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ABSTRACT. C-systems were defined by Cartmell as the algebraic structures that correspond
exactly to generalised algebraic theories. B-systems were defined by Voevodsky in his quest
to formulate and prove an initiality conjecture for type theories. They play a crucial role
in Voevodsky’s construction of a syntactic C-system from a term monad.

In this work, we construct an equivalence between the category of C-systems and
the category of B-systems, thus proving a conjecture by Voevodsky. We construct this
equivalence as the restriction of an equivalence between more general structures, called
CE-systems and E-systems, respectively. To this end, we identify C-systems and B-systems
as “stratified” CE-systems and E-systems, respectively; that is, systems whose contexts are
built iteratively via context extension, starting from the empty context.

1. INTRODUCTION

In his unfinished and only partially published [Voel5, Voe23a, Voel6a, Voel6b, Voel7a|
research programme on type theories, Voevodsky aimed to develop a mathematical theory of
type theories, similar to the theory of groups or rings. In particular, he aimed to state and
prove rigorously an “Initiality Conjecture” for type theories, in line with the initial semantics
approach to the syntax of (programming) languages (cf. Section 1.1).

One aspect of this Initiality Conjecture is to construct, from the types and terms of a
programming language, a “model”, that is, a mathematical object (which is supposed to be
an initial object in a category of models and their morphisms). To help with this endeavour
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in the context of initial semantics for type theories, Voevodsky introduced the essentially-
algebraic theory of B-systems. The models of this theory, he conjectured in [Voel4|, are
constructively equivalent to the well-known C-systems or contextual categories first introduced
by Cartmell [Car86]. Furthermore, in his Templeton grant application [Voel6c|, Voevodsky
writes:

The theory of B-systems is conjecturally equivalent to the theory of C-systems
that were introduced by John Cartmell under the name “contextual categories”
in [2],[3]. Proving this equivalence is among the first goals of the proposed
research.

The precise role of B-systems in Voevodsky’s programme is described in [Voel6bl; we
give an overview in Section 1.2 below.

In this present work, we construct an equivalence of categories between C-systems and
B-systems, each equipped with a suitable notion of homomorphism. Our construction is
entirely constructive, in the sense that it does not rely on the law of excluded middle or the
axiom of choice.

C- and B-systems are “stratified”, in a sense that will be defined later (in Sections 3.3
and 4.3, respectively). In this work, we also introduce unstratified structures, under the
name of E-system and CE-system, respectively. We construct an adjunction between these
structures, and obtain the equivalence between B- and C-systems via an equivalence of
suitable subcategories. The construction is summarized in the following diagram, in which
maps are annotated with the respective section numbers where they are constructed:

CE2E §5.1
Esys ° T . CEsys
E2CE,§5.2
- stratified - stratified -
Bsys T‘g) Esys §;4 CEsys <§3;3> Csys

The unstratified structures are of interest in their own right: they will serve, in a follow-up
work, to relate C-systems and B-systems to other, well-established, unstratified categorical
structures for the interpretation of type theories, such as categories with families [Dyb96|
and natural models [Awo18], categories with attributes [Car78, Hof97],! and display map
categories [Tay99, Norl9|.

1.1. Initial Semantics. The “template” for initial semantics is as follows: One starts by
defining a suitable notion of signature—an abstract specification device describing the (types
and) terms of a language. To any signature, one then associates a category of models of that
signature, in such a way that the? initial object in that category—if it exists—deserves to
be called the syntax generated by the signature. Finally, one aims to construct such initial
objects, or identify sufficient criteria for a signature to admit initial objects.

'Hofmann [Hof97, §83.1, 3.2] also compares categories with families and categories with attributes in a
set-theoretic setting, and a comparison between these notions in a univalent setting is given in [ALV18].
2\We are working modulo isomorphism in a category.
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A particularly simple example of initial semantics is the following: consider the category
an object of which is given by a triple (X, z,s) where X is a set, x € X, and s : X — X.
Then the initial object in that category is given by (N, 0, (+1)), and the structure of being
initial provides the well-known iteration principle: to define a map N — X, it suffices to
specify x € X (the image of 0) and an endomap s : X — X (the recursive image of (+1)).
That is, no explicit application of recursion or induction principles on N is required once it is
established that (N, 0, (+1)) is an initial object; instead, the initiality property provides an
interface to these black-boxed principles.

For “simple” programming languages (e.g., for untyped or simply-typed lambda calculi),
notions of signature, and initial semantics for such signatures, have been constructed; see,
e.g., |[LA24] for an overview.

For some specific dependently-typed languages, Streicher [Str91], and, more recently,
De Boer, Brunerie, Lumsdaine, and Mortberg [dBBLM]|, have constructed initial models.
Voevodsky aimed at developing a general notion of signature for dependently-typed languages,
and an initial semantics result for such signatures. In Section 1.2 we sketch Voevodsky’s
approach towards a theory of type theories, and the role of C- and B-systems therein.

Meanwhile, Uemura [Uem21, Section 5| has also developed a notion of signature for
dependently-typed theories, and an initial semantics result for them.

1.2. Voevodsky’s approach towards a theory of type theories. In this section, we
sketch Voevodsky’s plan for an initial semantics result for type theories. Voevodsky’s Bonn
lectures [Voe| served as the main source for this overview.

1.2.1. Setting the scene. In [Voe23a|, Voevodsky opens with the following statement:

The first few steps in all approaches to the set-theoretic semantics of dependent
type theories remain insufficiently understood.

According to him, constructions and theorems about type theories are currently assumed by
analogy. Instead, they should be proved by specialization of a general theorem.

Voevodsky aimed to build his theory on top of the notion of C-system, introduced by
Cartmell [Car86] under the name of contextual category. Voevodsky calls a C-system equipped
with extra operations corresponding to the inference rules of a type theory a C-system
model—or just model—of type theory. To give semantics of type theory, Voevodsky aimed
to build two C-system models: (i) one from the formulas and derivations of some type theory,
and (ii) one from a category of abstract mathematical objects. Furthermore, one should
construct an interpretation (a functor) from the first to the second.

Such an interpretation typically needs to be constructed by recursion over the derivations
of the type theory. As explained in Section 1.1, the recursive pattern can be encapsulated in
an initiality result; the methodology of initial semantics thus suggests the following approach:

(1) Show that the term model is initial in a suitable category.
(2) Then, any model yields automatically a (unique) interpretation from the term model.

Now, for the construction of the two desired models, syntactic and semantic, respectively,
Voevodsky developed different methodologies. For the construction of semantic models,
Voevodsky exhibited several constructions of C-systems from universe categories [Voel5|. He
also sketched a strictification from categories with families to C-systems. For the construction
of syntactic (or term) models, Voevodsky developed a framework outlined across several
papers. We summarize the ingredients involved here:
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(1) Restricted 2-sorted binding signatures (cf. [Voe23a, Section 1]) with sorts for terms and
types are used as abstract specificiation devices for pretypes and preterms.

(2) From a restricted 2-sorted binding signature, a “term” monad R : Set — Set and a “type’
module LM : Set — Set over R are constructed (cf. [Voe23a, Section 1]).

(3) Any monad R on Set gives rise to a C-system C(R), corresponding to the mono-typed
(or untyped) syntax of R, cf. [Voe23a, Section 4.2].

(4) The presheaf extension of C(R) by the module LM over R, called C'(R)[LM], constitutes
the C-system of pretypes and preterms—but without any typing relation yet, cf. [Voe23a,
Section 4.2|.

(5) Finally, Voevodsky’s theory of sub-C-systems and reqular quotients of C-systems |[VoelGb]
allows one to carve out C-systems of types and well-typed terms modulo a regular
congruence relation.

)

In the following, we discuss some of these ingredients in slightly more detail, but without
any rigorous definitions.

A “restricted 2-sorted binding signature” is a signature that specifies a 2-sorted language.
We can think of these two sorts as a sort type of “types” and a sort term of “terms”; respectively.
The signatures are “restricted” in the sense that constructors can bind variables of sort term
but not of sort type.

We do not dwell on the notion of signature, but refer instead to [Voe23a, Section 1] for
details; here, we give an example of a language specified by such a signature.

Example 1.1. An example of a syntax generated by a 2-sorted binding signature is the syntax
of the Calculus of Constructions, adapted from Streicher’s Semantics of Type Theory |Str91]:

A,B == TI(A,z.B) Product of types
|  Prop Type of propositions
| Proof(t) Type of proofs of proposition ¢
tbu = x Variable
| A(A, x.t) Function abstraction
|  App(A,z.B,t,u) Function application
| V(A zx.t) Universal quant. over propositions ¢

This signature specifies a language with two sorts, the sort type of “types” and the sort
term of “terms”. It is restricted because there is no binding of variables of sort type, only of
variables of sort term. Such a signature yields a monad 7" : Set x Set — Set x Set,

(X,Y) — (type(X,Y), term(X,Y))

where type(X,Y) is the set of expressions of sort type with variables of kind type in X
and of kind term in Y and similarly for term(X,Y). From such a monad on Set x Set,
Voevodsky [Voe23a| constructs, by fixing a set of type variables, a monad R = term on Set,
and a module LM = type over R. Here, the action of the module LM is substitution of term
expressions in type expressions. From R and LM, in turn, Voevodsky [Voe23a| constructs
two C-systems, called C(R) and C(R)[LM], respectively. The C-system C(R) corresponds
to a mono-typed syntax of just terms—in detail:

(1) Objects are natural numbers (untyped contexts).
(2) Morphisms m — n are maps [n] — R([m]), where [k] is the standard finite set associated
to k€ N.
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(3) The category thus obtained is the opposite of the Kleisli category on R restricted to
natural numbers.3

(4) The morphism p,, : 7+ 1 — n is given by the composition [n] < [n + 1] & R([n + 1]).

(5) Given a morphism f : m — n, that is, a function f : [n] — R([m]), the pullback of p,, :
n+1 — n along f is the morphism p,, : m+1 — m. The morphism m+1 — n+1 required

to complete the pullback square is the morphism ¢(f) : n+ 1 — R([m + 1]) induced by

the morphisms n EN R([m)) LiiON R(jm+1]) and 1 5 [m +1] 25 R([m + 1)); intuitively,

q(f) extends the substitution f by one variable. See also [Voe23a, Lemma 4.2.2].
The C-system C(R)[LM], in turn, looks as follows:

(1) C(R)[LM] has, as contexts, finite sequences of types (with a suitable number of free
variables).

(2) Pullback is given by substitution of terms in type expressions.

(3) There is no typing relationship yet: C'(R)[LM] is a C-system of pretypes and preterms.
In order to build, from C'(R)[LM], a C-system of types and well-formed terms, with the
intended typing relation, Voevodsky devised (i) sub-C-systems (for eliminating ill-formed
pretypes and preterms), (ii) quotients of C-systems (for considering terms and types modulo
judgemental equality). To construct such subsystems and quotients, Voevodsky devised the
theory of B-systems.

1.2.2. B-systems for the construction of C-systems. Intuitively, the idea is to use the C-system
C(R)[LM] to obtain the pretypes and preterms to formulate judgements:

e A statement I' I is an element of

n—1
B(R,LM) := [T ] £M([il) (1.1)

n>0 =0

o A statement I' F ¢ : T is an element of

B(R,LM) =[] (f[ LM([i)) x R(|n]) % LM([n])) (1.2)

n>0 \i=0

Voevodsky [Voeld| defines eight operations on B and B , corresponding to structural rules of
type theory. The resulting mathematical structure is captured by the notion of B-system,
illustrated in more detail in Section 1.3 and studied in detail in Section 4.

Given a C-system C, we call B(C) and B(C) the B-sets associated to C. Voevod-
sky [Voel6b] constructed a bijection between
(1) Sub-C-systems of a given C-system
(2) Subsets of (B, B(C)) that are closed under the eight operations
and similar, but more complicated, for quotients. This bijection is used by Voevodsky to
construct suitable C-systems; Voevodsky himself [Voel4| positions B-systems as follows:

B-systems are algebras (models) of an essentially algebraic theory that is
expected to be constructively equivalent to the essentially algebraic theory
of C-systems which is, in turn, constructively equivalent to the theory of
contextual categories. The theory of B-systems is closer in its form to the

3put differently, it is the Kleisli category of the J f-relative monad induced by the monad R, as indicated
by the title of Voevodsky’s article [Voe23al.
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structures directly modeled by contexts and typing judgements of (dependent)

type theories and further away from categories than contextual categories

and C-systems.
This concludes our overview of the use of B-systems in Voevodsky’s research program. In
the remainder of the introduction, we provide more intuition for the notions of B-system and
C-system, before giving rigorous definitions and constructions.

1.3. Models of Type Theory. When studying type theories mathematically, one question
to answer is: what is the appropriate mathematical structure that captures the essential
behaviour of type theories? Technically speaking: what are the objects in the category of
models of a type theory?

Many different answers have been given to this question. The purpose of this section
is to present the two contenders studied and compared in this work, and to relate them to
other notions of “model”.

1.3.1. Contextual categories and C-systems. Contextual categories were defined, by Cart-
mell [Car86, §14], as a mathematical structure for the interpretation of generalized algebraic
theories and of the judgements of Martin-Lof type theory. A contextual category comes with
a tree structure, in particular, a partial ordering, on its objects; think of the objects of C as
“contexts”, and I' < A stating that I can be obtained from A by truncation. Furthermore,
there is a special class of morphisms, closed under pullback along arbitrary morphisms—
thought of as substitution by that morphism. In his PhD dissertation [Car78, Section 2.4],
Cartmell shows that the category of contextual categories and homomorphisms between
them is equivalent to the category of generalized algebraic theories and (equivalence classes
of) interpretations between them.

Voevodsky defined C-systems as equivalent to contextual categories: a C-system is a
category coming, in particular, with a length function and a compatible “father” function
on objects of the category, signifying truncation of contexts. Again, we have a class of
morphisms closed under pullback along arbitrary morphisms. Voevodsky rejected the name
“contextual category” for these mathematical object, for the reason that the extra structure
on top of the underlying category cannot be transported along equivalence of categories and
is thus not “categorical” in nature. As an example, consider the terminal category: it can be
equipped with exactly one C-system structure. However, there is no C-system structure on
any category with more than one, but finitely many, objects.

More recently, Cartmell [Carl8| gave two Generalized Algebraic axiomatizations of
contextual categories, one of which is using Voevodsky’s s-operator [Voel6b, Definition 2.3|
for pullbacks.

1.3.2. B-systems. Voevodsky’s definition of B-systems [Voel4] is inspired by the presentation
of type theories in terms of inference rules. Specifically, type theories “of Martin-Lof genus”
are given by sets of five kinds of judgements:

Well-formed context:
'k

Well-formed type in some context:

' A type
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Well-formed term of some type in some context:

'ta:A
Equality of types:
I'-A=B
Equality of terms:
I'Fa=b:A

Interpreting equality of types and terms as actual equality, and expressing I' - A instead
as I', A F, lead Voevodsky to defining a B-system to consist of families of sets (B),)nen and
(Bn)neN>0, intuitively denoting, for any n € N, contexts of length n and terms in a context of
length n — 1, together with their types, respectively. Furthermore, any B-system has various
operations on B and B, such as maps 9, : Bn+1 — Bn41 specifying, intuitively, for each
“term” ¢ € Bn+1, the context 0, (t) € Bp41 in which ¢ lives.

Voevodsky’s B-systems are very similar to the algebras of the theory MetaGAT defined
by John Cartmell [Carl4], and to the algebras of a monad studied by Richard Garner [Garl15|.
The intention is that these are all equivalent notions of structure. Below, we will indicate
more precise connections to Garner’s work.

Compared to other semantics for dependent type theories, B-systems appear the closest
to syntax. For this reason it seems easier to describe extensions of the structural rules by type
constructors or modal operators for B-systems than it is for, say, C-systems (i.e. contextual
categories). For the same reason, B-systems seem also more suitable than other semantics to
describe notions of substructural dependent type theories and, more generally, variations on
the syntax.

1.3.3. Other Notions of Model. There are many other mathematical structures for the
interpretation of type theory. Here, we give some pointers to related literature.

Voevodsky sketched a relation between C-systems and categories with families in his
Lectures in the Max Planck Institute in Bonn [Voe, Lecture 5|, identifying C-systems as
categories with families with a particular property. In the present work, we introduce and
study unstratified categorical structures, in the form of E-systems and CE-systems, which
we anticipate will be useful in giving a precise construction for Voevodsky’s conjecture.

Categories with families, in turn, are related to categories with attributes (a.k.a. split
type categories) in [Bla91] (in a categorical setting) and in [ALV18] (in the univalent setting).
Composing these characterizations with the equivalence presented here provides a comparison
between B-systems and other mathematical structures for type theory.

Garner |Garl5| studies and compares two structures related to Voevodsky’s B-systems:
Generalized Algebraic Theories (GATS) and algebras for a monad on the category of type-
and-term structures (see also Examples 4.4 and 4.13).

Remark 1.2. Garner’s and Cartmell’s works, taken together, also point to another possible
way to constructing an equivalence between C-systems and B-systems: Cartmell [Car78,
Section 2.4| constructs an equivalence of categories between the category of contextual cate-
gories and homomorphisms between them, and the category of GATs and (equivalence classes
of) interpretations between them. Garner |Garl5| constructs an equivalence of categories
between the category of B-frames and the category of }-GATs (GATs without structural
rules) (see also Example 4.4). Garner’s equivalence looks like it could be “upgraded” to an
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equivalence between the category of B-systems and the category of GATs (see also Exam-
ple 4.13). Constructing an equivalence between B- and C-systems in this way is, however,
conceptually circular — if not in actuality, then at least in spirit. After all, B- and C-systems
were studied by Voevodsky in the context of the Initiality Conjecture; one purpose of the
Initiality Conjecture is to give a specification of dependently-typed syntax. We believe
that such a specification is best given without recourse to such syntax itself.

1.4. About the present work. The main result of this paper is the construction of an
equivalence of categories, between the category of C-systems and the category of B-systems.
The existence of such an equivalence was conjectured by Voevodsky.

We construct this equivalence as a restriction of an equivalence between more general,
unstratified structures introduced in this paper, called CE-systems and E-systems, respectively.
While it is not necessary to pass via E-systems and CE-systems to construct an equivalence
between B-systems and C-systems, it seems desirable to us for two reasons:

(1) The definitions and constructions are automatically more modular, isolating structure
on either side that corresponds to each other.

(2) The study of unstratified structures is useful in connecting B-systems and C-systems
to other unstratified structures, such as categories with families [Dyb96|. Work on
constructing a suitable comparison is already underway.

This paper is organized as follows. In Section 2 we discuss some prerequisites that we
build upon in later sections. In Section 3 we review the definition of C-systems given by
Voevodsky in [Voel6b, Def. 2.1], itself an equivalent formulation of Cartmell’s definition of
contextual categories [Car86, §14|. Here we also introduce CE-systems. In Section 4, we
give Voevodsky’s definition of B-system [Voel4] and introduce E-systems. In Section 5 we
construct our equivalence of categories between B-systems and C-systems.

1.4.1. Foundations. The work described in this result can be read to take place in intuitionistic
set theory (IZF) or extensional type theory, i.e., a type theory with equality reflection. In
particular, we do not make use of classical reasoning principles such as an axiom of choice or
excluded middle. We consider in this work categories built from algebraic structures (which
sometimes are themselves categories with structure, but see Section 1.4.2). Implicitly, we
take these algebraic structures to be built from sets (or types) from a universe ;. The
categories of such structures are hence categories built from sets (or types) of objects and
morphisms of a universe Us. In the following, we leave the universe levels implicit.

1.4.2. About our use of categories. In this work, categories are used on two different levels.

Firstly, we use categories as algebraic structures, as the basis for C-systems and CE-
systems. This use of categories is somewhat “accidental”’; and our constructions on these
categories are not invariant under equivalence of categories. In particular, we liberally reason
about equality of objects in such categories. Consequently, we avoid the unadorned word
“category” for these structures, and call them strict categories instead. We denote by Cat
the category of strict categories and functors between them.

Secondly, we use categories to compare different mathematical structures to each other,
by considering a suitable category of such structures and their homomorphisms. Here, we
never consider equality, but only isomorphism, of such mathematical structures; our reasoning



Vol. 21:1 ALGEBRAIC PRESENTATIONS OF TYPE DEPENDENCY 14:9

on that level is entirely categorical. We reserve the word “category” for such uses of the
concept.

