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ABSTRACT. We forge connections between the theory of fractal sets obtained as attractors
of iterated function systems and process calculi. To this end, we reinterpret Milner’s
expressions for processes as contraction operators on a complete metric space. When
the space is, for example, the plane, the denotations of fixed point terms correspond to
familiar fractal sets. We give a sound and complete axiomatization of fractal equivalence,
the congruence on terms consisting of pairs that construct identical self-similar sets in all
interpretations. We further make connections to labelled Markov chains and to invariant
measures. In all of this work, we use important results from process calculi. For example,
we use Rabinovich’s completeness theorem for trace equivalence in our own completeness
theorem. In addition to our results, we also raise many questions related to both fractals
and process calculi.

1. INTRODUCTION

Hutchinson noticed in [Hut81] that many familiar examples of fractals can be captured as
the set-wise fixed-point of a finite family of contraction (i.e., distance shrinking) operators on
a metric space. He called these spaces self-similar, since the intuition behind the contraction
operators is that they are witnesses for the appearance of the fractal in a proper (smaller)
subset of itself. For example, the famous Sierpiniski gasket is the unique non-empty compact
subset of the plane left fixed by the union of the three operators o, 0y, 0. : R? — R? in
Figure 1.

The self-similarity of Hutchinson’s fractals hints at an algorithm for constructing them:
Each point in a self-similar set is the limit of a sequence of points obtained by applying the
contraction operators one after the other to an initial point. In the Sierpiniski gasket, the
point (1/4,+/3/4) is the limit of the sequence

D, 0b(p), ob0a(P); 0b0a0a(P)s Tb0aTaT4(D), ... (1.1)

where the initial point p is an arbitrary element of R? (note that o is applied last).
Hutchinson showed in [Hut81] that the self-similar set corresponding to a given family
of contraction operators is precisely the collection of points obtained in the manner just
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described. The limit of the sequence in (1.1) does not depend on the initial point p because
0a,0p, 0c are contractions. Much like digit expansions to real numbers, every stream of a’s,
b’s, and ¢’s corresponds to a unique point in the Sierpinski gasket, as we have seen in (1.1).
The point (1/4, \/5/4), for example, corresponds to the stream (b, a,a,a,...) ending in an
infinite sequence of a’s. Conversely, every point in the Sierpinski gasket comes from (in
general more than one) corresponding stream.

From a computer science perspective, the languages of streams considered by Hutchinson
are the traces observed by one-state labelled transition systems, like the one in Figure 1. We
investigate whether one could achieve a similar effect with languages of streams obtained
from labelled transition systems having more than one state. Observe, for example, Figure 2.
These twisted versions of the Sierpinski gasket are constructed from the streams emitted
by the two-state labelled transition system in Figure 2, starting from the states z and y
respectively.

Each point in a twisted Sierpinski gasket corresponds to a stream of a’s, b’s, and ¢’s,
but not every stream corresponds to a point in the set: for example, the limit corresponding
to the stream (a,c,a,b,a,a,a,...) is p = (19/32,114/3/32). This stream is not emitted by
either of the states x or y, and consequently the point p does not appear in either of the
twisted Sierpinski gaskets generated by x or y.

In analogy with the theory of regular languages, we call the fractals generated by finite
labelled transition systems regular subfractals, and give a logic for deciding if two labelled
transition systems represent the same recipe under all interpretations of the labels, allowing
both the underlying space and the chosen contractions to vary. By identifying points in the
fractal set generated by a labelled transition system with traces observed by the labelled
transition system, it is reasonable to suspect that two labelled transition systems represent
equivalent fractal recipes—i.e., they represent the same fractal under every interpretation—if
and only if they are trace equivalent. This is the content of Theorem 4.3, which allows us to
connect the theory of fractal sets to mainstream topics in computer science.

Labelled transition systems are a staple of theoretical computer science, especially in
the area of process algebra [Bae05], where a vast array of different notions of equivalence
and axiomatization problems have been studied. We specifically use a syntax introduced by
Milner in [Mil84] to express labelled transition systems as terms in an expression language
with recursion. This leads us to a fragment of Milner’s calculus consisting of just the terms
that constitute recipes for fractal constructions. Using a logic of Rabinovich [Rab93] for
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Figure 1: The Sierpiriski gasket is the unique non-empty compact subset S of R? such that
S = 04(S) Uop(S) Uoc(S). Each of its points corresponds to a stream emitted by
the state x.
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Figure 2: Twisted Sierpinksi gaskets, depicted in red, and the point p = (%, %) The

fractal set generated by z is the unique compact set fixed by taking the union of
the image of o, with the images of the four compositions oy, op0., 0.0p, and
0c0.. Intuitively, this is the set obtained from the Sierpinski gasket by recursively
removing the upper triangle in the bottom two thirds. The set generated by y is
the union of o, and o, applied to the set generated by .

deciding trace equivalence in Milner’s calculus, we obtain a complete axiomatization of
fractal recipe equivalence. As a consequence of this completeness theorem, we are also able
to show that Rabinovich’s logic is complete for the specific interpretation of process terms
as fractal subsets of the Cantor set.

In his study of self-similar sets, Hutchinson also makes use of probability measures
supported on self-similar sets, called invariant measures. Each invariant measure is specified
by a probability distribution on the set of contractions generating its support. In the
last technical section of the paper, we adapt the construction of invariant measures to a
probabilistic version of labelled transition systems called labelled Markov chains. These
allow us to give a measure-theoretic semantics to terms in a probabilistic version of Milner’s
specification language, the calculus introduced by Stark and Smolka [SS00]. Specifically, we
interpret each probabilistic process term as a probability measure supported by a regular
subfractal. Our measure-theoretic semantics of probabilistic process terms can be seen as
a generalization of the trace measure semantics of Kerstan and Konig [KK13]. We offer a
sound axiomatization of equivalence under this semantics and, calling on a result proved in a
separate paper [CMNT25] using other techniques, also prove completeness. Finally, we show
that our proposed axiomatization of fractal measure equivalence is also complete for the
specific interpretation of probabilistic process terms as fractal measures on the Cantor set.

In sum, the contributions of this paper are as follows.

e In Section 3, we give a fractal recipe semantics to process terms using a generalization of
iterated function systems.

e In Section 4, we show that two process terms agree on all fractal interpretations if and
only if they are trace equivalent. This implies that fractal recipe equivalence is decidable
for process terms, and it allows us to derive a complete axiomatization of fractal recipe
equivalence from Rabinovich’s axiomatization [Rab93] of trace equivalence of process
terms.
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e We adapt the fractal semantics of process terms to the probabilistic setting in Section 5.
We furthermore show that probabilistic fractal recipe equivalence coincides with Kerstan
and Konig’s notion of trace measure equivalence [KK13].

e Finally, we propose an axiomatization of probabilistic fractal recipe equivalence in Sec-
tions 6 and 7. We prove that our axioms are sound and complete with respect to our
semantics.

2. LABELLED TRANSITION SYSTEMS AND TRACE SEMANTICS

Labelled transition systems are a widely used model of nondeterminism. We are given a fixed
finite set A of action labels. A labelled transition system (LTS) is a pair (X, «) consisting of
a set X of states (also called the state space) and a transition function a: X — P(A x X).
We generally write x %, vy if (a,y) € a(zx), or simply = % y if a is clear from context, and
say that x emits a and transitions to y.

Given a state x of an LTS (X, a), we write (z), for the LTS obtained by restricting the
relations %y to the set of states reachable from x, meaning there exists a path of the form
x Yy x5 Tpo 2 . We refer to (x), as either the LTS generated by x, or the
process starting at x. An LTS (X, «) is locally finite if (), is finite for every state z. The
reader should note that there exist locally finite LTSs with infinite state spaces, and that
one such LTS will be important in this paper; see Definition 2.5.

Traces. In the context of the current work, nondeterminism occurs when a process branches
into multiple threads that execute in parallel. Under this interpretation, to an outside
observer (without direct access to the implementation details of an LTS), two processes that
emit the same set of sequences of action labels are indistinguishable.

Formally, let A* be the set of finite words formed from the alphabet A. Given a state x
of an LTS (X, «), the set try(x) of traces emitted by x is the set of words aj - - - a,, € A* such
that there is a path of the form x %4, 2y %2, ... 2=t 4, 1 % 7, through (X, a). Given
LTSs (X, a) and (Y, B), states € X and y € Y are called trace equivalent if tro(z) = tra(y).
If the transition structure is clear from context, we drop it from the notation and write
simply tr(z) for tro(x). It should be noted that every trace language tr,(z) is prefiz-closed,
which for a language L means that w € L whenever wa € L for some a € A.

Trace equivalence is a well-documented notion of equivalence for processes, dating back
at least to the work of Hoare and Milner in the late 1970s [Hoa78, Mil78, BPS01, Bae05]. We
shall see it in our work on fractals as well.

Definition 2.1. A stream is an infinite sequence (a;);eny = (a1, az,...) of letters from A.
The set of streams is denoted A“. A state x in an LTS (X, ) emits a stream (a;);en if there
is an infinite path of the form z 24y z1 92, ... %y g, 2+l ... through (X, ). We write
stro(x) for the set of streams emitted by x. Two states x,y are said to be stream equivalent
if stry,(z) = stra(y).

Remark 2.2. We use both (a;);en and (a1, as,...) as notations for streams. These two are
intended to denote the same stream of letters. Note that indexing starts at 1 rather than 0.

In our construction of fractals from LTSs, points are represented only by (infinite)
streams. We therefore focus primarily on LTSs with the property that for all states x, tr(x)
is precisely the set of finite prefixes of streams emitted by x. We refer to an LTS (X, «)
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satisfying this condition as productive. Productivity is equivalent to the absence of deadlock
states, which are states with no outgoing transitions.

Lemma 2.3. Let (X, «) be a finitely branching LTS. Then the following are equivalent:
(1) (X, «) is productive, i.e., for any x € X,
tro(z) ={a1...an € A" | 3(b)ien € stro(z) such that by = aq,...,b, = an} (2.1)
stro () = {(a;)ieny € AY | YR €N, ay---a, € tro(x)} (2.2)
(2) For any z € X, afx) # 0.
Consequently, if (X, a) is productive and finitely branching, and x,y € X, then strq(x) =

stro(y) if and only if tro(z) = tra(y). In other words, for productive and finitely branching
LTSs, trace equivalence and stream equivalence coincide.

Proof. To see that 1 implies 2, observe that trivially, € € try(x) for any x € X (e is the empty
word). This implies there is a stream (a;);en € strq(x) such that € is an initial segment of
(a;)ien, or in other words, str(x) # 0. Hence, a(x) # ), as = emits a stream.

To see that 2 implies 1, assume «(z) # () for all x € X. Then for any x € X, a simple
inductive argument shows that there are paths of arbitrary length starting from z. It
follows from Kénig’s lemma [Kle02] (every infinite but finitely branching tree has an infinite
branch) that there is therefore an infinite path starting at z. This allows us to argue as
follows: To see (2.1), it suffices to show that try(x) is contained in the right hand side, as
the reverse containment is clear. So, let € X and suppose that a; ...a, € tro(x). Then

there is a path x 2Ly --- 22y .. and by the observation above, there is an infinite path
Ty 2L g,y Sntt Hence, (ai,...,an,@nt1,0n42,...) € stro(z), as desired. This

establishes (2.1).

To see (2.2), it suffices to see that stry(z) contains the right hand side, as the forward
containment is clear. So, let (a;);eny € A¥ such that for any n € N, a1 -+ - a,, € tro(x). We
are going to use Konig’s lemma again: Let z € X and let B be the set of all paths of the
form x 2y ... 22y ,,. We define a tree structure on P as follows: Given Pi, Py € B, write
P> Pif P =(x % - 9 g,)and Py = (x 24 -+ Oy g, 2 g, 1) for some Tp4q.
Then (B, —) is an infinite but finitely branching tree, since every initial segment of (a;);en
is in try(x) and (X, «) is finitely branching. By Konig’s lemma, there is an infinite path
Py — Py, — ---in (P, —). By definition, this means there is an infinite path x 24, x; 92, - .-
in (X,a). Hence, (a;);en € stro(x). This establishes (2.2).

Let us now establish the stated consequence. In one direction, let try(z) = tro(y). Then

stro () = {(ai)ieny € AY | VR €N, a1 ---a, € tro(z)}
={(a;)ien € AY |Vn €N, ay---ay € tro(y)}
= stra(y)
In the other, if str,(z) = stro(y), then
tro(z) ={a1...an, € A" | 3(b;)ien € stry(x) such that by = aq,...,b, = an}
={ai...a, € A" | A(bi)ien € stra(y) such that by = ay,..., b, = an}
= tra(y) [

Remark 2.4. The finite branching condition is necessary in Lemma 2.3. For example,
consider the LTSs in Figure 3. Between xg and yg, only yo emits the stream (a, b, a, b, a,b,...)
of alternating letters a and b, despite both states emitting the trace language {(ab)™a™ |
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m,n € N}. This is possible because the LTS on the left is not finitely branching: Since
o L ;1 for every i € N, g has infinitely many outgoing paths.

a
xn,n a
a
b a
:

Figure 3: (A hedgehog model) In the LTS on the left in the above picture, the paths starting
from xg are all of the form z¢o & x, LN Tn2 L Tn3 b Tpn L oo
(beginning with alternating as and bs). Thus, the state xy emits every finite
initial segment of (a,b,a,b,a,b,...), but does not emit this stream. Therefore,
tr(xo) = tr(yp) and yet str(zg) # str(yo).

Specification. We use the following language for specifying processes: Starting with a fixed
countably infinite set {vy, va,...} of variables, the set of u-erpressions is generated by the
grammar

v|aeler+ex|pve

where v is v; for some i € N, a € A, and e, e1, es are py-expressions.

Intuitively, the process ae emits a and then turns into e, and e; + es is the process that
nondeterministically branches into e; and es. The process pv e is like e, but with instances
of v that appear free in e acting like goto expressions that return the process to uv e.

Definition 2.5. A process term is a p-expression e in which every occurrence of a variable
v appears both within the scope of a recursive call pv (=) (e is closed) and within the scope
of an action prefix operator a(—) (e is guarded). For short, we call these terms. The set of
terms is written Term. It is the set underlying the LTS (Term, ) defined in Figure 4.

e O ¢ e1 4 f e2 & f elpv e/v] & f
- e1tesdy f e1ter d f poe 9 f

Figure 4:  The relation %, C Term x Term defining (Term, ).

