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ABSTRACT. Register automata are a basic model of computation over infinite alphabets.
Fresh-register automata extend register automata with the capability to generate fresh
symbols in order to model computational scenarios involving name creation. This paper
investigates the complexity of the bisimilarity problem for classes of register and fresh-
register automata. We examine all main disciplines that have appeared in the literature:
general register assignments; assignments where duplicate register values are disallowed;
and assignments without duplicates in which registers cannot be empty. In the general
case, we show that the problem is EXPTIME-complete.

However, the absence of duplicate values in registers enables us to identify inherent
symmetries inside the associated bisimulation relations, which can be used to establish a
polynomial bound on the depth of Attacker-winning strategies. Furthermore, they enable a
highly succinct representation of the corresponding bisimulations. By exploiting results
from group theory and computational group theory, we can then show membership in
PSPACE and NP respectively for the latter two register disciplines. In each case, we find
that freshness does not affect the complexity class of the problem.

The results allow us to close a complexity gap for language equivalence of deterministic
register automata. We show that deterministic language inequivalence for the no-duplicates
fragment is NP-complete, which disproves an old conjecture of Sakamoto.

Finally, we discover that, unlike in the finite-alphabet case, the addition of pushdown
store makes bisimilarity undecidable, even in the case of visibly pushdown storage.

1. INTRODUCTION

Register automata are one of the simplest models of computation over infinite alphabets.
They consist of finite-state control and finitely many registers for storing elements from the
infinite alphabet. Since their introduction by Kaminski and Francez [KF94] as a candidate
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formalism for capturing regularity in the infinite-alphabet setting, they have been actively
researched especially in the database and verification communities: selected applications
include the study of markup languages [NSV04] and run-time verification [GDPT13]. While
register automata can detect symbols that are currently not stored in registers (local
freshness), the bounded number of registers means that they are not in general capable of
recognising inputs that are genuinely fresh in the sense that they occur in the computation for
the first time (global freshness). Because such a feature is desirable in many contexts, notably
dynamic resource allocation, the formalism has been extended in [Tzell] to fresh-register
automata, which do account for global freshness. This paper is concerned with the problem
of bisimilarity testing for register and fresh-register automata.

Bisimulation is a fundamental notion of equivalence in computer science. Its central role
is, in part, derived from the fact that it is intensional and yet very robust. Consequently, the
algorithmics of bisimilarity have attracted a lot of attention from researchers interested in
the theory and practice of equivalence checking. When the set of observable actions available
to a system is finite, a lot is already known about the complexity of the problem for specific
classes of systems, although tight bounds are often difficult to obtain in the infinite-state
cases [Srb08]. In this paper we prove a number of bounds on the complexity of bisimulation
equivalence checking. We note that in this setting language equivalence is known to be
undecidable [NSV04].

Our results are expressed using a unified framework that comprises all variations that
have appeared in the literature. They differ in the allowed register assignment discipline,
which turns out to affect complexity. Assignments are allowed to be

(S) & single, if the contents of all registers are required to be distinct; or
(M): multiple, if we allow for duplicate values.

Furthermore, registers are required to

(F'): always be filled; or
(#0): initially allowed to be empty; or
(#): allowed to be erased and filled during a run®.

The complexity of bisimilarity checking for each combination is summarised in the table
below, where we use the suffix “-c” to denote completeness for this class and to denote
solvability only. The results hold regardless of whether one considers register or fresh-register
automata.

i
-S

(M3#) | (M#to) | (MF) | (S#) | (S#o) | (SF)
EXP-c | EXP-c | EXP-c | EXP-c | PSPACE-c | NP-s

Our work thus provides a practical motivation for modelling systems with single assign-
ment whenever possible — if the system does not need to erase the contents of registers
mid-run, the corresponding equivalence problems are lower in the complexity hierarchy.

We start by giving coarse, exponential-time upper bounds for all the classes of system
considered by showing how any such bisimilarity problem can be reduced to one for finite-state
automata at exponential cost. For all the multiple assignment machines this bound is tight
and, for single assignment, tightness depends upon whether or not erasing is allowed. The
implied significance of being able to erase the contents of registers is explained by our proof
that the bisimulation games associated with such systems can simulate the computations of

1Empty content is “#”. A full definition of each of the automaton variants is given in Section 2.
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alternating Turing machines running in polynomial space. Here we set up an encoding of
the tape, determined by the presence or absence of content in certain registers, and erasing
of registers corresponds to writing of tape cells.

Once erasure is forbidden under single assignments, we obtain better bounds by investi-
gating the structure of the associated bisimulation relations. Such relations are generally
infinite, but only the relationship between the register assignments in two configurations
is relevant to bisimilarity, and so we work with a finite, though exponentially large, class
of symbolic relations built over partial permutations (to link register indices). Due to
the inherent symmetry and transitivity of bisimilarity, each such relation forms an inverse
semigroup under function composition. Also, crucially, the relations are upward closed
in the information order. Although, taken separately, neither of the preceding facts leads
to an exponential leap in succinctness of representation, taken together they reveal an
interconnected system of (total) permutation groups underlying each relation. What is more,
in any play of the associated bisimulation game, the number of registers that are empty
must monotonically decrease. This, together with an application of Babai’s result on the
length of subgroup chains in symmetric groups [Bab86], allows us to show that any violation
of bisimilarity can be detected after polynomially many rounds of the bisimulation game.
Consequently, in this case, we are able to decide bisimilarity in polynomial space.

From a conceptual point of view, the use of group theory helps us capture symmetries
in bisimulation relations, express them in a succinct and structured way and manipulate
them effectively. We regard the use of group-theoretic techniques in this context to be
the technical highlight of the paper, and hope that it will inspire further fruitful interplay
between automata over infinite alphabets and computational group theory.

The polynomial bound mentioned above enables us to close a complexity gap (between
NP and PSPACE) in the study of deterministic language equivalence. Namely, we show
that the language inequivalence problem for deterministic RA(S#¢) is in NP, and thus
NP-complete, refuting a conjecture by Sakamoto [Sak98|.

Further, if registers are additionally required to be filled (SF'), we can exhibit very
compact representations of the relevant bisimulation relations. The fact that permutation
groups have small generating sets [MN87] allows us then to design a representation for
symbolic bisimulations that is at most polynomial in size. Furthermore, by exploiting
polynomial-time membership testing for permutation groups given in terms of their generators
[FHL8&0], we show that such a representation can be guessed and verified by a nondeterministic
Turing machine in polynomial time.

Finally, we consider bisimilarity for visibly pushdown register automata (VPDRA)
under the SF register discipline, and we show that the problem here is already undecidable.
Since VPDRA(SF) are a particularly weak variant, this result implies undecidability for
all PDRA considered in [MRT14]. In contrast, for finite alphabets, (strong) bisimilarity
of pushdown automata is known to be decidable [Sén05] but non-elementary [BGKM13],
with ACKERMANN being the best upper bound [JS19]. In the visibly pushdown case, the
problem is EXPTIME-complete [Srb06].

Related Work. The complexity of bisimilarity problems has been studied extensively
in the finite-alphabet setting and the current state of the art for infinite-state systems is
summarised nicely in [Srb08]. Recent papers concerning the complexity of decision problems
for register automata have, until now, not considered bisimulation equivalence. However,
there are several related complexity results in the concurrency literature.
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In his PhD thesis, Pistore [Pis99], gives an exponential-time algorithm for bisimilarity
of HD-automata [MP97]. Since Pistore shows that bisimulation relations for HD-automata
have many of the algebraic properties® as the relations we study here, it seems likely that
our algorithm could be adapted to show that the bisimilarity problem for HD-automata is
in NP. Indeed, a compact representation of symmetries using generators for such a purpose
was envisaged by [CM10].

Jonsson and Parrow [JP93] and Boreale and Trevisan [BT00] consider bisimilarity over
a class of data-independent processes. These processes are terms built over an infinite
alphabet, but the behaviour of such a process does not depend upon the data from which
it is built. In the latter work, the authors also consider a class of value-passing processes,
whose behaviour may depend upon the result of comparing data for equality. They show
that if such processes can be defined recursively then the problem is EXPTIME-complete.
Since value passing can be seen as a purely functional proxy for multiple register assignments,
this result neatly reflects our findings for RA(M#). Finally, decidability of bisimilarity
for FRA(S#¢) was proven in [Tzell], albeit without a proper study of its complexity (the
procedure given in loc. cit. can be shown to run in nondeterministic exponential time).

Finally, in a recent follow-up paper [MRT18], we showed that the language equivalence
problem for deterministic RA(SF) is in P, in contrast to NP-completeness for RA(S#o),
established in the present paper. For RA(SF'), this still leaves a complexity gap between
NL and P.

It would be interesting to see to what extent our decidability and complexity results can
be generalised, e.g. in settings with ordered infinite alphabets or nominal automata [BKL14].

Structure. In Section 2 we introduce the preliminaries and prove all of the EXPTIME
bounds in Section 3. Then we start the presentation of other results with register automata,
as the addition of global freshness requires non-trivial modifications. In Section 4 we
show bounds for the (S#() problems and apply the techniques to deterministic language
equivalence in Section 5. Section 6 covers further improvements for the (SF) case. In
Section 7 we generalise our techniques to fresh-register automata and, finally, consider the
pushdown case in Section 8.

2. PRELIMINARIES

We introduce some basic notation. Given a relation R C X x Y, we define dom(R) = {x €
X |3y.(xz,y) € R} and rng(R) = {y € Y |3z.(z,y) € R}. For natural numbers i < j, we
write [i, j] for the set {7, +1,...,j}. P(X) stands for the powerset of X.

2.1. Bisimilarity. We define bisimulations generally with respect to a labelled transition
system. As we shall see, the particular systems that we will be concerned with in this paper
are the configuration graphs of various classes of (fresh-) register automata.

Definition 2.1. A labelled transition system (LTS) is a tuple S = (C, Act, —), where C
is a set of configurations, Act is a set of action labels, and — C C x Act x C is a transition

relation. For £ € Act, we use - to refer to — N (Cx {£} xC).

2E.g. the active names of [Pis99] are comparable to our characteristic sets.
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A binary relation R C C x C is a bisimulation if for each (k1,r2) € R and each
{ € Act, we have:

(1) if k1 LN K}, then there is some ko 4 kb with (K}, k}) € R;
(2) if Ko EN Kb, then there is some K 4 ky with (K], k) € R.

We say that k1 and ko are bisimalar, written k1 ~ kKo, just if there is some bisimulation R
with (k1, k2) € R.

Let us recall that bisimilarity has a very natural game-theoretic account. Given two
configurations, one can consider a bisimulation game involving two players, traditionally
called Attacker and Defender respectively. They play rounds in which Attacker fires a
transition from one of the configurations and Defender has to follow with an identically
labelled transition from the other configuration. In the first round, the chosen transitions
must lead from the configurations to be tested for bisimilarity, while, in each subsequent
round, they must start at the configurations reached after the preceding round. Defender
loses if he cannot find a matching transition. In this framework, bisimilarity corresponds
to the existence of a winning strategy for Defender. The process of playing a bisimulation
game naturally favours Attacker as the decision maker but, thanks to the forcing technique
of [JS08], it is possible to construct transition systems in which Defender effectively ends up
making choices.

2.2. Fresh-register automata. We will be interested in testing bisimilarity of configu-
rations generated by machines with registers and pushdown stack in the infinite-alphabet
setting, i.e. as Act we shall use the set ¥ x D for a finite alphabet ¥ (with its elements
sometimes called tags) and an infinite alphabet D (with its elements sometimes called
names), cf. data words [NSVO04].

Definition 2.2. An r-fresh-register automaton (r-FRA) is a tuple A = (Q, X, §), where:

e () is a finite set of states;

e Y is a finite set of tags;

e 0 CQxXEX(P([L,r)U{®}) x[0,r] x P([1,7]) x Q is the transition relation, with elements
. X0, 7 . e .

written as ¢ LAng, q'. We assume that in any such transition i ¢ Z.

Finally an r-register automaton (r-RA) is a special case of an r-FRA such that all its
. X407, .

transitions ¢ ——= ¢’ satisfy X # ®.
An r-register assignment is a mapping of register indices to letters from the infinite

alphabet D and the special symbol #, i.e. a function:

p:[l,r] = DW{#}.
The # symbol is used to represent the fact that a register is empty, i.e. contains no
letter from D. Consequently, by slight abuse of notation, for any r-register assignment
p we will be writing rng(p) for the set p([1,7]) N D, and dom(p) for p~1(rng(p)), where

p~t={(d,i) | d€DA(i,d) € p}. Finally, we shall use two kinds of assignment update. For
any d € D,i € [0,r],Z C [1,7] and assignment p we set:

i d— {{(z:d)} ULG.p) |G € L\ (it} ifi #0

) otherwise,
plZ =3 =10, #) 17 € 2y {0, p() | j € [1,n]\ Z}.
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Note that, in the former case, no update takes place when ¢ = 0 but we keep the update
notation for notational convenience.

The meaning of a transition ¢ M ¢ is described as follows. The components ¢ and
X are a precondition: for the transition to be applicable, it must be that the next letter of
the input has shape (t,a) for some a € D and, moreover:

e if X C[1,7] then a is already stored in exactly those registers named by X;
e if X = ® then a is (globally) fresh: it has so far not appeared in the computation of A.

If the transition applies then taking it results in changes being made to the current register
assignment, namely: a is written into register ¢ (unless ¢ = 0, in which case it is not written
at all) and all registers named by Z have their contents erased.

Definition 2.3. A configuration r of an -FRA A is a triple (q, p, H) consisting of a
state ¢ € @), an r-register assignment p and a finite set H C D, called the history, such that
mg(p) CH. If LANZ, g2 is a transition of A, then a configuration (q1, p1, H1) can make
. . . . (t.d)

a transition to a configuration (g2, p2, H2) accepting input (¢,d), written (qi1, p1, H1) —>
(CI% P2, H2)7 jUSt lf
o X ={jlpi(j) =d}, or X = ® and d ¢ H;
® p2 = pili— d|[Z — #];
e Ho=H; U {d}
We will sometimes write the set of configurations of A by C 4 and the induced transition
relation by — 4. We let S(A) be the LTS (C4, X x D, —4).

On the other hand, a configuration k of an r-RA A is a pair (g, p) of a state ¢ € @ and
an r-register assignment p. The LTS (C 4, ¥ X D, — 4) is defined precisely as above, albeit

excluding histories and fresh transitions. More precisely, if ¢; LXnZ, g2 is a transition of A,
t,d o . . .
then (g1, p1) "% (g2, p2) just if X = {j | p1(j) = d} and py = pafi =+ d)[Z > #].

We define several specific classes of fresh-register automata that we will study in this work
by considering configurations and transitions restricted according to the register assignment
discipline followed.

Duplication in assignment. We consider two register storage policies, namely single assign-
ment (S) or multiple assignment (M ). In single assignment, we restrict register assignments
to be injective on non-empty registers, i.e. for all 7,5 € [1,7], p(i) = p(j) just if i = j or
p(i) = # = p(j). In multiple assignment there is no such restriction. To ensure that all

configurations respect the register assignment discipline, in the (S) case every transition

q1 REESULN g2 is required to satisfy the following condition: if X C [1,r]| then |X| <1 and if

X # () then i = 0. This simply corresponds to the fact that d € D matches the content of at
most one register and, if d is already stored in a register, it will not be written back to any
(other) register.

Emptiness of registers. We consider the automaton’s ability to process empty registers. We
say that either all registers must always be filled (F'), that registers may be initially empty
(#0) or that the contents of registers may be erased (#) during a run. Under condition
(F), r-register assignments are restricted so that # ¢ p([1,7]). Under conditions (F') and

.- ,X,0,7Z .. . .
(#0), every transition ¢ LAnZ, g2 must have Z = (). Condition (#) imposes no specific
restrictions.
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We describe particular classes by the acronym FRA(XY') in which
X e{M, S} and Y € {F, #o, #}.

The class FRA(XY') refers to specialisations of Definitions 2.2, 2.3 to transitions and register
assignments satisfying the constraints imposed by X and Y. For instance, FRA(S#)-
configurations are functions from [1,7] to DU {#} that are injective on non-empty registers,

X,i,7 o
and every transition of such a machine is of the form ¢; LALZ 4o with X € {®,03U{{j}|j €

[1,7]} and Z = 0 such that X = {j} implies ¢ = 0. In a similar manner, we define the classes
RA(XY).

Remark 2.4. The class RA(MF) follows the register assignment discipline of the register
automata defined by Segoufin [Seg06]. The class RA(M#) follow the register assignment
discipline of the M-Automata defined by Kaminski and Francez [KF94] and the class of
RA(S#) follows the assignment discipline of the finite memory automata considered in
the same paper. The class RA(SF) contain automata that follow the register assignment
discipline of the machines considered by Nevin, Schwentick and Vianu [NSV04]. The class
FRA(S#0) follow the register assignment discipline of the automata defined in [Tzell].
We note that the automata from [KF94, NSV04, Tzell] mentioned above are a little more
restrictive in that every name encountered by the automaton must be stored in some register,

ie i#03
In this paper we are concerned with the following family of decision problems.

Definition 2.5. Let X € {M, S} and Y € {F, #o, #}.

e The problem ~-FRA(XY') is: given an FRA(XY') A and configurations x; = (¢1, p1, H)
and ko = (qo, p2, H), does k1 ~ kg hold in S(A)?

e The problem ~-RA(XY) is: given an RA(XY) A and configurations x; and kg , does
K1 ~ kg hold in S(A)?

We shall relate the various classes of bisimilarity problems that we study by their
complexity. We write P, < P, to denote that there is a polynomial-time many-one reduction
from problem P; to problem Ps.

Lemma 2.6. The considered bisimilarity problems can be related as in Figure 1.

Proof. First note that, for all XY, any RA(XY') A can be trivially seen as an FRA(XY)
A’ (i.e. A’ has the same components as A). We claim that, for any pair (q1, p1), (g2, p2) of
RA-configurations of A,

(q1,p1) ~ (g2, p2) <= (q1,p1, H) ~ (g2, p2, H) (*)
where H = rg(p1) Urng(p2) and (q1, p1, H), (g2, p2, H) are configurations of A’. Indeed, we

can show that the relation between A- and A’-configurations given by:

R={((g;p);(q,p,H)) | rg(p) € H }

is a bisimulation, from which we obtain (x).

3In the conference version of the paper, we added this restriction to the definitions of F' and #o. Also, the
definition of S was slightly different therein: we stipulated that X C {i}, i.e. we allowed an input letter
already present in a register to be unnecessarily overwritten with itself rather than simply preserved (as in
the current version). These differences between the conference version and the current one were triggered by
reviewers’ suggestions and do not affect any of the results.
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We next show the FRA-bisimilarity reductions; the RA-bisimilarity reductions are shown
in a similar (simpler) way.

Observe that, for any X € {S, M}, ~-FRA(XF) < ~-FRA(X#0) < ~-FRA(X#).
This is because any FRA(X F') can be viewed trivially as an FRA(X#o) in which all registers
begin filled and, similarly, any FRA(X#() can be viewed trivially as an FRA(X#) in which
no registers are ever erased.

Now, given an m-FRA(S#) A and two configurations x; and k2 we construct a 27-
FRA(MF) A’ and configurations k1 and k3 in which every register k of A is simulated
by two registers 2k — 1 and 2k of A’. The representation scheme is as follows: if registers
2k — 1 and 2k of A’ contain the same letter then register k of A is empty, otherwise the
register k in A contains exactly the contents of register 2k in A’. Additionally, the content
of odd-numbered registers in k7, k2 will be the same, which will make it easy to simulate
erasures: to simulate the erasure of register k in A it will suffice to copy the content of
register 2k — 1 into 2k in A’.

The states of A’ are the states of A augmented by an additional state ¢t for every q € Q,
i € [1,r] and every 7 € §. The extra states subscripted with 7 will be used to simulate

potential erasures caused by 7.
. ,X,1,Z . . .
Each transition 7 = ¢ LALZ, q of A, in which X C [1,r] and |X| < 1, is simulated by

a sequence of transitions of A" with the following shape:

£{1}.2.0 t{2r—1},2r,0
£.2X 2.0 /\
g L 0 men Y g penen o
t,{1,2},0,0

t,{2r—1,2r},0,0

where 2X is a shorthand for {2z |z € X}. For each j € [1,r] the solid (upper) arrow
labelled (¢, {2k — 1}, 2k, D) exists just if k£ € Z: this transition models erasure of a non-empty
register. The dashed arrow labelled (¢, {2k — 1},0,0) exists just if k¥ ¢ Z: it models lack
of erasure for non-empty register k, but we add these transitions so that A’ can behave
uniformly regardless of whether erasures are needed or not. The solid (lower) arrow labelled
(t,{2k — 1,2k}, 0,0) applies in case register k is empty (we do nothing, regardless of whether

k € Z or not). On the other hand, each transition 7 = ¢ M q of A is simulated by the

following sequence of transitions of A’:

£(1}.2.0 t,{2r—1},2r,0
£,®,2i,0 /\
¢ —— gz - W00 g2 gr o nz1pop s
t,{1,2},0,0

t,{2r—1,2r},0,0

where solid and dashed arrows are as above.

