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ABSTRACT. Adhesive and quasiadhesive categories provide a general framework for the
study of algebraic graph rewriting systems. In a quasiadhesive category any two regular
subobjects have a join which is again a regular subobject. Vice versa, if regular monos
are adhesive, then the existence of a regular join for any pair of regular subobjects entails
quasiadhesivity. It is also known that (quasi)adhesive categories can be embedded in a
Grothendieck topos via a functor preserving pullbacks and pushouts along (regular) monos.

In this paper we extend these results to M, N -adhesive categories, a concept which
generalizes the notion of (quasi)adhesivity. We introduce the notion of N -adhesive mor-
phism, which allows us to express M, N-adhesivity as a condition on the subobjects’ posets.
Moreover, N -adhesive morphisms allows us to show how an M, N -adhesive category can
be embedded into a Grothendieck topos, preserving pullbacks and M, N -pushouts.

1. INTRODUCTION

Since their introduction [LS05], adhesive and quasiadhesive categories have provided a
powerful and elegant framework for studying and guaranteeing useful properties of algebraic
graph rewriting systems [BHK22, CMR ™97, EEPTO06]. Besides being useful for the study of
rewriting systems, adhesivity and quasiadhesivity entail other properties of the underlying
categories [JLS07, LS05]. In a quasiadhesive category any two regular subobjects (i.e.
subobjects represented by a regular mono) have a join which is again a regular subobject.
Vice versa, if regular monos are adhesive, then the existence of a regular join for any pair of
regular subobjects entails quasiadhesivity [GL12]. Moreover, any (quasi)adhesive category
can be embedded in a Grothendieck topos via a functor preserving pullbacks and pushouts
along (regular) monomorphisms [GL12, Lacl1], thus justifying the slogan that “a category
is (quasi)adhesive if pushouts of (regular) monomorphisms exist and interact with pullbacks
as they do in a topos”.

In order to deal with situations with other conditions on the rewriting rules or on
the allowed matchings, adhesivity and quasiadhesivity have been generalized with the
introduction of M- and M, N -adhesive categories [ACR19, CGM22, HP12, PH16], where
M and N are various classes of monomorphisms. While results concerning rewriting,
like the Church-Rosser Theorem and the Parallelism Theorem, can be proved also in this

Key words and phrases: graph rewriting, adhesive categories, DPO approach.

|E5| LOGICAL METHODS © D. Castelnovo and M. Miculan
IN COMPUTER SCIENCE DOI:10.46298/LMCS-21(1:22)2025 © Creative Commons


https://lmcs.episciences.org/
https://orcid.org/0000-0002-5926-5615
https://orcid.org/0000-0003-0755-3444
http://creativecommons.org/about/licenses

22:2 D. CASTELNOVO AND M. MICULAN Vol. 21:1

setting, a study of the consequences on the underlying categorical structure entailed by
M, N-adhesivity is lacking.

To this end, in this paper we first establish a relationship between M, AN -adhesivity
and the existence of some binary suprema in the poset of subobjects of a given object.
Generalizing the approach of [GL12], we introduce the notion of N -adhesive morphism;
then we show that, if M and A are nice enough, M, N-adhesivity entails the existence of
suprema for some pairs of subobjects; vice versa, the existence of these suprema, together
with every arrow in M being N-adhesive, is enough to guarantee M, AV-adhesivity.

Moreover, the framework of N-adhesive morphisms allows us to generalize also the
embedding results provided in [GL12, Lacll]. As in the (quasi)adhesive cases, and under
some hypotheses on the classes M and N, an M, N-adhesive category admits a full and
faithful functor into a Grothendieck topos, which preserves pullbacks and M, N -pushouts.
Thus, this suggests the new slogan that “a category is M, N -adhesive if M, N-pushouts
exist and interact with pullbacks as they do in a topos”.

Synopsis. In Section 2 we will recall the notion of Van Kampen square and the definition
of M, N-adhesive category, showing how it relates with M-adhesivity and (quasi)adhesivity.
Section 3 introduces the notion of N-(pre)adhesive morphism, which is used in Section 4 to
provide a formula to compute certain suprema in the poset of subobjects of an M, A/-category.
Section 5 goes on the other direction: starting from the existence of certain suprema we can
prove M, N-adhesivity. Using the results of these sections, in Section 6 we will show that,
under some hypotheses on M and N, every M, N-adhesive category can be embedded in a
Grothendieck topos via a functor preserving pullbacks and M, NV-pushouts. Conclusions
and suggestions for further work are in Section 7.

For the sake of brevity, proofs of straightforward results are omitted, but they can be
found in the extended version of this paper [CM24].

2. M, N-ADHESIVE CATEGORIES

In this section we recall the basic definitions and results about M, N-adhesive categories.
We begin with some notational conventions which will be used throughout this paper.

e Given a category X we will not distinguish notationally between X and its class of objects:
so that “X € X” means that X belongs to the class of objects of X.

e If 1 is a terminal object in a category X, the unique arrow X — 1 from another object X
will be denoted by !x. Similarly, if 0 is initial in X then 7x will denote the unique arrow
0 — X. Moreover, when X is Set and 1 is a singleton, J, will denote the arrow 1 — X
with value x € X.

e Mor(X), Mono(X) and Reg(X) will denote the class of all arrows, monos and regular
monos of X, respectively.

e If X is an object of a category X, Sub(X) will denote the collection of its subobjects, i.e.
equivalence classes of monos with codomain X with respect to the relation which identifies
m: M — X and n : N — X if and only if there exists an isomorphism ¢ : M — N
such that n o ¢ = m. More generally, we will say that [m] < [n] if and only if there
exists an arrow f : M — N such that n o f = m. The resulting poset will be denoted by
(Sub(X), <).
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e If M C Mono(X) is a class of monomorphisms closed under composition with isomorphisms,
we define Subp(X) to be the subclass of Sub(X) given by classes of monos belonging to
M, (Subp(X), <) will denote the induced poset.

2.1. The Van Kampen condition. The key property that M, AN -adhesive categories enjoy
is given by the so-called Van Kampen condition [BJ97, JLS07, LS05]. We will recall it and
examine some of its consequences.

Definition 2.1. Let X be a category and consider the two diagrams below

A B’
A B C l J
m ln l A ‘HB
n
C’T>D C

We say that the left square is a Van Kampen square if:

(1) it is a pushout square;
(2) in every commutative cube as the one above, with pullbacks as back and left faces, the
top face is a pushout if and only if the front and right faces are pullbacks.

Pushout squares which enjoy the “if” half of this condition are called stable.

Remark 2.2. Van Kampen property and stability are invariant under isomorphism in two
ways:

e if a stable (Van Kampen) stable pushout square of m along n exists, then every other
pushout square of m along n is stable (Van Kampen);

e to prove that a given pushout square is stable (Van Kampen), it is enough to verify
stability (the Van Kampen property) for a cube in which we have chosen representatives
for the pullback squares given by the vertical (back and left) faces.

Before proceeding further, we need to recall a classical result about pullbacks [Mac13,
McL92].

Lemma 2.3. Let X be a category, and consider the following diagram in which the right
square is a pullback.

xt.vy_92.7

PR

h k

Then the whole rectangle is a pullback if and only if the left square is one.
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Corollary 2.4. Let X be a category and let the solid part of the following cube be given

If the front face is a pullback then there is a unique ¢’ : Y' — B’ completing the cube. If,
moreover, the right and back faces are pullbacks, then the left face is a pullback too.

We can dualize Lemma 2.3 to get half of the following.

Lemma 2.5. Let X be a category, and consider the following diagram in which the left
square is a pushout.

Then the whole rectangle is a pushout if and only if the right square is one.
Moreover, if X has pullbacks and the left square is stable, then stability of the rectangle
is equivalent to that of the right square.

