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ABSTRACT. We show that the big-O problem for max-plus automata, i.e. weighted au-
tomata over the semiring (NU {—oo}, max, +), is decidable and PSPACE-complete. The
big-O (or affine domination) problem asks whether, given two max-plus automata computing
functions f and g, there exists a constant ¢ such that f < cg+ c. This is a relaxation of the
containment problem asking whether f < g, which is undecidable. Our decidability result
uses Simon’s forest factorisation theorem, and relies on detecting specific elements, that we
call witnesses, in a finite semigroup closed under two special operations: stabilisation and
flattening.

1. INTRODUCTION

Weighted automata are a generalisation of finite state automata, assigning values (integers,
rationals, strings...) to input words, and modelling probabilities, costs or program running
times. They have been introduced by Schiitzenberger [Sch61] and found applications in
quantitative verification [CDH10] and verification of probabilistic systems [Var85], text and
speech recognition [MPRO2] or program complexity analysis [CDZ14].

More precisely, a weighted automaton is defined over a semiring. Commonly studied
examples include the rational semiring (Q, +, x) (and the particular case of probabilistic
automata) and the tropical semirings (NU {400}, min, +) (referred to as min-plus automata)
and (NU {—o0}, max, +) (max-plus automata). Non-deterministic finite automata can be
viewed as weighted automata over the Boolean semiring. In all these cases, input words are
mapped to rational values (and possibly +o0o or —c0).
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Comparing the functions computed by two given weighted automata is then a funda-
mental question. It is natural to consider the equivalence problem (are they equal?), and
the containment problem (is one pointwise smaller than the other?). These two problems
have been extensively studied and solutions are highly dependent on the semiring under
consideration. Results for the equivalence problem are contrasting, but the containment
problem is usually difficult:

e For the Boolean semiring, the equivalence and containment problems correspond to the
language equivalence and language inclusion respectively. Both problems are PSPACE-
complete [SM73].

e For the rational semiring the equivalence problem is decidable [Sch61], even in polyno-
mial time [KMO%13], but containment is undecidable [Paz14], even in restricted sub-
classes [DJLT21].

e For the tropical semirings both problems are undecidable [Kro94]. See [ABK22, ABK11]
for a comprehensive overview of the decidability boundary for min-plus automata.

In this paper we consider a relaxation of the containment problem, called the big-O
problem which asks whether an automaton A is big-O of an automaton B, that is, if there
exists a constant c such that:

[A](w) < ¢[B](w) 4 ¢ for all words w

where [A] (resp. [B]) denotes the function computed by A (resp. B). Intuitively the
problem asks whether, asymptotically, [B] grows at least as fast as [.A] on every sequence of
words.

Chistikov, Kiefer, Murawski and Purser [CKMP20, CKMP22] study the big-O problem
over the non-negative rational semiring, where it is shown to be undecidable in general,
but decidable for certain restrictions on the ambiguity or the accepted language. Similarly,
in [CLM™22], two restrictions of the big-O problem, also known to be undecidable in general,
are studied on specific subclasses: the boundedness problem (a.k.a. limitedness), and the
zero isolation problem.!

For the tropical semirings, the big-O problem has also been proved to be decidable
in the (N U {400}, min, +) setting via the study of another problem: the domination
problem [Col07, Col09]. This later asks whether there is a function o : N — N such that
[A] < ao[B]. Affine domination requires that « be affine, and is equivalent to the big-O
problem that we consider. Colcombet and Daviaud [CD13| show that domination and affine
domination are equivalent and decidable for min-plus automata. More specifically, it turns
out that if some function « exists then an affine o suffices. This result superseded the
decidability of the boundedness problem for min-plus automata [Has91, Leu88, Sim94].

In this paper, we turn our attention to (NU{—o0}, max, +) for which the (un)decidability
of the big-O problem was open. First, note that there is no obvious way to use the results
obtained for min-plus automata. The natural transformation - given f computed by a min-
plus automaton, — f is computed by a max-plus automaton - does not preserve positivity,
and the standard way to go back to N implies adding a big enough function to — f which does
not preserve the growth rate. In fact, we prove that the equivalence between domination and
affine domination does not hold any more for max-plus automata (see Running Example 2).
Second, the boundedness problem in this case is trivially decidable and does not provide any

IThe boundedness problem is the special case of the big-O problem when [B] = 1. The zero isolation
problem is the special case when [A] = 1. Chistikov et al. [CKMP22] deal with the problem whether
[A] < ¢[B] - so without +¢, but the two problems are equivalent (see Remark 3.6).
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help. The problem for max-plus automata requires individual attention and the introduction
of new tools. We show that it is PSPACE-complete and our proof provides new insights in
the description of the behaviour of these automata. In [CDZ14], some description of the
asymptotic behaviour of the functions computed by max-plus automata is given, but this is
somehow orthogonal to the big-O problem. While providing a precise description, it is not
sufficient to solve the big-O problem and new techniques are required.

Building on some standard techniques, in particular Simon’s factorisation forest theorem
and the stabilisation operation [Sim90, Col07, Kuf08, KL09, FGKO15, CD13, CLM 22|, we
construct a finite semigroup closed under the stabilisation operation and a new flattening
operation. The stabilisation operation identifies unbounded behaviour, while the flattening
operation identifies maximal growth rates. The problem reduces to detecting the presence
of witnesses in this semigroup. A naive search through the semigroup gives decidability, but
may require exponential space. The PSPACE complexity comes from searching witnesses
of a particular shape only requiring polynomial space. The hardness comes from the
PSPACE-hardness of the universality problem for Boolean automata.

Organisation of the paper. The paper expands on [DP23], giving full proofs and expla-
nations. In Section 2, we give the definition of max-plus automata and introduce a running
example that we will use all along the paper. In Section 3, we state the big-O problem and
a simplified version of it, prove their PSPACE-hardness and reduce our result to prove that
the simplified big-O problem is in PSPACE (Theorem 3.2). In Section 4, we give a high-level
description of this proof and define the semigroups that will be used and the stabilisation
and flattening operations. In Section 5, we define witnesses and give a decision procedure
that we show to be PSPACE. Sections 6, 7, 8 and 9 are then dedicated to prove that the
decision procedure is sound and complete. The organisation and content of these sections are
explained at the end of Section 5, when the suitable notions have been introduced. Finally,
in Section 10, we provide a sequence of max-plus automata that require increasingly intricate
witnesses (for a notion defined in the paper); this section is new compared with [DP23].

2. MAX-PLUS AUTOMATA

Let Nyax denote the set NU {—oo} and note that (Npax, max, +) is a semiring. For some
positive integers 7, j, let M**J denote the set of matrices of dimension i x j with coefficients
in Npax. We define the product of matrices as usual on a semiring, provided the numbers
of columns of A matches the number of rows of B: (A ® B)gy = maxy: (Agq + Byr.g).
We will use the symbol ® to denote the product of matrices on several semirings, but the
context will always clearly identify which one.

Definition 2.1. A maz-plus automaton is a tuple (Q, 3, M, I, F) where @ is a finite set
of states (and |Q| denotes the number of states), X is a finite alphabet, M : ¥ — MIQIxI€
maps each letter to a matrix, I is a row vector in M *I9l and F a column vector in MI@I*1,
Moreover, the automaton is said to be deterministic if I has at most one entry different
from —oo and for all a in X, every row of M (a) has at most one entry different from —oo.

Given a max-plus automaton (@, >, M, I, F'), we extend M by morphism to X*.

Definition 2.2. The weighting function computed by A = (Q,%, M, I, F), a max-plus
automaton, is defined as the function [A] : ¥* — Ny mapping a word w = wiws . .. w,
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A: Computes word length |w|. B: Computes the maximum between the longest block of a’s
and the number of b’s.

FIGURE 1. Running examples

where w; € X for all i =1,... k, to:
[Al(w) =T ® M(w1) @ M(w2) @ -+ @ M(wy) ® F.

These definitions can be expressed in terms of graphs as usual, and we will rather use
the usual automaton vocabulary (transitions, runs, accepting runs, initial and final states,
etc.) when appropriate in some proofs. We will often write p 22, ¢ for a run from state p to
state ¢ labelled by the word w with weight  # —oo, the weight of a run being the sum of the
weights of the transitions in the run. In matrix terms, this means that, for w = wiws ... wy,
where w; € ¥ for all ¢ = 1,..., k, there are p = jo,...,jx = g such that M(w;);,_, i = T
and = 21 + ... + 2. The run is accepting if p is initial and ¢ is final, i.e. I, # —oo and
F, # —o0 and [A](w) is equal to the maximum of the weights of the accepting runs labelled
by w.

We assume that all the states in the automata under consideration in this paper are
accessible and co-accessible.

The size of an automaton is the number of bits required to encode M, I and F' which is
bounded by (|Z] - |Q|* +2|Q]) - [log(A)], where A is the maximal weight appearing in an
entry of M, I or F.

Throughout the paper we will illustrate the results and proofs using a running example
that we detail now.

Running Example, Part 1. Let us consider two example automata 4 and B over ¥ = {a, b},
depicted in Fig. 1. A computes the length of the input word and B computes the maximum
between the length of the longest block of consecutive a’s, and the number of b’s.

In the following matrix descriptions, to avoid cluttering notation, we use — instead of
—o00 to denote that there is no path.

Formally, the automaton A is defined by a single state Q4 = {p}, alphabet ¥ = {a, b}
and M4(a) = (1), Ma(b) = (1) with I4 = F4 = (0).

Formally B is defined by states Qs = {q1, ¢2, 93, q4}, alphabet ¥ = {a, b} and
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with (Ig)g, = (IB)g = (IB)qu = (FB)g, = (FB)gs = (FB)q, = 0, and the unspecified entries of
I, F are —oo. g

3. DECIDABILITY OF THE BIG-O PROBLEM

The big-O problem for max-plus automata asks whether, given two max-plus automata
A, B on the same alphabet 3, there is a positive integer ¢ such that for all words w in ¥*,
[A](w) < ¢[B](w) + c. In this case, we say that A is big-O of B.

Runmning Ezample, Part 2. Observe that A is not big-O of B, since [A]((a™ 'b)") = n?,
while [B]((a"~'b)") = n for all positive integers n.

However, [B](w) < [A](w) for all words w, so B is big-O of A.

Note also that [A] < ([B] + 1)[B], hence [A] is dominated by [B] as explained in the
introduction, but not big-O, showing the discrepancy between the min-plus and the max-plus
cases. 4

The main contribution of this paper is the following result.

Theorem 3.1. The big-O problem for max-plus automata is decidable and is PSPACE-
complete.

The rest of this paper is devoted to prove this theorem. The first step is to make a
number of simplifications on the automata taken as input.

Theorem 3.2. The following problem, called the simplified big-O problem, is PSPACE-
complete:

o Input: Maz-plus automata A, B such that A is deterministic and [B] : ¥* — N.
e Qutput: Yes if and only if A is big-O of B.

Compared to the big-O problem, the simplified big-O problem requires that A be
deterministic and no word w has [B](w) = —oc.

Running Example, Part 3. Recall A, B from the running example in Running Example,
Part 1. Observe that A is deterministic and [B](w) > 0 for all w, so A and B form an
instance of the simplified big-O problem. J

Proposition 3.3. If the simplified big-O problem is decidable in PSPACE then the big-O
problem is decidable in PSPACE.

