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ABSTRACT. Drawing (a multiset of) coloured balls from an urn is one of the most basic
models in discrete probability theory. Three modes of drawing are commonly distinguished:
multinomial (draw-replace), hypergeometric (draw-delete), and Pélya (draw-add). These
drawing operations are represented as maps from urns to distributions over multisets
of draws. The set of urns is a metric space via the Kantorovich distance. The set of
distributions over draws is also a metric space, using Kantorovich-over-Kantorovich. It is
shown that these three draw operations are all isometries, that is, they exactly preserve
the Kantorovich distances. Further, drawing is studied in the limit, both for large urns and
for large draws. First it is shown that, as the urn size increases, the Kantorovich distances
go to zero between hypergeometric and multinomial draws, and also between Pélya and
multinomial draws. Second, it is shown that, as the drawsize increases, the Kantorovich
distance goes to zero (in probability) between an urn and (normalised) multinomial draws
from the urn. These results are known, but here, they are formulated in a novel metric
manner as limits of Kantorovich distances. We call these two limit results the law of large
urns and the law of large draws.

1. INTRODUCTION

Basic physical models in probability theory are flipping a coin, rolling a dice, or drawing
coloured balls from an urn [JK77]. We start with an illustration of these urn models. We
consider a situation with a set C = {R, G, B} of three colours: red, green, blue. Assume
that we have two urns vq, v9 with 10 coloured balls each. We describe these urns as multisets
of the form:

v1 = 8|G)+2|B) and vy = 5|R) +4|G) + 1| B).

Recall that a multiset is like a set, except that elements may occur multiple times. Here we
describe urns as multisets using ‘ket’ notation | — ). It separates multiplicities of elements
(before the ket) from the elements in the multiset (inside the ket). Thus, urn v; contains 8
green balls and 2 blue balls (and no red ones). Similarly, urn v contains 5 red, 4 green, and
1 blue ball(s).

Below, we shall describe the Kantorovich distance between multisets (of the same size).
How this works does not matter for now; we simply posit that the Kantorovich distance
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d(v1,v2) between these two urns is % — where we assume the discrete distance on the set C'
of colours.

We turn to draws from these two urns, in this introductory example of size two. These
draws are also described as multisets, with elements from the set C' = {R, G, B} of colours.
There are six multisets (draws) of size 2, namely:

2|R) 1|R)+1|G) 2/G) 1|R)+1|B) 2/B) 1|G)+1|B). (1.1

As we see, there are three draws with 2 balls of the same colour, and three draws with balls
of different colours.

We consider the hypergeometric probabilities associated with these draws, from the two
urns. Let’s illustrate this for the draw 1|G) + 1| B) of one green ball and one blue ball from

the urn v1. The probability of drawing 1|G) + 1| B) is 12; it is obtained as sum of:

e first drawing-and-deleting a green ball from v = 8|G) + 2| B), with probability . It
leaves an urn 7|G) + 2| B), from which we can draw a blue ball with probability 2. Thus
drawing “first green then blue” happens with probability % . % = %.

e Similarly, the probability of drawing “first blue then green” is % . % = %.

We can similarly compute the probabilities for each of the above six draws (1.1) from urn
vy. This gives the hypergeometric distribution, which we write using kets-over-kets as:
hgl2l(vr) = | 21G)) + 1 [1UG) +11B) ) + 4 |21B) ).

The fraction written before a big ket is the probability of drawing the multiset (of size 2),
written inside that big ket, from the urn vy.

Drawing from the second urn vy gives a different distribution over these multisets (1.1).
Since urn vo contains red balls, they additionally appear in the draws.

hg2l(v2) = 3 |21R)) + 4| 11R) +116) ) + £ [216))
+g‘1|R>+1|B>>+%‘1IG>+1IB>>-

We can also compute the distance between these two hypergeometric distributions over
multisets. It involves a Kantorovich distance over the space of multisets (of size 2) with
their own Kantorovich distance. Again, details of the calculation are skipped at this stage.
The distance between the above two hypergeometric draw-distributions is:

d(hg[Z}(vl), hg[Q](Ug)) =3 = d(v1, va).

This coincidence of distances is non-trivial. It holds, in general, for arbitrary urns (of the
same size) over arbitrary metric spaces of colours, for draws of arbitrary sizes. Moreover,
the same coincidence of distances holds for the multinomial and Pélya modes of drawing.
These coincidences form key results of this paper, see Theorems 7.3, 8.2, and 9.3 below.

In order to formulate and obtain these results, we describe multinomial, hypergeometric
and Polya distributions in the form of (Kleisli) maps:

mn([K] hg[K]
D(X) —— D(M[K](X)) %m MIL](X) (1.2)

They all produce distributions (indicated by D), in the middle of this diagram, on multisets
(draws) of size K, indicated by M[K], over a set X of colours. Details will be provided below.
Using the maps in (1.2), the coincidence of distances that we saw above can be described as
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a preservation property, in terms of distance preserving maps — called isometries. At this
stage we wish to emphasise that the representation of these different drawing operations
as maps in (1.2) has a categorical background. It makes it possible to formulate and prove
basic properties of drawing from an urn, such as naturality in the set X of colours. Also, as
shown in [Jac21] for the multinomial and hypergeometric case, drawing forms a monoidal
transformation (with ‘zipping’ for multisets as coherence map). Below it will be shown that
the three draw maps (1.2) are even more well-behaved: they are all isometries, that is, they
exactly preserve Kantorovich distances. These remarkable preservation results first appeared
in the conference publication [Jac24], which this paper extends. The results are reproduced
here, with more details, especially for the Pdlya case.

This paper adds two more results about drawing and distance, to which we refer as the
law of large urns and the law of large draws. Recall that multinomial and Pélya drawing
involves removal and addition of the drawn balls from / to the urn. The effect of such
removal / addition is neglible when the urn is very large, in comparison to the drawsize, so
that one may expect that there is no difference with multinomial drawing (where the urn
remains unchanged). The law of large urns make these intuitions precise in terms of limits
of distances going to zero:

vlgrolo d(hg[K] (v), mn[K] (F]I'H(U))) =0= Ulirglo d<p][K] (v), mn[K] (F]rn(v))).
The first equation expresses that the Kantorovich distances between hypergeometric and
multinomial distributions goes to zero as the urns beccome large. The multinomial distribu-
tion acts on urns as distributions, so that the normalisation operation Flrn must be inserted,
see below for details. Similarly, the second equation makes precise that Pélya draws from
large urns are close to multinomial draws.

The second law in this paper is what we call the law of large draws. It can be seen as a
variation on the law of large numbers, in terms of Kantorovich distances. This law takes the
form:

lim mn[K](w) | d(w, FIrn(=)) = 0.

K—oo

Informally it says that (normalisations of) large multinomial draws are close to the urn
w. This closeness holds “in probability” as expressed by the validity sign |= in the above
formulation. Details can be found in Theorem 11.2 below.

This paper concentrates on the mathematics behind these isometry and large urn/draw
results, and not on interpretations or applications. We do like to briefly refer to interpretations
in machine learning [RTGO00] where the distance that we consider on colours in an urn
is called the ground distance. Actual distances between colours are used there, based on
experiments in psychophysics, using perceived differences [WS82].

The Kantorovich — or Wasserstein-Kantorovich, or Monge-Kantorovich — distance is
the standard distance on distributions and on multisets, going back to [KR58]!. After some
preliminaries on multisets and distributions, and on distances in general, Sections 4 and 6
of this paper recall the Kantorovich distance on distributions and on multisets, together
with several basic results. The appendix contains some further background, especially about
the dual formulations for these distances. The three subsequent Sections 7 — 9 demonstrate
that multinomial, hypergeometric and Polya drawing are all isometries. Distances occur on

IThe history on this topic is not so clear; we refer to the bibliographic notes as the end of Chapter 6
of [Vil09] for details.
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multiple levels: on colours, on urns (as multisets or distributions) and on draw-distributions.
This may be confusing, but several illustrations are included.

The so-called total variation distance is a special case of the Kantorovich distance.
The relation between these two distances is subtle. We elaborate them in Section 5, for
convenience of the reader. The large urn / draw results in Theorem 10.3 and 11.2 are proven
first for the total variation distance, but can then be transferred to the general Kantorovich
distance.

2. PRELIMINARIES ON MULTISETS AND DISTRIBUTIONS

A multiset over a set X is a finite formal sum of the form ), n;|x;), for elements z; € X
and natural numbers n; € N describing the multiplicities of these elements x;. We shall
write M(X) for the set of such multisets over X. A multiset ¢ € M(X) may equivalently be
described in functional form, as a function ¢: X — N with finite support: supp(y) = {x €
X | p(x) # 0}. Such a function ¢: X — N can be written in ket form as ) .y o(z)|z).
We switch back-and-forth between the ket and functional form and use the formulation that
best suits a particular situation.

For a multiset ¢ € M(X) we write ||¢| € N for the size of the multiset. It is the total
number of elements, including multiplicities:

lell = > wl@) = o)
xesupp(¢p) zeX
For a number K € N we write M[K](X) € M(X) for the subset of multisets of size K.
When the set X has n > 1 elements, the number of multisets of size K in the set M[K](X)
is given by the multichoose coefficient:

() = (") ="

We refer to [Jac22c, Jac25] for details, but we do recall the analogy that the number of subsets

of size K of an n-element set is given by the ordinary binomial coefficient (;) = #LK),

For each set X and number K there is an ‘accumulation’ map acc: X% — M[K](X)
that turns lists into multisets via acc(z1,...,2x) = 1|z1) + -+ + 1|zk ). For instance
acc(c,b,a,c,a,c) = 2|a) + 1|b) + 3|c). A standard result (see [Jac25]) is that for a multiset
v € M[K](X) there are (¢) = g& many sequences & € X with acc(¥) = ¢, where ] =
[L, ¢(x)!. This accumulation map is the coequaliser of all transposition maps X K =, xK
induced by permutations of K, see [Jac22a, Jac25].

Multisets ¢, 1 € M(X) can be added and compared elementwise, so that (gp + 1/1) (z) =
o(z) + ¢ (z) and ¢ < means p(x) < (z) for all z € X. In the latter case, when ¢ < 1),

we can also subtract ¢ — ¢ elementwise.

The mapping X — M(X) is functorial: for a function f: X — Y we have M(f): M(X) —
M(Y') given by M(f)(©)(y) = > _yep-1() ¢(x). When we view the function f as mapping
X-colours to Y-colours, the associated map M(f) is a repainting of balls in urns. This map
M(f) preserves sums and size. Clearly, repainting of balls in an urn does not change the
number of balls in the urn. Preservation of sums by M(f) involves: first repainting the balls
in two urns separately and then combining their balls, is the same as first combining the
urns and then repainting.
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For a multiset 7 € M(X xY') on a product set we can take its two marginals M(m)(7) €
M(X) and M(me)(1) € M(Y) via functoriality, using the two projection functions 71: X X
Y - X and m: X XY — Y. Starting from ¢ € M(X) and ¢ € M(Y), we say that
T € M(X xY) is a coupling of v, if ¢ and 1 are the two marginals of 7. We define the
decoupling map:

depl == (M(m1),M(m2))

M(X xY) M(X) x M(Y) (2.1)
The inverse image depl™ (¢, 1) € M(X x Y) is thus the subset of couplings of ¢, 1.

For two multisets ¢ € M(X) and » € M(Y) we can form a tensor product ¢ ® 1) €
M(X xY) via:

(e @) (x,y) = @(x) - p(y).

A distribution over a set X is a finite formal sum of the form ), r;|x;) with elements
x; € X and multiplicities / probabilities 7; € [0, 1] satisfying ) . r; = 1. Such a distribution
can equivalently be described as a function w: X — [0, 1] with finite support, satisfying
> w(z) =1. We write D(X) for the set of distributions on X. This D is functorial, in the
same way as M. Both D and M are monads on the category Sets of sets and functions,
but we only use this for D. The unit and multiplication / flatten maps unit: X — D(X)
and flat: D?(X) — D(X) are given by:

unit(z) = 1|z) flat(Q) = ) Z Qw) -w(z) | |=). (2.2)

zeX \weD(X

Kleisli maps ¢: X — D(Y') are also called channels and written as ¢: X =+ Y. The Kleisli
extension ¢,: D(X) — D(Y) for such a channel, is defined on w € D(X) as:

cv(w) = fat(D(c)(w)) = ) (Z w(z) 'C(m)(y)> ).

yeY \zeX

Channels ¢: X —» Y andd: Y - Z can be composed to dec: X - Z via (dec)(zx) =
Each function f: X — Y gives rise to a deterministic channel < f> := unit o f: X -
is, via <f>(z) = 1| f(2)).

