
Logical Methods in Computer Science
Volume 21, Issue 2, 2025, pp. 16:1–16:79
https://lmcs.episciences.org/

Submitted Feb. 02, 2024
Published May 30, 2025

CONSTRAINT AUTOMATA ON INFINITE DATA TREES:

FROM CTLpZq/CTL˚pZq TO DECISION PROCEDURES
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Abstract. We introduce the class of tree constraint automata with data values in Z
equipped with the less than relation and equality predicates to constants, and we show that
its nonemptiness problem is in ExpTime. Using an automata-based approach, we establish
that the satisfiability problem for CTLpZq (CTL with constraints in Z) is ExpTime-complete,
and the satisfiability problem for CTL˚

pZq is 2ExpTime-complete (only decidability was
known so far). By-product results with other concrete domains and other logics are also
briefly discussed.

1. Introduction

In this paper, we study the satisfiability problem for the branching-time temporal logics
CTLpZq and CTL˚pZq, extending the classical temporal logics CTL and CTL˚ in that atomic
formulae express constraints about the relational structure pZ,ă,“, p“dqdPZq. Formulae in
these logics are interpreted over Kripke structures that are annotated with values in Z, see
for instance the tree t in Figure 3 (page 11). A typical CTL˚pZq formula is the expression
AGFpx ă Xxq stating that on all paths infinitely often the value of the variable x at the current
position is strictly smaller than the value of x at the next position. Formalisms defined over
relational structures, also known as concrete domains, are considered in many works, including
works on temporal logics [GM98, Car15, MT16, LMO`18, FMP20, CDOT21, FMW22b,
FP24], description logics [Lut02, Lut03, Lut04b, CT16, Lab21, BR22, ABB`23, BBK24],
and automata [Gas09, ST11, KW15, Wei16, TZ22, PQ22]. Combining reasoning in your
favourite logic with reasoning in a relevant concrete domain reveals to be essential for
numerous applications, for instance for reasoning about ontologies, see e.g. [Lut04b, LOS20],
or data-aware systems, see e.g. [DHV14, FMW22a]. A brief survey can be found in [DQ21].

Decidability results for concrete domains handled in [LM07, Gas09, BR22, BB24] exclude
the ubiquitous concrete domain pZ,ă,“, p“dqdPZq. By contrast, decidability results for
logics with concrete domain Z require dedicated proof techniques, see e.g. [BG06, DD07,
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ST11, LOS20, BP24]. In particular, fragments of CTL˚pZq are shown decidable in [BG06]
using integral relational automata from [Čer94], and the satisfiability problem for the
existential and the universal fragment of CTL˚ with gap-order constraints (more general
than the ones in this paper) can be solved in PSpace [BP14, Theorem 14]. Another
important breakthrough came with the decidability of CTL˚pZq [CKL16, Theorem 32] (see
also [CKL13]) by designing a reduction to a decidable second-order logic, whose formulae
are made of Boolean combinations of formulae from MSO and from Weak MSO+U [BT12],
where U is the unbounding second-order quantifier, see e.g. [Boj04, BC06] (in Weak MSO,
second-order quantification is over finite sets). This is all the more remarkable as the
decidability result is part of a powerful general approach [CKL16], but no sharp complexity
upper bound can be inferred. More recently, the condition CZ [DD07] to approximate the
set of satisfiable symbolic models of a given LTLpZq formula (in a problematic way, not
necessarily an ω-regular language) is extended to the branching case in [LOS20] leading
to the ExpTime-membership of the concept satisfiability problem w.r.t. general TBoxes
for the description logic ALCFPpZq. However, no elementary complexity upper bounds for
the satisfiability problem for CTLpZq nor CTL˚pZq were known since their decidability was
established in [CKL13, Car15, CKL16].

In this paper, we prove that the satisfiability problem for CTLpZq is ExpTime-complete,
and the satisfiability problem for CTL˚pZq is 2ExpTime-complete. We pursue the automata-
based approach for solving decision problems for temporal logics, following seminal works for
temporal logics, see e.g. [VW86, VW94, KVW00]. This popular approach consists of reducing
logical problems (satisfiability, model-checking) to automata-based decision problems while
taking advantage of existing results and decision procedures from automata theory, see
e.g. [VW08]. In the presence of concrete domains, one can distinguish two approaches.
The first one consists in designing constraint automata (see e.g. [Rev02]) accepting directly
structures with data values, see e.g. [ST11, KW15, PQ22] and also in [Fig12] related to
automata accepting finite data trees. The translation from logics with concrete domains
to constraint automata often smoothly follows the plain case with temporal logics, see
e.g. [VW94] and the difficulty rests on the design of decision procedures for checking
nonemptiness of constraint automata (but this is done only once). The second approach
consists in reducing the satisfiability problem into the nonemptiness problem for automata
handling finite alphabets, see e.g. [Lut01, Lut04a, Gas09, LOS20]. In this case, the main
effort is focused on the design of the translation (based on abstractions for tuples of data
values) since the decision procedures for the target automata are usually already well-studied.

It is well-known that decision procedures for CTL˚ are difficult to design, and the
combination with the concrete domain Z is definitely challenging. Moreover, we aim at
proposing a general framework: we investigate a new class of tree constraint automata,
understood as a target formalism in the pure tradition of the automata-based approach,
and easy to reuse. The structures accepted by such tree constraint automata are infinite
trees in which nodes are labelled by a letter from a finite alphabet and a tuple in Zβ for
some β ě 1 (this excludes the automata designed in [Fig10, Fig12] dedicated to finite trees,
and no predicate ă is involved). Decision problems for alternating automata over infinite
alphabets are often undecidable, see e.g. [NSV04, LW08, DL09, IX19], and therefore we
advocate the introduction of nondeterministic tree constraint automata without alternation.
Our definition of tree constraint automata naturally extends the definition of constraint
automata for words (see e.g. [Čer94, Rev02, ST11, KW15, PQ22]) and as far as we know,
the extension to infinite trees in the way done herein has not been considered earlier in
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the literature. Note that our tree automaton model differs from the Presburger Büchi tree
automata from [SSM08, BF22] for which, in the runs, arithmetical expressions are related
to constraints between the numbers of children labelled by different locations. Herein, the
arithmetical expressions state constraints between data values (not necessarily at the same
node).

As a key result, we show that the nonemptiness problem for tree constraint automata
over pZ,ă,“, p“dqdPZq is ExpTime-complete. In order to obtain the ExpTime upper bound,
we adapt results from [LOS20, Lab21] (originally expressed in the context of interpretations
for description logics) and we take advantage of several automata-based constructions for
Rabin/Streett tree automata (see Lemma 3.1 and Lemma 4.14). As a corollary, we establish
that the satisfiability problem for CTLpZq is ExpTime-complete (Theorem 5.6), which is
one of the main results of the paper. As a by-product, it also allows us to conclude that the
concept satisfiability problem w.r.t. general TBoxes for the description logic ALCFPpZq is
in ExpTime, a result known since [LOS20]. The details can be found in [DQ23b, Section
5.2]. By lack of space, we do not provide the details herein.

Our main contribution is the characterisation of the complexity for CTL˚pZq satisfiability,
which is an open problem evoked in [CKL16, Section 9] and [LOS20, Section 5] (decidability
was established ten years ago in [CKL13]). In general, our contributions stem from the cross-
fertilisation of automata-based techniques for temporal logics and reasoning about (infinite)
structures made of symbolic Z-constraints. In Section 6, we show that the satisfiability
problem for CTL˚pZq is in 2ExpTime by using Rabin tree constraint automata (introduced
herein). We have to check that the essential steps for CTL˚ can be lifted to CTL˚pZq
to get the optimal upper bound while guaranteeing that computationally we are in a
position to provide an optimal upper bound. In Section 6.1, we establish a special form
for CTL˚pZq formulae from which tree constraint automata are defined, adapting the
developments from [ES84]. Moreover, determinisation of nondeterministic (Büchi) word
constraint automata with Rabin word constraint automata is proved in Section 7 following
developments from [Saf89, Chapter 1] but carefully adapted to the context of constraint
automata. Observe that we can get away with nondeterminism, but using alternation with
registers/variables would more problematic because, in some way, this would require to know
how to handle an unbounded number of data values due to alternation.
This paper is a revised and completed version of the conference paper [DQ23a]. It can be
seen also as a revised and more compact version of the arXiv report [DQ23b]. In order to
limit the length of the body of this paper, several proofs are placed in the technical appendix
(see Appendices A–F).

2. Temporal Logics with Numerical Domains

2.1. Constraints and Kripke Structures. Let V “ tx, y, . . .u be a countably infinite
set of variables. A term t over V is an expression of the form Xix, where x P V and Xi

is a (possibly empty) sequence of i symbols ‘X’. A term Xix should be understood as a
variable (that needs to be interpreted) but, later on, we will see that the prefix Xi will have
a temporal interpretation. We write TV to denote the set of all terms over V . For all i P N,

we write Tďi
V to denote the subset of terms of the form Xjx, where j ď i. For instance,

Tď0
V “ V and Tď1

V “ V Y tXx | x P V u. A valuation v : TV Ñ Z is a function that maps
terms in TV to elements in Z. To be precise, and a bit more general, we assume that the
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set of valuations is polymorphic: as a common feature it admits as argument a term and
returns an integer. Quite often, valuations v are of the form tx1, . . . , xβu Ñ Z when we are
only interested in the values for the variables in tx1, . . . , xβu. Possibly, additional arguments
are considered to provide some context to the interpretation, such as a world or a path in a
Kripke structure; details will follow but should not lead to any confusion.

We consider the concrete domain pZ,ă,“, p“dqdPZq (also written Z), where “d is a
unary predicate stating the equality with the constant d, ă is the usual order on Z, and “
denotes equality. An atomic constraint θ over TV is an expression of one of the forms below:

t ă t1 t “ t1 “d ptq (also written t “ d),

where d P Z and t, t1 P TV . A constraint Θ is defined as a Boolean combination of atomic
constraints. Constraints are interpreted on valuations v : TV Ñ Z: a valuation v satisfies θ,
written v |ù θ iff the interpretation of the terms in θ makes θ true in Z in the usual way.
The Boolean connectives are interpreted as usual. A constraint Θ is satisfiable iff there is a
valuation v : TV Ñ Z such that v |ù Θ. Similarly, a constraint Θ1 entails a constraint Θ2

(written Θ1 |ù Θ2) iff for all valuations v, we have v |ù Θ1 implies v |ù Θ2. The satisfiability
problem restricted to finite conjunctions of atomic constraints can be solved in PTime (see
e.g. [Čer94, Lemma 5.5]) and entailment is in coNP. The PTime upper bound can be refined
to a cubic bound by performing a linear amount of calls to Bellman-Ford algorithm [CLRS22]
that computes shortest paths in weighted directed graphs and detects negative cycles, see
also [DMP91, CLO`16].

Kripke structures. In order to define logics with the concrete domain Z, the semantical
structures for such logics are enriched with valuations that interpret the variables by elements
in Z. A Z-decorated Kripke structure (or Kripke structure for short) K is a triple pW,R, vq,
where W is a non-empty set of worlds, R Ď W ˆ W is the accessibility relation and
v : W ˆV Ñ Z is a valuation. A Kripke structure K is total if for all w PW there is w 1 PW
such that pw ,w 1q P R. Given a Kripke structure K “ pW,R, vq and a world w P W, an
infinite path π from w is an ω-sequence w0,w1 . . .wn, . . . such that w0 “ w and for all i P N,
we have pwi, wi`1q P R. Finite paths are defined accordingly.

Labelled trees. Along the paper, the expression rn,ms with n,m P Z denotes the set
tk P Z | n ď k ď mu. Given D ě 1, a labelled tree of degree D is a map t : domptq Ñ Σ,
where Σ is some (potentially infinite) alphabet and domptq is an infinite subset of r0, D´ 1s˚

such that n P domptq, and n ¨ i P domptq for all 0 ď i ă j whenever n ¨ j P domptq for some
n P r0, D´1s˚ and j P r0, D´1s. The elements of domptq are called nodes . The empty word
ε is the root node of t. For every n P domptq, the elements n ¨ i P domptq with i P r0, D ´ 1s
are called the children nodes of n, and n is called the parent node of n ¨ i. Nodes with the
same parent node are called sibling nodes; sibling nodes are implicitly ordered, though this
feature is seldom used in the document. We say that the tree t is a full D-ary tree if every
node n has exactly D children n ¨ 0, . . . ,n ¨ pD ´ 1q (equivalently, domptq “ r0, D ´ 1s˚).
Given a tree t and a node n in domptq, an infinite path in t starting from n is an infinite
sequence n ¨ j1 ¨ j2 ¨ j3 . . . , where ji P r0, D ´ 1s and n ¨ j1 . . . ji P domptq for all i ě 1.

A tree Kripke structure K is a Kripke structure pW,R, vq such that pW,Rq is a tree
(not necessarily a full D-ary tree). Tree Kripke structures pW,R, vq such that pW,Rq is
isomorphic to the full D-ary tree are represented by maps of the form t : r0, D ´ 1s˚ Ñ Zβ .
This assumes that we only care about the values of the variables x1, . . . , xβ P V , and
tpnq “ pd1, . . . , dβq encodes vpn, xiq “ di for all i P r1, βs.
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2.2. The Logic CTL˚pZq. We introduce the logic CTL˚pZq, which extends the branching-
time temporal logic CTL˚ from [EH86] with constraints over Z. State formulae ϕ and path
formulae Φ of CTL˚pZq are defined by

ϕ :“ ␣ϕ | ϕ^ ϕ | EΦ Φ :“ ϕ | t “ d | t1 “ t2 | t1 ă t2 | ␣Φ | Φ^ Φ | XΦ | ΦUΦ,

where t, t1, t2 P TV . State formulae respectively path formulae are interpreted on worlds,
respectively on infinite paths of a Kripke structure. Let K “ pW,R, vq is a total Kripke
structure, and w PW. We define the satisfaction relation (omitting the clauses for Boolean
connectives) for state formulae by

‚ K,w |ù EΦ
def
ô there is an infinite path π from w such that K, π |ù Φ.

Let π “ w0,w1, . . . be an infinite path of K. Let us define vpπ,Xjxq
def
“ vpwj , xq, for all terms

of the form Xjx. Hence, the term Xjx refers to the value of the variable x exactly j steps
ahead along a path. For every n, πrn,`8q is the suffix of π truncated by the n first worlds.
We define the satisfaction relation for path formula by

‚ K, π |ù t “ d
def
ô vpπ, tq “ d;

‚ K, π |ù t1 „ t2
def
ô vpπ, t1q „ vpπ, t2q for all „P tă,“u;

‚ K, π |ù ΦUΨ
def
ô there is j ě 0 such that K, πrj,`8q |ù Ψ and for all j1 P r0, j ´ 1s, we

have K, πrj1,`8q |ù Φ;

‚ K, π |ù XΦ
def
ô K, πr1,`8q |ù Φ.

The size of a formula is understood as its number of symbols with integers encoded
in binary. As usual, we also use disjunction _, the universal path quantifier A, defined

by AΦ
def
“ ␣E␣Φ, and the standard temporal connectives R and G, defined by Φ1RΦ2

def
“

␣p␣Φ1U␣Φ2q and GΦ
def
“ Epx ă xqRΦ. Propositional variables p can easily be encoded with

an atomic formula Epxp “ 0q. A formula in CTL˚pZq is in simple form if it is in negation
normal form (using _, A, and R as primitives) and all terms occurring in the formula are
from Tď1

V . We define two fragments of CTL˚pZq: formulae in the logic CTLpZq are state
formulae of the form

ϕ :“ E Θ | A Θ | ␣ϕ | ϕ^ ϕ | ϕ_ ϕ | EXϕ | EϕUϕ | EϕRϕ | AXϕ | AϕUϕ | AϕRϕ,

where Θ is a constraint. By way of example, AXpEpXx “ 3q _ Ap␣pXx “ 3qqq is a CTLpZq
formula. Formulae in the logic LTLpZq are defined from path formulae for CTL˚pZq according
to Φ :“ Θ | Φ ^ Φ | Φ _ Φ | XΦ | ΦUΦ | ΦRΦ, where Θ is a constraint. Negation occurs
only in constraints since the LTL logical connectives have their dual in LTLpZq. In contrast
to CTL˚pZq and CTLpZq, LTLpZq formulae are evaluated over infinite paths of valuations
v : V Ñ Z (no branching involved).

The satisfiability problem for CTL˚pZq, written SATpCTL˚pZqq, is defined as follows.

Input: A CTL˚pZq state formula ϕ.
Question: Is there a total Kripke structure K and a world w such that K,w |ù ϕ?

The satisfiability problem SATpCTLpZqq for CTLpZq is defined analogously; for LTLpZq,
SATpLTLpZqq is the problem to decide whether there exists an infinite sequence of valuations
v : V Ñ Z such that v |ù Φ for a given LTLpZq formula Φ.

Decidability, and more precisely, PSpace-completeness of SATpLTLpZqq is shown
in [DG08]. For some strict fragments of CTL˚pZq, decidability is shown in [BG06, BP14].
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It is only recently in [CKL13, Car15, CKL16], that decidability is established for the full
logic using a translation into a decidable second-order logic:

Proposition 2.1 [CKL13, Car15, CKL16]. SATpCTL˚pZqq is decidable.

The proof in [CKL13, Car15, CKL16] does not provide a complexity upper bound
as the target second-order logic admits an automata-based decision procedure with open
complexity [BT12, Boj04, BC06]. Moreover, the target logic uses the standard weak monadic
theory of one successor (WS1S) with a non-elementary complexity, which disqualifies this
approach to obtain a direct optimal complexity upper bound.

Let us shortly explain why the satisfiability problem is challenging. First of all, observe
that CTL˚pZq has atomic formulae in which integer values at the current and successor
states are compared. This prevents us from using a simple translation from CTL˚pZq to
CTL˚ with new propositions. Models of CTL˚pZq formulae can be viewed as an infinite
network of constraints on Z; even if a formula contains only a finite set of constants,
a model may contain an infinite set of values, as it is the case for, e.g., the formula
EGpx ă Xxq. Hence a direct Boolean abstraction does not work; by contrast, when variables
cannot be compared at different positions, Boolean abstraction can be an option, see recent
developments in [RS23, RS24]. On the other hand, CTL˚pZq has no freeze quantifier and
no data variable quantification, and hence no way to directly compare values at unbounded
distance (this can only be done by propagating local constraints), unlike e.g. the formalisms
in [DHLT14, SW16, BL17, AFF17]. Hence, the lower bounds from [JL11] cannot apply
either. Related work about the model-checking problem can be found in Section 9.1.

In this paper, we prove the precise worst-case computational complexity of the problems
SATpCTL˚pZqq and SATpCTLpZqq, respectively. We follow the automata-based approach,
that is, we translate formulae in our logics into equivalent automata – Büchi tree constraint
automata for CTLpZq, and Rabin tree constraint automata for CTL˚pZq – so that we
can reduce the satisfiability problem for the logics to the nonemptiness problem for the
corresponding automata.

3. Tree Constraint Automata

In this section, we introduce the class of tree constraint automata that accept sets of infinite
trees of the form t : r0, D´ 1s˚ Ñ pΣˆZβq for some finite alphabet Σ and some β ě 1. The
transition relation of such automata puts constraints between the β integer values at a node
and the integer values at its children nodes. The automaton is equipped with an acceptance
condition (Büchi, Rabin, Streett) that will be defined later on. The forthcoming definition
is specific to the concrete domain Z, but it can be easily adapted to other concrete domains.
Formally, a tree constraint automaton (TCA, for short) is a tuple A “ pQ,Σ, D, β,Qin, δ, F q,
where

‚ Q is a finite set of locations; Σ is a finite alphabet,
‚ D ě 1 is the branching degree of the trees processed by A, or the degree of A for short,
‚ β ě 1 is the number of variables,
‚ Qin Ď Q is the set of initial locations,
‚ δ is a finite subset of Q ˆ Σ ˆ pTreeConspβq ˆ QqD, the transition relation. Here,
TreeConspβq denotes the Boolean combinations of atomic constraints built over the
terms x1, . . . , xβ, x

1
1, . . . , x

1
β, where x1

i stands for the term Xxi. δ consists of tuples
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t a, p3, 7q

b, p0, 0q a, p2, 7q

b, p0, 0q a, p1, 7q

...
...

...

Figure 1. A
tree t

ρ
Ta

Tb Ta

Tb Ta

...
...

...

Ta “ pq, a, pΘ
1
0, qq, pΘ

1
1, qqq

Θ1
0 “ px1

1 “ 0q
Θ1

1 “ px1
1 ă x1 ă x2 “ x1

2q

Tb “ pq, b, pΘ
1
2, qq, pΘ

1
2, qqq

Θ1
2 “ px1 “ x2 “ 0q

Figure 2. A run ρ of some TCA on t

pq, a, pΘ0, q0q, . . . , pΘD´1, qD´1qq, where q P Q is called the source location, a P Σ, q0,. . . ,
qD´1 P Q, and Θ0, . . . ,ΘD´1 are constraints in TreeConspβq.

‚ F encodes the acceptance condition, defined below.

Runs. Let t : r0, D ´ 1s˚ Ñ pΣ ˆ Zβq be an infinite full D-ary tree over Σ ˆ Zβ. A
run of A on t is a mapping ρ : r0, D ´ 1s˚ Ñ δ satisfying the following condition: for
every n P r0, D ´ 1s˚ with tpnq “ pa, zq and tpn ¨ iq “ pai, ziq for all 0 ď i ă D, if
ρpnq “ pq, a, pΘ0, q0q, . . . , pΘD´1, qD´1qq, then for all 0 ď i ă D, we have

(i) the source location of ρpn ¨ iq is qi, and

(ii) Z |ù Θipz, ziq, where Z |ù Θipz, ziq is a shortcut for r⃗x Ð z, x⃗1 Ð zis |ù Θi where

r⃗xÐ z, x⃗1 Ð zis is a valuation v on the variables txj , x
1
j | j P r1, βsu with vpxjq “ zpjq

and vpx1
jq “ zipjq for all j P r1, βs.

We show an example of a run ρ in Figure 2.
A run ρ is initialized if the source location of ρpεq is in Qin. Given a path π “ j1 ¨j2 ¨j3 . . .

in ρ starting from ε, we define infpρ, πq to be the set of locations that appear infinitely often
as the source locations of the transitions in ρpεqρpj1qρpj1 ¨ j2qρpj1 ¨ j2 ¨ j3q . . . .

Acceptance Conditions. Analogously to classical ω-tree automata, TCA are equipped
with an acceptance condition. We will mainly study TCA with the Büchi acceptance
condition: a TCA A “ pQ,Σ, D, β,Qin, δ, F q is a Büchi TCA if F Ď Q and a run ρ is
accepting if for all paths π in ρ starting from ε, we have infpρ, πq X F ‰ H. We write LpAq
to denote the set of trees t for which there exists some initialized and accepting run of A on
t. In the paper, whenever we do not further specify the acceptance condition of a TCA, we
assume that the TCA is equipped with the Büchi acceptance condition.

For dealing with the logics defined in the previous sections, we will also use TCA
with generalised Büchi acceptance, Rabin acceptance, and Streett acceptance conditions.
In a generalised Büchi TCA, F is a set tF1, . . . , Fku Ď PpQq of states, and a run ρ is
accepting if for all paths π in ρ starting from ε, for all Fi P F , we have infpρ, πq X Fi ‰ H.
Unsurprisingly, as for generalised Büchi automata, for every generalised Büchi TCA A “
pQ,Σ, D, β,Qin, δ, F q with F “ tF1, . . . , Fku there exists a TCA A1 “ pQ1,Σ, D, β,Q1

in, δ
1, F 1q

such that LpAq “ LpA1q and the size of A1 is quadratic in the size of A:

‚ Q1 def
“ r0, ks ˆQ, Q1

in
def
“ t0u ˆQin and F 1 def

“ t0u ˆQ.
‚ Given i P r0, ks and q P Q, we write nxtpi, qq to denote the copy number in r0, ks such that
nxtp0, qq “ 1 for all q P Q, nxtpi, qq “ i if q R Fi and nxtpi, qq “ i`1 mod pk`1q if q P Fi.
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The transition relation δ1 is defined by ppi, qq, a, pΘ0, pi0, q0qq, . . . , pΘD´1, piD´1, qD´1qqq P

δ1 def
ô there is pq, a, pΘ0, q0q, . . . , pΘD´1, qD´1qq P δ and for all j P r0, D´1s, ij “ nxtpi, qjq.

Therefore, in the sequel, using generalised Büchi TCA instead of TCA has no consequence
on worst-case complexity results.

A TCA A is a Rabin TCA if F is a set of pairs of the form pL,Uq, where L,U Ď Q, and
a run ρ is accepting if for all paths π in ρ starting from ε, there is some pair pL,Uq P F
such that infpρ, πq X L ‰ H and infpρ, πq X U “ H. Note that every TCA with set F of
accepting locations can be encoded as a Rabin TCA with a single Rabin pair pF,Hq. Hence
Büchi TCA can be seen as a special case of Rabin TCA. Finally, A is a Streett TCA if F
has the same form as for Rabin TCA, and a run is accepting if for all pairs pL,Uq P F (also
called completemented pairs in the literature) if infpρ, πq X L ‰ H, then infpρ, πq X U ‰ H.

Nonemptiness Problem. In this paper, we study the nonemptiness problem for TCA,
which asks whether a given TCA A satisfies LpAq ‰ H. For determining the computational
complexity, we need to consider the size of A, which depends on several parameters. Note
that TreeConspβq is infinite, so that, in contrast to plain Büchi tree automata [VW86], the
number of transitions in a TCA is a priori unbounded. In particular, this means that cardpδq
is a priori unbounded, even if Q, Σ and D are fixed. The maximal size of a constraint
occurring in transitions is unbounded, too. We write MCSpAq to denote the maximal size of a
constraint occurring in A (with binary encoding of the integers).

Closure Properties and Expressiveness. In order to conclude this section, let us drop a
few lines about the expressive power of TCA, even though this is not really in the intended
scope of this paper. Obviously, the languages accepted by TCA (for any kind of acceptance
condition) are closed under unions. Closure under complementations of tree languages
accepted by TCA is to the best of our knowledge open. For closure under intersection, we
present the following lemma, which is also key for obtaining precise complexity bounds in
Section 6.

Lemma 3.1. Let pAkq1ďkďn be a family of Rabin TCA s.t. Ak “ pQk,Σ, D, β,Qk,in, δk, Fkq,
cardpFkq “ Nk and N “ Π

k
Nk. There is a Rabin TCA A such that LpAq “

Ş

k LpAkq and

verifying the conditions below.

‚ The number of Rabin pairs is equal to N .
‚ MCSpAq ď n` MCSpA1q ` ¨ ¨ ¨ ` MCSpAnq.
‚ The number of locations is bounded by

`

Π
k
cardpQkq

˘

ˆ p2nqN .

‚ The number of transitions is bounded by Π
k
cardpδkq.

The proof can be found in Appendix A.1. The proof contains a construction for the
intersection of an arbitrary number of Rabin tree constraint automata mainly based on ideas
from the proof of [Bok18, Theorem 1] on Rabin word automata over finite alphabets. Our
contribution is related to the extension to trees (in particular to handle the acceptance
conditions), to the use of constraints and to master the combinatorial explosion of the product
automaton so that this is fine to get the final 2ExpTime upper bound for SAT(CTL˚pZq).
By the way, the first part of the proof of the forthcoming Lemma 4.14 uses a particular case
of Lemma 3.1 with n “ 2 Rabin TCA and no use of constraints.

Regarding the expressive power of TCA, there is no TCA that accepts the set of all full
D-trees over Σˆ Z such that all the data values are distinct, which is easier to capture with
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registers and alternation. Indeed, ad absurdum suppose there is a TCA A such that LpAq is
the set of full binary trees such that all data values are distinct, say β “ 1. Let t be the tree
such that all data values are strictly greater than dα (greatest constant occurring in A, if
any; otherwise zero), the root is labelled by dα ` 1 and then the data values are defined in
a breadth-first fashion by incrementing by one the data value. Hence, the “left” child of
the root has value dα ` 2, the “right” child of the root has value dα ` 3, etc. By definition,
t P LpAq. Let t1 be the tree obtained from t by replacing the right subtree of t’s root by its
left subtree. In particular, both the “left” and the “right” children of the root of t1 have
data value dα ` 2. However, note that the same constraints are satisfied between a node
and its parent node in t and in t1. Consequently, t1 P LpAq, which leads to a contradiction.

4. Complexity of the Nonemptiness Problem for TCA

This section is dedicated to prove the ExpTime-completeness of the nonemptiness problem
for Büchi TCA (Theorem 4.16) and Rabin TCA (Theorem 4.19). We make a distinction
between Büchi TCA and Rabin TCA because the complexity bounds differ slightly, see
Lemma 4.15 and Lemma 4.18. We mainly focus on the ExpTime-membership, which will
be used for establishing upper bounds for SATpCTLpZqq and SATpCTL˚pZqq.

But first, let us drop a few words on the proof of ExpTime-hardness. The proof is
by reduction from the acceptance problem for alternating Turing machines running in
polynomial space, see e.g. [CKS81, Corollary 3.6]. The proof is presented for Büchi TCA in
Appendix B.1. The key idea follows standard patterns: we use the variables of the TCA
to store the content (that is a letter from a finite alphabet) of each of the polynomial cells
of the alternating Turing machine. A bit more detailed, the TCA uses one variable for
each tape cell. The tree structure of the runs of the alternating Turing machine can be
enoded into trees that can be accepted by TCA. ExpTime-hardness for Rabin TCA follows
immediately as Büchi automata are a special case of Rabin TCA.

The proof of the ExpTime-membership of the nonemptiness problem for TCA is divided
into two parts. In order to determine whether LpAq is nonempty for a given TCA A, we first
reduce the existence of some tree t P LpAq to the existence of some regular symbolic tree
that is satisfiable, that is, it admits a concrete model (Sections 4.1 and 4.2). Second, we
characterise the complexity of determining the existence of such satisfiable regular symbolic
trees (Section 4.3). The result for Rabin TCA is presented in Section 4.4.

From now on, we assume a fixed TCA A “ pQ,Σ, D, β,Qin, δ, F q with the constants
d1, . . . , dα occurring in A such that d1 ă ¨ ¨ ¨ ă dα (we assume there is at least one constant).

4.1. Symbolic Trees. A type over the variables z1, . . . , zn is an expression of the form

p
Ź

iΘ
CST
i q ^ p

Ź

iăj zi „i,j zjq, where

‚ for all i P r1, ns, ΘCST
i is equal to either zi ă d1, or zi ą dα or zi “ d for some d P rd1, dαs.

This definition goes a bit beyond the constraint language in Z (because of expressions of
the form zi ă d1 and zi ą dα), but this is harmless in the sequel. What really matters in
a type is the way the variables are compared to each other and to the constants.

‚ „i,jP tą,“,ău for all i ă j.

Below, x “ y and y “ x are understood as identical, as well as x ă y and y ą x. Checking
the satisfiability of a type can be done in polynomial-time, based on a standard cycle
detection, see e.g. [Čer94, Lemma 5.5]. The set of satisfiable types built over the terms
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x1, . . . , xβ, x
1
1, . . . , x

1
β is written STypespβ, d1, dαq (n above is equal here to 2β). By way of

example, we provide below a satisfiable type in STypesp2, d1, dαq with α “ 1:

x1 ą d1^x2 “ d1^x
1
1 “ d1^x

1
2 ă d1^x1 ą x2^x1 ą x1

1^x1 ą x1
2^x2 “ x1

1^x2 ą x1
2^x

1
2 ă x1

1

Lemma 4.1. cardpSTypespβ, d1, dαqq ď ppdα ´ d1q ` 3q2β32β
2
.

Indeed, in a type p
Ź

iΘ
CST
i q^p

Ź

iăj zi „i,j zjq, each ΘCST
i can take at most pdα´d1q`3

values and the generalized conjunction has p2β ´ 1qβ ď 2β2 conjuncts, and each conjunct
can take at most three possible values.

The restriction of the type Θ to some set of variables X Ď txi, x
1
i | i P r1, βsu is made of

all the conjuncts in which only variables in X occur. The type Θ1 restricted to tx1
i | i P r1, βsu

agrees with the type Θ2 restricted to txi | i P r1, βsu iff Θ1 and Θ2 are logically equivalent
modulo the renaming for which xi and x1

i are substituted, for all i P r1, βs. For instance, in
Figure 3, Θ restricted to tx1

1, x
1
2u agrees with Θ0 restricted to tx1, x2u. The main properties

of satisfiable types we use below are stated in the next lemma.

Lemma 4.2.

(I) : Let z, z1 P Zβ. There is a unique satisfiable type Θ P STypespβ, d1, dαq such that
Z |ù Θpz, z1q.

(II): For every constraint Θ built over the terms x1, . . . , xβ, x
1
1, . . . , x

1
β and the constants

d1, . . . , dα there is a disjunction Θ1 _ ¨ ¨ ¨ _Θγ logically equivalent to Θ and each Θi

belongs to STypespβ, d1, dαq (empty disjunction stands for K).
(III): For all Θ ‰ Θ1 P STypespβ, d1, dαq, the constraint Θ^Θ1 is not satisfiable.

The proof of Lemma 4.2 is by an easy verification and its statement justifies the term
‘type’ used in this context.

Abstraction with types. A symbolic tree t is a map t : r0, D´1s˚ Ñ ΣˆSTypespβ, d1, dαq.
Symbolic trees are intended to be abstractions of trees labelled with concrete values in Z,
defined as follows.

Given a tree t : r0, D´1s˚ Ñ ΣˆZβ , its abstraction is the symbolic tree tt : r0, D´1s˚ Ñ
ΣˆSTypespβ, d1, dαq such that for all n¨i P r0, D´1s˚ with tpnq “ pa, zq and tpn¨iq “ pai, ziq,

ttpn ¨ iq
def
“ pai,Θiq for the unique Θi P STypespβ, d1, dαq such that Z |ù Θipz, ziq. Note that

the primed variables in Θi refer to the β values at the node n ¨ i, whereas the unprimed ones
refer to the β values at the parent node n. For the root node ε with tpεq “ pa, zq, which

has no parent node, we fix some arbitrary 0 P Zβ, and set ttpεq
def
“ pa,Θq for the unique

Θ P STypespβ, d1, dαq such that Z |ù Θp0, zq. A symbolic tree t is satisfiable
def
ô there is

t : r0, D ´ 1s˚ Ñ Σˆ Zβ such that tt “ t. We say that t witnesses the satisfaction of t, also
written t |ù t. A symbolic tree t is regular if its set of subtrees is finite.

A-consistency. In our quest to decide whether LpAq ‰ H, we are interested in symbolic trees
that satisfy certain properties that we subsume under the name A-consistent . A symbolic
tree t : r0, D ´ 1s˚ Ñ Σ ˆ STypespβ, d1, dαq is A-consistent if the following conditions are
satisfied:

‚ t is locally consistent : for every node n, the type Θ labelling n restricted to x1
1, . . . , x

1
β

agrees with all types Θi labelling its children nodes n ¨ i restricted to x1, . . . , xβ, and
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tt a,Θ

b,Θ0 a,Θ1

b,Θ0 a,Θ1

...
...

...

Θ
def
“ 0 “ x1 “ x2 ă x1

1 ă x1
2

Θ0
def
“ 0 “ x1

1 “ x1
2 ă x1 ă x2

Θ1
def
“ 0 ă x1

1 ă x1 ă x2 “ x1
2

Figure 3. The symbolic tree tt for t from Figure 1

‚ there exists an initialized and accepting tree ρ : r0, D ´ 1s˚ Ñ δ that satisfies condition
(i) of the definition of runs (see page 7), and for all n P r0, D ´ 1s˚ with tpnq “ pa,Θq,
tpn ¨ iq “ pai,Θiq for all i P r0, D´ 1s, and ρpnq “ pq, a, pΘ1

0, q0q . . . pΘ
1
D´1, qD´1qq, we have

Θi |ù Θ1
i for all i P r0, D ´ 1s.

Example 4.3. In Figure 3, we show the abstraction tt of the tree t from Figure 1. We assume
that d1 “ dα “ 0 is the only constant; consequently, tt uses constraints in STypespβ, d1, dαq
that are built with variables x1, x2, their primed variants x1

1, x
1
2, and the constant d1. We

underline constraints to illustrate the property of local consistency.

Lemma 4.4. Let t P LpAq. The symbolic tree tt is A-consistent.

