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ABSTRACT. Premonoidal categories are monoidal categories without the interchange law
while effectful categories are premonoidal categories with a chosen monoidal subcategory of
interchanging morphisms. In the same sense that string diagrams—pioneered by Joyal and
Street—are an internal language for monoidal categories, we show that string diagrams
with an added “runtime object”—pioneered by Alan Jeffrey—are an internal language for
effectful categories and can be used as string diagrams for effectful, premonoidal and Freyd
categories.

1. INTRODUCTION

Graphical programming languages have been of perennial interest to programmers: they
are intuitive even for end-users without software development training, and they are closer
to the digrammatic descriptions found across multiple branches of engineering [KFHB21].
While classical programming semantics employs categorical structures such as monads and
premonoidal categories [Mog91, PR9T7], graphical programming semantics is traditionally a
semi-formal field. This manuscript defends that graphical programming languages can be
given semantics with the same formal techniques as their textual counterparts.

Indeed, category theory has fostered two successful applications that are rarely combined:
monoidal string diagrams [JS91] and functional programming semantics [Mog91]. String
diagrams are used to describe about quantum transformations [AC09], relational queries
[BSS18], and even computability [Pav13]; at the same time, proof nets and the geometry of
interaction [Gir89, BCST96] have been widely applied in computer science [AHS02, HMH14].
On the other hand, monads and comonads, Kleisli categories and premonoidal categories
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are used to explain effectful functional programming [Hug00, JHH09, Mog91, PT99, UVO08].
Although Freyd categories with a cartesian base [Pow02] are commonly used, it is also possible
to consider non-cartesian Freyd categories [SL13|, which are called effectful categories.

These applications are well-known. However, some foundational results in the intersection
between string diagrams, premonoidal categories and effectful categories are missing in the
literature. This manuscript contributes one such result: we introduce string diagrams for
premonoidal and effectful categories. Jeffrey [Jef97b] was the first to employ string diagrams
of premonoidal categories, and we are indebted to his and Schweimeier’s expositions [Sch01].
Jeffrey’s technique consisted in introducing an extra wire—which we call the runtime—that
prevents some morphisms from interchanging.

We promote this technique into a result about the construction of free premonoidal
and free effectful categories: the free premonoidal category can be constructed in terms of
the free monoidal category with an additional wire. For this construction, we rely on Joyal
and Street’s analogue result on string diagrams for monoidal categories [JS91]. Our slogan,
which constitutes the statement of Theorem 3.14, says that

Premonoidal categories are monoidal categories with a runtime.

1.1. Synopsis. Sections 2.1 and 2.2 contain mostly preliminary material on premonoidal,
Freyd and effectful categories. Section 3 recalls string diagrams for monoidal categories and
constructs string diagrams for effectful categories. Section 5 describes string diagrams for
premonoidal categories.

1.2. Contributions. Our main original contribution is in Section 3; we prove that effectful
categories are monoidal categories with runtime via an adjunction (Theorem 3.14). We
immediately obtain string diagrams for effectful categories (Corollary 3.15). Our second
contribution is an adjunction constructing string diagrams for premonoidal categories
(Theorem 5.5).

2. PREMONOIDAL AND EFFECTFUL CATEGORIES

2.1. Premonoidal categories. Premonoidal categories are monoidal categories without
the interchange law, (f ®id) 3 (Id® g) # (id ® g) 3 (f ® id). This means that we cannot
tensor any two arbitrary morphisms, (f ® g), without explicitly stating which one is to be
composed first, (f ®id)§(id ® g) or (id® g) § (f ®id), and the two compositions are not

equivalent (Figure 1).

FiGure 1. The interchange law does not hold in a premonoidal category.

In technical terms, the tensor of a premonoidal category (®): C x C — C is not a
functor, but only what is called a sesquifunctor: independently functorial on each variable.
Indeed, tensoring with any identity, which is sometimes referred to as whiskering, is a functor
(e ®1id): C — C, but there is no functor (e @ e): C x C — C.
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A good motivation for dropping the interchange law can be found when describing
transformations that affect some global state. These effectful processes should not interchange
in general, because the order in which we modify the global state is meaningful. For instance,
in the Kleisli category of the writer monad, (X* x e): Set — Set for some alphabet ¥ € Set,
we can consider the function print: ¥* — ¥* x 1, which is an effectful map from ¥* to 1.
The order in which we “print” does matter (Figure 2).

| “hello” || “world” | | “helloworld” | | “worldhello” | “hello” || “world” |

print - L # L - print
it it

FIGURE 2. Writing does not interchange.

Not surprisingly, the paradigmatic examples of premonoidal categories are the Kleisli
categories of Set-based monads T': Set — Set (more generally, of strong monads), which
fail to be monoidal unless the monad itself is commutative [Gui80, PR97, PT99]. Intuitively,
the morphisms are “effectful”, and these effects do not always commute.

However, we may still want to allow some morphisms to interchange. For instance, apart
from asking the same associators and unitors of monoidal categories to exist, we ask them
to be central: that means that they interchange with any other morphism. This notion of
centrality forces us to write the definition of premonoidal category in two different steps: first,
we introduce the minimal setting in which centrality can be considered (binoidal categories
[PT99]) and then we use that setting to bootstrap the full definition of premonoidal category
with central coherence morphisms.