We say that a pair of configurations (q1, p1), (g2, p2) of A’ represents a pair of configu-
rations (q1, p1), (g2, p2) of A just if p1 is a representation of p; and ps is a representation of
po as discussed above and, furthermore:

o forall k € [1,7],4 € [1,2r], j € {1,2}: if p;(2k — 1) = pj(i) then i € {2k — 1,2k}
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~-FRA(SF) < ~-FRA(S#0) < ~-FRA(S#) < ~-FRA(MF) < ~-FRA(M#0) < ~-FRA(M#)
VI VI VI VI VI VI
~-RA(SF) < ~-RA(S#0) < ~-RA(S#) < ~-RA(MF) < ~-RA(M#,) < ~-RA(M#)

Figure 1: Relationship between the main bisimilarity problems considered in this work.

o forall k € [1,7]: p1(2k — 1) = p2(2k — 1)

These latter two properties can easily be seen to be an invariant of configurations reachable
from any pair that initially satisfy it, since transitions of A’ only write to even numbered
registers 2k and only with a fresh letter or the contents of the adjacent register 2k — 1.

By construction, the automaton A’ faithfully simulates the original in the following
sense, given configurations (q1, p1), (g2, p2) of A and A’ representations p; of p; and py of

p2: (q1,p1) ~ (g2, p2) in S(A) iff (g1, p1) ~ (g2, p2) in S(A'). [l

2.3. Groups and permutations. Next we introduce notation related to groups and
semigroups. Their use will be intstrumental to improving upon our initial EXPTIME
bounds. Group-theoretic arguments and computational procedures based on them will be
employed in Sections 4, 5, 6 to study register automata, and in Section 7 in the fresh-register
case.

For any S C [1,n], we shall write Sg for the group of permutations on S, and ZSg for
the inverse semigroup of partial permutations on 5. For economy, we write S, for Sy ,,);
and ZS,, for ZS| ;). For partial permutations o and 7, we write o;7 for their relational
composition:

o;7={(,7) | 3ko(i) =kAT(k)=7}

Given i,j € [1,n], we write (i j) for the permutation swapping ¢ and j, that is, (i j) =

{G69), Gy U{(k, k) € [L,n)* | B #14, 5}

2.4. Update notation. We shall be applying updates to partial permutations o € ZS,,
by adding new mappings [i — j| or pre- or post-composing them with swappings (i j). For
notational convenience it is useful to have i,j € [0,n], but extra care is needed when i = 0
or j =0. Given 0 € ZS,, and i,j € [0, n], we let:

{0l i) e | " #ing' #5} ifije(ln]

o {@.5") eo|i #3} ifi=0and j £0
olimgl=9,.", L o T
{(¢/,j") eo | #1i} ifi#0and j=0
o ifi=j=0
oo ifiiell
O‘[Z(—)]]: (2.7)’0— 1 7’7.76[ ,TL]
o ifi=0o0rj=0
G ifiiell
i o jlo = O3 @7) i g elln]
o ifi=0o0rj=0
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Similarly, given S C [1,n] and i, 5 € [0,n], we let:

S[Z_Hj]:{{(ij)(kaES} if i, € [1,n] S[j]:{SU{j} if j € [1,n]

S otherwise S otherwise

Lemma 2.7. Given 0,7 € ZS,, and i, j, iz, i, € [0,n] (for x =1,2,3):
eclirsj t=0" ji] and (ofi < j))" =i+ jlo~!

e dom(ofi +» j]) = dom(o)[i <> j] and rg([i <> jlo) = rng(o)[i <> j]

o (lig ¢ i5o)lir > i) = [iz ¢ o] (oir > 7])

o (iz & dhlofir ¢ 4)); ([is © Birliz & ) = [is & §)(0;7)[i1 © 1]

° (O’[il — 22]) ( [22 — 23]) - (U T)[Z'l — ig].

Proof. We only look at the last claim and leave the remaining ones as exercises. Given a
partial permutation 7 on an arbitrary finite set X, and z,y € X, let us write:

m(x = y) = {(z,9)} U{@@"¢) [z #£ 2/ Ao # 2"}
Given m, 7" and z,y,2 € X, we can show that
(m{z = y)); (7'(y = 2)) € (M) {z - 2). (2.1)
Back to the claim, for any o € ZS,, and i, j € [0, n], setting & = o U {(0,0)} and viewing it
as a partial permutation on [0,n], we have that o[i — j] = (6(i — j)) N [1,n]?. Hence:
(oliv = d2)); (7lia = ds]) = (8(ix = d2) N [1,0]?); (7 (i = d3) N [1,7]?)
C (6(i1 v d2); 7(iz = d3)) N [1,7)?
C (6;7)(iy —i3) N[1,n]* by (2.1)

and the latter is (o;7)[i1 — i3], as required. ]

3. BISIMILARITY PROBLEMS COMPLETE FOR EXPTIME

In this section we show that the upper four classes in our two hierachies of automata all
have bisimilarity problems that are complete for exponential time.

Theorem 3.1. All of the problems ~-RA(S#), ~-RA(MF), ~-RA(M#), ~-RA(M#),
~-FRA(S#), ~-FRA(MF ), ~-FRA(M#) and ~-FRA(M#) are EXPTIME-complete.

Proof. The result follows immediately from Propositions 3.4 and 3.9 and Lemma 2.6. []

Our argument proceeds by showing that ~-FRA(M#) is in EXPTIME (Proposition
3.4) and ~-RA(S#) is already EXPTIME-hard (Proposition 3.9). In the latter case, we
shall rely on alternating linear bounded automata, whose acceptance problem is known to
be EXPTIME-complete [CKS81].

Definition 3.2. An alternating linear bounded automaton (ALBA) is a tuple

A= (T, Qv,Q3, 90, Gace, rej; 5).

We let Q = Qv Q3 {qacc } W{agrej} and call it the set of states, assuming the four constituent
subsets are pairwise disjoint. The components are:

e a finite tape alphabet I' containing end-of-tape markers < and p;
e disjoint finite sets of universal states (Jv and existential states Qs;
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e distinguished initial state qg € Q;
o distinct accepting and rejecting states gacc 7 Grej;
e a transition function ¢ : (Q \ {Gacc, Grej}) X I' = P(Q x I' x {—1, +1}), satisfying the
following properties:
(i) if (¢, a,z) € 6(q,>) then a =1 and z = +1;

(ii) if (¢',a,z) € 6(q,<) then a = < and z = —1;

(iii) if (¢, a,2) € 0(¢g,b) then b € T'\ {<,>} implies a € T"\ {<,>}.
A configuration of such a machine is a triple ¢ = (g, k, t) with ¢ a state, ¢ the current
tape contents and k& > 0 the index of the cell currently under the head of the machine. We
assume that the tape contents are of the form

>ajp---apd

for some letters a; € T'\ {<,>}. We write ¢(k) for the content of cell k of tape t. We say
that a configuration (¢, k,t) is accepting (respectively rejecting, universal, existential)
just if ¢ = Gacc (respectively ¢ = qrej, ¢ € Qv, q € Q3).

A configuration (qi,k1,t1) can make a transition to a successor (qo, ks, t2) just if
there is @ € T and z € {—1,+1} such that (¢2,a,2) € §(q1,t1(k1)) and ko = k1 + 2z and
to = tl[kil — CL].

Given an input w € I'\ {q,>}, a computation tree on w for such a machine is an
unordered tree labelled by configurations which additionally satisfies the following conditions:

e The tree is rooted at (qo, 0,>w<).

e If a universal configuration c labels some node of the tree then this node has one child for
each possible successor to c.

e If an existential configuration c labels some node of the tree then this node has exactly
one child which can be any successor to c.

A computation tree is accepting if it is finite and all of its leaves are accepting. We say that
an input w is accepted just if there is an accepting computation tree on w.

Definition 3.3. The problem ALBA-MEM is, given an ALBA M and an input w, to
determine whether w is accepted by M.

As mentioned above, ALBA-MEM is EXPTIME-complete [CKS81].

3.1. EXPTIME algorithm. Given an instance of the r-register FRA(M#) bisimilarity
problem, the main idea is to consider a bounded version of the associated bisimulation game
that uses a finite subset N C D of size 2r + 2 as the alphabet. One can then determine
the winner using an alternating algorithm running in polynomial space. This finite set of
names is sufficient in order to faithfully capture the full bisimulation game, though a careful
discipline is required when making moves with names that are not in the current sets of
registers. Such names need to be sourced from the set IV, in effect re-using names that have
appeared before in the game. The crux of the argument is showing that such re-use does
not affect the outcome of the (full) game.

Proposition 3.4. ~-FRA(M#%#) is in EXPTIME.

Given an instance (A, (qo1,po1, Ho), (qoz, po2, Ho)) of the bisimilarity problem for
FRA(M#), where A = (Q, X, §) has r registers, we first consider a restricted bisimilarity
problem concerning configurations that contain names from a bounded subset of D. Let us
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pick a set N C D of cardinality 2r 4+ 2, with a fixed enumeration N = {d,ds, ..., da 42},
such that:

(1) Hy € N, if |Hy| < 2r +2;

(2) mg(por) Urng(pns) C N C Ho, otherwise.

In the former case, IV is a superset of Hg, while in the latter it is a subset. In either case, N
includes all names in pg1, po2. We also let the set of N-configurations:

CA,N = {<q7p7H> ECA ‘ HQN}

contain all configurations involving names from N and whose histories are strictly included
in N. Given p1, p2, H with rmg(p1) Urng(p2) € H C N (and hence rng(p1) Urng(p2) € N),
we will sometimes refer to the following trimmed version of H:

N _JH it HCN
[Hlpsps = H\ {min(N \ (rng(p1) Urng(p2))} otherwise (i.e. if H = N)
In the second case, [ H ]fX 0, is obtained from H by deleting the first name (according to the
enumeration of N) that is not present in p; or ps. Intuitively, the removed name will be
recycled and available to simulate global freshness later.
We can now define a notion of bisimilarity adapted to N-configurations.

Definition 3.5. Given A and N as above, a binary relation R C C4n x Cy4n is an
N -bisimulation if for each ((q1, p1, H1), (g2, p2, H2)) € R we have Hy = Hy(= H) and for
all (¢,d) with d € N:

(1) if (q1, p1, H) {d), (g}, p}, H') and one of the following conditions holds:

(a) d € rng(p1) Urng(p2),
(b) rng(p1) Urng(ps) & H and d = min(H \ (mg(p1) U rng(p2))),
(¢) d=min(N \ H),
(t.d)
then (g2, p2, H) = (g, ph, H') and (a1, o, [H'1) ). (a5, 05, [H'T}) /) € R;
(2) dual conditions hold for (g2, p2, H) &), (gh, ph, H').

We say that k1 and ko are N-bistmilar, written k1 ~py kg, just if there is some N-
bisimulation R with (k1,k2) € R.

Remark 3.6. The idea behind N-bisimulations is that 2r + 2 names suffice in order to
decide the bisimilarity problem. Given a pair of configurations ((q1, p1, H), (¢2, p2, H)), the
specific names in p1, p2, H are immaterial; instead, of importance are:

e the sets of the registers in p; and po containing the same names;
e whether the register assignments contain all names that are included in H.

2r + 1 names are sufficient for encoding the above information. By allowing 2r + 2 names
in total, we are then able to represent the full bisimulation game using only configurations
from Cx n.

To see this, suppose we are at a pair ((qi,p1,H), (g2, p2,H)) € Can in the (full)

d
bisimulation game and WLOG Attacker chooses to play on the Left, say some (q1, p1, H) g

(g}, p, H'). While there may be infinitely many possible choices for d, we can narrow them
down to finitely many. We can partition D as:

D = (mg(p1) Urng(p2)) ® (H \ (rmg(p1) Urng(p2))) ® (D \ H)

and, for each block, only consider a finite number of representatives:
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INPUT: FRA(M#) A, N, qo1, pot, qo2, poz, Ho

q1, P1, 42, P2, H:= qo1, P01, 4025 L02, ﬁO

repeat

,d
e existentially choose i € {1,2} and valid (g;, p;, H) (t—)> (¢}, pl, H'),

or REJECT in the absence of any such choice;

d
e universally choose valid (g3—;, p3—, H) Q (qh_;, P5_;, H'),

or ACCEPT in the absence of any such choice;
L4 q17 plv q27 /727 H = q/17 P/17 Qéa /7,27 ’—Hl—‘évfpplz
Figure 2: Alternating algorithm determining whether Attacker wins the N-bisimulation
game.

(a) For rng(p1) Urng(p2) we consider all elements.

(b) For H \ (rng(p1) Urng(p2)) we can restrict our attention to the least d in H \ (rng(p1) U
rng(p2)) and ignore all others, as the specific choice of d from this set has no bearing
on the outcome of the bisimulation game.

(c) For D\ H, similarly to the previous case, the specific choice of d is not important, so
we may as well pick d to be the least element in N \ H (which is not empty as H C N).

These three cases precisely correspond to cases (a-c) in Definition 3.5. Our analysis above
would allow us to capture bisimilarity using N-configurations, if target configurations like
(¢4, py, H') were still in C4 n. This does not always hold, as case (c) can lead us to H' = N.
In this case, we use [H’ L])\,i 2 instead of H' so as to remain in C4 n. Since N has at least 2
more names than p} and p,, combined, we can always pick a name from N\ (rng(p})Urng(p}))
to remove from H' = N so that [qu)\{,p/ \ (rng(p}) U rng(p))) remains non-empty. Such a
choice will not affect the outcome of tklle Qbisimulation game.

Lemma 3.7. Given A, (qo1, po1, Ho), (q02, po2, Ho) and N as above, let Hy = (HOONW%LPOQ.
Then, (qo1, po1, Ho) ~ (qoz, poz, Ho) iff (qo1, po1, Ho) ~n (qo2, po2, Ho)-

It suffices to demonstrate that N-bisimilarity can be decided in alternating polynomial
space, using the fact that APSPACE = EXPTIME.
Lemma 3.8. Given A, N and (qo1, po1, I:IO), (qo2, po2, I:IO) as above, we can decide

(qo1, po1, Ho) #n (go2, poz, Ho)
with an alternating algorithm using space O(rlogr + log(|Q))).

Proof. We use the algorithm in Figure 2, which simply plays the N-bisimulation game,
exploring existentially a strategy for Attacker. It accepts as soon as Defender cannot
defend himself. Consequently, the algorithm accepts iff (q01,p01,ffo) 3N (qoz,poz,ﬁg).
Moreover, the space it uses consists of g1, g2, the assignments pj, p2 (each bounded in space
by 7log(2r + 2)), and the history H (bounded in space by (2r + 2)). Thus, the overall space
used is O(rlogr + log(|Q))). []
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(>JoJofifoft[1[1]0]0][<]

3 7 8 9

N NS

1 2 3 4 5 6 7 8 9 12 13 14 15 16 17 18 19

[do | # [ds | # [da[do[# [# [da[do | [do|# [ar [ [# [do|#[d]

Figure 3: Encoding of a bounded tape of length 9 (top) using 18 registers (bottom, registers
2-19). The first register stores an auxiliary name which is used in the reduction of
ALBA-MEM to ~-RA(S#).

3.2. EXPTIME hardness. Further down the hierachy, we show that ~-RA(S#) is
EXPTIME-hard by reduction from ALBA-MEM. The idea is to use the registers of
this class of automata to represent the tape content of ALBA’s.

For the purposes of the argument, we will assume without loss of generality that we
examine ALBA’s such that I' \ {q,>} = {0,1} and, for all (¢,a), |0(¢g,a)] < 2. Thus all
choices presented by the alternation are binary. Starting from an instance of the ALBA-
MEM problem (M, w), we construct a bisimulation problem for RA(S#) in which two
configurations are bisimilar iff M accepts w. From the ALBA M we construct an RA(S#)
A that simulates it, with the binary tape content of M encoded by the register assignment
of A. We assume that cells numbered 0 and |w| + 1 contain end-markers and, to each tape
cell k € [1,|w]|], assign a corresponding pair of registers (2k and 2k + 1, to be exact) with
exactly one of them being full and the other one being empty (i.e. containing #). Then, cell
k will have 0 written on it iff register 2k is empty, and it has 1 written on it iff register 2k + 1
is empty. This is depicted in Figure 3. At every step of the bisimulation game, we arrange
for Defender to choose transitions from existential states (using Defender forcing [JS08]) and
for Attacker to make choices from universal states. Without loss of generality, for technical
convenience, we will assume that the given ALBA does not diverge, i.e. it generates only
finite computation paths (Theorem 2.6(b) [CKS81]).

Proposition 3.9. ~-RA(S#) is EXPTIME-hard.

Given an instance (M, w) of the ALBA-MEM problem, we construct a 2|w|+ 1 register
RA(S#) A%, whose induced bisimulation game simulates the computations of M. A config-
uration of a computation of M will be represented, in duplicate, by a pair of configurations
of A%, which together make up a single configuration of the bisimulation game. These
configurations will track the current state of M and the current position of the head of M in
their state and the current tape contents of M will be represented by their current register
assignment A',. We will not require the use of any tags (cf. data words) in our construction,
so we assume that ¥ is a unary alphabet and omit this component in transitions.

Tape encoding. The first register is used to help implement a simulation of alternation and
will never be empty. The last 2|w| registers of A"}, will be used to encode the (non-endmarker)
tape content of M according to the following scheme: the tape cell k € [1, |w|]

e contains 0 iff register 2k is empty iff register 2k + 1 contains a name;
e and it contains 1 iff register 2k contains a name iff register 2k + 1 is empty.
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q1

Figure 4: Defender forcing gadget DF(p1,p2, ¢, 1,02, q1,q2, 4}, ¢5). Labels £1 and 3 must be
semantically distinct.

States. The set of states of A'}, is built from the states of M, tape cell indices, tape letters,
and special tags L, R:

Q' =(Q x [0, |w] +1] x {L, R}) ¥ Qaux;

where Q.ux is a polynomially-sized set of auxiliary states whose role will be explained later
on. Thus, each state p € Q" \ Qaux is a tuple (g, k, C) where g € @ and:

e k is an index representing the position of the head of the tape of M,
e and C € {L, R} is a tag allowing us to have two copies of each state.

Given p € Q' \ Qaux and z € {L, R}, we write p[z] for the tuple p with its final component
replaced by x. Taking an encoding p; of w, our construction of A%, shall ensure that
configurations ((qo,0, L), pr) and ((qo,0, R), pr) are bisimilar iff M accepts w.

We motivate the construction by looking at the bisimulation game that it induces.
A configuration in that game is a pair of configurations ((p1,p1), (p2,p2)) of A%,. Our
construction shall impose the following invariant at each round of the induced bisimulation
game. If the game is at configuration ((p1,p1), (p2, p2)) then:

p1 = p2 A (p1 = p2 V 3p.pr = p[L] A p2 = p[R)]).

The idea is that when the two configurations are of the form ((q, k, C), p), with C € {L, R},
the play is simulating a configuration of M which is in state g, with the head over tape cell
k and the tape contents itself encoded by the last 2|w| registers of p.

Defender forcing. In order to describe the transition relation of the automaton we will
make use of a gadget to implement defender forcing. Since the configurations of the induced
bisimulation game are guaranteed, by the invariant, to have the same register contents, we
are able to instantiate the general construction of [JS08], in which Attacker is punished
for making choices inconsistent with Defender’s wishes by allowing Defender to move his
configuration into a configuration identical with that of Attacker.

The gadget is shown in Figure 4. The states denoted by dots are the ones constituting the
set Qaux. The gadget DF(p[L], p[R], ¢, ¢1,¢2,p'[L], p'[R], p"[L], p"[R]) ensures that, when the
game configuration consists of two automata configurations of shape (p[L], p) and (p[R], p),
then Defender can force the play so that the game enters a configuration consisting of
either two automata configurations of shape (p'[L],p’) and (p'[R],p’), or two automata
configurations of shape (p”[L], p”) and (p”[R], p"), where p' (respectively p”) is determined
by transition labels ¢ and ¢; (respectively ¢ and ¢3). It is by this defender forcing gadget
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that we will be able to ensure that the two players correctly simulate existential choices
made by M, essentially by allowing Defender to make the choice.

Transitions. We describe the transitions of A%, as part of a general description of how the
induced bisimulation game simulates M. Recall that a configuration of the form ((q, k, C), p)
is used to simulate M in operating in state ¢ with the head over cell k of tape encoded by
p. Simulating a transition of M from this configuration requires reading and updating the
tape, but also universally/existentially choosing the successor state.

Given a state (¢, k,C) of A%ty and a € I, we do a case analysis on |0(q, a)|. If |d(q,a)| =0
then there are no transitions to add. Otherwise, we proceed as follows. Let us fix transition
labels A = ({1},0,0) and B = ((,1,0); these only involve the auxiliary register 1 and are
semantically disjoint (from any given configuration, they cannot accept the same d). Below,
where we use states denoted by dots, these are sourced from Q,ux.