It is routine to show Lemma 4.4. Next we show that the set of all A-consistent symbolic
trees is ω-regular, that is, it can be accepted by a classical tree automaton without constraints.
In the following, we use the standard letter A to distinguish automata without constraints
from TCA (in the same way, we use t to denote symbolic trees whereas trees with data
values are denoted by t by default).

Lemma 4.5. There exists a Büchi tree automaton (without constraints) Acons(A) such that
LpAcons(A)q “ tt | t is an A-consistent symbolic treeu, the number of locations is bounded by
cardpSTypespβ, d1, dαqq ˆ cardpQq, and the transition relation can be decided in polynomial-
time in cardpΣq ` cardpδq `D ` β ` MCSpAq.

See also Lemma 4.1 for an upper bound on cardpSTypespβ, d1, dαqq that is exponential
in β for fixed d1, dα.

Proof. Let Acons(A) be the Büchi tree automaton

Acons(A)
def
“ pQ1,Σˆ STypespβ, d1, dαq, D,Q

1
in, δ

1, F 1q,

where the components are defined as follows.

‚ Q1 def
“ STypespβ, d1, dαq ˆQ,

‚ Q1
in

def
“ tΘ P STypespβ, d1, dαq | there exists z P Zβ such that Z |ù Θp0, zqu ˆQin,

‚ F 1 def
“ STypespβ, d1, dαq ˆ F .

‚ ppΘ, qq, pa,Θq, pΘ0, q0q, . . . , pΘD´1, qD´1qq P δ
1 def
ô there exists a transition

pq, a, pΘ1
0, q0q, . . . , pΘ

1
D´1, qD´1qq P δ

such that
– for all i P r0, D ´ 1s, Θi |ù Θ1

i (PTime check because Θi P STypespβ, d1, dαq),
– Θ0, . . . ,ΘD´1 agree on x1, . . . , xβ (same parent node),
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– Θ restricted to x1
1, . . . , x

1
β agrees with Θ0 restricted to x1, . . . , xβ.

It is not hard to check that LpAcons(A)q “ tt | t is an A-consistent symbolic treeu. The
transition relation δ1 can be decided in polynomial-time in cardpΣq ` cardpδq ` D ` β `
MCSpAq (all the values in this sum are less than the size of A): in order to check whether
ppΘ, qq, pa,Θq, pΘ0, q0q, . . . , pΘD´1, qD´1qq P δ

1, we might go through all the transitions in δ
and verify the satisfaction of the three conditions above. For the first condition, we need
to check D times whether Θi |ù Θ1

i, which requires polynomial-time in β ` MCSpAq. A
similar time-complexity is required to check the satisfaction of the two other conditions.
Moreover, cardpQ1q “ cardpSTypespβ, d1, dαqq ˆ cardpQq and cardpδ1q ď cardpQ1qD`1 ˆ

cardpΣq ˆ cardpSTypespβ, d1, dαqq.

The result below is a variant of many similar results relating symbolic models and
concrete models in logics for concrete domains, see e.g. [DD07, Corollary 4.1], [Gas09,
Lemma 3.4], [CT16, Theorem 25] and [LOS20, Theorem 11].

Lemma 4.6. LpAq ‰ H iff there is a satisfiable symbolic tree in LpAcons(A)q.

Proof. “only if”: Suppose LpAq ‰ H. Then there exists some t : r0, D ´ 1s˚ Ñ Σˆ Zβ in
LpAq. The abstraction tt of t is clearly satisfiable. By Lemma 4.4, tt is A-consistent. By
Lemma 4.5, tt P LpAcons(A)q.

“if”: Suppose there exists some symbolic tree t P LpAcons(A)q such that t is satisfiable.

Satisfiability of t entails the existence of t : r0, D ´ 1s˚ Ñ Σ ˆ Zβ such that tt “ t, that
is, for all n ¨ i P r0, D ´ 1s˚ with tpnq “ pa, zq, tpn ¨ iq “ pai, ziq and tpn ¨ iq “ pai,Θiq, we
have Z |ù Θipz, ziq. Moreover, if tpεq “ pa, zq, and tpεq “ pa,Θq, then Z |ù Θp0, zq. By
t P LpAcons(A)q and Lemma 4.5, t is A-consistent. Hence there exists an initialized accepting
tree ρ : r0, D ´ 1s˚ Ñ δ that satisfies condition (i) of the definition of runs, and for all
n P r0, D ´ 1s˚ with tpnq “ pa,Θq, tpn ¨ 0q “ pa0,Θ0q, . . . , tpn ¨ pD ´ 1qq “ paD´1,ΘD´1q

and ρpnq “ pq, a, pΘ1
0, q0q, . . . , pΘ

1
D´1, qD´1qq, we have Θi |ù Θ1

i for all i P r0, D ´ 1s (by
definition of δ1 in Acons(A)). Let us briefly verify that ρ is a run of A on t, and therefore
LpAq ‰ H. For this, it suffices to prove that condition (ii) of the definition of runs is
satisfied. Let n P r0, D ´ 1s˚ with tpnq “ pa, zq and tpn ¨ iq “ pai, ziq for all 0 ď i ă D,
and let ρpnq “ pq, a, pΘ1

0, q0q, . . . , pΘ
1
D´1, qD´1qq. By the transition relation of Acons(A), for

all i P r0, D ´ 1s, Θi |ù Θ1
i with tpn ¨ iq “ pai,Θiq. But, as proved above, we also have

Z |ù Θipz, ziq and therefore Z |ù Θ1
ipn ¨ iqpz, ziq.

By virtue of Lemma 4.6, the nonemptiness problem for TCA can be reduced to deciding
whether LpAcons(A)q contains a satisfiable symbolic tree t. However, not every symbolic tree
is satisfiable, as the following example shows.

Example 4.7. Assume that every node along the rightmost branch in the symbolic tree tt in
Figure 3 is labelled with pa,Θ1q. Then tt is not satisfiable: in order to satisfy the constraint
x1
1 ă x1, the value of x1 must finally become smaller than d1, violating the constraint d1 ă x1.

Thus, the most important property is to check whether LpAcons(A)q contains some
satisfiable symbolic tree. This is the subject of the next two subsections.

4.2. Satisfiability for Regular Locally Consistent Symbolic Trees. In this subsection,
we focus on deciding when LpAcons(A)q contains a satisfiable symbolic tree, while evaluating the
computational complexity to check its existence. For this, we define a property on symbolic
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trees, denoted by p‹Cq, such that if a symbolic tree t satisfies p‹Cq and is regular, then t is
satisfiable. We will prove that there exists a Rabin tree automaton that accepts all symbolic
trees that satisfy p‹Cq. As a result, we will be able to reduce the nonemptiness problem to
the nonemptiness problem for the product automaton of this automaton and Acons(A). The
definition of p‹Cq is based on an infinite tree-like graph inferred by a given symbolic tree t,
denoted by GC

t . Similar symbolic structures are introduced in [Lut01, DD07, CKL13, LOS20].
So let us start with defining GC

t . Let t : r0, D ´ 1s˚ Ñ Σ ˆ STypespβ, d1, dαq be a
symbolic tree. The graph GC

t is equal to the structure

GC
t “ pVt,

“
ÝÑ,

ă
ÝÑ, Uăd1 , pUdqdPrd1,dαs, Uądαq,

where

‚ Vt “ r0, D ´ 1s˚ ˆ Tpβ, d1, dαq with Tpβ, d1, dαq
def
“ tx1, . . . , xβu Y td1, dαu,

‚
“
ÝÑ and

ă
ÝÑ are two binary relations over Vt, and

‚ tUăd1 , Ud1 , Ud1`1, . . . , Udα , Uądαu is a partition of Vt.

Elements in tx1, . . . , xβu Y td1, dαu are denoted by xd, xd1, xd2, . . . (variables or constants)

and V var
t

def
“ r0, D ´ 1s˚ ˆ tx1, . . . , xβu.

Two nodes n,n1 P r0, D ´ 1s˚ in t are neighbours
def
ô either n “ n1, or n “ n1 ¨ j

or n1 “ n ¨ j for some j P r0, D ´ 1s (siblings are not neighbours). Two elements pn, xdq

and pn1, xd1q in r0, D ´ 1s˚ ˆ Tpβ, d1, dαq are neighbours
def
ô n and n1 are neighbours. By

construction, the edges in GC
t are possible only between neighbour elements.

The rationale behind the construction of GC
t is to reflect the constraints between parent

and children nodes as well as the constraints regarding constants, in such a way that, if t
witnesses the satisfaction of t, then, e.g., tpnqpxdq ă tpn1qpxd1q if pn, xdq

ă
ÝÑ pn1, xd1q, and

tpnqpxdq “ d1 if pn, xdq P Ud1 (see also Lemma 4.9). Here are all conditions for building GC
t .

(VAR): For all pn, xiq, pn
1, xi1q P V

var
t , for all „P tă,“u, pn, xiq

„
ÝÑ pn1, xi1q iff one of the

conditions below holds:
‚ either n1 “ n ¨ j and xi „ x1

i1 in Θ with tpn1q “ pa,Θq,
‚ or n “ n1 and x1

i „ x1
i1 in Θ with tpn1q “ pa,Θq,

‚ or n “ n1 ¨ j and x1
i „ xi1 in Θ with tpnq “ pa,Θq.

(P1): For all d P rd1, dαs and pn, xjq P V var
t , pn, xjq P Ud iff x1

j “ d in Θ with tpnq “ pa,Θq.

(P2): For all pn, xjq P V
var
t , pn, xjq P Uăd1 iff x1

j ă d1 in Θ with tpnq “ pa,Θq.

(P3): For all pn, xjq P V
var
t , pn, xjq P Uądα iff x1

j ą dα in Θ with tpnq “ pa,Θq.

(P4): For all n P r0, D ´ 1s˚, pn, d1q P Ud1 and pn, dαq P Udα .
(CONS): This condition is about elements of Vt labelled by constants and how the edge la-

bels reflect the relationships between the constants. Formally, for all pn, xdq, pn1, xd1q P

pVtzV
var
t q such that n and n1 are neighbours, for all d:, d:: in ‘ă d1’, d1, . . . , dα,

‘ą dα’ such that pn, xdq P Ud: and pn1, xd1q P Ud:: , for all „P tă,“u, there is an edge

pn, xdq
„
ÝÑ pn1, xd1q iff

‚ either d:, d:: P rd1, dαs and d: „ d::,
‚ or d: “ ‘ă d1’, d:: ‰ ‘ă d1’ and „ is equal to ă,
‚ or d: ‰ ‘ą dα’, d:: “ ‘ą dα’ and „ is equal to ă.
Here, d: and d:: are subscripts that are not associated to data values when it takes
the values ‘ă d1’ or ‘ą dα’.

Below, we also write pn, xdq
ą
ÝÑ pn1, xd1q instead of pn1, xd1q

ă
ÝÑ pn, xdq. Observe that

in the condition (CONS), it is also possible to remove the requirement that n and n1 are
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pε, d1q pε, x1q pε, x2q

p0, d1q p0, x1q p0, x2q p1, d1q p1, x1q p1, x2q

p10, d1q p10, x1q p10, x2q p11, d1q p11, x1q p11, x2q

...
...

ă ă

“ “ “ ą“

“

ă ă“

“

“ “

ă ă

“ ą

Figure 4. The labelled graph GC
tt
for the symbolic tree tt from Figure 3

(page 11).

neighbours. This would still be fine but we added this condition so that all over GC
t , an edge

exists between two elements only if the underlying nodes are neighbours (but other edges
could be easily inferred). The forthcoming condition p‹Cq shall be defined on such labelled
graphs, see also the symbolic trees accepted by construction of A‹C in Lemma 4.12. The

construction of GC
t is done from any symbolic tree t, even if it is not locally consistent; local

consistency is taken care of by Acons(A).

Example 4.8. In Figure 4, we illustrate the definition of the graph GC
tt
for the symbolic

tree tt in Figure 3. The edges labelled with “ or ă reflect the constraints (we omit edges

if they can be inferred from the other edges). For instance, p1, x1q
ă
ÝÑ pε, x1q corresponds

to the constraint x1
1 ă x1 (by application of (VAR), third item). Grey nodes are in Ud1 , all

other nodes are in Uąd1 (no nodes in Uăd1).

The rationale behind the construction of GC
t is best illustrated with the next lemma.

Lemma 4.9. Let t be a symbolic tree and t : r0, D ´ 1s˚ Ñ Zβ be such that t witnesses the

satisfaction of t. Then, if pn, xdq
„
ÝÑ pn1, xd1q is an edge in GC

t for some „P tă,“u, then
tpnqpxdq „ tpn1qpxd1q.

By convention, tpnqpd1q
def
“ d1 and tpnqpdαq

def
“ dα. Moreover, whenever tpnq “

pz1, . . . , zβq, we write tpnqpxiq to denote zi.

Proof. Suppose pn, xdq
“
ÝÑ pn1, xd1q is an edge in GC

t . Let tpnq “ p¨,Θnq and tpn
1q “ p¨,Θn1q.

We use Θ1
n to denote the restriction of Θn to tx1

1, . . . , x
1
βu; similarly for Θ1

n1 . By (VAR) and

(CONS), there are four possible cases.

‚ Suppose xd “ xi, xd
1 “ xi1 for some 1 ď i, i1 ď β.

– Suppose n1 “ n ¨ j for some j P r0, D ´ 1s, and xi “ x1
i1 P Θn1 . By Z |ù Θn1ptpnq, tpn1qq

(t witnesses the satisfaction of t) we can conclude tpnqpxiq “ tpn1qpxi1q.
– Suppose n1 “ n and x1

i “ x1
i1 P Θn1 . By Z |ù Θ1

n1ptpn1qq (t witnesses the satisfaction of
t) we can conclude tpnqpxiq “ tpn1qpxi1q.

– Suppose n “ n1 ¨ j for some j P r0, D´ 1s, and x1
i “ xi1 P Θn. By Z |ù Θnptpn1q, tpnqq (t

witnesses the satisfaction of t, and we omit this precision in the sequel) we can conclude
tpnqpxiq “ tpn1qpxi1q.
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‚ Suppose xd “ xi for some 1 ď i ď β and xd1 “ d1. By (P4), pn1, d1q P Ud1 . By (CONS),
pn, xiq P Ud1 . By (P1), x1

i “ d1 P Θn. By Z |ù Θ1
nptpnqq we can conclude that tpnqpxiq “ d1.

Hence tpnqpxiq “ tpn1qpd1q.
‚ Suppose xd “ d1 and xd1 “ xi for some 1 ď i ď β. The proof is symmetric to the proof
for the previous case.

‚ Suppose xd “ dα or xd1 “ dα. The proof is very similar to the proof for the previous two
cases.

Now suppose pn, xdq
ă
ÝÑ pn1, xd1q is an edge in GC

t .

‚ Suppose xd “ xi, xd
1 “ xi1 for some 1 ď i, i1 ď β by (VAR). The proof is analogous to the

proof for the corresponding case for pn, xdq
“
ÝÑ pn1, xd1q.

‚ Suppose xd1 “ d1. Then xd “ xi for some 1 ď i ď β and pn, xiq P Uăd1 by (CONS).
Then x1

i ă d1 P Θn by (P2). By Z |ù Θ1
nptpnqq we can conclude tpnqpxiq ă d1, and hence

tpnqpxiq ă tpn1qpd1q.
‚ Suppose xd “ d1. Then – by (CONS) – we have pn1, xd1q P Ud: for some d: P rd1` 1, dαs Y
t‘ą dα’u.
– Suppose d: P rd1`1, dαs and xd1 “ xi for some i P r1, βs. By (P1), we have x1

i “ d: P Θn1 .
By Z |ù Θ1

n1ptpnqq we can conclude tpnqpxiq “ d:. Hence tpnqpd1q ă tpn1qpxiq.

– Suppose d: “ dα and xd1 “ dα. Then obviously tpnqpd1q ă tpn1qpdαq.
– Suppose d: “ ‘ą dα’. Then xd1 “ xi for some i P r1, βs, and x1

i ą dα P Θn1 by (P3). By
Z |ù Θ1

n1ptpn1qq we can conclude that tpn1qpxiq ą dα, so that tpnqpd1q ă tpn1qpxiq.
‚ Suppose xd “ dα. Then xd1 “ xi for some i P r1, βs and pn1, xiq P Uądα . Then x1

i ą dα P
Θ1

n1 . By Z |ù Θ1
n1ptpn1qq, we can conclude that tpn1qpxiq ą dα. Hence tpnqpdαq ă tpn1qpxiq.

‚ Suppose xd1 “ dα. Then pn, xdq P Ud: for some d: P t‘ă d1’u Y rd1, dα ´ 1s. The proof is
very similar to the last but one case.

A map p : N Ñ Vt is a path map in GC
t iff for all i P N, either ppiq

“
ÝÑ ppi ` 1q or

ppiq
ă
ÝÑ ppi` 1q in GC

t . Similarly, rp : N Ñ Vt is a reverse path map in GC
t iff for all i P N,

either rppi` 1q
“
ÝÑ rppiq or rppi` 1q

ă
ÝÑ rppiq. These definitions make sense because between

two elements there is at most one labelled edge (or maybe two but with the same equality

sign). A path map p (resp. reverse path map rp) is strict iff ti P N | ppiq ă
ÝÑ ppi` 1qu (resp.

ti P N | rppi` 1q
ă
ÝÑ rppiqu) is infinite. An infinite branch B is an element of r0, D´ 1sω. We

write Bri, js with i ď j to denote the subsequence Bpiq ¨Bpi` 1q ¨ ¨ ¨Bpjq. Given pn, xdq P Vt,
a path map p from pn, xdq along B is such that pp0q “ pn, xdq and for all i ě 0, ppiq is of the
form pn ¨ Br0, is, ¨q. A reverse path map rp from pn, xdq along B admits a similar definition.

We say that a symbolic tree t satisfies p‹Cq if in GC
t there are no elements pn, xdq,

pn, xd1q (same node n from r0, D ´ 1s˚) and no infinite branch B such that

(1) there exists a path map p from pn, xdq along B,
(2) there exists a reverse path map rp from pn, xd1q along B,
(3) p or rp is strict, and

(4) for all i P N, ppiq
ă
ÝÑ rppiq.

The following proposition states a key property: non-satisfaction of a regular locally consistent
symbolic tree can be witnessed along a single branch by violation of p‹Cq, following the
remarkable result established in [LOS20, Lemma 22]. The approach developed in Section 8
takes advantage of the techniques to prove [LOS20, Lemma 22].
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Proposition 4.10. For every regular locally consistent symbolic tree t, t satisfies p‹Cq iff t
is satisfiable.

A proof can be found in Section 8. A comparison between the condition p‹Cq and
the condition p‹q from [LOS20, Lab21] is postponed to Section 9.2. We recall that there
are nonregular locally consistent symbolic trees t such that GC

t satisfies p‹Cq but t is not
satisfiable (see e.g. the proof of [DD07, Corollary 6.5], and [LOS20]); indeed, satisfiability of
symbolic trees is not an ω-regular property. Observe also that t is satisfiable (not necessarily
regular) entails that GC

t satisfies p‹Cq (by Lemma 4.9).

Example 4.11. Consider the non-satisfiable symbolic tree tt from Example 4.7, for which
we depict GC

tt
in Figure 4. Note that tt does not satisfy p‹Cq: for the infinite branch B “ 1ω,

there exists a path map p from pε, d1q along B, there exists a strict reverse path map rp

from pε, x1q along B, and for all i P N we have ppiq
ă
ÝÑ rppiq.

The next result states that p‹Cq is ω-regular (Lemma 4.12): there is a Rabin tree
automaton A‹C that captures it, so that satisfiability of symbolic trees can be overapprox-
imated advantageously, see Lemma 4.13. Observe that local consistency could be easily
defined in the conditions for GC

t . One reason for keeping separate Acons(A) dealing with local
consistency and the automaton for dealing with GC

t (forthcoming A‹C) is that for certain
concrete domains (including pQ,ăq), local consistency is sufficient to guarantee the existence
of a satisfiable model, so that the construction of A‹C is not even necessary. We hence prefer
this modular approach.

Lemma 4.12. There is a Rabin tree automaton A‹C such that LpA‹Cq “ tt | t sat. p‹Cqu,

the number of Rabin pairs is bounded above by 8pβ ` 2q2 ` 3, the number of locations is
exponential in β, the transition relation can be decided in polynomial-time in

maxprlogp|d1|qs, rlogp|dα|qsq ` β ` cardpΣq `D.

As a consequence, the transition relation for A‹C has cardpΣ ˆ STypespβ, d1, dαqq ˆ
p2OpP ‹pβqqqpD`1q transitions for some polynomial P ‹, which is in cardpΣq ˆ ppdα ´ d1q `
3q2β32β

2
ˆ 2OpP ‹pβqˆpD`1qq.

Proof. The proof of Lemma 4.12 is structured as follows.

(1) We construct a Büchi word automaton AB accepting the complement of p‹Cq for D “ 1.
(2) We determinize AB and obtain a deterministic Rabin word automaton ABÑR such

that LpABq “ LpABÑRq (using the classical determinisation construction from [Saf89,
Theorem 1.1]).

(3) From ABÑR, we obtain a deterministic Street word automaton AS accepting the com-
plement of LpABÑRq; it accepts words that satisfy p‹

Cq for D “ 1. Here, we use the
well-known fact that the negation of a Rabin acceptance condition is a Street acceptance
condition.

(4) From AS , we construct a deterministic Rabin word automaton AR such that LpASq “
LpARq (using [Saf89, Lemma 1.2]). Observe that both ABÑR and AR are Rabin word
automata but ABÑR handles the complement of the condition p‹Cq whereas AR handles
p‹Cq itself.

(5) We construct a Rabin tree automaton A‹C , by ”letting run AR” along every branch of

a run of A‹C , which is possible thanks to the determinism of AR. Since p‹
Cq states a

property on every branch of the trees, we are done.
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p0, d1q

p0, x1q

p1, d1q

p1, x1q

p2, d1q

p2, x1q

p3, d1q

p3, x1q

p4, d1q

p4, x1q

. . .

. . .

“ “ “ “

ą “ ą ą

ă ă ă ă ă

loooooooooomoooooooooon

Θ

loooooooooomoooooooooon

Θ
loooooooooomoooooooooon

Θ1

loooooooooomoooooooooon

Θ

qin
Θ
ÝÑ pd1, x1, rp,ăq

Θ1

ÝÑ pd1, x1, rp,“q
Θ
ÝÑ pd1, x1, rp,ăq

Θ
ÝÑ pd1, x1, rp,ăq . . .

Figure 5. A symbolic word w representing an infinite branch along which
a path map from p0, d1q and a strict reverse path map from p0, x1q do not
satisfy the condition p‹Cq; below, a run of AB on w.

So let us explain each of these steps.
(1) We construct a Büchi word automaton accepting the complement of p‹Cq for D “ 1,
similarly to what is done in [DD07, Section 6] and [LOS20, Section 3.4]. Let us first explain
the idea of the construction. If a word w over Σˆ STypespβ, d1, dαq does not satisfy p‹Cq,
then the graph GC

w contains a node n such that, for some xd1 and xd2, there exists a path
map from pn, xd1q and there exists a reverse path map from pn, xd2q that do not satisfy
the condition p‹Cq, cf. Figure 5, where there exists a path map from p0, d1q and a reverse
path map from p0, x1q. The automaton nondeterministically guesses such nodes, and checks
whether it initializes a violation of p‹Cq. For this, the automaton remembers in its locations

‚ the current variable/constant xd1 of the path map p,
‚ the current variable/constant xd2 of the reverse path map rp,
‚ whether the path map p or the reverse path map rp is strict (p or rp), and
‚ whether in the strict (reverse) path map, it has just seen ă or “.

We call a 4-tuple pxd1, xd2, d,’q a local thread , if xd1, xd2 P Tpβ, d1, dαq, d P tp, rpu and
’ P tă,“u, with the intended meaning as explained above. The transition relation of the
automaton is defined to guarantee that a sequence of local threads forms an infinite branch
along which a path map and a reverse path map do not satisfy the condition p‹Cq. Formally,
let AB “ pQB,Σˆ STypespβ, d1, dαq, QB,in, δB, FBq be the Büchi word automaton defined
as follows.

‚ QB
def
“ tqinu Y pTpβ, d1, dαq2 ˆ tp, rpu ˆ tă,“uq; QB,in “ tqinu.

‚ δB is the union of the following sets.
– tpqin, pa,Θq, qinq | pa,Θq P Σˆ STypespβ, d1, dαqu.
– tpqin, pa,Θq, pxd1, xd2, d,’qq | pa,Θq P Σ ˆ STypespβ, d1, dαq such that Θ |ù xd1

1 ă

xd1
2, d P tp, rpu,’ P tă,“uu (initialization of a violating thread).

– tppxd1, xd2, p,’q, pa,Θq, pxd3, xd4, p,’
1qq | pa,Θq P Σ ˆ STypespβ, d1, dαq such that

Θ |ù pxd1
3 ă xd1

4q ^ pxd1 ’1 xd1
3q ^ ppxd

1
4 “ xd2q _ pxd

1
4 ă xd2qq,’,’

1 P tă,“uu.
– tppxd1, xd2, rp,’q, pa,Θq, pxd3, xd4, rp,’

1qq | pa,Θq P Σ ˆ STypespβ, d1, dαq such that
Θ |ù pxd1

3 ă xd1
4q ^ pxd

1
4 ’1 xd2q ^ ppxd1 “ xd1

3q _ pxd1 ă xd1
3qq,’,’

1 P tă,“uu.

‚ FB
def
“ tpxd1, xd2, d,ăq P QB | xd1, xd2 P Tpβ, d1, dαq, d P tp, rpuu.

It is not hard to prove that for all w : N Ñ Σˆ STypespβ, d1, dαq, w P LpABq iff w does not
satisfy the condition p‹Cq. Note that the number of locations in AB is bounded above by
4pβ ` 2q2 ` 1.
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(2) Using [Saf89, Theorem 1.1], from AB we obtain a deterministic Rabin word automa-
ton ABÑR “ pQBÑR,Σˆ STypespβ, d1, dαq, QBÑR,in, δBÑR, FBÑRq such that LpABÑRq “

LpABq. The cardinality of QBÑR is in 2OpcardpQBq logpcardpQBqqq, i.e. exponential in β, and
the number of acceptance pairs in FBÑR is equal to 2ˆ cardpQBq, i.e. equal to 8pβ` 2q2` 2
(see also Section 7 where the proof of [Saf89, Theorem 1.1] is generalised to Büchi word
constraint automata). Without any loss of generality, we can assume that ABÑR is also
complete. As a consequence, for any w P pΣˆ STypespβ, d1, dαqqω, there is a unique (not
necessarily accepting) run ρw on w.

(3) We write AS “ pQS ,ΣˆSTypespβ, d1, dαq, QS,in, δS , FSq to denote the Streett automaton
accepting the complement language of LpABÑRq. All the components of AS are those from
ABÑR but FS in AS is interpreted as a Streett condition (recall that the negation of a Rabin
condition is a Streett condition). Consequently, the deterministic Streett word automaton
AS is syntactically equal to ABÑR and we have w P LpASq iff w satisfies the condition p‹Cq.

(4) Using [Saf89, Lemma 1.2], from AS we define the deterministic Rabin word automaton
AR “ pQR,Σˆ STypespβ, d1, dαq, QR,in, δR, FRq such that LpARq “ LpASq. Before defining
its components, we define a few notions. First of all, we assume that AS has an additional
p8pβ ` 2q2 ` 3qth Streett pair, namely pQS , QSq, which is technically helpful to design
AR but does not change the language LpASq. We write Sp8pβ`2q2`3q to denote the set of

permutations on r1, 8pβ`2q2`3s, where a permutation σ is a bijection σ : r1, 8pβ`2q2`3s Ñ
r1, 8pβ`2q2`3s. It is well-known that cardpSp8pβ`2q2`3qq “ p8pβ`2q2`3q!. Let us define the

maps g1, g2 : QSˆSp8pβ`2q2`3q Ñ r1, 8pβ`2q2`3s and g3 : QSˆSp8pβ`2q2`3q Ñ Sp8pβ`2q2`3q

that are instrumental to define the forthcoming transition relation δR. Below, q P QS and
σ P Sp8pβ`2q2`3q.

‚ We set g1pq, σq
def
“ minti P r1, 8pβ ` 2q2 ` 3s | q P Uσpiqu where Uσpiq is from the set of

pairs FS . A minimal value always exists thanks to the addition of the new Streett pair
pQS , QSq.

‚ The value g2pq, σq is defined using the Li sets from the set of pairs FS :

g2pq, σq
def
“ minti P r1, 8pβ ` 2q2 ` 3s | q P Lσpiqu.

‚ The permutation g3pq, σq is obtained from σ by moving σpg1pq, σqq to the rightmost
position, so that σpg1pq, σqq is at position 8pβ ` 2q2 ` 3 now. Formally

g3pq, σqpiq
def
“

$

’

&

’

%

σpiq if 1 ď i ă g1pq, σq

σpi` 1q if g1pq, σq ď i ď 8pβ ` 2q2 ` 2

σpg1pq, σqq if i “ 8pβ ` 2q2 ` 3

By way of example, if σp1q “ 2, σp2q “ 4, σp3q “ 1, σp4q “ 3, ¨ ¨ ¨ and, 3 is the minimal value
i such that q P Uσpiq (so q R U2 Y U4), then g3pq, σqp1q “ 2, g3pq, σqp2q “ 4, g3pq, σqp3q “ 3

¨ ¨ ¨ and g3pq, σqp8pβ ` 2q2 ` 3q “ 3.
Let us now define the components of AR.

‚ QR
def
“ QS ˆ Sp8pβ`2q2`3q ˆ r1, 8pβ ` 2q2 ` 3s2.

‚ The transition relation δR is defined as follows: pq1, σ1, e1, f 1q P δRppq, σ, e, fq, aq iff q1 P

δSpq, aq, σ
1 “ g3pq

1, σq, e1 “ g1pq
1, σq and f 1 “ g2pq

1, σq. Since g1pq
1, σq, g2pq

1, σq and
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g3pq
1, σq can be computed in polynomial-time in β and FS has 8pβ ` 2q2 ` 3 pairs, we get

that δR can be decided in polynomial-time in maxprlogp|d1|qs, rlogp|dα|qsq ` β ` cardpΣq.
Indeed, this amounts to determine the complexity of deciding δS . However, this question
amounts to determine the complexity of deciding δB and δBÑR. Both relations can be
decided in in polynomial-time in maxprlogp|d1|qs, rlogp|dα|qsq ` β ` cardpΣq.

‚ QR,in has a unique initial location pqin, id, 8pβ ` 2q2 ` 3, 8pβ ` 2q2 ` 3q, with qin being the
only initial location in AS and id being the identity permutation. Since δS is a function
and QR,in is a singleton, we can conclude that AR is deterministic too.

‚ FR is made of Rabin pairs pL1
i, U

1
iq with i P r1, 8pβ ` 2q2 ` 3s such that

L1
i
def
“ tpq, σ, e, fq P QR | e “ iu and U 1

i
def
“ tpq, σ, e, fq P QR | f ă iu.

We recall that the Rabin condition FR can be read as follows: along any accepting run,
there is i P r1, 8pβ ` 2q2 ` 3s such that some location in L1

i occurs infinitely often and all the
locations in U 1

i occurs finitely.
By [Saf89, Lemma 1.2], we have LpARq “ LpASq. By way of example, let us briefly

explain why LpASq Ď LpARq. Given an accepting run ρ of AS , we defineXρ Ď r1, 8pβ`2q
2`3s

such that k P Xρ iff the set Uσpkq is visited infinitely often. Hence, for all k P pr1, 8pβ` 2q2`
3szXρq, Uσpkq and Lσpkq are visited finitely along ρ. Moreover, from some position I P N in ρ,

elements of pr1, 8pβ ` 2q2 ` 3szXρq always occupy the leftmost position in the permutation
σ and none of its values change its place. Let j “ 8pβ ` 2q2 ` 3 ´ cardpXρq. From the
position I, we have f ě j and one can show that e “ j infinitely often along ρ. Since the
run visits Uσpjq infinitely often, whenever Uσpjq is visited, e shall take the value j (minimal

value among Xρ). Hence, the run ρ1 of AR obtained from ρ by completing deterministically
the three last components satisfies the Rabin pair pL1

j , U
1
jq. Consequently, the word accepted

by ρ is also accepted by ρ1.

(5) Finally, the last (easy) stage consists in building the Rabin tree automaton

A‹C
def
“ pQ‹C ,Σˆ STypespβ, d1, dαq, D,Q‹C,in, δ‹C , F‹Cq

as follows.

‚ Q‹C
def
“ QR, Q‹C,in

def
“ QR,in and F‹C

def
“ FR.

‚ For all q, q0, . . . , qD´1 P Q‹C and pa,Θq P Σˆ STypespβ, d1, dαq, we have

pq, pa,Θq, q0, . . . , qD´1q P δ‹C
def
ô q0 “ ¨ ¨ ¨ “ qD´1 and q0 P δRpq, pa,Θqq.

Since AR is deterministic, δRpq, pa,Θqq contains at most one location.

We have t P LpA‹Cq iff all the branches of t are in LpARq, which means precisely that t

satisfies the condition p‹Cq. Further, A‹C satisfies all the size conditions in Lemma 4.12.
Indeed,

‚ F‹C has exactly 8pβ ` 2q2 ` 3 Rabin pairs,
‚ the number of locations in Q‹C is in

2Opp4pβ`2q2`1q¨logp4pβ`2q2`1qq ˆ p8pβ ` 2q2 ` 3q!ˆ p8pβ ` 2q2 ` 3q2,

i.e. exponential in β,
‚ as explained earlier, δS can be decided in polynomial-time in maxprlogp|d1|qs, rlogp|dα|qsq`β
and therefore δR can be decided in polynomial-time in

maxprlogp|d1|qs, rlogp|dα|qsq ` β ` cardpΣq `D.
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Summarizing the developments so far, we can conclude this subsection as follows:

Lemma 4.13. LpAq ‰ H iff LpAcons(A)q X LpA‹Cq ‰ H.

Proof. One can show that the statements below are equivalent.

(I) : LpAq ‰ H.
(II): There is a symbolic tree t : r0, D ´ 1s˚ Ñ Σˆ STypespβ, d1, dαq in LpAcons(A)q that is

satisfiable.
(III): There is a symbolic tree t : r0, D´1s˚ Ñ ΣˆSTypespβ, d1, dαq in LpAcons(A)qXLpA‹Cq.

The equivalence between (I) and (II) is by Lemma 4.6. That condition (II) implies (III)
follows from the fact that for every satisfiable symbolic tree t (not necessarily regular), t
satisfies the condition p‹Cq (Lemma 4.9), LpAcons(A)q contains all the satisfiable symbolic
trees (Lemma 4.4 and Lemma 4.5) and LpA‹Cq is equal to the set of symbolic trees satisfying

the condition p‹Cq. Hence, t P LpAcons(A)qXLpA‹Cq. That condition (III) implies (II) follows
from the fact that if LpAcons(A)q XLpA‹Cq is non-empty, then LpAcons(A)q XLpA‹Cq is regular
and therefore contains a regular A-consistent symbolic tree t (see e.g. [Rab69] and [Tho90,
Section 6.3] for the existence of regular trees) and by Proposition 4.10, t is satisfiable. By
Lemma 4.6, since t is satisfiable and t P LpAcons(A)q, we get LpAq ‰ H.

4.3. ExpTime Upper Bound for TCAs. Lemma 4.13 justifies why deciding the nonempti-
ness of LpAcons(A)q X LpA‹Cq is crucial. Fortunately, regular tree languages are closed un-
der intersection. However, assuming that a Rabin tree automaton A satisfies LpAq “
LpAcons(A)q X LpA‹Cq, we need to guarantee that the construction of A does not lead to any
complexity blow up. This is the purpose of Lemma 4.14 below. An exponential blow-up
may have drastic consequences on the forthcoming complexity analysis. In the proof of
Lemma 4.14, we propose a construction that is not polynomial but it only performs an
exponential blow-up on the number of locations, which shall be fine for our purpose.

Lemma 4.14. There is a Rabin tree automaton A such that

(I) : LpAq “ LpAcons(A)q X LpA‹Cq,
(II): the number of Rabin pairs is polynomial in β,

(III): the number of locations is in pdα´ d1q2β ˆ cardpQqˆ 2OpP pβqq for some polynomial P ,

(IV): the cardinality of the transition relation is in ppdα´d1q2βˆ cardpQqˆ2OpP 1pβqqqD`2ˆ

cardpΣq for some polynomial P 1,
(V): the transition relation can be decided in polynomial-time in cardpδq ` β ` cardpΣq `

D ` MCSpAq.