Call a variable v appearing in an expression e bound if it appears withing the scope of a
recursive call yv (—) and free if it does not. In Figure 4, we use the notation e[g/v] to denote
the expression obtained by replacing each free occurrence of v in e with the expression g.
Note that the expression e[g/v] is only well-defined if no free variable in g appears bound in
e. Given e € Term, the process specified by e is the LTS (e),.
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Example 2.6. Let e = av, and let f = pv e = pv av. Then e[f/v] = af & f. By the last
rule in Figure 4, pv e & f = pv e. By looking at the other rules, we see that none apply.
Hence, if yv e % g, then b= a and g = pv e. The upshot is that (f )~ the process specified
by f, is the one-point process which can perform a but no other action: its state set is {f},

and y(f) = {(a, f)}-

a 0w av) = y(a(uw ) = {(a,w av)}

Remark 2.7. The set of process terms, as we have named them, is the fragment of Milner’s
fixed-point calculus from [Mil84] consisting of only the u-expressions that specify productive
LTSs.

Labelled transition systems specified by process terms are finite and productive, and
conversely, every finite productive process is trace-equivalent to some process term.

Lemma 2.8. The LTS (Term, ) is productive and locally finite, i.e., for any e € Term, the
set of terms reachable from e in (Term,~) is finite. Conversely, if x is a state in a productive
and locally finite LTS (X, «), then there is a process term e such that tr(e) = tro(z).

Proof. The proof that (Term,~) is productive is a routine induction on e € Term that
shows that y(e) # 0. To see that (Term,~) is locally finite, we start by reproducing
Milner’s [Mil84, Proposition 5.1] below, to which we have made only small changes to reflect
the minor differences between our syntax and Milner’s.

Consider the LTS consisting of arbitrary p-expressions (as opposed to just process
terms). Let us write (E,%) for the set of u-expressions E equipped with the transition
structure 4 defined as follows: J(v;) = 0 for all i € N, and all other transition relations
are those derivable from the rules in Figure 4. Write —T and —* for the transitive and
reflexive-transitive closures of the transition relation — respectively. For any e € E, define
the set of all u-expressions reachable from e by (e) = {f € F | e =* f}. We proceed with a
proof by induction on p-expressions that (e) is finite for every e € E| i.e., (E,7) is locally
finite.!

In the base case, we have e = v; for some i € N. Here, [(v;)| = [{vi}| = 1. For the
inductive step, let e, e, ea be guarded p-expressions and assume that |(e;)| for i € {1,2}
and |(e)| are all finite.

e By definition of ¥(ae), |(ae)| = |[{ae} U (e)| < 14|(e)|. The induction hypothesis therefore
tells us that (ae) is finite.

e The set (e] + e2) precisely consists of e; + ex and all of the p-expressions f such that
either ey =1 f or eo =1 f. It follows that

[(e1 + e2)| = [{e1 +ea} U (e1) U (e2)| < 1+ [(e1)] + [{e2)]

By the induction hypothesis, (e; + eg) is finite.

e For the final induction step, observe that puv e —* f if and only if e[uv e/v] =T f. Tt
follows that (uv e) \ {uv e, elpv e/v]} = (e[uv e/v]) \ {uv e, eluv e/v]}. Clearly then,
(uv e) is finite if and only if (e[uv e/v]) is finite. Now, every expression f for which
eluv e/v] —* f is necessarily either of the form g[uv e/v] with e —* g or is uv e itself.
This tells us that

[(elpv e/v])| < [{pv e} U{glpv e/v] [ e =" g} =1+ [{g]e—="g} =1+ [(e)]

1And in fact, the size of (e) is linear with respect to the length of the u-expression e.
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0 ete=e () pw e = pv efv/w]

(©) s+ e1= e + e (Cong) e1=f1 - eiz fn

Eég e1 + 562 + 63% = (e1 +e2) +e3 glé/v] E[ g/[f]/{;]
ale; + es) = ae; + aey g=elg/v

(F) o o= cluv /o] RSPY g=mwe

Figure 5: The names for the axioms on the left stand for idempotence, commutativity,
associativity, distributivity, and fized point respectively. On the right, we have
a-equivalence, congruence, and the recursive specification principle. The axioms
and rules of the provable equivalence relation are those listed here, in addition
to those of equational logic (not shown). Here, e, e¢;, f, fi,g € Term for all i. In
(Cong), g has precisely the free variables vy, ..., v,, and no variable that appears
free in f; is bound in g for any i. In («), v does not appear free in e.

The induction hypothesis now tells us that (e[uv e/v]) is finite, and therefore (uv e) is
also finite.

This concludes the proof that (E,7¥) is locally finite. To see that (Term,) is locally
finite, observe from the definition of 4 that for each process term e € Term we have
7(e) = v(e) C A x Term. It follows that (e) C Term for each e € Term. Since (£, %) is locally
finite, (e) is finite. This shows that (Term,~) is locally finite.

The converse statement, that if x is a state in a finite LTS (X, ), then tr,(z) = tr(e)
for some e € PTerm, is a direct consequence of [Mil84, Theorem 5.7 and Corollary 5.8].2 [

Axiomatization of trace equivalence. Given an interpretation of process terms as states
in an LTS, and given the notion of trace equivalence, one might ask if there is an algebraic or
proof-theoretic account of trace equivalence of process terms. Rabinovich showed in [Rab93]
that a complete inference system for trace equivalence can be obtained by adapting earlier
work of Milner [Mil84]. The axioms of the complete inference system include equations like
€1+ e2 = eg + €1 and a(e] + ez) = aey + aez, which are intuitively true for trace equivalence.

Definition 2.9. Given e1, es € Term, we say that e; and eo are provably equivalent if e = e
can be derived from the axioms in Figure 5, and call = provable equivalence.

Theorem 2.10 Rabinovich [Rab93|. Let e1,e2 € Term. Then e; = ez iff tr(e1) = tr(ea).

Example 2.11. Consider the processes specified by e; = pw pv (a1agv + ajasw) and
ea = p (aq(agv + agv)) below.

ase9 + azeg

The term f is pv (a1agv + ajaser). The traces emitted by both e; and ey are those that
alternate between a; and either as or ag.

2In fact, the mentioned proof shows something stronger: that every state in a productive and locally finite
LTS is bisimilar to a process term. It is well-known that bisimilarity implies trace equivalence [BPS01].
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By Theorem 2.10, it should be possible to prove that e; = es. Indeed, this can be done
as follows: Applying (F) to e; = pw pv (ajagv + ajazw), we start with
()
e1 = pw pv (aragv + ajazw) = po (ajagv + ajazer) = f
Applying (F) again, and then (Cong), we get

) (Cong)
f = araof +ajazer = ajase; + ajaser

Applying (D) and using our substitution notation gives us

airazei + ajazey 2 ai(azer + azer) = (ai(azv + azv))le1/v]
Thus e; = (a1(agv + asv))[e1/v]. We apply the rule (RSP) to see that
e1 = p (ay(agv + agv)) = ey
as desired.

Rabinovich’s theorem tells us that, up to provable equivalence, our specification language
consisting of process terms is really a specification language for languages of traces. In what
follows, we are going to give an alternative semantics to process terms by using LTSs to
generate fractal subsets of complete metric spaces. The main result of our paper is that the
equivalence relations coming from these two semantics coincide: Two process terms are trace
equivalent if and only if they generate the same fractals in all spaces. This is the content of
Sections 3 and 4 below.

3. FRACTALS FROM LABELLED TRANSITION SYSTEMS

In the Sierpinski gasket S from Figure 1, every point of S corresponds to a stream of letters
from the alphabet {a,b,c}, and every stream corresponds to a unique point. To obtain
the point corresponding to a particular stream (a1, as,as,...) with each a; € {a,b, c}, start
with any p € R? and compute the limit lim, oo 04, - - - 0, (p). The point in the fractal
corresponding to (aj,asz,as,...) does not depend on p because o, 0p, 0. in Figure 1 are
contraction operators.

Definition 3.1. Given a metric space M, a contraction operator on M is a function
h : M — M such that for some c € [0,1), d(h(x),h(y)) < ¢ d(z,y) for any xz,y € M. The
number c is called a contraction coefficient of h. The set of contraction operators on M is
written Con(M).3

For example, with the Sierpinski gasket (Figure 1) associated to the contractions og, oy,
and ., 7 = 1/2 is a contraction coefficient for all three maps. Now, given p,q € R?,

1
d(0ay "+ Ta, (D), 0ay * Tan(q) < on d(p, q)

for all n, so it follows that limy,, o0 0a; * - 04, (P) = limy 00 T4, -+ - 04, (q). For any finite set
of contraction operators indexed by A and acting on a complete metric space M, every
stream from A corresponds to a unique point in M.

3In general, with a metric space (M, d), we usually omit the metric and just write M. Also note that our
notation Con(M) should not be read as suggesting that Con is a functor. It is not. Finally, we shall always
assume that our metric spaces are non-empty.
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Definition 3.2. A contraction operator interpretation is a function o: A — Con(M). We
usually write o, = o(a). Given o: A — Con(M) and a stream (a;);en from A, define

Ow: AY = M Jw(al,ag,...):nli_{goaal---aan(p) (3.1)

where p € M is arbitrary. The self-similar set corresponding to a contraction operator
interpretation o is the set

Se = {ow(a1,as,...) | (a1,az,...) is a stream from A}. (3.2)

Remark 3.3. Note that in (3.1), the contraction operators corresponding to the initial
trace (ai,...,a,) are applied in reverse order. That is, o,, is applied before oq, ,, 04, , i8
applied before o,, ,, and so on, and o,, is applied last.

It should also be noted that contractions are continuous, which implies that for any
stream (a1, az,...) € A%, o: A — Con(M), and p € M,

ou(ai,ag,...) = nlg& Oa10ay "+ Oa,, (D) = 0qy (nILH;oUGQ 04, (p)) = 04y 00y (az,...)

If we write a(—) for the prefixing map

a(ai)ieny = (a,a1,...), (3.3)

this implies the following statement: Let M be a complete metric space and o: A — Con(M).
Then for any a € A,

A9 Oy pw
le lgw ouo0a(—)=04,00, (3.4)

M 2 M

Regular Subfractals. Generalizing the fractals of Mandelbrot [Man77], Hutchinson intro-
duced self-similar sets in [Hut81] and gave a comprehensive account of their theory. In op.
cit., Hutchinson defines a self-similar set to be the invariant set of an iterated function system
(or IFS). In our terminology, an iterated function system is equivalent to a contraction
operator interpretation of a finite set A of actions, and the invariant set is the total set of
points obtained from all streams from A. The fractals constructed from an LTS paired with
a contraction operator interpretation generalize Hutchinson’s self-similar sets to non-empty
compact sets of points obtained from certain subsets of the streams, namely the subsets
emitted by single states in the LTS.

Definition 3.4. Given a productive LTS (X, «) and a contraction operator interpretation
o:A— Con(M), we define

[2], = ow(stra(z)) = {ow((ai)ien) | (ai)ien is emitted by =} (3.5)
and call this the set generated by the state x.

It is worth noting that [z],, , is always a subset of S, since stro(z) C A¥ and therefore
[[x]]a,a = O'w(StI'a(l')) g UW(AW) - SO"

Definition 3.5. Given a process term e € Term and a contraction operator interpretation
o A— Con(M), the regular subfractal semantics of e corresponding to o is [e], = [e], ,.
where v is the structure map on Term given in Definition 2.5.
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Example 3.6. The regular subfractal generated by x in Figure 2 is the regular subfractal
semantics of pv (av + b(bv + cv) + ¢(bv + cv)) corresponding to the interpretation o given in
that figure. The regular subfractal semantics of e is a proper subset of the Sierpinski gasket,
as it does not contain the point p = (19/32,111/3/32) corresponding to (a,c,a,b,a,a,...).

Example 3.7. For another example involving the Sierpinski gasket, see Figure 6. Let
g = pu (bu + bv + cv), and note that v is free in g. The asymmetrical regular subfractal
appearing in Figure 6 is the regular subfractal semantics of the term e = pv (av + bg + cg)
corresponding to the same contraction operator interpretation as in Figures 1 and 2.

b,c Aran
b,c

e =pv (av + bg + cg)
g = pu (bu + bv + cv)
f=ygle/v] = pu (bu + be + ce) & e & 7\

L gy iy dn fh Al S DL A Al Al G L A

Figure 6: An asymmetrical regular subfractal of the Sierpinski gasket generated by the
process term e = pv (av + bg + cg), where g = pu (bu + bv + cv), corresponding
to the same contraction operator interpretation as in Figure 2.

Systems and Solutions. Self-similar sets are often characterized as the unique non-empty
compact sets that solve systems of equations of the form

K=0(K)U---Uoy(K)

with each o; a contraction operator on a complete metric space. For example, the Sierpinski
gasket is the unique non-empty compact solution to K = o,(K)Uop(K)Uo.(K) in Figure 1.
In this section, we are going to provide a similar characterization for regular subfractals that
will play an important role in the completeness proof in Section 4. The main connection of
the characterization above to trace semantics arises from thinking about an n-state LTS
(X, a) as a system of formal equations for the trace sets associated to the states:

Ti = Qi1%i1 + G2Ti2 + -+ Qim,; Tim,
indexed by X = {z1,..., 2y}, where z; 29, x;; for i <n and j < m,.
For the next few definitions and results, fix a non-empty metric space M.

Definition 3.8. Write K(M) for the set of non-empty compact subsets of M. We equip
K (M) with the structure of a metric space using the Hausdorff metric on K(M) [Grol5],
defined by

dp (K, Kq) = max{ sup inf d(u,v), sup inf d(u,v)} (3.6)
ueK; VEK2 veKy uEK1

If M is complete, so is K(M). Incidentally, we need to restrict to non-empty sets in (3.6),

since otherwise we would worry about infima over the empty set. This is the primary

motivation for the guardedness condition which we imposed on our terms.
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We also recall the Banach fized-point theorem, which allows for the computation of
fixed-points by iteration.

Theorem 3.9 Banach [Ban22]. Let f: M — M be a contraction map.