I. 6(q,a) = {(¢',b,z)}. In this case, it suffices to decode the tape content, update it, and
move to the next state. For reasons of uniformity, we will always employ two transitions
at this step. The decoding and updating of the tape is split into two cases, depending
on whether the head of the machine being simulated is over an endmarker or not. If
k € {0, |w| + 1} then the head is over an endmarker, and the content of cell k is completely
determined by k, and not updated. Hence, in such cases we use transitions of the shape

(Qak’c) £> ' £> (q/,k+z,C).

It is also useful to define labels 4, = ¢, = (, =l = A.
Otherwise, k € [1, |w|] and the head is over a cell which is encoded in the way described
above. To decode and update it, we use transitions:

el
(4, k,C) L2 - 25 (¢, k+2,C)

where ¢, allows us to decode a from the simulating registers (and reset them), and ¢; to
update them with b. According to our encoding scheme:

to = ({2k +1},0,{2k + 1}) 0=(0,2k+1,0)
6 = ({2k},0,{2k}) = (0,2k,0)
Thus, for instance, if ab = 00 then we use transitions

2k+1},0,{2k+1 0,2k+1,0
(g, 0) A, (¢ k+2,0)

so the first transition will read a name from register 2k 4+ 1 (representing 0 in position k of
the tape) and set that register to #. The next transition will update register 2k + 1 storing
a new name d’ (representing 0 again).

II. 6(q,a) = {(q1,b1,21), (g2, b2, 22)}. We consider whether ¢ is a universal or existential
move. In the former case, we add transitions:

by At ta, B ‘b
(ql,k‘+21,0)<——‘<—‘<— (q,k,C) _>'—>'_—_>(QQ7]€+22’C)

If, on the other hand, ¢ is existential, we use an instance of the Defender forcing gadget:
DF((Qv ka L)7 (qa ka R)a Ka, E}pg_l;gv (qla k + 21, L)7 (Q17 k + 21, R)7 (Q% k + 22, L)a (Q% k + 22, R))
where, by abuse of notation, 5)1 , E,Q are sequences of labels defined below.

Oy, = At} 0y = Bt}
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We note that the use of A and B ensures disjointness so that the gadget can be applied.
This ensures that Defender can steer the simulation into her choice whilst maintaining the
invariant about the shape of configurations.

Accepting and rejecting states. If the simulation reaches an accepting state then
Defender should win. We organise for this to happen by forbidding any transition out of
any state of shape (gacc, k, C'). In this way, any two configurations that are both in states of
this form are trivially bisimilar since neither can perform an action. Conversely, Attacker
should win if the simulation reaches a rejecting state. We organise for this to happen by
transitions of the following shape:
(rej- . 2) 2% (g, 1 )

Notice that such transitions only occur in those states that are tagged L. By construction,
when the simulation arrives at a rejecting state, one configuration will in such a state tagged
with L and the other with R and it follows that the two configurations will not be bisimilar.

Lemma 3.10. Given an ALBA M and input w, M accepts w iff ((qo0,0, L), pr) ~ ((g0,0, R),
pr) in S(AR,), where p; is a register assignment encoding w in the way described above.

Proof. By construction and our assumption that all ALBA computations terminate, there
are only two ways Defender can win a play of the associated bisimulation game.

(i) By Attacker choosing a move in the Defender forcing gadget that results in a punishment
response from Defender so that every game configuration that follows in the play is of
shape ((p, p), (p, p)), i.e. the components are trivially bisimilar.

(ii) By the play reaching a game configuration in which the two component configurations
are of the shape ((q,k,L),p) and ((¢,k, R), p) for ¢ = gacc, which are bisimilar by
construction.

In the forward direction, assume that M accepts w. Then there is a computation tree T
for w in which every leaf is accepting. Hence Defender can win every play of the corresponding
bisimulation game by using 7" as a representation of a winning strategy. In particular, for any
given play there are two possibilities. If Attacker plays badly inside a Defender forcing gadget
and is punished then the result is (i) above. Otherwise, as long as Defender makes choices
consistent with 7" then every play will eventually reach a configuration which simulates M
in accepting state gacc. By construction, the corresponding game configuration must have
component configurations of shape ((qacc, k, L), p) and ((qacc, k, R), p) and Defender wins as
described in (ii).

In the backward direction, assume that Defender has a winning strategy W for the
bisimulation game. Then, since this strategy must specify which transition to choose when
simulating a computation from an existential state and because we assume that the given
ALBA terminates, the strategy can be used to build a finite computation tree T' for M on
w. Since, by construction, Attacker can always avoid being punished whilst playing in a
defender forcing gadget, it follows that W must allow Defender to win any such play by the
criterion (ii). Hence, every simulation which follows W ends in an accepting state and it
follows that every leaf of T is accepting. ]
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4. PSPACE-COMPLETENESS FOR RAS WITH SINGLE ASSIGNMENT WITHOUT ERASURE

(RA(570))

We next prove that the EXPTIME bound can be improved if duplicate values and erasures
are forbidden. We handle register automata first to expose the flavour of our technique. The
main result is given below, it follows from Propositions 4.19 and 4.20.

Theorem 4.1. ~-RA(S#) is PSPACE-complete.

Simplified notation. Recall that, in any transition ¢ ——— LX4Z, g2 of an r-RA(S#(), we have

that X C [1,7], | X| <1, Z =0, and X # () implies ¢ = 0. These restrictions allow for a
simpler notation for transitions, with 6 C Q x 3 x ([1 rfu{i®|ie[0,7]}) x Q:

0
(a) we write each transition ¢ LLH0D, g2 35 g1 N q2, where i € [1,7];

707 1,

(b) and each transition ¢ — ¢2 as qi Lt g2, where i € [0, r].
Thus, transitions of type (a) correspond to the automaton reading an input (¢,a) where a
is the name in the i-th register; while in (b) transitions the automaton reads (¢, a) if a is
locally fresh, that is, it does not appear in the registers, and in this case a will be stored in
register ¢ (for ¢ € [1,7]) or not stored in any register (i = 0).

Composition of assignments. Recall that register assignments in the S case are injective
on non-empty registers, we will refer to them as assignments of type S. In what follows
we will be composing r-register assignments p1, p2 of type S to obtain partial permutations
capturing the positions of their common names.

Definition 4.2. Given an r-register assignment p of type S, let us define its inverse by
“t={(d,i) e D x [L,1] | p(i) = d},
i.e. as the inverse of pN ([1,7] x D).

We can observe that, if pi, po are r-register assignments of type S then pq;ps lis a
partial permutation. One can show that updates of assignments and permutations are
related as follows.

Lemma 4.3. Given r-register assignments p1, p2 of type S, d € D and i,j € [0,7] such that

(d €rmg(p1) = d=pi1(i)) A (d € mg(p2) = d = p2(j)),
we have (p1; py )i = j] = p1li = d]; polj > d] 7!

4.1. Symbolic bisimulations. We attack the bisimulation problem symbolically, i.e. by
abstracting actual names in the bisimulation game to the indices of the registers where
these names reside. This will lead us to consider groups of finite permutations and inverse
semigroups of partial finite permutations. In symbolic bisimulations we shall consider pairs
(¢, S) of a state ¢ and a set of register indices S C [1, 7], as representing configurations of
the form (g, p) where dom(p) = S. In this way, the locations of the empty registers [1,r]\ S
are made explicit. Configurations in a symbolic bisimulation relation will consist of triples
of the form (q1,S1, 0, g2, S2) where (g;, S;) will be as above, while o € ZS, shall be a partial
permutation matching register indices in S7 to indices in S;. Such tuples will represent
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concrete configuration pairs of the form ((q1, p1), (g2, p2)) Where the o = p1; p; '+ in words,
o contains all pairs of registers that contain the same name in p; and ps respectively.
Definition 4.4. Let A = (Q, %, ) be an r-RA(S#(). We first set:

Uy = Q xP([1,r]) x IS, x Q x P([1,7])

U = {(q1,51,0,q2,52) €Uy | 0 C 51 x S}
A symbolic simulation on A is a relation R C U, with membership (q1,51,0,¢2,52) € R

often written infix (q1,51) Ry (g2, S2), such that all (q1,S1, 0, g2, S2) € R satisfy the following
symbolic simulation conditions (SYS):*

e for all ¢; N q,

— if i € dom(o) then there is some g2 Lo, ¢, with (¢}, S1) Re (g5, S2),

— if i € S1 \ dom(o) then there is some gy SN ¢5 with (q1, S1) Rofisj) (43, S2[1]);
e for all ¢, RGN qis

~ there is some g, “ 5 with (g}, S1[i]) R (g, Seli).

— for all j € Sy \ rng(o), there is some ¢ b, ¢y with (g1, S1[i]) Rofisj] (¢5 S2)-
We let the inverse of R be

R'={(g2,5,07 " q1,5) | (¢1,51.0,q2,52) € R}

and call R a symbolic bisimulation if both R and R~! are symbolic simulations. We
let symbolic bisimilarity, denoted ~, be the union of all symbolic bisimulations. We say
that (g1, p1) and (g, p2) are symbolic bisimilar if (q1,dom(p1), p1;p5 5 g2, dom(p2)) € 2, i.e.

(q1,dom(p1)) 'E’pl;pQ—I (g2, dom(p2)). We will then also write (q1, p1) ~ (g2, p2)-

Symbolic bisimulation provides a means to finitely represent an otherwise infinite
bisimulation relation. The following result proves that this representation is precise. Its
proof is based on a case analysis showing that symbolic bisimulation rules capture concrete
ones, and vice versa.

Lemma 4.5. Given configurations (q1, p1), (g2, p2) of anr-RA(S#o), (q1,p1) ~ (g2, p2) <=
(a1, 1) ~ (a2, p2)-

It will be useful to approximate symbolic bisimilarity by a sequence of indexed bisim-
tlarity relations e C U defined inductively as follows. First, we let X be the whole of
U. Then, for all i € w, (q1,51,7,q2,52) € ! just if (g1, S1, 7,2, S2) and (go, S2, 7L q1, S1)
both satisfy the (SYS) conditions in L. We can show the following.

Lemma 4.6. For all i € w, ' C 4 and (Nicw ~) = ~.

Remark 4.7. Given Lemmata 4.5 and 4.6, to obtain a polynomial-space algorithm for
bisimilarity, it suffices to obtain a polynomial-space algorithm for symbolic bisimilarity. For
the latter, it is enough to establish that symbolic bisimulation games can be decided in

polynomially many rounds. In other words, it suffices to show that there is polynomial
S

bound B (dependent on the examined A) such that =2

We say that (qi1,51,0,q2,S2) satisfies the (SYS) conditions in R.
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Our next aim is to show that ~ and each ~ are closed under composition and extension
of partial permutations. Such a closure for ~ will allow us to polynomially bound the
convergence of indexed bisimilarities by finding within them strict chains of subgroups
(cf. Lemma 4.16). The closure of <, on the other hand, will help us represent ~ succinctly
by appropriate choices of representatives (cf. Section 6).

Given S1,S52 C [1,7] and 0,0’ € IS, we write 0 <g, 5, ¢’ just if 0 C o’/ C S x Ss.
Moroever, given X C S C [1,r], we write idx for the partial map from S to S that acts as
identity on X (and is undefined otherwise). For any R C U, we define its closure CI(R) to
be the smallest relation R’ containing R and closed under the following rules.

(QIa‘S’l?Jlan?‘S’?) ER (QQ75270-27Q37S3) ER
(q1,51,01502,q3,53) € R/

I T
G Sids a9 er P (TR)
(qlaslaaa q2, 52) € R/

S
(QQ75270-717(]1781) S R ( YM)

We say that R is closed in case CI(R) = R.

Much of the following development relies upon the fact that bisimilarity and indexed
bisimilarity are closed. Intuitively, this amounts to showing that the (SYS) conditions are
compatible with the rules above, i.e. if their premises satisfy the conditions then so do the
conclusions. The interesting cases are (TR) and (EXT). For the former, the argument is a
symbolic version of showing that (bi)simulation is transitive. The case of (EXT) is subtler,
as we need to argue that it is sound to relate previously unrelated registers.

Lemma 4.8. Let P,RCU. If all g € RU R~ satisfy the (SYS) conditions in P then all
g € CI(R) satisfy the (SYS) conditions in CI(P).

Corollary 4.9. (Closures) Bisimilarity and indexed bisimilarity for RA(S#o) are both
closed:

mE=ady;
(2) foralli € w: ~ = CI(~).

(q1,51,0,q2,52) € R 0<g,,5, 0
(Q1,51aUIaQ2752) S R

(ExT)

-1
Proof. For 1 note that ~ = (X)  and all its elements satisfy the (SYS) conditions in ~.

Hence, by Lemma 4.8 we have that CI(%) is a symbolic bisimulation, i.e. CI(X) C ~. The
result then follows. For 2 we proceed by induction on ¢. When ¢ = 0 then the result follows

from the fact that ~ is the universal relation. For the inductive case, note first that s
symmetric by construction and all g € oy satisfy the (SyS) conditions in ~. Hence, by
Lemma 4.8, all elements of C’l(li}) satisfy the (SYS) conditions in CI(~). By IH, CI(~) = ~

so CI("E"y ¢ &, as required. [

4.2. Bounding indexed bisimilarity convergence using permutation groups. To
bound the rate of convergence of indexed bisimilarities we study the strict sub-chains:

7 i+1 7
{(~1 (5 N Usys,) G (2N Usys,)} (4.1)

that we obtain for a given pair of sets S1,S2 C [1,7], where:

u51,52 = {(ql,Si,a, CI%S%) euU ‘ S1 = 1,52 = Sé}
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Our aim is to find a bound for i in (4.1), independent of Si,S2. To this end, below we

introduce two auxiliary notions that will help us identify some structure within the ~
relations. In particular, we shall study self-symmetries, which lead to group-theoretic

considerations and enable us to relate the evolution of ~ to descending subgroup chains.

Definition 4.10. Let p € Q,S C [1,7] and R C U be closed. We define:
e the characteristic set of (p,S) in Ras: X4(R)=({X CS|((®5S) Riay (n,5)},
e the characteristic group of (p,S) in R as: G4(R) = {0 C XZ(R) x Xg(R)|(p,S) Ry
(P, S)}-
Note that Ry C Ry implies Xg(R;) 2 X% (R2). We are going to show (in Lemma 4.16)
that changes in LN Us, s, (as j increases) can be traced back to either expansion of a
characteristic set Xg(f{) (S € {S1,S52}), or shrinkage of some Qg(i) (S € {51,52}) or

disappearance of all tuples (q1, 51,0, g2, .52) for some ¢1,q2 € Q. The number of changes of
each kind can be bounded by a polynomial. In the second case, we shall rely on the fact

that each gg(i) is indeed a group (Lemma 4.15) and on the following result which concerns
subgroup chains in a group G:
G=Gy>G1 > >Gp=1

in which I is the trivial identity group and, for all i € [0,m — 1], G;41 is a strict subgroup
of Gl

Theorem 4.11 [Bab86|. For n > 2, the length of every subgroup chain in S[1,n) 18 al most
2n — 3.

Remark 4.12. The above result provides a linear bound, which we will be using in
subsequent calculations. Note, though, that the existence of a quadratic bound follows easily
from Lagrange’s theorem. In particular, it implies |G;| > 2|G;4+1] (0 < i < m) and, thus,
|G| > 2™. Consequently, m < logy(|G]) < logy(n!) < nlogy(n) < n?.

Before tackling Lemma 4.15, we prove an auxiliary lemma.

Lemma 4.13. Let p, S, R be as above. Suppose (p,S) Ry (q,S), then:

e dom(o) O XE(R) and mg(o) 2 XL(R).

e Setting o' = o N (XE(R) x X%(R)), we have dom(c’) = X%(R), rmg(c’) = XI(R) and
(p,5) Ry (a,5). In particular, (p, 5) Riayp ) (P, 5)-

Remark 4.14. The above Lemma shows that R NUs s can be generated from elements of
the form (p, S) Ry (g, S), where o is a bijection between X%(R) and X{(R), using up-closure
under <gg. That is, (p,S) Ry (g,S) iff there exists a bijection o : X§(R) — X&(R) such
that o <gg ¢’ and (p,S) Ry (g, 5).

Lemma 4.15. G%(R) is a group (under composition). In particular, it is a subgroup of
Proof. By the last part of Lemma 4.13, we have idysp) € Gg. Now let o € GE(R), i.e.
(p, S) Ry (p,S) with o C XE(R) x X%(R). By first part of Lemma 4.13, we have o € Sxz(R)-
Moreover, (p,S) Ry-1 (p,S), by closure of R, hence o~ € G&(R). Finally, if o’ € G&(R),
again using closure of R, we get 0;0” € Go(R). ]
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We can now use the above structure in indexed bisimilarities to bound their rate of
convergence.

Lemma 4.16. Given S1,S3 C [1,r], the sub-chain {flv \ (thl NUs,s,) & (rzv N Us, s,)} has
size O(|Q* +2|Q)).

Proof. Fix S1,52 C [1,7]. We argue that {rlv | (Zi} NUs,s,) (rlv N Us,,s,)} has length at
most |Q|? + 472|Q| — 27|Q).

Let us say that two conﬁgurations (q1,S1) and (g2, S2) are separated in L just if there
is no o such that (q17 S1) ~y (g2, 82); we say they are unseparated otherwise. We claim that
if (N NUs,,s,) S ( N Us,,s,) then:

(1) there is some ¢ € Q and S € {51, S2} such that Xg(irtl) 2 Xg(if),
(ii) or there is some ¢ € @ and S € {S1,S2} such that gg(’il) is a strict subgroup of

G&(Y),
(ii) or there are configurations (g1, 51), (g2, 52) that are unseparated in < and become
separated in ol
We argue as follows. If (iftl NUs, .5,) & (flv N Us, s,) then there are some p, ¢ € @ and o such
that (q1, Sl) o (q2,52) but (g1, Sl) i7+410 (g2, S2). Note that, in such a case it follows that also
(ql, S1) ~gr (g2, S2) and (g1, S1) 76 (qg, Sa), where o/ = oN(XE (i,) Xng(L)), by closure of

~ (TR for id Xl )and id QZ(L))

that dom(o) = X‘h( ~) and rng(c) = X‘H( ) Now, suppose that, for all ¢ € Q, S € {S1, S2},
X S(Hl) X4(~) and no prev1ously unseparated pair of configurations become separated in
" Tt follows from (a1, Sp)" 76 (g2, S3) that there is some 7 such that (g, S1) '~ Lol (g2, 52)
and thus ;77! € G¥ ( )but o;771 ¢ Gé (Hl) Hence G (AZJ) > gl (ii}).

To bound the length of the chain {~ | (Ztl N Z/[51 32) C (ri N Us,.s,)}, observe that
we always have X¢ (Hl) D X{&(~) because of ‘T e
2r|Q| times inside the chain. If (i) does not hold then X?¢ (Hl) X&(~) for all ¢ and

S € {S1,5>}. For fixed X&(~), by Theorem 4.11, (ii) may happen at most 2r — 2 times
(we include the case r = 1), which gives an upper bound of 2r|Q|(2r — 2) for the number
of such changes inside the whole chain (under the assumption that the changes are not
of type (i), which have already been counted). Finally, the remaining changes must be of
type (iii) and may happen at most |Q|? times across the whole chain. Overall, we obtain
2r|Q| + 2r|Q|(2r — 2) +|Q|? = |Q|* + 47%|Q| — 27|Q| as a bound on the length of the given
chain. ]

and (contraposition with (EXT)). Hence, we assume wlog

C ~. Thus, (i) may happen at most

Note that it does not quite follow from the above result that the sequence ( ) converges
in polynomially many steps, because there are exponentially many pairs (S1,.52). Next we
shall establish such a bound by studying more closely the overlap in evolutions of different

(51, S2).

Lemma 4.17. Let { be the bound from Lemma 4.16 and B = (2r + 1)¢. Then, for any
B s

Sl,SQ, ~ m u51,52 - Y ﬁ USLSZ'
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Proposition 4.18. For any RA(S#q) bisimulation problem, if there is a winning strategy
for Attacker then there is one of depth O(r|Q|* + 73|Q)).

Proof. We first observe that bisimulation strategies and their corresponding symbolic bisim-
ulation strategies have the same depth. Thus, it suffices to bound symbolic strategies for
Attacker. The O(r|Q|? + r3|Q|) bound follows from the preceding Lemma. []

Proposition 4.19. ~-RA(S#) is in PSPACE.