Proof. We reduce an instance of the big-O problem to the simplified big-O problem. The
instance of simplified big-O problem will be of polynomial size with respect to the initial
input, but a PSPACE pre-processing step is also used.

e Let A, B be max-plus automata. Let us first construct A, B’ with [B'] : ¥* — N such
that A is big-O of B if and only if A’ is big-O of B’. Let L4 (resp. Lp) be the (rational)
language of words w such that [A](w) # —oo (resp. [B](w) # —o0). Checking whether
L4 C Lp can be done in PSPACE (consider the Boolean automata obtained from A and
B by ignoring the weights - they accept L4 and Lg, and inclusion of rational languages is
PSPACE [MS72]). If L 4 is not included in Lp then A cannot be big-O of B. Take A’ that
computes the length of the words and B’ that computes the function 0. If L 4 is included
in Lg, take A’ = A and B’ being B augmented with a new state which is both initial and
finial and has a self loop on all letters with weight 0. In both cases, A is big-O of B if and
only if A’ is big-O of B’ and [B'] : ¥* — N.
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e We now reduce this to the case where automaton A is deterministic. Consider two automata
A=(Qu, X, Ma,14,F4) and B = (Qp, %, Mp, Ip, F) with [[B]] : 2% — N. We construct
A', B with A" deterministic and [B'] : £¥* — N such that A is big-O of B if and only if A’
is big-O of B'. Automata A’ and B’ are over the alphabet ¥’ = {ay |a € &, ¢ € Q 4} and:
— A’ is constructed from A, with states Q4 U{r} with r a new state (the new unique initial

state), (I4/), = 0 and all the other entries of I 4 being —oo, final states (Fa/), = (F4)p
for p € Q4 and (Fu/), = max{(F4)p | p initial in A } , a transition p 24y ¢ for each

ol : . ol ag:z+(la o : .
transition p 22 g in A, and a transition r q4w> q for each transition p &4 q In

A. Note that A’ is deterministic.

— B is constructed from B, with states @, initial and final states Iz and Fj respectively,
and a transition p —» ¢ for each transition p — ¢ in B and each r € Q4. Note that
[B] : ¥* — N.

Suppose that A is big-O of B and let us prove that A’ is big-O of B’. Let w be a word

over ¥’ and w over ¥ defined as w where the subscripts of the letters are removed. Then

[A](w) < [A](w) and [B](w) = [B'](w) by construction and hence A" is big-O of B'.

Conversely, suppose that A’ is big-O of B'. Let w € ¥*. Consider an accepting run in A

labelled by w that has maximal weight and qo, g1, g2, . . ., gx the corresponding sequence of

states. Let w = aél - ~a§k word over ¥/ where w = a'---a* and @’ € ¥ for all i. Then

[A](w) = [A](w) and [B'](w) = [B](w) by construction. Hence A is big-O of B. O
Proposition 3.4. The simplified big-O problem is PSPACE-hard.

Proof. We reduce from the COFINITENESS problem, which asks whether the language of a
non-deterministic finite automaton is cofinite, that is, accepts all but a finite set of words.

Lemma 3.5. COFINITENESS is PSPACE-hard

Proof. We reduce from the universality of non-deterministic finite automata. Let A be an
instance of universality over alphabet X; we construct A’ over X U {#} where # is a new
letter not in X. A’ is such that for all words w over ¥* and for all words u over ¥ U {#},
w#u is accepted by A’ if and only if w is accepted in A. This is achieved by augmenting A
with an accepting sink state reachable on # from every accepting state of A. We observe A
is universal if and only if A’ is cofinite. In particular, if A is universal, so too is A’, and
in particular, cofinite. If A does not accept w then A does not accept the language w#X*,
and thus is not cofinite. []

Let B be an input to COFINITENESS; we construct an instance of the simplified big-O
problem. Let A" and B’ such that [A'](w) = |w| for all w € ¥* and [B'](w) = |w| for all w
accepted by Lg and 0 otherwise. The automaton B’ is constructed from B by associating
every edge in B with the weight 1 and augmented with a new state which is both initial and
finial and has a self loop on zero for all letters.

We observe B is cofinite if and only if A is big-O of B.

e If BB is cofinite then there exists a longest word wy that is not recognised by B and
[A)(w) < [B'](w) + |wg] for all w € ¥* and A is big-O of B.

e If B is not cofinite then there is an infinite sequence of words not accepted by B and in
particular one of increasing length words, (w;);en. Hence we have [A'](w;) — oo while
[B](w;) =0 as i — oo and A’ is not big-O of B'. ]

Proposition 3.3 states that it is enough to prove that the simplified big-O problem is in
PSPACE in order to conclude the proof of Theorem 3.1. Proposition 3.4 gives the hardness
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parts of Theorems 3.1 and 3.2 (since the simplified problem is a particular instance of the
general one).

The rest of the paper, Section 4 and beyond, will then focus on proving that the
simplified big-O problem is PSPACE.

Remark 3.6. Chistikov, Kiefer, Murawski and Purser [CKMP22] use a slightly different
notion of big-O for rational automata, requiring the existence of ¢ such that [A] < ¢[B] (that
is, without +c). We note that for max-plus automata these two problems are equivalent,
they reduce to each other in PSPACE, so without further blow up in complexity. Indeed,
[A] < ¢[B] + c if and only if [A] < ¢([B] + 1), for which the translation can be constructed
in polynomial time. Conversely, there exists ¢ such that [A] < ¢[B] if and only if there is ¢
such that [A] < ¢[B] + ¢ and {w | [A](w) > 1 and [B](w) = 0} is empty. The latter check
can be done with an emptiness test for regular languages in PSPACE.

Remark 3.7. One could be interested in computing the optimal or minimal constant c
such that [A] < ¢[B] + ¢, or with the previous remark such that [.A] < ¢[B]. Such a ¢ is not
computable. If one could compute it and check whether it is at most 1, it could be decided
whether [A] < [B], which is undecidable for max-plus automata [Kro94].

4. PROJECTIVE SEMIGROUPS

From now on, we fix a deterministic max-plus automaton A = (Q 4, %, M4, 14, F4) and a
max-plus automaton B = (@, 2, Mg, Ig, Fg) over the same alphabet .

4.1. Proof schema. We describe here the general idea of the proof: this is a very high level
explanation, omitting a lot of technical (but necessary) details, so should be read as such.

We want to show that either A is big-O of B, or exhibit an infinite sequence of words
witnessing that this is not the case. The general idea of the proof follows the (now rather
standard) scheme of finding a finite semigroup, computable from A and B, and identifying
special elements in it - which we will call witnesses - such that witnesses exist in the semigroup
associated with A and B if and only if A is not big-O of B. To obtain the complexity bound,
we will show that testing the existence of such a witness can be done in PSPACE. Similar
proof schema can be found in [Sim94, CD13, CDZ14] - in particular this has been used for
deciding the boundedness of distance automata, and we will explain the new insights our
proof provides in comparison.

To construct the appropriate semigroup, the first step is to project the weights into
{—00,0,1}. Indeed, the exact weights are not important, the only thing that matters is
the difference in growth rates as illustrated in Running Example, Part 2. This leads to
introduce the so-called semigroup of paths (denoted 90 4,8) in Definition 4.3, which is finite
and contains elements (p, z,q, M) where p, q are states in A, = is in {0,1} and there is a
word w such that there is a run in A from p to ¢ labelled by w with weight 0 if z = 0, and
positive weight if 2 = 1. Moreover, M is the matrix Mp(w) where all the (strictly) positive
entries are replaced by 1. This semigroup is easily computed starting from the letters and
closing under an appropriate product.

This semigroup witnesses the existence of runs with 0 or positive weights, but is not
enough to compare the growth rates in A and . The next step is to add a value co: an entry
will be oo if there is a sequence of words with paths with unbounded weights for this entry.
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We introduce the semigroup of asymptotic behaviour (denoted 94 ) in Definition 4.6,
which contains elements (p, x,q, M) where p, q are states in A, z is in {0,1,00} and M is
a matrix with entries in {—00,0,1,00}. We introduce a first operation - the stabilisation
operation (as defined in Definition 4.4) - which essentially iterates a word many times and
puts value co in the entries that are unbounded as the word is repeated. If starting from the
letters and closing under an appropriate product and the stabilisation operation, we would
get the following: for an element (p, x, ¢, M) in the semigroup of asymptotic behaviour, there
is a sequence of words (w;); labelling paths in A from p to ¢ with weights 0 if x = 0, positive
but bounded weights if x = 1, unbounded weights if x = co. Moreover, an entry of M is 0 if
it is 0 in all Mp(w;), is 1 if it is positive and bounded for the Mp(w;) and oo if it tends to
+00 when ¢ — +o0 in the matrix Mp(w;).

Up to now the semigroup of asymptotic behaviour witnesses unboundedness of sequences
of words, but not yet the difference in growth rates in A and B. This is where our proof
gives new insight. We introduce a second operation, which we call flattening, and behaves
as follows: consider an element (p,x,p, M) in the semigroup of asymptotic behaviour such
that x = oo, so witnessing some sequence of words with unbounded weights in A from p to
p. We would like to iterate the words in this sequence, no longer looking at unboundedness,
but rather at which entries in M will grow linearly as the elements of the sequence are
repeated. We define the flattening operation to do exactly that. After flattening, we obtain
an element (p,x,p, M) witnessing a sequence of words (w;); such that it is possible for an
entry in M’ to have value 1, corresponding to paths with unbounded weights, but only if
the asymptotic growth rate of these weights is little-o of the respective weights in A from p
to p. In other words, unbounded runs of maximal growth rate continue to be represented by
00, but runs which are not of the maximal growth rate are ‘flattened’ back to 1, even if they
are unbounded.

The semigroup of asymptotic behaviour can be easily computed starting from the letters,
closing under an appropriate product and stabilisation and flattening operations. Witnesses
are those elements (p,x,q, M) where x = oo, with p initial and ¢ final in A, and all the
entries of M between an initial and a final state in B have value at most 1. We will use
Simon’s factorisation theorem [Sim90] (see Theorem 6.1) in two ways. In the case where
there is no witness, this will allow us to bound a constant ¢ such [A] < ¢[B] + ¢. In the
case where there is a witness, this will allow us to limit our search to a specific type - called
tractable witness of non-domination (Definition 5.2) - ensuring the PSPACE complexity of
our algorithm.

Remark 4.1. We could have introduced a single operation, somehow defined as a stabilisation
in some cases, and as flattening in others. We chose not to as the definition felt ad-hoc
and we believe the two operations of stabilisation and flattening are more intuitive. This
might have slightly simplified parts of the proof, however an added benefit we gained with
two operations is to characterise exactly the shape of these special witnesses we define: the
tractable witnesses of non-domination.
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4.2. Semigroup of paths.
Projection in {—00,0,1,00}. Let © be the semiring ({—o0,0, 1,00}, max, +) where the
operations are defined as follows: the max operation is given by the order —oo < 0 < 1 < o0
and the sum operation is commutative and given by —oco + x = —oco for any element x
(including = 00), 04+ =z for any = € {0,1,00}, 1 +1 =1 and 1+ co = 00 + 00 = 0.
Let M&XJ be the set of matrices of size ¢ x j over the semiring 2. We use again ® to
denote the product of matrices induced by the operations in €.
Given a finite set @ and a positive integer i, we denote by (Mg, ®) the semigroup
where:
e Mg, is the union of the sets @ x © x Q@ x M5 and {L}.
e (p,x,q, M) (p/,2',¢,M") = (p,x+a',¢, M @ M') if ¢ =p and L otherwise.
We will often denote the product of two elements e, ¢’ € Mg ; as ee’ instead of e ® ¢’

Projection in {—00,0,1}. We denote —00 = —o0, 0 = 0 and for any positive integer z,
T =050 = 1. For a matrix M in M**7, we denote by M the matrix M where the coefficients
are replaced by their barred version.