(1) The map f has at most one fixed-point. That is, if p= f(p) and ¢ = f(q), then p = q.
(2) If M is complete, then for any p € M, lim,_,~ f"(p) is the unique fixed-point of f.

Definition 3.10. Given a contraction operator interpretation o : A — Con(M), and an
LTS (X, a), we call a function ¢ : X — K(M) a (o-)solution to (X, «) if for any z € X,

o) = gale®))
Ly

Example 3.11. Let S be the Sierpiriski gasket as a subset of R2. Let (X, a) be the LTS in

a,b,c

Figure 1. Then we have a single state, x, with z 2% x. The function ¢: X — K(R?) given
by ¢(z) =S is a solution to (X, «), because S = 0,(S) U 03(S) U 0.(S). Self-similar sets, in
the sense of Hutchinson [Hut81], are regular subfractals generated by one-state LTSs.

We are very interested in the existence and uniqueness of solutions to finite productive
LTSs in K(M) for a given space M, since these are our connection to subfractal subsets
of M. We shall obtain a general result in this direction in Theorem 3.13 below. In fact,
we shall show that locally finite productive LTSs have unique solutions. Our work is an
application of the Banach Fixed Point Theorem, and it also calls on general metric and
topological properties of the set A“ of streams of actions.

Topology of Streams. Recall that, given a contraction operator interpretation o: A —
Con(M), the subset of M generated by a state z in a LTS (X, «) is given by taking the image
of the set of streams str,(x) emitted by = under the map o,,: AY — M defined in (3.1). As
we are about to see, if M is complete, then subsets of M generated by states of (X, «) are
always compact in the topology of M induced by the metric. Topological results like these
follow from familiar topological properties of A“ and the sets str, (), which we discuss next.

Definition 3.12. Let A be a finite set of actions. For each a € A, let 0 < ¢, < 1, and write
c: A— (0,1) for the map a +— cq. Let cgm > 0. Define (A¥, d.) to be the space of streams
from A equipped with the metric d., defined

0 if a,, = b, for all n

dc((al,ag,...),(bl,bg,...)) = { (37)

Cam [ 1=y Ca; m = min{n | ant1 # byy1}, otherwise
We call (A¥,d.) the diameter-cqm Cantor set equipped with the c-metric.

For any choice in ¢: A — (0,1) and cgm > 0, (A¥,d.) is a compact totally disconnected
metric space with no isolated points [LAS78]. The diameter-1 Cantor set equipped with the
1/2-metric (¢, = 1/2 for all a € A) is referred to as simply the Cantor set. The topology on
A¥ induced by any c-metric has a basis of open sets consisting of the cylinder sets, subsets
of A“ of the form

Ba1--~an = {(bi)ieN ’ b1 = A1y, bn = an} (38)
Note that above, the case of n = 0 has B, = A%, where € is the empty word.

Theorem 3.13. Let (X,«) be a productive LTS, M be a complete metric space, and
o: A— Con(M) a contraction operator interpretation. Then
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(1) For all x € X, stro(x) is non-empty and closed in A“.

(2) Foralxe€ X, [z],, is non-empty and compact in M.

(3) [-lao : X = K(M) is a solution to (X, ).

(4) If (X, «) is locally finite, then [—], , : X — K(M) is the unique solution to (X, ).

Proof. To see item 1, first observe that stro(z) # () because (X, «) is productive. Let
c: A — (0,1) be any function and consider the diameter-1 Cantor set (A, d.). Now consider
a Cauchy sequence {(agl),ag), ... ) bien in stry(x), and let (a;)ien be its limit in (A%, d.).
Then x emits every finite initial segment of (a;);en, because for any N € N, there is an
m > N such that (ai,...,am, aml, ...) € stra(x). Since (X, «) is finitely branching and
productive, Lemma 2.3 tells us that (a1, as,...) € stro(x). Therefore, stro(x) is a non-empty
and also closed set.

Item 2 is standard in the literature on fractals: it follows from the fact that (in our
terminology) o, is a surjective map whose image is S, C M as defined in (3.2), and this last
set is the self-similar set defined by a contraction operator interpretation (in terminology
from the fractals literature, an iterated function system). Such sets are known to be compact.
Nevertheless, for the convenience of the reader we provide a proof from first principles.

For each a € A, let ¢, € (0,1) be a contraction coefficient for o, and let m, € M be the
fixed point of o,. Let

Cmax = rl?eaj( Ca lmax = ;1%2}51 d(maa mb)

For each stream (b;);eny € AY, p € M, and k € N, let

h(p, (bi)ien, k) = op, -+ - ob, (D)

Then by definition, o, ((b;)ien) = limg_ o0 A(p, (b;)ien, k) for all p. Now fix a point p € M
and let

£, = min{d(p,m3) | b € A}
Fix a € A such that d(p,m,) = ¢,. We show by induction on k > 1 that for (b;);en € A%,

k—

d(h(p, (bi)iGNa k)7 mb1 = max Z max (39)
=0

Here is the argument for k = 1: We have h(p, (b;)ien, 1) = o3, (p) and

d(O'b1 (p)’ mb1) = d(0b1 (p)v Ob, (mb1)) < Cmax(d(pv ma) + d(mav mln)) < cmax(gp + fmax)

Assuming that (3.9) holds for k, we fix (b;);eny and apply our induction hypothesis to the
tail (by,bs,...). We have d(h(p, (b2, b3, ...), k), mp,) < ko ly + S0 i lmax. Then

d(h(p7 (bi)iEN7 k+ 1)7 mb1)

= d(op, (h(p, (b2,b3,...), k), o0, (my,)) (my, is the fixed point of oy, )

< Chy d(h(p7 (b2> b37 o )7 k)7 mbl) (defn. of Cbl)

< cmax(d(h(p, (b2, b3, ... ), k), mp,) + d(myp,,myp,))  (triangle inequality + defn. of ¢max)
k—1

< Cmax((cF sl + Z Choaxlmax) + lmax) (induction hypothesis + defn. of max)

1=0
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k+1 41 0 : _ .0
> maxg + § Cmaxgmax + Cmaxgmax (SIHCG Cmaxlmax < lmax = Cmaxgmax)

k+1 § :

— maxg + Cmax max +Cmax£max
=1
(k+1)—

k+1
- maxg + Z max max

This completes the induction. Let k be large enough so that ¢k ¢, < 1. Then we see that
for large enough k, d(h(p, (bi)ien, k), mp,) < £*, where

00
- /
E* =1 +Zc?nax£max =1+ 1&
i—0 — Cmax

This is independent of p. We conclude that d(ow,((b;)ien), mp,) < £*. Now let us obtain the
diameter of the Cantor set we have in mind. Let ¢qm = 20* + frmax. For two streams in A%,
say (b1, ba,...) and (b}, bh,...), we have

d(ou(by,ba,...), 00 (b, b5, ...))

< d(O'w(bl, by, ... ), mbl) + d(mbl,mbrl) + d(mbll,O'w(bll, ,2, .. ))

< 0+ emax + 0

= Cdm
With this estimate in hand, we can now let ¢: A — (0, 1) be the constant function c(a) = cmax
and consider the diameter-cq,, Cantor set (A“,d.) equipped with the c-metric.

Now we show that o,,: AY — M is nonexpanding with respect to d.. Consider (a;);cy and
(bi)iGN in A%. We would like to show that dc(aw((ai)ieN)’Uw((bi)ieN)) S dc((ai)ieN, (bz)zeN)
If a; = b; for all 4, then (a;);en = (b;)ien and we have

de((ai)ien, (bi)ien) = 0 = dy(0w((ai)ien), 0w((bi)ien))
Otherwise, let n = min{i € N | a; # b;} — 1. Then de((a;)ien, (bi)ien) = cdm [ [1—1 Cq, since
b; = a; for all i < n. On the other side, we have
dy(0w((ai)ien), 0w((bi)ien))
=dp (U(ll T Uangw((ai—l—n)ieN), Oqq * " Uanaw((bi-l—n)iEN))

< (Hcai) drt (0w((@itn)ien); 0w((bitn)ien))

1=1

< (H)
= dc((a)ien, (bi)ien)

Thus, o, is nonexpanding. Since o,,: AY — M is nonexpanding, it is continuous. Then, by
item 1, [z],, , = ow(stra(z)) is the image of the non-empty compact set stro(z) under the
continuous function oy,. It follows that [z], , is non-empty and compact.
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We now show item 3, that [z], , : X — K(M) is a solution to (X, «). The idea is to
construct a function
F:K(M)* - K(M)*
then to show that fixed points of F' are exactly solutions to (X, «), and finally to show that
[2],, : X — K(M) is a fixed point of F. We take

F(f)(z) = | oalf(®) (3.10)
-y
Let us check that each set F'(f)(z) really is a compact subset of M. There are two reasons for
this. First, each set 0,(K) is compact, being the image of a compact set under a continuous
function. Second, the finite union of compact sets is compact.
It is clear that a solution to (X, «) is exactly a fixed point of F'. Let us check next that
the map [z] a0 18 a fixed point. That is, we must show that for all z € X,

[[x]]a,a = U Ua([[y]]a,o') (311)
e
We are going to drop the subscripts and write [z]. Let oy, ((a;i)ien) € [z]. This stream
(ai)ien is emitted by z. Fix a corresponding infinite path z 21, xq %2, ... 9ny g, 94l .
This path begins with x 2L, z;. Its tail shows that the stream (a;+1);en is emitted by 1 and
hence belongs to strq(x1). Thus, 0, ((ai+1)ien) € [z1]. It follows from the commutativity of
the diagram in (3.4) that

0w((ai)ien) = (0w © 0a,)((ait1)ien) = 0ay (0w ((ait1)ien)) € {Ua([[y]]a,a) |z 2y}

As desired, 0y,((a;)ien) belongs to the right-hand side of (3.11). This shows that [z],, C

U

2y 0a([¥], ). The reverse inclusion is similar.

We now turn to item 4. Let us first assume that X is finite. The more general case of
locally finite X is considered at the very end of this proof. It is here that we use the fact
that the set K(M)~ of functions f: X — K (M) is a complete metric space with respect to
the product metric d(f,g) = max,cx dg(f(z), g(x)), where dg is the Hausdorff metric. By
the previous part, we need to verify that the function F' from (3.10) is contractive. Then,
by the Banach Fixed Point Theorem, F' has just one fixed point. Let f,¢g: X — K(M),
and let ¢ = d(f,g) = max, d(f(z),g(z)). By the definition of the Hausdorff metric we have
the following for all x € X: for all z € f(x) there is some w € g(z) with d(z,w) < ¢, and
vice-versa. Let ¢max < 1 be the maximum of the contraction coefficients of all o, for a € A.

We claim that d(F(f),F(g)) < lcmax. Let z € X, and let z € F(f)(x). Then there
is some (a,y) € a(z) such that z € o,(f(y)). For z, there is some w € f(y) such that
z = 04(w). Let v € g(y) be such that d(w,v) < £. Then o,(v) € 04(g(y)) C F(g)(x). Write
2 = 04(v). Then we have

d(z,2') = d(oa(w),04(v)) < Cmaxd(w, v) < Lemax

So, for every z € F(f)(z), we have some 2’ € F(g)(z) with d(z,2") < fcmax. The converse
assertion also holds. Thus, d(F(f)(z), F(g)(x)) < lcmax. Since z is arbitrary, we obtain
A(F(f), F(9)) < Lemas.

At this point, we know that [—],, , is the only solution to (X, a) when X is finite. We
also want to show that F' has a unique solution when X is merely locally finite, but perhaps
infinite. Fix z € X, and also take any solution ¢ : X — K(M). Let us write the finite
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sub-LTS of X determined by z as ((z),ap). The restriction ¢, is a solution to ({z), ).
By what we already know, (¢|()(z) = [z],, ,- Now

p() = () (@) = [2]ay 0

Since the right-hand side above does not involve ¢, we see that ¢ is unique. []

Remark 3.14. One step of the proof above was to show that for any given contraction
operator interpretation o: A — Con(M) there is amap ¢: A — (0, 1) such that o,,: A — M
is nonexpanding with respect to the c-metric d. on A“. This implies that o, is continuous
with respect to d.. But any two c-metrics induce the same topology on A%, so this
actually tells us that o, is continuous for any contraction operator interpretation o. Of
course, there is another way to arrive at the same fact, using an interchange of limits:

given a sequence of streams {(a; ))zeN}geN that converges to (a;);en, we know that for any
i € N, there is an [ > 0 such that for any j > I, agj) = q,;. For arbitrary p € M, this
implies that for any ¢ € N, lim;_, ORI ) (p) = 04, -+ 0q,(p). We already know that
1 [
Jw((al(-]))ieN) =limjo00 Gy 0 0) (p) converges for each j € N. Thus, the double sequence
1 7
(0,6 =+ 0 ) (P))i,jen converges along every row and column. By the Moore-Osgood theorem,

this allows us to exchange limits:

lim Uw((%(j))zeN) = lim lim o FORNCNE) (p)
j—o00 J—00 i—00 v
= lim lim o (J) Ua(]-)(p)
1—00 j—00 i

= lim o4, -+~ 04,(p)
11— 00
= Uw((ai)iEN)
_ : ()
= C’w(jlgglo{(ai Jien}jen)
This provides a second argument showing that o, is continuous.

Example 3.15. To see why some extra assumption is needed in item 4, consider the LTS

o L 1 4 xo0 & ---. The smallest sub-LTS containing xg is the whole LTS, so this LTS
is not locally finite. Let M = R, and let o4(z) = 1z. One solution is [zn],, = {0}

for all n. Another solution is ¢(z,) = {2"}. Indeed, for all r € R, we have a solution
¢(zn) = {r2"}. What is going on in this example is that K(M)¥ is not a metric space
under our definitions: the singleton map is an isometric embedding of any space M into
K(M). Thus d({2"},{0}) = 2™. So sup,, d({2"},{0}) = co. But all distances are finite in
this paper, as this is one of the requirements of the Banach fixed point theorem.

The following consequence of Theorem 3.13 is an analog of Kleene’s theorem (the
correspondence between regular expressions and regular languages [Kle56]) for regular
subfractals.

Corollary 3.16. Fiz a complete metric space M and a contraction operator interpretation
o: A— Con(M). A setis a reqular subfractal if and only if it is a component of the solution
to a finite productive LTS.