We use different fonts for strict categories and categories, respectively: calligraphic font,
such as C, is used for strict categories; boldface, such as Grph, is used for categories. We
use the same notation for arrows in strict categories and in categories. We write either g o f
or gf for the composition of f: a — b and g: b — c.

1.5. Version history. We first reported on the construction of an equivalence of categories
between B-systems and C-systems in a short summary paper [AENR23|. The present work
expands on that previous work in the following ways:

(1) An expanded introduction summarizes the role of B-systems and C-systems in Voevodsky’s
unfinished theory of type theories.

(2) We consider here more general “unstratified” variants of B-systems and C-systems, called
E-systems and CE-systems, respectively. We construct an equivalence of categories
between E-systems and CE-systems.

(3) We then construct the equivalence between B-systems and C-systems as a restriction, to
the respective subcategories of stratified objects, of the aforementioned equivalence.

(4) We give full details of all the constructions in this paper.

1.6. Acknowledgements. We thank Steve Awodey for feedback on a draft of this paper
and the anonymous referees for helpful remarks and suggestions. The research described in
this paper was presented at the Seminar on Contextual Categories in Ljubljana and online
in May 2021, at the TYPES conference in Leiden and online in June 2021, and at the first
meeting of WG6 of the COST action CA20111 “EuroProofNet” in Stockholm in May 2022.
We thank the organisers and participants of the three events for valuable discussions.

2. PRELIMINARIES: STRATIFICATION OF CATEGORIES

In this section we collect definitions and results related to stratification of strict categories
and morphisms between them. A stratification (see Definition 2.1) associates, to any object
of a strict category a natural number, its “length”, and to any length-decreasing morphism
a factorization of this morphism into morphisms “of length 1”. Such a stratification can
equivalently be described as a rooted tree, see Section 2.2.

2.1. Stratification of strict categories.

Definition 2.1 (Stratified strict categories, stratified functors). Let C be a strict category
with terminal object 1. A stratification for C consists of a stratification functor

L:C— (N,>)

such that

(1) L(X) = 0 if and only if X is the chosen terminal object 1,
(2) for any f: X — Y we have L(X) = L(Y) if and only if X =Y and f =idx, and
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(3) every morphism f: X — Y in C, where L(X) =n+m+ 1 and L(Y) = n, has a unique
factorization

fm fm—1 fl

X,, Imy x, 1

X = Xpa1 Xo=Y

where L(X;) =n + 1.
A functor F' : C — D between strict categories with stratifications L¢ and Lp, respectively,
is said to be stratified if Lo = Lpo F.

Remark 2.2. We emphasize that stratifications do not transport along equivalence of
categories. For instance, there is a (necessarily unique, see Proposition 2.8) stratification
on the terminal strict category, but no stratification on the strict chaotic category with two
objects and a choice of terminal object.

Remark 2.3. Those readers familiar with Conduché functors might note that a stratified
category (C, L) is equivalently a Conduché functor L : C — N with discrete fibers which takes
the chosen terminal object of C to 0.

Definition 2.4. Let C be a category with a terminal object and £: Ob(C) — N a function.
An arrow f: X — Y in C is indecomposable if {(X) = ¢(Y) + 1.

Remarks 2.5.

(1) In a stratified category, there is a unique terminal object 1. More generally, if there is an
arrow 1 — X, then X = 1.

(2) The factorisation of an arrow f: X — Y such that L(X) - L(Y)=m+1>01in 2.1.3
consists of m + 1 indecomposable arrows.

(3) A stratified functor is determined by its action on indecomposable arrows.

Lemma 2.6. Let C be a category with a terminal object 1. A function £: Ob(C) — N extends
to a stratification L: C — (N,>) of C if and only if the following three conditions hold:

(i) £(1) =0,

(i) for every object X and k < (X)), the set

I cxv)

Y 0(Y)=k

is a singleton, i.e. there is a unique arrow xy: X — X such that ((Xy) =k, and
(#ii) for every X and k > ¢(X), the set

1 cxv)

Y| 6(Y)=k
is empty, i.e. there are no arrows X —'Y such that ¢{(X) < ((Y).

Proof. If C is stratified by L such that L(X) = ¢(X), condition (%) follows from 2.1.1. To show
condition (i), note that every arrow X — 1 factors uniquely into [ = ¢(X) indecomposable

arrows
Ti—1 o 1

X 25X, 1.

X3

In particular, for every n < ¢(X), the composite z,,41 -+ - 2;: X — X, is such that ¢(X,,) = n.
If f: X — Y is also such that £(Y) = n, then f factors into I — n indecomposable arrows

(fz)i;’f Let y1 -+ -y, be the factorisation of ¥ — 1 into indecomposable arrows. The



Vol. 21:1 ALGEBRAIC PRESENTATIONS OF TYPE DEPENDENCY 14:11

composite y1 -+ ynfo- - fi_n_1 is a factorisation of X — 1 into indecomposable arrows. It
follows by uniqueness of such factorisations that

1 =Y1, T2 =Y2, .. , Tn = Yn, Tp+1 :fl, ooy :cl:fl_n.
In particular, f = 2,41 - - - 27 as required.

Since (N, >) is a poset, condition (4ii) is equivalent to the fact that the function ¢ extends
uniquely to a functor L: C — (N, >).

Suppose now that conditions (i—iii) above hold. In particular, the function ¢ extends to
a functor L.

(1) Let X be such that ¢(X) =0. Then X — 1 and idx: X — X are both such that
0(X)=0=1/(1). Hence X =1 and the object X is terminal. Conversely, let X be terminal.
Then there is 1 — X and thus 0 > ¢(X).

(2) Let f: X — Y and suppose £(X) = £(Y), then Y = X and f = idx by (i) with
n=4(X).

(3) For every X such that n+1 = ¢(X) > 0, let X: X — X’ be the unique arrow
such that £(X’) = n given by (ii). For every k < ¢(X), we have a composite xj of k
indecomposable arrows

X X s X/ X’ N X=2) s X(kfl) &}

R —

where /(X *)) = ¢(X) — k, which is the unique arrow X — Y such that £(Y) = ¢(X) — k
by (7). Let us show that (2.1) is also the unique factorisation of zj into indecomposable
arrows, for every 0 < k < ¢(X). We proceed by induction on n. If n = 0, then factorisations
consist of only one indecomposable arrow and uniqueness follow from (iz). For n > 0, let
0 < k <n+1 and consider a factorisation X 90, Al LN LN 21 It x (k) of
x), into indecomposable arrows. Then £(Z1) = ¢(X) — 1 = £(X"), and so gg = X by (ii).
Again, gp1---q1 =x)_: X' — (X")*=1 by (ii) and, by inductive hypothesis, g; = X (@)
for 0 < ¢ < k. Therefore (2.1) is the unique factorisation of zj, into indecomposable arrows.

Given an arrow f: X — Y such that n = 4(Y) < (X)) =m +n+ 1, it must be Y =
X+ and f = 2,41 by (7). Tt follows that f factors uniquely into m 4 1 indecomposable

arrows X (M) ... X’ X. ]

X () (2.1)

Remark 2.7. Condition (i) in Lemma 2.6 is equivalent to requiring that, for every object
X:

(ii.a) for every n < £(X) there is at most one arrow f: X — Y such that £(Y) = n, and
(7.b) there is an indecomposable arrow X : X — X',

One direction is clear. For the converse it is enough to show that for every n < ¢(X) there
is f: X — Y such that £(Y) = n. Such an arrow is given as the composite of £(X) —n
indecomposable arrows as in Eq. (2.1) above.

Proposition 2.8. Any category can be stratified in at most one way.
Proof. Consider a category C with two stratifications L, M : C — N. By Lemma 2.6.i1,
L' (n+1)={X|3Y € L (n) and an indecomposablef : X — Y}

and similarly for M~!(n + 1). Thus, if L='(n) = M~'(n), we find that L='(n + 1) =
M~ (n+1), and the claim follows by induction since L=1(0) = M ~1(0) by Definition 2.1.1. [
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Uniqueness of stratification justifies the following definition:

Definition 2.9. We define Catg to be the subcategory of Cat consisting of stratified strict
categories and stratified functors between them.

Lemma 2.10. Let F: C — D be a functor between stratified categories. The following are
equivalent.

(1) The functor F is stratified.
(2) The functor F preserves terminal objects and indecomposable arrows.

Proof. That 1 implies 2 is clear. The converse is by induction on the length of objects using
that, for every f: X =Y, Le(X) = Le(Y) + 1 implies Lp(F (X)) = Lp(F(Y)) + 1. ]

Lemma 2.11. Let C be a stratified category with stratification functor L. Then for every
object X and every f: Y — X,

Lx(f) = L(Y) - L(X)
defines a stratification functor Lx for the slice C/X.

Proof. The above clearly defines a functor Lx: C/X — (N,>) and conditions (1-3) in
Definition 2.1 are easily verified. L]

Corollary 2.12. Let F': C — D be a stratified functor between stratified categories. For
every object X in C, the functor

c/x 1, pirx
18 stratified.

2.2. Rooted trees. In this section, we compare stratified categories to rooted trees. Rooted
trees were used by Cartmell [Car86] to give his original definition of contextual categories.

Definition 2.13.

(1) We define a rooted tree T to be a family of sets (7}, )nen indexed by the natural numbers
such that Tp is a singleton, together with functions (¢, : T),41 — Ty )neny mapping a node
to its parent. A homomorphism of rooted trees f: T — S is a family of functions
(fn: Tnw = Sp)nen such that f, ot, = s, 0 f41 for every n € N. Let RtTr be the
category of rooted trees and homomorphisms.

(2) Let Grph be the category of directed (multi)graphs and homomorphisms. We define
the functor G : RtTr — Grph as follows. For a rooted tree T, the directed graph
G(T') has the set of vertices given by the disjoint union ], .75, and there is an edge
(n+1,X)— (n,t,(X)) for every n € N and X € T),11. It is straightforward to verify
that each homomorphism 7' — T” of rooted trees gives rise to a homomorphism of graphs
G(T) — G(T").

(3) Let F : Grph — Cat be the well-known functor [Mac98, I1.7] that takes a graph to the
category freely generated by it.

We now show that the image of the composite

RtTr — % - Grph — & Cat

is the subcategory of stratified strict categories defined in Definition 2.9.
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Proposition 2.14. The functor FG: RtTr — Cat lifts to an equivalence Rt Tr —> Cats.

Proof. First, observe that, for a rooted tree T', the free category FG(T') is stratified. We
define L : FG(T) — (N, >) by sending an object (n, X) to n and a generating morphism
n+1,X) = (n,tp(X)) to n+1 > n. Given a morphism f : S — T of rooted trees,
the functor FG(f) : FG(S) — FG(T) is stratified by construction. Thus, the functor
FG : RtTr — Cat lifts to an functor RtTr — Catg.

Next we define a functor I: Cats — RtTr. Consider a stratified category (C, L) and
define a rooted tree I(C, L) as follows. Let I(C, L),, := L™(n). By Lemma 2.6(ii), for every
X €I(C, L), there is exactly one indecomposable arrow with domain X, say X — X’. Then
we define t,, : I(C, L)p+1 — I(C, L), by t,(X) := X'. A stratified functor F': C — D induces
a homomorphism of rooted trees I(C, L) — I(C, M) since it commutes with the stratification
functors and it preserves indecomposable arrows.

It is now straightforward to verify that FG oI = 1cat, and Io FG = 1Rrgty. []

3. THE CATEGORY OF C-SYSTEMS

This section is dedicated to the study of C-systems.

In Section 3.1 we review Voevodsky’s definition of C-system, an equivalent formulation
of Cartmell’s contextual categories. We then give, in Section 3.2 our definition of CE-system,
and identify, in Section 3.3, the category of C-systems as a subcategory of “stratified” objects
in the category of CE-systems.

3.1. The category of C-systems. John Cartmell [Car86, Section 14| defined conteztual
categories as mathematical structures for the interpretation of type theories. Vladimir Vo-
evodsky [Voel6b, Definition 2.1] gave a slightly modified, but obviously equivalent definition,
and coined them C-systems.

Definition 3.1 (C-system, [Voel6b, Def. 2.1]). A C-system consists of

) a strict category C,
2) a “length” function ¢: Ob(C) — N,
3) a chosen object 1 € Ob(C),
4) a function ft: Ob(C) — Ob(C),
5) for any object I' € Ob(C) such that ¢(T") > 0, a morphism pr: I' — ft(T'),
6) for any I" € Ob(C) with ¢(T") > 0 and any f: A — ft(I"), an object f*I" and a morphism
q(f,0): f*T — T

satisfying the following axioms:

i) £71(0) = {1},

it) for I’ Wlth £(T") > 0, we have £(ft(I")) = ¢(T") — 1,
m) t(1) =
)
)

(1
(
(
(
(
(

w) lis a ﬁnal object,
v) for I' € Ob(C) with ¢(I') > 0 and f: A — ft(I'), one has ¢(f*I") > 0, ft(f*T") = A, and
the square
£ a(f,I) r
Pf*(r)l JPF (3.1)

A ()
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commutes and is a pullback square,

vi) for I € Ob(C) with £(I') > 0, we have (idgr)) T =T and q(idgry,T') = idr, and

vig) for I' € Ob(C) with /(') > 0, g: A — ft(I') and f: E — A, we have (go f)*I' = f*¢*T
and q(go f,I') = q(g,T) e q(f,g"T).

Intuitively, an object I' of the category underlying a C-system can be thought of as a context
of length ¢(T"). Types in context I" are encoded by the projections pa with ft(A) =T" (hence,
in particular, £(A) = ¢(T") + 1). Terms are not explicitly given; a term of type pa (in context
ft(A)) corresponds to a section to pa. This is exactly how terms are defined in the E-system
constructed from a CE-system in Construction 5.6.

In case the reader wonders whether the length function £ lifts to a stratification, in
Corollary 3.9 we show that it does so on a suitable subcategory of C.

Definition 3.2. A morphism of C-systems from C to D is a functor F': C — D between
the underlying categories that strictly preserves the rest of the structure, that is:

i) F(lc) = 1p,
it) fpo Ob(F) = Lc: Ob(C) — N,
iit) Ob(F) o ftc = ftp o Ob(F'): Ob(C) — Ob(D),
i) Fpr = prr, for every I" € Ob(C),
) F(f*T) = (Ff)*(FT') and F(q(f,I")) = q(Ff,FT), for every I' € Ob(C) such that

le(T) >0and f: A — ft(T).

v

Example 3.3 (C-systems and Lavwere theories). Fiore and Voevodsky [FV20] construct
an isomorphism of categories between the category of Lawvere theories and the category of
£-bijective C-systems, that is, of C-systems whose length function is a bijection. Intuitively,
such a C-system can be seen as modelling an untyped (or single-sorted) language.

Example 3.4 (C-systems and contextual categories). C-systems are equivalent to Cartmell’s
contextual categories. In his Ph.D. dissertation, Cartmell [Car78, Section 2.4| constructs
an equivalence between the category of contextual categories and homomorphisms between
them and the category of Generalized Algebraic Theories (GATSs) and (equivalence classes
of) interpretations between them. Hence C-systems are equivalent to GATs.

Example 3.5 (C-system from a universe category). Any universe category gives rise to a
C-system, via a construction by Voevodsky [Voel5, Construction 2.12]. A universe category
is a category with a chosen terminal object and a universe, that is, a morphism p : U — U
together with a choice of pullback of p along any morphism X — /. Roughly, the C-system
constructed from a universe category has, as objects of length n, sequences of n morphisms
fi,..., fn into U such that the domain of f;;; is the chosen pullback of p along f;. Such a
sequence can be thought of as a sequence of (dependent) types (A1, Ao, ..., A,) such that
Aq,... A;j F A1, Furthermore, any small C-system can be obtained via this construction;
given a C-system C, a universe can be constructed [Voel5, Construction 5.2| on the presheaf
category C such that the C-system obtained from that universe is isomorphic to the C-system
C. For a brief overview of these constructions, see [KL21, Section 1.3].

Voevodsky’s simplicial model of univalent foundations [KL21]| is built on top of a C-system
obtained from a universe in the category of simplicial sets.

Problem 3.6. To construct a functor C2RtTr: Csys — RtTr.
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Construction 3.7 (for Problem 3.6). Let C = (C,1,¢,ft,p,...) be a C-system. The objects
of C can be arranged into a rooted tree by defining

T, :={T | {T) =n} and tn(L) :=ft(I') € Tp,, for I' € Thp 1.

That is, the front square in the diagram of sets and functions

Tpit ¢ Ob(C)
\\ ft
tn Ny \
T, Ob(C)
y
1 n+1 N )
\ .
pred
1 L ~ N

is a pullback for every n € N, and the function ¢, is defined by its universal property as the
right-hand square commutes by 3.1.77. The set Tj is a singleton by (7) in Definition 3.1.

A homomorphism of C-systems F': C — D restricts, for every n € N, to a function
F, : T, — S, between the fibres T;, and S;, of the length function of C and D, respectively,
by 3.2.4¢ as in the front part of the diagram below.

Tht1 © Ob(C)
ft
h \
Fnt1 T, « Ob(C)
Ob(F)
Sn+1 Ob(D) Ob(F)
Sy < Ob(D) |¢
4
1 LA - ¢
\ pred
1 n ~ N

The upper-right square commutes by Definition 3.2.47, thus the upper-left square commutes
as well since the rest of the diagram commutes. Functoriality holds since each F}, is defined
by a universal property. ]

Lemma 3.8. Let C be a C-system with underlying strict category C and let p(C) denote the
wide subgraph of C on the canonical projections pr for I' in C. Then p(C) is isomorphic to
the graph G o C2RtTr(C) naturally in C, where G: RtTr — Grph is from Definition 2.185.

Proof. The vertices of GoC2RtTr(C) are pairs (¢(I'),T") and edges are of the form (¢(I"),T") —
(e(ft(I")), ft(T)) for £(I') > 0. In particular, every vertex (n + 1,I") has exactly one outgoing
edge. The bijection between vertices then extends to an isomorphism between p(C) and

G o C2RtTr(C).
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Every C-homomorphism F': C — D induces a morphism of graphs p(F'): p(Cc) — p(Cp)
by 3.2.4v. Naturality then follows from 3.2is. []

Corollary 3.9. Let F be the free category on the graph p(C) on the canonical projections.
Then the terminal object 1 of C is terminal in F and the function ¢ extends to a stratification
functor on F.

Proof. By Lemma 3.8 there is an iso F = Fp(C) = F o G o C2RtTr(C). The claim thus
follows from Proposition 2.14. []

3.2. The category of CE-systems. In this section, we define CE-systems and their
morphisms.

Definition 3.10. A CE-system consists of two strict category structures F and C on the
same set of objects Ob(F) = Ob(C) and an identity-on-objects functor I: F — C between
them, together with

(1) a chosen object 1 which is terminal in F, and
(2) for any f: A — I'"in C and any A € F/I', a functorial choice of a pullback square

A A YAy

1) JI(A)
A—T 7

such that f*A € F/A. Explicitly, the functoriality requirement is that
(a) For any f: A — T, one has

Fldr) =ida  and o (f,idp) = f.
(b) For any A € F/T', one has
(idr)A=A  and  m(idp, A) =idp.a
(c) Forany f: A =T, g: Z— A and A € F/T, one has
(fogyd=g'(f4) and  m(fog,A) =m(f, A)om (g, [*A)
(d) For any P € F/I""A and f: A — T, one has
[(AP)= ffAo(m (f,A))P and  ma(f, A.P)=mo(me(f,A),P)

A CE-system is rooted if I(1) =1 is terminal in C.

For any f: A — T we write f* for the induced functor F/T' — F/A and refer to the
arrows in F as the families of the CE-system. We shall write arrows in F with a double
head as in the above diagram.

We may write I5: Fa — Ca for the categories and functor underlying a CE-system A,
whenever we need to make the CE-system explicit.