We recall another property of Van Kampen squares from [LS05].

Proposition 2.6. Let m : A — C be a monomorphism in a category X, then every Van
Kampen square

A-—2.pB

m| In
C’T>D

s also a pullback square and n is a monomorphism.
Finally, some kind of left cancellation property holds for pullbacks [GL12, Lemma 2.2].

Lemma 2.7. Let X be a category with pullbacks, given the following diagrams:

y ", x, 7 W Ty W s )
I e A Y B A
X1 = R XN R——0@ N R—50Q

if the first square is a stable pushout and the whole rectangles and their left halves are
pullbacks, then their common right half is a pullback too.
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2.2. Definition of M, N-adhesivity. In this section we will define the notion of M, N-
adhesivity and explore some of the consequences of such a property. Let us start fixing some
terminology.

Definition 2.8. Let X be a category and A, B two classes of arrows, we say that A is
e stable under pushouts (pullbacks) if for every pushout (pullbacks) square

AL>B

C — D
ifmeA(neA) thenneA(meA);
closed under composition if g, f € A implies go f € A whenever g and f are composable;

closed under B-decomposition if go f € A and g € B implies f € A;
closed under decomposition if it is closed under A-decomposition.

Remark 2.9. Clearly, “decomposition” corresponds to “left cancellation”, but we prefer to
stick to the name commonly used in literature (see e.g. [HP12]).

Remark 2.10. In the literature, when studying stable systems of monos, stability under
pullbacks (pushouts) is frequently assumed to imply the existence of those (co)limits. In
this paper we will not make this assumption, because it would lead to a definition of
M, N-adhesivity more restrictive than the one found in the literature (see Remark 2.15).

Example 2.11. In every category X, split monomorphisms (i.e. those arrows which have a
left inverse) are stable under pushouts. Indeed, take a pushout square

A1 .nB

m| In

c — D
with m a split monomorphism. Let r : C' — A be a left inverse of m, then

forom= foidg=f=idgof

This equality in turn entails the existence of a unique ¢ : D — B as in the diagram below.

A-1.B

ml N\,
C—D
\N A *i B

f

Lemma 2.12. Let M be a class of monos in a category X which is stable under pullbacks
and contains all split monos. If pushouts along arrows in M exist and are Van Kampen,
then M is stable under pushouts.

We are now ready to give the definition of M, N -adhesive category

Definition 2.13 [HP12, PH16]. Let X be a category, M C Mono(X) and N' C Mor(X), we
say that the pair (M, N) is a preadhesive structure on X if the following conditions hold.
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(1) M and N contain all isomorphisms and are closed under composition and decomposition;
(2) N is closed under M-decomposition;
(3) M and N are stable under pullbacks and pushouts.

Given a preadhesive structure (M, N), we say that X is M, N -adhesive if
(1) for every m: X - Y in M and g: Z — Y, a pullback square

P—rox
o e
Z — Y
exists, such pullbacks will be called M -pullbacks;
(2) for every m: X =Y in M and n: X — Z in N, a pushout square
X257

ml s
Y — Q
exists, such pushouts will be called M, N -pushouts;
(3) M, N-pushouts are Van Kampen squares.

Remark 2.14. Our notion of M, N-adhesivity is different from the one of [HP12]: in that
paper, M, N -pushouts are required to satisfy the Van Kampen condition only for cubes in
which the vertical arrows belong to M.

Remark 2.15. As noted in Remark 2.10, we do not assume that stability under pullbacks
or pushouts of M and N implies the existence of those (co)limits. Indeed, if we were to
make this assumption, an M, Mor(X)-adhesive category would have all pushouts, but this
does not correspond to the definition of M-adhesivity in the literature [ACR19] (see also
Section 2.3).

Proposition 2.6 yields at once the following fact.

Proposition 2.16. If X is an M, N -adhesive category, then M, N -pushouts are also
pullback squares.

It can be shown that the class of M, N-adhesive categories is closed under the most
common categorical constructions [CGM22, CGM24, Cas23].

Lemma 2.17. Let {X;}ier be a family of categories such that each X; is M, Nj-adhesive.
Then the product category [;c; Xi is [[;c; M, [ Lic; Ni-adhesive, where

[Lic; Mi == {(mi)ier € Mor([[;c; Xi) | m; € M; for every i € I}
[Lics Ni = {(ni)ier € Mor([[;¢; Xs) [ ni € N; for every i € I}
Lemma 2.18. Let X be an M, N -adhesive category with all pullbacks and pushouts. Then
for every other category Y, the category of functors XY is MY, NY -adhesive, where
MY = {n € Mor(XY) | ny € M for every object Y of Y}
NY = {neMor(XY) | ny € N for every object Y of Y}
Lemma 2.19. LetY be a full subcategory of an M, N -adhesive category X with all pullbacks.

If (M, N") is a preadhesive structure on’'Y such that M' C M, N CN and Y is closed in
X under pullbacks and M', N'-pushouts, then Y is M’, N"-adhesive.
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Lemma 2.20. Let X and Y be respectively M, N -adhesive and M', N”"-adhesive categories
with all pushouts and pullbacks. Let also L : X — Z be a functor that preserves M, N -
pushouts, and R : Y — Z a functor which preserves pullbacks. Then LR is M LM N |N'-

adhesive, where

MIM :={(h,k) € Mor(L{R) | h € M,k e M’}
NIN = {(h, k) € Mor(LLR) | h € N,k € N}

These three results, in turn, allow us to provide examples of graphical and hypergraphical
M, N-adhesive categories (see again [CGM22, CGM24] for details and other examples).

Example 2.21. Take the category Graph of graphs and let SGraph and DAG be its
full subcategories of given by simple graphs and directed acyclic graphs. We say that a
monomorphism (f,g) : G — H in Graph downward closed if, for all e € Ey, ty(e) € g(Vg)
implies e € f(Eg). We denote by dcl, dcls and dclyq the classes of downward closed morphisms
in Graph, SGraph and DAG respectively. Then we have:

e SGraph is Reg(SGraph), Mono(SGraph)-adhesive and Mono(SGraph), Reg(SGraph)-
adhesive;
e DAG is dcly, Mono(DAG)-adhesive.

Example 2.22. Let Tree be the category of tree orders, i.e. partial orders (F, <) such
that for every e € F, the set e := {¢/ € E | ¢ < e} is finite and totally ordered by the
restriction of <. The category HGraph of hierarchical graphs [Pal04] is defined as the
comma category L| R where L : Tree — Set is the forgetful functor and R : Set — Set is
the functor sending X — X x X. Then, HGraph is adhesive.

Example 2.23. More generally, if we want to use simple or directed acyclic graphs to model
the hierarchy between edges, we can define the categories of SGraph-graphs respectively
DAG-graphs as the comma categories L] R where

e L is one of the two forgetful functors Usgraph : SGraph — Set or Upag : DAG — Set;
e R :Set — Set is the functor sending X — X x X.

Then we get the following results:
e the categories of SGraph-graphs is M, N-adhesive, where

M :={((h1,h2),k) € Usgraphd R | (h1,h2) € Reg(SGraph), k € Mono(Set)}
N = {((h1,h2), k) € Usgraphd R | (h1, h2) € Mono(SGraph)}

e the categories of DAG-graphs is M, N -adhesive where

M = {((h1,h2),k) € Upag LR | (h1,h2) € dcly, k € Mono(Set)}
N = {((h1,h2), k) € Upag LR | (h1, ha) € Mono(DAG)}
Example 2.24. We can further modify Examples 2.22 and 2.23 to get hypergraphical

versions of it: it is enough to replace the functor Set — Set sending X to X x X, with the
functor sending X to X* x X*, where (—)* : Set — Set is the Kleene star.



