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ABSTRACT. Mixed-choice has long been barred from models of asynchronous communica-
tion since it compromises the decidability of key properties of communicating finite-state
machines. Session types inherit this restriction, which precludes them from fully mod-
elling timeouts — a core property of web and cloud services. To address this deficiency,
we present (binary) Timeout Asynchronous Session Types (TOAST) as an extension to
(binary) asynchronous timed session types, that permits mixed-choice. TOAST deploys
timing constraints to regulate the use of mixed-choice so as to preserve communication
safety. We provide a new behavioural semantics for TOAST which guarantees progress
in the presence of mixed-choice. Building upon TOAST, we provide a calculus featuring
process timers which is capable of modelling timeouts using a receive-after pattern, much
like Erlang, and capture the correspondence with TOAST specifications via a type system
for which we prove subject reduction.

1. INTRODUCTION

Mixed-choice is an inherent feature of models of communications such as communicating
finite-state machines (CFSM) |[BZ83| where actions are classified as either send or receive. In
this setting, a state of a machine is said to be mixed if there exist both a sending action and a
receiving action from that state. When considering an asynchronous model of communication,
deadlock freedom is undecidable in general [GMY84| but can be guaranteed in presence
of three sufficient and decidable conditions: determinism, compatibility, and absence of
mixed-states [GMY84, DY13|. Intuitively, determinism means that it is not possible, from a
state, to reach two different states with the same kind of action, and compatibility requires
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?data (z < 3)

receive

{Q, } => foo();

1

2

3 {Q, } => bar(); ?done (l‘ < 3)

4 after 3000 -> ra @
5 Q ! {self(), },

6 handle_timeout () @
7 end. ltimeout (z > 3)

(A) Erlang snippet (B) Mixed-state CFSM

FIGURE 1. An Erlang snippet and its mixed-state machine representation

that for each send action of one machine, the rest of the system can eventually perform a
complementary receive action.

In the pursuit of deadlock freedom mixed-choice has been cast out, even though this
curtails the descriptive capabilities of CFSM and its derivatives. Despite the rapid evolution
of session types, even to the point of deployment in Java [HYHOS|, Python [NYH13, Neyl13|,
Rust [LNY20|, F# [NHYA18| and Go [CHJ"19|, thus far mixed-choice has only been
introduced into the synchronous binary setting [VCAM20]|. In fact, the exclusion of mixed-
choice pervades work on asynchronous communication which guarantee of deadlock freedom,
both for communicating timed automata [BLY 15, KY06] and session types [BCDT08, CHY08,
HYCO08, YVO07|. Determinism and the absence of mixed-choice is baked into the very syntax
of session types (the correspondence between session types and CFSM is explained in [DY13]).

Timed session types [BCP14, BMVY19, BYY14|, which extend session types with time
constraints, inherit the same syntactic restrictions of session types, and hence also rule
out mixed-choice. This is unfortunate since in the timed setting, mixed-choice are a useful
abstraction for timeouts. To illustrate, Figure 1 shows how an Erlang [CV16| receive-after
statement (1A) can be rendered as a mixed-state CFSM (1B): if neither a nor a
message are received within 3 time units from co-party Q, then a message is sent.

Timeouts are important for handling failure and unexpected delays, for instance, the
SMTP protocol stipulates: “An SMTP client must provide a timeout mechanism” [Kle08,
Section 4.5.3.2]. Mixed-states would allow, for example, states where a server is waiting
to receive a message from the client and, if nothing is received after a certain amount of
time, send a notification that ends the session. Current variants of timed session types allow
deadlines to be expressed but cannot, because of the absence of mixed-states, characterise
(and verify) the behaviour that should follow a missed deadline, e.g., a restart or retry strategy.
In this paper, we argue that time makes mixed-states more powerful (allowing timeouts to
be expressed), while just adding sufficient synchronisation to ensure that mixed-states are
safe in an asynchronous semantics (cannot produce deadlocks).

Contributions. This work makes three orthogonal contributions to the theory of (binary)
session types, with a focus on improving their descriptive capabilities:

e We introduce Timeout Asynchronous Session Types (TOAST) to support timeouts.
Inspired by asynchronous timed (binary) session types [BMVY19|, TOAST shows how
timing constraints provide an elegant solution for guaranteeing the safety of mixed-choice.
Technically, we provide a semantics for TOAST and a well-formedness condition. We
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show that well-formedness is sufficient to guarantee progress for TOAST (which may,
instead, get stuck in general).

e We provide a new process calculus whose functionality extends to support programming
motifs such as the widely used receive-after pattern of Erlang for expressing timeouts.

e We introduce timers in our process calculus to structure the counterpart of a timeout,
as well as time-sensitive conditional statements, where the selection of a branch may
be determined by timers. Time-sensitive conditional statements provide processes with
knowledge as to which branch should be followed e.g., in the case of timeout.

e We provide an informal discussion on the correspondence between TOAST and the
aforementioned primitives of our new process calculus.

e We show a formal correspondence between TOAST and process calculus via a typing
system, for which we establish Subject Reduction.

For simplicity, we focus on binary sessions.

Outline. In Section 2 we begin by introducing Timeout Asynchronous Session Types and
present their syntax, semantics, and discuss mixed-choice and other motivations behind our
well-formedness conditions. We end Section 2 by discussing our proof of progress for TOAST.

In Section 3 we present a calculus for processes with timeouts, which are designed to
correspond to TOAST, and discuss their syntax, structure and reduction rules. Section 4
discusses the expressiveness of our types and processes, and provides some examples of the
kinds of programs that TOAST is capable of modelling, and vice versa, how to express
certain behaviour in TOAST and our process calculus.

We present our typing system in Section 5. We first introduce the typing judgements,
then discuss each rule in detail and conclude with an example evaluation using our typing
system. In Section 6 we present subject reduction for our typing system. We conclude our
work in Sections 7 and 8, where we discuss related work and summarise our contribution.

2. TIMEOUT ASYNCHRONOUS SESSION TYPES (TOAST)

This section presents the syntax, semantics and formation rules for (binary) Timeout Asyn-
chronous Session Types (TOAST), which are an extension of (binary) Asynchronous Timed
Session Types [BMVY19] with a well-disciplined (and hence safe) form of mixed-choice.

Clocks & Constraints. We start with a few preliminary definitions borrowed from timed
automata [AD94]. Let X be a finite set of clocks denoted z, y and z. A (clock) valuation
vis amap v : X — Rxg. The initial valuation is vy, where vy = {z — 0| z € X}. Given a
time offset t € R>p and a valuation v, v+t = {z — v(z) + t | x € X}. Given v and A € X,
v[A— 0] ={0if (x € ) else v(z) | z € X}. Observe v [& — 0] = v.

A clock constraint § takes the following form:

du=true|z>n|z=n|lz—y>n|z—y=n|—d|0 A d (where n € Q) (2.1)

We write v |= d to denote that the clock valuations in v satisfy the constraints 6. Defined
formally, (v = 6) = (Vz € cn(0).6 [*(2)/z]) to say that, for all clocks in the clock names'of &
we substitute the clock name with the corresponding valuation in v. E.g., v[z — 3] = (z > 2)
holds since (z > 2) [#(@)/z] = (3 > 2). We write | § to denote the weak past of ¢.

LGiven in Definition A.3.
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Definition 2.1 (Weak Past). We write | § (the past of §) for a constraint §’ such that
v |= ¢, if and only if 3¢ such that v + ¢ = 0.

By Definition 2.1, | § effectively removes any lower-bounds in §, preserving the upper-bounds.
For example, | (3 <z <5) = (x <5) and | (x > 2) = (true). In practice | ¢ allows us to
reason on constraints being satisfiable at some point in the future, since we only require that
the clocks valuation does not exceed the upper-bound of the constraint.

2.1. Syntax of TOAST. The syntax of TOAST (or just types) is given in Eq (2.2). A type
S is either a choice {C;},.;, recursive definition pa.S, call a, or termination type end.

el
S u= {Ci}es | no.S | | end C == ol{l)(,A).S
2.2)
T == (4, S)|Unit|Nat|Bool | String] ... o = 1|7
Type {C;},.; models a choice among options i ranging over a non-empty set I. Each option i
is a selection/send action if 0 =!, or alternatively a branching/receive action if 0 =7. An

option sends (resp. receives) a label [ and a message of a specified data type T is delineated
by (-). The sending or receiving action of an option is guarded by a time constraint §. After
the action, the clocks within A are reset to 0. Data types, ranged over by T, T;, ... can be
higher-order types (5, S) to model session delegation, Unit types, or base types (e.g., Nat,
Bool, String). We omit a Unit type when the payload is nothing. We discuss the structure
of delegation types further in Section 2.3.1. Labels of the options in a choice are pairwise
distinct. Recursion and termination types are as standard [BCD108, HYCO08, Vas12, YVO07].

Remarks on the notation. One convention is to model the exchange of payloads as a
separated action with respect to the communication of branching labels. In this paper we
follow [BLY15, YZF21|, and model them as unique actions. When irrelevant we omit the
payload, yielding a notation closer to that of timed automata.

Feasibility & Junk Types. Unfortunately, when annotating session types with time
constraints one may obtain protocols that are infeasible, as shown in Example 2.2. This is a
known problem, which has been addressed by providing additional conditions or constraints
on timed session types, for example compliance [BCM17]|, feasibility [BYY14], interaction
enabling [BLY 15|, and well-formedness [BMVY19]. (We address feasibility in Section 2.3.1.)

Example 2.2 (Junk Types). Consider type S (defined below) that describes first waiting 3
seconds, then receiving a, and finally a mixed-choice between sending b and receiving c.

b(y =2,9) .end, }

S=7 3,9).
alz>3,2) {?c(2<x<5,®).end

Initially all clocks are 0. After a is received all clocks hold values greater than 3, since time
passes evenly over all clocks. Therefore, b is never able to be sent since (y > 3) and c is only
sometimes able to be sent (i.e., if a is received when (x < 5) which constraint (x > 3) does
nothing to guarantee). Types with unsatisfiable constraints are called junk types [BMVY19).

S" = (x> 3,{x}) .{!b(?/ = 2,2) .end, }

7c(2<x<5,0).end
Above we show an amended S which now resets clock x after receiving a in order to guarantee
that receiving c is always feasible. By further amending S’ such that clock y is also reset
after receiving a then sending b would also become feasible. A
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2.2. Semantics of TOAST. We define the semantics using three layers: configurations (s),
configurations with queues M that model asynchronous interactions (S), and systems that
model the parallel composition of configurations with queues. The semantics, for all layers,
are defined over the transition labels ¢, formally defined along with M, s and S in Eq (2.3).

Co=om|t|T m = 1{T) Mi=g|m;M s = (v, S) S:u=(v, S, M) (2.3)

where transition label ¢ is either an interaction (Om), time-step (¢t € Rxg) or silent action
(1), and m is a message and M is a FIFO message queue. Communication directions O are
the same as in Eq (2.2), where ! denotes a send/output action and 7 a receive/input action.

2.2.1. Configurations. A configuration s is a pair (v, S). The semantics for configurations are

defined by a Labelled Transition System (LTS) over configurations, the labels in Eq (2.3) and
the rules given in Eq (2.4). A transition (v, $) 227 (+/, §') indicates (v, S) 5 s” 2% (v, §'),

where s” is some intermediate configuration. Changes from [BMVY19] are highlighted .
I/)Z(S] m=ZJ<TJ> jEI
O,m
(v, {ili{T) (83, M) -Si}iep) == (v [ = 0], S))

[act]
(2.4)
(v, S [neSa]) 5 (/) S)
(v, pa.S) 5 (V, S

By rule [act] a configuration may perform one action j € I, provided the corresponding §; is
satisfied by the current valuation of clocks v. The resulting configuration has all clocks in A;
reset to 0. Rule [tick] describes time passing. Rule [unfold] unfolds recursive types.

[unfold] (v, §) L (v+t, S) [tick]

Definition 2.3 (Future-enabled Configurations). (v, S) is future-enabled, written either as
(v, S) = or (v, S) is fe, iff 3t such that (v, S) L2™ via the rules in Eq (2.4).

2.2.2. Configurations with queues. A configuration with queues S is a triple (v, S, M), where
M is a FIFO queue of messages which have been received but not yet processed. A queue
takes the form M ::= @ | m;M and thus is either empty, or has a message at its head. The
semantics of configurations with queues is defined by an LTS over the labels in Eq (2.3) and

the rules in Eq (2.5). The transition S £2™ 8’ is defined analogously to (v, §) L27 (v, ).

!

(v, S) ™ (V) S (v, $)I™ (/) §")

' [send] [recv]
(v, S, M) 5 (V, S, M) (v, S, m; M) 5 (V, S, M)
(v, S, M) 2% (v, S, M;m)  [que]
t . (2.5)
(v, S) 5 (V, ) (configuration)
((v, S) is fe) = ((V/, 9’) is fe) (persistency)
V' <t:(v+1t, S M5 (urgency)
[time]

(v, S, M) L (V/, &' M)

Rule [send] emits a message m. Message reception is handled by two rules: rule [que] inserts
a message at the back of M, and rule [recv| removes a message from the front of M.
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Rule [time] is for time passing which is formulated in terms of a future-enabled configura-
tion, given in Definition 2.3. The second condition in the premise of rule [time] (persistency)
ensures the “latest-enabled” action is never missed by advancing the clocks. Notably, this
differs from the corresponding behaviour in [BMVY19] which, in the presence of mixed-
choice, is too restrictive. By not allowing a participant to pass its last sending action, the
latest-enabled receiving actions can never be reached (i.e., miss sending to receive a timeout).
The third condition (urgency) models an urgent semantics, ensuring messages are processed
as they arrive. Urgency is critical for reasoning about progress. Later, in Example 2.11 we
further discuss the changes made to rule [time] and illustrate why they are necessary.

2.2.3. Systems. Systems are the parallel composition of two (as we consider binary types)
configurations with queues, written as (v1, S1, M) | (v2, S2, M2) or Sy | S2. The semantics of
systems is defined by an LTS over the labels in Eq (2.3) and the transition rules in Eq (2.6).

S msr s, M S1 L8
! L= 2 [com-1] ! ! [par-1]
S1 182587 | Sy S1|S2581 |8 S LS, S, LS,
wait| (2.6

s, 'ms s,'mg! Sy 7, 8! S| Sy 58| S prairl (20
1—>9 2 —> Dy 2 — Dy 1 2

[com-r] [par-r]
S1|S258) S, S1|S258S: S,

Rule [com-1] handles S; asynchronously sending m to the queue of Sg; rule [com-r] is
symmetric. Rule [par-1] allows S; to process the message at the head of M; via [recv]; rule
[par-r] is symmetric. By rule [wait] time passes consistently across systems.