An example of a channel is arrangement arr: M[K](X) — D(XX). It maps a multiset
¢ € M[K](X) to the uniform distribution of sequences that accumulate to .

1 ¢l
ar(p) = Y, ST = >
Teacc1(yp) ((,0) Zeacc™1(p) K

One can show that <acc> e arr = D(acc) o arr = unit: M[K](X) — D(M[K](X)). The
composite in the other direction produces the uniform distribution of all permutations of a
sequence:

*(( )-

c(z
that

z). (2.3)

1
arr © <acc> = arr o acc = prim where prm(%) = Z b7l |t(Z)), (2.4)

tKSK

in which t(z1,...,2x) = (T4(1), - - > Te(k))- In writing ¢: K 5 K we implicitly identify the
number K with the set {1,..., K}.
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Each multiset ¢ € M(X) of non-zero size can be turned into a distribution via normali-
sation. This operation is called frequentist learning, since it involves learning a distribution
from a multiset of data, via counting. Explicitly:

Flrn(p) = Z () ‘x>

2 gl

For instance, if we learn from an urn with three red, two green and five blue balls, we get
the probability distribution for drawing a ball of a particular colour from the urn:

Flrn(3|R) +2/G) +5|B)) = $5| R) + 1|G) + §| B).

This map Flrn is a natural transformation (but not a map of monads).
Given two distributions w € D(X) and p € D(Y), we can form their parallel product
w®pe DX xY), given in functional form as:

(w® p)(z,y) = w(z) - py).

The tensors of multisets and of distributions are related via frequentist learning;:

FIrn(p ® ¢) = Flrn(p) ® Flrn(v). (2.5)

Like for multisets, we call a joint distribution 7 € D(X X Y') a coupling of w € D(X) and
p € D(Y) when w, p are the two marginals of 7, that is, when D(m)(7) = w and D(m2) = p.
We can express this also via a decouple map depl = (D(w1), D(m2)) as in (2.1). The tensor
w ® p is an obvious coupling of the distributions w and p.

An observation on a set X is a function of the form p: X — R. Such a map p, together
with a distribution w € D(X), is called a random variable — but confusingly, the distribution
is often left implicit. The map p: X — R will be called a factor if it restricts to non-negative
reals X — R>(. Each element z € X gives rise to a point observation 1,: X — R, with
1,(2)=1if z =2’ and 1,(2') = 0 if x # 2.

For a distribution w € D(X) and an observation p: X — R on the same set X we write
w = p for the validity (expected value) of p in w, defined as (finite) sum: }__y w(z) - p(x).
For a function f: X — Y, a distribution w € D(X) and an observation ¢: ¥ — R one has
the following equality of validities:

D(f)w)Fq =wkE(gof). (2.6)
This equation is sometimes called ‘the law of the unconscious statistician’, see e.g. [CB02,

§2.2]. We shall write Obs(X) = R¥ and Fact(X) = (R>o)* for the sets of observations and
factors on X.

3. PRELIMINARIES ON METRIC SPACES

A metric space will be written as a pair (X, dx), where X is a set and dx: X x X — R>g
is a distance function, also called metric. This metric satisfies:

e separation: dx(z,2') =0 iff x = 2/;

e symmetry: dx(z,2') = dx (2, x);

e triangular inequality: dx(z,2") < dx(z,2') + dx (', 2").

Often, we drop the subscript X in dyx if it is clear from the context. We use the standard
distance d(z,y) = |x — y| on real and natural numbers.
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Definition 3.1. Let (X,dx), (Y, dy) be two metric spaces.
(1) A function f: X — Y is called short (or also non-expansive) if:

dy (f(z), f(2")) < dx(z,a'), for all z,2" € X.

Such a map is called an isometry or an isometric embedding if the above inequality
< is an actual equality =. This implies that the function f is injective, and thus an
‘embedding’.
We write Metg for the category of metric spaces with short maps between them.
(2) A function f: X — Y is Lipschitz or M-Lipschitz, if there is a number M € R+ such
that:

dy (f(z), f(2')) < M -dx(z,2), for all z, 2’ € X.

The number M is sometimes called the Lipschitz constant. Thus, a short function is
Lipschitz, with constant 1. We write Mety, for the category of metric spaces with
Lipschitz maps between them (with arbitrary Lipschitz constants).

It is easy to see that if f: X — Y is M-Lipschitz and g: Y — Z is L-Lipschitz, then the
composite g o f: X — Z is Lipschitz with constant M - L.

Lemma 3.2. For two metric spaces (X1,d1) and (X2,ds) we equip the cartesian product
X1 x Xo of sets with the sum of the two metrics:

d((xl,@), (xg,xg)) = dy (w1, 2}) + do(wa, zh). (3.1)

We shall extend these product distances to K -ary form X1 x---x Xg and X% = X x---x X,

(1) With the usual projections and tuples this forms a product in the category Mety,. The
definition yields a monoidal product (tensor) in the category Metg since the diagonal
map X — X x X s 2-Lipschitz and not short.

(2) If fi: X; — Y, is M;-Lipschitz, then fi1 X fo: X1 x Xo — Y7 X Yo is max(My, Ms)-
Lipschitz.

Products of metric spaces involve some subtleties, which are not relevant for the main line
of the paper, but which we briefly make explicit as background information.

Remark 3.3. In the above description (3.1) we have used the sum of the distances in the
components. As stated, this formulation yields a categorical product in the category of
metric spaces with Lipschitz maps, but not with short maps.

Instead of the sum + in (3.1) one can use the maximum. This yields a categorical
product in the both the categories Met;, and Metg of metric spaces with Lipschitz and
with short maps. The maximum also works when the metric is 1-bounded, that is, of the
form d: X x X — [0, 1], restricted to the unit interval [0, 1]. This restriction is common in
program semantics, see e.g. [BV96, Bre0l]. This 1-bounded case has advantages since it
admits infinite products and also coproducts of metric spaces. We do not need such structure
and we will work with general R>g-valued metrics.

Thus, in the category Met;, with Lipschitz maps one can equivalently use the maximum
or the sum of distances in (3.1). The resulting products are isomorphic in Mety. This works
since for r,s € R>( one has max(r,s) <r+s and r + s < 2 - max(r,s). Here we use the
sum of distances in the product, since it is used for certain results, like Lemma 4.3 (9). A
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concrete example where the sum of distances is used is for shortness of the addition function
+: R xR —=R,in:

| (r )+ (s — )|

SR .

dr(r,7") + dr(s,s") =" drxr((r,s), (', ).

Below we shall use the familiar zip function. It is in fact an isometry.

dr(r+s,17"+5) = !(r+s)—(r’+s ’

A

Lemma 3.4. For metric spaces X,Y and for K € N consider the zip function zip: X x
YE — (X xY)E given by zip(Z,7) = ((x1,41), - - -, (@K, yk)). This zip function is a bijective
function and an isometry.

Similarly, concatenation ++: X% x X — XK+L s o bijection and an isometry.

Proof. We only do the zip case. The zip function is obviously a bijection. For &, 7 e XK
and 7,y € Y one has via repeated use of (3.1),

d(xevy (7ip(@. ), zip(a!, )

= dXxY(($1,y1)7 (%JJD) - +dXxY<($K7yK)a (‘r,[('uy/[()>

= (dx(xhx’l) + dy(yl,yll)> +-F (dX(OCK,:C}() + dY(yK,y}())

= (dx(wr, @) + -+ dxler, @) ) + (dy (g9 + -+ + dy (i, i) )

= dyr (T,2') + dyx (§,y) = dywyr (&), (@, 9)). O

4. THE KANTOROVICH DISTANCE BETWEEN DISTRIBUTIONS

This section introduces the Kantorovich distance between probability distributions and recalls
some basic results. There are several equivalent formulations for this distance. We express
them in terms of validity and couplings, see also e.g. [Bre01, Brel8, DD09, FP19, DGJP04].

Definition 4.1. Let (X, dx) be a metric space. The Kantorovich metric d = dp(x): D(X) x
D(X) — R on distributions over X is defined by any of the three equivalent formulas:

d(w,w’) = /\ TEdx
r€depl ™ (w,w')
= V wikp o EY (4.1)

p,p'€0bs(X), p®p’ <dx

=V |ekda-ukg]

q€Factg(X)

This turns D(X) into a metric space. The operation & in the second formulation is defined
as (p@p)(z,2") = p(x) + p'(2'). The set Factg(X) C Fact(X) in the third formulation is
the subset of short factors X — R>(. To be precise, we should write Facts(X,dx) since
the distance dx on X is a parameter, but we leave it implicit for convenience. The meet /\
and joins \/ in (4.1) are actually reached, by what are called the optimal coupling and the
optimal observations / factor.
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The equivalence of the first and second formulation in (4.1) is an instance of strong
duality in linear programming, which can be obtained via Farkas’ Lemma, see e.g. [MGO6].
The second formulation is commonly associated with Monge. The single factor ¢ in the
third formulation can be obtained from the two observations p, p’ in the second formulation,
and vice-versa. In [DGJP04] it is shown that instead of using all short factors ¢ in the third
formulation one can restrict to those factors that arise as interpretation of formulas in a
logic — since these interpretations are dense. What we call the Kantorovich distance is also
called the Wasserstein-Kantorovich, or Monge-Kantorovich distance.

A proof of the equivalence of the three formulations for the Kantorovich distance d(w,w’)
between two distributions w,w’ in (4.1) is given in the appendix. These three formulations
do not immediately suggest how to calculate distances. What helps is that the minimum and
maxima are actually reached and can be computed. This is done via linear programming,
originally introduced by Kantorovich, see [MGO06, Vil09, DD09]. In the sequel, we shall see
several examples of distances between distributions. They are obtained via our (adapted)
Python implementation of the linear optimisation, which also produces an optimal coupling,
observations or factor. This implementation is used only for illustrations.

Example 4.2. Consider the set X containing the first eight natural numbers, so X =

{0,1,...,7} C N, with the usual distance, written as dx, between natural numbers:
dx(n,m) = |n —m|. We look at the following two distributions on X.
w = 3|0)+ 3|4) W' = 12) +3[3) + £[6) + 2|7).

We claim that the Kantorovich distance d(w,w’) is %. This will be illustrated for each of
the three formulations in Definition 4.1.

e An optimal coupling 7 € D(X x X) of w,w' is:
0,2) 4+ £/0,3) + 1

T=1% 0,6)+£/0,7)+ 3

4,7).
It is not hard to see that 7’s first marginal is w, and its second marginal is w’. We compute
the distances as:
dw,w") = 7 Edx
= 1-dx(0,2) + L dx(0,3) + & - dx(0,6) + £ - dx(0,7) + 5 - dx(4,7)
_2,.3,6_,7,3 _18_,3 _9,6 _ 15
=§tststste =%t =1t31 =7

e There are the following two optimal observations p,p’: X — R, described as sums of
weighted point predicates:

p=-1-11—-2-10—-3-13—-4-14—5-15—-6-1g—7-17
p/:1'11+2'12—|-3'13—|—4'14+5'15+6'16+7'17.

It is not hard to see that (p & p')(i,7) == p(i) + p'(j) < dx(i,7) holds for all i,j € X.
Using the second formulation in (4.1) we get:

(WEDP)+(WEY) =500 +5 p@)+5-P2) +5-PB)+5 96 +3 (7
=S Hitits+ R =249 =F =72

e Finally, there is a (single) short factor g: X — Rx>¢ given by:
q=T7-1g+6-11+5-194+4-13+3 -1, +2-15+1-1g.
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Then:
(whka) - (Wka =

() +3-a@) — (9@ +§-q) +

1

8
3 5,4, 1) _ 10_10 _ 20 _5 _ 15
+§_<§+§+§>—2 8 — 14 4 — 4

ISTENE S

From the fact that the coupling 7, the two observations p, p’, and the single factor ¢ produce
the same distance one can deduce that they are optimal, using the formula (4.1).

We proceed with several standard properties of the Kantorovich distance on distributions.

Lemma 4.3. In the context of Definition 4.1, the following properties hold.

(1) For an M-Lipschitz function f: X — Y, the pushforward map D(f): D(X) — D(Y)
18 also M -Lipschitz; as a result, D lifts to a functor D: Met;, — Mety, and also to
D: Metg — Metg.

(2) If f: X =Y is an isometry, then so is D(f): D(X) — D(Y).

(3) For an M-Lipschitz factor q¢: X — R, the validity-of-q factor (=) = q: D(X) — Rx>g
1s also M -Lipschitz.

