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ABSTRACT. We study the complexity of the model-checking problem for parameterized
discrete-timed systems with arbitrarily many anonymous and identical contributors, with
and without a distinguished “controller”, and communicating via asynchronous rendezvous.
Our work extends the seminal work from German and Sistla on untimed systems by adding
discrete-time clocks to processes.

For the case without a controller, we show that the systems can be efficiently simulated
— and vice versa — by systems of untimed processes that communicate via rendezvous
and symmetric broadcast, which we call “RB-systems”. Symmetric broadcast is a novel
communication primitive that allows all processes to synchronize at once; however, it does
not distinguish between sending and receiving processes.

We show that the parameterized model-checking problem for safety specifications is
PSPACE-complete, and for liveness specifications it is decidable in EXxpTIME. The latter result
is proved using automata theory, rational linear programming, and geometric reasoning for
solving certain reachability questions in a new variant of vector addition systems called
“vector rendezvous systems”. We believe these proof techniques are of independent interest
and will be useful in solving related problems.

For the case with a controller, we show that the parameterized model-checking problems
for RB-systems and systems with asymmetric broadcast as a primitive are inter-reducible.
This allows us to prove that for discrete timed-networks with a controller the parameterized
model-checking problem is undecidable for liveness specifications.

Our work exploits the intimate connection between parameterized discrete-timed systems
and systems of processes communicating via broadcast, providing a rare and surprising
decidability result for liveness properties of parameterized timed-systems, as well as extend
work from untimed systems to timed systems.

Key words and phrases: Parameterized systems, timed-systems, broadcast communication, decidability,
formal languages.
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1. INTRODUCTION

We systematically study the complexity of the model-checking problem for parameterized
discrete-timed systems that communicate via synchronous rendezvous. These systems consist
of arbitrarily many anonymous and identical contributors, with and without a distinguished
“controller" process. The parameterized model-checking problem asks whether a given
specification holds no matter the number of identical contributors. This is in contrast to
traditional model-checking that considers a fixed number of contributors.

Our model subsumes the classic case of untimed systems [GS92] — processes are finite-
state programs with (discrete-time) clocks that guard transitions. Timed processes can be
used to model more realistic circuits and protocols than untimed processes [Alu99, CETFXO09).

We study the computational complexity of the parameterized model-checking problem
(PMCP) for safety and liveness specifications." Safety properties are specified by formulas of
linear-temporal logic over finite traces (LTLf) and nondeterministic finite word automata
(NFW), and liveness properties are specified by formulas of linear-temporal logic (LTL) and
nondeterministic Biichi automata (NBW).

We show that without a controller safety is PSPACE-complete, while liveness is in EXPTIME;
and with a controller safety is decidable, while liveness is undecidable. In more detail:

(1) For systems without a controller, we prove that the PMCP for safety specifications is
PSPACE-complete — in fact, PSPACE-hardness even holds for a fixed specification (known
as program complexity) and for a fixed program (known as specification complexity).

(2) For systems without a controller, we prove that the PMCP for liveness specifications can
be solved in EXPTIME. This is a rare decidability result for liveness properties of any
non-trivial model of parameterized timed systems. The algorithms presented make use of
interesting and intricate combination of automata theory, rational linear programming,
and geometric reasoning for solving certain reachability questions in a new variant of
vector addition systems called ‘vector rendezvous systems’. We believe these techniques
are of independent interest and will be useful in solving related problems.

(3) For systems with a controller, we prove that the PMCP for liveness specifications is
undecidable. This follows from a new reduction between timed-systems with a controller
and systems with asymmetric broadcast, and the known undecidability of the PMCP of
latter for liveness properties. The novel reduction also allows us to recover the known
result that PMCP is decidable for discrete-time systems with a controller and safety
specifications.

Although this doesn’t completely close the picture (the complexity without a controller
for liveness properties is PSPACE-hard and in EXPTIME), we remark that the parameterized
verification problem for liveness properties is notoriously hard to analyze: apart from a
single simple cutoff result which deals with processes communicating using conjunctive and
disjunctive guards [SS20, SS14], no decidability result for liveness specifications of timed
systems was known before this work.

To solve the PMCP problem for these systems we introduce rendezvous-broadcast sys-
tems (RB-systems) — systems of finite-state processes communicating via rendezvous and
symmetric broadcast. Unlike asymmetric broadcast which can distinguish between the sender
and the receivers, with symmetric broadcast there is no designated sender, and thus it can

We follow Esparza et. al. [EFM99] and refer to sets of finite executions as safety properties, and sets of
infinite executions as liveness properties.
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naturally model the passage of discrete time, i.e., every symmetric broadcast can be thought
of as a tick of the discrete-time clocks.

We show that RB-systems and timed-networks with the same number of processes can
efficiently simulate each other. Thus, in particular, the PMCP of RB-systems and timed
networks are polynomial-time inter-reducible. Furthermore, we show that for the case with
a controller, RB-systems (and thus timed-networks) are polynomial-time inter-reducible
to systems with asymmetric broadcasts. We remark that this equivalence does not hold
for the case without a controller (indeed, we show that without a controller PMCP for
liveness specifications is decidable, whereas it is known to be undecidable for systems with
asymmetric broadcast [EFM99]). We thus consider the introduction of the notion of a
symmetric broadcast to be an interesting communication primitive in itself. We then study
the PMCP for RB-systems and in fact establish the itemized results above for RB-systems.

This work extends the results and provides detailed versions of proofs and statements
that already appeared in the conference proceedings version [ARZS15].

1.1. Techniques. The bulk of the work concerns the case without a controller, in which we
first establish the decidability of the PMCP for safety properties and prove this problem to be
PSPACE-complete (already for a fixed specification). The decidability of the PMCP for safety
properties of timed networks has already been known [ADMO04]; however, it was obtained
using well-structured transition systems and only gives a non-elementary upper bound,
which we improve to PSPACE. We obtain the result for safety properties by constructing a
reachability-unwinding of the states of the processes of the parameterized system, where we
compute precisely those states the system can be in after exactly n broadcasts; we show
that the reachability-unwinding has a lasso-shape and can be constructed in PSPACE, which
allows us to obtain the upper complexity bound. We provide a matching lower-bound by
reducing the termination problem of Boolean programs to non-reachability in RB-systems.

We then prove an EXPTIME upper-bound for the PMCP for liveness properties. This
result is considerably more challenging than the upper-bound for safety properties. One source
of difficulty is the need to be able to tell whether some rendezvous transition can be executed
a bounded (as opposed to unbounded) number of times between two broadcasts — a property
which is not w-regular. In order to deal with this issue we work with B-automata [Boj10],
which generalize Biichi-automata by equipping them with counters.

A key step in constructing a B-automaton that recognizes the computations of the
system that satisfy a liveness specification requires establishing the existence (or lack thereof)
of certain cycles in the runs of the parameterized system. Alas, the intricate interaction
between broadcasts and rendezvous transitions makes this problem very complicated. In
particular, known classical results concerning pairwise rendezvous without broadcast [GS92|
do not extend to our case. We solve this problem in two steps: we first obtain a precise
characterization (in terms of a set of linear equations) for reachability of configurations
between two broadcasts; we then use this characterization in an iterative procedure for
establishing the existence of cycles with broadcasts. To obtain the characterization for
reachability mentioned above we introduce vector rendezvous systems (VRS) and their
continuous relaxation, called continuous vector rendezvous systems (CVRS). These systems
are counter abstractions — which view configurations as vectors of counters that only store
the number of processes at every process state, but not the identity of the processes — and
constitute a new variant of the classical notion of vector addition systems [HP79].
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1.2. Related Work. In this work we parameterize by the number of processes (other choices
are possible, e.g., by the spatial environment in which mobile-agents move [AMRZ22]). Our
model assumes arbitrarily many finite-state anonymous identical processes, possibly with a dis-
tinguished controller. Finite-state programs are commonly used to model processes, especially
in the parameterized setting [AST18, BJKT15, CTV08, GS92]. The parameterized model-
checking problem (PMCP) has been studied for large-scale distributed systems such as swarm
robotics [LP22, KL16]|, hardware design [McMO01], and multi-threaded programs [KKW14].

The PMCP easily becomes undecidable for many types of communication primitives
because of the unbounded number of processes (even for safety properties and untimed pro-
cesses) [Suz88|. Techniques for solving the general case include identifying decidable/tractable
subcases (as we do) and designing algorithms that are not guaranteed to terminate, e.g., with
acceleration and approximation techniques [AST18, ZP04|. The border between decidability
and undecidability for various models is surveyed in [BJK*15|, including token-passing
systems [AR16, AJKR14|, rendezvous and broadcast [GS92, EFM99, AKR*18], guarded
protocols [JS18|, ad hoc networks [DSZ10].

The seminal work |GS92] shows that the PMCP of (untimed) systems that communicate
via rendezvous is in PTIME without a controller, and is EXPSPACE-complete with a controller.
We now compare our work against others that explored the PMCP for timed processes (and
timed or untimed specifications).

In [BF13|, Bertrand and Fournier consider the case of dynamic networks of timed Markov
decision processes (TMDPs), a model for agents mixing probabilistic and timed behavior,
whose transitions can be guarded by simple conditions on a global real-valued clock variable
and through broadcast messages (a broadcaster is distinguished from the receivers) that can
force all processes to transition in one computational step. They explore the decidability
of several variants of the parameterized probabilistic reachability problem in networks of
TMDPs. Interestingly, they observe that in some settings the problem is undecidable if the
number of processes is fixed but unknown, while it becomes decidable (but not primitive
recursive) by allowing processes to join and leave the network with given probabilities along
the executions of the system. Their undecidability results are based on the possibility, using
message broadcasting, of distinguishing a process that acts as controller of the network.

In [AJO3] Abdulla and Jonsson prove that model checking safety properties for timed
networks with a controller process is decidable, provided that each process has at most one
(real-valued) clock variable. They assume several processes can take synchronous transitions
at once by using a rendezvous primitive and a distinguished process can act as controller of
the network. The decidability carries over to discrete timed networks with one clock variable
per process, and in case all processes are equal, i.e. the controller process is just another
copy of the user processes. Our work proves decidability of safety and liveness properties
independently from the number of clock variables in the network, provided that clocks range
over a discrete domain and there is no controller process in the network.

In [ADMO04] Abdulla et al. extends the decidability result of [AJ03] to timed networks
with rendezvous and a controller process, assuming each process has any finite number of
discrete clocks. They prove decidability by exhibiting a non-elementary complexity upper
bound for the problem, and of course this also proves decidability of the same problem for
timed network in the absence of a controller process. In our setting, without a controller
process, we are able to prove a much smaller upper bound for the complexity of the model
checking problem restricted to safety properties, as well as the decidability of liveness
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properties. In case there is a controller process, our results show that the PMCP for liveness
properties for timed networks is undecidable.

In [ADR*16] Abdulla et al. consider the PMCP for a model of timed processes commu-
nicating through Ad Hoc Wireless Networks. In this model, an arbitrary number of processes
use either real- or discrete- valued clocks and can connect among themselves in topologies
that are defined by some given family of graphs such as bounded path graphs or cliques.
Given a family of graphs, each timed process can communicate with its direct neighbors
using broadcast or rendezvous messages. In the context of timed networks using rendezvous
on a clique graph topology, which is the setting closest to our work, they focus on rendezvous
communications and rephrase the decidability results already presented in [AJ03, ADMO04|.

In [Isel7] Isenberg provides techniques for finding invariants for safety properties and
timed-networks consisting of processes with continuous clocks, a controller, shared global
variables and broadcast communication. In contrast, our decision procedures are based on
automata theory.

In [AACT18], Abdulla et al. study the PMCP for reachability specifications for Timed
Petri Nets. There the authors prove that the problem is PSPACE-complete provided that
each process carry only one clock variable. Interestingly, this is the same complexity we
prove for the discrete case, thus the extension of the problem to the continuous time setting
(under the limitation of one clock variable per process) falls in the same complexity class as
the discrete time setting. In this work we make a step further by providing an upper bound
to the complexity of the PMCP for liveness specifications in the discrete time setting.

In [SS20, SS14| Spalazzi and Spegni study the parameterized model-checking problem
of Metric Interval Temporal Logic formulae against networks of conjunctive or disjunctive
timed automata of arbitrary size. They prove that in case of timed networks with either all
conjunctive or all disjunctive Boolean guards and a controller process, a cutoff exist allowing
to reduce controlled timed networks of arbitrary size to timed networks of some known size,
provided that process locations have no time invariants forcing progress. This implies that
PMCP is decidable under such conditions. In contrast, in our setting time is discrete, there
is no controller process, communication is by rendezvous, and specifications are qualitative
(i.e. LTL).

Andreé et al. |[AEJK23| prove that a cutoff for timed networks with all disjunctive Boolean
guards does exist in presence of clock invariants in the case of processes with a single clock
variable and suitable conditions ensuring that locations appearing in the clock invariants
themselves are visited infinitely often.

Finally, we remark that simulations between parameterized systems with different
communication primitives, including asymmetric broadcast and rendezvous, is systematically
studied in [ARZ15|. We also contribute to that line of work, involving the newly introduced
symmetric-broadcast primitive. Our work establishes for the first time an intimate two-
way connection between discrete-timed systems and systems communicating via broadcast:
symmetric broadcast when there is no controller, and asymmetric broadcast when there is
a controller. We are certain that this intimate connection will prove useful in transferring
results between these two types of systems, and discovering new results also if one considers
other communication primitives than rendezvous.
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2. DEFINITIONS AND PRELIMINARIES

For the sake of self-consistency, let us now recall various notions from automata theory that
will be used along this work.

Notation. Let N- denote the set of positive integers, let N = N5 U {0}, let Q denote the
set of rational numbers, Q¢ the set of positive rational numbers, and Q> the non-negative
ones. Let [n,m], for n < m € Nsg, denote the set {n,n + 1,...,m}, and if m = co then
[n,m] = {n,n+1,...}. Let [n] denote the set [1,n]. Finally, for m < n € Nyg, we call
w: [m] — 27 a partition of [n] if i # j implies u(i) N u(j) = 0, and [n] = Uig[m) (7). For
an alphabet ¥ we denote by ¥* (resp. ¥¢) the set of all finite (resp. infinite) words over 3.
The concatenation of two words v and w is written uw or u - w. The length of a word u is
denoted by |ul, and if u is infinite then we write |u| = co.

2.1. Transition Systems. A labeled transition system (LTS) is a tuple
L= (AP, X,S,I,R,\)
where

AP is a finite set of atomic propositions (also called state labels),

Y is an alphabet of edge-labels,

S is a set of states (in the following we assume that S C Ng),

I C S is a set of initial states,

R C S x 3 xSisan edge relation,

and A C S x APis a labeling relation that associates with each state the atomic propositions
that hold in it. We will often use functional notation and write A(s) for the set of atoms p
such that (s,p) € \.

In case all components of L are finite, we say that L is a finite LTS; and otherwise we say that
it is an nfinite LTS. An edge e = (s, a,s’) € R, is also called a transition, and may be written
s % s'. The element s is called the source (denoted src(e)) of e, and s’ is called its destination
(denoted dst(e)), and a is called the label of e. Given o € ¥, and a state s € S, we say that o is
enabled in s if there is some s’ € S such that s % s’. A path 7 is a (finite or infinite) sequence
erey ... of transitions such that for every 1 < i < || we have that dst(e;) = src(e;t1),
where || € N5 U {oo} is the length of m. We extend the notations src(m) and dst(m) to
paths (the latter only for finite paths) in the natural way. Extend A to paths as follows: if
T = ereg - - - ey is finite then A(m) = A(src(er))A(src(ez)) - - - A(src(ex—1))A(sre(ex ) ) A(dst(ex)),
and if 7 = ejeqg -+ is infinite then A(m) = A(src(e1))A(src(ez)) -+ A run is a path whose
source is an initial state. The set of runs of an LTS L is written runs(L). A state s € S is
reachable if it is the destination of some run. The size of a finite LTS is defined to be the
sum of the number of states and number of transitions.

Let L = (AP,X,S,I,R,\) and L' = (AP,%,5’,I',R', ') be two LTSs over the same
set of atomic propositions AP and the same set of edge-labels ¥. We now define a few
notions of equivalence relating such LTSs. A relation M C S x S is a simulation if (i)
for every q € I there is ¢’ € I’ such that (q,¢') € M, (ii) (¢,4") € M implies A(q) = N (¢)
and for every (q,0,r) € R there exists ' with (¢/,0,7") € R’ such that (r,7') € M. In
this case we say that L' simulates L. Say that M is a bisimulation if M is a simulation
and {(¢,q) : (¢,¢') € M} C Q' x Q is a simulation. We say that runs =, 7, of L and L'
respectively, of the same length are equi-labeled if for every ¢ < |n|, if m; = (s,0,t) and
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mi = (s',0',t") we have that \(s) = N (s'), A(t) = N(t'), and 0 = ¢’. It follows immediately
from the definitions that if L’ simulates L then for every run in L there exists an equi-labeled
run in L.

We will use the following operations: Let AP be a set of atomic propositions. Given a
proposition @ € AP and a (finite or infinite) sequence & € (247)* U (247) we denote by (£)a
the subsequence of £ that consists of all sets that contain a. Given a subset AP C AP and a
(finite or infinite) sequence & € (247)* U (247)%, we denote by |, p the sequence that we

obtain from & by intersecting every set with AFP.

2.2. Automata. We will use nondeterministic automata with three types of acceptance
conditions, i.e., ordinary reachability acceptance (on finite input words), Biichi acceptance
(on infinite words), and a boundedness condition on a single counter (on infinite words).
Since automata are like LT'Ss (except that they include an acceptance condition, and exclude
the state labeling function), we will use LTS terminology and notation that is independent of
the labeling, e.g., source, destination, path and run. We remark that inputs to the automata
will be edge-labeling of paths in certain LTSs, and thus the input alphabet for automata is
also denoted .
A nondeterministic finite word automaton (NFW) is a tuple

A=(3,S1,RF)
where

> is the input alphabet,

S is the finite set of states,

I C S are the initial states,

R C S x X xS is the transition relation, and
F C S are the final states.

Given a finite word a = s - - - g, over the alphabet X, we say that p = p1pa ... pg is a run
of A over « if, for all i € [k], the label of the transition p; is a;. The run p is accepting if
dst(px) € F. A word is accepted by A if there is an accepting run of A over it. The language
of A is the set of words that it accepts.

A nondeterministic Biichi word automaton (NBW) is a tuple A = (3, S, I, R, G), which
is like an NFW except that F is replaced by a Biichi set G. Unlike NF'W which run over
finite words, an NBW runs over infinite words. Hence, given an infinite word oo = ayaxg - - -
over the alphabet X, we say that p = p1p2... is a run of A over « if, for all i € N5, the
label of the transition p; is ;. The run p induces a set inf(p) consisting of those states
q € S such that ¢ = src(p;) for infinitely many 7. The run p is accepting if inf(p) N G # 0.
The definition when a word is accepted, and of the language of A, are as for NFW.

An NBW with one counter, or B-automaton for short, is a tuple

<E7 S? I? R? G’ CC>
which is like an NBW except that it has an additional counter command function cc: R —

{inc, reset, skip} which associates with each transition a counter-update operation. An infinite
run p = p1p2 -+ of a B-automaton induces a set ctr(p) = {c¢; : i € N5o}, where ¢; = 0 and

Ci if ce(p;) = skip
ciy1 =14 ¢+ 1 if ee(p;) = inc
0 if ce(p;) = reset.
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The run p is accepting if it satisfies the Biichi condition and its counter values are bounded.
Le.,if inf(p) NG # 0 and In € N5g s.t. ¢ < n for all ¢ € ctr(p).

If G =85 (i.e., if there is effectively no Biichi acceptance condition), then we say that
the Biichi set is trivial.

B-automata were defined in [Boj10], and in the general case may have multiple counters,
some of which should be bounded and some of which should be unbounded. Since one
can easily simulate a Biichi acceptance condition with a single counter (see [Bojl10]), our
definition of a B-automaton given above is a special case of the B-automata of [Boj10]
with two counters. The proof of Lemma 2.1 below, which also applies to these general
multi-counter automata, was communicated to us by Nathanaél Fijalkow (as far as we know
it is a “folk theorem” for which we could not find a clear statement or proof in the literature).

Lemma 2.1. Deciding whether the language of a B-automaton is not empty can be solved in
PTIME.

Proof. We reduce the problem to the emptiness problem for Streett automata 2, which is in
pTIME |[ELS87].

Given a B-automaton A = (3,5, I, R,G,cc), build a Streett automaton A’ whose
transition relation is like that of A except that it also stores the most recent counter
command in the state, and whose acceptance condition encodes the following properties:
‘infinitely often see a state in G’ and ‘infinitely many increments implies infinitely many
resets’. Formally, A’ has states S x {skip,inc, reset}; initial states S x {reset}; transitions
of the form ((s,c¢),a, (s',c)) where (s,a,s") € R and cc(s, o, s") = ¢; and the acceptance
condition containing the two pairs (S,G) and (S x {inc}, S x {reset}).