22:8 D. CASTELNOVO AND M. MICULAN Vol. 21:1

2.3. Relation with M-adhesivity. We will end this section proving that, under suitable
hypothesis, M, N-adhesivity subsumes M-adhesivity as defined in [ACR19].

Definition 2.25. Let X be a category, a stable system of monos M is a class of monomor-
phisms closed under composition, containing all isomorphisms and stable under pullbacks.

Lemma 2.26. Let f: X — Y be an arrow in a category X equipped of a stable system of
monos M. For any monom:Y — Z, if mo f € M then f € M.

Definition 2.27 [ACR19]. Given a stable system of monos M on a category X, we say
that X is M-adhesive if

(1) it has M-pullbacks;
(2) for every m: X — Y in M and for any other arrow f : X — Z, a pushout square

x-1,z

S

Y —Q
exists and it is a Van Kampen square.

Remark 2.28. We will stick to the notion of M-adhesivity as defined in [ACR19], as
noted in Remark 2.14. Other authors have introduced weaker notions of M-adhesivity,
where the Van Kampen condition is required to hold only for some cubes; see, e.g., [BHK22,
EEPTO06, EGH" 14, EHPP04, SB20], where our M-adhesive categories are called adhesive
HLR categories.

On the other hand, in [ACR19] no requirement about the existence of pullbacks or
M-pullbacks is made, while in [GL12, JLS07, LS05] adhesive and quasiadhesive categories
are required to have all pullbacks. Mimicking the definition of M, N-adhesivity, for us an
M-adhesive category must have M-pullbacks.

Proposition 2.29. Let X be an M-adhesive category and suppose that every split mono is
in M, then M is stable under pushouts.

Example 2.30. The first, and fundamental, example is when M is the class of all monomor-
phisms: in this case M-adhesivity is simply called adhesivity.

One would weaken the previous example using regular monos instead of simple monomor-
phisms. The problem is that Reg(X) is not in general closed under composition. Anyway, the
Van Kampen property and the existence of Reg(X)-pushouts ensure the closure of regular
monos under composition.

Proposition 2.31. For X a category with Reg(X)-pullbacks, the following are equivalent:

(1) Reg(X) is a stable system of monos and X is Reg(X)-adhesive;
(2) pushouts along regular monos exist and are Van Kampen.

Remark 2.32. A category with pullbacks and pushouts along regular monos and in which
such pushouts are Van Kampen is what in the literature is usually called a quasiadhesive
category, a notable exception is [GL12], in which rm-adhesive is used.

Lemma 2.33. Let M be a stable system of monos in a category X which is also stable
under pushouts, then the following are equivalent:

(1) X is M-adhesive;
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(2) X is M, Mor(X)-adhesive.
We can apply Proposition 2.29 to get the following corollary at once.

Corollary 2.34. Let M be a stable system of monos in a category X and suppose that it
contains all split monomorphisms., then the following are equivalent:

(1) X is M-adhesive;

(2) X is M, Mor(X)-adhesive.

If we specialize the previous results to the classes of monos and regular monos we get
the following.

Corollary 2.35. A category X is adhesive if and only if it is Mono(X), Mor(X)-adhesive
and it is quasiadhesive if and only if it is Reg(X), Mor(X)-adhesive).

3. N-(PRE)ADHESIVE MORPHISMS

In [GL12, JLS07] a criterion to establish quasiadhesivity is provided, involving the closure of
regular monos under unions. The aim of this section is to adapt those results to the setting
of M, N-adhesivity.

The first step that we need to take is to generalize the notions of adhesive and preadhesive
morphism provided in [GL12].
Definition 3.1. Given a class N of arrows of a category X, we say that N is a matching
class if
(1) it contains all isomorphisms;
(2) is closed under composition and decomposition;
(3) is stable under pullbacks and pushouts.

Given a matching class N, a morphism m : X — Y in X is N -preadhesive if for every
n: X — Z in N, a stable pushout square

X"z
ml D
Y — w
exists and it is also a pullback for p along q. The arrow m will be called N -adhesive if all
its pullbacks are A/-preadhesive.

We will denote by N, and by N, the classes of, respectively, N -preadhesive and
N-adhesive morphisms.

Notation 3.2. Instead of “Mor(X)-(pre)adhesive” we will use “(pre)adhesive”.

Example 3.3. If X is an M, N -adhesive category then N is a matching class. Moreover,
M, N-pushouts are Van Kampen squares, so every m € M is preadhesive. Since M is
closed under pullback this implies that every arrow in M is also adhesive.

The following proposition collects some useful facts about N-(pre)adhesive morphisms.

Proposition 3.4. Let N be a matching class on a category X, then the following hold true:

(1) if m is N -adhesive then it is N'-preadhesive;
(2) every isomorphism is N -adhesive;
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3) if n € N is N -preadhesive then it is a regular mono;
(3) if p g ;
4) the class Ny, is closed under composition;
p
(5) N, is stable under pullbacks;

(6) if X has pullbacks along N -adhesive arrows, then N, is closed under composition.

Corollary 3.5. In any category X, Mor(X), C Reg(X).

Corollary 3.6. Let N be a matching class on a category X with pullbacks, then:

(1) Na N Mono(X) is a stable system of monos;
(2) if Na N Mono(X) is stable under pushouts, then (N N Mono(X),N) is a preadhesive
structure.

In general we cannot guarantee closure of N, under all pushouts, nonetheless we can
still establish some result along this line.

Lemma 3.7 (Cfr. [GL12], Prop. 2.3). Let N be a matching class in a category X with
pullbacks and consider the following pushout

X "=z
wl |
Y —5 w
with n € N. If my is mono and N -adhesive, then:
(1) mq is mono;

(2) mq is N -preadhesive;
(3) mg is N-adhesive.

Proof. (1) Since X has pullbacks, we have a diagram

in which the square is a pullback, so that the dotted h exists because of its universal property.
We aim to prove that p and q are isomorphisms. To get the thesis it is now enough to prove
that p is an isomorphism. Indeed, when taking the pullback of an arrow along itself, the
fact that one projection is an isomorphism entails that also the other one is so. Therefore, if
p is invertible then ¢ is an isomorphism too and thus me a monomorphism.

To this end, we can build the following cube, starting from the bottom face (the hypothesis)
and the right face (the pullback above):




Vol. 21:1 ON THE AXIOMS OF M,N-ADHESIVE CATEGORIES 22:11

By Proposition 3.4(1) the bottom and front faces are stable pushouts and pullbacks because
mq is N-adhesive, and the right square is a pullback by hypothesis. Lemma 2.3 entails that
the rectangle

Dz

h

X
idx q

A
p

-
X"z "W
v

gomi

N—

are pullbacks, thus the back faces of the two cubes are pullbacks too. The left faces are
pullbacks because my is mono, therefore, by stability of the bottom faces, it follows that the
top faces pushouts and thus p is an isomorphism.

(2) Let k : Z — Q be another arrow in N and consider the diagram

xX-",z7-*,0

ST
S

Yy W .0

¢
in which the left square and the external rectangle are stable pushouts and pullbacks. Since
fokon=tom;

the universal property of the left square yields the dotted s. By Lemma 2.5 the square so
obtained is a stable pushout, thus we are left with showing that it is a pullback. Given the
solid part of the diagram

we have
foli=somgoly= fokol
By the previous point f is mono and thus the following rectangle is a pullback

z—r

wzl 1s
Z—m W ——5
The thesis now follows applying the previous point and Lemma 2.7 to the following diagrams.

X",z X",z k, bz gk

S R

Y —W Y — W —8S — W —
g g s mo s

Q
%
S
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(3) Take an arrow w : W' — W and consider the following cube, in which the solid faces
are pullbacks

s e
Y — W
By Corollary 2.4 the arrow m/ : X’ — Y exists and the added face is a pullback. Since the
bottom face is a stable pushout then the top face is a pushout too. By point 5 of 3.4 m/ is

N-adhesive and, since A is matching, n’ is in A/. The previous point of this lemma implies
that m} is N-preadhesive and we can conclude. O

Corollary 3.8. If X is a category with pullbacks then (Mor(X),, Mor(X)) is a preadhesive
structure.