Proof. Let S be a regular subfractal as defined in Definition 3.5. So, there exists e € Term

such that [e], , = S. By Definition 3.10, for each f € Term, [f], , = Ufi>g oa([9], o)
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Consider the finite productive LTS (e) generated by e. Let us write g for the restriction
of 7 to (e). Define ¢: (¢) — K(M) by ¢(g9) = [g],,. Then ¢ is a solution to (e). So,
by Theorem 3.13, ¢ =[], ,. And so, S = [e]. , = ¢(e) = [e],, ,- Thus, S is a component
of the solution to the finite productive LTS (e).

For the converse, let (X, «) be a finite productive LTS, and take a component of its
solution, say [z],,. By Lemma 2.8, there is a term e € Term such that tr,(e) = tro(z).
By Lemma 2.3, stry(e) = stra(z). By Definition 3.4, [e] , = [z],,. Thus, [z],, is a
regular subfractal. L]

Example 3.17. The following example of our setup is essential for the rest of the paper.
Let ¢: A — (0,1) and let (A%, d.) be a diameter-cq,, Cantor set equipped with the c-metric.
For each a € A, recall the a-prefixing operator a: AY — A“ from (3.3). In the c-metric, a(—)
is a contraction operator with contraction coefficient ¢,, so the map o: A — Con(A4%,d.)
defined o, = a(—) is a contraction operator interpretation.

A fact which we shall need is that the map o, in this example is the identity on A“. To
this end, observe that

ou((ar,ag,...)) = ni_)rgoaal o---00, (p) = nli_)rroloalag---an(p) = (a1, a9,...)

for any p € A¥. Since (A%, d.) is a compact metric space, it is in particular complete. Thus,
Theorem 3.13 applies to this example. Since oy, is the identity on A“, [z] ao 18 simply
stro(z) for a given productive LTS (X, a) and x € X. It follows from Theorem 3.13 that
[2], , = stra(z), hence strq: X — A* is the unique solution to (X, ) in A“.

Real-valued Cantor sets. Traditional real-valued Cantor sets (like the ternary Cantor
set) are also able to faithfully represent streams. Here, by traditional real-valued Cantor
set, we mean any self-similar set corresponding to a contraction operator interpretation
o0: A — Con(R) of the form o,(p) = cp + r, for some ¢ € (0,1) and distinct r, € R for each
a € A. We will revisit this point in Section 4.

A map f: R — R of the form f(p) = ¢p + r for some ¢, € R is called affine. With
|c| < 1, this operator is a contraction with coefficient c¢. An affine operator interpretation is
a contraction operator interpretation o: A — Con(R) where each o, is affine.

Proposition 3.18. Let A be a finite set of actions. There exists an affine operator
interpretation o: A — Con(R) such that o,: AY — R is injective.

Proof. Let A = {ay,---a,} and write ¢ = 1/(2n — 1). Now consider the affine operator
interpretation o: A — Con(R) given by

04,(p) = cp+2¢(i —1)

for each i < n. Note that S, C [0,1]. We are going to show that o,: A — R is injective.

To this end, suppose that dc((b;)ien, (b))ien) > 0. Then there is an ¢ € N such that
b; # ;. Let m = min{i | b; # b} — 1. We first handle the case m = 0, i.e., by # b}. Let ¢
and j be such that by = a; and b} = a;. Note that i # j, and indeed |i — j| > 1. Then for
any p,q € R,

|0, (p) — 0w (q)| = [ep + 2¢(i = 1) — cq = 2¢(j — 1)| = c(p — q) + 2(i — j)|

so that for any p,q € [0,1], |(p — q) + 2(i — 7)| > 0. In particular, if by # b}, then

|00 ((bi)ien) = 0w ((B))ien)| = |ob, (0w (bit1)ien)) — ov; (0w (Big1)ien))| > 0
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When m > 0, we reduce to the first case:
|ow((bi)ien) — 0w ((b)ien)
= |05, ++ Ob,, 0w (bitm)ien) = Tby ++ Tty 0w (i )ien) |
= "|0w((bitm)ien) = Ow((bi4m)ien)]
>cA"0=0

/

since bjtm # b},,,. It follows that oy, is injective.? O]

4. COMPLETENESS

We have seen that finite productive LTSs (LTSs that only emit infinite streams) can be
specified by process terms. We also introduced a family of fractal sets called regular
subfractals, those subsets of self-similar sets obtained from the streams emitted by finite
productive LTSs. An LTS itself is representative of a certain system of equations, and
set-wise the system of equations is solved by the regular subfractals corresponding to it.
Going from process terms to LTSs to regular subfractals, we see that a process term is
representative of a sort of uninterpreted fractal recipe, which tells us how to obtain a regular
subfractal from an interpretation of action symbols as contractions on a complete metric
space.

Definition 4.1. Let (X, «) be a productive LTS. Given z,y € X, we write z ~ y and say that
z and y are fractal equivalent (or that they are equivalent fractal recipes) if [z],, , = [y], ,
for every complete metric space M and every o : A — Con(M).

Theorem 4.2. Let (X, «) be a finitely branching productive LTS and x,y € X. Then x =~y
if and only if stro(z) = stra(y).

Proof. Clearly, if stry(x) = stro(y), then x &~ y by Definition 3.4. Conversely, consider
Example 3.17, i.e., for a map ¢: A — (0, 1) and diameter cq,, > 0, a diameter-cg4,, Cantor set
equipped with the c-metric and the contraction operator interpretation given by prefixing.
In Example 3.17, we argued that the unique solution to (X, «) with this contraction operator
interpretation is the map str,: X — A“. Thus, if x = y, then str,(z) = stry(y). (]

This gives way to a soundness/completeness theorem for our version of Rabinovich’s
logic with respect to its fractal semantics. Our proof relies on the axiomatization of trace
equivalence that we saw in Theorem 2.10.

Theorem 4.3 (Soundness/Completeness). Let e, f € Term. Then
e~ f if and only if e=f
Proof. Let e, f € Term. Then since (Term,~) is finitely branching and productive,

e~ f str(e) = str(f) tr(e) = tr(f) e=f []

One interesting consequence of Theorems 4.3 and 3.18 is that one may restrict their
attention to affine contraction operator interpretations on R and still obtain completeness.

(Theorem 4.2) (Lemma 2.3) (Theorem 2.10)
<~ <~ <~

4Another way to say all this is that the restrictions of o4, and o4, to [0, 1] have disjoint image sets.
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Corollary 4.4. Let e, f € Term. Then e = f if and only if for every affine contraction
operator interpretation o: A — Con(R), [e], , = [f], ,-

Proof. The forward direction is soundness. For the reverse direction, by Proposition 3.18,
there is a contraction operator interpretation o: A — Con(R) such that o,: AY — R is
injective. It follows that the setwise extension of o, (by image sets) is injective. This implies
that if [[e]]%(, = [[f]]%a, then str,(e) = stry(f), and therefore e = f. From Theorem 4.3, we
obtain e = f. L]

5. SUBFRACTAL MEASURES

In addition to showing the existence of self-similar sets and their correspondence with
contraction operator interpretations (in Hutchinson’s terminology, iterated function systems),
Hutchinson also shows that every probability distribution on the contractions corresponds
to a unique measure, called the invariant measure, that satisfies a certain recursive equation
and whose support is the self-similar set. In this section, we replay the story up to this point,
but with Hutchinson’s invariant measure construction instead of the invariant (self-similar)
set construction. We specify fractal measures using a probabilistic version of LTSs called
labelled Markov chains, as well as a probabilistic version of Milner’s specification language
introduced by Stark and Smolka [SS00]. Similar to how fractal equivalence coincides with
trace equivalence, fractal measure equivalence is equivalent to a probabilistic version of trace
equivalence due to Kerstan and Kénig [KK13].

Invariant measures. Recall that a Borel probability measure on a metric space M is a
[0, 1]-valued function p defined on the Borel subsets of M (the smallest o-algebra containing
the open balls of M) that is countably additive and assigns p(f) = 0 and p(M) = 1. A
Borel probability measure p is supported by a point p € M if for any open set U containing
p, p(U) > 0. The support supp(p) of a Borel measure p is the set of points supporting p.
A Borel probability measure is compactly supported if the set of points supporting it is a
compact set. Note that the support of a Borel measure is always a topologically closed set,
so a Borel measure is compactly supported if and only if its support is bounded. For a more
detailed introduction to Borel measures, see for example [Fol99].

Hutchinson shows in [Hut81] that, given o: A — Con(M), each probability distribution
0: A—[0,1] on A gives rise to a unique compactly supported Borel probability measure éa
on M, called the invariant measure, that is supported by the self-similar set S, from (3.2)
and such that for any Borel set B C M,

0,(B) = 6(a) 0¥ 0,(B) (5.1)

a€A

Here and elsewhere, the pushforward f#p of a Borel measure p with respect to a continuous
(or more generally, Borel measurable) map f is the probability measure defined by f#p(B) =
p(f~1(B)) for any Borel subset B of M [Fol99]. The pushforwards o7 6, in (5.1) are well-
defined because contractions are continuous maps. Equation 5.1 tells us that, similar to
how self-similar sets are the union of their images over a set of contractions, the invariant
measure 6, is a convex combination of its pushforwards with respect to a set of contractions.
We can use the first part of the Banach Fixed Point Theorem, Theorem 3.9 (1), to show
that (5.1) is satisfied by at most one compactly supported Borel measure on M.
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Fix a complete metric space M.

Definition 5.1. We write Prob(M) for the set of compactly supported Borel probability
measures on M equipped with the Kantorovich-Rubinstein metric, defined by

d(p1, p2) = sup { /Mf dp1 — /Mf dps ‘ f: M —Ris nonexpanding}

for any py, p2 € Prob(M). Above, [,, f dp; is given by the Lebesgue integral.®

It is important to note that finiteness of d(p1, p2) requires the assumption that p; and
p2 are compactly supported (equivalently, have bounded support).

Definition 5.2. Given a fixed probability distribution 6: A — [0, 1], the Markov operator
F': Prob(M) — Prob(M) is defined by

Flp) = 3 0(a) oftp (5.2)

acA
for each p € Prob(M).

A measure 0, satisfies (5.1) if and only if it is a fixed point of F. Thus, we would like
to use fixed-point techniques to show the existence and uniqueness of invariant measures.
Indeed, Hutchinson proves in [Hut81, Theorem 4.4(1)] that F' is a contraction in the
Kantorovich-Rubinstein metric. Therefore, if F' has a fixed-point, then Theorem 3.9(1) tells
us it is unique, and so the invariant measure also would be unique.

However, it is not true for an arbitrary complete metric space M that Prob(M) is
complete, so we cannot apply Theorem 3.9(2) to prove the existence of the invariant
measure.’ In the next two paragraphs, we describe an explicit construction of the invariant
measure. A more general construction and verification of its stated properties can be found
in Theorem 5.15.

The invariant measure can be concretely described as follows. Given o: A — Con(M),
let ¢(a) = ¢4 > 0 be a contraction coefficient for o, for each a € A, and consider the diameter-
1 Cantor set equipped with the c-metric (A¥,d.). Now, given a probability distribution
0: A—[0,1], we define é, called the stream measure specified by 6, to be the unique Borel
probability distribution on (A“,d,) such that

n
0(By) = [ 6(a:) (5.3)
i=1
for any w = ay -+ - a, € A* (here, we take the empty product to be 1). As will be explained
shortly, results from [KK13] tell us that (5.3) does indeed extend to a unique Borel probability
measure on (A%, d,). This again relies on the fact that any two Borel measures that agree
on all basic open sets must agree on all Borel sets. The next proposition tells us that the
invariant measure is precisely 6, = ol é, where o, is the map given by limits which we saw
in Definition 3.2. We will prove a more general version of this result in Theorem 5.15.

5Note that we use the symbol d in the integral to represent the differential, so as not to clash with d as in
distance.

6In his original paper [Hut81], Hutchinson fallaciously relies on the Banach fixed-point theorem to construct
the invariant measure. This minor hiccup can be remedied by either restricting the space of measures in a
suitable way [Kra06], by assuming M is compact, or by constructing the invariant measure explicitly. We opt
for the latter approach.
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Proposition 5.3. Let M be a complete metric space, let o: A — Con(M), and let F' be
the Markov operator defined in (5.2). The unique fized-point of F is the pushforward afé,
where o, : AY — M 1is from Definition 3.2, and 6 € Prob(A%) is defined in (5.3).

In the sequel, we are going to view the specification 6 of the invariant measure 0 (the
pushforward of the stream measure) as a probability distribution over the transitions in a
one-state LTS. This construction generalizes to multiple-state transition systems by moving
from probability distributions on A to labelled Markov chains, which are essentially LTSs
where each state comes equipped with a probability distribution on its outgoing transitions.
Again, the labels will be interpreted as contractions on a complete metric space.

Algebras, Coalgebras, and Corecursive Algebras. At this point we make a short
digression into the general notions of universal algebra and universal coalgebra. A standard
reference for universal algebra is [BS81], although we will be formulating its notions using
category-theoretic language, in the style of [AT89]. Universal coalgebra is a category-theoretic
framework for studying the many different types of transition systems appearing in computer
science in a uniform way. A standard reference for universal coalgebra is [Rut00].

The purpose of this digression is to ease the formulation of labelled Markov chains
and coalgebra-to-algebra homomorphisms that will play a significant role in the rest of the
paper. Labelled Markov chains are a probabilistic analogue of labelled transition systems.
While labelled transition systems can mostly be studied without the categorical language of
universal coalgebra, the language of coalgebra greatly improves ease-of-use for probabilistic
systems [Sok11]. Following our digression, we will return to the topic of subfractal measures.

Definition 5.4. Let H: ¢ — € be an endofunctor on any category. An H-algebra is a
pair (C,~) consisting of an object C' of € and a morphism v: HC — C. An H-algebra
homomorphism h: (C,~vc) — (D,~yp) is a morphism h: C' — D such that ypo H(h) = ho~c.

An H-coalgebra is a pair (X, 3) consisting of an object X of € and a morphism §: X —
HX. An H-coalgebra homomorphism h: (X, Bx) — (Y, fy) is a morphism h: X — Y such
that ﬁy oh = H(h) Oﬁx.