Example 2.4 (Unsafe Mixed-choice). The use of mixed-choice in asynchronous commu-
nications may result in infeasible protocols or, more concretely, systems (or types) that
get stuck. A mixed-choice is considered unsafe if actions of different directions compete to
be performed (i.e., they are both viable at the same point in time). Consider the system
(vo, S1, @) | (v, S2, @), where S; and Sy are dual and defined as follows:

S, — {?a (x <5,9) .end} Sy = {!a(y <5,9) .end}

2.
b(z=0,92).5] 2 (y =0,0).5) 2.7)

In the system S; | Sy, it is possible for both (v, S1, @) R S’ and (v, Se, @) la S, to occur
at the same time. The resulting system (vp, S, a) | (1o, end, b) is unable to receive either
of message a or b, and S| may be stuck waiting for interactions from S indefinitely. Even
though a deadlock can be avoided if message a is a delegation and S} prescribes receiving a,
since message b is never received by Sg, then Eq (2.7) still prescribes unsafe behaviour. A

2.3. Duality, Well-formedness, and Progress (of TOAST). In the untimed scenario,
the composition of a well-formed binary type with its dual characterises a protocol, which
specifies the “correct” set of interactions between a party and its co-party. The dual of a type,
formally defined below, is obtained by swapping the directions (! or ?) of each interaction:

Definition 2.5 (Type Duality). Given a type S, we define its dual type S as follows:

end = end o= pa.S = paS 7 =I =7

{00 1 (T3) (66, Mi)-Si} iy = {0, LTy (83, Ai)-S, b o
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Notice that the time constraints on actions are identical for a type and its dual. For example,
(vo, la(z = 3,2).5") | (v, 7a(z = 3,@).5") is clearly a system with dual types and identical
clock valuations. It is crucial to remember that both the clock constraints and valuations
of each configuration are on their own local set of clocks, and that ‘z’ is not a clock shared
by each. For this reason, in our examples we often use different clock names for dual types.
E.g., (v, la(z =3,9).5") | (v, ?a(y = 3,@).5"). This is purely a matter of presentation.

Later, in Remark 2.7 we shall discuss the reason for our ‘simple’ definition of duality in
regard to recursive types, as opposed to [BP12, LM16].

2.3.1. Well-formedness. We require a notion of well-formedness so that we may later provide
guarantees of progress for types with mixed-choice. The formation rules for types are given
in Eq (2.8). Again, since we extend [BMVY 19| any rules that differ are clearly highlighted .
Types are evaluated against judgements of the form: A;§ S where A is an environment
containing recursive variables and ¢ is a constraint over all clocks characterising the times in
which state S can be reached. Formally A == @ | o : 4, A.

Viel: A, w8, A 0 [)\7, — 0] ): Yi (feasibility)
Vi,jel:i#j = 6; And; |=false v O; =0; (mixed-choice)
(

Viel:T;= (8, 8) = @; Y5 A &=+ (delegation)
[choice] (2.8)
45 Z‘e\/lf% = {0i L (T3> (85 M) -Si} o g '
Aa:0; 0S8
A; truel end [end] A 0 paS [rec] Aa:0; 0+« [var]

Rule [choice] checks well-formedness of choices with three conditions: the first and third
conditions are from the branching and delegation rules in [BMVY19], respectively, and the
second condition is new and critical to ensure progress of mixed-choice, By the first condition
(feasibility) a choice is well-formed with respect to the weakest past among all options
(1 V,es 9i) given that each continuation S; is well-formed with respect to an environment ~;,
which models the corresponding guard updated with resets A;. By abuse of notation we write
d[A— 0] E~ytosay Vv : (v = d[A— 0]) = (v = 7), where ( = ) is an implication.
This ensures that in every choice there is at least one viable action and, for example, would
rule out Example 2.2. The second condition (mixed-choice) requires all actions that can
occur at the same time to have the same (send/receive) direction. This condition allows
for types modelling timeouts (discussed later in Example 2.11) and rules out scenarios as
the one in Example 2.4. The third condition (delegation) checks for well-formedness of each
delegated session with respect to their corresponding initialisation constraint 4. Similar to the
(feasibility) premise, by abuse of notation we write 0’ =4 tosay Vv : (v = ¢') = (v =7).
Rule [end] ensures termination types are always well-formed. Rule [rec] associates variable
a with invariant § in A. Rule [var]| ensures recursive calls are defined.

Definition 2.6 (Well-formed Configurations). Given (v, S), S is well-formed against v if,
39 such that @;0 S and v = 0. A type S is well-formed if it is well-formed against vy.

The rules in Eq (2.8) check that in every reachable state (which includes every possible clock
valuation) it is possible to perform the next action immediately or at some point in the
future, unless the state is final. (This is formalised as the progress property in Definition 2.8.)
By these rules, the type in Examples 2.2 and 2.4 would not be well-formed.
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Remark 2.7 (Delegation of Higher-Order TOAST). Recall Eq (2.2) in Section 2.1, where
higher-order types for session delegation are defined as (6, .S). By condition (delegation) in the
premise of rule [choice] in Eq (2.8), any interaction with a delegation payload T' = (&', S"),
delegation type S’ must be well-formed by &;~' + S” where environment " corresponds to
0’ and the environment for recursive variables is empty. In short, a well-formed TOAST
cannot delegate a recursive variable (a)). Furthermore, higher-order types must be flattened
(i.e., finitely represented) and TOAST is unable to express self-referential recursive higher-
order types (e.g., 8" = pall{(§',5")) (9, &).cc). This contrasts with [BH16, BP12|, which
allow recursive variables to be delegated directly, and [LM16] which discusses self-referential
recursive higher-order types. We feel this is orthogonal to the primary focus of this work.

2.3.2. Progress of Types. Well-formedness, together with the persistency and receive urgency
featured in rule [time] of the semantics in Eq (2.5) ensures that the composition of a well-
formed type S with its dual S enjoys progress. A system enjoys progress if its configurations
with queues can continue communicating until reaching the end of the protocol; formally:

unfold

Definition 2.8 (Type Progress). A configuration with queues (v, S, M) is final if S = end
and M = @. A system S; | Sg satisfies progress if, for all S} | S}, reachable from S; | Sy:
(1) either (v, S1, M}) and (v}, S5, M,) are final,

(2) or, there exists a t € Rsq such that (v, S, M) | (v, S§, My) L5

unfold unfold

We give the definition of ( =) in Definition A.6. We write S = end if S is equivalent to
end, up-to the unfolding of recursive types. (e.g., pa; ... poy.end B end.)
Theorem 2.9 (Progress of Systems). If S is well-formed against vy, then:

(v, S, @) | (9, S, @) satisfies progress.

The main result of this section is that for a system composed of a well-formed S and its dual
(v1, S1, Mp) | (v2, Sy, Mp), any state reached is either final, or allows for further communi-
cation; i.e., the system satisfies progress. Progress is critical to ensure, via type-checking,
that a protocol implementation does not reach deadlock and is free from communication
mismatches. (We introduce such a system for type-checking using TOAST in Section 5.)
The main differences from [BMVY19] are not in the formulation of the theory (e.g.,
Definition 2.8 and the statement of Theorem 2.9 are basically unchanged) but in proving
rule [choice] is sufficient to ensure progress of asynchronous mixed-choice. Additionally,
the proof of progress in [BMVY19] relies on a notion of persistency to a participant does
not reach a point where there are no viable actions, and does so by requiring time-steps do
not pass beyond the participants latest-enabled receiving action. Due to mixed-choice, it is
necessary to reformulate (and relax) this condition in the semantic rule [time] in Eq (2.5) to
require only the latest-enabled action is not missed. (See Example 2.11 for a discussion).

2.3.3. Compatibility. The proof of Theorem 2.9 is in Appendix A, and proceeds by showing
that a property of systems called compatibility is preserved by transitions; given formally
in Definition 2.10. As typical for binary systems, our proof of progress builds upon a notion
of duality between participants. Since communication is asynchronous, each party may break
duality with their co-party. Compatibility allows the duality of participants to be broken, only
if, doing so does not violate communication safety. More specifically, compatibility requires
that any message that arrives in a message queue is expected and therefore, able to be received
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and that the resulting configurations are still compatible. In practice, compatibility allows
each party to behave independently, regardless the state of the other party, while retaining
the essence of duality, and guaranteeing that all messages will eventually be received.
Definition 2.10 (Compatibility). We write (v, Sy, M) L(v2, Sa, Ma) iff (v1, S1, M1) and
(va, Sa, M) are compatible. Given (vq, S1, Mp) and (va, Sa, Ma), we define compatibility as
the largest relation satisfying each of the following conditions:

(1) My = @) or (Mg = @)

(2) (M
(3) (M2 = m;MIQ) == ((V27 52) ‘7_m) (Vév Sé) and (Vlv Slv Ml) J_(l/é, Sév MIQ))
(4) (Ml = = MQ) - (Sl = 572 and 11 = 1/2)

miM) = ((v1, $1) 2 (v, 1) and (v}, S}, M) L(va, Sa, Mp))

Intuitively, S; and Sg are compatible, written S; L Sy, if: (1) at most one of their queues is
non-empty (equivalent to a half duplex automaton), (2 — 3) a type is always able to process
any message that arrives in its queue, and (4) if both queues are empty then S; and S have
dual types and same clock valuations.

Example 2.11 (Weak Persistency). In language-based approaches to timed semantics [KY06]
time actions are always possible, even if they bring the model into a stuck state by preventing
available actions. Execution traces are then filtered as necessary, removing all ‘bad’ traces
(defined on the basis of final states). In contrast, and to facilitate the reasoning on process
behaviour, we adopt a process-based approach, that only allows for actions that characterise
intended executions of the model (as in [BBM18, BMVY19|). Precisely, we build on the
semantics of [BBM18| for asynchronous timed automata with mixed-choice, where time
actions are possible only if they do not disable: (a) the latest-enabled sending action, and
(b) the (latest-enabled) receiving action if the queue is not empty. This ensures that time
actions preserve the viability of at least one action (weak-persistency). In our scenario,
constraint (a) is too strict. Consider type S and its dual S below:

_ (!data(String) (z < 3,9) .5’ 5 ?data(String) (y < 3,9) .5’
| ?timeout (z = 4, @) .end | Mimeout (y > 4, @) .end

According to (a), it would never be possible for S to take the timeout branch since a time
action of ¢ > 3 would disable the latest-enabled send (data). This is reasonable in a setting
where the behaviour of such a mixed-choice has no guarantee of a timeout being received
later, such as in [BBM18]. However, this is not the case in our setting as we can rely on
duality to guarantee that S will send timeout in all executions where y > 4. Our new [time]
rule — condition (persistency) — implements a more general constraint than (a), requiring that
one latest-enabled (send or receive) action is preserved. Constraint (b) remains as condition
(urgency) and, for instance, prevents S from sending timeout if data is waiting in the queue
when y < 3. For example, our semantics permit the following sequence of transitions:

(vo, S, @) =3 (W[w — 2], S, @) deteStrine) (1 9], S, )
where data is sent after 2 time units. Alternatively, by our semantics, the following holds:
(v, S, @) =4 (v[z — 4], S, @) Fmet (y[x — 4], S, timeout; @) L (' € Rsg)
where condition (urgency) ensures no time can pass since a message currently in the queue

that can be received via rule [recv]: (v[z — 4], S, timeout; &) 5 (v[x — 4], end, &). A
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3. A CALCULUS FOR PROCESSES WITH TIMEOUTS

We present a new calculus for timed processes which extends existing timed session cal-
culi [BLY15, BMVY19] with timeouts and time-sensitive conditional statements. Timeouts
are defined on receive actions and may be immediately followed by sending actions, hence
providing an instance of mixed-choice — which is normally not supported. Time-sensitive
conditional statements (i.e., if-then-else with conditions on process timers) provide a
natural counter-part to the timeout construct and enhance the expressiveness of the typing
system in [BMVY19]. To better align processes with TOAST, send and select actions have
been streamlined by each message consisting of both a label [ and some message variable v,
which is either data or a delegated session; the same holds for receive/branch actions.
Processes are defined by the grammar given in Eq (3.1). Participants are the endpoints of
session and are denoted by p and ¢. Within a (binary) session, endpoints p and ¢ communicate
over channels pq and gp, where p sends to ¢ over pg, and g sends to p over gp. We also use a
and b as ad-hoc roles, with channels ab and ba, when discussing multiple binary sessions.

P,Q ::=set®@.P | (vpq) P
| p<l(v).P | Pl@Q
| P> {lz(vz) : Pi}ie[ | 0
| "> {li(v;) : B}, after Q | pq:
| if ¢ then P else Q e n=on \ o0 (neRsg) (3.1)
| delay(d).P on= <|<
| delay(t).P cu=@on|no@|@=n
| def X (U;7) =P in Q d:= ton|not |true  (teRxp)
| X{U;7) h:= @|h-lv

Processes are equipped with timers that can be set and reset during the process execution.
Let T be the set of timers denoted by @), (y) and @. While clocks are used in types to
express the time constraints of a protocol (i.e., type), timers are used in processes to acquire
awareness of relative time-passing during execution (as timer concurrency primitives in
languages like Go and Erlang). Process set @).P creates a process timer (z), initialises it to
0 and continues as P. If a process timer named () already exists it is reset to 0. Note, there
is no correspondence between the clocks used in the constraints of types and process timers,
regardless if they have matching names/labels.

Process p <1l (v).P is the select /send process: it selects label [ and sends payload v to end-
point pq, and continues as P. Its counterpart is the branch /receive process p© > {li(vi) : Pi}z'e I
It receives one of the labels [;, instantiates v; with the received payload, and continues as
P;. Parameter e is a deadline for the receive action. It can be either on or co. If e is oo,
then the receive action will block until a message is received, waiting potentially forever. If
e is on, then n is the upper-bound of the receive action and ¢ specifies whether the wait
duration is exclusive (<) or inclusive (<). For example, setting e to (< 3) specifies waiting
up-to and including 3 time units, while (< 3) specifies waiting strictly less than 3 time units.
Setting e to (< 0) models a non-blocking receive action on branches that expect messages
to be immediately available to receive. Process p°” > {li(vi) : Pi}ie ; after Q is the timeout
process, an extended version of the branch/receive process, where on specifies the receive
deadline, after which the timeout process @ gets triggered. We specify timeouts to be (on)
to tactically ensure timeouts cannot be oo, which would make ) dead code and would be
equivalent to a branch /receive action without a timeout. For simplicity, in branch /receive
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and timeout processes: (i) we omit the brackets in the case of a single option (i.e., |I| = 1)
and (ii) for options with no payloads we omit (v).

Process if ¢ then P else () is a conditional statement. The condition c¢ is a constraint
on process timers, and is notably simpler than those constraints found in Eq (2.1) for types.
Process delay (d) .P models time passing where d models a non-deterministic delay. At
runtime process delay (d) .P is reduced to process delay (t').P, for some t' = d [t'/t], where
the non-deterministic duration d is resolved into a single duration ¢'.

Recursive processes are defined by a process variable X and parameters ¢ and 7, con-
taining base type values and session channels, respectively. As standard [BCD108, BYY14,
HYCO08, Vasl2, YV07| the process calculus allows parallel processes P | @ and scoped pro-
cesses (vpq) P between endpoints p and ¢. The end process is @. Endpoints communicate
over pairs of channels pg and ¢p, each with their own unbounded FIFO buffers h.