Definition 2.1 (Binoidal category). A binoidal category is a category C endowed with
an object I € C and an object A ® B for each A € C and B € C. There are whiskering
functors (A®@e): C — C, and (e ® B): C — C that coincide on (A ® B), even if (e ® o) is
not necessarily itself a functor.

Again, this means that we can tensor with identities (whiskering), functorially; but we
cannot tensor two arbitrary morphisms: the interchange law stops being true in general.

Definition 2.2 (Centre, central morphism). The centre of a binoidal category, Z(C), is the
wide subcategory of morphisms that do satisfy the interchange law with any other morphism.
That is, f: A — B is central if, for each g: A’ — B’,

(f®idy)s(dp®g) = (ida®g) 3 (f ®idp), and
(ida ® f)3 (g ®idp) = (g ®ida) 3 (idp ® f).

Definition 2.3 (Premonoidal category). A premonoidal category is a binoidal category
(C,®,1I) together with the following coherence isomorphisms aspc: A ® (B ® C) —
(A®B)®C, pa: A®I — Aand Ag: I ® A — A which are central, natural separately at
each given component, and satisfy the pentagon and triangle equations.

A premonoidal category is strict when these coherence morphisms are identities. A pre-
monoidal category is moreover symmetric when it is endowed with a coherence isomorphism
oap: A® B — B ® A that is central and natural at each given component, and satisfies
the symmetry condition and hexagon equations.

Remark 2.4. The coherence theorem of monoidal categories still holds for premonoidal
categories: every premonoidal is equivalent to a strict one. We will construct the free
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strict premonoidal category using string diagrams. However, the usual string diagrams for
monoidal categories need to be restricted: in premonoidal categories, we cannot consider
two morphisms in parallel unless one of the two is central.

2.2. Effectful and Freyd categories. Premonoidal categories immediately present a
problem: what are the strong premonoidal functors? If we want them to compose, they should
preserve centrality of the coherence morphisms (so that the central coherence morphisms
of F' § G are these of F' after applying G), but naively asking them to preserve all central
morphisms would rule out otherwise valid functors' [SL13]. The solution is to explicitly
choose some central morphisms that represent “pure” computations. These do not need to
form the whole centre: it could be that some morphisms considered effectful just “happen”
to fall in the centre of the category, while we do not ask our functors to preserve them. This
is the well-studied notion of a non-cartesian Freyd category, which we shorten to effectful
monoidal category or effectful category.

Thus, effectful categories are premonoidal categories endowed with a chosen family of
central morphisms. These central morphisms are called pure morphisms, constrasting with
the general, non-central, morphisms that fall outside this family, which we call effectful.

Definition 2.5. An effectful category is an identity-on-objects functor V. — C from a
monoidal category V (the pure morphisms, or “values”) to a premonoidal category C (the
effectful morphisms, or “computations”), that strictly preserves all of the premonoidal
structure and whose image is central. It is strict when both are. A Freyd category [Lev22]
is an effectful category where the pure morphisms form a cartesian monoidal category.

Remark 2.6 (Terminology). The name “Freyd category” sometimes assumes cartesianity of
the pure morphisms, but it is sometimes also used for the general case. To avoid this clash
of nomenclature we reserve “effectful categories” for the general case and “Freyd categories”
for the cartesian case. There exists also the more fine-grained notion of “Cartesian effect
category” [DDR11], which generalizes Freyd categories.

Effectful categories solve the problem of defining premonoidal functors: a functor between
effectful categories only needs to preserve the pure morphisms. We are not losing expressivity:
premonoidal categories are effectful with their own centre, Z(C) — C. From now on, we
focus on effectful categories.

Definition 2.7 (Effectful functor). Let V — C and W — D be effectful categories. An
effectful functor is a quadruple (F, Fy, e, i) consisting of a functor F': C — D and a functor
Fy: V — W making the square commute, and two natural and pure isomorphisms e: J = F'(I)
and p: F(A® B) = F(A) ® F(B) such that they make Fy a monoidal functor. It is strict if
these are identities. Strict effectful categories and functors form a category, EffCats;,.

When drawing string diagrams in an effectful category, we could use two different colours
to declare if we are depicting either a value or a computation (Figure 3).

Lror instance, the inclusion of a commutative monoid into a non-commutative monoid does not necessarily
preserve the monoid centre; in turn, this induces an inclusion between the Kleisli categories of their writer
monads that does not necessarily preserve the premonoidal centre.
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| “hetto” || “world” | | “hetto” || “world” |

print 75 print
| print | | print |

FiGure 3. “Hello world” is not “world hello”.

Here, the values “hello” and “world” satisfy the interchange law as in an ordinary
monoidal category. However, the effectful computation “print” does not need to satisfy
the interchange law. String diagrams like these can be found in the work of Alan Jeffrey
[Jef97b]. Jeffrey presents a clever mechanism to graphically depict the failure of interchange:
all effectful morphisms need to have a control wire as an input and output. This control
wire needs to be passed around to all the computations in order, and it prevents them from
interchanging.

| [ “hello” |[“world’] | [ “hello” |[“world’]
N~

?

FIGURE 4. An additional wire prevents interchange.

A common interpretation of monoidal categories is as theories of resources. We can
interpret premonoidal categories as monoidal categories with an extra resource—the “run-
time”’—that needs to be passed to all computations. The next section promotes Jeffrey’s
observation into a theorem.