We show in Section 3.3 that CE-systems generalize C-systems. To provide some intuition,
we can think of the image of F in C as the subcategory of C spanned by the projections
pr: I' = ft(I') of a C-system.
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Example 3.11 (CE-system on finite sets). Let F be the category whose objects are natural
numbers, and whose morphisms f: m — n are functions f: std(m) — std(n) from the
standard finite set of m elements to the standard finite set of n elements. Consider the

identity-on-objects functor [—]: (N, >) — F°P given, on n + k > n, by the opposite of the
initial-segment inclusion, which we write i?*%: [n + k] — [n].

We equip it with the structure of a CE-system as follows. The chosen pullback of a
family n + k > n and an arrow f: [m| — [n] in FP is

mo(fntk=>n)

[m + k] [n + K]
[m] ! » [n]

where the morphism mo(f,n 4+ k > n) is the opposite of the arrow [f, 1x]: [n + k] — [m + k]
in F obtained from the universal property of the coproduct [n + k]. Functoriality follows
immediately from the definitions.

This CE-system is, of course, rooted — as [0] is terminal in F°P — and stratified in
the sense of Definition 3.16 — as initial-segment inclusions factor uniquely into arrows 71
which are indecomposable in the sense of Definition 2.4. Note also that the choice of pullback
squares is forced by Remark 3.19.

We can think of this example as the category of renamings, that is, variable-for-variable

substitutions, of a untyped (or uni-typed) theory; see, for instance, [FPT99, LA24|.

Example 3.12. Categories with attributes [Car78|, or type categories [Pit01], produce
examples of CE-systems which are rooted but not stratified. A category with attributes
consists of a category C with a terminal object 1 together with a set of “types” T'(X) for
each object of C such that each A € T'(X) is assigned an arrow p4 in C with codomain X.
Moreover a strictly functorial choice of pullbacks of these arrows along any arrow in C is
required. A CE-system is obtained by taking as F the free category on the arrows of the
form pa and as I the obvious functor into C. Another CE-system is obtained by taking as F
the subcategory of C spanned by the arrows of the form p4. In this case the functor [ is
simply the inclusion.

Display map categories [Tay99] and clans [Joy17] also produce examples of rooted non-
stratified CE-systems, as soon as the choice of pullbacks is strictly functorial. Recall that a
display map category consists of a category C together with a class of arrows D such that
pullbacks of arrows in D along any arrow in C exist and are again in D. Clans also have a
terminal object 1 and require D to be closed under composition and to contain all arrows
towards 1. When the choice of pullbacks is strictly functorial, the wide subcategory of C
on the arrows in D together with the inclusion D — C provides an example of a rooted,
non-stratified CE-system.

Definition 3.13. Let A and B be two CE-systems. A CE-homomorphism F: A — B
consists of a commutative square of functors

Fa —Z— T
IAl ) lIB
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such that,

(1) F]:(].A) = 11@, and
(2) for every A€ Fp/T and f: A =T, it is

Fr(f*A) = (Fef)'(FrA)  and  Fe(ma(f.A) = 2 (Fef, FrA).

Remark 3.14. If F is a CE-homomorphism between rooted CE-systems A and B, then
Fc(14) = 1g and Fg preserves terminal objects in the usual categorical sense.

Definition 3.15. We write CEsys for the category of CE-systems and CE-system homo-
morphisms and rCEsys for its full subcategory on rooted CE-systems.

For the comparison of CE-systems with C-systems, the notion of stratification of a
CE-system is needed:

Definition 3.16. A CE-system A is stratified if its category of families F is stratified in
the sense of Definition 2.1 and, for every f: A — I' in C, the functor

FIr —L s F/a

induced by the functorial choice of pullbacks is stratified with respect to the stratification
induced on slices in Lemma 2.11.

A CE-homomorphism between stratified CE-systems is stratified if its component on
families is a stratified functor.

Remark 3.17. It follows from Proposition 2.8 that CE-systems are stratified in at most one
way.

Definition 3.18. We denote by CEsys, — CEsys and rCEsys, — rCEsys the respective
subcategories spanned by stratified (rooted) CE-systems and stratified CE-homomorphisms
between them.

Remark 3.19. In a stratified CE-system, for every f: A — ' in C and A € F/T" we have
L(A.f*A) = L(A)+ L(T.A) — L(T).
Lemma 3.20. Let A and B be two stratified CE-system. A commuting square of functors

Fa SN FB

IAl lflﬂz

CALC]B

s a stratified CE-homomorphism A — B if and only if

(1) Fr is a stratified functor, and

(2) for every indecomposable arrow A € Fu /T and every f: A — T, we have
F]:(f*A) = (Fcf)*(F]:A) and Fc(ﬂ'g (f, A)) = 79 (Fcf, F]:A) .

Proof. One direction is trivial. The other one is proved by induction on the length n of an
arrow A € F/T. []
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3.3. Characterising C-systems as stratified CE-systems. Recall from Corollary 3.9
that every C-system C has a stratified wide subcategory F of its underlying category C.
In this section, we show that the inclusion F — C has the structure of a stratified CE-
system (Construction 3.22). Moreover, we prove that this correspondence is functorial
(Construction 3.25) and, in fact, an equivalence between the category of C-systems and the
category of stratified CE-systems (Theorem 3.31).

Problem 3.21. To construct a CE-system CE(C) from a C-system C = (C, 1,4, ft,...).

Construction 3.22 (for Problem 3.21). Recall from Lemma 3.8 that p(C) denotes the wide
subgraph of C on the canonical projections pr for I' in C and let F be the free category
on p(C). In particular, F has the same objects of C and the object 1 is terminal in F by
Corollary 3.9. It follows that the inclusion p(C) < C extends to an identity-on-objects
functor I: F — C that maps a path of length n > 0 in p(C), i.e. a list of composable
canonical projections

Pft(T) P2 (1) Prn—1(1)

r —" 5 () > f7 (D)

ft(T). (3.3)

to their composite in C.

It remains to provide I with a suitable choice of pullback squares along an arbitrary
arrow f: A — T'in C. As an arrow p: = — I' in F is a path in p(C), we proceed by induction
on the length n of the path p, proving also conditions (2b) and (2c) from Definition 3.10.

If n = 0, the path p is the identity on I and we take f*(idr) := ida and mo(f,idr) := f.
This choice is clearly functorial in f and it trivially gives rise to a pullback square. It also
ensures condition (2a).

For n > 0, it is I(p) = p=z o I(p') where the length of p’ is n — 1. By inductive hypothesis
we have f*p’ € F/A and a chosen pullback square of I(p') along f, which is the lower square
in the diagram below. The upper square is the canonical pullback square (3.1) given by the
C-system structure.

(ma(f,p'))"E am(fp)2) | =
P(ra(f.p"))*E p=
ALW) —H s R(E) 34
I(f*p') I(p")
A ! > I

Thus we define mo(f,p) := q(m2(f,p'),Z) and f*p to be the concatenation of f*p’ with
PPy (s pryyez SO that I(f*p) = I(f*p’)opp(m(f,p,))*a. Functoriality in f of this choice of pullback
squares follows from the fact that both the lower and upper pullback squares are functorial
by inductive hypothesis and by assumption, respectively. In more details: given g: © — A
the inductive hypothesis yields (f o g)*p’ = g*(f*p') and m2(f 0 g,p’) = ma(f, p') o ma(g, [*D).
It follows by 3.1.vii that

mo(f 0 g,p')*E = ma(g, fp)* (ma2(f, 1) E)



14:20 B. AHRrENs, J. EMMENEGGER, P.R. NorTH, AND E. RUUKE Vol. 21:1

and, in turn, that (f o g)*p = ¢*(f*p). The other component also follows from 3.1.vii:
ma(f 0 g,p) = a(m2(f 0 g,p'),E)
= q(ma2(f, ), E) o a(ma(g, f*p), ma(f,p')"E)
= m(f,p) o m2(g, f*p)-

Finally, condition (2d) for a composite g o p in F is proven by induction on the length of the
path p. L]

Lemma 3.23. Let C be a C-system and F the category of families of CE(C).

(1) The indecomposable arrows in F are of the form pr for some object T.
(2) The CE-system CE(C) is stratified and L(I') = ¢(T"), for every object I
(3) The CE-system CE(C) is rooted.

Proof.

1. Immediate from the description of arrows in F in (3.3) and 3.1.7.

2. By Corollary 3.9, the category F is stratified and L(I') = ¢(T"). By Lemma 2.10, it
is enough to show that the choice of pullback squares in Construction 3.22 preserves
indecomposable arrows. But this follows immediately from the construction of pullbacks
in (3.4) and (1) just shown.

3. The terminal object in F is terminal in C by assumption. []

Problem 3.24. To construct a functor CE: Csys — rCEsys, into rooted stratified CE-
systems and stratified homomorphisms.

Construction 3.25 (for Problem 3.24). The action of CE on objects is defined in Con-
struction 3.22. Every morphism F': C — D of C-systems restricts to the graphs of canonical
projections p(F'): p(C) — p(D) by conditions (i,iii,iv) in Definition 3.2 and induces, in turn,
a functor between free categories Fr: Fc — JFp whose action is determined by the action of
F on indecomposable arrows. The square

Fo —7 Fp

re| |1

Cc —L— Cp
commutes since it does so when precomposed by the unit p(C) — F¢. The functor Fir is
stratified by 3.2.77. Lemma 3.20 then ensures that the pair CE(F) := (Fr, F) lifts to a
stratified CE-homomorphism as soon as it preserves pullbacks of indecomposable arrows.
But this is precisely condition 3.2.v. Functoriality of CE follows since F'r is defined by a
universal property. []

Problem 3.26. To construct a C-system C(A) from a stratified and rooted CE-system A.

Construction 3.27 (for Problem 3.26). Let I: F — C be the underlying functor of A. The
underlying category of C(A) is C and the length function ¢ is given by the action of the
stratification functor L on objects. Since A is rooted, the chosen terminal object 1 in F is
terminal in C too. Conditions (i) and (i) are clearly met.

Given an object X with n = L(X) > 0, let X ™ X, | — --- — X; =5 1 be the
factorisation of X — 1 into n indecomposable arrows in F. We define

ft(1):=1, ft(X):=X,-1 and px:=1(zy,). (3.5)
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Conditions (i¢) and (4ii) hold by construction.
Given also f: Y — ft(X), let YV Yy 1 — o = Y] 25 1 be the factorisation of
Y — 1 into indecomposable arrows and consider the pullback square below.

Yf*:Dn ﬂQ(faI’ﬂ) X

I(f*mn)l lf(:cn) (3.6)
y — 1 & q(x)
It is L(Y.f*(xy)) = L(Y) + 1 by Remark 3.19, thus Y.f*z, ERING QLN Yoo1 =& - —
Yy 25 1 is the factorisation of Y. f*r, — 1 into indecomposable arrows. It follows that
ft(Y.f"z,) = Y and pp, = I(f*,). Condition (v) follows defining f*X := Y.f*(x,)
and q(f, X) := ma(f,z,). Condition (vi) holds by 3.10.2b since ft(X).z, = X, and (vii)
by 3.10.2¢c as below:

(fog)' X =Z.(fog)an=2.(g9"(fzn))

=g (f"X)
CI(f OQ7X) = 772(f og,xn) = 7T2(f, xn) 0772(9, f*xn)
=q(f, X)oa(g, f*X). L

Lemma 3.28. Let F': A — B be a stratified homomorphism of rooted stratified CE-systems.
Then the underlying functor F': Cy — Cg is a homomorphism of C-systems C(F'): C(A) —
C(B).

Proof. We verify the conditions in Definition 3.2. (i) The functor F maps the chosen
terminal object of A to the one of B by assumption. (i) Since F is stratified, its action on
objects commutes with the length functions. (i#i—iv) The action on objects also preserves
indecomposable arrows by Lemma 2.10, thus it commutes with the father functions and
preserves canonical projections. (v) F maps chosen pullback squares in A to chosen ones
in B by 3.13.2. In particular, it preserves the choice of pullbacks along indecomposable
arTows. L]

Definition 3.29. Let C: rCEsys, — Csys be the functor given by Construction 3.27 and
Lemma 3.28.

Lemma 3.30. For every C-system C, the identity functor on the underlying strict category
of C is an isomorphism C(CE(C)) = C of C-systems, naturally in C.

Proof. Let C be the underlying strict category of C. To see that the identity functor id¢ is a
C-homomorphism note first that the category C, its terminal object and the length function
are the same in C(CE(C)) and C. Since indecomposable arrows in CE(C) coincide with
the canonical projections pr by Lemma 3.23, factorisations in CE(C) into indecomposable
arrows are of the form in (3.3). It follows that the function ft and the canonical projections
as defined in (3.5) are equal to the ones from C. Since the choice of pullback squares in
CE(C) is defined inductively by the choice along indecomposable arrows in (3.4), the choice
of pullbacks along canonical projections in (3.6) coincides with the one in C.

Naturality follows from the fact that C(CE(F)) = F for every C-homomorphism F. []

Theorem 3.31. The functor CE: Csys — rCEsys, from Construction 3.25 is an equiva-
lence.
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Proof. By Lemma 3.30, it is enough to find, for every stratified rooted CE-system A, an
isomorphism CE(C(A)) = A natural in A. Let I: F — C be the underlying functor of A
and let F; := p(C(A)) be the subgraph of F on the indecomposable arrows. The CE-system

CE(C(A)) consists, in particular, of a functor I:F>c¢ , Where F is the free category on Jj,
and T maps a list of composable indecomposable arrows to the composite of their images in
C under I, by (3.5), (3.3) and Lemma 3.23.2.

The inclusion F; — F induces an identity-on-objects functor comp: F T Conversely,
the factorisation into indecomposable arrows (3) in A yields an identity-on-objects functor
fact: F — F , which is a (strict) inverse of comp. Since I is a functor, the squares

f- comp F F fact J?
Lok 57
ide id¢
C C Cc ——¢C

commute. Since both functors comp and fact are identities on objects and on indecomposable
arrows, the squares above are stratified CE-homomorphisms CE(C(A)) — A and A —
CE(C(A)), respectively, by Lemma 3.20. Therefore CE(C(A)) = A.

To see that this isomorphism is natural in A, note that (comp,id¢) is natural in A since
comp is equivalently defined as the composite of the counit of the free-forgetful adjunction
at F with the image under the left adjoint of the graph inclusion F; — F. []

4. THE CATEGORY OF B-SYSTEMS

In this section, we study Voevodsky’s B-systems.

In Section 4.1 we review the definition of B-systems and their homomorphisms. In Sec-
tion 4.2 we introduce the notion of E-system and their homomorphisms. Intuitively, E-systems
model type theory with strict >-types, see Section 4.2.5. Finally, in Section 4.3 we con-
struct an equivalence between the category of B-systems and the subcategory of “stratified”
E-systems.

In order to simplify the construction of such equivalence, we structure the definitions in
the next sections in three steps. In the case of B-systems, for example, we first introduce some
piece of structure on sets consisting of functions, which we refer to as pre-B-systems, see Defini-
tion 4.7. Then we define morphisms between these structures, also called pre-homomorphisms,
and finally we define B-systems as those pre-B-systems whose structure functions are them-
selves pre-homomorphisms. Homomorphisms are then just pre-homomorphisms between
B-systems. We shall follow the same pattern when introducing each of the structures that give
rise to an E-system, in Sections 4.2.1 to 4.2.3, and when defining E-systems in Section 4.2.4.

4.1. The category of B-systems. In this section, we review the definition of Voevodsky’s
B-systems [Voel4|. We shall rephrase his definition in order to introduce a few auxiliary
intermediate structures which we will use in later constructions. An explicit comparison is in
Remark 4.12.
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Definition 4.1. A B-frame B is a diagram of sets of the following form:

B By
VA4
Bl ft BQ ft

{*} &~ BO f

In other words, a B-frame consists of:

(1) for all n € N two sets B, and B, 1.
(2) for all n € N functions of the form

ftn : Bn+1 — Bn
871, : Bn+1 — Bn+1.

called father functions and boundary functions, respectively.
(3) By is a singleton.

For m,n € N, we denote the composition ft,, o - - o ft, 4, : Byyms1 — By by ft)".
A homomorphism H : B — A of B-frames is a natural transformation of B-frames,
i.e., it consists of maps H, : B, = A, and H,11 : Bpy+1 — Apa1 such that

O(H(z)) = H(O())
for any X € B, and z € Bn+1. The category of B-frames is denoted by Bfr.

As we already did in the above definition, we shall often omit the subscripts from father
and boundary functions and from homomorphisms of B-frames, since these can be easily
inferred from the context (often from their argument).

We should remark that we are abusing notation when denoting the pieces of structure
of B-frames and, later on, of B-systems. Regarding a B-frame as a diagram on the “comb
category”

1
v v
0 1 2

we denote the value of a B-frame at n by changing the font from blackboard bold to roman,
and the value at n by also adding a tilde. This (can) only apply to the blackboard bold letter:
for instance, the values of the slice B-frame (defined in Definition 4.5) B/X are denoted
(B/X)m and (B/X)m41-

We shall consider specific B-frames (and B-systems) only as individual examples, and
we do not need to give names to them. Otherwise, we shall only deal with generic B-frames
(and B-systems), denoted by capital blackboard letters. Therefore we do not expect this
abuse of notation to create any inconvenience.

To provide some intuition for B-frames, we look back at the introduction, where we
constructed, implicitly, a B-frame from a module over a monad.

Example 4.2. Recall from Section 1.2.2 the two sets B(R, LM) (sce Eq. (1.1)) and B(R, LM)
(see Eq. (1.2)). From these sets, we obtain a B-frame with the following sets of families (note
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the shift in the indexing of B),

n—1
By, = B(R,LM),, == [ LM(li])
=0
Busr := B(R, LM), H LM([i]) x R([n]) x LM([n])

and the obvious maps for ft and 0. We Call thls B-frame the B-frame generated by a module
LM over a monad R. We write elements of B, as Ag,..., A,—1 F Ay, and elements of B,
as Ao, ..., Ap Ft: Apyr, where t € R([n]).

More generally, the elements of B, of a B-frame can be thought of as a pair of a
context of length n, and a type in that context. Hence, the elements of By are the types in
the empty context. Just like with C-systems, there is no explicit structure to denote types in
a given context. An element ¢ € Bn+1 is then a term, and the context and type ¢ lives in is
given by Op41(%).

Example 4.3. Recall from Example 3.11 that std(n) denotes the set {0,...,n —1}. We
shall consider the B-frame defined, for each n € N, by B, := {n} and B, := std(n).

Example 4.4. B-frames are the same as Garner’s “type-and-term structures” [Garl5, Def. 8|.
Garner |Garlb, Prop. 13| constructs an equivalence between the category of type-and-term
structures and the category of (-GATs, that is, of Generalized Algebraic Theories [Car86|
without weakening, projection, and substitution rules, and interpretations between them.

We now define more structure on B-frames which represents operations on syntax.
The first operation could be called “slicing”; given a B-frame B and a “context” X € B,
in that B-frame, we construct the slice of B over X:

Definition 4.5. For every B-frame B and any X € B,,, there is a B-frame B/X given by
(B/X)m :={Y € By | ft"(Y) = X}
(B/X)erl = {y € Bn+m+1 ‘ ftm+1(8(y)) = X}

Also, for any homomorphism H : B — A of B-frames and any X € B,,, there is a homomor-
phism H/X : B/X — A/H(X) defined in the obvious way.

Note that for X € B, and Y € B4, such that ft™(Y) = X, we have an isomorphism
(B/X)/Y = B/Y of B-frames, constructed in the obvious way, which is natural in the sense
that for any homomorphism H : B — A of B-frames, the square

(B/X))Y —=— 5 B/Y
(H/X)/Yl lH/Y
(A/H(X))/H(Y) —— AJH(Y)
commutes.

Definition 4.6. Every B-frame B has an underlying rooted tree given by the sets B,, and
the functions ft,,: Byy1 — By, for n € N. Similarly, a homomorphism of B-frames is in
particular a homomorphism of rooted trees. Thus we define

Bfr —® . RtTr
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to be the forgetful functor from B-frames to rooted trees.

We will now consider different type-theoretic structures on B-frames, specifically substi-
tution, weakening, and projection. Garner considers similar structures in terms of algebras
of suitable monads on the category of B-frames a. k. a. type-and-term structures. We have
not established a precise relationship (e.g., an equivalence) between our structures and the
ones obtained by Garner as the algebras for his monads.