Then, the language of A is non-empty if and only if the language of A’ is non-empty.
To see this, note that accepting runs in A induce accepting runs in A’ since a run with
infinitely many "increments" that also has a bound on the counter must have infinitely many
"resets". On the other hand, an accepting run p; of A’ can be transformed, by "pumping
out" loops, into another accepting run py of A’ in which the distance between two successive
reset transitions is bounded (one only needs to ensure that in each infix starting and ending
in a reset, if there is a Biichi state in the infix, then there is still one after pumping out).
Thus, the counter of py is bounded, and so is also an accepting run of A.3 []

2.3. Linear Temporal Logic. For a set AP of atomic propositions, formulas of LTL over
AP are defined by the following BNF (where p € AP):

pu=pleVe[-p[XelpUyp
We use the usual abbreviations, ¢ — ¢’ = = V ¢/, true = p VvV —p, F¢o = true U ¢ (read
"eventually ¢"), G = = F =p (read "always ¢"). The size || of a formula ¢ is the number
of symbols in it. A trace T is an infinite sequence over the alphabet ¥ = 247 an infinite
sequence of valuations of the atoms. For n > 0, write 7, for the valuation at position n; so,
T =T19T1T2 - - - Given a trace 7, an integer n, and an LTL formula ¢, the satisfaction relation
(1,m) = @, stating that ¢ holds at step n of the sequence 7, is defined as follows:

2We remind the reader that a Streett automaton is like an NBW except that its acceptance condition is not
a single Biichi set, but a family of pairs of sets {(B1,G1), (B2,G2),...,(Bk,Gk)}, and a run p is accepting if
for all 4 € [k] we have that inf(p) N G; # 0 implies inf(p) N B; # 0.

30bserve that the Streett automaton does not, in general, accept the same language as the B-automaton.
Indeed the latter’s language may not even be w-regular.
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(r,n) Epiff p € 13
(T,n) =1V iff (7,n) =1 or (7,n) |= @2
(1,n) | —p iff it is not the case that (1,n) | ¢;
(r,n) EXepiff n+1<|r|and (7,n+1) = ¢;
(1,m) = @1 Uy iff (1,m) |= @2 for some n <m < |7|, and (7,j) = 1 for all n < j < m.
Write 7 = ¢ if (7,0) = ¢, read 7 satisfies .

We consider the variant LTLf known as “LTL over finite traces" [BK00, BM06, DGV13|.
It has the same syntax and semantics as LTL except that 7 is a finite sequence. Observe that
the satisfaction of X and U on finite traces is defined “pessimistically”, i.e., a trace cannot
end before the promised eventuality holds.

The following states that one can convert LTL/LTLf formulas to NBW/NFW with at
most an exponential blowup:

Theorem 2.2 [Var95, DGV13|. Let ¢ be an LTL (resp. LTLf) formula. One can build an
NBW (resp. NFW), whose size is at most exponential in |@|, accepting exactly the models .

)

Y

3. PARAMETERIZED SYSTEMS

We first introduce systems with rendezvous and symmetric broadcast (or RB-systems, for
short), a general formalism suitable for describing the parallel composition of n € N+ copies
of a process template. We identify two special cases: Rendezvous systems (or R-systems, for
short) and Discrete Timed Systems.

3.1. RB-systems. An RB-system is a certain LTS which evolves nondeterministically: either
a k-wise rendezvous action is taken, i.e., k different processes instantaneously synchronize
on some rendezvous action a, or the symmetric broadcast action is taken, i.e., all processes
take an edge labeled by b. Systems without the broadcast action are called R-systems. We
will show that RB-systems (strictly) subsume discrete timed networks [ADMO04], a formalism
allowing to describe parameterized networks of timed processes with discrete value clocks. A
discrete timed network also evolves nondeterministically: either a k-wise rendezvous action
is taken by k processes of the network, or all the clocks of all the processes advance their
value by the same (discrete) amount.

In the rest of the paper the number of processes participating in a rendezvous will be
denoted by k, we let Y,ctn denote a finite set of rendezvous actions, and we call rendezvous
alphabet the set Xy, = {a; : a € Xaen, @ € [1,k]}.

Definition 3.1 (Process Template, RB-Template, R-Template). A process template
is a finite LTS P = (AP, ¥4, U{b}, S, I, R, \). A process template P is an RB-template, if
for every state s € S, we have that b is enabled in s.We call edges labeled by b broadcast
edges, and the rest rendezvous edges. A process template P is an R-template, if P does not
contain any broadcast edges.

We now define the system P™ consisting of n copies of a given template P:

Definition 3.2 (RB-System, R-System). Given an integer n € N5 and an RB-Template
(resp. R-Template) P = (AP, %4, U{b}, S, I, R, \), the RB-system P™ (resp. R-system P")
is defined as the finite LTS (AP*, 32 . S™ I™ R™ \") where:

com?
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(1) The set of atomic propositions AP" is AP X [n]; intuitively, the atom (p, i) denotes the
fact that atom p is currently true of process i.

(2) The communication alphabet X2, consists of b and every tuple of the form ((i1,a1),. ..,
(ig,ar)) where a € Yaetn and 41,19, - - - , g are k different elements in [n]; intuitively, the
system takes this action means that simultaneously for each j € [k], process i; transitions
along an a; edge.

(3) S™ is the set of functions (called configurations) of the form f : [n] — S. We call f(i)
the state of process i in f. Note that we sometimes find it convenient to consider a more
flexible naming of processes in which we let S™ be the set of functions f : X — S, where
X C Ny is some set of size n.

(4) The set of initial configurations I = {f € S™ | f(i) € I for all i € [n]} consists of all
configurations which map all processes to initial states of P.

(5) The set of global transitions R™ C S™ x XL

of the following two conditions hold: -

e (broadcast) o = b, and f (i) LN g(7) in R, for every i € [n];

o (rendezvous) o = ((i1,a1),. .., (i, ar)), and f(i;) SN g(ij) in R for every 1 < j < k;
and f(i) = g(i) for every i & {i1,...,ir}. In this case we say that a € ¥jctn is the

action taken.
(6) The labeling relation A" C S™ x AP" consists of the pairs (f, (p,7)) such that (f(i),p) € \.

. oy g
x S™ contains transitions f — g where one

For every transition t = (f,0,g) € R", we define the set of active processes, denoted by
active(t), as follows:
e if o = b define active(t) = [n],
o if o = ((i1,a1),..., (ix,ar)) define active(t) = {i1,..., i}

Let ¢ be a global transition f = ¢, and let i be a process. We say that i moved in t if
i € active(t). We write edge;(t) for the edge of P taken by process i in the transition ¢, i.e.,

e if o = b then edge;(t) denotes f(7) LN g(i);

o if 0 = ((i1,a1),...,(ix,ar)) then edge;(t) denotes f(i) SN g(@) if o(j) = (i, a;) for some
j € [kl;

e otherwise edge;(t) := L.

In case that edge;(t) # L we say that edge;(t) is taken in t. Given a run 7 of P™ and an edge

e of P, we say that e appears on 7 if it is taken by some active process on some transition of

.
Given a process template P define the RB-system P as the following LTS:

(AP> ¥, S, I°, R, \>°)

where AP = Upen.AP", S = Upen. 5", I = Upen.oI", R® = Upen.  R", Ldom =
Un€N>OE’(rjlom and )\OO = Un€N>0)\n.

3.2. Discussion of our modeling choices. Our definition of RB-systems allows one to
model finitely many different process templates because a single process template P can have
multiple initial states (representing the disjoint union of the different process templates).
We can easily transform a rendezvous action a involving j < k processes (in particular
where j = 1, representing an internal transition taken by a single process) into a k-wise
rendezvous action by simply adding, for every j < ¢ < k, and every state in P, a self-loop
labeled a;. This transformation works when there are at least k£ processes in the system.
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Figure 1: R-template Figure 2: RB-template

This is not a real restriction since all the systems with less than k& processes yield a single
finite-state system which can be easily model-checked. In any case, all our results hold also
if one specifically allows rendezvous actions involving j < k processes.

The assumption that every state in an RB-template is the source of a broadcast edge
means that for every configuration f there is a broadcast global-transition with source f.

3.3. Executions and Specifications. Take an RB-system P" =(AP" X2 S™ I" R"™ \"),
a path m = t;tp... in P", and a process ¢ in P". Define proj, (i) := edge;(t;, Jedgei(t;,) - . .,
where j; < jo <... are all the indices j for which edge;(t;) # L. Thus, proj, (i) is the path
in P taken by process ¢ during the path w. Define the set of executions of P*°, denoted by
EXEC(P), to be the set of the runs of P* projected onto the state labels of a single process.
Note that, due to symmetry, we can assume w.l.o.g. that the runs are projected onto process
1. Formally,
EXEC(P™) = {A(proj, (1)) | m € runs(P*)},

where A is the labeling of the process template P. We denote by EXEC-FIN(P>) (resp.
EXEC-INF(P)) the finite (resp. infinite) executions in EXEC(P>).

We present two examples. Note that the letter in a state is both the name of that state
as well as the (unique) atom that holds in that state.

Example 3.3. Consider the R-template P in Figure 1. Note that EXEC-FIN(P) consists
of all prefixes of words that match the regular expression pp*q, and EXEC-INF(P>) = ().

Example 3.4. Consider the RB-template P in Figure 2. In every run of P", every process
is involved in at most n — 1 consecutive rendezvous transitions before a broadcast transition
is taken, which resets all processes to the initial state. Thus, EXEC-FIN(P°) consists of all
prefixes of words that match (rr*(pp* 4+ ¢q))* since n may be arbitrarily large. Similarly,
EXEC-INF(P) is the set of words of the form (r7*(pp*+¢q))*r* and v (p*1 4+q)r"™2 (p*2+q) . . .,
for some sequences ni,ng, -+ and x1,x9,- - of positive integers such that {z;}; is bounded.
The first form occurs in case process 1 is involved in only finitely many rendezvous transitions,
and the second form occurs if process 1 is involved in infinitely many rendezvous transitions.
Indeed, in the latter case, the n;s are unconstrained since a broadcast can occur any number
of times before a rendezvous, and if {z;}; is bounded by B € N5 then the execution can be
realised in the RB-System PBF!,

The definitions above imply the following easy lemma.

Lemma 3.5. Let P, P’ be two RB-templates with the same atomic propositions and edge-labels
alphabet.
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(1) If 7 € runs(P™°) and 7" € runs(P'>®) are equi-labeled then \(proj. (7)) = N (proj..(j))
for every process j.
(2) If P and P’ simulate each other then EXEC(P*) = EXEC(P'™).

Proof. Let m = ejeg--- and 7’ = €€l ---. For the first item note that for every i < || the
label of the edge e; is equal to the label of the edge €. It follows that the same processes
are active in e; and e. Thus, the run proj, (i) of the template P is equi-labeled with the
run proj. (i) of the template P’, and in particular they induce the same sequence of sets of
atomic propositions.

For the second item, suppose P’ simulates P via M C S x S’. Derive the relation
C C 8% x (5')* from M point-wise, i.e., (f, ) € C iff there is n € N5 such that i)
fes ffe (S and ii) for every i <n, (f(4), f'(i)) € M. It is routine to check that C' is
a simulation, and thus P'® simulates P*°. By a symmetric argument, P> simulates P’*°.
Thus, for every run 7 in P> there is an equi-labeled run 7/ in P’*°, and vice versa. Now
apply the first item. []

3.4. Parameterized Model-Checking Problem. Specifications represent sets of finite or
infinite sequences over the alphabet 247, In this work we will consider specifications of finite
executions to be given by nondeterministic finite word automata (NFW) and specifications of
infinite executions to be given by nondeterministic Biichi word automata (NBW). Standard
translations allow us to present specifications in linear temporal logics such as LTL and LTLy,
see Theorem 2.2.

We now define the main decision problem of this work.

Definition 3.6 (PMCP). Let F be a specification formalism for sets of infinite (resp. finite)
words over the alphabet 247, The Parameterized Model Checking Problem for F, denoted
PMCP(F), is to decide, given a process-template P, and a set W of infinite (resp. finite)
words specified in F, if all executions in the set EXEC-INF(P>) (resp. EXEC-FIN(P>)) are
in W.

Just as for model-checking [Var95|, we have three ways to measure the complexity of
the PMCP problem. If we measure the complexity in the size of the given template and
specification, we have the (usual) complexity, sometimes called combined complexity. If we
fix the template and measure the complexity with respect to the size of the specification
we get the specification complexity. If we fix the specification and measure the complexity
with respect to the size of the template we get the program complexity (we use "program
complexity" instead of "template complexity" in order to be consistent with the model-
checking terminology). Moreover, if C' is a complexity class, we say that the specification
complexity of the PMCP-problem is C'-hard if there is a fixed template such that the induced
PMCP problem (that only takes a specification as input) is C-hard in the usual sense; and it
is C'-complete if it is in C' and C-hard. Symmetric definitions hold for program complexity.

Results. Our main results solve PMCP for RB-templates for specifications of finite and
infinite executions. In both cases we use the automata theoretic approach: given an RB-
template P, we show how to build an automaton M accepting exactly the executions of the
RB-system P*°. Model checking of a specification given by another automaton M’ is thus
reduced to checking if the language of M is contained in the language of M’. The automaton
M will be based on what we call the reachability-unwinding of the given RB-template. In the
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finite-execution case M will be an NFW that is almost identical to the reachability-unwinding.
In the infinite execution case M will be more complicated. Indeed, classic automata over
infinite words (e.g., NBW) will not be powerful enough to capture the system (see Lemma 3.8
below) and so we use B-automata; the automaton M will be based on three copies of the
reachability-unwinding (instead of one copy) where from each copy certain edges will be
removed based on a classification of edges into different types.

Our first result classifies the complexity for NFW /LTLf specifications:

Theorem 3.7. Let F be specifications of sets of finite executions expressed as NFW or LTLf
formulas. Then the complexity of PMCP(F) for RB-systems is PSPACE-complete, as is the
program complexity and the specification complezity.

To see that classical acceptance conditions (e.g. Biichi, Parity) are not strong enough
for the case of infinite executions, consider the following lemma.

Lemma 3.8. The process template P in Figure 2 has the property that the set EXEC-INF(P)
1 not w-reqular.

Proof. The following pumping argument shows that this language is not w-regular. Assume
by way of contradiction that an NBW A accepts EXEC-INF(P°), and consider an accepting
run of A on the word (rp™"*™1)¥, where n is the number of states of A. It follows that for each
1 € N5, while reading the 7’th block of p’s, A traverses some cycle ¢;. Hence, by correctly
pumping the cycle ¢;, e.g., i times for every ¢ € N5, we can obtain an accepting run of A
on a word w’ which is not EXEC-INF(P°) since it contains blocks of consecutive p’s of ever
increasing length, contradicting our assumption. []

On the other hand, there is a B-automaton (with a trivial Biichi set) recognizing this
language (the counter is incremented whenever p is seen and reset whenever r is seen).
This is no accident: we will prove (Theorem 6.6) that for every RB-template P one can
build a B-automaton (with a trivial Biichi set) recognizing the infinite executions of P>.
Combining this with an NBW for the specification, we reduce the model-checking problem
to the emptiness problem of a B-automaton. Hence, our second main result provides an
EXPTIME upper bound for NBW/LTL specifications:

Theorem 3.9. Let F be specifications of sets of infinite executions expressed as NBW or
LTL formulas. Then PMCP(F) of RB-systems can be solved in EXPTIME.

3.5. Variants with a controller and asymmetric broadcast. We now give two variants
of RB-Systems, i.e., one that incorporate a distinguished "controller" process, and another
that allows for asymmetric broadcasts [EFM99].

Given two process templates Po and P the RB-System with a controller (RBC-System)
Pc U P is the finite LTS (AP ynfl gntl prtl prtl Ant1) " which is defined exactly
as in Definition 3.2, with the only difference that for process 1 we use the process template
Po and for processes 2 to n + 1 we use process template P. The RBC-System P U P is
then defined analogously. We now need to adjust the definitions of executions to differentiate

between the projection to a controller resp. non-controller processes; we set,
EXEC(Pco U P) ¢ = {A(proj, (1)) | m € runs(Pc U P*)},

and
EXEC(Pc U P*) = {\(proj.(2)) | m € runs(Pc U P>)},
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where, because of symmetry, we can always project to process 2 for a non-controller process.

In order to capture asymmetric broadcasts we need to enhance the edge-labels alphabet
of a process template. This is done by introducing a set of broadcast actions Yps (disjoint
from Y,ctn), and setting the edge-labels alphabet to be ¥4, |JUpex, . {bsnds brev}. Such a
process template is called an RBA-template if, in addition, for every state s € S we have
that by is enabled in s for every b € Y. Given an RBA-template P, the RBA-System
P" is the finite LTS (A", X2, S™, I, R", A"™), which is defined as in Definition 3.2 except
for the definition of the global transition relation, where we support asymmetric broadcasts

instead of symmetric broadcasts as follows:

e (asymmetric broadcast) o = (c1,...,¢c,) is an n-tuple such that there is some b € Yy
and some 7 such that ¢; = beng and ¢j = by, for all j # 4, and f(i) £ g(i) in P, for every
i€ [n];

The RBA-System P is then defined analogously. The set of executions is defined as for
RB-Systems.

We remark that we define RBA-Systems without a controller for technical convenience.
It would be straight-forward to define an RBA-System with a controller in the same way
as we did above. However, it is easy to verify that RBA-Systems with a controller are not
more powerful than RBA-Systems that lack a controller. That is because having a controller
can be simulated through an initial asymmetric broadcast that makes the sender process
taking over the role of the controller and the receiver processes continuing as non-controller
processes. We now make this statement precise. Recall the notation (£), and &|4p from
Section 2.1.

Theorem 3.10. RBC-Systems and RBA-Systems are equally powerful, more precisely,

(1) for each RBC-System, given by process templates Po and P over atomic propositions
AP, we can construct in linear time an RBA-System P’ over atomic propositions AP U
{¢,p}, with ¢,p & AP such that EXEC(Pc U P®)c = {(§)c|ap | £ € EXEC(P'™)} and
EXEC(Po U P*) = {(§)plar | £ € BXEC(P'™)};

(2) for each RBA-System, given by process template P over atomic propositions AP, we can
construct in linear time an RBC System, given by process templates P}, and P' over
atomic propositions APU {p} such that EXEC(P'™) = {(§)plapr | £ € EXEC(P, U P'>)}
(the executions of the controller are not important for this statement).

Proof. For the first item, the symmetric broadcast can be easily implemented by an asym-
metric broadcast where the sender simply behaves like the receivers, and a controller can be
elected using an initial asymmetric broadcast. Here are the details. The broadcast alphabet
Yibets consists of two symbols, b, b: the first for modeling the symmetric broadcast of the
RBC-System, and the second to be used for electing the controller. Define the RBA-template
P = (APU{e,p}, Xrdz U {brev, bsnd, brevs bsnd }, 97, {t}, R, N') as follows. Let S consist of the
states of Pc, the states of P (assumed to be disjoint from the states of Pr), and a new initial
state ¢. The transitions relation R includes all rendezvous transitions of Po and P, as well
as the following new transitions:

brcv

bsn - b, .
e s~ t and s =% ¢ for every transition s — ¢ in Pc and P;

b bsnd
e, —% 1 and 1 =%

bsn brev c .
o 1 =% 1o and © =% 1p where 1o and tp are the initial states of Po and P respectively;
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Figure 3: An illustration of how RBA processes can be simulated by RBC processes.

o 5 % s for every s # ¢ (these transitions can never be taken but are added to satisfy
the constraint that broadcast can always be received, as required by the definition of
RBA-templates).

Finally, let A\c and Ap be the labeling functions of P and P respectively. Define the labeling
function X as follows. If s is a state of P then N (s) = Ap(s) U {p}; if s is a state of Po
then X (s) = Ao(s) U {c}; and N (:) = 0. It is not hard to verify that EXEC(Po U P®)¢ =
{(€)elar | € € EXEC(P'™)} and EXBC(Po U P®) = {(€),lap | € € EXEC(P'™)}.