Remark 2.8 (Non-interchanging string diagrams). Could we avoid the extra runtime wire
and simply keep track of which morphisms must not be interchanged? This is an easy
solution and we employ it in Figure 3; unfortunately, it raises an important concern: we lose
a “locality of substitutions” property that, intuitively, we expect string diagrams to satisfy.

Explicitly, imagine that we know that a pure morphism arises as the composition of
two effectful morphisms, f = g 3 h. We expect to be able to substitute f by the pair of
morphisms ¢ ¢ h at whichever point in a string diagram without regarding the rest of the
diagram, as we do with monoidal string diagrams. However, say that f is tensored with
an effectful morphism k; in this case, the relative order of the morphisms, g, h and k, is
meaningful and forces us to be careful about the position of the rest of the nodes on the
diagram (see Figure 5)

5- = d || Ith
oes not imply [N Sf1= k] 1
| | L

FIGURE 5. Substitution with non-interchanging string diagrams.

Considering runtime as an extra wire addresses this problem in two ways: (i) it becomes
obvious that pure and effectful morphisms are topologically different, and (7i) it shows how
the second substitution is not local and should not follow from the assumption (see Figure 6).
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b 5 e i L
= oesnot imply [ L [ F1= [ & |
B =

FIGURE 6. Substitution with runtime string diagrams.

3. STRING DIAGRAMS FOR EFFECTFUL CATEGORIES

3.1. String Diagrams for Monoidal Categories. Soundness and completeness of string
diagrams can be proven by showing that the morphisms of the monoidal category freely
generated over a polygraph of generators are string diagrams on these generators, quotiented
by topological deformations [JS91]. We will justify string diagrams for premonoidal categories
by proving that the freely generated effectful category over a pair of polygraphs (for pure
and effectful generators, respectively) can be constructed as the freely generated monoidal
category over a particular polygraph that includes an extra wire. Let us start by recalling
string diagrams for monoidal categories, following the work of Joyal and Street.

Definition 3.1. A polygraph G (analogue of a multigraph [Shul6]) is given by a set of
objects, Gopj, and a set of generators G(Ao, ..., An; Bo, ..., By,) for any two sequences of
objects Ag,..., A, and By,...,B;. A morphism of polygraphs f: G — H is a function
between their object sets, fobj: Gobj — Hobj, and a function between their corresponding
morphism sets,

on,...,An;Bo,...,Bn : g(Aﬂv s 7Ana BOv s 7B’m)
= H(fobj(Ao); - -, fobj(An); fobj(Bo), - - - fobj(Bm))-
Polygraphs and polygraph morphisms form a category, PolyGr.

There exists an adjunction between polygraphs and strict monoidal categories. Any
monoidal category C can be seen as a polygraph, Forget(C); the objects are those of
the monoidal category; the edges, Forget(C)(Ao,...,An; Bo, ..., Bm), are the morphisms
CAy®...® Ay, By ® ... ® By,); we forget about composition and tensoring. Given a
polygraph G, the free strict monoidal category String(G) is the strict monoidal category that
has as morphisms the string diagrams over the generators in the polygraph.

Definition 3.2. A string diagram over a polygraph G (or progressive plane graph in the work
of Joyal and Street [JS91, Definition 1.1]) is a graph I' embedded in the squared interval, up
to planar isotopy, and such that

(1) the boundary of the graph touches only the top and the bottom of the square,
or € {0,1} x [0,1];

(2) and the second projection is injective on each component of the graph without its
vertices, I' — I'p; this makes it acyclic and progressive.

We call the components of I' — I'g wires, W; we call the vertices of the graph nodes, T'y.
Wires must be labeled by the objects of the polygraph, o: W — G, nodes must be labeled
by the generators of the polygraph, m: 'y — G; and each node must be connected to wires
exactly typed by the objects of its generator—a string diagram must be well-typed.

Remark 3.3 (The symmetric case). Compare these with the string diagrams for symmetric
monoidal categories [Sell0]. String diagrams for symmetric monoidal categories have a
practical combinatorial characterization in terms of acyclic hypergraphs [BGK™*22]. This
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characterization would simplify our results, but we prefer to work for the full generality of
(non-symmetric) monoidal categories.

Lemma 3.4. String diagrams over a polygraph G form a monoidal category, which we call
String(G). This determines a functor,

String: PolyGr — MonCatgg,.
Proof sketch. The objects of the category are lists of objects of the polygraph, which we

write as [Xo,..., Xy], for X; € Ggj. These form a (free) monoid with concatenation and
the empty list.
Morphisms [Xo, ..., X,] = [Yo,..., Y] are string diagrams over the polygraph G such

that (i) the ordered list of wires that touches the upper boundary is typed by [Xo, ..., X,],
and (i) the ordered list of wires that touches the lower boundary is typed by [Yo,..., Y]

Ay A, Ag An Ay A Ao Ap
| 1 | n Ap A
O I R e | | ;
o Bm Bo BmB, B!, Bo B
f a®a asf id

FIGURE 7. Strict monoidal category of string diagrams.