Proof. The proof is divided into two parts. In Part (I), we present a construction for the
intersection of Rabin tree automata mainly based on ideas from the proof of [Bok18, Theorem
1] on Rabin word automata but for trees (the developments in the proof of [Lab21, Lemma
3.13] are not satisfactory, to our opinion). The construction is a particular case of the one
for the proof of Lemma 3.1, but here with only two input Rabin tree automata and no
constraints. In Part (II), we apply the general construction from Part (I) to Acons(A) and
A‹C and perform a quantitative analysis.

(I) For i “ 1, 2, let Ai “ pQi,Σ, D,Qi,in, δi, Fiq with Fi “ pLji , U
j
i qjPr1,Nis

, that is Ni

Rabin pairs, be a Rabin tree automaton. Let us build a Rabin tree automaton A “

pQ,Σ, D,Qin, δ, F q such that LpAq “ LpA1q X LpA2q.
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‚ Q
def
“ Q1 ˆ Q2 ˆ r0, 3s

r1,N1sˆr1,N2s. The elements in Q are of the form pq1, q2, fq with
f : r1, N1s ˆ r1, N2s Ñ r0, 3s.

‚ The tuple ppq1, q2, fq, a, pq
0
1, q

0
2, f

0q, . . . , pqD´1
1 , qD´1

2 , fD´1qq belongs to δ iff the conditions
below hold.
(1) For i “ 1, 2, we have pqi, a, q

0
i , . . . , q

D´1
i q P δi. The two first components in elements

from Q behave as in A1 and A2, respectively.
(2) For all pi, jq P r1, N1s ˆ r1, N2s, the following conditions hold.

(a) If fpi, jq is odd, then for all k P r0, D ´ 1s, we have fkpi, jq “ pfpi, jq ` 1q mod 4.
Odd values in r0, 3s are unstable and are replaced at the next step by the successor
value (modulo 4).

(b) For all k P r0, D ´ 1s, if fpi, jq “ 0 and qk1 P L
i
1, then fkpi, jq “ 1. Hence, when

the pi, jqth component of f is equal to 0, it waits to visit a state in the set Li1 to
move to 1.

(c) For all k P r0, D´ 1s, if fpi, jq “ 0 and qk1 R L
i
1, then fkpi, jq “ 0 (not yet the right

moment to modify the pi, jqth component).

(d) For all k P r0, D ´ 1s, if fpi, jq “ 2 and qk2 P L
j
2, then fkpi, jq “ 3. Hence, when

the pi, jqth component of f is equal to 2, it waits to visit a state in the set Lj2 to
move to 3.

(e) For all k P r0, D´ 1s, if fpi, jq “ 2 and qk2 R L
j
2, then fkpi, jq “ 2 (not yet the right

moment to modify the pi, jqth component).
At this stage, it is worth noting that each fk for k P r0, D ´ 1s takes a unique value, i.e.

the update of the third component in Q is done deterministically.
The transition relation δ can be decided in the sum of the time-complexity to decide δ1

and δ2 respectively, plus polynomial-time in N1 ˆN2.

‚ Qin
def
“ Q1,in ˆQ2,in ˆ tf0u, where f0 is the unique map that takes always the value zero.

‚ The set of Rabin pairs in F contains exactly the pairs pL,Uq for which there is pi, jq P
r1, N1s ˆ r1, N2s such that

U
def
“

`

U i1 ˆQ2 YQ1 ˆ U
j
2

˘

ˆ r0, 3sr1,N1sˆr1,N2s L
def
“ Q1 ˆQ2 ˆ tf | fpi, jq “ 1u

Because the odd values are unstable, if a location in L is visited infinitely along a branch of
a run for A (and therefore a location in Li1 is visited infinitely often on the first component),

then a location in Lj2 is also visited infinitely often on the second component. Indeed, to
revisit the value 1 on the pi, jqth component one needs to visit first the value 3, which

witnesses that a location in Lj2 has been found.
If along a branch of a run for A the triples in U are visited finitely, then a location in

U i1 is visited finitely on the first component and a location in U j2 is visited finitely on the
second component.

Consequently, F contains at most N1 ˆN2 pairs.

We claim that LpAq “ LpA1q X LpA2q. We omit the proof here as the proof of Lemma 3.1
generalises it.
(II) Let us analyse the size of the components in Acons(A) and A‹C , which provides bounds for
A such that LpAq “ LpA‹Cq X LpAcons(A)q following the above construction. The automaton
Acons(A) can be viewed as a Rabin tree automaton with a single pair, typically pF 1,Hq, where
F 1 is the set of accepting states of the Büchi tree automaton Acons(A).
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‚ Acons(A) has a single Rabin pair, A‹C has a number of Rabin pairs bounded by 8pβ`2q2`3,

so A has a number of Rabin pairs bounded by 8pβ ` 2q2 ` 3.
‚ The locations in Acons(A) are from STypespβ, d1, dαq ˆQ, the number of locations in A‹C

is in Op2P :pβqq for some polynomial P : (see Lemma 4.12). Therefore, based on the above
construction for intersection, the number of locations in A is in

cardpSTypespβ, d1, dαq ˆQq ˆ 2OpP :pβqq ˆ 48pβ`2q2`3,

which is in pdα ´ d1q2β ˆ cardpQq ˆ 2OpP pβqq for some polynomial P p¨q.
‚ The transition relation for A‹C can be decided in polynomial-time in

maxprlogp|d1|qs, rlogp|dα|qsq ` β ` cardpΣq `D

(by Lemma 4.12), the transition relation for Acons(A) can be decided in polynomial-time in

cardpδq ` β ` cardpΣq `D ` MCSpAq. Note also that cardpδ:q (where δ: is the transition
relation of A) is in

pcardpSTypespβ, d1, dαqq ˆ cardpQq ˆ 2OpP pβqqqD`1 ˆ cardpΣˆ STypespβ, d1, dαqq,

since the finite alphabet of A is Σˆ STypespβ, d1, dαq. Consequently, cardpδ:q is in
`

pdα ´ d1q
2β ˆ cardpQq ˆ 2OpP 1pβqq

˘D`2
ˆ cardpΣq,

for some polynomial P 1. Moreover, the product of the number of Rabin pairs is polynomial
in β. Therefore, the transition relation can be decided in polynomial-time in

`

cardpδq `

β ` cardpΣq `D ` MCSpAq
˘

.

Nonemptiness of Rabin tree automata is polynomial in the cardinality of the transition
relation and exponential in the number of Rabin pairs, see e.g. [EJ00, Theorem 4.1]. More

precisely, it can be solved in time pcardpδq ˆ γ ˆNqOpNq (by scrutiny of the proof of [EJ00,
Theorem 4.1], page 144) where N is the number of Rabin pairs, δ is the transition relation
and γ is the time to decide δ (this depends on how the locations and the transitions are
encoded). For instance, in our case, γ may depend on parameters related to A and in
Lemma 4.15 below, γ takes the value cardpδq ` β ` cardpΣq `D` MCSpAq (by Lemma 4.14).
When a Rabin tree automaton is provided in extension, cardpδq ˆ γ is polynomial in its size
and usually γ is omitted. Hence the following result.

Lemma 4.15. The nonemptiness problem for TCA can be solved in time in

R1

`

cardpQq ˆ cardpδq ˆ MCSpAq ˆ cardpΣq ˆR2pβq
˘OpR2pβqˆR3pDqq

,

for some polynomials R1, R2 and R3.

Proof. (Sketch) In the above expression pcardpδq ˆ γ ˆ NqOpNq, let us see how this is
instantiated for A from Lemma 4.14.

‚ N is in R1pβq for some polynomial R1 (Lemma 4.14(II)).

‚ cardpδq is in ppdα ´ d1q2β ˆ cardpQq ˆ 2OpP 1pβqqqD`2 ˆ cardpΣq for some polynomial P 1

(Lemma 4.14(IV)).
‚ γ is in R2pcardpδq`β` cardpΣq`D` MCSpAqq for some polynomial R2 (Lemma 4.14(V)).

This allows to get the bound from the statement. It is essential in the calculation that the
exponent is only polynomial in the size of the input constraint automaton A, which is the
case as the exponent is polynomial in β `D.



Vol. 21:2 CONSTRAINT AUTOMATA ON INFINITE DATA TREES 16:23

Assuming that the size of the TCA A “ pQ,Σ, D, β,Qin, δ, F q, written sizepAq, is
polynomial in cardpQq ` cardpδq ` D ` β ` MCSpAq (which makes sense for a reasonably
succinct encoding), from the computation of the bound in Lemma 4.15, the nonemptiness

of LpAq can be checked in time RpsizepAqqOpR1pβ`Dqq for some polynomials R and R1. The
ExpTime upper bound of the nonemptiness problem for TCA is now a consequence of the
above complexity expression and using the fact that the transitions in the product Rabin
tree automaton between Acons(A) and A‹C can be decided in polynomial-time.

Theorem 4.16. Nonemptiness problem for tree constraint automata is ExpTime-complete.

We have seen that the ExpTime-hardness holds as soon as D “ 2. The case D “ 1
differs slightly.

Theorem 4.17. For the fixed degree D “ 1, the nonemptiness problem for word constraint
automata is PSpace-complete.

Proof. (Sketch) PSpace-hardness is obtained similarly to what is done in Appendix B.1 by
reduction from the halting problem for deterministic Turing machines running in polynomial
space. Actually, PSpace-hardness is a corollary of the ExpTime-hardness proof from
Appendix B.1, since the construction also works for non-deterministic Turing machines
and then the runs are sequences instead of trees. Concerning the PSpace-membership, we
need to check the nonemptiness of LpARq X LpAcons(A)q with the Rabin word automaton AR
from the proof of Lemma 4.12 and Acons(A) is already a Büchi automaton. Not only AR can
be transformed into an equivalent Büchi automaton A with a polynomial increase of the
number of locations (because the number of Rabin pairs is bounded by 8pβ ` 2q2 ` 3), but
the nonemptiness of the product Büchi automaton between A and Acons(A) can be performed
in PSpace. Indeed, the number of locations of the product is only exponential in the size
of the input word constraint automaton and the transition relation can be also decided in
polynomial space.

The Rabin word automaton AR captures therefore the condition CZ from [DD07, Section
6] (see also the condition C in [DG08, Definition 2]) and can be turned in polynomial-time
into a nondeterministic Büchi automata, leading to the PSpace upper bound for LTLpZq
(the linear-time temporal logic with constraints from the concrete domain Z, see Section 2.2
and Section 6.1), proposing therefore an alternative proof to [DG08, Theorem 1] and [ST11,
Theorem 16] for the concrete domain Z.

4.4. Rabin Tree Constraint Automata. In this section, we show that the nonemptiness
problem for Rabin tree constraint automata is also in ExpTime. This will be key to charac-
terize the complexity of SATpCTL˚pZqq. Given an Rabin TCA A “ pQ,Σ, D, β,Qin, δ, F q,
the definition of symbolic trees respecting A is updated so that its uses the acceptance
condition F . From the Rabin TCA A, we can define a Rabin tree automaton A1

cons(A) (instead

of a Büchi tree automaton with a Büchi TCA) such that the acceptance F 1 is equal to

tpSTypespβ, d1, dαq ˆ L,STypespβ, d1, dαq ˆ Uq | pL,Uq P F u.

Similarly to Lemma 4.6, one can show that LpAq ‰ H iff there is a symbolic tree t P LpA1
cons(A)q

that is satisfiable. Moreover, we can take advantage of A‹C (the same as in the proof of
Lemma 4.12) so that LpAq ‰ H iff LpA1

cons(A)qXLpA‹Cq is non-empty (same arguments as for

the proof of Lemma 4.13). It remains to determine how much it costs to test nonemptiness of
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LpA1
cons(A)q X LpA‹Cq. We might expect a complexity jump compared to the case with Büchi

TCA (but this is not the case), because the nonemptiness problem for Büchi tree automata is
in PTime [VW86, Theorem 2.2] whereas it is NP-complete for Rabin tree automata [EJ00,
Theorem 4.10]. Here is the result that provides quantitative analysis about components of A,
which is a variant of Lemma 4.14, more particularly by considering the value cardpF q in the
analysis. For TCA with Büchi acceptance condition, the value for cardpF q is equal to one.

Lemma 4.18. There is a Rabin tree automaton A such that

(I) : LpAq “ LpA1
cons(A)q X LpA‹Cq,

(II): the number of Rabin pairs is polynomial in β ` cardpF q, where cardpF q is the number
of Rabin pairs in A,

(III): the number of locations is in pdα ´ d1q2β ˆ cardpQq ˆ 2OpP pβ`cardpF qqq for some
polynomial P ,

(IV): the cardinality of the transition relation is in

ppdα ´ d1q
2β ˆ cardpQq ˆ 2OpP 1pβ`cardpF qqqqD`2 ˆ cardpΣq

for some polynomial P 1,
(V): the transition relation can be decided in polynomial-time in cardpδq ` β ` cardpΣq `

D ` MCSpAq.

The proof of Lemma 4.18 is similar to the proof of Lemma 4.14. Moreover, as for
Lemma 4.15, we can conclude that the nonemptiness problem for Rabin tree constraint
automata can be solved in time in

R1

`

cardpQq ˆ cardpδq ˆ MCSpAq ˆ cardpΣq ˆR2pβ ` cardpF qq
˘OpR2pβ`cardpF qqˆR3pDqq

for some polynomials R1, R2 and R3. Theorem 4.19 is one of the main results of the paper.

Theorem 4.19. The nonemptiness problem for Rabin tree constraint automata is ExpTime-
complete.

5. Tree Constraint Automata for CTLpZq

Below, we harvest the first result from what is achieved in the previous section: SATpCTLpZqq
is in ExpTime. We follow the automata-based approach and – after proving a refined version
of the tree model property for CTLpZq – the key step is to translate CTLpZq formulae
into equivalent TCA (Theorem 5.3). As usual, the tree model property means that we can
restrict ourselves to tree Kripke structures to determine the satisfiability status of CTLpZq
formulae. In preparation, we first show how CTLpZq formulae can be put into simple form
(Proposition 5.1), and that the tree model property for CTLpZq can follow a strict discipline
(Proposition 5.2).

A CTLpZq formula is in simple form iff it is in negation normal form and terms are
restricted to those in Tď1

V . Preprocessing CTLpZq formulae to obtain simple formulae is
computationally harmless, but will simplify the translation of CTLpZq formulae to tree
constraint automata.

Proposition 5.1. For every CTLpZq formula ϕ, one can construct in polynomial-time in
the size of ϕ a CTLpZq formula ϕ1 in simple form such that ϕ is satisfiable iff ϕ1 is satisfiable.
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The proof of Proposition 5.1 can be found in Appendix C.1 and it is made of two
standard arguments. First, it establishes a tree model property (in the standard way using
unfoldings of Kripke models). Then it uses a renaming technique (see e.g. [Sco62]) to flatten
the constraints that introduces additional variables for values i steps ahead.

From now on, we assume that the CTLpZq formulae are in simple form. Given a CTLpZq
formula ϕ in simple form, we write subpϕq to denote the smallest set such that

‚ ϕ P subpϕq; subpϕq is closed under subformulae,
‚ for all Q P tE,Au and Op P tU,Ru, if Q ϕ1 Op ϕ2 P subpϕq, then QX Q ϕ1 Op ϕ2 P subpϕq.

The cardinality of subpϕq is at most twice the number of subformulae of ϕ. GivenX Ď subpϕq,
we say that X is propositionally consistent iff the conditions below hold.

‚ If ϕ1 _ ϕ2 P X, then tϕ1, ϕ2u XX ‰ H.
‚ If ϕ1 ^ ϕ2 P X, then tϕ1, ϕ2u Ď X.
‚ If Eϕ1Uϕ2 P X, then ϕ2 P X or tϕ1,EXEϕ1Uϕ2u Ď X.
‚ If Aϕ1Uϕ2 P X, then ϕ2 P X or tϕ1,AXAϕ1Uϕ2u Ď X.
‚ If Eϕ1Rϕ2 P X, then ϕ2 P X and tϕ1,EXEϕ1Rϕ2u XX ‰ H.
‚ If Aϕ1Rϕ2 P X, then ϕ2 P X and tϕ1,AXAϕ1Rϕ2u XX ‰ H.

We write subEXpϕq to denote the set of formulae in subpϕq of the form EXψ. Similarly,
we write subEUpϕq (resp. subAUpϕq) to denote the set of formulae in subpϕq of the form
Eψ1Uψ2 (resp. Aψ1Uψ2). Finally, we write subEpϕq to denote the set of formulae of the form
E Θ in subpϕq.

Let ϕ be a CTLpZq formula in simple form built over the variables x1, . . . , xβ for some
β ě 1, and set D “ cardpsubEXpϕqq ` cardpsubEpϕqq. A direction map ι for ϕ is a bijection

ι : psubEXpϕq Y subEpϕqq Ñ r1, Ds.

We say that a tree model t : r0, Ds˚ Ñ Zβ of ϕ (i.e. t, ε |ù ϕ) obeys a direction map ι if for
all nodes n P r0, Ds˚, the following three conditions hold.

(1) For every EXϕ1 P subEXpϕq, if t,n |ù EXϕ1, then t,n ¨ j |ù ϕ1 with j “ ιpEXϕ1q.
(2) For every Eϕ1Uϕ2 P subEUpϕq, if t,n |ù Eϕ1Uϕ2, then there exists some k ě 0 such that

t,n ¨ jk |ù ϕ2 and t,n ¨ ji |ù ϕ1 for all 0 ď i ă k, where j “ ιpEXEϕ1Uϕ2q. In other
words, the path n,n ¨ j,n ¨ j2 . . .n ¨ jk satisfies ϕ1Uϕ2.

(3) For every E Θ P subEpϕq, if t,n |ù E Θ, then Z |ù Θptpnq, tpn ¨ jqq with ιpE Θq “ j.

Again, here, Z |ù Θpz, z1q with z, z1 is a shortcut for r⃗x Ð z, x⃗1 Ð z1s |ù Θ where

r⃗xÐ z, x⃗1 Ð z1s is a valuation v on the variables txj , x
1
j | j P r1, βsu with vpxjq “ zpjq and

vpx1
jq “ z1pjq for all j P r1, βs. A tree model t obeying a direction map ι follows a discipline

to verify the satisfaction of formulae involving existential quantifications over paths, namely
dedicated directions are reserved for specific formulae.

Proposition 5.2. Let ϕ be a CTLpZq-formula in simple form and ι be a direction map for ϕ.
Then, ϕ is satisfiable iff ϕ has a tree model with branching width equal to cardpsubEXpϕqq `
cardpsubEpϕqq ` 1 and that obeys ι.

The proof of Proposition 5.2 can be found in Appendix C.2. It amounts to structure the
paths from a state satisfying ϕ in a tree-like fashion while obeying the direction map ι. Let
us now turn to the key step and explain how to obtain a TCA Bϕ from a CTLpZq formula
ϕ in simple form. Observe that we take very good care of the quantitative properties of
Bϕ: in general, the size of Bϕ is exponential in the size of the input formula ϕ. In Section
4, we proved that the nonemptiness problem for TCA is ExpTime-complete. In order to
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get ExpTime-completeness of SATpCTLpZqq and therefore avoiding the double exponential
blow-up, we refine the analysis of the size of Bϕ by looking at the size of its different
components, revealing which components are responsible for the exponential blow-up.

Theorem 5.3. Let ϕ be a CTLpZq formula in simple form. There exists a TCA Bϕ such
that ϕ is satisfiable iff LpBϕq ‰ H, and satisfying the properties below.

(I) : The degree D and the number of variables β is bounded above by sizepϕq.
(II): The alphabet Σ is a singleton.

(III): The number of locations is bounded by pD ˆ 2sizepϕqq ˆ psizepϕq ` 1q.

(IV): The number of transitions is in 2OpP psizepϕqqq for some polynomial P p¨q.
(V): The maximal size of a constraint in transitions is quadratic in sizepϕq.

Proof. Let ϕ be a CTLpZq formula in simple form built over x1, . . . , xβ,Xx1, . . . ,Xxβ. Let
D “ cardpsubEXpϕqq`cardpsubEpϕqq and ι : subEXpϕqYsubEpϕq Ñ r1, Ds be a direction map.
We start building a generalised Büchi TCA (see Section 3) Aϕ “ pQ,Σ, D ` 1, β,Qin, δ, F q
such that ϕ is satisfiable iff LpAϕq ‰ H. The automaton Aϕ accepts infinite trees of the form

t : r0, Ds˚ Ñ Σˆ Zβ. Let us define Aϕ formally.

‚ Σ
def
“ t:u (: is an arbitrary letter).

‚ Q is the subset of r0, Ds ˆ Ppsubpϕqq such that pi,Xq belongs to Q only if X is proposi-
tionally consistent. The first argument records the direction (from which the nodes are
reached), as indicated by ι.

‚ Qin
def
“ tp0, Xq P Q | ϕ P Xu.

‚ The transition relation δ is made of tuples of the form

ppi,Xq, :, pΘ0, p0, X0qq, . . . , pΘD, pD,XDqqq

verifying the conditions below.
(1) For all EXψ P X, we have ψ P XιpEXψq.
(2) For all AXψ P X and j P r0, Ds, we have ψ P Xj .
(3) For all j P r0, Ds, if there is E Θ P X such that ιpE Θq “ j, then

Θj
def
“ p

ľ

A Θ1PX

Θ1q ^Θ otherwise, Θj
def
“

ľ

A Θ1PX

Θ1.

‚ F is made of two types of sets, those parameterised by some element in subEUpϕq and
those parameterised by some element in subAUpϕq. Recall that F is a generalised Büchi
condition made of subsets of Q: for all branches of the accepted trees, for all sets F in
F , some location in F must occur infinitely often. The subformulae whose outermost
connective is either ER or AR do not impose additional acceptance conditions. For each
Eψ1Uψ2 P subEUpϕq, the set FEψ1Uψ2 defined below belongs to F :

FEψ1Uψ2

def
“ tpi,Xq P Q | i ‰ ιpEXEψ1Uψ2q or ψ2 P X or Eψ1Uψ2 R Xu.

Hence, if i “ ιpEXEψ1Uψ2q, then along a branch n ¨ iω, the satisfaction of ψ1Uψ2 cannot
be postponed forever. This is a standard encoding to translate LTL formulae into Büchi
automata, see e.g. [VW94]. Moreover, for each Aψ1Uψ2 P subAUpϕq, the set FAψ1Uψ2

belongs to F :

FAψ1Uψ2

def
“ tpi,Xq P Q | ψ2 P X or Aψ1Uψ2 R Xu.

By contrast to the behaviours induced by the sets FEψ1Uψ2 ’s, on any branch from a node
n satisfying Aψ1Uψ2, the satisfaction of ψ1Uψ2 cannot be postponed foreover.
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EG EF Epx “ 0q

EF Epx “ 0q

EF Epx “ 0q

... EF Epx “ 0q

... EF Epx “ 0q

... Epx “ 0q

...
...

EF Epx “ 0q

... Epx “ 0q

...
...

Epx “ 0q

...
...

Figure 6. Tree-like Kripke structure for EG EF Epx “ 0q

The correctness of Aϕ is stated below.

Lemma 5.4. ϕ is satisfiable iff LpAϕq ‰ H.

The proof of Lemma 5.4 can be found in Appendix C.3. It follows a standard pattern
but we need to handle the constraints on data values, and we take advantage of the direction
map ι in order to guide the satisfaction of the qualitative constraints related to the temporal
connective U.

Finally, let Bϕ be the TCA obtained from Aϕ as explained in Section 3, and recall that
the size of Bϕ is polynomial in the size of Aϕ. It is now easy to check that all quantitative
properties given in the claim of the theorem are satisfied.

The construction of the generalised Büchi TCA Aϕ is mainly inspired from [VW08,
page 702] for CTL formulae, but a few essential differences need to be pointed out here.
Obviously, our construction handles constraints, which is expected since CTLpZq extends
CTL by adding constraints between data values. More importantly, [VW08, Section 5.2]
uses another tree automaton model and FEψ1Uψ2 and FAψ1Uψ2 herein differ from [VW08,
page 702] by the use of the direction map that we believe necessary here.

Example 5.5. Herein, we illustrate the use of direction maps. First, observe that direction
maps are helpful for the satisfaction of EX-formulae in the definition of Aϕ (see the proof
of Theorem 5.3) and each set FEψ1Uψ2 of accepting locations defined by tpi,Xq P Q | i ‰
ιpEXEψ1Uψ2q or ψ2 P X or Eψ1Uψ2 R Xu involves the direction map ι.

Let us consider the formula ϕ “ EG EF Epx “ 0q that states the existence of a path π
along which at every position i there is a path πi leading to a position ki such that x is
equal to zero. Note that EF Epx “ 0q is a formula of the form Eψ1Uψ2 and therefore would
generate a set FEF Epx“0q of accepting locations. Let us explain why it is not adequate to
define FEF Epx“0q by tpi,Xq P Q | Epx “ 0q P X or EF Epx “ 0q R Xu, i.e. without the use of
the direction map ι.

In Figure 6, we present a tree-like infinite Kripke structure satisfying ϕ on its root
node. Each node is labelled by a formula that holds on it, witnessing the satisfaction of ϕ
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at the root. Framed nodes are the only ones satisfying the subformula Epx “ 0q. For the
satisfaction of ϕ at the root, the above mentioned path π can be the leftmost branch, and
each πi is the rightmost branch from πpiq with ki “ i` 1. Observe that for all nodes along
π (in red in a coloured version of the document), the formula Epx “ 0q does not hold and
the formula EF Epx “ 0q holds. However, infinitely often on the path π, a node on π is the
leftmost child of its parent node (and therefore it is not the rightmost child of its parent
node). This is fine as soon as the satisfaction of EF Epx “ 0q is witnessed along a branch
(which is not the leftmost branch, actually the rightmost branch in this example).

Hence, considering the structure in Figure 6 as a run for Aϕ in which instead of labelling
the nodes by pairs pi,Xq, we have just represented a distinguished subformula, we can
check that this leads to an accepting run assuming that the direction map ι is such that
ιpEX EF Epx “ 0qq defined as the greatest direction, usually represented as the rightmost
direction. Along the leftmost branch, no element in tpi,Xq P Q | Epx “ 0q P X or EF Epx “
0q R Xu is visited infinitely often, whereas it does for FEF Epx“0q involving the direction map ι.
Indeed, all the nodes along the leftmost branch have indices different from ιpEX EF Epx “ 0qq.

The following theorem is one of our main results.

Theorem 5.6. The satisfiability problem for CTLpZq is ExpTime-complete.

Proof. ExpTime-hardness is inherited from CTL. For ExpTime-membership, let ψ be a
CTLpZq formula. First, we construct in polynomial-time from ψ a formula ϕ in simple form
such that ψ is satisfiable iff ϕ is satisfiable (see Proposition 5.1). Second, using Theorem 5.3,
we construct from ϕ the TCA Bϕ “ pQ,Σ, D, β,Qin, δ, F q such that ϕ is satisfiable iff
LpBϕq ‰ H and Bϕ satisfying the following quantitative properties:

‚ the degree D and the number of variables β are bounded by sizepϕq,

‚ cardpQq is bounded by pD ˆ 2sizepϕqq ˆ psizepϕq ` 1q,

‚ cardpδq is in 2OpP psizepϕqqq for some polynomial P p¨q,
‚ cardpΣq “ 1, and MCSpBϕq is quadratic in sizepϕq.

By Lemma 4.15, the nonemptiness problem for TCA can be solved in time

R1

`

cardpQq ˆ cardpδq ˆ MCSpBϕq ˆ cardpΣq ˆR2pβq
˘OpR2pβqˆR3pDqq

.

Since the transition relations of the automata Acons(Bϕ) and A‹C can be built in polynomial-
time, we get that nonemptiness of LpBϕq can be solved in exponential-time.

Results for other domains. Let N be the concrete domain pN,ă,“, p“dqdPNq for which
we can also show that nonemptiness of TCA with constraints interpreted on N has the
same complexity as for TCA with constraints interpreted on Z. Indeed, the nonemptiness
problem for TCA on N can be easily reduced in polynomial-time to the nonemptiness
problem for TCA on Z. Let CTLpNq be the variant of CTLpZq with constraints interpreted
on N. As a corollary, SAT(CTLpNq) is ExpTime-complete. With the concrete domain
pQ,ă,“, p“dqdPQq, all the trees in LpAcons(A)q are satisfiable (no need to intersect Acons(A)

with a hypothetical A‹C , see e.g. [Lut01, BC02, DD07, Gas09]), and therefore SATpCTLpQqq
is in ExpTime too. TCA can be also used to show that the concept satisfiability w.r.t.
general TBoxes for the description logic ALCFPpZq is in ExpTime [LOS20, Lab21], see the
details in [DQ23b, Section 5.2].
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6. Complexity of the Satisfiability Problem for the Logic CTL˚pZq

In this section, we show that SATpCTL˚pZqq can be solved in 2ExpTime by using Rabin TCA
(see e.g. Section 4.4). We follow the automata-based approach for CTL˚, see e.g. [ES84, EJ00].
Besides checking that the essential steps for CTL˚ can be lifted to CTL˚pZq, we also prove
that computationally we are in a position to provide an optimal complexity upper bound.

6.1. CTL˚pZq formulae in special form. We start by establishing a special form for
CTL˚pZq formulae from which Rabin TCA will be defined, following ideas from [ES84] for
CTL˚. A CTL˚pZq state formula ϕ is in special form if it has the form below

E px1 “ 0q ^
`

ľ

iPr1,D´1s

AGE Φi
˘

^
`

ľ

jPr1,D1s

A Φ1
j

˘

, (SF)

where the Φi’s and the Φ1
j ’s are LTLpZq formulae in simple form (see Section 2), for some

D ě 1, D1 ě 0. We prove below that we can restrict ourselves to CTL˚pZq state formulae in
special form. Indeed, formulae in simple form are in negation normal form and its terms are
only from Tď1

V . Formulae in special form are not only in simple form but also the subformulae
are normalised as described in (SF). In order to restrict ourselves to formulae in special
form, we first adapt the proof of Proposition 5.1 to CTL˚pZq, leading to Proposition 6.1
and this is to handle only simple forms. Then, Proposition 6.2 is dedicated to formulae in
special form. The proof of Proposition 6.1 below can be found in Appendix D.1.

Proposition 6.1. For every CTL˚pZq state formula ϕ, one can construct in polynomial-time
in the size of ϕ a CTL˚pZq formula ϕ1 in simple form such that ϕ is satisfiable iff ϕ1 is
satisfiable.

Hence the size of ϕ1 is polynomial in the size of ϕ. Using this, we establish the property
that allows us to restrict ourselves to CTL˚pZq state formulae in special form only.

Proposition 6.2. For every CTL˚pZq state formula ϕ, one can construct in polynomial
time in the size of ϕ a CTL˚pZq formula ϕ1 in special form such that ϕ is satisfiable iff ϕ1 is
satisfiable.

So ϕ1 is also of polynomial size in the size of ϕ. The proof of Proposition 6.2 can be
found in Appendix D.2. It is similar to the proof for CTL˚ except that we need to handle
constraints.

Let us now state a tree model property of formulae in special form, with a strict discipline
on the witness paths. Given a tree t : r0, D ´ 1s Ñ Zβ with t |ù AGE Φ, we say that t
satisfies AGE Φ via the direction i, for some i P r1, D ´ 1s, iff for all nodes n P r0, D ´ 1s˚,

we have w |ù Φ, where w : N Ñ Zβ is defined by wp0q
def
“ tpnq and wpjq def

“ tpn ¨ i ¨ 0j´1q for
all j ě 1. Proposition 6.3 below is a counterpart of [ES84, Theorem 3.2] but for CTL˚pZq
instead of CTL˚, see also the variant [Gas09, Lemma 3.3].

Proposition 6.3. Let ϕ be a CTL˚pZq state formula in special form (with the notations of
equation (SF) on page 29) built over the variables x1, . . . , xβ. The formula ϕ is satisfiable iff

there is a tree t : r0, D ´ 1s Ñ Zβ such that t, ε |ù ϕ and for each i P r1, D ´ 1s, t satisfies
AGE Φi via the direction i, that is, if t,n |ù E Φi, then Φi is satisfied on the path n ¨ i ¨ 0ω.
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Proof. Assume that ϕ has the form below:

E px1 “ 0q ^
`

ľ

iPr1,D´1s

AGE Φi
˘

^
`

ľ

jPr1,D1s

A Φ1
j

˘

.

The direction from right to left is trivial. So let us prove the direction from left to right:
suppose that ϕ is satisfiable. Let K “ pW,R, vq be a Kripke structure, win PW be a world
in K such that K,win |ù ϕ. Since ϕ contains only the variables in x1, . . . , xβ , the map v can
be restricted to the variables among x1, . . . , xβ . Furthermore, below, we can represent v as a

map W Ñ Zβ such that vpwqpiq for some i P r1, βs is understood as the value of the variable
xi on w . We construct a tree t : r0, D ´ 1s˚ Ñ Zβ such that t |ù ϕ and t satisfies AGE Φi
via i, for each i P r1, D ´ 1s.

We introduce an auxiliary map g : r0, D´1s˚ ÑW such that gpεq
def
“ win, tpεq def

“ vpgpεqq.
More generally, we require that for all nodes n P r0, D ´ 1s˚, we have tpnq “ vpgpnqq, and
if n “ j1 ¨ ¨ ¨ ¨ ¨ jk, then there exists a finite path gpεqgpj1qgpj1j2q . . . gpnq in K. Note that
this is satisfied by ε, too. The definition of g is performed by picking the smallest node
n ¨ j P r0, D ´ 1s˚ with respect to the lexicographical ordering such that gpnq is defined
and gpn ¨ jq is undefined. So let n ¨ j be the smallest node n ¨ j P r0, D ´ 1s˚ such that
gpnq is defined, gpn ¨ jq is undefined, and if n “ j1 ¨ ¨ ¨ ¨ ¨ jk, then there exists a finite path
gpεqgpj1qgpj1j2q . . . gpnq in K.

If j “ 0, then since K is total, there is an infinite path π “ w0w1w2 ¨ ¨ ¨ starting from

gpnq. For all k ě 1, we set gpn ¨ 0kq
def
“ wk and tpn ¨ 0kq def

“ vpwkq.
Otherwise (j ‰ 0), since gpnq is a world on a path starting from win, we obtain

K, gpnq |ù EΦj by assumption. So there exists some infinite path π “ w0w1w2 . . . starting

from gpnq such that K, π |ù Φj . Define gpn ¨ j ¨ 0kq
def
“ wk`1, and tpn ¨ j ¨ 0kq def

“ vpwk`1q for
all k ě 0. Note that this implies that tpnqtpn ¨ jqtpn ¨ j ¨ 0qtpn ¨ j ¨ 02q . . . satisfies Φj and
therefore t,n |ù E Φj . By construction, we get t |ù AGE Φj for all j P r1, D ´ 1s. Moreover,
by construction of t, for all infinite paths j1j2 ¨ ¨ ¨ P r0, D ´ 1sω, gpεqgpj1qgpj1j2q ¨ ¨ ¨ is an
infinite path from gpεq, consequently t |ù E px1 “ 0q ^

Ź

jPr1,D1s A Φ1
j too. Hence, t |ù ϕ and

t satisfies AGE Φi via the direction i, for each i P r1, D ´ 1s.

Proposition 6.3 justifies our restriction to infinite trees and to TCA in the rest of this
section. Next, we will show how to translate CTL˚pZq formulae in special form as in (SF)
into TCA accepting their corresponding infinite tree models. We will start by giving the
construction of word constraint automata for the underlying LTLpZq formulas.

6.2. Constructing Automata for LTLpZq Formulas. In this section, we translate
LTLpZq formulae in simple form into equivalent word constraint automata (TCA of degree
1). Adapting the standard automata-based approach for LTL [VW94], we can show the
following proposition.

Proposition 6.4. Let Φ be an LTLpZq formula in simple form. There is a word constraint
automaton AΦ such that LpAΦq “ tw : N Ñ Zβ | w |ù Φu, and the following conditions hold.

(I) : The number of locations in AΦ is bounded by sizepΦq ˆ 22ˆsizepΦq.