Finally, N -adhesivity allows us to compute suprema of certain pairs of subobjects.

Proposition 3.9 (Cfr. [GL12], Prop. 2.4). Let N be a matching class in a category X with
pullbacks. Given an N -adhesive mono m : M — X and another monon : N — X in N,

consider the diagram

p1
— M

P
n| |w
N*>U_»

u

in which the outer boundary form a pullback and the inner square a pushout. Then the dotted
arrow v : U — X is a monomorphism and, in (Sub(X), <)

Remark 3.10. Notice that the p, and p; are both monos, moreover, py is N-preadhesive
while p; € NV, as the pullback of n, thus the inner pushout exists.

Proof of Proposition 3.9. Consider the following two pullback squares

Q25N W M
ol loowl s
U X U—r X

Since n o ps is equal to m o p1, we get arrows f1 : N > Q, fo: P—>Q, g1 : M — W,
g2 : P — W making the following diagrams commute.

idy p2 idas p1
N Q—% P Q3N M@M P@M

BN M2t X M-2.U-*.X Ny 5 SN e
\_/r \_/(

—
~_

f1 Q q1 N fa qQ
o e A e e A P A A

m m n
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Their outer edges are pullbacks, thus in the following cubes, the vertical faces are pullbacks

P —>'de PP
2 idp g1
fi / / ‘ 92
N —> rn P—W idar
P idPl
P1 w2 P1
M D2 P — M
2 u2 /PQ XAZ
—> N —a U

po is N-preadhesive, so the top faces are pushouts and therefore fi, and g; are isomorphisms
with inverses given by ¢; and wy. But then, since u; = ¢2 o f1 and us = w9 0 g1, we can
further deduce that the squares below are both pullbacks.

v, N M2 g
l ln wl o |m
U—— U——X
We have three diagrams
P N YLy vy M-y gy
p2l lm |le idUl lu IdMl IdUl u
Voo X NSLULX MUt X

and we have just proved that the rectangles are pullbacks, thus we can apply Lemma 2.7 to
deduce that the following square is a pullback—which means exactly that « is a mono.

U,

idUl lu

U—5X

For the second half: suppose that k : K — X is an upper bound for m and n, thus there
exists k1 : M — K and ko : N — K such that m = ko k1 and n = k o ky so that

kokiopy=mop; =nops=kokyops
k is mono, thus this implies that there exists a unique h : U — K such that
ko =hou ki1 =howus
and we have
kohouy =koky=n=wuou kohous=koki =m=wuous

showing that u = ko h, i.e. u < k. L]
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4. FROM M, N-UNIONS TO M, N-ADHESIVITY

Given a preadhesive structure (M, N) such that M C N, in this section we will show how
to deduce M, N-adhesivity from the closure of M under some kind of unions.

Definition 4.1. Let (M, ) be a preadhesive structure, a monomorphism v : U — X is an
M, N -union if there exist m € M and n € M NN such that, in the poset (Sub(X), <),

[u] = [m] V [n]
We will say that M is closed under M, N -unions, if it contains all such monos.

We will need a technical lemma involving kernel pairs. In order to state it, we need
some preliminary observations.
Take a category X with pullbacks endowed with a preadhesive structure (M, N), and
take also the following M, N -pushout square
X"z
ml D

Y—q)W

Pulling back n and ¢ along themselves, we get two diagrams

with the dotted arrows v, : Z — K, and v, : Y — K,. Moreover, we have
qOMOoOT =PONOT] =PONOITy=(qOMOITy

thus we have an arrow k : K, — K as in the following squares.

K, 25X K,-2.X
Ky —— Ky ——

a1 Y2

We can also construct another commutative square. From the following chains of
equalities
ypoyom=idyom=m=moidy =moxioy,=y10koy,
Y20y 0om=idyom=m=moidy =moxgsoy, =y20koy,
we can deduce that ko vy, = v, 0m.
Lemma 4.2 (Cfr. [GL12], Lemma 2.5). Let (M, N) be a preadhesive structure on a category
X with pullbacks such that M C Ny, M NN contains every split mono and M is closed
under M, N -unions. Then given an M, N -pushout square
X7
m ]

Y—q)W
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all the squares in the following diagrams, constructed as above, are stable pushouts and
pullbacks.

XK, -2 X"z XK, -2 Xx-"s7
I e
Y —— Ky Y —— W Y —— Ky Y —— W

Proof. The rightmost square in both diagrams is a pushout by hypothesis, since it is an
M, N-pushout and m is N-adhesive. Now, by Lemma 2.3 the rectangles

T

K, 2.x-",v K, 2 sx-™,v
1 n J/q x2 n lq
XT>YT>W XT>YT>W

are pullbacks, but then also the following rectangles are pullbacks.

k Y2 k 7
xll Y1 q T2 yzl q
q q
X"y —W X"y "W
\/f V
pon pon

Therefore their left halves, which are the central squares of the original diagrams, are
pullbacks too. In particular this shows that k& belongs to M and thus it is A-adhesive. We
can now consider the following two cubes in which all faces are pullbacks

which prove that the two central squares in the original diagram are also pushouts.
We are left with the last square. We can deduce that is a pullback applying Lemma 2.3
to the rectangle

idx
XT K, 53X
I A
Yy K,y
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By construction ~, is a split mono thus it is in . By hypothesis m € M is N-adhesive
and we can build the following diagram, in which the inner square is a pushout.

We already know that the outer edges form a pullback square. -, is in N because it is a
split mono and k is N-adhesive, thus by Proposition 3.9 we get a mono e : E — K, filling

the diagram and such that [e] = [k] V [y4]. Since 7, is also in M, e is an M, N-union and
thus it belongs to M. Now, by construction

idyom=m=moidxy =moxzj oy,
thus there exists a h : F — Y filling the diagram

idx
XT K, —3X
y_2.,p.ly

idy

In this diagram the left square and the whole rectangle are pushouts, thus by Lemma 2.5 the
right square is a pushout too. Now, x1 € N as it is the pullback of n, and thus h belongs to
N too. On the other hand we have already proved that in diagram

k
— T

Ky~ E—— K,
-Z’I)\E . iLh dy }l/yl

m

the whole rectangle is a pushout hence, using again Lemma 2.5, it follows that its right
half is a pushout too. By hypothesis e is N -adhesive and thus the previous square is also a
pullback, showing that e is an isomorphism.

We are left with stability: n € N by hypothesis, 7, is in N because it is a split mono
and z7 and x5 belongs to N as they are pullbacks of n. Since we have proved that m and &
are in M we know that they are N-adhesive and we can conclude. L]

Our next step is proving that if M contains only N -adhesive morphisms then M, N/-
pushouts are almost Van Kampen squares.
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Lemma 4.3. Let X be a category with pullbacks and consider the following cube in which
the left, back, bottom and top faces are pullbacks.

X/ n’ Z/
Y/ W/

l .

y X— |25z

S <

Suppose that p and p' are monos and that the top face is a stable pushout. Then the right
face is a pullback.