Proof. Thanks to the bound obtained in Lemma 4.17, to decide symbolic bisimilarity it
suffices to play the corresponding symbolic bisimulation game for polynomially many steps.
The existence of a winning strategy can then be established by an alternating Turing machine
running in polynomial time, analogously to Figure 2. The PSPACE bound follows from
APTIME = PSPACE. []

4.3. PSPACE hardness. For PSPACE-hardness, we reduce from the well-known PSPACE-
complete problem of checking validity of totally quantified boolean formulas in prenex
conjunctive normal form. One possibility is to decompose this reduction via the acceptance
problem for ALBA that are not allowed to overwrite non-blank tape cells — write-once ALBA.
Given an instance of QBF, one can construct a write-once ALBA with enough space on its
tape to store the formula and a truth assignment, which it guesses by alternating moves
according to the quantifiers, and then verifies deterministically. Then our reduction of
Section 3.2 applies to obtain an instance of the bisimilarity problem for RA(S#) but,
because the ALBA is write-once, so the corresponding RA obeys S#(. However, there is a
more straightforward, direct reduction, which we present below.

In our construction, universal quantification and selection of conjuncts is performed by
Attacker. For existential quantification and disjunctions, we rely on Defender Forcing. The
choices of truth values by both players are recorded in registers by using, for each variable
x;, registers 2¢, 2¢ + 1, both initialised to #. If a player chooses true for x;, we fill register 2¢
leaving 27 + 1 empty; we do the opposite otherwise. This makes it possible to arrange for
bisimilarity /non-bisimilarity (as appropriate) in the final stage of the game, depending on
whether the resulting literal is negated.

Proposition 4.20. ~-RA(S#¢) is PSPACE-hard.

Proof. We reduce from TQBF, i.e. the problem of deciding whether a formula ® of the shape
Oy -+ - Opxp.o(zo, - -+, xp) (with ¢ in conjunctive normal form and each O a quantifier) is
true.

We shall construct a (2h 4 1)-register RA(S#) and configurations s, kg such that
k1 ~ kg if and only if @ is true. We will not require the use of any tags in our construction,
so we assume that X is a unary alphabet and omit this component in transitions. We pick
some name dy. For C € {L, R}, we shall have

ke = ((q1,C), po)

with po(1) = dy and po(i) = # for all other i.

The first register is used to let Attacker/Defender make choices. Registers 2,--- ,2h + 1
will represent truth-value assignments. Registers 2¢,2: 4+ 1 will be used to represent the
value of z; (i =1,--- ,h) subject to the following conditions:

e register 2¢ is filled if and only if the value of z; is true,
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e register 2¢ 4 1 is filled if and only if the value of z; is false.

The values will be selected by Attacker (when [J; = V) or Defender (when [J; = 3). Formally,
if [J; =V then we add the following transitions, where A =1 and B = 1°,

(@i, L) (¢, R)
A B A B
(¢ ,L;/ \%F ,L) (¢ ,R;/ \\(qu ,R)

which allows Attacker to force the play from ((g;, L), (¢;, R)) into either ((¢/, L), (¢}, R)) or
((¢F', L), (¢f, R)). On the other hand, if O; = 3 then we add (cf. Figure 4):

DF((QiyL)>(Qi>R)>A7 Aan (qiT7L)a (%‘T?R)?(%F7L)a (qu7R))

We follow up the above transitions with register-setting ones:

(%’T’L) (QszL) (%T?R) (%‘F7R)

(20)° (iy (20)° (iy
(¢it1, L) (git+1, R)

The above handles quantification. To represent the formula ¢ = ¢1 A - - - A ¢, we allow
Attacker to force the play from ((gn11,L), (qnt1, R)) into any of ((qn+1)i; L), (qnt1yi, R))
for I =1,--- ,k using e.g. transition sequences with labels from {A, B}*~1,

Now assume ¢; = ¢y V -+ V @y, , where ¢y, = X or ¢pp, = 2 X; (m=1,--- ,ny). To
represent ¢;, we iterate the DF circuit n; — 1 times so that Defender can force the play from

((ans2)1s L) (q(ny2y, R)) into any of ((q(a+3)im» L)s (q(h+3)ims R)) for m =1, ny.
Finally, we need to handle the formulas ¢p,,.

o If ¢y, = X; we add
(9(h+3)tm> L) (a(h+3)im> R)
2i41
end

o If ¢, = - X; we add

(q(h43)im> L) (q(h+3)im> R)
2
end

Note that the outgoing transitions are added only for states tagged with L. They give
Attacker a chance to win if ¢;,, does not hold after Defender’s choices.

Overall the construction yields a winning strategy for Defender if and only if the given
formula is true. ]
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5. LANGUAGE EQUIVALENCE FOR RA(S#o)

The results of the previous section can be used to close an existing complexity gap for
deterministic language equivalence of register automata. Recall that, in the non-deterministic
case, language equivalence (even universality) is undecidable [NSV04]. In the deterministic
case, however, the problem can be solved in polynomial space. Sakamoto [Sak98] conjectured
that the language inequivalence problem is not in NP. Below we refute the conjecture,
showing that, for RA(S#), the complexity of deterministic language inequivalence actually
matches that of nonemptiness [SI00]. Because we discuss language equivalence, in this
section we assume that RA(S#) are given as (@, 3, qo, po, 9, F'), where gp € @ is the initial
state, po is an initial register assignment conforming to the S#( policy, and F' C @ is a set
of accepting states.
We call an -RA(S#o) A deterministic if, for all states g of A:

(i) for all (¢,i) € ¥ x [1,7] there is at most one transition of the form ¢ SN ¢, and
(ii) for all t € ¥ there is at most one transition of the form ¢ L, q for i € [0,r].
On the other hand, an LTS is deterministic if, for all kK € C and ¢ € Act, there is at most

one transition x - &’. Note that if A is deterministic then so is its transition system S(A).°
Then, from Proposition 4.18, one obtains the following.

Lemma 5.1. Let A; = (Qi, %, qoi, poi, 0i, Fi) be a deterministic r;-RA(S#0) (i = 1,2),
r =max(r,72) and N = |Q1| + |Q2|. If L(A1) # L(A2) then there is some w € (L(A1) U
L(A))\ (L(A1) N L(A2)) with |w| € O(rN? + r3N).

Proof. We view Aj, A2 as r-RA(S#o)s with some unused registers and consider the r-
RA(S#0)

= (Q1WQ2W{qo} W{qs} q0, X, {(i,#) | i € [1,7]},61 Ud2 U U, Udp,0),

Where 0 is a “blind” initial state, ¢s is a sink state, 05 = {q SAA gs | 6(q) T (t,i) =0} U
{q N qs | 6(q) | (t,i®) = 0} adds any missing outgoing transitions to 6 = d; U g,
8L = {qs —> gs |t € XA e[1,r]}U{gs L qs \ t E Y} is a set of sink transitions, and

or = {q qu |ie[l,r]ANq e F1UF}UA{q —>q0 | ¢ € F1 UFy} is a set of “final”
transitions for some newly introduced constant .

Assume WLOG that £(A;) € L(Asg). Then, there is some transition path for A; from
(qo1, po1) to some ¢ € Fy that, when simulated by A from (go2, po2), does not lead in Fb.
For A, this means that (qo1,p01) and (qoz2, po2) are not bisimilar: Attacker can lead the
game to a configuration pair ((qi, p1), (g2, p2)), with g2 € (Q2 \ F2) U {gs}, where he wins
by playing some (tp,a) from (q1,p1). By Proposition 4.18, Attacker has some strategy
T of depth O(rN? + r3N) for winning the same game. We observe that, because A is
saturated with sink transitions, the latter can only be achieved by Attacker being able to
play a final transition with label ({7, a) in one part of the game. Suppose the happens in the
part starting from (go1, po1) and let w (¢, a) be the string accepted by the corresponding
transition path, so w € L£(A;). By determinacy of Ay, w ¢ L(As2). []

Theorem 5.2. Language inequivalence for deterministic RA(S+#¢) is NP-complete.

5The converse may fail due to transitions of A not being fireable in S(A).
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Proof. Membership in NP is achieved via Lemma 5.1. NP-hardness follows from NP-
completeness of language non-emptiness for deterministic RA (S#¢) [SI00]. ]

6. NP BOUND FOR SINGLE ASSIGNMENT WITH FILLED REGISTERS (RA(SF))

In Section 4 we showed, in the setting with single assignment and no erasures (denoted by
RA(S#0)) the bisimilarity problem was solvable in polynomial space. Here we show that a
further improvement is possible in the RA(SF) case, i.e. if the registers are required to be
filled from the very start. We shall show an NP upper bound.

We start off with a series of results aiming to identify succinct (polynomial-size) sets of
generators for ~, which we shall call generating systems. In Section 4 we already found that
parts of ~ exhibit group-theoretic structure. Namely, Lemma 4.15 shows that, for any p € Q
and S C [1,7], G&(X) = {o N (XE x XB) | (p,S) %0 (p,S)} is a group, where X5(%) C S is
the characteristic set of (p, ).

Note that, for RA(SF), we only have the case S = [1,7]. Furthermore, ~ will be
the only closed relation that we shall consider. For these reasons, we write simply X? for
characteristic set Xﬁ,r](i) and GP for group gﬁT](i).

The group-theoretic structure implies that GP can be generated by linearly many
generators with respect to r.

n

Lemma 6.1 [MN87]. Every subgroup of S,, has a generating set with at most max(2, |5])
elements.

To handle the more general case (p, S) Ry (g, S) of different states, consider
KPt = {o (X x X) | (p,[1,7]) %o (g, [1,7])}.

Observe that, for o1, 09 € KP4, we have o9 = (079; Ufl); o1, because afl; o1 = idxq. Moreover,
09;01 1 € GP, so o9 has been obtained from o1 and an element of GP. Consequently, in
presence of generators of GP, one member of XP¢ suffices to generate the whole of XP? by
composition. This observation motivates the following definition of a generating system.

Definition 6.2. A generating system G consists of:
e a partitioning of () into Py,--- , Py;
e for each partition F;, a single representative p; € P; and:
— a characteristic set X?: C [1,7];
— a set GP, of up to max(2, [5|) permutations o € Sxw;;
— for each ¢ € P\ {p;}, a partial permutation rayy’" € ZS[; ;) such that dom(rayh’) = XPi;
for technical convenience, we also add rayh! = idx»;.
We write rep(G) for the set {p1,- -+ ,pr} of representatives.

A generating system is used to generate a relation gen(G) C (Q x {[1,7]} x ZS, x Q X
{[1,7]}) as follows. First, set

BASEQ = {(pia [1’T]703p’ia [LT]) |pi € rep(g),o' € sz}
U {(pi, [1, 7], rayh?, q, [1,7]) | pi € rep(G),q € Pi}
and then take gen(G) = CI(BASEg).

Lemma 6.3. There exists a generating system G such that gen(G) = 2.
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Proof. We partition @ into equivalence classes defined by: p ~ ¢ if and only if there exists o
such that (p, [1,7],0,q,[1,7]) € ~. For each equivalence class P;, we pick a single member p;
arbitrarily and let GP¢ consist of the generators of GP* provided by Lemma 6.1. Consider
q € P;\ {pi}. Because q € P;, there exists o such that (p;,[1,7],0,q,[1,7]) € ~. Then we
can take ray,’ = o N (X? x [1,r]). By the previous discussion, this delivers the sought
generating system. []

Lemma 6.4. For any generating system G, membership in gen(G) can be determined in
polynomial time.

Proof. To determine whether (q1,[1,7], 0, ¢2,[1,7]) € gen(G), we proceed as follows. If ¢, g2
belong to different partitions we return NO. Suppose g1, g2 € P;. Recall that BASEg contains
(i, [1,7],rayg:, qj, [1,7]) with dom(rayg:) = XPi. Then (qi,[1,7],0,q2,[1,7]) € gen(G) is
equivalent to (p;, [1,7], 0", p;, [1,7]) € gen(G), where o’ = rayhi; o; (rayhi)~t. This is in turn
equivalent to ¢’ N (XP x XPi) being generated from permutations in GPi. That the latter

problem is solvable in polynomial time is a well-known result in computational group
theory [FHLS0]. []

Theorem 6.5. ~-RA(SF) is in NP.

Proof. First we guess a generating system G and verify whether gen(G) is a bisimulation.
By Lemma 6.3, there exists at least one generating system with this property. Because
generating systems involve polynomially many components of polynomial size, they can be
guessed in polynomial time. Next, in order to check whether the guessed generating system
generates a bisimulation, we need to verify the (SyYS) conditions (for S; = Sy = [1,r]) for
each of the polynomially many elements of BASEg. Note that this will involve polynomially
many membership tests for gen(G), each of which can be performed in polynomial time
by Lemma 6.4. If the guess leads to a non-bisimulation, we return NO. Otherwise, we use
another membership test for gen(G) to check whether the given instance of the bisimilarity
problem belongs to gen(G). We return the outcome of that test as the final result. L]

Remark 6.6. Note that symbolic bisimulations are based on partial finite permutations,
which form inverse semigroups. Consequently, inverse semigroup-theoretic structure could
seem the most natural kind of structure with which to approach our problems. Unfortunately,
inverse semigroups do not admit analogous results.

e There exist inverse subsemigroups of ZS,, that require (g) = 2”\/% generators, e.g.
fidx|X S[L,m], |X|=2}.

e [t is possible to show that the membership problem for inverse subsemigroups of ZS,, is
PSPACE-complete, sharpening a result of Kozen [Koz77]. We present the argument in
Appendix D.

Consequently, we were forced to look a bit deeper, and base generating systems on groups.

Remark 6.7. Note that we do not have a matching lower bound for RA(SF'), which raises
the intriguing prospect that there may still be scope for improvement in this case. A closely
related problem to ~-RA(SF) is graph automorphism (GA), i.e. given a graph G decide
whether it has a non-trivial automorphism. While it is easy to see that GA is in NP, it is not
known whether it is in P or, for that matter, in coNP. We can reduce graph-automorphism to
the following problem in our setting: given a DRA(SF') A (without locally fresh transitions)
and a configuration (g, p), is there a non-identity permutation 7 such that (q, p) ~ (¢,pom)?
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This observation introduces a possible barrier to methods we can pursue to efficiently solve
~-RA(SF), such as partition refinement, which aim to construct a representation of the
whole bisimilarity relation.

7. FRESH-REGISTER, AUTOMATA WITH SINGLE ASSIGNMENT WITHOUT ERASURE
(FRA(S#0))

In this section we examine the problems tackled in Sections 4-6 albeit in the general case
of FRAs. We would like to apply the same techniques, aiming to produce the same upper
bounds, yet the FRA setting raises significant additional challenges. Our approach for RAs
relied on symbolic bisimulations and the group-theoretic structure that emanated from them.
While we can express bisimilarity in FRAs symbolically following [Tzell], we shall see that
such symbolic bisimulations do not support the group-theoretic representations. The reason
is the treatment of the history of the computation, which affects bisimilarity in subtle ways,
especially in the initial stages of the bisimulation game. In those stages, global and local
freshness can inter-simulate another, under certain conditions, which leads us to extending
our symbolic representations beyond the r names that each system can have in its registers.

Simplified notation. We extend the simplified notation for RA(S#O) by including transition

labels for global freshness. Recall that, in any transition ¢; ——— LXuZ, g2 of an r-FRA(S#),
we have that X € {®,0} U{{j}|j € [1,7]}, Z =0 and X = {j} implies i = 0. We thus
follow a simpler notation for transitions, with § C Q x 3 x ([1,7] U {i®*,i® | i € [0,7] }) x Q:

: . 0
(a) we write each transition ¢ L g2 as qi N q2;

(b) and each ¢; ®—> q2 as q LN q2,

(c) and each ¢; ———> g2 as q1 —> q2-
(a),(b) are as in RA(S#y). In (c), the automaton reads (¢, a) if a is globally fresh i.e. it has
not appeared in the hlstory so far, and stores it in register i. Formally, ¢ —> ¢ can induce
a transition (g, p, H) 5 (¢, pli— a], HU{a}) just if a ¢ H.S

Assignment pre-updates. Recall the operations we introduced in Section 2.4 on partial
bijections and in particular the pre-composing of generalised swaps (i.e. [i < j|] with
i,7 € [0,7]). We extend this operation to register assignments by setting:

. ‘ ij);p ifi,je(l,r
P[“—U]:{( ) .[ ]
P otherwise

We can then show the following.

Lemma 7.1. Given r-register assignments p1, p2 (of S-type) and i,4', 7,5 € [0,7]:

(1) [j <> §')(p1; p3 i <> i) = pali > i']; palj > 517

(2) for any a € D such that a € mg(p1) = a=p1(i') and a € rmg(p2) = a = p2(j’)
we have [j < §')((pr; p3 D = §Ni ¢+ ) = pai’ v alli & @] ol = allj < 5177

6The latter condition above is slightly different but equivalent to that used in [Tzell]. In loc. cit., the names
of p are not necessarily included in H and hence in this rule one stipulates that a ¢ rng(p) U H.
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7.1. Symbolic bisimulation. Recall that, in the case of RAs, we were able to capture
bisimilarity symbolically by using tuples of the form (¢, S1, 0, g2, S2), whereby Sy, represented
dom(pg) of the actual configuration (g, pr) being represented (for k = 1,2), and partial
bijection o : S1 — Sy captured the matching names of p; and py. Moving to FRAs, the
first obstacle we face is that actual configurations contain the full history of names and
have therefore unbounded size. For bisimulation purposes, though, keeping track of the
whole history, or its size, is not necessary. In fact, history only plays a role in globally fresh
transitions and one can easily see that the rule

“Every globally fresh transition from ¢; must be matched by a globally or a
locally fresh transition from ¢s.”

is sound for simulation of globally fresh transitions.
However, global freshness leads to complications in the simulation of locally fresh
transitions. For example, consider configurations (q1, p1, H), (g2, p2, H) with H = {d1,ds}

oL t,1°® .
and a transition ¢ — ¢}. We look at three scenarios:

®
1) If rng(p1) = {d1,d2}, then the transition from ¢; can be matched by some ¢ L qh, as
glp y 2
the local names of ¢; coincide with all the names in H.
(2) If rng(p1) = {d1} and pa = {(1,d2)}, then the transition from ¢; cannot be matched by

£,1% . " t,1
some qa — ¢, alone, unless there is also a transition g — ¢4 (to capture the fact

that ¢ SN ¢} can produce da).
(3) On the other hand, if rng(p1) = rng(p2) = {d1} then go must use a locally fresh transition
in order to match the transition from ¢; (as the latter can produce ds).

More generally, if |H| > 2r then there will be some d € H \ (rng(p1) U rng(p2)), which
makes impossible for locally fresh transitions in one system to be matched by globally fresh
transitions in the other one.

Thus, under certain circumstances which include the fact that |H| < 2r, local freshness
can be captured by global freshness and some known-name transitions. To accommodate this
feature, we will design symbolic bisimulations with an additional component i € [0, 2r]U{co}
that will abstract the size of |H|. The value h = oo will signify that |H| > 2r and therefore
local-fresh cannot be matched by global-fresh. On the other hand, h < 2r will mean that
|H| = h < 2r and therefore extra cases need to be considered for fresh transitions. For
h < 2r, we will consider symbolic configurations (¢;,S;) (i = 1,2) where S; C [1,3r] and
h = |S;|, related by bijections o : S; — Ss.

e The component S; N [1,r] of S; will still represent the domain of p;.
e The complementary part S; \ [1,7] will represent the remaining names, those that have
passed but no longer reside in p; (i.e. H \ rng(p;)), in some canonical fashion.

Effectively, the above will allow us to symbolically represent the history of each FRA, up to
the size 2r, in an ordered way. It will also offer us a way to decide the simulation game for

locally fresh transitions. Let us suppose that one system performs a transition ¢ —> e

1. Such a transition can capture any name d that is represented in some i’ € Sy \ [1,7]. If
o(i") € [1,r] then the other system has the name in its registers and can (only) capture it

to(i!
by some g9 —U(z—)—> ¢
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2. If 0(i") € S2\ [1,7] then the name is historical and the other system does not currently
have it in its registers. It is therefore obliged to simulate by some locally fresh transition

t’j.
g2~ qy-
3. The transition can also capture any name d that is not in H and, in this case, the other

system can capture it by any go % ¢b. Moreover, such a simulation step would

increase the size of h by one.
We therefore formulate symbolic bisimulation as follows.