3.1. Well-formed Processes. We assume that sessions within a process have already
been instantiated, meaning that rather than relying on reduction rules to produce correct
session instantiation, we rely on a syntactic well-formedness assumption, as in [BMVY19]. A
well-formed process P consists of sessions of the form (vpg) (P’ | Q | gp: h|pg: k') and can
be checked syntactically by function wf (P) given in Definition 3.1.

Definition 3.1 (Well-formed Process). The function wf (P) is defined inductively as:

true if Pe {@, X0, qp - h}
wf (P') A (£ (P') = {pq, qp}) if P = (vpq) P’
/ /
wt (P') A (£q(P)) = @) P e p<l(v).P, set@.P/,
delay (d).P’, delay (t).P’

_ if hen P’ el
vE (P) =3 ut (P) A wt (Q) ifped Hothen eseQ’}

def X(v;7) = P’ in Q
wE(P)Awt(Q) A (£t (P)nft(Q)=9) fP=P|Q

Nier vt (P) A (20 (P;) = @) if P = pt o {liv) : P
wt (p {Liw) : P} ) nut (@) if P = o> {Livi) : P}

where function f£q (P) returns the set of queues present in process P that are not contained
within the respective scope of their corresponding session, and function ft (P) returns the set
of process timers used in process P. (We relegate the definitions of £q (P) and ft (P) to the
appendix, see Definitions B.1 and B.2.) By Definition 3.1, a well-formed process must: (a)
not contain any free queues other than those belonging to ongoing (binary) sessions contained
within scoped processes (vpq) P, which should each contain the two queues necessary for
participants to exchange messages, and (b) not contain any parallel processes that make use
of the same process timer, i.e., process timers must only be used by a single process.
Hereafter, we assume that a process is well-formed, unless stated otherwise.

, after @)

el i€

3.2. Process Reduction. The semantics of processes are given in Figure 2, as a reduction
relation on pairs of the form (6, P) i.e., a processes P with an timer environment 6 that
maps timers to their values in the current state (formally given below in Definition 3.2).
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P=pP (0, F) — (0,Q) Q=0 g (0, P) — (0, P') [Scope]
(0, P) — (¢, Q) (0, (vpg) P) — (¢', (vpq) P') 5.2
(61, P) — (8, P') (Par-L] (62, Q) — (65, Q) (Par-B]
(01,02, P Q) — (01,02, P'| Q) (61,02, P | Q) — (61,65, P| Q)
0, p<l(v).P|pg:h) — (0, P|pg:h-lv) [Send]
jel =1 Recy]
ecv
(0, p° > {li(vi) : B}, | qp:lv-h) — (0, Pi[v/o;] | qp = h) (33)
jel 1=1 Rece-T]
(0, p" > {li(vi) : P}, ; after Q[ gp:lv-h) — (6, Pj[s] | qp: h)
(0, Q) — (¢, Q) IDef]
(0, def X (U;7) = P in Q) — (0, def X(v;7) = P in Q') (3.4)
(0, def X(v/;r") = P in X{(&:7) | Q) — (0, def X(v';7) = P in P [6:7/,7] | Q) [Call]
0= c
(6. 3% ¢ then P olse Q) — (0. P) [I£-T] (0,@ :n, set@.P) — (0,@ :0, P) [Reset]
0 = c
(0, 1% c vhen P else Q) — (0. P) [If-F] (6,P) ~ (0 +t, D (P)) [Delay] (3.5)

v d[rA]
(0, delay (d).P) — (0, delay (¢).P)

[Det]

FiGURE 2. Rules of process reduction

Definition 3.2 (Timer Environment). Recall T is the set of timers, ranged over by @), () and
@. A timer environment 6 is a linear map 6 : T — Ry, from timers to valuations, defined:
0::=2 |6, @:n where n € R>g. We define § +t = {@ — 6(@) +t | @ € T} so that time
may pass over ¢, and 0 [@ +— 0] to be the map 0 [@ — 0] (@®)) = if (@ = @)) 0 else O(®))-
We write dom(6) for the domain of 6, and 61, 65 for 6; U6y when dom(6;) ndom(fy) = &. We
write 0 |= ¢ to denote that 6 satisfies c¢. Defined formally, (6 = ¢) = (V@) € fn (c) .c[0@)/@)]).

3.2.1. Reduction Rules. The reduction relation is defined on two kinds of reduction: instan-
taneous communication actions (— ), and time-consuming actions (~ ). We write — to
denote a reduction that is either by (—) or (~ ).

Rules [Str], [Scope], [Par-L] and [Par-R]| are as standard [BCD*08, HYCO08, Vasl2,
YVO07|. The rule for structural congruence [Str] is the only rule that applies to both instan-
taneous and time-consuming actions. Structural equivalence follows as standard [HYCOS,
Mil99, Pie02, Vas12, YV07]|, with additions from [BYY14, BMVY19|. Formally given below:
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Definition 3.3 (Structural Congruence). We define P = @) as the smallest relation on processes:
Plo=pr (P|Q)=Q|P) (P|P)|IQ=(F|Q PR PlQ=Q|P (vwg)0=0
delay (0).P =P  (vpq) (vab) P = (vab) (vpq) P (vpq) P|Q = (vpq) (P|Q) if pgdfn(Q)
(vpq) P =(vgp) P (def X(¥7) = P in P') | Q = def X(3;7) = P in (P'[ Q) if X(v/;7) ¢ £pv(Q)

where fn (@) and fpv (Q) return the set of free names and process variables in @, respectively.

3.2.2. Communication Rules, Eq (3.3). Rules [Send] and [Recv] are standard [Mil99]. By
rule [Send] a process inserts a message [v into the queue of the other party, while by rule
[Recv] a process may remove an expected message from their queue and continue on the
corresponding branch. Rule [Recv-T] is similar to rule [Recv] except, as we will discuss
shortly in Section 3.3, it allows the timeout branch @ to be taken if the process does not
receive a message within duration e. (We include rule [Recv-T]| for consistency, but hereafter
only refer to rule [Recv].)

3.2.3. Recursion Rules, Eq (3.4). Both rules [Def] and [Call] are unchanged from [BMVY19].
Rule [Def] defines a recursive process P and allows the recursive body @ to reduce. Rule
[Call] handles recursive calls of predefined recursive processes and yields a process configu-
ration consisting of the next iteration of the recursive process using the parameters provided
by the process variable X; the parallel process () is unaffected.

3.2.4. Time-sensitive Rules, Eq (3.5). Rule [Reset] resets a process timer (Z) in the timer
environment 6 to 0. Rule [I£-T] selects branch P if time-sensitive condition ¢ holds for 6.
Rule [If-F] is symmetric, selecting @ if ¢ does not hold for #. Rule [Det] determines the
exact duration ¢’ of a non-deterministic runtime delay modelled by d. Rule [Delay| handles
delay processes, so long as they are defined in ®; (P) which, in short, returns process P after ¢
units of time have elapsed. (We formally define ®; (P) below in Definition 3.4.) Additionally,
by rule [Delay]| any delay on a process also causes the timers within 6 to elapse accordingly.

3.3. Time Passing. The definition of ®; (P) is given in Definition 3.4. The first two cases
in Definition 3.4 model the effect of time passing on branching and timeout processes. The
third case is for time-consuming processes. The fourth case distributes time passing in
parallel compositions and ensures that time passes for all parts of the system equally. The
remaining cases define the processes where time is allowed to pass.

Definition 3.4 (Time Passing Function). The time-passing function ®, (P) is a partial
function only defined for the cases below:

Pt > {l,(vb) : Pi} after Q if (ton)
el

Dy (p°" > {li(vi) : Pi} ft =
(p { (v3) }151 alter Q) {@tn (Q) otherwise

P> li(vi) + Py ) ife=o0

D, (pe > {li(vi) : Pi}ie[) = { }1.5[

Pl {li(vi) : Pi} if e = on and (ton)
iel

delay (' —t).P ift' >t

®, (del ) .P) =
t( ey (t) ) {‘I%—z' (P) otherwise

D (pg:h)=pg:h Dy (P | P2) = @ (P1) | ¢ (P2) if (Wait (P;) nNEQ(F;) = @) and @ # j € {1,2}

P, (@) =0 @, ((vpq) P) = (vpq) @+ (P) D, (def X (0;7) = P in Q) = def X(¥;7) = P in ®: (Q)
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{p} I s O MRS I W
wait (Q) \{p, ¢} if P=(vpg) Q
Wait (P) = { Wait (Q) if P =def X(v;7) = P in Q
Wait (P') uWait (Q) if P=P |Q
%] otherwise
{r} ifP=qp:hAh+#9
NEQ (@) \{p, q} if P=(vpg) Q
NEQ (P) = < NEQ(Q) if P =def X(7;7) =P’ in Q
NEQ (P') UNEQ(Q) if P=P'|Q
[%] otherwise

FIGURE 3. Definition of Wait (P) and NEQ (P).

The auxiliary functions Wait (P) and NEQ (P) are given in Figure 3. Together, they indicate
which role (if any) is able to receive, and are used in Definition 3.4 to ensure receive urgency,
by requiring that there are no processes that are both waiting to receive and have a non-empty
queue. Informally, Wait (P) returns the set of channels on which P is waiting to receive a
message, and NEQ (P) returns the set of endpoints with a non-empty inbound queue.

Example 3.5 (Time Passing Function). In Definition 3.4 we define ®; (P) as a partial
function in order to: (a) ensure that certain processes are always non-blocking and can never
be arbitrarily delayed (e.g., send processes) and (b) make it easier to differentiate between
a process that can not be delayed, and a process that can be delayed for 0. For example,
consider the process: P = delay(5).P’ | p<tdata.P”. Under the current definition of ®; (P),
it is clear that the data must be sent prior to any delay occurring, and in this instance, the
definition of ®; (P) in Definition 3.4 enforces that certain processes, such as send processes,
should never be delayed under any circumstances. (The only exception being a formally
defined delay process prefixed to a send process.) However, if ®; (P) were to be defined for
all cases of P including send processes, the reduction of our example process P becomes
unclear and may be indefinitely reduced via rule [Delay] for a delay of 0. Furthermore, by
the current definition of structural congruence in Definition 3.3, sending data may be skipped
altogether. Therefore, we tactically define ®, (P) to be only a partial function in order to
distinctly group delayable and non-delayable processes. Consider the process below:

P = (vpq) (p°" > {li(vi) : P}, after Q | qp: @ | Q')

For a time-consuming action of ¢ to occur on P it is required that ®; (P) is defined for all
parallel components in P. Suppose t = n+1 so that we can observe the expiring of the timeout.
The evaluation of ®; (pQ" > {li(vi) : Pi}ie] after Q) results in the evaluation of ®; (Q). If @
were e.g., a sending process, then @ (Q) is not defined for any ¢’ > 0. Otherwise, if ®; (Q)
and ®; (Q') are defined, then ¢ may pass and ®; (P) = (vpq) (®1(Q) | qp: @ | 2:(Q")). A
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4. EXPRESSIVENESS

In this section we reflect on the expressiveness of our mixed-choice extension, particularly
in regard to [BMVY19], using examples to illustrate differences. Given the increase in
expressiveness, we discuss how type-checking becomes more interesting with the inclusion of
receive-after and give an intuition on the relationship between the TOAST and processes.

4.1. Missing deadlines. The process corresponding to ?a (true, @) .S is merely p* >a : P,
which waits to receive a forever. By way of contrast, 7b (x < 3,2).S5’, cannot receive when
x > 3, requiring the process to take the form: p<3>b: P’. More generally, if we consider:
{70 (x <3, ©).5, 7c (3 <z <5, ).5"} when (z > 3) then, amending the previous process,
p<3>b: P after p<?>c: P".

4.2. Ping-pong protocol. The example in this section illustrates the usefulness of time-
sensitive conditional statements. The ping-pong protocol consists of two participants ex-
changing messages between themselves on receipt of a message from the other [LNY22]. One
interpretation of the protocol is the following;:

—~

x < 3, {x})oz}
z >3, {z}).a
x <3, {r}).«

x> 3, {x}).a}

where each participant exchanges the role of sender, either sending ping early, or pong
late. Without time-sensitive conditional statements, the setting in [BMVY19] only allows
implementations where the choice between the ‘ping’ and the ‘pong’ branch are hard-coded.
In presence of non-deterministic delays (e.g., delay (¢ < 6)), the hard-coded choice can only
be for the latest branch to ‘expire’, and the highlighted fragment of the ping-pong protocol
above could be naively implemented as follows (omitting @ for simplicity):

—~

o
‘ 'ping

| <

Iping(x < 3, {z}). {?pong

o

—_—

o
ping

|

lpong(x > 3, {x}). {?pong

def X(p) = (delay (t < 6).p<Ipong.Q) in X{r)

The choice of sending ping is always discarded as it may be unsatisfied in some executions.
The calculus in this paper, thanks to the time-awareness deriving from a process timer (),
allows us to potentially honour each branch, as follows:

def X(p) = (set(y).delay(t <6).if (@ < 3) then p <1ping.Q else p<ipong.Q') in X{(r)

4.3. Mixed-choice Ping-pong protocol. An alternative interpretation of the ping-pong
protocol can result in an implementation with mixed-choice, as shown below:

Ipong(z < 3, {z}).c
timeout(x > 3, &).end

Tping(x < 3, {z}).a
ltimeout(x > 3, @).end

?ping(z < 3, {z}). {
.
lpong(x > 3, {x}). {

where ‘pings’ are responded by ‘pongs’ and vice versa. Notice that if a timely ping is not
received, a pong is sent instead, which if not responded to by a ping, triggers a timeout.
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Similarly, once a ping has been received, a pong must be sent on time to avoid a timeout.
Such a convoluted protocol can be fully implemented: def X (p) = P in X{r) where P:

P = pS3>ping : set @) .delay (t < 4).if (@ < 3) then p < pong.X{(p)
else p® > timeout : @
after p < pong.p<> > ping : X{(p)
after p timeout.Q

4.4. Message throttling. A real-world application of the previous example is message
throttling. The rationale behind message throttling is to cull unresponsive processes, which
do not keep up with the message processing tempo set by the system. This avoids a server
from becoming overwhelmed by a flood of incoming messages. In such a protocol, upon
receiving a message, a participant is permitted a grace period to respond before receiving
another. The grace period is specified as a number of unacknowledged messages, rather than
a period of time. Below we present a fully parametric implementation of this behaviour,
where m is the maximum number of unacknowledged messages before a timeout is issued.