Figure 7 describes the operations of the category. The parallel composition of two
diagrams a: [Xo,...,X,] = [Yo,...,Yy] and o': [Xg,..., X), ] = [Yy,..., Y] ] is their
horizontal juxtaposition. The sequential composition of two diagrams «a: [Xo,..., X,]| —
Yo,...,Yn] and B: [Yo,...,Yn] — [Zo,...,Zk] is the diagram obtained by vertical jux-
taposition linking the outputs of the first to the inputs of the second. The identity on
the object [Xy, ..., X,] is given by a diagram containing n identity wires labeled by these
objects. L]

Lemma 3.5. Forgetting about the sequential and parallel composition defines a functor from
monoidal categories to polygraphs,

Forget: MonCatgsi, — PolyGr.

Proof. Any monoidal category C can be seen as a polygraph, Forget(C), where the edges are
determined by the morphisms,

Forget(C)(Ao, ..., An; Boy...,Bm) =C(A)®...® 4,, By ®...® By,),

and we forget about composition and tensoring. It can be checked, by its definition, that
any strict monoidal functor induces a homomorphism on the underlying polygraphs. []

Theorem 3.6 (Joyal and Street, [JS91, Theorem 2.3]). There exists an adjunction between
polygraphs and strict monoidal categories, String = Forget. Given a polygraph G, the free
strict monoidal category, String(G), is the strict monoidal category that has as morphisms
the string diagrams over the generators of the polygraph; the underlying polygraph determines
the right adjoint.
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3.2. String Diagrams for Effectful Categories. String diagrams for monoidal categories
arise from the adjunction between polygraphs and monoidal categories. Let us translate
this story to the effectful case: we will construct a similar adjunction between effectful
polygraphs and effectful categories. We start by formally adding the runtime to a free
monoidal category.

Definition 3.7 (Effectful polygraph). An effectful polygraph is a pair of polygraphs (V,G)
sharing the same objects, Vopj = Gobj. A morphism of effectful polygraphs (u, f): (V,G) —
(W, H) is a pair of morphisms of polygraphs, u: V — W and f: G — H, such that they
coincide on objects, fon; = uopj. Effectful polygraphs form a category, EffPolyGr.

Definition 3.8 (Runtime monoidal category). Let (V,G) be an effectful polygraph. Its
runtime monoidal category, Stringg,,,(V,G), is the monoidal category freely generated from
adding an extra object—the runtime, —to the input and output of every effectful generator
in G (but not to those in V), and letting that extra object be braided with respect to every
other object of the category.

In other words, it is the monoidal category freely generated by the following polygraph,
Run(V,G), (Figure 8), assuming Ay, ..., A, and By, ..., B, are distinct from 7,

o Run(V,G)qp; = Gobj + {11} = Vonj + {11},

o Run(V,G)(R, Ag,...,Ap; R, By,...,By) =G(Ao,...,An; Bo,...,Bn),
e Run(V,G)(Ao,...,An; Bo,...,Bn) =V(Ao,...,An; Bo, ..., By),
e Run(V,G)(R, Ag; Ao, R) = Run(V, G) (Ao, i; R, Ag) = {c},
with Run(V,G) empty in any other case, and quotiented by the braiding axioms for 7
(Figure 9).
RAo Ap Ag A, Ao R R Ap
|t [
T 17 N
R Bo Bm B.O'.B'm, R Ao Ao R

For each f € G(Ay,...,An; Bo,...,By) and each v € V(Ay, ..., An; Bo, ..., Bn).

FIGURE 8. Generators for the runtime monoidal category.

2 g
¢ q =

FIGURE 9. Axioms for the runtime monoidal category.

Some readers may prefer to understand this as asking the runtime 7? to be in the Drinfeld
centre [DGNO10] of the monoidal category.” The extra wire that /2 provides is only used to
prevent interchange, and so it does not really matter where it is placed in the input and
the output. We can choose to always place it on the left, for instance—and indeed we will
be able to do so—but a better solution is to just consider objects “up to some runtime
braidings”. This is formalized by the notion of braid clique.

2The Drinfeld centre of a monoidal category (C,®, I) is braided monoidal category that has as objects the
pairs (R, 0), where 0: R® ® — ¢ ® R is a natural isomorphism satisfying the braiding axioms; morphisms in
the Drinfeld centre are those that preserve these braidings [DGNO10].
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Definition 3.9 (Braid clique). Given any list of objects Ay,..., A, in Vou; = Gobj, we
construct a clique [Tod10, Shul8] in the category Stringg,,,(V,G): we consider the objects,
Ap®... @R ®...® Ay, created by inserting the runtime /7 in all of the possible 0 <4 < n+1
positions; and we consider the family of commuting isomorphisms constructed by braiding
the runtime,

(fiyj:A0®...®R(i)®...®An—)Ao@...@R(j)(X)...@An.
We call this family of isomorphisms the braid clique, Braid (Ao, ..., A,), on that list.

Definition 3.10. A braid clique morphism,
f: Braidn(Ao, - ,An> — Braidn(Bg, . ,Bm),

is a family of morphisms in the runtime monoidal category, Stringg, . (V,G), from each of
the objects of first clique to each of the objects of the second clique,

fik3 A0®...®R(i)®...®An—)Bo®...®R(k)®...®Bm,
that moreover commutes with all braiding isomorphisms, fi; § ojx = 041§ fir

A braid clique morphism f: Braidz(Ay,...,A,) — Braidz(By,..., By) is fully deter-
mined by any of its components: any component can be obtained uniquely from any other,
simply by pre/post-composing it with braidings. In particular, a braid clique morphism is
always fully determined by its leftmost component,

foo: R®A)® .. @ Ap 5> R By ® ... ® By,.

