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DIVERSITY OF ANSWERS TO CONJUNCTIVE QUERIES

TIMO CAMILLO MERKL ®“, REINHARD PICHLER ®**, AND SEBASTIAN SKRITEK ©°

TU Wien, Vienna, Austria
e-mail address: timo.merkl@tuwien.ac.at, reinhard.pichler@tuwien.ac.at, sebastian.skritek@tuwien.ac.at

ABSTRACT. Enumeration problems aim at outputting, without repetition, the set of so-
lutions to a given problem instance. However, outputting the entire solution set may be
prohibitively expensive if it is too big. In this case, outputting a small, sufficiently diverse
subset of the solutions would be preferable. This leads to the Diverse-version of the original
enumeration problem, where the goal is to achieve a certain level d of diversity by selecting
k solutions. In this paper, we look at the Diverse-version of the query answering problem
for Conjunctive Queries and extensions thereof. That is, we study the problem if it is
possible to achieve a certain level d of diversity by selecting k answers to the given query
and, in the positive case, to actually compute such k answers.

1. INTRODUCTION

The notion of solutions is ubiquitous in Computer Science and there are many ways of defining
computational problems to deal with them. Decision problems, for instance, may ask if the
set of solutions is non-empty or test for a given candidate if it indeed is a solution. Search
problems aim at finding a concrete solution and counting problems aim at determining the
number of solutions. In recent time, enumeration problems, which aim at outputting, without
repetition, the set of solutions to a given problem instance have gained a lot of interest, which
is, for instance, witnessed by two recent Dagstuhl seminars on this topic [BKPS19, FGS18].
Also in the Database Theory community, enumeration problems have played a prominent role
on the research agenda recently, see e.g., [AJMR22, KKW22, LP22, DST23, MR23, CS23].
Here, the natural problem to consider is query answering with the answers to a given query
constituting the “solutions” to this problem.

It is well known that even seemingly simple problems, such as answering an acyclic
Conjunctive Query, can have a huge number of solutions. Consequently, specific notions
of tractability were introduced right from the beginning of research on enumeration prob-
lems [JPY88] to separate the computational intricacy of a problem from the mere size of
the solution space. However, even with these refined notions of tractability, the usefulness of
flooding the user with tons of solutions (many of them possibly differing only minimally)
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may be questionable. If the solution space gets too big, it would be more useful to provide
an overview by outputting a “meaningful” subset of the solutions. One way of pursuing
this goal is to randomly select solutions (also known as “sampling”) as was, for instance,
done in [ACJR19, CZB*22]. In fact, research on sampling has a long tradition in the Data-
base community [CM99] — above all with the goal of supporting more accurate cardinality
estimations [LRG117, LWYZ19, ZCL"18].

A different approach to providing a “meaningful” subset of the solution space aims at
outputting a small diverse subset of the solutions. This approach has enjoyed considerable
popularity in the Artificial Intelligence community [BFJT22, EEEF13, Nad11] — especially
when dealing with Constraint Satisfaction Problems (CSPs) [HHOWO05, IdIBST20, PT15].
For instance, consider a variation of the car dealership example from [HHOWO5]. Suppose
that I models the preferences of a customer and S(I) are all cars that match these restrictions.
Now, in a large dealership, presenting all cars in S(I) to the customer would be infeasible.
Instead, it would be better to go through a rather small list of cars that are significantly
different from each other. With this, the customer can point at those cars which the further
discussion with the clerk should concentrate on.

Due to the inherent hardness of achieving the maximal possible diversity [HHOWO05],
the Database community — apart from limited exceptions [DF14] — focused on heuristic and
approximation methods to find diverse solutions (see [ZWQ'17] for an extensive survey).
Also, there, diversification is usually treated as a post-processing task that is applied to a
set of solutions after materializing it.

The goal of our work is therefore to broaden the understanding of the theoretical
boundaries of diverse query answering and develop complementary exact algorithms. More
specifically, we want to analyze diversity problems related to answering Conjunctive Queries
(CQs) and extensions thereof. As pointed out in [IdIBST20], to formalize the problems
we are thus studying, we, first of all, have to fix a notion of distance between any two
solutions and an aggregator to combine pairwise distances to a diversity measure for a set of
solutions. For the distance between two answer tuples, we will use the Hamming distance
throughout this paper, that is, counting the number of positions on which two tuples differ.
Our developed techniques naturally extend to weighted Hamming distances, i.e., where each
attribute is assigned a constant weight and we sum over the weights of those attributes the
two answers differ on. However, for the sake of simplicity, we stick to the unweighted version
in our discussion. As far as the choice of an aggregator f is concerned, we impose the general
restriction that it must be computable in polynomial time!. As will be detailed below, we
will sometimes also consider more restricted cases of aggregators. Formally, for a class Q of
queries and diversity measure ¢ that maps k answer tuples to an aggregated distance, we
will study the following problem Diverse-Q (0 is fixed and not part of the input):

Diverse-Q
Input: A database instance I, query @ € Q, and integers k and d.

Question: Do there exist pairwise distinct answers ~v1,...,7% to @ over I such that
6(’}/17 o a’WC) > d?

IThe reason for this restriction is simply to not dilute our discussion of the complexity of the diversity
problem with the inherent complexity of computing the diversity of a set of answers itself. If we are content
with higher complexity classes, like FPT, the time required to compute the aggregator may also take longer,
e.g., FPT time.
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That is, we ask if a certain level d of diversity can be achieved by choosing k pairwise distinct
answers to a given query ) over the database instance I. We refer to {v1,...,7} as the
desired diversity set. In the literature, one can find examples of duplicates being allowed and
disallowed in the diversity set. In the present work, we disallow duplicates if not mentioned
otherwise since it seems counter-intuitive to expect a user to get a broader picture of the
solution space when being presented with the same element multiple times. However, we
note that all results in this paper remain the same no matter whether we exclude duplicates
or not — with one single exception: for the query complexity of the Diversesym-ACQ (formally
defined below) problem, we manage to show P-membership if duplicates are allowed (see
Theorem 3.10), but only FPT-membership if duplicates are excluded (see Theorem 3.9).
As far as the notation is concerned, we will denote the Hamming distance between two
answers 7, 7 by A(v,7'). With diversity measure §, we denote the aggregated Hamming

distances of all pairs of k& answer tuples for an arbitrary, polynomial-time computable
k(k—1)

aggregate function f. That is, let f: (J,~; N 2 — R and let d;; = A(y;,7;) for
1 <i<j <k Then we define 5(vi,...,7) := f((dij)i<i<j<kr). Sometimes it will be
necessary to restrict our attention to concrete aggregators or concrete classes of aggregators.
To that end, we write dsum if the aggregator f is the sum, dmon if the aggregator f is a
monotone function, i.e., f(di,...,dy) < f(d},...,dy) whenever d; < d} holds for every

ie{l,...,N} with N = k(kgl), and dywsm if the aggregator f is weakly strictly monotone
(ws-monotone) in the sense that f(di,...,dn) < f(d,...,d) whenever d; < d holds for every
i€{1,...,N} and at least one d; < d. Note that most natural measures of diversity are
ws-monotone, e.g., aggregating via sum or min but may not be strictly monotone, e.g.,
min. To emphasize the class of diversity measures in question, we denote the corresponding
diversity problems by Diversesym-Q, Diversemon-Q, and Diverseysm-Q, respectively.

When we prove upper bounds on the complexity of several variations of the Diverse-Q
problem (in the form of membership in some favorable complexity class), we aim at the most
general setting, i.e., membership for all polynomial-time computable aggregation functions.
However, in some cases, the restriction to Diversegym-Q or Diversemon-Q will be needed in
order to achieve the desired upper bound on the complexity. In contrast, to prove lower
bounds (in the form of hardness results), we consider arbitrary ws-monotone diversity
measures, i.e., Diverseysm-Q. This means that our hardness results do not just hold for a
particular diversity measure but for all fixed, ws-monotone diversity measures.

We will analyze the Diverse-Q problem for several query classes Q — starting with the
class CQ of Conjunctive Queries and then extending our studies to the classes UCQ and
CQ™ of unions of CQs and CQs with negation. In one case, we will also look at the class FO
of all first-order queries. Recall that, for combined complexity and query complexity, even
the question, if an answer tuple exists at all, is NP-complete for CQs [CM77]. We therefore
mostly restrict our study to acyclic CQs (ACQs, for short) with the corresponding query
classes ACQ and UACQ), allowing only ACQs and unions of ACQs, respectively. For CQs
with negation, query answering remains NP-complete even if we only allow ACQs [Lan23].
Hence, for CQ™ we have to impose a different restriction. We thus restrict ourselves to
CQs with bounded treewidth. Finally note that, even if we have formulated Diverse-Q as a
decision problem, we also care about actually computing k solutions in case of a yes-answer.

We aim at a thorough complexity analysis of the Diverse-Q problem from various angles.
For the most part, we consider the problem parameterized by the size k of the diversity
set. In the non-parameterized case (i.e., if k is simply part of the input) we assume k to
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be given in unary representation. This assumption is motivated by the fact that for binary
representation of k, the size k of the diversity set can be exponentially larger than the input:
this contradicts the spirit of the diversity approach which aims at outputting a small (not
an exponentially big) number of diverse solutions. As is customary in the Database world,
we will distinguish combined, query, and data complexity.

Summary of results.

o We start our analysis of the Diverse-Q problem with the class of ACQs and study data
complexity, query complexity, and combined complexity. With the size k of the diversity
set as the parameter, we establish XP-membership for combined complexity, which is
strengthened to FPT-membership for data complexity. The XP-membership of combined
complexity is complemented by a W[1]-lower bound of the Diverseysm-ACQ problem. For
the non-parameterized case, we show that even the data complexity is NP-hard.

e The FPT-result of data complexity is easily extended to unions of ACQs. Actually, it even
holds for arbitrary FO-queries. However, rather surprisingly, we show that the combined
complexity and even query complexity of the Diverseysm-UACQ problem is NP-complete
even when only looking for a pair of diverse answers. That is, the hardness still holds if
the size k of the diversity set is 2 and the UACQs are restricted to unions of 2 ACQs.

e Finally, we study the Diverse-Q problem for the class CQ™. As was mentioned above, the
restriction to ACQs is not even enough to make the query answering problem tractable.
We, therefore, study the Diverse-CQ™ problem by allowing only classes of CQs of bounded
treewidth. The picture is then quite similar to the Diverse-ACQ problem, featuring
analogous XP-membership, FPT-membership, W[1]-hardness, and NP-hardness results.

Structure. We present some basic definitions and results in Section 2. In particular, we will
formally introduce all concepts of parameterized complexity (complexity classes, reductions)
relevant to our study. We then analyze various variants of the Diverse-Q problem, where Q
is the class of CQs in Section 3, the class of unions of CQs in Section 4, and the class of
CQs with negation in Section 5, respectively. Some conclusions and directions for future
work are given in Section 6.

2. PRELIMINARIES

Basics. We assume familiarity with relational databases. For basic notions such as schema,
(arity of) relation symbols, relations, (active) domain, etc., the reader is referred to any
database textbook, e.g., [AHV95]. A CQ is a first-order formula of the form

¢
Q(X) =3y ) 4,
i=1
with free variables X = (x1,...,2,,) and bound variables Y = (y1,...,y,) such that each
A; is an atom with variables from x1,...,2Zm, 41, ..,Ys. An answer to such a CQ Q(X)

over a database instance (or simply “database”, for short) I is a mapping v: X — dom(I)
which can be extended to a mapping 7: (X UY) — dom(I) such that instantiating each
variable z € (X UY') to J(z) sends each atom A; into the database I. We write dom(I) to
denote the (finite, active) domain of I. By slight abuse of notation, we also refer to the
tuple v(X) = (y(z1),...,7(zm)) as an answer (or an answer tuple). A UCQ is a disjunction
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\/Z]\; 1 Qi(X), where all Q;’s are CQs with the same free variables. The set of answers of a
UCQ is the union of the answers of its CQs. In a CQ with negation, we allow the A;’s to
be either (positive) atoms or literals (i.e., negated atoms) satisfying a safety condition, i.e.,
every variable has to occur in some positive atom. An answer to a CQ with negation Q(X)
over a database I has to satisfy the condition that each positive atom is sent to an atom
in the database while each negated atom is not. The set of answers to a query ) over a
database I is denoted by Q([).

For two mappings « and o’ defined on variable sets Z and Z’, respectively, we write
a = o to denote that the two mappings coincide on all variables in Z N Z’. If this is the case,
we write @ N o’ and aU o’ to denote the mapping obtained by restricting o and o’ to their
common domain or by combining them to the union of their domains, respectively. That
is, (aNa’)(z) = a(z) for every z € ZN Z" and (a U a')(z) is either a(z) if z € Z or o/(2)
otherwise. For another variable set X and z € Z, we write o|x and «f, for the mappings
resulting from the restriction of « to the set X N Z or the singleton {z}, respectively. Also,
the Hamming distance between two mappings can be restricted to a subset of the positions
(or, equivalently, of the variables): by Ax(«, ') we denote the number of variables in X on
which « and o/ differ.