So = pal.lmsg(x = 3,{x}).51
S; = pat. {?ack(a: <3,{z}).a’"L, Imsg(z = 3, {x}).SiH} (4.1)
Sm = {?ack(z < 3,{x}).a™ !, ltout(x > 3, @).end}
where 0 < i < m. Below is the corresponding processes (again, 0 < i < m):
Py = def Xy(p) = delay (3).p<<msg.P; in Xo(p)
P, = def X;(p) = p=3 >ack : X;_1{p) after p<dmsg.P;;1 in X(p) (4.2)
P = p=3 >ack : X,,—1(p) after p<tout.@

We now concretize this example with the m = 2 instance for type S and process P:

?ack(z < 3,{r}).a’,
Pack(z < 3, {x}).al,}

S = pal\msg(z = 3, {x}).pat.
msg(z > 3, {z}). ltout(x > 3, 0).end

P = def Xy(p) = delay (3).p<amsg.
def Xi(p) = p=? >ack : Xolp)
after p<IAmsg.p=3 > ack : X1(p) after p <tout.0
in X1{(p)
in X0<p>
The system shown in Figure 4 also illustrates the instance of m = 2. A
lmsg (z >3, {x}) lmsg (z = 3, {z}) ltout (z =3, @)
Tack (z < 3, {z}) Tack (x < 3, {z})

FIGURE 4. Message throttling protocol for m = 2.
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5. TYPE CHECKING TOAST PROCESSES
Processes are validated against types using judgements of the form: I'; 0 — P p» A.
=g |lv:T|T, X: (T;O;A) (where T is a base-type)
0 =20, @:n (recall Definition 3.2, n € Rxg) (5.1)
Au=g|A p:(v,S)| A, gp: M

Variable Environments I' map values v to data types T' and process variables X to triples
X: (T;0;A), where T is a vector of messages (consisting of labels and data types), and @
and A are sets of timer environments and session environments, respectively and both are
possibly infinite. With respect to usual formulations of session types, we use the mapping 6
of timers (denoted @), (%) and (@) as a timer environment (given in Definition 3.2) to correctly
type check time-sensitive conditional statements. As usual, Session Environments A map
roles p and ¢ to configurations and session endpoints ¢gp and pq to queues M. Similarly to the
syntax of processes in Section 3, we may use a and b as ad-hoc roles, along with endpoints
ab and ba, during discussions of more than one session.

5.1. Auxiliary definitions & notation. We write dom(A) for the domain of A, and
Aq, Ay for A; U Ag when dom(A;) ndom(Ag) = @. We define A(p) = (v, S) iff pe A and
JA’ such that A = A’ p: (v, S), and define val(v, S) = v and type(r, S) = S. Given a time
offset t € R, we define:

o A+t={(val(A(p)) +t, type(A(p))) | p € dom(A)}
e l+t={@—0(@)+1t|@eT} (recall Definition 3.2)

We say that A is t-reading if for the duration ¢, there exist roles within A that are able to
perform a receiving action. We say that A is not t-reading if there are no roles within A
able to receive for the duration of . Formally:

Definition 5.1 (t-reading A). A is t-reading if, 3¢’ < t,p € dom(A) such that A(p) =
(v, S) = W+t 9. We write A is ot-reading if, 3¢’ o t,p € dom(A) such that
Alp) =, S) = (v+t,9)5.

Definition 5.1 is useful to check against violations of receive urgency.? Finally, we extend the
definition of well-formed configurations to session environments in the obvious way:

Definition 5.2 (Well-formed A). A is well-formed if, for all p € dom(A) such that A =
Alp:(v,S) = (v, S) is well-formed by Definition 2.6.

5.2. Type Checking Rules. The type checking rules are given in Figures 5 and 6. Figure 5
shows standard typing rules in Eq (5.2) and time-sensitive typing rules in Eq (5.3). Figure 6
shows rules pertaining to communication, with: sending processes in Eq (5.4), branching
in Eq (5.5), receptions in Eq (5.6), and queues in Eq (5.7). We will now discuss each rule.

2See Example 5.4.
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I';6-0» @ [End] I';0-pg: 2w pg: @ [Empty]

0Py A [Weak] 0Py Ar T50-Qw As
[;0-Pw» A, p: (v, end) [501,00P | Qw» A1, Ay

[Par]

[i0=Pw A, p:(v1, S1), qp: M1, q: (v2, S2), pg:Mp
(1, S1, M1) L(va, Sa, Ma) Vi e {1,2}. S; well-formed against v;

Res
V(7, S)e A0 €0 :T,0:T,X: (T;0;A);0'—Pw»i: (7, 5)
F,X:(f;B;A);GI—QbA
— : [Rec]
[0-def X(0;7) =P in Q» A
(556eA 0O Vi:T+0:T,
— [Var]

T, X: (T;0;A); 0 X(T; 7w 7: (7,5)
0 I0-Pe» A [0,@: 0Py A
Ec LioFPe [IfTrue] 0@ 0F [Timer]

[0 if c then P else @Q» A I0,@:nkset@.Py» A

Oltc T;0-Qw A

Vted:T;0Fdelay(t).P» A [
[0 if c then P else Q» A

Del-d]
I';0+delay (d) .P» A (53)

[IfFalse]

Ii0+t-Pw» A+t A not t-reading
I';0delay (t) .P» A

[Del-t]

FI1GURE 5. Standard & time-sensitive type checking rules

5.2.1. Standard Rules, Eq (5.2). Terminated processes and empty channel buffers are typed
using axioms [End] and [Empty], respectively. Rule [Weak]| handles the type-checking of a
session where an individual process has successfully reached termination, and where the rest
of the session may be ongoing. Such an instance is to be expected in the asynchronous setting,
where one party may perform a sequence of non-blocking sending actions and finish, leaving
the other party to process and receive. Rule [Par] divides the session environment into two
disjoint environments, A; and Ag, so that each session is carried by only one of P and Q.
The timer environment is also split into two disjoint environments, 6, and 65, as processes
would otherwise be capable of indirectly communicating or influencing the behaviour of
other processes outside the interactions prescribed by the types. Rule [Res] ensures scoped
processes are well-typed against binary sessions composed of compatible configurations (by
Definition 2.10). Notably, the only change from [BMVY19] in this rule is the well-formedness
requirement of S; against v; (see Definition 2.6). In [BMVY19], well-formedness was naturally
entailed by the premises of their rules type-checking sending/receiving processes. In order
to tackle the complexity of checking mixed-choice (branching and selections), we have used
multiple simpler rules that make it difficult to encapsulate such a requirement. Therefore,
without loss of expressiveness, we have made the requirement explicit here.
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Rules [Rec] and [Var] are essentially unchanged from [BMVY19|, only now extended
with process timers. Rule [Rec] handles recursion definitions by evaluating () and collecting
within the triple (f ;0; A) all messages, timer and session environments present at any
corresponding call. This triple is mapped to a process variable assigned to P, and added to I"
as the evaluation continues with Q). Rule [Var]| determines if a call is well-typed by checking
that the provided messages and channels correspond to those in the process variable.

5.2.2. Time-sensitive Rules, Eq (5.3). Rule [Timer] handles setting or resetting of timer @).
We require @) to be already in 6 in the set case (also handled by this rule) to avoid race
conditions on timers with concurrent sessions, which would compromise subject reduction.
Inspection of the syntactic structure of a process is enough to know beforehand which timers
will be used. Rule [Del-d] checks that P is well-typed against all solutions of d. Rule [Del-t]
reflects time passing on 6 and the session A. The right-hand side premise of ‘A not t-reading’
enforces receive urgency in processes by requiring that no participants in A are able to
receive a message from their queue for the duration of ¢. (Inverse to Definition 5.1.) Rules
[IfTrue| and [IfFalse]| are for typing time-sensitive conditional statements. If the timers
in 6 satisfy the condition ¢, then by rule [IfTrue] the evaluation continues with P. Else, by
the symmetric rule [IfFalse] the evaluation continues with Q.

5.2.3. Sending Rules, Eq (5.4). Rules [VSend] and [DSend] are for typing processes that send
messages against a choice type, by finding a matching pair of labels in the process and type.
Rule [VSend] applies for sending base-types, requiring that v is well-typed against T, and
the continuation process P is well-typed against the continuation S, with any clock resets
applied. Rule [DSend] is similar, but for delegating an ongoing session with role b to role p,
and then removes role b from the session environment.

5.2.4. Branching Rules, Eq (5.5). Rule [Branch]| checks a branching process against a choice
type and is comprised of a single premise. The first condition of the premise requires that the
type or the processes has more than one element, to ensure that type-checking is deterministic
(if both are singleton sets, then either rule [DRecv] or [VRecv] in Eq (5.6) should be used).
The second condition of the premise requires that each currently enabled receiving action
in the type has a corresponding branch in the process (i.e., since all labels are unique, they
have matching labels) which when paired together, are well-typed.

Rule [Timeout| checks that a receive-after process is well-typed against a choice type;
decomposing the checking into two parts: the branch process, and the process J; requiring
that both are well-typed. The first line in the premise forms a judgement to be checked by
rule [Branch]|, by discarding the ‘timeout’ part of the original process. The second line of the
premise checks the process is still well-typed in the case where the timeout ‘triggers’ (i.e., time
n passes). Put simply, each enabled action prescribed by the type must have a corresponding
branch in the process that, when paired together, form a well-typed judgement.

5.2.5. Reception Rules, Eq (5.6). Rule [VRecv] is applied when evaluating individual base-
type receptions. The first line of the premise checks that waiting the duration of n adheres
to the timings specified by the type’s constraints d; also, this line requires that there are
no other roles in A that have enabled receiving actions. The second line of the premise
evaluates the proceeding process P against the continuation type S, given any possible delay
that could occur (¢ ¢n). Rule [DRecv] is similar, but for evaluating individual delegation
receptions, which are then added to the session environment.
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Fiel: (=101 A vEod) (T base-type) A (T'=v :T;) A
(@ =) AT;0-Po Ap: (V[N — 0], S;i)

[VSend]
T;0-p<l(v).Pw» A, p: (v, {0:6<T) (i, Mi)-Si}, ;)

Jiel:(I=L)AWES) AT =(5 5)rEEA
(@ =D Al;0=-PrAp:(v[Xi—0],S)

[DSend]
0-p<l(b).Py» A, p: (I/, {‘:’i l; <Tz> ((51, /\i)’Si}ieI)’ b: (l//, S/)

—([J|=I|=1) VjedJ:(vEd§) = (0;=2) A Jiel:(;=1;) A
L0 -p° > li(v) - Biw A, pe (v, 050 (T5) (05, A).S5)
I 0-p°> {li(vi) : Pi}iel A, p: (V, {Dj lj <T]> (5j’)\j)'5j}jeJ)
L0 p > {li(vi) « P} » A pe (v {Cihey)
L0+ nEQ@wA+n, p:(v+n, {C};)
;0 p™ > {li(vi) : Pi}z‘el after Q» A, p: (v, {Cj}jeJ)

[Branch]|

(5.5)

[Timeout]

T base-type A not e-reading Vt: (v +t =) <=(tece)
Viee:T,o:T;0 +t=Pw» A+t p: (v+t[A—0],5)
Li0-p>l(v): Py A, p: (v, 2T (6, \).5)

[VRecv]

T=(85) VEGJ Anotereading Vi:(v+t}=d)=(tce)
Viee:T;0 +t=PwA+t, p: (v+t[A—0],95), ¢: (V, )
Ti0-pe>i(q) : Py A, p: (v, 26T (0, A).5)

[DRecv]

T base-type T'+ov:T T;0kqp:hw» A, gp: M
Di0qp:lv-hw A, qp:1{T);M

[VQue]

T = (5, S) viEd I0qp:hw» A, gp: M
Di0qp:lg-hw A, qp:I{THM, q: (v, S)

[DQue]

FIGURE 6. Rules for type-checking communicating processes against TOAST

5.2.6. Queue Rules, Eq (5.7). Non-empty buffers and queues are typed by [VQue] or rule
[DQue]. The former is for base-type payloads and the latter for delegated sessions.

5.3. Type Checking Examples. The handling of scope restriction, parallel composition,
and recursion is similar to existing formulations. We give an example of the less obvious
rules to handle timers and mixed-choice. Precisely, we show in Example 5.3 how to type
check an implementation of a simplified (non-recursive version) the mixed choice ping-pong
protocol featured in Section 4.3. Later, in Example 5.4 we discuss type-checking multiple
binary sessions, and illustrate the issues that can arise from incompatible interleavings.
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Example 5.3 (Type Checking Ping-pong). Consider the protocol S below:

|

Ipong , {z}).end,

o

'ping(z <3, {z}). {‘Hzmeout (x> 3, &).end|”’

S = (5.8)

2 3, {:z:}) end,
' ping
Ipong(z > 3, {z}). {'tzmeout (x> 3, @).end

and its candidate implementations P:

P = pS31>ping : set @ .delay (t < 4).if (@ < 3) then p <1pong.@ (5.9)
else p® > timeout : @
after delay (0.1).p < pong.pSE > ping : 0
after delay (0.1) .p < timeout.@

We discuss how one can use our type system to check the following: @;@: 0~ P» p: (19, 5).
From here, one can apply rule [Timeout], which decomposes the judgement into two: one for
branching process in Eq (5.10), and one for the timeout continuation @ in Eq (5.11).

2:@: 0 pS3 > ping :set @ .delay (t <4) .if (®<3)...» p: (10, 9) (5.10)
;@ : 3+ delay (0.1) .p<apong.Rw» p: (v3[z — 0],5) (5.11)

where R = pS31>ping : @ after delay (0.1).p <timeout.0. In Eq (5.11), note that the
values of process timer @) and virtual clock x have incremented by the duration of the
timeout, i.e., 3. Following up Eq (5.10), one can apply rule [Branch], which checks that all
viable actions in S are receiving actions, and that each is correctly implemented in the process
being typed. Clearly this holds, since the only viable receive action in S is ?ping (z < 3, {z}),
which matches the only branch (ping : ...) in the process. We next apply rule [VRecv]:

;@ :t'-set®.delay (t <4).If (@ <3)...» p: (vy[z—0], 5) t'<3) (5.12)

with n < 3 and S’ = {Ipong(x < 3, {x}).end, ?timeout(xz > 3, &).end}. Since clock z has
been reset to 0, and is x the only clock used by our type .9, the set of clock valuations is back
to vp. Application of [Set] then resets timer @) to 0. Next, [Del-d] decomposes Eq (5.12)
into a set of judgements, one for each solution ¢” of d = (¢ < 4); which by [Del-¢] yields:

;@ :t' +t"+if (@ < 3)then p<ipong.@ else p* > timeout : Q0 » p: (vyyp[z —t"], S)
Notably, if t” is smaller than or equal to 3 (¢” < 3) we can apply rule [IfTruel; e.g., " = 3:
;@ : 3+ p<ipong.@w p: (vpyslz— 3], S (5.13)

and if ¢ is greater than 3 (e.g., t” = 4) we can apply rule [IfFalse]:
Z;@) : 4+ p*P > timeout : O p: (V[ — 4], S') (5.14)

To proceed the evaluation of Eq (5.13), observe that the process is selecting a label pong.
By rule [VSend], we only need to check that S” has a sending branch with label pong viable
when (x = 3), which is indeed the case (i.e., lpong(x < 3, {z}).end). Similarly, looking
at Eq (5.14), we need to use the rule branching to isolate all (one in this case) the receive
actions viable at the current time. The remaining of both derivations is straightforward.

The case for the ‘after’ process in Eq (5.11) is similar, except it starts with a shifted
time in the timers and virtual clocks. Note, we insert ‘delay (0.1) ...." immediately upon
entering the ‘after’ to compensate for the inclusive upper-bound of (< 3).