For the following two lemmas, we choose to always deal with the leftmost component of
the braid clique morphism. Given any clique Braid (Ao, ..., A4,) welet A = Ag®...® Ay; so
clique morphisms Braid (Ao, ..., A,) — Braidz(By,..., By) are represented by morphisms
R®A— R®B.

We now use braid morphisms to construct a premonoidal category. Braid cliques
are the objects of a category; however, it is interesting to note they it is not a monoidal
category. Indeed, the tensor of morphisms cannot be defined in the naive way: a morphism
R®A — R® B cannot be tensored with a morphism 7 ® A’ — R ® B’ to obtain a morphism
R A® A" — R® B® B’ (as the runtime would appear twice); they only form a premonoidal
category.

Lemma 3.11. Let (V,G) be an effectful polygraph. There exists a premonoidal category,
EffString(V, G), that has as objects the braid cliques, Braid (Ao, ..., An), in Stringg,,(V,G),
and as morphisms the braid clique morphisms between them.

Proof. Let us first give EffString(V, G) category structure. The identity on Braidz (Ao, ..., Ay)
is the identity on 2 ® A. The composition of a morphism 7 ® A — R ® B with a morphism
R® B — R® C' is their plain composition as string diagrams, in Stringg,,,(V,G).

Let us now check that it is moreover a premonoidal category. Tensoring of braid cliques
is given by concatenation of lists, which coincides with the tensor of objects in Stringg,,,(V, G).
Whiskering of a morphism f: ? ® A - R ® B is defined with braidings in the left case,
RC®A — R®C®DB, and by plain whiskering in the right case, RQARC - RRBRC,
as depicted in Figure 10.
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FiGure 10. Whiskering in the runtime premonoidal category.
Finally, the associators and unitors are identities, which are natural and central. []

Lemma 3.12. Let (V,G) be an effectful polygraph. There exists an identity-on-objects
functor String(V) — EffString(V,G) that strictly preserves the premonoidal structure and
whose image is central. This determines an effectful category.

Proof. A morphism v € String(V)(A4, B) induces a morphism (id; ®v) € Stringg,,,(V,G) (R ®
A, R ® B), which can be read as a morphism of cliques (idp ® v) € EffString(V, G)(A, B).
This is tensoring with an identity, which is indeed functorial.

Let us now show that this functor strictly preserves the premonoidal structure. The fact
that it preserves right whiskerings is immediate. The fact that it preserves left whiskerings
follows from the axioms of symmetry (Figure 11, left). Associators and unitors are identities,

which are preserved by tensoring with an identity.
| | L] 9§
= | = [| | _
S =
‘ qq o] [ ]
AN

FIGURE 11. Preservation of whiskerings, and centrality.

Finally, we can check by string diagrams that the image of this functor is central,
interchanging with any given x: ? @ C' — R ® D (Figure 11, center and right). L]

Lemma 3.13. Let (V,G) be an effectful polygraph and consider the effectful category
determined by String(V) — EffString(V,G). Let V — C be a strict effectful category endowed
with an effectful polygraph morphism F: (V,G) — U(V,C). There exists a unique strict
effectful functor from (String(V) — EffString(V,G)) to (V — C) commuting with F' as an
effectful polygraph morphism.

Proof. By the same freeness result for monoidal categories, there already exists a unique
strict monoidal functor Hy: String(V) — V that sends any object A € Vopj to Fop;(A).

We will show there is a unique way to extend this functor together with the hypergraph
assignment G — C into a functor H: EffString(V,G) — C. Even when we know that the
runtime can appear always on the left, we choose here to define the functor independently
of the position of the runtime and later check that it preserves braidings. That is, giving
such a functor amounts to give some mapping of morphisms containing the runtime 7 in
some position in their input and output,

fiA®..QR®..0 A, > B)®...Q R®...® B

to morphisms H(f): FAy® ...® FA, - FBy® ... ® FB,, in C, in a way that preserves
composition, whiskerings, inclusions from String(}), and that is invariant to composition
with braidings. In order to define this mapping, we will perform structural induction over
the monoidal terms of the runtime monoidal category of the form Stringg,,,(V,G)(4Ag® ... ®
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RO Q... @Ay, R®By®...® Y @ ...® B,,) and show that it is the only mapping with
these properties (Figure 12).

Monoidal terms in a strict, freely presented, monoidal category are formed by identities
(id), composition (), tensoring (®), and some generators (in this case, in Figure 8). Here
is where we apply the main result of Joyal and Street [JS91]: reasoning about monoidal
terms is the same as reasoning about string diagrams; thus, we can prove a result about
string diagrams reasoning inductively on monoidal terms. Monoidal terms are subject to
(i) functoriality of the tensor, id ® id = id and (fsg) ® (hsk) = (f®h) (g ® k); (i1)
associativity and unitality of the tensor, f ®id; = f and f ® (9@ h) = (f ® g) @ h; (iii) the
usual unitality, fsid = f and id ¢ f = f and associativity f¢(gsh) = (f$g)3$h; (iv) the
axioms of our presentation (in this case, in Figure 9).