(4) For each element x € X and distribution w € D(X) one has: d(1]z),w) = w
dx(z,—); especially, d(1]z),1|2")) = dx(z, '), making the map unit: X — D(X) an
1sometry.

(5) The monad multiplication flat: D*(X) — D(X) is short, so that D lifts from a monad
on Sets to a monad on Metg and on Mety,.

(6) If a channel c: X — D(Y) is M-Lipschitz, then so is its Kleisli extension c, = flat o
D(c): D(X) — D(Y).

(7) If channel c: X —»Y is M-Lipschitz and channel d: Y ~» Z is L-Lipschitz, then their
(channel) composite deo c: X — Z is (M - L)-Lipschitz.

(8) For distributions w;,w; € D(X) and numbers r; € [0,1] with Y, r; =1 one has:

d(ZZ T Wiy Y ;T wi) <> d(wi,wl’-).
(9) The permutation channel prm: X% — D(XX) from (2.4) is short.

Proof.

(1) Let f: X — Y be M-Lipschitz. If 7 € D(X x X) is a coupling of w,w’ € D(X), then
D(f x f)(r) e D(Y xY) is a coupling of D(f)(w),D(f)(w') € D(Y). Thus:

. <D(f)(W)7D(f)(w/)> - ed 11(D({)\( D) ’))U "
< N DU Ed

T€depl ™ (w,w)

2N rEdre(x))

T€depl ™ (w,w')

/\ TEM- dx

T€depl ™ (w,w')

= M- /\ T Edx

T€depl ™ (w,w’)

IN

(4:1) M - dD(X) (w, w') .
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(2) Let f: X — Y be an isometry. Then it is 1-Lipschitz, so D(f) is as well, by the previous
item. It thus suffices to prove: d(w,w’) < d(D(f)(w),D(f)(w")), for w,w’ € D(X). Let
p: X — R>g be short. We turn it into a short factor ¢: ¥ — R>¢ via the definition:

q(y) = /\ p(z) +dy (f(z),y) satisfying, by construction, go f =np.
zeX

This map ¢ is short, since for arbitrary y,7’ € Y we have:

law) —a) | = N\ | (@) +dy(f(2),y) = (pa) + dy (f(2),9)) |

z,x'eX

< N |p@) +dy(f(2),y) = p(x) —dy(f(x),9)) |
reX

= N ldv(f(),y) —dy(f(),y)) | < dy(y,5).
reX

The latter inequality — sometimes called the reverse triangle inequality — follows easily
from the triangular inequality.
Using q o f = p we get:
lwkp-wp| = |uE (q0f)—w’)=(q0f)\
(26)
| D(f)w) Eq-D(HW) Eq| < dD(f)w),D(f)w)).

Since this holds for all short factors p we obtain, as required:

dwo) =\ |wkp-u Ep|<dDf)W), D))

pEFactg(X)

(3) Let g: X — R>¢ be M-Lipschitz, then ﬁ -q: X — Ryq is short. The function
(—) E ¢: D(X) — R>( is then also M-Lipschitz, since for w,w’ € D(X),

lwkEqg-wEq =M |wE4-9-w =34
< M- \/ }wlzp—w’):p’:Md(w,w’).
peFactg(X)

(4) The only coupling of 1|z),w € D(X) is 1|z) ® w € D(X x X). Hence:

d(1]z),w) = 1z)@wdx = > w(@)-dx(z,2) = w = dx(z,-).

z'eX

(5) We first note that for a distribution of distributions 2 € D?(X) and a short factor
p: X — R the validity in © of the short validity factor (—) = p: D(X) — R from
item (3) satisfies:

0k ((- = Y Qw-wEp) = > D Qw -w@) - pa)

weD(X) weD(X) zeX

22 S™ fat(0 () = flat(Q) = p.

zeX
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Thus for Q, ' € D?(X),
dp(x) (ﬂat(Q), Hat(Q’))
= \/  [fa(Q) | p — flat(®Y) = p|

pEFactg(X)

= \/ Q= () Ep) —YE((-)Ep)| asjust shown
pEFactg(X)

< \/ ’Q):Q_Q/':Q‘ by item (3)
Q€Facts(D(X))

— d'D2(X) (Q, Q/) .

(6) Directly by points (1) and (5).

(7) The channel composite d e ¢ = flat o D(d) o ¢ consists of a functional composite of
M-Lipschitz, L-Lipschitz, and 1-Lipschitz maps, and is thus (M - L - 1)-Lipschitz. This
uses items (1) and (5).

(8) If we have couplings 7; for w;,w}, then >, 7; - 7; is a coupling of >, r; - w; and >, 75 - wi.
Moreover:

d(Zim-wi, Zznwo < (Zlnn) Edx =) ,ri- (TZ‘ |:dX>.

Since this holds for all 7;, we get: d(zz i Wiy YT ) <> (w,, ’)

(9) We unfold the definition of the prm map from (2.4) and use the previous item in the
first step below. We also use that the distance between two sequences is invariant under
permutation (of both).

dpgcey (prn(@), prn() < 3" - ey (1]1(7)),

i)

tKSK )

= Z ﬁ‘dXK(i(f)i(?j)) by item (4)
t: K> K 1

= > ﬁ-dXK(f,g) = dx« (7,9). O
t: K=K

Later on we need the following facts about tensors of distributions.

Proposition 4.4. Let X, Y be metric spaces, and K be a positive natural number.

(1) The tensor map ®@: D(X) x D(Y) — D(X x Y) is an isometry.

(2) The K-fold tensor map iid[K]: D(X) — D(XX), given by iid[K](w) = w& =w®---@w,
is K -Lipschitz. Actually, there is an equality: d(iid[K](w), iid[K](p)) = K - d(w, p).

Proof. (1) Let distributions w,w’ € D(X) and p,p’ € D(Y) be given. For the inequality
dp(x)yxpv) (W, p), (W', ) < dp(xxy)(w @ p,w’ @ p) one uses that a coupling T €
D((X xY)x (X xY)) of w® p,w’ ®p' € D(X x Y) can be turned into two couplings
71,72 of w,w’ and of p, p/, namely as 7; == D(m X 77,)(7'). For the reverse inequality
one turns two couplings 7y, 72 of w,w’ and p, p’ into a coupling 7 of w ® p,w’ ® p’ via
T = ’D(<7r1 X 1, Ty X 772)) (7'1 ® 7'2).

(2) For w,p € D(X) and K € N, using the previous item, we get:

dD(XK)( K K) (l) dD( X)K ((ww"aw)v(p?'“ap)) (3:1) K'dD(X)(wap)- [l
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For the next result we use for an arbitrary set Y and natural number K > 0 the set D[K](Y)
of ‘fractional distributions’ obtained from multisets of size K:

DIK](Y) = {Flrn(p) | ¢ € M[K](Y)}.

Fact 4.5. For fractional distributions w,w’ € D[K](X) over a metric space X there is an
optimal coupling 7 € D[K](X x X) with d(w,w’) = 7 = dx.

The fact that this coupling 7 is also fractional, for the same number K, can be seen
by inspecting the simplex algorithm that is standardly used in linear programming, see
e.g. [MGO06]. The details of this go beyond the scope of this paper. Since this fact is given
without proof we shall make explicit which results depend on it.

We illustrate that these matters are subtle.

Example 4.6. Consider the set X = {1,2,3} with the following two distributions w,w’ €
D[4](X), namely: w = 3|1) 4+ £|2) and o’ = $|1) + $|2) + $|3). We consider the following
two couplings of w,w’

[1,1) +3]1.2) +5[2.3)
L1)+3[1,2) +5[1,3) +5[2.2) + 5[2.3)

D= D=

The first coupling 7 is in D[4](X x X) and forms an optimal coupling, giving rise to
d(w,w’) = % Interestingly, o is also an optimal coupling of w,w’ giving rise to the same

distance, but inhabits the set D[8](X x X). Explicitly:
ThEdy = 3-dx(1,2)+1-dx(2,3) = 3-14+3-1 = 1.
olEdx =§-dx(1,2) +§-dx(1,3) + §-dx(2,3) = §-1+§-2+§-1 = &
The conclusion is that, in general, if 7 € D(X x X)) is an optimal coupling of w,w’ € D[K](X),

then K -7 need not be a multiset of (size K). Fact 4.5 says that there is at least one optimal
coupling 7 such that K - 7 does form a multiset.

5. KANTOROVICH DISTANCE AND TOTAL VARIATION DISTANCE

In this section we relate the so-called total variation distance between distributions to the
Kantorovich distance, in two different ways.

e The total variation distance is an instance of the Kantorovich distance, for discrete metric
spaces, see Proposition 5.2.

e The total variation distance forms a (scaled) upperbound for the Kantorovich distance,
see Proposition 5.3.

Both facts are familiar from the literature, but proofs are scattered around or left implicit for
the discrete case. We include the details for the record and for convenience of the reader. The
second point will be useful to prove further (limit) properties of the Kantorovich distance,
via the total variation distance. The latter distance is easier to calculate and reason about.

We first recall the total variation distance tvd for distributions w,w’ € D(X), on a set X.

tvd(w,w’) = 3 Z |w(z) — ' (z)|. (5.1)

zeX
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Since |w(z) —w'(z) | < |w(@)|+|w’(2)| = w(z)+w'(z) this distance is 1-bounded, with values
in the unit interval [0, 1]. This total variation distance is quite common, see e.g. [JW20] and
the references given there.

We first introduce a reformulation that is convenient to reason about the total variation
distance.

Lemma 5.1. Fiz two distributions w,w’ € D(X) and write:

Xo = {z € X |w) > w(z)} Xt= ) w@)-w(®) =0

X_ = {z € X |w)=w(2)} il
Xe ={reX|wx) <d(z)} X| = xez); (@) —w(z) 2 0.

Then: X1= X|= tvd(w,w’).

The sets X~ , X_—, X and the numbers X1, X| depend on the distributions w,w’ but
this is left implicit for simplicity.

Proof. We have both:

= Z w(z) = Z w(z) + Z w(z) + Z w(x)

zeX rzeXs reX= reX <
= Z () = Z W'(z) + Z W'(z) + Z W' ().
rzeX rzeX> reX= reX<

Subtraction yields 0 = X1 — X, so that X1= X|. Further:

tvd(w,w') = %Z |w(z) —w'(z) | = Z w(z) — ' (z) + Z W'(z) — w(z)

rzeX reX> reX<

= 4(xt+x1) = (x14+x1) = Xt=X|. O

D=

Each set X forms a ‘discrete’ metric with distance d—: X x X — [0, 1] C R>( given by:

0 ifx=2a
d:(l‘,x’) = {1 lfx#l‘/ (52)

Proposition 5.2. For each set X with distributions w,w’ € D(X) one has:
/ _ _ /
tvd(w,w’) = A rEde = dw,w). (5.3)
r€depl ™ (w,w')

The latter distance d is the Kantorovich distance for distributions on the discrete metric
space (X, d=).
Proof. Let 7 be an arbitrary coupling of w,w’. Then:

w) = Y Tley) = T(x,2) + Y T(r,y)

yeX y#£x

<Y rlna) + Y rley) = @) + Y Tlay).

zeX y#T y#T



Vol. 21:2 DRAWING WITH DISTANCE 11:15

Thus, using Lemma 5.1 we have:

tvd(w,w') = X1 = Z w(z) — o' (z) < Z Z (2, y)
reX> zeX> y#o
<y > (z,y) = 7= d-.
zeX yeX

Since this holds for all couplings 7 we get the inequality (<) in (5.3).
For the inequality (>) we may assume w # w’ and so tvd(w,w’) # 0. One uses the
function p: X x X — R>q defined as:

mln(w( ), W' (x )) ifx=y
P(2,Y) =\ (w(z) = w'(@) - (' (y) = w(y)) otherwise o0
tvd(w, w’) 7

where a — b := max(a — b,0), for a,b € R. This formula occurs for instance in [Vil09, proof
of Thm. 6.15] (for the continuous case).
We first check that this p is a coupling of w,w’. Let 2 € X> so that w(z) > w'(x); then:

3 pley) = min (w(@). /(@) + (o(x) = w'(x)) - 3 LW W)

tvd(w,w’)
yeX y#T

yex. YY) —w()

tvd(w,w’)
/ / X
= w'(z) + (w(x) — '(x)) - tvd(w, o)
= ’(x) (w(z) —(x)) -1 see Lemma 5.1

If z ¢ X>, so that w(x) < w'(x), then it is obvious that >, p(z,y) = min (w(z),w'(z))+0 =
w(x). This shows that the first marginal D(71)(p) is w. In a similar way one obtains
D(m2)(p) = w'. In particular, we can conclude that p is a distribution.