Acyclicity and widths. In a landmark paper [Yan81], Yannakakis showed that query evaluation
is tractable (combined complexity) if restricted to acyclic CQs. A CQ is acyclic if it has a
join tree. Given a CQ Q(X) :=3Y /\f:1 A; with At(Q(X)) = {4, : 1 <i < (}, a join tree
of Q(X) is a triple (T, A\, r) such that T = (V(T), E(T)) is a rooted tree with root r and
A V(T) — At(Q(X)) is a node labeling function that satisfies the following properties:

(1) The labeling A is a bijection.
(2) For every v € X UY, the set T, = {t € V(T) : v occurs in A(t)} induces a subtree T'[T5]
of T

As is common, for a graph T'= (V(T), E(T)) and H C V(T), we use T[H] to denote the
subgraph of T induced by H, i.e. the subgraph consisting of H and all edges in E(T") between
nodes in H.

Testing if a given CQ is acyclic and, in case of a yes-answer, constructing a join tree is
feasible in polynomial time by the GYO-algorithm, named after the authors of [Gra79, YOT79].

Another approach to making CQ answering tractable is by restricting the treewidth (tw),
which is defined via tree decompositions [RS84]. Treewidth does not generalize acyclicity,
i.e., a class of acyclic CQs can have unbounded tw. We consider tw here only for CQs
with negation. Let Q(X) :=3Y /\f:1 L;, be a CQ with negation, i.e., each L; is a (positive
or negative) literal. Moreover, let var(L;) denote the variables occurring in L;. A tree
decomposition of Q(X) is a triple (7', x, r) such that T' = (V(T"), E(T)) is a rooted tree with
root 7 and x: V(T) — 2% is a node labeling function with the following properties:

(1) For every L;, there exists a node t € V(T') with var(L;) C x(¢).
(2) For every v €e X UY, theset T, = {t € V(T') : v € x(t)} induces a subtree T[T of T'.

The property (2) is called the connectedness condition for join trees and tree decomposition.
The sets x(t) of variables are referred to as “bags” of the tree decomposition 7'. The width
of a tree decomposition is defined as maxcy (7)(|x(¢)| — 1). The treewidth of a CQ with
negation () is the minimum width of all tree decompositions of (). For fixed w, it is feasible
in linear time w.r.t. the size of the query @ to decide if tw(Q) < w holds and, in case of a
yes-answer, to actually compute a tree decomposition of width < w [Bod96].



9:6 T. MERKL, R. PICHLER, AND S. SKRITEK Vol. 21:1

Tree decompositions can be extended to hypertree decompositions (HDs) [GLS02], gener-
alized hypertree decompositions (GHDs) [AGGO07], and fractional hypertree decompositions
(FHDs) [GM14] by defining an integral edge cover number (in case of HDs and GHDs) or
a fractional edge cover number (in case of FHDs) for each bag. Then the width of such a
decomposition is the maximum size of all edge cover numbers in the HD, GHD, or FHD.
Analogously to treewidth, the hypertree width hw(Q), generalized hypertree width ghw(Q),
and fractional hypertree width fhw(Q) of a given query @ is defined as the minimum width
attainable over all HDs, GHDs, or FHDs of @), respectively. Acyclic queries are the ones
with hw = ghw = fhw = 1.

Note that bounded treewidth and acyclicity are incomparable. Indeed, in case of
unbounded arity, even the class of single-atom queries (clearly, all such queries are trivially
acyclic) has unbounded treewidth. On the other hand, for instance, the triangle query and
its generalization to any cycles has constant treewidth 2, but these queries are, of course,
not acyclic. However, the classes of queries with bounded hw, ghw, or fhw properly contain
the classes of queries with bounded tw. Moreover, query evaluation of queries with bounded
hw, ghw, or fhw can be reduced in polynomial time to query evaluation of acyclic queries.
Essentially, the relations of the resulting acyclic query are obtained by carrying out the joins
corresponding to each edge cover.

Complezity. We follow the categorization of the complexity of database tasks introduced
in [Var82] and distinguish combined/query/data complexity of the Diverse-Q problem. That
is, for data complexity, we consider the query Q) as arbitrarily chosen but fixed, while for
query complexity, the database instance I is considered fixed. In case of combined complexity,
both the query and the database are considered as variable parts of the input.

We assume familiarity with the fundamental complexity classes P (polynomial time) and
NP (non-deterministic polynomial time). We study the Diverse-Q problem primarily from a
parameterized complexity perspective [DF99]. An instance of a parameterized problem is
given as a pair (x, k), where z is the actual problem instance and k is a parameter — usually
a non-negative integer. The effort for solving a parameterized problem is measured by a
function that depends on both, the size |z| of the instance and the value k of the parameter.
The asymptotic worst-case time complexity is thus specified as O(f(n, k)) with n = |z|.

The parameterized analogue of tractability captured by the class P is fized-parameter
tractability captured by the class FPT of fixed-parameter tractable problems. A problem is in
FPT, if it can be solved in time O(f(k) - n¢) for some computable function f and constant c.
In other words, the running time only depends polynomially on the size of the instance,
while a possibly exponential explosion is confined to the parameter. In particular, if for a
class of instances, the parameter k is bounded by a constant, then FPT-membership means
that the problem can be solved in polynomial time. This also applies to problems in the
slightly less favorable complexity class XP, which contains the problems solvable in time
O(nf k).

Parameterized complexity theory also comes with its own version of reductions (namely
“FPT-reductions”) and hardness theory based on classes of fixed-parameter intractable prob-
lems. An FPT-reduction from a parameterized problem P to another parameterized problem
P’ maps every instance (z,k) of P to an equivalent instance (2, k') of P’, such that &’
only depends on k (i.e., independent of x) and the computation of 2z’ is in FPT (i.e., in
time O(f(k) - |x|¢) for some computable function f and constant ¢). For fized-parameter
intractability, the most prominent class is W[1]. It has several equivalent definitions, for
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instance, W([1] is the class of problems that allow for an FPT-reduction to the INDEPEN-
DENT SET problem parameterized by the desired size k of an independent set. We have
FPT C W]1] C XP. It is a generally accepted assumption in parameterized complexity theory
that FPT # W([1] holds — similar but slightly stronger than the famous P # NP assumption
in classical complexity theory, i.e., FPT # W[1] implies P # NP, but not vice versa.

3. DIVERSITY OF CONJUNCTIVE QUERIES

3.1. Combined and Query Complexity. We start our study of the Diverse-ACQ problem
by considering the combined complexity and then, more specifically, the query complexity.
We will thus present our basic algorithm in Section 3.1.1, which allows us to establish the
XP-membership of this problem. We will then prove W[1]-hardness in Section 3.1.2 and
present some further improvements of the basic algorithm in Section 3.1.3.

3.1.1. Basic Algorithm. Our algorithm for solving Diverse-ACQ is based on a dynamic
programming idea analogous to the Yannakakis algorithm. Given a join tree (T, A, r) and
database I, the Yannakakis algorithm decides in a bottom-up traversal of T" at each node
t € V(T) and for each answer « to the single-atom query A(¢) if it can be extended to
an answer to the CQ consisting of all atoms labeling the nodes in the complete subtree
T’ rooted at t. It then stores this (binary) information by either keeping or dismissing .
Our algorithm for Diverse-ACQ implements a similar idea. At its core, it stores k-tuples
(a1, ..., ag) of answers to the single-atom query A(t), each k-tuple describing a set of (partial)
diversity sets. We extend this information by the various vectors (d; j)1<i<j<r of Hamming
distances that are attainable by possible extensions (71, ...,7%) to the CQ consisting of the
atoms labeling the nodes in 7.

In the following, we consider an ACQ Q(X) := 3Y /\f:1 A; where each atom is of the form
A; = R;(Z;) for some relation symbol R; and variables Z; C X UY. For an atom A = R(Z)
and a database instance I, define A(I) as the set of mappings {a: Z — dom(I) : a(Z) € R}.
We extend the definition to sets (or conjunctions) ¢(Z) of atoms A;(Z;) with Z; C Z. Then
¥(I) is the set of mappings {a: Z — dom(I) : a(Z;) € R! for all R;(Z;) € ¢¥(Z)}. Let
(T, \,r) be a join tree. For a subtree 77 of T we define \(T") = {A(t) : t € V(T")} and,
by slight abuse of notation, we write ¢(I) and T"(I) instead of \(¢)(I) and A(T")(I). Now
consider T” to be a subtree of T' with root t. For tuples

e € {(a,...,an (diji<icj<k) tai,...,op € t(I),d;i; € {0,...,|X|} for 1 <i < j <k},
we define
extr(e) = {(V1y-- s Yk) Y1,k € T'(I) 8.ty 2y for 1 <4 < k and
Ax(vi,7vj) = d;j for 1 <i < j <k}

Intuitively, the algorithm checks for each such tuple e whether there exist extensions ~;
of a; that

(1) are solutions to the subquery induced by 7", and
(2) exhibit d; j as their pairwise Hamming distances. If this is the case, the tuple e is kept,
otherwise, e is dismissed.
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In doing so, the goal of the algorithm is to compute sets Dy that contain exactly those e
with eztys(e) # (). Having computed Dy (i.e., for the whole join tree), Diverse-ACQ can now
be decided by computing for each e € Dr the diversity measure from the values d; ;.

To do so, in a first phase, at every node ¢t € V(T'), we need to compute and store the
set Dy (for T” being the complete subtree rooted in t). We compute this set by starting
with some set D; and updating it until eventually, it is equal to D7. In addition, to every
entry e in every set Dy, we maintain a set pp,(e) containing provenance information on e.
Afterwards, in the recombination phase, the sets Dy and pp,(:) are used to compute a
diversity set with the desired diversity — if such a set exists.

Algorithm 3.1. Given Q(X), I, (T, \,r), k, d, and a diversity measure § defined via some
aggregate function f, the first phase proceeds in three main steps:

e Initialization: In this step, for every node ¢t € V(T'), initialize the set D; as
Dy = {(a1,...,a, (dij)i<icj<x) 1 s € t(1),dij = Ax (i, o))}

That is, D; contains one entry for every combination aq,...,ax € t(I), and each value
d;j (1 <i<j<k)isthe Hamming distance of the mappings o;|x and «a;|x.

For every e € Dy, initialize pp, (e) as the empty set.

Finally, set the status of all non-leaf nodes in T to “not-ready” and the status of all
leaf nodes to “ready”.

e Bottom-Up Traversal: Then repeat the following action until no “not-ready” node is

left: Pick any “not-ready” node t that has at least one “ready” child node ¢’. Update D;
to DV as

Dpe = {(an, .., o, (digh<icjer) (1, o, (dihi<icj<k) € Di,
(@), o, (di ji<i<j<k) € Dy,
a; o) for 1 <i<k,
Ji,j =d;; + d;d — Ax(a; Nag,a;N a;)
for 1 <i<j<k}.

Expressed in a more procedural style: Take every entry e € D; and compare it to every
entry ¢’ € Dy. If the corresponding mappings «; € D; and o), € Dy agree on the shared
variables, the new set D}*" contains an entry e with the mappings «; from e and the
Hamming distances computed from e and ¢’ as described above.

Set pppeu(€) = pp,(e) U{(t',¢’)}. If the same entry € is created from different pairs
(e,€’), choose an arbitrary one of them for the definition of ppnew(é€).

Finally, change the status of ¢’ from “ready” to “processed”. The status of ¢ becomes
“ready” if the status of all its child nodes is “processed” and remains “not-ready” otherwise.

¢ Finalization: Once the status of root r is “ready”, remove all (a1, ..., a, (dij)i<i<j<k)

€ D, where f((di;)i<i<j<t) < d. To ensure that all answers in the diversity set are
pairwise distinct, also remove all entries where d; j = 0 for some (i,7) with 1 <7 < j <k.

If, after the deletions, D, is empty, then there exists no diversity set of size k with a
diversity of at least d. Otherwise, at least one such diversity set exists.

Clearly, the algorithm is well-defined and terminates. In the following theorem, we show
that the algorithm decides Diverse-ACQ and we give an upper bound on its running time.
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Theorem 3.2. The Diverse-ACQ problem is in XP in combined complexity when param-
eterized by the size k of the diversity set. More specifically, for an ACQ Q(X), a data-
base I, and integers k and d, Algorithm 3.1 decides the Diverse-ACQ problem in time
O(|RT|** - (|X] + DEE=D . poly(|Q, k)) where R' is the relation from I with the most tuples
and poly(|Q|, k) is a polynomial in |Q| and k.

This result is a consequence of the correctness of Algorithm 3.1. We show both, the
correctness of the algorithm and Theorem 3.2 using a sequence of lemmas, discussed and
proven next. Consider an ACQ Q(X) with join tree (T, \,r), a database instance I, and
integers k (the number of elements in the diversity set) and d (the required diversity). For a
subtree T” of T with root t, let D7+ be the set of tuples

e € {(a,...,ap (dij)i<icj<k) s ai1,...,04 € t(I) and
dij€{0,...,|X|} for1 <i<j<k}
such that the set
extri(€) = {(V1y-- s V) V1> € T'(I) 5.t i 2y, for 1 < i < k and
Ax(vi,v) =d;j for 1 <i<j <k}
is not empty. To prove the correctness of Algorithm 3.1, it is sometimes more convenient to
work with the following, obviously equivalent, definition of Dyp:
Dyrr = {(a1,...,ak, (dij)i<icj<k): 01, ..., € t(1),
V1,5 € T(T),
MEor. Y = o,
dij = Ax(yi,7;) for 1 <i<j <k}
The overall goal of the following lemmas is to

(1) show that once the status of a node t € V(T') is “ready”, the equality Dy = D7 holds,
where T" is the complete subtree of T rooted in t (i.e., the subtree of T' containing ¢ and
all of its descendants). This proves the correctness of the algorithm.