Proof. Since p is a mono, by Lemma 2.3, the rectangle

idz/l idzl lp

Z’7>ZT>W

is a pullback. Take now the following three diagrams

nox z
, /_\ /\
X =7 X'——2Zz'——7Z 7' —— 7 —=7
I T L v I
Y’TW’ 7w 7 — W 2w
qoy poz

By hypothesis the first square is a stable pushout and the left half of the first rectangle is a
pullback. Since also the bottom face is a pullback by hypothesis, it follows that the whole
first rectangle is a pullback too. By the previous observation, the whole second rectangle is
a pullback and, since p’ is a mono, its first half is a pullback square. We can then apply
Lemma 2.7 to get the thesis. ]

Corollary 4.4. Let (M, N) be a preadhesive structure on a category X with pullbacks and
suppose that every arrow in M is N -adhesive. For every m € M, n € N and cube

) N

m/‘ , p‘//

Y’ w! z
°|
w
y X — |25 Z
m 7y
Y4q>W

if the top and bottom faces are pushouts and the left and back ones are pullbacks then the
right face is a pullback.

We are now ready to prove our theorem, generalizing [GL12, Prop. 3.1].
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Theorem 4.5. Let (M, N) be a preadhesive structure on a category X with pullbacks and
suppose that every split mono is in M NN, M C N, and M is closed under M, N -unions,
then X is M, N -adhesive.

Proof. Every element of M is N-adhesive, thus we already know that M, N-pushouts exist
and are stable. Since X has all pullbacks by hypothesis, all that we have to show is the
remaining half of the Van Kampen condition. Take a cube in which m € M, n € N/ and
such that the top and bottom faces are pushouts and the left and back ones are pullbacks

m’ and n’ belong to, respectively, M and N thus the top face is a stable pushout square,
which is also a pullback. By Corollary 4.4 we already know that the right face is a pullback,
let us prove that the other one is a pullback too.

By Lemma 4.2, in the following diagrams all squares are stable pushouts and pullbacks.

X" K, -2 .x_-" .z X K, -2.x- ",z

e S ) | R R

Y K, Y 1174 Y K, Y 1174
Yq Y1 q Yq Y2 q

X g, T xr X g, T xr

n n

S N PR A A

Y’ Ky Y w’ Y Ky Y 1174
Vg v q Vg A q

By Corollary 2.4, there exist the dotted t; : K,y — K, and t3 : Ky — K, as below:

! !
Ty Y1
Ky— X' Ky ————Y
tl. - x/ t2 ‘ y
v 1
€1 Y1
K,——X n K,———Y q
! q !
$2l y2l
n| q J
2 X —|2=2Z Y’ — W
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and the left face of the first cube is a pullback square. If we compute we get
r10ti0yy =z0x)oyy =xzoidxys =idyox =z107,0x
y1otroyy =yoy oy =yoidys =idy oy =yi 090y
yrotgok! =yoyjok =yom' oz =moxoa| =moxzioti =y okot
oot oy =x0Thoyy =zoidy =idyox =mx907y, 0T
yaotroyy =yoysoy =yoidys =idy oy =yr07,0y
yootyok! =yoyhok =yom'oazhb=moxoxzy=moxgot; =ysokot

therefore the following three squares commute

x K, vy K, Ky Ky

A A A

X — K, Y —— K, K, —— K,
Tn Yq k

The first one of the squares above is a pullback: this follows applying Lemma 2.3 to the
rectangle below.

id s

N R

X K 5 X
idx

We can then use these arrows ¢; and to to construct the following cube

X' —>’ Y

bV ap

/—>K Y

. X tQLY
v 7

K, ——— K,

t1

which has pullbacks as left and back faces and stable pushouts as top and bottom ones. 7,
and 7y, are split monos, thus by Lemma 4.3 the right face is a pullback. Switching +,, and
m we get another cube

X " K,
T
y — Kq/ f
Lo,
Yy X—| —K,

v x

Y —— K,
Yaq
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to which we can apply Corollary 4.4, to get again that the right face is a pullback. Now, by
Lemma 2.3 the following rectangle is a pullback

!
Ty m’
K,y — o xr ™y

N

Ky——X—>Y
1 m

Thus we can apply Lemma 2.7 to the diagrams

idy/ m/ox)
: e T — e,
X 5K, YT 5 Ky —3Y Ky —— Ky Y’
Vo’ Yh K Y5
m lk yJ’ t2l ly t1 q’l ly
Ya Y2 k Y2
Y — K, Y K, Y K, K, Y
Ya \/ V
idy moxy

to deduce that the square below is a pullback too.

!
Ya
Ky —25Y!

n| |s

Ky——Y
Y2
Which, in turn also entails that the following rectangle is a pullback.

to Y1
Ky ——K,—25Y

vh| ve | lq

Y’T>YT>W

We can now notice that the diagrams

y10ta mox
X g Ky ——Y' — 3y X"y 3y
wlo Tl e ] el
Y —— W vy Lw 2w 7 Low Lw
! q0y Y
satisfy the hypothesis of Lemma 2.7 and this yields the thesis. []

The previous theorem yields at once the following two corollaries (compare with [GL12,
Thm. A and B)).

Corollary 4.6. Let X be a category with pullbacks, then

(1) if Mono(X) C Mor(X), then X is adhesive;
(2) if Reg(X) C Mor(X), and it is closed under binary joins then X is quasiadhesive.

Corollary 4.7. Let M be a stable system of monos in a category X with pullbacks. Suppose
that M is stable under pushouts, it contains all split monos, it is closed under binary joins
and M C Mor(X),, then X is an M-adhesive category.
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Remark 4.8. In Corollaries 4.6 and 4.7, closure under joins means that, given m : M — X,
n: N — X in Reg(X) or in M, any representative of [m] V [n], which exists by virtue of
Proposition 3.9, is again in Reg(X) or in M.

Application to toposes. In [LS06] it is proved that any elementary topos is adhesive,
using descent techniques. In this section we will provide an alternative proof, already hinted

at in [GL12], based on what we have shown in this section. Our main references for topos
theory are [Joh02a, Joh02b, MM12, McL92].

Definition 4.9. Let X be a finitely complete category. A subobject classifier is a mono
t: 1 — Q such that, for every monomorphism m : M — X, there is a unique y, : X —
such that the square below is a pullback

M-
ml
X > Q2

m

A topos is a finitely complete, cartesian closed category X which admits a subobject classifier.
Let us state some well known properties of toposes.

Proposition 4.10. If X is a topos, then X is finitely cocomplete and all pushout squares
are stable.

Lemma 4.11 [Joh02a, Cor. A2.4.3]. Let m: X =Y and f: X — Z be arrows in a topos
X and suppose that m is a monomorphism, if the square

x-—1.z

Al e

Y — Q
1s a pushout, then q1 is a mono and the square is also a pullback.
From Proposition 4.10 and Lemma 4.11 we can easily deduce the following.
Corollary 4.12. In a topos X, every mono is adhesive.
We can now apply Corollary 5.8, Lemma 4.11 and Remark 5.9 to get our result.

Corollary 4.13. FEvery topos is an adhesive category.

5. FROM M, N-ADHESIVITY TO M, N -UNIONS

In the previous section we deduced M, N-adhesivity from the closure of M under some
kinds of unions. In this section we will go in the opposite direction.

Definition 5.1. Let f : X — Y be an arrow in a category X such that pushout square
below exists.
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The codiagonal vy : Qf — Y is the unique arrow fitting in the following diagram.

x-— .y

|

Given a preadhesive structure (M, N'), a M, N -codiagonal is the codiagonal of an arrow

ne MNN.
Let us list some useful properties of codiagonals.

Lemma 5.2. Let f : X = Y be a morphism in a category X and suppose that f admits a
codiagonal vy : Qp —'Y, then the following hold true:

(1) vy is the coequalizer of the pair of coprojections yi,y2: Y = Q;

(2) if a pullback of y1 along y2 exists, then the pair yi1,y2 : Y = Q5 has an equalizer
e: E —Y and, moreover, the following square is a pullback

E—Y
S
Y — Qf
The first ingredient we need is a generalization of [GL12, Prop. 4.4].