(II): The cardinality of δ in AΦ is in 2OpP psizepΦqqq for some polynomial P p¨q.
(III): The maximal size of a constraint in AΦ is quadratic in sizepΦq.
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In the proof of Proposition 6.4 (see Appendix D.3), the construction of AΦ is similar to
the construction from CTLpZq formulae by imposing D “ 1 and by disqualifying the notion
of direction map because there is a single direction. In Proposition 6.4 and later in several
places, we consider that the constraint automata accept trees of the form r0, D ´ 1s˚ Ñ Zβ

for some D,β ě 1 (i.e., by dropping the finite alphabet), assuming implicitly a singleton
alphabet. We remark that the automaton AΦ may not be deterministic; for instance, for
Φ equal to FG px “ x1q there does not exist any deterministic word constraint automaton
with Büchi acceptance condition such that w |ù Φ iff w P LpAΦq. However, for handling
CTL˚pZq formulae of the form A Φ, we need the automaton accepting the word models of Φ
to be deterministic. The forthcoming Theorem 7.2 dedicated to the determinisation of word
constraint automata (in Section 7) and Proposition 6.4 imply the following result.

Corollary 6.5. Let Φ be an LTLpZq formula in simple form built over the variables x1, . . . , xβ
and the constants d1, . . . , dα. There exists a deterministic Rabin word constraint automaton
AΦ such that LpAΦq “ tw : N Ñ Zβ | w |ù Φu, and the following conditions hold.

(I) : The number of locations in AΦ is bounded by 22
OpP:psizepΦqqq

for some polynomial P :p¨q.

(II): The number of Rabin pairs is bounded by 2ˆ sizepΦq ˆ 22ˆsizepΦq.

(III): The cardinality of δ in AΦ is bounded by cardpSTypespβ, d1, dαqq ˆ 22
OpP:psizepΦqqq`1

.
(IV): MCSpAΦq is cubic in β `maxprlogp|d1|qs, rlogp|dα|qsq, i.e. polynomial in sizepΦq.

6.3. Constructing Automata for CTL˚pZq Formulas. We are now ready to give the
construction of the Rabin TCA accepting precisely the tree models of a CTL˚pZq formula in
special form. For the rest of this section, suppose ϕ is a CTL˚pZq formula over the variables
x1, . . . , xβ and of the form

E px1 “ 0q ^
`

ľ

iPr1,D´1s

AGE Φi
˘

^
`

ľ

jPr1,D1s

A Φ1
j

˘

,

where the Φi’s and the Φ1
j ’s are LTLpZq formulae in simple form. Our approach is modular,

that is, we construct for each conjunct a corresponding (Rabin) TCA of degree D with β
variables. Calling Lemma 3.1 then yields the desired Rabin TCA. Let us remark that the
alphabet Σ does not play any role here, and we set Σ to the dummy singleton alphabet t:u
for the rest of this section.

Handling Epx1 “ 0q. Define the TCA A0 “ pQ,Σ, D, β,Qin, δ, F q where

‚ Q “ tq, q1u, Qin “ tq0u, F “ tq
1u,

‚ δ “ tpq, :, px1 “ 0, q1q, pJ, q1q, . . . , pJ, q1qq, pq1, :, pJ, q1q, . . . , . . . , pJ, q1qqu.

Clearly, LpA0q “ tt : r0, D ´ 1s˚ Ñ Zβ | t |ù E px1 “ 0qu.

Handling AGE Φi. Let us construct, for every i P r0, D´ 1s, a (Büchi) TCA Ai of degree D
such that LpAiq “ tt : r0, D´1s˚ Ñ Zβ | t |ù AGE Φi and t satisfies AGE Φi via direction iu.
The idea is to construct Ai so that it starts off the word constraint automaton dedicated to
the LTLpZq formula Φi at each node n of the tree and runs it down the designated path
n ¨ i ¨ 0ω to check whether Φi actually holds along this path. Let A “ pQ,Σ, β,Qin, δ, F q
be the Büchi word constraint automaton such that LpAq “ tw : N Ñ Zβ | w |ù Φiu (see
Proposition 6.4). Let us define Ai “ pQ1,Σ, D, β,Q1

in, δ
1, F 1q, where

‚ Q1 def
“ r0, D ´ 1s ˆ pQY tKuq, where K R Q,
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‚ Q1
in

def
“ tp0,Kqu, F 1 def

“ tpj, qq | j ‰ 0 or q P F u,
‚ The transition relation δ1 is made of tuples of the form

ppj, qq, :, pΘ0, p0, q0qq, . . . , pΘD´1, pD ´ 1, qD´1qqq

verifying the conditions below.
(1) pqin, :,Θi, qiq P δ for some qin P Qin (starting off A in the ith child).
(2) q0 “ K and Θ0 “ J if q “ K and pq, :,Θ0, q0q P δ if q P Q (continuing a run from q of

A in the 0th child).
(3) qj “ K and Θj “ J for all j P pr0, D ´ 1szt0, iuq.

Lemma 6.6. LpAiq “ tt : r0, D ´ 1s˚ Ñ Zβ | t |ù AGE Φi and t satisfies AGE Φi via iu,
and

(I) : the number of locations is bounded exponential in sizepϕq, and
(II): MCSpAiq is bounded polynomial in sizepϕq.

The proof of Lemma 6.6 can be found in Appendix D.4. Recall that a Büchi TCA can
be seen as a Rabin TCA with a single Rabin pair.

Handling A Φ1
j. Let us construct, for every j P r0, D

1s, a Rabin TCA A1
j of degree D such

that LpA1
jq “ tt : r0, D´ 1s˚ Ñ Zβ | t |ù A Φ1

ju, and the number of Rabin acceptance pairs is

exponential in sizepΦ1
jq. Let Φ

1
j be an LTLpZq formula in simple form built over the variables

x1, . . . , xβ and the constants d1, . . . , dα. By Corollary 6.5, there exists a deterministic Rabin

word constraint automaton A “ pQ,Σ, β,Qin, δ, F q such that LpAq “ tw : N Ñ Zβ | w |ù Φ1
ju.

Define the Rabin TCA A1
j “ pQ

1,Σ, D, β,Q1
in, δ

1,F 1q, where

‚ Q1 def
“ Q; Q1

in
def
“ Qin; F 1 def

“ F .
‚ δ1 is made of tuples of the form pq, a, pΘ0, q0q, . . . , pΘD´1, qD´1qq, where pq, a,Θi, qiq P δ
for all 0 ď i ă D.

Lemma 6.7. LpA1
jq “ tt : r0, D ´ 1s˚ Ñ Zβ | t |ù A Φ1

ju, and

(I) : the number of locations is double exponential in sizepϕq,
(II): the number of Rabin acceptance pairs is exponential in sizepϕq,
(III): MCSpA1

jq is bounded polynomial in sizepϕq.

The proof is by an easy verification thanks to the determinism of A, which is essential
here. Typically, Proposition 6.4 is not sufficient because determinism of the word automaton
is required. For example, assuming that all the branches of t : r0, D ´ 1s˚ Ñ Zβ satisfy the
formula Φ1

j , if LpAq is equal to all words satisfying Φ1
j and A were nondeterministic, then

we cannot guarantee that each nondeterministic step in A can lead to acceptance for all
possible future branches. As a matter of fact, the determinisation construction presented in
Section 7 is key to design Rabin TCA for formulae of the form A Φ1

j , which is why we put so

much efforts in developing the corresponding material. Moreover, Lemma 6.7(I) is a direct
consequence of Corollary 6.5(I), Lemma 6.7(II) is a direct consequence of Corollary 6.5(II)
and Lemma 6.7(III) is a consequence of Corollary 6.5(IV). Indeed, MCSpAq is polynomial in
sizepΦ1

jq (and therefore polynomial in sizepϕq), the constraints in A1
j are those from A and

therefore MCSpA1
jq is polynomial in sizepϕq.
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6.4. The final step. We are now ready to give the final Rabin TCA A such that LpAq
is precisely the set of tree models of ϕ. By Lemma 3.1, there exists a Rabin TCA A “
pQ,Σ, D, β,Qin, δ, F q such that

LpAq “ LpA0q
č

iPr1,D´1s

LpAiq
č

jPr1,D1s

LpA1
jq,

In Section 4.4, we have seen that nonemptiness of the language LpAq for A can be solved in
time in

R1

`

cardpQq ˆ cardpδq ˆ MCSpAq ˆ cardpΣq ˆR2pβ ` cardpF qqqOpR2pβ`cardpF qqˆR3pDqq

Let us thus evaluate the size of the respective components for A. First of all, observe that
the involved Büchi TCA can be seen as Rabin TCA with a single Rabin acceptance pair.
Further, β,D `D1 ď sizepϕq, and Σ is a singleton.

‚ By Lemmas 6.7 and 3.1 and D ď sizepϕq, the number of Rabin pairs in A is exponential
in sizepϕq.

‚ By Lemmas 6.6 and 6.7, the number of locations in each involved automaton is at most
double-exponential in sizepϕq; and the number of Rabin pairs is only exponential in
sizepϕq. By Lemma 3.1 and D `D1 ď sizepϕq, the number of locations in A is double-
exponential in sizepϕq. A similar analysis can be performed for the number of transitions,
leading to a double-exponential number of transitions.

‚ The maximal size of a constraint appearing in a transition from any involved automaton
is polynomial in sizepϕq. The maximal size of a constraint in the product automaton A
is therefore polynomial in ϕ too (D `D1 ď sizepϕq).

Putting all results together, the nonemptiness of LpAq can be checked in double-exponential
time in sizepϕq, leading to Theorem 6.8 below. It answers open questions from [BG06,
CKL16, CT16, LOS20], and it is the main result of the paper.

Theorem 6.8. SATpCTL˚pZqq is 2ExpTime-complete.

2ExpTime-hardness is inherited from SAT(CTL˚) [VS85, Theorem 5.2]. As a corollary,
SATpCTL˚pNqq is also 2ExpTime-complete. Indeed, SATpCTL˚pNqq can be easily reduced
to SATpCTL˚pZqq in polynomial-time (for instance, one could introduce a fresh variable x
enforced to be equal to zero –use of AGpx “ 0q– and further enforce that all the original
variables xi are such that xi ě x). Furthermore, assuming that ăpre is the prefix relation on
the set of finite strings t0, 1u˚, we can use the reduction from [DD16, Section 4.2] to get the
following result.

Corollary 6.9. SATpCTL˚pt0, 1u˚,ăpreqq is 2ExpTime-complete.

Actually, the 2ExpTime-membership also holds for SATpCTL˚pD˚,ăpreqq, where D is
an infinite domain, see e.g. [DD16, Section 4.2].

As observed earlier, when the concrete domain is pQ,ă,“, p“dqdPQq, all the trees in
LpAcons(A)q are satisfiable (no need to intersect Acons(A) with a hypothetical A‹C), and
therefore SATpCTL˚pQqq is also in 2ExpTime, which is a result already known from [Gas09,
Theorem 4.3].
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7. Determinisation of Büchi Word Constraint Automata

In this section, we present a construction to transform nondeterministic Büchi word constraint
automata to equivalent deterministic Rabin word constraint automata (Theorem 7.2 below,
used to establish Corollary 6.5 in Section 6.3). The construction is based on Safra’s well
known construction for Büchi automata [Saf89, Theorem 1.1]. In our adaptation, we give a
special attention to the cardinality of the transition relation and to the size of the constraints
in transitions, as these two parameters are, a priori, unbounded in constraint automata, but
they are essential to perform the complexity analysis in Section 6.3.

A constraint word automaton A is deterministic whenever for all locations q, letters
a and pairs of valuations pz, z1q P Z2β, there exists in A at most one transition pq, a,Θ, q1q

such that Z |ù Θpz, z1q.
We start with defining the key notion, namely Safra trees . A Safra tree over Q is a finite

tree s, satisfying the following conditions. Note that we use the symbol ’s’ for trees because
later on, such trees shall be locations (a.k.a. states) of the forthcoming (deterministic) Rabin
word constraint automaton.

(1) s is ordered, that is, if a node in the tree has children nodes, then there is a first child
node, a second child node etc. In other words, given two sibling nodes, it is uniquely
determined which of the two nodes is younger than the other (the rightmost sibling is
understood as the youngest one).

(2) Every node in s has a unique name from the interval r1, 2 ¨ cardpQqs, no two nodes have
the same name.

(3) Every node has a label from PpQqztHu. We use Labps, Jq Ď Q to denote the set of
labels of a node with name J in s.

(4) The label of a node is a proper superset of the union of the labels of its children nodes.
(5) Two nodes with the same parent node have disjoint labels.
(6) Every node is either marked or unmarked .

The proof of the following lemma can be found in Appendix E.1.

Lemma 7.1. A Safra tree over Q has at most cardpQq nodes.

Let us prove that for every (nondeterministic) Büchi word constraint automaton one can
construct a deterministic Rabin word constraint automaton accepting the same language.
The following result generalizes [Saf89, Theorem 1.1] to constraint automata.

Theorem 7.2. Let A “ pQ,Σ, β,Qin, δ, F q be a Büchi word constraint automaton involving
the constants d1, . . . , dα. There is a deterministic Rabin word constraint automaton A1 “

pQ1,Σ, β,Q1
in, δ

1, F q such that LpAq “ LpA1q verifying the following quantitative properties.

(I) : cardpQ1q is exponential in cardpQq and the number of Rabin pairs in A1 is bounded by
2 ¨ cardpQq (same bounds as in [Saf89, Theorem 1.1]).

(II): The constraints in the transitions are from STypespβ, d1, dαq, are of size cubic in β `

maxprlogp|d1|qs, rlogp|dα|qsq and cardpδ1q ď cardpQ1q2ˆcardpΣqˆppdα´d1q`3q2β32β
2
.

Proof. We define the det. Rabin word constraint automaton A1 “ pQ1,Σ, β,Q1
in, δ

1,F 1q as
follows. Essential differences with the construction to prove [Saf89, Theorem 1.1] can be
found in the definition of δ1 below, condition (3), as constraints need to be taken into account.

‚ Q1 is the set of all Safra trees over Q.

‚ Q1
in

def
“ tsQinu, where sQin is the Safra tree with a single unmarked node n with name 1

and LabpsQin , 1q
def
“ Qin.
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‚ The finite transition relation δ1 Ď pQ1 ˆ Σˆ TreeConspβq ˆQ1q is defined as follows. Re-
call that STypespβ, d1, dαq denotes the set of all satisfiable complete constraints over
x1, . . . , xβ, x

1
1, . . . , x

1
β. The transition relation δ1 is defined over this strict subset of

TreeConspβq. Let s be a Safra tree, a P Σ, and Θ P STypespβ, d1, dαq. We set ps, a,Θ, s1q P

δ1, where s1 is obtained from s, a and Θ by applying the following steps.
(1) Unmark all nodes in s. Let us use sp1q to denote the resulting Safra tree.

(2) For every node in sp1q with label P Ď Q such that P X F ‰ H, create a new youngest
child node with label P X F . The name of this node is the smallest number in
r1, 2 ¨ cardpQqs that is not assigned to any of the other nodes in sp1q yet. Let us use

sp2q to denote the resulting Safra tree.
(3) Apply the powerset construction to every node in sp2q, that is, for every node with

label P Ď Q, replace P by
ď

qPP

tq1 P Q | there exists pq, a,Θ1, q1q P δ such that Θ |ù Θ1u.

Let us use sp3q to denote the resulting tree. Note that Θ |ù Θ1 can be checked in

polynomial-time because Θ P STypespβ, d1, dαq. The tree sp3q may not satisfy the
condition (5) of Safra trees, but this is only provisionally.

(4) (Horizontal Merge) For every two nodes in sp3q with the same parent node and such
that q P Q is contained in the labels of both nodes, remove q from the labels of the
younger node and all its descendants. Let us use sp4q to denote the resulting Safra
tree.

(5) Remove all nodes with empty label, except the root node, yielding sp5q.

(6) (Vertical Merge) For every node in sp5q whose label equals the union of the labels of
its children nodes (if there are any), remove all descendants of this node and mark it.
The resulting Safra tree is s1.

‚ The set of Rabin pairs F 1 is equal to F 1 “ tpL1, U1q, . . . , pL2¨cardpQq
, U2¨cardpQq

qu, where

for all 1 ď J ď 2 ¨ cardpQq,
– LJ “ ts P Q

1 | s contains a node with name J markedu,
– UJ “ ts P Q

1 | s does not contain a node with name Ju.

It is worth observing that there is a slight abuse of notation here: STypespβ, d1, dαq
is not strictly a subset of TreeConspβq because of the constraints of the form x ă d1 and
x ą dα. However, this can be easily simulated by adding two new variables xd1 and xdα
and to perform the following changes in the automata: replace x ă d1 by x ă xd1 , replace
x ą dα by x ą xdα and add to every constraint the conjunct xd1 “ d1 ^ xdα “ dα. This only
adds a constant to the maximal constraint size as well as two to the number of variables.
Therefore, this is harmless for all the complexity results established in the paper. For the
sake of readability, we keep below β instead of β ` 2 for the number of variables, but the
reader should keep in mind that STypespβ, d1, dαq are constraints in A1 at the cost of adding
two auxiliary variables and a constant-size constraint to every constraint.

Let us prove the correctness of the construction of A1. For proving LpAq Ď LpA1q, let
w “ pa1, z1qpa2, z2qpa2, z2q . . . be an infinite word over Σˆ Zβ such that w P LpAq. Then
there is some initialized Büchi accepting run ρ : N Ñ δ of A on w, say, of the form

pq1, a1,Θ
1
1, q2qpq2, a2,Θ

1
2, q3qpq3, a3,Θ

1
3, q4q . . .

satisfying q1 P Qin, Z |ù Θ1
ipzi, zi`1q, and there exists some q P F that appears infinitely

often in ρ. Let us fix such an accepting location and denote it by qacc. We are going to
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construct an initialized Rabin accepting run of A1 on w. Set s1 to be the Safra tree sQin ,
that is, the Safra tree with a single node with name 1 and LabpsQin , 1q “ Qin – the only
initial location of A1. We prove that for all i ě 1, if si has root node with name 1 and
qi P Labpsi, 1q, then there exists a unique constraint Θi P STypespβ, d1, dαq and a unique
Safra tree si`1 such that

‚ Z |ù Θipzi, zi`1q,
‚ psi, ai,Θi, si`1q P δ

1,
‚ si`1 has root node with name 1 and qi`1 P Labpsi`1, 1q.

So let i ě 1. Let Θi be the unique constraint in STypespβ, d1, dαq such that Z |ù Θipzi, zi`1q

(unicity and existence guaranteed by Lemma 4.2). By definition of δ1, there exists a unique
Safra tree si`1 such that psi, ai,Θi, si`1q P δ

1. For proving the third condition, recall how
si`1 is obtained from si:

‚ By assumption, si has root node with name 1 and qi P Labpsi, 1q.

‚ By definition, qi P Labps
p2q

i , 1q.
‚ Recall that pqi, ai,Θ

1
i, qi`1q P δ and Z |ù Θ1

ipzi, zi`1q. Hence Θi |ù Θ1
i (by Lemma 4.2) and

qi`1 P tq
1 P Q | there exists pqi, ai,Θ

1, q1q P δ, Θi |ù Θ1u. Then also qi`1 P Labps
p3q

i , 1q.

‚ qi`1 P Labps
p4q

i , 1q because the root node 1 has no siblings.

‚ qi`1 P Labps
p5q

i , 1q as the label set of the root node is nonempty.
‚ Finally qi`1 P Labpsi`1, 1q because the root node cannot be removed.

Since s1’s root node has the name 1 and q1 P Labps1, 1q, we just have proved that for all
i ě 1, si’s root node has name 1, qi P Labpsi, 1q, and there exist a unique constraint Θi and
a unique Safra tree si`1 such that psi, ai,Θi, si`1q P δ

1 and Z |ù Θipzi, zi`1q. Hence ρ1 of
the form

ps1, a1,Θ1, s2qps2, a2,Θ2, s3qps3, a3,Θ3, s4q . . .

initialized (unique) run of A1 on w. For proving that ρ1 is Rabin accepting, we use the
following lemma, whose proof can be found in Appendix E.2.

Lemma 7.3. For every position i ě 1 and every name 1 ď Ji ď 2 ¨ cardpQq, if sk contains
a node with name Ji and qk P Labpsk, Jiq for all k ě i, then

(1) there exist infinitely many k ě i such that the node with name Ji is marked in sk; or
(2) there exists some position i1 ě i and some name 1 ď Ji1 ď 2 ¨ cardpQq with Ji ‰ Ji1

such that for all k ě i1, the node with name Ji has a child node with name Ji1 and
qk P Labpsk, Ji1q.

Finally, recall that for every k ě 0, the Safra tree sk contains a node with name 1 and
qk P Labpsk, 1q. Set i “ 1 and J “ 1. We distinguish the following two cases.

Case 1: There exist infinitely many k ě i such that sk contains node with name J marked,
that is, sk P LJ . This implies that for only finitely many k ě 0 the Safra tree sk does
not contain the node with name J , that is, sk P UJ (indeed, by assumption, for all
k ě 1, there is in sk a node with name J). Hence, the run ρ1 is Rabin accepting.

Case 2: Otherwise, by Lemma 7.3, there exists some i1 ě i and some 1 ď J 1 ď 2 ¨ cardpQq
with J ‰ J 1 such that for all k ě i1, the node with name J has a child with name J 1,
and qk P Labpsk, J

1q. We can now repeat the same case distinction, this time for i “ i1

and J “ J 1.

Note that after at most cardpQq steps, Case 1 must necessarily be true, as by Lemma 7.1,
every Safra tree has at most cardpQq nodes.



Vol. 21:2 CONSTRAINT AUTOMATA ON INFINITE DATA TREES 16:37

For proving LpA1q Ď LpAq, let w “ pa1, z1qpa2, z2qpa2, z2q . . . be an infinite word over
Σˆ Zβ such that w P LpA1q. Then there exists some (unique) initialized Rabin accepting
run ρ1 : N Ñ δ1 of A1 on w, say

ps1, a1,Θ1, s2qps2, a2,Θ2, s3qps3, a3,Θ, s4q . . . .

That is, s1 “ sQin , Z |ù Θipzi, zi`1q for all i ě 1, and there exists some 1 ď J ď 2 ¨ cardpQq
such that si P LJ for infinitely many i ě 0 and si P UJ for only finitely many i ě 0. Fix
such a name 1 ď J ď 2 ¨ cardpQq. Then, there must exist some position i ě 0 such that sk
contains a node with name J , for all k ě i. We let i0 be the minimal such position, and
let i0 ă i1 ă i2 ă i3 . . . be the infinitely many positions greater than i0 such that the node
with name J is marked in sik , for all k ě 1.

Let us define, for every j ě 1 and for every q P Labpsij , Jq, the set Accpq, jq by

Accpq, jq
def
“ tq1 P F | there exists ij´1 ď k ă ij such that q1 P Labpsk, Jq

and pqk, ak,Θ
1
k, qk`1q . . . pqij´1, aij´1,Θ

1
ij´1, qij q

with qk “ q1, qij “ q is a finite run of A on pak, zkq . . . paij , zij qu;

and for every j ě 2, every ij´1 ď k ă ij and every q P Labpsk, Jq X F , we define

Prepq, j, kq
def
“ tq1 P Labpsij´1 , Jq | there exists some finite run pqij´1 , aij´1 ,Θ

1
ij´1

, qij´1`1q

. . . pqk´1, ak´1,Θk´1, qkq with q
1 “ qij´1 , q “ qk of A on

paij´1 , zij´1q . . . pak, zkqu.

In Appendix E.3, we prove that these sets Accpq, jq and Prepq, j, kq are nonempty. Next we
define an infinite tree from which we will derive an initialized Büchi accepting run of A on w.
Each node in this tree has a unique identifier in tQinu Y

Ť

jě1 Iacc,j Y
Ť

jě1 Imrkd,j , where

‚ Iacc,j
def
“ tpq, jq | q P Accpq1, jq for some q1 P Labpsij , Jqu,

‚ Imrkd,j
def
“ tpq, q1, jq | q P Labpsij , Jq, q

1 P Accpq, jqu.

The root node of the tree has identifier Qin, and the root node is parent of a node n
iff the identifier of the n is pq1, 1q for some pq1, 1q P Iacc,1. For all j ě 1, node with
identifier pqj , jq P Iacc,j is parent of every node n iff the identifier of n is pq1

j , qj , jq for some

pq1
j , qj , jq P Imrkd,j . Finally, for all j ě 1, a node with identifier pq1

j , qj , jq P Imrkd,j is parent

of a node n iff the identifier of n is pqj`1, j ` 1q for some pqj`1, j ` 1q P Iacc,j`1 such that
q1
j P Prepqj`1, j ` 1, kq for some ij ď k ă ij`1. Since the sets Accpq, jq and Prepq, j, kq are

never empty, every node has at least one child, and every node has at most cardpQq2 child
nodes. In particular, this infinite tree is finite branching. By König’s Lemma, there must be
some infinite path from the root node of the tree, let us say, of the form n0,n1,n2 . . . By
construction, we have

‚ n0 “ Qin,
‚ n1 “ pp1, 1q for some p1 P Labpsk1 , Jq X F , i0 ď k1 ă i1,
‚ n2 “ pp2, p1, 1q for some p2 P Labpsi1 , Jq such that p1 P Accpp2, 1q,
‚ n3 “ pp3, 2q for some p3 P Labpsk2 , Jq X F , i1 ď k2 ă i2, such that p2 P Prepp3, 2, k2q,
‚ n4 “ pp4, p3, 2q for some p4 P Labpsi2 , Jq such that p3 P Accpp4, 2q,
‚ etc.

Let us argue that this yields an initialized Büchi-accepting run of A on w. One can show
that there exists some initialized finite run from qin P Qin to p1 of A on pa1, z1q . . . pak1 , zk1q



16:38 S. Demri and K. Quaas Vol. 21:2

(as a consequence of Lemma E.1 in Appendix E.3). From p1 P Accpp2, 1q, we obtain a run
from p1 to p2 of A on pak1 , zk1q . . . pai1 , zi1q, etc. Putting the pieces together, we obtain an
infinite initialized run of A on w. Since p1, p3, . . . are in F , the run is Büchi accepting.

We recall that cardpSTypespβ, d1, dαqq ď ppdα ´ d1q ` 3q2β32β
2
. To define A1, in the

constraints, we need to know how the variables are compared to the constants, but not
necessarily to determine the equality with a value when the variable is strictly between di
and di`1 for some i. So the above bound can be certainly improved but it is handful to use
the set STypespβ, d1, dαq already defined in this document.

As observed by one anonymous reviewer, an alternative approach for determinisation
consists in viewing word constraint automata as Büchi automata (or Rabin automata) over
types (made of constraints) and then determinize it using Safra’s construction as a blackbox.
Most probably, this approach would work by introducing the alphabet of satisfiable types;
the semantics of Rabin word automata would then take care of which infinite sequences of
satisfiable types is satisfiable. Instead, in this section, we worked directly with constraint
word automata and we lifted arguments from Safra’s thesis, apart from our handling of
constraints. On the downside, this may not be optimal size-wise, but we prefer to follow our
approach to work directly with constraint automata and to control most of the technical
developments involved in the work.

8. Proving the correctness of the condition p‹Cq

This section is dedicated to the proof of Proposition 4.10 (see Section 4.2): for every
regular locally consistent symbolic tree t, t satisfies p‹Cq iff t is satisfiable. This is all
the more important as the condition p‹Cq is central in our paper. Below, we assume that
t : r0, D ´ 1s˚ Ñ Σˆ STypespβ, d1, dαq is a locally consistent symbolic tree.

Given a finite path π “ pn0, xd0q
„1
ÝÑ pn1, xd1q ¨ ¨ ¨

„n
ÝÑ pnn, xdnq in G

C
t , its strict length,

written slenpπq, is the number of edges labelled by ‘ă’ in π, i.e. cardpti P r1, ns | „i
equal to ăuq. Given two nodes pn, xdq and pn1, xd1q, the strict length from pn, xdq to pn1, xd1q,
written slenppn, xdq, pn1, xd1qq, is the supremum of all the strict lengths of paths from pn, xdq
to pn1, xd1q. Though the strict length of any finite path is always finite, slenppn, xdq, pn1, xd1qq

may be infinite. Given pn, xq P Uăd1 , its strict length, written slenpn, xq, is defined as
slenppn, xq, pn, d1qq. Given pn, xq P Uądα , its strict length, written slenpn, xq, is defined as
slenppn, dαq, pn, xqq.

8.1. A simple characterisation for satisfiability. First, we establish a few auxiliary
results about GC

t that are helpful in the sequel and that take advantage of the fact that
every type in STypespβ, d1, dαq is satisfiable.

Lemma 8.1. Let π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ pnn, xdnq be a path in GC

t such that n0 and

nn are neighbours. If „1“ ¨ ¨ ¨ “„n is equal to ‘“’, then pn0, xd0q
“
ÝÑ pnn, xdnq, otherwise

pn0, xd0q
ă
ÝÑ pnn, xdnq.

See the proof in Appendix F.1. As a corollary, we get the following lemma.

Lemma 8.2. Let π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ pnn, xdnq be a path in GC

t such that pn0, xd0q “
pnn, xdnq. All „i’s are equal to “.
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Below, we provide a simple characterisation for a locally consistent symbolic tree to be
satisfiable. Note that this is different from [Lab21, Lemma 5.18] because we have constant
elements of the form pn, d1q and pn, dαq in GC

t .

Lemma 8.3. Let t : r0, D ´ 1s˚ Ñ Σ ˆ STypespβ, d1, dαq be a locally consistent symbolic
tree. The statements below are equivalent.

(I) : t is satisfiable.
(II): For all pn, xq in Uăd1 Y Uądα in GC

t , slenpn, xq ă ω.

The proof can be found in Appendix F.2. We provide an elementary self-contained
proof that is similar to the proof of [DD07, Lemma 7.1]. We remark that our proof does not
use [CKL16, Lemma 34] as was done in the proof of [Lab21, Lemma 5.18]. Observe that
Gt from [Lab21] does not contain constant nodes, which is problematic to apply [CKL16,
Lemma 34]. Our proof of Lemma 8.3 is direct, although it would be possible to use [CKL16,
Lemma 34] on our labelled graph GC

t .

8.2. Final steps in the proof of Proposition 4.10. When t is regular and GC
t has

an element with an infinite strict length, the proof of Proposition 4.10 firstly consists in
showing that the existence of paths with infinitely increasing strict lengths can be further
constrained so that the paths are without detours and with a strict discipline to visit the
tree structure underlying GC

t . That is why, below, we introduce several restrictions on paths
followed by forthcoming Lemma 8.4 stating the main properties we aim for. Actually, this
approach is borrowed from the proof sketch for [LOS20, Lemma 22] as well as from the
detailed developments in Labai’s PhD thesis [Lab21, Section 5.2]. Hence, the main ideas in
the developments below are due to [LOS20, Lab21], sometimes adapted and completed to
meet our needs (for instance, we introduce a simple and explicit taxonomy on paths).

A path π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ pnn, xdnq is direct iff (1)–(3) below hold:

(1) for all i P r1, n´ 1s, ni ‰ ni`1 (if n “ 1, then we authorise n0 “ n1),
(2) for all j ‰ i, pni, xdiq ‰ pnj , xdjq (no element is visited twice, see Lemma 8.2),
(3) for all i ă j, if ni “ nj and n ą 1, then ă belongs to t„i`1, . . . ,„ju (revisiting a node

implies some progress in the strict length).

We write slendppn, xdq, pn1, xd1qq to denote the strict length between pn, xdq and pn1, xd1q

based on direct paths only. Obviously,

slendppn, xdq, pn1, xd1qq ď slenppn, xdq, pn1, xd1qq.

Similarly, a path π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ pnn, xdnq is rooted iff all the ni’s are either

descendants of the initial node n0, or equal to it (equivalently, the unique parent node of n0,

if any, is never visited). We write slendrppn, xdq, pn, xd1qq (same node n for both elements) to
denote the strict length between pn, xdq and pn, xd1q based on direct and rooted paths only.

This definition extends to slendrpn, xdq with pn, xdq P pUăd1 Y Uądαq. Obviously,

slendrppn, xdq, pn, xd1qq ď slenppn, xdq, pn, xd1qq, slendrpn, xdq ď slenpn, xdq.

The last restriction we consider on direct and rooted paths is to be made of a unique
descending part followed by a unique ascending part. The terms ‘descending’ and ‘ascending’
refer to the underlying tree structure for r0, D ´ 1s˚. A path π “ pn0, xd0q

„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ

pnn, xdnq is ß-structured iff there is i P r0, ns such that n0 ăpre n1 ăpre ¨ ¨ ¨ ăpre ni and
nn ăpre nn´1 ăpre ¨ ¨ ¨ ăpre ni, where ăpre denotes the (strict) prefix relation (in this context,
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pε, x1q pε, x2q pε, 7q

p0, x1q p0, x2q p0, 7q p1, x1q p1, x2q p1, 7q p2, x1q p2, x2q p2, 7q

p0¨1, x1q p0¨1, x2q p0¨1, 7q p1¨1, x1q p1¨1, x2q p1¨1, 7q p2¨1, x1q p2¨1, x2q p2¨1, 7q

non-direct pathă

direct, non-rooted path

“ă

direct, rooted, non ß-structured path

Figure 7. Different kinds of paths in GC
t

we get the parent-child relation in the tree r0, D ´ 1s˚). We write slenßppn, xdq, pn, xd1qq

(same node n for both elements) to denote the strict length between pn, xdq and pn, xd1q

based on direct, rooted and ß-structured paths only. This definition extends to slenßpn, xdq

with pn, xdq P pUăd1 Y Uądαq. Again, slenßppn, xdq, pn, xd1qq ď slenppn, xdq, pn, xd1qq and

slenßpn, xdq ď slenpn, xdq. In Figure 7, we illustrate the different kinds of paths on a
subgraph of GC

t with β “ 2, α “ 1 and d1 “ 7. The equivalence between (II)(1) and (II)(4)
in Lemma 8.4 below, is the main property to prove Proposition 4.10. The proof for the
equivalence between (II)(1) and (II)(3) (resp. between (II)(3) and (II)(4)) is inspired from
the proof sketch of [Lab21, Lemma 5.20] (resp. from the proof of [Lab21, Lemma 5.27]). In
both cases, we provide several substantial adjustments.

Lemma 8.4.

(I) : If slenppn, xdq, pn1, xd1qq ă ω, then

slenppn, xdq, pn1, xd1qq

β ` 2
ď slendppn, xdq, pn1, xd1qq ď slenppn, xdq, pn1, xd1qq

(II): The statements below are equivalent.
(1) There is pn, xq such that slenpn, xq “ ω.

(2) There is pn, xq such that slendpn, xq “ ω.

(3) There is pn, xq such that slendrpn, xq “ ω.

(4) There is pn, xq such that slenßpn, xq “ ω.

Proof. (I) Since direct paths are paths and the strict length between two elements is computed
by taking the supremum, we get

slendppn, xdq, pn1, xd1qq ď slenppn, xdq, pn1, xd1qq.

In order to show that

slenppn, xdq, pn1, xd1qq

β ` 2
ď slendppn, xdq, pn1, xd1qq,

we establish that for any path π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ pnn, xdnq, there is a direct path π1

from pn0, xd0q to pnn, xdnq with slenpπ1q ě
slenpπq

β`2 .

Given a path π of the above form, we transform it a finite amount of times leading
to a final path π1. If there are i ă j such that ni “ ni`1 “ ¨ ¨ ¨ “ nj (and no way to
extend the interval of indices ri, js while satisfying the sequence of equalities), we replace
the subpath pni, xdiq ¨ ¨ ¨ pnj , xdjq in π by a shortcut. Note that j ´ i ď β ` 1 because
Vt “ r0, D ´ 1s˚ ˆ tx1, . . . , xβu Y td1, dαu and β ` 2 “ cardptx1, . . . , xβu Y td1, dαuq. Several
cases need to be distinguished.
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‚ If i ą 0, then pni´1, xdi´1q and pnj , xdjq are neighbours and therefore by Lemma 8.1,

we can safely replace pni´1, xdi´1q ¨ ¨ ¨ pnj , xdjq by pni´1, xdi´1q
„
ÝÑ pnj , xdjq for some

„P t“,ău leading to a new value for π. The label „ on the edge depends whether ă
occurs in the subpath from pni´1, xdi´1q to pnj , xdjq. Moreover, the strict length of the
new path is decreased by at most β ` 1 (and we do not meet again an element with the
node ni) and divided by at most β ` 2.

‚ If i “ 0 and j ă n, then pn0, xd0q and pnj`1, xdj`1q are neighbours and therefore by

Lemma 8.1, we can safely replace pn0, xd0q ¨ ¨ ¨ pnj`1, xdj`1q by pn0, xd0q
„
ÝÑ pnj`1, xdj`1q

for some „P t“,ău leading to a new value for π. Again, the strict length of the new path
is decreased by at most β ` 1 and divided by at most β ` 2.

