T(4.)) \ T( . if at least one of the arguments (the proposi-
tions argl and arg2) are missing. In all but one case, this also implies that res does not
occur in the trace, as the position of res is (almost) always greater than the positions of the
arguments. The only exception is when mult holds and res holds at the first position, i.e.
in the limit of traces encoding 0 - n = n for n tending towards infinity.
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Let D be the set of traces t over AP = {argl, arg2, res, add,mult} such that

for each a € {argl, arg2, res} there is at most one n such that a € t(n), and

either add € ¢(n) and mult ¢ t(n) for all n, or mult € ¢(n) and add ¢ t(n) for all n,
there is at least one a € {argl, arg2} such that a ¢ t(n) for all n.

Furthermore, if there is an n such that res € ¢(n), then mult € ¢(0), n = 0, and either
argl € t(0) or arg2 € t(0).

Remark 5.13. cl(T(4.)) \ T4 = D.
Now, we show the analogue of Lemma 5.5 for cl(7{4 ).
Lemma 5.14. There is a HyperLTL sentence ga‘{i_ ) which has cl(T(4..)) as unique model.

Proof. We adapt the formula ¢, .) presented in the proof of Lemma 5.5 having T{4 ) as
unique model. Consider the conjunction of the following HyperLTL sentences:

(1) For every trace t and every a € {argl,arg2,res} there is at most one n such that
a € t(n):

V. A\ (G =az) V (max) Ular A X G —ay)
a€{argl,arg2,res}

(2) For all traces t: If both argl and arg2 appear in ¢, then also res (this captures the fact
that the position of res is determined by the positions of argl and arg?2):

Vr. (Fargl AFarg2 ) — Fres,

(3) Every trace t satisfies either add € #(n) and mult ¢ ¢(n) for all n or mult € ¢(n) and
add ¢ t(n) for all n:

Vr. G(add; A "mult,) V G(mult, A —add,)

(4) For all traces t: If there is an a € {argl,arg2} such that a ¢ t(n) for all n, but
res € t(n3) for some ng, then {mult,res} C t(0) and {argl,arg2} Nt(0) # (:

Vr. | Fres; A \/ G-a; | » | mult,; Ares; A \/ a
ac{argl,arg2} a€{argl,arg2}

We again only consider traces satisfying these formulas in the remainder of the proof, as all
others are not part of a model. Also, we again speak of addition traces (if add holds) and
multiplication traces (if mult holds).

Furthermore, if a trace satisfies the (guard) formula ¢, = F arg; A F arg2, then it encodes
two unique arguments (given by the unique positions n1 and ns such that argl € ¢(n;) and
arg2 € t(n2). As the above formulas are satisfied, such a trace also encodes a result via the
unique position ng such that res € t(ns).

As before, we next express that every combination of inputs is present:

(5) There are two traces with both arguments being zero, one for addition and one for
multiplication:
/\ dn. ar Nargl Aarg2_
ac{add,mult}
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(6) For every trace encoding the arguments n; and ng, the argument combinations (n; +
1,n2) and (n1,n2 + 1) are also represented in the model, again both for addition and
multiplication (here we rely on the fact that either add or mult holds at every position,
as specified above). Note however, that not every trace will encode two inputs, which is
why we have to use the guard ¢,.

V7. pg — Iy, mo. /\ add, <> addr, | AF(argl, A Xargl, ) AF(arg2 Aarg2 )A
ie{1,2}
F(argl, Nargl,,) A F(arg2, A Xarg2, )

Every model of these formulas contains a trace representing each possible combination of
arguments, both for multiplication and addition.

To conclude, we need to express that the result in each trace is correct by again
capturing the inductive definition of addition in terms of repeated increments and the
inductive definition of multiplication in terms of repeated addition. The formulas differ from
those in the proof of Lemma 5.5 only in the use of the guard ¢,.