Lemma 5.3. Let (M, N) be a preadhesive structure on a category X with pullbacks and
u:U — X an M,N-union. Suppose that M C N, that M NN contains all split
monomorphisms and that N contains all M, N -codiagonals, then:

(1) w admits pushouts along itself (i.e. it has a cokernel pair);
(2) there exists an epi ey : U — E, and an element my, : B, — X of M NN such that
U= My O €y.

Remark 5.4. Notice that, if M C N, then for every n € M NN a pushout square
N "X

A e

X —77 Qn
of n along itself exists, and thus there also exists the codiagonal v,,.
Proof of Lemma 5.3. (1) Let m: M — X in M and n: N — X in M NN be such that
[u] = [m] v [n]

By Proposition 3.9 we can consider the following diagram, in which the outer edges form a
pullback and the inner square is a pushout.

— M
l NG
N*)U

S
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Pulling back m along v,, we get a pullback square

T M

e

Qn— X

Un,

There exist I1,l3 : M = T as in the following diagram

M .
mi Y 2
- 1
T—M —_—
\tgl J/m
QTL Un X " Qn Un X

By Lemma 2.3 the following are pullback squares

M-l M-
S
XTQn XTQn

therefore, since n is N-adhesive, the top face of the following cube is a pushout.

M———T m
P2
l to "

m N — X

22:23

Now, t1 is the pullback of an M, N-codiagonal, thus it is in A/, while ¢ is in N, since it

is the pullback of m, therefore the pushout square below exists.

T M

ol |

Qn = Q
Suppose now that the solid part of the next diagram is given

U——— X

g

X——Qn—/—Q

Precomposing with u; and us we get the following identities

ZIOM =21 0UOUI =220UO U2 = 220N ZIOM =2Z10UOU] = 220UOU] = 230N
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The second chain of the equalities above implies the existence of the dotted w : @Q,, — Z.

If we compute we get
wotyolpg=wongom=zpgom=ziom=woniom=wotyoly

By construction and by our previous observations, 1 is a codiagonal for p;, thus Lemma 5.2(1)
implies the existence of a unique k : M — Z making the following diagram commutative

which, in turn, implies the existence of the dotted z. If we compute further we have

ZI]=womn]=2z0qa0n 29 = WOMNg = 200N
Moreover, if 2’ : Q — Z is such that

21 =7 oqgon 20 =2 oqyong

then we also have

Zogon =z =womn 7 oqaomng =z =wony
which shows that w = 2’ 0 go. On the other hand

Zdogoti =2 ogota=woty

and so we also have that 2z’ o q; = k, allowing us to conclude that z = 2’. We can now deduce
that the following square is a pushout

U—5X

u l@ ony

X—0Q

q20mn2

(2) By the previous point u has pushout along itself, therefore there exists a codiagonal
Uy ¢ @ — U. In particular, g3 o nq and g9 o ng are split monos and thus elements of M NN
By the second point of Lemma 5.2 they have an equalizer m,, : E, — X which, since M
and N are stable under pullback, is also an element of M N A Since, by construction

q20nlou:q20n20u

we also get an arrow e, : U — E, such that u = m, o e,. To show that this arrow is epi, let
us start with the equalities

M = UO U2 = My O €y O U T = 1UO0 U2 = My O €y O U
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Since M and N are closed under decomposition and M-decomposition we can deduce that
ey © U belongs to M and that e, o uy is an element of M NN
Let now b : B — E,, be another mono such that

boby = ey out boby = ey 0us
for some by : N — B and by : M — B. Then
bobiopy=eyouiopy =e,ousop; =bobyop
which, since b is mono entails
biopa =bop
and thus there exists b : U — B such that
by = bouy by = bouy
Further computing we get
bobouj =boby = ey 0uy bobous =boby = ey, 0us

which shows that [e,] < [0] in (Sub(E}), <). Thus e, is a union for e, o ug and e, o u;.
By the previous point and point 2 of Lemma 5.2 we get the diagram below, in which the
outer edges form a pushout, the inner square is a pullback and c is the equalizer of ¢; and cs.

eu

>C’*>E

\E —>Q

If we show that c is invertible we are done: in such a case ¢; must be equal to co and this
implies that e, is an epimorphism. The existence of e : U — C can then be inferred from
the universal property of pullbacks. Notice, moreover, that ¢; and ¢y are in M NN since
they are split monos, thus ¢ € M NN too. Suppose that the solid part of the following
diagram is given.

j ‘L E, X
c 7 ni
E, Z_  Qu
X—@Qn— @

Then we have
210U =21 0My O€y =2 ONMy OCOE =200y OCOE = 2901y 0€y =2301U
and thus there exists z : Q — Z such that

21 = Z20420Mn 22 =20(Qq20MN2
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Uniqueness of such a z follows at once since g2 o n; and g2 o ny are the coprojections of a
pushout , thus we can conclude that the square below is a pushout.

U My, 0C X
My, ocl lqg ony
X
Gaona @

Now, M and N are closed under composition, thus m, o cis in M NN and, since M C N,
it follows from the third point of Proposition 3.4 that m, o ¢ is a regular mono. In every
category a regular mono is the equalizer of its cokernel pair, thus m,, o c is the equalizer of
g2 on1 and ¢o o no and therefore ¢ must be an isomorphism. L]

We are now ready to prove the main theorem of this section (see [JLS07, Thm. 19]).

Theorem 5.5. Let X be an M, N -adhesive category with pullbacks. If M NN contains
all split monomorphisms and N contains all M, N -codiagonals, then M is closed under

M, N -unions.

Proof. Let u: U — X be the M, N-unionof m: M - X in Mandn: N — X in MNN,
by Example 3.3 and Proposition 3.9 we know that these arrows fit in a diagram

P M
A N
NT>U

ey

in which the outer edges form a pullback and the inner square is a pushout. Notice that
p2 € M and p; € N thus, by Proposition 2.6 the inner square is also a pullback. By Lemma
5.3 we also know that u = m, o e, for some epi e, : Y — E, and m, : B, — X in MNN.
As we have noticed before, the decomposition properties of M and N imply that e, ous € M
and e, ouy; € MNN. Our strategy to prove the theorem consists in showing that e, is an
isomorphism.

First of all notice that e, is a mono because u = m,, o e,, thus in the following diagram
every square is a pullback and applying Lemma 2.3 we can deduce that the composite square
is a pullback too.

P1

p1 id
oMM M
[
idy

P
n| o
U——U

J{'dU €y

N —7U—— Ly

Next, since the arrow n is in M, p; is in M as it is its pullback and u; € M since
it is the pushout of p;. We can then build the following two pushout squares, which, by
Proposition 2.16, are also pullbacks.

€4,0U1 €4,0U]

N E, N — > By,

cuos| [ o
U

E’LL es Qeuoul as > A
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which can be merged together: indeed the solid part of the following diagram is commutative,
thus the dotted arrow a exists. Moreover, by Lemma 2.5, the bottom rectangle is a pushout.

E,

|,
U A a
|

a
<~

_—
Eu s Qeuoul

Notice that, since u; € M and e, o u; is in NV, the upper half of the square above is also a
pullback.

Now, es is the pushout of e, o uy, thus it is in M and so it is a mono. This, together
with Lemma 2.3, entails that the following rectangle is a pullback.

eu idg,,

Ey Ey

U
idUl idEuJ/ lez
U

eu ” Eu €2 ? Qeuoul

The arrow ao is in M as it is the pushout of e, ou;. By applying Lemma 2.7 to the diagrams

u1 ewu idy ew

u l?u [] IEu

N U U
woeen|  w| e | ow| |
U

az a
Eu a1 ” > Qeuoul — 3 A —— Qeuoul

a

€4,0U1

N—————

w |
U

PR

N

_—
az

€20€q,

we get that also the following square is a pullback too.