Definition 7.2. Let A= (Q, X%, ) be an r-FRA(S#). We first set:
Uy = Qx P([1,3r])x ZS3,-x Q@x P([1,3r])x ([0, 2r|U{cc})
U={(q,51,0,q2,5,h) €Uy | 0 CS1 x oA (h<2r = |o| =|S1|=|5|=h)
ANh=00 = o€ZS5,NS1,5 CIl,r])}
A symbolic simulation on A is a relation R C U, with membership (g1, S1,0,q2,52,h) € R

often written (g1, S1) R? (g2, S2), such that all (q1, S1,0, g2, S2, h) € R satisfy the following
fresh symbolic simulation conditions (FSYS):"8

(a) for all ¢ b, qis
1. if o(2) € [1,r] then there is g2 ONp ¢ Wlth (¢}, S1) R (¢, S9),

2. if o(i) = j' € [r+1, 3r] then there is g2 b, ¢4 with (¢}, S1) R[JHJ,]U (dh, S2li < §']),
3. if i € S1 \ dom(o) then there is go AN ¢4 with (¢}, S1) Ra[iHﬂ (gh, Sa[4));

(b) for all g1 i>q1,z' € S1\[L,7] and j € Sz \ rng(o),

1. if o(¢') € [1,7] then there is g2 Lo, o ¢, with (¢}, S1[i < ') Rg[w—n"] (¢h, S2),

2. if o(i") = 5/ € [r+1,3r] then there is g2 AN ¢b with
(41, Sl < 1) R noiesin (05, 215 < 5,
. tj . ‘
3. there exists g2 ~% ¢} with (¢}, S1i]) RZ[iHj] (dh, S2);
(c) for all 1 Lh, ¢y with ¢1 € {i®,i®} there is some g2 LN ¢ with ¢5 € {j°,7%} and,
1. if h < 2r then, taking i = min([r+1,3r] \ S1) and j' = min([r+1, 3r] \ S2), we have
(q1, S1[d'][i < 1']) Rﬁﬁll](ﬂ[i’f—)j/])[jﬁj’} (d5, S2[5'][7 < J']);
2. if h = 2r then (¢}, S1[i] N [1,7]) Rg‘[’i._)j]m[l’r}g (qh, Salj] N [1,7]);
3. if h = oo then (g}, S1i]) R (¢h, Sa[j]) and if ¢; = i® then fy = j°.
Define the inverse of R by:

R~ ={(q2, 92,07, q1,51,h) | (q1,51,0,q2,5,h) € R}
and call R a symbolic bisimulation if both R and R~! are symbolic simulations. We let
s-bisimilarity, denoted ~, be the union of all symbolic bisimulations.
We define a sequence of indexed bisimilarity relations L C U inductively as follows. We

"We say that (g1, 51, 0,q2,S2,h) satisfies the (FSYS) conditions in R.

8Note how the (FSYS) conditions are divided with respect to the value of h: conditions (a2), (b1), (b2), (c1)
and (c2) all require h < 2r; while conditions (a3), (b3) and (c3) are for h = co. On the other hand, (al)
applies to all h.
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let < be the whole of ¢4. Then, for all i € w and h € [0,2r] U{o0}, (g1, 51) (ii})ﬁ (g2, S2) just
if both (g1, S1,7, 2, So, k) and (qga, S2, 7%, q1, S1, h) satisfy the (FSYS) conditions in ~.

Let x; = (qi, pi, H) (i = 1,2) be configurations with common history H and let n = |H|.
Their symbolic representation will depend on n. We take symb(x1,k2) C U to be:

{(q1,dom(p1), p1; p3 ', g2, dom(pa), 00) } n>2r

where 6(p1, p2) is the condition stipulating that p; range over all 3r-register assignments of
type S# such that rng(p;) = H and p; | [1,7] = p;, for i = 1,2. In particular, symb(rx1, k2)
is singleton in case n > 27 but not necessarily so if n < 2r. The following lemma ensures
that, with respect to bisimilarity, the specific choice of element from symb(x, k2) is not
important.

dom(p1), pu; py ' g2, dom(p 0(p1, p <2
Symb("él,ﬂz):{{(ql’ om(p1); p1; Py » 2, dom(pa),n) €U | O(p1 p) ) m < 2r

Lemma 7.3. For all ky,k9 as above, if |H| < 2r then either symb(ki,k2) C ~ or
symb(1, k2) N~ = ().

Definition 7.4. We say that x; and k9 are s-bisimilar, written 1 R Ko, if symb(k1, k2) C Ny

Remark 7.5. The definition of symbolic bisimulation we give here is substantially more
fine-grained than the one in [Tzell]. Although in loc. cit. the symbolic bisimulation
is also given parametrically to the size of the history h (up to the given bound”), for
h < 2r that formulation is simplistic in that it only keeps track of names that reside in
registers of the automata,'® which in turn prohibits us to derive (g1,51) R(’;lm (g3,.53) from

(q1,51) RZl (g2, 52) and (g2, S2) RgQ (g3, S3) and apply the group-theoretic approach.

Using the intuition described above about the bounded representation of histories, we
can show the following correspondence. Similarly to Lemma 4.5, the proof of the next lemma
is based on matching concrete and symbolic bisimulations and doing a careful, if somewhat
tedious, case analysis of possible transitions in each case.

Lemma 7.6. Let k1 and ka be configurations of an r-FRA(S#¢). Then k1 ~ ka <= K1 N
KR9.

Lemma 7.7. For alli € w, Tl and (N L) =R,

Similarly to symbolic bisimulations for RA(S#), we have the following closure properties.
Given R C U we split R into components:

— h
R= ZhE[O,QT]U{oo} R
where R" = {(q1,51,0,q2,52) | (¢1,51,0,q2,52,h) € R}. We now write CI(R) for the

componentwise closure of R with respect to identity, symmetry, transitivity and extension
of partial permutations, i.e. CI(R) = }_),c(0 2/]u{o0} CI(RM).

The following lemma will play a key role in the forthcoming technical development. It is
proved similarly to Lemma 4.8, i.e. by showing that the (FSYS) rules are compatible with
the closure rules. While the proof is longer, there is no essential novelty: the approach is
similar, only the case analysis required is more extensive.

91n fact, the bound used in [Tzell] is smaller (2r—1), due to the fact that it examines bisimulation between
configurations with common initial names.
10¢hat is, in (q1,51) R (g2, S2) we always have S1,S2 C [1,7].
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Lemma 7.8. Let R, P CU. If all g € RUR™! satisfy the (FSYS) conditions in P then all
g € CI(R) satisfy the (FSYS) conditions in CI(P).

Proposition 7.9. Symbolic bisimilarity and indexed symbolic bisimilarity for FRA(S#q)
are closed.

ma =2
(2) for alli € w: ~ = CI(~).

Proof. For CI(%) = ~, since ~ is symmetric and satisfies the (FSYS) conditions in itself,
from the previous lemma we have that Cl(<) satisfies the (FSYS) conditions in itself and is
therefore a symbolic bisimulation. Thus, CI(%) C 2.

For Cl(~ ! )= L we do induction on i. When i = 0 then the result follows from the fact
that < is the universal relation. For the inductive case, note first that * s symmetric by
construction and all g e ‘X satisfy the (FSYS) conditions in L, Hence, by Lemma 7.8,
all elements of Cl( ) satisfy the (FSYS) conditions in CI(~ ) By IH, CI(~) = L so
Cl(zrtl) o , as required.

[]

More explicitly, the last part of Proposition 7.9 means that, given (g1, S1) (rzv)ﬁ (g2, 52):

(1) Then, (g2,5) ()", (q1,51).
(2) For all 7/, if 7 <51,55 7' then (ql, Sh) (’L)?/ (g2, SQ).

(3) For all (g2, 52) (4) (a3, 53), (a1,51) (L)', (a3, S3).

We therefore observe that the extension of symbolic representations to the size 3r, and
the ensuing history representation up to size 2r along with the extended symbolic bisimulation
conditions, have paid off in yielding the desired closure properties. The group-theoretic
behaviour of a closed relation R differs between different components:

e R™ has the same structure as the closed relations R examined in Section 4.2.

e For h € [0,2r], the tuples (q1, 51,0, g2, S2) € R" respect the condition |S1| = |S2| = |o| = h.
In particular, ¢ is a bijection from S; to Sy and, hence, in this case closure under
extension is trivial, and so are characteristic sets (X%(R") = ). Moreover, o € ZS3, and
Sy, 82 C [1,3r].

We can hence see that the same groups arise as in the case of RA(S#), and actually simpler

in the case h € [0, 2r], albeit parameterised over h. This allows for a similar group-theoretic

treatment.

7.2. PSPACE bound for bisimulation game. Before we come to the proof of the main
result, recall Theorem 4.11 which says that, for n > 2, the length of every subgroup chain in
Sl1,n) is at most 2n — 3.

Lemma 7.10. Let h € [0,2r] U{oo}, 51,52 C [1,3r] and Z/{glvs2 =Q x{S1} XIS, xQ x
{S2} x {h}. Then the sub-chain {~ | (X' Nl ) C (L Ul g)} has size O(1Q>+72(Q)).

Proof. We argue that {rzv | (thl N Z/Isl 5,) G (,Q N U§1’52)} has at most |Q|? + r%|Q| — 2r|Q)
elements. We shall say that (g1, 51, h, g2, S2) is separated in ~ if there is no ¢ such that
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(q1,51) (AZJ)LE (g2, 52); we say it is unseparated otherwise. We claim that if (itl N UQI’SQ) -
(,3 N L{ghsz) then there is some ¢ € @Q and S € {51, S} such that

(i) either X3((4)") € X4((EHM)

(i) or Qg(ii}h) is a strict subgroup of ng(rih)

(iii) or there is a tuple (q1, S1, h, g2, S2) that is unseparated in 2 and becomes separated
in i+1
We reason as follows. If (Zrtl N L{Sl 5,) & (L N L{ghSQ) then there are ¢1,¢2 € @ and o
such that (q1,51) (N) (q2,S2) but not (q1,S51) (lil) (¢2,S2). From closure properties
for L, X! 1t follows that (q1,51) (N) (g2, S2) and not (¢i1,571) (N) (g2, S2), where o’
o NXE (D" x XE(S)! '
and rng(o) = ng(( ~)").
Xg((itl)h) = S(( )"} (i.e. not (i)) and that no previously unseparated tuple becomes

). Consequently, we can assume wlog that dom(o) = Xgi((f@)h)

Now, suppose that, for all ¢ € @, S € {S1,52}, we have

separated in ‘X' N Z/{g1 s, (i-e. not (iii)). From the latter, It follows that there is some 7

such that (ql,Sl) (‘L ) (q2,S2). Hence, o;77! € G&. (h,i) but o7l ¢ G& (h,i41) so that
H—l

G& (M) > GE((THM).

Because Xq(( )h) C Xq((iftl)h), (i) may happen at most 27|Q| times in the whole

chain. For fixed Xg(( )"), by Theorem 4.11, (ii) may happen at most 2r — 2 times (we
include the case r = 1), which gives an upper bound of 2r|Q|(2r — 2) for the number of
such changes inside the whole chain (under the assumption that the changes are not of
type (i), which have already been counted). Finally, the remaining changes must be of
type (iii) and may happen at most |Q|? times across the whole chain. Overall, we obtain
2r|Q| + 2r|Q|(2r — 2) + Q) = |Q|* + 47?|Q| — 27|Q| as a bound on the length of the given
chain. []

Given S1,S2 C [1,3r] and h € [0,2r] U {oo}, let us call the triple (S1,S2, h) proper just
if: either |S1| = |S2| = h, or h = co and Sy, 52 C [1,r]. For such (51, S2, h), let us define:
R Si1N(L,r],SeN|L,r])+h if hel0,2r
Y(S1, S2,h) = SNl 520 11 7]) : 0.2r]
’}/(S1,Sg)+27“+1 if h=0o0

The measure 4 enables us to show the following bound for stabilising indexed bisimulation,
proven similarly to Lemma 4.17.

Lemma 7.11. Let ¢ be the bound from Lemma 7.10 and B = (4r + 2)¢. For any proper
(S1,S2,h), we have 2 ﬂZ/{ghSQ =~ mughsf
Proof. Observe that 0 < 4(S1,S2,h) < 4r + 1. For each m € [0,4r + 1], let

ki =min{i | A NUE o =2 NUL g, for any S, Sa, h with 4(S1, Sa, h) > m}.

Consider Si, Sa, h with 4(S1, S2,h) > m, where m < 4r + 1.

Observe that, for k > k41, if rn Z/lgl 5, = o L{Sl s,» then we must have X

N Z/{gl’SQ =N Ugl’sy because the (FSYS) conditions for (57, S2, h) refer to either (51, S2, h)
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or (51,55, h') with 4(S1, 55, h') > %(S1, Sa, h). Consequently, if rn nghSQ £ 2N nghSQ,
the sequence (£ N ngl s,) (k= Emy1,kms1 +1,---) must change in every step before

km . . .
stabilisation. By Lemma 7.10, at most ¢ extra steps from =~ ' will be required to arrive
at ~ N Z/lgl’ So0 which implies k., < k41 + £. By a similar argument, we can conclude that
kar+1 < L. Consequently, ko < (47 + 2)¢, as required. []

We can therefore establish solvability in polynomial space.

Proposition 7.12. For any FRA(S#0) bisimulation problem, if there is a winning strategy
for Attacker then there is one of depth O(r|Q|* + r3|Q)).

Proposition 7.13. ~-FRA(S#y) is in PSPACE.

7.3. Generating systems and NP routines. We proceed to generating systems for
FRA(SF), which are h-parameterised versions of the ones for RA(SF'), except that now
they are built over [1,3r] rather than [1,7]. Since we again consider only characteristic sets
and groups with relation parameter R = ~, we will typically leave this argument implicit in
what follows. We call a pair (S, h) proper just if (S, S, h) is proper.
Definition 7.14. A generating system Gg, for proper (S,h) (in which case |S| < 2r),
consists of:
e a partitioning of () into P,--- , Py;
e for each partition F;, a single representative p; € P; and:

— a characteristic set X gfh CS;

— a set Gg’;h, of up to max(2,r) permutations o € ngfh;
— for each ¢ € P;\ {p;}, a partial permutation ray}’ € ZSg such that dom(ray}’) = X%, ;
for technical convenience, we also add rayh! = id X, -

We write rep(Gg,p,) for the set {p1,---,px} of representatives.
From Ggj, we generate gen(Ggp) C (Q x {S} x ZS3, x Q x {S}) by setting

BASEsth = {(pi, S, o, pi, S) ’pi € Tep(gkg’h) No € ng,h}
U {(pi, S,rayti, q,8) | pi € rep(Gsn) N g € P}
and taking gen(Gs ) = CI(BASEg ).

The following lemma, proved in the same way as Lemmata 6.3 and 6.4, enables us to
prove an NP upper bound for bisimilarity in FRA(SF).

Lemma 7.15. (1) For any proper (S,h) there exists a generating system Gsp, such that

gen(Gsp) = % Nl
(2) For any generating system Gg p,, membership in gen(Gs ) can be determined in polynomial
time.

Theorem 7.16. ~-FRA(SF) is in NP.

Proof. Given an input tuple (g1, 1,0, g2, S2, h?), note first that [1,r] C S1,S2 (by F) and
|S1| = |S2|. We can therefore convert it to an equivalent (q1,57, 0", g2, S2, h°), with §] = Sa,
by applying a permutation on the indices in S; \ [1,7]. Hence, we can assume wlog that our
input is some (q1, 5%, 7, g2, SY, h?). Moreover, because the expansion of S in the symbolic
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bisimulation game (when h € [0, 2r]) always occurs in its first free register (min([r+1, 37|\ 5)),
we can compute the sequence (SY, h?, S9), (81, h04+1,81),- - of distinct triples considered in
the game (in the h € [0, 2r] phase), which must thence be bounded in length by 2r. Including
the final bisimulation phase (h = 00), this gives us 2r 4+ 1 phases. We first generate for
each of them a generating system, say Ggi j,i, and then verify whether each gen(Ggi ;i) is a
symbolic bisimulation, similarly to Theorem 6.5. Note that each such check can be achieved
in polynomial time. If the guess leads to some gen(Gg: ;i) being a non-symbolic-bisimulation,
we return NO. Otherwise, we use another membership test for gen(Ggo po0) to check whether
the given instance of the bisimilarity problem belongs to gen(Ggo po). We return the outcome
of that test as the final result. []

8. VISIBLY PUSHDOWN AUTOMATA WITH SINGLE ASSIGNMENT AND FILLED REGISTERS
(VPDRA(SF))

Finally, we consider a variant of register automata with visible pushdown storage [AMO04].
We only consider the most restrictive register discipline (SF'), as undecidability will be
shown to apply already in this case.

Definition 8.1. A wisibly pushdown r-register automaton (r-VPDRA(SF)) Ais a
tuple
(Q.2c, XN, 2R, T, 6),

where:
( is a finite set of states;
Yo, 4N, LR are disjoint finite sets of push-, no-op- and pop-tags respectively;
I' is a finite set of stack tags;
0 = d0c' Udn U R, the transitions, have Lab = {1,...,r} U{1°,...,7*} and:

0 dJo CQRQXxXexLabxT x{l,---,r} xQ

o INCQXxXNXxLabxQ

0 JpCQXXpXLabxT x{l,--- r,e} xQ
Configurations of -VPDRA(SF) are triples (g, p, s), where g € @, p is a register assignment
and s € (I' x D)* is the stack. An LTS arises by having a labelled edge (q1,p1,51) ()
(g2, p2, s2) just if there exist i € [1,r] and | € {4,7*} such that:
(1) pr(z) = p2(2) for all x # i;
(2) if I =i then p1(i) = pa(i), otherwise pa(i) & rng(p1);
and (iii) one of the following conditions holds:
o (q1,t, 1,1, j,q2) € ¢ and s2 = (', p2(j))s1,
o (q1,t,1,q2) € 0n and sp = s,
L4 (qlatvl7t/7j7 QQ) S 5R7 S1 = (t/7d/)327
where if j € [1,7] then d' = pa(j), otherwise d’ & rng(pa).

We show that even the visibly pushdown with SF' register discipline is undecidable. To
do so, we reduce from the undecidable emptiness problem for (one-way) universal register
automata with two registers (URA2) [DL09].
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Definition 8.2 [DL09]. A one-way universal n-register automaton (URA,,) is a tuple
(3,Q, qr,n,0) such that ¥ is a finite alphabet, @ is a finite set of states, qr € @ is the initial
state and ¢ : Q — A(X,Q,n) is the transition function, where

A(Z,Q,n) = {L, T, qAd, qaB>q, Xq, Xq, lrq
’ q,q/EQ,TE{l,’”,TL},ﬁGB(E,TL)}

B(Z,n) = {a,end}U{; |re{l,--- ,n}}

The emptiness problem for URAj is undecidable [DL09]. We shall reduce it to bisimilarity
testing. We first sketch the argument and then later give all the details.

Given a URA5 U, we shall devise a 2-VPDRA Ay with two configurations x1, ko such
that U accepts a word iff k1 ¢ ka. Ay is constructed to induce a bisimulation game in which
Attacker gets a chance to choose a word to be accepted by U and simulate an accepting
run (if one exists). It consists of two nearly identical components, which are linked by the
Defender Forcing circuit in places. Other differences between them stem from the need to
arrange for non-bisimilarity, in cases when the bisimulation game reaches a stage indicating
acceptance or Attacker tried to cheat while simulating a run. We sketch the design of the
components.

Input stage. Initially, we want Attacker to start choosing input letters and pushing them on
the stack. This is to continue until Attacker decides to finish the input phase. Defender
will simply copy the moves in other component. Technically, both kinds of choices can
be implemented by deterministic push transitions that cover the range of input in both
components. Observe that, in order to win (uncover non-bisimilarity), Attacker will eventually
need to abandon the input stage to avoid infinite copying.

Transitions. Once the input phase is over, the automaton enters the simulation stage. Recall
that the input word chosen by Attacker will be available on the stack in both components.
The top of the stack will play the role of the head of U and we can use the two registers of
Ay to emulate the two registers of U. To make transitions, we need to be able to access the
tag at the top of the stack as well as compare the corresponding data value with the content
of registers. The only way of inspecting the top of the stack is by popping, but then we
could lose the data value if it does not already occur in a register (the value might be needed
later, e.g. the automaton might want to move it into a register). To avoid such a loss, we
will let Attacker guess the outcome of the comparisons. However, Defender will be allowed
to verify the correctness of such guesses (via Defender Forcing). During the verification the
top of the stack will indeed be popped, but we shall be no longer concerned about losing
it, because it will survive in a different branch of the game, which will carry on simulating
the run. In order to implement the detection of incorrect guesses, we will need to break
symmetry between the components and arrange for non-bisimilarity if Attacker’s guess is
correct.

Universal states. To simulate these, we can delegate the choice to Defender through Forcing.
This will allow Defender to direct the game towards a failing branch, if one exists.

Head movements. To advance the tape, we simply use one of the pop-instructions.

Register reassignment. To move the currently scanned data value into a register, let us
assume that the symbol is not in a register yet. Then we can refresh the content of the
relevant register (to guess the data value at the top of the stack) and then perform a pop.
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Note that a wrong guess by Attacker will lead to a deadlock (no ability to pop), which gives
Attacker the necessary incentive to guess correctly.

Accepting/rejecting states. If the simulation reaches a rejecting state, we arrange for
bisimilarity (to attract Defender there). In accepting states, we arrange non-bisimilarity.

Theorem 8.3. VPDRA(SF) bisimiliarity is undecidable.

Proof. Given a URA, U = (3,Q, q1,2,6), we shall construct a 2-VRPDA Ay such that
K1 ~ kg if and only if U does not accept any input, where r; = (init/, 77,€) (j = 1,2) and
init', init? are states. Ay will be constructed so as to induce a bisimulation game in which
Attacker gets a chance to choose a word to be accepted and simulate an accepting run (if
one exists). Without loss of generality, we shall assume injectivity of register assignments
and that, whenever |, is used, the D-value on the tape is not present in registers (these
conditions can be enforced by modifying the transition function with the help of the finite
control and appropriate book-keeping). Moreover, to avoid complications with borderline
cases, we shall assume that U does not accept the empty word.