H(D:idA; H<):id1; H(i7) =idp; H():H(ﬁj);ﬂ(f;ﬁ);
H (i) = (d @ Ho ()5 (7 () @id) = (7 (5) @ id) s (de H ((2);
H (E3) = (# () @id)s (a @ B (1)) = (de H () (H () @ id);
H(H) =F(: H(E) = Re)5 H(X)=H(K) =i

FIGURE 12. Assignment on morphisms, defined by structural induction on
terms.

R

e If the term is an identity, it can be (i) an identity on an object of the effectful polygraph,
Ae(V,G) obj? in which case it must be mapped to the same identity by functoriality,
H(idg) = id4; (i) an identity on the runtime, in which case it must be mapped to
the identity on the unit object, H(idr) = ids; or (4ii) an identity on the unit object,
in which case it must be mapped to the identity on the unit, H(id;) = id;.

e If the term is a composition, (f$g): 4®..R®...04, > Chi®... R®...QCk,
it must be along a boundary of the form By ® ... ® R ® ... ® By,: this is because
every generator leaves the number of runtimes, 7, invariant. Thus, each one of the
components determines itself a braid clique morphism. We must preserve composition
of braid clique morphisms, so we must map H(f ¢g) = H(f) s H(g).

e If the term is a tensor of two terms, (zr®@u): A)®...QR®...®A, = By®...QR®...®
B,,, then only one of them was a term taking /7 as input and output (without loss of
generality, assume it to be the first one) and the other was not: again, by construction,
there are no morphisms taking one R as input and producing none, or viceversa. We
split this morphism into z: 4)®...® 1®...®A;_1 - By®...® 1®...® Bj_1 and

Again by structural induction, this time over terms u: 4;®...® A, — B;®...® By,
we know that the morphism must be either a generator in V(A;,..., An; By, ..., By)
or a composition and tensoring of them. That is, u is a morphism in the image of
String(V), and it must be mapped according to the functor Hy: String(V) — V.

By induction hypothesis, we know how to map the morphism z: Ag® ... R R ®
. ®Ai1 -+ By®...®@ R®...® Bj_1. This means that, given any tensoring = ® u,
we must map it to H(z®@u) = (H(x) ®1id) § (id ® Ho(u)) = (id ® Ho(u)) ¢ (H(z) ®id),
where Hy(u) is central.
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FUNCTORIALITY OF THE TENSOR.
(H (12)®id) s (id® Ho (1) = H (77);

(1 (EH@id))s (de H ()5 (1 () @)z (de H () =
<<H(f;¢)sH()>®id> (id @ (Ho (1=4) 5 Ho (£3)))

MONOIDALITY OF THE TENSOR.

(H () @idx) 5 (id @ Ho (£2) = H (1)
(((H () @idx) s (d @ Ho (1£2)) @ i) (d @ Ho () =
(H () @ idx) 3 (id @ Ho () @ Ho (22));

CATEGORY AXIOMS.

( () s 1 (B2))s 1 (1) = 1 () 5 (1 () s 1 (1))
() (1) =1 (1)1 (1) - 1 (82):

RUNTIME AXIOMS.

(s () =i (4) (1) =

H(R)®1d 1d®H0(qzﬁ));H(%) (//) 1d®H0(qz|‘1));(H(")®id);
(id® ()3Ho(ﬂz,'l)®1d (\\) (%%)3(id®Ho(f,i,‘J))s(H(")®id);

FIGURE 13. The assignment is well defined.

o If the string diagram consists of a single generator, f: R ® A — R ® B, it can only
come from a generator
feRum(V,G)(R,Ay,...,Ap; R, By, ...,Bn) =G(Ao,...,An; Bo, ..., Bn),

which must be mapped to H(f) = F(f) € C(Ay®...® 4,, By ® ... ® B,,). If the
string diagram consists of a single braiding, it must be mapped to the identity, because
the want the assignment to be invariant to braidings.

Now, we need to prove that this assignment is well-defined with respect to the axioms
of these monoidal terms. Our reasoning follows Figure 13.

e The tensor is functorial. We know that H(id®id) = H(id), both are identities and that
can be formally proven by induction on the number of wires. Now, for the interchange
law, consider a quartet of morphisms that can be composed or tensored first and such
that, without loss of generality, we assume the runtime to be on the left side. Then,
we can use centrality to argue that

H((z®u)5(y®@wv)) = (H(x)®@id) § (id @ Ho(u)) 5 (H(y) ®id) § (id @ Ho(v))
= ((H(z) 5 H(y)) @id) 5 (id @ (Ho(u) 5 Ho(v)))
= H((z5y) ® (u3v)).

e The tensor is monoidal. We know that H(x ® id;) = (H(z) ® id;) ¢ (id ® id;) = H(x).
Now, for associativity, consider a triple of morphisms that can be tensored in two ways
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and such that, without loss of generality, we assume the runtime to be on the left side.
Then, we can use centrality to argue that

H(z®u)®v)=((H(r)®id) § (id ® Hp(u))) ® id) §id ® Ho(v)
= (H(z)®id) 3 (id ® Ho(u) ® Ho(v))
=H(z® (u®v)).

e The terms form a category. And indeed, it is true by construction that H(x§(y5z2)) =
H((xz3y)¢z) and also that H(x ¢id) = H(z), because H preserves composition.

e The runtime category enforces some axioms. The composition of two braidings is
mapped to the identity by the fact that H preserves composition and sends both to
the identity. Both sides of the braid naturality over a morphism v are mapped to
Hy(v); with the multiple braidings being mapped again to the identity.