Definition 4.7. (1) A substitution structure on a B-frame B is a collection of homomor-
phisms
Sy :B/0(x) — B/ft(0(x))
for all z € Bpy1 and all n € N.
(2) A weakening structure on a B-frame B is a collection of homomorphisms

Wy : B/ft(X) > B/X

for all X € By41 and all n € N.
(3) The structure of generic elements on a B-frame B equipped with weakening structure
W is a collection of functions

571 : Bn+1 — Bn+2

such that 0(0,(X)) = Wx(X) for any X € Bj41.
A pre-B-system B is a B-frame equipped with weakening structure, substitution
structure, and generic elements.

We shall often omit the subscript from the functions §,, since it can be easily inferred
from the context.

Example 4.8. Consider the B-frame generated by a module LM over a monad R of
Example 4.2. Given an element z € B, 1, and hence in particular, a term ¢ € R([n]), we
obtain a substitution map Sy : B/9(z) — B/ft(d(z)) that substitutes the term ¢ for the “last”
free variable in any element of B lying “over” d(x). For instance, taking x to be Ag F ¢1 : Ay,
the substitution S, maps the element Ag, Ay b s: Ay to Ag F s[t1] : As[t1].

For weakening, consider X € Bj41 to be a context Ag F A;. The weakening Wx maps
any context of the form Ag, A},..., Al = A} | to the weakened context Ag, Ay, A},... A} F

A 1, and similar for elements in B.

For the generic element, consider, for instance, a context X = Ag F A; in By. This
context induces the generic element Ay, A = var(1) : Ay, where n(1) € R([2]) is the “de
Bruijn” variable 1 bound by A; in the context, and considered as a term by being wrapped in
an application of the monadic unit 7 of the monad R (the inclusion of variables into terms).
We have

8(140,141 F var(l) : Al) = Ao,A1 H Al == WAO}_Al (AO H Al)

Example 4.9. Recall the B-frame of finite sets defined in Example 4.3. Here we construct
structures of substitution, weakening and generic elements on it.
Note first that its slice on the (unique) element n in B, is such that

(B/1)ms1 = Bpimi1 = std(n + m).
It follows that a substitution structure must consist of a family of functions Sy ;: std(n +

1+j) — std(n+j), for n,j € N and z € B,,,. We define Szj = Sg +1idj, where s, is
the function [idy,, z]: std(n 4 1) — std(n) given by the universal property of the coproduct
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std(n+1). In other words, Sy ; lists all elements in std(n+ j) repeating the element x € std(n)
in position n 4 1. In particular, it fixes the first n elements, and decreases the last j by 1.

Similarly, a weakening structure must consist of a family of functions W, ;: std(n+j) —
std(n + 1+ j). We define W, ; to be the function 4,, + id;, where i, : std(n) — std(n + 1) is
the initial-segment inclusion. In other words, it lists all elements in std(n + 1 + j) except for
n. Equivalently, it fixes the first n elements, and increases the remaining j by 1.

Finally, the structure of generic elements is given by an element 6, € B2 = std(n + 1)
for every n € N, which we define to be its maximum, that is, §, := n.

Taking advantage of the fact that finite sets are finite coproducts, and slightly abusing
notation, we find it convenient to write

=t n—""
i i

for the functions S, ;: std(n + 1+ j) — std(n + j) and W, ;: std(n + j) — std(n + 1 + j),
respectively.

+ o=+ 3

J

Definition 4.10.

(1) Consider two B-frames B and A, both equipped with substitution structure. A homo-
morphism H : B — A of B-frames is said to preserve the substitution structure if
the diagram

B/o(x) — 2y AJO(H(X))

B/ft(0(2)) — e A/fOH X))
of B-frame homomorphisms commutes for every x € Bn+1 and every n € N.

(2) Consider two B-frames B and A, both equipped with weakening structure. A homomor-
phism H : B — A of B-frames is said to preserve the weakening structure if the
diagram

B/X — X AJH(X)

WXT TWH(X)

B/ft(X) —m— A/F(H(X)

of B-frame homomorphisms commutes for all X € B), and all n € N.

(3) Consider two B-frames B and A, both equipped with weakening structure, and both
equipped with generic elements. A B-frame homomorphism H : B — A is said to
preserve the generic elements if

H(5(X)) = 6(H(X))
for any X € B,4+1 and any n € N.

A pre-B-homomorphism H : B — A is a homomorphism of pre-B-systems preserving the
weakening structure, substitution structure and the generic elements.
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Definition 4.11. A B-system is a pre-B-system for which the following conditions hold:
(1) Every S, is a pre-B-homomorphism.

(2) Every Wx is a pre-B-homomorphism.

(3) For every x € By, 11 one has S, o Waz) = 1B/ (9(2))-

(4) For every x € By, 41 one has S,(6(9(z))) = z.

(5) For every X € B, 11 one has S5xyoWx/X =idg/x.

B-homomorphisms are pre-B-homomorphisms between B-systems. We denote the category
of B-systems by Bsys.

The idea is that first substitution and weakening preserve all the structure of a
(pre-)B-system. The third axiom asserts that substitution in weakened type families is
constant. Furthermore, the generic elements should behave like internal identity morphisms.
Axioms 4 and 5 are akin to two of the well-known monadic laws of substitution.

Remark 4.12. Here we provide an explicit comparison of Definition 4.11 with Voevodsky’s
definition of B-system in the arXiv version of [Voel4].

Conditions 1-3 in [Voel4, Def. 2.1] and condition 1 in [Voel4, Def. 2.5| define a B-frame
B. The functions T and T' from condition 4 in [Voeld, Def. 2.1] together with conditions 2
and 3 in [Voeld, Def. 2.5] define a weakening structure W on B. The functions S and S
from condition 4 in [Voel4, Def. 2.1] together with conditions 4 and 5 in [Voel4, Def. 2.5]|
define a substitution structure S on B. The function ¢ in [Voel4, Def. 2.1] together with the
condition in [Voel4, Def. 2.6] defines a structure of generic elements on B with weakening
structure W. Therefore what we call a pre-B-system is a unital BO-system in [Voel4].

Consider now the conditions in [Voel4, Def. 3.1 and 3.2]. The TT-condition amounts to
saying that every Wx preserves the weakening structure, the ST-condition amounts to saying
that every W preserves the substitution structure, and the dT-condition amounts to saying
that every Wx preserves the generic elements. Therefore condition (2) in Definition 4.11
unfolds to [Voeld, 3.1.1, 3.1.4, 3.2.1]. Similarly, the SS-condition amounts to saying that
every S, preserves the substitution structure, the TS-condition amounts to saying that
every S, preserves the weakening structure, and the §S-condition amounts to saying that
every S, preserves the generic elements. Therefore condition (1) in Definition 4.11 unfolds
to [Voel4, 3.1.2, 3.1.3, 3.2.2|. Finally, conditions (3), (4), and (5) in Definition 4.11 unfold
to conditions 3.1.5, 3.2.3, and 3.2.4, respectively, in [Voel4].

Example 4.13 (B-frames with structure and D-GATs). Garner |Garl5| constructs an
equivalence between the category of GATs and a category of algebras for a monad on
B-frames. We expect B-systems to be equivalent to Garner’s algebras.

Lemma 4.14. The forgetful functor Bsys — Bfr is faithful.
Proof. This functor faithful because its action on morphisms only forgets a property. L]

Example 4.15. The structures given in Example 4.9 make the B-frame defined in Example 4.3
into a B-system as follows. This B-system and the category of renamings from Example 3.11
correspond to each other under the equivalence between B-systems and C-systems in Theo-
rem 5.45, in the sense that each of them is isomorphic to the image of the other (under the
correct functor). This B-system can thus be regarded as the B-system of renamings of an
untyped theory.

Consider first homomorphism of B-frames Sy,: B/(k 4+ 1) — B/k, for Kk € N and y €
std(k). The homomorphism S, preserves the substitution structure if, for every n € N,
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x € std(k+1+n) and j € N, the square

Sy,n+1+j

std(k+14+n+1+j) std(k+n+1+7)

Sz,jl lssy,n(z)yj

std(k+1+n+7) Sunti o std(k+n + §)

commutes. This can be readily verified in the three cases x <k, x =k ork<ax <n+1+k.
For example, in the last case Sy, (z) = — 1 and

k k

—i—\k _IT_ —|—>k¢

1 + k —~ 1 v T
1 k

LTy Vo4 + Y5 +////az +

n + n = n n = n n

+ n/—l- + : + + 1 Sy,n(m)—i_

1 z + j 1 z—1 j 1/+ i

+ j/ +/ + j/

. J .

J////A J////A

The homomorphism S, preserves the weakening structure if for every n,j € N, the square

Sy.n i .
std(k+1+n+1+j) — 5 std(k+n+1+7)
Wk+1+n7j1\ TW’“'”J

Sy.n+i
std(k+ 14 n+ §) Y std(k +n+ )

commutes. This is indeed the case:

Finally, for every n € N, the function Sy ,41: std(k +1+n+1) — std(k + n + 1) preserves
the maximum. It follows that S, preserves the generic elements.

We have shown that S, is a pre-B-homomorphism. We leave the verification that
Wy:B/n — B/(n+ 1) is a pre-B-homomorphism to the reader and consider instead the
remaining three conditions of Definition 4.11.
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Condition 3 amounts to the commutativity of the left-hand diagram below, for every
n,j € Nand x € std(n). Its commutativity is shown in the right-hand diagram.

Wiy s
std(n + ) ——2— std(n+ 1+ j) n/i>n
+ 1 CR

Sz.j
\ J/ 3J

J + J
std(n + j) T j _—

Condition 4 holds since S 0(d,,) = Sz,0(n) = z, for every n € N and z € std(n).
Condition 5 amounts to the commutativity of the left-hand diagram below, for every
n,j € N. Its commutativity is shown in the right-hand diagram.
n,14+j

W, n/i\
stdn+1+j) ———— std(n+ 2+ j)

+ 1
| 1 +>
S,
m J/én,] +\1
std(n + 1+ j) j -
\j

Example 4.16 (B-systems and Generalized Algebraic Theories). Continuing Example 4.13,
any Generalized Algebraic Theory (in Garner’s taxonomy also known as {w,p, s}-GATs
|Garl5, Definition 4|) gives rise to a B-system. The axioms of Definition 4.11 follow mostly
from the definition of substitution and the congruence rules that substitution satisfies.

Composing Cartmell’s equivalence of categories between contextual categories and GATs
with our equivalence between B-systems and C-systems constructed in Section 5.4, we later
can establish a more precise relationship between B-systems and GATs, in the form of an
equivalence of categories.

<. 4+ = 4+ 3

4.2. The category of E-systems. In Section 4.3 we will show how for any B-frame we get
a category F with objects (n, X) where X € B,,. As we saw in Definition 4.6, the family
of sets B,, induces a tree, with objects (n, X), and F is the free category generated by this
tree. The sets Bn+1 then induce a family of sets of terms indexed by the morphisms of F.
In particular for a morphism (n + 1, X) — (n, ft(X)) we get a set of terms 9~ (X).

In this section we will define the structure of a type theory directly on F of the kind
that one gets when turning a B-system into a category. Such systems are called E-systems,
and in Section 4.3 we will show that the category of B-systems is equivalent to a subcategory
of E-systems. Thus, E-systems can be seen as a generalisation of B-systems.

Just like B-systems (and different from C-systems), E-systems have an explicit structure
for “terms”. Indeed, the first step towards the definition of E-system is that of a “term
structure™

Definition 4.17. A category with term structure is a category F equipped with a
family of sets (T'(A)) aemor(F) indexed by the morphisms Mor(F) of F. Given two categories
F and D with term structure, a functor with term structure from F to D is a functor
F : F — D equipped with a family of functions T'(A) — T'(F'(A)) for every morphism A in
F.
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Any B-frame, and hence any B-system, generates a category with term structure; details
will be given in Construction 4.69.

The identity functor with term structure idg : F — F is the identity functor on F
equipped with the identity functions T'(A) — T(A) indexed by the morphisms A in F.
Similarly, the composition GG o F' of two functors F' and G with term structure is defined to
be the composition of the underlying functors, equipped with the composites

T(A) —— T(F(A)) —— T(G(F(A))).

Definition 4.18. Let F be a strict category with term structure and I' an object of F. The
slice term structure on the strict slice category F/I' is given by Tr/r(A) = Tx(A).

Remark 4.19. Every functor F : F — F' with term structure gives rise to a functor with
term structure F/X : F/X — F'/F(X).

In order to illustrate the additional structure that we shall consider on a category with
term structure, we introduce the following example.

Example 4.20. Consider the the poset (N,>). We write (n,k): n + k > n for arrows in
(N,>). Let A be the category with term structure which consists of the poset (N, >) and the
term structure given by T'(n, k) := Set([k], [n]), i.e. the set of functions from the standard
set with k elements to the standard set with n elements.

This category with term structure, equipped with the additional structure described in
this section, corresponds (up to isomorphism) to the B-system of renaming from Example 4.15
under the equivalence between B-systems and stratified E-sytems in Theorem 4.90.

Example 4.21. Consider a category C with a terminal object together with a class of arrows
F such that pullbacks along arrows in F exist in C, F is closed under composition and
pullback, and it contains all isomorphisms and arrows towards a terminal object. This is a
type-theoretic fibration category in the sense of [Shul5|, or a clan in the sense [Joyl7], or a
display map category [Tay99] which models X-types in the sense of [Norl19].

If we also denote by F the wide subcategory of C on the arrows that occur in F, then
we can equip F with a term structure T by requiring T(A) to be the set of sections of A,
that is, those arrows x: I' — I'. A4 in C such that A oz = idp.

4.2.1. Substitution systems. Given a (strict) category F, an object I' € F and an object
A e F/T', we will write I".A for the domain of A. In other words, A is a morphism I""4A — T".

Definition 4.22. A pre-substitution structure on a strict category with term structure
F consists of a functor with term structure S, : 7/I'"'A — F/T" for every z € T(A) and
A € F/T', such that S, (idp 4) = idr.

A pre-substitution system is a strict category with term structure together with a
pre-substitution structure.

Definition 4.23. A pre-substitution homomorphism F' : 7 — D is a functor with term
structure for which the diagram

F/r.a A prpr.a)

Swl lSF(z)

FJP —p— D/F(D)
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commutes for every x € T'(A) and A € F/I.

Definition 4.24. Let F be a pre-substitution system and I' an object of F. The slice
pre-substitution structure on the strict slice category with term structure F/I" from
Definition 4.18 is given by S(F/I'); = S(F)z, forevery A € F/I', P € F/T.Aand z € Tr(P).

Definition 4.25. A substitution system is a pre-substitution system for which each S, is
a pre-substitution homomorphism. A substitution homomorphism is a pre-substitution
homomorphism between substitution systems.

Corollary 4.26. For any object I' of a substitution system F, the slice pre-substitution
system F /T from Definition 4.24 is a substitution system, called the slice substitution
system on I'.

Remark 4.27. The condition that every S, is a substitution homomorphism, asserts that
the diagram

FIT.AP.Q 2P FIT.S,(P).S:(Q)

SU\L lSSa:(y)

FITAP ——— F/T.5,(P)

commutes for every y € T(Q).

Example 4.28. We can equip the category with term structure N from Example 4.20
with a substitution structure as follows. Consider the functor —k: N/(n + k) — N/n that
maps (n+ k + j,1) to (n+ j,1). It preserves terminal objects since an arrow (m,i) is an
identity if and only if ¢ = 0. Given (n,k): n + k > n and a function f: [k] — [n], define
Sr: N/(n+k) — N /n as the functor —k together with functions T'(n+k+j,1) — T(n+j,1)
defined by postcomposition

] ]

\h
h‘% Sf(h)l [n+ &+ j]
%nﬂﬁdj

[n+k + ] [n+J]
where [id,,, f] is the function given by the universal property of the coproduct [n] < [n+k] —
[k] in Set, and similarly for [idy, f] +id;.

The fact that Sy is a pre-substitution homomorphism follows from the fact that post-
composition distributes on [—, —| as shown below: given g: [l] — [n + k + j], then
Sg/(n+k,j)oSg=Ss,g0Sr/(n+k,j+1)

since

([idn, f] + idy) [idn+k+j, 9] = [[idn, f]+id;, Sp(g)]
= [idn1, Sp(9)] ([idn, f]+idj41) -
Example 4.29. Given a clan (C,F), consider the induced category with term structure
from Example 4.21, where T'(A) is the set of all sections of A € F/T".

Say that a choice of pullbacks of arrows in F is locally functorial if, for every f: A = T'
in C, we have f*(idr) = ida, fi9 = f, and, for every composable A, P in F, we also have
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[ (Ao P) = f*Ao (f4)*P and fA°F = (fN)F, where f*A and f# are the first and second
leg, respectively, of the chosen pullback of A along f.

Every choice of pullbacks of arrows in F uniquely determines a choice of pullbacks of
sections of arrows in F. It follows that the category with term structure from Example 4.21
can be equipped with a pre-substitution structure, by setting S, := x* for every = € T'(A).
This pre-substitution structure gives rise to a substitution system if the choice of pullbacks
is functorial, i.e. such that (f o g)*A = g*(f*A) and (f o g)* = f4 0 g/"4. Note that every
choice of pullbacks can be made normal, i.e. such that idfA = A and id? =idp. 4 (this holds
true more generally for every cleavage on a Grothendieck fibration).

The following is not an intended example, but rather a surprising one.

Example 4.30. Consider a group G. A term structure on G consists of a set T'(g) for every
element g of G.

A pre-substitution structure on G consists of a functor with term structure S, : G/o —
G /e (where o denotes the only object in G viewed as a category) for every g € G and
every z € T(g) such that S, (ide) = ide. One can show that such functors S, : G/e — G /e
correspond to functions G — G which preserve the identity, so a pre-substitution structure
amounts to functions S, : G — G for every g € G, x € T(g) preserving the identity together
with functions Sy : T'(h) — T'(Sz(h)) for every g,h € G, z € T(g).

A substitution structure T on G is a pre-substitution structure S as described above
such that the following diagrams commute for all g, h,k € G, x € T'(g), and y € T'(h).

S,

[Ny T (k) —=— T(S.k)
lSy lssm) lsy lssuy)
G-, G T(S,k) —22 T(S,S,k)

Now for a particular example, suppose that each T'(g) is Aut(G), that each S, : G — G is
just the automorphism z, and that each S, : T'(h) — T(S.h) takes y € T(h) to zyz~—!. Then
we find indeed that the first diagram commutes since (ryx=1)z = zy for all z € S, = Aut(G)
and all y € S, = Aut(G). The second diagram commutes since (zyz~1)zze ™t (zyz~1)~1 =

zyzy toz~! for all z € T(g) = Aut(G), y € T(h) = Aut(G), and z € T(k) = Aut(G).

4.2.2. Weakening systems.

Definition 4.31. Consider a category F with term structure 7. A pre-weakening struc-
ture on F is a family of functors with term structure Wy : 7/I' — F/T". A indexed by the
morphisms A : T.A — I in F such that

(1) Wiqp = idg,p for every object I' € F.

(2) Waop = Wp oWy for every P e F/T.A and A € F/T.

(3) Wy strictly preserves the final object, i.e., W(idp) = idp 4.

A pre-weakening system is a strict category with term structure equipped with a pre-
weakening structure.
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Definition 4.32. A pre-weakening homomorphism F : 7 — D between pre-weakening
systems is a functor F': F — D with term structure such that the square

F/r.a A prpr.a)

WAT TWF(A)

FIT ——55— D/F(T)

of functors with term structure commutes for any A € F/T.

Definition 4.33. Let F be a pre-weakening system and I' an object of F. The slice
pre-weakening system on the strict slice category with term structure from Definition 4.18
F /T is given by W(F/T')p = W(F)p for every P € F/T""A and A € F/T.

Definition 4.34. A weakening system is a pre-weakening system JF such that W, is a
pre-weakening homomorphism for every morphism A in . A weakening homomorphism
is a pre-weakening homomorphism between weakening systems.