Ay will consist of two mostly identical components involving superscripted states from U
as well as a number of auxiliary states implicit in the definitions below. The only connections
between the two components will be due to the use of the Defender Forcing circuit. The only
differences between the components will stem from the need to arrange for non-bisimilarity,
in cases when the bisimulation game reaches a stage indicating acceptance or when Attacker
makes a simulation mistake.

Below we explain the design of Ay at various stages of simulating U. We use arrows to
define transitions according to the following conventions.

)/t :
° ql( LJ)QQ stands for (q1,t,l,t/7]aq2) € 50

£l
e q g g2 stands for (qi,t,1,q2) € On

(
(£0),(t' 5)
(

L4 Q1 H‘QQ Stands fOI' ql)talvtluju Q2) € 6R

Given ¢ € Q, we write ¢ (j = 1,2) for its superscripted variants to be included in A;. We
shall rely on the following sets of tags.

o = {L}+X
En = {to,t1,t2}
Y¥r = {tr}

For the stack alphabet, we shall have I' = X¢.

We start off by introducing new states init', init?> that will be used to start the initial
phase in which Attacker can choose an input word and push it on the stack.

Input Phase. When drawing a diagram featuring states superscripted with j, we mean to
say that two copies of the design should be included into Ay, one for j = 1 and another for
j=2. We use o, [, A\, ¢, ® to indicate auxiliary states to be included in each component.
We shall reuse them in different cases on the understanding that they refer to different states
in each case.
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initd
(L,1)/(L,1)

(t071.)

(to,1) OV (a,1)/(a1) ) (a,2)/(as2)

test! q}

a ranges over % above. Consequently, if the bisimulation game starts from (k1, k2) then the
above design gives Attacker a chance to pick a data word and push it on the stack. The three
outgoing transitions from state o/ correspond to (from left to right) Attacker picking for the
next data value: a fresh data value not currently in either register, the data value currently
stored in register 1 or the data value currently stored in register 2. The stack content in
both copies will be the same. Attacker also decides when to end the input selection phase
and proceed to (o!,0?). The transition sequence (¢, 1*)(to, 2®) is intended to give Attacker
a chance to pick the right initial register assignment to support the simulation. For a match
with URA, we need the initial values to be different from any data values present in the
selected input word. Once Attacker generates the values and (®!, ®?) is reached, Defender
will have an option to challenge the choice or to proceed with the simulation to (q}, q%) This
will be achieved through Defender Forcing, represented by dashed lines. We shall return to
the exact design of test’, after we apply Defender Forcing in simpler cases.

The subsequent part of the construction corresponds to checking that the selected word
is accepted (we want Attacker to win iff this is the case). We analyze each kind of transition
in turn.

Transitions.

d(q) = L (rejection).
qj
We do not add any transitions from ¢! or ¢?. This ensures bisimilarity, should the game
enter configurations with states ¢', ¢? respectively.
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d(q) =T (acceptance).

q' g

l(tovl)

ol

Note that we do not add any transitions from ¢? in order to generate non-bisimilar
configurations.

d(q) = q1 \Nq2 (universal choice). We will let Defender choose the state (g1 or ¢2) that should
be pursued. Note that this is consistent with the goal of relating emptiness with bisimilarity.
To that end, we use the Defender Forcing circuit from Section 2.1 (Figure 4). Recall that
in order for the technique to work with VPDRA, we need to be sure that the stacks and
registers are used in the same way by each of the components. This is an easily verifiable
property of our constructions. In order to implement DF we need two different labels, e.g.
(tl, 1) and (tg, 1).
For brevity, in what follows, we shall write

to refer to the use of DF(q!, ¢?, (t1,1), (t1,1), (t2, 1), q%, q%, q%, q%)

d(q) = q1 <S> q2. Here we shall let Attacker choose between ¢; and g2 but the Defender
will later be able to challenge the decision (and check whether it is consistent with /). For
this purpose we use

qj
(t1.1) W\
J J
°r °R
/ \ /7 N\
/ /
/ \ / \
Z \ VZ N\
) j / ;
B qq -3’ 5}

where 1, 52, -1, =32 will be constructed so that the first two induce bisimilarity iff 3 fails
and the last two induce bisimilarity iff 5 holds. We do case analysis on .

B = a (stack tag comparison). To handle 3/, we introduce
B
(tR,l),(a,l) \L(tRJ),(a,Q) (tR,l),(G,,.)
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and

ol

l(tozl)

Dl

We explain the idea behind this first gadget, the rest are similar. If Defender was correct to
challenge Attacker because Attacker cheated, i.e. the letter under the head (top of stack)
is not tagged by a (despite Attacker’s claim), then Attacker will not be able to play any
transition from §; and hence Defender will win. If Defender challenged Attacker incorrectly,
then Attacker will be able to play exactly one of the transitions, according to the current
register assignment, and Defender will copy the move. However, in the following move
Attacker will win, since Attacker will play the only transition out of o! and Defender cannot
match this in o2, since it has no available transitions.
For /37 we can take

—B7
(thl)v(alJ) i(tRzl)v(a,12) (thl)v(al?.)
o
where a’ ranges over X\ {a}, and:

ol

l(tovl)

Dl

B =1, (stack D-value comparison). To handle 37, we introduce

B
i(tR,l),(a,T‘)

with a ranging over ¥, and:

ol

l(tovl)

Dl

-39
(tr,1),(a,3—7) < ) (tr,1),(a,®)
oj

For =7 we can take
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with @ ranging over X, and

ol

l(tovl)

Ot
B =end (last tape-symbol). To handle 3/, we introduce
B
(tr,1),(a,1) l(tml),(aﬂ) (tr,1),(a;e)
Y
with a ranging over 3,

Y

(tr,D):(L1) < l(tml),(iﬁ) (trs1).(Lo)
Oj

and:

For =37 we can take

_|B‘7

(tr.D):(a1) < l(tml),m,m (tr.1):(ae)
Y

with a ranging over X,

Y

(tR71)7(a71) < l(tﬁ’/vl)v(a’Q) (thl)a(a7.)
Oj

with @ ranging over ¥ again, and:

13:41
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d(q) =4r q1. We add

B M
and also add outgoing transitions for 37, as for the case 3 =1,. Note that the arrangement
forces Attacker to guess the D-value stored on top of the stack (and place it in register r).

Freshness testing (test’ ). We design test' and test? in such a way that they will lead to
non-bisimilarity iff Attacker guessed an initial register assignment that does not contain any
data values encountered during the input phase. a ranges over X.

test! ) (tr,1),(ase) testi) (tr,1),(a,)
(thl)v(J-v.)l

ol

d(q) = Xq1 (move head right/reject). To take advantage of previous cases, we represent the
transition as uj <end > ug with 0(u1) = L and 6(uz) = X¢p. This makes sure that X is only
invoked when we are not at the end of the word. Consequently, we can reuse the previous
constructions for u; < 5> us and L cases. To handle uo, we can now add

(tR’l)’(azl) l(tRyl)z((LQ) (thl)v(a’.)
with a ranging over X.

5(q) = Xq1 (move head right/accept). This is nearly the same as the previous case: now we
decompose the transition into u; <end > ug with §(u1) = T and 0(uz) = Xqj.

Altogether, we obtain k1 ~ kg if and only if U does not accept any words. This implies
Theorem 8.3. L]

The argument above also reduces URA; emptiness to 1-VPDRA, which implies a
non-primitive-recursive lower bound for 1-VPDRA.
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9. CONCLUSION

We have demonstrated bounds on the bisimilarity problem for broad classes of (fresh-)register
automata, which include those studied in the literature. The ability to start with empty
registers, erase their contents (or equivalently, store duplicate values) and use of a stack all
affect the inherent problem complexity. Global freshness, however, does not seem to affect
complexity. Except for the SF discipline, all bounds are tight.

Although our problem formulation is with respect to two configurations of a single
automaton, extending our results to problems concerning two automata is unproblematic. If
the automata have different numbers of registers, the game can be played on an automaton
with a number equal to the larger of the two, with additional registers initialised (and left)
empty. Even in F register disciplines our arguments show that, since these extra registers are
never assigned to, the system can be treated as a #¢ system without change in complexity.
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APPENDIX A. PROOFS FROM SECTION 3
Given d,d' € D, let us write (d d') for the bijection on D defined as:
d ifx=d
(dd)(z)=<Xd ifz=d
x otherwise
In what follows, we will consider various finite sets that involve elements of D, e.g. finite
subsets of D, register assignments and tuples thereof. Given such a finite set X, we write

(d d') - X for the result of applying (d d') recursively to the elements of X. Put otherwise,
(d d') - X will be X, where d and d’ have been swapped.'! In particular,

e if X does not involve names, then (d d') - X = X

e if X CD, then (dd) - X ={(dd)(z)|zeX};

o if X is some register assignment, then (d d')- X = {(i, (d d')(X(2))) | X (i) € D}U{(i,#) |
X (1) = #};

e if X is some tuple (Xi,...,X,) then (dd)- X = ((dd) - X1,...,(dd)- X,).

HFormally, this can be defined as an action of the group of permutations on a nominal set; see [Pit13] for a
detailed exposition.
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Moreover, we shall consider finite name-permutations, i.e. ones taken from the set:

Permp = {7:D — D |3X CD. X finite AVd € D\ X.7(d) =d }
and use 7 to range over them. Each m € Permp can be decomposed as m = (d; d})o- - -o(d,, d},),
for some n and dy,d,...,d,,d), € D. We then define 7- X = (dy d}) -...- (dn d,) - X

Finally, given p1, p2, H with rng(p1) Urng(p2) € H C N or rg(p1) Urng(p2) C N C H,
we extend the trim operation for H as:

oy {H if HC N
re | N\ {min(N\ (mg(p1) Urng(p2))}  if NC H

[HHXM CNNH and [H HXm C N. Moreover given

p1, p2, H, fI, we say that H can restrict to (pl,pg,H) written H >y (p1, p2, ) if:
e mg(p1) Urng(p2) CH C N and H = H, or
e rg(p1)Urng(pe) C N C H and H = N \ {d} for some d € N \ (rng(p1) Urng(p2)).

Note that, in either case, rng(p1) U rng(p2) C HCNNMH and H C N. In particular, when

[H}f)\g’m is well defined, we have H >y (p1, p2, [H]f)\i’m).

In either case, rng(p1) U rng(p2) C

Proof of Lemma 8.7. We show a correspondence between bisimulations and N-bisimulations
from which the result follows.

bisim — N-bisim. Let R be a bisimulation on A that is closed in the following manner:
for all permutations , if (g1, p1, H) R (g2, p2, H) then (7 - (q1, p1, H)) R (7 - (g2, p2, H)). We
claim that the relation R C Cy4 n x C4 n, defined by

‘é = {((Q1ap17ﬁ)7(q27p27ﬂ)) | JH. (Q17P17H)R(QZ7027H) /\HDN (pl,P%I:I) }7

is an N-bisimulation.
ERE ~ ~ t,d
Let (q17p17 H) R(QQJ P2, H)) due to some (q17p17 H) R(QQ; P2, H)? and suppose (q17 P1, H) u)

(¢}, py, H') for some t,d, ¢}, p}, H'. Next we reason by case analysis.
(a) Suppose d € rng(py) Urng(ps). Then, H' = H and, since R is a bisimulation, we have

(t,d)
(g2, p2, H) — (5, py, H) for some gy, py such that (g1, py, H) R (g3, p, H). Conse-
quently, (g2,p2, H) ——

d N A .
) t.d) (¢h, ph, H). Tt suffices to show that (¢}, Py, H) R (b, py, H),
ie. Hoy (py, ph, H). But this follows from H >y (p1, p2, H) and rng(p}) U mg(ph) C
mg(p1) Urng(pz). L
(b) Suppose d = min(H \ (rng(p1)U rng(pg))). Then, again H' = H and, reasoning as in the

A (td
previous case, (go, p2, H) — {d), (¢b, pb, H) for some ¢b, phy such that (¢}, py, H) R (qé, Py, H).

Since rng(pl) U rng(pQ) - rng(pl) U rng(p2) U {d}, it follows that H >y (o), ph, H) and,
thus, (¢}, o}, H) R (¢}, p2, H), as required.

(c1) Suppose d = min(N\H) and H = H C N. Then, H' = Hw{d} and, since R is a bisimu-
lation, we have (g2, p2, ﬁ) (t.d) —= (g4, ph, ﬁ’) for some ¢}, pfy, with (¢, p’l,lﬁ[’) R (g}, ph, I;T’)
Moreover, H' by (0}, pb, (H} p,) and, thus, (g4, P4, [H’}N )R(qé,pé, [H’uv )

(¢2) Suppose d = min(N \ H) and H N\ {d} for some d E (N \ (rmg(p1) U rng(pg))

and N C H. Clearly, d = d and H = N. Since d is a fresh name for H, the
transition from (q1, p1, H) must be a globally fresh one, i.e. p} = p1[i — d]. This



13:46 A. S. MURAWSKI, S. J. RAMSAY, AND N. TZEVELEKOS Vol. 21:1

t.d)

implies that (g1, p1, H) AGLIN (¢}, ;)i — d'],HW {d'}) for some fresh d’ and, therefore,
(t,d)
(q27 P2, H)

——= (¢4, p2lj — d'], H W {d'}) with (¢}, p1[i — d'|, HW{d'}) R(gh, p2[j —

d'], Hw {d'}), for some ¢}, j. Moreover, (qa, pa, H) ), (¢h, p2[j — d],N). Let us set
ph = p2[j — d]. By closure of R under permutations of D, we also have that (¢}, p}j, HW
{d'}) R (g}, ph, HW {d'}), so it suffices to show that (H W {d'}) >y (p}, ph, [N]f)\,;pé),
which holds by definition.

N-bisim — bisim. Let R be an N-bisimulation on A. We claim that the relation R -
C4 x C 4, defined by

R={m((q1,p1,H), (g2, p2. H)) | = € PermpAIH.(q1, p1, H) R (g2, p2, H)NH>N (p1, p2, H) }

is a bisimulation. A
Let (q1,p1, H) R (g2, p2, H), due to some (q1, p1, H) R (g2, p2, ) so WLOG assume that 7

d
is the identity, and suppose (q1, p1, H) M (¢, py, H') for some t,d,q},p}, H'. Next we

reason by case analysis.

(a) Suppose d € rng(p1) U rg(pz). Then, H' = H and, since R is an N-bisimulation,

(ty )

we have (qg,pg,H) (gh, ph, ) for some ¢}, py such that (qi,p’l,lﬁI)R(qé,p’Q,fI).
t,d)

Hence, (g2, p2, H) {4, (b, ph, H). We need to show that (¢}, o}, H) R (¢h, ph, H).
For this, it suffices that H >y (p, p5, H), which follows from H >y (p1,p2, H) and
rmg(p}) U rng(ps) € rng(p1) Umng(pz). A

(b) Suppose d € H \ (rng(p1) Urng(p2)) and let d’ = min(H \ (rng(p1) U rng(p2))). Note

that d’ € H. Then, we also have (q1,p1,H) Ld), (¢}, (d d') - p},H) and, hence,

(ql,pl,ﬁ) M) (¢}, (d d) - p’l,ﬁ). By N-bisimulation, we get (qz,pg,ﬁ) M

N . t,d
(¢4 b, H) and (qu, (d &) - ph, H) R (g2, oy, H). But then (g2, po, H) " (¢4, ph, H) and
therefore (g2, p2, H) LGN (b, (d d")-phy, H), so it suffices to show that (¢}, p}, H) R (¢h, (d d')-
Py, H). Note that H ey (p1, p2, H) implies that Hy ((d d')- p), py, H), thus gqi, (dd)-
ph, H) B2 ah h, H), and hence (ah ph, H) = ((d ) - (ah (0 ) -, H)) R (0 )
(QQ71027H)> = (QQa(gld)'p%H)' .

(cl) Suppose d ¢ H, H = H C N, and pick d = min(N \ H). Then, H = H W {d}

4, (¢}, (d d')-py,(d d)- H") and hence, since R is

d/
an N-bisimulation, we get (g2, p2, H) GLIN (gh, ph, (d d) - H') for some ¢, pl, with

(¢, (d d)-py, H) R (dh, phy, H') and H' = [(d d') - H’ é\; )0, 0l The latter implies that
(q/h (d d/)pllv (d d/)H/) R (qév p/27 (d d/)H/) and7 by closure of R7 (qlla P/p Hl) R (qé7 (d d,)

p4, H'). We conclude by noting that also (g2, p2, H) ), (g, (d d)-ph, H').

(¢2) Suppose d ¢ H, N C H and H = N\ {d'} for some d’ € N\ (rmg(p1) U rng(pz)), so

d' € H. Then, H = Hw {d} and we also have (g1, p1, ) 225 (¢}, (d &) - p, N)

N d
and hence, since R is an N-bisimulation, (g2, p2, H) M (¢h, p, N) for some ¢, ph

with (g}, (d ') g, 1) R (gh, ph, ') and ' = [N1% - But then (g, pa, H) %

(¢, (d d') - ply, H'), so it suffices to show that (¢}, p}, H') R (¢b, (d d') - ply, H'). Noting

and we also have (g1, p1, H)
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that H' oy ((d &) - py, pb, H'), we get (¢}, (d d') - py, H') R (¢h, pb, H'), from which the
claim follows by closure of R.

The lemma follows from the two reductions above, using the fact that bisimilarity satisfies
the permutation-closure assumption used in the first reduction. []

APPENDIX B. PROOFS FROM SECTION 4

Proof of Lemma 4.3. We do a case analysis on i, j being 0 or not. Assume first that i, j # 0.
Then:

(prspy )i = ) = {(@ YU ) € Lol [ # i A" # 5 ATl pr (i) = pa(i') = o}
= {0} U{(,5) € i alpolj = a1 | £ 0 NG # 5}
= p1li = al; palj — a] 7!
On the other hand, if i = j = 0 then the claim is trivial. Suppose now i = 0, j # 0. Then:
(s 03 i = 41 = {(,5) € (L] [ 5" # 5 A3 (i) = p2(4") = o'}
={(",J") e [Lr? | 7 #5A3d #ap(i) = pa(j') = '} (as a ¢ mg(p1))

= piip2li = a7t = pili = al; paff > a7
Finally, if i # 0,j = 0 then we can show that (p1; py 1)[i = 77" = (p1]i = a]; palj = a] 1)}
using the previous case above. L]

Proof of Lemma 4.5. We show a correspondence between bisimulations and symbolic bisim-
ulations from which the result follows.

bisim — s-bisim. Let R be a bisimulation on A. We claim that the relation R’ C U,

R ={(q1,51,0,42,52) | 3p1, pa- (q1,p1)R(q2, p2) Ao = p1;p3 ' Adom(p;) = S; }

is a symbolic bisimulation. For the latter (by symmetry in the definition) it suffices to
show that R’ is a symbolic simulation. So suppose that (q1, 51,0, ¢2,52) € R’ due to some

,a

t,i . t . ‘
(q1,p1)R(q2, p2). Let ¢1 RN ¢y for some i € S;. Then, (q1,p1) — (¢}, p1) with a = p1(i)

t, .
and, hence, (2, p2) = (g5, p) with (¢}, p1)R(d3, pb).
e If i € dom(o) then a = pa(o(i)) and therefore the above transition is due to some

t,o(1
g2 22D gt and ply = py. Hence, (¢, S1) R, (dh, S2).

e If i ¢ dom(o) then the transition is due to some go AN ¢4, and ph, = pa[j — a]. Hence,
since o[i +— j] = p1; (p2lj = a])~! and dom(ph) = Sa[j], we have (q’l,Sl)R;[iHj](q’Z,Sg[j]).