(7) For every trace t: if {add,argl} C t(0) and arg2 appears in ¢ then arg2 and res have
to hold at the same position (this captures 0 +n = n):

Vr. (pg Aadd A argl ) — F(arg2, Ares;)

(8) For each trace t with add € ¢(0), argl € t(n1), arg2 € t(n2), and res € t(n3) such that
ny > 0 there is a trace ¢’ such that add € ¢/(0), argl € t/(n1 — 1), arg2 € t/(n2), and
res € t/(ng — 1) (this captures ny +ng =n3 < ny — 1+ ngy =ng — 1 for ny > 0):

Vr. 3. (g A add; A —argl ) —
(add AF(Xargl Aargl ) AF(arg2 Aarg2 ) AF(Xres, Aresy))
(9) For every trace t: if {mult,argl} C ¢(0) then also res € ¢(0) (this captures 0-n = 0):
V7. (mult A argl, ) — res;

(10) Similarly, for each trace ¢t with mult € t(0), argl € t(n;), arg2 € t(ng), and res € t(n3)
such that ny > 0 there is a trace ¢’ such that mult € ¢(0), argl € /(n;—1), arg2 € t'(n2),
and res € t'(n3 — ny). The latter requirement is expressed by the existence of a
trace t” with add € t”(0), arg2 € t"(n2), res € t"(n3), and argl holding in ¢’ at the
same time as res in ¢, which implies res € t/(ng — na). Altogether, this captures
ny-ng2 =ng < (ng — 1) -na2 = ng — ng for n; > 0.
Vr. 3n', 7" (pg Amult, A —argl,) — (mult,s A add. A
F(Xargl Aargl ) AF(arg2, Aarg2. Aarg2 ,)A
F(res, AN argl ) AF(res; Ares,»)
cl

(+7')
every model of gp‘(ﬂr ) contains all possible combinations of arguments (both for addition

Now, cl(T{4,.) is a model of the conjunction ¢ of these ten formulas. Conversely,

and multiplication) due to Formulas (5) and (6). Now, Formulas (7) to (10) ensure that
the result is correct on these traces. Furthermore, all traces in D, but not more, are also
contained due to the first four formulas. Altogether, this implies that cl(T(Jﬁ.)) is the unique

model of goffh,). ]
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Figure 3: A depiction of Ty. All vertices but the initial one are labelled by fbt.

We are now ready to prove the lower bounds for HyperCTL* countable and finitely-
branching satisfiability.

Lemma 5.15. There is an effective reduction from truth in second-order arithmetic to
HyperCTL* countable and finitely-branching satisfiability.

Proof. We proceed as in the proof of Lemma 5.6. Given a sentence ¢ of second-order
arithmetic we construct a HyperCTL* formula ¢’ such that (N, +, -, <, €) is a model of ¢ if
and only if ¢ is satisfied by a countable and finitely-branching model.

As before, we represent sets of natural numbers as infinite paths with labels in {0, 1},
so quantification over sets of natural numbers and natural numbers is captured by path
quantification. The major difference between our proof here and the one of Lemma 5.6 is
that we do not need to deal with third-order quantification here. This means we only need to
have every possible {0, 1}-labeled path in our models, but not with pairwise distinct initial
vertices. In particular, the finite (and therefore finitely-branching) transition system 7;
depicted in Figure 3 has all such paths.

For arithmetical operations, we rely on the HyperLTL sentence gofiL from Lemma 5.14,

with its unique model cl(7{. .)), and the transition system 7 (cl(7(4..))), which is countable,
finitely-branching, and whose set of traces starting at the successors of the initial vertex
is exactly cl(7(4..)). We combine Ty and T (cl(T{4 .))) by identifying their respective initial
vertices, but taking the disjoint union of all other vertices. The resulting transition system 7y
contains all traces encoding the subsets of the natural numbers as well as the traces required

to model arithmetical operations. Furthermore, it is still countable and finitely-branching.