Finally,

1—(pEd-) pry > ola,y) =Y ple,x)

Ty rzeX

= Z min (w(z),w' (z))
zeX

= Z () + Z w(x)
zeXs ¢ X>

= Z W'(z)+1— Z w(x)
zeXs reXs

=1- Z w(x) — W' (z)

rzeXs

=1-Xt=1-tvd(w,w).

Hence tvd(w,w’) = pl=d= > A caeprt(ww) T F d=. In particular p in (5.4) is an optimal
coupling. L]
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For the next result we need the following notion. The diameter diam(U) of a subset U C X
of a metric space X, if it exists, is the supremum:

diam(U) = \/ dx(z,2"). (5.5)
z,x'eU

The subset U is called bounded if this join exists. This is the case when U is finite, as in the
proposition below. This diameter is used to show that the total variation distance forms
a scaled upperbound for the Kantorovich distance. The continuous version of this result
occurs in [Vil09, 6.16].

Proposition 5.3. Let X be a metric space, with distributions w,w’ € D(X). The Kan-
torovich distance d and the total variation distance tvd are related via the following inequality.

d(w,w’) < D - tvd(w,w’), (5.6)
where:
D = max{dx(z,2') | z € supp(w),z’ € supp(w’)}

Proof. We use the coupling p € D(X x X) of w,w’ from (5.4). It satisfies, as we have seen:

d(w7w/) <p 'Z dx = Z p(a:,x') ) dx(.%',x/)

ez’ eX
<Y pla,2')-D

i

since (z,2") € supp(p) implies x € supp(w) and z’ € supp(w’)
=(pd=) D
=D - tvd(w,w'). L]

6. THE KANTOROVICH DISTANCE BETWEEN MULTISETS

There is also a Kantorovich distance between multisets of the same size. This section recalls
the definition and the main results.

Definition 6.1. Let (X, dx) be a metric space and K € Ny a positive natural number.
We can turn the metric dx: X x X — Rxg into the Kantorovich metric d: M[K](X) X
M[K](X) — R>p on multisets (of the same size K), via:

d(p,¢) = /\ FlIrn(7) = dx
Tedepl ™ (p,0")
_ A L dy (,9) o)
Zeacc1(p), geacc—1(p’)

D /\ Z 7 - dx (i, yi).

Zeacc—1(p), geacc— (') 1<i<K

This distance is defined for K > 0. We can extend it trivially to K = 0 since there is
only one multiset of size K = 0, namely the empty multiset, so M[0](X) = {0}. We set
d(0,0) = 0.



Vol. 21:2 DRAWING WITH DISTANCE 11:17

All meets in (6.1) are finite and can be computed via enumeration. Alternatively, one
can use linear optimisation. We give an illustration below. The equality of the first two
formulations is standard; a proof is included in Appendix B. In the above formulation (6.1)
the decouple map has type depl: M[K](X x X) — M[X] x M[X]. Thus it is required that
the couplings 7 in (6.1) are inhabitants of the set M[K|(X x X) and are thus multisets, with
natural numbers as multiplicities. The latter requirement is not so explicit in formulations
in the literature. It is justified by Lemma B.1 in the appendix. The requirement is relevant
and relates to Fact 4.5, see the proof of Lemma 6.3 (1) below.

Example 6.2. Consider the following two multisets of size 4 on the set X = {1,2,3} C N,
with standard distance between natural numbers.

o = 3|1)+1[2) ¢ =2[1)+1|2) +1]3).
An optimal coupling 7 € M[4](X x X) is:
T=2[1,1)+1|1,2) +1|2,3).
The resulting Kantorovich distance d(p, ¢') is:

Fln(t) Edx = §-dx(1,1)+ 1 -dx(1,2) + 1 -dx(2,3) = -1+ 1.1 =1

Alternatively, we may proceed as follows. There are (¢) = 3?—'1, = 4 lists that accumulate to
v, and (¢') = #:1, = 12 lists that accumulate to ¢’. We can align them all and compute

the minimal distance. It is achieved for instance at:

o ((1,1,1,2),01,1,2,3) B L 01 0+141) = 2 =

N[ =

As an aside: if we zip these two lists and then accumulate we recover the coupling multiset
T, in:
ace(zip((1,1,1,2),(1,1,2,3)) ) = ace((1,1), (1,1),(1,2), (2,3))
=2[1,1) +1]1,2) +1]2,3) = 7.

This is a more general phenomenon, see Lemma B.1.

Lemma 6.3. We consider the situation in Definition 6.1.

(1) Frequentist learning Flrn: M[K](X) — D(X) is short, for K > 0. It is even an isometry
by Fact 4.5.

(2) For numbers K,n > 1 the scalar multiplication function n-(—): M[K](X) - M[n-K](X)
is also short, and an isometry by Fact 4.5.

(3) The sum of distributions +: M[K](X) x M[L|(X) — M[K + L](X) is short.

(4) If f: X =Y is M-Lipschitz, then M[K](f): M[K|(X) - MIK](Y) is M-Lipschitz
too. Thus, the fized size multiset functor M[K] lifts to categories of metric spaces Metg
and Mety,.

(5) For K > 0 the accumulation map acc: X5 — M[K](X) is &-Lipschitz, and thus short.

(6) The arrangement channel arr: M[K|(X) - XX is K-Lipschitz; in fact there is an

equality d(arr(p), arr(¢')) = K - d(p,¢').
We have already seen an illustration of item (1): multisets ¢, ¢’ in Example 6.2 have the

same distance 3 as the distributions w = Flrn(y), w’ = Flrn(¢’) in Example 4.6.
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Proof. (1) Via naturality of frequentist learning Flrn: M[K] = D we obtain that if the
multiset 7 € M[K](X x X) is a coupling of ¢, ¢’ € M[K](X), then the distribution
FIrn(t) € D(X x X) is a coupling of Flrn(y), FIrn(¢') € D(X). This gives:

d(FlIrn(y), Flrn(¢')) = /\ olEdx < FIrn(r) Edx.
o€dcpl™ Y (FIrn(p),Flrn(y’))

Since this holds for all 7 we get shortness of Flrn in:

d(Flrn(p), FIrn(¢')) < /\ FIrn(t) = dx = d(¢,¢).
T€depl L (p,¢')

For the reverse inequality (>), let 0 € D(X x X) be an optimal coupling of
FlIrn(p), FIrn(¢') € D[K]|(X). By Fact 4.5 we may assume o € D[K](X x X), so
that K - 0 € M[K](X x X) This is then a coupling of ¢, ¢’ € M[K](X). We thus get:

d(FIrn(¢),FIrn(¢')) = ol=dx = FImn(K -0) Edx

> /\ FIrn(r) Edx = d(p,¢).
Tedepl™ (p,¢")

(2) If 1 € M[K](X x X) is a coupling of ¢, ¢’ € M[K](X), then n-7 € M[n- K|(X x X)
is obviously a coupling of n.- p,n - ¢’ € M[n - K|(X). This gives:

din-p,n-¢) = N Flm(o) Edx < Flm(n-7) dx = Fln(r) = dx.
o€depl~t(n-p,np’)
Since this holds for all 7 we get d(n - p,n-¢") < d(p,¢).

For the reverse inequality (>), let multisets ¢, ¢’ € M[K](X) be given. Using that
FIrn is an isometry, via Fact 4.5, we get:

dmixix) (@ ¢') = dpix) (Flrn(p), Flrn(¢'))
= dp(x)(FlIrn(n - @), Flrn(n - ¢')) = dppn.rjx) (n - 0,n - ¢').
(3) Let 0 € M[K](X xX) and 7 € M[L](X x X) be couplings of multisets ¢, ¢’ € M[K](X)

and ¢, ¢’ € M[L](X). The multiset sum o + 7 € M[K + L|(X x X) is then a coupling
of o + ¢’ and ¥ +¢'. Hence:

A+, ¢ + ') < Fim(o +7) |- dx
= (KLJFL - Flrn(o) + KLJFL -F]rn(7)> Edx

= KLJFL . (Flrn(a) = dX) + ﬁ : (FII"H(T) = dX)
< FIrn(o) = dx + Flrn(7) | dx.

Since this holds for each coupling o and 7 we get:

d(g& + 1, o + 1//) < /\ FIrn(o) =dx + /\ Flrn(7) = dx
a€depl™ (p,0") T€depl ™t (")
= d(p,¢') +d(,7)

(3.1

2 a0, (0.
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(4) Let f: X — Y be M-Lipschitz. For sequences # € acc™(p), 2/ € acc™(¢) we have,
by naturality of accumulation,

acc(f* (7)) = M(f)(acc(z)) = M(f)(¢).
This means that f5(Z) € acc™ (M(f)(y)). Thus:
(M) (9): M) = % - dyx (7.4/)

(P) Teacc (M)
dyK(f (), f* ("))

=

AN
==
1>t’;

A
1>
i
QU
>
=

= M- d(cp, % )
(5) The map acc: XX — M[K](X) is £-Lipschitz since for 7,y € XK,
. 1 .
d((ace(q), ace(y))) = - A dyx (7,27)

) Zeacc—1(acc(y)), o' cacc—1 (acc(y'))

(6) For fixed ¢, ¢ € M[K](X), take arbitrary # € acc™(p) and 2/ € acc™1(¢'). Then:

dp(xK) (arr(y), arr(¢")) (: dp(xK) Earr(?ij(f)), ?ir)(>acc(a;/)))
= ( prm(x), prm(z’
< dyx(Z,2') by Lemma 4.3 (9).

Since this holds for all sequences Z € acc™!(p), ¥ € acc™(¢') we get an inequaltiy
dp(xK) (arr(y), arr(¢’)) < K - dMmiK)(x x) (¢, ¢), see Definition 6.1. This inequality is an
actual equality since acc, and thus D(acc) is ?—Lipschitz:
dpir)x) (0, ¢') = dpomix)x) (Le), 1¢)
= dpM[K](X)) (D(acc) (arr(go)) , D(acc) (arr(cp’)))
< & - dpxr) (arr(e), aff(@’)) []

We recall the multiset-zip operation mzip: M[K](X) x M[K](Y) = D(M[K](X x Y))
from [Jac21]. It turns two multisets into a distribution over couplings of these multisets, via
the composite:

MIK](X)x MIK](Y)™5'D(XE) xD(YK) 3 D(XK x Y K)
D(zip)l% (6.2)
D((XxY)K) MD(M[K](X xY))

An example of how mzip works can be found in Example 6.5 below, and also in [Jac21,
Ex. 16].

Proposition 6.4. Consider the mzip operation (6.2) for metric spaces X,Y .
(1) This mzip function is short.
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(2) It is even an isometry, via Fact 4.5 (in an indirect way, through Lemma 6.3 (1)).

Proof. (1) As we can see in Diagram (6.2), the composite mzip = D(acc) o D(zip) o ® o
(arr x arr) is a composite of:
e a K-Lipschitz function arr x arr, by Lemma 6.3 (6) and Lemma 3.2;
e a 1-Lipschitz function ®, by Proposition 4.4 (1);
e a 1-Lipschitz function D(zip), by Lemma 3.4 and Lemma 4.3 (1);
e a +-Lipschitz function D(acc), by Lemma 6.3 (5) and Lemma 4.3 (1).
The composite mzip is thus Lipschitz with constant K -1-1 - % = 1, making it short.
(2) We use the equation Flrn,(mzip(yp,)) = Flrn(p ® 1), from [Jac21, Thm. 18]. Then,
for multisets ¢, ¢’ € M[K](X) and 9,9" € M[K](Y) one has:

d (mzip(so, 1), mzip(¢/, w’))
> d<F1rn*(mz1'p(g0 ), Flrn*(mzip(go’,w’))) by Lemma 4.3 (6)

- d(Flm 0 ® ), Flrn(¢' ® w’))
<F1rn ® Flrn(v), Flrn(¢') ® Fzm(zp’)> by (2.5)

= d(FIrn(y), FIrn(¢')) + d(FIrn(vy), FIrn(¢')) by Proposition 4.4 (1)
=d(p,¢') +d(¥,¢) by Lemma 6.3 (1)
= d((p. ), (¢, v") by (3.1). m

A central operation from [Jac21] is the distributive law pml: M[K](D(X)) — D(M[K](X)),
called parallel multinomial law. One way to describe it is as composite pml = D(acc) o
& o arr: M[K](D(X)) — D(X)* — D(X¥) —» D(M[K](X)). The map in the middle
is the K-ary tensor @: D(X)* — D(XK) of distributions — which is short, generalising
Proposition 4.4 (1). Via an argument as for mzip — in the proof of Proposition 6.4 (1) —
one shows that pml is short.