‚ Finally, if i “ 0 and j “ n, then by Lemma 8.1, we replace pn0, xd0q ¨ ¨ ¨ pnn, xdnq by

pn0, xd0q
„
ÝÑ pnn, xdnq for some „P t“,ău leading to a new value for π. Again, the strict

length of the new path is decreased by at most β ` 1 and divided by at most β ` 2.

In the second step, we proceed as follows. If there are i` 1 ă j such that pni, xdiq “
pnj , xdjq (j ´ i ą 1 because otherwise we could apply the previous transformation), then
by Lemma 8.2, the subpath pni, xdiq ¨ ¨ ¨ pnj , xdjq in π contains no edge labelled by ă and
therefore by Lemma 8.1, we can safely replace pni, xdiq ¨ ¨ ¨ pnj , xdjq by pni, xdiq, leading to a
new value for π. Note that the strict length of the new path is unchanged. Similarly, if there
are i` 1 ă j such that ni “ nj and „i`1“ ¨ ¨ ¨ “„j is equal to ’“’, we can safely remove the
subpath pni, xdiq ¨ ¨ ¨ pnj , xdjq by Lemma 8.1 along the lines of the previous transformations
(easy details are omitted). We proceed as many times as necessary until the path π becomes
direct. As a consequence, the strict length of the final direct path is at least equal to
the strict length of the initial value for π divided by β ` 2. Indeed, in the first round of
transformations, a subpath with β ` 2 strict edges may be replaced by a path with only one
strict edge.
(II) Obviously, (4) implies (3), (3) implies (2) and (2) implies (1). It remains to prove that
(1) implies (2), (2) implies (3) and (3) implies (4). By the proof of (I), we get that (1)
implies (2).

Let us show that (2) implies (3). Let pn, xq be an element of GC
t such that slendpn, xq “ ω.

The element pn, xq belongs to Uăd1 Y Uądα in GC
t . Suppose that pn, xq is in Uăd1 (we omit

the other case as it admits a similar analysis). By definition of slendpn, xq, there is a family
of direct paths pπiqiPN from pn, xq to pn, d1q such that slenpπiq ě i.

For each path in the family pπiqiPN, below, we define its maximal entrance signature

as an element of the set ES
def
“ r´1, D ´ 1s ˆ Tpβ, d1, dαq2. Since the set ES is finite,

there is pj, xd, xd1q P ES such that for infinitely many i, πi has maximal entrance signature
pj, xd, xd1q, which shall allow us to conclude easily. Firstly, let us provide a few definitions.

Let π “ pn0, xd0q ¨ ¨ ¨ pnm, xdmq be a path in pπiqiPN of strict length at least 3pβ ` 1q.
This means that pn, xq “ pn0, xd0q and pn, d1q “ pnm, xdmq. Since π is direct, there are at
most β ` 2 positions in π visiting an element on the node n (called an n-element later on).
Such positions are written i0 ă i1 ă ¨ ¨ ¨ ă is with i0 “ 0 and is “ m. For each h P r0, s´ 1s,

we write π:

h to denote the subpath of π below:

π:

h
def
“ pnih`1, xdih`1q ¨ ¨ ¨ pnih`1´1, xdih`1´1q.

The entrance signature of π:

h, written espπ
:

hq, is the triple pj, xd, xd
1q P ES defined as follows:

‚ xd
def
“ xdih`1 (entrance term) and xd1 def

“ xdih`1´1 (exit term).
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‚ If nih`1 “ n ¨ j1 for some j1 P r0, D ´ 1s, then j
def
“ j1. Otherwise j

def
“ ´1. The value j is a

direction, where ´1 is intended to mean “to the parent node” and j P r0, D ´ 1s “to the

jth child node”. Note also that in the degenerate case ih ` 1 “ ih`1 ´ 1, the path π:

h is
made of a single element and xd “ xd1.

A few useful properties are worth being stated.

‚ nih`1 “ nih`1´1, π
:

h does not contain an n-element and π:

h is rooted.

‚ By Lemma 8.1, pn, xq
„
ÝÑ pnih`1, xdih`1q and pnih`1´1, xdih`1´1q

„1

ÝÑ pn, d1q for some
„,„1P tă,“u.

‚ For all h ‰ h1, if espπ:

hq “ pj1, xd1, xd
1
1q, espπ

:

h1q “ pj2, xd2, xd
1
2q and j1 “ j2, then

xd1 ‰ xd1
1 and xd2 ‰ xd1

2 (π is direct). As a consequence, s ď β ` 1 and there are no π:

h

and π:

h1 with h ‰ h1 having the same entrance signature.

As a conclusion, there is h such that the strict length of π:

h is at least
R

slenpπq ´ 2pβ ` 1q

pβ ` 1q

V

When slenpπq ě 3pβ ` 1q, the above value is at least one. Indeed, we subtract 2pβ ` 1q from
slenpπq to take into account the edges from some n-element to the elements pnih`1, xdih`1q,
and from the elements pnih`1´1, xdih`1´1q to some n-element. The maximal entrance of π

is defined as an entrance signature espπ:

hq such that slenpπ:

hq is maximal (we can also fix
an arbitrary linear ordering on ES in case maximality of the – direct – strict lengths is
witnessed strictly more than once). As announced earlier, there is pj, xd, xd1q P ES such that
for infinitely many i (say belonging to the infinite set X Ď r3pβ ` 1q,`8q), πi has maximal
type pj, xd, xd1q.

(a) If j P r0, D ´ 1s, we have slendrppn ¨ j, xdq, pn ¨ j, xd1qq “ ω because

slendrppn ¨ j, xdq, pn ¨ j, xd1qq ě sup
iPX

R

i´ 2pβ ` 1q

pβ ` 1q

V

Since pn, xq
„
ÝÑ pn ¨ j, xdq and pn ¨ j, xd1q

„1

ÝÑ pn, d1q for some „,„1P tă,“u, we get that

slendrpn, xq “ ω too.

(b) If j “ ´1, then let n1 be the unique parent of n. We have slendppn1, xdq, pn1, xd1qq “ ω

(the maximal entrance signature is pj, xd, xd1q) and pn1, xd1q
„
ÝÑ pn, d1q for some „P

tă,“u. Since n and n1 are neighbour nodes, we also get that pn1, xd1q
„
ÝÑ pn1, d1q by

construction of GC
t . Moreover, xd is necessarily a variable. Indeed, by Lemma 8.1, xd is

distinct from d1 and by satisfiability of the elements in STypespβ, d1, dαq, xd is distinct

from dα. Consequently, slendpn1, xdq “ ω and we can apply the above construction but
|n1| ă |n|. This means that at some point, we must meet the case (a), which allows us

eventually to identify some element pm, yq such that slendrpm, yq “ ω. Another way
to proceed would be to provide a proof by induction on |n|. The base case |n| “ 0
corresponds to n “ ε for which only case (a) can hold.

Let us show that (3) implies (4). Let pn, xq be an element of GC
t such that slendrpn, xq “ ω.

The element pn, xq belongs to Uăd1 Y Uądα in GC
t . Suppose that pn, xq is in Uądα (we omit

the other case as it admits a similar analysis). By definition of slendrpn, xq, there is a family
of direct and rooted paths pπiqiPN from pn, dαq to pn, xq such that slenpπiq ě i. Below, we

show that slenßpn, xq “ ω (and therefore no need to witness unbounded strict length on
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another element as it may happen to prove that (2) implies (3)). To do so, for every j, we
explain how to construct a directed, rooted and ß-structured path from pn, dαq to pn, xq of
strict length at least j. We use the auxiliary family pLi,jqi,jPN of integers defined recursively.

‚ For all i P N, Li,0
def
“ i and for all j P N, Li,j`1

def
“

Q

Li,j´2pβ`1q

pβ`1q

U

.

Here are properties that can be easily shown.

(PL1): For all i ă i1 and j, Li,j ď Li1,j .
(PL2): For all i and j ă j1, Li,j ě Li,j1 .

Moreover, partly based on (PL1), by induction on j, it is easy to show that for each fixed
j, suptLi,j | i P Nu “ ω. Indeed, for the base case suptLi,0 | i P Nu “ supti | i P Nu “ ω.
Suppose the property is true for j, i.e. suptLi,j | i P Nu “ ω. Substracting a constant and

dividing by a constant preserves the limit behavior, consequently supt
Li,j´2pβ`1q

pβ`1q
| i P Nu “ ω

too and therefore suptLi,j`1 | i P Nu “ ω. As a consequence, for all j P N, there is Nj such
that LNj ,j ě 1. For instance, N0 can take the value 1, N1 the value 3pβ ` 1q and N2 the

value 3pβ ` 1q2 ` 2pβ ` 1q. However, we shall require a bit more properties about the Nj ’s
using simple properties about pLi,jqi,jPN.

(PL3): For all j, Nj`1 ą Nj ě 2 and
Q

Nj`1´2pβ`1q

pβ`1q

U

ě Nj .

(PL4): For all M, j P N, M ě Nj implies (if M, j ě 1, then M ´ 1 ě Nj´1 and if M, j ě 2,
then M ´ 2 ě Nj´2).

Thanks to (PL1), we can choose the Nj ’s as large as possible, which allows us to establish
(PL3). By contrast, the satisfaction of (PL4) is a consequence of (PL3). By way of example,
M, j ě 1 and M ě Nj imply M ě Nj ě Nj´1 ` 1 and therefore M ´ 1 ě Nj´1.

Let π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„m
ÝÑ pnm, xdmq be a direct and rooted path from pn, dαq to pn, xq

of strict length at least Nj for some j ě 1. By (PL3), we have
Q

Nj´2pβ`1q

pβ`1q

U

ě Nj´1 ě 2. For

instance, π can take the value πNj from the family pπiqiPN. In the developments below, we
build a path π1 from pn, dαq to pn, xq that is of strict length at least j and that is direct,
rooted and ß-structured. To do so, we maintain three auxiliary paths while guaranteing the
satisfaction of an invariant.

‚ πdes is a descending and direct path from pn, dαq. Its initial value is pn, dαq.
‚ πasc is an ascending and direct path to pn, xq. Its initial value is pn, xq.

‚ π: is a direct and rooted path from the last element of πdes (say pn:, xd:
1q) to the first

element of πasc (say pn
:, xd:

2q) and is a (consecutive) subpath of the initial path π. The first
and last elements belong therefore to the same node n:. The initial value for π: is π. By
slight abuse, below we assume that π: can be also written pn0, xd0q

„1
ÝÑ ¨ ¨ ¨

„m
ÝÑ pnm, xdmq.

‚ Let C be equal to slenpπdesq ` slenpπascq. If C ě j, then there is a direct, rooted and

ß-structured path from pn, dαq to pn, xq passing via pn:, xd:
1q. It uses the edges from πdes

and πasc. Otherwise (C ă j), we maintain slenpπ:q ě Nj´C . Consequently, if π
: is made

of elements from the same node, then slenpπ:q ď 1 and therefore C ě j.

We transform these three paths πdes, πasc and π
: with a process that terminates because the

length of π: decreases strictly after each step. Moreover, we shall verify that the invariant
holds after each step (sometimes after a step, slenpπ:q and C are unchanged). Initially, we
have slenpπ:q ě Nj´C because C “ 0 ă j, π: “ π and slenpπq ě Nj .
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Let us define the maximal entrance signature of π: similarly to what is done earlier.

Here, ES
def
“ r0, D ´ 1s ˆ Tpβ, d1, dαq2 (no value ´1 in the interval because π: is rooted).

Since π: is direct, there is at most β ` 2 positions in π: visiting an element on the node n:.
Such positions are written i0 ă i1 ă ¨ ¨ ¨ ă is with i0 “ 0, is “ m (and s ď pβ ` 1q). For

each h P r0, s´ 1s, we write π::

h to denote the subpath of π: below:

π::

h
def
“ pnih`1, xdih`1q ¨ ¨ ¨ pnih`1´1, xdih`1´1q.

The entrance signature of π::

h , written espπ:

hq, is the triple pj, xd, xd1q P ES defined as

follows: xd
def
“ xdih`1, xd

1 def
“ xdih`1´1 and nih`1 “ n ¨ j for some j P r0, D´ 1s. A few useful

properties are worth being stated.

‚ nih`1 “ nih`1´1, π
::

h does not contain an n:-element and π::

h is rooted.

‚ By Lemma 8.1, pn:, xd:
1q

„
:

1,h
ÝÝÑ pnih`1, xdiq`1q for some „:

1,hP tă,“u and

pnih`1´1, xdih`1´1q
„

:

2,h
ÝÝÑ pn:, xd:

2q for some „:

2,hP tă,“u.

There is h such that the strict length of π::

h is at least r
slenpπ:q´2pβ`1q

pβ`1q
s. Indeed, s ď β ` 1

and there are at most β ` 1 paths of the form π::

h with at most 2pβ ` 1q connecting edges.

‚ If s “ 1, then n1 “ nm´1, there is a single π::
0 and the paths are updated as follows.

– πdes becomes πdes
„

:

1,h
ÝÝÑ pn1, xd1q, πasc becomes pnm´1, xdm´1q

„
:

2,h
ÝÝÑ πasc.

– π: takes the value π::
0 if π::

0 is made of elements from distinct nodes.

Note that the strict length of π: decreases by at most two (can be zero if „:

1,h and „:

2,h

are both the equality) and thanks to (PL4), the invariant is maintained. If π::
0 is made

of elements from the same node, slenpπ::
0 q ď 1 because π is direct and C ě j. The final

direct, rooted and ß-structured path is πdes
„

:

1,h
ÝÝÑ pn1, xd1q

„
ÝÑ pnm´1, xdm´1q

„
:

2,h
ÝÝÑ πasc and

its strict length is at least j.
‚ Otherwise, i.e. s ą 1. Pick h P r0, s´ 1s such that

slenpπ::

h q ě

R

slenpπ:q ´ 2pβ ` 1q

pβ ` 1q

V

Note that pn:, xd:
1q

„
:

1,h
ÝÝÑ pnih`1, xdih`1q and pnih`1´1, xdih`1´1q

„
:

2,h
ÝÝÑ pn:, xd:

2q and ăP

t„
:

1,h,„
:

2,hu because h ă s´ 1 or 0 ă h, and π: is direct.

The paths are updated as follows. πdes becomes πdes
„

:

1,h
ÝÝÑ pnih`1, xdih`1q, πasc becomes

pnih`1´1, xdih`1´1q
„

:

2,h
ÝÝÑ πasc and π

: becomes π::

h . From slenpπ:q ě Nj´C , we get

slenpπ::

h q ě

R

slenpπ:q ´ 2pβ ` 1q

pβ ` 1q

V

ě Nj´C´1 ą Nj´C´2
looooooooooomooooooooooon

by (PL3)

by the invariant, (PL3) and (PL1) (assuming that j ´ C ´ 2 ě 0, otherwise we remove the
appropriate expressions). Indeed, by the satisfaction of the invariant, we have slenpπ:q ě
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Nj´C and

by (PL1)
hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

R

slenpπ:q ´ 2pβ ` 1q

pβ ` 1q

V

ě

R

Nj´C ´ 2pβ ` 1q

pβ ` 1q

V

ě Nj´C´1

Therefore the invariant is maintained. The process terminates and at termination, we have
seen that this implies that we have built a direct, rooted and ß-structured path from pn, dαq
to pn, xq that is of strict length at least j.

Here is the final step to prove Proposition 4.10. Since the violation of p‹Cq is witnessed
on a single branch, the proof is analogous to the proof of [DD07, Lemma 6.2] and reformulates
the final part of the proof of [Lab21, Lemma 5.16].

Proof. (Proposition 4.10) Let t be a regular locally consistent symbolic tree. We write N
to denote the number of distinct subtrees in t (N exists because t is regular). It is easy to
show that the satisfiability of t implies that t satisfies p‹Cq. Indeed, if t does not satisfy
p‹Cq, then the existence of the witness path map p and the reverse path map rp forbids the
possibility to interpret the variables so that t is satisfiable (by Lemma 4.9). The main part
of the proof consists in showing that if t is not satisfiable, then GC

t does not satisfy p‹Cq. By
Lemma 8.3, there is pn, xq in Uăd1 Y Uądα in GC

t , such that slenpn, xq “ ω. By Lemma 8.4,

there is pn, xq in Uăd1 YUądα in GC
t , such that slenßpn, xq “ ω. Suppose that pn, xq belongs

to Uądα in GC
t (the other case is very similar, and is omitted).

Let M “ 2ppβ ` 2q2N ` 1q and π be a direct, rooted and ß-structured path of strict
length at least M from pn, dαq to pn, xq. The path π is of the form below

pn0, xd0q
„1
ÝÑ pn1, xd1q ¨ ¨ ¨

„ℓ
ÝÑ pnℓ, xdℓq “ pnℓ, xd

1
ℓq

„1
ℓ
ÝÑ pnℓ´1, xd

1
ℓ´1q ¨ ¨ ¨

„1
1
ÝÑ pn0, xd

1
0q,

where the following conditions hold for some j1 ¨ ¨ ¨ jℓ P r0, D ´ 1s˚:

‚ pn0, xd0q “ pn, dαq and pn0, xd
1
0q “ pn, xq.

‚ For all k P r1, ℓs, we have nk “ n ¨ j1 ¨ ¨ ¨ jk.

Since slenpπq ě 2ppβ ` 2q2N ` 1q, one of the paths among pn0, xd0q ¨ ¨ ¨ pnℓ, xdℓq and
pnℓ, xd

1
ℓq ¨ ¨ ¨ pn0, xd

1
0q has strict length at least pβ ` 2q2N ` 1. Below, we assume that

the strict length of pn0, xd0q ¨ ¨ ¨ pnℓ, xdℓq is at least pβ ` 2q2N ` 1 (the other case is very
similar, and is omitted herein). By the Pigeonhole Principle, there are K ă K 1 P r0, ℓs
such that the subtree rooted at nK is equal to the subtree rooted at nK1 , xdK “ xdK1

and xd1
K “ xd1

K1 and the (consecutive) subpath pnK , xdKq ¨ ¨ ¨ pnK1 , xdK1q has strict length
at least one. Let us provide a bit more details about this claim. The strict length of the
descending path π: “ pn0, xd0q

„1
ÝÑ pn1, xd1q ¨ ¨ ¨

„ℓ
ÝÑ pnℓ, xdℓq is at least L “ pβ ` 2q2N ` 1.

Both pnK , xdKq and pnK1 , xdK1q are claimed to belong to this descending path. Let us see
why exactly. The path π: can be decomposed as a sequence of consecutive subpaths such

that π: “ ¨ ¨ ¨π:
1 ¨ ¨ ¨π

:

L ¨ ¨ ¨ where each π:

i contains a single strict edge (i.e., labelled by ‘ă’),

say its first edge. So, let us say that π:

i starts by the elements pnsi , xdsiq. Hence, if i ă i1,
then there is a strict path from pnsi , xdsiq to pnsi1 , xdsi1 q. Let us define that the subtree
signature of pnsi , xdsiq is a triple made of the subtree at nsi from the regular tree (a finite
amount of possibilities), xdsi and xd1

si on the return ascending path at the node nsi (unique
visit in the ascending part). By the Pigeonhole Principle, there are K ă K 1 such that
pnsK , xdsK q and pns1

K
, xds1

K
q have the same subtree signature.
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Observe that by Lemma 8.1, for every k P rK,K 1s, we have pnk, xdkq
ă
ÝÑ pnk, xd

1
kq.

Moreover, since t|nK
“ t|nK1

(same subtree), for all pm1, xd
˚
1q, pm2, xd

˚
2q P tnK , . . . ,nK1´1uˆ

Tpβ, d1, dαq, for all i P N and „P tă,“u,

pm1, xd
˚
1q

„
ÝÑ pm2, xd

˚
2q iff

pm1 ¨ pjK`1 ¨ ¨ ¨ jK1qipjK`1 ¨ ¨ ¨ jK`m1q, xd
˚
1q

„
ÝÑ pm2 ¨ pjK`1 ¨ ¨ ¨ jK1qipjK`1 ¨ ¨ ¨ jK`m2q, xd

˚
2q,

with m1 “ nK ¨ jK`1 ¨ ¨ ¨ jK`m1 , m2 “ nK ¨ jK`1 ¨ ¨ ¨ jK`m2 and by convention if m “ 0, then
jK`1 ¨ ¨ ¨ jK`m “ ε.

Let us define pn, xdq, pn, xd1q, B, p and rp that witness the violation of the condition
p‹Cq (see Section 4.2).

‚ pn, xdq
def
“ pnK , xdKq, pn, xd

1q
def
“ pnK , xd

1
Kq and B def

“ pjK`1 ¨ ¨ ¨ jK1qω.
‚ for all i P N, m P r0,K 1 ´K ´ 1s,

– ppipK 1 ´Kq `mq
def
“ pnKpjK`1 ¨ ¨ ¨ jK1qipjK`1 ¨ ¨ ¨ jK`mq, xdK`mq and,

– rppipK 1 ´Kq `mq
def
“ pnKpjK`1 ¨ ¨ ¨ jK1qipjK`1 ¨ ¨ ¨ jK`mq, xd

1
K`mq.

One can check that all the properties hold to violate p‹Cq, in particular, p is strict and for

all i, ppiq
ă
ÝÑ rppiq. Indeed, let us explain a bit more why the conditions for violating p‹Cq

are meet.

‚ The path map p can be written as follows:

pnK , xdKq
„K`1
ÝÝÝÑ ¨ ¨ ¨

„K1
ÝÝÑ pnKpjK`1 ¨ ¨ ¨ jK1 q, xdKq

„K`1
ÝÝÝÑ pnKpjK`1 ¨ ¨ ¨ jK1 q ¨ jK`1, xdK`1q ¨ ¨ ¨

„K1
ÝÝÑ

pnK ¨ pjK`1 ¨ ¨ ¨ jK1 q
2, xdKq

„K`1
ÝÝÝÑ pnK ¨ pjK`1 ¨ ¨ ¨ jK1 q

2
¨ jK`1, xdK`1q ¨ ¨ ¨

„K1
ÝÝÑ pnK ¨ pjK`1 ¨ ¨ ¨ jK1 q

3, xdKq ¨ ¨ ¨

Note that this is a valid path map because nK and n1
K have the same subtree. Moreover

p is strict, i.e. edges of the form
ă
ÝÑ occur infinitely often because the strict length of the

path pnK , xdKq
„K`1
ÝÝÝÑ ¨ ¨ ¨

„K1

ÝÝÑ pnK1 , xdK1q is at least one.
‚ Similarly, the reverse path map rp can be written as follows:

pnK , xd1
Kq

„1
K`1

ÝÝÝÑ ¨ ¨ ¨
„1

K1
ÝÝÑ pnKpjK`1 ¨ ¨ ¨ jK1 q, xd1

Kq
„1

K`1
ÝÝÝÑ pnKpjK`1 ¨ ¨ ¨ jK1 q ¨ jK`1, xd

1
K`1q ¨ ¨ ¨

„1
K1

ÝÝÑ

pnK ¨ pjK`1 ¨ ¨ ¨ jK1 q
2, xd1

Kq
„1

K`1
ÝÝÝÑ pnKpjK`1 ¨ ¨ ¨ jK1 q

2
¨ jK`1, xd

1
K`1q ¨ ¨ ¨

„1
K1

ÝÝÑ pnK ¨ pjK`1 ¨ ¨ ¨ jK1 q
3, xd1

Kq ¨ ¨ ¨

where “ (“reverse of “”) is “ and ă (“reverse of ă”) is ą. Note that this is a valid
reverse path map (nK and n1

K have the same subtree).

‚ Concerning the fourth condition for violating p‹Cq, namely for all i, ppiq
ă
ÝÑ rppiq, we

have already observed that by Lemma 8.1, for every k P rK,K 1s, we have pnk, xdkq
ă
ÝÑ

pnk, xd
1
kq. Since nK and n1

K have the same subtree, for all i P N, for all k P rK,K 1s,

pnK ¨ pjK`1 ¨ ¨ ¨ jK1qi ¨ pjK`1 ¨ ¨ ¨ jkq, xdkq
ă
ÝÑ pnKpjK`1 ¨ ¨ ¨ jK1qi ¨ pjK`1 ¨ ¨ ¨ jkq, xd

1
kq.

9. Related Work

This section is dedicated to related work and more specifically to results about temporal
logics with numerical values (Section 9.1) and some technical differences with [LOS20, Lab21]
(Section 9.2 and Section 9.3). It goes a bit further than what can be found in the rest of the
document but, of course, related work is also discussed in other sections.
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9.1. Model-checking problem. A problem related to satisfiability is the model-checking
problem (bibliographical references about satisfiability can be mainly found in Sections 1-2).
Fragments of the model-checking problem involving a temporal logic similar to CTL˚pZq
are investigated in [Čer94, BG06, BP14, FMW22a] (see also [GHOW12, CKP15, Ves15,
ADG20]). However, model-checking problems with CTL˚pZq-like languages are easily un-
decidable, see e.g. [Čer94, Theorem 1] and [MT16, Theorem 4.1] (more general constraints
are used in [MT16] but the undecidability proof uses only the constraints involved herein).
The difference between model-checking and satisfiability is subtle and underlines that the
decidability/complexity of CTLpZq/CTL˚pZq satisfiability is not immediate. For instance, a
reduction following the undecidability proof in [MT13] fails: tree models satisfying a similar
formula as in [MT13] can still ”cheat” as one cannot express that it is not possible to move
to a state detecting cheating.

9.2. p‹Cq: variant of p‹q. Proposition 4.10 is a variant of [LOS20, Lemma 22]. Let us
explain the improvement of our developments compared to what is done in [LOS20, Lab21].
The framified constraint graphs defined in [LOS20, Definition 14] correspond to the graph
GC
t without the elements in r0, D ´ 1s˚ ˆ td1, dαu and corresponding edges. However,

Example 4.11 illustrates the importance of taking into account these elements when deciding
satisfiability (without d1, the graph would satisfy p‹Cq). Actually, Example 4.11 invalidates
p‹q as used in [LOS20, Lab21] because the constants are missing to apply properly results
from [CKL16]. The problematic part in [LOS20, Lab21] is due to the proof of [Lab21, Lemma
5.18] whose main argument takes advantage of [CKL16] but without the elements related to
constant values (see also [DG08, Lemma 8]). Note also that the condition p‹q in [LOS20,
Section 3.3] generalises the condition CZ from [DD07, Section 6] (see also the condition C
in [DG08, Definition 2] and a similar condition in [EFK21, Section 2]). A condition similar
to p‹q is also introduced recently in [BP24] (conference version in [BP22]) to decide the
single-sided realizability problem based on LTLpZ,ă,“q (without constant values). Though
the technical developments are presented quite differently and the settings and purposes are
distinct, one can establish interesting connections. For instance, there are correspondences
between [BP24, Lemma 23] and Lemma 8.3, between [BP24, Lemma 26] and Lemma 4.12,
and between the construction of tree automata in [BP24, Section 7] and what is done in the
paper to build Rabin tree automata in order to analyze the computational complexity of
the decision problems. It remains open how to use the best of the two papers for further
analysis, for instance how to take advantage of our results on constraint automata? It is
also possible to find relationships between techniques developed for lock-sharing systems
in [MMW23] and what we developed herein.

Besides, our proof of Lemma 4.12 also proposes a slight novelty compared to the
construction in [LOS20]: we design A‹C without firstly constructing a tree automaton for the
complement language (as done in [LOS20, Section 3.4]) and then using results from [MS95]
(elimination of alternation in tree automata). Our new path happens to be rewarding: not
only we can better understand how to express the condition p‹Cq, but also we control the
size parameters of A‹C involved in our complexity analysis. This may prove useful when
implementing the decision procedure for solving the satisfiability problem for CTLpZq (resp.
for CTL˚pZq).
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9.3. Differences with [LOS20] about the number of Rabin pairs. To conclude this
section about related works, we would like to draw the attention of the reader that Lemma 4.12
is similar to [LOS20, Proposition 26] but there is an essential difference: the number of
Rabin pairs in Lemma 4.12 is not a constant but a value depending on β, an outcome of
our investigations. Note also that the question on the number of Rabin pairs discussed
herein is independent from the question discussed above about having the elements in
r0, D´ 1s˚ ˆ td1, dαu within GC

t . It is important to know the number of Rabin pairs in A‹C

for our complexity analysis as checking nonemptiness of Rabin tree automata is exponential
in the number of Rabin pairs [EJ00, Theorem 4.1]. It is polynomial in the cardinality of the
transition relation and exponential in the number of Rabin pairs, see e.g. [EJ00, Theorem

4.1]. More precisely, for binary trees, it is in time pm ˆ NqOpNq, where m is the number
of locations and N is the number of Rabin pairs, see the statement [EJ00, Theorem 4.1].
However, this is not exactly what we need herein as the branching degree D ě 1 is arbitrary
in our investigations. That is why, for the proof of Lemma 4.15 we used that nonemptiness
can be checked in time pcardpδq ˆ γ ˆNqOpNq (D is taken into account in cardpδq). This
makes a difference with the argument used to establish [LOS20, Proposition 27].

As a conclusion, our analysis about the number of Rabin pairs, and the complexity
measure to test nonemptiness of Rabin tree automata differs slightly from what is used
in [LOS20]. This lead us to establish the complexity measures sometimes quite pedantically.
However, this was for the sake of guaranteing that, indeed, nonemptiness of LpAcons(A)q X

LpA‹Cq can be tested in exponential-time, as stated in Lemma 4.15.

10. Concluding Remarks

We developed an automata-based approach to solve SAT(CTLpZq) and SAT(CTL˚pZq), by
introducing tree constraint automata that accept infinite data trees with data domain Z.
The nonemptiness problem for tree constraint automata with Büchi acceptance conditions
(resp. with Rabin pairs) is ExpTime-complete, see Theorem 4.16 (resp. Theorem 4.19).
The difficult part consists in proving the ExpTime-membership for which we show how
to substantially adapt the material in [Lab21, Section 5.2] that guided us to design the
correctness proof of p‹Cq. The work [LOS20] was indeed a great inspiration but we adjusted
a few statements from there. We recall that p‹q in [LOS20] is not fully correct (see
Section 9.2) as we need to add constants (leading to the variant condition p‹Cq). Moreover,
our construction of the automaton in Lemma 4.12 does depend on the number of variables
unlike [LOS20, Proposition 26] (again, see Section 9.2). This is crucial for complexity, as it
is related to the number of Rabin pairs. We also use [EJ00] more precisely than [LOS20,
p.621] as we handle non-binary trees. In short, we introduced TCA for which we characterise
complexity of the nonemptiness problem (providing a few improvements to [LOS20]). We
left aside the question of the expressiveness of TCA, which is interesting but out of the scope
of this paper.

This lead us to show that SATpCTLpZqq is ExpTime-complete (Theorem 5.6), and
SATpCTL˚pZqq is 2ExpTime-complete (Theorem 6.8). The only decidability proof for
SATpCTL˚pZqq done so far, see [CKL16, Theorem 32], is by reduction to a decidable second-
order logic. Our complexity characterisation for SATpCTL˚pZqq provides an answer to several
open problems related to CTL˚pZq fragments, see e.g. [BG06, Gas09, CKL16, CT16, LOS20].

We believe that our results on TCA can help to establish complexity results for other
logics (see also Section 6 about a domain for strings, [EFK22, Section 4] to handle more
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concrete domains and a recent result for some description logic with a concrete domain made
of finite strings [DQ23c]).

Acknowledgement

We would like to warmly thank the anonymous reviewers for all their comments and
suggestions that help us a lot to improve the quality of this document. Thanks also to the
reviewers of the conference version of this work.

References

[ABB`23] Ch. Alrabbaa, F. Baader, S. Borgwardt, P. Koopmann, and A. Kovtunova. Combining proofs for
description logic and concrete domain reasoning. In RuleML+RR’23, volume 14244 of LNCS,
pages 54–69. Springer, 2023.

[ADG20] E.G. Amparore, S. Donatelli, and F. Gallà. A CTL* model checker for Petri nets. In Petri
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Appendix A. Proof for Section 3

A.1. Proof of Lemma 3.1.

Proof. For each k P r1, ns, let Ak “ pQk,Σ, D, β,Qk,in, δk, Fkq with Fk “ pLγk , U
γ
k qγPr1,Nks

be a Rabin TCA. We define a Rabin TCA A “ pQ,Σ, D, β,Qin, δ, F q such that LpAq “
Ş

1ďkďn LpAkq. The Rabin TCA A is designed as a product automaton, where the locations
are of the form pq1, . . . , qn, fq with pq1, . . . , qnq P Q1 ˆ ¨ ¨ ¨ ˆQn and f is a map f : r1, N1s ˆ

¨ ¨ ¨ ˆ r1, Nns Ñ r0, 2n ´ 1s that can be viewed as a finite memory related to the visit of
locations in the sets Lγk’s. We write FpN1, . . . , Nnq to denote the set of maps of the form
f : r1, N1s ˆ ¨ ¨ ¨ ˆ r1, Nns Ñ r0, 2n´ 1s. Let us explain how we use its elements to encode the
conjunction of the Rabin acceptance conditions F1, . . . , Fn into a single Rabin acceptance
condition in the product tree automaton, with a single exponential blow-up, which happens
to be of reasonable magnitude. Suppose that along a path of a run for A (yet to be defined),
for the sequence of locations below

pq1,0, . . . , qn,0, f
0q, pq1,1, . . . , qn,1, f

1q, pq1,2, . . . , qn,2, f
2q . . . ,

we wish to guarantee that it satisfies the conjunction of the Rabin acceptance conditions
F1, . . . , Fn. Since the tuples pq1,i, . . . , qn,iq’s are updated synchronously according to the
transition relations of the Rabin TCA Ak’s, we have to enforce that for some pγ1, . . . , γnq P
r1, N1s ˆ ¨ ¨ ¨ ˆ r1, Nns, the following properties hold.

(a) For all k P r1, ns, Lγkk is visited infinitely often in qk,0, qk,1, qk,2, . . ..
(b) For all k P r1, ns, Uγkk is visited finitely in qk,0, qk,1, qk,2, . . ..

In the product automaton A, we shall associate a unique Rabin pair pL,Uq to each tuple
pγ1, . . . , γnq in order to enforce the satisfaction of (a) and (b) above. Since the Qk’s
and FpN1, . . . , Nnq are finite sets, U can be defined as the union of sets of the form
Q1ˆ¨ ¨ ¨ˆQk´1ˆU

γk
k ˆQk`1ˆ¨ ¨ ¨ˆQnˆFpN1, . . . , Nnq, k P r1, ns. In order to take care of

(a), we use the maps from the set FpN1, . . . , Nnq. The idea is to enforce that Lγ11 is visited,
then Lγ22 , then . . . then Lγnn , and this is repeated infinitely along the sequence of locations
labelling the path of the run. For each map f P FpN1, . . . , Nnq, the intentions for the value
fpγ1, . . . , γnq are the following ones. If fpγ1, . . . , γnq “ 2k ´ 2 for some k P r1, ns, then along
the path we are waiting to meet a forthcoming location pq1,i, . . . , qn,i, fiq such that qk,i belongs
to Lγkk . Once it is done, fipγ1, . . . , γnq takes the odd value 2k´1. By construction, at the next
step fi`1pγ1, . . . , γnq “ 2k mod 2n. So, fi`1pγ1, . . . , γnq is equal to 2k

1 for some k1 P r0, n´1s,
and now along the path we are waiting to meet a forthcoming location pq1,i1 , . . . , qn,i1 , fi1q

such that now qk1`1,i1 belongs to L
γk1`1

k1`1 . By requiring that fipγ1, . . . , γnq “ 1 infinitely
often along the sequence of locations labelling the path of the run, we shall guarantee the
satisfaction of (a). As a consequence, L simply contains all the locations pq1, . . . , qn, fq such
that fpγ1, . . . , γnq “ 1.

Before providing the formal definition for A, we define below the function

U : FpN1, . . . , Nnq ˆ pQ1 ˆ ¨ ¨ ¨ ˆQnq Ñ FpN1, . . . , Nnq
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that is instrumental to update the maps in FpN1, . . . , Nnq along the paths of A’s runs: define
Upf, pq1, . . . , qnqq “ f1, where, for all pγ1, . . . , γnq P r1, N1s ˆ ¨ ¨ ¨ ˆ r1, Nns,

f1pγ1, . . . , γnq
def
“

$

’

&

’

%

2k mod 2n if fpγ1, . . . , γnq “ 2k ´ 1 for some k P r1, ns,

2k ´ 1 if fpγ1, . . . , γnq “ 2k ´ 2 for some k P r1, ns, and qk P L
γk
k ,

2k ´ 2 if fpγ1, . . . , γnq “ 2k ´ 2 for some k P r1, ns, and qk R L
γk
k .