For the second item in the statement of the theorem, the idea is depicted in Figure 3.
Intuitively, to simulate an asymmetric broadcast, we use a symmetric broadcast preceded
by a rendezvous with the controller, which ensures that there is single sender and multiple
receivers. For an RBA template P = (AP, X4, U Uses, . {bsnds brev }, S5 1, R, A), we construct
two process templates

Pl = (APU{p}, S, U{b}, St I, Ro, M)
and
P'=(APU{p}, Sy, U{b}, 8" I' R X},

as follows. The new rendezvous actions consist of the old rendezvous actions as well as
bsnd, brev for every broadcast action b € Ypcis; thus, we have

!
Erdz = Erdz U UbEEbctS{bsnd,ly bsnd,2; brcv,h brcv,Q}

(recall the remarks in Section 3.2 that allow us to have rendezvous actions involving any
number of processes).
We now define the components of the controller P/:

St = {w, Lo} U Zpets, where w (the “waiting” state) and Lo (the “dead” state) are new
states;

I = {w};

Ao (s) =0 for all s € Si, (the labeling function of P/, is not important);

.. . . .. bsnd,2 brev,2
the transitions in Rl consist of rendezvous transitions w —— b and b —= b for every

b € Ypets, and the symmetric broadcast transitions b 5 wand w lecand Lo LN Le.
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We now define the components of the process template P’:

e let S’ consist of the states in S, a new state L, and new ("intermediate”) states of the
form ¢ where ¢ varies over the states of P that are the destination of some asymmetric
broadcast transition in P;

o I'=1;

o N(s)=As)U{p} for s € S, and N(¢') =0 for ¢ € S’ \ S (in particular, N'(L) = 0);

e the transitions R’ include all the rendezvous transitions of P, the rendezvous transition

S bs"i> t' for every asymmetric send-broadcast transition s Dendy 4 of P, and the rendezvous
transition u brci) v’ for every asymmetric receive-broadcast transition u brevs y of P.
Further, R includes, for every ¢’ € S’, the symmetric broadcast transition ¢’ LN q, and
for every state s € S, the symmetric broadcast transitions s LN 1, and the symmetric
broadcast transition 1 % 1.

The states 1 ¢, L are not drawn in Figure 3.

We now argue that EXEC(P™) = {({)p|lap | § € EXEC(P, U P'*)}. In what follows,
although the n processes over the template P’ in the RBA-system P/, U P"" are numbered
2,---,n+1, we will number them 1,--- ,n, and refer to the process over template P/ as
“the controller” instead of as process 1.

We first argue the inclusion EXEC(P>) C {(£)p|ap | £ € EXEC(P5 U P')}: Given a run
7 of P (for some n), we will construct a corresponding run ' of P5, U P"". Every rendezvous
transition in 7 is simulated in 7’ by the corresponding rendezvous transition of P'™. Every
asymmetric broadcast transition with action b € Y in 7 is simulated in 7’ by a sequence
of transitions of P, U P'™, as follows. Suppose process j in the RBA-system is sending the

. . bsn . ..
asymmetric broadcast by taking the edge s =2% ¢ in P. Then, process j in the RBC-system

bsn
rendezvouses with the controller on the action by,g, i.e., process j takes the edge s RN

bsn . . . .
in P', and the controller takes the edge w —2 b in PY.. Further, consider the remaining
processes in the RBA-system that are receiving the broadcast (in some arbitrary order), and

suppose process ¢ it takes the edge u brevs v in P Then, that process in the RBC-system

. . . . brcv,l .
rendezvouses with the controller on action by, i.e., process i takes the edge u —— v’ in

bI’CV . . . .
P’, and the controller takes the edge b 2 b in P[.. Once all the receiving processes in

the RBA-system have been accounted for in this way, the RBC-system does a symmetric

broadcast, so the controller returns to the waiting state w (i.e., it takes the edge b b win
P},), and all the non-controller processes go to the target of the broadcast transition (i.e.,

a process in state v’ takes the edge v’ 5 vin P/ ). In this way, the runs 7, 7’ agree on the
projection onto a single (non-controller) process when the intermediate states, whose label
does not include the atom p, are removed.

We now argue EXEC(P*) D {(§)p|ap | § € EXEC(P, U P'*)}: given arun n’ of P,UP™
(for some n), we show there is a corresponding run = of P™. Unlike the previous inclusion,
this time our construction will be tailored to faithfully simulate the behavior of only a single
process, i.e., m will depend on the process of interest. Recall from Section 3.3 that, due to
symmetry, we can restrict our attention to process 1 (which, by our note above, is a process
with template P resp. P’, and not the controller).

We claim that, w.l.o.g., 7’ is structured as a sequence of blocks of the form: first, zero
or more rendezvous transitions that do not involve the controller; then, unless there is no
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further symmetric broadcast, k many rendezvous transitions that do involve the controller
for some k with 1 < k < n (the first of these is on an action bg,g, and the remainder on by ),
at least one of which involves process 1, followed by a symmetric broadcast. To see why
this claim holds, first note that we can swap the order of successive transitions if the first of
these is a rendezvous between the controller and a process, say process j, and the second is
a rendezvous without the controller, say amongst processes X (the reason for this is that
the rendezvous with the controller puts process j into an intermediate state, from which
there is no rendezvous edge, and thus j is not in X, and thus the global state, as well as
the projection onto process 1, after these transitions is not changed by the swap). Second,
consider the transitions between two symmetric broadcasts. Repeatedly swap as above until
all rendezvous transitions that do not involve the controller (if any) are before all rendezvous
transitions that do (if any). This completes the block, unless process 1 does not occur in a
rendezvous with the controller. But in this case we can safely trim 7’ after the last transition
in which process 1 is active since the subsequent symmetric broadcast puts process 1 in the
sink | that has an empty label. Third, if there are finitely many symmetric broadcasts,
consider the (possibly infinitely many) transitions after the last symmetric broadcast (if
there are no symmetric broadcasts, then consider all the transitions). Note that there are at
most n such transitions that rendezvous with the controller. Since a process that rendezvous
with the controller is put into a state where it cannot rendezvous with any other processes,
we can repeatedly remove the last such transition until there are none left (note that even
if process 1 is involved in such a transition, it is put into an intermediate state by such a
transition, which has empty label, and thus can safely be removed).

It should be now quite clear how to simulate each block of 7’: every rendezvous transition
that does not involve the controller is simulated by a corresponding rendezvous transition in
P"; the rest of the block, if any, can be simulated by a single asymmetric broadcast transition
of P™. Note, however, that processes in P that do not rendezvous with the controller in
this block will no longer be faithfully simulated since such processes will transition to the
dead state L on the symmetric broadcast. This is not a problem since these processes will
never again participate in any rendezvous transitions, and thus will have no influence on
the ability of the projection of m on process 1 to faithfully capture the projection of 7’ on
process 1. Hence, we are free to define the target states in 7 of these processes during future
asymmetric broadcasts, if any (note that by assumption at least one target state exists for
every asymmetric broadcast). L]

The PMCP for RBA-Systems is quite well understood [EFM99], i.e., it is undecidable
for w-regular specifications, and decidable for regular specifications. We thus get:

Theorem 3.11.

(1) Let F be specifications of sets of infinite executions expressed as NBW or LTL formulas.
Then PMCP(F) of RBC-systems is undecidable.

(2) Let F be specifications of sets of finite executions expressed as NFW or LTLf formulas.
Then PMCP(F) of RBC-systems is decidable.

Proof. By Theorem 3.10, one can transfer verification tasks between RBA- and RBC-Systems:
This can be achieved by a formula/automaton transformation, and the verification of the
transformed formula/automaton on the transformed system. We exemplify how to transfer
LTL/LTLf specifications: Given an LTL/LTLf specification ¢, we implement the projection
operation (-), by replacing every occurrence of an atomic proposition X in ¢ by -pU(p A X),
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resulting in a formula ¢'; in order to only consider executions that do not reach the dead state
we can then consider the specification (G—pUp) — ¢'. Similar ideas can be implemented
through automata transformations. In particular, the undecidability (resp. decidability) of
w-regular (resp. regular) specifications for RBA-systems transfers to RBC-systems. L]

3.6. Large systems simulating small systems. We provide a simple but useful property
of RB-systems that will be used throughout the rest of this paper. Intuitively, a large
RB-system can, using a single run, partition its processes into several groups, each one
simulating a run of a smaller RB-system, as long as all the simulated runs have the same
number of broadcasts. In order to state and prove this result, we need the following.

Notation. Let X C [n] be a set of processes. For a configuration f : [n] — S of P" define
f ‘ + to be the restriction of f to the domain X. Similarly, for a global transition ¢ of P", say

f 35 g, if t is a broadcast transition (i.e., 0 = b), or a rendezvous transition whose active
processes are all in X (i.e., o # b and active(t) C X), then we define t‘x to be f‘X 7z g‘X;
otherwise (i.e., if o # b and active(t) € X), then t}X is undefined. Finally, given a path 7
in P", if for every 1 < i < |r| we have that active(m;) C X or active(m;) C [n] \ X, then the
restriction W‘X = ‘Xmé ‘X ... is defined by taking i1 < 75 < ... to be exactly the indices
1 < j <|m| for which 7rj| « 1s defined; otherwise (i.e., if there is a transition on 7 in which
some of the active processes are in X and some are not in X) Tr} « 1s undefined.

We will implicitly rename processes as follows. Let rename : X — [|X|] be a bijection.
Consider configurations f, transitions ¢, and paths 7 of P". By renaming the processes using
rename we can think of f ‘ « as a configuration of P and t‘  (if defined) as the transition
of P! obtained by restricting the configurations f and ¢ in ¢ to X, and Tr} ¥ (if defined) as
a path of PIXI.

For a process template P, paths 7y, 7o, -+ , 7, in P (possibly using different numbers
of processes), and pairwise disjoint subsets X1, Xo,- -+, X} of N5, we say that a path 7 in
P> simulates 7y, -+ 7 (with Xy, Xo, -+, Xp) if W}Xi = m; for every i. Observe that, if
1, -+, do not have the same number of broadcasts then there is no 7 that can simulate
them. The next lemma shows that this condition is not only necessary but also sufficient.

Lemma 3.12 (Composition). Given an integer b, paths (resp. runs) mi,..., 7 in RB-
systems P™, ... P™ each with exactly b broadcast transitions: for every n > E?:lni =m,
every configuration f in P" and pairwise disjoint subsets Xy, Xa, -+, Xy of Nsg such that
f’Xi = src(m;) for every i, there exists a path (resp. run) 7 in P™ starting in f that simulates

7717”. 77Th thhX17X27 7Xh

Proof. We begin by proving the lemma in the special case of R-systems. For every j € [h],
we will have the n; processes in the set X; simulate m; = e;1 ej2.... The extra pro-
cesses (between m + 1 and n) do not move. Note that all transitions on 7y,...,m, are
rendezvous involving k processes. Whenever a rendezvous appearing on 7; is performed
in P" only k processes in X; move, leaving the others unaffected. Thus, m can be ob-
tained by any interleaving of the rendezvous appearing on 7y, ..., 7, as long as the relative
internal ordering of rendezvous on each of these paths is maintained (e.g., round-robin

€1,1 €21...€p1 €12 €22...€p2... )
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Now, we consider the case of general RB-systems. As before, for every j € [h], we will
have the n; processes in the set X; simulate m;. If n > m, the extra processes are ignored
(however, they do move whenever there is a broadcast). Each path m,..., 7, is cut into
b+ 1 segments (numbered 0, ..., b), each containing only rendezvous transitions and followed
by a broadcast transition. Thus, the i’th segment of each path is followed by the (i + 1)’th
broadcast. The path 7 is constructed in b+ 1 phases: in phase i, the ¢’th segment of all the

paths 7y, ..., 7, are simulated as was done in the R-systems case, followed (if i < b) by a
single broadcast transition that forces the simulation of the i’th broadcast on all of these
paths at once. []

We now present a more flexible form of simulation in which the processes that are
assigned to simulate a given path are not fixed throughout the simulation (this will be used
in the proof of Theorem 6.6).

Definition 3.13. We say that my weakly-simulates 1, - - - , 7 if there exists an integer [ and
a decomposition of each of these paths into I segments, the i’th segment of 7; is denoted 7T§
for 1 <4 <1,0 < j < h, and pairwise disjoint sets X{,---, X} for 1 <4 <[, such that for
every i we have that 7} simulates 7, - - - ,W;L (with X%, X34, ... ,X}'l).

The difference between weak-simulation and simulation is that the set of processes
simulating each path may be changed at the end of each segment. The following observation
follows immediately from the definition above.

Remark 3.14. If m weakly-simulates cycles 71, - -+, m, then dst(mo) |, = dst(m;) = src(r;)
J

for every j. In words: for every simulated cycle 7;, the destination configuration of the
weakly simulating path 7y restricted to the set of processes X Jl (the states used in simulating
the last segment of 7;) is equal to the destination configuration of m; and thus, since 7; is a
cycle, also to its source configuration.

4. DISCRETE TIMED NETWORKS

In this section we give the formal definition of a discrete timed network, with minor changes
compared with [ADMO4]. In particular, we first describe the form of a process template and
later the operational semantics defining how networks of such processes evolve. In this work,
unless stated otherwise, we only consider timed networks without a controller, and always
assume a discrete time model N.

Definition 4.1. A timed-network (TN) template is a tuple (A, C, grd, rst, CP) where A =
(AP, %4z, 5,1, R, \) is a finite LTS, C is a finite set of clock variables (also called clocks),
each transition ¢ € R is associated with a guard grd(t) and a reset command rst(t), and CP is
a set of clock predicates, i.e., predicates of the form x <1 ¢ where z € C, ¢ € N is a constant,
and 1 € {>,=}. A guard is a Boolean combination of clock predicates. A reset command is
a subset of C.

The size of a TN template is the size of the LTS A (i.e., the number of states plus the
number of transitions) plus the sizes of all the guards, reset commands, and clock predicates
where the constants in the clock predicates are represented in unary.*

AThe unary representation is chosen in order to elicit the relation to RB-systems, i.e., this representation
allows us to show that the PMCP for timed-networks and RB-systems is polynomial-time inter-reducible.
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A timed network T™ consists of the parallel composition of n € Ny g template processes,
each running a copy of the template. Each copy has a local configuration (q, K), where ¢ € S
and K : C — N is a clock evaluation mapping each clock to its (discrete) value. We say that
an evaluation K : C' — N satisfies a Boolean combination of clock predicates ¢, if ¢ evaluates
to true when every occurrence of clock z in ¢ is replaced by the value K(x). A rendezvous
action a is enabled if there are k processes iy, - - , i) such that for every j € [k] process i; is

in a local configuration (g;, K;) for which there is an edge g; 4, qé-, say t;, and the clock
evaluation K satisfies the guard grd(t;). The rendezvous action is taken means that the &
processes change their local configurations to (¢}, K}), where K] is obtained from Kj; after
setting the values of the clocks in rst(t;) to 0. Besides these rendezvous transitions, the
system can evolve by taking timed-transitions in which all clocks of all processes advance by
one time unit (so every K (z) increases by one).> Runs of T™ projected onto a single process
induce sequences over the alphabet 2479CF of the atomic predicates and clock predicates
that hold at each local configuration. Specifications (for the behavior of a single process) can
be given as automata or linear-temporal properties over the alphabet 247YCF

To formally define a timed network as an LTS, its executions, and its corresponding
PMCP, one can proceed by instantiating the intuitive description given above, along the lines
of, e.g., [ADMO04]. Alternatively, one can give an equivalent definition (in the sense that it
yields exactly the same LTS for the timed network, and thus also the same set of executions
and PMCP) by observing that timed networks are essentially RB-systems whose RB-template
Pr is induced by the given TN-template T by viewing local configurations as states of Pr,
and thinking of timed transitions as symmetric broadcast transitions. Notice that following
this approach, the obtained RB-template Pr would be infinite, due to clocks potentially
increasing without bounds. In order to make it finite, one can simply truncate clock values
up to an appropriate upper bound. In the following we give a detailed construction.

Defining Timed systems as RB-systems. % Let T be a TN-template (A, C, grd, rst, CP)
where A = (AP, ¥4, 5,1, R, \). Define the infinite RB-template
Pr = <APU CP, Y4, U {b}, St, I, Ry, )\T>

where

Sy =8 x NY is the set of local configurations,
I7 consists of all pairs (¢, K) where ¢ € I and K(z) =0 for all x € C,
R consists of two types of transitions:

— timed transitions of the form (g, K) LN (¢, K'), for every ¢ € S and K : C — N, and
such that K'(xz) = K(z) + 1 for all x € C; or

— rendezvous transitions of the form (¢, K) % (¢/, K'), for every transition t = (¢, 0,¢') € R,
for every evaluation K : C' — N satisfying the guard g¢rd(t), and such that for every
x € O, if x € rst(t) then K'(z) = 0 and otherwise K'(x) = K(z).

Ar C S x (AP U CP) consists of all pairs ((g, K), p) such that either p € AP and p € A\(q),

or p € CP and K satisfies the clock predicate p.

5Alternatively, as in [ADMO04], one can let time advance by any amount.
6While Definition 3.1 requires an RB-template to be finite, for the purpose of this section we lift this
restriction.
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Given a TN-template T' = (A, C, grd, rst, CP) with A = (AP, %,4,, 5,1, R, ), and n €
N-o, we define the timed network T™, composed of n processes, to be the RB-system (Pr)",
and the timed network T to be the RB-system (Pr)*°.

Definition 4.2 (PMCP for Timed-Networks). Let F be a specification formalism for
sets of infinite (resp. finite) words over the alphabet 2APUCP  The Parameterized Model
Checking Problem for Timed-Networks for F, denoted PMCP(F), is to decide, given a
TN-template T', and a set L of infinite (resp. finite) words specified in F, if all executions in
the set EXEC-INF(T"°) (resp. EXEC-FIN(T"*°)) are in L.

In Sections 5 and 6 we show how to solve PMCP for finite RB-templates for specifications
of finite and infinite executions respectively. This cannot be used directly to solve the
PMCP for timed networks since given a timed template T' the RB-template Pr is infinite.
However, the next Lemma shows that given T, there is a finite RB-template U such that
EXEC(T*°) = EXEC(U®). The template U is obtained from Pr by clipping the clock values
to be no larger than 1 plus the maximal constant appearing in the clock predicates CP.

Lemma 4.3. Let T be a TN-template and let d = max{c: x <1 ¢ € CP}+1. One can construct
in time polynomial the size of T a finite RB-template U such that EXEC(T*) = EXEC(U®).

Proof. We use the following clipping operation: for d € Nyg and K : C — N let clipy(K) :
C —{0,...,d} map z to min{K(z),d}. For a local configuration (¢, K) define clipi(g, K) to
be (g, clipg(K)), and extend this to sets of configurations point-wise. Let ¢ be any transition
(¢, K) % (¢, K"), define clipy(t) to be clipy(q, K) = clipy(q’, K'), and extend this to sets of
transitions point-wise.

Note that, by our choice of d, an evaluation K satisfies a Boolean combination of clock
predicates ¢ iff the evaluation clipy(K) satisfies ¢.

Let T be a TN-template (A, C, grd, rst, CP) where A = (AP, %4, 5,1, R, \), and Pp =
<APU CP, ¥4, U {[‘J}, St,Ir, Rp, )\T>~ Then let

U= (APUCP,%q,, S, I',R',\)

where
S" = clipa(St),
I" = clipq(Ir),
R’ = clipg(Rr), and
N o= {((Q7Cl2pd(K))’p) : ((qa K)vp) € )\T}
We claim that EXEC(T*®) = EXEC(U). To see this note that Pr and U are bisimilar using
the relation B defined by letting ((¢, K), (¢/, K')) € B iff (¢, K') = clipqs(q, K). It is not
hard to see by following the definitions that B is a bisimulation relation. To finish apply
Lemma 3.5 item 2. []

The construction used in Lemma 4.3 is illustrated in Figure 4. We note that the
polynomial-time result crucially depends on constants represented in unary (note that the
construction polynomially depends on d = max{c : x 1 ¢ € CP} + 1). We leave the
investigation of complexity-theoretic consideration when numbers are represented in binary
for future work.

We next show that RB-systems are not more powerful than timed networks. We show
that, by allowing for operations that take a subsequence and remove atomic propositions, RB-
systems and timed networks can define the same languages of (finite and infinite) executions.
Recall the notation (§), and £|4p from Section 2.1.
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a2

start —

Figure 4: Construction from Lemma 4.3. A TN-template 1" (left) with one clock z, and the
RB-template U (right) with d = 3. For readability, atomic predicates and clock
predicates are not drawn.

Lemma 4.4. Let P be a process template with atomic propositions AP. Then, one can
construct in linear time a TN-template T with a singleton set of clocks C = {c}, clock
predicates CP = {c¢ = 0,c = 1}, and atomic proposition APU CP, such that EXEC(P>) =
{(m)e=0lap | ™ € EXEC(T)}.

Proof. We consider the process template P = (AP, ¥4, U{b},S,I, R, \) and construct the
TN-template T' = (A, C, grd, rst, CP), where C' = {c¢} and CP = {¢ = 0,¢ = 1}, and the LTS
A= (AP, ¥4, U{b,1},S,I, R4, \) is obtained from P as follows:

(1) R4 contains every rendezvous transition ¢ of P, where we set grd(t) := ¢ = 0 for the
guard and rst(t) := {} for the reset.