Let © be the semiring ({—o00,0, 1}, max, +) where the operations are defined as follows:
the max operation is given by the order —oo < 0 < 1 and the sum operation is commutative
and given by —oo + x = —oo for any element x, 0 + = = x for any z € {0,1} and 1 + 1 = 1.

Let ./\/%X 7 be the set of matrices of size i X j over the semiring Q. We use again ® to

denote the product of matrices induced by the operations in €. o
Note that x — T is a morphism over Ny,,x, as well as over M&X] . We will use the
following basic properties without referencing them in the rest of the paper.

Lemma 4.2. B B

Let a,b € Nyax, and let @, b be the projection of a and b into ), we have:

(1) If a < b thena <b. ~

(2) a+b=a+b, where @+ b is taken in the Q semiring.

Let M,N € (Nmax)dXd and let M, N be the pointwise projection of M and N into ﬁdXd, we
have:

(3) M®@N =M ® N where M @ N s taken in the Q semiring.

Proof.

(1) e Suppose a = —oo then —co =a < b and —co =a < b.
e Suppose a = 0, we have a <b <= b & N. Then a < b.
e Suppose a € N, we have a < b <= b € N>, thus b =

(2) e Suppose a = —o0 (or, b= —00) thena+b=a+0b
e Suppose a =b=0,thena+b=a+b=a+b=0.
e Suppose a € N>, b€ N. Thena+beNsj,a+b=1a=1a+b=1.

(3) We have

(M & N)Z,k = Mi,j + Nj,k for some J
T+
< max M;; + Ny
J

=(M®N);
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and
(M®N)z,k = Mi,j + Nj,k for some j

< max M, ; + Mj,k
J

= (M & N)i . O
Analogously to (Mg, ®), given a finite set ) and a positive integer i, we denote by
(Mg,i, ®) the semigroup where:
e M. is the union of the sets Q x O x Q x /\/%XZ and {L}.
e (px, g M)® (¢ 2, ¢,M') = (p,x+2',¢, M @ M) if ¢ = p’ and L otherwise.

Semigroup of paths of A and B. Recall we have fixed a deterministic max-plus automaton
A={(Qua,X, My, I, Fy) and a max-plus automaton B = (Qp, X, Mg, Ig, Fig) over the same
alphabet .

Definition 4.3. The semigroup of paths of A and B, denoted M 4 p, is the subsemigroup of
Mg 4|05 generated by {(p,Z,q, Mp(a)) |a € X, p 2% gin A}
)

Observe that ege, = €4, and, for example, e,ep and epep, in ﬁA,Ba are given by

00—--— 000 —
eaeb:(p717p7<::1:))7ebeb:(p717p7(::8:>)' -

———1 —— -1

Running Example, Part 4. From a and b respectively we construct
0—— — 0

eq = (p, 1,p, (‘15 ‘)) and e, = (p, 1, p, (‘

B

(-
| oo |
=

4.3. Semigroup of asymptotic behaviours. The idempotent elements of a semigroup
are elements e such that e ® e = e. A matrix M in /\/lgi is called path-idempotent if M is
idempotent in ./\/%XZ Similarly, an element (p, z,q, M) of Mg ; is called path-idempotent if
p = q and M is path-idempotent.

Stabilisation operation. The semigroup Mg ; is equipped with a unary operation on its
path-idempotent elements, called the stabilisation operation and defined as follows: The
stabilisation of elements in Q is defined as: (—o00)* = —o0, 0f = 0 and 1* = oof = co. Given
a path-idempotent matrix M in Mgi, the stabilisation of M, denoted M? is defined as
the product M ® M’ @ M where M’ is the matrix M where all the diagonal elements are
replaced by their stabilisation.

Definition 4.4. The stabilisation operation of Mg ; is defined on its path-idempotents as
follows: (p,z,p, M)* = (p, zt, p, M¥).

Running Example, Part 5. Observe e, is idempotent and
0 — — —

efZ(p,oo,p,(‘oog‘)

—— =0
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indicating that the sequence of words (a™),, has unbounded values in 4, and the sequence
(MpB(a™)gs,42),, is also unbounded.
Consider

00 — —
e#eb: (p,OO,p, <__O(?_>)'

—— -1

Recall from Running Example, Part 2 we are aiming to represent a word of the shape (a™b)".

Hence, we would expect to iterate e# ep again, however it is not path-idempotent. Instead

we can make one iteration manually resulting in ea#ebefeb which is idempotent,

00 o0 —
€a#€b€a#eb = (p, 0, p, <— —%o—>)‘
—— =1

Let us consider the effect of stabilisation on it. We have

00 o0 —
(e epeer)™ = (p, 00, p, (‘ — %= )).

- — —

The purpose of this operation is to identify unbounded entries after arbitrarily many iterations
of either the first, the second, or both, stabilisation operations. Note that [A]((a™bab)") =
2n? + 2n while Mp((a™ba™b)") 4,45 = MB((a™ba™b)™)gy.qs = 1 and Mp((a™ba"b)")y, 41 = 2n.
Both sequences are unbounded as witnessed by the oo but this does not allow us to identify
the different rates of growth between the entries. J

Flattening operation. The semigroup Mg ; is also equipped with another unary operation
on its path-idempotent elements, called the flattening operation and defined as follows:
Given a path-idempotent matrix M in Maxz, the flattening of M, denoted M is defined as
the product M ® (M3) ® M where (M) is the matrix M where all the non diagonal elements
are replaced by their barred version.

Definition 4.5. The flattening operation of Mg ; is defined on its path-idempotents as
follows: (p,,p, M)” = (p,x,p, M").

Running Example, Part 6. Let us consider the effect of flattening on et eberé ep:

)

Here observe that oo corresponds to an entry with growth rates n? on the sequence of words
(a™ba™b)"™. Other entries, even unbounded sequences, with asymptotically smaller growth
rates — such as n — are projected to 1 (or 0). The flattening behaviour allows us to capture

differences in growth rates (not fully, but enough for our purpose), by, roughly speaking,

keeping only the fastest growing elements. Intuitively (e# epell ep)” demonstrates that A can

grow faster than B and so A is not big-O of B, we formalise this intuition as a witness of
non-domination in the next section. J

(efereler) = (p,00,p, <_

00

| OF—r
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The semigroup of asymptotic behaviours of A and B. Recall we have fixed a de-
terministic max-plus automaton A = (Qua, 3, M4, 4, F4) and a max-plus automaton
B = (Qp,%, Mg, I, Fg) over the same alphabet X.

Definition 4.6. The semigroup of asymptotic behaviours of A and B, denoted 9 4 5, is the

subsemigroup of Mg , g, generated by {(p, 7, q, Mp(a)) | a € ¥, p 2%, ¢ in A} and closed
under the stabilisation and flattening operations.

5. DECISION PROCEDURE

5.1. Witnesses. Given a deterministic max-plus automaton A and a max-plus automaton 3
over the same alphabet, an element (p, z, ¢, M) in M 4 5 is called a witness of non-domination
if:

e p is initial in A,

e ¢ is final in A,

e T =00,

e Ip® M ® Fg < .

Theorem 5.1. Given two maz-plus automata A, B such that A is deterministic and [B] :
¥* = N, the two following assertions are equivalent:

o A is big-O of B.

o There is no witness of non-domination in M 4 3.

We will not prove Theorem 5.1 directly, rather we will prove a refined version of the
theorem incorporating tractable witnesses, which are defined next.

5.2. Tractable witnesses. A witness could be any element in 94 5, found through
arbitrary application of product, stabilisation and flattening, satisfying the conditions. We
now consider a restricted form of witness in which we place a restriction on the sequence of
operations to construct it.

Definition 5.2 (Tractable witness of non-domination). We say an element g in 94 5 is a
tractable witness of non-domination if it is both a witness of non-domination and of the form

9=29o(g1(- .. (gkz—Z(gk—l(gk)#gllcfl)bg;e—z)b e )bgi)bgf),
for k < 3|Map| and gi, g, € Map U {id}, where id is an added identity element of M 4 5
such that e®id =id ® e = e for all e € M 4 5.

Running Example, Part 7. (effE evell ep)’ is a witness but not a tractable witness of non-

domination. However, (eaebef&eb)b will turn out to be a tractable witness. Intuitively, it
represents the sequence of words (aba™b)™, which is almost the same as the sequence used to
show A is not big-O of B in Running Example, Part 2. a

We will now strengthen Theorem 5.1, in which we add the condition that there is a
tractable witness; this allows us to limit our search to tractable witnesses.

Theorem 5.3. Given two maz-plus automata A, B such that A is deterministic and [B] :
3X* — N, the following assertions are equivalent:
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o A is big-O of B.
e There is no witness of non-domination in M4 3.
e There is no tractable witness of non-domination in M4 3.

The benefit of a tractable witness will be that we can identify the existence of one
in PSPACE. In the next section we present the PSPACE algorithm to detect a tractable
witness and then we will prove the equivalences of Theorem 5.3 to conclude the result.

5.3. PSPACE algorithm. We define a non-deterministic procedure to construct a tractable
witness from middle out, that runs in polynomial space. Since NPSPACE = PSPACE (from
Savitch’s theorem), this will allow us to conclude.

Any element g € M A5 can be constructed using at most |90 48| product operations
from the generators. Suppose g = g1 ® - - - ® g, such that g; are generators and m is minimal,
then we can assume that g1 ® - -- ® g; is different from g; ® --- ® g; for each i # j, 7,7 < m.
Thus m < [M4 5.

The procedure is as follows:
Non-deterministically choose k < 3|9 5l.
Let g be a non-deterministically chosen idempotent element of 90 A,B, constructed in at

most |9 4 5| steps.

Update g to be the stabilisation g7.

Repeating for i = k to i = 0, we update g with (g; g g/)* for some g;, g, € M 45U {id} in

the following way:

— Update g by non-deterministically choosing a generator or id and multiply on the left of
g. Repeat up to |94 g| many times.

— Update g by non-deterministically choosing a generator or id and multiply on the right
of g. Repeat up to [M 4 5| many times.

— Except for i = 0, check that ¢ is path-idempotent and update g to be the flattening
of g.

e Check if g is a witness.

At any moment we are only storing one element g of 94 5, plus the space needed for doing
the product, iteration and stabilisation operations, the current iteration and number of
iterations i and k, and how many elements we have multiplied (on the left or on the right)
with g. This requires only polynomial space. This results in an NPSPACE algorithm, which
is equivalent to a PSPACE algorithm.