We show the full derivation tree in Appendix C. AN
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Example 5.4 (Incompatible Interleavings). Consider the following session environments:
Ay = a: (v, S1), b:(v2, S2), ba: M, ab: Mo
Apg = p:(vs, S3), q:(va, Su), qp:Ms, pg: My

where both Ay, and A, are well-formed and composed together, under the session envi-

ronment A = (Agp, Apy). Both p and b are roles performed by the same participant in two
distinct sessions. All clocks within A are 0. Below are the definitions of Sy and Ss:

{?request(String> (x <5,{x}).5}
o =

timeout (z > 5, {}) " } Sy = ?message (y > 3,9) .54

Consider the following implementation P, where role b first waits 5 time units for a request
before receiving message as role p.

P = ab=5 > request(req_str) : qp® > message : P’
after ba < timeout.qp® 1> message : P”

Assume message arrives in the queue ¢p at time 3.5 and request arrives at time 4. Process
P will receive request at time 4 while message is still pending in the queue, breaking receive
urgency. In fact, P is not 4-reading since there exists a role p in A that may be able to
receive before 4 time units. Definition 5.1 is utilised by the type checking rules in Figures 5
and 6 to ensure such implementations are not well-typed. In this case, one may observe that
there exists no well-typed implementation of Se and Ss that satisfies receive urgency, hence
the roles are fundamentally incompatible and unable to be interleaved. A

6. SUBJECT REDUCTION

In this section we establish subject reduction for our typing system, namely we establish a
relation between well-typed processes and their types that is preserved by reduction.

As usual, subject reduction is given for closed systems (Corollary 6.5) with I' and A
empty. The proof relies on two lemmas that establish subject reduction for open systems,
for time-consuming steps (Theorem 6.3) and instantaneous steps (Theorem 6.4). We give
an overview in this section and relegate the full proofs to Appendix B. Crucially, by rule
[Res] in Figure 5 Eq (5.2), in any typing judgement of an open system the sessions in A are
both well-formed and comprised of compatible configurations, enabling us to utilise progress
of TOAST Theorem 2.9. Such sessions we say are fully-balanced. The notion of balanced
session, inspired by the one in [CDCSY17] is given in Definition 6.2.

Definition 6.1 (Balanced A). Let Bal be the set containing all session environments A,
such that if A € Bal, then A adheres to the following:

(D) A=ANp: (v, 8),qp:m:M — (v, ) X%V, ") and A, p: (/, S"),qp : M € Bal.
(2) A=A p:(v1, S1),qp : M1,q: (v2, S2) = My : (v1, S1, M1) L(va, Sa, Ma).
(3) A=A p: (v, 81),qp: M1,q: (v2, S2),pg: My = (11, S1, Mp) L(va, S2, Ma).

Definition 6.2 (Fully-Balanced A). A balanced A is said to be fully-balanced if:
(1) A=A"p: (1, 51) = A", q,v2,8,M1,M2 : A" = A" gp : My, q: (v2, S2),pq : Mo.
(2) A=A gp: My = A" 11, 51,19,5,My: A =A"p: (11, S1),q: (v2, S2),pq : Ma.
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Theorem 6.3 (Time Step). Let A be fully-balanced and well-formed. IfT';0+ Pw» A and
O, (P) is defined, then I';0 +t+ &, (P)» A+t and A + ¢ is fully-balanced and well-formed.

By Theorem 6.3 we prove that, given a well-typed process P, for any value of ¢ such that
®, (P) is defined by Definition 3.4, ¢ passing evenly over the session environment preserves
both well-formedness and balancedness. (Similar to the preservation of well-formedness and
compatibility for system configurations in Lemmas A.28 and A.30 of Theorem 2.9.) Clearly,
by inspection of the type checking rules in Figures 5 and 6, such processes would require
several divisions of the initial session environment (and map of process timers) before each
individual process could be evaluated. Therefore, we rely on the notion of balancedness
(Definition 6.1). Naturally, a fully-balanced session must also be balanced, and this allows us
to reason on specific balanced components of a larger fully-balanced session environment.

Theorem 6.4 (Action Step). Let A be balanced and well-formed. If T;0— Pw» A and
(0, P)— (0", P") then IA" : A—>* A" and T;0'+=P'» A" and A’ is balanced and well-formed.

By Theorem 6.4 we prove, among other things, that any sending or receiving action performed
by a well-typed process corresponds to an action prescribed by the type of the corresponding
configuration, at the correct time. The best illustration of this is perhaps Case 2 in Theo-
rem 6.4, which shows the case of reduction via rule [Recv] in Figure 2 Eq (3.4), and that the
reduction preserves well-typedness. We relegate the rules for session environment reduction
to Figure 7 in Appendix B, along with the full proofs of Theorems 6.3 and 6.4.

Corollary 6.5 (Subject Reduction). If @;0 P w» & and (0, P)— (0, P') then @;0'+P'» &.

Proof. Since A = @, then by Definition 6.2, A is fully-balanced. We proceed by induction on
the nature of the reduction (— ):

Case 1. If — = ~~ then the thesis follows Theorem 6.3.

Case 2. If —> = — then the thesis follows Theorem 6.4. []
As a safety property of our typing system, subject reduction guarantees that any action
performed by a well-typed process is as prescribed by the types; i.e., is timely and correct.

7. RELATED WORK

This paper is an extended version of [PBK23| featuring numerous improvements and three
substantial additions to the existing work: (1) the proofs of progress for TOAST given
in Appendix A; (2) the type-checking rules in Section 5; and, (3) the subject reduction result
in Section 6 together with its proof in Appendix B. We have also made several changes to the
syntax of processes in Section 3 and the reduction rules in Section 3.2 to better accommodate
the new type-checking rules and our focus on subject reduction result. These changes are
largely syntactic, and are equivalent to those in the original. For convenience, we report
below in detail about the changes to the syntax of processes with respect to the short version
of this paper. Most notably, we have simplified (without loss of generality) the definition of
e from being a linear expression over process timers and numeric constants, to either on, oo
or < 0, as defined in Eq (3.1). For readability, we have streamlined the syntax of branching
processes with and without timeout. We have removed error processes, as our focus is not
that of showing error-freedom.
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Asynchronous Timed Session Types. Since our work builds on Asynchronous Timed
Session Types [BMVY19], we begin by highlighting the differences between the two. Our work
adds expressiveness to the types in [BMVY19| by allowing mixed-choice. Our processes are
also extended. The processes in [BMVY19] allow a simplified variant of a timeout where a re-
ceive action is annotated with a deadline, akin to our branching primitive p€ > {li(vi) : B}ie I
The added expressiveness of mixed-choice in TOAST allow us to introduce a process to
execute upon timeout to express, for instance, retry strategies, which are not expressible
in [BMVY19]. In addition to timeouts we have allowed our processes to model timers. By
using timing constraints over timers as conditional statements it becomes straightforward to
derive the corresponding “dual” of a given timeout processes.

Similarly to [BMVY19], type-checking using our typing system is decidable under the
assumption that channel and recursion variables are annotated with typing information. The
rules in our typing system with infinitely many premises, such as ‘vt € d’ in the premise of
rule [Del-d] in Eq (5.3), can be accounted for symbolically, such as by exploiting zones and
Difference Bound Matricies (DBMs) [BY03] or Satisfiability Modulo Theory (SMT).

In this version of our work we do not feature the error process, which is featured
in [BMVY19] and [PBK23]. More similarly to the earlier work of Timed MPST [BYY14],
instead of letting a process reaching an error state (error) when a time constraint is violated,
we do not allow time to pass. (See Definition 3.4.) This choice allows us to manage the
complexity added by mixed-choice and separate the concerns of subject reduction, safety
and progress. Normally, safety and progress come as consequences of subject reduction.
Conversely, in a timed scenario with error states, subject reduction depends on progress
(i.e., if a process gets stuck some time constraint may be violated, yielding an error state
reached, hence compromising subject reduction). In [BMVY19] this circular dependency
was overcome by requiring a progress property called receive-liveness, which is defined
on the untimed counterpart of a timed process, which can be checked by well-established
techniques [DAY07, BCD*08]. Unfortunately, not only do techniques such as [DdY07] not
apply to mixed-choice, but they are hardly attainable in this setting: removing time from a
mixed-choice is likely to introduce progress violations that would otherwise not be there in
the presence of time. Therefore, removing error processes became critical in order to break
this circular dependency and establish subject reduction. As a future work, we would like to
establish a progress property on the basis of subject reduction.

Runtime Monitoring. Recent work by [PBH24| presented a work-in-progress toolchain
for generating Erlang stub programs from a protocol specification notation derived from the
theory of TOAST presented in this paper, with the aim of bridging the gap between protocol
specifications and program implementations. The toolchain generates correct-by-construction
Erlang stub programs which provide a bare-bones scaffolding structure for a user to extend
with functionality (i.e., what to send and how to handle receptions).

In addition to generating Erlang stub programs, [PBH24| provide a generic runtime
monitoring program for Erlang, which is provided as a precautionary measure to ensure
that user of the toolchain does not unintentionally introduce unspecified behaviour when
extending the Erlang stubs with functionality. The monitoring program can be setup to
monitor the communication of any Erlang process against a given protocol specification, and
can be configured to either: (a) verify the process communicates as specified, or (b) try to
enforce the specified behaviour (e.g., by delaying the sending/receiving of messages).
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Other work on timeouts. Outside of session types, a similar construct to timeout processes
appears in |[BLTV22|, which builds upon the Temporal Process Language. Similarly to our
work, [BLTV22| extends the receiving branch processes in [BMVY19] in a manner based
on the receive-after pattern in Erlang. However [BLTV22| does not provide a typing
discipline and rather focuses on characterising reliability properties in a mailbox-based
communication setting. The “periodic recursion” in Rate-Based Session Types [[CHZ23]|,
features a similar construct where a timeout-recursive loop runs indefinitely, at a steady
and fixed rate. Instead of timing constraints on individual actions, periods are imposed on
recursive loops, specifying the rate at which each iteration must adhere to, and optional
deadlines which specify a fixed upper-bound.

Session types. The (untimed) Multiparty, Asynchronous and Generalised m-calculus [BD23]
(MAGT) features the option for a unique “timeout branch” in the syntax of both branching
types and processes. Notably, “timeout branches” in [BD23] are non-deterministic, and may
trigger regardless of another branch being viable. Additionally, the semantics go as far as
to facilitate errors, such as by dropping unreliable messages from a queue before they can
be received. In our work, we use timeouts to model safe mixed-choice, structured in such a
way that communication mismatches cannot occur. Our work focuses on the timeliness of
messages being sent and received, and to this end our timeouts ensure only one participant
can send at any time. By comparison, the timeouts in [BD23| can also model mixed-choice,
but since they are unstructured and non-deterministic, communication mismatches may
occur and as such, the type/process must be designed to handle these failures. Our processes
feature time-sensitive conditional statements in our if-then-else processes to model the
counterpart of a timeout, while [BD23| instead staggers timeout processes in an alternating
pattern. While this is effective in their context, it does limit the descriptive capabilities to
mixed-choice with only two distinct regions of sending and receiving actions. In comparison,
our work allows mixed-choice composed of any number of sending and receiving actions
interleaved together in the same state.

Fault-Tolerant MPST [PNW22, PNW23| allows a branching type/process to specify a
default value, to be used in the case when nothing is received, abstracting from the decision
procedure on when to trigger this case. (This approach relies on an external failure detector
to inform the process to take the default value.) While different from a timeout, this does
allow a process that would otherwise be stuck waiting forever, to instead make progress.
Our timeout process and timers closer align with programming primitives like timeouts and
timers in e.g., Erlang (with its receive-after pattern and timers) and Go.

Mixed Sessions [VCAM20| introduces mixed-choice in untimed synchronous session
types. They allow for mixed-choice with a single communication primitive, similar to our own
types. Unlike our work, choices in [VCAM20| are non-deterministic and labels in a choice
do not have to be unique. Additionally, options in a choice are either linear or unrestricted.
This approach leads to patterns such as the producer/consumer pattern being elegantly
represented by a single type, whereas in our system several would be needed. Effectively, the
unrestricted action embeds into one of the options action within a choice, a recursive call
that returns back to the choice. This is once again similar to the timeout-recursion behaviour
found in [BLTV22, ICHZ23|, except that [VCAM20| is untimed. Recent work by [PY24|
present a typing system for mixed-choice in synchronous multiparty sessions and explores
the expressiveness offered by mixed-choice by evaluating and comparing various other works
(with and without mixed-choice).
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Further afield, coordination structures have been proposed that overlap with mixed-
choice, for example, fork and join [DY12], which permit messages within a fork (and its
corresponding join) to be sent or received in any order; reminiscent of mixed-choice. Affine
sessions [LNY22, MV18] support exception handling by enabling an end-point to perform a
subset of the interactions specified by their type, but there is no consideration of time, hence
timeouts. Before session types gained traction, timed processes [BY07| were proposed for
realising timeouts, but lack any notion of counterpart.

Timed semantics. Our work is based on the timed semantics of Communicating Timed
Automata [KY06] (CTA). CTA is the combined product of Timed Automata [AD94] and
CFSM [BZ83], yielding a timed asynchronous semantics. Our time-passing semantics of
[time] in Eq (2.5) is based upon the wrgent semantics [BBM18]|, to enforce receive ur-
gency and ensure that the latest enabled action is not missed [BBM18|. Our semantics
for time-passing over configurations differs from [BMVY19|, which requires that sending
actions are never missed. In our setting a configuration featuring a mixed-choice, such as
(vo, {la(x < 3,2).5,7b(x = 3,2).5'}) would be unable to reach the latest-enabled receiv-
ing action b, since the preceding sending action a would always happen instead, effectively
rendering b redundant. However, in this work we only require that the latest-enabled action
is never missed, allowing instances such as a to be passed. This provides implementations of
TOAST protocols the affordance of not featuring every sending action, and allows them to
draw upon the full range of interactions described by the given TOAST protocol.

The work of [BCM17| presents (binary) Timed Session Types in the synchronous setting.
Instead of relying on a notion of duality, [BCM17| presents a means of determining if two
parties are compliant, given their sets of constraints. This allows the timing constraints on
actions to be constructed without considering the dual, and therefore, avoiding such issues
as those discussed in Example 2.2. E.g., if one party expects to receive a some time after
3 time units, but has some proceeding action ¢ that will not be enabled after a total of 5
time units, then the party can still be guaranteed to be free from deadlocks if there is some
compliant co-party that always sends before 4 time units; as in Example 2.2.

8. CONCLUSION

We have shown how timing constraints provide an intuitive way of integrating mixed-choice
into asynchronous (binary) session types. There are many conceivable ways to realise mixed-
choice using programming primitives. However, our integration with time, embodied in
TOAST, offers new capabilities for modelling timeouts which sit at the heart of protocols
and are a widely-used idiom in programming practice. To provide a bridge to programming
languages, we provide a timed session calculus enriched with a receive-after pattern and
process timers, providing the means to implement a timeout process and its dual.