There is one more point we like to make about the multiset-zip operation mzip.

Example 6.5. We shall now use the multiset-zip function (6.2) with ¥ = X and check
if the Kantorovich distance between multisets can be described via this mzip operation
(channel) — assuming that X is a metric space.

The obvious way to do this would be via the following composite.
D(—f=dx)
—

mzip

MIK](X) x M[K](X) ——— D(M[K](X x X)) D(Rso) —* 3 R5o  (6.3)

The sum operation sum: D(R>g) — Rx is defined in the obvious way as sum( Y, 74| s;)) =
>, T - Si, exploiting that R>q is a convex set.

We demonstrate that the approach via (6.3) does not produce the Kantorovich distance,
for X = {1,2,3} C N with usual distance and with multisets ¢ = 3|1) + 2|3) and ¢’ =
1]1) + 3|2) + 1|3) of size 5. The Kantorovich distance d(y, ¢’) is 3. The multiset-zip gives
the following distribution over couplings of ¢, ¢'.

201,2) +1]1,3) +1]3,1) + 1|3, 2>>
+ﬁ)1|1,1 +1\1,2>+1y1,3>+2|3,2>>

lep(‘P % ) 10

15 [31L,2)+ 113,1) +113,3) ) + 35 | 111,1) +2]1,2) +1/3,2) +1/3,3) ).
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By applying the function (—) = dx to the couplings inside the big ket’s, as in (6.3), one
gets:

D(sum)(5|7) + §5[5) + 15]5) + §5[3)) = % = 5.

This outcome according to (6.3) differs from Kantorovich distance d(p, ¢’) = 3.

7. MULTINOMIAL DRAWING IS ISOMETRIC

At this stage we have prepared the ground so that we are able to show that the three
draw channels — multionomial mn[K], hypergeometric hg[K] and Pélya pl[K], for a fixed
drawsize K — are all isometric. The equality of metrics involved in an isometry will be split
in two inequalities, where one is for shortness. The other inequality, for each of the drawing
modes, will be proven in basically the same manner. Each of the drawing channels interacts
well with frequentist learning, in the following manner:

FIrn,(mn[K|(w)) = w  Flrn,(hg[K]|(v)) = Flrn(v)  Flrn.(pl[K](v)) = Flrn(v).
(7.1)
With these equations we can already prove, without having seen the details of mn[K], hg[K]
or pl[K], via Lemma 6.3 (1), including Fact 4.5, and Lemma 4.3 (6):

d(w, ) ) d Flrn* (mn[K|(w)), FIrn, (mn[K](w")))
d(mn mn[K] (W)
d( ) d Fl Flrn )

(
(
( ’)
d(Flrn* hg (v)), Flrn, (hg[K](v )))
< d(hglK K
(
(
(

A

[K](v))
d(v, ) d Flrn Flrn (V"))
) d Flrn (v)), Flrn, (pI[K](v")))
d

IN

pl[K [K](v"))-

Hence in the next three sections, we shall prove for the multinomial, hypergeometric, and
Poélya draw channel the corresponding equation in (7.1). This means that we only have
to prove shortness in order to get isometry, since the reverse inequality is already handled
n (7.2).

We start with the multinomial case. Multinomial draws are of the draw-and-replace kind.
This means that a drawn ball is returned to the urn, so that the urn remains unchanged. Thus
we may use a distribution w € D(X) as urn, giving for each colour z € X the probability
w(x) of drawing a ball of that colour. For a drawsize number K € N, the multinomial
distribution mn[K](w) € D(M[K](X)) on multisets / draws of size K can be defined via
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accumulated sequences of draws:

mn[K|(w) = D(acc)(iid[K](w)) = D(acc)(wX)

= wK f)’acc 7))

= Z > I wle) (73)

PEMIK|(X) Fcacc—1(p )1<z<K
= (@:Hw
peMIK|(X reX
We recall that (¢) = ﬁ is the number of sequences that accumulate to a multiset /
draw ¢ € M[K]|(X).

Example 7.1. Consider the following two distributions w,w’ € D(N).

w=30)+2[2) and ' =3|1)+3[2) with d(w,w')= 3.

This distance d(w,w’) involves the standard distance on N, using as an optimal coupling
310,1) + §12,1) + 1]2,2) e D(N x N).
We take draws of size K = 3. There are 10 multisets of size 3 over {0, 1,2}:
e1=30)  w2=2(0)+1]1)  3=1[0)+2]1) = @4=23[1)
@5 =2[0) +1|2) 06 =1]0) +1[1) +1|2) 7 =2[1)+1[2)
es =110) +2[2) @9 =1[1)+2[2)  ¢10=3[2).
These multisets occur in the following multinomial distributions of draws of size 3.
mn[3)(w) = 5| @1) + §|@s) + 5| ws) + 55| #10)
mn[3)(w') = §|wa) + 3|r) + 3| wo) + §|©10)-

An optimal coupling 7 € D (M |3](N) x M|[3](N)) between these two multinomial distributions
is:

(7.4)

T = 27 @17¢4>+216‘¢57¢4> ‘@107@10>+216‘¢57@7>

+ﬁ <P87<P7> ‘@8;‘P9>+216’§0107¢7>
We compute the distance between the multinomial distributions, using da = daq3)y)-

d(mn[B](w),mn[S](w')) =7 FEdum

= o - dm(e1,04) + 2k - dr (s, 04) + & - da (010, 010) + 25 - dan (05, 97)
+% dp (s, 07) + 5 - dam(es, 09) + 5= - da (10, ©7)

:27 1+21196 1+8 0+216 3+%'%+%'%+%'%:%‘

This distance between multinomial distributions coincides with the distance d(w,w’) = %
between the original urn distributions. This is a general phenomenon, see Theorem 7.3 below.
One sees here that the computation of the distance between the multinomial distributions is

more complex, involving ‘Kantorovich-over-Kantorovich’.

As shown in the beginning of this section, for one part of the isometry of multinomial
drawing we use the equation Flrn,(mn[K](w)) = w in (7.1) (originally from [Jac21, Prop. 3]).
It implies, for instance, that if we apply Flrn to the multisets ¢; inside the kets in (7.4) and
then apply flattening, the original distributions w and w’ appear.

The proposition below contains a few more similar results, for future use.
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Proposition 7.2. Let w € D(X) be a distribution with a drawsize number K € N.
(1) For each element y € X,
> mn[E)(w)(e) ly) = K-w(y).
PEMK](X)
As a result, the validity mn[K|(w) | Flrn(—)(y) equals w(y).
(2) FlIrn,(mn[K](w)) = w.
(3) For two elements y # z in X,
Y. muK)W)(e) - ely) w(z) = K- (K =1)-w(y)-w(z).
PEMK](X)
(4) For a single element y € X,
Y. mulK]w) (@) o) - (ply) 1) = K- (K =1)-w(y)
PEM[K](X)
(K =1)-w()?+wy)
% .

Proof. (1) The equation holds for K = 0, since then ¢(y) = 0. Hence we may assume K > 0.
Then:

(5) mn[K](w) = Flrn(—)(y)? =

> mn[K](w)(p) - e(y)

peM[K](X)

S ey T @

PEMIK](X), ¢(y)#0

- > (- 1)! (o-1]y))(@)
= K- (,U(y) . W((IJ) ©
Y R | KRS T E] 11

= K-w(y)- Z (o) - wa(x)sa(m)
)

T

pEM[K—1](X
= K-w(y)- Y,  moK-1]w)(p)
PEM[K —1](X)
= K-w(y)
(2) By the previous point:
Flrn,(mn[K](w))(y) = Y. mn[K](w)(y) - Flrn(p)(y)
PEM[K](X) cp(y) 1
= Z mn[K](w)(¢p) - K K-w(y)- K- w(y).
PEM[K](X)

(3) + (4) Essentially as for item (1)
(5) We use the equation a®> = a - (a — 1) + a in a combination of the previous items (4)
and (1):
1
mn[K|(w) | Fin(=)(y)* = 25 > ma[K](@)(g) (w(y) (ply) = 1) + w(y))
PEM[K](X)
K- (K-1)wy?’+K-wy) K1) wy)’+wy)

- K2 - K - U
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We can now formulate and prove our first isometry result.

Theorem 7.3. Let X be an arbitrary metric space (of colours), and K > 0 be a positive
natural (drawsize) number. The multinomial channel

mn[K]

D(X) D(MIK](X))

is an isometry. This involves the Kantorovich metric (4.1) for distributions over X on the
domain D(X), and the Kantorovich metric for distributions over multisets of size K, with
their Kantorovich metric (6.1), on the codomain D(M[K](X)).

Proof. Let distributions w,w’ € D(X) be given. The map mn[K] is short since:

Ao oy (mnl K (), mn[K] ()

= a0 (Dlace) (id [K)(w))., Dlace) (iid[K] (o) )
< Lodpiyr (jid[K] (w), iid[K] (w’)) by Lemma 6.3 (5)
= £ K- dpx)(w, ') by Proposition 4.4 (2)

= dD(X) (w, w’).

The reverse inequality (>) follows by combining Proposition 7.2 (2) with the argument
in (7.2). ]

8. HYPERGEOMETRIC DRAWING IS ISOMETRIC

We start with some preparatory observations on probabilistic projection and drawing of
single balls.

Lemma 8.1. For a metric space X and a number K, consider the probabilistic projection-
delete PD and probabilistic draw-delete DD channels.

xKE+1 D, p(xK) MIK +1)(X) 225 D(M[K](X))
They are defined via deletion of elements from sequences and from multisets:
1

PD(z1,...,0541) = Z K+1‘331a---a$i717$i+17--->$K+1>

1<i<K+1

¥(x)
DD = -1
(@) 28— 1ly)
z€supp(v)
= > Flm(@)(a)|v - 1|z)).
xesupp(v)

We write 1 — 1|z) for the multiset b with one of its elements x € supp(y)) removed. Then:
(1) <acc> e PD = DD o <accy;

(2) Flrn,.(DD(v)) = Flrn();

(3) PD s KLH—Lipschitz, and thus short;

(4) DD is short, and even an isometry using Fact 4.5.

Proof. The first point is easy and the second one is [Jac21, Lem. 5 (ii)].
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(3) For %, € XX+ via Lemma 4.3 (8) and (4),

L o 1
d(PD(ﬂf),PD(y)) = d Z K+1|$1)'"7xi717$i+la"'7xK+1>7
1<i<K+1
Z ﬁ‘y1,~-~,yi71,yi+17-~',yK+1>
1<i<K+1
1
C Y (i)
< 1<;< s |1, T, T, TR
1|y17"'7yi—17yi+17"‘7yK+1>)
1
— 1<;( X Ki‘{‘l : dXK ((xla ey Tg—1y Li41y - - - ,$K+1),
sish (yb---ayiflayiJrl,---»yK—s-l))
1 o
= Z i (dXK+1 (Z,9) —dX(xi,yi)>
1<i<K+1 )
= dXKJrl(falj) - T—H Z dx (i, yi)
1<Gi<K+1
3.1 1
D G (Z,9) — g e (Z,9)
K R
= TH 'dXK+1 (.’L',y)
(4) Via item 1 we get:
<acc> @ PD o arr = DD o <acc> o arr = DD e unit = DD. (%)

Now we can show that DD is short: for ¢,¢' € M[K + 1](X)

dpmix)(x)) (DD(), DD(¥'))
— dp(mpr ) (Place) (PD. (arr (1)), Dlace) (PD. (arr(1))) ) by (+)

< % dp(xK) (PD*(arr(z/))), PD*(arr(W))) by Lemma 6.3 (5)
< - 72 - dpxrey(arr(y), arr(y)) by item (3)
= 1 (K4 1) - dpgrer1 00y (¥, ) by Lemma 6.3 (6)

dpmir+1)(x)) (¥, ¥).

For the reverse inequality we use that Flrn is an isometry, via Fact 4.5, and (thus) that
Flrn, is short.

dp(M[K](X)) <DD(¢)’ DD(W)) > dp(x) (FITH*(DD(W)’ FIFH*(DD(lﬂ')))
= dp(x)(FIrn(¢), Flrn(¢')) by item 2
= dmir41x) (0, ¢). ]

Hypergeometric drawing uses the draw-delete mode, where a drawn ball is removed from
the urn. The urn thus changes with every draw. It will be presented as a multiset, say
initially of size L. The size K of draws (multisets) must thus be restricted as K < L, since
one cannot draw more balls than the urn contains — unless one uses negative probabilities,
see [JS23]. In addition, we must require that drawn multisets ¢ are sub-multisets of the urn,
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that is ¢ < v, if v is the urn. This requirement ensures that the number of drawn balls for
each color is below the number of balls of that colour in the urn.