(2) provide a bound on the running time of the different steps of the algorithm.

The first lemma, describing the size of the sets Dy, follows immediately from the definition
and the observation that the value of each of the entries d; ; is at most | X].

Lemma 3.3. Let Q(X) be an ACQ, I a database instance, and (T, \,r) a join tree for
Q(X). Throughout the running time of Algorithm 3.1, for every node t € V(T') the set Dy

contains at most |RI|F . (|X|+1)" 2 tuples, where R! is the relation in I containing the
most tuples. The size of each tuple is polynomial in the size of the input.

Proof. The polynomial size of each tuple is immediate. For the number of entries, observe
that the number of different elements in every ¢(I) is [t(I)| < |R!| since A(t) consists of a single

atom. Also, since each d; ; describes the Hamming-Distance between two mappings with at
k(k—1)

most | X| variables, its value is in {0,...,|X]|}. The expression |R!|* - (]X|+ 1) 2  thus
describes the number of all possible combinations of these values for tuples of size k + @
where the first k are elements of ¢(I) and the remaining elements from {0,...,|X]|}. ]

The next lemma shows that the initialization correctly computes Dy for all subtrees T’
of T' consisting of a single node, and states the running time of this step.
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Lemma 3.4. Let Q(X) be an ACQ, I a database instance, and (T, \,r) a join tree for
Q(X). Once the “Initialization”-step of Algorithm 3.1 is complete, the equality Dy = Dy
holds for all nodes t € V(T), where T" is the subtree of T consisting only of t. Furthermore,
Dy can be computed in time O([t(I)[* - k? - |var(t)]).

Proof. One helpful observation for both, correctness and the running time, is that no
collection ajq,...,ar may occur twice, each time with different values (di,j)ngjgk and
(déyj)1§i<j§k7 in Dps: because the subtree T” consists only of ¢, all (aq, ..., ax) are their only
extension and thus determines the values (d;;)i<i<j<x. The equality Dy = Dy then follows
immediately from the definitions of D; and Dypr.

For the time bound, observe that the given time allows one to iterate through all possible
tuples (a, ..., ag) with ag,...,ap € t(I) ([t(I)|¥ many), and for each such tuple to compute,
for each pair a;,a; with 1 <4 < j < k (less than k? many) the value d;; = Ax (v, ;)
(X Nwar(t) C var(t) many variables to compare), which constitutes a naive implementation
of the “Initialization” step. L]

The next lemma will be essential in proving the “Bottom-Up Traversal” step of Algo-
rithm 3.1 being correct, and provides a bound on the running time for a single iteration of
this step.

Lemma 3.5. Let Q(X) be an ACQ, I a database instance, and (T, \,r) a join tree for Q(X).
Let (Ty,t1) and (T, t2) be two disjoint rooted subtrees of (T,r) (i.e. V(T1) NV (Ty) = 0)
such that t1 is the parent node of ty in (T,r), and for T = T[V(T1) UV (T»)] consider the
rooted subtree (T',t1) of (T,r). Then

Dj = {(a1,...,ap, (dij)i<icj<k) : (o1, an, (dij)i<i<j<k) € Dy,
(s, (di j1<icj<n) € Dy,
aigagforlgigk,
di,j = di,j + d;j — Ax(ai N Oég, a; N a;)
for1<i<j<k} (3.1)
Also, given Dr, and Dr,, the set D can be computed in time O(|D|* - k? - |Z|) where D is
the larger of the two sets Dy, and Dr,, and Z is the larger of the sets var(ty) and var(ts).
Proof. For this proof, we will use D to describe the set of tuples according to the initial
definition, and bT for the set defined by the right hand side of Equation 3.1. We show
D; = f)T bAy proving D C ﬁT and DT C D separately.
Let e = (a1,...,a, (dij)i<i<j<k)) € Ds. Consider an arbitrary (y1,...,%) € exts(e), and
define v; = Jilvar(ry) and ¥; = Filyar(my) for all 1 <4 < k. By definition, v; € T1(I) and
i € To(I), thus we have

A~

e1 = (Mlvar(tr)s - - - » Velvar(er)s (Ax (Vi,75))1<i<j<k) € Dy, and
€2 = (Vlvar(ta)s - - - » Velvar(ta)> (Ax (%5 7j)1<i<j<k) € Dry.
This is the case since clearly
(Y155 ) € ety (Vilvar(er)s - - - > Velvar(tr), (Ax (Vis j))1<i<j<k)) and
(V-0 M) € extry (Mlvar(ta) - - - > Velvar(ta), (Ax (Vi Vi) 1<i<j<i))-
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Now a; = Yilyar(t,) and we define o = 7| yar(r,). We get a; = o for all 1 <i < k. Next, for
1 <1<y <k, we have

di’j =Ax (’%’ ;}/]) - AXﬂ(var(Tl)Uvar(T2)) (’%’ 'A)’])

B X0 (var () var () \varzyy) i 1) = Bxnwar) 3633 + B (sar(ray\varryy) 360 19):
Now

A)(v (727 7]) = AXﬂvar(Tﬂ (ﬂlla ﬁ/]) and

AX (7{7 7;) = AXﬁvar(TQ) (’AYZ: ;Y]) = AXﬂ(var(Tz)\var(Tl)) (’%7 ’AY]) + AXﬁ(var(Tg)ﬂvar(Tl)) (,_%’ fAYj)

We end up with di,j = Ax (72” ’Yj) + Ax (7{7 7;) - AXﬂ(var(TQ)ﬂvar(Tl)) (’AYz, PAYJ) Given that v;
and v; share exactly the variables from var(T1)Nvar(T2), we get A xn(var()nvar(1y)) (Fis Vi) =
Ax (N, ﬂ’y}). Because of the connectedness condition, all variables shared between any
7i and v; are also contained in ;|yar(t;) and Y;lvar(z,) and therefore Ax (i N7, v Nvj) =
Ax(oiNal,a;nN a;-). Thus e € ﬁT is verified by the tuples e; and eo, which, together with e
satisfy all conditions stated on the right-hand side of Equation 3.1, which concludes this
direction of the proof.

[)T C Dj: Consider an arbitrary tuple é = (au, ..., o, (ciz-,j)ngjgk) € f)T’ and let
e = (051, ceny O, (di,j)1§i<j§k) S DT1 and ey = (0/1, C ,04;6, (d;7j)1§i<j§k) € DT2 be two
tuples witnessing é € ﬁT (i.e. é, e1, and ey satisfy all conditions on the right-hand side of
Equation 3.1). Then extr,(e;) and extr,(e2) are both not empty. Choose (y1,...,7%) €
ezt (e1) and (7],...,7;) € exty,(e2) arbitrarily. By definition, Ax(vi,y;) = di; and
Ax(vf,7;) = d; ; for all 1 <i < j < k. Because of the connectedness condition for join trees,
(1) the mapping 4; = 7; U~ is a valid mapping,
(2) ’A}/i|var(t1) = «aj, and
(3) 4 € T(I) (and thus oy € t1(1)).

Thus (a1, ..., ar, (Ax(3,9j))1<i<j<k) € Dy, and proving Ax(9;,4;) = d;; concludes the
proof. Towards this goal, by an equivalent development as for proving the other direction,
we get

Ax(%i,%5) = Ax (i, 75) + Ax (v, 7;) — Ax (v N i, v N )
= di,j + d;’,j — Ax(ai N Oz;, a; N 04;)
= dij-

To prove that ﬁT can in fact be computed within the stated time bound, consider
the following naive implementation: Iterate through all e; € Dr,, and for each such
e1 — in a nested loop — look at each ex € Dp, (“Loop”). For each such pair with
e1 = (0, ..., ap, (dij)i<icj<k) and es = (o, ..., a}, (d;,j)lgiqgk), check whether «; = o
(“Check”). If o; = o, compute d; ; as defined (“Compute”). “Check” requires to compare
the values of |Z| variables on k pairs («;, o) (possible in O(k - |Z|) time), and “Compute”
computes @ many values (thus in O(k?)). These two steps are performed O(| D, || D))

times (number of iterations of “Loop”). Despite “Check” and “Compute” being sequential, for
simplicity we bound the running time by O(|D|?-k2-|Z|) instead of O(|D|?-(k*+k-|Z|)). [J

With this result at hand, we can show that the bottom-up traversal of the join tree is
correct.
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Lemma 3.6. Let Q(X) be an ACQ, I a database instance, and (T, \,t) a join tree for Q(X).
At the end of every iteration, the “Bottom-Up Traversal” step of Algorithm 3.1 guarantees
the following two properties:

(1) For all nodes t € V(T) with status “ready”, the equality Dy = D+ holds, where T" is the
subtree of T' consisting of t and all its descendants.

(2) For a node t € V(T'), let t1,...,t, be the child nodes with status “processed”. Then
Dy = Dy where T' is the subtree of T' consisting of t and all t; and all their descendants,
for 1 <i<p.

Proof. We show both properties by induction on the number of steps in the bottom-up
traversal of the join tree. Throughout this proof, for a node t € V(T'), we will use T} to
denote the complete subtree of T" rooted in t, i.e. the subtree of T containing ¢ and all its
descendants.

For the base case, consider the situation before the first iteration of the bottom-up
traversal. At this point, the set of nodes with status “ready” are exactly the leaf nodes.
Since they have no child nodes, the statement D; = Dy in property (1) is equivalent to
Dy = Dri4y)- By Lemma 3.4, this equality holds for all nodes once the “Initialization” step
is finished. We next observe that there are no nodes with status “processed”. Thus for
all nodes t € V(T) property (2) also states Dy = Dpyy), which again holds because of
Lemma 3.4.

For the induction step, consider the node ¢t € V(T') for which D; was updated to D}** in
the “Bottom-Up Traversal” step, and let ¢’ be the child node of ¢ that was used to compute
the update. As induction hypothesis, we know that the first property holds for the child
node t' (status before the step: “ready”), and the second property holds for ¢ w.r.t. all the
child nodes t1,...,t, of t with status “processed” (possibly none). We have to show that
after the “Bottom-Up Traversal” step:

a) The second property holds for ¢ and the child nodes t1,...,tp,t".

b) If ¢ was the only remaining child node of ¢ with a status different from “processed”,
then the first property now holds for ¢.

To prove a), let 7" = T[{t}UV (T}, )U... V(T3,)] and T = T[{t}UV (T3,)U- - -UV (T, ) UV (Ty)].

The induction hypothesis guarantees that Lemma 3.5 applies (i.e. all the preconditions are

satisfied w.r.t. T, Ty, and T) Observe that the set described in Lemma 3.5 is exactly the

set D" computed from D; by the “Bottom-Up Traversal” step. We thus have Dy = Dy by

the induction hypothesis, and D**” = D; by Lemma 3.5, which completes the proof of a).
For b), observe that the only node whose status can switch to “ready” is t. If this

happened at the end of the step, then ¢’ was the last child of ¢ whose status was not

“processed”, and we now have T = T,. Thus D, = Dy, follows immediately from a),

concluding the proof of the lemma. []

We now have everything in place to prove Theorem 3.2.

Proof (of Theorem 3.2). We start by proving the correctness of the algorithm, before dis-
cussing its running time.

For the correctness, from Lemma 3.6 we know that once the “Bottom-Up Traversal”
step is finished (i.e. there is no more node with status “not-ready”; in other words, the
root has status “ready” and all other nodes have status “processed”), then D, = Drp
(r is the root of T'). As a result, for any e = (a1,...,ax, (dij)i<icj<k) € D, and every
(V1,-.-,7k) € extr(e) we have v; € T'(I) and ~v;|x € Q(I) for all 1 < i < k. Hence
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0155 k) = F(Ax (Vi) h<ici<k) = f((dij)i<i<j<k) (with f being the polynomial
time computable function defining 4).
Thus the correctness of the “Finalization” step follows immediately from

max _ 0(y1,...,7) = max O(nilxs- s elx
Yy €QI) ( ) Y15k €ET(I) (nl x)
YiF; for i#j vil x#vjlx for i#j
_ ma Ax (i, vi gy
L max FUAx (Viyvi))1<i<i<k)
Ax (3i,7;)>0 for i]
= max f((dij)i<i<j<)-

(a1yeesak,(di ) 1<i<j<k)EDr
d; ;>0 for 1<i<j<k
For the bound on the running time, by Lemma 3.4, the “Initialization” step takes time
in O(|t(I)|* - k2 - |var(t)|) for each node, i.e. O(|R|¥ - k2 - |var(A)|-|Q|) in total (the join tree
contains one node for each atom in Q(X)), where R! is the relation in I with the highest
number of tuples, and A is the atom in () with the highest number of variables.