Remark 4.35. The condition that every W, is a pre-weakening homomorphism implies
that the square

FIT.B.Q —APC . F/r AWA(B.Q)

WQT TWWA@)

commutes for each A, B € F/T" and @ € f/F.B. On objects, this property asserts that for
any k € F/E, the dotted arrows in the diagram

(WA/B~Q)(WQ(R))z.ﬁ""- W(WA/B>(Q> (Wa/B)( A@

WA/B)(Q\ /WA/B Q\ /
WA(B)\L J/B

r.A T

are equal.
A wuseful special case of this property is where B = idp. Thus, if W is a weakening
system, then the diagram

Fire 2 Fr awao)

WCT TWWA (©)

F)T F/T.A

Wa

commutes for every A,C € F/I'. In particular, we see that Wa(Wc (D)) = Wy, (cy)(Wa(D))
for any D € F/T, i.e. that weakening is a self-distributive operation.
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Corollary 4.36. For any object I' of a weakening system F, the slice pre-weakening system
on F /T from Definition 4.33 is a weakening system, called the slice weakening system on
r.

Example 4.37. Consider the category with term structure N from Example 4.20. We can
equip N with a weakening structure as follows. Consider the functor +k: N/n — N/(n + k)
that maps (n+ j,1) to (n+ k+ j,1). It preserves terminal objects as in Example 4.28. Given
(n,k): n+k > n, define W, p: N'//n — N /(n+ k) as the functor +k together with functions
T(n+j,l) > T(n+k+ j,1) defined by postcomposition

i .y
h| ——— W i(h) [n + j]
/i"+k+id-
[n + ] n+k+45] "
where i"t*: [n] — [n + k] is the initial-segment inclusion and i”** 4 id; is the function given

by the universal property of the coproduct [n] < [n + j] — [j] in Set.

The fact that W), ;. is a pre-weakening homomorphism follows from the fact that initial-
segment inclusions factor uniquely into inclusions whose images have codimension 1: given
(n+j4,1) in N'/n, then

Wn,k/(n7j + l) O Wnijl = WWn,k(nJrj,l) © n,k:/(naj)

since

nt+k | i 7. n+j+l _ ntk+iHl ontk s g
(Zn + ldJ-H),Ln—i-j - Zn+k+j (7“71 + ldj)‘

Example 4.38. Given a clan (C, F), the induced category with term structure from Exam-
ple 4.21 can be made into a weakening system if there is a choice of pullbacks in F which is
functorial and locally functorial in the sense of Example 4.29.

Note that, since F is closed under pullbacks, every clan with a choice of pullbacks that
gives rise to a substitution structure also has an induced weakening structure.

Example 4.39. Consider the situation of Example 4.30 above where the underlying category
is a group G with term structure S.

A pre-weakening structure on G is a family of functions W, : G — G for each g € G
which preserves the identity in each coordinate (i.e. We(g) = Wy(e) = g for any g € G) and
where Wy = W, 0 W), together with term structure Wy : T'(h) — T(Wy(h)) for any g,h € G.

If each Wy : G — G is a group homomorphism, this structure is a weakening system
when the following diagrams commute for every g, h, k € G.

W
a ", T(Wyk) —= T(Wyik)
WgT TWWh(w WgT Tmeg)

Now consider the more particular example discussed in Example 4.30, where G is still an
arbitrary group, but T'(g) = Aut(G) for all g € G. We can let each W, : G — G be g,
the conjugation automorphism sending h to ghg™!, and we can let each W, : T(k) — T(k)
be ‘conjugation by conjugation’ taking each automorphism z € T'(k) to cpgxgog_l. Since
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OrPg = Pon(g)Ph » the left-hand diagram above commutes, and using that equation we find
that Soh@g(_)(pg—l(’p;l = S%h(g)@h(—)@;;(g)%pﬁl so the right-hand diagram commutes.

4.2.3. Projection systems.

Definition 4.40. A pre-projection system is a pre-weakening system F equipped with
an element idtmy € T(W4(A)) for every A € F/I'and I' € F.

Definition 4.41. A pre-projection homomorphism F' : F — D is a pre-weakening
homomorphism for which

F(idth) = idth(A)
for every A€ F/T'and I" € F.

Definition 4.42. Let F be a pre-projection system and I' an object of F. The slice pre-
projection structure on F /T is given by the slice pre-weakening structure in Definition 4.33
together with idtm} := idtmp, for every P € F/I.A and A € F/T.

Definition 4.43. A projection system is a pre-projection system for which every Wy
is a pre-projection homomorphism. A projection homomorphism is a pre-projection
homomorphism between projection systems.

Corollary 4.44. For any object I of a projection system F, the slice pre-projection system
on F /T from Definition 4.42 is a projection system, called the slice projection system on
r.

Example 4.45. Consider the weakening system on N from Example 4.37. We can equip
it with a projection structure defining, for every (n,k) in (N, >), the element idtm, ; €
T(Wyk(n, k) = Set([k], [n + k]) to be the final-segment inclusion

H — 2y

The fact that each W), j: N'//n — N /(n+j) is a projection homomorphism is readily verified:

Wn,j(|dtmn+m,k) = (ZZ—H + 1dm+k)quz+m+
_ nt+mtj+k
by

idthnyj(ner,k)'

Example 4.46. Given a clan (C,F), the weakening system from Example 4.38 can be
upgraded to a projection system by defining the element idtm4 € T (W 4(A)) to be the unique
section of the pullback of A along itself induced by the pair of identity arrows on I'. A.

Note that no additional condition on the choice of pullbacks has to be imposed, besides
those mentioned in Example 4.38. In particular, every clan with a choice of pullbacks that
gives rise to a weakening structure has also an induced projection structure.

Example 4.47. Consider the particular example discussed in Example 4.39 where the
underlying category is an arbitrary group G, each T'(g) is the set of automorphisms of G,
and W, is conjugation by G both on elements of G and terms (automorphisms of G).

A pre-projection system consists of an element idtm, € Aut(G) for every g € G. We will
let idtmg be the identity automorphism on G.

For a projection system on a group G, we need W (idtmy,) = idtmyy () for every g,h € G.
In our particular example, this means glgg~' = 1, which holds.
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4.2.4. The definition of E-systems. We can now give the definition of E-systems.

Definition 4.48. A pre-E-system E is a strict category F with term structure equipped
with a chosen terminal object | | in F, the structure of a pre-substitution system S, the
structure of a pre-weakening system W, and the structure of a pre-projection system idtm.

Definition 4.49. A pre-E-homomorphism from E to D is a functor H : Fg — Fp
between the underlying categories with term structure such that F([ |g) = [ |p, which is
a pre-substitution homomorphism, a pre-weakening homomorphism, and a pre-projection
homomorphism.

Definition 4.50. For every object I' in a pre-E-system E, the slice pre-E-system E/T" on the
slice category with term structure Fg /T is given by the slice structures from Definitions 4.24,
4.33 and 4.42, and the identity on I' as terminal object.

Definition 4.51. An E-system is a pre-E-system E such that

2) each Wy is a pre-E-homomorphism,
3) Sy oWy =idg/p for any x € T(A) and A € F/T,
4) Sy(idtmy) = x for any z € T(A) and A € F/I', and
5) Sidtm, © Wa/A = idg/p 4 for any A € F/T.
An E-homomorphism H : E — D is a pre-E-homomorphism from an E-system E to
an E-system D. We write Esys for the category of E-systems and E-homomorphisms.

Remark 4.52. The condition that each Wy is a substitution homomorphism asserts that
the diagram

FIT.B.Q —APC  Fir AWA(B).WAQ)

Syl lSWA(y)

F/T.B F/T.AW4(B)

Wa/B

of functors with term structure commutes for every @ € F/I".B, B € F/I" and each y € T'(Q).
Likewise, the condition that each S, is a weakening homomorphism asserts that the

diagram

Su/P

F/T.A.P y F/T.5,(P)

WQl lWSx @

F/TAP.Q —5—oo— FIT.5:(P).5:(Q)

of functors with term structure commutes for every @ € F/I'.A.P.

Corollary 4.53. For any object I' of a E-system F, the slice pre-E-system on F/T" from
Definition 4.50 is an E-system, called the slice E-system on .

Example 4.54. We can finally show that the category with term structure A/ from Ex-
ample 4.20 can be equipped with the structure of an E-system. It can be turned into a
pre-E-system because of Examples 4.28, 4.37 and 4.45. The terminal object is [0]. Conditions
1 and 2 of Definition 4.51 are left to the reader. The other ones are verified as follows:

3. Given f: [k] — [n], it is Sj 0 Wy = iy, since [idy, filtF = id,.
4. Given f: [k] — [n], it is Sy(idtm,, ) = [id,, flip* = f.
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5. Given (n, k) in NV, it is Sigem, , © Wi/ (1, k) = i jnx) since [idpyp, i ¥ (inHF +idy) =
idp s

Example 4.55. Given a clan (C,F) together with a functorial and locally functorial choice
of pullbacks of arrows in F along arrows in C in the sense of Example 4.29, the induced
category with term structure from Example 4.21 can be made into an E-system as follows.
It is a pre-E-system because of Examples 4.29, 4.38 and 4.46. Conditions (1) and (2) are
satisfied since weakening is a particular case of substitution. Condition (3) follows from
Ao x =id and the functoriality conditions on the choice of pullbacks. In particular, the
left-hand vertical square in the commutative diagram below is a pullback, since so is the
right-hand one. It follows that the upper square is a pullback too. Therefore condition (4) is
also satisfied. Finally, condition (5) follows from the commutativity of the upper triangle
involving idtm 4 in the commutative diagram below, together, again, with the functoriality
conditions on the choice of pullbacks.

r - A
~
r.A rawjsA ——T.A

\%
id A id\ J/WAA A
—
id

Example 4.56. Consider the situation in Example 4.47 where our underlying category is an
arbitrary group G, the terms of each g € G are Aut, substitution S, : G — G is given by the
automorphism x itself and substitution S, : T'(h) — T'(S;h), weakening W, : G — G, and

weakening Wy, : T'(h) — T'(Wg4h) are given by conjugation.
Understood as a category, G does not have a terminal object (unless it is trivial), but

we can still understand the conditions of Definition 4.51. The condition 2 in that definition
means that the following diagrams must commute for g, h,k € G and x € T'(h)

a Wi a T(k) — 2 s T(W,k)
le lswg(x) lSz lswg(z)
a Y, q T(S,k) —2s T(Sy, (z) Wyk)

Since g v = cpgxgoglgog, the left-hand diagram above commutes, and since g x(—) _1g0;1 =

0ero Vg (=)o (paze7 )71, the right-hand square above commutes.
gtPq )Py g \Pgl¥yg

The condition 1 in Definition 4.51 means that the following diagrams must commute for
g,h,k € Gand z € T'(h).

S,
a2, q T(k) —=— T(S;k)
le leug) le lex(w
G-, a T(W,k) —22 T(S,W,k)
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Since zpy = g2, the left-hand diagram commutes, and since then xgog(—)gof;lx_l =

@x(g)x(—)x*1¢;(lg), the right-hand diagram commutes.

Condition 3 does not hold since (on G) S, o Wy = zp,, and in general this is not the
identity.

Condition 4 does not hold since Szidtm, = 212! which is not in general z.

Condition 5 does not hold since (on G) Sigtm, Wy = lapg = g which is not the identity
in general.

We introduce more convenient notation for weakening and substitution.

Definition 4.57. Let A € F/T". Recall that W4 : F/T' — F/T. A acts on objects, morphisms
and terms. We introduce the infix form of weakening by A € F/T to be (A)—. Thus, we will
write

(A)B := W4(B) for B € F/T’
(A)Q :==Wa(Q) for Be F/T'and Q € F/I'.B
(A)g :=Wal(g) for Be F/I', Q € F/T.B and g € T(Q)

Definition 4.58. Let x € T'(A) for a family A € F/I'. The infix form of substitution by x
is taken to be —[z]. Thus, we will write

P[z] := S, (P) for P e F/T.A
Qlz] := 5z(Q) for Pe F/T.Aand Q € F/T.A.P
glz] == Sz(9) for Pe F/T.A, Q € F/T.A.P and g € T(Q)

Definition 4.59. A (pre-)E-system is stratified if its underlying category is stratified in
the sense of Definition 2.1 and the underlying functor of each W, and S, is stratified with
respect to the stratification induced on slices.

A morphism of stratified (pre-)E-systems is stratified if its underlying functor is
stratified.

The category of stratified E-systems and stratified E-homomorphisms between them is
denoted by Esys,.

Example 4.60. The E-system on A from Example 4.54 is stratified by the identity functor.

4.2.5. Pairing and the projections. The composition A.P of A € F/T and P € F/T.A
behaves like a strict ¥-type. In this section we define the pairing term pair®? := idtmy p €
T(Wp(W4(A.P))) and the projections and prove several useful properties about them. The
strictness is found, among other things, in the fact that we can prove judgmental n-equality,
and that pairing is strictly associative.

In this section we make use of the infix form of the weakening and substitution operations
introduced in Definitions 4.57 and 4.58.

Definition 4.61. Let z € T(A) and u € T(S,(P)) for A € F/I" and P € F/I'.A. We define
the term extension of x and u to be
z.u = idtmy plx][u] € T(A.P).

It is well defined since

T(Wap(A.P)) =2 T(Wppp(A.P)) —2 T(A.P) (4.1)
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where S, o Wa p = Wpla] because S, is a weakening homomorphism and S, o W4 = Id.
To prove anything about the term z.u, we need the following property.

Theorem 4.62. Let x € T(A) and uw € T (S5 (P)) for Ae F/I" and P € F/T'.A. Then we
have

Sy = Suo(S;/P): E/T. AP —E/T

Proof.

S = 58, (Sy(idtma.p)) (By 4.61)

= 55, (Su(idtm_p)) © (Suo WSZ(P)) o (S 0 Wy) (By 4.51.3)

= Su 0 S5, (idtm.p) © Ws,(p) © Sz 0 Wa (By 4.51.1)

= Sy 0 (8z/P) o Sigtm,p 0 WpoWa (By 4.51.1)

= Sy 0 (8:/P)o Sidtms p o Wa.p (By 4.31.2)

= Sy o (5z/P). (By 4.51.5)

L]

Corollary 4.63. For every x € T(A), u € T(Sz(P)) and v € T(S;..(Q)) we have
(xu).v =2z.(uv) € T(A.P.Q).

Proof. By Theorem 4.62, we have S,,0(S3.,/Q) = Syo(Su/Q[z])o(Sz/P.Q) = Suvo(Sz/P.Q),
S0 associativity of term extension follows. []

Definition 4.64. Let A € F/T and P € F7/I'.A. We define
pron? := (P)idtm, € T((A.P)A)
privf .= idtmp € T((P)P)

Lemma 4.65. Let F': E — D be an E-homomorphism. For every A € F/T', P € F/T.A,
x € T(A) and u € T(Sz(P)), it is

F(ru) = F(2).F(w),  Flprg") =prg 7 and Fpef") = pef W0
Proof. We compute:

F(z.u) = F(idtm 4 p[z][u]) = idtmpa pp[Fx][Fu] = Fx.Fu,

F(praq’P) = F((P)idtm4) = (FP)idtmp = pré?A,FP’

F(Prf,P) = F(idtmp) = idtmpp = prfA,FP

where the outer equalities hold by definition, and the inner ones since F' is an E-homomorphism.

[
Lemma 4.66. For every Ae F/I', P € F/T.A, x € T(A) and u € T(S,(P)), it is
AP
bry ["BU] =,
AP
pii P o] = u,

AP __AP .
pry’" .pry = idtmy p.
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Proof. To show that prg"P[x.u] =z, we use that S, , =S, 05, /P to show that

pro [z.u] = ((P)idtm 4)[.u) (By 4.64)
= ((P)idtm 4)[x][u] (By Theorem 4.62)
= ((Plx])idtm a[z])[u] (By 4.51.1)
= idtmy ] (By 4.51.3)
—z (By 4.51.4)

To show that prf’P[x.u] = u, note that
pr‘lq’P[x.u] = idtmp[z][u] = idtmpp,[u] = u
Finally note that
(A.P)A.(Wap/A)(P) = (A.PYA.P:T.A.P.(A.P)(A.P) - T.A.P

and idtm 4 pya.p = (Wa.p/A.P)(idtma p). Thus pré"P.prf’P = idtm4_p follows from the
commutativity of the outer square in the diagram below.

S ap

T(Wia.pya.p((A.-PYA.P)) —— T(Wp/P({A.P)A.P))

Wp/P
WA.P/A.PT / JsprfyP

T((A.P)A.P) i T((A.P)A.P)
The bottom-right triangle commutes by 4.51.5. For the top-left one:
S(Pyidtma © Wa.p/A.P = Sipjidtm, © Wp/(Wa(A.P)) o Wa/A.P (By 4.31.2)
= (Wp o Sidtm, © Wa/A) /P (By 4.51.2)
= Wp/P. (By 4.51.5)
[]

Theorem 4.67. For every A € F/T" and P € F/T.A, the map
[Liera) T(Plz]) —— T(A.P)

(x,u) ———— z.u
s a bijection.
Proof. The inverse to the given map is defined by w — (pré’P[w],prf’P[w]). Thanks to

Lemma 4.66 it is enough to show that, for every w € T'(A.P), one has

AP AP
pry” [w].pry [w] = w.

Lemma 4.65 gives us that y
A,P A,P AP AP
pry” [w].pry [w] = (pro pri )[w].
Thus the claim follows from prgl’P.prf’P = idtm 4_p, which holds again by Lemma 4.66. []

One consequence of this theorem is that the set T'(idr) has exactly one element, see
Corollary 5.17.
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4.3. Characterising B-systems as stratified E-systems. In this section we construct an
equivalence of categories between B-systems and the subcategory of Esys on the stratified
E-systems and stratified homomorphisms. The functor from B-systems to stratified E-systems
is constructed in Section 4.3.1, the one in the other direction in Section 4.3.2. That these
form an equivalence is shown in Section 4.3.3.

4.3.1. From B-systems to stratified E-systems. Note first that we obtain a functor Bfr — Cat
as the composition

Bfr —® 5 RtTr —¢— Grph —E— Cat

where G and F are the functors from Definition 2.13 and R is the forgetful functor from
Definition 4.6. Arrows in FGR(B) are of the form (X, k): (n 4 k, X) — (n, ft*(X)), for
X € B4k

We begin by equipping FGR(B) with a term structure. The B-frame B already provides
us with sets of terms for the edges of GR(B), namely T(X,1) := 0~ %(X). In order to
construct sets of terms for (X, k) for each k, which we do in Construction 4.69, we assume
that B comes with a substitution structure in the sense of Definition 4.25. We then show in
Construction 4.72 that FGR gives rise to a functor T from B-frames with substitution to
strict categories with term structure. Next, in Construction 4.75 we provide T'(B) with a
pre-E-system structure when B is a B-system, and prove in Lemma 4.76 that T preserves
and reflects weakening and projection homomorphisms. Finally, we show in Lemma 4.78
that the functor T lifts to a full and faithful functor from B-systems to stratified E-systems.

Problem 4.68. For every B-frame B with substitution structure S, to construct a term
structure T on the strict category Fp := FGR(B) and to construct, for any ¢t € T'(X, k), a
homomorphism of B-frames SF: B/X — B/ft"(X).

Construction 4.69 (for Problem 4.68). We define the term structure by induction on
n € N. More precisely, for any X € B,, and k < n we will define a set T'(X, k) and, for any
t € T(X, k), a homomorphism of B-frames SF: B/X — B/ft*(X).

For every n and X € By, let T(X,0) := {*} and S? :=id: B/X — B/X.

For every n and X € B, 11, let

T(X,1) :== 9 Y(X) C Bpy1 (4.2)

and S} = S,: B/X — B/ft(X) which is a homomorphism of B-frames by assumption.

Suppose now that, for every m < n and Y € B,,, we have defined sets T'(Y, k) for

k < m and, for every t € T(Y, k), a homomorphism of B-frames SF: B/Y — B/ft*(Y). Let
X € Bp+1 and define, for 1 < k < n,

T(X,k+1):= J[ T(S(x),1). (4.3)
teT (ft(X),k)

and, for (t,z) € T(X,k + 1), a homomorphism of B-frames S(kt;l) as the composite below

Sk+l

B/X @) y B/ftF T (X)

sf/x\ % (44)

B/SF(X)
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where S, comes from the substitution structure and SF from the inductive hypothesis. []

Remarks 4.70.