The hypergeometric channel thus takes the form hg[K]: M[L](X) — D(M[K](X)), for
L > K. It can be described as an iteration of draw-delete’s, see [Jac21, Thm. 6]:

hg[K](v) = (DDo---oDD)(v) = > (f) o), (8.1)
L—K times peM[K](X), p<v (K)

where (() = [Lex (7)-

Theorem 8.2. The hypergeometric channel hg[K]: M[L](X) — D(M[K](X)) defined
n (8.1), for L > K, is short and an isometry, via Fact 4.5.

Proof. We see in (8.1) that hg[K] is a (channel) iteration of short channels DD, and thus
short itself. Via iterated use of Lemma 8.1 (2) we get Flrn,(hg[K](v)) = Flrn(¢). The
proof is then completed via the argumentation in (7.2). ]

The introduction of this paper contains an illustration of this hypergeometric isometry result,
for urns over the set of colours C' = {R, G, B}, considered as a discrete metric space.

9. POLYA DRAWING IS ISOMETRIC

Hypergeometric distributions use the draw-delete mode: a drawn ball is removed from the
urn. The less well-known Pélya draws [Hop84] use the draw-add mode. This means that
a drawn ball is returned to the urn, together with another ball of the same colour (as the
drawn ball). Thus, with hypergeometric draws the urn decreases in size, so that only finitely
many draws are possible, whereas with Pélya draws the urn grows in size, and the drawing
may be repeated arbitrarily many times. As a result, for Pélya distributions we do not
need to impose restrictions on the size K of draws. We do have to restrict draws from
urn v to multisets p € M[K]|(X) with supp(y) C supp(v) since we can only draw balls of
colours that are in the urn. Following [Jac22c|, Pdlya distributions are formulated in terms

of multichoose binomials ((:1)) = (”+m_1) — (dm=Dl e > 0.

m m!-(n—1)!"
PIIK](v) = > )

L
PEM[K](X), supp(p)Csupp(v) ((K))

where () = [T (C5)-

z€supp(v)
The following result was already announced in the beginning of Section 7 and is used for
part of the isometry proof.

), (9.1)

Proposition 9.1. For a non-empty urn v and drawsize K > 0 one has Flrn,(pl[K](v)) =
Firn(v).



Vol. 21:2 DRAWING WITH DISTANCE 11:27

Proof. We use:
> PI[K](v)(¢) - Flrn(e)(y)

pEMIK](supp(v))

(9 ) -+
<,06M[K]%upp(v)) ((IL(/)) K

©) v(y) -
T iy L)

pEMIK](supp(v))

_ v(y) ) Z ((v+;|y>))

L+1
peM[K—1](supp(v+1|y))) ((Kfl))

= Fln(v)(y) - > PIK = 1)(v +1]y))(¢)
peM[K—1](supp(v+1]y)))
= Flrn(v)(y).
The marked equation ® uses the following property:
I _ (L+K-1) B (L+K-1)! L1

In Equation (8.1) we have seen that the hypergeometric channel can be expressed as an
iteration of single-draw-delete’s. It is not the case that the Pdlya channel is an iteration of
anaologous single-draw-add channels. But we do have the following result.

Lemma 9.2. Consider channel PSA, for ‘projection-store-add’, of the form.:

XL xN P54 p(xLx XN+
defined as:
. 1 -
PSA(Z,y) = Z Z m‘% ylv"'yj—luzi)yja"'yN>
1<i<L+N 1<j<N+1 (9.2)
where z; 1s the i-th element of the concatenation T ++ i
Then:
(1) PSA has Lipschitz constant LZJ]FV;,'I;

(2) The K-fold Kleisli iteration PSAX = PSAe---o PSA: XL x XN — D(XT x XN+E)

. . L+N+K .
has Lipschitz constant =75

3) Using the empty sequence e XY as fized second argument in the K-fold iteration
( g ply seq g
gives a function PSA®(— ()): X' — D(XT x XK with Lipschitz constant % This
function is of the form:

PSAK(Z,()) = 1|7) ® spol[K](Z),

where spol[K] = D(my) o PSAK(—,()): X' — D(XK) is ‘sequence Pélya’. We claim
that has Lipschitz constant %

(4) K-fold Pdlya drawing (in terms of multisets) can be described in terms of sequence Pdlya,
namely as:

pl[K] = <acc> o spol[K] e arr : MI[L](X) = D(M[K](X)).
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Proof. (1) For arbitrary sequences Z,2' € XL and gj’,y_; € XV we have, by immediately
using Lemma 4.3 (8):

d(PSA(f, 7), PSA(z, zf’))

1 —
< > > TENINTT) ~ AxLxx N+ ((957 Yis- - Yj—1, %0, Yjs - - - YN),
1sisTr1Sish @ Yo s o)

3.1 L= -
LY e (e @)+ dxe, )+ dex (7.47))
1<i<L+N
dXL(f,$’)+ﬁ‘dexX ((Z,9), (a, y)) +dx~ (7,9
L+N+1 -

))-

(2) By a simple iteration, using that function composition involves multiplication of Lipschitz
constants:

L+N 'dXLxXN(( ) (fg

L+N+1 L+N-+2 L+N+K _L+N+K
L+N L+N+1 ~~L+N+K-1  L+N

(3) The distribution DSA(Z, %) in (9.2) is defined as a sum of ket’s that all have Z as first
component. This first component can be extracted via a tensor, as ‘a‘:’, —> = 1‘ z > & —
Subsequently, this 1‘ T > can be pulled outside the two sums in (9.2). This allows us in
the calculations below to use that the tensor ® is an isometry, see Proposition 4.4 (1).

The previous point gives, for N = 0, that the function PSAX(—,()) has Lipschitz

constant M since:

d(PSAK(:E, o), PSAK(E’,Q)) < L30sK (d(f,a?) +d(<>,<))> = LK (7, o).

At the same time, using Proposition 4.4 (1) and Lemma 4.3 (4),

d(PSAK( (), PSAK( <>)) - d(1\f>®spoz[m(f), 1]:Ef>®spoz[m(x))
= d(1\gi>, 1|a")) +d(spo][K](f),spfl[K]( )
= d(Z,2) + d(spol[K](Z), spol[K](z')).

Combining these two facts gives Lipschitz constant %+ for sequence Pdlya:

d(spol|K|(Z), spol K] (z")) < KK . 4(%,2") —d(Z,2') = £ - d(z,47).

(4) We prove <acc> o spol[K] o arr = pl[K] by induction on K > 0, where spol[K] =
D(m) @ PSAK(—, (). The case K = 0 is easy since PSA®(Z, ()) = 1| ,()), so that:
(<acc> @ spol[0] e arr) (v) = D(acc)(D(m2)(1|Z, () >)>
= D(acc)(1]())) = 1|acc(())) = 1|0) = pI[0](v).

The latter equation holds because the only possible draw of size 0 is the empty multiset
0.
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The induction step is more work.
(<acc> o spol[K + 1] @ arr) (v)
> (PSA o PSAX)(#,()(%,7) | acc(2))

Zeacc—1(v) Zesupp(v)K+1

]

—~
c‘H

~

- Y Z e PSAN(E )@, ) |ace() + 1]2))
e ) 1 v Zegﬁgv z) + ¢(2)

- Y & Z > U pace) (spollK)(@) (o) [+ 112))
Zeacc—1(v) peEM|[K](supp(v)) z€supp(v)

SRV ) “<ZL)+K PIKIW)) |0+ 112))
e MIK](supp(v)) = ©)

(9.1) U(Z) +p(z)

- . v+1|z)
goeM[K]%upp(v)) ezp;a Lk (k) ‘ :

¢y 3 R TEE )

pEM[K](supp(v)) z€supp(v)
= > ( > ;ﬁ(j)l)- Gy

YEMIK+1](supp(v)) \zEsupp(v) (s54))
2 pIIK + 1)(v).

The marked equation ® follows from an easy calculation. For instance:

—1)!
LK) () = ) B
(L+ K)!

= (K+1)- = (K+1) (1) O

(L-1D!-(K+1)!
We now obtain isometry for Pdlya.

Theorem 9.3. Each Pélya channel pl[K]: M[L](X) — D(M[K](X)), for urn size L >
0, K > 0, is short and, indirectly via Fact 4.5, also an isometry.

Proof. The hard work has already been done in Lemma 9.2. Shortness of Pélya drawing
is obtained from its description pl[K] = <acc> o spol[K] e arr: M[L](X) — D(M[K](X))
in Lemma 9.2 (4). This allows us to use the Lipschitz constants for accumulation and
arrangement from Lemma 6.3 (5), (6), and for sequence Pélya from Lemma 9.2 (3). Thus,
for urns v,v" € M[L](X),

d(pIIK)(w). pIK]())

Il
S

(D(acc)(spOI[K]*(arr( ), (acc)(Spol[K]*(arr(v')))>
%-d(spo][K]*(arr( )), spol[K], (arr(u’)))

IA

A A

The reverse inequality (>) follows from Proposition 9.1 and the argument in (7.2). ]
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We illustrate that the Poélya channel is an isometry.
Example 9.4. We take as space of colours X = {0,10,50} C N with two urns of size 4
v1 = 3|0) +1]10) ve = 1]0) +2[10) 4 1]50).

The Kantorovich distance between these urns is 15, via an optimal coupling 1|0,0)+2|0,10)+
1/10,50), yielding the distance 1 - (0 —0) + 3 - (10 — 0) + 1 - (50 — 10) = 54 10 = 15.
We look at Pdlya draws of size K = 2. This gives distributions:

pl[2](vy) = §’2|0>>+1%‘1|0)+1|10>>+%’2y10>>
pl[2](vs) = %‘2|0>>+%‘1|0>+1|10>>+%‘2]10>>+1—{)‘1|0>+1|50>>
+ 1|1110) +1150) ) + 45 | 2/50) )

We compute the distance between these two distributions via the last formulation in (4.1),
using an optimal short factor p: M[2](X) — Rx>q given by p(p) = > ¢(x) - §, that is:

p(20)) =0 p(1]0) +1]10)) = 5 p(2/10)) = 10
p(110) +1[50)) =25 p(1]10) +1/50)) =30 p(2/50)) = 50.
Then:
pl2j(vi) Ep=2-0+3 54410 =5
pl2j(ve) Ep=2-0+1-54+3 10+ 425+ 130+ & 50 = 2.

As predicted by Theorem 9.3, the distance between the Pdlya distributions then coincides
with the distance between the urns:

d(pi)(en), pl2l(v2)) = | pI2)(en) b= p = pIRI(w2) |
5

= %—% =15 = d(’Ul,’Ug).

10. THE LAW OF LARGE URNS

Hypergeometric and Pélya draws involve removals from, and additions to, the urn. When
the urn v is very large, in comparison to the drawsize, the effects of such removals and
additions are relatively small. Thus, hypergeometric and Pdlya draws from large urns look
very much like multinomial draws — which do not change the urn. For the corresponding
multinomial draws one uses the distribution Flrn(v) as urn, the normalised version of the
original urn v. This statement that hypergeometric and Pélya draws from large urns are like
multinomial draws is intuitively clear and well-known. We make it mathematically precise
in terms of limits of Kantorovich-over-Kantorovich distances going to zero.

The starting point is the following observation about binomial and multichoose coeffients.

Lemma 10.1. Fiz a number m € N. Then:

n n
o ) Ly, )
n—oo nMm m! n—oo nMm

We shall use these equations in the following alternative form.
n! (n+m—1)!

nh—>Holo (n —m)l-nm =1= nh—>nca>o (n—1)-nm’

(10.1)
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Proof. We may assume n > m. Then:

(" 1 n!
lim ™ = —. lim —M———
n—oo MM m! n—oo (n—m)!-nm
1 . n n-—1 n—m-+1
= — . lim — .
m! n—ooo n n n
1 n n—1 . n—m-+1 1
= — (hm 7> lim - oo lim = —
m n—soo n n—oo N n—o00 n m!

@) kw1
n—oo MM n—oo m!-(n—1)!-nm
:i-lim ﬁ‘n—kl.'”.n—km—l :i_ u
m! n—ooco n n n m!

Proposition 10.2. Let X = {z1,...,zn} be a finite set with N > 2 elements and let
v € MIK](X) be a draw of size K € Nsj.