By Lemma 3.5, one iteration of the “Bottom-Up Traversal” step takes time in O((|R!
k(k—1)
(IX|+1) > : )2 - k2 - |var(A)|) using the size bound on D; from Lemma 3.3. Since every

node (except the root node) is merged into its parent node exactly once, we get O(|R!|?* .
(| X| + 1)*E=D . k2 |var(A)]) - |Q|) in total. The “Finalization“ step takes time O(|R!|?* -
(|1 X| + 1)k¢=1) - poly (| X|,k)), where poly;(|X|,k) is a polynomial describing the time
needed to compute the function f((d;;)i<i<j<k). Thus the running time of the “Bottom-Up
Traversal” dominates the running time of the “Initialization” step, which is why we can
omit it, providing the running time stated in the theorem. L]

[*-

Theorem 3.2 shows that the algorithm decides in XP the existence of a diversity set
with a given diversity. Computing a witness diversity set now means computing one element
(v1,--->7) € extr(e) for some e € Dy with f((d;;)i<i<j<k) > d and d;; # 0 for all 4, j.
Similarly to the construction of an answer tuple by the Yannakakis algorithm for CQs, we
can compute an arbitrary element from extr(e) by making use of the information stored in
the final sets pp,(e). By construction, for every node ¢t € V(T') and every entry e € Dy, the
final set pp,(€e) contains exactly one pair (¢, €’) for every child node ¢’ of t. Moreover, for the

mappings as,...,a; from e and o, ..., a) from €', a; = o holds for all 1 <14 < k, hence
«; U« are again mappings. Thus, to compute the desired witness (y1,...,7;) € extr(e) for
the chosen e € Dy, start with (a1, ..., qx) from e, take all (¥,¢€’) from pp, (e), extend each

«; with o/ from €/, and repeat this step recursively.
Example 3.7. An example execution of the basic algorithm for k£ = 2 on the query
Q(ml, ey l‘g) :—Ry (131, T2, 333) ARy (SCQ, x3, 334) /\Rg(:C4, 1‘5) /\R4(l‘4) /\R5(l’5, -T6) /\R6($7, xg)

which, together with a possible join tree, is shown in Figure 1. The database I consists of
(very small) relations RI, ..., Rl and each relation R! is shown in the figure next to the node
R;. For a node t, the set D, is computed by considering the subtrees rooted at the children
of t from left to right. For the sake of succinctness, tuples (a1, a2,d;2) € D; are omitted
if there is a strictly better tuple, i.e., a (a1, az,d; 5) € Dy such that di2 < d} ,. (Formally,
this is only justified if the aggregator is monotone.) We do not specify an aggregator
and skip the “Finalization” step as we are only looking for a diverse pair. This pair is
{(3,2,2,0,0,1,5,7),(3,2,2,0,0,2,8,8)}.
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We now discuss the “Initialization” and “Bottom-Up Traversal” of Algorithm 3.1 in
more detail: We first carry out the initialization step of Algorithm 3.1 for all nodes. That is,
we set up a table with all possible pairs of tuples from Ri[ together with their Hamming
distance (recall that we are looking for pairs since we have k& = 2 in this example). In
particular, if a pair consists of two identical tuples, then we get a distance of 0.

We next discuss the result of carrying out the bottom-up traversal. To this end, we
inspect the two internal nodes R3 and Rs. First, look at the tables to the right of the node
Rj3: the tuple (3,1) has no join partner in the leftmost child (= R4). Hence, in the table
to the right of the initial one, we delete all pairs that contain the tuple (3,1). Therefore,
we only consider pairs built from the first two tuples in R%, i.e., (0,0) and (1,1). Clearly,
extending these pairs to the leftmost child does not add to the distance, since that node (=
R4) has no additional variable. In the left table below, we show the result of extending these
4 pairs of tuples to the second child. It turns out that, for the first 3 pairs, the maximum
achievable distance increases by 1 because we could extend the tuples of such a pair in
two different ways to xg. Now let us also look at the last pair in this table, i.e., combining
(1,1) with (1,1). That is, in both tuples, x5 is set to 1. But when we look at the table
corresponding to Rs, it turns out that the only possible extension to xg is 1. Hence, the
distance of this pair cannot be increased by an extension to Rs and it remains 2. We then
carry out the bottom-up step also from the child node Rg to R3. Now we can indeed extend
the tuples of each pair to different values of 7 and also xg, which leads to an increase of
the distance by 2. That is, we end up with (maximally achievable) distances 3,5, 5, and 2,
respectively, for the node Rs.

We finally also discuss the tables above the root node. The leftmost table is the result
of the initialization step. For the bottom-up step from the left child (= R;) to the root
node, we observe that only the tuple (2,2,0) of Ré has a join partner in R{ . Moreover, if we
fix zo = 2 and z3 = 2, then there exists only one possible extension to z1 in R!, namely
x1 = 3. Hence, the second table above node Ry consists of a single pair and its initial
distance (namely 0) cannot be increased by an extension to the left child. Now consider
also the right child of Rs. We are only considering the pair from Ré where both tuples
are the same, namely (2,2,0). We see in the last table attached to R3 that the maximum
distance achievable by pairs where both tuples have x4 = 0 is 3. Hence, this is then also
the maximum distance achievable by the only pair in the last table attached to Rs. By
tracing back top-down the pairs from the bottom-up traversal which contributed to the
maximally achievable distance at the parent node, we get the pair (3,3,2,0,0,1,5,7) and
(3,3,2,0,0,2,8,8) of query answers with maximum distance. ¢

3.1.2. W[1]-Hardness. Having proved XP-membership in combined complexity of the Diverse-
ACQ problem in Theorem 3.2, we now show that, for any ws-monotone diversity measure, a
stronger result in the form of FPT-membership is very unlikely to exist. More specifically,
we prove W/[1]-hardness for combined complexity in these cases. The reduction we use only
takes polynomial time and, thus, we spontaneously prove NP-hardness of Diverseysm-ACQ in
combined complexity when considering the problem unparameterized

Theorem 3.8. The problem Diverse,sm-ACQ, parameterized by the size k of the diversity
set, is W[1]-hard in combined complezity. It remains W[1]-hard even if all relation symbols
are of arity at most two and Q(X) contains no existential variables. Furthermore, viewed as
an unparameterized problem, Diverseysm-ACQ is NP-hard in combined complexity
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(o5} (&%) (&5} Qg (o5} Qp
Ty X3 Ty | To2 Tz Ty d1,2 AN Ty T3 Ty | T2 T3 Ty dl,z AN Ty X3 Ty | T2 T3 Ty d172
2 2 012 2 0 0 2 2 012 2 0 0 2 2 012 2 0 3
2 2 02 4 1 2
2 4 1 2 2 0 2
2 4 1 2 4 1 0
RI
) 22 0 R2($2,x3,x4)
2 4 1 Qg (€5 aq Qg
Ty Ts5 | Ty Ty d1,2 Ty X5 | Xy s || dig
0 0]0 O 0 0 010 O 1
0o o0o/1 12|10 ol1 1] 3
0 013 1 2 1 1 0 0 3
1 1 0 0 2 1 1 1 1 0
Ré 1 1 1 1 0
RI 0 0 1 113 1 1
3 2 2 11 3 110 0 2
3 4 4 31 3oLl 1l
3 1 3 1 0
Ri(z1, 9, 23) R3(z4, x5) o @ o o
@ s NN S T dip Ay [ T4 Ts | Ty Xs dio
0 010 O 0 0 0|0 O 3
Ty Ty T3 | Ty Ty T3 d1,2
3 9 913 9 2 0 0 0 1 1 2 0 0 1 1 5
3 9 9213 4 4 9 1 1 0 0 2 1 1 0 0 5
3 4 413 2 2 9 1 1 1 1 0 1 1 1 1 2
3 4 413 4 4 0
R
RE 0 1 RI
0 0 2 5 7
1 1 0 8 8
Ry(xy4) Rs(ws5,76) Re (w7, 28)
p | Q9 ap g [e5] (6]
Ty | w4 || dip Ts Te | s e || dip || T w3 | w7 w3 || dig
0 0 0 0 1 0 1 0 5 7|5 7 0
0 1 1 0 1 0 2 1 5 718 8 2
1 0 1 0 1 1 0 2 8 8|5 7 2
1 1 0 0 2,0 1 1 8 8|8 8 0
0 2,0 2 0
0 2 1 0 2
1 010 1 2
1 00 2 2
1 0 1 0 0

Figure 1:

Example Execution of the Basic Algorithm.
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Proof. We reduce from the INDEPENDENT SET problem parameterized by the size of the
independent set.

Let (G, s) be an arbitrary instance of INDEPENDENT SET with V(G) = {v1,...,v,} and
E(G)={ei,...,em}. We define an instance (I, @, k,d) of Diverse,sm-ACQ as follows. The
schema consists of a relation symbol R of arity one and m relation symbols Ry, ..., Ry, of

arity two. The CQ Q(X) is defined as
Q(v,z1,...,&m) = R(V) A Ri(v,21) A+« A R (v, T
and the database instance I with dom(I) = {0,1,...,n} is
R ={(i) : v; e V(G)} and

R]I- ={(4,4) : v; is not incident to e;} U {(4,0) : v; is incident to e;} for all j € {1,...,m}.

Finally, set k = sand d = f(m+1,...,m+1), where f is the aggregator of dysm aggregating
the value m + 1 exactly (g) times. Clearly, this reduction is feasible in polynomial time
and the resulting problem instances satisfy all the restrictions stated in the theorem. The
correctness of this reduction depends on two main observations.

O1) For each i € {1,...,n}, independently of G, there exists exactly one solution ~; € Q(I)
with 7;(v) = 7, and these are in fact the only solutions in Q(I). Thus, there is a natural
one-to-one association between vertices v; € V(G) and solutions ~; € Q(I).

02) Due to ws-monotonicity, the desired diversity d = f(m + 1,...,m + 1) can only be
achieved by k solutions that pairwisely differ on all variables.

Observation O1 is immediate: R(y(v)) € R! if and only if v(v) € {1,...,n}, and for every
ie{l,...,n}andj € {1,...,m}, there exists exactly one pair (¢, b) € RJI (with b being either
0 or 7). For Observation 02, note that the Hamming distance between two answers is at most
m + 1. Thus, if two answers ~;,; are equal on some variable, A(v;,7;) < m + 1, and hence
due to ws-monotonicity, dwsm (71, - - - 7) = fF(A(s, ¥i))i<icj<k) < f(m+1,...,m+1) =d.

Observation O2 allows us to prove the correctness of the reduction by showing that G
has an independent set of size s if and only if there exists a diversity set of size k where all
answers differ pairwise on all variables.

To do so, first assume that there exists an independent set S C V(G) of size s in G.
We define the diversity set as D = {~; : v; € S}. By Observation O1, D is well-defined
and thus contains £ answers. We show that for any two distinct solutions ~;,v; € D we
have v;(z) # ~;(x) for all variables z € var(Q). To do so, first note that for all solutions
v € Q(I) and all variables z € var(Q), the fact that v(x) # 0 implies v(x) = v(v). Because
of Observation O1, this implies that ;(x) = 7;(z) is only possible if v;(z) = v;(x) = 0 (since
O1 implies that there do not exist any two distinct solutions v;,v; € Q(I) with v;(v) = 7;(v)).
Thus, towards a contradiction, assume ~;(x¢) = v;(x¢) = 0 for some £ € {1,...,m}. Then
both, (4,0) and (j,0) must be contained in Ry, and by the definition of I this implies that
both, v; and v; are incident to e,. This however contradicts that v; and v; are both part of
the same independent set, which proves that any two solutions «y; # 7; must differ on all
variables.

Next assume that there exists a diversity set D C Q(I) of size k such that all distinct
answers in D differ on all variables. We define a set S = {v; : 7; € D}. By Observation O1,
this set is well-defined and contains exactly k vertices. Towards a contradiction, assume that
S contains two adjacent vertices v; # v; and let e, be the edge connecting v; and v;. By
definition of I, we get (i,0) € R! and (j,0) € R’. However, this implies ~;(z¢) = 0 = v;(zy).
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This, however, contradicts the assumption that all solutions differ pairwise on all variables,
which concludes the proof. []

3.1.3. Speeding up the Basic Algorithm. Algorithm 3.1 works for any polynomial-time
computable diversity measures §. To compute the diversity at the root node, we needed to
distinguish between all the possible values for d; ; (1 <14 < j < k), which heavily increases
the size of the sets D;. The reason we had to explicitly distinguish all these values in the

basic algorithm is that, in general, given two collections (v1,...,7%) and (v{,...,7;) of
mappings that agree on the shared variables, we cannot derive 6(71,...,4%) for i = v U~
from 6(vy1,...,v) and 6(v1, ..., 7). However, for specific diversity measures, this is possible.

As a result, significantly less information needs to be maintained, as will now be exemplified
for dsum-

Theorem 3.9. The Diversesym-ACQ problem is in FPT in query complexity when parameter-
ized by the size k of the diversity set. More specifically, Diversesym-ACQ for an ACQ Q(X), a
database instance I, and integers k and d, can be solved in time O(|RY|?*-25¢=1) poly (1Q|, k),
where R is the relation from I with the most tuples and poly(|Q|, k) is a polynomial in |Q|
and k.