In this paper, we are mainly interested in two endofunctors on the category Set of
sets and functions. First, FX = P,(A x X) where P, is the non-empty finite power set
functor and A is our set of actions (a fixed finite set in all of our work). Given f: X — Y,
F(f): P.(Ax X) = P (AXY)is given by F(f)(U) = {(a, f(x)) | (a,z) € U}. The second
functor of interest is GX = D(A x X). Here, D(X) is the set of finitely supported probability
distributions on X, i.e., functions 6: X — [0, 1] such that 6(z) = 0 for all but finitely many
reX,and ) v 0(x)=1. This time, G(f)(0)(y) = > {0(x) | f(z) =y} forally €Y.

Example 5.5. Due to Lemma 2.3(2), productive and finitely branching LTSs are exactly
the coalgebras of P, the non-empty finite power set functor.

Later in the paper, we will see algebras and coalgebras of P,(A x (—)) and D(A x (—)),
and in due course we will name them as shown below.

Set Functor Name of Algebra Name of Coalgebra

FX =7,(Ax X) labelled transition algebra productive, finitely branching
labelled transition system

FX =D(Ax X) labelled Markov algebra labelled Markov chain
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Aside from the specific examples of labelled transition algebras and labelled Markov algebras
that are of direct concern to us in this paper, there are two motivating examples that may help
the reader. One such example is the labelled transition algebra of infinite (unordered) trees
decorated by labels from A. There, the algebra structure turns a set {(ai,t1),..., (an,tn)}
into the tree whose immediate subtrees are t1,...,%, and outgoing root-to-child relations
are labelled with ay, ..., a, respectively. A potentially helpful example of a labelled Markov
algebra is similar to the infinite trees from before, but whose parent-to-child relationships
carry (nonzero) probabilities in addition to labels.

Coalgebras for P, (A x (—)) and D(A x (—)) that are of particular interest to us are the
ones that are finite around each state.

Definition 5.6. Let H: Set — Set be an endofunctor and (X, ) an H-coalgebra. A
subcoalgebra of (X, ) is an H-coalgebra (U, fyy) such that U C X and the inclusion map
U — X is a coalgebra homomorphism. We say that (X, ) is finite if X is finite, and locally
finite if every state z € X is included in a finite subcoalgebra of (X, 3).

We also have the notion of a finitely corecursive algebra (Definition 5.7), which is
a weaker version of the corecursive algebras first introduced by Capretta et al [CUV06].
Finitely corecursive algebras are also weaker than iterative algebras, and these are weaker
than the better-known notion of completely iterative algebras [BE93]. Connections between
completely iterative algebras and fractals date as far back as [MMO6].

Definition 5.7. Let H: Set — Set be an endofunctor. An algebra ~v: HC — C'is finitely
corecursive if for every locally finite H-coalgebra (X, ), there is a unique coalgebra-to-algebra
homomorphism 37: (X, B) — (C,7), i.e., a map B7: X — C such that 3T = v o H(B") o 5:

x - 0
Bi v,

The map B is also called the solution of § in the algebra (C,7).

Lemma 5.8. Let v: HC — C be a finitely corecursive algebra for the endofunctor H. Let
(X, Bx) and (Y, By) be locally finite coalgebras, and let ¢ : X — 'Y be a coalgebra morphism.

Then B;( = B}T, o .

Proof. The proof is indicated in the diagram below.

© Bl
X Y s C
5Xl 5Y\L T’Y
H(p) H(8])
HX y HY > HC

The commutativity of the square on the left expresses that ¢ is a coalgebra morphism, and
that the square on the right commutes expresses that B; is a solution to (Y, fy) in C. Since
both squares commute, so does the overall outside. This shows that ﬁ; o ¢ is a solution to
(X, ) in C. By uniqueness of solutions, ,B;r/ op= B;(. ]

The following lemma allows one to check finite corecursiveness by only considering finite
coalgebras.
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Lemma 5.9. Let H: Set — Set be an endofunctor and let v: HC — C be an algebra. Then
(C,7) is a finitely corecursive algebra if and only if for any finite H-coalgebra (X, 3), there
is a unique coalgebra-to-algebra homomorphism (X, B) — (C,~).

Proof. The forward direction follows from the fact that finite coalgebras are locally finite.

For the reverse direction, let (X, 3) be a locally finite coalgebra. Every state of (X, f3)
is contained in a finite subcoalgebra and by assumption, finite subcoalgebras admit unique
coalgebra-to-algebra homomorphisms into (C,~). We start with the claim that there can be
at most one coalgebra-to-algebra homomorphism (X, 5) — (C,~).

Suppose that ¢, 9: (X, 3) — (C,~) are coalgebra-to-algebra homomorphisms and let
x € X. We aim to show that p(z) = ¢ (x). Since (X, ) is locally finite, there is a finite
subcoalgebra (U, fy) of (X, B) such that = € U. Let (y: U < X be the inclusion map of U
into X, and recall that (by definition) ¢ (U, Br) = (X, B) is a coalgebra homomorphism.
The composition of a coalgebra homomorphism with a coalgebra-to-algebra homomorphism
is a coalgebra-to-algebra homomorphism by Lemma 5.8, so in particular this holds for ¢ o ¢y
and ¢ o 1y.

UL—U>Xi;C

ﬁUl lﬁ Hip) ﬁ
)

HUMHX$HC’
Hb

We have assumed that (U, fy) is finite, so there is at most one coalgebra-to-algebra homo-
morphism (U, fy) — (C,~). It follows that ¢ o .y = 1) o 1y, and in particular,

p(r) = pow(r) =1 ouw(r) =1P(r)

This shows that there is at most one coalgebra-to-algebra homomorphism (X, 8) — (C,~).

It now suffices to construct a coalgebra-to-algebra homomorphism (X, ) — (C,~).
For each finite subcoalgebra (U, y) of (X, ), let oy: (U,By) — (C,7) be the unique
coalgebra-to-algebra homomorphism. We define the relation

¢ ={(z,y) | € X and there is a finite subcoalgebra (U, fr7) with y = By (z)}

We need to show that ¢ is a function and that it is a coalgebra-to-algebra homomorphism.

To see that it is a function, suppose z € U NV for two finite subcoalgebras (U, ) and
(V,Bv), and let (z,y),(x,y’) € ¢ such that y = ¢y (z) and ¥’ = py(x). The intersection
of two subcoalgebras is also a subcoalgebra [GS02, Theorem 3.1}, so if we set W =UNV,
W is also the state space of a finite subcoalgebra (W, fy/). Now, because the composition
of a coalgebra-to-algebra homomorphism with a coalgebra homomorphism is always a
coalgebra-to-algebra homomorphism (again using Lemma 5.8), ow, @y o tw, and @y o Ly
are all coalgebra-to-algebra homomorphisms (W, By) — (C,~). By uniqueness of coalgebra-
to-algebra homomorphisms for finite coalgebras, oy o vy = ow = v o . It follows
that

/

y=vu(z)=pvoww(z)=pyouy(®)=yv(r)=y
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To see that ¢ is a coalgebra-to-algebra homomorphism, let x € U C X and calculate

/“D—U\ p(x) = pu(z)
vl x %2 3o =70 H(pu) o Bu(z)
LB lﬂ 5 =70 H(p)o H(w) o fu(z)
gu P9 gy 2@ ga =~yoH(p)oBouwy(z)
H(pu) =0 H(p)o () O

An extended example: regular subfractals via finite corecursive algebras. In this
next part of the paper, recall that for a complete metric space M and a finite set X, the
set MX obtains a complete metric space structure from the product metric, d*(f,g) =
maxgex d(f(z),g(x)). Recall also that K(M) is the space of non-empty compact subsets of
M using the Hausdorff metric in (3.6).

Theorem 5.10. Let M be a complete metric space, and let 0: A — Con(M). For the Set
endofunctor FX = P,(A x X), the algebra k: P.(A x K(M)) — K(M) given by

k(C) = J{ou(K) | (a,K) € C}. (5-4)

is finitely corecursive.” Moreover, if an F-coalgebra (X, ) is locally finite, its solution in
the algebra K(M) is [-]5, : X — K(M).

We saw in Example 5.5 that an F-coalgebra structure is the same data as a productive and
finitely-branching L'T'S. For this reason, we generally identify the two notions and refer to
an F-coalgebra as an LTS and vice versa.

Proof. To see the first statement, by Lemma 5.9, it suffices to show that finite F-coalgebras
admit unique coalgebra-to-algebra homomorphisms into K(M). Let (X, 3) be a finite LTS.
Recall from Theorem 3.13 that finite productive LTSs have unique solutions in the sense of
Definition 3.10, i.e., there is a unique map ¢: X — K (M) such that

p(z) = | oale®)
z %y
for any = € X (this is the equation from Definition 3.10). Chasing the coalgebra-to-algebra
homomorphism square around its underside, one finds that an arbitrary map ¢: X — K(M)

is a coalgebra-to-algebra homomorphism if and only if for all x € X, the equation on the
right below holds:

X 4 . K(M p(x) =koPu(la x @) o B(x)
5| PR — k({(a, o)) | 2 % y})
U calee())

a
Ty

—
x>
|

Pu(Laxep)
T

P.(A x X) P(AxK(M))

7 It is worth noting that if M is bounded, then M~ is a complete metric space as well. This leads to
a different version of Theorem 5.10, which instead states that if M is bounded, then K(M) is corecursive
as opposed to just finitely corecursive. We do not pursue this issue here because we are concerned with a
number of unbounded metric spaces in this paper.
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So coalgebra-to-algebra maps are the same thing as solutions in the sense of Definition 3.10.
Hence, by Theorem 3.13, every finite F-coalgebra does indeed admit a unique coalgebra-to-
algebra homomorphism into (K(M), k). Once again, we use Lemma 5.9 to conclude that
(K(M), k) is finitely corecursive.

Moreover, by our characterization of coalgebra-to-algebra maps as solutions to the
corresponding productive LTS (X, 8) above, by Theorem 3.13(4), [~],, : X — K(M) is
the unique coalgebra-to-algebra homomorphism. ]

Theorem 5.10 tells us that there is a direct connection between the regular subfractals of
Section 3 and finitely corecursive algebras. In the next section, we turn to the probabilistic
analog of labelled transition systems and their measure-theoretic semantics, where we will
see another example of a finitely corecursive algebra.

Labelled Markov Chains. Labelled Markov chains generalize our specification of invariant
measures to multi-state transition systems with branching given by finitely supported
probability distributions.

Definition 5.11. A labelled Markov chain (LMC) is a coalgebra for the functor D(A x —).
That is, it is a pair (X, #) consisting of a set X of states and a transition function f: X —
D(A x X). We write x Tl_“w y if B(x)(a,y) = r, often dropping the symbol f if it is clear
form context. A homomorphism of LMCs h: (X, fx) — (Y, fy) is thus a map h: X — Y
such that D(14 x h) o Bx = Py o h where 14 is the identity map on A.

As we have already seen, given a complete metric space M and a contraction operator
interpretation o: A — Con(M), every state x of a productive LTS (X, a)) with labels in A
corresponds to a regular subfractal [z], , of the set S, from (3.2). This regular subfractal
is the continuous image of the set strq(x) under the map o,,: (4%, d;) — M. The set [2],,,
is characterized by its satisfaction of the equations representing the LTS (X, a).

Every LMC (X, 3) has an underlying LTS (X, ), where B(z) = {(a,y) | B(z)(a,y) > 0}.
Note that since (x) is a probability distribution, our underlying LTS is automatically
productive since at least one transition must have positive probability. For each = € X, we
are going to define a probability measure ﬁa(x) on S, whose support is [z] G and that
satisfies a recursive system of equations represented by the LMC (X, 8). Roughly, B, (x) is
the pushforward of a certain Borel probability measure 3 (z) on A¥.

Definition 5.12. Suppose we are given an LMC (X, ) and a state z € X. We follow
Kerstan and Konig [KK13| and define the trace measure 3(x) € Prob(A%) by giving its value
on a basic open set B,,. Given w = ay---a, € A", we define

rnlan

B(m)(Bw) = Z{rl e | @ ”li) xry —y oo 20 gy, for some x4, xo, ..., xn}  (5.5)
In particular, f(z)(B.) = f(z)(A%) = 1.

We use the following convenient proposition, stated as Theorem 3.5 in Goy and
Rot [GR18], which tells us that (5.5) defines a unique Borel probability measure on A“.

Proposition 5.13. Let j: A* — [0,1] satisfy j(w) = > ,cqj(wa) for any w € A* and
j(e) = 1, where € is the empty word. Then there is a unique compactly supported Borel
probability measure p € Prob(A%) such that for any w € A*, p(By) = j(w).
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A simple calculation using (5.5) shows that §(x)(By) = Y oacA B(x)(Buya) for any LMC
(X,B). So, if we take j(w) = B(z)(By), we immediately have j(¢) = 1 and j(w) =
> aca J(wa) like in Proposition 5.13. Applying the proposition, there is a unique Borel
probability measure 3(z) on A such that (5.5) holds for any basic open set Bi,.

Definition 5.14. Let (X, ) be an LMC, and o: A — Con(M) be a contraction operator
interpretation in a complete metrlc space. For each x € X, the reqular subfmctal measure
corresponding to z is 50( ) =od B( ), i.e.  Bor X — Prob(M) is defined by By = o o A.

Systems of Probabilistic Equations. The next theorem is the main result in this section.
Like Theorem 5.10, it gives a finitely corecursive algebra which may be used to derive some
of the basic results on fractals. We would like to prove the two the same way, by using an
argument which calls on the Banach fixed point theorem. However, as we noted above, for a
complete space M, Prob(M) is not complete in general, so we need a different way.

Theorem 5.15. Let M be a complete metric space, and let o: A — Con(M). The algebra
p: D(A x Prob(M)) — Prob(M) given by

p(ri(ar,01) + -+ rp(an, 0n))(B) = Zriaiei(B) (5.6)

is a finitely corecursive algebra for the Set endofunctor FX = D(A x X). More specifically,
given a locally finite labelled Markov chain (X, f3), its solution BT is fy: X — Prob(M) (see
Definition 5.14). Also, the support of Bo(x) is [z]z,,-

Proof. Again, we appeal to Lemma 5.9. Fix a finite coalgebra (X, ). We aim to show that
there is a unique coalgebra-to-algebra homomorphism (X, 3) — (Prob(M), p). Let us first
characterize coalgebra-to-algebra maps among all maps ¢: X — Prob(M) in the following
way: @ is a coalgebra-to-algebra map (i.e., the diagram on the left below commutes) if and
only if for any z € X and any Borel set B C M, the equations on the right below hold:

#(@)(B) = po D(Ls x ¢) 0 B(x)(B)
X £ Prob(M) =p( X rlaew)(B)

ﬁl }o w%y

D(A x X) 2129 4« Prob(M)) = > rof(e)(B)
210y

We are going to show that By: X — Prob(M) is the unique map with this property. This
can be done in two steps.