5.4. Proof of Theorem 5.3. To prove Theorem 5.3, we are going to prove the following
result - the notions of factorisation trees and faults will be introduced in due course.

Theorem 5.4. Given two maz-plus automata A, B such that A is deterministic and [B] :
¥* = N, the following assertions are equivalent:

(1) A is not big-O of B.

(2) There is a witness of non-domination in M 4 5.

(3) There is a tractable witness of non-domination in MM 4 5.

(4) Some word has a factorisation tree, of height at most 3|9 4 g|, with a fault.

Since a tractable witness is a special case of a witness, it is clear that (3) implies (2).
The remainder of the paper will prove the remaining implications.
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In Section 6, we introduce the notions of factorisation trees and faults. In Section 7, we
prove that (1) implies (4) - by proving its contrapositive. In Section 8, we prove that (4)
implies (3). Sections 7 and 8 are independent of each other, but rely on Section 6. Finally,
in Section 9, we prove that (2) implies (1). This later section can be read independently of
the other ones.

6. FACTORISATION TREES AND FAULTS

Recall we have fixed a deterministic max-plus automaton A = (Qa, %, M4, 4, F4) and a
max-plus automaton B = (Qg, X, Mg, I, Fg) over the same alphabet X.

6.1. Factorisation trees. Let w = wy - - wy with wy, ..., wg € ¥ such that [A](w) # —o0
and let:

w1:T] wo:iT2 W T
Po——>P1 ——> P2 Pk-1 — 7 Pk
be its unique accepting path in A. Let ay(w;) be the element of M4 defined as

(Pi-1,Ti, pi, Mp(w;)).
A factorisation tree on w is a finite ordered tree in which every node v in the tree is
labelled by an element in 9% 4 3, denoted «(v), such that:

e there are k leaves labelled with o, (w1),. .., aw(wg),

e internal nodes have two or more children, and are labelled by the product of the labels
of their children: a node v with children vq,...v,, for some m > 2, is labelled with
av) =a(r) @ a(rr) ® -+ @ a(vy). A node with two children is called a product node,

e if a node has at least three children then the children and the node are all labelled by
the same idempotent element - such a node is called an idempotent node (in particular,
a(v) = a(y;) for all i < m).

Note that for a word w such that [A](w) # —oo, no node in a factorisation tree on w
can be labelled by L. It is also clear that the labelling of the root of the subtree with leaves
ay(w;), ..., ap(wy) for some i < j, corresponds to the element in the semigroup of paths
witnessing the existence of 0 or positive weights paths in A and B on the word w; - - - wj.

Theorem 6.1 (Simon’s Factorisation Theorem [Sim90]). There exists a positive integer H
such that for all w € X*, there exist a factorisation tree on w of height at most H.

Note that H does not depend on the word w, only on the size of M A,5- Further we
have that H < 3|0 45| — 1 due to the bound of [Kuf08], which is tighter than the 3|90 4 5]
bound of Colcombet [Col07], and the original bound of 9|90 4 5| by Simon.

6.2. Contributors. Let t be a factorisation tree on a word w, such that [A](w) # —oc.
For each node v of the tree, we define its set of contributors C,, as follows, in a top-down
manner:

e if the root is labelled (p,x, q, M), the contributors of the root is the set of pairs (4, j) such
that ¢ is initial in B, j is final in B and M; ; # —oo.
e if a node has a set of contributors C, and has two children labelled (p,z,q, M) and
(q? ':U7 r? P)?
— the set of contributors of the left child is:
{(i.0) |3 : (1,5) € C, Poj # —o0, My # —o},
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Vs (a™ba™b)™ (

AN

001 -
V4 a™ba"b <: —0 :)
1

//\{) b(&)/}&’\{loo) NS

0 — — — 0 - — —
N ra (Z1g2
——] - -0

Fault!™ ™

FIGURE 2. A possible factorisation tree for the word w = (a"ba™b)". Nodes
are labelled by the sub-word of w and the path-behaviour of Mp. The
contributors of each node are indicated by highlighting the corresponding
matrix entries. A node with a fault is also indicated, inducing the sequence
of nodes vy, ..., s from the fault to the root.

— the set of contributors of the right child is:
{(5,]) | Ji : (l,j) e C, Mi’g #* —OO,Pg,j #* —OO}.
e if a node has a set of contributors C' and has at least three children, labelled by an
idempotent element (p,x,p, M), then:
— the left-most child has set of contributors:
{G@,0) [ 35 : (i,§) € C, My ; # —00, M o # —00},
— the right-most child has set of contributors:
{(67]) ’ Ji: (27.7) €C, Mi,@ 7é —OO,Mg,j 7é —OO},
— the other children have set of contributors:

{(Ea k) ’ El(la.j) € Ca Mi,@ ?é _OoaMk,j 7é —0Q,

My, # —00, My ¢ # —o0}.

Contributors indicate which elements of the matrix meaningfully contribute to a valid
run for the whole word. For example, at the root, not every entry is a weight on a run from
an initial state to a final state, so not all entries contribute to the value computed on the
word. The choices for the root and product nodes are uncontroversial, however the choice is
non-trivial for the middle children of an idempotent node. Here only entries that could be
repeated many times are taken; this is because, whilst other transitions could contribute to
a valid run, they could contribute only once, whereas the entries we consider can be used in
many of the idempotent children.

Running Example, Part 8. Fig. 2 depicts a factorisation tree for the word (a™ba"b)™ of height
5. Every node is depicted with the sub-word and a partial description of its a-labelling;:
every node is a-labelled by (p,1,p, M), where M is the matrix depicted. The contributors
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are highlighted in the matrix for each node. Only a representation of the middle children is
depicted for idempotent nodes. We will return to the fault label and the sequence vy, ..., vs
after defining faults. J

We will make use of the property that every node has at least one contributor, stated in
the following proposition.

Proposition 6.2. Given a word w such that [B](w) # —oo, every node in any factorisation
tree on w has a non non-empty of contributors.

Proof. We show that if a node has a contributor then all its children have a contributor.
Since we assume Ip @ Mp(w) ® Fg # —oo we observe that the root in any factorisation tree
has non-empty contributors, this would imply that every element of the tree has non-empty
contributors.

First observe, that the definition of a contributor requires that for every v, with
a(v) = (p,x,q, M), if (i,5) € C, then M; ; # —oco. We consider two cases for both type of
internal node. Suppose (7,5) € C, and M; ; # —oo.

Case 1 (v is a product node). Suppose a(v) = (p,z,q, M) is the product of two children
v1 and vp with a(v) = (p,z1,7, P1) and a(vr) = (r,x2,q, P2) then M = P, ® P, and
M;j = (P1)i + (P2)k,; for some k. Thus (i,k) € Cy, and (k,j) € Cy,.

Case 2 (v is an idempotent node). Suppose v has children vy,...,y; for k > 3, with
a(v) = a(v;) = (p,xz,p, M) for all 1 < i < k. Since M is idempotent, we have M = M?
for any choice of d > 1. Note that there is no requirement that d < k, the equivalence
holds for all d by idempotence. In particular, let us fix a choice of some d > |@Qg| + 3.
Choose a contributor of v, (i,j) € C,, and so we have M, ; # —oo. Further, since M is
idempotent, we have M; ; = Mi‘?j. Thus there exists a sequence ¢ = ¢y,...,04+1 = j such
that ng = My, 0, + My gy + -+ My, p,.,, where My, 4., # —oo for every n < d.

Note then that (¢1,¢2) € Cy,, (ba, Las1) € Cy,. Furthermore, by simple application of the
pigeon hole principle, there exists distinct indices n, m such that i, = i,, (as d > |Qp| + 3).
Thus we have (i, i,) € Cpy N---NCy,_,. []

6.3. Faults. Given a word w such that [A](w) # —oo and a factorisation tree on w, a node
labelled with (p, x,q, M), is called a fault if:

e it is the child of an idempotent node, but is neither the left-most nor the right-most child,
o =1,
e M; ; =0 for all pairs (7,7) in its set of contributors.

Running Example, Part 9. Let us return to the factorisation tree for (aba™b)"™ depicted in
Fig. 2. Observe that the node indicated by v is a middle-child of an idempotent with only
zero entries in the contributors and is therefore a fault. Since the two subtrees below v4 are
identical the other node labelled by a is also a fault. In Running Example, Part 10 we will
use the indicated fault v1 to construct a (tractable) witness of non-domination. a
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7. NO TREE HAS A FAULT IMPLIES B1G-O

In this section, we suppose that no word has a factorisation tree of height at most 3|9t A8
with a fault, and we construct a positive integer ¢ such that:

[A](w) < c[B](w) +¢ for all w e ¥*. (7.1)

Recall that we can also assume that [B](w) # —oo for all words w.
Let w = wy - - - wg with wy, ..., w, € ¥ such that [A](w) # —oo and let:

w1:T1 w2:T2 WE T
Po——>P1 ——> P2 Pk-1 — 7 Pk
be its unique accepting path in A. Given a factorisation tree ¢ on w, for a node v in t, root

of the subtree with leaves o, (w;), ..., aw(wj), we denote by:

e val4(v) the weight z; + ...+ x; of the path in A corresponding to the factor w; - - - wj,
e Valg(v) the matrix Mpg(w; - - - wj).

Let A be the largest value occurring on a transition in A, and let ¢, = (4|Qp| + 4)"A
for positive integers h. We prove the following property:

Proposition 7.1. Let w be a word such that [A](w) # —oco and t a factorisation tree on w
with no fault. Let v be a node in t of height h for some positive integer h. Then:

valy(v) < ¢, max Valg(v)i; + cn
(Z,])GCV

Observe that Eq. (7.1) is trivial for w such that [A](w) = —oco. For w such that
[A](w) # —o0, Eq. (7.1) is a direct corollary of Proposition 7.1 choosing ¢ = ¢y where
H =3Mm AB|, v as the root of a factorisation tree on w of height at most H, which exists
by Theorem 6.1.

Proof. The proof is by induction on h.

Case 1 (If v is a leaf and h = 0). By definition of A as the largest value occurring on a
transition in A, and by definition of ¢, we have:

ValA(”) < A <c¢p < ¢p max VaIB(I/),L"j + ¢p.
(.5)€Cy

The last inequality holds only if the set of contributors C, is not empty, which is the case
by Proposition 6.2 since we assume [B](w) > 0 for all w € ¥*.