(1) The hypergeometric probability of drawing ¢ from an urn becomes equal to the multinomial
probability of drawing ¢ from the frequentist learning of the urn, when the number of
balls in the urn for each color x; goes to infinity:

p K (FIn(3 ) ()
menee g K], mla)) (¢)

(2) Similarly, Pélya draw probabilities from a large urn are like multinomial probabilities:

mn[ K] (Flrn(3; nil i) ()

nl,...nrzfrl—wo p][K](Z, nz]xﬁ)(go) - b

Proof. (1) By unpacking the relevant definitions:

LK) (Fln(, il 2:)) ()
miony-oe hg[K](3,nl 1)) (9)

. H( o .)w(m'( X ._)

ni,...NN—>00 Hz (p(xz)'

! (x2)
=, Jm (S = elm)tnf
= hm (5, m) — K)L- (0, my)K 1L

B _ n! . (ng—p(m)!- n;-p(mi)
B (nh—>ngo (n—K)!- nK> . Hz n}1—1>noo n;!
101) |
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(2) Similarly:

] (Fln(3, il ) ()
menn—oe  pIIK](3mile)) ()

_ Kl w e (557
ong, lgjfrl%oo H o(z;)! H’L (Z] nj) Hz ((@?xll)))
=  lim (2yn )+K_1 10 (nz—l'n(i)
T np,ny—oo ((Z] ]) — 1) K i (nz + QO x, — 1)'
NCEY SV (= 1))
- (,}g{; (n— 1)!-nK> (Hi e (i p(wn) — 1)!)
=N a

We translate these results into limits of Kantorovich distances going to zero.
Theorem 10.3. Let X = {x1,...,zn} C X be a finite set of colors, in a metric space X,
of size N > 2, and let K € N be a fized drawsize.

(1) When the urn size increases, the Kantorovich distance between hypergeometric and
multinomial distributions goes to zero, as in:

lim d(hgm(zmm), mn[K](Flfﬂ(Zi"z'\%‘>))> = 0.

Nni,..NN—

(2) Similarly, for Pdlya distributions:

lim d(p][K](Zi n|z;)), mn[K](F]rn(Zini\xi>))> = 0.

N1y... NN —0O

Proof. By Proposition 5.3 it suffices to prove the result for the total variation distance,
where we take as constant D = diam({xl, e ,:cn}) We prove the first point only, since the
proof of the second one works similarly. We use Proposition 10.2 (1) in:

o tvd(hg[K}(Zi ni|z;)), mn[K](Flm(Y, niyxi>)))
lim 1 " | hg[K)( X mile)) (9) — mo[K](Flrn( Y, nil2:))) () |

(5£1)

TN e MIK)(X)
1 im el | mn[K](Flrn(37; nilzi))) (¢)
= 2¢6M%](X) n1,..1nN—>oo hg[K](Zz il z>)(‘P) | hg[K](szlxn)(so) 1

1 i mn[K](F]rn(Zlm]xl>))(cp)
02 I e T RIS ) o)

PEMIK](X)
= 0. L]

We may reformulate the limit results in Theorem 10.3 as ‘urn limits’ of the form:
Ulg&d(hg[[(] (v), mn[K] (Flrn(v))) =0= Ulg&d(pl[K] (v), mn[K] (F]rn(v))).

The meaning of v — oo for v € M(X) is that each color multiplicity v(z) goes to infinity,
for each element x of the finite set of colours X. We refer to the above equations as the
law(s) of large urns.

-1
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11. THE LAW OF LARGE DRAWS

This section contains another limit property, not for large urns but for large draws. It may
be seen as a metric reformulation of the law of large numbers.

But first some preliminaries. For a distribution w € D(X) and an observation p: X — R
the variance Var(w,p) € R>g describes how much the observable is spread-out, in relation
to the validity, or expected value, w |= p. Explicitly:

Var(w,p) = wk (p—(wEp)-1)° (11.1)
We recall a number of basic facts about this variance.

Lemma 11.1. Let w € D(X) and p: X — R be given.

(1) The variance (11.1) can also be described as:
2
Var(w,p) = (wEp’) - (wkp)"
(2) As a result, (w =p?) > (w p)z.

(3) There is also an inequality:

wk|p—(wEp) 1] < /Var(w,p).

Proof. (1) Via a standard argument:
Var(w, p)
ok p-wEp 1)
w(x - (wkp)’

2

- Z ( 2w =) ple) + (@ = p)?)
( >) —2wlp)- (Z () -p<x>> - (Z w(@) - (w #m?)
(w

zeX zeX

—2(wkEp) - (wkEDp +(wkEDp)?
= (wk ) (w = p)2

(2) Obviously, by the previous point since Var(w, p)

GX

(3) We abbreviate q := ‘p wkp) -1 | so that g(x ’p —(wEDp) | Then:
Var(w,p) = wik¢® > (wE q) , by the previous point.
As a result,
wk|p—(wkp) 1] = wkq < /Var(w,p). O

Informally, the next result expresses that large multinomial draws, when normalised, are
close to the urn distribution. This is intuitively clear: when we draw very many balls (in
draw-replace mode), then the frequencies of the colours in the draw resemble the urn. The
more formal aspect of this statement is below. It expresses that this closeness works “in
probability”, that is, the probabilities of the draws must be taken into account. Indeed, a
very large draw may differ significantly from the urn, for instance when all drawn balls have

the same colour, but the likelihood of such draws is low.
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Theorem 11.2. For each distribution w € D(X) on a metric space X,
lim mn[K](w) | d(w, FIrn(-)) = 0.
K—o0

Proof. Since Proposition 5.3 applies, with D = diam (supp(w)), it suffices to prove the limit
equation for the total variation distance tvd.

Kli_r:aoo mn[K](w) | tvd(w, Flrn(—))
2 oim Y mK@@) -5 Y | Flm(@)y) - w)|

B2 emimIx) yempp(®)
=5 Y [lim mn[K](w) E | Flm(=)(y) - (mn[K)(w) £ Fim(-)()) |
yEsupp(w)

by Proposition 7.2 (1)

< i Z Klgnoo Var (mn[K](w), FIrn(—)(y)) by Lemma 11.1 (3)
yEsupp(w)

-1 3 (mnlK](w) | Firn(—)(4)2)  (mnlK)(w) E Flen(-)(y))’
yesupp(w

by Lemma 11.1 (1)
S N T (LS OLEDT0)

—w(y)? by Proposition 7.2 (5), (2)

K—oo K
yEsupp(w)
-1 Y Jm \/W(y)-\/(%—w(y))
— 00
y€Esupp(w)
= 0. []

Corollary 11.3. For two distributions w,p € D(X) on a metric space X,
lim mn[K](w) | d(FIrn(-),p) = d(w,p).

K—oo

Proof. We use the triangular inequality, both for (<) and (>). First, for each multiset ¢ we
have d(FIrn(y), p) < d(FIrn(¢),w) + d(w, p). Hence:
Klim mn[K|(w) = d(FIrn(—),p) < lim mn[K](w) = <d(F]rn(—),w) —I—d(w,p))
—00

K—oo

— ((tim_ mnfE)@) - d(Flrn(-),0)) + d(w,0)

K—o0o
= d(w,p).
In the other direction, we use d(w, p) < d(w, FIrn()) + d(FIrn(y), p). Hence:

d(w,p) = KhinOO mn[K|(w) = d(w, p)
KliinoO mn[K|(w) E (d(w,Flrn(—)) + d(Flrn(—),p))

= (Jim mu[K](w) | d(w, Flrn(=)) ) + ( lim mn[K](w) = d(Firn(-), p) )

K—o0

— i malK(w) = d(Fim(-), ). -

We conclude this section with some observations about large Pdlya draws. Earlier in this
section we have looked at large multinomial draw. Large hypergeometric draws, when the

IN
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drawsize goes to infinity, do not make sense, since the urn is finite and thus empty at some
stage?. But one can ask: what happens with large Pélya draws? Does the distance between
the (normalised) urn and (normalised) draws also go to zero, when the drawsize goes to
infinity? That is, do large Pélya draws look very much like the urn, in probability? Recall
that Pdlya draws are used to capture clustering effects. Hence it is unclear what happens.
The distance could go to infinity. In fact, the limit goes to a specific number.

We sketch the background of this observation without going into all details, since it
involves continuous probability theory and thus leads beyond the scope of this paper. It is
well-known, see standard textbooks, like [BS00, Bil95, Fen10, Kal21, Wil62], that the Pélya
distribution can be obtained via a pushforward of the multinomial channel over the Dirichlet
distribution. This takes the following form, for an urn v € M(X) with supp(v) = X, for a
finite set X.

PIKIO)) = [ oy D)) 1)) (11.2)

We can now formulate a Pélya analogue of Theorem 11.2.

Proposition 11.4. For a non-empty urn v € M(X),

I(ligloo pl[K](v) | d(FIrn(—), FIrn(v)) = /WGD(X) Dir(v)(w) - d(w, FIrn(v)) dw

= Dir(v) = d(—, Flrn(v)).

(11.3)

The latter formulation uses validity = in a continuous setting.

The integral in (11.3) is a special number associated with the urn / multiset v. It remains
an open question to compute this integral more concretely.

Proof. We apply the formula (11.2) in:

Kh%rnoo pl[K](v) | d(FIrn(-), FIrn(v))
= m Y pIKI@)(p) - d(Fim(g). Flrn(v))
PEMIK](X)
= lim Dir(v)(w) - mn|K|(w dw | - d(FIrn(y), Flrn(v
. > ( [y PO mali) )0 ) (Firn(), Flrn(u))
= Dir(v)(w) - lim Z mn[K](w)(¢) - d(Flrn(p), Flrn(v)) dw

weD(X) K70 e MiK)(x)
= / Dir(v)(w) - Klim (mn[K](w) = d(Flrn(—),F]rn(U))) dw
weD(X) o0

= / Dir(v)(w) - d(w, FIrn(v)) dw by Corollary 11.3
weD(X)

= Dir(v) = d(—, FIrn(v)). []

2In a theory with negative probabilities one can have hypergeometric overdrawing, see [JS23].
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The plot below gives an impression of the numbers (11.3) in the binary case with total
variation distance, for urns i|a) + j|b) for the 400 cases 1 <1,j < 20.
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12. CONCLUDING REMARKS

Category theory provides a fresh look at the area of probability theory, see e.g. [Fri20]
or [Jac25] for an overview. This paper demonstrates that draw operations, viewed as (Kleisli)
maps, are remarkably well-behaved: they exactly preserve Kantorovich distances. Such
distances on urns filled with coloured balls are relatively simple, starting from a ‘ground’
metric on the set of colours. But on draw distributions, the distances involve Kantorovich-
over-Kantorovich. In addition, well-known limit behaviour, for large urns and large draws,
is formulated in terms of Kantorovich distances.

This paper arose from a fresh categorical perspective on classical urn models, in line with
earlier work [Jac21, Jac22b, Jac22c| of the author. Is category theory necessary to obtain
(or prove) these results? No, one can strip all categorical language from what has been
described above and formulate and prove the isometry results in traditional probabilistic
language. But it is a fact that these results have not appeared within the traditional,
non-categorical setting. We do not argue that category theory is necessary, but we do believe
that its new, fresh perspective is helpful and leads to new ideas and results. More generally,
category theory often helps in a particular mathematical setting to organise the material
in a structured manner and to ask relevant questions: does this category have limits or
colimits? Is this operation functorial, and if so, what does it preserve, does it have adjoints,
etc. This paper uses category theory in a light-weight manner and is not a hard-core paper
in categorical probability theory, using for instance Markov categories [Fri20]. Hopefully it
works as invitation to invest efforts to learn the new categorically-inspired approach and
what it brings.

This paper concentrates on drawing from an urn using finite discrete probability dis-
tributions. A natural question is whether other operations, especially involving infinite
discrete and continuous probability, also preserve distance. This question is solved in [AG21,
Prop. 3.2| for parameterised distributions w[f] on (subsets of) the reals: the Kantorovich
distance equals the (real-number) distance between the expected values:

d(w]or],w[0a]) = | E@[01]) — E(wl0a]) | (12.1)
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As special cases, one has, for instance for the Kantorovich distances between Poisson and
exponential distributions (on N and R+g):

d(Pois[A], Pois[A2]) = | A1 — A2 | d(Exp[M], Explha]) = | &£ — & |
This equation (12.1) is very powerful. However, the isometry results for draw distributions
in this paper are not instances of (12.1) since these draw distributions are not distributions
on real numbers, but on multisets.

Another question that may be asked is if the (isometry) results for draw distribu-
tions, with respect to the Kantorovich distance, also hold for Kullback-Leibler divergence
(see [CTO06] for extensive information). This is largely an open question. What we can offer
is the following result for multinomial distributions. We write Dy, for this Kullback-Leibler
divergence and use its definition implicitly in the proof below.