Proof. Note that poly(|Q|, k) is the same as in Theorem 3.2. For query complexity, the
size \RI | of a relation in I is considered as constant. Hence, the above-stated upper bound
on the asymptotic complexity indeed entails FPT-membership. To prove this upper bound,
the crucial property is that for a collection of mappings ~1,...,7v, over variables Z, the
equality dsum (71, ---,7%) = Dsez Osum(V1lzs - - -, Yk[2) holds. Hence, in principle, it suffices
to store in D7 for each collection (o, ..., ax) with «; € t(I) (¢t being the root of T”) such
that there exists v; € T"(I) with 7; 2 «; (for all 1 <4 < k) the value

dr(aa,...,ax) = max dsum(V1lxs -, kX))
Y1sees YR €T (I)
s.t. vi=a; for all ¢
Le., each entry in Dy now is of the form (a1, ...,ag,v) with v = dp/(aq,...,ar). In the
bottom-up traversal step of the algorithm, when updating some D; to D" by merging Dy,
for every entry (aq,...,ax,v) € Dy there exists an entry (aq,...,ax,v) € D" if and only
if there exists at least one (o, ..., ,v") € Dy such that a; = o for 1 < i < k. Then v is
U= max (v + 0" = dsum((1 N )| x, -, (ap Nag)|x))-
(af ..., ,v")EDy
s.t. a;2a) for all ¢
In order to make sure that the answer tuples in the final diversity set are pairwise
distinct, the following additional information must be maintained at each D7: from the
partial solutions aq, ..., it is not possible to determine whether the set of extensions
M1, -,V contains duplicates or not. Thus, similar to the original values d; ; describing the
pairwise diversity of partial solutions, we now include binary values b; ; for 1 <¢ < j <k
that indicate whether extensions ; and 7; of ; and «; to var(T”) differ on at least one
variable of X (b; ; = 1) or not in order to be part of ext7s(e). This increases the maximal size
of Dy to |RT|?F . 2k(k=1) " The bottom-up traversal step can be easily adapted to consider
in the computation of v for an entry in D**" only those entries from D; and Dy that are
consistent with the values of b; ;, giving the stated running time. []
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Actually, if we drop the condition that the answer tuples in the final diversity set must
be pairwise distinct, the query complexity of Diversesym-ACQ can be further reduced. Clearly,
in this case, we can drop the binary values b; ; for 1 <7 < j < k from the entries in Dy,
which results in a reduction of the asymptotic complexity to O(|R!|?* - poly(|Q|, k)). At first
glance, this does not seem to improve on the FPT-membership result. However, a further,
generally applicable improvement (not restricted to a particular aggregate function and
not restricted to query complexity) is possible via the observation that the basic algorithm
computes (and manages) redundant information: for an arbitrary node ¢t € V(T') and set Dy,
if Dy contains an entry of the form (aq,...,ag,...), then Dy also contains entries of the form
(aﬂ(l), ooy Q(k)s - - .) for all permutations 7 of (1,...,k). But we are ultimately interested
in sets of answer tuples and do not distinguish between permutations of the members inside
a set. Keeping these redundant entries made the algorithm conceptually simpler and had no
significant impact on the running times (especially since we assume k to be small compared
to the size of the relations in I'). However, given the improvements for Diversesym-ACQ from
Theorem 3.9 and dropping the binary values b; ; for 1 <i < j < k from the entries in Dy,
we can get a significantly better complexity classification:

Theorem 3.10. The problem Diversesym-ACQ is in P in query complexity when the diversity
set may contain duplicates and k is given in unary.

Proof. We claim the number of rows in D; for any t € V(T') to be in O(kl“DI=1). In the
following, we verify the claim.

To remove redundant rows from the sets Dy, we introduce some order < on partial
solutions « € t(I) for each t € V(T') (e.g. based on some order on the domain elements), and
only consider such collections ayq, ..., ax € t(I) where ay < --- <y together with the value

dr (o, ..., a). Thus the number of such different collections is described by (‘t(l)‘,‘:k*l).
Applying basic combinatorics we get

S N (S A

By definition, this is the same as
(LD +Ek-1)-(t()|+E—=2)-...-(k+1)
([t(D)] = 1)!
Since we assume query complexity, we consider the size of I to be a constant. Thus, since

A(t) consists of a single atom, also |¢(I)| can be considered to be a constant. As a result we
have that ([t(1)] + k)t D=1 is in O(kI*DI=1) as claimed. ]

< (Jt(1)] + k)HDI=1,

3.2. Data Complexity. We now inspect the data complexity of Diverse-ACQ both from
the parameterized and non-parameterized point of view. For the parameterized case, we
will improve the XP-membership result from Theorem 3.2 (for combined complexity) to
FPT-membership for arbitrary monotone aggregate functions. Actually, by considering the
query as fixed, we now allow arbitrary FO-queries, whose evaluation is well-known to be
feasible in polynomial time (data complexity) [Var82]. Thus, as a preprocessing step, we
can evaluate @) and store the result in a table R/. We may therefore assume w.l.o.g. that
the query is of the form Q(x1,...,zy) := R(x1,...,2zy) and the database I consists of a
single relation R'.



Vol. 21:1 DIVERSITY OF ANSWERS TO CONJUNCTIVE QUERIES 9:19

To show FPT-membership, we apply a problem reduction that allows us to iteratively
reduce the size of the database instance until it is bounded by a function of m and &, i.e.,
the query and the parameter. Let X = {x1,...,z,,} and define ()S() ={ZCX:|Z|=s}
for s € {0,...,m}. Moreover, for every assignment a: Z — dom(I) with Z C X let
Q) :={y€Q(): v = a}, ie., the set of answer tuples that coincide with & on Z. The
key to our problem reduction is applying the following reduction rule Red; for ¢ € {1,...,m}
exhaustively in order Red; through Red,,:

(Red;) If for some a: Z — dom(I) with Z € (m)it), the set Q(I), has at least ¢! - k?
elements, then do the following: select (arbitrarily) ¢ - k£ solutions I' C Q(I),, that pairwisely
differ on all variables in X \ Z. Then remove the tuples corresponding to assignments

QI \T from R’

The intuition of the reduction rule is best seen by looking at Red;. Our ultimate goal
is to achieve maximum diversity by selecting k answer tuples. Now suppose that we fix
all but 1 position — say =1 — in the answer relation R to be equal to some assignment «.
Furthermore, let Q(I), € R! be the matching tuples and T' C Q(I), be k-many of these
matching tuples, chosen arbitrarily. Now, given a diversity set D C Q(I), we claim that
we can replace every element v € D N (Q(I), \ T') with an element in I" while preserving
optimality. This means that it is safe to remove Q(I), \ I" from R!. The claim holds as v
and I" agree on all positions but z. Thus, we only need to find a 4" € " that differs from
each element in D \ {7} on z as then 7/ is at least as far away from those elements as  is.
Such an element always exists due to I' containing more elements than D \ {7} has unique
x-values.

This can be generalized to fixing fewer positions but the intuition stays the same. When
fixing m — ¢ positions, there is also no need to retain all different value combinations in the
remaining ¢ positions. Concretely, if there exist at least t!2 - k¢ different value combinations
(possibly sharing values on some positions), there also exist ¢-k tuples with pairwise maximum
Hamming distance on the remaining ¢ positions (no shared values pairwise) and it is sufficient
to only keep those. Note that here a recursive argument is needed to ensure the existence of
the t - k pairwise maximally distant tuples and, hence, it is necessary to first apply Red;_;
exhaustively before we can continue with Red;.

Formally, the crucial properties of the reduction rule Red; with ¢t € {1,...,m} is as
follows:

Lemma 3.11. Let Q be a CQ of the form Q(x1, ..., %) = R(x1,...,Zm), I a corresponding
database, t € {1,...,m} and suppose that all sets Q(I)y with o/ Z" — dom(I) and
VANS (miéil)) have cardinality at most (t — 1)1? - k*=1. Then the reduction rule Red; is
well-defined and safe. That is:

e “well-defined”. If for some o : Z — dom(I) with Z € (m)it), the set Q(I)q has at least
t12 . kb elements, then there exist at least t - k solutions T C Q(I), that pairwisely differ on
all variables in X \ Z.

e “safe”. Let I,y denote the database instance before an application of Red; and let I,eq,
denote its state after applying Red;. Let v1, ..., be pairwise distinct solutions in Q(Iq)-
Then there exist pairwise distinct solutions i,..., 7, n Q(Inew) with 6(v,...,7) =
0(Y1y--+Yk), i-e., the diversity achievable before deleting tuples from the database can still
be achieved after the deletion.
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Moreover, a set of t - k solutions T' C Q(I)q that pairwisely differ on all variables in X \ Z
can be computed by iteratively choosing solutions ~; (fori € {1,...,t-k}) arbitrarily from
Q(I)q that differ from all solutions v1,...,7vi—1 on all variables in X \ Z.

Proof. Let t € {1,...,m} and suppose that all sets Q(I), with o/: Z' — dom(I) and

7' e (mifiil)) have cardinality at most (¢t — 1)!% - k=1,

“well-defined”. Let a be of the form « : Z — dom(I) with Z € (m)it) and assume that

|Q(I)a| >t - k. For arbitrary v € Q(I)a, we define the set C., as

C’Y = {7/ € Q(I)Oé : A(’}/,’}/) < t}a
i.e., C contains the solutions whose distance from < is less than ¢ or, equivalently, that
agree with v on at least one variable from X \ Z. Hence, we have

C’y = U Q(I)au{m—w(m)}
zeX\Z

and thus, the size of C,, is at most ¢ - (¢ — 1)!? - k'~ by the assumption of the lemma.

i

Now, iteratively select elements ; for i € {1,...,¢t-k} with 7, € Q(L)a \ Uj;ll Cy;, ie.,
arbitrarily choose v1 € Q(I)q, then 7o € Q(I)q \ Cy,, then v3 € Q(I)a \ (Cy, U C,,), ete.
We claim that such elements +; for i € {1,...,t¢ -k} indeed exist, i.e., for every i €
{1,...,t-k}, |Q)a \ U2 Cy,| > 0. Indeed, by the assumption [Q(I)a| > ! - k' and the
above considerations on the size of C, for arbitrary -, we have:
i—1
QU Oyl =82k = (= 1)t (¢ = 1)K > 2k — (¢ k)t (t— 1)K =0,
j=1

Now set I' = {71, ...,7%%} € Q(I)o. By the construction, we have that ; differs from ~; for
J < on all variables X \ Z as v; ¢ C,,. Hence, Red; is well-defined, i.e., the desired ¢ - k
solutions indeed exist.

Moreover, the proof also demonstrates that the set I' can be constructed by starting
with one solution v; and then iteratively adding arbitrary solutions ~; that just need to
differ from all solutions 1, ...,y;—1 selected so far.

“safe”. Let 1,4 denote the database instance before applying Red; and let I,,., denote its
state after an application of Redy, i.e., Q(Inew) = (Q(Lo1a) \ @(Lo1d)a) UI'. Now consider
arbitrary pairwise distinct solutions 71,...,vx € Q(I,4). We have to show that there exist
pairwise distinct solutions ~i,...,7; in Q(Inew) With (v, ...,7;) = 6(v1,- -, Vk)-

Assume that, for some i € {1,...,k}, v; gets removed by Redy, i.e., 7, € Q(Iy14)a \I'. We
claim that there exists v, € I' C Q(Unew) With (Y1, .- Yie1, Ve Yit1s - -2 Vk) = 0(V1, -+ Vi)
and is different to vy, ..., Yic1, Vid1y -« Vi

For arbitrary j # i, we define the set I'; CT as I'; = {y/ € I' : A(Y, ;) < A(i,5)},
i.e., I'; contains those elements of I' whose distance from +; is smaller than the distance
between «; and «;. We will show below that |I';| <t holds. In this case, we have

\NUYTil =t k—t-(k—1)=t>1
i#]
That is, I'\ U,; I'; # 0. In other words, we can choose a solution ~; from I' that
differs from all ~; at least as much as 7; did. Hence, such ~/ indeed has the property
(Vs Vi1 Vi Yit1:7%) = 0(71,-- -, vk) and is different to v1,...,%i—1,%it1,--., V- By
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iterating this argument for every i € {1,...,k}, we may conclude that there exist pairwise
distinct solutions v{,...,7}, € Inew With (71, ...,7;) = 6(71,- -, Yk)-

It only remains to show that |I';| < ¢ indeed holds. As 7; and any element 7/ € I' C
Q(Io1d)a agree on the variables Z, a lower diversity can only be achieved by +/, if v; and ~/
agree on some variable z € X \ Z. We define

I = {4/ €T : +/(z) = 7(2)}.

r;c |J ri.
zeX\Z

Hence,

@
j
x € X \ Z by construction of I'. Therefore, |I' gm)\ <1 and

(=)

, all other 7" € ',y # 7" are not in I';"” as 7" and 7" differ on

Now, if some ' is in T’

< S < x 2=t
zeX\Z

This completes the proof of the claim. L]

With the reduction rule Red; at our disposal, we can design an FPT-algorithm (data
complexity) for Diversenon-ACQ and, more generally, for the Diversemon-FO problem:

Theorem 3.12. The problem Diversemon-FO is in FPT in data complexity when parameterized
by the size k of the diversity set. More specifically, an instance (I,Q,k,d) of Diversemon-FO
with m-ary FO-query Q can be reduced in polynomial time (data complexity) to an equivalent

instance (I', Q', k,d) of Diversemon-FO of size O(m!? - k™).