Let AP = {0, 1, fbt,argl, arg2, res,mult,add}. Using parts of the formula ¢, defined
in Lemma 5.4 and the formula gpfl defined in Lemma 5.14, it is not difficult to construct a

+,°)
) such that:

cl

formula ¢ (et

cl

e The transition system 7 is a model of Plet,):

cl

e Conversely, in any model 7 = (V, E, v, \) of Plet,) the following conditions are satisfied:

(1) For every path p starting at a fbt-labelled successor of the initial vertex vy, every
vertex p(i) with ¢ > 0 has a label A(p(i)) = {fbt,0} or A(p(i)) = {fbt, 1}.

(2) For every A C N, there exists a fbt-labelled path p4 starting at a successor of v; such
that 1 € M(pa(i))ifi € A, and 0 € AN(pa(i)) if i ¢ A.

(3) For every path p starting at an add- or mult-labelled successor of the initial vertex,
the label sequence A(p(0))A(p(1))--- of pis in cl(T(4 ).

(4) Conversely, for every trace t € cl(T(,..)), there exists a path p starting at a successor

K

of the initial vertex such that A(p(0))A(p(1))--- =1t.



3:34 M. ForTIN, L. KUDER, P. TOTZKE, AND M. ZIMMERMANN Vol. 21:1

We then let ¢’ = gpzlc FIRTA h(p), where h(y) is defined inductively from ¢ as in the proof
of Lemma 5.6:
h(t1 Vabg) = h(v1) V h(¥2).
h(=¢1) = =h(¢1).

If x ranges over sets of natural numbers,

h(3z. 1) = Im,. (X Ebty, ) A h()1)),

and
h(Vx. 1) = Vr. (X£fbty,) — h(1)).

e If z ranges over natural numbers,
h(Fz. 1) = Fmp. (Xfbty, ) A X(0r, U1z, AXGOL,)) A h()1)),

and
B(¥a. 1) = ¥a. (X £bty,) A X(0r, U(Lr, A X GO,)) = h(1)).

Here, the subformula 0., U(1;, A X G0,,) expresses that there is a single 1 on the trace
assigned to 7, i.e. the path represents a singleton set.

e If z ranges over natural numbers and y over sets of natural numbers, h(z € y) =
F(lr, A Ly,).

o Wiz <y)=F(l;,, N\XF1,).

o hr+y=2z) = 3. (X add,) AF(argl, Alg,) AF(arg2, Alg,) AF(res: Alxg,).
h(z-y=z)=3r. (Xmult,) AF(argl, Alr,)AF(arg2, Aly,) AF(res: Aly,).

If ¢ is true in (N,+,-,<,€), then the countable and finitely-branching transition
system Ty defined above is a model of ¢'. Conversely, if T | ¢’ for some transition system
T, then for all sets A C N there is a path p4 matching A in 7 and trace quantification in T
mimics first- and second-order in (N, +,-, <, €). Thus, ¢ is true in (N, +,-, <, €). L]

Note that the preceding proof shows that even HyperCTL* bounded-branching satisfia-
bility is equivalent to truth in second-order arithmetic, i.e., the question of whether a given
sentence is satisfied by a transition system where each vertex has at most k successors, for
some uniform k£ € N.

6. RELATED WORK

The HyperLTL and HyperCTL* model checking problems have been shown decidable in the
first paper introducing these logics [CFK*14] and their exact complexity (and that of variants)
has been determined in a series of further works [FRS15, Rab16, MZ20]. The HyperLTL
satisfiability problem has been shown undecidable by Finkbeiner and Hahn [FHH18], but no
upper bounds on the complexity were known. Similarly, Rabe has shown that HyperCTL*
satisfiability is ¥1-hard [Rab16], but again no upper bounds were known. Here, we settle
the exact complexity of satisfiability for both logics as well as that of some variants.