Taken altogether, we have lifted a long-standing restriction on asynchronous session types
by allowing for safe mixed-choice, through the judicious application of timing constraints. In
this extended version of [PBK23|, we have established a means of type-checking our processes
with TOAST. Additionally, we have shown that processes that are well-typed by our type
system adhere to subject reduction (Corollary 6.5) which means that any step the system
takes maintains the shape of a well-typed system. Subject reduction guarantees that when
an action happens, its sender, receiver, label, payload, and timing all conform to the types.
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Future Work. There are two primary focuses for future work: (1) an extension to the
multiparty setting; and (2) a progress property for our typing system. Progress was included
in previous work on timed session types [BMVY19|. This result is not easily transferable
to our work since we deal with mixed-choice. In fact, the result in [BMVY19] builds upon
existing techniques to ensure global progress [DdY07]| on an untimed version of their timed
processes. In essence, [BMVY19| uses an untimed version of a process to check for deadlocks
in the interaction structures of the process, using the checks described in [DAY07|. We are
unable to take this approach since: (a) the work in [DdY07] does not account for mixed-choice,
and (b) the untimed counterpart of a safe timed mixed-choice may not enjoy progress since
the timing constraints that make it safe would be removed. Proving progress in this setting
requires explicit reasoning on the interactions structures. Therefore, we will have to take a
different approach to in order to provide a stronger property for our typing system.

Additionally, in future work we would like to continue the development of the theory,
such as to the multiparty setting, and in turn, enable work such as the toolchain presented
by [PBH24| to have a broader potential for application to real world systems. As part of
this growing toolchain, we aim to include an implementation of our typing system.
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APPENDIX A. PROOF OF TYPE PROGRESS

The result of Theorem 2.9 follows similar reasoning to [BMVY19|. While Theorem 2.9 states
progress for initial system configurations, progress is also guaranteed for systems composed
of well-formed and compatible configurations by Lemma A.33. Our proof shows that our
well-formedness rules in Eq (2.8) ensure that the timing-constraints on actions are feasible,
and structured such that any mixed-choice are safe. We show that our LTS in Eqs (2.4
to 2.6) preserve both well-formedness and compatibility of our configurations.

A.1. Auxiliary Definitions & Assumptions.

Definition A.1 (Latest-enabled Configurations). (v, S) is latest-enabled if, 30,0 such that
DI

0% 0 and (v, S) = and (v, S) #.

Definition A.2 (Live Configurations). (v, S) is live if, S = end or (v, S) is future-enabled.
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Definition A.3 (Clock Names). We define cn(6), the clock names of a constraint J, as:

r{m} ifd e x>n,m=n}
{z,y} ifoe x—y>n,x—y=n}
Cn(é) = 3 cn((sl) if § = =6
cn(d1) ucen(dz) if §d =61 A O
1) if § = true

Definition A.4 (Free Names). We define fn (S), the free names of a type S, as:3
{a} it S=a
fn(S)\{a} if S = pa.5’
Uier t(S5) i S = {0l T (01, 0).8if
1%} it S =end
Definition A.5 (Capture Avoiding Substitution). Substitution [9'/a] is capture avoiding for
S iff:

S = {0 1; {T3) (64, )\i).SZ-}ieI = [%/a] is capture avoiding for S;, Vj e I

S=upS" na#p = f¢fn(S) and [9/a] is capture avoiding forS”
With an abuse of notation, we say that S [5/a] is capture avoiding when [5'/a] is capture

avoiding for S.

unfold

Definition A.6 (Unfold Equivalence). We define (=) as the smallest relation such that:

unfold unfold unfold unfold

SU= SRS — =S SRS A SRS — §UE S
S [1e-S/a] is capture avoiding = pa.S =S [paSh]  §ES — pa.S = pa.s’
SUELS = {QI(TH(S,N).S, 1" {T") (8", \").S"} "E* {al (T (8, N).S", 1" {T")(6", \").S"}

Assumption A.7. If A,a:¢;0+ S, then o ¢ dom(A).

A.2. Well-formed Types.
Lemma A.8. Ifa ¢ £n(S) and o ¢ dom(A), then A, : §';0+S < A;0F S.

Proof. Since a ¢ dom(A) it follows that recursive call & has not yet been defined. Additionally,
since « ¢ £n (S), then it follows Definition A.4 that if pa.S" appears at any point within S,
then o may appear at some point within S’. For each case of ( < ):
Case 1. A, : 068 = A;6+S. If S = pp.S’, then by rule [rec]:
Aa:0,8:6,0+5 (rec]
Aya: ;0 uB.S

Notice the environment A, « : ¢',3 : § in the premise of rule [rec] (above). If § = «
then, the environment would contain duplicate variables. Therefore, 8 # « or 8 must
be renamed to some (' ¢ dom(A,«:d") and S = pp’.S"[#/s]. Similarly, if S = 8
then, since a ¢ fn (/3), it must be that § # a. In both of these cases, the presence
of o : ¢ is immediately inconsequential, and will remain so for the remainder of the

3As in [Pic02].
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evaluation. Clearly, if S = end then the same holds. If § = {DZ’ 1; (T3 (51-,)\,-).82-}2.61
then by Definition A.4, it must also hold for all ¢ € I. In summary, since o ¢ dom(A)
and a ¢ fn (9), it follows that o must correspond to a recursive variable in a different
unfolding (either outside S, or a future unfolding within S), and that it has been renamed
from the corresponding recursive variable in the current unfolding.

Case 2. A;0—S = A,a:¢;0+ S. Following Case 1, the presence of o : ¢ is inconsequential
since « corresponds to some already unfolded recursive call outside S, or a some future
unfolding within S. In both cases, the a has been renamed from the corresponding
recursive variable in the current unfolding. L]

Lemma A.9 (Substitution Lemma). Let A;0'+—S’. If a ¢ dom(A) and S[5/a] is capture
avoiding, then A;0+ S [Y/] < A,a:0d;0+ S holds.

Proof. We proceed by induction on the structure of S:
Case 1. If S = pfB.S” then, for each case of ( < ):
i A0 pB.S8" 5] = A,a: ;0 pus.S".
a. If B = a, then uB.5" [5)a] = pB.5"[5'/8] = pB.S”. Therefore:
A; 0+ pB.S"
Since a =  and « ¢ dom(A), by Lemma A.9 we have the thesis:
Aa: ;6 ps.S"
b. If B # «, then by rule [rec]:
A,B: 605 8" [5)a]
A5 uB 5" [l

By Definition A.5, 8 ¢ £n(S’) and S” [5'/a] is capture avoiding. By Lemma A.8:
A, B:0;8;-8 < A;§+ 5. By the induction hypothesis:

Aa:0,8:0;08" = A B:6;6;~5"[5)a]

[rec]

We obtain our thesis following the conclusion of rule [rec] (below), using the former
case (above) as our premise:

Aa:d,8:60,08"
Aya: 06 pus.S"
ii. Ay 00 puB.S" = A; 0+ uB.S" [5/a]. By rule [rec]:

Aa:0,8:6;65"
Aa:d0 uB.S" [rec]

[rec]

It cannot be that 3 = «a, as otherwise the environment A, a : ¢, 3 : 6 would contain
a duplicate variable (as in the premise of rule [rec], above). Therefore, it must be
that 8 # «. Since pfB.S" [5'/a] is capture avoiding, by Definition A.5, 8 ¢ £n (S’) and
S"[5'/a] is also capture avoiding. By Lemma A.8: A;0'+S" — A,B:6;0+ 5.
By the induction hypothesis:

Aa:d,B:60-8" « A B:60-5"[5)a]
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We obtain our thesis following the conclusion of rule [rec] (below), using the latter
case (above) as the premise:
A,B: 80 8" [5)a]
A; 6 pp.S" 5 /a]
Case 2. If S = (3 then, for each case of ( <= ):
i A0 B[5)al = A a: 00 p.
a. If B = a, then B[5/a] = 5" and ¢’ = 4. Since a ¢ dom(A), it follows:

[rec]

[var]

A,B:6;0-p
b. If B # «, then B[%/a] = f and A = A’,3: § and by rule [var]:

A pinorp

By rule [var] (and up-to reordering of variables):

[var]

A,B:6,a:0;0p

i, Ay 850 = A;6+ B[5/al.
a. If B = a, then ¢ = ¢ and B[9/a] = S’. The thesis coincides with the hypothesis:

A6 =S

b. If B # «, then B[%/a] = f and A = A’,3: § and by rule [var]:

[var]

Ala:8,8:6,0-5
The thesis follows immediately by rule [var]:

[var]

A 36518
Case 3. If S = {DZ- 1; {T5) (64, )‘i)'Si}ieI then, for each case of ( < ):
i A;0 {01 (Ty) (6;, )‘i)'Si}z‘eI ['/a] = A, 850 = {0 li (Ti) (83, Mi)- S}y
By Definition A.5, for all i € I, S; [$'/a] is capture avoiding. By rule [choice]:
Viel:A; vitbSi[%/a] A 6 [Xi— 0] Fv

Vi,jel:i#j = ; Andj |=false v O, = 0j mixed-choice)

(feasibility)
(
Viel:T,= (8", 8") = @;vYFS" A & =+ (delegation)
|

- [choice]
A; | 0it={0i li (T (6i, Mi)-Si} iy [5')a (A1)
i€l
where § =| \/,.; 9. By the induction hypothesis:

Ay Si[S'fa] = A,a:8;vi+S; where §; [\; — 0] =
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Therefore, we obtain our thesis following the conclusion of rule [choice] (below),
using the latter case (above) as the (feasibility) premise:
Viel:Aa:8; viESi A 6i[Ai— 0] = (feasibility)
Vi,jel:i#j = § Andj|=false v O; =0;  (mixed-choice)
Viel:T;= (0", 8") = @; Y+S5" A 0"+ (delegation)
Aa:d | \/ 0; {Di l; <Tz> (64, )\’L>SZ}
1€l
71. A, o (5/; 1) = {Di li <T1> ((51, )\Z)S’}zel - A; ) — {Di li <Tz> (5,, )\1)51}26[ [Sl/a].
By rule [choice] as in Eq (A.2), 6 =] \/,c; %i- By the (feasibility) premise of rule

[choice], for all i € I, A, : &5 S; and 6; [A\i — 0] = 7;. Therefore, by the
induction hypothesis:

Aja: 67 S, <= A;vi S [5)a] where §; [\; — 0] =

el

Our thesis follows the conclusion of rule [choice] in Eq (A.1), where we use the
latter case (above) as the (feasibility) premise.

Case 4. If S = end then, by rule [end]:

A;truet end [end]

where § = true. By rule [end], end is well-formed against any § and any A. It follows
that end [9/a] = end. Therefore, the hypothesis holds for S = end.

We have shown the hypothesis to hold for any S. The interesting cases are when S = pu/3.5”
or S = (3, which vary depending on « = /3 or o # 3. Since « ¢ dom(A), we are dealing with
either: (1) an unfolding of a yet-to-be defined recursion «, or (2) an future unfolding of a
renamed recursion. By our thesis, we prove that unfolding and renaming recursive types
does not interfere with the judgements of well-formedness found in the rules in Eq (2.8). [

A.3. Well-formed Configurations.
Lemma A.10. (v, end) is always well-formed.

Proof. By Definition 2.6, 36 such that v |= ¢ and &;0+ end. By rule [end] in Eq (2.8),
d = true. Therefore, our thesis follows v = true. L]

Lemma A.11. If (v, S) is well-formed, then S # «.

Proof. Let us consider by contradiction that S = a. By Definition 2.6, 36 such that v = §
and &;d - a. The only rule applicable to « is [var]:

var|

Aa: 00 [
Yet, @ # A,a : 9§, and so S = « contradicts with Definition 2.6 and we obtain our thesis. []

unfold

Lemma A.12. I[f S = 9, then A;6S = A;0+ 5.

Proof. We proceed by induction on the last equation of Definition A.6 used to establish

unfold

S = 9.
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Case 1. If S = pa.Sy with Sp [#@-So/a] capture avoiding, then S' = Sy [#@-So/a]. The only
rule applicable to A;d - pua.Sy is rule [rec]:

Aassior Sy
A0 oSy ©o€
Note that « cannot be in dom(A). Since Sy [#-So/a] is capture avoiding, by Lemma A.9:
Aja: 608y <= A;0 Sy [ra-So/a]

The thesis follows the conclusion of rule [rec], using the latter case (above) as premise:
A a0z §;0 - Sp [#aSofa]
A; 6 pa.Sp [ra-Sofa

rec|

unfold

Case 2. If S = paSp, then S" = pasS) with Sy = S(. The only rule applicable to
A; 6 pa.Sy is rule [rec]:
A o:0;05) [rec]
A; 6 pa.Sy rec
By the induction hypothesis applied to the premise of the above: A,a : §;6F Sj.
Therefore, we obtain our thesis following the conclusion of rule [rec]:
A a: ;08 (rec]
A; 6 paS) ree
Case 3. If § = {0V {T')(&', N).S}},., then ' = {0V {T") (&', N).S4}., with S§ =" S).
(For brevity and clarity we only show for |I| = 1.) The only rule applicable to
A; 5= {01 (T (8, X').Sp ), 1s rule [choice]:
Ay yE=Sh A S [A= 0]y (feasibility)
T = (0", 8") = @; ¥'+5" A & =+ (delegation)
A; LV 6= {0, N).Sh}

el

[choice]
1€l

where 6 =] \/,.;0; = ¢'. (Since |I| = 1, we omit the (mixed-choice) premise of rule
[choice].) By the induction hypothesis, applied to the (feasibility) premise above:

A =85 A 8 [A 0] =y

We obtain our thesis following the conclusion of rule [choice], when the above is used
as the (feasibility) premise:
Ay yESE A d[A=0] Ery (feasibility)
T = (0", 8") = @; ¥Y+5" A & =~ (delegation)
A; |\ 6= {7 T, /\’).S{)’}iel

iel

[choice]
Lemma A.13. If S"2° S, then (v, S) is well-formed — (v, §') is well-formed.

Proof. By Definition 2.6, 39 such that v = § and @;d+ S. The thesis follows immediately
from Lemma A.12, since &;6 5. ]

Lemma A.14. If (v, S) is well-formed, then S "2 end or Sunfzom{mi 1; {T3) (6, )\i).Si}

i€el’
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Proof. Since (v, S) is well-formed, by Definition 2.6 3§ such that v |= 6 and @;0 5. We
proceed by induction on the derivation, analysing the structure of S. By Definition A.6, the

unfold

only interesting case is S = pa.S” and S =5’ [k /a]. By rule [rec]:

a:0; 0 S
;0 paS’ [rec]

By Lemma A.9, a: 0;0 5" <= @;0F S [#>5/a]. Therefore, it holds that (v, S’ [#a-5'/a])
is well-formed, and so, we obtain our thesis by the induction hypothesis:

(v, §' [n-S'[a]) is well-formed = (v, S") is well-formed

where S’ "2 §”. Since types are contractive, we rule out the possibility of §" = pav . . . pow.,
for some ¢ < n where 1 <n e N. []

A 4. Live Configurations.

Lemma A.15. If (v, S) is well-formed, then (v, S) is live.

Lemma A.11. By Definition 2.6, 30 such that v = ¢ and @; —S. We proceed by induction
on the derivation of @;d S by the well-formedness rules in Eq (2.8):

Case 1. If rule [choice], then S = {Dll (T3 (0iy Ai) S} o and 6 =| \/,.;d;. By Defini-
tion 2.1, 3t such that v+t = \/,; ;. It follows Definition 2.3 that (v, S) is future-enabled.
Followmg Definition A.2 we obtaln our thesis.