Case 2 (If v is a product node). Let v; and v, be the two children of v. Then val4(v) =
val4(v1) + val4(v2). By induction, for each child m € {1,2} we have:

valg(vm) < cp—1 max  Valg(vm)ij + ch1
(i:j)ECVm

Suppose val4(v1) > val 4(v2) (the case val 4(v2) > val 4(v1) is symmetric). Then:

vala(v1) + vala(vz) < 2valy(v1)

< 2c¢p_1 max Va|3(1/1)2‘7j + 2¢cp_1
(i7j)€CV1

Consider (d, f) € C,, for which this maximum is attained. Since (d, f) is a contributor of a
left child then there exists g such that Valg(v2)f, # —00 and (d, g) is a contributor of v.
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We get:

vala(v) < vala(v1) + val 4(v2)
< 2cp_1Valg(v1)a,p + 2cp—1
< 2¢p—1(Valg(v1)a,r + Valg(v2)f,g) + 2ch—1

< 2¢,—1 max Valg(v);; + 2¢c,—
> h l(i,j)ECV B( )z,] h—1

< ¢, max Valg(v);;+ch (as ¢, > 2¢p-1.)
(4,7)eCy
Case 3 (If v is an idempotent node). Let vy, ...,v4 be the children of v. By definition and
idempotency, val4(v) = val g(vy,) for all m =1,...,d. If val 4(v) = 0, then we directly get
the result since the set of contributors C,, is not empty by Proposition 6.2 (because we
assume that [B](w) > 0 for all w € ¥*). Let’s suppose now that val 4(v) = val4(vy,) =1 for
allm=1,....,d.
By inductive hypothesis, for all m = 1,...,d, we have:

valg(vm) < cp—1 max  Valg(vm)ij + ch-1-
(Zyj)eclfm

Since there is no fault in the tree, then for all m, there is some (i,5) € C,,, such that
Valg(vm)ij > 1, and hence:

valA(vm) < 2cp—1 max  Valg(vm)ij- (7.2)
(i’j)ECVm

Let (im,jm) be a pair in C,, on which this maximum is attained. Note that Valg(vy,)
are the same for all m as Valg(v), and that this is an idempotent matrix. Let us define
i ~ j if and only if Valg(v); ; = Valg(v);; # —oo. By idempotency, this gives an equivalence
relation, and we denote by Sy, ...,S, its equivalence classes. Note that z is bounded by the
number of states of B. We now partition the set {1,...,d} (the children of the node v) as
the union @ of the sets {1}, {d}, I's; even and I's; odq for all f =1,..., z, where:

Ls;even = {m €1{2,...,d = 1} | im, jm € Sy and m is even}

and
Ls;odd ={m €{2,...,d =1} | im, jm € Sy and m is odd}.

This gives a partition of {1,...,d} since (i, jm) is in the set of contributors of v, and then
im and j,, are in the same Sy for some f. We partition this way into even and odd indices
to be able to reconstruct a path: if we select for example the even indices in one of the Sy,
by definition, we can construct a path in the automaton taking the transitions corresponding
to these indices. Note that the number of sets forming ® is bounded by 2(|@Qg| + 1), where
we recall that |@Qg| is the number of states of B.

For each I' in @, let ar = Zmer val4(vp,), and denote by I'y,q, one for which this sum
is maximal. Observe that:

val4(v) <2(1Qp| + 1)zr,,,. -
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Sub-case 3.1 (I'maz = I's; oaa for some f). We have:
vala(v) < 2(1Qs[ + D)ar,,,,
=2(Qs/ +1) Y vala(vm)

MEst,odd

<20Qsl+1) Y. (2ea-1Vals(m)ip.jm) (by Eq. (7.2))

mel's; 0da

= 4ep-1(|@s] +1) Z Valg(Vm )im jm-

mels, 0dd
By definition of contributors, and construction of I's;0dd, there exists (i,7) in Cy,
and i = £y,41,...,¢3 = j such that i, = ¢p,—1 and j,, = £, for all m in I's; 0dd and
Valg(vm)e,, 16, 7 —00 for all m =1,...,d, hence

d
Z ValB(Vm)im,jm S Z ValB(Vm)E'mflvem'
m=1

mel's; 0dd

Since we also have:

d
max Valg(r); ; = max max Valg(Vim)e 14
s, V)i = I s <mz_1 (et

we obtain:
vala(v) <don1(1Qsl+1) > Valg(m)in.in
mGst,odd

< 4ey,_ Bl +1) max Valg(v); ;.
-1(1Qs] +1) masx Vals(v);

Sub-case 3.2 (I'yaz =T's 1 even for some f). This is similar to the previous case.
Sub-case 3.3 (I'maz = {1}). This is similar to the product case. We have:

vala(v) <2(|Qp| + 1)zr,,,.
= 2(|Qp| + 1)vala(v1)
S 4(|Q3| + 1)Ch_1 (.1.1)1ax Va|B(V1)i,j

1,7)€Cy,

<4 Dep— Val i
< 4(1Qp| + 1)y, L max alg(v)ie

» v

(by definition of contributors of the left-most child.)

Sub-case 3.4 (T'yaz = {d}). This is symmetric to the previous case. []

8. CONSTRUCTION OF A WITNESS IF THERE IS A TREE WITH A FAULT

We suppose that some word has a factorisation tree of height at most 3|90 A,B| with a fault.
We are going to construct a tractable witness of non-domination in 91 4 5.

Let v be a fault of maximal height in this tree. Let 1 = v and let vj41 be the direct
parent of v, for h = 2, ..., m, where v, is the root node. Before giving the construction of
the tractable witness formally, we will see how to construct it on our running example.
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FIGURE 3. A factorisation tree for the word a™b with contributors highlighted.

Running Example, Part 10. We consider the tree depicted in Fig. 2. We define v4,...,v5 as
explained above. A tractable witness is constructed by doing the stabilisation operation on
the labelling of v, then doing the product on the right with the labelling corresponding to b
and on the left with the one corresponding to ab. This gets us to v4. At this point, we take
the flattening of what we have obtained. We define the §-labelling of the nodes v:

80m) = (b, 1. (915—)% = (p.cowp. <f°_°o_)>

:__0 - — =0

00— —
Bvs) =) ® (p. L.p, ( - 9 —)>

—— -1

00 — —
=<p7oo,p,<__°o°_)>

-1

00— —

80 = 1.0 (== 5 = )@ 60m)

———1

—(pyoo,p,<99%:>)

—— -1
. 001 —
B0s) = 802" = (o0 (=~ 4~ )
Observe that 3(vs5) is a witness of non-domination. 4

Running Example, Part 11. Recall that contributors are defined top down, thus whether a
node is a fault depends on the context in which it sits. Observe that v5 of Fig. 2, which is a
fault in that context, would not be fault if the tree were rooted at v3. This is because the
contributors are different in this scenario, which is depicted in Fig. 3. In this case the node
corresponding to a has a 1 in an entry of the contributors, and is therefore not a fault, and
does not induce a witness. J

Formally, every node v in the tree is labelled by an element a(v) of 94 5. We now
associate nodes va, . .., vy, with elements of 94 g, which we denote by 3(v), defined by the
following:
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If h =2, let B(r2) = a(r)”. This means we take stabilisation of the child’s label.

If vy, is a product of v,_1 and v/, we let B(vp,) = B(vp_1) @ (V).

If vy, is a product of v/ and v,,_1, we let B(vy) = a(V') @ B(vp_1).

If vy, is the idempotent product, with v,_; a middle child (that is, neither the left child
nor the right) we let 8(v,) = B(v4—1)°. This means we flatten the S-label of the child.
If v is the idempotent product, with v,_1 as the left child (resp. right child), we let
Bvn) = B(vh-1) ® avp—1) (resp. B(vn) = a(vp-1) ® B(va-1)).

Note we only associate (8-labels with nodes on the path vs, ..., v, and not other nodes in
the tree.

We will observe that the §-labelling of the root, 8(v,), is a tractable witness of non-
domination. First, by construction, it has the correct shape: it is constructed with a single
stabilisation at 8(v2), and subsequently only products with elements of 9 4 5 and nested
flattening operations. Since the height of the tree is bounded by 3|9 4 5| then so to is the
number of flattening operations defining (). All is left is to show that it is a witness,
which we do with the following property (in which we recall C,, are the contributors of a
node v).

Proposition 8.1. Forall h € {2,...,m}, we have B(vy) = a(vy) and if B(vy) = (p,x,q, M),
we have x = oo and M; ; <1 for all (i,7) € Cy, .

Observe that this immediately implies that 5(vp,) € M4 p is a witness.
Proof. We proceed by induction on h starting from h = 2.

Case 1 (Base case, h = 2). Recall that 8(v2) = a(r)”. Due to v being an idempotent
fault we can assume «a(v) takes the form (p,1,p, M), hence B(r2) = (p,00,p, N) where
N =M®@M' @ M, and M’ replaces diagonal elements of M with their stabilisation, i.e.
Mé,é = (MM)#. Since v is a fault My, = 0 for (¢,¢) € C,, hence Mé,z = 0. Thus for
(i,9) € Cuy M;j = maxgy Mo+ My, + My ; < 1. Indeed for (£, k) that could contribute
to the maximum, M;,, M ; < 1 by definition, and either ¢ # k£ and Mé,k <1,or /¢ =k,
(¢,k) € C, and hence, M, = 0.

Case 2 (vp, is a product). Let us assume v}, is a product of v, and /. We then have
Bvp) = Bvp-1) ® a(V') = Bva-1) @ a(V) = a(vp-1) @ a(V') = a(vp).

By induction hypothesis, S(v4_1) = (p,o00,r, N') for some p,r, N'. Let us denote
a(V') = (r,x,q, M) for some ¢, M and some finite . Then S(vp,) = (p,00,q, N' @ M). Let
N=N @M.

Consider (i,7) € C,,. We have N;; = maxy Nz'/,z + My ;. Observe that (i,¢) € Cy, ,
whenever My ; # —oo and N/, # —oco. Hence N/, < 1 by induction and M;; < 1 by
definition, since a(v) € M4 5. Hence N; ; < 1.

The case v, is a product of some v/ and v},_; is similar.

Case 3 (v, is idempotent such that v, is the left-most child). First, note that we have
a(vp) = a(vp—1) = B(vp—1) by induction, and B(vp,) = B(va—1) ® a(vy,) by definition. Hence,
B(vp) = a(vy) by idempotency. By induction hypothesis, 8(vy—1) = (p, 00, p, M), for some
p, M, so B(Vh):(p’oovpuM(g)M) _

Let (i, ) in Cy,. Then by definition of contributors, for all ¢ such that M;, # —oo and
My ; # —o0, we have (i,£) in C,, ,. Hence, by induction hypothesis, for such ¢, M;, < 1.
We then have (M @ M), j = maxy M; o+ My ; < 1.
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Case 4 (v, is idempotent such that v,_; is the right-most child). This case is symmetric to
the previous one.

Case 5 (v, is idempotent such that vp,_q is a middle child). By idempotence, “note that
a(vp) = a(vp_1). Also note that for idempotent e € 9% 4 g we have ¢ =e, thus > = ¢ = e.

Therefore we have 8(vh) = (B(vh-1))" = a(Vp_1)’ = a(vh_1) = a(vp).

By induction hypothesis, f(vn_1) = (p,00,p, M), for some M, and thus we have
B(vn) = (p,00,p, M)" = (p,00,p, M"). Let N = M".

Consider (i,j) € Cy,. We have N, ; = maxg M, + <M3>e,k + Mk,j? where (M?3) is
the matrix M? where all the non diagonal elements are replaced by their barred version.
Observe that if £ # k then Mi,z, <M3>2,k7 Mk,j cannot be 0o, as each entry has been replaced
by its barred version.