(1) For every B-frame B and X € B,, we have an isomorphism of strict categories
FGR(B/X) = FGR(B)/(n, X) natural in B which maps (7,Y’) to (n+4,Y) and it is the
identity on arrows. It follows that, when B is a B-system, we can choose the identity as
the action on the term structure. Therefore this isomorphism of categories lifts to an iso-
morphism of categories with term structure (FGR(B/X),Ts) = (FGR(B)/(n, X), ).

Once we establish an E-system structure on FGR(B), we will see that this isomorphism
is in fact an isomorphism of E-systems.

(2) Let A and B be B-frames with substitution structure and H: A — B be a homomorphism
of B-frames. If H preserves the substitution structure, then for every X € B, and
t € T(X, k) the square

H/X

A/X B/H(X)
S% lsg . (4.5)
AJfE(X) — ) ek ()

commutes in Bfr, where H(t) := (H(t1),..., H(ty)). Indeed, by definition of SF in (4.4),
the square (4.5) factors vertically into k squares of the form in Definition 4.10.1, each of
which commutes if H preserves the substitution structure.

(3) Let A and B be B-frames with substitution structure and H: A — B be a homomorphism
of B-frames. Suppose that A and B have weakening structure and define, for every
X € By, the homomorphism of B-frames W% : B/ft*(X) — B/X as the composite

wk
B/f(X) e B/R(X) — 3 B/X (4.6)

which we take to be idg if n = k = 0.
If H preserves weakening structure, then for every X € B, the square

A/X H/X B/H(X)
W)’}/[ /[WII}(X) (4'7)
AJfE(x) — ) ek )

commutes in Bfr. Indeed, by definition of W% in (4.6) the square (4.7) factors vertically
into k squares of the form in Definition 4.10.2, each of which commutes if H preserves
the weakening structure.

Problem 4.71. To lift the functor FGR: Bfr — Cat to a functor T: SubBfr — TCat
from the category SubBfr of B-frames with substitution structure and homomorphisms of
B-frames that preserve the substitution structure, to the category of strict categories with
term structure.
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Construction 4.72 (for Problem 4.71). Let A and B be B-frames with substitution structure.
For every homomorphism of B-frames H: A — B, the functor FGR(H): Fa — Fp, maps an
object (n, X) to (n, H(X)) and an arrow (X, k) to (H(X), k). Since H(*) = *, the functor
FGR(H) strictly preserves the (unique) terminal object.

To make T(H) := FGR(H) into a functor with term structure note that, for every
t=(t,...,tx) € T(X,k) and 1 < j < k, the function H restricts as follows

TFFIS, S (X),1) ——— Ay

lﬁ lﬁ (4.8)

T(f" IS0, ) SaunHY), 1) — Bp_i41

since H commutes with the functions ft and preserves the substitution structure in the sense
of Definition 4.10. It follows that

T(H)(t) == (H(t1), ..., H(ty)) € T(H(X), k). (4.9)
This makes T(H): F/(n, X) — F/(n — k, ft*(X)) into a functor with term structure.
The action of H on the sets T'(X, k) is clearly functorial in H. []

Remarks 4.73.

(1) The functor T: SubBfr — TCat from Construction 4.72 is faithful, since the functors
R: Bfr - RtTr, G: RtTr — Grph and F: Grph — Cat are faithful and the sets
T(X,1) for X € B, form a partition of B,.

(2) For every B-frame with substitution structure B, it follows by Propositions 2.8 and 2.14
that the underlying category of T(B) is stratified by the functor that maps (X, k): (n +
k, X) = (n,ft*(X)) ton + &k > n.

Problem 4.74. For every B-system B, to construct a pre-E-system structure on the category
with term structure T(B) from Construction 4.69.

Construction 4.75 (for Problem 4.74). Construction 4.69 provides a homomorphism of
B-frames SF: B/X — B/ft*(X) for every X € B, and t € T(X, k). The homomorphism
Sf preserves the substitution structure since it factors, as in Remark 4.70.2, into k£ B-
homomorphisms of the form S;;, where z; € Bn+k_j for j < k. Construction 4.72 and
Remark 4.70.1 then yield a functor with term structure

S:=T(SF)
_

(T(B)/(n + k, X), Ti) (T(B)/(n, ft" (X)), Tp) (4.10)

as required.

To construct the pre-weakening structure, consider the homomorphism of B-frames
WE: B/ft"(X) — B/X defined in Remark 4.70.3. Since B is a B-system, each factor of W
in (4.6) is a homomorphism of B-systems and so is W%. Construction 4.72 and Remark 4.70.1
provide a functor with term structure

T(B)/(n, ft*(X)) Wix k) =T(W§)

T(B)/(n, X). (4.11)

It remains to construct the pre-projection structure. In fact, we will prove a little bit
more. We construct by induction on n € N, for every X € B, and k£ < n, an element
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idtmxp) € T(Wix (X, k) = T(W%(X),k) with the property that the triangle of B-

homomorphisms
B/X
W)’“(/X\‘ /

|dtm(X k)

commutes. This additional condition is needed in the inductive construction. For every n
and X € B,, let

idtm(X,O) =% € T(W(Xp) (X, 0), 0) = T(X, O).
For every n and X € By,41, it is 00 6(X) = Wx(X) € Bj+2. Thus we can define
idtm(le) = 5(X) S T(W(X,l) (X, 1)) = T(Wx(X), 1) (412)
and Sldtm<X ) © Wx /X =idg,x by condition 5 in Definition 4.11.

Suppose now that we have defined, for every m < n, Y € B, and ¢ < m, an element
idtmy,;) € T(W(y,;(Y, 1)) such that Sfdtm( oWy /Y =idy/(m,y). Let X € Byy1. It follows
from (4.3) that, for every 1 <k <mn

T(W(X,k-i-l) (X7 k + 1)) = H T(Sf © W)I§+1(X)> 1)
teT(WETL (ft(X)),k)

But W)k(Jrl =Wy o Wk thus

ft(X)’
t = Wx (idtmgg(x)5) € TWE (Ft(X)), k)
and
SE o W ft(X) = SF o Wi /Wi () (ft(X)) 0 Wi ) /ft(X
= Wx o Sk o Wi xy/ft(X) (4.13)
=Wy

by Remark 4.70.2 and the fact that Wx preserves the substitution structure, and assump-
tion (4.75). In particular, T(S;o Wi (X),1) = T(Wx(X), 1) and we can define

|dtm(f t(X), k)

idtm x 41y := (£,9(X)). (4.14)
It remains to check that Sﬁfé(x ) W)k(H/X = idg/x. This is indeed the case by (4.4),
(4.13) and condition 5 in Definition 4.11:
k+1 k+1 k k1
Sid—ti—m(X’IH_l) o WK /X = Ssx) 0 (Sf o Wy" /ft(X)) /X
= SJ(X) (¢] Wx/X
This completes the construction of the pre-E-system structure. []

Lemma 4.76. Let A and B be B-systems and H: A — B a homomorphism of B-frames that

preserves the substitution structure.

(1) The functor with term structure T(H): Fa — Fp is a pre-substitution homomorphism.

(2) H preserves the weakening structure if and only if T(H) is a pre-weakening homomor-
phism.
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(3) H preserves the structure of generic elements if and only if T(H) is a pre-projection
homomorphism.

Proof.

(1) By definition of the pre-substitution structure in Construction 4.75 and Remark 4.70.1,
T(H) is a pre-substitution homomorphism if every image under T of any square in Bfr
of the form (4.5) commutes. By Remark 4.70.2, such squares commute since H preserves
the substitution structure.

(2) By definition of the pre-weakening structure (4.6) and Remark 4.70.1, T(H) is a pre-
weakening homomorphism if and only if the image under T: Bsys — TCat of any
square in Bfr of the form (4.7) commutes. By Remark 4.70.3; such squares commute
if H preserves the weakening structure. The converse holds since T is faithful by
Remark 4.73.1.

(3) By (4.8) and (4.9), T(H) acts componentwise as H on a term t € T(X,t). Tt follows
that T(H) preserves the terms idtm(x ;1) = (6(ft*(X)),...,8(X)) for X € By, k < n if
and only if H preserves generic elements. L]

Lemma 4.77. For every B-system B, the pre-E-system constructed in 4.75 is a stratified
E-system.

Proof. First, we need to verify conditions 1-4 in Definition 4.51, as condition 5 holds by
construction.

1. Tt follows from Lemma 4.76 and (4.10) since S, as defined in (4.4), is a homomorphism of
B-systems when B is a B-system.

2. As above, it follows by Lemma 4.76 and (4.11) since W%, as defined in (4.6), is a homo-
morphism of B-systems.

3. The case X € By,,* € T(X,0) holds trivially. The case X € By 11,2 € T(X, 1) follows from
condition 3 in Definition 4.11 and functoriality of T. The case X € By 1x+11, (t,2) € T(X,
k+1), where t € T(ft(X),k) and 2 € T(SF(X), 1), holds by induction and functoriality of
T as

Szgt,x) o) W)ké+1 = S{L‘ o) Sf/X e} WX o Wfl:(X)
= Sz 0 W, (x) 0 Sf o Wy (x)
= idp gkt ()

by (4.4) and (4.6), the fact that S; is a pre-E-homomorphism, and Definition 4.11.2 and
the inductive hypothesis.

4. As above, the case & = 0 holds trivially and the case & = 1 holds by condition 4 in
Definition 4.11. For X € By41, k <nand (t,z) € T(X,k+ 1),

SEHN (idtm (x jis1)) = Sz 0 SF(Wx (idtm g (x) 1)), 6(X

~—
~—

()

by (4.4) and (4.14), the fact that S; is a pre-E-homomorphism, the inductive hypothesis,
and conditions 3 and 4 in Definition 4.11.
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Finally, the underlying category F = FGR(B) is stratified by Remark 4.73.2. By definition,
weakening and substitution functors preserve the N-component of objects and arrows. It
follows that T(B) is a stratified E-system. ]

Lemma 4.78.

(1) The functor T: SubBfr — TCat described in Construction 4.72 lifts to a functor
B2E: Bsys — Esys,.

(2) The functor B2E is full and faithful.

Proof.

1. By Lemma 4.77, it is enough to show that, for every homomorphism of B-systems H: A —
B, the functor with term structure T(H): T(A) — T(B) is a stratified homomorphism
of E-systems. By Lemma 4.76, T(H) is a homomorphism of E-systems. It is stratified
since it preserves the N-component of objects and arrows by definition.

2. The functor B2E is faithful by Remark 4.73.1. Let then K : B2E(A) — B2E(B) be a
stratified homomorphism of E-systems. Since K is stratified, the function on objects
K: 11, Am — [1,, Bn is the identity on indices and gives rise to a family of functions
H: 1], (A, — B,) such that, for every object (n, X) and arrow (X,k): (n+k,X) —
(n, ft"(X))

K(n,X) = (n, Hy(X)) and K(X,k) = (Hpyk(X), k). (4.15)
We shall show that H is a morphism of B-system such that B2E(H) = K.

The functions H, commute with the father functions ft since, for every X € A,41,
the arrow K(X,1): (n+ 1, Hp41(X)) — (n, Hp(ft(X))) in Fp is necessarily of the form
n+ 1Y) — (n,ft(Y)).

The family of sets T'(X,1) indexed on X € A,y forms a partition of A, ;. There-
fore the functions Kx: T(X,1) — T(Hp+1(X),1) glue together to form a function
ﬁn+1: An+1 — Bn+1 such that

Hyp1(2) = Koo (2). (4.16)
It follows that @ o H = H o 8 since Hy,1(z) € T(H,11(8(x)),1). Therefore H is a
homomorphism of B-frames from A to B.
Let x € Bp41. Since K is a substitution homomorphism, for every Y € B, ;41 such
that ft*(Y) = 9(x), it is
(n+k HyroSe(Y)=KoSu(n+k+1,Y)
= SKopy(x) © K(n+k+1,Y)
= (n + k’ SFIWL+1(x) © n+k+1(Y))
and, for every y € B, 4141 such that ft* o d(y) = d(z), it is

ﬁnJrk: © gx(y) = Kaosm(y) 0.5, (y)
= 5Ky (@) © Ko ()
= gﬁnﬂ(x) © ~m—l'chl(y)-

It follows that the homomorphism of B-frames H preserves the substitution structure.
We can thus apply Construction 4.72 to H and observe that T(H) = K. Indeed T(H)
and K have the same action on objects and arrows because of (4.15) and Construction 4.72.
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To see that they also agree on the term structure, recall from Construction 4.69 that the
term structure of an E-system of the form B2E(B) is given by lists of elements in the
sets By, and then use (4.16) and (4.9). Therefore B2E(H) = T(H) = K once we show
that H is a homomorphism of B-systems.

It remains to verify that H also preserve the weakening structure and the structure of
generic elements. Since K is a projection homomorphism, for every X € B,y it is

T(H/XoWx) = K/(n+1,X)oW(x 1) = Wk(x1)o K/(n, ft(X)) = T(Wh, ,, (x) o H/ft (X)).

The first claim then follows from faithfulness of B2E. Finally, H preserves generic
elements

Hpy906(X) = Ky (x)(idtm(x 1)) = idtmg x 1) = 0 0 Hpp1(X)

since K is a projection homomorphism. []

4.3.2. From stratified E-sytems to B-systems. We have constructed a full and faithful functor
Bsys — Esys,. Here we construct a functor in the opposite direction. We begin in
Construction 4.82 with a functor E2B from stratified categories with term structures to
B-frames. In Construction 4.84 we consider substitution, weakening and projection structures
and prove in Lemma 4.85 that E2B maps homomorphisms into homomorphisms. This allows
us to lift E2B to a functor Esys, — Bsys in Construction 4.87.

Problem 4.79. Given a stratified category with term structure (F,T'), to construct a
B-frame B2E(F,T).

Construction 4.80 (for Problem 4.79). For every object X in F, let X denote the unique
indecomposable arrow with domain X given by Lemma 2.6. For every n € N, define sets

B(F,T), :={X € Ob(F) | L(X) = n} (4.17)
B(FT)pyr:= [ 7T(X) (4.18)
XeB(F,T)n+1

and functions ft,,: B(F,T)ny1 — B(F,T), and 8,,: B(F,T)ns1 — B(F,T)ns1 by

ft(X) := cod(X) (4.19)
d(X,z) == X. (4.20)
These definitions give rise to a B-frame E2B(F,T). []

Problem 4.81. To construct a functor E2B: TCats — Bfr from the category of stratified
categories with term structure and stratified functors with term structure to the category of
B-frames and homomorphisms.

Construction 4.82 (for Problem 4.81). The action on objects is given by Construction 4.80.
Let then F: (F,T) — (F',T’) be a stratified functor with term structure. We need to
construct a homomorphism of B-frames E2B(F): E2B(F,T) — E2B(F’,T"). Since F is
stratified, it maps B(F,T), into B(F',T"),. For every X € B(F,T)n+1, the functor F
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maps the indecomposable arrow X to the indecomposable arrow F(X) by Lemma 2.10. It
follows first that

Foft(X)= Focod(X)
= cod(F (X))
= ft o F'(X),

and secondly that we can define, for every n € N, a function F: B(F,T)ny1 — B(F, T )pi1
such that 0o F(X,t) = F 0 9(X,t) by

F(X,t) = (F(X), F(t)). (4.21)
This defines a homomorphism of B-frames E2B(F) := (F, F). ]
Problem 4.83. Let (F,T) be a stratified category with term structure and consider the
B-frame E2B(F,T') from Construction 4.80

(1) From a stratified pre-substitution structure on (F,T’), construct a substitution structure
on E2B(F,T).

(2) From a stratified pre-weakening structure on (F,T'), construct a weakening structure on
E2B(F,T).

(3) From a pre-projection structure on (F,T), construct a structure of generic elements on
E2B(F.T).

Construction 4.84 (for Problem 4.83).

1. For every (X,t) € B(F,T)ns1, the functor with term structure S;: (F,T)/X —
(F,T)/ft(X) is stratified. Construction 4.82 then yields a homomorphism of B-frames

S(X,t)Z:EzB(St)
—_

E2B(F,T)/X E2B(F, T)/ft(X). (4.22)

2. Forevery X € B(F,T)y, the functor with term structure W: (F,T)/ft(X) — (F,T)/X

is stratified, where X denotes the unique indecomposable arrow with domain X. Con-
struction 4.82 then yields a homomorphism of B-frames

Wx:=E2B(Wx)

E2B(F,T)/ft(X) E2B(F,T)/X. (4.23)

3. For every X € B(F,T)n;1, we can define
§(X) := (Wx(X),idtmy) € B(F, T)nt2 (4.24)
since Wx (X) = W(X). O

Lemma 4.85. Let F: (F,T) — (F',T") be a stratified functor with term structure.

(1) If (F,T) and (F',T") have stratified pre-substitution structure and F is a pre-substitution
homomorphism, then E2B(F): E2B(F,T) — E2B(F',T") preserves the substitution
structure.

(2) If (F,T) and (F',T") have stratified pre-weakening structure and F is a pre-weakening
homomorphism, then E2B(F): E2B(F,T) — E2B(F',T’) preserves the weakening
structure.

(3) If (F,T) and (F',T") have stratified pre-projection structure and F is a pre-projection
homomorphism, then E2B(F): E2B(F,T) — E2B(F',T') preserves the structure of
generic elements.
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Proof.

1. We need to show that, for every (X,t) € B(F,T)ns1, it is E2B(F)/ft(X) o Sxp) =
S(r(x),Ft)) © E2B(F)/X. This follows from (4.22), functoriality of E2B and F/ft(X) o
St = Sp@) © F/X, which holds because F' is a pre-substitution homomorphism.

2. We need to show that, for every X € B(F,T)n, it is E2B(F)/X o Wx = Wg(x) o
E2B(F)/ft(X). This follows from (4.23), functoriality of E2B and F/X o W+ =
Wemy o F /ft(X), which holds because F' is a pre-substitution homomorphism and
F(X)=F(X).

3. For every X € B(F,T)p41, it is

E2B(F) 0 §(X) = (F(Wx (X)), Flidtms)) = (Wp(x) (F(X)), idtmzr) = 8 0 E2B(F)(X)

where the first and last equality hold by (4.21) and (4.24), and the middle one because
F' is a pre-projection homomorphism. []

Problem 4.86. To lift the functor E2B: TCats — Bfr to a functor E2B: Esys, — Bsys.

Construction 4.87 (for Problem 4.86). Let E be a stratified E-system. Then E2B(F,T)
can be given the structure of a pre-B-system E2B(E) by Construction 4.84. To show that
E2B(E) is a B-system, we need to verify conditions 1-5 of Definition 4.11.

1,2. Since, for every A € F/I" and t € T(A), the morphisms W4 and S; are stratified
E-homomorphism, it follows by Lemma 4.85 that the homomorphisms of B-frames
constructed in (4.22) and (4.23) are homomorphisms of B-systems.

3. For (X,t) € B(E),11, it is

Six ) o Wx = E2B(S; o W) = idgeB(E)/ft(x)

by (4.22),
4. For (X,t)

3), functoriality of E2B and 4.51.3.
(E)n+1, it is

Six,p) 06(X) = ((S(x) © Wx)(X), S(idtm)) = (X, 1)

by (4.22), (4.24), condition 3 just proved and 4.51.4.
5. For every X € B(E),41, it is

Ssx) © Wx /X = E2B(Sigtmy © W/ X) = idg2B(g)/x

(4.2
eB

by (4.22-4.24), functoriality of E2B and 4.51.5.

Finally, for every stratified E-homomorphism F': E — D, the homomorphism of B-frames
E2B(F): E2B(E) — E2B(D) is a homomorphism of B-systems by Lemma 4.85. ]

4.3.3. Equivalence of B-systems and stratified E-systems. Here we show in Theorem 4.90 that
the functors B2E from Lemma 4.78 and E2B from Construction 4.87 form an equivalence
of categories. We do so by showing in Construction 4.89 that E2B: Esys, — Bsys is an
essential section of the full and faithful functor B2E.