Thus, H is well-defined and it defines the only possible assignment and the only possible
strict premonoidal functor. OJ

Theorem 3.14 (Runtime as a resource). The free strict effectful category over an effectful
polygraph (V,G) is String(V) — EffString(V, G). Its morphisms A — B are in bijection with
the morphisms R ® A — R ® B of the runtime monoidal category,

EffString(V, G)(A, B) = Stringg,,,(V,G)(R ® A, R ® B).

Proof. We must first show that String(V) — EffString(V, G) is an effectful category. The first
step is to see that EffString(V,G) forms a premonoidal category; we apply Lemma 3.11. We
also know that String()) is a monoidal category: in fact, a strict, freely generated one. There
exists an identity on objects functor, String(V) — EffString(V, G), that strictly preserves the
premonoidal structure and centrality, by Lemma 3.12.

Let us now show that it is the free one over the effectful polygraph (V,G). Let V — C
be an effectful category, with an effectful polygraph map F: (V,G) — U(V,C). We can
construct a unique effectful functor from (String(V) — EffString(V, G)) to (V — C) giving its
universal property; this is Lemma 3.13, which concludes the proof. []

Corollary 3.15 (String diagrams for effectful categories). We can use string diagrams for
effectful categories, quotiented under the same isotopy as for monoidal categories, provided
that we do represent the runtime as an extra wire that needs to be the input and output of
every effectful morphism.

4. EXAMPLE: GLOBAL STATE

Let us provide an example of reasoning that uses string diagrams for effectful categories.
Imperative programs are characterized by the presence of a global state that can be mutated.
Reading or writing to this global state constitutes an effectful computation: the order of
operations that affect some global state cannot be changed. Let us propose a simple theory
of global state (Figure 14) and let us show that it is enough to capture the phenomenon of
race conditions. These are an adaptation of the lens laws [FGM107].

Definition 4.1. The theory of global state is generated by the effectful polygraph with a
single object X; two pure generators, (&): X — X ® X and ({): X — I, representing copy
and discard, quotiented by the comonoid axioms; and two effectful generators, (t): I — X
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' (:)FLW I@[::; & o |

get — get get — discard put — put
I (2):_ T ; m (;) é ;
- )
get — put put — get

FIGURE 14. Non-interchanging diagrams for the axioms of global state.

and (8): X — I, representing get and put (in Figure 15), quotiented by the equations in
Figure 16.

LR

FIGURE 15. Generators for global state.

These two put and get generators, without extra axioms, represent what happens when
a process can send or receive resources from an unrestricted environment. Right now, we
are concerned with the theory of a global state accessed by a single process: we will impose
the following axioms, which assert that the global state was not modified by anyone but this
single process (Figure 16).

A e el e =4

comonoid (runtime coaction) semimonoid (runtime semiaction)
()@ | m ® 3
special Frobenius

FicUre 16. Effectful string diagrams for the axioms of global state.

The equations in Figure 16 (and Figure 14) say that: (i) reading the global state twice
gets us the same result twice, (4i) reading the global state and discarding the result is the
same as doing nothing, (ii7) writing twice to the global state keeps only the last thing that
was written, (iv) reading something and immediately writing it to the global state is the
same as doing nothing, (v) keeping a copy of something that we write to global state is the
same as writing it to the global state and then reading it.

Remark 4.2 (Global state is semi-Frobenius). The theory in Figure 16 can be summarized
as a semi-Frobenius action on the runtime /7, where the semimonoid is the left-absorbing
semigroup®. The get-get and get-discard laws correspond to a comonoid action on the
runtime; the put-put law correspond to a semimonoid action of a left-absorbing semigroup;
the get-put law correspond to the special axiom; and the put-get law corresponds to the
Frobenius axiom.

3Left—absorbing semigroups are those satisfying the equation z -y = z [KKM11]; we use the name
semimonoid and interpret them more generally in a symmetric monoidal category.
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While this algebra exists also in Figure 14, it only becomes apparent when we use the
string diagrams of effectful categories, in Figure 16.

Proposition 4.3 (Race conditions). Concurrently mizing two processes that share a global
state, f and g, can produce four possible results: (i) only the result of the first one is
preserved, (ii) only the result of the second one is preserved, or (iii,iv) the composition of
both is preserved, in any order.

Proof. Formally, we work in the theory of global state adding two processes, f: X — X and
g: X — X, that can moreover be discarded, meaning f 34 = g 54 =i We employ string
diagrams for effectful categories. The following three diagrams in Figure 17 correspond to
the first three cases of race conditions; the last one is analogous to the third. L]

FIGURE 17. Possible results of a race condition.

5. STRING DIAGRAMS FOR PREMONOIDAL CATEGORIES

We have constructed string diagrams for effectful categories via an adjunction (Theorem 3.14);
and as a consequence, we will also have constructed string diagrams for premonoidal categories.
At the beginning of this text, we left open the question of what were the correct functors
between premonoidal categories: we now choose to assemble them into a category where
functors preserve the central morphisms. This is not as satisfactory as working directly with
effectful categories, but we do so for completeness; we refer the reader to the work of Staton
and Levy for a detailed discussion of why effectful categories may be a better notion than
premonoidal categories [SL13].