Case 2. If rule [rec], then S = pa.S’. By Lemma A.13, since (v, pa.S’) is well-formed, if

unfold

SUEYS" then (v, S”) is well-formed. By Definition A.6, po.S’ "2 S [1a.S'fa] = S,
Therefore since (v, S’ [#e-5"/a]) is well-formed, the thesis follows by induction hypothesis
on (v, S’ [uws’/a]) being live.

Case 3. If rule [end], then S = end. By Definition A.2, (v, end) is live.
Case 4. Rule [var] is not applicable following Lemma A.11, as S # a. ]
Lemma A.16. If (v +t, S) is well-formed, then (v, S) is well-formed.

unfold

Proof. By Lemma A.14, S = end or Sunmd{ L (T (03, Ni)-S; } ;- By Lemma A.13, to-
gether with rules [end] and [choice] we have that @;d+ S Where d=trueord=| \/,. 6
Obviously, v |= true. The fact v =] \/,.; d; instead followe from the definition of | . D

Lemma A.17. If @;0+ S and (v, S) is future-enabled, then (v, S) is well-formed.

Definition 2.3 and Lemma A.17. By Definition 2.3, 3t s.t. (v, S) 5 (v + t, S’) 9m o, 8.

We proceed by induction on the last rule applied for the transition (v + t, S ) =% of those
in Eq (2.4):

Case 1. If rule [act], then S = {0; l; (T;) (6;, \i).S; }Ze[
V6 m=l~<T'> jel
V' {0i i (T (63, Mi)-Si} e B 5 W' [N\~ 0], S))

[act]
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where 0 = 0; and v = v + t. Since &;6 {Di 1; {T;) (5i’)‘i)'5i}ier by hypothesis, by
rule [choice] we conclude:

A; | \/ 0; {Di Li{Ti) (di, )‘i)'Si}ieI

iel

where A = @ and § =| \/,.; 6;. By Definition 2.6, it remains to show that v =] \/,c;
First we show that v + ¢ =] \/,.; %. By the premise of rule [act], " | §; (Where
1/” = v +t). Since 0; | Vs, it follows that v + ¢ | \/,.;d; and therefore,
(v +t, {0ili (Ti) (3i; Mi).Si} ;) is well-formed. By the conclusion of rule [choice], the
set of constraints § =] \/Ze 7 only require a minimum of one weak past constraint to
be satisfied for the entire set constraint to be satisfied. Therefore, given that we know

v+t =l Ve di, it follows that v = \/,.; §; must also hold, and we obtain our thesis.
Case 2. If rule [unfold], then S = pa.S” and:
(v+1t, 8" [p5"/a]) 5 (V)
(v +t, po.S") 5 (v, 8

[unfold]

By the induction hypothesis we have that (v +t, S” [#2-S"/a]) is well-formed. Then
by Lemma A.13 we have that (v + t, ua.S") is well-formed. Finally, by Lemma A.16,
(v, pa.S") is well-formed, as required. L]

Lemma A.18. If (v, S) 2% | then (v, S) am

Proof. We proceed by induction on the last rule applied for the transition (v, S) Im of those
in Eq (2.4):
Case 1. If rule [act], then S = {0;1; (T3) (6;, \i).Si},_, and
vE=d; mzlj<Tj> jel
v {01 (T (30 M)-S1 ) 2 (0 [y 0], )

[act]

where 0 = 0;. By Definition 2.5, S = {51; LT )(6;, /\i)'gi}iel' Therefore, as the
preconditions (&;) in S and S are identical, it follows that the premise of rule [act] shown

above is equally applicable to (v, S). With the only difference being the interactions
having opposite directions (sending or receiving), we obtain our thesis.

Case 2. If rule [unfold], then S = pa.S” and:
(v, 8" [125"Ja]) 5 (v, )
(v, pa.S") 5 (V' 8"

[unfold]

where ¢ = om. By Definition 2.5, S = pa.S”. The thesis follows by induction:

(v, §" [0S f]) B — (1, 57 [ua5/a]) 20 O
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A.5. Configuration Transitions.

Lemma A.19. Let (v, S) be well-formed. Claims A.20 and A.21 both hold.
Claim A.20. (v, S)i)(y’7 S = V' =v+tna Gl g

Claim A.21. (v, S) 2% (v, 8') — 36 st. D;0-S AvEd
A3V st =0[A— 0]l AV =v[A—0]
ANy stV EYEyAG YRS

Proof. We proceed by addressing each claim in turn:

Claim A.20: We proceed by induction on the derivation of the transition (v, S) 5 (v/, S")
analysing the last rule applied of those given in Eq (2.4):

Case 1. 1If rule [tick], then the thesis holds as v/ = v+t and S = 5.
Case 2. 1If rule [unfold], then S = pa.S” and:
(v, 8" [p8"/a]) 5 (V' S)
(v, na.8") 5 (v, )

[unfold]

’ u.nfold

where ¢ = t. By Definition A.6, pa.S” =" S" [#a5"/a]. By Lemma A.13,
(v, §" [12-5"/a]) is well-formed. By the induction hypothesis, S” [1e.5" /o] "2
S’. By the transitivity equation in Definition A.6, pue.S” "2 8, as required.

Claim A.21: We proceed by induction on the derivation of the transition (v, §) 2% (/, ),
analysing the last rule applied of those given in Eq (2.4):

Case 1. If rule [act], then S = {0;1; (T;) (6i, \i).Si},_, and
V=0 m=l-<Tj> jel
v {500 (T (5 A5} ) 2 (0 [y > 0], )

[act]

where v/ = v[\j — 0], S’ = S; and § = §;. Since (v, S) is well-formed,
by Definition 2.6, 36 such that v = § and @;d S. By rule [choice]:
Viel:A; vi=S; A 0i[Mi—0]Ev (feasibility)

Vi,jel:i#j = §; n0j |=false v 0O; =0; (mixed-choice)

Viel:T;= (8", 5") = A; v+ 8" A "=+ (delegation)

el
iel !

[choice]

where A = @. As in Case 1 of Lemma A.17, the set of constraints | \/,.; d;
requires as minimum the weak past of only one set of constraints (J;) to be
satisfied for the entire set of constraints to be satisfied; hence 6; =] \/;c; 0
It remains to show: v [\; — 0] = 6; [A\j — 0] = v and @; v S;. Clearly, by
the (feasibility) premise of rule [choice] it holds that ¢; [A\; — 0] = v and
@;7+S; (as A = @). By the premise of rule [act], it holds that v |= §;, and
therefore it follows that v [A; — 0] = d; [A; — 0].
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Case 2. 1If rule [unfold], then S = pa.S” and:
(v, 8" [125")a]) 5 (v, )
(v, pa.S") 5 (V' 8"
where ¢ = om. The rest follows Case 2 of Claim A.20 (above). []
Lemma A.22. Let (v, S) be well-formed. Claims A.23 to A.26 all hold.
Claim A.23. (v, S, M) ™ (/, §' M) — M =M A (v, S) ™ (/, &)

[unfold]

(
Claim A.24. (v, S, M) 5 (/, ', M) = Imst. M=m;M A (v, S) I (V/, S)
Claim A.25. (v, S, M) % (/' M) = ' =S AM =M;mAv =v

Claim A.26. (v, S, M) L/, &' M) — S§"Z°SAM =Mar =v+t

Proof. We proceed addressing each claim in turn, using the rules in Eq (2.5):
Claim A.23: By rule [send] the claim holds. By the premise (v, S) % (1/, ).
Claim A.24: By rule [recv] the claim holds. By the premise (v, S) 2% (v/, §').

Claim A.25: By rule [que] the claim holds.

Claim A.26: By rule [time] the claim holds. By the premise v/ = v + ¢ via rule [tick].
(See Claim A.20 of Lemma A.19.) ]

Lemma A.27. Let (v, S) be well-formed. If (v, $) 2% and (v, $) 2™ theno =o'

Proof. We proceed by induction on the derivation of the transition (v, S) Bm  analysing the
last rule applied of those in Eq (2.4). We only show the case of rule [act], as the only other
applicable case (rule [unfold]) follows by induction hypothesis as in Claims A.20 and A.21
of Lemma A.19. Therefore, if rule [act], then S = {o;1; (T;) (d;, \i).Si},_, and:

viEd m=14<Ty jel
- [act]

(v, {0 i (T (0 Mi)-Si} e ) = (v [A; = 0], S)) (A.3)
where 0 = 0; and m = [; {T}). Since (v, S) is well-formed, by Definition 2.6, 36 such that
v =6 and @36 - {0 1; (Ti) (6, )‘i)‘Si}ieI‘ The only possible rule is [choice]:

Viel:A; vi=S; A 0i[Ai—0] Ev (feasibility)
Vi,jel:i#j = 6 ndj|=false v O, =0; (mixed-choice)
Viel:T,= (8", 58") = @;7+S" A &=+ (delegation)
A; l \/1(5z — {Di l; <Tz> (51, )\Z)Sl}’LEI
€

As in Lemma A.17, it follows that 0; =] \/,c; 6;. Since (v, S) O'ml) , we proceed by induction
on the derivation of the transition, analysing the last rule applied. Again, we omit the
case by rule [unfold]|. By rule [act], it follows similarly to Eq (A.3): for some k € I,
0 =0k, m = l;; (Txy and v = ;. In the case where j = k, then the thesis coincides with
the hypothesis. Otherwise, if j # k, then by the (mixed-choice) premise of rule [choice],
d; A Oy |= false or 0O; = 0. Since v = §; and v |= 0y, it follows that 0; A 0; (= false.
Therefore, it must be that 0; = 0, and we obtain our thesis. L]

[choice]
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A.6. System Transition Preservations.

Lemma A.28. Let (11, S1) and (va, Sa3) be well-formed, and (v1, S1, M1) L(v2, S2, Ma).
If S1|Se — (vf, S1, My) | (v, Sh, Mb), then (vi, S7) and (vh, S5) are well-formed.

Proof. We proceed by cases on the rule used in the derivation of the transition:
(v1, S1, M1) | (v, Sa, Ma) — (v1, S1, Mp) | (v, S, My)
analysing the last rule applied of those given in Eq (2.6):
Case 1. If rule [wait], then:
(vi, S1, M) 5 (4, S5, M) (12, Sa, Mo) 5 (b, S, M)
(1, S1, 1) | (v, S2, Ma) 5 (17, S, M) | (vh, S, M)

[wait]

Hereafter, we only show the case for (v1, S1, M1), as the transition for (vs, S2, Ma)
is analogous We proceed by inner induction on the derivation of the transition

(v1, S1, M) 5 (], S{, M}) analysing the last rule applied. By rule [time]:
(v1, S1) 5 (4, S) (configuration)
(v1, S1) is fe = (v}, S}) is fe (persistency)
V' <t: (v +t, 51, M) S (urgency)

[time]
(Vlv SlaMl) (Vh Slle)

By inner induction on the derivation of the transition (v1, S1) % (v}, S}) analysing the
last rule applied of those in Eq (2.4):

/ unf old

i. If rule [tick], then by Claim A.20 of Lemma A.19, V] = v1 +¢,M; =M; and S = Si.
If £ = 0 then 11 = 11 + t and therefore, the thesis coincides with the hypothesm. By
the (urgency) premise of rule [time], ¢ must be valued such that no message can be
received from the queue M; via rule [recv]. If ¢ = 0, then A’ < ¢, and the (urgency)

premise of rule [time] always holds, even if (12, Sa, M2) 5. However, since v] = v,
this is the same as no transition occurring via rule [time]. Otherwise, ¢t > 0. Since
(1, S1) is well-formed, it follows Lemma A.31, (v1, S1) is also future-enabled. Since
(1, S1) is future-enabled, it follows the (persistency) premise of rule [time] that
(vf, S}) is also future-enabled. By Lemma A.17, (11 + t, S7) is well-formed.
[

ii. If rule [unfold], then S = pa.S7 and:
(v1, SY [pSi/a]) 5 (14, S1)
(v1, poe.Si ) (v1, S1)

where ¢ = t. Since (1, pa.SY) is well-formed, 36 such that 14 = 6 and &;0 - pa.SY.
By rule [rec]:

[unfold]

a: ;0 SY [re-ST/a]

@30 b= por.SY
By Lemma A.9: «a : §;0+ S][#eS'/a] <= @;6+S7. By Definition A.6, it
TEY Gl [n-57/a]. By Lemma A.12, since @0 — 57, then @36 - pa.SY.

rec|

follows pa.SY
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By Lemma A.13, if (v, S7 [#a-S7/a]) is well-formed, then (v1, pa.SY) is well-formed.
The thesis holds by the induction hypothesis. (As in Case 2 in Lemma A.17.)

Case 2. If rule [com-1], then:

?m

(Vla Sla Ml) (Vb Sla ) (V27 527 M2) (V27 527 M,)
(v1, S1, M) | (va, S2, M) 5 (v1, S1, My) | (v, Sh, My)

[com-1]

First, we proceed by cases on the derivation of the transition (v, Sa, Mz) (vh, Sh, M))
analysing the last rule applied. By rule [que]:

(V27 SZa M2) (V27 SQv Ma;m ) [que]

where, as in Claim A.25 of Lemma A.22, v = 19, S, = Sy and M), = Ma; m. Therefore, it
follows that (Ué, S%) is well-formed. Next, by cases on the derivation of the transition

(v1, S1, M) ™ (1), S, M) analysing the last rule applied. By rule [send]:

|

(Vh Sl)ﬂ)(yiv Si)
(Vla S1, Ml)!—m’ (Viv i? Mll)

[send]

where, as in Claim A.23 of Lemma A.22, M, = M; and (v, S1) 2 (v, S}). As
in Claims A.20 and A.21 of Lemma A.19, we proceed to only show the case of rule
[act] (as the only other applicable rule is rule [unfold|, which follows by induction).
Therefore, S1 = {Di 1; {T; (6"’)‘1')'51'}2'61 and for some j € I, vy |=6;, m = 1; {T}), ! = 0y,
vy =11 [Aj — 0] and S7 = S;. It remains to show that (v1 [A\; — 0], S;) is well-formed.
The thesis follows Claim A.21 of Lemma A.19, since v1 [A; — 0] = 6; [A\; — 0] = 7; and
;v S;, for some j € I. By Definition 2.6, (11 [A; — 0], S;) is well-formed.

Case 3. If rule [par-1], then:

(Vla Sl) Ml) (Vla / M/)
(v1, S1, M) | (v2, S2, M2) 5 (v, S1, M) | (v2, S2, Ma)

[par-1]

where, 5 = 15, Sy = Sy and Mj = My. It holds that (v, S5) remains well-formed. We

proceed by inner induction on the derivation of the transition (v, S1, M1) 5 (v, S, M)
analysing the last rule applied of those in Eq (2.5). By rule [recv]:

(Vla Sl)m(yi) S{)
(1/17 Sla Ml) l) (VL Si’ Mll)

[recv]

As in Case 2, the thesis follows Claim A.21 of Lemma A.19 (except 7 = 0j).