Now let ¢ DN qy. For each a ¢ rng(p1), (q1,p1) LN (g}, p) with pj = p1[i — a] and, hence,
. t, .
there is some (g2, p2) — (gh, ) With (g}, p)R(dh, p})-

e Select some a ¢ rng(pz2). Then, the transition above is due to some g2 LR ¢5, and
ph = pa[j = a]. Moreover, since o[i — j] = p1[i = a]; (p2[j — a])~1, dom(p}) = S1[i] and
dom(g) = Saljl, we have (¢}, SR, . (dh Sl

e Let j € So\ rng(o). Then, we can take a to be pa(j), so the transition is due to some

g2 b, ¢4, and p = pa. We moreover have (¢}, S1 [i])R;[iHj](qé, S3).
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s-bisim — bisim. Let R be a symbolic bisimulation on A. We claim that the relation

={(q1,01), (a2, p2)) | (a1, 51)Ro(g2,52)
Ao = p1;pyt A S; =dom(p;)}
is a bisimulation, for which it suffices to show that R’ is a simulation. So suppose that
((q1,p1), (a2, p2)) €

due to some (q1,S51)Rs(q2,52), and let (q1,p1) — LN (¢, py) for some (t,a) € ¥ x D. If

a € rng(p1), say a = p1(i), then ¢ BEIN ¢y and pj = p1. We distinguish two cases:

e If a € rng(p2) then i € dom(o), so ¢2 LGON ¢ and (¢}, S1)Rs(dh, S2). Hence, (g2, p2) LN

(45, p2) and (g1, p1) R' (g5, p2). |
elfa¢d rng(pg) then i € Sp \ dom(c), so ¢o L7, ¢5 and (qy, S1) Rofisj) (g5, S2[4]). Hence,

(42, p2) =% (g5, palj 1= a]) and (g}, p1) R/ (g3, pa[j > a).
If a ¢ rng(p1) then there is ¢; L, ¢} such that p} = p1[i — a.

t,a

e If a ¢ rng(p2) then, since g2 SR gy with (q1, S1[i]) Ryjimsj (43, S2[j]), We obtain (ga, p2) —
(4, p2[j > al) and (q1, p1) R (g2, p2li — al). ,
o If a € rng(p2), say a = pa(j), then j € Sy \ rng(c). Hence, g2 LN ¢5, with

(qh Sl [Z])Ra‘[zr—m} (QQ7 52)7

from which we get (g2, pa) —= (g5, p2) and (d}, p}) R (b, pa). H

+1

Proof of Lemma 4 6. By induction on ¢ we prove that for all 1€ w, When i =0, the

result is trivial as  is the universe. Let us assume ‘< C ~ (IH) and (ql, Sl) 12 r (q2,52). 1
follows by definition that (¢, S1, T, g2, S2) and (g2, S2, 7%, q1, S1) satisfy the (SYS) Condltlons

in "L Because e L the tuples also satisfy the (SYS) conditions in L, whence

(Q1,51) o (g2, S2), as needed.

We next show that (., L = 2. We start with the D direction and argue that, for all i € w,
. The proof is by induction on ¢. When ¢ = 0 the result is trivial. Let us assume

(IH) and (g, 51) ~ (qg,Sg) We wish to show that (g1, 51,7, g2, 52) and its inverse

satisfy the (SYS) conditions in ~. By definition, they satlsfy the (SYS) conditions in ~.

Because ~ D ~, the tuples satisfy the (SYS) conditions in ~. Hence, o DR,

For the C direction, we argue that the left-hand side is a symbolic bisimulation. To

L2
o3

see this, assume (q1, 51,7, q2,52) € iy % so that (q1,51,7,q2,52) and its inverse satisfy
the (SYS) conditions in ~, for all i € w. The satisfaction of the (SYS) conditions in ~

by (g1, 51,7, g2, S2) (and, analogously, by its inverse) is witnessed by a subset C; C ~ C U
for each i. Because U is finite, there exists C' such that C' = C; for infinitely many 1.

Consequently, in view of '~ o - L’ C' witnesses satisfaction of the (SYS) conditions in

(Niews ). O

Proof of Lemma 4.8. We first observe that CI(R) = CI”(RU R™!) where, for any relation
X, we let CI"(X) be the smallest relation that contains X and is closed under the rules
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(Ip), (TR) and (EXT) above. Let R = CI" (RUR™!) and P’ = CI(P). We show that all
elements in R’ satisfy the (SYS) conditions in P’, by rule induction on CI"(RU R™1).
For the base cases, either the element is in RUR™! or is an identity. In both cases the result
is clear. For the inductive step, consider the rule:
(q1,51,01,92,52) € R (g2, 52,02,4q3,53) € I
(QL Sl) 01,02,(43, SS) S R/

(Tr)

and assume that the premises satisfy the (SYS) conditions in P’. Let us write o for o1; 0.

Suppose ¢ N ¢y with i € Sy.

e Ifi € dom(oy) and j = 01(i) € dom(o2) then g2 N ¢4 with (¢}, S1) P;l (¢h, S2), and g3 —

g4 with (g5, S2) P, (¢4, S3) and k = o2(j) = o(i). By (TR) we obtain (¢}, S1) P, (¢5,53).

o2
’

e If i € dom(oy) and j = 01(i) ¢ dom(oy) then g9 N ¢, with (¢}, S1) P, (¢h,S2), and

g1

(¢4, S3[k]) for some k. By (TR) we obtain (¢}, S1) P, (k]

(e

£k _ ,

q3 — q5 with (g}, S2) P i)
(q;/?n S3[k]) . .

o If i ¢ dom(o) then g < g with (qf, 51) P, ;) (@b, S2[3]), for some j, so g3 g

with (qé,SQ[j])PL;Q[ij] (¢4, S3[k]) for some k. By (TR,EXT), using o1[i — j];02[j —
) sy oli > H, we get (a1, 51) Py (a5 S[K]).

Now suppose ¢, EGN q-

e Then, ¢o AN ¢b with (¢, S1[4]) P;l[iHj] (¢h, S2[j]), for some j, so g3 R ¢4 with

(g3, S2L11) Py, jsr (dh: S3[K])

’

for some k. By (TR,EXT), (q1, 51[i]) Py, 4 (g3, S3[k]).
o If k € rng(o2) and j = 02_1(143) ¢ rng(oq) then ¢ L, ¢5, with (q’l,Sl[i])P‘;I[iHﬂ (¢h, S2),

/

t,k . . . ’
and g3 — ¢35 with (g3, S2) P,, (¢5,53). By (TR) obtain (q;, S1[i]) Pa'[ir—>k] (g5, S3).
o If k € S5\ rng(o2) then ¢ SN ¢ with (¢}, S1[i]) P,

1 [i] (¢h, S2[7]), for some j, and so
t.k . . / . . ’
q3 — ¢4 with (¢}, Sa[j]) sz[j,_ﬂc] (¢4, S3). By (TR,EXT) we obtain (g}, S1[i]) Pa[in} (g4, S3).
Consider now the rule:
(q1,51,0,92,52) e R 0 <g,,5, 0

((Ih Sla OJ? q2, SQ) S R

(EXT)

and assume (q1, 51,0, q2,52) satisfies the (SYS) conditions in P’. Suppose ¢ AN ¢y with
i€ 857,

e If i € dom(o) then g¢o Lo, ¢, and (¢}, 51) P, (¢, Ss). Since ¢ C ¢, we have o (i) = o’ (i)
and (¢}, S1) P(;, (¢h, S2).

e If i ¢ dom(o’) then also i ¢ dom(c) and therefore g9 AN ¢5, for some j, and
(a} 1) Pl (dhe Sali):

From o SSl,SQ o’ we obtain U[Z = ]} SSl,Sz[j] U/[i = ]]7 S0 (qlla Sl) P(;/[,“_)j] (qéa 52[]])
e If i € dom(o’) \ dom(c) then we reason as follows. Let o/(i) = j € So.
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I. Since i ¢ dom(co), there is some g2 b7, ¢4 with (q}, S1) P(;[Z.._)j,] (d4,S2[7');
II. hence, there is some ¢ LN ¢y with (qf, S1[i']) P(;[i,Hj,] (d5,S219');
IIL. then, there is some go -2 g4 with (g7, S1[i']) P;[i,ﬁj] (¢h, S2).
Taking stock (and using symmetry of P’),
(qia Sl) Pg[z‘»—)j’} (qgv S2 []l]) Pofl[j’.—)i/} (qi/’ Sl [Z/]) Pg[i’»—)j} (qéa 52)
and thus, since o[i — j']; 07 L[j’ = i'l;0[i’ = j] <g,.5, o[i = j], we have

(Qia Sl) P;[y—)ﬂ (QQa SQ)

ti®
Suppose now q; — q.

tisg] (42 S2[7])- Since ofi = j] <g,(1,5,15 'li = jl, we

e Then, ¢ LA ¢, and (qq, S1l7]) P(;
have (g1, S1[i]) Py, jy (45, Sali])-

o If j € S5\ rng(o’) then j ¢ rng(c), hence g2 N ¢, and (¢}, S1[i]) P(;[Z.._)j] (¢h, S2). Again,
we obtain (¢}, S1[i]) P;’[i»—>j] (¢h, S2).

Hence, all elements of R’ satisfy the (SyS) conditions in P’. ]

Proof of Lemma 4.13. (First part). Since R is closed, (p,S) R,.,-1 (p,S). Because ;50! =
idy for some X C S, we have X O X%(R). Moreover, dom(c) 2 dom(c;0~!) = X, hence
dom(c) O X%(R). A symmetric argument establishes that dom(c™1) D X{(R).

(Second part). By definition, we have that dom(¢’) € X%(R) and rng(c’) C Xi(R).
Observing that o/ = idxr(g); 03idxa(R), by closure of R we get (p,S) Ry (q,S). By the first
part, dom(c’) 2 XG(R) and rg(o’) 2 XZ(R), hence dom(o’) = X% (R) and rng(0’) = X&(R).
The final claim follows from the fact that (p,S) Riqq (p,5). ]

Proof of Lemma 4.17. Let us write v(S1,S2) for |S1| + |S2|, i.e. 0 < ~v(S1,52) < 2r. For
each m € [0, 2r], let

kp, = min{i| L NUs, s, = ~ NUg, g, for any S, So with (S1,52) > m}.

Consider S7, Sy with v(S1,.S2) > m, where m < 2r.

Observe that, for k > kp41, if rn Ug, s, = " Ug, s, then we must have &
NUs, s, = 2N Us, sy: because the (SYS) conditions for (Sy,S2) refer to either (S, 52)
or (S1,5%) with v(S1,55) > ~(S1,S2). Consequently, if En Us, s, # 2N Ug, s, the
sequence (r]i N u51,52) (k = km+1, kms1 + 1,---) will have to change in every step before

km . . .
stabilisation. By Lemma 4.16, at most ¢ extra steps from ( ~ 1) will be required to arrive
at ~ N Ug, s,, which implies ky, < kp11 + . By a similar argument, we can conclude that
ko < L. Consequently, kg < (2r + 1)¢, as required. ]
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APPENDIX C. PROOFS FROM SECTION 7

Proof of Lemma 7.1. For the first claim, note that it suffices to consider the case where the
product 7i'jj" is not 0 as e.g. if i’ = 0 then [i <» '] = [1 <> 1]. In this case, the claim follows
by composition of partial permutations, noting that py*; (5 5') = ((j 5'); p2) ™"

Claim 2 then follows as Lemma 4.3 implies that (pg;p; )[i’ — 5] = m[i’ — a];
p2lj’ a7t O

/

Proof of Lemma 7.3. Let (q1,51,0,q2,52,h), (q1,5%,0",q2,55,h) € symb(ky,k2) be dis-
tinct and produced from p; and p; respectively (for ¢ = 1,2). Let us assume that

(q1,8},0",q2,5%,h) € ~. Take o; = p;; pi " By definition, o; | [1,7] = idg,n[1,r), and we

can verify that (gi, 5:)(%)5, (i, S;). Hence, (a1, 1) (V)5 (a1, 51) (V)gr (g2,55) (2)] 1 (42, S5)

and, using Proposition 7.9 (which does not depend on this lemma), we get (¢1,51,01;0";05 L

2,82, h) = (q1,51,0,q2,52,h) € ~. N

Proof of Lemma 7.6. Let A be an r-FRA(S#(). We show a correspondence between bisim-
ulations and symbolic bisimulations for A from which the result follows.

bisim — s-bisim. Let R be a bisimulation on A. We claim that the relation P C U,
P= U{ symb(k1, k2) | (k1,k2) € RA K = (g4, pi, Hi) N Hl = Ha}

is a symbolic bisimulation. For the latter (by symmetry) it suffices to show that P is a
symbolic simulation, which reduces to showing the (FSYS) conditions true. So suppose
that (q1,51,0,q2,S2) € P" due to some (g1, p1, H)R(qa, p2, H). If h < 2r then let p; be
some 3r-register assignment of type S#o used by symb (for i = 1,2), so p; [ [1,7] = pi,
S; = dom(p;), mg(p;) = H and o = fr; p5 .

Let g1 LN ¢y for some i € S;N[1,r]. Then, (g1, p1, H) La, (g, p1, H) witha = p1(i) € H
and, hence, (g2, p2, H) La, (¢h, ph, H) with (¢}, p1, H)R(dh, ph, H).
o If o(i) € [1,7] then a = pa(c(i)) and therefore the above transition is due to some

@~ ¢, and ply = po. Hence, (¢;, S1)PL (g}, Sa).

o If 0(i) = j' € [r+1,3r] then a = pao(j’) ¢ rng(p2) and the above transition is due

to some ¢ SN ¢, and phy = pafj — a]. Now, taking p, = pa[j <> j'], we have
(51, pr: "y dom(@h)) € PP, Since py: it = [j ¢+ 7'lo and dom(py) = Sj ¢ 7',
we obtain

(@1 SO Py 0 (0, S ¢ 5']).

e If i ¢ dom(o) then h = co and the transition is due to some gy L, ¢h, and py = pa[j — al.
Hence, since o[i — j] = p1; (p2[j = a])~! and dom(ph) = So[j], we have

(qlla Sl)Pg[i»—)j](qév 52[3])

Let ¢1 i) ¢;. For each a € H \ mg(p1), (q1,p1,H) La, (¢}, P}, H) with pj = pi[i — a]

and, hence, there is some (g2, p2, H) L, (qh, ph, H) with (qy, py, H)R(q, ph, H). Now, let
a=p1(i') for ' € S\ [1,7] (if h < 2r), and a = pa(j) for j € Sz \ rng(o) (if h = 00); in the
former case, set p} = pi[i ¢ 7'].
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e If 0(i’) € [1,7] then a = pa(o(i’)) so the transition above is due to some gy # ¢4 and

P2 = p2. Thus, (quom(pl))Ph 71(612, So) i.e. (q1,5’1 [i <> i ])P;l[lHl/](QmSﬂ
o If o(i') = j/ € [r+1,3r] then a = pg (7) ¢ rg(p2) so the transition above is due to some
q2 LA ¢, and ply = pa[j — a]. Thus, setting ph, = pa[j > j], we obtain

(g1, dom(p})) P, 1 (g5, dom(p5)),

1.e. (q/p Syi < i/])P[?qug[iHy] (qé7 Salj < 4']).

e For a = po(j) with j € Ss \ rng(c), the transition is due to some gy R ¢h, and ph = po.
We moreover have (¢, S1 [i])P:[iHj] (¢h, S2).

Finally, let ¢; N ¢y with ¢; € {i*,i®}. For each a ¢ H, we have (q1,p1, H) LN (g, Py, H')
with p} = p1[i = a] and H' = H U {a} and, hence, there is some (g2, p2, H) La, (gh, ph, H")
)e' . .

with (q}, py, H')R(dgh, ph, H'). The latter must be due to g2 LN ¢4, for some £; € {j°,7%},

in which case p, = pa[j — al.

o If h < 2r then let p) = p1[i’ — dalfi «+ '] and p)y, = po[f’ — a]lj + J'], Where i’ =
min([r+1,3r] \ dom(p1)) and j° = min([r+1,3r] \ dom(p2)). We have p| = p; | [1,7],
similarly for pb, and py; oyt = [j < ') (o[i' = j'))[i > i'], so

(¢1, Sili <+ i ])P[};:]/]( [i’»—>j’])[i(—>i’](qé7 Salj < 7))

e If h = 2r then (¢}, dom(pl))P"o;p,2 1 (g5, dom(p))). Now observe that p1[i — al | [1,7] = pf,
similarly for ph, and hence o[i — 5] N [1,7]? = p}; py *

e If h = oo then, since ofi = j] = p1[i = al; (p2[j — a])~, dom(p}) = Si[i] and dom(ph) =
Sa[7], we have (¢}, S1 [i})Pf[iHj](qé, Sa[j]). Moreover, if ¢; = i® then, since |H| > |rng(p1)|+
Irng(p2)|, there is some a’ € H \ (rng(p1) U rng(p2)). We can therefore pick a = a’ and the
latter would impose £; = j°.

Hence, P is a symbolic bisimulation.

s-bisim — bisim. Let R be a symbolic bisimulation on A such that, for all pairs of
configurations k1, ke, either symb(k1, k2) C R or symb(k1,k2) N R = (). We claim that the
relation

R ={(k1,k2) | ki = (i, pi, H;) N Hy = Hy Asymb(rq,k2) C R}

is a bisimulation, for which it suffices to show that R’ is a simulation. So suppose that

((q1,p1, H), (a2, p2, H)) € R
and let (q1,51,0,q2,S2,h) € symb((q1, p1, H), (g2, p2, H)) C R, and if h < 2r let p; be some
3r-extension of p; used by symb. Let (g1, pl,H) LN (g1, p, H') for some (t,a) € ¥ x D.
If a € rng(p1), say a = pi1(i), then ¢ SN ¢ and p}| = p;. We distinguish three cases:

t,a

e Ita € mg(ps) then o(i) € [1, 7], 50 g2 ~2 g and (g}, S1)R%(d, So). Hence, (g2, pz, H) =%
(Q2ap27H) and (Q1ap17H)R (Q27p2aH)
o If a & mg(p2) and h < 2r then o(i) = j' € [r+1,3r], so ¢ L, ¢4 and

(1, SURL o a2y Sali < §'D),
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for some j. Hence, (g2, p2, H) ™ (qh, polj =+ a], H) and, taking p = palj < j] (s0

1 [1,7] = palj > al), we have (¢;, dom(s)R" (g4, dom()) hence

(qllvpr)R,(qéapQ[j = (I],H).
e If a ¢ rng(p2) and h = oo then i € S; \ dom(o), so g2 SR ¢ and (g}, S1)R" W_}j](qQ,Sg[j]).

Hence) (QQ7p27H) t,_a> (Qé7p2[j = CL] H) and this (Q17p17H)R/(QQ7p2[j = CL] H)
If a € H\rng(p1), and either h < 2r (so a = p1(¢') for some i’ > r) or h = co and a € rng(p2),

then H' = H and there is some ¢; 2, qy and py = p1[i — a).

o If h < 2r and o(i') € [1,r] then g¢o L@, ¢, and (¢}, S1[i i’])RZ[iHi,](qé,Sg). Thus,

since p2(o(i')) = a, (q2,p2, H) LN (¢h, p2, H) and, setting pj = pi[i <> i'], we obtain
(@1, 1, H)R' (g3, pa, H). ‘
o If h < 2r and o(i') = j' € [r+1,r] then ¢ TR ¢, with (¢}, S1[i < i’])Rﬁ.Hj,}g[iHi,]

t,a

(q/2752[] AN j/])a for some ] ThUS, since a §é rng(p2>7 (CI%PQaH) — (QZap2[j = CL] H) and7
setting p} = p1[i <> ¢'] and ply, = pa[j <> j'], we obtain (¢}, p}, H)R'(¢b, p2[j — a] H).
e If h = 0o and a € rng(p2), say a = p2(j), then j € So \ rg(c). Hence, g2 N ¢4 with
. . t,
(Qi? Sl [Z])Ra[v—}]](qéa SQ)’ from which we get ((:Z2a P2, H) —a> (qé’pZa H) and

(qulla H)R/(qé>p2a H)

If either h < 2r and a ¢ H, or h = oo and a ¢ rng(p1) U rng(p2) then g1 L, qy, for some
0

0; € {i*,i®}, and H' = H U {a} and p} = p;[i — a]. Thus, ¢ , ¢4 for some ¢; € {j°,7%}.

Let ph = p2[j + al.

e If h < 2r then, taking ¢/ = max([r+1,3r] \ S1) and j' = max([r+1 3r] \ S2), we have
(gl,SlA[z <,—> ZDRE;(—U’]O'[Z H],][ZH,L,](QQ,SQ[‘] <—>, j ],) Settm/g Py = pili’ — alli < ] and
py = p2[i’ = a][j <> j'], we obtain (g1, o}, H') R (¢3, py, H').

o If h = 2r then (¢}, S1[i] N [1, 7“])]%0[7H]m1 T]Q(q2, Sa[7] N [1,7]), from which we obtain

(a1, p1, H)R' (3, p3, H').
e If h = oo then (¢f, S1 [i])Rg[i._)ﬂ(qé, S2[4]). In particular, if a € H then ¢; = i®* and therefore

t,a

¢; = j*. Thus, in each case, (g2, p2, H) — (¢4, p2[j — a], H') and (¢, p, H' )R/ (¢5, p, H').

Hence, R is a bisimulation.