Proof. Recall that we may assume that query @ is of the form Q(x1, ..., zy) := R(x1,...,2Zm)
and the database I consists of a single relation R!. We apply Red; through Red,, to I in
this order exhaustively. Initially, we have to check the preconditions of Lemma 3.11 for t = 1
for us to safely apply Red;. Thus, let us consider Z € (an ) We have Z = X and hence, for
every a: Z — dom(I) € Q(I), we have Q(I), = {a}. In particular, |Q(I)s| =1 < 0-k+ k°.
Hence, the preconditions of Lemma 3.11 are fulfilled and exhaustive application of Red;
does not alter the status of the Diversemon-FO problem. After exhaustive application of
Red;, if now Red- is applicable, then the preconditions of Lemma 3.11 are fulfilled and
exhaustive application of Reds does not alter the status of the Diversemon-FO problem, etc.

Finally, after exhaustive application of Red,,, let I* denote the resulting database
instance. Note that, for ¢ = m, we have ()0() ={Z C X :|Z] = 0} = {0}. and
|Q(I*)o] <m!? - k™ for any « : ) — dom(I*). In particular, this means that such an o does
not bind any variables in X. Hence, Q(I*), = Q(I*) and, therefore, |Q(I*)| < m!? - k™. By
the form of @ (with a single atom) and I* (with a single relation), this means I* is of size
O(m!? - k™).

It remains to show that the exhaustive application of Red; through Red,, is feasible
in polynomial time data complexity. In total, we have to consider at most 2™ sets Z C X of
variables with |Z| =m —t for t € {1,...,m} and check if Red; is applicable.

For each Z, if the reduction rule is applicable, the following computation is carried
out. Let Z=1{z1,...,2m—¢} and X\ Z = {zm_t11,.- ., Zm}. Moreover, let S C R denote
the subset of answer tuples that are still left after previous applications of the reduction
rule. Then we order S lexicographically for this variable order. That is, tuples with the
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same value combination on Z occur in contiguous positions. In a single pass of the ordered
instance S we inspect, for each value combination o on Z, the set S, C S of tuples with
precisely this value combination o on Z. If |S,| < t!? - k%, then we do nothing. Otherwise, we
select ¢ - k tuples from S,. By the last property of Lemma 3.11, we can apply the following
steps: choose the first tuple 71 € Sy; then, for every i € {2,...,¢ -k}, further scan S, until
a tuple 7; € S, is found that differs from all tuples 71, ...,7;—1 on all variables X \ Z. Since
Lemma 3.11 guarantees that we can just pick suitable solutions in an arbitrary order, this
approach is guaranteed to produce the required result. Let I' = {71, ..., 7.t }. We may then
delete all tuples in S, \ ' from S.

The total effort for the exhaustive application of the reduction rule Red; for ¢ €
{1,...,m} is obtained by the following considerations:

e Evaluating the original, general FO-formula over the original database instance is feasible
in polynomial time data complexity. Also, the size of the resulting answer relation R’ is
of course bounded by this polynomial. Let us denote it by p.

e There is an “outer loop” over subsets Z C X. There are 2" subsets, where m depends
only on the query, which is considered as constant in data complexity.

e Inside this loop, we first sort the set of remaining answer tuples S C R!. The effort for
this step is bounded by O(p - log(p) - m).

e One pass of (the ordered set) S has cost < p.

e For each S, we check if |S,| > t!2 - k', If this is the case, we select ¢ - k tuples from S, in
a single pass of S,. This step is feasible in time O(p-t- k- m) — including also the cost for
checking if the currently scanned tuple in S, differs on all variables in X \ Z from the
already selected tuples ;.

e The deletion of the tuples in S, \ I' from S can be done by first of all marking them as
deleted when constructing the set I'. When all a’s have been processed, we can actually
delete the marked tuples from S by yet another pass of S, which clearly fits into O(p)
time. ]

We now study the data complexity of the Diverse-ACQ problem in the non-parameterized
case, i.e., the size k of the diversity set is part of the input and no longer considered as the
parameter. It will turn out that this problem is NP-hard for any ws-monotone diversity
measure. Our NP-hardness proof will be by reduction from the INDEPENDENT SET problem,
where we restrict the instances to graphs of degree at most 3. It was shown in [AK97] that
this restricted problem remains NP-complete.

Theorem 3.13. The problem Diverseysm-ACQ is NP-hard in data complexity. It is NP-
complete if the size k of the diversity set is given in unary.

Proof. The NP-membership is immediate: compute Q(I) (which is feasible in polynomial
time when considering the query as fixed), then guess a subset S C Q([I) of size k and check
in polynomial time that .S has the desired diversity.

We prove hardness by reduction from a restricted version of the INDEPENDENT SET
problem, where we assume all instances of graphs to be of degree at most 3. Before we
present the reduction, let us briefly look at this restriction.

It is easy to see that INDEPENDENT SET remains NP-hard if we restrict the degree of
vertices to 4. This result is obtained by combining two classical results [Pap94]: first, 3-SAT
remains NP-hard even if every variable in the propositional formulas occurs at most 3 times
and each literal occurs at most 2 times. And second, we apply the reduction from 3-SAT to
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INDEPENDENT SET where each clause is represented by a triangle and any two dual literals
are connected by an edge. Hence, in the resulting graph, each vertex is adjacent two at
most 4 vertices (the other 2 vertices in the triangle plus at most 2 vertices corresponding to
dual literals). This result was strengthened in [AK97] where it was shown that we may even
further restrict the degree of vertices to 3. The idea of Alimonnti and Kann [AK97] is to
apply the following transformation for each vertex of degree greater than 3: suppose that
v has degree greater than 3; then replace v by a path v, vs,v3, where 2 edges containing
v are connected to vy and the remaining edges of v are connected to vs. Thus, v; and vs
have degree less than or equal to 3 while the degree of v3 is strictly less than the degree
of v. Furthermore, the original graph has an independent set of size k if and only if the
new one has an independent set of size k + 1 as picking v; and vs corresponds to picking
v. Exhaustive application of this transformation yields an instance of INDEPENDENT SET
where every vertex in the graph has degree < 3.

For the NP-hardness, we define the query ) independently of the instance of the
INDEPENDENT SET problem as Q(z1,x2, 3,24, x5) := R(x1, T2, 23,24, 5), i.e., the only
relation symbol R has arity 5. Now let (G, s) be an instance of INDEPENDENT SET where
each vertex of G has degree at most 3.

Let V(G) = {v1,...,v,} and E(G) = {e1,...,emn}. Then the database I consists of a
single relation R! with n tuples (= number of vertices in G) over the domain dom(I) =
{freey,...,free,, taken,, ..., taken,,}. The i-th tuple in R! will be denoted (e;1,...,e€;5).
For each v; € V(G), the values e;1,...,e;5 € dom([) are defined by an iterative process:

(1) The iterative process starts by initializing all e; 1, ...,e;5 to free; for each v; € V(G).

(2) We then iterate through all edges e; € E(G) and do the following: Let v; and vy be the
two incident vertices to e; and let ¢ € {1,...,5} be an index such that e;; and e; ; both
still have the values free; and free;, respectively. Then set both e;; and ey ; to taken;.

In the second step above when processing an edge e;, such an index ¢ must always exist. This
is due to the fact that, at the moment of considering e;, the vertex v; has been considered
at most twice (the degree of v; is at most 3) and thus, for at least three different values of
t € {1,...,5}, the value e;; is still set to free;. Analogous considerations apply to vertex
vy and thus, for at least 3 values of t € {1,...,5}, we have ey ; = free;. Hence, by the
pigeonhole principle, there exists t € {1,...,5} with e;; = free; and e, ; = free; .

After the iterative process, the database I is defined by R! = {(ei1,€i2,€i3,€i4,€i5):
i=1,...,n}. Moreover, the size of the desired diversity set is set to k = s and the target
diversity is set to d = f(5,...,5), where f is the aggregator of dysm aggregating the value 5
exactly (g) times. The resulting problem instance is of the form (I, Q, k,d).

The reduction is clearly feasible in polynomial time. Its correctness, i.e., the graph
G = (V(G), E(G)) having an independent set of size s if and only if there exists S C Q(I)
with |S| = k and diversity > d hinges on the observation that the desired diversity can
only be reached by k answer tuples that pairwisely differ in all 5 positions due to ws-
monotonicity. Furthermore, the answers Q(I) are trivially {v1,...,v,} with v;(z;) = e;+ for
each t € {1,...,5}. We thus have to show that these differ on all values if and only if G has
an independent set of size s = k.

First, suppose that G has such an independent set, say {v;,,...,v;, }. We claim that
then {7i,,...,7,} is a subset of Q(I) with the desired diversity, i.e., any two answers ~;,
and ~;, differ on all 5 variables. Suppose to the contrary that ;. (¢t) = 7;,(¢) holds for
some t € {1,...,5}. By our construction of R, this can only happen if ~;, (t) # free;, and
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i, (t) # free;,. Hence, ;. (t) = v;,(t) = taken; for some j € {1,...,m} holds. Again by
our construction of R!, this means that both v;, and v;, are incident to the edge ej. This
contradicts the assumption that both v;. and v;, are contained in an independent set.
Conversely, suppose that there exists a subset S C Q(I) of size k with the desired
target diversity. Let S = {7i,,...,7,}. We claim that then {v;,,...,v; } is an independent
set of G. Suppose to the contrary that it is not, i.e., two vertices v;, and v;, are incident

to the same edge e;. Then, by our construction of I, there exists t € {1,...,5} with
Y. (t) = 7i,(t) = taken;. This means that A(v;,,7:,) < 5 and hence, the target diversity
f(5,...,5) cannot be reached by S due to ws-monotonicity, which is a contradiction.  []

4. DIVERSITY OF UNIONS OF CONJUNCTIVE (QUERIES

We now turn our attention to UCQs. Of course, all hardness results proved for CQs and
ACQs in Section 3 carry over to UCQs and UACQs, respectively. Moreover, the FPT-
membership result from Theorem 3.12 for general FO-formulas of course also includes UCQs.
It remains to study the query complexity and combined complexity of UACQs. It turns out
that the union makes the problem significantly harder than for ACQs and we are not able
to establish XP-membership. Instead, we show next that Diverseysm-UACQ is NP-hard even
in a very restricted setting, namely where we are looking for a pair of diverse answers to
a union of two ACQs over a fixed database. Put differently, Diverseysm-UACQ is NP-hard
in query complexity even when fixing the parameter to k = 2, making the existence of an
XP-algorithm unlikely.

The proof will be by reduction from a variant of the LIST COLORING problem, which
we introduce next: A list assignment C assigns each vertex v of a graph G a list of colors
C(v) C{1,...,1l},l € N. Then a coloring is a function c¢: V(G) — {1,...,1} and it is called
C'—admissible if each vertex v € V(G) is colored in a color of its list, i.e., ¢(v) € C(v), and
adjacent vertices u,v € E(G) are colored with different colors, i.e., c(u) # ¢(v). Formally,
the problem is defined as follows:

LisT COLORING
Input: A graph G, an integer [ € N, and a list assignment C' : V/(G) — oLt}
Question: Does there exist a C-admissible coloring ¢ : V(G) — {1,...,1}?

Clearly, LisT COLORING is a generalization of 3-COLORABILITY and, hence, NP-complete.
It was shown in [CCO06], that the LiST COLORING problem remains NP-hard even when
assuming that each vertex of G has degree 3, G is bipartite, and [ = 3. This restriction will
be used in the proof of the following theorem. Note that these restrictions also imply that
both parts of the bipartition are of the same size.

Theorem 4.1. The problem Diverseysm-UACQ is NP-hard in query complexity (and hence,
also in combined complezity). It remains NP-hard even if the desired size of the diversity
set is bounded by 2 and the UACQs are restricted to containing at most two CQs and no
existential variables. The problem is NP-complete if the size k of the diversity set is given in
unary.

Proof. The NP-membership in case of k£ given in unary is immediate: guess k assignments
to the free variables of query @), check in polynomial time that they are solutions, and verify
in polynomial time that their diversity is above the desired threshold.
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For our problem reduction, we consider a fixed database I over a fixed schema, which
consists of the 4 domain elements dom(I) ={0,1,2,3} and 9 relation symbols

Rpy, Ryay, Rysys Ry1 2y, Rpu gy, Ryasps Ryi3), 5, 5"

The relations of the database are defined as follows:

Ry = {(1,1,1)}, R 5 = {(1,1,1),(2,2,2)},
Riy = {(2,2,2)}, R{y 4 = {(1,1,1),(3,3,3)},
Riy ={(3,3,3)}, Ry = {(2:2,2),(3,3,3)},
R = {(1,1,1),(2,2,2),(3,3,3)}, s ={(0)}, ST ={()}.

Now let (G, 1, C) be an arbitrary instance of LisST COLORING, where each vertex of G has
degree 3, G is bipartite, and [ = 3. That is, G is of the form G = (V UV’ E) for vertex
sets V,V’ and edge set E with V- ={v1,...,v,}, V' ={v],..., v}, and E = {ey,...,e3,}.
Note that |V| = |V’| and |E| = 3 - |V] as each vertex in G has degree 3 and G is bipartite.