Eu ? Qeu oul

On the other hand, the arrow p; : P — M is in M NN as it is the pullback of n, thus
it admits a pushout the following pushout square along itself

Py

n |m

M — @

We can then construct the solid part of the rightmost rectangle in the diagram below,
inducing the dotted b : @, — A. Notice that the first rectangle is a pushout by Lemma 2.5
so that the right half of the second diagram also is a pushout, again because of Lemma 2.5,
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and b belongs to M.

€4,0U10pP2
PN MLy, E, P—M——U_—pg,
p1 u ey
Pll Ull lal Pll m1J{ al
mo b
M ——U = A M%\Qm—/fl
a20u2

We can compose with the codiagonal vy, : @, — M to obtain the solid diagram

MU E,

b ]

. b .
idys Qpl _—> A 'dEu

lvpl "
~

M—U——£FE,
u ey

Since the upper half of the square above is a pushout then the dotted r : A — Qe ou, €xists.
Moreover, since the outer edges make a pushout square, the lower half is a pushout too, by
Lemma 2.5, and, because v,, belongs to N, also a pullback, by Proposition 2.16.

We can now notice that for every z1 : Z — M and 2z : Z — E,, such that moz; = my029
we have the following chain of equalities

My Oy 0UI02Z] = UOUQO0 Z] = MO 2Z] = My, O 29

which, since m,, is mono, entails that zo = e, o usg o 2;.
This, in turn, can be rephrased saying that the square below is a pullback

M2 ar

€u OUAQ\L lm

Ey —— X

In particular, we can now apply Lemma 2.7 to the following @R = 16pt M, N'-pushout square

€4,0uU1

N E,

€4,0U1 lel

l;u €2 >(geuou1

and to the pullback rectangles

m2 p1 Upq

€u0U2J— aobl
Veyouy Moy

en My

to show that the outer rectangle in the diagram below is a pullback, so that, in particular,
aobe M. We can also apply Lemma 2.3 to deduce that the left half of the rectangle is a
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pullback too.

Upy idar
Qp, M M
aobl €u0u2J( lm
Qeyour rT— By —f— X
If we compute, we can notice that
Veyou; ©A0b=e,0u20v, =ro0b Veyouy © G0 Q] = Veyou, ©€1 =idg, =700y

and therefore r = v, oq, © a.
We can apply Lemma 2.3 to the rectangle below, showing that its left half is a pullback

|de1 p1
Qpl Qp1 M
bl aobl l€u0u2
a Veyouy
A - Qe oul Eu

Suppose now that the solid part of the diagram below is given

b
QIDI A . Qeu oul

we want to show that the inner rectangle is a pushout. Uniqueness of the dotted z : F, = Z
is guaranteed by the fact that ve, oy, is an epimorphism, so it is enough to construct an
arrow fitting in the diagram.

First of all we can notice that

Z210€10€,0U] = 210€20€, 0UL
while, on the other hand, we have
zloeloeuoug:zloaoaloeuouQ:zloaoboml:zgovploml
:zgovplomg:zloaObomgzzloaoaQOUQzzloegoeuOUQ

which implies that z; o e; o ey, = 21 0 eg 0 ey, S0, since e, is an epimorphism, we have
z1 0 e1 = 21 0 ea. S0 equipped, we can now compute:

21 0€1 0Vgyou;, ©€1 = 21061 0idg, =210e€1
21061 0Uegyou, €2 =210€10idg, =210€1 = 21069

showing that z; is equal to 21 0 €1 0 Ve, ou, -
On the other hand,

290Uy =z10a0b=2z210idg, 0aob= 210610 Ve,ou; ©a0b=210€10€,0U 0V,

and vy, is an epimorphism and thus zs = 21 0 e; 0 e, 0 up. Summing up, 2; o e; fills our
original diagram, thus its inner rectangle is indeed a pushout.
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We are now ready to collect all our arrows in the following cube

Upy

p1 M
/ U A
ide1 k///
idar
A r | E, ™
v idy
Qpl P1 M

Qeuoul

Veqyouq

This cube has an M, N -pushout as top and bottom face and all faces beside the frontal one
are pullbacks, hence, by M, N-adhesivity it follows that also this last face is a pullback. By
Lemma 2.3 the rectangles

a2

U A " E,

eul al Lz,

e _—
Eu e Qeuoul Venouy Eu

is a pullback, thus e, is an isomorphism as it is the pullback of idg, . []

Corollary 5.6. Let X be a category with pullbacks and M a stable system of monos on
it. If X is M-adhesive, then for every object X and every [m] and [n] in Subp(X), their
supremum in (Sub(X), <) exists and it belongs to Sub(X).

Combining Theorem 4.5 with Theorem 5.5 we obtain also the following results.

Corollary 5.7. Let (M, N) be a preadhesive structure on a category X with pullbacks. If
MNN contains every split mono and every M, N -codiagonal is in N, then the following
are equivalent:

(1) M C N, and M is closed under M, N -unions;
(2) X is M, N -adhesive.

Finally Proposition 2.29 and Corollaries 2.34 and 4.7 yield the result below.

Corollary 5.8. Let M be a stable system of monos on a category X with pullbacks and

suppose that M contains all split monos, then the following are equivalent:

(1) X is M-adhesive;

(2) every M-pushout square is Van Kampen and for every object X, any two [m],[n] €
Subp(X) have a supremum in (Sub(X), <) belonging to Suba(X);

(3) M is stable under pushouts, M C Mor(X), and for every object X, every [m],[n] €
Sub(X) have a supremum in (Sub(X), <) which is again in Suba(X).

Remark 5.9. Notice that, in items 2 and 3 of the previous corollary, the existence of a
supremum in (Sub(X), <) for [m], [n] € Suba(X) is guaranteed by the hypothesis that every
arrow in M is adhesive and by Proposition 3.9.
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6. AN EMBEDDING THEOREM FOR M, N-ADHESIVE CATEGORIES

In this section we generalize the embedding theorem of [GL12, Lacll]: given a category
X which is M, N-adhesive, if M and N are nice enough, we are able to construct a
(Grothendieck) topos in which X embeds via a functor preserving pullbacks and M, N-
pushouts.

Definition 6.1. Let (M, N) be a preadhesive structure for a category X. A jar-covering
family for an object X is a set {p,q} of arrows p: Z — X and ¢ : Y — X such that there
exist m: N =Y in M and n: N — Z in N making the following square a pushout

N7
m lp
y 4. x

We will define ja ar(X) as the set of jag a-covering families for X.

Proposition 6.2. Let X be a category with all pullbacks. Given a preadhesive structure
(M, N) such that M C N, the family {ima(X)}xex defines a coverage (in the sense of
[Joh02b, Def. C2.1.1]) jpn on X.

Remark 6.3. The coverage ja n is a cd-structure in the sense of [VoelOa, VoelOb].

Let us recall some terminology from basic sheaf theory (see, e.g., [Joh02b, MM12]). Let
(X,j) be a site and {f;}ier be a covering family for X, i.e., f; : Y; — X and {f;}ies belongs
to j(X). Given a functor X7 — Set, a family {a;};cs of elements a; € F(Y;) is compatible
for I if whenever we have two arrows g : U — X;, h: U — X; such that fog = fjoh
then F(g)(a;) = F(h)(a;). A functor F': X? — Set is a sheaf if for every covering family
{fi}ier and compatible family {a;};c; there exists a unique amalgamation a € F(X) such
that, for every i € I, F'(f;)(a) = a;.

Our next step is to characterize sheaves for the site (X,jmn)-

Lemma 6.4. Let (M, N) be a preadhesive structure for a category X with pullbacks and
suppose that every element in M is N -adhesive. Then the following are equivalent for a
presheaf F' : X°P — Set:

(1) F isin Sh(X,jmn);
(2) given the following two squares, the first of which is a M, N -pushout and the second
one a pullback,

N7 K,—2-Y
m p Y2 q
Y —— X Y —— X

q q
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if the solid part of the diagram below is given, then there exists a unique f:S — F(X)
fitting in it.