Thus, to prove Lemma 7.6, given such x; and ks, if k1 X Ky then we can construct a
symbolic bisimulation P such that symb(ki, k) C P. Conversely, if k1 R Ko then, using also
Lemma 7.3, there is a bisimulation R’ such that 1R ko. []

Proof of Lemma 7.7. For the first part, we argue by induction on ¢. For i = 0 we need
to show ~ C 3, which is true because < = U. Next, assuming o C fi, we argue that
Eolalee Suppose (q1,51) (N )h (q2,52). It follows by definition that (q1,S1, 7, g2, S2, h)
and ((]2, So, 771, q1, S1, h) satisfy the (FSYS) conditions in ‘X', Because ‘X' - 24, the tuples
also satisfy the (FSYS) conditions in ~, which implies (g1, S1) ( NI)T (g2, S2).
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For the second part, we start with O and argue that, for all i € w, K3 D <. The proof is
by induction on ¢. For ¢ = 0 the result is trivial, because L =u. Next, assuming ~ D R, we
will show X' > 2. Suppose (q1,51)(~)? (g2, S2). We wish to show that (¢1,S1,7, g2, So, h)
and its inverse satisfy the (FSYS) conditions in ~. By definition, they satisfy the (FSYS)
conditions in ~. Because of ~ D ~, this implies that they satisfy the (FSYS) conditions in
i it1 s .
~. Hence, ~ D ~, as required.

For the C direction, we argue that the left-hand side is a symbolic bisimulation. To see
this, assume (g1, S1, 7,42, 52, h) € Ve ~ so that (g1, S1,7,qa, S2, h) and its inverse satisfy
the (FSYS) conditions in ~, for all i € w. The satisfaction of the (FSYS) conditions in ~

by (q1,S51,7,q2, 52, h) (and, analogously, by its inverse) is witnessed by a subset C; C L cu
for each i. Because U is finite, there exists C' such that C' = C; for infinitely many i.

Consequently, in view of o C i,, C witnesses satisfaction of the (FSYS) conditions in

(miew i"])- ]

Proof of Lemma 7.8. We first observe that CI(R) = ClI”(RU R™!) where, for any relation
X, we let CI"(X) be the smallest relation that contains X and is closed under the rules
(ID), (TR) and (EXT) above. Let R = CI"(RUR™!') and P = CI(P). We show that all
elements in R satisfy the (FSYS) conditions in P, by rule induction on CI~(RU R™1).
For the base cases, either the element is in RUR™! or is an identity. In both cases the result
is clear. For the inductive step, consider the rule:

(q1,51,01,q2,52) € R"  (qa, S2,09,q3,53) € R
(Ql781501;027q3553) S Rh

(Tr)

and assume that the premises satisfy the (FSYS) conditions in P. Let us write o for o1; oo.

Suppose ¢ b, 4.

o If 01(i1) = iz € [1,r] then, by the (FSYS) conditions on (qi1,S1, 01, h, g2, S2), we have
a2 =% 5 with jo = o1(j1) and (g, 1) P2 (a5, Sb).
— Tfoy(in) = i3 € [1, 7] then gz =2 g} with (g}, S2) P2 (¢4, S3). By (TR), (¢}, 51) P (g}, Ss).
— T oa(ia) = i € [r+1,3r] then g " g} with (¢}, S2)PL 01, (5, Salis ¢ #4]). By (Tw),

and using also Lemma 2.7, we obtain (¢}, S1)15[?3m/3]0(q§, Sslis <> 14]), as required.

. t,i3 . A .
— If iy € Sy \ dom(o2) then g3 LN g4 with (qé,Sg)P£2[i2Hi3](qé,S3[23]). By (TR), we
obtain (¢, Sl)P;‘I,U2[i2Hi3](qé, Sslig]), which is what is required since o[i; — i3] = o71;
092 [ig — ig].
. . tv'. . ~ . .
o If 01(i1) = i5 € [r+1,3r] then ¢o SN ¢, with (¢}, Sl)P[’ZQHZ./Q]Ul (gh, Saliz < i5)).
. , ti : . P
— If o9(ih) = i3 € [1,7] then g3 —> ¢4 with (¢b, Sa[iz < zg])Pjg[iZHié](qg, S3). By (TR) we
obtain (¢}, S1)P" (g}, S3).
. . 1,13 . . . A
— If o9(iy) = i4 € [r+1,3r] then g3 5, qb with (gb, Salia < zé])P[?g(_)ig]@[iQHi,Q]

(g4, S3[iz > i5]). By (TR) we have (¢}, 51)15[?3<_>ié}0(q§, Sslis > 15]).



Vol. 21:1 BISIMILARITY IN FRESH-REGISTER AUTOMATA 13:55

e If i1 € S\ dom(oq) then we have h = co and ¢ b, qh with (¢}, Sl)Pfl[ilHiQ](q'Q, Salia]),

for some iz, S0 g3 s, ¢4 with (¢b, Salio]) P" (¢4, S3lis]) for some i3. By (TR,EXT),

O’z[izb—}i;g] N
using o1 [il — Z'Q}; 0'2[i2 — ig] SSl,SS[i:’,] U[il — ig], we get (ql, Sl)Pf[ilmg}(%’ 53[23])
Now suppose q1 4, ¢) and let ¢} € Si \ [1,7] (so h < 2r).
. . ti : , g
o If (i) = iz € [1,7] then g2 == g5 with (g}, Su[i1 ¢ Zﬁ])Pﬁl[ilHii](QQv&)-

— If o9(i2) = iz € [1,7] then g3 bis, g4 with (gb, S2) P2 (¢, S3). By (TR) we obtain
(a1, Sulin > A1) Py, ir) (45, 53).

t»‘. . 7~
— If o9(iz) = i% € [r+1,3r] then g3 LN ¢ with (g, So) P

iy rit]oy (430 93li3 ¢ i3]). By (TR)
we have (g1, S1[iv < A1) i1pi, crir) (08, S3lis > d5]).
. : i3 . » .
o If 01(i)) = i € [r+1,3r] then ¢ —> ¢, with (¢}, S1[i1 « z&])P&Hié]Ul[ile
(g5, S2[iz > i5]).

— If 09(i},) = i3 € [1,r] then g3 Lis, g5 with (g, Salia < i5]) P,

h
g2 [’LQ<—>’L/2]

(¢4, S3). By (TR) we
obtain (q}, Si[i1 < i’l])P(f[ilHi,l](qg, S3).

. . t,i8 . . .
— If o9(iy) = i4 € [r+1,3r] then g3 —> ¢ with (g}, Salia <« ll?DP[?g(—)ié]o‘z[igHi’Q]
(qéﬂ S3[i3 A Zg]) By (TR)v (qllv S1 [7;1 e ill])P[?3<_>i/3]g[i1Hii](qga 53[i3 A Zé])

On the other hand, if ¢; L, ¢y and iz € S3\ rng(o) (so h = o).
. . 1. ti : R
e If i3 € mg(02) and iy = 0, ' (i3) ¢ rng(o1) then g2 —2 ¢} with (¢}, S [11])P;L1[11H12}(qév S2),
ti : A : A
and so g3 ——» ¢4 with (qé,S’g)Pﬁ2 (¢4, S3). By (TR) obtain (¢}, S1 [z])Pf[ilHis}(qé, S3).

t,i3 . LN B . .
o If i € S5\ rng(o2) then, since go —2 qy with (g}, S1[i1]) P? (g2, Saliz]) for some iy,

o1 [’il P—)iz}

(¢4, S3). By (TR,EXT) we obtain

~

t,i . .
we also have g3 —» ¢4 with (g, So [12])]30}—12[1'2»%3]

(1> S1[i1])) Pl iy (05 S3)-

Finally, let ¢ 2/ /. Th LB/ and g5 235 o with (¢ S1)PY (¢), SL) and
inally, let ¢ — q}. en, qgg —— (g5 and g3 q3 W1 (q1,51) 0/1((&7 2) an

(4 S B (55
o If h < 2r then ¥ = h+ 1 and i, = min([r+1,3r] \ Sk), S, = Sk[i}][ix < @] and

o, = [igp1 < 7 oty — 1 ip < 4], for k = 1,2,3. By (TR), we have
R (S k1 k k1 k
(4}, S{)Pfi;aé(qé, S%), which is as required since o}; 0% = [iz <> i5](o[t) = i5])[i1 <> @]

e If h =2r then i/ = oo and S}, = S[ix]) N [1,7] and o}, = ok[ig — ix+1] N [1,7]%. By (TR),
we have (¢}, S{)p;l,.g, (¢4, S%) and, hence, by (EXT) we obtain the required result since
172
0'/1;0'5 SS{,S& O'[il — ig] N [1,7’]2.
e If h = oo then A’/ = oo and S, = Si[iy] and o), = oy [ix, — ix11]. By (TR,EXT),

(a1, S1li1]) Py, i) (g5, S [is])-



13:56 A. S. MURAWSKI, S. J. RAMSAY, AND N. TZEVELEKOS Vol. 21:1

Moreover, if the transition from ¢; to ¢} is localy fresh then so is the one from ¢s to gb,
and from g3 to ¢5.

‘We now consider the rule:

(qh Sl,U, Q2752) S Rh g §S1,52 OJ
(Q175170/aQZ7 82) S Rh

(ExT)

and assume (q1, 51,0, h, g2, S2) satisfies the (FSYS) conditions in P. Note that if h < 0o
then h = |a\ |o’|, hence o = ¢’ and the required result is trivial. So let us assume h = .

Suppose q; —> q1

e If i € dom(o) then go Lo, ¢ and (¢}, 51)P>°(dh, S2). Since o C o, we have o (i) = o’ (i)

and (qy, 51) P77 (g3, 92).- ‘
e If i ¢ dom(o’) then also i ¢ dom(c) and therefore go L, ¢4, for some j, and

((hvSl) J[ZHJ](QQaSﬂjD-

From o <g, s, 0’ we obtain o[i — j] <g, g, o'[i = j], so (g1, Sl)P(f‘ﬁ[iHﬂ(qé, Sa[4])-
e If i € dom(o’) \ dom(c) then we reason as follows. Let o/(i) = j € Ss.
I. Since i ¢ dom(co), there is some g2 AN ¢4 with (qj, Sl)laaofi._)j,](qé’, Sa[7']);
II. hence, there is some ¢; LN ¢! with (¢}, Sy[i']) P> ] (q’Z’,Sg [7'D);
III. then, there is some g9 N ¢ with (¢7, S1[¢']) P23 o] (¢h, S2).
Taking stock (and using symmetry of ]5),
(6 SO PE (s Sali D B s (6 S1 ) B (0 S2)

and thus, since oli = jLo ' — ol = 4] <s.8, oli = 4] <g.5, o', we have
(qlasl) (QQ,SZ)

Suppose now q 7—> Q-

e Then, ¢o —> QQ and ((hasl[ ]) [zp-}j](q2752[ 4]). Since ofi > j] <81[i],82[] o'li = j], we
have (ql, Sl[ ]) U’[’b—)j](q2’ SQ[ ])

10 € 2\ mg(e") then ¢ mg(o), honco g > el (g 1165t 52). Again,
we obtain (¢}, S1 [i])P;”f[Hj] (g5, S2)-

Finally, let q; ﬁ q-

© .
e Then, gz <= g3 and (qf, i[i)) PS5, (a5, Salj]). Since ofi = j] <g,p.5,057 o'l = 3], we

have (g1, 51[i]) P25, jy (b S2i])-

Hence, R satisfies the (FSYS) conditions in P. ]
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APPENDIX D. PSPACE COMPLETENESS OF INVERSE SUBSEMIGROUP MEMBERSHIP

Given an inverse semigroup G, an inverse subsemigroup of G is some inverse semigroup
H C G. The problem of inverse subsemigroup membership of G:

For a set G of elements of G and a distinguished element g of G, does g € (G)?

where (G) is the inverse semigroup generated by the members of G via composition and
inversion. In this section we prove the following result.

Theorem D.1. Checking membership in inverse subsemigroups of ZS,, is PSPACE-complete.

Note first that PSPACE membership follows from Kozen’s corresponding PSPACE
result for functions, as members of ZS,, can be seen as functions on [1,n] U {#}.

Theorem D.2 [Koz77]. Checking whether a function h : [1,n] — [1,n] can be generated
from given functions fi,---, fx : [1,n] = [1,n] is PSPACE-complete.

For hardness, we shall make use of a result of Lewis and Papadimitriou which shows
that PSPACE computations correspond to computations performed in polynomial space by
Turing machines with symmetric transitions.

Definition D.3 [LP82]. A symmetric Turing Machine is a tuple M = (Q, qo, 9, F') where:

e () is a set of states, gy € @ is initial and F' C () are final,

e 5 C (Qx{0,1}x{0} x{0,1} xQ)U(Q x{0,1}2 x {—1,+1} x {0,1}2 x Q) is the transition
relation,

such that § = 61, where 1 = {t71 | t € 0} and:

* (¢,a,0,b,¢')"' = (¢',b,0,a,q),
L4 (Q7 a/’ b7 A) C’ d7 q/)_l = (q/7 C’ d’ _A7 a’ b7 q)'

Note that our machines have input and tape alphabet {0,1}. Moreover, since we are only
examining machines running in polynomial space, we assume a single tape (i.e. no separate
input/work tapes), which is initially empty.'? A symmetric TM M operates just as a TM,
with the feature that M can look 2 symbols ahead:!® e.g. a transition (q,a,b,+1,¢,d,q")
means that, if the automaton is at state ¢, with the tape symbol at the head being a and
the tape symbol to the right of the head being b, then the automaton will rewrite those
symbols to ¢, d respectively, move the head to the right and go to state ¢’. In a transition
(q,a,b,—1,¢,d,q") we have the dual behaviour: the automaton looks one symbol to the left
ahead, and moves the head to the left. Transitions of the form (g, a,0,b,q’) leave the head
unmoved.

Given f: N — N, we let SSPACE(f) be the class of problems decided by a symmetric
TM in space O(f).

Theorem D.4 [LP82]. For any f : N — N,
DSPACE(f) € SSPACE(f) C NSPACE(f).

Hence, setting SPSPACE = | J,. SSPACE(n?), using also Savitch’s theorem we have
SPSPACE = PSPACE.

121 owis & Papadimitriou work with multi-tape automata, which they reduce to 2-tape automata with one
tape for input and one work tape. The same procedure can be used to reduce to just one tape, retaining the
same space complexity if the initial complexity is at least polynomial.

13This feature does not add expressiveness to a TM but allows one to define symmetric machines.
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Proof of Theorem D.1. It suffices to show that the problem is PSPACE-hard. Suppose that
M is a symmetric TM with set of states @ = [1, K] and a tape of size N. By convention,
we assume that the initial state is 1, the initial head position is 1 and the unique final
state is K. We will simulate its computation using partial permutations from ZS,,, where
n=2N+ N+ K+ 1.

The first 2N numbers in n are used for modelling the tape, the next N numbers for
storing the position of the head on the tape, and the last K + 1 ones for storing the current
state, where we include an extra dummy state (K + 1) to be used at the beginning of the
simulation. The way we model these data (tape, head, state) is by employing N + 1+ 1
“tokens” which we distribute among our n numbers as follows:

e One token is shared between 2i — 1 and 2, for each ¢ € [1, N]. This token represents the
value of bit ¢ of the tape. E.g. if the tape is 10 - -0, then we can think of the tokens being
on numbers 2,3,5,--- ;2N — 1.

e One token is shared between the numbers 2NV + 1,--- ,3N. This token represents the
position of the head. E.g. if the tape is on position 5, then this token will be on number
2N +5.

e One token is shared between the numbers 3N +1,...,3N + K + 1. This token represents
the current state.

Initially, we will require all tokens to be on positions 2i—1 (i € [1, N]), 2N +1 and 3N+ K +1.
The latter means that the last token is initially placed on the dummy state K + 1.

We model transitions as partial permutations that pass on the 2N + 2 tokens. E.g.
consider the transition ¢ = (3,0,0,41,1,0, 5).14 Then, t is modelled by partial permutations:

m={(20 - 1L,2)yU {20 +1) - 1,2( + 1) — 1)}
U{(j,5) € [1,2N] x [1,2N] | j # 2i — 1,2i,2i + 1,2i + 2}
U {(@N +i,2N +i+1)}
U {(3N +3,3N +5)}

for i € [1, N —1]. The first line above says “at position i, read 0 and write 17 and “at position
i+ 1, read 0 and write 0”; the second line “leave the remaning cells unchanged”; third line
“move right”; and the fourth one “from state 3 go to state 5”. This can be generalised to all
of d:

e for all t = (x,a,b, A, c,d,y) and i € [1, N] such that i + A € [1, N], set
i = {(2i—24 Ata, 2i—2+ A+c) }U{(2i+ A+b, 2i+A+d) }U{(j, j) € [1,2N] x[1,2N] | j ¢
20 —2+ A, 2i+ 1+ A} U{(2N +i,2N +i+ A)} U{(BN + z,3N +y)}

o for all t = (,a,0,b,y) and i € [I,N], set 7¢ = {(2i — 1 +a,2i — 1+ b)}U{(j,j) €
[1,2N] x [1,2N] | j ¢ [2i — 1,2i|} U{(2N + i,2N + )} U{(3N 4+ 2,3N + y)}

Note that, in the latter case, (7{)~' = m!_; and, in the former one, (7})~* = are

Let us write X for the set of all such partial permutations. If M has d many transitions
then the size of X is at most d - V. Let us also select Y to be a minimal set of generators
for the group of partial permutations of the form:

' =mUmU{BN+K,3N + K)}

14 o, from state 3, if the head of the tape and its right-successor read 00 then write 10 to them, move right

and go to state 5.
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where 71 : [1,2N] 5 [1,2N] and 75 : [2N + 1,3N] 5 [2N + 1,3N]. Note that |Y| < 3n/2.
Moreover, let us take
mo=4{(2i—1,2i—1) | i€ [1,N]JU{(2N + 1,2N + 1)}
U{BN+ K +1,3N +1)}
to be a permutation setting up the initial positions of the tokens. We then have that:

M terminates <= mp € (X UY U{mp}) (D.1)
where w4 is the partial permutation:
Tm=9{2i—-1,2i—1)|ie[l,N]}JU{(2N +1,2N + 1)}
U{BN+ K +1,3N + K)}
To prove (D.1), note first that any accepting run of M, say

t t
(qo, Ho, a0) = (q1, Hi,01) - -+ = (qk, Hg, o)

ON Hy,

where gqg = 1, Hy =1, ag = and ¢ = K, yields a permutation m = WQ;TFgO; C T,
with the property that dom(7) = dom(mp) and 7(3N + 1) = 3N + K. We can now select
some 7' € (Y) such that #’ [ dom(w) = (7 [ [1,3N]) U{(BN + K,3N + K)} and, hence,
=g

Conversely, suppose that may € (X UY U{m}) and in particular let maq = mo; 715+ 7g
be a production (so each 7% is in X UY U {mo} UX 1 UYL U{r;'}). Note that, because
mo is the only generator with 3N + K + 1 in its domain, it must be the leftmost one in
the production. Let k' < k be the least index such that 7 ¢ Y UY ! and, for all j > &/,
7; € YUY ™! and assume the production is minimal with respect to the value (K, k) (in the
lexicographic ordering). We first claim that there is no ; with j < &’ such that 7; € Yuy L
Because if that were the case then 7’ = mg; - - - ;mj—1 would satisfy dom(7’) = dom(mp,) and
(BN + K +1) = 3N + K so there would be some 7" € (V) such that myq = mo; -+ ;m—1; 7",
and the latter would lead to a production with size (j — 1,---) which would be smaller
than (K', k). Moreover, if m; = m for some ¢ > 0 then we must have m;_; = 7 1 Because
770_1; 70 = idmg(ry) and |7T0_1; 70| = |mm| = N +2, we have that 7r0_1; mo can be safely removed
from the production of 7, thus contradicting the minimality of the latter. For similar reasons,
T # Ty ! forallie [1,k]. Hence, m only occurs at the beginning of the production and
7r0_1 does not occur at all. Summing up, m = mo; wa; 7 with 74 € (X) and 75 € (V). We
can now see that w4 represents a computation of M from 1 to K. L]

This work is licensed under the Creative Commons Attribution License. To view a copy of this
license, visit https://creativecommons.org/licenses/by/4.0/ or send a letter to Creative
Commons, 171 Second St, Suite 300, San Francisco, CA 94105, USA, or Eisenacher Strasse 2,
10777 Berlin, Germany



	1. Introduction
	2. Preliminaries
	2.1. Bisimilarity
	2.2. Fresh-register automata
	2.3. Groups and permutations
	2.4. Update notation

	3. Bisimilarity problems complete for EXPTIME
	3.1. EXPTIME algorithm
	3.2. EXPTIME hardness

	4. PSPACE-completeness for RAs with single assignment without erasure (RA(S#0)) 
	4.1. Symbolic bisimulations
	4.2. Bounding indexed bisimilarity convergence using permutation groups
	4.3. PSPACE hardness

	5. Language equivalence for RA(S#0)
	6. NP bound for single assignment with filled registers (RA(SF))
	7. Fresh-register automata with single assignment without erasure (FRA(S#0))
	7.1. Symbolic bisimulation
	7.2. PSPACE bound for bisimulation game
	7.3. Generating systems and NP routines

	8. Visibly pushdown automata with single assignment and filled registers (VPDRA(SF))
	Input Phase
	Transitions

	9. Conclusion
	Acknowledgments
	References
	Appendix A. Proofs from Section 3
	Appendix B. Proofs from Section 4
	Appendix C. Proofs from Section 7
	Appendix D. PSPACE completeness of inverse subsemigroup membership