Next, we state several simple properties. Let us consider the ω-sequence below in pQ1 ˆ

¨ ¨ ¨ ˆQn ˆ FpN1, . . . , Nnqq
ω

pq1,0, . . . , qn,0, f0q, pq1,1, . . . , qn,1, f1q, pq1,2, . . . , qn,2, f2q . . . ,

such that for all i P N, fi`1 “ Upfi, pq1,i`1, . . . , qn,i`1qq and f0 is the unique map that takes
always the value zero. Such a sequence may correspond to the source locations of the
transitions along a path in a run of A, see below. One can easily show the truth of the
following two claims.

Claim 1 For all pγ1, . . . , γnq P r1, N1s ˆ ¨ ¨ ¨ ˆ r1, Nns, the following three statements are
equivalent.

(1) For infinitely many i ě 0, fipγ1, . . . , γnq “ 1.
(2) For all k P r0, 2n´ 1s, for infinitely many i ě 0, fipγ1, . . . , γnq “ k.
(3) For all k P r1, ns, Lγkk is visited infinitely often in qk,0, qk,1, qk,2 . . ..

Proof of Claim 1. The direction from (2) to (1) is trivial. For the direction from (1) to
(2), suppose fipγ1, . . . , γnq “ 1 for infinitely many i ě 0. Let i be the first index such
that fipγ1, . . . , γnq “ 1. Recall that f0pγ1, . . . , γnq “ 0 “ 2k ´ 2 for k “ 1. By def-
inition of U , we have fjpγ1, . . . , γnq “ 0 for 0 ď j ă i, and q1,i P Lγ11 . But then,
also by definition of U , fi`1pγ1, . . . , γnq “ 2 ‰ 1. Using similar arguments, one can
show that the successive values for f0pγ1, . . . , γnq, f1pγ1, . . . , γnq, f2pγ1, . . . , γnq . . . modulo
stuttering are p0 ¨ 1 ¨ ¨ ¨ p2n ´ 2q ¨ p2n ´ 1qqω. For the direction from (2) to (3), the sat-
isfaction of (2) implies that for all k P r1, ns, for infinitely many i, fipγ1, . . . , γnq “
2k ´ 1. Therefore Lγkk is visited infinitely often. Conversely, if (3) holds, then again,
the successive values for f0pγ1, . . . , γnq, f1pγ1, . . . , γnq, f2pγ1, . . . , γnq . . . modulo stuttering are
p0 ¨ 1 ¨ ¨ ¨ p2n´ 2q ¨ p2n´ 1qqω and therefore (2) holds.

Claim 2 For all pγ1, . . . , γnq P r1, N1s ˆ ¨ ¨ ¨ ˆ r1, Nns, the following two statements are
equivalent.

(1) For all k P r1, ns, Uγkk is visited only finitely in qk,0, qk,1, qk,2 . . ..
(2) U is visited only finitely in pq1,0, . . . , qn,0, f0q, pq1,1, . . . , qn,1, f1q, pq1,2, . . . , qn,2, f2q . . . .,

where

U “
`

n
ď

k“1

Q1 ˆ ¨ ¨ ¨ ˆQk´1 ˆ U
γk
k ˆQk`1 ˆ ¨ ¨ ¨ ˆQn

˘

ˆ FpN1, . . . , Nnq.

Proof of Claim 2. Suppose that (1) holds. Since all Qk’s are finite, it follows that U cannot
be visited infinitely often, and hence (2) holds. The direction from (2) to (1) is trivial.

Below, we provide the formal definition for A according to the above informal description
and then we prove the correctness of the construction based on the properties established
above.

‚ Q
def
“ Q1 ˆ ¨ ¨ ¨ ˆQn ˆ FpN1, . . . , Nnq.
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‚ The tuple ppq1, . . . , qn, fq, a, pΘ0, pq
1
0, . . . , q

n
0 , f

0qq, . . . , pΘD´1, pq
1
D´1, . . . , q

n
D´1, f

D´1qqq be-
longs to δ iff the conditions below hold.
(1) For each k P r1, ns, there is pqk, a, ppΘ

k
0, q

k
0 q, . . . , pΘ

k
D´1, q

k
D´1qqq P δk and for each

j P r0, D ´ 1s,

Θj
def
“

n
ľ

k“1

Θk
j .

Observe that the size of Θj is bounded above by
ř

k

p1` MCSpAkqq.

(2) For all j P r0, D ´ 1s, fj
def
“ Upf, pq1j , . . . , qnj qq (deterministic update).

When n “ 2, the above conditions are identical to those in the proof of Lemma 4.14
and therefore the above developments generalise what is done in that proof.

‚ Qin
def
“ Q1,in ˆ ¨ ¨ ¨ ˆQn,in ˆ tf0u, where f0 is the unique map that takes always the value

zero (this value is arbitrary and any value will do the job).
‚ The set of Rabin pairs in F contains exactly the pairs pL,Uq for which there is pγ1, . . . , γnq P
r1, N1s ˆ ¨ ¨ ¨ ˆ r1, Nns such that

U
def
“

`

n
ď

k“1

Q1 ˆ ¨ ¨ ¨ ˆQk´1 ˆ U
γk

k ˆQk`1 ˆ ¨ ¨ ¨ ˆQn

˘

ˆ FpN1, . . . , Nnq

L
def
“

`

Q1 ˆQ2 ˆ ¨ ¨ ¨ ˆQn

˘

ˆ tf | fpγ1, . . . , γnq “ 1u.

Again, when n “ 2, the above construction is identical to the one in the proof of
Lemma 4.14. Strictly speaking, pL,Uq above is indexed by a tuple pγ1, . . . , γnq but we
omit such decorations as it will not lead to any confusion.

Finally, by construction F contains at most N “ Π
k
Nk pairs as required in the statement.

Let us prove that LpAq “
Ş

1ďkďn LpAkq. For the first inclusion, assume that t P
Ş

1ďkďn LpAkq. For each 1 ď k ď n, there exists some initialized accepting run ρk :
r0, D ´ 1s˚ Ñ δk of Ak on t. That is, for every node n P r0, D ´ 1s˚ with tpnq “ pa, zq and
tpn ¨ iq “ pai, ziq for all i P r0, D´ 1s, if ρkpnq “ pq

k, a, pΘk
0, q

k
0 q, . . . , pΘ

k
D´1, q

k
D´1q, then, for

all i P r0, D ´ 1s

(1) ρkpn ¨ iq’s source location is qki ,
(2) Z |ù Θk

i pz, ziq. Further, since ρk is initialized and accepting, we have
(3) ρkpεq’s source location is in Qk,in, and
(4) for all paths π in ρ starting from the root node ε, there exists some pL,Uq P Fk such

that infpρk, πq X L ‰ H and infpρk, πq X U “ H.

From these runs ρk, we define the map ρ : r0, D´1s˚ Ñ δ as follows: for all n P r0, D´1s˚

with tpnq “ pa, zq, define

ρpnq
def
“ ppq1, . . . , qn, fq, a, pΘ0, pq

1
0, . . . , q

n
0 , f

0qq, . . . , pΘD´1, pq
1
D´1, . . . , q

n
D´1, f

D´1qqq,

where Θj
def
“

Źn
k“1Θ

j
k and fj

def
“ Upf, pq1j , . . . , qnj qq for each j P r0, D ´ 1s. For this defi-

nition to make sense, we additionally require the source location of ρpεq to be equal to
pρ1pεq, . . . , ρnpεq, f0q, where f0 is the function mapping everything to 0. Note that the
corresponding transition is indeed in δ. Let us prove that ρ is an initialized accepting run of
A on t. Let n P r0, D´ 1s˚ and j P r0, D´ 1s. Suppose tpnq “ pa, zq, tpn ¨ jq “ paj , zjq, and
ρpnq “ ppq1, . . . , qn, fq, a, pΘ0, pq

1
0, . . . , q

n
0 , f

0qq, . . . , pΘD´1, pq
1
D´1, . . . , q

n
D´1, f

D´1qqq.
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‚ That ρpn ¨ jq’s source location is pq1j , . . . , q
n
j , f

jq follows from (1) above, and by the
deterministic update of the function.

‚ That Z |ù Θjpz, zjq follows from (2) above.
‚ That ρpεq’s source location pρ1pεq, . . . , ρnpεq, f0q is in Qin follows from the definition of
Qin and (3) above.

‚ For proving that ρ is accepting, let π “ j1j2 ¨ ¨ ¨ P r0, D´1sω be an infinite path in ρ starting
from ε. Let s “ pq1,0, q2,0, . . . , qn,0, f

0q, pq1,1, q2,1, . . . , qn,1, f
1q, pq1,2, q2,2, . . . , qn,2, f

2q . . . be
the corresponding sequence of source locations. By (4) above, for each k P r1, ns, there is
an index γk such that some location in Lγkk occurs infinitely often in qk,0, qk,1, qk,2 . . . . and
all the locations in Uγkk occur only finitely often in qk,0, qk,1, qk,2 . . . . Let us pick pL,Uq in
F such that

U “
`

n
ď

k“1

Q1 ˆ ¨ ¨ ¨ ˆQk´1 ˆ U
γk

k ˆQk`1 ˆ ¨ ¨ ¨ ˆQn

˘

ˆ FpN1, . . . , Nnq

L “
`

Q1 ˆQ2 ˆ ¨ ¨ ¨ ˆQn

˘

ˆ tf | fpγ1, . . . , γnq “ 1u.

By Claim 2, all the locations in U occur only finitely often in the sequence s. Hence
infpρ, πq X U “ H. By Claim 1 and the definition of L for the tuple pγ1, . . . , γnq, there is
some location in L occurring infinitely often in the sequence s. Hence infpρ, πq X L ‰ H,
which finishes the proof of the first direction.

For the other inclusion, assume that t P LpAq. Then there exists some initialized
accepting run ρ : r0, D ´ 1s˚ Ñ δ. That is, for every node n P r0, D ´ 1s˚ with tpnq “ pa, zq
and tpn ¨ iq “ pai, ziq for all i P r0, D ´ 1s, if

ρpnq “ ppq1, . . . , qn, fq, a, pΘ0, pq
1
0, . . . , q

n
0 , f

0qq, . . . , pΘD´1, pq
1
D´1, . . . , q

n
D´1, f

D´1qq

then, for all i P r0, D ´ 1s

(1) ρpn ¨ iq’s source location is pq1i , . . . , q
n
i , f

iq,
(2) Z |ù Θipz, ziq.
(3) By definition of δ, we can also infer that pqk, a, ppΘ

k
0, q

k
0 q, . . . , pΘ

k
D´1, q

k
D´1qqq P δk, and

Θi
def
“

Źn
k“1Θ

i
k for all k P r1, ns. Further, since ρ is initialized and accepting, we have

(4) ρpεq’s source location is in Qin, and
(5) for all paths π in ρ starting from ε, there exists some pL,Uq P F such that infpρ, πqXL ‰

H and infpρ, πq X U “ H.

For all k P r1, ns, we define the map ρk : r0, D ´ 1s˚ Ñ δk by

ρkpnq
def
“ pqk, a, ppΘ

k
0, q

k
0 q, . . . , pΘ

k
D´1, q

k
D´1qqq,

for each n P r0, D ´ 1s˚. Let us prove that ρk is an initialized accepting run of Ak on
t. Let n P r0, D ´ 1s˚ and j P r0, D ´ 1s. Suppose tpnq “ pa, zq, tpn ¨ jq “ paj , zjq, and
ρkpnq “ pq

k, a, pΘk
0, q

k
0 q, . . . , pΘ

k
D´1, q

k
D´1qq.

‚ That ρkpn ¨ jq’s source location is q1k follows from (1) above.

‚ That Z |ù Θk
j pz, zjq follows from (2) and (3) above (Θk

j is a conjunct of Θj).

‚ That ρkpεq’s source location is in Qk,in follows from (4) above and the definition of Qin.
‚ For proving that ρk is accepting, let π “ j1j2 ¨ ¨ ¨ P r0, D ´ 1sω be an infinite path
of ρ from ε. By (5) above, there exists some pL,Uq P F such that infpρ, πq X L ‰

H and infpρ, πq X U “ H. By definition of F , pL,Uq is defined for some tuple of
indices pγ1, . . . , γnq P r1, N1s ˆ ¨ ¨ ¨ ˆ r1, Nns. This implies that, assuming that s “
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pq1,0, q2,0, . . . , qn,0, f
0q, pq1,1, q2,1, . . . , qn,1, f

1q, pq1,2, q2,2, . . . , qn,2, f
2q . . . be the sequence of

source locations in A corresponding to π, that all elements in

`

n
ď

k“1

Q1 ˆ ¨ ¨ ¨ ˆQk´1 ˆ U
γk
k ˆQk`1 ˆ ¨ ¨ ¨ ˆQn

˘

ˆ FpN1, . . . , Nnq

occur only finitely in s. Moreover, some location in s
`

Q1 ˆQ2 ˆ ¨ ¨ ¨ ˆQn
˘

ˆ tf | fpγ1, . . . , γnq “ 1u

occurs infinitely often in the sequence s. By projecting on the locations in Qk, this means
that all the elements in Uγkk occur only finitely in qk,0, qk,1, qk,2 . . . and, by Claim 1, some
location in Lγkk occurs infinitely often in qk,0, qk,1, qk,2 . . . . This concludes that for all
k P r1, ns, ρk is an accepting run on t and therefore t P

Ş

k LpAkq.

Appendix B. Proof for Section 4

B.1. Proof of ExpTime-hardness for the nonemptiness problem.

Proof. ExpTime-hardness of the nonemptiness problem for TCA can be shown by reduction
from the acceptance problem for alternating Turing machines running in polynomial space,
see e.g. [CKS81]. Let us first give a formal definition of alternating Turing machines. An
alternating Turing machine (ATM) is a tuple M “ pQ,Σ, δ, q0, qacc, qrej, gq defined as follows.

‚ Q is the finite set of control states.
‚ Σ is the finite tape alphabet including the blank symbol 7 and the left endmarker ▷.
‚ δ : Qztqacc, qrejuˆΣÑ PpQztq0uˆΣˆtÐ,Ñuq is the transition function and each δpq, aq
contains exactly two elements.

‚ q0 P Q is the initial state, qacc P Q is the accepting state, and qrej P Q is the rejecting
state.

‚ g : Qztqacc, qreju Ñ t@, Du specifies the type of a state (@ for universal states, D for
existential states); without loss of generality, we assume gpq0q “ @.

A configuration is a finite word in Σ˚pQˆ ΣqΣ˚, and we write ConfigspMq to denote the
set of all configurations of the ATM M. As usual, a configuration C of the form wpq, aqw1

encodes a word waw1 on the tape, with control state q and the head is on the |wa|th tape
cell where |wa| denotes the length of the word wa. We also say that C uses |waw1| tape
cells. We write $M to denote the derivation relation of the ATM M, defined as follows,
and where C “ wpq, aqw1.

‚ C $M C 1 with w “ w2b, C 1 “ w2pq1, bqcw1 and pq1, c,Ðq P δpq, aq.
‚ C $M C 1 with w1 “ bw2, C 1 “ wcpq1, bqw2 and pq1, c,Ñq P δpq, aq.
‚ C $M C 1 with w1 “ ε, C 1 “ wcpq1, 7q and pq1, c,Ñq P δpq, aq.

Given a word w in pΣzt▷, 7uq˚, its initial configuration Cinpwq is pq0,▷qw. The con-
figuration C is accepting if q “ qacc, and rejecting if q “ qrej. An accepting run for w is a
finite tree t : domptq Ñ ConfigspMq with at most two children per node (but in domptq, some
nodes may have a unique child) satisfying the following conditions:

‚ We have tpεq “ Cinpwq and all the leaves are labelled by accepting configurations.
‚ The tree t does not contain any node labelled by a rejecting configuration.
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‚ For all n P domptq with tpnq “ wpq, aqw1 and q is universal, the node n has two children n¨0
and n ¨1 that are labelled respectively by the configurations C 1 such that wpq, aqw1 $M C 1

(maybe the same for the two options).
‚ For all n P domptq with tpnq “ wpq, aqw1 and q is existential, the node n has one child n ¨ 0
that is labelled by some configuration C 1 such that C $M C 1.

In that case, we say that w is accepted by the ATM M. The ATM M is polynomially space-
bounded if there is a polynomial P such that for all w P pΣzt▷, 7uq˚, if w has an accepting
run, then it has an accepting run such that all the configurations labelling the nodes use at
most P p|w|q tape cells. The problem of determining whether a polynomially space-bounded
ATM M accepts the input word w is known to be ExpTime-complete [CKS81, Corollary
3.6].

Let us now turn to the reduction proof. Let M “ pQ,Σ, δ, q0, gq be a polynomially
space-bounded ATM (with polynomial P pnq ě n) and w P Σ˚ be an input word. We define
a Büchi TCA AM,w “ pQ

1,Σ1, 2, β,Q1
in, δ

1, F q such that M accepts w iff LpAM,wq ‰ H.
The idea is to design AM,w so that it accepts a representation of the accepting runs of M

from w. Let us first explain how we can represent a configuration of M. Without any loss
of generality, we assume that all the configurations use exactly P p|w|q tape cells, possibly by
padding the suffix with copies of the letter 7. The content of each of the P p|w|q tape cells is
encoded by the value of its own variable in the TCA; hence we set the number of variables
β “ P p|w|q. For the encoding, let f : ΣYt7,▷u Ñ r1, cardpΣq`2s be an arbitrary one-to-one
map. The tape of length P p|w|q is encoded by the values of the variables x1, . . . , xP p|w|q,

i.e. the letter b on the jth tape cell is encoded by the constraint xj “ fpbq. Let us define a
simple and natural correspondence between configurations from Σ˚pQˆ ΣqΣ˚ using β tape
cells and a subset of Qˆr1, βsˆ r1, cardpΣqsβ . Elements of the set Qˆr1, βsˆ r1, cardpΣqsβ

are called numerical configurations. We say that wpq, aqw1 « pq1, i, d1, . . . , dβq iff q “ q1,
i “ |wa| and for all j P r1, βs, we have dj “ fppwaw1qpjqq.

Let us complete the definition of the TCA AM,w “ pQ
1,Σ1, 2, β,Q1

in, δ
1, F 1q by

‚ Σ1 “ t:u (Σ1 plays no essential role).

‚ Q1 def
“ Qˆ r1, βs Z tq‹u. Each pair pq, iq encodes part of a configuration with control state

q and the head is on the ith tape cell. The location q‹ is a special accepting state.

‚ Q1
in “ tpq0, 1qu and F

1 def
“ tpqacc, iq | i P r1, βsu Y tq

‹u.
‚ It remains to define the transition relation δ1.
– For all q P tqacc, qreju, and all i P r1, βs, the only transitions starting from pq, iq are
ppq, iq, :, ppJ, pq, iqq, pJ, pq, iqqqq.

– The only transition starting from q‹ is pq‹, :, ppJ, q‹q, pJ, q‹qqq.
– Given i P r1, βs, a, a1 P Σ, we write Θpi, a, a1q to denote the constraint in TreeConspβq

below:
`

ľ

jPr1,βsztiu

Xxj “ xj
˘

^ xi “ fpaq ^ Xxi “ fpa1q.

For all q P Q s.t. gpqq “ D, for all a P Σ with δpq, aq of the form tpq1, a1, d1q, pq2, a2, d2qu,
for all u P t1, 2u and i P r1, βs, δ1 contains the transition

ppq, iq, :, ppΘpi, a, auq, pqu,mpi, duqqq, pJ, q
‹qqq

with the expressionmpi, duq just above defined frommpi,Ñq
def
“ i`1 andmpi,Ðq

def
“ i´1.
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‚ For all q P Q such that gpqq “ @ and q ‰ q0, a P Σ with δpq, aq “ tpq1, a1, d1q, pq2, a2, d2qu,
for all i P r1, βs, δ1 contains the transition

ppq, iq, :, ppΘpi, a, a1q, pq1,mpi, d1qqq, pΘpi, a, a2q, pq2,mpi, d2qqqq.

‚ Assuming that w “ b1 ¨ ¨ ¨ bn and v “ ▷w7β
1

with β1 “ β ´ pn ` 1q, for all a P Σ with
δpq0, aq “ tpq1, a1, d1q, pq2, a2, d2qu, δ

1 contains the transition

ppq0, 1q, :, ppΘ
1p1, a, a1q, pq1,mp1, d1qqq, pΘ

1p1, a, a2q, pq2,mp1, d2qqqq,

where Θ1p1, a, auq
def
“ Θp1, a, auq ^

Ź

1ďjďβ xj “ fpvpjqq (u P t1, 2u). Observe that necessar-
ily d1 “ d2 “Ñ because the head cannot go to the left of the first position. The location
q0 has a special status and the transitions from it encodes the input word w (and that is
why we never come back to it).

Correctness of the construction is stated below.

Lemma B.1. M accepts w iff LpAM,wq ‰ H.

Proof. Let us state a few simple properties that are used in the sequel (whose easy proofs
are omitted herein).

(I) : For every configuration C using β tape cells, there is a unique numerical configuration
pq, i, d1, . . . , dβq such that C « pq, i, d1, . . . , dβq.

(II): For every numerical configuration pq, i, d1, . . . , dβq, there is a unique configuration such
that C « pq, i, d1, . . . , dβq.

(III): For every configuration C with universal control state such that C $M C1 and
C $M C2 using the transition function δ, there are numerical configurations

pq, i, d1, . . . , dβq, pq1, i1, d11, . . . , d
1
βq and pq2, i2, d

2
1, . . . , d

2
βq,

and a transition ppq, iq, :, ppΘ1, pq1, i1qq, pΘ2, pq2, i2qqqq P δ
1 such that

C « pq, i, d1, . . . , dβq, C1 « pq1, i1, d
1
1, . . . , d

1
βq, C2 « pq2, i2, d

2
1, . . . , d

2
βq

Z |ù Θ1pd, d1q, Z |ù Θ2pd, d2q.

(IV): For every configuration C with existential control state such that C $M C1, there
are numerical configurations pq, i, d1, . . . , dβq and pq1, i1, d11, . . . , d

1
βq, and a transition

ppq, iq, :, ppΘ1, pq1, i1qq, pJ, q
‹qqq such that

C « pq, i, d1, . . . , dβq, C1 « pq1, i1, d
1
1, . . . , d

1
βq, Z |ù Θ1pd, d1q.

Conditions (III) and (IV) are proved using condition (I) and the way δ1 is defined.
Moreover, this means that the relationships between nodes in an accepting run can be
simulated by runs on trees for TCA.

(V): For all numerical configurations pq, i, d1, . . . , dβq, pq1, i1, d11, . . . , d
1
βq and

pq2, i2, d21, . . . , d
2
βq, and transitions ppq, iq, :, ppΘ1, pq1, i1qq, pΘ2, pq2, i2qqqq such that Z |ù

Θ1pd, d1q and Z |ù Θ2pd, d2q, there are configurations C, C1 and C2 such that

C « pq, i, d1, . . . , dβq, C1 « pq1, i1, d
1
1, . . . , d

1
βq, C2 « pq2, i2, d

2
1, . . . , d

2
βq,

C $M C1, C $M C2.

(VI): For all numerical configurations pq, i, d1, . . . , dβq and pq1, i1, d11, . . . , d
1
βq and transitions

ppq, iq, :, ppΘ1, pq1, i1qq, pJ, q
‹qqq
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such that Z |ù Θ1pd, d1q, there are configurations C and C1 such that

C « pq, i, d1, . . . , dβq, C1 « pq1, i1, d
1
1, . . . , d

1
βq, C $M C1.

Conditions (V) and (VI) are proved using condition (II) and the way δ1 is defined.
Moreover, this means that the relationships between nodes in runs on trees for TCA
can be simulated by accepting runs.

(ñ) Let t : domptq Ñ ConfigspMq be an accepting run of M on the input word w. Let
t‹ : r0, 1s˚ Ñ Zβ be an infinite tree such that for all n P domptq with tpnq « pq, i, d1, . . . , dβq,

we have t‹pnq
def
“ pd1, . . . , dβq. Note that t‹pnq has a unique value by Condition (I) when

n P domptq and we have omitted to represent the unique possible letter on each node. Let
ρ‹ : r0, 1s˚ Ñ δ1 be the run defined as follows.

‚ For all n P domptq with tpnq « pq, i, d1, . . . , dβq, we have ρ‹pnq
def
“ ppq, iq, ¨, ¨, ¨q, that is, a

transition with source location pq, iq. By way of example, assuming that δpq, f´1pdiqq “
tpq1, a1, d1q, pq2, a2, d2qu, then more precisely,

ρ‹pnq
def
“ ppq, iq, :, ppΘpi, f´1pdiq, a1q, pq1,mpi, d1qqq, pΘpi, f

´1pdiq, a2q, pq2,mpi, d2qqqq.

‚ For all n P pr0, 1s˚zdomptqq such that there is no strict prefix n1 of n that is a leaf of domptq,

we have ρ‹pnq
def
“ pq‹, :, ppJ, q‹q, pJ, q‹qqq.

‚ For all n P pr0, 1s˚zdomptqq such that there is a strict prefix n1 of n that is a leaf of domptq

and tpn1q « pq, i, d1, . . . , dβq, we have ρ‹pnq
def
“ ppq, iq, :, ppJ, pq, iqq, pJ, pq, iqqqq.

One can easily show that ρ‹ is an accepting run on t‹ by using the conditions (III) and (IV),
as well as the definition of the set F of accepting states in AM,w.

(ð) Let t : r0, 1s˚ Ñ Σ1 ˆ Zβ be an infinite tree and ρ : r0, 1s˚ Ñ δ1 be an accepting run
on t. By construction of AM,w, along any infinite branch, once a location in F is visited,
it is visited forever along that branch, and moreover any infinite branch always visits such
a location in F . Let X be the finite subset of r0, 1s˚ such that n P X iff either ρpnq’s
source locations is not in F , or the source location of ρpnq is in F ztq‹u and the source
locations of all its ancestors do not belong to F . One can check that X is a finite tree (use
of König’s Lemma here). Let t‹ : X Ñ ConfigspMq be the map such that for all n P X,
we have t‹pnq “ C for the unique configuration such that C « pq, i, d1, . . . , dβq with the
source location of ρpnq being pq, iq and tpnq “ pd1, . . . , dβq. One can easily show that t‹ is
an accepting run for w by using the conditions (V) and (VI), as well as the definition of the
set of accepting states in M.

This concludes the ExpTime-hardness proof for the nonemptiness problem for tree
constraint automata. Observe that it is also easy to get ExpTime-hardness without using
any constant. Indeed, N distinct constants can be simulated by N variables whose values
remain unchanged along the accepted tree. The initial constraints between these variables at
the root correspond to the constraints between the corresponding constants. Furthermore,
note that the ordering ă is not needed for the reduction (the constraints use only the
equality), the ExpTime-hardness holds without constants and ă.
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...

...

px1, x2q

p2, 2q

p3, 4q

p9, 7q

p5, 8q

ă“

...

...

px´3
1 , x´2

1 , x´1
1 , x01, x

´3
2 , x´2

2 , x´1
2 , x02q

p¨ , ¨ , ¨ , 2 , ¨ , ¨ , ¨ , 2q

p¨ , ¨ , 2 , 3 , ¨ , ¨ , 2 , 4q

p¨ , 2 , 3 , 9 , ¨ , 2 , 4 , 7q

p2 , 3 , 9 , 5 , 2 , 4 , 7 , 8q

ă“

Figure 8. A tree over two variables x1 and x2 (left) and the corresponding
tree over eight variables x´3

1 , x´2
1 , x´1

1 , x01, x
´3
2 , x´2

2 , x´1
2 , x02 (right) for illus-

trating the translation of the formula EX EppXx1 ă XXXx2q ^ px1 “ x2qq into
its simple form.

Appendix C. Proofs for Section 5

C.1. Proof of Proposition 5.1.

Proof. First, we establish that CTLpZq has the tree model property using the standard
unfolding technique for Kripke structures. Then, we show that the restriction to formulae in
simple form is possible using the renaming technique (correctness is guaranteed by the tree
model property).

Let K “ pW,R, vq be a total Kripke structure and w PW. We write K̂w to denote the

(total) Kripke structure pŴ, R̂, v̂q defined as follows (understood as the unfolding of K from
the world w).

‚ Ŵ is the set of finite paths in K starting from the world w .
‚ The relation R̂ contains all the pairs of the form pπ, π1q such that π is of the form w1 ¨ ¨ ¨wn
and π1 is of the form w1 ¨ ¨ ¨wn`1 with pwn, wn`1q P R.

‚ For all paths π “ w1 ¨ ¨ ¨wn, for all variables x P V , we have v̂pπ, xq
def
“ vpwn, xq.

Satisfaction of all the state formulae is preserved using classical arguments. More precisely,
for all π “ w1 ¨ ¨ ¨wn P Ŵ, for all state formulae ϕ in CTLpZq, we have K, wn |ù ϕ iff

K̂w, π |ù ϕ. The proof is by structural induction using the correspondence between paths in

K from some w 1 PW such that w 1 is reachable from w , and paths in K̂w . As a conclusion,
the logic CTLpZq has the tree model property since the structures of the form K̂w are trees.

Now, we move to the construction of ϕ1 in simple form. Let us introduce below the
natural notion of forward degree. Given a term t “ Xix for some i P N, the forward
degree of t, written fdptq, is equal to i. Given a constraint Θ, we write fdpΘq to denote the
forward degree of Θ defined as the maximal forward degree of any term occurring in Θ. For
instance, fdppXx1 ă XXXx2q ^ px1 “ x2qq “ 3. By extension, given a CTLpZq formula ϕ,
we write fdpϕq to denote the forward degree of ϕ defined as the maximal forward degree of
any constraint occurring in ϕ. For instance, fdpEX EppXx1 ă XXXx2q ^ px1 “ x2qqq “ 3 and
fdpE ppXXx1 ă XXXXx2q ^ pXx1 “ Xx2qqq “ 4.

Let ϕ be a CTLpZq formula in negation normal form such that fdpϕq “ N ě 2 and
the variables occurring in ϕ are among x1, . . . , xβ. Below, we build a formula ϕ1 over
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x´N
1 , . . . , x01, . . . , x

´N
β , . . . , x0β with fdpϕ1q ď 1 such that ϕ is satisfiable in a tree Kripke

structure iff ϕ1 is satisfiable in a tree Kripke structure and ϕ1 can be computed in polynomial-
time in the size of ϕ. The above-mentioned variables can be obviously renamed but the
current naming is helpful to grasp the correctness of the whole enterprise. In short, the
value for x´k

j on a node should be understood as the value for xj exactly k nodes behind

along the branch leading to the node. Thanks to the tree structure, the variable x´k
j takes a

unique value. Note that we could not work with forward values (say with x`k
j to keep the

same syntactic rule for naming) because the structures are branching and therefore k steps
ahead does not lead necessarily to a unique world.

Given E Θ or A Θ occurring in ϕ with fdpΘq “M (so M ď N), we write jumppΘ,Mq

to denote the constraints built over x´N
1 , . . . , x01, . . . , x

´N
β , . . . , x0β such that

‚ jumpp¨,Mq is homomorphic for Boolean connectives,

‚ jumppt1 ă t2,Mq
def
“ jumppt1,Mq ă jumppt2,Mq,

‚ jumppt1 “ t2,Mq
def
“ jumppt1,Mq “ jumppt2,Mq,

‚ jumppt “ d,Mq def
“ jumppt,Mq “ d with jumppXixj ,Mq

def
“ xi´Mj . The value i ´M is

greater than ´N because fdpΘq ď N .

For instance, jumpppXx1 ă XXXx2q ^ px1 “ x2q, 3q “ px
´2
1 ă x02q ^ px

´3
1 “ x´3

2 q. In short,
jumppΘ,Mq corresponds to the constraint equivalent to Θ if we evaluate it exactly M steps
ahead. To do so, we therefore need to evoke in jumppΘ,Mq variables capturing previous
local values along the branch. Let t be the translation map that is homomorphic for Boolean
and temporal connectives such that

‚ tpE Θq
def
“ pEXqM jumppΘ,Mq,

‚ tpA Θq
def
“ pAXqM jumppΘ,Mq,

where fdpΘq “M . Let ϕ1 be defined as follows:

tpϕq ^ AG A
`

ľ

jPr1,βs, kPr0,N´1s

x´k
j “ Xx´k´1

j

˘

.

The second conjunct in the definition of ϕ1 corresponds to the renaming part. Recall that
AG is the CTL temporal connective that enforces a property for all the reachable nodes from
the root node (i.e. to all the worlds of the tree model). Let us provide hints to understand
why ϕ is satisfiable in a tree Kripke structure iff ϕ1 is satisfiable in a tree Kripke structure.

First, suppose that K,w |ù ϕ, where K “ pW,R, vq is a tree Kripke structure with
root w . Let K1 “ pW,R, v1q be the Kripke structure that differs from K only in the
definition of the valuation. Given a node w 1 PW reachable from w via the branch w0 ¨ ¨ ¨wn
with w0 “ w and wn “ w 1 for some n ě 0, for all k P r0, N s and j P r1, βs, we require

v1pw1, x´k
j q

def
“ vpwn´k, xjq if n´ k ě 0, otherwise v1pw 1, x´k

j q
def
“ 0 (arbitrary value). Figure 8

illustrates how v1 is defined. In order to verify that K1,w |ù ϕ1, it boils down to check the
three properties below (for which we omit the proofs at this stage).

‚ K1,w |ù AG A
`

Ź

jPr1,βs, kPr0,N´1s x
´k
j “ Xx´k´1

j

˘

. This holds thanks to the definition of

v1 and the tree structure of K.
‚ If E Θ occurs in ϕ and K,w 1 |ù E Θ, then K1,w 1 |ù pEXqM jumppΘ,Mq, where fdpΘq “M .
‚ If A Θ occurs in ϕ and K,w 1 |ù A Θ, then K1,w 1 |ù pAXqM jumppΘ,Mq, where fdpΘq “M .

For the other direction, suppose that K,w |ù ϕ1 and K “ pW,R, vq is a tree Kripke
structure with root w (recall the tree model property holds). Let K1 “ pW,R, v1q be the
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Kripke structure that differs from K only in the definition of the valuation. More precisely,

for all w 1 PW and all j P r1, βs, we have v1pw 1, xjq
def
“ vpw 1, x0j q. By structural induction, one

can show that K,w |ù tpϕq implies K1,w |ù ϕ.

C.2. Proof of Proposition 5.2.

Proof. The direction from right to left (“if”) is trivial. So let us prove the direction from
left to right (“only if”): suppose that ϕ is a satisfiable CTLpZq formula in simple form and
built over the terms x1, . . . , xβ,Xx1, . . . ,Xxβ . We recall that the terms Xx1, . . . ,Xxβ are also
sometimes denoted by the primed variables x1

1, . . . , x
1
β . Let ι : psubEXpϕqY subEpϕqq Ñ r1, Ds

be a direction map for ϕ, where D “ cardpsubEXpϕqq ` cardpsubEpϕqq.
Let K “ pW,R, vq be a total Kripke structure, win P W be a world in K such that

K,win |ù ϕ. Since ϕ contains only the variables in x1, . . . , xβ , the map v can be restricted to

the variables among x1, . . . , xβ . Furthermore, below, we can represent v as a map W Ñ Zβ

such that vpwqpiq for some i P r1, βs is understood as the value of the variable xi on w .
Below, we construct a tree t : r0, Ds˚ Ñ Zβ such that t obeys ι and t, ε |ù ϕ.

We introduce an auxiliary map g : r0, Ds˚ Ñ W such that gpεq
def
“ win, tpεq def

“ vpgpεqq

and more generally, we require that for all n P r0, Ds˚, we have tpnq def
“ vpgpnqq. The

definition of g is performed by picking the smallest element n ¨ j P r0, Ds˚ with respect to
the lexicographical ordering such that gpnq is defined and gpn ¨ jq is undefined. Let n ¨ j
be the smallest node such that gpnq is defined and gpn ¨ jq is undefined. If j “ 0, then,
since K is total, there is an infinite path π “ w0w1w2 ¨ ¨ ¨ starting from gpnq. For all i ě 1,

we set gpn ¨ 0iq
def
“ wi and tpn ¨ 0iq def

“ vpwiq. So let j ą 0 and ϕ1 be the unique subformula
of ϕ such that ιpϕ1q “ j. If K, gpnq ­|ù ϕ1, then, since K is total, there is an infinite path

π “ w0w1w2 ¨ ¨ ¨ starting from gpnq. We define gpn ¨ jq
def
“ w1, tpn ¨ jq def

“ vpw1q and for all

i ě 1, we set gpn ¨ j ¨ 0iq
def
“ wi`1 and tpn ¨ j ¨ 0iq def

“ vpwi`1q. If K, gpnq |ù ϕ1, then we
distinguish the following cases.