(2) R4 contains an internal transition s b ¢ for every broadcast transition s b o of P,
where we set grd(t) := ¢ = 1 for the guard, and rst(t) := {c} for the reset (internal
transitions are 1-rendezvous transitions where a single process changes state).

We claim that EXEC(P*) = {(&)c=o|apr | £ € EXEC(T*°)}. To show that, we will need
the following notation: given a configuration f of P", for some n, and a clock value v € {0, 1},
we denote by fY the configuration of T™ obtained from f by defining the clock value of each
of the processes to be v (i.e., by letting () = (f(4), (v)), for every j € [n]). Also, it will

be convenient to call a transition f ﬂ g of T™ an internal transition (of process j).

We first show that EXEC(P>) C {(&)c=0lap | £ € EXEC(T*)}. Given 7’ € runs(P),
let n be such that 7’ € runs(P"™). We will construct a corresponding run = € runs(T™).
Intuitively, a rendezvous transition of 7’ is simulated directly by a single corresponding
transition in m whose source and destination have all clocks at zero; whereas a broadcast
transition of 7’ is simulated in 7 by a sequence of transitions: one timed transition (that
increases all clocks from zero to one), followed by one internal transition of each process.
Observe that, by incrementing the clocks to one, the timed transition enables the guards of
the internal transitions of each of the processes, and that each such internal transition, once
taken, resets the clock back to zero.
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Formally, we construct m by considering the transitions of 7’ in order. Let 7’ > 1, assume
that we already constructed a prefix of length ¢« — 1 of m that simulates the first i/ — 1
transitions of 7’ (initially, this prefix is obviously empty). The construction will maintain the
invariant dst(7},)? = dst(m;); here we use the notation f¥ introduced above. Consider the
two cases for the transition 7,. (i) if 7}, = (f/,0,¢’) is a rendezvous transition, then extend
7 by letting m; = (f°,0,¢°). (ii) if 7/, = (f',b,¢’) is a broadcast transition, then extend m
as follows: first add a timed transition 7; = (", b, f’!); then add a series of n transitions,
one for each process j € [n], in which process j takes the internal transition from f’(j) to
gl(j) (i.e., let fz = f’l, and let T4+ = (fi-i—j—la ((], ﬁ)), fH—j)v where fi-i-j is identical to fH—j—l
except that fi1;(j) = (¢'(4),0)); Observe that at the end of this sequence we reach the
configuration ¢’°. It is easy to verify that A\(proj. (1)) = (A(proj (i)))e=o|ap for all processes
i. Hence, EXEC(P™) C {(7)c=0]ap | m € EXEC(T)}.

We now show the reverse inclusion {(&).=o|ap | £ € EXEC(T)} C EXEC(P>). Given
m € runs(T), let n be such that © € runs(T™). We will construct a corresponding run
7" € runs(P™). Unlike the previous inclusion, this time our construction will be tailored to
faithfully simulate the behavior of only a single process, i.e., 7’ will depend on the process
of interest. Recall from Section 3.3 that, due to symmetry, we can restrict our attention to
process 1, i.e., it is enough to show that t: A(proj./ (1)) = (AM(proj,(1)))c=o0|ap-

We first claim that, w.l.o.g., 7 is structured as a sequence of blocks of the form: one or
more multi-process rendezvous transitions, followed (unless 7 has no more timed transitions)
by a timed transition and 1 < k < n internal transitions of k£ different processes, one of
which is process 1. To see why this claim holds, let ¢; < 9 < --- be the positions of timed
transitions of . Observe that, for every h, all the clocks in dst(m;,) are at least 1 and thus,
due to the way the transitions of T" are guarded, for every j € [n], the first transition in which
process j can be active after m;, and before m;, , must be an internal transition of j (in
which, obviously, no other process is active). Hence, we can push all the internal transitions
to immediately follow the timed transition m;, without changing the projection of 7 on any
single process. Finally, observe that if process 1 did not make an internal transition between
i, and m;,_, then we can safely trim = and ignore everything after position 5. Indeed,
in this case at dst(m;,,,) process 1 has a clock value > 1, and thus (since all non-timed
transitions are guarded by ¢ = 0 or ¢ = 1), this value will never go below 1 again. Now,
recall that T restricts our attention to the projection of m on process 1 transitions whose
sources have clock value 0.

It should be now quite clear how to simulate each block of 7: every multi-process
rendezvous transition can be easily simulated by a corresponding rendezvous transition
in P", whereas the rest of the block (i.e., the timed transition followed by a sequence of
internal transitions) can be simulated by a single broadcast transition of P™. Note, however,
that processes which do not make an internal transition in the block will not be faithfully
simulated since such processes never change their state in this block (only their clock changes
during by the timed transition), whereas the simulating broadcast may unfaithfully change
their state. However, as we noted above, these processes will not include process 1, nor can
they rendezvous with any process (again, because their guards will always be false), and thus
will have no influence on the ability of the projection of 7’ on process 1 to faithfully capture
the projection of 7 on process 1.

Given a configuration f of 7™, denote by state(f) € S™, the configuration in P™ obtained
from it by dropping the clock values of all processes. Formally, we construct 7’ by considering
the transitions of 7 in order, block by block. Let ¢ > 1, and assume that we already
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constructed a prefix of length i — 1 of 7’ that simulates the first 7 — 1 transitions of .
Whenever 7; is a multi-process rendezvous transition, or is the last transition in a block, the
construction will maintain the invariant that the state of process j in dst(m;) is equal to its
state in dst(7},), for every process j whose clock value at dst(m;) is 0. Consider the following
two cases: (i) m; = (f,0,g) is a multi-process rendezvous transition. Then, extend 7’ by
letting 7}, = (state(f), o, state(g)). (i) m; is a timed transition (let f’ = state(dst(n;))), and
the rest of the transitions in the block are k& < n internal transitions of different processes,
i.e., there is a set of processes X = {x1,x9,--- , 2} C [n], and for every j € [k] there is an

internal transition f’(j) EN g; of the template T, such that m;1; = fi1;—1 M fit+j, where

fi = dst(m;), and fi1; is identical to fj;j—1 except that fiy;(x;) = (¢j,0). Then, extend 7’
by letting 7, = (f’,b,¢’) be a transition of P" satisfying ¢'(z;) = g; for every j € [k] (note
that the exact broadcast transitions taken by processes outside X are unimportant). It is
not hard to verify that { holds, as promised. []

We note that Lemma 4.4 implies that for every specification ¢ (given as LTL formula resp.
finite automaton) one can construct a specification ¢’ such that all executions EXEC-INF(P)
(resp. EXEC-FIN(P®)) satisfy ¢ iff all executions EXEC-INF(T°) (resp. EXEC-FIN(T°))
satisfy the specification ¢'; this is because the operation (7), can be implemented as a
formula resp. automaton transformation.

From Lemma 4.3 and Lemma 4.4 we immediately obtain the main result of this section:

Theorem 4.5. The Parameterized Model Checking Problems for RB-Systems and Timed-
Networks are polynomial-time inter-reducible; in particular, (lower as well as upper) bounds
on the program/specification/combined complexity transfer.

Timed Networks with a Controller. The inter-reducibility between RB-Systems and
Timed Networks extends to systems with a controller as we sketch in the following. Given
two TN-templates T and T', the TN-System with a controller (TNC-System) T U T™ is
then defined as the RBC-System Pr, U P}, where Pr, and Pr are the induced (infinite)
RB-templates introduced above. The TNC-System T U T° is then defined analogously.
Lemma 4.3 and Lemma 4.4 can then straightforwardly be extended to the relationship
between TNC-Systems and RBC-Systems. This gives us the following results:

Theorem 4.6. The Parameterized Model Checking Problems for RBC- and TNC-Systems
are polynomial-time inter-reducible; in particular, (lower as well as upper) bounds on the
program/specification/combined complezity transfer.

Corollary 4.7.

(1) Let F be specifications of sets of infinite executions expressed as NBW or LTL formulas.
Then PMCP(F) of TNC-Systems is undecidable.

(2) Let F be specifications of sets of finite executions expressed as NFW or LTLf formulas.
Then PMCP(F) of TNC-Systems is decidable.

5. SOLVING PMCP FOR SPECIFICATIONS OVER FINITE EXECUTIONS

In this section we solve the PMCP problem for specifications given as nondeterministic finite
word automata (NFW), and prove that it is PSPACE-complete. Following the automata-
theoretic approach outlined in Section 3.4, given an RB-template P we will build an NFW
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Figure 5: A high level view of the reachability-unwinding lasso.

A that accepts exactly the executions in EXEC-FIN(P). Model checking of a regular
specification given by an NFW A’ is thus reduced to checking containment of the language
of A in that of A’. The structure of A is based on the reachability-unwinding of P, which
we now introduce.

Given a template P = (AP, %4, U{b},S,I, R, ), we show how to construct a new
process template P~ = (AP, ¥4, U{b},S™,1°, R, A\™), called the reachability-unwinding
of P, see Figure 5. Intuitively, P~ is obtained by alternating the following two operations:
(i) taking a copy of P and removing from it all the unreachable rendezvous edges, i.e., all
transitions of P that cannot be taken by any process in any run of P*°; and (i) unwinding
on broadcast edges. This is repeated until a copy is created which is equal to a previous
one; we then stop and close the unwinding back into the old copy, forming a high-level lasso
structure.

Intuition. Technically, it is more convenient to first calculate all the desired copies and
then to arrange them in the lasso. Thus, for 0 < i < m (for an appropriate m), we first
compute an R-template P; = (AP, ¥,q4,, Si, I;, Ri, \;) which is a copy of P with initial states
redesignated and all broadcast edges, plus some rendezvous edges, removed. Second, we take
Py, ..., Py and combine them, to create the single process template P™. We do this by
connecting, for ¢ < m, the states in P; with the initial states of P;{; by means of broadcast
edges, as induced by transitions in P. In case ¢ = m, then P; is connected to the copy P,,
for some n < m, as determined by the lasso structure.

Constructing F; via a Saturation Algorithm. Recursively construct the R-template
Py = (AP, %4z, Si, Li, Riy Ai)

(called the i'th component of P™°) as follows. For i = 0, we let Iy := I; and for i > 0 we let
I :={se€ S| (h,b,s) € R for some h € S;_1} be the set of states reachable from S;_; by a
broadcast edge. The sets 5; and R; are obtained using the following saturation algorithm:
start with S; := I; and R; := (); at each round of the algorithm, consider in turn each edge
e € R\ R; of the form s 2 t such that s € S;: if for every | € [k] \ {h} there is some
other edge s’ 2 ¢/ with s’ € S, then add e to R; and add ¢ (if not already there) to S;.
The algorithm ends when a fixed-point is reached. Finally, let A; be the restriction of A to
S; x AP. Observe the following property of this algorithm:



27:26 B. AmiNor, S. RuBiN, F. SPEGNI, AND F. ZULEGER Vol. 21:2

Remark 5.1. If s 2% ¢ in R; then for all [ € [k] there exist s,# € S; such that s’ 2 ¢/ in
R;.

Now, P; is completely determined by I; (and P), and so there are at most 2151 possible
values for it. Hence, there must exist n, m with n < m < 2/5! such that P, = m+1. We stop
calculating P;’s when this happens since for every ¢ > n it must be that P; = P, ((i—n) mod r)»
where r = m+1—n. We call n the prefiz length of P and call r its period, i.e., n is the number
of components on the prefix of the lasso and r is the number of components on the noose of the
lasso. For i € N, let comp(i) denote the associated component number of 4, i.e., the position
in the lasso after i moves between components. Formally, comp(i) = min(i,n + ((i — n)
mod r)).

We now construct P~°.

Definition 5.2 (Reachability-unwinding). Given Py, ..., P,,, define the RB-template
P = (AP, 5,4, U{b}, 5, I, R, \™°)

as follows:
o ST =U"{(s,7) | s € Si};
o [ :={(s,0)|sel}
e R contains the following transitions:

— the rendezvous transitions U7 {(s,4) > (¢,i) | s = t € R;}, and

— the broadcast transitions UJ"'{(s,1) LN (t,i+1) | s % te Rand s € S;} and

{(s,m) > (t,n) | s B teRands e Sy}

* N = Ugo{((s?l)ap) : (Svp) € )‘l}

For 0 <i < m, we denote by P;° the restriction of P~ to the states in {(s,) | s € S;}
and the rendezvous transitions between them. We call P, the i’th component of P~°.
Observe that P can be written as an R-template P, ° = (AP, ¥4, U {b},S;°, I;.°, R;°, \;°)
which is obtainable from the component P; by simply attaching ¢ to every state. We will
sometimes find it convenient to speak of the component P, for ¢ greater than m, in which
case we identify P with P_7 . We say that a configuration f of (P™°)> is in P iff all
its processes are in states of the component P, i.e., iff f(j) € S;° for all j in the domain of

f-

Example 5.3.

e If P is the template in Figure 1 then Py = P, and Pj is the empty process (because there
are no broadcast edges). Thus P~ is a copy of P.

e If P is the template in Figure 2 then Py is equal to P without the broadcast edges, and
P, = Py. Thus P~ is a copy of P.

e If P is the template on the right hand side of Figure 4, then P~ contains four components
(prefix length 3 and period 1). The four components are drawn in Figure 6.

Definition 5.4 (Legal configuration/path). A configuration f of (P—°)* is legal iff it is in
P for some i; a path in (P~°)> is legal iff its source configuration is.

Remark 5.5. If 7 is a finite path of (P~)°°, with b broadcast transitions, with source f
and destination f’, then if f is in P, then f’is in P75, and if 7 is a run then f’ is in P~
In particular, any configuration of (P~°)°° that is reachable from an initial configuration is
legal.
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start —( p,0

Figure 6: Components Py, P;, P>, P3 of P~ for P from Figure 4.

Recall that we introduced P~ in order to define an automaton recognizing EXEC-FIN(P).
Before doing so, we have to understand the relationship between P~ and P.

On the relation between P~ and P. Observe that by projecting out the component
numbers from states in P~ (i.e., by replacing (s,7) € S™ with s € S), states and transitions
in P are transformed into states and transitions of P. Similarly, paths and runs in (P—°)°
can be transformed into paths and runs in P°°. Note, however, that this operation does not
induce a bisimulation between P~ and P, nor does it induce a bisimulation relation between
P and (P~), since not all states and transitions of P appear in every component of P~°.
These missing states and edges are also the reason that a path in P that is not a run (i.e.,
that does not start at an initial configuration) may not always be lifted to a path in (P~)*.
Nonetheless, our construction of P~ is such that runs of P (resp. P°°) can be lifted to
runs of P~° (resp. (P~°)*°) by simply adding the correct component numbers (based on the
number of preceding broadcasts) to the states of the transitions of the run.
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Winding and Unwinding Notation. More formally, projecting out of component numbers
(which we call “winding” and denote by ®) is defined as follows: if (s, j) is a state of P~ define
(5,7)® := s, which is a state of P; if ¢ is a transition s = s’ of P~° define t® := (59, ¢, s'9),
which is a transition of P; if m = tytg--- € runs(P™°) define 7© = tt3--- € runs(P).
Similarly, if f is a configuration in (P~°)> define {®, a configuration of P>, by §°(i) := f(:)®
where i is in the domain of f; if e is a global transition f % g of (P~°)* then define
e® = (2,0,g%); and if p € runs((P~)>) define p® = p{p5 -+ € runs(P>). Finally, we
apply this to sets: if X C runs((P°)*°) then X® = {p®:p e X}.

We define the reverse transformation of “unwinding” only with respect to runs of P>
(a similar definition can be given for the unwinding of runs of P) as follows: given a
configuration f of P>, and a component number j, denote by f7 the function defined
by f7(i) := (f(i),5) for every i in the domain of f; given m € runs(P>), for i € Ny let
6<% be the number of broadcast transitions on 7 preceding m;. The unwinding = of 7 is
defined to be the sequence 77°m5° ... obtained by taking for every 1 < i < |x| the transition

T = (fcomp(b«),a,gcomp(b«)) if m; = (f,0,¢9) is a rendezvous transition, and otherwise
taking m;° := (feomp(6=) b,gcomp(b<2+1)) if m; = (f, b, g) is a broadcast transition.

The next lemma says that we may work with template P~ instead of P.
Lemma 5.6. For every n € Nsq, we have that runs(P™) = runs((P~—)")®.

Proof. Let us fix any n € N5g. The direction {p® | p € runs((P~°)")} C runs(P") follows
from the fact that P~ is obtained from P by an unwinding process. The reverse inclusion
requires more care as P~° misses edges and states of P.

Let m € runs(P™). We prove that 77 € runs((P~)") by induction on the length i of
each prefix of w. Let b be the number of broadcast edges on £ := w1 ...m;_1. For the base
case |m| = 0, there is nothing to prove. For the induction step, observe that by the inductive
hypothesis the unwinding of £ is a run of (P~°)". It remains to show that m;° is a transition
of (P™°)". Observe that by Remark 5.5 f = dst(m;_1) = src(m;) is in P_° (v Consider first

comp
the case that m; is the broadcast transition f LN g. By the definition of the broadcast edges
in P~ we have that 7;° is a transition f®m?(®) LN gmP(+1) of (P=)". Consider now the

case that ; is the rendezvous edge f % g, and let 0 = ((j1,a1), ..., (jr,ax)). Since f is in
P () for every h € [k], the algorithm used to construct the states and transitions of the

comp
component Py, must have added the edge f(jx) 2ty 9(jn) to Reomp(v)- It follows that
7° = (feomrlb) g, geomP(®)) is a transition of (P~°)". []

The state labeling of a run p € runs((P—)>) and its winding p® are equal. Thus we
have the following:

Corollary 5.7. For every template P, we have that EXEC(P*°) = EXEC((P~°)%).

The following lemma says that for every component P,~, there is a run of (P~)> that
“loads” arbitrarily many processes into every state of it.

Lemma 5.8 (Loading). For all b,n € Nsq there is a finite run m of (P~°)°° with b broadcasts,
s.t., |dst(m)~1(s)| > n for every state s of P,”.

Proof. By Lemma 3.12 (Composition) applied to P~ it is sufficient to prove the following:
for every b € N5, and every state ¢ in P, there exists a finite run 7 of (P7°)*°, with b

broadcast transitions, such that |dst(m)~'(¢)| > 1. Recall that, by definition, P, = P ()
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The proof is by induction on b. For the base case b = 0, proceed by induction on the
round j > 1 of the saturation algorithm at which ¢ is added to Seompp) (i-e., So). The state
q is added at round j, due to some edge (sp,an,q) of R, only if for every [ € [k] \ {h} there
are edges (s1,a;, @) of R and, either (i) j =1 and 8; € Loy or, (ii) j > 1 and s; is already
in Seompep) (i-e., it was added to Scopp(p) at a round before j). By the inductive hypothesis
on round j, for every [ € [k] \ {h} there exists p; € runs((P~°)>), with b broadcasts, which
ends with at least one process in the state s;. By Lemma 3.12 (Composition) there exists
p € runs((P~°)*°) in which there are k different processes i1,...,i; such that, for every
[ € [k], the process i; ends in the state s;. Extend p by a global rendezvous transition in
which, for [ # h, process i; takes the edge (s, a;,q), and process iy takes the edge (s, ap,q).
This extended run has b broadcast transitions, and at least one process in state ¢, as required.

For the inductive step (b > 0), suppose it holds for all values < b, and let us prove
it for b+ 1 (i.e. take ¢ € Seompv41))- First consider the case ¢ € I opmpp41): there is an
edge (s,b,q) in P~ and by the inductive hypothesis (on b) there is a run of (P~°)* with b
broadcasts in which some process ¢ ends in state s. Extend this run by a global broadcast
transition in which process i takes the edge (s, b, q). This extended run has b+ 1 broadcast
transitions, and at least one process in state g. Second, suppose ¢ € Scomp(b+1) \ Leomp(b+1)-
Then proceed as in the base case.

The first part of the following proposition states that the set of finite executions of the
RB-system P* is equal to the set of state labels of the finite runs of P™°. This is very
convenient since P~° is finite, whereas P° is infinite. The second part of the proposition
gives a weaker result for the infinite case.

Proposition 5.9. For every template P, the following holds:
(1) EXEC-FIN(P*®°) = {\(7) | m € runs(P~°), |r| € Nxo}.
(2) EXEC-INF(P*) C{\(n) | m € runs(P~°), |r| = co}.

)
Proof. We first prove the inclusion EXEC(P>) C {\°(7) | 7 € runs(P°)}. Every execution
of P* is, by definition, of the form A(proje(1)) for some { € runs(P") and some n. By
Lemma 5.6, £ = p® for some p € runs((P~°)"). O serve that £ and p are equi-labeled. Thus,
by Lemma 3.5 part 1 we have that A(proje(1)) = A7 (proj,(1)).