Proposition 12.1. Let distributions w,w’ € D(X) be given with a draw-size number K € N.
Then:

Dxr, (mn[K] (w), mn[K] (w’)) = K - Dy, (w, ).

Proof. We may assume supp(w) C supp(w’) and write supp(w’) = {z1,...,2,} C X
mn[K](w)(e)
Dgp | mn[K|(w), mn[K](w')) = mn[K](w)(p) - In ;
a ) @GM%(X) ’ (mnm (@ )(@))
(¢)- iw(fﬁz)v(wi) >
= mn[K](w)(p) - In ( TPRvEs
weMZ[I;}(X) (tp) L (@ #led
w(z;) e(zi)
- > mlle)e) (TT, (42
PEMIK](X) '

PEM[K](X)
Y X mlEie)e) v | (2)
PEMIK](X) '
= ZZ K -w(z;)-In :}J/(;) by Proposition 7.2 (1)
= K- DKL(w,w’). D
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APPENDIX A. PROOF OF THE EQUATIONS IN (4.1)

We recall the three formulations (4.1) of the Kantorovich distance.

d(w,w’) = /\ T Edx ® \/ wEp+J EY
T€depl™ (w,w') p,p'€0bs(X), pop’ <dx
YV Jekd-wEg|
g€ Factg(X)
The observation p & p’ € Obs(X x X) is defined as (p & p')(z,2') = p(x) + p'(2’). The
minimum given by the meet A exists since there is at least one coupling of w,w’, namely
the product w ® w’. The two joins \/ are also taken over non-empty domains since one can
instantiate with the zero observation / factor 0.
We first concentrate on equation (x) in (A.1). The inequality (>) is easy: let p,p’ €
Obs(X) satisfy p @ p’ < dx. Then for each coupling 7 € D(X x X) of w,w’ one has:

T’:dX > T’:p@p,: Z T($,$,)~(p@p,)(l',l',)

(A1)

z,x'e€X
— Z T(z,2') - (p(z) + p'(2))
r,x'eX
= Z 7(x,2') - p(x) + Z m(z,z') - p'(2')
z,x'€X z,x'€X
= Z (Z T(a:,a:’)> -p(x) + Z (Z 7’(33755/)> P (@)
zeX \z'eX 2’€X \z€X
=3 w@) pla)+ Y (@) )
zeX r'eX

=wkEp+uEp.
As a result, since this inequality holds for all couplings 7,
/\ TEdy > wkEp+ W Ep.
TE€depl ™ (w,w’)
And since the latter holds for all p,p’ we get the (>) part of (*:)
/\ TEdx > \/ wEp+J EP.
T€depl ™ (w,w’) p,p'€0bs(X) with pdp'<dx

This inequality shows in particular that this join \/ exists.

For the (<) part of = in (A.1) we have to do more work and exploit Farkas Lemma,
which we formulate first. It captures a separation property that plays a central role in the
duality theorem in linear programming, see e.g. [MGO06] for further details and discussion.

Lemma A.1 (Farkas Lemma). For a matriz A € R™*" and a vector b € R™ there are
equivalences of the following form.

(1) e (Rso)" Av=>b < -FuecR™u"-A>0andu’-b<0.

(2) Jve (Rx0)" A v<b < —Jue (Rx)".ul-A>0andu” - b<0.
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Proof. A (short) proof of the first item may be found in [Kag24]. Next, [MGO06, Prop. 6.4.3]
contains a derivation of the second item from the first. []
We are going to apply this lemma in the Kantorovich context, in order to prove the (<)
part of ® in (A.1). Let w,w’ € D(X) be given, where X = {x1,...,2,}. We take m = 2n
in Lemma A.1 with vector b € R?" given by the sequence of probabilities:

b= (w(z1),...,w(@n),w (21),...,0 (@n)).

For convenience we write ¢ for the minimum validity A_ . depl~ (ww') T E=dx.

We use the matrix A € R27X"” that captures marginalisation, when applied to distribu-
tions, giving a mapping D(X x X) — D(X) x D(X).

11---100---0------ 00---0
00--- 011 cec-1-ovn-- 00---0 -
A= 00 000 -+ Q-c---- 11
— 110 010---0Q------ 10 0
01 001---0------ 01 0
: 7 TOWS
00 100---1-----. 00 1

n? columns

We turn the matrix 4 € R2"" into a matrix 4’ € RUn+1Dxn% ip the following manner.

e On top of A we add the row dx (21, 1), d(z1,22),...,dx(Tn, x,) containing the n? distance
values.
e Below A we add the matrix —A, with all numbers in A negated.

For each & >0 we form a similar sequence b, € R+ of the form (t—e, by, ... , ban, —b1, ... ,—bay).
In this way the following statement holds.

~Fv € (Rsg)™ . A v < be.

Indeed, v = (vy,...,v,2) with A"+ v < b, would give a multiset 0 € M(X x X), namely
O = D V(i-1)sntjlTiTj). 1t is a coupling of w,w’ since A-v = b = (w,w’) via the
inequalities A-v < b and —A - v < —b. Therefore, o is a distribution. Moreover, it satisfies
o = dx <t —e. The latter contradicts the minimality of ¢.

By applying item (2) of Farkas Lemma A.1 we get a vector u € R¥*+! with v > 0

satisfying:
ug - dx + (w1, ..., um) - A — (U2nt1, .-, Uan) - A >0 (A2)
ug - (t—¢e) + (ur,...,u2) - b— (U2nt1, .- Uspn) b < 0. .

We first cover the case ug = 0. The vector u is then a solution in (A.2) for € = ¢, so that
applying the direction (<) in Lemma A.1 (2) gives a coupling o with o = dx = 0. This
gives t = 0. But then we are done, since trivially:

V weEp+ W EY >wE0+ W0

p,p'€0bs(X) with p@®p’<dx 0 y /\

T€depl ™ (w,w’)

T':dX.
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We may now assume ug > 0, so we can form two observations p,p’ € Obs(X) via the
definitions:
U2n+i — Uj and p/(l'i) — U3n+i — un—i—i.

U U
The first of the inequalities (A.2) translates to p(z;) + p'(x;) < dx(z;, x;) for each i, j, that
is, to p @ p’ < dx. The second inequality gives us w = p+ o' = p' >t —e. We thus get:

\/ wEp+JEY >t—=c

p,p'€0bs(X) with pPp’'<dx

p(x;) =

Since this holds for each € > 0 we obtain:

\/ wEp+W EY >t= /\ T l=dx.

p,p'€0bs(X) with pPp’<dx T€depl™ (w,w')

This proves the (<) part of ® in (A.1). (+n)

We now turn to the second equation =" in (A.1), again starting from two distributions
w,w’ € D(X). Its proof is more elementary. For (>), let ¢ € Factg(X) be given. Without
loss of generality we assume w = ¢ < w’' |=¢. We take as observations p = —q and p’ = q.
Then, because ¢ is short:

(p@p)(@,2') = pla) + p'(2') = q(z') — q(z) < |q(a’) — q(z) | < dx(z,2).
Moreover,
lwEe-wEq=vEFq-wEg
—w ): P+ W' ): p/
< V wEp+ W ED.
p,p' €0bs(X) with p@®p’<dx
Since this holds for all ¢ € Factg(X) we get:
V JwkEq-WEq| < \ wkEp+WwEp.
g€ Factg(X) p,p' €0bs(X) with p@®p’<dx
For (<) let p,p’ € Obs(X) be given with p @ p’ < dx. We form ¢: X — R as:
q(z) = J\ dx(z,y) —p(y)
yeX
We make a few points explicit.

e By using z in place of y in the range of the above meet A\ we get ¢(z) < —p(z). Further,
since p(z) + p/(2') < dx(z,2") we have p/(2') < dx(z,2") — p(xz) < ¢(2’). Thus, p < —¢q
and p’ < gq.

e Next, ¢ is short. Indeed, for z,2’ € X, and arbitrary y € X we have, by the triangular
inequality,

q(z) < dx(z,y) —p(y) < dx(z,2) + dx(2',y) — p(y).
Since this holds for each y we get:

g(x) < N dx(z,2') +dx(',y) - p(y)
yeX

= dX(xvxl) + /\ dX(wlvy) _p(y) = dx($,x,) + q(x/)'
yeX
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Thus: q(z) — ¢(2’) < dx(x,2'). By symmetry also: ¢(2’) — ¢(x) < dx(z,2'), and thus
|a(x) — g(2’) | = max (g(x) — g(a’), (') — q(x)) < dx (2, 2").

e Let M be the minimum value of ¢, which exists, since we assume that X is a finite set.
We take ¢’ = ¢+ M - 1. This is a factor, that is, a function X — R taking non-negative
values. Moreover, ¢’ is short since g is short.

We can now put things together.

wEp+tW EY <wE-—-qg+ W Eq since p < —q and p’ < ¢
<|wkq—uwq|
=lwkEqd -WwE]| since¢ =q+M-1
<V Jukg-uwEql|
g€ Factg(X)

Because this holds for all p,p’ we get, as required, the inequality (<) for () in (A.1):

\V weptwEpY <\ |ukEg-WEql

p,p'€0bs(X) with p®p’<dx g€Factg(X)

APPENDIX B. PROOF OF THE EQUATIONS IN (6.1)
We start with a basic result about coupling and decoupling (2.1) of multisets.

Lemma B.1. Consider sets X,Y and a number K € N.

(1) There is a commuting triangle of the form:

XE YK P (X YK 2 MIK](X X Y)

\» B / (B.1)
accxacc M[K] (X) % M[K](Y) dcpl

As a result, the decouple function depl = (M(m1), M(m2)): MIK](X xY) - M[K](X)x
MIK|(Y) is surjective.
(2) There is the following equality of subsets of M[K|(X xY), for multisets p € M[K|(X)
and ¢ € M[K|(Y).
depl™" (¢, 4) = {acc(zip(Z,7)) | & € acc™ (p), 7 € acc™ (¥) }.
In particular, the subset depl™ (¢,v) € M[K](X x Y) is finite.
(3) If T = acc(zip(Z, ) € M[K|(X x X), where X is a metric space, then:
FIrn(1) Edx = 7 - dxx (Z,7).
Proof. (1) Via the naturality of acc: (—)% = M[K], we get for & € acc™'(¢) and ¥ €
acc™ ! (1),
dcpl(acc(sz(f, gj’))) = M(m)(acc(mp( ))), M(m )(300(21p(§c' _’))>>

Y
acc (’7‘(‘1 (z1p (Z, g{)), acc( (21p ))

<

>
~
~
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This allows us to show that depl: M[K](X xY) - M[K](X) x M[K](Y) is a surjective
function: let a pair (p, ) € M[K ]( ) x MK ]( ) be given. Using the surjectivity of
accumulation we can find # € XX and i € Y with acc(Z) = ¢ and acc(if) = . The
above argument shows that x = acc(zip(Z, 7)) € M[K]|(X x Y) satisfies dcpl(x) =
(ace(7), ace(§)) = (@, ).

(2) The previous point gives the inclusion (D). For (C), let x € depl™(yp,v) be given.
There is a sequence 7 € (X x Y)¥ with acc(z ) x. Write 2 = zip(7, %), for ¥ = (m1)%(2)
and ¢ = (m2)%(2). We claim that acc(¥) = ¢ and acc(f) = . We elaborate only the
first equation, since the second one is obtained in the same way. By assumption, y is
coupling of ¢, 1, so:

¢ = M(m1)(x) = M(m)(ace(zip(Z,§))) = acc(T).
The last equation is obtained as in the previous point.
(3) Let 7 = acc(zip(Z, ) € M[K]|(X x X), for Z,§ € X*. Then:

Fln(r) Edx = - Z acc(zip(Z, 7)) (u,v) - dx (u,v)

(u,v)EX?

S dx(w) B L dyn (7, 9). m

1<i<K

|
N\H

Theorem B.2. FEquation (6.1) holds, that is, for a metric space X with multisets @, " €
MIK](X),

/\ Fln(r) Edx = - /\ dxx (Z,7)

TEdepl ™ (p,¢") Fcacc—1(yp), jeacc1(y’)

Proof. By Lemma B.1. For (<) we notice that for each pair of vectors ¥ € acc™!(y),¥ €
acc™!(¢’) we have that 7 = acc(zip(Z,7)) is a coupling of ¢, ¢’ with Flrn(r) = dx =
% ~dxr(Z,7). For (> ) we notice that each coupling 7 is of the form 7 = acc(z1p T,y )
some vectors T € acc™ ! (¢), ¥ € acc(¢'). Then again, Flrn(7) | dx = # - dxx (Z,7).
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