Thus it remains to verify M; ¢+ (M3);,+M;; < 1. We show that (M?3),, < 1 for £ such
that M;, # —oo and M, ; # —oo. Note that Mge < 1lif and only if My, + Ms; + My <1
for all s,¢. For any such ¢, s,t in which all three are not —oo, the pairs (¢, s), (s,t) and (¢, £)
are in the set of contributors C,, | of v,_1. Thus by induction all three are less than or
equal to 1 and thus MZZ <1 []

9. PRESENCE OF WITNESS IMPLIES NON BIG-O

In this section, we assume that there is a witness of non-domination in M4 5 and we
construct a sequence of words (w;);en such that for all positive integer ¢, there is ¢ such that:

[A] (w;) > ¢ - [B](w;) + c.
We will prove the following property:

Proposition 9.1. For all (p,z,q,M) in M4, for all s € N there exists a pair (ws, xs),
with ws a word over ¥* and xs € N with the following properties:

(1) p 2% q in A with T = 75,

(2) Mp(ws) = M,
(3) if x = o0, for all i,j such that M;; <1, we have x5 > s(Mpg(ws))i; + s.

Note that applying this property to a witness of non-domination gives the expected
result and concludes the proof.

Proof. We prove the proposition by structural induction on 9t 4 5. Consider an element
(p,z,q, M) in My p. By definition of M4, (p,z,q, M) is either a generator of M4 p
representing a letter, the product of two elements of 9 4 5, the stabilisation or the flattening
of an element of M 4 5.

Case 1 (Base case: generator representing letters). Consider an element (p,¥, g, Mg(a)) such

that a € X, p 29, q in A. We associate with every s the word ws = a. Since §J < 0o, there is
nothing to prove for (3).

Case 2 (Product of two elements). Suppose (p,z,q,M) = (p,y,r,N) ® (r,2,q, P) with
(us,Ys)sen and (vs, zs)sen given by induction.

e If y<landz<1 (and so z <1), we define ws = usvs and x5 = ys + 2z5. (1) and (2) are
immediate by definition and there is nothing to prove for (3).
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o If y = z = o0, we define ws = ugvs and zs = ys + 2z5. (1) and (2) are immediate
by definition. For (3), intuitively, since both y = z = oo we can straightforwardly
bound both ys; and zs through their respective words. Suppose M;; < 1, we have
Mp(ws)i; = Mp(us)ie + Mp(vs)e,; for some £. Note that we have N;, <1 and Pp; <1,
otherwise M; ; = co. Hence s(Mp(us)i¢) +5 < ys and s(Mp(vs)ej) +5 < ys.

s(Mp(ws)ij) + 5 = s(Mp(us)ie + Mp(vs)es) + 5
< sMp(us)ie + s+ sMp(vs)ej + s
<ys+zs =15 as required.

e If y = oo but not z, let © be the maximum value appearing in the matrix Mp(vy). We
define ws = uy@41)vo and Ts = Ygeo41) + 20- (1) and (2) are immediate by definition. For
(3), we will only be able to use property (3) inductively from y = co but not z, thus we
only use the short word vy (to ensure path compatibility) with the sufficiently larger word
Ug@+1)- Suppose M; ; < 1, we have Mp(ws)ij = Mp(ugeo+1))ie + Mp(vo)e,; for some .
Note that we have N;, < 1, otherwise M; ; = co. Hence,

$(© + 1)(Mp(ugo41))ie) + (0 +1) < yyo41)-

s(Mp(ws)ij) + s = s(Mp(us@+1))ie + Mp(vo)ej) + s
< sMp(ug@+1))if + 5O + s (since Mpg(vg)e; < O)
< 5(0 + 1) Mp(usot1))ie +5(0 + 1)
< Ys(o+1) = Ys(o+1) T 20 = Ts-

e The case of z = co but not y is symmetric.

Case 3 (Stabilisation of an element). Suppose (p,z,p, M) = (p,y,p, P)* and (us, ys)sen
given by induction.

e If y = 0 (and hence x = 0), let ws = us and x5 = y;. (1) and (2) are immediate by
definition - since P# = M as P is path-idempotent - and there is nothing to prove for (3).

e If y = 0o (and hence z = o), let ws = us and x5 = ys. (1) and (2) are immediate by
definition. Observe that if M; ; <1 then P;; <1, thus

s(Mp(ws)ij) + s = s(Mp(us)ij) +5 < ys = Ts.

e If y = 1 (and hence x = o0), let ©® be the maximum value appearing in the matrix

Mp(up) and recall |@Qp| is the number of states of B. We define ws = ug(@‘QBHl) and
zs = 505(0|Qp| +1). (1) and (2) are immediate by definition. For (3), intuitively if
M; ; <1, then the repetition of ug cannot access a positive cycle between ¢ and j, hence
bounding the weight of Mp(ws); ;, while iterating uy sufficiently many times will make x4
as large as needed. Formally, if M;; <1, then for all £ such that P;, and P ; are both
different from —oo, we have Py = 0. Hence, since P is path-idempotent and Mg(up) = P
by induction, Mp(ws); ; has value at most ©|@Qg|. On the other hand, the weight of w; in
A from p to p is at least s(©|Qp| + 1), since y = 1. Hence,

s(Mp(ws)i ;) + s < sO|Qp| + s < zs.

Case 4 (Flattening of an element). Suppose (p,x,p, M) = (p,y, p, P)’ and (us, ys)sen given
by induction.



3:24 L. DAviAauD, D. PURSER, AND M. TCHENG Vol. 21:3

e Ifz =y <1let ws =us and x5 = ys. (1) and (2) are immediate by definition — since
P’ = M as P is path-idempotent — and there is nothing to prove for (3).

e Otherwise, we have x = y = co. Let ©4 be the maximum value appearing in the matrix
Mg (us), |@Qp| the number of states of B and K, = |Q5|0, + 1. We define ws = (us)**
and z; = Kys. (1) and (2) are immediate by definition. We prove (3).

By induction, if P;; <1 then s(Mp(us)ij) + s < ys. Let Ry = ijI.%aXQMB(uS)i’j' In
particular, ’
sRs+ s < ys. (9.1)
Consider i, j such that M;; < 1. Since P is path-idempotent and by definition of
flattening, necessarily for all £ such that both P;, and Py ; are different from —oo, we have
P&g < 1 (*)
We have:

Mp(ws)ij = Mp(ul*);;
= max  Mp(us)igi + Mp(us)iyis + -+ Mp(us)ig, _1ix,  (9:2)

10,801,125yl K g

10=t, iKs=J
Consider the path i, 41, ..., ik, that achieves the maximum in Eq. (9.2). Since we have
K, > |Qpl, there exists n < m such that i, = iy, and all elements g, ..., i, imi1-- -, iK,

are distinct. By (%), we have P; < 1 and furthermore, P; <lforn<{<m-—1

n,in — 277;2+1
since P, i, < 1. By definition of Rs, we then have Mp(us)i, i, < Rs. Hence all
components of Eq. (9.2), except those between ig, ..., i, and iy, ...,ix,, are bounded

above by R, and the remaining, of which there are at most |Qp|, are bounded above by
O,. We have:

MB(ws)i,j < |QB|®S + KsR;. (93)
So, we have:
S(MB(ws)i,j) +s5=< S(‘QB’@s + KsRs) +s (by Eq. (93))
= s(KsRs +|QB|Os + 1)
= s(KsRs + K5) (by choice of Kj)
= K. (sRs + s)
< K,ys (by Eq. (9.1))
= 2. L]

Running Fxample, Part 12. We compute the sequence w; for the nodes inducing the tractable

witness in our example:

e The leaves, labelled by a and b, induce the sequences ws = a for all s, and wgs = b for all s
respectively.

e (1) is generated as the stabilisation of an element with word us = @ in which y =1
(Case 3.3), hence ws = a*(®1@5/+1) = 4% where © = max; j Mp(a);; = 1 and |Qg| = 4.

e 3(v3) is the product of elements with us = a®® and vs = b, where y = oo, but not z, and
so we have ws = ugy@41)v0 = a'%%h, where © = max; j Mp(b);; = 1.

e 3(vy) is the product of elements with us = ab and v, = a'%b, where z = oo but not v,
and so we have wy = abvggt1) = aba?**b, as © = max; j Mp(ab); ; = 1.

e The tractable witness 3(vs) is the flattening of an element with us, = aba®**b, where y = oo,
thus (by Case 4.2) ws = ul@slOF1 (aba?03p)4205t1  where © = max; ; Mp(us)ij = 20s.
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Hence, our witness shows that for every s, ws = (aba?**b)8%*! is a contradiction to
[A] < s[B] + s. Apart from the additional complexity introduced by the constants, the
sequence matches our expectations from Running Example, Parts 2 and 7.

Indeed, [A](ws) = (20s + 3)(80s + 1) = 800s? + 260s + 3 increases quadratically in s,
while [B](ws) = 160s + 2, maximised by counting b’s, only increases linearly in s, and in
particular:

800s? + 260s + 3 > s(160s + 2) + s for every s € N. 4

10. MAX-PLUS AUTOMATA WITH INCREASINGLY COMPLEX WITNESSES

We have defined tractable witnesses for two max-plus automata A and B as a means to
decide whether A is big-O of B. One of the specific characteristics of tractable witnesses is
the number of nested b operations appearing in the expression representing the witness. In
this section, we construct a sequence of pairs of max-plus automata (A, By, )n>1 with A,
not big-O of B,, such that (1) there is a tractable witness between A,, and B,, that has n —1
nested b operations, but (2) there is no tractable witness with strictly less than n — 1 nested
b operations. We go even further by defining the fb-height of an element of 9t 4 g (essentially
the minimal number of nested # and b operations required to produce this element from the
basic elements corresponding to the letters and product) and we prove that for A, and B,
there is no witness in 9 4, 5, that are of fb-height less than n.
Recall that, for A deterministic, we have defined 91 4 5 as generated by the set

XA,B = {(paf7q7 MB(G)) ’ ac Zap % q in A}

and closed under product, stabilisation and flattening operations. We now define fb-
expressions, these describe how an element of 9 4 5 is generated from X 4 3.

Definition 10.1. The set of fb-expressions over X 4 g is defined by induction as the minimal
set such that:

o for all x € X4, x is a fh-expression,

e if s and t are #p-expressions, then st is a fh-expression,
e if s is a fb-expression, then s? is a fh-expression,

e if 5 is a fh-expression, then s” is a fb-expression.

We map every fp-expressions over X 4 5 to the element in 94 g U {L} corresponding to
doing the product,  and b-operations as in the expression. Additionally, the expression will
be mapped to L if a § and b operations are applied to elements which are not path-idempotent.
Formally, we define 7 the following projection from the set of fh-expressions over X 4 5 to
M4 U{L} by induction:

o if x € X4, then w(x) =z,

e if s and t are fp-expressions over X, then 7(st) = 7(s) ® m(t),

e if 5 is a fb-expression over X, then 7(s?) = 7(s)* if n(s) is path-idempotent, and L
otherwise,

e if 5 is a fh-expression over X, then 7(s”) = n(s)’ if 7(s) is path-idempotent, and L
otherwise.

Definition 10.2. The fb-height of a fb-expression, denoted fb-height(-) is defined by induction
as follows:

o for all x € X 4, fh-height(z) =0,
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e if s and t are fb-expressions, then fb-height(st) = max(fb-height(s), #h-height(t)),
e if 5 is a fh-expression, then f#h-height(s*) = 1 + #b-height(s),
o if 5 is a fb-expression, then #h-height(s”) = 1 4 h-height(s),

Definition 10.3. The fp-height of an element z of M 4 5 is defined as
fb-height(z) = min{fb-height(s) | 7(s) = z}.