Problem 4.88. For every stratified E-system E, to construct an isomorphism of stratified
E-systems B2E(E2B(E)) = E, natural in E.
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Construction 4.89 (for Problem 4.88). In this construction we decorate the structures
from B2E(E2B(E)) with a hat, as in F. Since F is stratified, the function mapping
(n,X) €11, B(E), to X extends to an isomorphism ¢ between the underlying strict category
F of B2E(E2B(E)), constructed in 4.69, and F. In particular, it maps an arrow (X, k) to
the arrow X := ft* (X))o -0 X: X — ft*(X) in F as in (2.1).

In order to lift ¢ to an isomorphism of categories with term structure, we need to show
that T'(X, k) = T(Yk) for every X € B(E),, and k < n, where T(X, k) is the set defined in

Construction 4.69. For every X € Bj,11, by (4.2) it is
1(X.1) =071 (%) = {(V29) € BE) | ¥ = X,y € T(7) } 2 T(X).

Suppose that T(Y, j) = T(?j) for every m < n,Y € B, and j < m. It follows by (4.3) that

Txk+1)= [ 7T,y [ TEX) =X
tET(ft(X),k) tET(ft(X)k)

where the last bijection follows from Theorem 4.67 since XM = ft(X )k o X and Sy(X) =
S¢(X). In other words, elements of T'(X, k) are lists of length k of pairs (Y,y) € B(E)n4;

for j = 1,...,k, where y € T(Y), and the action on terms of ¢ first acts componentwise
dropping the first component of each pair and then applies the bijection from Theorem 4.67.

Next, we show that this choice of isos is natural in [E. Given a stratified E-homomorphism
F: E — D, we need to show that ¢ppo B2E(E2B(F')) = F o pg. The functor B2E(E2B(F)))
maps an arrow (X, k) to (F(X), k), thus

o 0 B2E(E2B(F))(X, k) = F(X)" = F(X') = F o ox(X, k).

since F' preserves indecomposable arrows by Lemma 2.10. The functor with term structure

B2E(E2B(F)) maps (X, z) € T(X,1) to (F(X), F(z)) by (4.8) and (4.21), thus
¢p o B2E(E2B(F))(X,z) = F(x) = F o pp(X, z).

Suppose now that, for every m < n, Y € B(E),,, i < m and (Y,t) € T(Y,z’), it is
¢p o B2E(E2B(F))(Y,t) = Fo @g(Y,t). Let X € B(E),11 and (¢,(X,z)) € T(X,k + 1),
then

¢p o B2E(E2B(F))(t, (X, x)) = (¢pp o B2E(E2B(F))(t)).F(x)
= (Fowg(t).F(z)
= F(pr(t).z)
= Fopgp(t, (X, x))

by definition of ¢, inductive hypothesis, Lemma 4.65, and definition of ¢ again. Therefore
we conclude that, for every E-homomorphism F': E — D,

¢p o B2E(E2B(F)) = F o ¢, (4.25)

It remains to show that each component ¢ is an E-homomorphism.
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To show that ¢ is a weakening homomorphism, note that for every X € B(E),, 4, it is
Wixx = B2E(W%) by (4.11) and

W5 = Wye—1(xy 0 - Wx

=E2B(W,(x 1))

by, in order, (4.6); (4.23) and functoriality of E2B; condition 4.31.1 in the case k = 0 and
condition 4.31.2 for k > 0; and definition of ¢. Moreover, W x 1) is an E-homomorphism,
thus ¢ is a weakening homomorphism by (4.25).
To show that ¢ is a substitution homomorphism we reason by induction. The case
X € B(E), and x € T(X,0) is trivial. For every X € B(E),41 and (X,z) € T(X,1), it is
S(X,m) = B2E(S(X7x)) by (4.10) and
Six.a) = E2B(S,) = E2B(S,(x.1)
by (4.22) and definition of ¢. Suppose now that, for every m < n, Y € B(E),,, i < m
and t € T(Y,4), it is S; = E2B(S,()) as homomorphisms of B-systems. Then for every
X € B(E)py1, k <mnand (t,(X,2)) € T(X,k+1), it is Sy (x)) = B2ZE(S(1,(x.2)) by (4.10)
and
St (x.2) = S(xz) 0 St/ X
= E2B(S5; 0 S,/ X)
= E2B(S,1).2)
= E2B(S<p(t,(X7x)))
by, in order, (4.4); inductive hypothesis, (4.22) and functoriality of E2B; Theorem 4.62; and
definition of ¢. Therefore S; = B2E(E2B(S,y))) for every X € B(E),4 and t € T(X,k)).
We conclude that ¢ is a substitution homomorphism by naturality (4.25).

To show that ¢ is a projection homomorphism we reason by induction. The case (X,0)
for X € B(E),, is again trivial. Let X € B(E),+1, then

idtm x 1) = 6(X) = (Wx(X), idtm)
by (4.12) and (4.24). Therefore gp(idth(X’l)) = idtm,(x 1) by definition of . Suppose that,
for every m <n, Y € B(E),, i <m, it is cp(idtrﬁ(yvi)) = idtm,(y,;). Let X € B(E),41 and
k <mn. Then
p(idtm(x k1)) = (Wix,n) (idtmee ) 1)), 6(X))

= (Wy(idtm (ft(X)Jg))) .idtmy

|dtmft(X) X

= idtmy(x k1)
by (4.14), definition of ¢ and the fact that ¢ is a weakening homomorphism, the inductive

hypothesis, Lemma 5.19, and definition of ¢ again. Therefore go(idth(X,k)) = idtmx ) for
every X € B(E),4+x. This concludes the proof that ¢ is an E-homomorphism. ]

Finally we reach the main result of this section.
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Theorem 4.90. The functors B2E: Bsys — Esys, from Lemma 4.78 and E2B: Esys, —
Bsys from Construction 4.87 form an equivalence of categories.

Proof. As the functor B2E is fully faithful by Lemma 4.78.2, it is enough to show that E2B
is an essential section of B2E. This holds by Construction 4.89. L]

5. EQUIVALENCE BETWEEN B- AND C-SYSTEMS

In this section, we construct an equivalence between B-systems and C-systems, in several steps.
We first construct an adjunction between the categories of CE-systems and of E-systems.
To this end, we construct, in Section 5.1, a functor from CE-systems to E-systems, and,
in Section 5.2, a functor in the other direction, from E-systems to CE-systems. In Section 5.3
we show that these functors form an adjunction that restricts to an equivalence when
considering rooted CE-systems. Finally, in Section 5.4, we give our equivalence between
B-systems and C-systems, obtained by restricting the aforementioned equivalence to stratified
rooted CE-systems and E-systems, respectively.

5.1. From CE-sytems to E-systems.

Definition 5.1. Let A be a CE-system. For any I € C, we define the slice CE-system
A/T as follows. Let Ca(T") be the strict category with the same objects as Fa /" and with all
arrows from I(A) to I(B) in Cy /T as arrows from A to B. The functor I/T': Fu /T — Cp/T
factors as an identity-on-objects It followed by a full and faithful one as shown in the diagram
below.

I/r

7

Ca(l)

Fu/T Cy/T

We take Ir to be the underlying functor of A/T". The choice of pullback squares is induced
by A.
We shall omit the subscript A from Cy (I') whenever the CE-system is clear from context.

Remarks 5.2. Let A be a CE-system.

(1) For every object I', the identity idr is terminal in Co(I"). It follows that any slice
CE-system is rooted.

(2) Forevery f: A — I"in C, the functor f*: F/T' — F/Alifts to a functor f*: C(I') — C(A)
making the square below commute.

FIr L Fia

[Fl lIA (5.1)

c(r) L5 c(a)

(3) For every f: A — T the commutative square in (5.1) lifts to a CE-homomorphism
AT — A/A.
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Lemma 5.3. Let F': A — B be a CE-homomorphism. Then for every f: A — T in Cy the
diagram below commutes.

Fr/T

Fa/T Fa/FT
Ca(T) P/t cu(FT)
f*l (Ff)”
/ R Fi/FA
/ (FF)”
TN Ira
Ca(A) o Ca(FeA)

Proof. Commutativity of the back face follows from the fact that (Ff)(FA) = F(f*A) for
every A € Fu /T, commutativity of the front face follows from the universal property of
pullbacks, and commutativity of the other faces is immediate. []

Lemma 5.4. Let A be a CE-system. For every f: A — T inC and every g: A — B in C(I")
the diagram below commutes.

F/T.B F/A.f*B
I/T.B I/A‘.f*y
C(I.B) T'IB L, e(a.fB)
g*l (f*9)"
FJT.A F/AfA
g / (f*9)" /
I/T.A I/A.f*A
C(T.A) o CAA)

Proof. This is Lemma 5.3 applied to f* seen as a homomorphism of CE-systems thanks to
Remark 5.2.3. []

Problem 5.5. To construct a functor CE2E: CEsys — Esys.

Construction 5.6 (for Problem 5.5). Let A be a CE-system with underlying functor
I: F — C. The underlying category of the E-system CE2E(A) is F. The chosen terminal
object is the one in A. To equip F with a term structure we define, for every A € F/I', the
set

T(A):={z:T -T.A|I(A)oz =idr}. (5.2)
We define for any A € F/T", the functor
W, = A*: FJT — F/T.A. (5.3)

Likewise, we define for any x € T'(A), the functor
Sy :=a": F/I'A— F/JI. (5.4)
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These clearly extend to functors with term structure. We also define idtm4: T'(W4(A)) by
the universal property of pullbacks as in the diagram below.

r.A

idr.a

. idtm 4
I.A A r

As an immediate consequence of Lemma 5.4, we get that each functor W4 and S, is both a
weakening functor and a substitution functor. It follows by the definitions that weakening
and substitution preserve the terms idtm .

It remains to verify the remaining conditions of E-systems.

3. To show that substitution in weakened families is constant, note that
SpoWp=2"0A"=(Aox)" = (idr)" = ide, p.
5. The identity terms are neutral for pre-composition:
Sidtmy © Wa/A = Sigtm, 0 m2(A, A)* = (ma(A, A) oidtm4)* = (idr.4)* = ide, r.a-

4. The identity terms behave like identity functions: by the universal property, S, (idtmy4) is
the unique section of A such that the square

m2(x,idr. 4)

r » A
Sz (idth)J/ lidth

. _—> .
P A — ey TAWald)

commutes. Thus, it suffices to show that this square also commutes with x in the place
of S, (idtmy4). Note that mo(z,idr.4) = . Since TA.W4(A) is itself a pullback, it suffices
and it is straightforward to verify the equalities

Wa(A) oma(z, Wa(A)) oz = Wy(A) oidtmy o x
mo(A, A) o mo(x, Wa(A)) ox = ma(A, A) oidtmy o x.

Let now F': A — B be a CE-system homomorphism. The underlying functor of CE2E(F')
is Fir: Fp — Fp, which clearly preserves the choice of terminal objects, while the action on
terms is given by Fe. This functor with term structure is both a weakening and a substitution
homomorphism because of Lemma 5.3. Note that commutativity of the front square in the
diagram in Lemma 5.3 is needed for the equations on the action on terms. Finally, it is a
projection homomorphism since it preserves identities. L]

Remark 5.7. It follows immediately from the above construction that, for every CE-system
A, the E-system CE2E(A) has the property that T'(idr) is a singleton set for every I" € F.
As we shall see in Corollary 5.17, this is true for every E-system. In fact, it will follow from
Theorem 5.34(1) that CE2E is essentially surjective on objects.
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5.2. From E-systems to CE-systems. In this section we construct a functor from Esys
to CEsys. We proceed in several steps: In Section 5.2.1 we define the strict category of
internal morphisms of an E-system. There are two kinds of morphisms in this category:
internal morphisms from A to B in context I', and for any internal morphism f: A — B
in context I" there are morphisms over f. There are also two kinds of composition, and
in Section 5.2.2 we prove an interchange law for them. In Section 5.2.3 we complete the
construction of the functor from Esys to CEsys.

5.2.1. The strict category of internal morphisms of an E-sytem. In this section we define for
every E-system E, and every context I' in E, a category Cg(T"). This goal is accomplished in
Theorem 5.16. The empty context | ] of E, i.e. a terminal object in F, allows us to have a
non-trivial category structure on the contexts of E. In this case, the category structure is
inherited from the category Cg := Cg([ ]).

Definition 5.8. For every A, B € F/I" we define the set
thom(A, B) := T((A)B).

An element f € thom(A, B) is called an internal morphism in context I". We sometimes
write f € thom(A, B) to indicate that f is an internal morphism over I', or we may draw a
diagram of the form

A1, B
r
or we may omit the arrows down to I' and say instead that we have a diagram in context I'.

Note however that this is not (yet) a diagram in any category: the double-head arrows are
arrows in F, but the other ones are just elements in some thom(A, B).

Remark 5.9. Note that thom(idp, A) = T'(A) for any A € F/I', because we have W;
idr/r.a-

Note also that thom(A.P,B) = thom(P,(A)B) for any P € F/I'""A and B € F/T,
because Wap = Wp o W4. Once we have established a strict category of which the
morphisms are given by thom(—, —), we therefore get that

A.(=) 4 Wa.
The right adjoint to weakening by A, if it exists, will be the dependent product I14.

Definition 5.10. Let A, B € F/I'. For any f € thom(A, B) we define the pre-composition
E-homomorphism

dr.a

[fi=8;0W4/B:E/I.B—E/T.A.
We shall denote the action of f* on a family @ € F/I'.B as @ - f. Similarly, for every
C € F /T, we shall write g - f for the action of f* on g € thom(B,C) =T (Wg(C)).

Lemma 5.11. Let F: E — D be an E-homomorphism. Then for every f € thom(A, B) in
E, the square of E-homomorphisms below commutes.

E/T.B 55, p/Fr.FB

f*l l(Ff)*

E/T.A 254 p/FT.FA
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Proof. As F' is both a weakening and a substitution homomorphism, it is
(F/T.A)o f* = (F/T.A) o Sfo (Wa/B) = Spyo (F/T.AW4(B))o (Wa/B)
= Spfo(Wrpa/FB)o (F/T.B) = (Ff)" o (F/T.B). ]
Definition 5.12. Let A,B € F/T', Q € F/T.A and R € F/T.B. For every f € thom(A, B)

we define

thom(Q, R) := thom(Q, R - f).
Remarks 5.13.
(1) The terms pr64’P and prf’P from Definition 4.64 are internal morphisms:
prg"P € thom(A.P, A) and  privl e thompré,p(idA_p, P).
(2) Note that for g € thom(B, C), we have g- f € T(S¢(Wa/B(Wg(C)))), whereas we would
like that g - f € thom(A, C). More generally, we can show that
Spo(Wa/B)oWp =Wa.
Since weakening is a weakening homomorphism, we have
Spo(Wa/B)oWp = SoWy, (g oWa.
By condition 3 in Definition 4.51 we get that
Syo WWA(B) oWy = Wjy.
Remark 5.14. Note that condition 5 in Definition 4.51 asserts precisely that (idtm4)* =
idg/p.4 for any A € F/T. In particular, it follows that goidtm4 = g for any g € thom(A, B)
Lemma 5.15. For any f € thom(A, B) and g € thom(B,C) we have f* o g* = (g- f)*.
Proof.
ffog"=8po(Wa/B)oSy0(Wp/C)
= 850 Sw, (g © (Wa/B.Wg(C))o (Wg/C)
= Ss;(Walg) © (Sg/Wa(Wg(C))) o (Wa/B.Wp(C)) e Wg/C
o ((Sfo(Wa/B)oWp)/C)
° ((Sy oW, ()0 Wa)/C)

= SSf(WA (g

)

)

= Ss;(Wa(9))

= Ss;(Wa(9))

=g " 0

Theorem 5.16.

(1) For every E-system E and every object T' in its underlying strict category F, objects of
F /T and internal morphisms of E over T' form a strict category Cg(T).

(2) Ewvery E-homomorphism F: E — D induces a functor Fr: Cg(I') — Cp(F(T)) for every
I in .FE

Proof.

1. For A, B € F/T, the set of arrows from A to B is thom(A, B). The fact that composition
is associative is a direct corollary of Lemma 5.15. The axiom (idtm4)* = idp, 4 implies that
the identity morphisms satisfy the right identity law. It remains to show that f-idtmpg = f,
which is a simple calculation:

f-idtmpg = Sf o WA(idth) = Sf(idthAB) = f.
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2. The action of Fr on arrows is given by the term structure of F'. Functoriality of Fr follows
from Lemma 5.11 and the fact that F' is a projection homomorphism. []

Now that we have a category structure, we can state and prove the following consequence
of Theorem 4.67.

Corollary 5.17.
(1) Let A€ F/T and Q € F/T.B, then for every f € thom(A, B) there is a bijection
0 T(Q - f) — = {h € thom(A, B.Q) | pr?@ - h = f} .
given by o(t) = f.t.
(2) For every object T', T'(idr) = {idtm;q,. }.

Proof.
1. Theorem 4.67 yields the following bijection:

Also, we find préA)B’<A)Q[h] = <A)prOB’Q [h] = OB’Q - h.
2. The above bijection becomes in this case
T(idp.4) = {h € thom(A, A) | pry"T4 . b = idtm 4} = {idtm 4}
where the second equality follows from prS"idF'A = idtmy. Since idpr = Wiq,.(idr), the only

element in T'(idr) is idtmq,.. L]

Theorem 5.18. Let A € F/T" and P € F/T'.A. Precomposition with prOA’P is weakening by
P, ie.

(prg") =W

E/T.A—2—~ ", E/T.AP

Proof.

(prép)* _ Spr()“’P oWap/A
= S(pyidtm, © Wp/Wa(A) o Wa/A
= Wp o Sidtm, © Wa/A
=Wp ]

We conclude this section with a description of the projections and the pairing operation

of an E-system in the image of the functor CE2E from Construction 5.6 in terms of the
underlying CE-system structure.
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Lemma 5.19. Let A be a CE-system and consider the E-system E := CE2E(A). For every
object T, every A € F/T', P € F/T.A, it is

pro” = (idp.a.p, P) € Ca(T.A.P,T.A.P.(A.P)A)

pri” = (idr.a.p,idr.a.p) € Ca(T.A.P,T.A.P.(P)P)
and, for every x € T(A) and u € T'(SzP), it is
x.u = my (x,P)ou € Cy(T',T.A.P).

Proof. The first two claims follow immediately from Definition 4.64 and the definitions in
Construction 5.6. The third claim follows from commutativity of the front-left face in the
diagram below.

o (x,P)

r.Ap

r L r.s;pP

\
AP
/ \ e
I'A.P —
\
x
o (z,P) S

xT

This diagram commutes by definition, in the sense that every square not involving the top
row is a chosen pullback in A, and the remaining part commutes by definition of idtm 4 p
and z.u in Construction 5.6 and Definition 4.61, respectively. In this diagram we drop
occurrences of the functor I and freely use notation from the E-system CE2E(A) to increase

readability. []

5.2.2. The interchange laws. We are now in the position to define vertical and horizontal
composition, and prove properties of them. In particular, we conclude the section showing in
Theorem 5.28 that every pair f € thom(A, B) and F' € thomy(P, Q) induces a morphism,

. . AP B,Q
i.e. a commuting square, from pry”* to pry’~.

Definition 5.20. Let f € thom(A, B) and F' € thom(P, Q). Then we define
fx F:=({P)f).F €thom(A.P, B.Q).

This is well defined: we have (P)(Q - f) = Q-((P)f) = S(pysoWa.p/B(Q) since Wp is a
substitution homomorphism, therefore f x F' € T(((A.P)B).Wa.p/B(Q)) =T((A.P)(B.Q))
by Definition 4.61 and functoriality of W4 p.
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Whenever we say that we have a diagram of the form

RLS

ALB

we mean that we have fy € thom(A, B), fi € thomg, (P, Q) and fo € thomy,. ¢ (R, S).

Lemma 5.21. Let H : E — D be an E-homomorphism. For every f € thom(A, B) and
F € thomy(P,Q) it is

H(f x F) = H(f) x H(F).
Proof. H(f x F)=H((Q)f.F)=(HQ)Hf.HF = H(f) x H(F). []
Lemma 5.22. Vertical composition is associative.