(i) First, we show that the map Fg: Prob(M)* — Prob(M)¥ defined by
Fs(h)(x)(B) =poD(1a x h)o B(z)(B) = Y roff (h(y))(B)

rla
T—>Y

is a contraction mapping on the metric space (Prob(M)X,dX), where the metric is
the product metric, dX(f, g) = max{d(f(y),g(y)) | y € X}, and
(ii) that B, is a fixed-point of this mapping.
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For (i), note that indeed, Fg(h)(z) is a compactly supported Borel probability measure,
because it is a finite convex combination of pushforwards of compactly supported Borel
probability measures. For the rest our proof of (i), we reuse the proof technique of [Hut81,
Theorem 4.4(1)]. For each a € A, let ¢, be a nonzero contraction coefficient for o,. Let
¢ =max{cq | a € A}, so that 0 < ¢ < 1 and for any a € A, ¢,/c < 1. For any nonexpanding
f: M —Rand any y € X,

/ f doh(y) = / Lt dothiy))
M M C

c
1

:c/ —f oo, dh(y)
oa (M) €

1
—C/Mfoaa dh(y)

Cc

The second equality uses the change-of-variables formula, which in its general form states
that [, f(z) d(g#p) = fg_l(U) fogdu [BRO7, Theorem 3.6.1]. The last equality holds since

oz (M) = M. Since 0 < ¢q/c < 1, 1 f 00, is a nonexpanding map into R. Taking d to be

the Kantorovich-Rubenstein metric, this implies that for any p1, p2 € Prob(M),

1 1
/M Ef 00, dp1 — /M Ef o0, dpz2 < d(p1, p2) (5.7)

Putting these observations together, we obtain the following for any g, h: X — Prob(M). If
f: M — R is a nonexpanding map, then

- rf d(of - rf d(o¥ efinition o
-/ > o dtot) [, = rr et (defnition of F)
T—2Y T—y

= 3 o( £ oot - |t diotni) (inearity of )

T—y
1 1 . .

- %: rc( u Ef °00q dg(y) — . Ef ©0q dh(Q)) (linearity of [)
Ty

< ) red(g(y),h(y) (5.7)
LY

< ¢ max{d(g(y), h(y)) | y € X and = 1, y} (Cr=1)

<cd(g,h) (def. of d)

Since d* (F(g), F(h)) = max{d(Fj(g)(x), Fp(h)(x)) | = € X} and d(Fp(g)(x), Fs(h)(2)) is
the supremum over nonexpanding f: M — R in the first expression in the calculation above,
this shows that Fj is a contraction mapping in the product metric on Prob(M)X.
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To see item (ii), we begin by showing that for any € X and Borel set B C A%,

B(x)(B)= Y rof (B(y)(B) (5-8)

rla
T —sy

By the Identity and Extension Theorems for o-finite premeasures [KK13], it suffices to
show (5.8) for each basic open set B = By, with w € A*. We proceed by induction on the
length of w. We begin with the base case w = e. Let us use a(—) again for the prefixing

map a(ay,az,...) = (a,a1,az,...) on A¥. Since a=1(A¥) = A¥ and > {r | z LN y} =1,

B(a)(Be) = Blx)(A) =1= > rBly)a " (4%) = D ra*B(y)(B.)

rla rla
T—sy T—y

Assume our result for w = ay - --a,, and let @ € A, and consider aw = aay - - - a,. Then
B(z)(Baw) = Z{rﬁ e | T T‘_“> Y ”'“1; Yl — - T}

= Z r Z{Tl"'rn|y—>m‘al yl—>—>xn}

rla
T—Y

= Z B(y)(Bw) (induction hypothesis)

rla
T—>Y

= Y rB)(a (Buw)) (a7} (Bow) = Bu)

rla

rla

This shows (5.8). Finally, we will use (5.8) to prove (ii). First consider a measure p €
Prob(A“) and a Borel set B C A“. Since o, 0 0, = 0, 0 a(—) (this is (3.4)), we have

. (B)

a

~—

offolip(B) = p(o;' o0

For any x € X and Borel set B C M, if we take p = B(y) below, then from the above
calculation we obtain

Fa(Bo)(x)(B) = Y rofofp(y)(B) (def. of Fg, 3,)

rla
rT—Y

rla
T—Y

= B(a)(0,"(B)) (5-8)
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= o p(z)(B)
= 3,(z)(B) (def. of By)

At this point, we return to (i) and

refitem-f-fixed-point from near the start of this proof. We have verified that 5, is a fixed
point of Fg, and we also know that Fj is contractive and consequently has at most one
fixed point. So, B, is the unique fixed point. It is therefore the unique coalgebra-to-algebra
homomorphism.

For the last statement, let us first verify that the support of 5(x) is precisely strz(z). To
see that strz(z) C supp(B(x)), let (a;)ien € strg(z). Then there is a path z rilay g relaz,
in (X, B). It suffices to see that for any w € A* such that (a;)ieny € Buw, f(2)(Bw) > 0. But,
if (a;)ien € By, thenay - - an = w, S0 B(z)(Bw) = [1;—; 7 > 0. Hence, (a;)ien € supp(B(z)).
This shows strz(z) C supp(8(z)).

For the reverse inclusion, given (a;);en € supp(B (x)), we know that every B,, containing
(a;);en has positive trace measure. Remember that (a;);en € By, if and only if ag - - - a,, = w.
But ((z)(By,) > 0 if and only if there is a path x rila gy relees gy (X, ) with
B(z)(Bw) = [l ri- Since w was arbitrary, we have just seen that every finite initial
segment of (a;);en corresponds to a path in (X, 8). By Lemma 2.3, (a;)ien € strg(z). Thus,

strz(z) = supp(B(z)).

Now let us use the previous paragraph to prove the last statement of the theorem.
We use the following well-known fact from measure theory, that for any Borel measure p
and continuous map f between metric spaces, supp(f#p) = f(supp(p)), where (—) denotes

topological closure. In our case, we have f = o, and p = §, which gives

supp(fB,(z)) = supp(of f(x))

= o, (supp(3)(x)) (fact above)
= oy (strg(z)) (strg(x) = supp(B()))
= [[x]]gﬂ (def. of [— ]]5 )

)

= [z]5, ([#]5, is closed by Theorem 3.13
[]

An aside: chaos games for regular subfractals and fractal measures. Every proba-
bility distribution 6 on our set A of actions determines a probability measure 6 on A%. Now
suppose we are also given a contraction operator interpretation o: A — Con(M) and a fixed
p € M. Each infinite sequence (a1, aq,...) gives us an infinite sequence of points p, € M
defined recursively by setting pg = p, and pp11 = 04, (pn). We are interested in the case that
the starting point p belongs to the self-similar set S, determined by o (see Equation 3.2).
In this case, each point p,, also belongs to S,. So we obtain a map p: A“ — S¥. This map
P turns out to be measurable.

Before we mention some specific events which are of interest, let us recast the situation
under discussion in more dynamic terms. Again given the initial point p, we imagine
generating the points p, by a random process. The point pyg = p is given, and from p,
we determine p, 11 by randomly choosing a from A with probability 6(a) and then setting



25:30 ToDpD SCHMID, VICTORIA NOQUEZ, AND LAWRENCE S. MO0ss Vol. 21:2

Pnt1 = 0a(ppn). All of our choices are independent, and the past has no effect on the present.
This is called the random iteration algorithm (or chaos game), and it is a standard topic in
the fractals literature (see e.g. [Bar88, Chapter 9]).

In essence, the chaos game selects a stream (ap,ag,...) € A by repeatedly sampling
0 and considers its image p(aj, az,...). As we have seen, the probability that the stream
which it selects lies in a given Borel set B C A¥ is é(B) For the purposes of the next few
paragraphs, we will call a Borel subset of A“ an event and refer to the probability of an
event B when we mean 0(B).

Among the notable results about the chaos game are the following. Firstly, if 6(a) > 0
for all a € A, then for any point p € S, the event in which its corresponding run of the
chaos game {pg, p1,p2, ...} is dense in S, has probability 1 [Fal86]. Additionally, for a given
Borel set U C M and starting point p € M (not necessarily in S, ), the event in which the
following equation holds also has probability 1 with respect to its corresponding run of the
chaos game [DS84, pg. 7] (also [Elt87]).

~ . 1
0,(U) = lim E!Uﬂ{p1,~- y Pn (5.9)

n—0o0

In words, the value of éU(U ) is the limit of the proportion of the first n points in the infinite
sequence (p;)ien that happen to belong to U.

Figure 7: One run of the chaos game on the Sierpinski gasket from Figure 1 with probability
distribution given by 6(a) = 0.8, #(b) = 0.1, and 6(c) = 0.1. Above, the points
generated by the chaos game are drawn in red. In this run, of the 200,000 points
generated, 160,081 points appeared in the top third of the gasket, i.e., = 0.8 of
the total.

Example 5.16. Let A and o be as in Figure 1. Consider the distribution 6: A — [0, 1]
given by 0(a) = 0.8, 6(b) = 0.1, and 0(c) = 0.1, and let 6, be the invariant measure specified
by 6. Running the chaos game with starting point p = (0,0) we obtained the graph in
Figure 7. Since 80% of the distribution is on a, approximately 80% of the points generated
by the chaos game should be in the top third of the Sierpinski gasket.

The right-hand side of (5.9) was obtained by generating a sequence of points using a
probability distribution on A and an initial point p of the underlying complete metric space.
For regular submeasures, which are generated by a productive labelled Markov chain instead
of a probability distribution on A, experiments indicate that a similar game can be played.
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Let 0: A — Con(M) be a contraction operator interpretation and let (X, ) be a
productive labelled Markov chain. Fix x € X and let K = [z]5,. We define the multistate
chaos game for x, o, and 8 with initial point p € [[33]]/30 to be the following stochastic

procedure: generate a path x = x; ”Il) To % -+ by sampling the distribution 5(z;) at

each step. Now set ¢1 = p and ¢;+1 = 04,(¢;) for each i € N. This defines a sequence of
points (¢;)ien in M, usually not all of which are in [z]4 ,. Notice that ¢; € [z;]4 for each
i € N. The outcome of the multistate chaos game is the subsequence (p;, Jken of (¢i)ien, i.e.,
with 41 < 7p <43 < ---, consisting of all the points p;, such that at index i; the state x;, is
Ty, = .

Experimental results so far indicate that the event in which the set {p;, }xen is dense in
the regular subfractal [z] 4,0 has probability 1. Additionally, we suspect that an equation
analogous to that of (5.9) also holds for multistate chaos games: for a Borel set U C M,

~

/BU(‘T)(U) JLH;O*’UH {plpplzv'”}’ (510)
where 5 and (p;, )ren were defined above. To the authors’ knowledge, (5.10) has not yet
been verified or disproven in the literature. We will pursue this issue in further work.

Example 5.17. Consider the labelled Markov chain (X, ) displayed in Figure 8. One
run of the multistate chaos game starting at state x and the point p = (0,0) generated the
sequence of points in the plot on the right in the same figure. The plot suggests that the
bottom-left third, i.e., o,,(By), carries more weight than the rest of the plot: a raw count
of the points in the bottom-left third of the regular subfractal reveals that 100,120 out of
the 200,000 appear in that third. Thus, the proportion of the points generated that land in
0w(By) is very close to the actual value, (0w (By)) = B(B) = 0.5. Further experiments
have given similar results.

p-Y-V. ¥4
(X, B) 0.5]b e
0.2]¢c S H LH O
02| a 0.8 b S—
0.1]b
0.1 | C A 2

m.n.‘; g 5 ﬁx...u o m:_n....a_..n“‘. LAAD AL

Figure 8: The sequence of points generated by 200,000 iterations of the multistate chaos
game for (X, ), starting from the state = and the point p. Above, the points
generated by the chaos game are drawn in red. In this run, 100,120 out of the
200,000 points generated appear in the bottom-left third of the regular subfractal,

e., = 0.5 of the total.
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6. PROBABILISTIC PROCESS TERMS

Next, we introduce a syntax for specifying LMCs. Our specification language is essentially
the productive fragment of Stark and Smolka’s process calculus [SS00], meaning that the
p-expressions do not involve deadlock and all variables are guarded (see Definition 2.5).

Definition 6.1. The set of probabilistic p-expressions is given by the grammar
v|ae|e @pea|pve
Here r € (0,1), and otherwise we make the same stipulations as in Definition 2.5. The

set of probabilistic process terms PTerm consists of the closed and guarded probabilistic
p-expressions.

Instead of languages of streams, the analog of trace semantics appropriate for probabilistic
process terms is a measure-theoretic semantics consisting of trace measures introduced in
the previous section (Definition 5.12).

We turn next to the semantics. For use there, and in other definitions, we need a
preliminary definition.

Definition 6.2. The unravelling number of e, denoted #,(€), is defined by the following
recursion on guarded (not necessarily closed) terms: for any a € A, e, eq, €3,

#un(ae) =0 #un(el D 62) = maX}{#un(ez)} #un(#v 6) =1+ #un(e)

1€{1,2

Suppose that e were displayed as a syntax tree. Then #,,,(e) would be the maximum number
of px nodes, with the maximum taken along all paths from the root e to some internal node
labelled with an action prefix a.

For example, #,(pv (av @1 pw (bw))) = 1 + max{#un(av), #un(pw (bw))} = 2.

Proposition 6.3. For all guarded terms e,

(1) whenever e[f /v] is defined, #un(e) = #un(elf/v]).
(2) Assume that pv e is guarded and closed. Then #yn(pv €) = 1 4 #yn(e[uv e/v)).