Consider a tractable witness of non-domination g € 94 5; which can be described by a
fb-expressions of the form
90(g1(- - (gr—2(95-1(98)F Ghu1) Gh2)” - )" 91) 90>
The fib-height of this expression is k, which shows that the fib-height of g is at most k; but
there may be another fb-expression for g with lower height. The following proposition shows
that allowing general witnesses does not help in terms of fb-height and tractable witnesses
have fb-height as low as can be.

Proposition 10.4. For all max-plus automata A and B (with A deterministic), if there
exist a witness of th-height n for some n € N then there exist a tractable witness of #b-height
at most n.

Proof. We will say that an element of 91 4 5 has a tractable witness shape if it can be written
as:

# b

90(g1(- - (gh-2(gr—1(91) " gh1)’Gh—2) - - ) 91) 90,

for some k > 0, where all the g; and ¢} are products of elements in X 4 s.

We prove by induction that for all elements (p, 0o, ¢, M) of M 4 g of #b-height n, there is
an element (p, 0o, q, M') with a tractable witness shape and fb-height at most n such that
M’ < M (in a component-wise meaning, where —oo < 0 < 1 < 00). Applying this to a
witness leads to the expected result.

Let z be an element (p, 00, q, M) of M 4 5 of #r-height n.

o If 2 is in X 4 5, then z has a tractable witness shape and is of b-height n = 0.

e If 2 is equal to 2129, then z1 = (p,x1,7r, M1), 220 = (1, 22,9, M2), z1 and z2 have fb-height
at most n, M = M; ® My, and one of z1 or zy (or both) is equal to co. Let’s assume
x1 = 00, the other case is similar. By induction hypothesis on 2, there is an element
21 = (p,o00,r, M]) with a tractable witness shape and fb-height at most n such that
M] < M. We deduce that the element 2]z3 = (p, 00, ¢, M| ® Ma) has a tractable witness
shape of #b-height at most n and M| ® My < M. In this context, by Zz we mean the
element of M 4 g generated by fh-expression for z in which the stabilisation and flattening
operations are omitted.

e If z is equal to z%, then if z; = (p, 00, ¢, M7), we can directly apply the induction hypothesis
to z1 and immediately get an element satisfying the conditions (without needing to f it).
If z1 = (p,1,q, My), then Z* = (p, oo,q,ﬁlﬁ) satisfies the condition: it has a tractable
witness shape of fib-height 1, so at most n and Eﬁ < Mf <M.

e If 2 is equal to 23, then z; = (p, 00, ¢, M7) and has #p-height at most n — 1. We can apply
the induction hypothesis to z;. There is an element z] = (p, 00, q, M7) with a tractable
witness shape of fb-height at most n — 1 such that M| < M;. Hence, zib = (p,00,¢, M{b)
has a tractable witness shape of fb-height at most n with M{b < M" <M. ]
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Remark 10.5. Our main result, Theorem 5.4, asserts four equivalencies which are proven
in a cycle, Proposition 10.4 directly proves that (2) implies (3) in Theorem 5.4.

Theorem 10.6. There exists a sequence of pairs of maz-plus automata (Ap, Bp)n>1 such
that for allm > 1,

(1) there exists a tractable witness in M4, B, of {b-height n,
(2) there is no witness in M4, B, of {b-height strictly less than n.

In the rest of the paper, we fix a positive integer n. We give the construction of the
max-plus automata A, and B,, in Section 10.1, and prove items 1. in Section 10.2 and 2. in
Section 10.3.

For the rest of the paper, ¥, = {a1,as,...,a,} denotes an alphabet with n letters?.

10.1. Construction of A,, and B,,. The max-plus automata A,, and 5,, are both defined
on alphabet 3,. The automaton 4, is defined as the deterministic max-plus automata
which computes the length of the input word, and we denote by ¢ its only state.

A1y ey Oy 1

Ao fl

0 0
q

The automaton B, is defined as the maximum (disjoint union) of n max-plus automata
Bn1,Bn2,...Byy. Automaton B, 1 has one state, and all other B, ,, have 3 states each
(hence B,, has 3n — 2 states).

Bnli O

’ 0 0

For all 1 <m < n, By m:

Yo\ {a1,an}:0
Yn:0 ap: 1 A1y eees U 2 0

| .

2The following construction would also work with a two letter alphabet, by decomposing each transition
into O(log(n)) successive transitions in a standard way.
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We define B,, as max(B,,1,By,2, ..., Bnn). By definition, the matrix associated to B,, for
each word is a block diagonal matrix: the first block is of dimension 1 x 1 (for By, 1), and all
other blocks are of dimension 3 x 3 (for By, m, 2 < m < n). Given a word w, we will denote
by M (w), Ma(w),... M, (w) these blocks (matrices), omitting n which is now fixed.

Running Example, Part 13. Note that A, B,, generalises the running example, that is, when
n =2, Ay, B, are exactly the A, B from Running Example, Part 1. J

Let us give a rough intuition of what automaton B,, is computing on words of the shape:

(an(an_1(... (a2(ai)az)® ... an_1)"ta,)"

e By = By,1 computes the function that maps each word to 0.

e By = max(By,;1,B22) = B from the running example (up to renaming of letters) and
computes the function that maps each word to the maximum between the longest block
of a1’s and the number of as’s.

e B3 = max(Bs,B32,833) computes a function that maps each word of the shape
(ag(az(afl)ag)bag)ei” to the maximum of the three following components:

— (for Bz 1) the number of as’s and a3’s, so big-O of {2/,
— (for B3 2) between all pairs of consecutive a3’s, take the largest number of a1’s appearing
between two as’s, and then take the sum, so it would give big-O of £1/3,
— (for B3 3) the largest number of a;’s appearing between two a3’s (ignoring as’s), so big-O
of 6152.
e for the general case, B3,, computes a function that maps each word of the shape

(an(an_1(... (a2(ai)az)® .. an_1)"1a,)"

to the maximum of the n following components:

— (for By, 1) the number of as’s, as’s,... and ay’s, so big-O of lals - - £y,

— (for By, m with 1 < m < n) between all pairs of consecutive letters a;’s and a;’s with
i,j > m, take the largest number of a;’s appearing between two a,,’s (ignoring the
other letters), and then take the sum, so it would give big-O of ¢10o -l 1lmi1 - Un.

10.2. Existence of tractable witnesses of fh-height n. For i = 1,...,n, let a; denote

the element (¢, 1,q, Mp, (a;)) corresponding to the letter a; in M4, 5, -

Proposition 10.7. The element of M 4,, 5,

w = (an(an—1(...(as(az(a1)*az)’as)’ ... an—1)an)’

is a tractable witness of non-domination between A, and B, of tb-height n.

Proof. First of all, it is immediate by definition that w = (¢, 00, q, M) for some M. We are
left to prove that all the coefficients in M corresponding to a path from an initial state to a
final state in B3, are not co. These coefficients are (M1)1,1, (Mm)1,2, (Mm)1,3, (Mm)2,2 and
(M)2,3 for 2 <m <mn.

We have M;(a;) = 0, and hence (M7)1,1 # oo.

For 2 <m < n and 2 <i < m, we have :



Vol. 21:3 THE BIG-O PROBLEM FOR MAX-PLUS AUTOMATA IS DECIDABLE (PSPACE-COMPLETE) 3:29

which gives (path-idempotency is satisfied at every step):

0o - - 0 — _
Mp(a))t = [ = oo — | and (Mp(am-1)(...)" M (am-1))’ = | = oo —
Finally,
0 0 oo 0 0 1
Mg (am) ()" My (am) = | = — 8 and (M (am)m(...)" M(am)m)’ = [ — — 8

Finally, using only products and b operations (but no f operation) on matrices that do
not contain any oo cannot create oo. Hence,

(M (an)m (- - (M (am)m () M (am)m)’ - - )° M (an)m)’

does not contain any oo. This is true for all 2 < m < n, and thus all (M,y,)12, (Mm)1.3,
(M)2,2 and (M, )2,3 are different from oo, giving the expected result. ]

Running Example, Part 14. Proposition 10.7 entails that (ej(e,)fes)’ is also a witness of
non-domination for A, B. J

10.3. Non-existence of witnesses of fib-height strictly less than n. Using Proposi-
tions 10.4, it is enough to prove that there is no tractable witness of fb-height n — 1 in
M 4,, B, to obtain the expected result. Note that, if there were a tractable witness of fb-height
m < n — 1, then there would also exist a tractable witness of fb-height n — 1: for any matrix
M, (M*)* < M?* then by repeatedly using the b operation after the (only) inner-most f
operation we could get a tractable witness of any height higher than m.

Proposition 10.8. There is no tractable witness of #h-height n — 1 in M 4, B, .

Let g be an element of M 4, 5, with the shape of a tractable witness,

9= gn(gn-1(- - (92(90)7 g5)" ... ) ghr_1) ghs

of #b-height n — 1, where each g; and g/ is a product (possibly empty, except for g;) of some
elements a; for ¢ ranging between 1 and n. We say that g; has a; as factor if it appears in
it.

Let us first start with the intuition. In any tractable witness, g; must have a; as its
only factor, otherwise, B, 1 will keep up with A,, and it cannot be a witness. By using a; in
g1, we have introduced oo into the matrix for every By, ,, (m # 1) and must remove this oo
by a sequence of flattening operations. Essentially (although not exactly), the flattening
operation removes oco’s that are not on the diagonal. Therefore the g¢;, ¢, (i > 2) in the
witness must be used to take co’s off of the diagonal, so that flattening removes the oco’s.
However, the B, ,, are constructed in such a way that any g;, g, that removes co’s in B,
cannot also remove co’s in any other By, ,,,» (m’ # m), resulting in the need for at least n — 1
flattening operations; one for each B, ,,. We now prove the result formally, in which we
must carefully keep track of the locations of each oo.

Let g = (q,2,q, M) for some x and M. We are going to prove that g cannot be a
(tractable) witness. If 2 # oo, the result is immediate. Otherwise, we denote by M™),
M@ .. M®™ the diagonal blocks (matrices) of M of size 1 x 1 for M) and 3 x 3 for
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M(m), m # 1 corresponding to the behaviours in the automata By, 1, B2, ... By n, and by
P-(m), Pi/(m) the matrices corresponding to the g;, g/ such that:

7

MO = P (I (L (PE (PR L P Pl
Note that it is enough to prove that, either M) = (c0) or there exist i between 2 and
n such that one of Ml(z), Méng), Ml(”;) or MQ( ™) is 0o.
To prove this, we use the followmg three lemmas, their proofs follow in the following
sections.
Lemma 10.9. Let 1 <m < n. If for all 1 <1i < m, gig, has only factors a; for j < i then:

(P (o (P (P Y™y )P P = oo

m—1
Lemma 10.10. Let 1 <m < n. If for all 1 < i < m, g;g; has only factors a; for j <i and
gm9m, has factor aj for some j > m then:
(P (B (PR PP, = oo
Lemma 10.11. Let 1 <m < n. If P is a 3 X 3 matriz such that P2 = oo, then the matriz
PI™PPA™ has 0o in one of the (1,2), (2,2), (1,3) or (2,3) entries.