We now prove the inclusion

{A\7(m) | ™ € runs(P™°), || € Nyo} C EXEC-FIN(P®).

Observe that since A™°(m) = A\(7®) it is enough to prove the following by induction on the
length i of 7: there is a run p € runs(P>) such that proj,(1) = 7.

For the base case i = 0 there is nothing to prove. For the inductive step ¢ > 0: first
apply the inductive hypothesis to get p € runs(P*>) such that proj,(1) = (mimg---m_1)°.
There are two cases depending on ;.

If 7; is a broadcast edge then extend p by a global broadcast transition ¢ in which process
1 takes 7, i.e., edgei(t) = m, to obtain the run p -t € runs(P>) whose projection on
process 1 equals 7©.

If m; = (s,ap,t) is a rendezvous edge then proceed as follows. Let b be the number of
broadcast transitions in 71 ---m;_1. So 7;, being a rendezvous edge, is in P, °. Thus, by
Remark 5.1, after the saturation algorithm, for all [ € [k] there exist an edge (s;,a;,t;) in
P;°. By Lemma 5.8 (Loading) there exists p’ € runs((P~°)°) with b broadcast transitions
that loads at least one process into every state s of P,°. By Lemma 5.6, p'® € runs(P>).



27:30 B. AmiNor, S. RuBiN, F. SPEGNI, AND F. ZULEGER Vol. 21:2

By Lemma 3.12 (Composition) compose p and p'® to get p” € runs(P>°) such that pl"{l} =
proj,(1) = (mme - --m;—1)® and at the end of p” there is at least one process (different from
process 1) in every state of P,~. Now extend p” by the rendezvous transition ¢ for which
edgeq(t) = m and for each | € [k]\ {h} some process takes the transition (s;,a;, ;) to obtain
the run p -t € runs(P>) whose projection on process 1 equals 7©. []

Remark 5.10. Unfortunately, the containment in Proposition 5.9 Part 2 is sometimes strict.
For example, consider the R-template P in Figure 1. Observe that P equals P~°, and that
p*“ is the state label of the run of P~ that self-loops in the initial state forever, but p“ is not
an execution of P*°. In the next section we will use B-automata to capture EXEC-INF(P).

We introduced P~ in order to define an automaton recognizing EXEC-FIN(P°). This
automaton is formed from the LTS P~ by adding the input alphabet 247 and having each
transition read as input the label of its source state.

Definition 5.11 (NFW A). Given an RB-template P = (AP, ¥4, U {b}, S, I, R, \), consider

the reachability-unwinding P~ = (AP, X4, U {b}, S, I°, R°,A™°). Define A to be the

NFW (3,8, I, R/, F) with

e input alphabet ¥ = 247,

e state set S' = S5,

e initial-states set I’ = I,

e transition relation R’ consisting of transitions (s, A™(s),t) for which there is a o such that
(s,0,t) € R,

e final-states set F' = 57°.

The following is immediate from Proposition 5.9 Part 1:
Corollary 5.12. The automaton A recognizes the language EXEC-FIN(P).
Applying a standard automata-theoretic technique, we get the following upper bound:

Theorem 5.13. Let F be specifications of finite executions expressed as NFWs or LTLf
formulas. Then PMCP(F) for RB-systems is in PSPACE.

Proof. Let P = (AP, ¥4, U{b},S,I, R, \) be a process template, and let A be the NFW
from Definition 5.11. The fact that words accepted by A are exactly the executions in
EXEC-FIN(P) is by Corollary 5.12. Analyzing the construction of the unwinding template
P~ (before Definition 5.2), we get that A is of size at most exponential in the size of P.
We describe a PSPACE algorithm for checking the containment of the language accepted by
A in the language of some specification NFW A’. This is done by solving the non-containment
problem in nondeterministic polynomial space, and using the fact that NPSPACE = PSPACE
— co-PSPACE.” The algorithm constructs on the fly: (1) a finite word p € (247)*, and an
accepting run of A on p; and (2) checks that p is not accepted by A’. Item (2) can be
done, as usual, simply by storing the subset of states of A’ that are reachable by reading the
prefix of p constructed thus far, and validating that, at the end, this set does not contain an
accepting state. For item (1), the algorithm does not store all of (the exponentially large
A). Instead, at each point in time, it only stores a single component P, of P~ (which can

7Our nondeterministic algorithm will be allowed to diverge. Such an algorithm can be simulated by
one that never diverges and still runs in polynomial space by incrementing a counter at every step, and
rejecting the computation-branch if the counter ever exceeds the original number of configurations of the
possibly-diverging algorithm.
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be calculated in PTIME for every ), from which it can deduce the part of A corresponding
to it. The algorithm starts by constructing F;~, and sets p to be the empty word, and the
run of A on p to be the initial state of A. At each step, it can either declare the guess as
finished (if the run constructed thus far ends in an accepting state of A) or extend p and the
run. Extending p is a trivial guess. Extending the guessed run is done by either guessing a
transition of A inside the component induced by the currently stored P;°; or by guessing a
transition that moves to the next component in the lasso, at which point the algorithm also
discards P;° and replaces it with P, 7.

In case the specification is given as an LTLf formula ¢, we let A’ be the NFW from
Theorem 2.2 corresponding to - and replace (2) above by a check that p is accepted by A’,
which can be done, as usual, simply by storing the subset of states of A’ that are reachable
by reading the prefix of p constructed thus far, and validating that, at the end, this set does
contain an accepting state. L]

The next theorem gives a corresponding lower bound. Interestingly, its proof shows that
the problem is already PSPACE hard for safety specifications (i.e., that a bad state is never
visited).

Theorem 5.14. Let F be specifications of finite executions expressed as NFW or LTLf
formulas. Then PMCP(F) for RB-systems is PSPACE-hard. Moreover, this is true even for
a fixed specification, and thus the program-complexity is PSPACE-hard.

Proof. The proof proceeds by a reduction from the reachability problem for Boolean programs,
known to be PSPACE-complete [Jon97].

A Boolean program consists of m Boolean variables X;,..., X,, (for some m) and n
instructions (for some n), referred to by their program location | € [n], of two types: (i)
conditionals of the form [ : if X; then l;y else lgse; (i1) toggles of the form [ : X; := =X,
The semantics of the first type of instruction is to move from location [ to location I;5 if X;
is true and to location ¢z otherwise; instructions of this type are thus conditional jumps
that do not change the values of any of the Boolean variables. The semantics of the second
type of instruction is to negate the value of the Boolean variable X;; the execution continues
from location [ 4 1 (unless that was the last instruction). All Boolean variables are initialized
to false and execution begins with instruction 1. We remark that the Boolean programs
considered here are deterministic. The reachability problem for Boolean programs is to
decide whether the execution of a Boolean program ever reaches its last program location n.
Note that we can assume, without loss of generality, that the last instruction of a Boolean
program is a conditional instruction.

Given a Boolean program B, we build a process template P, and a specification NFW,
such that P° satisfies the specification iff the execution of B does not reach its last instruction.

Formally, P = (AP, ¥4, U {b},S,{t}, R, \), where:

e AP = {done}, i.e., there is a single atom;
® Y4, = Ugenn {1, a2} where

Yactn = Ujepm){ (protect, i), (if, i), (else, 1), (toggle, ) }

e The set of states S := {¢, sink} U Sipstr U Spar, where ¢ is an initial state, sink is a sink
state, and:
(1) Sinstr = Ule[n}{ly l/},
(2) S’Um‘ = Uze[m]{Xl7 _'Xi7 lea _'Xl,}a

e R will be defined later;
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e \ = {(n,done)}, i.e., the atom is true in state n, and false in all other states.

The specification says that the last program location n is never visited. This can be
expressed, for instance, by the LTLf formula G —done (read "it is always the case that atom
done does not occur"), and by an NFW consisting of a single state. In what follows we call
the specification .

Before describing the transition relation R, we briefly describe the way the states are
used in the simulation of the Boolean program B by runs of P*°. At the beginning of every
run, every process nondeterministically moves (on a broadcast) from the initial state either
to the state 1, or to one of the states = X7,---,—X,,. A process that moves to the state 1
will keep track of (i.e., encode) the program location of the Boolean program, and from this
point on will only be in states from the set S;,st-; whereas a process that moves to a state of
the form —X; will keep track of (i.e., encode) the value of variable X;, and from this point
on will only be in states from the set {X;, =X;, X/, = X/}. Observe that multiple processes
may decide to encode the program location or the same variable. However, the transition
relation R will be defined in such a way as to enforce the invariant that, right after every
broadcast, the following holds:

() : all processes that encode the same object (i.e., the program location or the value of
some variable) agree on its value.

Moreover, between every two broadcasts, at most one instruction of the Boolean program
can be simulated, namely, the instruction referenced by the processes that track the program
location. The primed versions of the states will be used in order to enforce this round
structure, as well as the invariant {, as follows: in each round, every rendezvous transition
moves a process from an unprimed state to a primed state, from which it can only move on a
broadcast; whereas a broadcast takes a process in a primed state back to an unprimed state,
and processes in an unprimed state to sink.

Let var(l) denote the index i of the variable used (i.e., tested or toggled) in the instruction
in program location [. We now define the transition function R of the template P. It consists
of the following transitions:

. Li>1;L£>—|Xl- for i € [m],
o sink % sink; | - sink, X; - sink, ~X; > sink, for [ € [n],i € [m],
o 'Y X! Y X, and ~X! B X

o M [ for I € [n] and i € [n] \ var(l).

~ (protect,i) (protect,i),

o X; % X! and —X; - X! for i € [m)].
if, l Ise, l L. . .
ol M) l;f and [ Mll—) I, for all conditional instructions I.

(else,?)

— =X/ for i € [m].

if i
x; U2 e and X,

(toggle,var(l)),
o] ———=
o X;

(I + 1) for all toggle instructions I.
toggle,i .
-X/ and —X; {osglei)a, X! for i € [m].

We now prove that the reduction is correct.

Suppose that the infinite run p of the Boolean program visits its last instruction. We
build a run 7 of P™*! witnessing the fact that P> does not satisfy ¢. The run 7 simulates
p as follows. Start with a broadcast, which takes process m + 1 (called the controller process)
to state 1, and for every i € [m] takes process i (called the i’th variable process) to —X;.

(toggle,i),
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Repeatedly extend the run 7 by the following sequence of global transitions (below, [ denotes
the current state of the controller process):

(1) For every i # var(l), the controller rendezvous with the i’th memory process on the
action (protect, ).

(2) The controller rendezvous with the var(l)’th memory process as follows: if [ is a toggle
instruction then the rendezvous action is (toggle,i); otherwise, it is (if,7) if the i’th
memory process is in state X, and it is (else, 7) if it is in state —Xj.

(3) A broadcast.

It is easy to see that 7 simulates p. In particular, the state of the controller after z > 1
broadcasts is equal to the program location of the Boolean program after z steps.

For the other direction, we argue as follows. We say that a configuration f of P> is
consistent if it satisfies the invariant { stated earlier. For such an f, let pl(f) € [n] be the
program location encoded by f, or L if there are no processes in f tracking the program
location; and for every i € [m], let val;(f) € {true,false} be the value of X; encoded by f,
or L if there are no processes in f tracking the value of X;. Given z € N, and a run 7 of P>
with at least z broadcasts, write 7(z) for the configuration in 7 immediately following the
z’th broadcast. Observe that it is enough to show that 7 simulates the run p of the Boolean
program in the following sense:

(1) m(2) is consistent,
(2) if pl(f.) # L then the program location in p, is equal to pl(f.),
(3) for every i € [m], if val;(f.) # L then the value of variable X; in p, is equal to val;(f>).

We prove the items above by induction on z. For z = 1, i.e., after the first broadcast
(which must be the first transition on any run), processes assume different roles. Any process
that moves to state 1 is called a controller, and any process that moves to state =X; (for
some i € [m]) is called an i’th variable processes. Clearly the induction hypothesis holds.
For the inductive step, note that by the inductive hypothesis 7(z — 1) is consistent, let
[ :=pl(w(z — 1)), and observe that the only rendezvous transitions on 7 between the z — 1
and z broadcasts are of a controller process that rendezvous with a variable process on an
action of the form described in items 1 and 2 in the proof of the first direction (in particular,
if [ = L then there are no rendezvous between the z — 1 and z broadcasts). Thus, it must be
that, just before the z’th broadcast, processes in a primed state that are encoding the same
object are in the same state. Combining this with the fact that any process in an unprimed
state will move to sink on the z’th broadcast one can see that the inductive hypothesis holds
also after the z’th broadcast. []

Remark 5.15. We now show that specification complexity of the PMCP for NFW and LTLf
specifications is also PSPACE-hard. We do this by reducing from the standard model-checking
problem.

Recall that the standard model-checking problem is, given an LTS L without edge labels
(aka ‘finite state program’ or ‘Kripke structure’) and a specification ¢, to decide if all finite
executions of L satisfy ¢. The specification complexity of the model-checking problem for
LTLf formulas or for NFW specifications is PSPACE-hard. To see that, given an alphabet
>, take a single state Kripke structure K that generates all words in ¥*, and note that
model-checking K and a given NF'W specification is equivalent to deciding the universality
problem for NFWs which is (even over a fixed alphabet) PSPACE-hard [GJ79|. Similarly,
model-checking K and a given LTLf formula is equivalent to deciding LTLf satisfiability
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(using the negation of the original formula) which is again PSPACE-hard even for a fixed
alphabet P [DGV13|.

To reduce the model-checking problem (for a fixed LTS L without edge labels) to the
PMCP problem with a fixed RB-template, simply build an RB-template P from L by adding
the edge label b to every transition, i.e., every transition in L becomes a broadcast transition.
Clearly, then, EXEC-FIN(P™) is exactly the sequences of the form A(7) where 7 is a finite
run of L. Thus, L = ¢ iff all executions in EXEC-FIN(P) satisfy ¢.

Theorem 3.7 from Section 3.4 now follows: the upper bound is in Theorem 5.13, the lower-
bound on the program complexity (and thus the combined complexity) is in Theorem 5.14,
and the lower-bound on the specification complexity is in Remark 5.15.

6. SOLVING PMCP FOR SPECIFICATIONS OVER INFINITE EXECUTIONS

The main step in our automata-theoretic approach to solve the PMCP for infinite executions
is the construction, given an RB-template P, of a B-automaton B (with a trivial Biichi set)
that accepts the language EXEC-INF(P°). In this section we describe the construction of
this automaton.

In order to construct the B-automaton B, it is helpful to recall the source of difficulty in
dealing with infinite executions as opposed to finite executions. Recall from Section 5 that
the finite executions were dealt with by simply turning the reachability-unwinding P~ into
a nondeterministic automaton A (by having each transition read as input the label of its
source state), and that this worked because of the equality between the state-labels of finite
runs of P~ and the finite executions of P>, as stated in the first part of Proposition 5.9.
Also, recall that the second part of the same proposition, which deals with the infinite case,
only states a containment (instead of equality), which may be strict — as illustrated by the
template P in Example 3.3. Indeed, looking at this template again, one can see that in order
to allow process 1 to trace p® for z € Ny, we can use a system with z 4+ 1 processes that
rendezvous with process 1 one after the other. However, no finite amount of processes can
allow process 1 to trace p“, since once a process rendezvous with process 1 it cannot do so
ever again. Thus, while the self loop on the initial state can be taken infinitely often in a
path in the template P (and hence also in a run of the automaton A), it can not be taken
infinitely often in a run of P*°.

The key to modifying A to obtain B is to treat edges of P~ differently based on the
conditions under which they can (or cannot) be taken infinitely often in runs of (P~°)*. In
particular, one has to distinguish between edges that can appear infinitely often on a run
with finitely or infinitely many broadcasts, and among the latter between ones that can or
cannot appear unboundedly many times between two consecutive broadcasts. Note that the
fact that an edge is only taken a bounded number of times between consecutive broadcasts
can be naturally tracked by the acceptance condition of a single counter.

The rest of this section is organized as follows. We formally present the classification
of edges along the lines outlined above, and prove a couple of easy lemmas about this
classification. We then give the definition of the automaton B and prove the correctness of
the construction.

Definition 6.1 (Edge Types). An edge e of P is

e [ocally-reusable iff it appears infinitely many times on some run of (P~°)% with finitely
many broadcasts.
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e green iff it appears infinitely many times on some run of (P~°)° with infinitely many
broadcasts.

e light green iff it appears unboundedly many times between broadcasts on some run
m = momy ... of (P7°)%° with infinitely many broadcasts, i.e., if for every n € N5 there
are © < j € Ny such that m; ... 7; contains n transitions using this edge and no broadcast
edges.

e dark green iff it is green but not light green.

Note that:

e light green edges are also green,

e dark green edges are exactly those green edges which satisfy that for every run of (P—)>
there is a bound on the number of times they appear between any two consecutive
broadcasts,

e green edges only belong to components of P~ that are on the loop of the lasso,

e broadcast edges can only be dark green.

Example 6.2. Neither edge in P~ for the template P in Figure 1 is locally-reusable or
green.

On the other hand, every edge in P~ for the template P in Figure 2 is dark green (and
none are locally-reusable).

It turns out that determining the type of an edge is decidable; this is a non-trivial
problem, and we dedicate Section 7 to solving it.

We now characterize the edge types in terms of witnessing cycles in (P~°)*°. Recall the
definition of legal configuration and path (Definition 5.4).

Lemma 6.3. An edge e of P™° 1is:

i. locally-reusable iff it appears on a legal cycle Ce of (P~°)*° that has no broadcast.
ii. green iff it appears on a legal cycle Ce of (P~°)* that has broadcasts.
iii. light green iff it appears on a legal cycle D, of (P~°)* that has no broadcast, that is
contained in a legal cycle C, with broadcasts;
iv. dark green iff it appears on a legal cycle C. of (P°)° that has broadcasts, but not on
any cycle without broadcasts that is contained in a cycle with broadcasts.

Proof. Observe that it is enough to prove the first three items.

For the ‘if’ directions, let n € N5 be the number of processes in C, (i.e., C¢ is a cycle
in (P~)"), and recall that since C. is legal, its source configuration f is in (P;°)" for some
i. Hence, by Lemma 5.8 (Loading), a configuration g such that g‘[n] = f (i.e., the first

n processes of g form the configuration f) can be reached from an initial configuration of
(P7)°; then, for items (i) and (ii), we can simply pump C, forever (with the extra processes
in g moving only on broadcasts). For item (iii), C is pumped in the following way: for every
i € Ny, at the i’th repetition of the outer cycle C. we pump the inner cycle D, for ¢ times.

The ‘only if” directions follow from the observation that every run in (P~°)* involves
only finitely many processes, and thus only finitely many distinct configurations, all of which

are legal (by Remark 5.5). L]
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Lemma 6.3 implies that every light green edge is locally-reusable, whereas a dark green
edge may or may not be locally-reusable.® The following lemma states that we can assume
that the cycles in Lemma 6.3 that witness broadcasts all have the same number of broadcasts.

Lemma 6.4. There is a number K such that for every green, light green, or dark green edge
e, the cycle Ce mentioned in items ii), iii) and iv) in Lemma 6.3 can be taken to contain
exactly K broadcasts.

Proof. Apply Lemma 6.3 to all the relevant edges in P~ and obtain cycles, say Ce,, Ce,, - - ,
Ce,. Suppose C¢, has k; broadcasts. Let K be the least-common-multiple of the k;s. By
repeating cycle Ce, for K/k; times, we obtain a witnessing cycle with exactly K broadcasts.

[

We now informally describe the structure of the automaton B. It is made of three copies
of A (called B™i B9 Blo¢) as follows: B! is an exact copy of A; the copy B9™ has only
the green edges left; and B°® has only the locally-reusable edges left (and in particular does
not have broadcast edges). Furthermore, for every edge (s,0,s’) in B we add two new
edges, both with the same source as the original edge, but one going to the copy of s’ in
B9 and one to the copy of s’ in B¢, The initial states of B are the initial states of B™.
The (single) counter increments at every transition in B, increment at every dark green
rendezvous edge in B9, and resets at every broadcast edge in B9,

Here is the formal definition.

Definition 6.5 (B-Automaton B). Let us introduces the process template:
P = (AP, %4, U{b},S.I,R,\)

and let P° = (AP, ¥4, U{b}, S, I°, R™°,A7°) be its unwinding. Define the B-automaton

B=(%58,I' R G,cc) as follows:

Y= 214P7

S" = {init, grn,loc} x S7°,

G = 9, i.e., the Biichi condition is always satisfied,

I' = {init} x I,

The transition relation R’ is i U dgrn U O1oc and the counter function cc are defined as

follows. For every transition e = (s,0,t) € R™°

(1) dinit contains the transitions 7 = ((init, s), A™°(s), (i,t)) for every ¢ € {init, grn,loc};
and cc(7) = inc.