From this, we construct a UACQ @ as follows: we use the 3n + 1 variables z1,...,z3,,y
in our query. For each i € {1,...,n}, we write ej, ,,¢j, ,,€j,, to denote the three edges
incident to the vertex v;. Analogously, we write €51 €3l 50 €l to denote the three edges
incident to the vertex v

The UACQ @ is then defined as Q(x1, ..., x3,,y) := ¢ V¢ with

Y = /\ RC(vi)(wji,17$ji,2v sz’,a) A S(y)7

i=1

n
¥ = N\ Row (s, @, @5,) A S').
i=1

Moreover, we set the target diversity to d = f(3n + 1), where f is the aggregator of §, and
we are looking for k = 2 solutions to reach this diversity. Observe that each variable appears
exactly once in ¢ and once in 1, which makes both formulas trivially acyclic. Furthermore,
() contains no existential variables.

The intuition of the big conjunction in ¢ (resp. ) is to “encode” for each vertex v; (resp.
v}) the 3 edges incident to this vertex in the form of the 3 z-variables with the corresponding
indices. The relation symbol chosen for each vertex v; or v; depends on the color list for
this vertex. For instance, if C'(v1) = {2,3} and if v; is incident to the edges ey, eg, €7, then
the first conjunct in the definition of ¢ is of the form Ry 31(24, 76, 7). Note that the order
of the variables in this atom is irrelevant since the R-relations contain only tuples with
identical values in all 3 positions. Intuitively, this ensures that a vertex (in this case v1) gets
the same color (in this case color 2 or 3) in all its incident edges (in this case ey, eg, €7).

It remains to prove the correctness of this reduction. For this, observe that diversity
d = f(3n + 1) can only be achieved by two answers 7,~" that differ on all variables due to
ws-monotonicity. Due to the y variable with possible values 0 and 1, one answer has to
satisfy ¢ while the other answer satisfies 1. W.l.o.g., let ~y satisfy ¢ and let + satisfy .
The intuition behind the reduction is that 7 tells us how to color the vertices in V' while ~/
tells us how to color the vertices in V.

We have to show that (G,[,C) is a positive instance of LIST COLORING if and only if
(Q,1,2,f(3n+ 1)) is a positive instance of Diverseysm-UACQ.
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For the “only if”-direction, suppose that (G, [, C') is a positive instance of L1ST COLORING,
i.e., graph G has a C-admissible coloring ¢: VUV’ — {1,2,3}. From this, we construct the
assignments v and 7/ to the 3n + 1 variables in @ as follows:

Y(y) = 0 and y(xj,,) = v(xj,,) = V(xj,,) = c(v;) for every i € {1,...,n} and, analogously,
v (y) =1 and 7/(%’{-,1) = 'y’(a:j;z) = ’y(lexﬁ) = c(v]) for every i € {1,...,n}.
We first have to verify that ~ is a solution of ¢ and 7/ is a solution of 1. We only do this for
7. The argumentation for ' is analogous. S(v(y)) = S(0) is clearly contained in database
I. Now consider an arbitrary index i € {1,...,n}. The atom Re(y,) (75,1, Tj, 55 Tj,5) 18
sent to Rey,)(c(vi), c(vi), c(vi)) by 7. By the above construction of database I, the tuple
(c(vs), c(vi), c(v;)) is indeed contained in relation Ré(vi).
It remains to show that the two assignments v and ' differ on every variable. Let
zj,, and xy with 7,5 € {1,...,n} and t,u € {1,2,3} denote the same variable. By our
construction of the R-atoms in ¢ and 1, this means that e;,, and e;; ~denote the same edge
in G and v, and v/, are the two endpoints of this edge. Since c is a C-admissible coloring,
we have c(v,) # ¢(v}). Moreover, by our definition of v and 4/, we have v(z;,,) = ¢(v,) and
v (xj: ) = c(vy). Hence, v and +' indeed differ on an arbitrarily chosen variable and, thus,
on evéry variable.

For the “if”-direction, suppose that (Q,,2, f(3n + 1)) is a positive instance of Diverse-
UACQ, i.e., there exist two solutions v and +/ with diversity f(3n + 1). This means that v
and 7/ differ on every variable, in particular on y. Hence, one of the solutions is an answer
of ¢ and one of 1. W.l.o.g., let v be an answer of ¢ and let 4" be an answer of 1. From this,
we construct the following coloring ¢ : VUV’ — {1,2,3}:

c(vi) = v(xj,,) and c(v;) =+ (zj; ) for every i € {1,...,n}.

We have to show that ¢ is C'-admissible. Consider an arbitrary edge e with endpoints v, and
vs for ;s € {1,...,n}. By our construction of @, there exist indices ¢,u € {1,2, 3}, such
that x;,, and zj denote the same variable. Since v and ~ have diversity f(3n + 1), the
assignments ~y and 7" differ on every variable. In particular, we have v(z;,,) # 7' (z; ).
Moreover, by our definition of coloring ¢ and the database I, we have c(v,) = v(xjm)‘ =
v(zj,,) and c(v,) = fy'(:njg’l) = 7'(xj,,). Hence, c assigns different colors to the two
arbitrarily chosen, adjacent vertices v, and v, and, therefore, to any adjacent vertices of G.
That is, ¢ is C-admissible. L]

5. DIVERSITY OF CONJUNCTIVE QUERIES WITH NEGATION

Lastly, we consider CQs™. As was recalled in Section 1, the restriction to acyclicity is not
sufficient to ensure tractable answering of CQs™ [Lan23]. In the following, we thus restrict
ourselves to queries of bounded treewidth when analyzing the Diverse-CQ™ problem.

The data complexity case has already been settled for arbitrary FO-formulas in The-
orem 3.12. Hence, of course, also Diverse-CQ™ is in FPT data complexity and NP-hard
in the non-parameterized case. Moreover, we observe that the query used in the proof of
Theorem 3.8 has a treewidth of one. Hence, it is clear that also Diverseysm-CQ™ is W[1]-hard
combined complexity for queries with bounded treewidth. It remains to study the combined
complexity upper bound, for which we describe an XP-algorithm next.
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Our algorithm is based on so-called nice tree decompositions — a normal form introduced
in [Klo94]. A nice tree decomposition only allows leaf nodes plus three types of inner nodes:
introduce nodes, forget nodes, and join nodes. An introduce node t has a single child ¢’ with
x(t) = x(t') U {z} for a single variable z. Similarly, a forget node t has a single child ¢' with
x(t") = x(t) U {z} for a single variable z. Finally, a join node t has two child nodes t1, to
with x(t) = x(t1) = x(t2). It was shown in [Klo94] that every tree decomposition can be
transformed in linear time into a nice tree decomposition without increasing the width.

The intuition of the present algorithm is very similar to the intuition of Algorithm 3.1 pre-
sented in Section 3.1.1. That is, both algorithms maintain information on tuples of k partial
solutions in a set D;. Concretely, these tuples are again of the form (a1, ..., o, (d;j)i1<i<j<k)-
This time, however, partial solutions «; are not assignments that satisfy concrete atoms but
arbitrary assignments defined on x(¢). Nevertheless, a tuple gets added to D; if and only
if it is possible to extend the partial solutions to mappings 71, ..., that (a) satisfy the
query associated to the subtree rooted in ¢t and (b) for 1 <1i < j < k the distance between
vi and -y, is exactly d; ;.

Formally, for a CQ™ Q(X) :=3Y A/, L;(X,Y") and nice tree decomposition (T, x,r)
of @ we define for t € V(T') the subquery

i.e., Q; contains those literals of () whose variables are covered by x(t).

Algorithm 5.1. Given Q(X), I, k, d, a nice tree decomposition (T, x, r) of minimum width,
and a diversity measure ¢ defined via some aggregate function f, the algorithm proceeds in
two main steps: First, sets D, are computed bottom-up for each t € V(T'), and then, it is
determined from D, whether the diversity threshold d can be met. For the bottom-up step,
the type of ¢ determines how D, is computed:

e Leaf Node: For a leaf node t € V(T') we create D; as

Dt = {(041, e, O, (di,j)1§i<j§k) T, ..., O X(t) — dom([),
Qi, ..., satisfy Qy,
d@j = Ax(ai,aj), 1<1< j < k}
Hence, we exhaustively go through all possible variable assignments ai, ..., ar: x(t) —
dom(I), keep those which satisfy the query @y, and record their pairwise diversities.

e Introduce Node: For an introduce node ¢ € V(T') with child ¢ € V(T') which introduces
the variable z € x(¢) \ x(¢), we create D; as

Dy = {(a1 U B1,..., 00 U B, (di ji<icj<k) : (@1, ..., a, (dij)i<icj<k) € De,
B,y Br: {z} — dom(I),
ay U By, ..., a U B satisfy Q,
di; =dij+ Ax(Bi 8;),1 <i < j <k}
Thus, we extend the domain of the local variable assignments in D, by z. We do this by
exhaustively going through all e € D, in combination with all 31,..., Bk: {2} — dom(I),

check if the extensions a3 U 81, ..., ar U B satisfy all literals for which all variables are
covered, and, if this is the case, add the diversity achieved on the z-variable.
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e Forget Node: For a forget node t € V(T') with child ¢ € V(T') we create D; as
Dy = {(a1ly@s - Aklye), (dij)i<ici<k) = (@1, ... an, (dij)i<icj<k) € De}
e Join Node: For a join node ¢t € V(T') with children ¢1,co € V(T') we create Dy as
Dy = {(a1,...,ak, (dij)i<icj<k) : (a1,..., o, (d;’j)ngjgk) € D.,,
(a1, ..y ap, (df )i<icj<k) € Dey,
dij=dj j+dj; — Ax(as,a;),1 <i<j <k}
In this step, we match rows of D., with rows of D,, that agree on the local variable

assignments and simply combine the diversities achieved in the two child nodes while
subtracting the diversity counted twice.

For the second step, the algorithm goes through all (o, ..., o, (dij)i<i<j<k) € Dy and
removes those tuples where d; j = 0 for at least one 1 <i < j <k or f((dij)i<i<j<k) < d.
Then, the algorithm returns “yes” if the resulting set is non-empty and otherwise “no”.

Clearly, the algorithm is well-defined and terminates. The next theorem states that the
algorithm decides Diverse-CQ™, and discusses its running time.

Theorem 5.2. For a class of CQs" of bounded treewidth, the problem Diverse-CQ™ is in
XP in combined complexity when parameterized by the size k of the diversity set. More
specifically, let Q(X) be from a class of CQs™ which have treewidth < w. Then, for a database
instance I and integers k,d, Algorithm 3.1 solves Diverse-CQ™ in time O(dom/(I)**(@+1).
(1 X[+ 1)*E=D - poly(|Q], k), where poly(|Q|, k) is a polynomial in |Q| and k.

To prove this statement, we show by a sequence of lemmas that D; truly captures the
intended meaning. As before, let Q(X) be a CQ™, (T, x, ) a nice tree decomposition of @,
k the number of elements in the diversity set, and d the required diversity. Furthermore,
we extend the definition of xy and @Q; to subtrees T; of T rooted in t. To that end, let

X(Tt) = Ut/EV(Tt) X(t/) and
Qn, = N L
i=1,...,n
var (L) Cx(Tt)
With this, for a tuple

k(k—1)
e=(an,...,ax, (dijh<icj<k) € (x(t) = dom(I))* x {0,...,[X[}" >
we define a set of witnesses
witi(e) = {(71,-- ) 171, € QT (1),

'71 gal,,’)/kgak’
dij = Ax(vi,7),1 <i<j <k}

The existence of such extensions (y1,...,7) € wit,(e) are precisely guaranteed by e € Dy as
they satisfy the query corresponding to the subtree rooted in ¢ and (d; ;)1<i<j<k are their
pairwise distances. Thus, the algorithm should maintain the following invariant:

e € D, if and only if wit,(e) # 0. (1)
We show next that the algorithm preserves the invariant when handling each node ¢t € V(7).
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Lemma 5.3. Let t be a leaf node of T. Then Invariant (f) holds for

Dt = {(051, o, O, (di,j)1§i<j§k) T, ..., O X(t) — dom(I),
o1,...,0 € Qt(I),
d@j = Ax(ai,aj), 1<i< ) < k‘}
Proof. Observe that x(t) = x(73) and ai,...,a; are the only extensions of ay,..., ag.
Hence,
e = (041, ey O, (di,j)1§i<j§k> eD; — (051, .. ,ak) S wz’tt(e). L]
Lemma 5.4. Let t be an introduce node of T which introduces the variable z and let ¢ be its
child. Then, if Invariant (}) holds for D., it also holds for
Dy ={(a1UpB1,...,ax U Bk, (d j)i<icj<k) : (a1,...,ax, (dij)i<icj<k) € De,
517 v 75143: {Z} - dom(]),
arUpB, ..., U Bk € Qe(I),
di j = dij+ Dx (B, 85),1 < i< j <k}
Proof. First notice that x(7.) U{z} = x(T}) and thus, every literal of Qr, appears in Q7.
Furthermore, any variable of x(7.) that appears together with z in a literal has to appear in
X(t) due to the properties of a tree decomposition. We can therefore also conclude that a
literal appears in @7, if and only if it appears in Q7. or Q.
Now, let the tuple e = (a3 U fBy,..., a5 U 5k>(d§,j)1§i<j§k) be in D; and let e, =

(a1,..., 04, (dij)i<i<j<k) be a matching tuple in D.. Thus there is a (y1,...,v) € wit.(e.).