Further complexity results have been obtained by Bonakdarpour and Finkbeiner for
monitoring [BF18], by Finkbeiner et al. for synthesis [FHL"20], and by Bonakdarpour and
Sheinvald for standard automata-theoretic problems for hyperproperties represented by
automata [BS23], while Winter and Zimmermann showed that the existence of computable
Skolem functions for HyperLTL is decidable [WZ24]. Such functions yield explanations and
counterexamples for HyperLTL model checking.
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The techniques and results presented here have been generalized to second-order Hy-
perLTL [BFFM23], i.e. HyperLTL with quantification over sets of traces. This logic allows
to express important hyperproperties like common knowledge in multi-agent systems and
asynchronous hyperproperties, which are not expressible in HyperLTL. Second-order quan-
tification increases the already high expressiveness considerably: Satisfiability, finite-state
satisfiability and model checking are all equivalent to truth in third-order arithmetic [FZ25].
The intuitive reason is that second-order quantification over traces corresponds to quantifi-
cation over sets of sets of natural numbers (as traces can encode characteristic sequences of
such sets) and we have presented here an “implementation” of addition and multiplication
in HyperLTL. These ingredients yield the lower bounds while an embedding of HyperLTL in
third-order arithmetic yields the matching upper bounds.

Similarly, the techniques and results presented here have been generalized to Hyper-
QPTL as well, which extends HyperLTL by quantification over propositions [Rab16]. With
uniform quantification, HyperQPTL satisfiability is equivalent to truth in second-order arith-
metic [RZ24] while finite-state satisfiability and model-checking have the same complexity as
for HyperLTL [FH16, Rab16]. Non-uniform quantification makes HyperQPTL as expressive
as second-order HyperLTL [RZ24], which implies that all three problems are equivalent to
truth in third-order arithmetic.

The specification and verification of asynchronous hyperproperties, one of the motivations
for studying second-order HyperLLTL, have also been addressed by introducing dedicated
(first-order) extensions of HyperLTL. In fact, there is a wide range of such logics [BHNdC23,
BCB™21, BF23b, BBST24, BPS21, BPS22, GMO21, HBFS23, KSV23, KSV24, KMVZ18]).
While some of these works contain partial complexity results, there is currently no full
picture of the complexity of the standard verification problems for these logics.

Similarly, logics for probabilistic hyperproperties have been introduced [AB 18, DWA+22,
ABBDQO, DFT20], again with partial complexity results.

Finally, there is another approach towards specifying hyperproperties, namely using
team semantics for temporal logics [KMVZ18, KMVZ24]: Liick [Liic20] studied the com-
plexity of satisfiability and model checking for TeamLTL with Boolean negation and proved
both problems to be equivalent to truth in third-order arithmetic. Kontinen and Sand-
strom [KS21] generalized this result and showed that any logic between TeamLTL with
Boolean negation and second-order logic inherits the same complexity results. However, the
complexity of TeamLTL model checking without Boolean negation is a longstanding open
problem [KMVZ18, KMVZ24].

7. CONCLUSION

In this work, we have settled the complexity of the satisfiability problems for HyperLTL
and HyperCTL*. In both cases, we significantly increased the lower bounds, i.e. from %¢
and X} to X1 and Y2, respectively, and presented the first upper bounds, which are tight
in both cases. Along the way, we also determined the complexity of restricted variants,
e.g. HyperLTL satisfiability restricted to ultimately periodic traces (or, equivalently, to
finite traces) is still £1-complete while HyperLTL and HyperCTL* satisfiability restricted
to finite transition systems is E?-complete. Furthermore, we proved that both countable
and the finitely-branching satisfiability for HyperCTL* are as hard as truth in second-order
arithmetic. As a key step in our proofs, we showed a tight bound of ¢ on the size of
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minimal models for satisfiable HyperCTL* sentences. Finally, we also showed that deciding
membership in any level of the HyperLTL quantifier alternation hierarchy is IT}-complete.
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