(2) Ogrn contains the transition 7 = ((grn, s), \7°(s), (grn, t)) only if e is green; cc(7) = inc
if e is a dark green rendezvous edge, cc(7) = reset if e is a broadcast edge, and otherwise

ce(T) = skip;
(3) d10c contains the transition 7 = ((loc, s), A\ (s), (loc,t)) only if e is locally-reusable;
ce(T) = skip.

Since transitions of B are induced by transitions of P, we call transitions of B broadcast,
light green, etc., based on the classification of the corresponding transition of P—°. Figure 7
depicts a high level view of the B-automaton constructed from a process template P, assuming
that (s,o01,t) is a dark green rendezvous edge, (s,02,u) is a green broadcast edge, (s, 03,v)
is a light green rendezvous edge, and (s, 04, w) is a locally-reusable edge (for some 01,09, 03,
and oy).

8This overlap is the reason that we decided to use the term “locally-reusable” instead of naming these
edges by another color.
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Binit BIrn Bloc

-

Figure 7: A high level view of the B-automaton construction.

The rest of this section is concerned with proving that the construction is correct:

Theorem 6.6. For every RB-template P the language of B-automaton B is EXEC-INF(P).

Right-to-left direction. Take a € EXEC-INF(P*). By Corollary 5.7 we have that
EXEC(P*>) = EXEC((P7)*°). Thus, there is some m € P~ such that « = A™°(m). We
now show that there is an accepting run of B on «. First note that by Definition 5.11 and
Proposition 5.9, for every prefix of o there is a finite run on that prefix that remains in B,
There are two cases: either 7w contains infinitely many broadcast transitions or not. If it does
not, then from some point on all edges on 7 are locally-reusable. Thus, at that point, the
automaton can move from B™* to B¢, The resulting run is accepting since the counter is
never incremented in B!°°. On the other hand, if 7 has infinitely many broadcast transitions,
then from some point on, all its edges are green. Thus, at that point, the automaton can
move from B to BI9™™. Observe that the counter is reset on every broadcast edge and it is
only incremented on dark green edges, which by Def. 6.1, appear only boundedly many times
between broadcasts.

Outline of left-to-right direction. Let 2 be an accepting run in B on input a. By
Corollary 5.7 it is enough to construct a run 7 in (P°)* whose projection on process 1
has labeling a.. Let § be the run in P~ induced by € (recall that every transition of the
automaton is induced by a transition of P~°). The construction of 7 is guided by having
process 1 trace 3. We decompose 3 = 3’ - 3" where 3’ corresponds to the finite prefix of the
run  that stays in B¢,

In order to trace 3/, we use the techniques in Section 5 for finite traces. This leaves us
with the task of tracing 3” which contains either only locally reusable edges or only green
edges. First, observe that tracing a broadcast edge is easy since we can simply append a
global broadcast transition to the run 7 being constructed. On the other hand, for each
rendezvous edge e we will assign multiple groups of processes to help process 1 traverse e
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(the number of groups is discussed later). Each group associated with e has the property
that it can trace a cycle C, in which edge e is taken at some point, say by process p.. So, if
e is the next edge that process 1 should take, we progress some group along the cycle C,
to the point where e should be taken, then process 1 swaps places with process p. (this is
virtual, and merely re-assigns process ids); and then the group takes the next transition
along the cycle Cp, and so process 1 takes e. Note that in order for a group to be available
to assist process 1 again in the future, it has to be ‘reset’, i.e., put back to the same position
just before the edge e was taken. This is done differently, depending on the type of e. If
e is locally-reusable, then so are all subsequent edges f,g,... that process 1 should take;
so, since C,,Cy,Cy, ... do not contain any broadcast, the group can simply loop around
C. immediately after process 1 leaves Cc; when process 1 does leave Ce, it swaps with py
in Cf, and so on. If e is light green, then it is on an inner cycle D,, without broadcasts, of
C. (Lemma 6.3), so the group can loop around D, after process 1 swaps out — we call this
recharging — thus enabling it to help process 1 again even though it has not yet completed
the outer cycle C.. Finally, if e is dark green, this group will only be ready again after the
whole cycle C, is looped once more, which requires waiting for K broadcasts. Thus, until
that happens, if process 1 needs to trace e it will need the help of another group associated
with e. The key observation is that the number of these groups is bounded. The reason for
this is that 2 is an accepting run, and thus one can deduce that there is a bound on the
number of times a dark green edge is taken until the K broadcasts needed to complete the
cycle C are taken.

Detailed proof of left-to-right direction. Let {2 be an accepting run in B on input a.
Since every transition in B corresponds to a transition in P—°, let 8 be the corresponding
run in P~°. Since 2 is an accepting run, it either gets trapped in B9 or it gets trapped in
Bloc. Decompose Q = Q- Q" accordingly, i.e., the prefix ' corresponds to the run until it
first enters B'°° or B9™™. Decompose o = o' - o' and = 8’ - 8" accordingly.

We are required to construct a run of P> whose projection on process 1 is labeled a.
By Corollary 5.7 it is enough to construct a run 7 of (P~)> whose projection onto process
1 is labeled . We first construct a finite run p’ of (P~°)° whose projection on process 1
is 3. Since € stays inside B it is actually also an accepting run of A on o/. Thus, by
Corollary 5.12, o/ € EXEC-FIN(P®). By Corollary 5.7 it is also in EXEC-FIN((P ™)), i.e.,
there is a run p’ of (Pﬂ’)t for some number ¢ of processes whose projection onto process 1 is
o'. Let P° be the component that the run p’ ends in.

To complete the proof, we will construct an infinite path p” of (P~)™ for some number
n of processes, satisfying the following: 1) its projection on process 1 is 8” (note that this
implies that p” starts in a configuration where process 1 is in the same state as when it
ended p'), and 2) it starts in a configuration in P, . To see why this is enough to complete
the proof, proceed as follows in order to compose p’ and p”. Apply Lemma 5.8 (Loading) to
get a finite run p in (P~°)* that has the same number of broadcasts as p’, and ends in a
configuration that, when restricted to the first n processes, is the starting configuration of
p". Note that p’ may use m > n processes in order to achieve that. By Lemma 3.12, we can
simultaneously simulate both p and p’ in a run 7’ of (P~°)!™. Assume w.l.o.g. that the
first ¢ processes are simulating p’, and that the next n processes are simulating the first n
processes of p. Thus, at the final configuration of 7/, these n processes are exactly in the
states needed to start simulating p”, and processes 1 and ¢ + 1 are in the same state. Thus,
we can extend the simulation by letting process 1 exchange roles with process ¢t + 1 and
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having processes 1,¢ + 2, ...t + n simulate p” (with all other processes doing nothing except
responding to broadcasts). The resulting run 7 has the property that its projection onto
process 1 is labeled «, as promised.

Constructing p”. First, assume w.l.o.g. that P (and thus also P~) has no self loops ?

— this is not essential, but simplifies some technicalities in the construction. Second, we
differentiate between two cases, depending in which component " is trapped. We treat the
case that Q" is trapped in B9™ (the case that Q" is trapped in B¢ is simpler, and does not
use any new ideas). Note that we will ignore the technicality of keeping track of process
numbers, as we find it distracts, rather then helps one understand the proof.

Let Elight green (1€SP. Edark green) be the set of light green (resp. dark green) edges that
appear on 3’ and note that these are the only edges that appear on it (by the fact that
B9™ contains only green edges). For every edge € € Egark green (resSp. € € Ejight green) let Ce
(resp. Ce, D.) be the witnessing cycle(s) with exactly K broadcasts (for some fixed K) from
Lemma 6.4, and assume w.l.o.g. that (a) every such cycle C, starts in a configuration in the
component P, in which p’ ends, and (b) that if ¢’ is the first edge on 3", then ¢’ appears in
the first transition taken in the cycle C,r. To see how to achieve (a) note that if €’ and each
subsequent edge is locally-reusable, then because each C, does not contain any broadcast,
each C, is contained in P, . On the other hand, if the edges e are green, then e must be
on the loop of the lasso, and so P, is on the loop of the lasso (since €’ is), and so since C.
contains at least one broadcast, it must go through P, . Since (2 is an accepting run, the
counter is bounded on it. Thus, since in B9"" we increment the counter when reading a dark
green edge, and reset it when reading a broadcast edge, we can pick m € Ny such that every
dark green edge appears at most m times on any section of § that contains K broadcasts.

Let the designated occurrence of e on C, be defined as follows: if e is dark green then
it is the first transition in C, in which e is taken, and if e is light green then it is the first
transition of Cp, that is also on the nested cycle D, in which e is taken. For every h € [K],
let Ce(h) denote the portion of C. just after the h — 1 broadcast up to (and including) the h
broadcast. For h such that C.(h) contains the designated occurrence of e we divide Ce(h)
further into three pieces: Ce(h, 1) is the part up to the designated occurrence, Cc(h,2) is the
designated occurrence, and Cc(h, 3) is the remainder.

Take exactly enough processes to assign them to one copy G2 of C, for every e € Elight greens
and m copies GL,...G™ of C, for every e € Eqan green-

Given a group of processes G, for some i and e, we define the following operations:

e flush: G¢ simulates (using Lemma 3.12) the portion of C,(h) which it has not yet simulated,
up to but not including the broadcast;

e load: in case C.(h) contains the designated occurrence of e, then G* simulates (using
Lemma 3.12) the path Cc(h,1);

e swap: we say that we swap process 1 into G to mean that process 1 and process j in
G® (where j is a process that takes the edge e in the designated occurrence of e on C,)
exchange their group associations. I.e., process 1 joins G%, and process j takes its place in
the former group of process 1;

9A template can be transformed, in linear time, to one without self loops (and the same set of executions)
as follows: for every state s that has a self loop, add a new state § with the same labeling, replace every self
loop (s, 0,s) with (s, 0,3), and for every outgoing transition (s,0’,t), including self-loops, add the transition
(3,07, t).
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e recharge: if e is light green, we say that we recharge C. to mean that the group G°
simulates (using Lemma 3.12) tracing D, until reaching (but not executing) the designated
occurrence of e.

e mark: if e is dark green, we may mark a group G° as used or fresh by setting or resetting
a virtual flag.

Obviously (except for flush and mark), not every operation above can be taken at any
time. In particular, a swap is allowed only at a time process 1 and j are in the same state,
e.g., when process 1 is at the source of e and G% has just been loaded (and thus process j is
also at the source of e).

We are now ready to construct p”. The initial configuration of p” is obtained by having
all processes at the beginning of the cycles they were assigned to, and process 1 assigned to
the group G, where ¢ is the first edge on 8” (this can be done because €’ appears in the first
transition taken in the cycle C/). Note that this satisfies the requirement that p” starts in a
configuration in P;°. The rest is done in blocks, where in the i’th block we extend p” with
a path &; containing K broadcasts and whose projection on process 1 is the portion of 3”
after the (¢ — 1)K broadcast up to and including the i/K broadcast — which we call 3. The
construction will ensure that &', defined as the concatenation of the &;s, weakly-simulates all
the cycles of all the groups, and thus by Remark 3.14, will maintain the following invariant
(t): at the configuration f at the start of each block, the processes in every group of the
form G° are in states corresponding to the initial configuration g of C, (i.e., f Gi = g). The

invariant obviously holds for the first block by our choice of the initial configuration of p”.

For ¢ € Ny, assume that blocks < ¢ have been constructed. We now describe how to
build block 4. First, mark all the groups as fresh, then proceed in K rounds by repeating
the following algorithm for every 1 < h < K. Let e; ...e, be the prefix of 8 not yet traced
by process 1, up to and including the next broadcast (obviously, the length z of this prefix
depends on h). For every j € [z], if e; is light green pick the group Géj; and if it is dark green

pick the first fresh group from among the yet unpicked groups in Gé], e Gg‘j, and mark this
group as used (we can always pick a fresh group since — by our choice of m, and since 3/
has exactly K broadcasts — there are at most m occurrences of e; in /). Denote the group
thus picked by G¢;, and let G, denote whatever group process 1 is in at the beginning of
the round.
(1) For 1 < j < x repeat:

(a) Load the group G., and Swap process 1 into it;

(b) if j < 2 then have group G, simulate the transition C., (h,2), with process 1 taking

the edge e;.

(c) If j > 1, and ej_1 is a light green edge, then recharge Ge,_,.
(2) Flush all groups except G, (that process 1 is currently in). Note that since e, is a

broadcast, the loading of G, already put it in a flushed condition.
(3) Perform a broadcast (with process 1 taking the broadcast edge e,).

We illustrate the execution of the above algorithm for one round in Figure 8. Here,
we depict two dark green edges e; and e;; 1 of the run 5" along with the groups G, and
Gej+1 that enable the simulation of these edges in the run p”. The illustration shows that
each of the groups is first loaded (in order to prepare for the transition e; resp. e;41 to be
taken), then process 1 is swapped into the group (allowing process 1 to execute the respective
transition), after that transition e; resp. e;y; is taken, and finally each group is flushed to
prepare for the next symmetric broadcast (in order to be ready to participate in the next
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8 €j €j+1
o swap process 1
Ge, load €j flush
swap process 1
Ge,., load €j+1 flush

Jswap process 1

Figure 8: An illustration of how to simulate some dark green edges e; and e;; of the run 3"
in the run p” using groups G, and G, 41 .

round of the simulation). Since the invariant (f) holds at the start of each block, it is easy
to see that the algorithm can actually be executed. Indeed, the invariant ensures that the
algorithm can load when needed (and thus, swap and recharge when needed). It is not
hard to see that, as promised, the resulting path &; weakly-simulates all the cycles of all the
groups. To see that the projection of & on process 1 is 8/, observe that the moves performed
by process 1 in lines 1(b) and 3 of the algorithm trace exactly 5;. Furthermore, process 1 is
moved only in these lines since, by our assumption that P~ does not contain any self loop,
every edge in 3" is different than the edge just before and just after it and thus, process 1 is
never in a group when it is being loaded (except at the very beginning of the first block, in
which case the load in line 1(a) of the algorithm does nothing since this group is already in
a loaded position in the initial configuration of p).

This completes the proof of Theorem 6.6.

In Section 7 we will show how to decide the type of the edges in P~ (Theorem 7.1) in
polynomial time in the size of P™. Thus, we can build the B-automaton B in exponential
time in the size of P. Combining this with Theorem 6.6 we get Theorem 3.9 that says that
the PMCP for NBW/LTL specifications of RB-systems can be solved in EXPTIME.

Proof of Theorem 3.9. We reduce the PMCP problem to the emptiness problem for B-
automata.

Given a process template P, and the corresponding B-automaton B (whose Biichi set is
trivial), suppose the specification is given as an LTL formula ¢ (the case of NBW is given
afterwards). Let L(B) denote the language of B, and let L(—¢) denote the set of models of
—p. Then, every execution in EXEC-INF(P°) satisfies ¢ if and only if L(B) N L(—yp) = 0.
Using Theorem 2.2, let A-, be an NBW accepting all models of —¢, and denote its states
by @ and its Biichi set by G. Build the synchronous product of A-, and B to get an NBW
with one counter, call it M, whose language is equal to L(B) N L(A-,). By Lemma 2.1, one
can test whether L(M) is empty in PTIME. Thus, this PMCP algorithm is exponential in
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the size of the template P (since computing B can be done in time exponential in the size of
P) and exponential in the size of ¢ (since computing A-, can be done in time exponential
in the size of ¢).

For the case that the specification is an NBW A, we proceed in a similar way by noting
that we can build an NBW A’ for the complement of L(.A) in time exponential in the size of
A (see for example [Saf88]). []

7. DECIDING EDGE TYPES
This section is dedicated to proving the following result:

Theorem 7.1. Given a reachability-unwinding P~ of a process template P, the type (light
green, dark green, and locally-reusable) of each edge e in P~ can be decided in PTIME (in the
size of P°).

We will develop the proof of Theorem 7.1 in several steps:

1. The starting point for the proof of Theorem 7.1 is the characterization of edge
types in Lemma 6.3 through the existence (or lack thereof) of suitable cycles in (P~)>. In
Subsection 7.1, we weaken this characterization using the notion of pseudo-cycles. Pseudo
cycles are paths that start and end in configurations that are identical up to the renaming of
processes, i.e., there are exactly the same number of processes in every state, though the
identities of the processes in each of the states may differ. Pseudo-cycles can always be
pumped to a cycle by iterating the pseudo-cycle until the initial configuration is reached again.
Hence, pseudo-cycles can be seen as more compact representations of cycles. Importantly,
we are able to obtain a bound on the number of broadcasts in pseudo-cycles, which we need
for deciding edge types.

2. In order to be able to conveniently reason about pseudo-cycles we will work with
counter abstractions of R-Systems: In Subsection 7.2, we define vector rendezvous systems
(VRS) and their continuous relaxation, called continuous vector rendezvous systems (CVRS).
The notions of VRSs and CVRS are inspired by the notion of Vector Addition Systems
(VAS) [HP79|, where configurations only store the number of processes for every process
state but not the identity of the processes. VRSs are counter abstractions of R-Systems; in
particular, pseudo-cycles of R-Systems correspond to cycles in VRSs and vice versa. CVRSs
are a continuous relaxation of VRSs in which steps can be taken by a rational fraction.
CVRSs have the advantage that we can characterize reachability and the existence of cycles
in them by solving linear programming problems over the rationals. We will be able to work
with CVRs instead of VRSs because we will show that we can scale a CVRSs cycle to a VRS
cycle (as we are interested in the parameterized verification problem we can always scale the
number of processes). We then reduce the existence of witnessing pseudo-cycles for the type
of an edge to corresponding reachability statements for CVRSs, as outlined below.

3. In Subsection 7.3, we develop a characterization of reachability for CVRSs. This
characterization will give rise to an equation system and a fixed point algorithm, which is the
basis for our edge type computation procedure. The results in this subsection already allow
us to compute the locally-reusable edges and the light green edges (under the assumption
that the green edges are already known; the computation of the green edges is, however, only
done in the next subsection).

4. In Subsection 7.4, we show how to decide whether an edge of P~ is green. This
problem represents the main difficulty in deciding the type of an edge. We give an algorithm
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that computes all green edge of P~ and prove its correctness. We further remark that,
though not actually needed, one can derive a pseudo-cycle that contains all green edges from
our procedure.

7.1. Pseudo-cycles.

Definition 7.2. Let P be an RB-template with state set S, and let n € Nyg. Two
configurations f, f’ of P™ are called twins if every state is covered by the same number of
processes in f and f/, i.e. |f71(q)| = |f~(q)| for every ¢ € S.

Let g o h denote the composition g(h(-)). Observe that f, f’ are twins if and only if
there is a (not necessarily unique) permutation 6 : [n] — [n] such that f’ = f o 6. Intuitively,
6 maps each process in f’ to a matching process in f (i.e., one in the same state). Thus,

given a transition f % g, say t, in P", we denote by t[f] the transition f o6 g/_> gob
resulting from replacing process i with process 6(i) in ¢; and having ¢/ = b if 0 = b, and
o' = ((071(i1),a1),...,(07 (i), ax)) if o = ((i1,a1), ..., (ir,ar)). Note that the rendezvous
or broadcast action of the transition taken in ¢ and ¢[f] are the same — it is only the identities
of the processes involved that are different. Extend 6 to paths point-wise, i.e., if 1 = t1to ...
is a path then define 7[0] = ¢1[0]t2]0] . . ..

Definition 7.3. A finite path 7w of an RB-system P" is a pseudo-cycle if src(m) and dst(m)
are twins.

Obviously, every cycle is also a pseudo-cycle, but not vice-versa. For example, for P in

37 b 47
Figure 9, the following path in P* is a pseudo-cycle that is not a cycle: (p, ¢, q, T) M

((2,c1),(3,¢2)) ((3,a1),(4,a2))
(pa q,7, p) #} (p7 r,p,p) #} (pa "q, Q)
ay
start @ @
C2 a9

start —(1)*" €1

Figure 9: R-template.
ai
az
start H%,/yi/@
b
b

Figure 10: RB-template.

Remark 7.4. Similar to cycles, for which one can chose any point on the cycle as its start
(and end) point, one can chose any point along a pseudo-cycle as the start point. Indeed, if
C' is a pseudo-cycle that starts in a configuration f and ends in a twin f’, then given any
configuration g along C we can obtain a new pseudo-cycle, that uses exactly the same edges
(but with possibly different processes taking these edges) as follows: start in g and traverse
the suffix of C' until f’, reassign process id’s according to the permutation transforming f to
f" and traverse the prefix of C' from f to g using these reassigned processes to reach a twin

g of g.
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The following immediate lemma states that every pseudo-cycle m can be pumped to a
cycle.