F(K) &———FY)—— F(N)
F(y2) Fn)
Proof. (1 = 2) Let us start showing that, for every s € S, the family {fi(s), fa(s)} is
compatible for F. Given a jaqa-covering family {p,q} and three commutative squares as
the ones below

A"y By c-“,z
U«Ql q bgl q C2l p
J —— X YT>X J —— X

p is the pushout of m, thus it belongs to M and so is a mono, implying that
C1 = C9 F(Cl)onZF(CQ)OfQ

Moreover m € N, and n € N, thus in the following diagrams the two inner squares are
pullbacks, giving us the dotted arrows a: A — N, b: B — K,.

’
K,—25Y
y1i q
Y — X

b1

Computing we get the following chains of identities
F(a1)o fi =F(a)o F(m)o fi = F(a)o F(n)o fo = F(az) o fa
F(b)o fi=F(b)oF(y1)o fi=F(b)o F(y1) o fi = F(b2) o f1
which imply that, for every s € S, {fi1(s), fa(s)} is a compatible family for F'. Since F' is a

sheaf we can define f: S — F(X) taking as f(s) the unique amalgamation of { fi(s), fa(s)},
by construction

fi=Fp)of fa=Flgof

For uniqueness, it is enough to notice that, if g : S — F(X) is another arrow such that
fi=F(p)og  fa=F(qoyg

then g(s) is an amalgamation for {fi(s), fa(s)}.

(2=1) Let {p, ¢} be a jan-cover of X, by definition there exists an M, N-pushout square

N7

ml lp

YT>X
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Take a compatible family {si, s2}, with s; € F(Y') and sp € F'(Z). From the two squares

N>z K,—2—>Y
ml lp yzl q
Y — X Y —>X

we get that F(m)(s1) = F(n)(s2) and F(y1)(s1) = F(y2)(s1). Thus, if §5, : 1 — F(Y)
and ds, : 1 — F(Z) pick, respectively, s; and s2, we have the solid part of the following
commutative diagram and, by hypothesis, also the dotted 6 : 1 — F(X).

Now, let s be the element of F(X) picked by ¢, then, by construction s is an amalgamation
for {s1,s2}. On the other hand, if s’ is another amalgamation, then §;, = F(p) and
Oy ds, = F(p) 0 0, so that § = §y, showing that s = &, i.e. that F is a sheaf. ]

We can now combine the previous lemma with Lemma 4.2 to get the following.

Lemma 6.5. Let (M, N) be a preadhesive structure on a category X with pullbacks such
that M C N5, MNN contains every split mono and M is closed under M, N -unions. Then
for a presheaf F : X°P — Set the following are equivalent

(1) F isin Sh(X,jmn);
(2) F sends M, N -pushouts to pullbacks.

Proof. (1 = 2) Given the following two squares, the first one of which is an M, N -pushout,
while the second is a pullback

N7 K, 2N
m lp n2 n
YT>X NT>Y

Lemma 4.2 gives the following diagrams, in wich the common square on the left is an
M, N-pushout. In particular this implies {k,~,} is a jp a-covering family of X

NI K, -2 N-"s7 NI K, -2y N7
L L R
Y —— Ky Y —— X Y —— Ky Y —— X
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k is in M since it is the pushout of M, thus £ and 7, are both mono, so that Lemma 6.4
now implies that the square below is a pullback.

F(K,) 2 F(K,)
)

) | 7o

P(Y) <t F(N)

Suppose that the solid part of the following diagram is given

On one hand we have at once that

F(yg) o F(y1) o fi=F(y107g) o fi = F(idy) o fi = F(y2 07¢) o f1 = F(7g) o F(y2) © f1
while, on the other hand, we also have

F(k)oF(y1)o fi=F(y10k) = F(mony)o fi = F(n1) o F(m)o fi
= F(ni1)o F(n)o fo = F(ng) o F(n)o fo = F(ny) o F(m)o fy
=F(mong)o fi=F(y20k)o fi =F(k)o F(y2) o f1

and we can deduce that F(y;) o fi = F(y2) o f1, thus Lemma 6.4 now entails the thesis.
(2 = 1) This follows at once from Lemma 6.4. ]

We are now ready to obtain our main theorem.

Theorem 6.6. Let (M, N) be a preadhesive structure on a category X with pullbacks such
that M C Ny, MNN contains every split mono and M is closed under M, N -unions. Then

(1) the Yoneda embedding Yx : X — SetX” factors through a full and faithful functor
yg( X = Sh(X7]M,N);
(2) Vi preserves pullbacks and sends M, N -pushouts to pushouts.

Proof. (1) Since Sh(X,jr ) is a full subcategory of Set*” | it is enough to show that, for
every X € X, the functor X(—, X)) is a sheaf, but this follows at once from Lemma 6.5, since
any representable presheaf sends pushouts to pullbacks.

(2) The inclusion Sh (X, jm A7) — SetX™ creates limits and Vx sends pullbacks in pullbacks,
therefore Y% preserves pullbacks too. Take now an M, N-pushout

X5z

ml lq

Y*>p Q
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Since Sh (X, jrm ) is a full subcategory of Set*” | by Yoneda lemma every sheaf F' yields
a natural isomorphism y : Sh (X, jumn) (Vi (—),F) — F, so we obtain a diagram

. (=)oY (q)
Sh (X, jmn) (Vi (@ = h (X, jmn) (Vk(2),F)
\ F(q /
(=)oV (p) F<p>l lF n (=)oVy (n)
Sh (X, jmn) (Vi (Y St Sh(X,imwn) (Vx(X), F)
X

F is a sheaf, hence the inner square is a pullback by Lemma 6.5 and thus the outer one is a
pullback too, proving that Yy sends M, N-pushouts to pushouts. ]

Corollary 6.7. Let X be an M, N -adhesive category with pullbacks such that M NN
contains all split monomorphisms and N contains all M, N -codiagonals, then there exists a
full and faithful functor from X into a topos, preserving all pullbacks and M, N -pushouts.

7. CONCLUSIONS AND FURTHER WORK

In this paper we have generalized three well-known results from the theory of (quasi)adhesive
categories to the M, N-adhesive setting, adapting the techniques developed in [GL12].

First, we have studied the poset of subobjects of an M, N-adhesive category. We
have shown that given a mono in M and one in M NN, then their supremum, called a
M, N -union, exists and it is computed as the pushout of the pullbacks of the given monos.

Next, we have proved a kind of converse of the previous result: in presence of M, N-
unions, we can guarantee M, N -adhesivity once we know that M is contained in the class of
N-adhesive morphisms. This allows the reduction of the proof of the Van Kampen condition
to the proof of stability of some square and of some pullbacks being pushouts. As an example,
adhesivity of toposes can be readily proved using this methods.

Finally, we have shown that, under some mild hypotheses about M and N, an M, N-
adhesive category can be embedded in a Grothendieck topos via a functor preserving all the
relevant structure (i.e. pullbacks and M, N-pushouts). Therefore, the slogan for which “an
adhesive category is one whose pushouts of monomorphisms exist and behave more or less
as they do in a topos” holds even for M, N -adhesive categories.

An open question is how to equip a category X with a preadhesive structure (M, N),
suited to a given situation. One may notice that if a category is M, N-adhesive, then M must
be contained in the class of N-adhesive morphisms. In particular, in the M-adhesive case,
M must be a subclass of the class of adhesive morphisms. This suggests to investigate the
poset of all preadhesive structures (M, ), with M contained in Nj, in order to characterize
the largest one, suited for the specific problem, for which X is M, A -adhesive.
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