Proof. The first part is proven by induction on e. The base case for variables is trivial, since
variables are not guarded. The only induction step worth mentioning is that of a guarded
term pw e, with w a variable different from v, and such that (pw e)[f/v] is defined. In
this case, e also is guarded, and the induction hypothesis applies to it. Also w has no free
occurrences in f, and therefore e[f /v] is well defined. We have

Hun(pw e) =1+ F#un(e)
=1+ #unlelf/v]) (induction hypothesis)
= #un(pw (e[f/]))
= #un((pw e)[f/v])

In the second part, assume that pv e is guarded and closed. Then e is guarded (but not
necessarily closed). We use the first part, taking f to be pv e. Now e[uv e/v] is well defined,
since v is not free in pv e. And #upn(pv €) = 1+ #un(e) = 1+ #un(euv e/v]). ]

The important point in Proposition 6.3 is the last one, since it enables us to define
functions ¢t on PTerm by recursion on < in such a way that ¢t(uv e) only depends on

t(elpo e/v)).
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1 f=candb=a
1) b =
(ae)(b, ) {0 otherwise

d(e1 @y €2)(b, f) = r6(e1) (b, f) + (1 —7)d(e2) (b, f)
S(p €) (b, f) = d(efpv e/v])(b, f)

Figure 9: The LMC structure (PTerm,d). Above, a,b € A, r € (0,1), and e, e;, f € PTerm.

Definition 6.4. For each term e, we write #g(e) for the number of @,-operators in e. We
define a function rht : PTerm — w x w by®

rht(e) = (F#un(e), #a(e))

Let < be the strict lexicographic order on w X w, and recall that this is a strict well-order.

Here is the point of these definitions. For ¢ = 1,2, rht(e;) < rht(e; &, e2). And
rht(e[uv e/v]) < rht(pw e).
Definition 6.5. We define the LMC (PTerm, d) in Figure 9 and call it the syntactic LMC.
The trace measure semantics trm(e) of a probabilistic process term e is defined to be
trm(e) = d(e) (see Definition 5.12).

Two probabilistic process terms e and f are trace measure equivalent if they have the
same trace measure semantics. Given o: A — Con(M), the subfractal measure semantics of
e € PTerm corresponding to o is d,(e) (see Definition 5.14).

The next result gives a recursive method for computing the trace measure semantics of
a process term. This recursive method will be useful in Section 7.

Lemma 6.6. For any w € A*, a € A, e,e; € PTerm, and r € (0,1), trm(e)(A%) =1 and

t B, =
trm(ae) (Bu) = rm(e)(By,) w au.
0 otherwise
trm(e; @y e2)(By) = rtrm(ey)(By) + (1 — r) trm(ez)(By)
trm(pv e)(By) = trm(e[uv e/v])(By)
Proof. For each probabilistic process term e, define j(e): A* — [0, 1] inductively by setting
j(e)(e) =1 for all e € PTerm, and for a € A, r € [0,1], e, e1,e2 € PTerm,

jle)(u) w=au jler @r e2)(w) = rjer)(w) + (1 —7)j(e2)(w)
0 otherwise J(pv e)(w) = j(elpv e/v])(w)

j(ae)(w) = {

We are going to show that j(e)(w) = trm(e)(By) for every e € PTerm by induction
on w, and then by a subinduction on rht(e) (see Definition 6.4). Since trm(e) already
satisfies trm(e)(Bw) = > ,catrm(e)(Bue) and trm(e)(Be) = trm(e)(A*) = 1, we get
je)(w) = > ,ecaile)(wa) and j(e)(e) = 1, allowing us to apply the uniqueness part of
Proposition 5.13.

Here is the base case of induction on w: For any e € PTerm, j(e)(e) = 1 and trm(e)(B¢) =
trm(e)(A%) = 1.

8The notation rht stands for “r-height”.
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In the induction step, we consider the word w = bu. We assume that j(e)(u) =
trm(e)(B,) for every e € PTerm and we show the same thing for bu. We argue by induction
on rht(e).

e Our first case is for rht(e) = (0,0), i.e., for a process term ae. If b = a, we recall that
w = bu and then calculate:

j(ae)(bu) = j(e)(u)

= trm(e)(u) (top level induction, on w)
= 1trm(e)(u)

= d(ae)(a,e) trm(e)(u)

= trm(ae)(Bay) (trm = 5, (5.8))

If b # a, then j(ae)(bu) = 0 and trm(ae)(By,) = 0, since no string starting with a is in
By,,. Note that we have shown the claim for all terms of the form ae.

Now let f € PTerm where (0,0) < rht(f) and assume that for all e with rht(e) < rht(f), that
j(e)(w) = trm(e)(Buy).
e We next consider a term e; @, es. Note that rht(e;) is strictly less than rht(e; @, es) for
i = 1,2, so we have assumed that j(e;)(w) = trm(e;)(By) for i € {1,2}. Then
jler @ e2)(w)
=rj(er)(w) + (1 —r)j(e2)(w)
= rtrm(e;)(By) + (1 — r) trm(ez)(By) (ind. hyp., rht(e1), rht(e2) < rht(e; &, e2))

=r Z d(e1)(b, g) trm(g)(By)

gePTerm
+(L=r) D b(e2)(bg) trm(g)(Bu) (w = bu), (5.8)
g€ePTerm
= > (ré(e)(b,g) + (1 —r)d(e2)(b, 9)) trm(g)(Bu)
g€ePTerm
= Y b(er @, e2)(b, g) trm(g)(B.) (def. 5)
g€ePTerm

= trm(e; @, e2)(Byw)

e Finally we consider a term pv e. Again, since rht(e[uv e/v]) < rht(uv €), we assume that
we have j(e[uv e/v])(w) = trm(e[pv e/v])(By). So we have

(v e)(w) = j(e[uv e/v])(w)

= trm(e[uv e/v])(By) (ind. hyp. rht(e[uv e/v]) < rht(uv e))

= Y dle[pw e/v])(b,g) trm(g)(Bu) (w = bu, (5.8))
gEPTerm

= Z d(pv e)(b, g) trm(g)(By) (def. of )
gEPTerm

= trm(pv e)(By) (5.8)

This completes the inductive step on w, hence the overall proof. []
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Two process terms have the same trace measure semantics iff they have the same
semantics in any contraction operator interpretation. This is an easy consequence of our
definitions. We have a similar result for probabilistic process terms.

Theorem 6.7. Let e, f € PTerm. Then trm(e) = trm(f) if and only if for any contraction
operator interpretation o: A — Con(M), d5(€) = 05(f).

Proof. Let e, f € PTerm. Suppose trm(e) = trm(f), and let o0: A — Con(M) be any
contraction operator interpretation. Then

0o(e) = afd(e) = oZ8(f) = bo(f)

where the first and third equalities are by definition. As for the second equality, we assumed

that trm(e) = trm(f), and so by Definition 6.5, d(e) = d(f). Hence, o3 d(e) = o2 d(f).
Conversely, suppose that d,(e) = d,(f) for every contraction operator interpretation .

Then this specifically holds for the Cantor set (A%, d 1 ) with the 1/2-metric. We also have

the prefixing operator interpretation o: A — Con(A%) given by o, = a(—). Indeed, each
a(—) has a contraction coefficient of 1/2. It suffices to show that trm = J,, since this would

mean that trm(e) = ,(e) = 6,(f) = trm(f). As we saw in Example 3.17, o, in this setting
is the identity map. So are its inverse and pushforward, therefore, and so

00(€)(Bw) = 0 6(e)(Bu) = d(e)(By) = trm(e)(Bu)

for any e € PTerm and w € A*. It follows that trm = by, a8 requested. []

7. AXIOMS FOR SUBFRACTAL MEASURE EQUIVALENCE

In this section, we propose an inference system for deriving equations between trace measure
equivalent (and therefore, subfractal measure equivalent) probabilistic process terms. Our
inference system can be found in Figure 11. We show that it is sound with respect to
trace measure semantics in this section, in the sense that if e = f can be proven from the
axioms, then trm(e) = trm(f). We also establish completeness with respect to trace measure
semantics, the converse of soundness. The completeness theorem relies on a recent result
due to Cirstea, Sokolova, Silva, and the authors [CMN*25].

Similar to how Rabinovich’s axiomatization of trace semantics for process terms [Rab93]
adds a left-distributivity axiom to Milner’s axioms for bisimilarity [Mil84], the inference
system in Figure 11 adds a left-distributivity axiom (D) to Stark and Smolka’s inference
system [SS00] axiomatizing so-called probabilistic bisimilarity.” Due to the intimate connec-
tion between our axioms and bisimilarity of probabilistic systems, we discuss probabilistic
bisimilarity next.

9The same approach to axiomatizing finite trace semantics for probabilistic systems was taken by Silva
and Sokolova in [SS11].
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Probabilistic Bisimilarity and Trace Measure Equivalence. Fix an LMC (X, f3).

Definition 7.1. A bisimulation equivalence on an LMC (X, 3) is an equivalence relation
R C X x X such that for any (z,y) € R, a € A, and equivalence class S € X/R,

Y B@)(a.z) =) Bly)(a,z)

zeS z€S

For states x,y € X, if (x,y) € R for some bisimulation equivalence R on (X, /), then we
write z £2 y and say x and y are bisimilar. The relation £ C X x X is called probabilistic
bisimilarity.

The following lemma gives a well-known characterization of probabilistic bisimilarity
that will play a role in subsequent proofs.

Lemma 7.2. Let (X, ) be an LMC. Given x,y € X, x and y are bisimilar if and only if
there is an LMC (Y, By) and a homomorphism h: (X, 8) — (Y, By) such that h(x) = h(y).1°

Proof. This is standard in the coalgebra literature. See, for example, [Sok11, Corollary

2.3). O

While both bisimilarity and trace measure equivalence can be seen as observational equiv-
alences for LMCs, probabilistic bisimilarity is a particularly granular notion of equivalence.
For example, it is not true that for any LMC (X, (), B: X — Prob(A“) is a homomorphism of
LMCs: if 3 were a homomorphism of LMCs, then states which are trace measure equivalent
would always be bisimilar. As we can see from Figure 10, however, there are examples of
trace measure equivalent states that are not bisimilar.

Consequently, the set Prob(A“) of Borel probability measures on A“ therefore does not
carry a coalgebraic structure that is universal among LMCs. On the other hand, it does
carry an algebra structure that is universal among the class of LMCs relevant to us in this

paper.

1|a

é%!c

1|d 1]d

—_
S
—
S

Figure 10: A standard example of trace equivalent states x,y that are not bisimilar [LS91].
If x and y were bisimilar, then there would be a bisimulation equivalence that
relates them. Any such bisimulation equivalence must also relate z and 2/, which
are not bisimilar.

10T e latter condition is often called behavioural equivalence in the literature. See, for eg., [RBB™17,S0k11].
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Corollary 7.3. Define the labelled Markov algebra (Prob(A%), a) by

a0)B)= Y. 0a.p) a*p(B)
(a,p)€supp(0)

Then (Prob(A%), ) is a finitely corecursive algebra.*' Furthermore, given a locally finite

LMC (X, ), the corecursive map induced by 3 is B, given by Equation 5.5.

Proof. The first part follows from Theorem 5.15, taking M to be the Cantor set. We also
take each o, : AY — A¥ to be prefixing by a; we have also written this map as a(—). For
these choices, the map o,,: A — A% is the identity (see Example 3.17). As Theorem 5.15

shows, the induced corecursive map is Bg. Recall that Bg is the pushforward Jf B . Since
o, = id, we see that 3, = 3. ]

Theorem 7.4. Let (X, Sx) be an LMC, z,2' € X. If x £ 2/, then trm(z) = trm(z’).

Proof. Let (Y, By) and h: (X, Bx) — (Y, By) be as in Definition 7.1. By Corollary 7.3, the
maps SBx : X — Prob(A%) and By : Y — Prob(AY) are the corecursive maps induced by Sx
and fy. So by Lemma 5.8, 8x = Sy o h. Then

trm(z) = Bx(z) = By o h(z) = By o h(z') = Bx(z') = trm(z)). O

Axiomatization. We are ready to present an inference system, which can be found in
Figure 11, and show that it is sound with respect to the subfractal measure semantics of
probabilistic process terms.

Definition 7.5. Given e, f € PTerm, write e = f and say that e and f are provably
equivalent if the equation e = f can be derived from the inference rules in Figure 11.

(1 edre=e () pw e = po elv/wl
(C) e1 Brea=ex D1 e (Con ) e1=fi - en=fn
(A) (e1 @y e2) s e3=e1 Dys (€2 @35:2) es) g glé/7] E[ g/[fj/ff]
(D) ale; By e2) = aey By ae g=elg/v

(F) 1 /w2€E e[;iv 6/0]2 (RSP) g=puve

Figure 11: Axioms for subfractal measure equivalence (equational logic axioms not depicted).
Here, e, g,¢€;, fi € PTerm for all 7. In (Cong), g has precisely the free variables
v1,...,Un, and no variable that appears free in f; is bound in g for any i. In («),
v does not appear free in e.

Theorem 7.6 (Soundness). For any e, f € PTerm, if e = f, then for any complete metric
space M and any o: A — Con(M), d,(e) = 05(f).

HRecall footnote 7. Since (A, d,) is bounded (for any choice of c-metric d..), (Prob(A“), @) is in fact
corecursive, as opposed to just finitely corecursive. Again, we will not need this stronger result.
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Proof. Stark and Smolka [SS00] show that all the inference rules in Figure 11 except for (D)
are sound with respect to bisimilarity in (PTerm, ).

Therefore, by Theorem 7.4, all the inference rules in Figure 11 except for (D) are sound
with respect to trace measure equivalence. It therefore suffices to show that (D) is sound
with respect to trace measure equivalence.

Let e1,e5 € PTerm, a € A, and r € (0,1). Then for each w € A*,

trm(e; ®r e2)(By) w = au
0 otherwise

trm(a(er © €2))(Bw) = {

B {r trm(e1)(By) + (1 —r) trm(e2)(By) w = au
0 otherwise
= rtrm(ae;)(By) + (1 —7) trm(aes)(By)
= trm(ae; B, aez)(By)
Note that the second equality used Lemma 6.6. Thus the trace measures associated to

a(e1 ®rez) and ae; B, aey agree on basic open sets. By the Identity theorem [KK13, Corollary
2.5], trm(a(e; &, e2)) and trm(ae; B, aez) agree on on all Borel sets. ]

Theorem 7.7 (Completeness). [CMN' 25, Theorem 3.6] The logical system in Figure 11
provides a complete axiomatization of trace measure semantics. That is, for any e f € PTerm,
if for any complete metric space M and any o: A — Con(M) we have d,(e) = d5(f), then
e=f.