Lemma 7.5. Given a pseudo-cycle (resp. legal pseudo-cycle) © in P™, and a permutation 0
such that dst(m) = src(m) o 0, then there is a z > 1 such that

7[00 x[0 Y7 [6?] . .. w[071],
is a cycle (resp. legal cycle) in P™, where 67 denotes the composition of 0 with itself j times.

Proof. We can choose z such that the permutation 6* is the identity (recall that the set of
permutations of a finite set forms a finite group, and that the order of every element in a
finite group is finite, i.e., there is some z € N5 such that 6% is the identity permutation). We
observe that dst(7[00]7[9']7[0?]...7[0*71]) = src(m) 0 §* = src(n), and thus it is a cycle. []

Recall that n,r denote the prefix-length and period of P~ respectively. The following
lemma states that we can assume that if an edge of P~ appears on a pseudo-cycle with
broadcasts then it also appears on one with exactly r broadcasts. Knowing this bound will
be crucial for decidability of edge types (in contrast, Lemma 6.3 only says that a bound
exists), as well as for obtaining good complexity for deciding PMCP.

Lemma 7.6 (Spiral). An edge e appears on a legal pseudo-cycle D in (P~°)*°, which contains
broadcasts, iff it appears on a legal pseudo cycle C' of (P~°)°, containing exactly v broadcasts
and starting in a configuration in P, °.

Proof. Assume D is a legal pseudo-cycle in (P~°)™, for some m € Nsy. By Remark 7.4 we
can assume w.l.o.g. that D starts and ends in a configuration in P,°. Observe that (by the
lasso structure of P~°) D must have Ir broadcast transitions for some [ € N5, and that
after every r broadcasts all processes are in P,°. Let fy be the initial configuration on D.
For every i € [l], let f; be the configuration in D just after ir broadcasts, and let p; be the
portion of D from f;_1 to f;. Observe that p; contains exactly r broadcasts. By Lemma 3.12,
we can compose the paths pi,...p; into a single path C in the system (P~)™ with mi
processes. It is not hard to see that C' is a legal pseudo-cycle. Indeed, after r broadcasts
the processes that were simulating p; are in states that match the configuration f; 1) mod
i.e., the configuration that the processes that simulate p(;;1) moq started in. Obviously, e
appears on C', which completes the proof. []

We now use the notion of a pseudo-cycle to give a characterization of the edges types
that is easier to detect than the one given in Section 6:

Lemma 7.7. An edge e of P™° is:

i. locally-reusable iff it appears on a legal pseudo-cycle C. of (P™°)*° without broadcasts.
ii. green iff it appears on a legal pseudo-cycle Ce of (P™°)% with r broadcasts.
iii. light green iff it appears on a legal pseudo-cycle C. of (P™°)* without broadcasts that
only uses green edges;
iv. dark green iff it is green and does not appear on a legal pseudo-cycle C. of (P~°)*
without broadcasts that only uses green edges.

[e.e]

Proof. Ttem iv. follows from item iii. since green edges are partitioned to light green and dark
green edges.

Items i. and ii. follow immediately from Lemmas 6.3 and 7.5 and the fact that every
cycle is also a pseudo-cycle (for the ‘only if” direction of item ii. use Lemma 7.6 to obtain a
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pseudo-cycle with exactly r broadcasts). The same fact, combined with Lemma 6.3, gives
the ’only if’ direction of item iii..

For the ‘if” direction of item iii., we claim that it is enough to show that: (}) there is a
configuration f of (P°)* and two pseudo-cycles C, D starting in f, such that D contains
broadcasts, and C' contains the edge e and does not contain any broadcast edge. Indeed, by
Lemma 7.5, one can pump C, D to obtain cycles C’, D’ starting and ending in f, and the
‘figure-eight’ cycle obtained by concatenating C’ to D’ is (according to Lemma 6.3) a cycle
witnessing that the edge e is light green.

We now show that if e appears on a pseudo-cycle C, satisfying item iii. then (}) holds.
Let g be the initial configuration of C. and let H := {s | g(s) > 0} be the set of states of P~
for which there is some process in that state in g. Assume w.l.o.g. that there is no process
that does not move on C, (such processes can simply be removed), and for every s € H, let
e’ be some edge in P~ appearing in C, whose source is s. Observe that by item iii. the
edge e is green, and apply Lemma 6.3 to obtain a witnessing cycle Ces starting with some
process in s. By Lemma 6.4, we can assume that the cycles Ces thus obtained for all states
in H have the same number of broadcasts. Hence, by Lemma 3.12, we can run together g(s)
copies of Ces, for all s in H, in one cycle D. Let f be the starting configuration of D. Note
that f(s) > g(s) for every state s in P~°, and obtain a pseudo-cycle C' starting in f which
simulates C, (since C, does not have any broadcast, processes that f has in excess of g can
simply not move). The proof is complete by noting that f,C' and D satisfy 7. []

7.2. Vector Rendezvous Systems. We now formally introduce VRSs and CVRSs. We
recall that k£ denotes the number of processes participating in a rendezvous, Y,ctn denotes
a finite set of rendezvous actions, and ¥,4; = Ugex, {01, - - ., ar} denotes the rendezvous
alphabet.

Given a finite set S, we can think of Q° as the set of rational vectors of dimension |S], and
we use the elements of S as indices into these vectors. We also use the standard operations
of vector addition and scalar multiplication. Finally, we compare vectors point-wise, i.e.,
given ¢, ¢ € Q% we say that ¢ < ¢ iff ¢(s) < ¢/(s) for all s € S.

Continuous Vector Rendezvous System (CVRS). A continuous vector rendezvous
system (CVRS) is a tuple V = (¥4, S, R), where S is a finite set of states and R C S x ¥4, xS
is a finite set of transitions. The configurations of V are the vectors @io. For a transition
t = (p,0,q), we denote by rdz(t) = o its rendezvous symbol, by src(t) = p the source state of
t, and by dst(t) = ¢ the destination state of t. Also, we denote by out(t) € {0,1}° the vector
that has a 1 entry at index p and zero entries otherwise, and by in(t) € {0,1}* the vector

that has a 1 entry at index ¢ and zero entries otherwise. We now define what it means for a
CVRS to take a step.

Definition 7.8 (Step of a CVRS). Given a k-tuple t = (¢1,...,%;) of transitions in R, the

CVRS V can step with multiplicity a € Qs from a configuration ¢ to a configuration ¢/
1,0t

using transitions t = (t1,...,t), denoted ¢ ——"—= ¢/, or ¢ Lo, d, if:
(i) there is an action a € ¥,etn such that rdz(t;) = a; for all 7 € [k],
(ii) c > « Zle out(t;), and
(iii) ¢ = c+a > (in(t;) — out(t;)).
A step is said to synchronize on a. We say that a transition ¢t € R participates in a step

E1yeety: . .
¢ K if t = ¢, for some i € [k].



27:46 B. AmiNor, S. RuBiN, F. SPEGNI, AND F. ZULEGER Vol. 21:2

. t1: to: .
A trace of V is a sequence of steps ¢1 —— ¢y ——25 ... ¢,. We say that a configuration ¢

. . . . t1:a ta:ax
is reachable from configuration c, denoted ¢ —* ¢, if there is a trace ¢; ——= ¢y —— - - - ¢y,

with ¢ = ¢ and ¢ = ¢,.
Vector Rendezvous System (VRS). A vector rendezvous system (VRS), is a restriction of
a CVRS, where the set of configurations is N and all steps are restricted to have multiplicity
a =1. Given any VRS V = (X,4,, S, R), the relazation of V is the same tuple interpreted as
a CVRS. Since a natural number is also rational, it is obvious that any VRS V = (¥4, S, R)
is also a CVRS.

Note that every trace of a VRS is also a trace of its relaxation, and that the relaxation
has more traces than the VRS since every rational multiple of a step in the VRS is a step in
its relaxation.

Remark 7.9. Every R-template P = (AP, ¥,4,, 5,1, R, \) defines a VRS V = (3,45, S, R)

with the same set of rendezvous alphabet, states, and transitions. These two systems are

closely related. Intuitively, V is an abstraction of P* in the sense that it does not keep track

of the state of every individual process, but only keeps track of the number of processes in

every state. More formally, every configuration f € P* induces a configuration ¢ of V, called

its counter representation, defined as c(s) := |f~Y(s) for s € S, i.e., ¢(s) is the number of
t .

processes of f that are in state s. Furthermore, ¢ Doy s g step of V if and only if there
is a global transition (f, o, f’) in P> such that ¢ and ¢’ are the counter representations of f
and f’ respectively, and t1,--- ,t, are exactly the rendezvous edges taken by the k active
processes in the transition (f, o, f’).

. . . . t1:an ta:a
We now define operations for manipulating traces. Given a trace £ := ¢y —— cg —

-+ cp of a CVRS V), we define the following two operations:

(1) Multiplication by a scalar 0 < 7: Let v ® £ be the trace yc; b e fer V.
(2) Addition of a constant configuration c: let ¢ @ £ be the trace ¢ + ¢; L N o lziaz,

s CHCpy.

It is not hard to see, by consulting the definition of a step, that v ® £ and ¢ @ &, are indeed
traces of V. Note, however, that multiplying by a scalar v < 0 would not yield a trace,
and that adding a vector ¢ that is not a configuration (i.e., which has negative coordinates)
may sometimes also not yield a trace — either because intermediate points may not be
configurations (due to having some negative coordinates), or since condition (ii) in the
definition of a step (Definition 7.8) is violated. Finally, traces in CVRSs have a converity
property that states that by taking a fraction 0 < v < 1 of each step of a trace ¢ —* ¢’ one
obtains a trace from ¢ to the convex combination (1 —~)c+ ¢

Proposition 7.10 (convexity). Let £ := ¢; fon, o, 1292, e, be a trace of a CVRS V,

and let 0 < v < 1 be rational. Define configurations ¢, := ~ye;+ (1 —~)c1 for 1 <i <n. Then

t1yan toryao
5/:261 \0/2 c/n

s a trace of V.
Proof. Simply observe that & is the trace ((1 —7)c1) & (7 ® ). ]

In the following two lemmas we combine Remark 7.9 with Lemma 7.7 in order to rephrase
the characterization of edge types in terms of the existence of certain CVRSs traces. We
begin by characterizing the locally-reusable edges and the light green edges (relative to green
edges):
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Lemma 7.11. An edge e of P~ is locally-reusable iff e participates in a step of a cyclic
trace of some component P, considered as CVRS, i.e., iff e participates in a step of a trace
§:=c—"c of CVRS P°. Moreover, e is light green iff £ uses only green edges.

Proof. We start with the ‘only if’ direction. By Lemma 7.7 there is a legal pseudo-cycle
C, which contains e, and which does not contain broadcasts. Because C' does not contain
broadcasts, we have that all configurations of C' are in some component P, of P™°. Let f
be the initial configuration of C', and let ¢ be its counter representation. By Remark 7.9, C
induces a trace  := ¢ —* ¢ in the VRS corresponding to P,°, and e participates in a step of
&. As every VRS is a CVRS the claim follows.

For the other direction, let e participate in a step of some trace £ := ¢ —* ¢ of the
CVRS corresponding to P;°. Let x be the least common multiple of all the denominators
that appear in the multiplicities of any step, or any coordinate of any configuration of &.
Consider the trace z ® £ := zc —* zc. Observe that all configurations on this trace are in
N9 and that all steps on it are taken with an integer multiplicity. By replacing every step
that uses a multiplicity y € N5 with y consecutive steps each with multiplicity 1, we obtain
a trace g := x¢; —* o} in P;° considered as VRS. By Remark 7.9, there is a corresponding
pseudo-cycle C of P;, and e appears on C. The claim then follows from Lemma 7.7.  []

We now turn to characterizing the green edges.

For the statement of the lemma, recall (see Section 5) that the template P~ is built from
component templates arranged in a lasso structure. Let Z := {n,n+1,...,n+r—1=m} be
the set of indices of the components on the noose of P~°, and for every i € Z define next (i)
(resp. prev(i)) to be the component number immediately following ¢ (resp. preceding i)
along the noose. Note that, in particular, next(n +r — 1) = n and prev(n) =n+r — 1.

Lemma 7.12. An edge e of P~ is green iff, for every i € Z: (i) there is a subset T; of

the transitions of P, and a subset B; of the broadcast transitions from P, to P;wt(i); (i1)

there are coefficients ay € Qsq for every t € B;; and (iii) there is a trace & = ¢; —=* ¢, of
the CVRS of P using exactly the transitions T;; such that: e € Ujez(B; UT;), and for all
q € S;° the following holds:

(1) ci(q) = ZteBmv(i>,dst(t):q -
(2) C;(‘]) = ZteBi,src(t):q Q-

Proof. By Lemma 7.7, it is enough to show that e appears on a pseudo-cycle C, with r
broadcasts, of (P7°)* iff the conditions of the lemma hold. First, assume that such a
pseudo-cycle C' exists. For every i € I, let f; (resp. f!) be the configurations of C' in P, just
after (resp. just before) a broadcast, let C; be the sub-path of C' from f; to f/, let 7; be the
process transitions appearing on C;. By Remark 7.9, C; induces a trace §; := ¢; —* ¢, of the
CVRS of P, using exactly the transitions in 7;, where ¢;, ¢} are the counter representations
of f;, fi. Consider now the global broadcast transition of C' from f; to freqzt(s), let B; be the
set of local broadcast transitions that participate in it, and for every ¢t € B; let a4 to be the
number of processes in f] that take ¢. It is easy to see that the conditions of the lemma are
satisfied.

For the other direction, assume that sets 7; and B;, coefficients oy, and traces &; satisfying
the conditions of the lemma exist. Using the same argument as in the proof of Lemma 7.11
— by taking x to be the least common multiple of all the denominators that appear in the
multiplicities of any step or any coordinate of any configuration of these traces, as well
as any of the coefficients oy — we can obtain from each trace §; a trace g; 1= x¢; —* xc}
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in the VRS corresponding to P;°. We can now build the required pseudo-cycle C' in r
rounds. We start by (arbitrarily) picking some i; € Z, and a configuration f;; whose counter
representations is xc;,. At each round j, we extend C' by concatenating a path (obtained
from o;; by Remark 7.9) from f;, to a configuration fi’j whose counter representation is a:c;j;
we then append a global broadcast transition in which each edge t € B;; is taken by exactly
zay processes, resulting in a configuration f;;,, whose counter representation is T¢pez (i)
(this is possible by equations (1) and (2) in the conditions of the lemma).

It follows that, at the end of the last round, C' is a path in (P~)* from f;, to f; .,
whose counter representations are xc;, and xcpequr(;;) = x¢iy, respectively. Thus, C'is a

pseudo-cycle. ]

In Lemmas 7.11 and 7.12 we have related edge-types to the existence of certain CVRS
traces. Developing a criterion for the existence of CVRS traces is the subject of the next
subsection. Having developed this characterization, we can replace the existence of CVRS
traces with this criterion in the two lemmas mentioned. This will then allow us to present
our algorithms for deciding edge-types using linear programming.

7.3. Characterization of Reachability in CVRSs. Our aim in this section is to develop
a characterization of the existence of a trace between two configurations ¢, ¢ in a CVRS
which can be used as a basis for an efficient algorithm. Looking at Definition 7.8 of a step,
one can see that the task is very simple if ¢’ is reachable from c in one step. However, in
the general case, a trace from ¢ to ¢’ may have a very large number of steps, so we have
to find a way to avoid reasoning about each step individually. The following proposition
is our starting point for summarizing a large number of steps by equations, and it follows
immediately from the definitions of a step and a trace:

Proposition 7.13. Let V = (X,4,, 5, R) be a CVRS, and let £ :== ¢ —* ¢ be a trace in it.
For every t € R, let oy € Q>0 be the sum of the multiplicities of all the steps in & in which t
participates. Then:

(1) ¢ =c+ > cpae (in(t) — out(t));
(2) For every rendezvous action a € Xacen, and every i, j € [k|, we have that

> oa- Y o

teR,rdz(t)=a; teR,rdz(t)=a;

We will see that the inverse of Proposition 7.13 also holds, provided one adds some
suitable conditions, as follows. The equations of Proposition 7.13 ensure that the ‘accounting’
in a trace is done correctly, i.e., that the transitions can be allocated to steps — item (2),
corresponding to requirement (i) in Definition 7.8 — and that added to the vector ¢ they
yield the vector ¢ — item (1), corresponding to requirement (iii) in that definition. In order
to extend Proposition 7.13 to a full characterization of reachability, we need to address the
last element in the definition of a step (requirement (ii)) which states, for every state s, that
c(s) is at least the multiplicity of the step times the number of transitions that participate in
the step whose source is s. Observe that if ¢(s) > 0 this condition can always be satisfied if
« is small enough; however, if ¢(s) = 0, and there is some ¢ € [k] such that src(¢;) = s, then
the condition is necessarily violated. The characterization we now develop will thus make a
distinction between those states for which ¢(s) > 0 and those for which ¢(s) = 0.
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We will use the following terminology: For a vector ¢ € Q2,, let the support of ¢ be
the set ()70 := {s € S| ¢(s) > 0}. We will also make use of the following notation:
for a set of transitions R, we lift src and dst as follows: src(R) = {src(t) | t € R} and
dst(R) = {dst(¢) | t € R}.

The following lemma states that we can summarize a large number of steps between two
configurations in case the support of the two configurations is the same and no step increases
the support:

Lemma 7.14. Let V = (¥,4;, S, R) be a CVRS. Let ¢, € Qio be configurations and let
o € Q¢ be coefficients for every t € R such that: a

(1) & = e ¥y (in(t) - outl(t));
(2) For every rendezvous action a € ¥acen, and every i, j € [k|, we have that

S oas= Y

teR,rdz(t)=a; teR,rdz(t)=a;

(3) (070 = ()7
(4) For R := {t € R | oy > 0} we have src(R') C ()70 and dst(R') C (c)7°.

Then, we have ¢ —* ¢’ and all transitions in R’ participate in some step of this trace.

Proof. Equations (1) and (2) give us a good starting point for showing the existence of a
trace from c to ¢. Indeed, (2) allows us to group the transitions in R’ into steps such that
each transition ¢ € R’ is taken with a combined multiplicity of ay; and (1) guarantees that
concatenating all these steps will take us from ¢ to ¢/. It remains to find a way to make
sure each of these steps satisfies requirement (i7) in the definition of a step (Definition 7.8).
We begin, however, by ignoring this problem. That is, we will consider quasi-steps and
quasi-traces. Formally, quasi-steps are like steps except that they are between arbitrary
vectors in Q7 (as opposed to steps which were defined only for vectors in Qio), and that
they do not have to satisfy requirement (ii) of Definition 7.8. We will denote quasi-steps
using =>. A quasi-trace is simply a sequence of quasi-steps where the destination of each
quasi-step in the sequence is the source of the next one. We complete the proof by first
constructing a quasi-trace ¢ from ¢ to ¢/, and then showing how to turn p into a trace.

We construct ¢ using the following algorithm. If ¢ = ¢ then we are done. Otherwise, at
round 0, set p to the empty quasi-trace, and v1 := ¢ be the source of the first quasi-step to
be constructed. At round > 1, do the following:

(1) pick a transition ¢ whose oy is minimal among all edges in R’; let a; be rdz(t);
2) let t; :=t, and for every j € [k] \ {i} pick some t; € R’ with rdz(t;) = aj;
)
)

. . t1,..0k:
extend p with the quasi-step v; SEHINEEN Vit1;

for every j € [k], subtract a; from oy, and if the resulting ay; is zero then remove t;
from R'. If R’ = () stop and output o.

(
(3
(4

Since at least one transition (namely the transition ¢ picked in step 1) is removed at the
end of each round, the algorithm stops after at most |R’| rounds. It is also easy to see that
item (2) of the lemma is an invariant of the algorithm (i.e., it holds using the updated values
at the end of each round). This, together with our choice of ¢, ensures that we are always
able to find the required transitions in the second step of every round. Finally, observe that
the resulting final quasi-trace g uses every transition ¢ in (the initial) R’ with a combined

multiplicity which is exactly a4 and thus, by item (1) of the lemma, we have that ¢ ends in
¢ as promised. It remains to show how to derive from g a trace from c to .
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Figure 11: A graphical representation in two dimensions of the replacement of quasi-steps
(in dotted arrows) by steps (in dashed arrows). In this example h = 3 and m = 2.