Proof. Consider the diagram

in context I'. Because weakening distributes over term extension, and term extension is
associative, we have

(fox f1) x fa = (RY({P) fo-f1)-f2
((R)(P) fo-(R) f1)- 2

<PR>f ((R) f1-f2) (By Corollary 4.63)
= Jox (f1 % f2). ]
Definition 5.23. Let f € thom( ,B) and F € thomf(P,Q). Then we define the E-

homomorphism
F* = F* o (f*/Q) : E/T.B.Q — E/T.A.P.
The infix notation of F'* is taken to be — e F.
Lemma 5.24. Let f € thom(A, B) and F € thom(P,Q). Then we have the equality
—(fx P
Proof.
o (f*/Q) = SroWpoSs/(Wa(Q)) o Wa/B.Q
— SF 9] SWP(f)/WP(WA(Q)) o WP/WA(BQ) o WA/BQ
= S o Swp()/Wp(Wa(Q)) e Wa.p/B.Q
= Swp(f).r o War/B.Q (By Theorem 4.62)
=(fxF)". O
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In the next theorem we prove the interchange law of horizontal and vertical composition.
Its proof uses the following fact.

Lemma 5.25. Let f € thom(A, B) be an internal morphism in context I'. Then one has
ffoWp =Wjy.
Proof. The proof is a simple calculation:
[foWp=S8;0Wa/BoWp=S8;0Wy,pyoWa=Wa. []

Theorem 5.26. Consider the diagram

PLQL>R
AL>BL>C’

wn context I'. Then the equality

(gxG)-(fxF)=(g9-f)x (GeF)
of morphisms from A.P to C.R in context I' holds.

Proof. By Lemma 5.24, we have

(9% G)- (fx F)=Fo(f/Q)(((Q)g).G) (By Lemma 5.24)
=F"(((Q- flg- )-(fT/Q(G)))
=(F"((Q- g - )-(F o f*/Q(G))
=(F"((Q-flg-[)(GeF)
=({(P)g-f).(GeF) (By Lemma 5.25)
=(g-f)x (GeF). O

Theorem 5.27. Consider the diagram

PLQ&

R

in context I'. Then F* o G®* = (G e F')*. In other words the composition — e — is associative.

Proof.
FoG*=(fxF) o(gxG)" (By Lemma 5.24)
=(gx G- fxF)* (By Lemma 5.15)
=((g-f)x (Ge F))* (By Theorem 5.26)
=(GeF)". (By Lemma 5.24)

[
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Theorem 5.28. Let f € thom(A, B) and F € thomy(P,Q). Then f x F is the unique
morphism from A.P to B.Q with the property that both the diagram

AprLE Bo

PrE)A’P pr(])B’Q
A — B
37
commutes and pry Q. (fx F)=F.
Proof. We first note that

pry - (f % F) = F* o (£*/Q)((Q)idtmp) (By Lemma 5.24)
=F*o(Q- f)(idtmp - f)
=Fo(Q-N)f
= (P)f (By Lemma 5.25)
=f- pr‘04’P. (By Theorem 5.18)
Also, we have
pry@ - (f x F) = F* o (£*/Q)(idtmq) (By Lemma 5.24)
=idtmg.; - F
=F.

Thus, we conclude that f x F has indeed the stated property. For the uniqueness, let
G : A.P — B.Q be a morphism such that prg’Q -G=f- pré’P and prf’Q -G = F. Then it
follows that

G

(f-prg"P).F: (P\f.F=fxF ]

5.2.3. The functor from E-systems to CE-systems. Let Esys, be the category of pointed
E-systems: objects are pairs (E,I") of an E-systems E and an object T" in its underlying strict
category, and arrows are E-homomorphisms that preserve the distinguished object. There is an
evident forgetful functor Esys, — Esys together with an embedding E2E, : Esys «— Esys,
which picks out the terminal object of an E-system.

Problem 5.29. To construct a functor E,2CE: Esys, — CEsys.

Construction 5.30 (for Problem 5.29). Let (E,T") be a pointed E-system and consider the
category of terms Cg(I') from Theorem 5.16. Define a functor IL : F/T' — Cg(I) as follows. It
is the identity on objects and maps an arrow Q: A.QQ — A in F/T to prgl’Q € thom(A.Q, A).

For functoriality, we compute pr(‘?’idr"‘ = (idp_4)idtm4 = idtm 4 and

pri" @ — (Q.R)idtm 4 = (R)((Q)idtm 4)

= (R)pry? = (proQ’R)*(proA’Q)

A, R
= pr, Q. prOQ .
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Next, we show that Cg(I") admits a functorial choice of pullbacks of arrows in the image
of Iy. Given f € thom(A, B) and R in F/I'.B, thereis R- f in F/T".A. We define

mo(f, R) := f xidtmp.s: AR- f — B.R. (5.5)
Then the following diagram in Cg(T")

7r2(f7R)

A(R-f) B.R
pré,ﬂfl lprf”* (5.6)
A f > B

commutes. The functoriality conditions follow immediately from the interchange laws proven
in Section 5.2.2. To show that (5.6) is a pullback square, consider a morphism g : X — A in
Ce(T") and use the isomorphisms

{h € thom(X,B.Q) | pry? h=f-g} =T(Q-(f-9) =T(Q-f)-g)
=~ {u € thom(X, A.(Q - f)) | prg"®7 - u = g}

given by Corollary 5.17 and Lemma 5.15.

Therefore, we have constructed a CE-system E.2CE(E,T) on If : /T — Cg(T).

Let now (D, A) be a pointed E-system and let F': E — D be an E-homomorphism such
that FT' = A. In particular, for every A, B € Fg/I" there is a function F': T((A)B) —
T((FA)FB). These functions give the action on arrows of a functor Fr: Cg(I') — Cp(FT)
whose action on objects is given by F/T": Fg/T' — Fp/FT. Functoriality of Fr follows from
the fact that F' is a projection homomorphism and Lemma 5.11. Using Lemma 4.65, we see
that It o It = I5T o (F/T'). Finally, it follows from Lemma 5.11 and Lemma 5.21 that Fy-
preserves the choice of pullback squares.

We have described the action of E,2CE on objects and arrows. Its functoriality is
straightforward. []

We obtain a functor E2CE: Esys — CEsys defining E2CE := E,2CE o E2E.,.

Remark 5.31. The CE-system E2CE(E) = E,2CE(E, [ ]) is on the functor IL': 7/[] —
Ce([]). It is also possible to have a CE-system with category of families given by F itself.
Consider the commutative square below, where the top functor ! maps an object I' to the
unique arrow Ip: I' — [ ].

Fg —— Fi/[]

d [

C ——Ce([])

The left and bottom functors are obtained as the factorisation of the composite of the top
and right functors into an identity-on-objects functor I followed by a fully faithful one. The
above Construction 5.30 can be easily adapted to obtain a CE-system on the functor I.
Alternatively, one could rephrase the results in Section 5.2.1 leading to Theorem 5.16, as
happening over the terminal object of the E-system. In this case, the version of the results
over a generic object I' can be recovered using the slice E-system E/T" from Corollary 4.53.
Keeping the category of families fixed in the process might seem to be an advantage
of this construction. However, as we discuss in Remark 5.38, it does not seem to have any
actual useful consequence on the adjunction of which E2CE is the left adjoint. For this
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reason, and because it is not an instance of the general construction from Theorem 5.16, we
prefer to use the one given in Construction 5.30.

Remark 5.32. For every E-system E and every I', the CE-system E,2CE(E,T") is rooted.
The canonical terminal object idr of Fg/I" is terminal in Cg(I') by Corollary 5.17 since for
every A € Fg/T
thom(A,idr) = T(Wx(idr)) = T'(idr. ).
Next we give the choice of pullbacks in a CE-system in the image of E2CE in terms of

the underlying E-system structure.

Lemma 5.33. For E an E-sytem and I' an object in E, consider the CE-system A :=
E.2CE(E,T"). For every A € F/T' and P,Q € F/T.A it is

(prgl’P)*Q = (P)Q € F/T.A.P
and
ma(pry ", Q) = pr Y € thom(P.(P)Q. Q).
Proof. The first equality follows from Theorem 5.18. For the second one:
7r2(pri0dF’A, B) = plrbdF X idtm 4y
= (W<A)B(A>idtmidr).idtm<A>B
= (Wa(B)idtmiq,.).(Waidtmp)
= (A)((B)idtm;q,..idtmpg)
(
(

)
= (4) pradr’ prlldF’B)
= (A)idtmp = idtm 4y
= pri WP, L]

5.3. Equivalence between E-systems and CE-systems. In this section, we show that

the functors constructed in Sections 5.1 and 5.2 form an adjunction that, when suitably

restricted, yields an equivalence of categories between rooted CE-systems and E-systems.
Specifically, we prove the following results:

Theorem 5.34.
(1) The functor E2CE is left adjoint to the functor CE2E.

E2CE
%
CEsys 1 Esys
%
CE2E

(2) The unit of the adjunction is invertible. In particular, the left adjoint E2CE is full and
faithful and the right adjoint CE2E is essentially surjective on objects.
(3) The counit component at a CE-system A is invertible if and only if A is rooted.

Corollary 5.35. The adjoint functors E2CE and CE2E induce an (adjoint) equivalence
between the category Esys of E-systems and the category rCEsys of rooted CE-systems.

Proof. The equivalence follows from Theorem 5.34, the observation in Remark 5.32 that, for
every E-system E, the CE-system E2CE(E) is rooted, and the fact that rCEsys is a full
subcategory of CEsys by Remark 3.14. []
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To prove Theorem 5.34 we construct unit and counit and prove the triangular identities.
In this proof we denote as

d
v — (5.7)

the canonical isomorphism of strict categories, for any strict category F with a terminal
object 1. We may still leave this isomorphism implicit when doing so creates no confusion.

Problem 5.36. To construct, for each E-system E, an invertible E-homomorphism ng: E —
CE2E o E2CE(E), naturally in E.

Construction 5.37 (for Problem 5.36). Let E be an E-system and denote its terminal
object by [ ]. In this proof we shall decorate with a hat the constituents of the E-system
structure of E := CE2E o E2CE(E). The underlying strict category of E is Fg/[ ] and, for
every X € (Fg/[])/'r, we have

T(X) = {hethom(r,rxnprmx h= |dtmgr}.

We define ng as the functor !: Fg — Fg/[] in (5.7) with term structure given by the bijections
T(A) —2— T(!(A)) (5.8)

from Corollary 5.17, that is, for A € Fg/I" and t € T(A), it is ng(t) := idtmy..t. Therefore
we have an invertible functor with term structure.
To conclude that this defines an invertible E-homomorphism, we compute for A € Fg/T

Wigayo (/1) = (prg*) o (1/T) = Wa o (1)
— (I)T.A) o Wa,
and for t € T(A),
o (1T A)) = (idtmy, )"
= Sidtmy..t © (W1 /!r.4)
= St 0 (Sigtm,, © (W1 /'1))/A

— (/D)o 5,
and finally
@(idtmy) = idtm.idtm4
= idtmy. ,
= id’Em!(A).

Finally, naturality in [E requires that any E-homomorphism F': E — D commutes with n
as functors with term structures. This follows from Lemmas 5.11 and 4.65. []

Remark 5.38. With the alternative construction for E2CE described in Remark 5.31,
the underlying category of CE2E o E2CE(E) is F itself. In this case we could replace the
isomorphism from (5.7) with an identity. However, the unit ng would not become an identity,
as the term structures would still be different (though isomorphic).

Problem 5.39. To construct, for each CE-system A, a CE-homomorphism e, : E2CE o
CE2E(A) — A, naturally in A.
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Construction 5.40 (for Problem 5.39). Let A be a CE-system and let E := CE2E(A) be
the associated E-system. The underlying functor of the CE-system A := E2CE o CE2E(A)
is In: F/[ ] — Cg defined in Construction 5.30. As before, we decorate with a hat the
constituents of the CE-system structure of A. For I',A in F, recall that thom(!a,!r) =
{A 5 A(AMP) | I(0AMR) 0 2 = ida} and let

thom(la, ) — 2 C(A,T) (5.9)

be the function that maps x to the arrow ma (I(!a),!r) oz of C. The functions ¢ give rise
to a functor ¥: Cg — C as follows. It maps identities to identities since the identity on I
in Cg is the only h € thom(!r,!r) such that mo (I(!p,!r) o h = idp. To see that it preserves
composites, consider the commutative diagram below which defines the composite y - x of
x € thom(!a,!r) and y € thom(!p,!z) in Cg.

m2(!a,!r)

A —=— A(IAMp)

Functoriality of ¥ amounts to the commutativity of the upper face.
To conclude that (d, ¥) is a CE-homomorphism it remains to show that it preserves
chosen pullbacks, since the square below commutes by definition of W.

Let then z € thom(!a,!r) and A € F/T. It is

z7(1(4)) = Sz o (Wi, /!r)ol(A)
=z" 0 (I(!a)"/!r)o!(4)
=1((m2 (I('a),!r) o x)*A)
=1(¥(z)"4)

whereas

W(ry (2,1(A4))) = m2(I(!a.((2)"4)): 'r.4) © T2 (2, 1(A)) = 2 (U (), A)



14:66 B. AHRrENs, J. EMMENEGGER, P.R. NorTH, AND E. RUUKE Vol. 21:1

holds by commutativity of the upper face in

AP (z)*A id
idtm\p(z)*A
° A.\II(:U)*A
. mo (¥(x),A)
id 7o (,!(A))
o [ FA
U(z)*A
A (2)A YA, A 4
B T (') )
r
id 3 3
AT (2)A v A - 1

This diagram commutes because all the squares not involving the top-left object are chosen
pullback squares in A, two of the remaining triangles commute by definition of idtm, and the
third one involving 72(z,!(A)) commutes by (5.5) and Lemma 5.19.

The component €4 : E2CE o CE2E(A) — A of the counit at A is defined to be the pair
(d, ¥). To see that this choice is natural in A it is enough to show that the square of functors

v
Ccrarm) —— Ca

| |7

v
Ccr2rm) —— CB

commutes for every CE-homomorphism F': A — B. Note that the action of the left-hand
functor coincide with that of F'. Commutativity of the square thus follows from

F(mg (x,A)) = w9 (Fx, FA)
which holds by definition of CE-homomorphism. L]
Next we prove the second claim in Theorem 5.34.

Lemma 5.41. For every CE-system A, the CE-homomorphism €5 from Problem 5.39 is
wwertible if and only if A is rooted.

Proof. Note first that each function ¢ in (5.9) induces a bijection

thom(Ia, ) — = {f € C(A,T) | I(lp) o f = I(1a)} (5.10)
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with inverse given by the universal property of the canonical pullback square below.

Al —— T

As soon as 1 is terminal in C, the right-hand set in (5.10) coincides with C(A,T"). Conversely,
if the counit components are invertible it follows from (5.10) that C(A,1) = {!a}. []

Proof of Theorem 5.34. 1. To complete the proof we show that, for an E-system E and a
CE-system A

CE2E(ep) oncezea) = ldee2ea)  and  epacir) © E2CE(nr) = ldgaci®E)-

It is clear that these equations hold between functors on families by the isomorphism in (5.7).
It remains to show that they hold also between the term structures in the left-hand one, and
between functors on substitutions in the right-hand one.

For a CE-system A, a family A € F/T and y € T(A) ={z: T - T.A | I(A) oz =idr},
Lemma 5.33 yields ncgag(a)(y) = m2(idtmy,, ma('p, Ir)*A) o y. It follows that

CE2E(ep) o ncger(a)(¥) = m2('r, 'r.a) o ma(idtmy,, mo('r, Ir)"A) o y
= ma(ma(!r, 1), A) o ma(idtmy., ma (!, Ir)*A) oy
= mo(mao(lp, Ir) oidtm;., A) oy
=y.
For an E-system E, objects A and I' and f € thom(!a, !r), Lemmas 5.33 and 4.66 yield

epacr®) © B2CE(R)(f) = pri> "> fidtmy,..f] = f.

This concludes the proof of the adjunction.
3. This is Lemma 5.41. ]

5.4. Equivalence between B-systems and C-systems. Here we describe the main
contribution of our work: the construction of an equivalence of categories between the
category of C-systems of Section 3 and the category of B-systems of Section 4.

Lemma 5.42. The functor CE2E: CEsys — Esys from Construction 5.6 restricts to a
functor CE2E: rCEsys, — Esys, between stratified systems.

Proof. To see that the E-system CE2E(A) is stratified whenever the rooted CE-system A is
stratified, note first that the underlying category F is stratified by assumption. Weakening
and substitution homomorphisms are stratified since the pullback functor that defines them
in Construction 5.6.(5.3,5.4) is stratified.

For a stratified CE-homomorphism F', the underlying functor of the E-homomorphism
CE2E(F) is the component F'r of F' on families, which is stratified by assumption. L]

Lemma 5.43. The functor E2CE: Esys — rCEsys restricts to a functor E2CE: Esys, —
rCEsys, between stratified systems.
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Proof. Let E be a stratified E-system. In particular, the underlying category F is stratified.
Since weakening and substitution homomorphisms are also stratified by assumption, so is
the precomposition homomorphisms from Definition 5.10. It follows that the CE-system
E2CE(E) is stratified.

For a stratified E-homomorphism F', the component on families of the CE-homomorphism
E2CE(F) is the underlying functor of F', which is stratified by assumption. L]

Lemma 5.44.

(1) For every stratified E-system B, the unit component ng of Construction 5.37 is a stratified
E-homomorphism.

(2) For every stratified CE-system A, the counit component 5 of Construction 5.40 is a
stratified CE-homomorphism.

(3) The adjunction E2CE 4 CE2E from Theorem 5.34.1 restricts to an adjunction

E2CE

%
CEsys, L Esys,.
CE2E

between subcategories of stratified structures.

Proof.

(1) The underlying functor of the unit component ng is the functor !: F — F/[ ] from (5.7).
This functor is stratified since L([ |) = 0.

(2) The underlying functor of the counit component €4 on families is the inverse d: F/1 — F
of I: F — F/1, and it is stratified for the same reason.

(3) This is a consequence of Lemmas 5.42 and 5.43 and Items 1 and 2 just proved. ]

Define a functor C2B: Csys — Bsys as the composite

Csys —CE rCEsys, _CE2E , Esys, _E2B Bsys (5.11)
where the functors are, in order, CE from Construction 3.25 CE2E from Construction 5.6

and E2B from Construction 4.87. Similarly, we obtain a functor B2C: Bsys — Csys in
the other direction as the composite

Bsys —22E ; Esys, —2CE , rCEsys, — = Csys (5.12)

where the functors are, in order, B2E from Lemma 4.78, E2CE from Construction 5.30 and
C from Definition 3.29.

Theorem 5.45. The pair of functors C2B and B2C establish an equivalence between the
category of C-systems and the category of B-systems.

Proof. The functors defining C2B in (5.11) and B2C in (5.12) are essentially inverse to each
other by Theorems 3.31 and 4.90 and Corollary 5.35. The claim follows since equivalences
compose. ]
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6. CONCLUSION

We have constructed an equivalence between the category of C-systems and the category
of B-systems, each equipped with a suitable notion of morphism. The equivalence does not
rely on classical reasoning principles such as the axiom of choice or excluded middle. This
equivalence constitutes a crucial piece in Voevodsky’s research program on the formulation
and solution of an initiality conjecture.

Some questions that remain open:

e Voevodsky has studied different type constructions on C-systems, in particular, dependent
function types [Voel6a, Voel7b| and identity types [Voe23b|. The equivalence constructed
in the present paper should be extended to type and term constructors on C-systems and
B-systems.

e Via Generalized Algebraic Theories, B-systems and C-systems relate to Garner’s algebras
for a monad on type-and-term systems [Garl15], in the form of an equivalence of categories.
It would be very useful to have an explicit description of the maps back and forth, without
passing through GATs.

e E-systems and CE-systems should be related to other unstratified categorical structures
for the interpretation of type theory, such as categories with families [Dyb96].

e Voevodsky envisioned a formalization, in a computer proof assistant, of his theory of type
theories; some work by Voevodsky towards this goal is available online.* A formalization
of the equivalence between B- and C-systems is still missing.

e As remarked in the introduction, B-systems seem more suitable than other semantics to
accommodate for modifications of the syntax (either restricting to substructural rules, or
extending it with type constructors and operators). Carrying these modifications over
along the equivalence could yield corresponding formulations for C-systems and more
traditional semantics.
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