Case ϕ1 “ E Θ: By K, gpnq |ù E Θ, there is an infinite path π “ w0w1w2 ¨ ¨ ¨ starting from
gpnq and such that Z |ù Θpvpw0q, vpw1qq. Recall that all the terms in Θ are in

Tď1
V . As above, we define gpn ¨ jq

def
“ w1, tpn ¨ jq def

“ vpw1q and for all i ě 1, we set

gpn ¨ j ¨ 0iq
def
“ wi`1 and tpn ¨ j ¨ 0iq def

“ vpwi`1q.
Case ϕ1 “ EXEpϕ1Uϕ2q: ByK, gpnq |ù EXEpϕ1Uϕ2q, there is an infinite path π “ w0w1w2 ¨ ¨ ¨

starting from gpnq and k ě 1 such that K,wk |ù ϕ2 and for all i P r1, k ´ 1s we have

K,wi |ù ϕ1. For all i P r1, ks, we set gpn ¨ jiq
def
“ wi and tpn ¨ jiq def

“ vpwiq, and

gpn ¨ jk ¨ 0iq
def
“ wk`i and tpn ¨ jk ¨ 0iq def

“ vpwk`iq for all i ě 1.
Case ϕ1 “ EXEpϕ1Rϕ2q: If there is an infinite path π “ w0w1w2 ¨ ¨ ¨ starting from gpnq such

that K,wi |ù ϕ2 for all i ě 1, then for all i ą 0, gpn ¨ jiq
def
“ wi and tpn ¨ jiq def

“ vpwiq.
Otherwise, by K, gpnq |ù EXEpϕ1Rϕ2q there must exist an infinite path π “ w0w1w2 ¨ ¨ ¨

starting from gpnq and k ě 1 such that K,wk |ù ϕ1 ^ ϕ2 and for all i P r0, k ´ 1s, we

have K,wi |ù ϕ2, then for all i P r1, ks, we set gpn ¨ jiq
def
“ wi, tpn ¨ jiq def

“ vpwiq, and

gpn ¨ jk ¨ 0iq
def
“ wk`i, tpn ¨ jk ¨ 0iq def

“ vpwk`iq for all i ě 1.
Case ϕ1 “ EXψ and ψ is neither an EU-formula nor an ER-formula:

By K, gpnq |ù EXψ, there is an infinite path π “ w0w1w2 ¨ ¨ ¨ starting from gpnq



16:64 S. Demri and K. Quaas Vol. 21:2

such that K,w1 |ù ψ. We set gpn ¨ jq
def
“ w1, tpn ¨ jq def

“ vpw1q and for all i ě 1,

gpn ¨ j ¨ 0iq
def
“ wi`1 and tpn ¨ j ¨ 0iq def

“ vpwi`1q.

It remains to show that for all n P r0, Ds˚ and for all ϕ1 P subpϕq, if K, gpnq |ù ϕ1, then
t,n |ù ϕ1, and t obeys ι, that is,

‚ if ϕ1 “ EXϕ1 and t,n |ù ϕ1, then t,n ¨ j |ù ϕ1 with j “ ιpϕ1q,
‚ if ϕ1 “ Eϕ1Uϕ2 and t,n |ù ϕ1, then there exists some k ě 0 such that t,n ¨ ji |ù ϕ1 for all
0 ď i ă k, and t,n ¨ jk |ù ϕ2 with j “ ιpϕ1q,

‚ if ϕ1 “ E Θ and t,n |ù ϕ1, then Z |ù Θptpnq, tpn ¨ jqq with j “ ιpϕ1q.

The proof is by induction on the subformula relation.

‚ Suppose K, gpnq |ù E Θ, and let j “ ιpE Θq for some 1 ď j ď D. By definition of t,
gpn ¨ jq “ w1 and gpn ¨ j ¨ 0iq “ wi`1, where w0,w1, . . . is an infinite path in K starting
from gpnq satisfying Z |ù Θpvpw0q, vpw1qq. We also have tpnq “ vpw0q and tpn ¨ jq “ vpw1q,
hence the result.

‚ Suppose K, gpnq |ù ϕ1 ^ ϕ2. Hence K, gpnq |ù ϕ1 and K, gpnq |ù ϕ2, so that by the
induction hypothesis t,n |ù ϕ1 and t,n |ù ϕ2, and thus t,n |ù ϕ1 ^ ϕ2. The case with
ϕ1 _ ϕ2 is similar.

‚ Suppose K, gpnq |ù EXϕ1. Suppose j “ ιpEXϕ1q for some 1 ď j ď D. We distinguish three
cases (coming from the definition of t).
(1) ϕ1 is of the form Eϕ1Uϕ2: By definition of t, we have gpn ¨ jiq “ wi for all 0 ď i ď k,

where w0w1w2 . . . is a path starting from gpnq satisfying K,wk |ù ϕ2 and K,wi |ù ϕ1
for all 1 ď i ă k. By the induction hypothesis, we have t,n ¨ jk |ù ϕ2 and t,n ¨ ji |ù ϕ1
for all 1 ď i ă k. Hence t,n |ù EXϕ1.

(2) ϕ1 is of the form Eϕ1Rϕ2: By definition of t, there are two cases.
– Either gpn ¨ jiq “ wi for all i ě 0, where w0w1w2 . . . is a path starting from n such

that K,wi |ù ϕ2 for all i ě 1. By the induction hypothesis, we have t,n ¨ ji |ù ϕ2
for all i ě 1, and hence t,n |ù EXϕ1.

– Or gpn ¨ jiq “ wi for all 0 ď i ď k, where w0w1w2 . . . is a path starting from n such
that K,wk |ù ϕ1^ϕ2 and K,wi |ù ϕ2 for all 1 ď i ă k. By the induction hypothesis,
we have t,n ¨ jk |ù ϕ1 ^ ϕ2 and t,n ¨ ji |ù ϕ2 for all 1 ď i ă k. Hence t,n |ù EXϕ1.

(3) ϕ1 is neither an EU-formula nor an ER-formula: Then gpn¨jq “ w1 and gpn¨j ¨0
iq “ wi`1,

where w0w1w2 . . . is a path from gpnq such that K,w1 |ù ϕ1. By the induction
hypothesis, we have t,n ¨ j |ù ϕ1, and hence t,n |ù EXϕ1.

‚ Suppose K, gpnq |ù Eϕ1Uϕ2. We distinguish two cases.
– Suppose K, gpnq |ù ϕ2. By the induction hypothesis, t,n |ù ϕ2 and hence t,n |ù Eϕ1Uϕ2.
– Suppose K, gpnq ­|ù ϕ2. Then K, gpnq |ù ϕ1 and K, gpnq |ù EXEϕ1Uϕ2. By the induction

hypothesis, we also have t,n |ù ϕ1. Suppose ιpEXEϕ1Uϕ2q “ j for some 1 ď j ď D.
By definition of t, there exists some (minimal) k ě 1 such that gpn ¨ jiq “ wi for all
0 ď i ď k, where w0w1w2 . . . is a path starting from gpnq satisfying K,wk |ù ϕ2 and
K,wi |ù ϕ1 for all 1 ď i ă k. By the induction hypothesis, we have t,n ¨ jk |ù ϕ2 and
t,n ¨ ji |ù ϕ1 for all 1 ď i ă k. Recall that we also have t,n |ù ϕ1, so that indeed
t,n |ù Eϕ1Uϕ2.

‚ Suppose K, gpnq |ù Eϕ1Rϕ2. We distinguish two cases.
– Suppose K, gpnq |ù ϕ2 and K, gpnq |ù ϕ1. By the induction hypothesis, t,n |ù ϕ2 and

t,n |ù ϕ1, so that t,n |ù Eϕ1Rϕ2.
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– Suppose K, gpnq |ù ␣ϕ1 ^ ϕ2 and K, gpnq |ù EXEϕ1Rϕ2. By the induction hypothesis,
t,n |ù ϕ2. Suppose ιpEXEϕ1Rϕ2q “ j for some 1 ď j ď D. We distinguish two more
cases.
˚ There is an infinite path w0w1w2 . . . from gpnq such that K,wi |ù ϕ2 for all i ě 1.
We then have gpn ¨ jiq “ wi for all i ě 1. By the induction hypothesis, we have
t,n ¨ ji |ù ϕ2 for all i ě 1. Together with t,n |ù ϕ2, we obtain t,n |ù Eϕ1Rϕ2.

˚ Otherwise, we have gpn ¨ jkq “ wk and gpn ¨ jiq “ wi, where w0w1w2 . . . is a path from
gpnq such that K,wk |ù ϕ1 ^ ϕ2 and K,wi |ù ϕ2 for all 1 ď i ă k. By the induction
hypothesis, we have t,n ¨ jk |ù ϕ1 ^ ϕ2, and t,n ¨ ji |ù ϕ2 for all 1 ď i ă k. Together
with t,n |ù ϕ2, we obtain t,n |ù Eϕ1Rϕ2.

‚ Suppose K, gpnq |ù A Θ. By construction of t, for all infinite paths n ¨j1 ¨j2 ¨j3 ¨ ¨ ¨ P r0, Dsω,
gpnq¨gpn¨j1q¨gpn¨j1j2q ¨ ¨ ¨ is an infinite path from gpnq. Consequently, for all n¨j1¨j2¨j3 ¨ ¨ ¨ P
r0, Dsω, we have Z |ù Θpvpgpnqq, vpgpn ¨ j1qqq and therefore Z |ù Θptpnq, tpn ¨ j1qq because
by definition, we have tpnq “ vpgpnqq and tpn ¨ jq “ vpgpn ¨ jqq. As a consequence,
t,n |ù A Θ.

‚ Suppose K, gpnq |ù A Φ, where Φ is a path formula such that Φ is not a constraint. By
construction of t, for all infinite paths n ¨j1 ¨j2 ¨j3 ¨ ¨ ¨ P r0, Dsω, gpnq ¨gpn ¨j1q ¨gpn ¨j1j2q ¨ ¨ ¨
is an infinite path from gpnq. By way of example, assume that Φ “ ϕ1Uϕ2 (the cases
Φ “ ϕ1Rϕ2 and Φ “ Xϕ1 are handled in the very same way). For all infinite paths
n ¨ j1 ¨ j2 ¨ j3 ¨ ¨ ¨ P r0, Ds

ω with π “ gpnq ¨ gpn ¨ j1q ¨ gpn ¨ j1j2q ¨ ¨ ¨ , we have K, π |ù ϕ1Uϕ2
and therefore there is k P N such that K, gpn ¨ j1 ¨ ¨ ¨ jkq |ù ϕ2 and for all 0 ď k1 ă k, we
have K, gpn ¨ j1 ¨ ¨ ¨ jk1q |ù ϕ1. By the induction hypothesis, we have t,n ¨ j1 ¨ ¨ ¨ jk |ù ϕ2
and t,n ¨ j1 ¨ ¨ ¨ jk1 |ù ϕ1 for all 0 ď k1 ă k. Consequently, t,n ¨ j1 ¨ j2 ¨ j3 ¨ ¨ ¨ |ù ϕ1Uϕ2 and
therefore t,n |ù A ϕ1Uϕ2 because the above path from n was arbitrary in t.

C.3. Proof of Lemma 5.4.

Proof. “if:” Suppose LpAϕq ‰ H. Then there exists a tree t : r0, Ds˚ Ñ Σ ˆ Zβ in LpAϕq.
Let ρ : r0, Ds˚ Ñ δ be an accepting run of Aϕ on t. We prove for all ϕ1 P subpϕq, for all nodes
n in t with tpnq “ p:, zq and ρpnq “ ppdn, Xnq, :, pΘ0, p0, Xn¨0qq, . . . , pΘD, pD,Xn¨Dqqq, if
ϕ1 P Xn, then t,n |ù ϕ1 (this is not an equivalence, recall that ϕ is in negation normal form).
Here, t is also understood as a tree Kripke model (in which we may ignore the finite alphabet
Σ). Note that this indeed implies t, ε |ù ϕ, as ρpεq starts with some initial location of the
form p0, Xεq such that ϕ P Xε. Hence ϕ is indeed satisfiable.

So let n be a node in t with

ρpnq “ ppdn, Xnq, :, pΘ0, p0, Xn¨0qq, . . . , pΘD, pD,Xn¨Dqqq

and such that

(1) for all EXψ P Xn, we have ψ P Xn¨j with j “ ιpEXψq;
(2) for all AXψ P Xn and j P r0, Ds, we have ψ P Xn¨j ;
(3) for all j P r0, Ds, if there is E Θ P Xn such that ιpE Θq “ j, then

Θj
def
“ p

ľ

AΘ1PXn

Θ1q ^Θ otherwise, Θj
def
“

ľ

AΘ1PXn

Θ1.

The proof of the claim is by the induction on the formula with respect to the subformula
ordering. So suppose ϕ1 P Xn.



16:66 S. Demri and K. Quaas Vol. 21:2

‚ ϕ1 “ E Θ, where Θ is a Boolean combination of terms among x1, . . . , xβ, x
1
1, . . . , x

1
β.

Suppose ιpϕ1q “ j for some 1 ď j ď D. From the condition (3) above, we obtain that

Θj
def
“ p

Ź

AΘ1PXn
Θ1q ^ Θ. Since ρ is a run, we have Z |ù Θjpz, zjq, where tpnq “ p:, zq

and tpn ¨ jq “ p:, zjq, and hence also Z |ù Θpz, zjq. This yields t,n |ù E Θ.
‚ ϕ1 “ A Θ, where Θ is a Boolean combination of atomic constraints built over x1, . . . , xβ
and x1

1, . . . , x
1
β . From the condition (3) above, we know that Θ appears in Θj as a conjunct.

Since ρ is a run, we have Z |ù Θjpz, zjq for all 0 ď j ď D, where tpnq “ p:, zq and
tpn ¨ jq “ p:, zjq, and hence also Z |ù Θpz, zjq for all 0 ď j ď D. This yields t,n |ù A Θ.

‚ ϕ1 “ ϕ1^ϕ2. Since Xn is propositionally consistent, we have ϕ1, ϕ2 P Xn. By the induction
hypothesis, t,n |ù ϕ1 and t,n |ù ϕ2. Hence t,n |ù ϕ1.

‚ Similarly for ϕ1 “ ϕ1 _ ϕ2.
‚ ϕ1 “ EXϕ1. From condition (1) above we know that ϕ1 P Xn¨i, where i “ ιpϕ1q. By the
induction hypothesis, t,n ¨ i |ù ϕ1. Hence t,n |ù ϕ1.

‚ ϕ1 “ AXϕ1. From condition (2) above, we know that ϕ1 P Xn¨i for all 0 ď i ď D. By the
induction hypothesis, t,n ¨ i |ù ϕ1 for all 0 ď i ď D. Hence t,n |ù ϕ1.

‚ ϕ1 “ Eϕ1Uϕ2. Since Xn is propositionally consistent, we have ϕ2 P Xn, or ϕ1,EXϕ
1 P Xn.

In the first case, we have t,n |ù ϕ2 by the induction hypothesis, and hence t,n |ù ϕ1. In
the second case, we have t,n |ù ϕ1 by the induction hypothesis, and we have ϕ1 P Xn¨j ,
where j “ ιpEXϕ1q. Consider the infinite path n ¨ j ¨ j ¨ j . . . starting from n. Since ρ is an
accepting run, states from Fϕ1 must occur infinitely often along this path; that is, there
must exist some k ě 0 such that ϕ2 P Xn¨jk or Eϕ1Uϕ2 R Xn¨jk . Recall that

FEψ1Uψ2

def
“ tpi,Xq P Q | i ‰ ιpEXEψ1Uψ2q or ψ2 P X or Eψ1Uψ2 R Xu.

Indeed, the first component i in the location pi,Xq in Q records the direction i from which
the node is reached. Let k ě 0 be minimal. We first show by induction that if ϕ1 P Xn¨ji ,

then t,n ¨ ji |ù ϕ1 and ϕ1 P Xn¨ji`1 for all 0 ď i ă k. For i “ 0, we have shown this
above. So let 0 ă i ă k and suppose ϕ1 P Xn¨ji . Since ρ is a run, Xn¨ji is propositionally
consistent and hence ϕ2 P Xn¨ji or ϕ1,EXϕ

1 P Xn¨ji . Note that ϕ2 P Xn¨ji contradicts

that k is minimal; hence ϕ1,EXϕ
1 P Xn¨ji . By the induction hypothesis t,n ¨ ji |ù ϕ1, and

ϕ1 P Xn¨ji`1 . We conclude that t,n ¨ ji |ù ϕ1 for all 0 ď i ă k.

Next we prove that t,n ¨ jk |ù ϕ2. Recall that ϕ2 P Xn¨jk or ϕ1 R Xn¨jk . Note that
ϕ1 P Xn¨jk by what we just proved before. Hence ϕ2 P Xn¨jk . By the induction hypothesis,

we obtain t,n ¨ jk |ù ϕ2. Hence, we have proved the existence of a path starting in n and
satisfying ϕ1Uϕ2, which leads to t,n |ù ϕ1.

‚ ϕ1 “ Aϕ1Uϕ2. Since Xn is propositionally consistent, we have ϕ2 P Xn, or ϕ1,AXϕ
1 P Xn.

In the first case, we have t,n |ù ϕ2 by the induction hypothesis, and hence t,n |ù ϕ1. In
the second case, we have t,n |ù ϕ1 by the induction hypothesis, and we have ϕ1 P Xn¨i for
all 0 ď i ď D. We will prove that every path that starts in n satisfies ϕ1Uϕ2. So consider
an arbitrary infinite path n ¨ j1 ¨ j2 ¨ ¨ ¨ ¨ P r0, Ds

ω. Since ρ is accepting, states from Fϕ1

must occur infinitely often in π; that is there exists some k ě 0 such that ϕ2 P Xn¨j1¨¨¨¨jk
or ϕ1 R Xn¨j1¨¨¨¨jk . Let k ě 0 be minimal. We first show by induction that if ϕ1 P Xn¨j1¨¨¨¨jm ,
then t,n ¨ j1 . . . jm |ù ϕ1, and ϕ

1 P Xn¨j1¨¨¨¨jm`1 for all 0 ď m ă k. We have proved this for
m “ 0 above. So let 0 ď m ă k and suppose ϕ1 P Xn¨j1¨¨¨¨¨jm . Since ρ is a run, Xn¨j1¨¨¨¨jm

is propositionally consistent and hence ϕ2 P Xn¨j1...jm or ϕ1,AXϕ
1 P Xn¨j1...jm . Note that

ϕ2 P Xn¨j1...jm contradicts that k is minimal; hence ϕ1,AXϕ
1 P Xn¨j1...jm . By the induction
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hypothesis t,n ¨ j1 . . . jm |ù ϕ1, and since ρ is a run, we also have ϕ1 P Xn¨j1...jm`1 . We
conclude that t,n ¨ j1 . . . jm |ù ϕ1 for all 0 ď m ă k.

Next we prove that t,n ¨ j1 . . . jk |ù ϕ2. Recall that ϕ2 P Xn¨j1¨¨¨¨jk or ϕ1 R Xn¨j1...jk . But
ϕ1 P Xn¨j1...jk as we proved before. Hence ϕ2 P Xn¨j1...jk . By the induction hypothesis, we
obtain t,n ¨ j1 ¨ ¨ ¨ ¨ jk |ù ϕ2. Hence, we have proved that an arbitrary chosen path starting
in n satisfies ϕ1Uϕ2, leading to t,n |ù ϕ1.

‚ ϕ1 “ Eϕ1Rϕ2. Since Xn is consistent, we have ϕ2 P Xn, and ϕ1 P Xn or EXϕ1 P Xn. In
the first case, by the induction hypothesis we have t,n |ù ϕ1 and t,n |ù ϕ2, and hence
t,n |ù ϕ1. In the second case, we have t,n |ù ϕ2 and ϕ1 P Xn¨j , where j “ ιpEXϕ1q.
Consider the infinite path n ¨ j ¨ j ¨ j . . . starting from n. We prove that this path satisfies
ϕ1Rϕ2. We distinguish two cases.
– Suppose there exists some k ě 0 such that ϕ1 P Xn¨jk . Let k be minimal. By the

induction hypothesis, t,n ¨ jk |ù ϕ1. We prove that if ϕ1 P Xn¨ji , then t,n ¨ ji |ù ϕ2 and
ϕ1 P Xn¨ji`1 for all 0 ď i ă k. For i “ 0, we have proved this above. So let 0 ă i ă k and
suppose ϕ1 P Xn¨ji . Since ρ is a run of Aϕ, Xn¨ji is propositionally consistent, and hence
ϕ2 P Xn¨ji , and ϕ1 P Xn¨ji or EXϕ

1 P Xn¨ji . Since ϕ1 P Xn¨ji contradicts the minimality

of k, we have EXϕ1 P Xn¨ji . By the induction hypothesis, we have t,n ¨ ji |ù ϕ2, and

since ρ is a run, we have ϕ1 P Xn¨ji`1 . We can conclude that t,n ¨ ji |ù ϕ2 for all
0 ď i ď k.

– Suppose that ϕ1 R Xn¨jk for all k ě 0. We prove that if ϕ1 P Xn¨jk , then t,n ¨ jk |ù ϕ2
and ϕ1 P Xn¨jk`1 for all k ě 0. For k “ 0 we have proved this above. So let k ą 0 and
suppose ϕ1 P Xn¨jk . Since ρ is a run, we know that Xn¨jk is propositionally consistent.

Hence ϕ2 P Xn¨jk (which, by the induction hypothesis, implies t,n ¨ jk |ù ϕ2) and
ϕ1 P Xn¨jk or EXϕ1 P Xn¨jk . Note that ϕ1 P Xn¨jk cannot be by assumption, hence we

have EXϕ1 P Xn¨jk . We conclude that t,n ¨ jk |ù ϕ2 for all k ě 0.
Hence, we have proved that the path above satisfies ϕ1Rϕ2, and therefore t,n |ù ϕ1.

‚ ϕ1 “ Aϕ1Rϕ2. The proof is a combination of the proofs for Aϕ1Uϕ2 and Eϕ1Rϕ2. Since
Xn is consistent, we have ϕ2 P Xn, and ϕ1 P Xn or AXϕ1 P Xn. In the first case, by
the induction hypothesis we have t,n |ù ϕ1 and t,n |ù ϕ2, and hence t,n |ù ϕ1. In the
second case, we have t,n |ù ϕ1 by the induction hypothesis, and we have ϕ1 P Xn¨i for all
0 ď i ď D. We will prove that every path that starts in n satisfies ϕ1Rϕ2. So consider an
arbitrary infinite path n ¨ j1 ¨ j2 ¨ ¨ ¨ ¨ P r0, Ds

ω. We distinguish two cases.
– Suppose there exists some k ě 1 such that ϕ1 P Xn¨j1¨¨¨jk . Let k be minimal. By

the induction hypothesis, t,n ¨ j1 ¨ ¨ ¨ jk |ù ϕ1. We prove that if ϕ1 P Xn¨j1¨¨¨ji , then
t,n ¨ j1 ¨ ¨ ¨ ji |ù ϕ2 and ϕ1 P Xn¨j1¨¨¨ji`1 for all 0 ď i ă k. For i “ 0, we have proved
this above. So let 0 ă i ă k and suppose ϕ1 P Xn¨j1¨¨¨ji . Since ρ is a run of Aϕ,
Xn¨j1¨¨¨ji is propositionally consistent, and hence ϕ2 P Xn¨j1¨¨¨ji , and ϕ1 P Xn¨j1¨¨¨ji

or AXϕ1 P Xn¨j1¨¨¨ji . Since ϕ1 P Xn¨j1¨¨¨ji contradicts the minimality of k, we have
AXϕ1 P Xn¨j1¨¨¨ji . By the induction hypothesis, we have t,n ¨ j1 ¨ ¨ ¨ ji |ù ϕ2, and since
ρ is a run, we have ϕ1 P Xn¨j1¨¨¨ji`1 . We can conclude that t,n ¨ j1 ¨ ¨ ¨ ji |ù ϕ2 for all
0 ď i ď k.

– Suppose that ϕ1 R Xn¨j1¨¨¨jk for all k ě 0. We prove that if ϕ1 P Xn¨j1¨¨¨jk , then
t,n ¨ j1 ¨ ¨ ¨ jk |ù ϕ2 and ϕ1 P Xn¨j1¨¨¨jk`1

for all k ě 0. For k “ 0 we have proved
this above. So let k ą 0 and suppose ϕ1 P Xn¨j1¨¨¨jk . Since ρ is a run, we know that
Xn¨j1¨¨¨jk is propositionally consistent. Hence ϕ2 P Xn¨j1¨¨¨jk (which, by the induction
hypothesis, implies t,n ¨ j1 ¨ ¨ ¨ jk |ù ϕ2) and ϕ1 P Xn¨j1¨¨¨jk or AXϕ1 P Xn¨j1¨¨¨jk . Note that
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ϕ1 P Xn¨j1¨¨¨jk cannot be by assumption, hence we have AXϕ1 P Xn¨j1¨¨¨jk . We conclude
that t,n ¨ j1 ¨ ¨ ¨ jk |ù ϕ2 for all k ě 0.

“only if:” Suppose ϕ is satisfiable. By Proposition 5.2, ϕ has a tree model t with domain
r0, Ds˚ that obeys the direction map ι. We prove that t P LpAϕq, that is, there exists some
accepting run ρ : r0, Ds˚ Ñ δ of Aϕ on t. Note that t belongs to LpAϕq, assuming that
each node is labelled with the letter : from the single-letter alphabet Σ. Below, we omit to
mention the letter from this singleton alphabet and keep t of the form t : r0, Ds˚ Ñ Zβ to
stick to the Kripke structure.

For every node n in t, define Xn to be the set of formulas ϕ1 in subpϕq such that t,n |ù ϕ1.
Define ρ inductively as follows. First set

ρpεq
def
“ pp0, Xεq, :, pΘ0, p0, X0qq, . . . , pΘD, pD,XDqqq

where for all j P r0, Ds, if there is E Θ P Xε such that ιpE Θq “ j, then

Θj
def
“ p

ľ

A Θ1PX

Θ1q ^Θ otherwise, Θj
def
“

ľ

A Θ1PX

Θ1.

More generally, ρpn ¨ jq is defined by

ρpn ¨ jq
def
“ ppj,Xn¨jq, :, pΘ0, p0, Xn¨j¨0qq, . . . , pΘD, pD,Xn¨j¨Dqqq

where for all j P r0, Ds, if there is E Θ P Xn¨j such that ιpE Θq “ j, then

Θj
def
“ p

ľ

A Θ1PX

Θ1q ^Θ otherwise, Θj
def
“

ľ

A Θ1PX

Θ1.

We prove that ρ is an accepting run of Aϕ on t.

‚ Let us first prove a well-known property: Xn is propositionally consistent for all nodes
n P r0, Ds˚.
– Suppose ϕ1 _ ϕ2 P Xn. That is t,n |ù ϕ1 or t,n |ù ϕ2. But then also ϕ1 P Xn or
ϕ2 P Xn, and hence tϕ1, ϕ2u XXn ‰ H.

– Suppose ϕ1 ^ ϕ2 P Xn. That is t,n |ù ϕ1 and t,n |ù ϕ2. But then also ϕ1 P Xn and
ϕ2 P Xn, and hence tϕ1, ϕ2u Ď Xn.

– Suppose Eϕ1Uϕ2 P Xn. We distinguish two cases. (i) Suppose t,n |ù ϕ2. Then
ϕ2 P Xn. (ii) Suppose t,n ­|ù ϕ2. By t,n |ù Eϕ1Uϕ2, we conclude that t,n |ù ϕ1 and
t,n |ù EXEϕ1Uϕ2. But then tϕ1,EXEϕ1Uϕ2u Ď Xn.

– Suppose Aϕ1Uϕ2 P Xn. We distinguish two cases. (i) Suppose t,n |ù ϕ2. Then
ϕ2 P Xn. (ii) Suppose t,n ­|ù ϕ2. By t,n |ù Aϕ1Uϕ2, we conclude that t,n |ù ϕ1 and
t,n |ù AXAϕ1Uϕ2. But then tϕ1,AXAϕ1Uϕ2u Ď Xn.

– Suppose Eϕ1Rϕ2 P Xn. That is, t,n |ù Eϕ1Rϕ2 P Xn and hence t,n |ù ϕ2, so that
ϕ2 P Xn, too. We distinguish two cases: (i) If t,n |ù ϕ1, then ϕ1 P Xn. (ii) If t,n ­|ù ϕ1,
then t,n |ù EXEϕ1Rϕ2. But then EXEϕ1Rϕ2 P Xn. Hence we can conclude that
tϕ1,EXEϕ1Rϕ2u XXn ‰ H.

– The proof for Aϕ1Rϕ2 is analogous using the validity of Aϕ1Rϕ2 ô
`

ϕ2 ^ pϕ1 _

AXAϕ1Rϕ2q
˘

.
‚ Since t |ù ϕ, we must have ϕ P Xε, so that p0, Xεq is an initial location of Aϕ.
‚ Next we prove that, for all nodes n with the source location of ρpnq being pi,Xnq, there
exists a transition

ppi,Xnq, :, pΘ0, p0, Xn¨0qq, . . . , pΘD, pD,Xn¨Dqqq P δ

satisfying the conditions (1)–(3) below.
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(1) Let EXϕ1 P Xn and suppose ιpEXϕ1q “ j for some 1 ď j ď D. By definition of Xn we
have t,n |ù EXϕ1. Since t obeys ι, we have t,n ¨ j |ù ϕ1. Hence indeed ϕ1 P Xn¨j (and
subpϕq is closed under subformulae).

(2) Let AXϕ1 P Xn. By definition of Xn, we have t,n |ù AXϕ1. By definition of the
satisfaction relation for CTLpZq, we can conclude that t,n ¨ j |ù ϕ1 for all 0 ď j ď D.
Hence ϕ1 P Xn¨j for all 0 ď j ď D.

(3) Let 0 ď j ď D. Let A Θ P Xn. Hence t,n |ù A Θ. By definition of the satisfaction
relation for CTLpZq, Z |ù Θpz, zjq, where z “ tpnq and zj “ tpn ¨ jq. We can
conclude that Z |ù

`
Ź

AΘPXn
Θ

˘

pz, zjq. If, additionally, there exists EΘ1 P Xn such
that ιpE Θ1q “ j, then, since t obeys ι, we have Z |ù Θ1pz, zjq. In that case we have
Z |ù

`
Ź

AΘPXn
Θ^Θ1

˘

pz, zjq.
‚ Next we prove that ρ is accepting.

Suppose Eϕ1Uϕ2 is in subEUpϕq, and let ιpEXEϕ1Uϕ2q “ j. This is the place where we
use the index recording the direction. We show that for all branches j1j2 ¨ ¨ ¨ P r0, Ds

ω, a
location in FEϕ1Uϕ2 occurs infinitely often in ρpj1qρpj2q ¨ ¨ ¨ . If j1j2 ¨ ¨ ¨ is not of the form
n ¨ jω, ρpj1qρpj2q ¨ ¨ ¨ does not belong to Q`tpj,Xq | pj,Xq P Quω and therefore a location
pi, Y q with j ‰ i in FEϕ1Uϕ2 occurs infinitely often in ρpj1qρpj2q ¨ ¨ ¨ . Now suppose that
j1j2 ¨ ¨ ¨ is of the form n ¨ jω. Ad absurdum, assume that there exists some m ě 0 such that
the source location in ρpn ¨ jm`kq does not belong to FEϕ1Uϕ2 for all k ě 0. By definition

of FEϕ1Uϕ2 , we obtain the source location of ρpn ¨ jm`kq is pj,Xn¨jm`kq, ϕ2 R Xn¨jm`k , and

Eϕ1Uϕ2 P Xn¨jm`k , for all k ě 0. By definition of Xn¨jm`k , we have t,n ¨ jm`k |ù Eϕ1Uϕ2.

Since t obeys ι, there must exist some p ě 0 such that t,n ¨ jm`p |ù ϕ2. But then
ϕ2 P Xn¨jm`p , which leads to a contradiction.

Suppose Aϕ1Uϕ2 is in subAUpϕq. We show that for all nodes n in ρ, every path starting
in n visits FAϕ1Uϕ2 infinitely often. Towards contradiction, suppose that there exists a node
n and some infinite path n ¨ j1 ¨ j2 ¨ ¨ ¨ ¨ P r0, Ds

ω that visits FAϕ1Uϕ2 only finitely. That is,
there exists some m ě 0 such that the source location in ρpnkq does not belong to FAϕ1Uϕ2
for all k ě m. By definition of FAϕ1Uϕ2 , and assuming ρpn ¨ j1 . . . jkq “ pdn¨j1...jk , Xn¨j1...jkq,
we have Aϕ1Uϕ2 P Xn¨j1...jk and ϕ2 R Xn¨j1...jk for all k ě m. By definition of Xn¨j1...jk ,
we know that tn¨j1...jm |ù Aϕ1Uϕ2. But then there must exist some p ě m such that
tn¨j1...jp |ù ϕ2. By definition, ϕ2 P Xn¨j1...jp , which leads to a contradiction.

Appendix D. Proofs for Section 6

D.1. Proof of Proposition 6.1.

Proof. The proof is a slight variant of the proof of Proposition 5.1, we keep the same
notations whenever possible. First, we can establish that CTL˚pZq has the tree model
property, exactly as done in the proof of Proposition 5.1 for CTLpZq. We use unfoldings for
Kripke structures and we omit the details herein.

Now, we move to the construction of ϕ1 in simple form. We use the notion of forward
degree introduced in the proof of Proposition 5.1 that applies to CTL˚pZq state formulae
and to constraints Θ. Let ϕ be a state formula in CTL˚pZq such that fdpϕq “ N (see page 61
the definition of fdpq) and the variables occurring in ϕ are among x1, . . . , xβ. Below, we

build a formula ϕ1 over the variables x´N
1 , . . . , x01, . . . , x

´N
β , . . . , x0β with fdpϕ1q ď 1 such that
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ϕ is satisfiable in a tree Kripke structure iff ϕ1 is satisfiable in a tree Kripke structure and ϕ1

can be computed in polynomial-time in the size of ϕ.
Given Θ occurring in ϕ with fdpΘq “M (and therefore M ď N), we write jumppΘ,Mq

to denote the constraints as done in the proof of Proposition 5.1 (page 61).
Let t be the translation map that is homomorphic for Boolean and temporal connectives

and path quantifiers such that tpΘq
def
“ XM jumppΘ,Mq, where fdpΘq “M for all maximal

constraints Θ occurring in ϕ. This is the most significant change with respect to the proof of
Proposition 5.1 (we have replaced pEXqM from the proof of Proposition 5.1 by XM ). As Θ is
always in the scope of a path quantifier, the path formula XM jumppΘ,Mq is well-defined.
Let ϕ1 be defined as follows:

tpϕq ^ AG A
`

ľ

jPr1,βs, kPr0,N´1s

x´k
j “ Xx´k´1

j

˘

.

Observe that the second conjunct of ϕ1 is identical to the case for CTLpZq in the proof
of Proposition 5.1. One can show that ϕ is satisfiable in a tree Kripke structure iff ϕ1 is
satisfiable in a tree Kripke structure. The main argument can be provided along the lines of
the proof of Propositionn 5.1. Below, we briefly provide the essential steps.

First, suppose that K,w |ù ϕ, where K “ pW,R, vq is a tree Kripke structure with root w .
Let K1 “ pW,R, v1q be the Kripke structure that differs from K only in the definition of the
valuation. Given a node w 1 PW reachable from w via the branch w0 ¨ ¨ ¨wn with w0 “ w and

wn “ w 1 for some n ě 0, for all k P r0, N s and j P r1, βs, we require v1pw1, x´k
j q

def
“ vpwn´k, xjq

if n´ k ě 0, otherwise v1pw 1, x´k
j q

def
“ 0 (arbitrary value). To establish K1,w |ù ϕ1, it boils

down to check the properties below.