Definition 5.1. Strict premonoidal categories and central functors between them form a
category, Premons;,, endowed with a fully faithful functor J: Premons;, — EffCats;, that
acts by sending a premonoidal category C to the effectful category given by the inclusion of
its center, Z(C) — C.

On the syntax side, we will use the fact that every polygraph—every signature of a
premonoidal category—can be read as an effectful polygraph with no pure generators.

Proposition 5.2. There exists an adjunction between polygraphs and effectful polygraphs.
The left adjoint is given by the functor interpreting every edge as an effectful one, |: PolyGr —
EffPolyGr. The right adjoint functor forgets the pure edges, V: EffPolyGr — PolyGr.

On the semantics side, we may observe that the free effectful category over a polygraph
constructed by the previous runtime construction, R: Eff PolyGr — EffCats;,, is actually
a premonoidal category that has a trivial centre consisting only of identities.
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Lemma 5.3. The functor | § R: PolyGr — EffCats,, factors through the inclusion of
premonoidal categories as | §R* §J for a codomain restriction R*: PolyGr — Premons;,.

Corollary 5.4. Finally, from the previous section, we extract that there is an adjunction
between effectful polygraphs and effectful categories with effectful functors given by the
runtime construction of the free effectful category R: EffPolyGr — EffCats;, and the
forgetful functor U: EffCats,, — EffPolyGr.

Theorem 5.5. There is an adjunction between premonoidal categories and polygraphs given
by the string diagrams of effectful categories with every node needing the runtime.

Proof. We show the adjunction by a natural bijection of morphism sets. Let G be any
polygraph and let P be any premonoidal category. The right adjoint will be U =V §U § J;

B>

the left adjoint will be 1§ R*, as obtained in Lemma 5.3

Q (i)
PolyGr(G; U,P) = PolyGr(G; VUJP) = EffPolyGr(IG; UJP) = EffCats (RIG; JP)

(i) (iv)

~ EffCats, (JR*IG; JP) = Premons (R*IG;P).

Here, we have used that (i) the adjunction between polygraphs and effectful polygraphs
by Lemma 5.2; (i7) the adjunction between effectful polygraphs and effectful categories in
Corollary 5.4; (iii) the factorization in Lemma 5.3; and (iv) that premonoidal categories
embed fully-faithfully into effectful categories. []

6. CONCLUSIONS

Premonoidal categories are monoidal categories with runtime, and we can still use monoidal
string diagrams and unrestricted topological deformations to reason about them. Instead
of dealing directly with premonoidal categories, we employ the better-behaved notion of
non-cartesian Freyd categories, effectful categories. There exists a more fine-grained notion
of “Cartesian effect category” [DDRI11], which generalizes Freyd categories and justifies
using “effectful category” for the general case.

Ultimately, this is a first step towards our more ambitious project of presenting the
categorical structure of programming languages in a purely diagrammatic way, revisiting Alan
Jeffrey’s work [Jef97b, Jef97a, Rom22a|. The internal language of premonoidal categories
and effectful categories is given by the arrow do-notation [Pat01]; at the same time, we
have shown that it is given by suitable string diagrams. This correspondence allows us to
translate between programs and string diagrams (Figure 18).

Example 6.1. This example illustrates a “Hello world”, in diagrams and do-notation.
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proc () -> do
question <- "What's your name?" question
() <= print -< question
name <- get -< ()
greeting <- "Hello" name
output <- concatenate(greeting, name)
() <= print -< output

return ()

FI1GURE 18. Premonoidal program in arrow do-notation and string diagrams.

7. RELATED AND FURTHER WORK.

This manuscript is an extended version of “Promonads and String Diagrams for Effectful
Categories” by the first-named author, presented at Applied Category Theory 2022 [Rom22b).
It also extends and takes examples from the PhD thesis of the first-named author, which
was supervised by the second-named author [Rom23]. The present version restructures the
presentation for clarity, includes fully detailed proofs of all results, and adds a new section
on premonoidal categories (Section 5).

Staton and Mggelberg [MS14] propose a formalization of Jeffrey’s graphical calculus
for effectful categories that arise as the Kleisli category of a strong monad. They prove
that ‘every strong monad is a linear-use state monad’, that is, a state monad of the form
R —ol(e) ® R, where the state 1 is an object that cannot be copied nor discarded. Levy’s
Call-By-Push-Value [Lev22] is the closest translation of Freyd and effectful categories into
a programming language that synthesizes the functional and imperative paradigms. Our
work can be regarded as providing a string diagrammatic counterpart preserving effects but
without higher-order functions.

Relatedly, the “Functional Machine Calculus” is a model of higher-order effectful
computation developed in the work of Heijltjes, Barrett and McCusker [Hei22, BHM23,
Bar23]. The functional machine calculus uses a string diagrammatic language reminiscent of
the string diagrams for effectful categories that we introduce here; further work formalizing
this connection is warranted. One of the aspects that separates other graphical languages
like this one from the string diagrams for effectful categories is the occurrence of multiple
independent runtimes, corresponding to multiple independent effects. Earnshaw and Nester
[ENR23], in joint work with this author, explore how multiple runtimes may permit a more
fine-grained presentation of effectful categories; this opens a future direction for generalizing
this work.

Finally, Earnshaw and this second author [ES23] have developed a string diagrammatic
trace theory for monoidal formal languages and monoidal automata that uses string diagrams
of effectful categories.
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