We use Theorem 7.7 to prove another completeness theorem, the probabilistic analog
of Corollary 4.4. We need the lemma below.

Lemma 7.8. Let f: AY — R be injective and continuous. Write f#: Prob(A“) — Prob(R)
for the pushforward map. Then f# is injective.

Proof. Let p1,pa € Prob(A“), and suppose that f#(p;) = f#(p2). For any subset B C A%,
f~1o f(B) = B, because f is injective. Furthermore, by the Lusin-Suslin theorem [Kec95,
Theorem 15.1], f(B) is Borel if B is Borel. This allows for the following calculation: for any
Borel set B C A%,

p(B) = pi(f' o f(B)) (f injective)
= fyp1(f(B)) (f(B) Borel, def. of f#)
= fup2(f(B)) (by assumption)
= pa(f 1o f(B)) (def. of f#)
= p2(B) (f injective)

Hence, p; = po. L]

Theorem 7.9. The logical system in Figure 11 provides a complete axiomatization of trace
measure equivalence for affine contraction operator interpretations, i.e., for any e, f € PTerm,
e = f if and only if for any affine contraction interpretation o: A — Con(R), d,(e) = 05 (f).

Proof. Recall from Remark 3.14 that o, is continuous for any contraction operator inter-
pretation o. In Proposition 3.18, we constructed a contraction operator interpretation
o: A — Con(R) such that o,: AY — R is injective. This provides us with an injective
continuous map oy, : Prob(A4%) — Prob(R).
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Given e, f € PTerm such that e = f, d,(e) = 6,(f) follows from soundness. For the

reverse direction, suppose 0,(e) = d,(f). Then o7l d(e) = 02 6(f). From Lemma 7.8 we
see that o7 is injective because o, is continuous and injective. It follows that d(e) = 6(f).

Finally, by Theorem 7.7, from 6(e) = §(f) we know that e = f. ]

So we see that the subfractal measure axioms and rules in Figure 11 are complete for
affine real-valued contraction operator interpretations.

8. RELATED WORK

This paper is part of a larger effort of examining topics in continuous mathematics from the
standpoint of coalgebra and theoretical computer science. The topic itself is quite old, and
originates perhaps with Pavlovic and Escardd’s paper “Calculus in Coinductive Form” [PE9S].
Another early contribution is Pavlovic and Pratt [PP02]. These papers proposed viewing
some structures in continuous mathematics—the real numbers, for example, and power
series expansions—in terms of final coalgebras and streams. The next stage in this line of
work was a set of papers specifically about fractal sets and final coalgebras. For example,
Leinster [Leill] offered a very general theory of self-similarity that used categorical modules
in connection with the kind of gluing that is prominent in constructions of self-similar sets.
In a different direction, papers like [BMRR14] showed that for some very simple fractals
(such as the Sierpiriski gasket treated here), the final coalgebras were Cauchy completions of
the initial algebras.

Other generalizations of iterated function systems. Many generalizations of Hutchin-
son’s self-similar sets have appeared in the literature. We mention two closely related
generalizations below.

Graph IF'Ss. The generalization that most closely resembles our own is that of an attractor
for a directed-graph iterated function system (or graph IFS) [MW88]. An LTS paired with
a contraction operator interpretation on a complete metric space is equivalent data to
that of a graph IFS, and equivalent statements to Theorem 3.13 can be found for example
in [MW88, Edg90, MM10]. As opposed to the regular subfractal corresponding to one state,
as we have studied above, the geometric object studied in the graph IFSs literature (the
attractor for the graph IFS) is typically the union of the regular subfractals corresponding
to all the states (in our terminology), and geometric properties such as Hausdorff dimension
and connectivity are emphasized [MW88, Fal86, Edg90, EM92, Bool1]. We have taken this
work in a slightly different direction by presenting a coalgebraic perspective on graph IFSs,
seeing each state of a labelled transition system as a “recipe” for constructing fractal sets on
its own. We have also allowed the interpretations of the labels to vary to obtain a semantics
for process terms.

In a certain sense, regular subfractals are a more general class of objects than attractors
of graph IFSs. Call a language of streams L C A¥ a graph IFS language if there is a
finite LTS (X, a) such that L = (J ¢y stra(z). Given a contraction operator interpretation
o: A — Con(M) on a complete metric space M, the fractal generated by a graph IFS
consisting of (X, «) and o is precisely the image of L under o,,. Every graph IFS language
is the stream language emitted by a state in a finite LTS, but not conversely.
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Lemma 8.1. Let L be a graph IFS language. There is a finite LTS (X, «) and a state
x € X such that L = strq(x).

Proof. Let (Y, ay) be a finite LTS such that L = (J, ¢y stra, (y). Define X =Y +{z¢}, and

a(z) = {ay(z) zeY

UyEY Oéy(y) Z =X

In other words, zg % y if and only if there is a 3y’ € Y such that 3y’ % y. Then

stro(zo) = U a stro, (y) = U a stra, (y) = U stra, (y) = L []
2oLy v Sy yey

To show the converse of the above lemma is false, consider the language {(a,b,b,b,...)}
with one stream in it. This is not a graph IFS language for a simple reason: a graph IFS
language includes the streams emitted by every state of an LTS, and therefore is closed under
deleting initial segments. For example, if a state x emits (a,b,b,b,...), then it must have
an outoing transition z % y such that y emits (b, b,b,...). It follows that regular stream
languages, and by extension regular subfractals, properly generalize graph IFS languages.

Generalized IFSs. Another generalization of self-similar sets is Mihail and Miculescu’s
notion of attractor for a generalized iterated function system [MM10]. A generalized IFS
is essentially one of Hutchinson’s IFSs but with multi-arity contractions o,: M™ — M.
Attractors for generalized IFSs have been shown to be a proper generalization of self-similar
sets [Strl5], as well as limits of attractors for infinite IFSs [Oli23]. A common generalization
of graph IFSs and generalized IFSs might be achieved by considering coalgebras of the form
X — P([1,en An x X™) and interpreting each a € A, as an n-ary contraction. We suspect
that a similar story to the one we have outlined in this paper is possible for this common
generalization.

Process algebra. The process terms we use to specify labelled transition systems and
labelled Markov chains are fragments of known specification languages. Milner used process
terms to specify LTSs in [Mil84], and we have repurposed his small-step semantics here.
Stark and Smolka use probabilistic process terms to specify labelled Markov chains (in our
terminology) in [SS00], and we have used them for the same purpose. Both of these papers
also include complete axiomatizations of bisimilarity, and we have also repurposed their
axioms.

However, fractal semantics is strictly coarser than bisimilarity, and in particular, fractal
equivalence of process terms is trace equivalence. Rabinovich added a single axiom to
Milner’s axiomatization to obtain a sound and complete axiomatization of trace equivalence
of p-expressions [Rab93]. We used this axiom in our proof of Theorem 4.3. In contrast, the
axiomatization of trace equivalence for probabilistic processes is only well-understood for
finite traces, see Silva and Sokolova’s [SS11], which our probabilistic process terms do not
exhibit. We use the trace semantics of Kerstan and Konig [KK13] because it takes into
account infinite traces. Infinite trace semantics of probabilistic systems has yet to see a
complete axiomatization in the literature, although a complete axiomatization of the total
variation distance for these systems has been obtained in the form of a so-called quantitative
equational theory [BBLM18|.
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Other types of syntax. In this paper, we used the specification language of p-terms
as our basic syntax. As it happens, there are two other flavors of syntax that we could
have employed. These are iteration theories [BE,)93]7 and terms in the Formal Language of
Recursion FLR, especially its F' LRy fragment. The three flavors of syntax for fixed point
terms are compared in a number of papers: In [HMM™198], it was shown that there is an
equivalence of categories between F'L Ry structures and iteration theories, and Bloom and
Esik make a similar connection between iteration theories and the p-calculus in [BE94].
Again, these results describe general matters of equivalence, but it is not completely clear
that for a specific space or class of spaces that they are equally powerful or equally convenient
specification languages. We feel this matter deserves some investigation.

Equivalence under hypotheses. A specification language fairly close to iteration theories
was used by Milius and Moss to reason about fractal constructions in [MMO09] under the guise
of interpreted solutions to recursive program schemes [MMO06]. Moreover, [MMO09] contains
important examples of reasoning about the equality of fractal sets under assumptions about
the contractions. Based on the general negative results on reasoning from hypotheses in
the logic of recursion [HMM™98], we would not expect a completeness theorem for fractal
equivalence under hypotheses. However, we do expect to find sound logical systems which
account for interesting phenomena in the area.

9. A QUESTION ABOUT REGULAR SUBFRACTALS

Before we end this paper, we would like to pose a question regarding the relationship between
regular subfractals and self-similar sets.

Certain regular subfractals that have been generated by LTSs with multiple states
happen to coincide with self-similar sets using a different alphabet of action symbols and
under a different contraction operator interpretation. For example, the twisted Sierpinski
gasket in Figure 2 is the self-similar set generated by the iterated function system consisting
of the compositions o, 040y, 0p0¢, 0.0, and o.0..

Question 9.1. Is every regular subfractal a self-similar set? In other words, are there
regular subfractals which can only be generated by a multi-state LTS?

Example 9.2. To illustrate the subtlety of this question, consider the following LTS.

b 0 % = 3 1
a - b «—O - —203—022—3—0—>
The state x emits (a,a,...) (an infinite stream of a’s) and (a,...,a,b,b,...), a stream with

some finite number (possibly 0) of a’s followed by an infinite stream of b’s. Now let M =R
with Euclidean distance and consider the contraction operator interpretation o,(r) = %r and
op(r) = 37+ 1. Let K = {0} U {5 |n > 0} (depicted above). Then K is the component of
the solution at z. This example is interesting because unlike the Twisted Sierpinski gasket
in Figure 2, there is no obvious finite set of compositions o, and o such that K is the
self-similar set generated by that iterated function system.

There is an LTS (X, o) with X a singleton set {z}, and a contraction operator interpre-
tation whose solution is K. We take the set of action labels underlying X to be B = {f, g,h}
and use the contraction operator interpretation o(r) = 0, o4(r) = 1 and o5 (r) = 3r. It is
easy to verify that K = ;i 41y 0i(K).
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But we claim that K cannot be obtained using a single-state LTS and the same
contractions oo(r) = ir and oy(r) = 3r + 3, or using any (finite) compositions of o,
and op,. Indeed, suppose there were such a finite collection o1, ..., o, consisting of (finite)
compositions of o, and o such that K = [J;_; 0;(K). Since 1 € K, we must be using the
stream (b, b, b, ...) (since if there is an a at position n, the limit corresponding to the stream
would be <1 — 2% < 1), so some o; must consist of a composition of o; some number m > 1
of times with itself. Similarly, the only way to obtain 0 is with (a,a,a,...), so there must
be some o; which is a composition of o, some number of times p > 1 with itself. But then
limy, o0 0005000 (r) = 1—(2:5%) > &, since m, p > 1. That point must be in the subset of
R generated by this LTS. However, it is not in K, since % <1-— (22;—1},) < 1. More generally,
we cannot obtain K using a single-state LTS even if we allowed finite sums of compositions
of o, and oy,

Once again, it is possible to find a single state LTS whose corresponding subset of R
is K, but to do this we needed to change the alphabet and also the contractions. Perhaps
un-coincidentally, the constant operators are exactly the limits of the two contractions from

the original interpretation. Our question is whether this can always be done.

Towards understanding Question 9.1, it may be useful to focus on a specific complete
metric space M, such as M = K = {5 | n > 0} U {0} above, and give a characterization
of all contractions on M. This would allow us to characterize its corresponding regular
subfractals and self-similar sets.

Boore and Falconer have answered a restricted version of Question 9.1 in [BF13]. There,
they present a graph IFS whose attractor is not the self-similar set generated by any iterated
function system consisting of similitudes.'> As we saw in Lemma 8.1, every graph IFS
generates a regular subfractal, so the example of Boore and Falconer is indeed a regular
subfractal that is not the self-similar set generated by an IFS consisting of similitudes. In
other words, this is a regular subfractal which cannot be generated with a single state LTS
whose contraction operators are similitudes. But not every contraction is a similitude, so the
example given in [BF13| does not fully answer Question 9.1. It is unknown if their example
could be generated by a single state LTS with contractions that are not similitudes.

10. CONCLUSION

This paper connects fractals to trace semantics, a topic originating in process algebra.
This connection is our main contribution, because it opens up a line of communication
between two very different areas of study. The study of fractals is a well-developed area,
and like most of mathematics it is pursued without a special-purpose specification language.
When we viewed process terms as recipes for fractals, we provided a specification language
that was not present in the fractals literature. Of course, one also needs a contraction
operator interpretation to actually define a fractal, but the separation of syntax (the process
terms) and semantics (the fractals obtained using contraction operator interpretations of the
syntax) is something that comes from the tradition of logic and theoretical computer science.
Similarly, the use of a logical system and the emphasis on soundness and completeness is a
new contribution here.

All of the above opens questions about fractals and their specifications. Our most
concrete question was posed in Section 9. A more logic oriented question is inspired by

124 similitude is a contraction f such that for some c € [0,1), d(f(p),9(q)) = cd(p, q) for all p,q € M.
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Corollary 4.4, which states that the axioms in Figure 5 are complete for a specific contraction
operator interpretation corresponding to the real-valued Cantor set. That is, no additional
equations are imposed by the Cantor set interpretation. We would also like to know if we
can obtain completeness theorems for other self-similar sets by allowing for extra equations
in the axiomatization. For example, several additional equations between process terms are
sound for the contraction operator interpretation corresponding to the Sierpinski gasket in
Figure 1, including

a pv (bv) =b pv (av) b v (cv) =c pv (bv) ¢ pv (av) = a pv (cv)

We would like to know if adding these equations gives a complete axiomatization of the
Sierpinski gasket interpretation. Lastly, and most speculatively, since LTSs (and other
automata) appear so frequently in decision procedures from process algebra and verification,
we would like to know if our semantics perspective on fractals can provide new complexity
results in fractal geometry. We hope we have initiated a line of research where questions
and answers come from both the analytic side and from theoretical computer science.
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