‚ K1,w |ù AG A
`

Ź

jPr1,βs, kPr0,N´1s x
´k
j “ Xx´k´1

j

˘

. This holds thanks to the definition of

v1 and the tree structure of K.
‚ For every infinite path π, K, π |ù Θ implies K1, π |ù XM jumppΘ,Mq, where fdpΘq “M .
This can be lifted to all path formulae and to all state formulae (in negation normal form)
by structural induction.

For the other direction, suppose that K,w |ù ϕ1 and K “ pW,R, vq is a tree Kripke
structure with root w . Let K1 “ pW,R, v1q be the Kripke structure that differs from K
only in the definition of the valuation. More precisely, for all w 1 PW and all j P r1, βs, we

have v1pw 1, xjq
def
“ vpw 1, x0j q. By structural induction, one can show that K,w |ù tpϕq implies

K1,w |ù ϕ.

D.2. Proof of Proposition 6.2.

Proof. By Proposition 6.1, we can assume that ϕ is in simple form, and ϕ is built over the
terms x1, . . . , xβ and x1

1, . . . , x
1
β . Consequently, we can assume that ϕ is in negation normal

form.
We use a standard property that illustrates the renaming technique [Sco62] used below.

Let ψ be a CTL˚pZq state formula with state subformula ψ1 and y be a (fresh) variable not
occurring in ψ. Then, ψ is satisfiable iff ψrψ1 Ð Epy “ 0qs^AGpEpy “ 0q ô ψ1q is satisfiable,
where ψrψ1 Ð Epy “ 0qs denotes the state formula obtained from ψ by replacing every
occurrence of ψ1 by Epy “ 0q. The idea is to replace ψ1 by the atomic constraint py “ 0q,
where y is a fresh variable not occurring before. The new constraint py “ 0q is tied to the
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original subformula ψ1 via the conjunct AGpEpy “ 0q ô ψ1q. Note that strictly speaking,
y “ 0 is not a state formula but morally it is because its satisfaction depends only on the
current state. That is why we use Epy “ 0q instead of the more natural constraint y “ 0. In
the transformations below, we need sometimes to remove E in Epy “ 0q when the occurrence
of y “ 0 is already in the scope of a path quantifier. Observe that alternatively, we could
slightly redefine CTL˚pZq to accept also as atomic formulae constraints Θ in which all terms
are some variable xi (no prefix with X). In that slight extension, y “ 0 would be authorised
as a state formula.

In order to compute ϕ1, we perform on ϕ several transformations of the above form. We
write ψ to denote current state formulae on which the transformations are performed and
initially ψ takes the value ϕ, which is a CTL˚pZq state formula in simple form. Through the
sequence of transformations, ψ is maintained in the following shape:

φ^
ľ

i

AGpEpyi “ 0q ô Qi Φiq,

where each Qi P tE,Au, each Φi is an LTLpZq (path) formula in simple form and φ is a
CTL˚pZq formula in simple form. In order to compute the new value for ψ, suppose that φ
contains a state subformula ψ1 of the form Q Φ, where the only path quantifiers occurring in
Φ occur in state formulae of the form Q1 z “ 0 (no need to perform a renaming on Q1 z “ 0).
We write Φ: to denote the path formula (in simple form) obtained from Φ by replacing every
occurrence of Q1 z “ 0 by z “ 0. Obviously, Q Φ is logically equivalent to Q Φ:. The new
value for ψ is defined below (y is a fresh variable):

renaming of Q Φ
hkkkkkkkkkkkikkkkkkkkkkkj

φrQ ΦÐ Epy “ 0qs^AGpEpy “ 0q ô Q Φ:q
looooooooooooomooooooooooooon

new equivalence

^

conjunction already in ψ
hkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkj

ľ

i

AGpEpyi “ 0q ô Qi Φiq,

One can show that the transformation preserves satisfiability and moreover, repeating this
procedure can be done only a polynomial amount of times, guaranteing termination. At the
end of all these transformations, the resulting formula ψ is now of the form

φ^
ľ

i

AGpEpyi “ 0q ô Qi Φiq,

where φ is a Boolean combination of state formulae of the form Q x “ 0 and, the yi’s are
distinct and new variables not occurring in the original formula ϕ. We write φ: to denote the
path formula obtained from φ by removing all the path quantifiers. Again, Q φ is logically
equivalent to Q φ: for all Q P tE,Au. The intermediate state formula ϕ‹ takes the value
below:

E pz “ 0q ^ AGpz “ 0ô φ:q ^
ľ

i

AGpEpxi “ 0q ô Qi Φiq,

where z is again a fresh variable and z “ 0ô φ: is in negation normal form and logically
equivalent to z “ 0ô φ:. The formulae ϕ and ϕ‹ are equi-satisfiable.

It remains to explain how to transform each AGpEpxi “ 0q ô Qi Φiq so that we get
the final formula ϕ1 in special form from ϕ‹. For instance, AGpEpyi “ 0q ô A Φiq shall be
replaced by

AGp␣pyi “ 0q _ Φiq ^ AGE pyi “ 0_␣Φiq,
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where ␣Φi is logically equivalent to ␣Φi but in negation normal form. Note that ␣pyi “
0q _ Φi and yi “ 0_␣Φi are LTLpZq formulae in simple form, exactly what is needed for
the final CTL˚pZq state formula ϕ1 in special form.

Below, we list the logical equivalences (hinted above) we take advantage of and that are
slight variants of equivalences used for CTL˚ in the proof of [ES84, Theorem 3.1].

‚ AGpEpyi “ 0q ñ A Φiq ô AGp␣pyi “ 0q _ Φiq.
‚ AGpEpyi “ 0q ñ E Φiq ô AGEp␣pyi “ 0q _ Φiq.
‚ AGp␣Epyi “ 0q ñ ␣A Φiq ô AGE pyi “ 0_␣Φiq.
‚ AGp␣Epyi “ 0q ñ ␣E Φiq ô AGppyi “ 0q _ ␣Φiq.

The formula ϕ1 is obtained from ϕ‹ by replacing each element of the generalised conjunction
in ϕ‹ by two formulae based on these equivalences.

Example D.1. To illustrate the construction from the above proof of Proposition 6.2, we
consider the formula ϕ below.

ϕ “ Eppx1
1 ă x1qU AXpx2 “ x1

2qq ^ EGpx1 ă x2q.

Below, we present the formulae ψ0 “ ϕ, ψ1, ψ2, ψ3, ϕ
‹ obtained by application of the

different renaming steps.

ψ1 “

“ ψ1
1

hkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkj

AG
`

Epy1 “ 0q ô pAXpx2 “ x1
2qq

˘

^Eppx1
1 ă x1qU Epy1 “ 0qq ^ EGpx1 ă x2q.

ψ2 “

“ ψ1
2

hkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkj

AG
`

Epy2 “ 0q ô pE px1
1 ă x1qU y1 “ 0q

˘

^ψ1
1 ^ Epy2 “ 0q ^ EGpx1 ă x2q.

Note that ‘E’ is removed from Epy1 “ 0q in ψ1
2.

ψ3 “

“ ψ1
3

hkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkj

AG
`

Epy3 “ 0q ô EGpx1 ă x2q
˘

^ψ1
2 ^ ψ1

1 ^ Epy2 “ 0q ^ Epy3 “ 0q.

ϕ‹ “ AG
`

py4 “ 0q ô py2 “ 0^ y3 “ 0q
˘

^ ψ1
3 ^ ψ1

2 ^ ψ1
1 ^ Epy4 “ 0q.

Each state formula ψ1
i in ϕ

‹ is then also replaced by a conjunction of two state formulae in
order to compute ϕ1. By way of example, we present below the conjunction replacing ψ1

2.

AGE
`

␣py2 “ 0q _ px1
1 ă x1qU py1 “ 0q

˘

^ AG
`

py2 “ 0q _ p␣px1
1 ă x1qqR ␣py1 “ 0q

˘

D.3. Proof of Proposition 6.4.

Proof. We use the standard automata-based approach for LTL [VW94], except that we have
to deal with constraints. Let Φ be an LTLpZq in simple form. We provide below usual
notations to define the automaton AΦ. We write subpΦq to denote the smallest set such that

‚ Φ P subpΦq; subpΦq is closed under subformulae,
‚ for all Op P tU,Ru, if Φ1 Op Φ2 P subpΦq, then XpΦ1 Op Φ2q P subpΦq.

The cardinality of subpΦq is at most twice the number of subformulae of Φ. GivenX Ď subpΦq,

X is propositionally consistent
def
ô the conditions below hold.

‚ If Φ1 _ Φ2 P X, then tΦ1,Φ2u XX ‰ H; if Φ1 ^ Φ2 P X, then tΦ1,Φ2u Ď X.
‚ If Φ1UΦ2 P X, then Φ2 P X or tΦ1,XpΦ1UΦ2qu Ď X.
‚ If Φ1RΦ2 P X, then Φ2 P X and tΦ1,XpΦ1RΦ2qu XX ‰ H.
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We write subXpΦq to denote the set of formulae in subpΦq of the form XΦ1. Similarly,
we write subUpΦq to denote the set of formulae in subpΦq of the form Φ1UΦ2. Finally, we
write subconspΦq to denote the set of formulae of the form Θ in subpΦq.

We build a generalised word constraint automaton BΦ “ pQ,Σ, β,Qin, δ, F q such that
tw : N Ñ Zβ | w |ù Φu “ LpAΦq. The automaton BΦ accepts infinite words w : N Ñ Σˆ Zβ

with Σ “ t:u. Let us define BΦ formally.

‚ Σ
def
“ t:u; Q Ď PpsubpΦqq contains all the propositionally consistent sets by definition.

‚ Qin
def
“ tX P Q | Φ P Xu.

‚ The transition relation δ is made of tuples of the form pX, :,Θ, X 1q, verifying the conditions
below.
(1) For all XΦ1 P X, we have Φ1 P X 1.
(2) Θ is equal to p

Ź

Θ1PsubconspΦqXX Θ1q.

‚ F is made of the sets FΨ1UΨ2 with Ψ1UΨ2 P subUpΦq with FΨ1UΨ2

def
“ tX | Ψ2 P

X or Ψ1UΨ2 R Xu.

Transforming generalised Büchi conditions to standard Büchi conditions leads to a set of
locations multiplied by the factor cardpF q ` 1 (which is bounded by sizepΦq) and to the
word constraint automaton AΦ. Moreover, one can check that the number of transitions in
AΦ is exponential in sizepΦq. We omit the standard proof for correctness (similar to the
proof of Lemma 5.4).

D.4. Proof of Lemma 6.6.

Proof. Let us start checking that (I) and (II) hold true. We have Q1 “ r0, D ´ 1s ˆ
pQY tKuq with cardpQq exponential in sizepΦiq (and therefore exponential in sizepϕq) by
Lemma 6.4(I). Moreover, D is linear in sizepϕq, whence cardpQ1q is exponential in sizepϕq.
By Lemma 6.4(II), MCSpAq is quadratic in sizepΦiq (and therefore quadratic in sizepϕq).
The constraints in Ai are those from A (maybe except J). Consequently, MCSpAiq is quadratic
in sizepϕq. This concludes the proof of (I) and (II).

Let ϕ “ AGE Φi and t : r0, D ´ 1s˚ Ñ Σ ˆ Zβ be a tree such that t P LpAiq. Below,
we prove that for all nodes n P r0, D ´ 1s˚, the word tpnq tpn ¨ iq tpn ¨ i ¨ 0q tpn ¨ i ¨ 02q . . .
satisfies Φi. This implies t |ù ϕ and t satisfies ϕ via i.

So let n P r0, D ´ 1s˚ be an arbitrary node in t. Consider the infinite path n ¨ i ¨ 0ω P
r0, D´1sω. Let tpnq “ pa, zq and tpn ¨ i ¨0kq “ pak, zkq for all k ě 0. Let ρ : r0, D´1s˚ Ñ δ1

be an accepting run of Ai on t. By definition of δ1, ρpn ¨ iq is of the form ppi, q0q, :, ¨ ¨ ¨ q for
some transition pqin, a,Θ, q0q P δ with qin P Qin and Z |ù Θpz, z0q. Again by definition of δ1,
we have, for all k ě 1, ρpn ¨ i ¨ 0kq is of the form pp0, qkq, :, ¨ ¨ ¨ q for some location qk P Q such
that there exists some transition pqk´1, ak´1,Θk´1, qkq P δ, and we have Z |ù Θk´1pzk´1, zkq.
Since ρ is accepting, we know that there are infinitely many positions ℓ ě 1 such that qℓ P F .

Hence the run q
pa,zq
ÝÝÑ q0

pa0,z0q
ÝÝÝÑ q1 . . . is an accepting run of A on pa, zqpa0, z0q . . . . But then

also pa, zqpa0, z0q . . . satisfies Φi. Since n is arbitrary, we have t |ù ϕ and t satisfies ϕ via i.
For the other direction, suppose that t |ù ϕ and t satisfies ϕ via i. We prove that

t P LpAiq, that is, there exists some accepting run ρ : r0, D ´ 1s˚ Ñ δ1 of Ai on t. We
prove that we can construct a run ρ such that, for every node n P r0, D ´ 1s˚, the path
ρpnqρpn ¨ iqρpn ¨ i ¨ 0qρpn ¨ i ¨ 02q . . . corresponds to some accepting run of Ai. This implies
that ρ is an accepting run of A on t (all the other paths are non-critical).
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Let n P r0, D ´ 1s˚ be an arbitrary node in t. Let us assume tpnq “ pa, zq and
tpn ¨ i ¨ 0kq “ pak, zkq for all k ě 0, and we use wn to denote the corresponding infinite word
pa, zqpa0, z0qpa1, z1q . . . . Since t satisfies ϕ via i, we know that wn |ù Φi. But then also
wn P LpAq. So there must exist some accepting run of A on wn, say with projection on the
set of locations equal to qnin, q

n
0 , q

n
1 , q

n
2 . . . such that

‚ qnin P Qin,
‚ there exist transitions pqnin, a,Θ, q

n
0 q P δ and pqnk , ak,Θk, q

n
k`1q P δ for all k ě 0, with

Z |ù Θpz, z0q and Z |ù Θkpzk, zk`1q for all k ě 0.

The definition of δ1 now allows us to define ρpn ¨ iq “ ppi, qn0 q, :, ¨ ¨ ¨ , pi, q
n¨i
0 q, ¨ ¨ ¨ q, and

ρpn ¨ i ¨ 0kq “ pp0, qnk q, :, ¨ ¨ ¨ , pi, q
n¨i¨0k
0 q, ¨ ¨ ¨ q for every k ě 1.

Appendix E. Proofs for Section 7

E.1. Proof of Lemma 7.1.

Proof. Let s be a Safra tree over Q. If s has no nodes, the claim is of course true. So
let us assume that s contains at least one node. We prove the claim by induction on
the height H of s. For the induction base, let H “ 1. The tree then has exactly one
node, namely the root node, and the claim is trivially true. So suppose the claim holds
for H ě 1. We prove the claim for H ` 1. Suppose the root node of s has k children,
denoted by n1, . . . ,nk. For every 1 ď i ď k, let Qi Ď Q denote the label of ni. For every
1 ď i ď k, the subtree of ni is a Safra tree over Qi with depth at most H. By the induction
hypothesis, such a subtree has at most cardpQiq nodes. By condition 5 of Safra trees, the
sets Q1, . . . , Qk are pairwise disjoint. By condition 4, the union

Ť

1ďiďkQi is a proper subset

of Q. Hence
řk
i“1 cardpQiq ă cardpQq. Altogether, the number of nodes in s is at most

1`
řk
i“1 cardpQiq ă 1` cardpQq ď cardpQq.

E.2. Proof of Lemma 7.3.

Proof. Suppose i ě 1, 1 ď Ji ď 2 ¨ cardpQq, and for all k ě i, sk contains a node with name
Ji and qk P Labpsk, Jiq. If the first property holds, we are done. Otherwise, there exists
some position m ě i such that

‚ for all k ě m, sk contains the node with name Ji unmarked, and
‚ qm “ qacc, and hence qacc P Labpsm, Jiq.

Using the definition of δ1, it is easy to prove that in sm`1, the node with name Ji has a child
node with name Jm ‰ Ji such that qm`1 P Labpsm`1, Jmq. If for all k ě m` 1, sk contains
a node with name Jm and qk P Labpsk, Jmq, we are done. Otherwise, there must exist some
position p ą m` 1 such that

‚ sk contains a node with name Jm and qk P Labpsk, Jmq for all m` 1 ď k ă p, and
‚ sp does not contain a node with name Jm, or qp R Labpsp, Jmq.

By definition of δ1, there are three cases: during the construction of sp out of sp´1.

(a) The location qp is removed from the label of the node with name Jm, because there
exists some younger sibling of the node named Jm (that is, an older child of Ji) whose
label set contains qp.
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(b) The node with name Jm has been removed from the Safra tree during step (5). But for
this, the node with the name Jm must have an empty label set, contradicting qp´1 P

Labpsp´1, Jmq and there is pqp´1, ap´1,Θ
1
p´1, qpq P δ such that Z |ù Θ1

p´1pzp´1, zpq– so
this case cannot occur.

(c) The node with name Jm has been removed from the Safra tree during step (6). But for
this the parent node with name Ji must be marked, contradiction – so this case cannot
occur.

Note that case (a) can only occur at most cardpQq ´ 1 times, as by Lemma 7.1, the node
with name Ji can have at most cardpQq ´ 1 children nodes. We can conclude that there
must exist some position i1 ě i and some name 1 ď Ji1 ď 2 ¨ cardpQq with Ji ‰ Ji1 such that
for all k ě i1, sk contains a node with name Ji1 and qk P Labpsk, Ji1q.

E.3. Proof of Nonemptiness of Accpq, jq and Prepq, j, kq. In this section, we prove
that the sets Accpq, jq and Prepq, j, kq are nonempty as stated in forthcoming Lemma E.2.
Before, we prove one helpful lemma, also related to the correctness of the Safra construction.

Lemma E.1. For all infinite runs ρ1 of the form

ps1, a1,Θ1, s2qps2, a2,Θ2, s3qps3, a3,Θ3, s4q . . .

of A1 on pa1, z1qpa2, z2qpa3, z3q . . . , for every 1 ď J ď 2 ¨ cardpQq and for every 1 ď j ď j1,
if sk contains a node with name J for all j ď k ď j1, then for every q1 P Labpsj1 , Jq there
exist some q P Labpsj , Jq and some finite run

pqj , aj ,Θ
1
j , qj`1q . . . pqj1´1, aj1´1,Θ

1
j1´1, qj1q

of A on paj , zjqpaj`1, zj`1q . . . paj1 , zj1q with qj “ q and qj1 “ q1.

Proof. The proof is by induction on the difference ∆ “ j1 ´ j. For the induction base, let
∆ “ 0. By convention, q1 is a finite run on paj1 , zj1q for every q1 P Labpsj1 , Jq “ Labpsj , Jq.
Suppose the claim holds for ∆ ě 0; we prove it for ∆`1. So suppose q1 P Labpsj1 , Jq. Consider
the transition step psj1´1, aj1´1,Θj1´1, sj1q P δ1 used in ρ1. By step (3) of the definition
of δ1, there exists some q2 P Labpsj1´1, Jq and some transition pq2, aj1´1,Θ

1
j1´1, q

1q P δ

such that Θj1´1 |ù Θ1
j1´1. From ρ1 being a run, we obtain that Z |ù Θj1´1pzj1´1, zj1q,

hence also Z |ù Θ1
j1´1pzj1´1, zj1q. Hence ρ2 “ pq

2, aj1´1,Θ
1
j1´1, q

1q is a finite run of A on

paj1´1, zj1´1qpaj1 , zj1q. By the induction hypothesis, there exist q P Labpsj , Jq and some
finite run

ρ1 “ pqj , aj ,Θ
1
j , qj`1q . . . pqj1´2, aj1´2,Θ

1
j1´2, qj1´1q

of A on paj , zjqpaj`1, zj`1q . . . paj1´1, zj1´1q with qj “ q and qj1 “ q2. The final run is
obtained by composing ρ1 and ρ2.

Lemma E.2. For every j ě 1 and for every q P Labpsij , Jq, Accpq, jq ‰ H, and for every
j ě 2, every ij´1 ď k ă ij and every q P Labpsk, Jq X F , Prepq, j, kq ‰ H.

Proof. Let j ě 1 and q P Labpsij , Jq. We prove that Accpq, jq ‰ H. By definition of δ1,

Labpsij , Jq “ Labppsij´1q
p5q, Jq, hence q P Labppsij´1q

p5q, Jq. Since the node with name

J is marked in sij (step (6)), it must have some child node in psij´1q
p5q, say with name

K ‰ J , such that q P Labppsij´1q
p5q,Kq. Then there exists q1 P Labppsij´1q

p2q,Kq such
that pq1, aij´1,Θ

1
ij´1, qq is a finite run of A on paij´1, zij´1qpaij , zij q. By property (4) of
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Safra trees, we know that q1 P Labppsij´1q
p2q, Jq. If q1 P F , then we are done. Otherwise,

K is a node in sij´1 (it was not created as a youngest child of J by step (2) of δ1). Let
ij´1 ă k ă ij ´ 1 be the minimal position such that node named J has no child node
with name K in sk´1, and node named J has a child node with name K in sk1 for all
k ď k1 ď ij ´ 1. Such a position necessarily exists; indeed, for all m ě 0, node J in sim has
no children nodes: for si0 , this is because J is freshly introduced by step (2), and for all
m ą 1, this is because the node with name J in sim is marked and marked nodes (step (6))
do not have children nodes. By Lemma E.1, there exists qk P Labpsk,Kq and some finite
run pqk, ak,Θ

1
k, qk`1q . . . pqij´2, aij´2,Θ

1
ij´2, qij´1q of A on pak, zkq . . . paij´1, zij´1q, where

qij´1 “ q1. Finally, using the fact that sk contains the node with name K, whereas sij´1

does not, it is not hard to prove that there exists qk´1 P Labpsk´1, Jq X F such that
pqk´1, ak´1,Θ

1
k´1, qkq is a finite run of A on pak´1, zk´1qpak, zkq. Hence qk´1 P Accpq, jq,

which finishes the proof.
Let j ě 2, ij´1 ď k ă ij and q P Labpsk, Jq X F . For proving that Prepq, j, kq ‰ H, we

can apply Lemma E.1.

Appendix F. Proofs for Section 8

F.1. Proof of Lemma 8.1.

Proof. Let π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ pnn, xdnq be a path in GC

t such that n0 and nn are
neighbours.

(Property 1) Firstly, if n ě 2, then one can show that there is 0 ă h ă n such that n0,
nh and nn are pairwise neighbours. Let us explain briefly how h is computed.

‚ Case |n0| “ |nn| (n0 “ nn). h
def
“ n´ 1.

‚ Case |n0| “ |nn| ` 1 (n0 is a child of nn) and for all i P r1, n´ 1s, |ni| ě |n0|. h
def
“ n´ 1.

‚ Case |n0| “ |nn| ` 1 and there is i P r1, n´ 1s, |ni| ă |n0|. h
def
“ minti P r1, n´ 1s | |ni| “

|nn|u. Note that actually nh “ nn.

‚ Case |nn| “ |n0| ` 1 (nn is a child of n0) and for all i P r1, n ´ 1s, |ni| ě |nn|. h
def
“ 1.

Note that actually nh “ nn.

‚ Case |nn| “ |n0| ` 1 and there is i P r1, n´ 1s, |ni| ă |nn|. h
def
“ minti P r1, n´ 1s | |ni| “

|n0|u.

Observe that h ď n´ 1, n´ h ď n´ 1, and that n0 and nh are neighbours, and nn and nh
are neighbours.

(Property 2) Second, by construction of GC
t from t built over satisfiable constraints in

STypespβ, d1, dαq, we can show the property below (this requires a lengthy case analysis). Let
pm1, xd1q, pm2, xd2q and pm3, xd3q be nodes in the graph GC

t that are pairwise neighbours

such that pm1, xd1q
„1
ÝÑ pm2, xd2q and pm2, xd2q

„2
ÝÑ pm3, xd3q with „1,„2P tă,“u. If

ăP t„1,„2u, then pm1, xd1q
ă
ÝÑ pm3, xd3q otherwise pm1, xd1q

“
ÝÑ pm3, xd3q (this uses the

local consistency of t).
Now, we can prove the lemma. If n “ 0 or n “ 1, we are done. Otherwise, the induction

hypothesis assumes that the property holds for n ď K and let π “ pn0, xd0q
„1
ÝÑ ¨ ¨ ¨

„n
ÝÑ

pnn, xdnq be a path in GC
t such that n0 and nn are neighbours with n “ K`1. By (Property

1), there is 0 ă h ă n such that n0, nh and nn are pairwise neighbours, h ď K and
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n´ h ď K. By the induction hypothesis, we have pn0, xd0q
ă
ÝÑ pnh, xdhq if ăP t„1, . . . ,„hu,

otherwise pn0, xd0q
“
ÝÑ pnh, xdhq. Similarly, we have pnh, xdhq

ă
ÝÑ pnn, xdnq if ăP t„h`1

, . . . ,„nu, otherwise pnh, xdhq
“
ÝÑ pnn, xdnq. By (Property 2), we get pn0, xd0q

ă
ÝÑ pnn, xdnq

if ăP t„1, . . . ,„nu, otherwise pn0, xd0q
“
ÝÑ pnn, xdnq.

F.2. Proof of Lemma 8.3.

Proof. (I) ñ (II) Suppose t is satisfiable. Then there exists a tree t : r0, D´ 1s˚ Ñ ΣˆZβ

such that for all n ¨ i P r0, D ´ 1s` with tpn ¨ iq “ pa,Θq, we have Z |ù Θptpnq, tpn ¨ iqq.
Moreover, if tpεq “ pa,Θq and tpεq “ pa, zq, then Z |ù Θp0, zq.

Given n P r0, D´ 1s˚ and xi P tx1, . . . , xβu, in the following, we write tpnqpxiq to denote
the data value zi if tpnq “ pz1, . . . , zi, . . . , zβq. Similarly, we write tpnqpd1q to denote d1 and
tpnqpdαq to denote dα.

Ad absurdum, suppose there exists pn, xiq P Uăd1 YUądα in GC
t such that slenpn, xiq “ ω.

We prove the claim for the case pn, xiq P Uăd1 ; the proof for pn, xq P Uądα is analogous.
Recall that, by definition, slenpn, xiq “ slenppn, xiq, pn, d1qq. Define ∆ “ d1 ´ tpnqpxiq.
Let π be a path pn0, xd0q

„1
ÝÑ pn1, xd1q

„2
ÝÑ . . .

„k
ÝÑ pnk, xdkq such that pn0, xd0q “ pn, xiq,

pnk, xdkq “ pn, d1q, and slenpπq ą ∆. Such a path must exist by assumption because
slenpn, xiq “ ω. By Lemma 4.9, we have tpni´1qpxdi´1q „i tpniqpxdiq for all 1 ď i ď
k. But this implies that there are more than ∆ different data values in the interval
rtpn0qpxd0q, tpnkqpxdkqs “ rtpnqpxiq, tpnqpd1qs, which leads to a contradiction.

(II) ñ (I) Suppose that for all pn, xq in pUăd1 Y Uądαq in G
C
t we have slenpn, xq ă ω.

We define the mapping g : r0, D ´ 1s˚ ˆ tx1, . . . , xβu Ñ Z as follows:

‚ gpn, xq
def
“ d if pn, xq P Ud for some d P rd1, dαs,

‚ gpn, xq
def
“ d1 ´ slenpn, xq if pn, xq P Uăd1 , and

‚ gpn, xq
def
“ dα ` slenpn, xq if pn, xq P Uądα .

Recall that tUd | d P rd1, dαsu Y tUăd1 , Uądαu is a partition of r0, D ´ 1s˚ ˆ Tpβ, d1, dαq

so that g is indeed well-defined. Now define t1 : r0, D ´ 1s˚ Ñ Σ ˆ Zβ by t1pnq
def
“

pa, pgpn, x1q, . . . , gpn, xβqqq for all n P r0, D ´ 1s˚ with tpnq “ pa, ¨q. We prove that t1

witnesses the satisfaction of t. For this, we verify that for all n ¨ j P r0, D ´ 1s` with
tpn ¨ jq “ pa,Θq, we have Z |ù Θpt1pnq, t1pn ¨ jqq. Moreover, concerning the case with the
root ε, one can show that Z |ù Θp0, t1pεqq with tpεq “ pa,Θq but we omit it below as it is
very similar to the general case.

‚ Suppose x1 “ d P Θ for some d P rd1, dαs. By definition of GC
t , we have pn ¨ j, xq P Ud. By

definition, gpn ¨ j, xq “ d and therefore Z |ù px1 “ dqpt1pnq, t1pn ¨ jqq.
‚ Suppose x “ d P Θ for some d P rd1, dαs. By definition of GC

t , and as t is locally consistent,
we have pn, xq P Ud. By definition, gpn, xq “ d and therefore Z |ù px “ dqpt1pnq, t1pn ¨ jqq.

‚ Suppose x1 ă d1 P Θ. By definition of GC
t , we have pn ¨ j, xq P Uăd1 . By definition,

gpn ¨ j, xq “ d1 ´ slenpn ¨ j, xq. By definition of GC
t , we also have pn ¨ j, d1q P Ud1 and

hence pn ¨ j, xq
ă
ÝÑ pn ¨ j, d1q. Hence slenpn ¨ j, xq ě 1, so that indeed gpn ¨ j, xq ă d1 and

Z |ù px1 ă d1qpt1pnq, t1pn ¨ jqq.
‚ Suppose x ă d1 P Θ. By definition of GC

t , and as t is locally consistent, we have
pn, xq P Uăd1 . By definition, gpn, xq “ d1 ´ slenpn, xq. By definition of GC

t , we also have
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pn, d1q P Ud1 and hence pn, xq
ă
ÝÑ pn, d1q. Hence slenpn, xq ě 1, so that indeed gpn, xq ă d1

and Z |ù px ă d1qpt1pnq, t1pn ¨ jqq.
‚ Suppose x1 ą dα P Θ. By definition of GC

t , we have pn ¨ j, xq P Uądα . By definition, gpn ¨

j, xq “ dα`slenpn¨j, xq. We also have pn¨j, dαq P Udα and hence pn¨j, dαq
ă
ÝÑ pn¨j, xq. Hence

slenpn ¨ j, xq ě 1, so that indeed gpn ¨ j, xq ą dα and therefore Z |ù px1 ą dαqpt1pnq, t1pn ¨ jqq.
‚ Suppose x ą dα P Θ. By definition of GC

t and as t is locally consistent, we have
pn, xq P Uądα . By definition, gpn, xq “ dα ` slenpn, xq. We also have pn, dαq P Udα and

hence pn, dαq
ă
ÝÑ pn, xq. Hence slenpn, xq ě 1, so that indeed gpn, xq ą dα and therefore

Z |ù px ą dαqpt1pnq, t1pn ¨ jqq.
‚ Suppose x1 ă y1 P Θ. We distinguish the following cases.
– Suppose pn ¨ j, xq P Ud and pn ¨ j, yq P Ud1 for some d, d1 P rd1, dαs. This also implies
x1 “ d, y1 “ d1 P Θ. Recall that Θ is satisfiable, hence d ă d1 must hold. By definition,
gpn ¨ j, xq “ d and gpn ¨ j, yq “ d1, and hence clearly gpn ¨ j, xq ă gpn ¨ j, yq and therefore
Z |ù px1 ă y1qpt1pnq, t1pn ¨ jqq.

– Suppose pn ¨ j, xq P Uăd1 and pn ¨ j, yq P Ud for some d P rd1, dαs. This also implies
x1 ă d1 P Θ. We have proved above that gpn¨j, xq ă d1. By definition, gpn¨j, yq “ d ě d1.
Hence gpn ¨ j, xq ă gpn ¨ j, yq and therefore Z |ù px1 ă y1qpt1pnq, t1pn ¨ jqq.

– Suppose pn ¨j, xq P Uăd1 and pn ¨j, yq P Uăd1 . By definition, gpn ¨j, xq “ d1´slenpn ¨j, xq
and gpn ¨ j, yq “ d1 ´ slenpn ¨ j, yq. By assumption and definition of GC

t , we have

pn¨j, xq
ă
ÝÑ pn¨j, yq. Recall that slenpn¨j, xq “ slenppn¨j, xq, pn¨j, d1qq and slenpn¨j, yq “

slenppn ¨ j, yq, pn ¨ j, d1qq. By construction of GC
t , we have pn ¨ j, d1q P Ud1 , and hence

pn ¨ j, xq
ă
ÝÑ pn ¨ j, d1q and pn ¨ j, yq

ă
ÝÑ pn ¨ j, d1q. This clearly yields slenpn ¨ j, xq ě

slenpn¨, yq ` 1. Hence slenpn ¨ j, xq ą slenpn ¨ j, yq, so that indeed gpn ¨ j, xq ă gpn ¨ j, yq
and Z |ù px1 ă y1qpt1pnq, t1pn ¨ jqq.

– Suppose pn ¨ j, xq P Uăd1 and pn ¨ j, yq P Uądα . This implies x1 ă d1, y1 ą dα P Θ. We
have proved above that gpn ¨ j, xq ă d1 and gpn ¨ j, yq ą dα. Hence gpn ¨ j, xq ă gpn ¨ j, yq
and Z |ù px1 ă y1qpt1pnq, t1pn ¨ jqq.

– Suppose pn ¨ j, xq P Ud for some d P rd1, dαs and pn ¨ j, yq P Uądα . This also implies y1 ą

dα P Θ. We have proved above that gpn ¨ j, yq ą dα. By definition, gpn ¨ j, xq “ d ď dα.
Hence gpn ¨ j, xq ă gpn ¨ j, yq and Z |ù px1 ă y1qpt1pnq, t1pn ¨ jqq.

– Suppose pn ¨ j, xq, pn ¨ j, yq P Uądα . By definition, gpn ¨ j, xq “ dα ` slenpn ¨ j, xq
and gpn ¨ j, yq “ dα ` slenpn ¨ j, yq. By assumption and definition of GC

t , we have

pn¨j, xq
ă
ÝÑ pn¨j, yq. Recall that slenpn¨j, xq “ slenppn¨j, dαq, pn¨j, xqq and slenpn¨j, yq “

slenppn ¨ j, dαq, pn ¨ j, yqq. By construction of GC
t , we have pn ¨ j, dαq P Udα , and hence

pn ¨ j, dαq
ă
ÝÑ pn ¨ j, xq and pn ¨ j, dαq

ă
ÝÑ pn ¨ j, yq. This clearly yields slenpn ¨ j, yq ě

slenpn ¨ j, xq` 1 because pn ¨ j, xq
ă
ÝÑ pn ¨ j, yq. Hence slenpn ¨ j, xq ă slenpn ¨ j, yq, so that

indeed gpn ¨ j, xq ă gpn ¨ j, yq and Z |ù px1 ă y1qpt1pnq, t1pn ¨ jqq.
The other cases cannot happen thanks to local consistency. For instance, y1 ă d1, x1 ą dα
and x1 ă y1 in Θ cannot happen due to consistency for elements in STypespβ, d1, dαq.

‚ The cases x1 ă y P Θ, x ă y1 P Θ and x ă y P Θ are similar to the previous case and are
omitted herein.

‚ Suppose x1 “ y1 P Θ with tpn ¨ jq “ pa,Θq. Since Θ is satisfiable, for some d: in ‘ă d1’,
d1, . . . , dα, ‘ą dα’, we have pn ¨ j, xq, pn ¨ j, yq P Ud: . If d: is different from ‘ą d1’ and
‘ą dα’, necessarily gpn ¨ j, xq “ gpn ¨ j, yq. Otherwise, since pn ¨ j, xq

“
ÝÑ pn ¨ j, yq in

GC
t , we have slenpn ¨ j, xq “ slenpn ¨ j, yq. Consequently, gpn ¨ j, xq “ gpn ¨ j, yq too and

Z |ù px1 “ y1qpt1pnq, t1pn ¨ jqq.
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‚ Suppose x “ y P Θ with tpn ¨ jq “ pa,Θq. Since Θ is satisfiable and t is locally consistent,
for some d: in ‘ă d1’, d1, . . . , dα, ‘ą dα’, we have pn, xq, pn, yq P Ud: . If d: is different

from ‘ą d1’ and ‘ą dα’, necessarily gpn, xq “ gpn, yq. Otherwise, since pn, xq
“
ÝÑ pn, yq in

GC
t , we have slenpn, xq “ slenpn, yq. Consequently, gpn, xq “ gpn, yq too and Z |ù px “

yqpt1pnq, t1pn ¨ jqq.
‚ The case x1 “ y P Θ with tpn ¨ jq “ pa,Θq is similar and it is omitted below.
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