Let m be the number of quasi-steps in g. For j € [m], denote the transitions taken in
the j-th quasi-step of o by #{,...,t], denote the multiplicity used by o/, and the destination
reached by v; (also set vy := ¢). Consider ¢ = vg,v1,...,vn = ¢ as points in the |S|-
dimensional Euclidean space. Let H := (¢)?0 = ()70 (by item (3) of the lemma). We
note that every point on the line segment L between ¢ and ¢’ also has support H (being a
convex combination of ¢ and ¢’). It follows that L does not touch any of the hyperplanes
corresponding to the states in H (i.e., the hyperplanes defined by the equations v(s) = 0, for
s € H). Let > 0 be the minimum of the Euclidean distances between L and any of these
hyperplanes'?, let i be the maximum over j € m of the multiplicities o7, and let h € Nsq be
large enough to satisfy mTz”k <z

Construct a new quasi-trace ¢’ from ¢ to ¢ by starting at ¢, and repeating h times the
following: for j =1,...,m, extend ¢ by taking a quasi-step using the transitions t{,...,t]
with multiplicity a//h. This construction is illustrated in Figure 11. We claim that ¢’ is
actually a trace, i.e., that for every s € S, and every point v,4; on ¢ (where 0 <1 < h,
and 0 < j < m) we have that condition (ii) in Definition 7.8 is satisfied, namely, that
Vim4§(8) > Otm+j(8), Where op4; is the vector % Zle out(t]). Observe that this not only
guarantees that each quasi-step is a step, but also that all points on ¢’ are configurations
(i.e., have no negative coordinates). Consider first the case of s € S\ H. By item (4) of the
lemma, src(R') € H and dst(R') C H, and thus vj,4;(s) = ¢(s) = 0 = 0pm44(s). For s € H,
note that opy,;(s) < %, and thus it is enough to show that vp,;(s) — % > 0. Observe
that, for every 0 <[ < h, the point reached after taking Im quasi-steps of ¢ is ¢ + %(c’ —0),
which is a point on L. Hence, by our choice of x, we have that vy, (s) > . Also note that
each quasi-step on ¢’ can decrease vy, (s) by at most y—k, thus, for every 0 < j < m, we have

that vlmﬂ-(s)f% Zvlm(s)fmTyk >x—x=0. []

The above lemma already allows us to characterize the locally-reusable edges, as well as
the light green edges (relative to green edges):

10Recall that in a Euclidean space the distance between a hyperplane and a line-segment, that does not
touch it, is positive.
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Lemma 7.15. Gwen a component P, of P, an edge e of P, is locally-reusable iff there
are coefficients oy € Q¢ for every t € R;°, such that:

(1) 0= ZteRf’ ay (in(t) — out(t));

(2) For every rendezvous action a € Xacen, and every j, h € [k], we have that
EteRf’,rdz(t):aj Q= ZteRf’7rdz(t):ah Q5

(3) ae > 0.

Moreover, e is light green iff we further require that the set {t € R; | oy > 0} only
contains green edges.

Proof. For the ‘only if’ direction, we observe that by Lemma 7.11 there is a trace £ := ¢ —* ¢
of the CVRS P, such that e participates in a step of {. Moreover, { uses only green edges
in case e is light green. By Proposition 7.13, we can derive coefficients oy € Q> that satisfy
the conditions of the lemma.

For the ‘if’ direction, let R = {t € R; | ax > 0} and H = src(R’) Udst(R’). Set c € Qiio
to the configuration defined by c(q) = 1, if ¢ € H, and ¢(¢) = 0, otherwise. Then, apply
Lemma 7.14 and obtain a trace § := ¢ —* ¢ of the CVRS P, such that e participates in a
step of £&. By Lemma 7.11, the type (locally-reusable, or light green) of e follows. ]

Lemma 7.15 gives rise to a PTIME algorithm for computing the locally-reusable and light
green edges (in case we already know the green edges):

Corollary 7.16. Let e be an edge of P~°. We can decide in PTIME (in the size of P~°),
whether e is locally-reusable, and whether e is light green (assuming we already know which
edges are green).

Proof. For every edge e of P, we need to find a solution that satisfies the equations of
Lemma 7.15. Such a solution can be found by linear programming over the rationals, which
is in PTIME. []

The rest of this section will be dedicated to addressing the problem of deciding whether
an edge is green or not. Observe that — unlike locally-reusable and light green edges for
which a witnessing pseudo-cycle is characterized by Lemma 7.11 using a cyclic trace in a
single CVRS — the characterization of the witnessing pseudo-cycle for a green edge in terms
of CVRS traces (as given by Lemma 7.12) involves non-cyclic traces in multiple different
CVRSs. Hence, our first step is to develop a general characterization of reachability in CVRS
which extends the characterization given in Lemma 7.14 to the case of traces whose source
and destination configurations may have a different support. We begin with the following
property of the support:

Lemma 7.17. Let V = (2,45, S, R) be a CVRS and let ¢, c1,co € QS be configurations of it.
>0 9

Then: B

(1) If ¢ =* ¢1 and ¢ —* ¢y then there is a trace ¢ —* c3 with (c3)7° = (¢1)7° U (c2)7?;

(2) If c1 —=* ¢ and cg —* ¢ then there is a trace cz —* ¢ with (c3)7° = (¢1)7° U (¢c2)70.

Proof. Let ¢z = 1c1 + Seo, and observe that (c3)7% = (¢1)7% U (¢2)7°. It remains to show
the desired traces between ¢ and c3. For the first item, let & := ¢ —* ¢1, and & := ¢ —* ca.
A trace from ¢ to cg is obtained by concatenating ¢ & (3 ® &) and 3e1 @ (3 ® &). For
the second item, let & :=c¢1 =* ¢, and & := co —* ¢. A trace from c3 to ¢ is obtained by
concatenating 3c; @ (3 ® &) and e (3 ® &). ]
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Let V = (Y4, S, R) be a CVRS, let R’ C R, and let ¢ € Q< be a configuration. We say
that a set H C S is forward (resp. backward) R'-accessible from c if there is a trace ¢ —* ¢/
(resp. ¢ —* ¢), with all of its steps using only transitions from R’, such that (¢)7° = H.
We define forw(c, R') (resp. back(c, R')) to be the union of all sets H C S that are forward
(resp. backward) R’-accessible from c.

Remark 7.18. Observe that Lemma 7.17 implies that forw(c, R) is forward R’-accessible
from ¢, and that back(e, R) is backward R'-accessible from c. It follows that forw(c, R') (resp.
back(c, R')) is the maximal subset of S that is forward (resp. backward) R'-accessible from c.

Proposition 7.19. Given a CVRSV = (3,4;, S, R), a subset R' C R, and a configuration c,
the sets forw(c, R') and back(c, R') can be computed in PTIME.

Proof. We present a fixed point algorithm for computing forw(c, R); computing back(c, R')

is done in a symmetric fashion. Construct an increasing chain Hy C Hy C --- of sets H; C .5,
until a larger set cannot be found, as follows. Let Hy := (¢)7°. For each i, we check if there is
an action a € Y,ctn, and there are transitions ¢y, ..., t; € R’ with rdz(t;) = a; for all j € [k],

such that src({t1,...,tx}) C H; and dst({¢1,...,tx}) € H;. In case there are such transitions,

we set Hi1 := H; Udst({t1,...,tx}); otherwise, we are done and have H; = forw(c, R').
The correctness of the algorithm is demonstrated as follows. First, to see that for every

round 14, the set H; is contained in forw(c, R'), proceed by induction on i. Note that, by the

induction hypothesis, there is a trace € := ¢ —* ¢; with (¢;)7° = H;, and that this trace can be
extended to a trace & 1= ¢ —* ¢; Y civ1, with (ci41)70 = dst({t1, ..., tx)UH; = H;iq,
by choosing 0 < a < % -minqe(cl_)yto{ci(q)}. To see that the algorithm outputs forw(c, R’), and
not a proper subset of it, let £ := ¢ —* ¢ be a trace such that (¢/)7° = forw(c, R'). Assume
by way of contradiction that the support of some configuration along £ is not contained
in the output of the algorithm, and let ¢;11 be the first such configuration on £. Consider
the step ¢; RAERUIEN cir1 and note that src({t1,...,tx}) C (¢;)7°. Let Py, P, Py,--- , P,
be the sequence of sets computed by the algorithm. By minimality of i, there is a j such
that (c;)”° C P; C P,. Thus, src({t1,...,tx}) C P, and dst({t1,...,t;}) € P,. But this
contradicts the termination condition of the algorithm. []

The following simple property of the operators forw and back will be useful:

Proposition 7.20. Let V = (X,4,, S, R) be a CVRS and let £ := ¢ —* ¢ be a trace of
V. Let R be the set of transitions that participate in steps of €, and let Configs be the set
of configurations that appear in &. Then, forw(c, R') = back(¢,R") = | ()70 =
(e)*O U dst(R') = (/)70 U src(R').

Proof. For every configuration ¢° that appears on £, the prefix ¢ —* ¢° of &, and the
suffix ¢® =* ¢ of £, obviously only use transitions from R’. Hence, |J,.. Configs ()70 C
forw(c, R') and UCOGConﬁgs(Co)7£0 C back(d, R'); as well as UcoeConﬁgs(Co)ﬂ C (e u
dst(R’) and Ucoeconﬁgs(co)7é0 C ()70 Usrc(R'). For the other direction, observe that
forw(c, R') C (c)7° U dst(R') C UCOEConﬁgs(co);éO and, similarly, back(¢,R') C (¢)7° U
SFC(R/) c UCOGConﬁgs(co);éo' [
Remark 7.21. It is worth noting that for every configuration ¢ and set of transitions R, we
have that forw(c, R') C (¢)7° Udst(R’) (resp. back(c, R') C (¢)7° Usrc(R')); however, only
in case there is a path from ¢ (resp. to ¢), that uses exactly the transitions in R’, do the
reverse inclusions also hold.

c® e Configs



Vol. 21:2 PMC OF DISCRETE-TIMED NETWORKS AND SYMMETRIC-BROADCAST SYSTEMS 27:53

We are now ready to state a full characterization of reachability in CVRSs:

Theorem 7.22. Let V = (X,4;, S, R) be a CVRS. A configuration ¢’ € @go is reachable from

a configuration c € ng iff there are coefficients oy € Q> for every t € R such that:

(1) ¢ =c+ > cpas (in(t) — out(t));

(2) For every rendezvous action a € Xcen, and every i, j € [k], we have that 3 e g r(t)—a, Ot =
ZteR,rdz(t):aj Qs

(3) For R :={t € R | oy > 0} we have that src(R') C back(¢/,R"), dst(R') C forw(c, R'),
and forw(c, R') = back(c', R').

Proof. For the forward direction, take a trace £ := ¢ —* ¢/. For every t € R, let oy be the
sum of the multiplicities of the steps of ¢ in which ¢ participates. By Proposition 7.13, we
have that condition (1) and (2) of the lemma are satisfied. Condition (3) holds by applying
Proposition 7.20 to &.

For the reverse direction, assume that there are coefficients a; such that conditions (1)-
(3) are satisfied. Let H := forw(c, R') = back(¢/, R'). By Remark 7.18, we can obtain
traces & = ¢ —* ¢; and & = ¢ —* ¢, using only transitions from R’, such that
(c1)70 = H = (¢2)70. Tt remains to show that cy is reachable from ¢;. For every transition
t € R, let a; (resp. a?) be the sum of the multiplicities of the steps of &1 (resp. &) in which
t participates, and let v; = ay — o} — 7. By the convexity property (Proposition 7.10) we
can assume w.l.o.g. that: (§) o) and o7 are small enough such that v; > 0 for all t € R’
(simply apply the convexity property to &; and £ with a small enough v to obtain, if needed,
replacement &1, &, ¢1, ¢2). By Proposition 7.13, we get that ¢; = ¢+, g of (in(t) — out(t)),
and ¢ = ca + Y, cp o (in(t) — out(t)). Combining the last two equalities with condition (1)
of the Lemma, and rearranging terms, we get:

ca=c1+ Z Ve (in(t) — out(t)) (f)

teR’

Again, by Proposition 7.13, we have for every [ € {1,2}:

Va € Yactn, 1,] € [k] : Z a7lf = Z ai’

teR! rdz(t)=a; te R/ rdz(t)=a;

Together with condition (2) we thus get that:

Va € Yactn,,j € [K] : Z "= Z Ve (1)

teR! rdz(t)=a; teR/ rdz(t)=a;

By (1) and (f), and our choice of ¢1, c2, the requirements of Lemma 7.14 are satisfied for
c1, ¢ and coefficients ;. Hence, ¢y is reachable from c¢;. ]

Remark 7.23. The characterization in Theorem 7.22 is an adaptation of the characterization
of reachability in continuous vector addition systems from [FH15]; this characterization leads
to a PTIME decision procedure for reachability. We have redeveloped this characterization
result here for CVRSs for the following reason: One can convert VRSs resp. CVRSs into
VASs resp. CVASs, resulting, however, in a potentially exponential number of transitions.
That is because for every k-wise rendezvous action a, we have to create a transition of the
VAS resp. CVAS, for every possible combination of transitions labelled by aq,...,a;. The
resulting number of transitions is exponential in k. By redeveloping the results for CVRSs,
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however, we directly obtain (basically the same) characterization result for CVRSs, which
leads to a PTIME decision procedure for reachability (which is used as part of Algorithm 1).

7.4. An Algorithm for Finding the green Edges. In this section we present a PTIME
algorithm for deciding the existence of pseudo-cycles with r broadcasts in (P~°)°. The
algorithm will be developed based on the following characterization which is an immediate
consequence of Lemma 7.12, using Theorem 7.22 to characterize the traces &; of this lemma.
Recall that 7 is the set of indices of the components on the noose of P~°.

Corollary 7.24. An edge e of P is green iff, for every i € Z: (i) there is a subset T; of

the transitions of P;°, and a subset B; of the broadcast transitions from P, to Pn‘gxt(i), with

e € Uier(Bi UT;); (i) there are coefficients oy € Q¢ for every t € T; U B;; such that:
(1) ¢ = ci+ > 7 ar (in(t) — out(t)), where c;, ¢ are defined, for every q € S;°, by:
ci(q) == ZtEBpTeU(i),dst(t):q oy, and Cg(q) = ZtGBi,src(t):q at;
(2) for every rendezvous action a € X,en, and every j, h € [k], we have that

Zten,rdz(t):aj Qr = Zteﬂ,rdz(t):ah Qg
(3) dst(T;) C forw(ci, T;), src(T;) C back(c,, T;), and forw(c;, T;) = back(c,, T;).

Corollary 7.24 gives rise to Algorithm 1 for computing the set of green edges of P™.

We remark that the algorithm presented here for computing green edges differs from our
original algorithm in [ARZS15]. Here, we use an algorithm that is inspired by, and extends,
Algorithm 2 in [FH15] for deciding the reachability of a target configuration from an initial
configuration in continuous vector addition systems. The extension is in two ways: first from
vector addition systems to CVRSs, and second by adding machinery for handling broadcasts.

Theorem 7.25. Deciding if an edge of P~ is green can be done in PTIME.

Proof. We begin by making a couple of important observations. In each iteration of the
main loop of the algorithm we need to find a solution to a constraint system forming a linear
programming problem over the rationals, with no objective function, whose canonical form
is: Az = 0,2 > 0 (for some matrix A and vector z of variables), such that the solution is
maximal with respect to the number of non-zero variables a;. Given that linear programs of
this canonical form have the property that the sum of any two solutions is itself a solution,
we have that: (1) one can find a maximal solution x by looking, for every t € T; U B;, for a
solution to the system Ax = 0,z > 0,a; > 0, and adding together all the solutions that were
found; (1) for every variable oy of the system Az = 0,z > 0, if there is a solution in which
ay > 0, then a; > 0 in every maximal solution.

We now show that Algorithm 1 outputs exactly the set of green edges of P~°.

To see that every edge output by the algorithm is green, we will apply Corollary 7.24
(direction ‘if’) to the sets 7; and B; and the coefficients «; from the solution obtained in the
last iteration of the algorithm. Observe that at this last iteration all the sets have reached
a fixed point. Hence, in particular, for every ¢t € T; U B; we have that oy > 0, and (§)
dst(7;) C H;, src(7;) € H;. Since the constraint system in the algorithm exactly matches
requirements (1) and (2) in Corollary 7.24, the only thing we have to show before we can
apply this corollary is that also condition (3) holds. Observe that, by §, it is enough to
show that at the last iteration forw(c;, 7;) = H; and back(c}, 7;) = H;. We will show the first
equality, the second is shown in a symmetric way. Consider the following chain of inequalities:
H; C forw(c;, Ti) C (¢;)7° Udst(T;) € (¢;)7° U H; € H;. The first containment is by the
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Input: P—.

Initialize — for every i € 7 do:
7; := all rendezvous transitions of P, ;

B; := all broadcast transitions from P;° to P~ , (i)}

Repeat: For every i € Z: take variables ¢;(q), c(q) for every ¢ € S;°, and «y for
every t € T; U B;.

Find a solution to the following constraint system, such that the number of non-zero
variables «; is maximal:

e oy > 0 for every t € T; U B;;

e ci(q) = ZteBpTev<i),dst(t)=q oy, for every g € S;°;

e (q) = Dt By sre(t)—q Ot for every q € S

;= ¢+ et cu (in(t) — out(t));

° Ete%rdz(t):aj oy = Zteﬂ,rdz(t):ah ay for every a € Y,y and j, h € [K].

Let H; := forw(c;, T;) N back(c}, T;);

Let T, :={teTi|au >0} N{t € T;|src(t) € H; Ndst(t) € H;};

Let B; := {t € B; | ap > 0},

Until neither 7; nor B; change, for any i € Z.

Output: (J;,c BiUT;
Algorithm 1: Algorithm for computing all edges of P~ that can appear in a pseudo-
cycle with broadcasts of (P~)>

definition of Hj;, the second by Remark 7.21, the third by §, and the last by the following
argument: for ¢ € (¢;)7?, if ¢ € src(7;) Udst(T;) then ¢ € H; by §; otherwise, ¢ € (¢})7° (by
the constraint ¢ = ¢; + ;- a (in(t) — out(?))), and since by definition (¢;)70 C forw(c;, T;)
and (c;)7° C back(c}, T;), we have that q € forw(c;, 7;) N back(c}, ;) = H;.

To see that every green edge e of P is output by the algorithm, apply Corollary 7.24
(direction ‘only if’) to e to obtain sets 7:; and B;, and coefficients é; > 0, satisfying the
conditions of the corollary. We claim that if ’7~Z U Bi C 7; U B; holds, for every i € Z, at the
beginning of an iteration (which is the case at initialization) then it also does at its end. Note
that this would conclude the proof since e € Uiez(B; UT;) by condition (i) of the corollary.
To prove the claim, note that if 7; U BZ C 7, U B;, for every i € Z, then the coefficients &
induce a (not necessarily maximal) solution to the constraint bystem Hence, by observation
(1) at the beginning of the proof, every maximal solution ay,c, ¢’ of this system will have
oy > 0 for every t € T;U B;. The claim follows by showing that src(7;) Udst(7;) C H;. To see
this, observe that a; > 0 for every ¢ € B; implies (by the definition of ¢; and ¢ in condition
(1) of the corollary, and the corresponding constraint in the algorithm) that (¢ )70 C (¢)70
and (¢))70 C (¢})7°. Hence, forw(cz,ﬁ) C forw(c;, 7;) and back( &, T C back(c}, 7;). Since,
by condition (3) of the corollary, src(7;) U dst(7;) C forw(é;, T;) = back(é, 7;) we are done.

It remains to show that the algorithm runs in polynomial time. Since in every round at
least one transition is removed from either 7; or B;, for some i, the main loop repeats linearly
many times in the size of P~°. By observation (f) at the beginning of the proof, finding a
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maximal solution to the constraint system of each iteration can be done by solving a linear
number of linear programming problems (of polynomial size) over the rationals, which is in
PTIME. Since, by Proposition 7.19, calculating forw(c;, 7;) and back(c}, 7;) is also in PTIME,
we conclude that the whole algorithm runs in polynomial time. L]

Theorem 7.25, together with Corollary 7.16, yield the promised proof to the main theorem
(Theorem 7.1) of this section.

8. CONCLUSION

We have established the decidability and complexity of the PMCP for safety and liveness
properties of RB-systems, which are polynomially inter-reducible with discrete-timed networks.
The lower and upper complexity bounds for safety properties are tight. We leave open the
problem of whether our EXPTIME upper-bound for liveness properties is tight. We note
that the PSPACE lower bound for safety properties also implies a PSPACE lower bound for
liveness properties. The EXPTIME upper bound is established by (repeatedly) solving an
exponentially sized linear program. As linear programming is known to be PTIME-complete,
it seems unlikely that our techniques can be improved to show a PSPACE upper bound.

A further direction for future research concerns whether our results for the discrete-time
model can be lifted to the continuous-time model without a distinguished controller (note that
PMCP for continuous time networks with a distinguished controller is undecidable [AJ03]).
For example, time-bounded invariance and time-bounded response properties (expressed
as MTL formulae) hold on the discrete-time model iff they hold with the continuous-time
model [HMP92|, whereas [OWO03| establish several results on to the use of digitization
techniques for timed automata.
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