Importantly, v1,...,v € I(Q1.), a1 US4, ..., arUBk € I(Q) and thus, v1 U1, ..., ULk €
I(Qr,). Furthermore, for 1 <i < j <k, we have:

di j = dij + Ax(Bs, Bj)
= Ax(vi,v;) + Ax(8s, B5)
= Ax (7 U B U By).
Thus, (v1 U B1,...,7 U Bk) € witi(e) by definition.

For the reverse direction, let e = (ay,..., ok, (d;,j)lgkjgk) be such that there is a
(71, +») € wity(e). Thus, we can immediately conclude that 71|y, - - Vkly@) € 1(Qr)
while ¥1|y(7.)s - - - Vel (1) € 1(Qr,). Furthermore, for 1 <1 < j <k, we have:

di ; — Ax (vileys vilzy) = Dx (i, v5) — ADx (il ey il 1)
= AX(7i|x(Tt)’7j|X(Tt))'
Thus,
ee = (Mly(e) -+ - Melx(e)s (i j — Ax (Vil g2y Vil 123)1<i<i<k) € De.

as (V1ly(1)» - - - Vel(r)) € wite(ee). Defining 81 = y1[(zy, - - -, Bk = Ykl{z) then ensures that
(Ml U B - Yklyry U Br, (df ji<icj<k) = (a1, .oy o, (d] j)1<icj<k) 18 in Dy, [
Lemma 5.5. Lett be a forget node of T' and c its child. Then, if Invariant (}) holds for
D, it also holds for

Dy = {(1ly(e)s - - Q) (dij)i<icj<r) * (@1, oy an, (dig)i<icj<k) € De}-
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Proof. Let z be the forgotten variable. The claim follows from the fact that Q7, = @7, and
x(t) € x(c), and thus,

wity (a4, .. ., o, (digi<icj<k) = U wite(ay U B, ., 00 U By, (dijhi<icj<r). O

Bi: {z}—dom(I)
=1,k

Lemma 5.6. Let t be a join node of T with children ¢1 and cy. Then, if Invariant (}) holds
for D¢, and D.,, it also holds for
Dy = {(ou,...,ax, (dij)i<icj<k) : (@1, .., 0n, (d ;)1<icj<i) € De,,
(a1, .. o, (d ) )1<ici<k) € Dey,
di,j = dfi,j + d;:j — Ax(ai,a]’),l <1<y < k}
Proof. First notice that x(7¢,) U x(T¢,) = x(1t) and thus, literals that appear in Qr,, or
Qr,, also appear in Qr,. Moreover, if two variables appear in the same literal in Qr, but

they no longer jointly occur in x(¢), then these variables have to appear together in either
T, or T,. We can, therefore, observe that a literal appears in Q7, if and only if it appears

in Qr,, or Qr,,.
We start with some

er = (an,...,ax, (& ))1<icj<k) € D, and eg = (ar, ..., o, (47 ))1<i<j<k) € Dey-
Now let (7],...,7) € wite, (e1) and (77, ...,7}) € wite,(e2) witness this, respectively. By
the above observation, v; U~{,...,v. U~ € Qr,(I) and, for 1 <i < j < k, we have:
Ax (v Uy, UY)) = Ax (v v;) + Ax (05 75) — Ax (v N, v Ny
Hence, e = (a1, ..., ay, (dj ;+d ; — Ax (i, o) )1<icj<k) € Dy is justified as (v Uy, ..., 71U

) € wite(e).
Conversely, let e = (a1, . .., ax, (dij)1<i<j<k) be a tuple such that thereis a (y1,..., ) €
wity(e). Thus, we can immediately conclude that the restrictions v1|y(z,,), - - -+ Wlx(z,) are

in I(Qr,,) while the restrictions v1|y(r.,): -, Vklx(7.,) are in I(Qr,,). This implies that
(Mlxys - - Vebxatys (Ax (Yily(ray)s Velxre))1<i<i<e) € Deys
Olxs - Wl (Ax il Wbz, D1<icisk) € Des-
Lastly, we can compute for 1 <i < j < k:
dij = Ax(Vi,7j)
= Ax (Vily@.)s Vile(e,) + Ax Vil (1) Vilx(1ey)) — Ax (ilxys Vilx))s
implying that e € D;. L]
Importantly, Lemmas 5.3 through 5.6 ensure that after the bottom-up traversal of

Algorithm 5.1, Invariant () is satisfied for D,. We now show that the algorithm correctly
determines from D, if there is a diversity set of size k which has diversity exceeding d.

Lemma 5.7. If Invariant (1) holds for D, then there exist solutions {y1,...,vk} C Q(I)
with 6(y1,...,7) = d if and only if there is a tuple (a1, ..., ok, (dij)i<icj<k) € Dy such
that dij > 0,1 <i<j <k and f((dij)i<i<j<x) > d
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Proof. First observe that @ = 3Y Q7. and thus, Q(I) = {v|x : v € Q(T,)}. Furthermore,
for v,79" € Q(T;) we have A(v|x,7[x) = Ax(7,7)-

Now assume k solutions {vi|x,...,%|x} C Q(I) with d(v1|x,...,7|x) = d to exist.
Consider the tuple e = (vi|y(r)s- - > Velx(r)» (Ax (¥i7i))1<i<j<k)- By definition, we have
(71, ---,7%) € wity(e) and hence, e € D,.. Furthermore, Ax (vi,7v;) = A(vilx,vilx) > 0 for
1<i<j<kand

F((Ax (Vi vi)i<ici<) = FIUAMlx, vl x)i<ici<e) = d(nlx, - mlx) = d.

For the reverse direction assume such a tuple e = (ou,..., o, (dij)i<i<j<k) € D
with d;; > 0,1 <@ < j <k, and f((dij)i<i<j<k) > d to exist. Thus, there also exists
(Y1, -, 7k) € wit,(e) and we claim that {y1|x,...,7x|x} is a diversity set as required. First
observe that ;| x is different to v;|x for 1 <@ < j < kas A(vi|x,vjlx) = Ax (i, 7)) = dij >
0. Secondly, d(71]x, ..., vlx) = f(AMlx, vilx)i<ici<r) = F((Ax (vi, ) i<icg<e). O

We now show that the bottom-up step is also possible in the required time bound.

Lemma 5.8. Let t be an arbitrary node in T, w the width of the tree decomposition. Then,
Dy can be computed in time O(dom(I)** @D . (1X |+ 1)F*=1 . (|Q| 4 k? - w)) given the sets
of its children.

Proof. This running time is achieved by a naive implementation. For a leaf node, we simply
have to iterate through the |dom(I)|X®* options for ay,...,ax: x(t) — dom(I), check
that all assignments are answers to @; (each relevant table of I is at most of size dom (I1)~*+1),
and compute the Hamming distances.

For an introduce node, we iterate through all elements of D, and all |dom (I)|* possibilities
for p1,...,P2: {z} = dom(I), again check whether all assignments are answers to @, and

. . . k(k—1)
update the distances. Note that the size of the set D, is at most |dom (I)[*“+D.(|X|41)
by definition since |X| is an upper bound on the pairwise Hamming distance.
For a forget node, we simply need to perform a projection. Lastly, for a join node,

| k

we iterate through D., x D.,, check whether the assignments aj,...,a; match, and then
update the distances.
All of the cases can therefore clearly be handled in the given time bound. L]

With this, we can now show Theorem 5.2.

Proof of Theorem 5.2. To prove the result, we only have to ensure that finding a suitable
tree decomposition and applying the algorithm is possible in the required time bound as the
correctness of this procedure follows directly from Lemmas 5.3 to 5.7.

Due to [Bod96] and [Klo94] computing a width optimal nice tree decomposition is
possible in linear time. Furthermore, the number of nodes in this tree decomposition is
linear in |@| and, thus, performing the bottom-up traversal of the algorithm is possible in
the required time bound due to Lemma 5.8. Lastly, we also have to look at the running
time of the final step of the algorithm. There, we possibly have to evaluate f for each tuple
in D,. But, since |D,| < dom(I)F“+D . (| X] + 1)@ and f is computable in polynomial
time (in k& and |X|), also this step is possible in the required time bound. ]

We conclude this section by again stressing the analogy with Algorithm 3.1 for ACQs:
First, we have omitted from our description of Algorithm 5.1 how to compute a concrete
witnessing diversity set in the case of a yes-answer. This can be done exactly as in
Algorithm 3.1 by maintaining the same kind of provenance information. And second, it is
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possible to speed up the present algorithm by applying the same kind of considerations as
in Section 3.1.3. It is thus possible to reduce the query complexity to FPT for the diversity
measure dsym and even further to P if we allow duplicates in the diversity set.

6. CONCLUSION AND FUTURE WORK

In this work, we have had a fresh look at the Diversity problem of query answering. For
CQs and extensions thereof, we have proved a collection of complexity results, both for the
parameterized and the non-parameterized case. To get a chance of reaching tractability or
at least fixed-parameter tractability (when considering the size k of the diversity set as the
parameter), we have restricted ourselves to acyclic CQs and CQs with negation of bounded
treewidth, respectively. For the chosen settings, our complexity results are fairly complete.
The most obvious gaps left for future work are concerned with the query complexity of
ACQs and CQs with negation of bounded treewidth. For the parameterized case, we have
XP-membership but no fixed-parameter intractability result in the form of W([1]-hardness.
And for the non-parameterized case, it is open if the problems are also NP-hard as we have
shown for the data complexity.

It should be noted that the restriction to acyclic CQs is less restrictive than it may
seem at first glance. As was mentioned in Section 2, query evaluation of CQs with bounded
hypertree width (likewise, CQs with bounded generalized or fractional hypertree width)
can be efficiently reduced to query evaluation of acyclic CQs. Hence, our upper bounds
(in particular, the XP- and FPT-membership results in Section 3) are easily generalized to
CQs of bounded hypertree-width [GLS02]. Moreover, recent empirical studies of millions
of queries from query logs [BMT20] and thousands of queries from benchmarks [FGLP21]
have shown that CQs typically have hypertree-width at most 3.

A yet more powerful width measure than hw, ghw, and fhw is submodular-width
(smw) introduced in [Marl3]. In fact, Marx showed that bounded smw, in a sense, exactly
characterizes the class of CQs for which query evaluation is fixed-parameter tractable,
parameterized by the size of the query. In contrast to the other width measures, there is no
obvious extension of our results to CQs of bounded smw. Indeed, query evaluation based on
bounded smw works by partitioning the database via so-called “heavy-light splitting” (i.e.,
treating attribute values with high vs. low frequency differently). Clearly, this reduces the
problem of CQ-evaluation to a problem of UCQ-evaluation and we have seen in Section 4 that
the diversity problem for UACQs immediately leads to intractability. Hence, a completely
different approach would be needed to extend our results to CQs with bounded smw.

For CQs with negation, a stronger restriction than acyclicity (or bounded hw, ghw, fhw) is
needed to achieve tractability of query evaluation [Lan23]. Consequently, we have studied CQs
with negation of bounded treewidth. Another interesting restriction on the structure of CQs
with negation to achieve tractable query evaluation is f-acyclicity [Bral2, NNRR14, CI24]
or, more generally, bounded nest-set width [Lan23, CI24]. Both these properties are defined
via a form of variable elimination. In contrast to acyclic queries or queries of bounded tw
(and, likewise, bounded hw, ghw, fhw), there is no form of decomposition to characterize
B-acyclicity or bounded nest-set width. Hence, there is no obvious way how to extend our
results on CQs with negation to S-acyclic queries or queries with bounded nest-set width.
We leave both, the diversity study of CQs with bounded smw and of CQs with negation of
bounded nest-set width as interesting questions for future work.
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Another direction for future work is motivated by a closer look at our FPT- and
XP-membership results: even though such parameterized complexity results are generally
considered as favorable (in particular, FPT), the running times are exponential in the
parameter k. As we allow larger values of k, these running times may not be acceptable
anymore. It would therefore be interesting to study the diversity problem also from an
approximation point of view — in particular, contenting oneself with an approximation of
the desired diversity.

A further modification of our settings is related to the choice of a different distance
measure between two answer tuples and different aggregators. As far as the distance measure
is concerned, we have so far considered data values as untyped and have therefore studied
only the Hamming distance between tuples. For numerical values, one might of course take
the difference between values into account. More generally, one could consider a metric on
the domain, which then induces a metric on tuples that can be used as a distance measure.
As far as the aggregator is concerned, we note that most of our upper bounds apply to
arbitrary (polynomial-time computable) aggregate functions. On the other hand, our lower
bounds hold for any (polynomial-time computable) ws-monotone aggregate functions. This
seems quite a natural choice as almost all natural aggregators in this setting — including sum
and min — are ws-monotone. A problem strongly related to Diversity is Similarity [EEEF13],
where one is interested in finding solutions close to each other. Parts of our approach can
naturally be adapted to this setting but we leave the in-depth study of Similarity for future
work.
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