Before proving these three lemmas, we show how they are used to prove that ¢ is not a
tractable witness, entailing Proposition 10.8.

Proof of Proposition 10.8. Let z be the smallest integer between 1 and n such that for all
1 <i < z, gig; has only factors a; for j < i, and g.g, has factor a; for some j > z; and L if
such an integer does not exist. We are in one of the following cases:

e z = L: In this case, for all 1 <i <mn, g;¢; has only factors a; for j <1i. By denoting

P = (P (... (P (PR P

n n—1
we have, by Lemma 10.9 (applied to m = n),
P272 =
and by Lemma 10.11,
M™ = pr(LN)pp;L(n)
has oo in one of the (1,2), (2,2), (1,3) or (2, 3) entries.
e 1 < z < n: By denoting
P = (P (. (P (PR PPy
we have, by Lemma 10.10 (applied to m = z),
P9 =00
and by Lemma 10.11,
MR — péz)pp;l(Z)

has oo in one of the (1,2), (2,2), (1,3) or (2, 3) entries.
e z = 1: gy has factor a; for some j > 1, and hence M) = (oc0). ]
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Proof of Lemmas 10.9 and 10.11.

Proof of Lemma 10.9. The proof is by induction on m. If m = 2, and ¢; has only factors
aq then:

2
(P 1( ))272 =00
Let 2 < m < n, and suppose that for all 1 <i < m, g;g; has only factors a; for j <i. By
induction, we have that

(P (D@ DRI PP, = o

m—2 m—2
Since By, ;,—1 and By, ,, are identical when restricted to letters aq, ..., an—2, then:
(P (P (P ERL™ Y P P = o0
Finally, since gp,—19,,_; has only factors a; for j <m — 1:
(P (o (P (PR P P Yy = oo O

Proof of Lemma 10.11. If g, has factor a.,, then (PTE’”))LQ %+ —o00, otherwise (Py(Lm))272 +
—00.

If g/, does not have factor a,,, or has at least one factor a,, that is later followed by a
factor aj for j > m, then (PT(Lm))Q’Q # —o00, otherwise, if no factor ay, is later followed by a
factor a; for j > m, (P,(Lm))gg # —00.

In all the cases, the matrix Pi™ PPY™ has oo in one of the (1,2), (2,2), (1,3) or (2,3)
entries. []

Proof of Lemma 10.10. Given a word w, we define qu,m) as the 3 x 3 matrix of the
behaviour of the automaton B;, ,, on the word w. We extend this definition to fh-expressions
on Xy,:

e If wis a word, then qu,m) is defined above.

o If w = wywsy then Pl(um) = PQE,T)P&ZZ).

e If w = uf then Plg,m) = (qum))ﬁ provided P&m) is path-idempotent, otherwise it is undefined.
o If w = u” then Pi(um) = (Pém))b provided Plsm) is path-idempotent, otherwise it is undefined.

Essentially, if 7(w) = (¢q,x, ¢, M), then Pl(um) is the restriction of M to matrix for Bj, .
We say that a 3 x 3 matrix P satisfies condition (C) if the four following conditions are

satisfied:

Cl: Py # —o0,

C2: P35y # —o0,

C3: P372 75 —0Q,

C4: Pz,g = Q.

Lemma 10.12. Let v and w be two words and u a §h-expression on X, such that (qum)) is de-
fined, (P&m))gg = 00 and vw has a letter a; for some j > m as factor. Then (Pzgm)Pzgm)RE,m))b
satisfies (C).

Lemma 10.13. Let v and w be two words and u a fh-expression on ¥, such that (qum)) is
defined and satisfies (C) then (Pv(m)quEm)Pé,m))b satisfies (C).
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Let us first show how we can use Lemmas 10.12 and 10.13 to conclude the proof. We
prove by induction that for all m < k < n,

(P (o (P (PR Ly P

satisfies (C). If so, by applying it to & = n and considering (C4), this concludes the proof.
The base case (k =m) is given by Lemma 10.12 applied to
P = (P (o (P (PR L P
P{™ = Pi™ and P{™ = P™ . (P{™)45 = 0o by Lemma 10.9.
The induction case is given by Lemma 10.13.

Proof of Lemmas 10.12 and 10.13. First note the following properties:
Property 1: for all fb-expressions w, (Plgm))l,l # —00.
Property 2: for all fb-expressions w, one (or both) of (Plgm))m or (P&m))Q,g is not —oo.

Property 3: for all fb-expressions w, one (or both) of (P&m))gz or (qu,m))‘g,g is not —oo.

Property 4: for all words w that has a letter a; for some j > m as factor, (qum))m and

(Pé,m))&l are not —oo.
Property 5: for all words w that has a letter a; for some j > m as factor, (P&m))gg and

(Plg;m))gg are not —oo. (For entry (2,2): Given a word w with a letter a; for some
j > m as factor, (1) if w does not have letter a,, as factor then there is a path looping
around g, 2 on w, (2) if w has a letter a,, and all letters a,, are followed later in the
word by a letter a, for some ¢ > m then loop around g, 2 until reading a a,,, then
g0 t0 gm, 3, loop around g¢,, 3 until seeing a letter a, for some £ > m and go back to
dm,2- Repeat, (3) if w has a letter a,, and some are not followed later by a letter ay
for some ¢ > m, then stay in ¢, 2 or go to ¢, 3 as long as no a, for some £ > m is
seen. When the first one is read, go to ¢,,1 and on the very last a,, go back to g .
For entry (3,2): Given a word w with a letter a; for some j > m as factor, (1) if w
does not have letter a,, as factor then go to g, 2 when reading the first a; and loop in
¢m,2 on the rest of the word, (2) if w has a letter a,, and all letters a,, are followed
later in the word by a letter a, for some £ > m then loop around g, 3 until reading a,
for some ¢ > m and go to ¢y, 2, loop around g, 2 until seeing a a,,, then go to g, 3,
loop around ¢, 3 until seeing a letter a, for some ¢ > m and go back to g, 2. Repeat,
(3) if w has a letter a,, and some are not followed later by a letter a, for some ¢ > m,
then stay in g, 3 or go to ¢y, 2 as long as no a, for some £ > m is seen. When the first
one is read, go to ¢m,,1 and on the very last a,, go back to ¢m 2. )

Property 6: for all fh-expressions w, one (or both) of (P&m))m or (qu,m))g,z is not —oo.

Proof of Lemma 10.12. By path-idempotency, for (C1), (C2) and (C3), it is sufficient to
prove that P Pm™ i satisfies (C1), (C2) and (C3).

C1 (P # —o0): If v has factor a; for some j > m, then (Pém))m is not —oco (Property
4). Additionally, (qum))m and (Plsjm))Ll are not —oo (Property 1).
If w has factor a; for some j > m, then neither (qum))m or (P&m))gg is —oo (Property

4). Additionally, Pzgm)Pqu) = zqu’) and one of (Pzngn))g’z or (quzn))g’g 1s not —oo
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(Property 2).
In all cases, (qum)Pu(m)Pgm))g,l is not —oo.

C2 (P31 # —o0): If v has factor a; for some j > m, then (qum))&l is not —oo (Property
4). Additionally, (P&m))Ll and (Pis,m))ljl are not —oo (Property 1).

If w has factor a; for some j > m, then neither (Pig)m))m or (Plg,m))&l is —oo (Property
4). Additionally, P{™P{™ = P{™ and one of (P{")s5 or (PI")s3 is not —oo
(Property 3).

In all cases, (Plgm) Pém) qu,m))g,l is not —oo.

C3 (P32 # —00): If w has factor a; for some j > m, then both (qujm))z,g and (qu)m))g’g
are not —oo (Property 5). Additionally, Pv(m)PS") = PISZL ) and one of (PIEZL ))372 or
(Pé;n))g,g is not —oo (Property 3).
If v has factor a; for some j > m, then both (qu;m))&l and (P&,m))g,g are not —oo
(Properties 4 and 5). Additionally, qum)Pl(l,m) = PH(ZZ) and one of (RSZZ))LQ or (Pégb))g’g
is not —oo (Property 6).
In all cases, (qum) qum) P&f"))g,g is not —oo.

C4 (P2 = 00): We need to prove that:

PI P PG (P plm) Pl ) I pE PO

satisfies (C4). First, (Pu(m)REm)Pl(um))m is not —oo since vuw has a factor a; for
some j > m (Property 5). Hence, it remains to prove that ((Pém)Pém)Plﬁ,m))S)m is
oo. We have one of (PIS"‘)PQE’”))Q,Q or (Plfm)Pﬁm))z,g is not —oo (Property 2). Then
both (qum)qum))Zg and (P&m)Pém))g,g are not —oo (Property 5). By hypothesis,
we have (Pém))n = 00. And finally, (P&T&w)m is not —oo (Property 5). Hence,
(PS™ B{™ P{M)3)0.5 = oo, O

Proof of Lemma 10.13. By path-idempotency, for (C1), (C2) and (C3), it is sufficient to

prove that P™ P{™ P{™ satisfies (C1), (C2) and (C3).

C1 (P # —00): One of (qum))Q,g or (qum))g,g is not —oo (Property 2). Additionally,
(qum))zyl and (Pém))&l are not —oo by (C1) and (C2), and (Pé,m))m is not —oo
(Property 1). Hence (qum)PQSm)PfL(Um))QJ is not —oo.

C2 (P31 # —00): One of (qum));gg or (P£m))3,3 is not —oo (Property 3). Additionally,
(P{™)y1 and (P™)s; are not —oo by (C1) and (C2), and (P{™)1; is not —oo
(Property 1). Hence (Pigm)qum)Plg,m))gJ is not —oo.

C3 (P32 # —00): One of (P,Em))w or (P,Em))373 is not —oo (Property 3). Additionally,
(PI™)g1, (P90, (PS™)g1 and (P™)35 are not —oo by (C). Finally, one of

(Péf”))l,g or (Pé,m))gg is not —oo (Property 6). Hence, overall, (Pém)Plﬁm)Pém))gg is
not —oo.
C4 (P32 = 00): We need to prove that:
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satisfies (C4). First, let’s remark that for all words = and y, (ngm)Pém)Pém))Q,Q

ngm))zg is not —oo (Property 2). Sim-

is not —oo. Indeed, one of (P;,gm))g,g or (
ilarly, one of (Py(m))m or (ngm))gg is not —oo (Property 6). And additionally,
all of (P{™)a1, (P{™)g9, (PS™)a.1, (P{™)3.5 are not —co (condition (C)). Hence,
(ngm)Pém)Py(m))gyg is not —oo. That gives that: (Pém)PQSm)Pé,m))g,g is not —oo, leaving
us to prove that ((Pﬁm)Pqﬁm)P&m))?’)g’Q is co. Still using the remark, we have that both
(Pém)qum)PéT))gg and (P&?)Pém)ﬂ(um))m are not —oo, which concludes the proof,
using finally the hypothesis that (qum))2,2 = 00. []

11. CONCLUSION

In this paper, we develop new techniques — in particular a new flattening operation — to
describe the behaviour of max-plus automata. It would be interesting to see if such insight
can be applied to other problems, particularly for min-plus automata. We also construct a

series

of examples of max-plus automata requiring tractable witnesses with an increasing

number of nested flattening operations?®.
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