Case 4. Rules [com-r| and [par-r]| are analogous to Cases 2 and 3 respectively. ]

Lemma A.29. Let (11, S1) and (va, Sa3) be well-formed, and (v1, S1, M1) L(v2, S2, Ma).
If (1/1, S1, Ml) | (1/2, S9, M2) LN (Z/i, i, Mll) | (Z/é, Sé, MIQ) and t > 0, then M; = & = My.
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Proof. We proceed by cases on the derivation of the transition (v1, S1, M1) | (va, Sa, M) 5
analysing the last rule applied of those in Eq (2.6). By rule [wait]:

(Vla Sla Ml) (V17 / M/) (V27 527 M2> (V27 527 M/)
(v1, S, M1) | (v2, 2, Ma) 5 (1], S, M) | (vh, Sh, Mp)

where, as in Claim A.26 of Lemma A.22, M| = M; and M, = My. Hereafter, we only
show (v, 5’1, M;) as (va, Sa, Ma) is analogous. By cases on the derivation of the transition

[wait]

(v1, S1, M1) (v}, S1, M}) analysing the last rule applied. By rule [time]:
(v1, S1) 5 (4, S) (configuration)

(v1, S1) is fe = (v}, S}) is fe (persistency)
V' <t: (v +t, S, M) A5 (urgency)

[time]
(v1, S1, Mp) 5 (4, S, M1)

where, as in Claim A.26 of Lemma A.22, 1] = v+t and 5] R Suppose by contradiction
that one of the queues My were non-empty, and M; = m;M/. Slnce (v1, S1, m;My) L(va, Sa, Ma),
by Condition (2) in Definition 2.10:

M = m;Mll and (Vla Sl)@’ (1/17 Si) A (Viv 17 Mll)J-(V% 527 M2)
Such a transition is only viable by rule [recv]. By Claim A.24 of Lemma A.22, it follows

that (v1, S1) 2™ (4, 1) is made by the premise of rule [recv]. However, by the (urgency)
premise of rule [time], V¢’ < ¢ no transitions by rule [recv] are viable — which contradicts
with Condition (2) in Definition 2.10. Therefore, it cannot be that either queue is non-empty
for a transition ¢, where £ > 0. For such a transition, both queues must be empty. ]

Lemma A.30. Let (11, S1) and (va, S2) be well-formed, and (vq, S1, M1) L(v2, Sz, Ma).
If (Vlv S1, Ml) | (VZa S2, MQ) - (Viv ia Mll) | (Vé? ‘S’éa M/2)f then (Viv Si, M/I)J-(Vé’ Sé, M,2)

Proof. We proceed by cases on the derivation of the transition:
(v1, S1, M) | (v2, S, M2) — (v1, S1, My) | (v, S5, M5)
analysing the last rule applied of those given in Eq (2.6):
Case 1. If rule [wait], then:
(vi, S1, M) 5 (4, S5, M) (2, Sa, Mo) 5 (v, S, M)
(1, S1, M) | (v, S2, Ma) 5 (1], S, My) | (vh, S, M)

[wait]

By Claim A.26 of Lemma A.22, it follows that /| = vy + ¢, S] "2°S; and M, = M; (and
similarly for v/, S} and M)). If ¢ = 0 then 11 = v; + ¢ (and vp = vy + t) and therefore,
the thesis coincides with the hypothesis. Else t > 0, and by Lemma A.29, M; = @ = Ms.
By Condition (4) of Definition 2.10: M} = @ = My = S; = Sy A 1] = vy. Since
v1 +t = +t, it follows that (11 + ¢, S7, M1) L(ve + ¢, S5, Ma).

Case 2. If rule [com-1], then:
(v1, S1, M1) ™ (1], S1, My) (o, Sz, M2) 2™ (v, Sh, Mp)
(v1, S1, My) [ (v2, S2, M2) 5 (v1, S1, Mp) | (v, S, Mp)

[com-1]
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First, by induction on the derivation of the transition (2, Sa, Mp) 27 (v, Sh, Mj)
analysing the last rule applied of those in Eq (2.5). By rule [que]:

(V27 527 M2) (V27 S27 Ma; m ) [que]

where vy = 1y, S = Sg and M), = My; m. Next, by induction on the derivation of the
transition (v, Si, Ml) (v}, S1, M}) analysing the last rule applied. By rule [send]:

(Vl) Sl)—nz) (Viu Si)
|

(VlaSle)ﬂ)(Via i?Ml)

[send]

where Mj = M;. By inner induction on the derivation of the transition (v, Sy) m (vi, S1)
analysing the last rule applied of those in Eq (2.4). We omit the case of rule [unf old]

since following Lemma A.14, S; “nf_Old{DZl (T3 (0iy Ai).Si } .p» and by Lemma A.12,

(v1, {0i L (T3 (63, Xi)-Ss }Ze is well-formed. Therefore, by rule [act]:
v =9 m:l»<Tj> jel
(v1, {0i L {Ti) (8 Xi)-Si} = (1 [N — 0], S))

where 1] = v1 [A\j — 0], S] = S; and m = [; (Tj), for some j € I such that vy = §;.
If M; were non-empty (i e.. M = m/;M/), then by Condition (2) of Definition 2.10, it

must be that (v1, Sl) . However, by Lemma A.27, this is plainly not the case since

[act]

(v1, S1) 35 m Therefore, M = @. We proceed by case analysis on the contents of Ma:
i. If My = @, then by Condition (4) of Definition 2.10, S; = So and vq = vo. Therefore,
by the induction hypothesis:

(1, {0 i <T3) (8i, X)-Si} | (va, {0, LT3 (6, Xi).S,;}. .0 @) D

ze]’ e]’

@WH%@ﬂ %@MD@AShP

It remains to show that: (v1 [\; — 0], S;, @) L(va, {0, L{T;)(6i, \i).S; }ZE[, . Since
M, = m;MJ, then by Condition (3) of Deﬁnltlon 2.10:
(va, {0, LTy, Ai)-Si i) 2 (v, S3) and (vi [N — 0], S;, @) L(vh, S5, M5)  (A4)

The thesis follows Lemma A.18, since (v1, S1) ™ and v1 = Vo, then (v, 572) m

ii. If Mg = m/;MJ, then M, = m/;MJ; m and therefore, by Condition (3) of Definition 2.10,
it follows Eq (A.4). The thesis follows by the induction hypothesis:

(v1, {Elll (T3 (655 Ni).Si } eI’ (Vg, S9, Mg) (1 [)\ — 0] S;, ) | (v2, So, m’;Mg;m)
If M) = &, then it follows Case 2.i. Otherwise, it follows this case.

Case 3. If rule [par-1], then by Claim A.24 of Lemma A.22 it follows that M; = m;M], and
by Condition (2) in Definition 2.10, we obtain our thesis.

Case 4. If rule [com-r] or rule [par-r], then it follows Cases 2 and 3 respectively. []
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A.7. System Progress.

Lemma A.31. Let (v1, S1) and (v2, S2) be well-formed. If (v1, S1, M1) L(va, S2, Ma), then
(v1, S1, M1) and (va, Sz, Mg) are final, or 3t : (v1, S1, M) | (v2, Sz, Mg) 15

Proof. Since both (v1, S1) and (va, S2) are well-formed, by Lemma A.15, both (v1, S7) and
(v2, S2) are live. By Definition 2.8, (v1, S1, M1) is final if Sy =" end (and similarly for S2).
By Definition A.2 if S; "% " end, then (v, S1) is future-enabled (and similarly for (g, Sz)).
By Definition 2.3, 3¢’ such that (v, S1) v Om (and similarly for (va, S2)). Therefore, we
have obtained our thesis as it holds that if, (v, S1, My) is not final the by Definition A.2, it
must be future-enabled by Definition 2.3, which coincides with the hypothesis. []

Lemma A.32. If (v1, S1) and (v2, S2) are well-formed, and (v1, S1, Mp) L(va, So, M2) and
(1/1? S, Ml) | (1/27 52, M2) — (Via 17 Mll) | (Véa Sé) M/2)) then (Vi7 Sia MII)J-(Vé7 Séa MIQ)
and (vi, S1) and (v, S%) are well-formed.

Proof. We proceed by induction on the length of (—*). The base case is trivial, as
(v1, S1, M1) | (v, Sa, Ma) —° (11, S1, M1) | (v2, Sa, M2) and hence the thesis coincides with
the hypothesis. For the induction case, suppose:

(V17 St Ml) | (VQ’ S2, M2) —" (Vilv Silv Mlll) | (Vg7 g7 M/2/) - (Vi’ 17 Mll) | (Vé’ Sé’ M/2)
By the induction hypothesis: (v, S7, M{) L(vg, S5, M3), and both (vf, S7) and (v§, S5) are
well-formed. It remains for us to show that both (v, S7) and (vg, S5) are well-formed, and
(v), S1, M) L(vh, Sh, M5). By Lemmas A.28 and A.30, we obtain our thesis. ]

Lemma A.33. The following holds:
Vi, S : (v, S) is well-formed = (v, S, @) | (v, S, @) satisfies progress.

Proof. Since (v, S) is well-formed, by Definition 2.5 (v, S) is well-formed. By Definition 2.10,
(v, S, @) L(v, S, @). If S = end then S = end and therefore, by Definition 2.8, the thesis
coincides with the hypothesis. Otherwise, (v, S, @) | (v, S, @) satisfies progress if, for all
S| 8" reachable from (v, S, @) | (v, S, @) then, either S’ and S” are both final, or 3t such
that: 8’| 8” L% . By Lemma A.32, any transition made by (v, S, @) | (v, S, @) will preserve
both well-formedness and compatible. By Lemma A.31, we obtain our thesis. L]

Theorem 2.9 (Progress of Systems). If S is well-formed against vy, then:
(vo, S, @) | (v, S, @) satisfies progress.

Proof. The thesis follows immediately from Lemma A.33. []

As typical for binary systems, our proof of progress builds upon a notion of duality between
participants. Since communication is asynchronous, each party may break duality with their
co-party. Compatibility allows the duality of participants to be broken, only if, doing so
does not violate communication safety. More specifically, compatibility requires that any
message received by a queue is expected (i.e., able to be received), and that the resulting
configurations are still compatible. In practice, using compatibility allows each party to
behave and progress independently, regardless the state of the other party, while retaining
the essence of duality, and guaranteeing that all messages will eventually be received.
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APPENDIX B. PROOF OF SUBJECT REDUCTION

B.1. Auxiliary Definitions, Figures & Assumptions.

Definition B.1 (Free-queues of a Process). The function £q (P) returns the set of free-queues
in a given process P, defined inductively below:

{pa} if P=pq:h
£q(P)\{pg; ap} if P = (vpq) P’
P', def X(5:;7) = P in P’
£q(P") fPe p<l(v)P', def X (7;7) in P/,
set@).P’, delay(d).P’, delay (t).P’
£9(P) = { .., £ (P,) iszpeD{li(vi):Pi}l )
1€
£q(P') U £q(Q) if Pe {P'|Q, if c then P’ else Q|
fq (pon > {li(vi) : Pi}ie]) ufq(Q) if P=p"p> {li(vi) : Pi}ie] after )
o if P =0, X{(&7)

Definition B.2 (Free-timers of a Process). The function £t (P) returns the set of free timers
in a given process P, defined inductively below:

(@) U tt (P) if P =set@.P'

{@} vt (P) Ut (Q) if P =1if ¢ then P’ else @ and @€ ¢

£5(P) £ Pe p<l(v)P', def X(¥;7) =P in P/,

delay (d).P’, delay(t).P’, (vpq) P’

£t (P) = ) i = p° () s P

UieI ft (Pl) if P = pre {ll(vl) ' Pl}iel

ft (P) vt (Q) ifP=P|Q

ft <p°" > {li(vi) : Pi}ie[) uft(Q) if P=p"p> {li(vi) : Pi}ie[ after Q

I} it P=0, X{@;7™, pg: h

Definition B.3 (Free-names of a Process). The function fn (P) returns the set of free-names
in a given process P, defined inductively below:

{pq} U fn (P") if P=(vpq) P’
/ 7o) — . /
£n(P') £ Pe p<l(v)P', def X(U;7) =P in P/,
set@.P’, delay (d).P’, delay(t).P’
fn(P)Z Uie[fn(P’i) lfP:p D{li(vi)lpi}iel
fo(P) ufn(Q) if Pe {P’ | Q, if ¢ then P’ else Q}

fn (pO” > {li(vi) : Pi}ie[) ufn(Q) if P=p"p> {li(vi) : Pi}ie[ after @)
I} if P=0, X{U;™, pg: h
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Definition B.4 (Free process variables of a Process). The function fpv (P) returns the set
of free process variables in a given process P, defined inductively below:

-

{X} if P=X{v;7)
{X} v fpv (P) if P=def X(¢;7) =P in P’
/ / /
£pv (P') fPe p<l(v)P', (vpq) P', set@.P,
delay (d) .P’, delay (t).P’
fpv (P) = {J._, £pv (P)) it P = p° e {liw) P
1€
fpv (P') u fpv (Q) if Pe {P’ | Q, if ¢ then P’ else Q}
fpv (pon > {li(vi) : Pi}ie]) v fpv(Q) if P=p°" D> {li(vi) : R}iel after @)
1%/ if P=0, pq:h

B.1.1. Session Environments.

Definition B.5 (Live A). A is live if, for all p € dom(A) such that A = A’ p: (v, ) =
(v, S) is live by Definition A.2.

Definition B.6 (Delayable A). A session environment A is delayable if:

Vgp € dom(A) : A(gp) # @ = p ¢ dom(A)

B.1.2. Session Environment Reduction. See Figure 7.

A — A (v, S, I{THy;M) S (V, S', M)
A-L A-Recv
Ar, Ay — Al Az[ ] p: (v, S), qp:I{T);M — p: (V, 5, qp:M[ ]
Ay —> A S) % (v, S
2 2 [A—R] (V) ) (V7 ) [A-Send]

Ar, Ay — Aq, A p: (v, 8), pg: ¥, — p:(V, ), pg:M;m

FIGURE 7. Reduction for Session Environments

B.2. Delayable Processes.
Lemma B.7. If &, (P) is defined, then Wait (P) n NEQ (P) = &.

Proof. The hypothesis holds by the definition of ®; (P) in Definition 3.4. (]
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B.3. Well-formed A.

Lemma B.8. Let A be well-formed. If A is balanced and A — A/, then A’ is balanced.
Furthermore, if A is fully-balanced, then A’ is fully-balanced.

Proof. We proceed by induction on the derivation of the reduction A — A’, analysing the
last rule applied of those given in Figure 7:

Case 1. If rule [A-Send], then A =p: (v, S),pq : M and:
(v, §) X5 (v, 8"
p: (v, S),pg:M — p: (v, 8),pg: % I(T)
We have that p : (v, S7),pq : M;1{T") is balanced, as every condition of Definition 6.1 holds
trivially. Regarding the furthermore part, it holds trivially as A is not fully-balanced.
Case 2. If rule [A-Recv], then A =p: (v, S),qp : I{T);M and:

(v, S, 1Ty ;M) X () 57, )

p: (W, 8),qp: I{Ty;M — p: (v, ), qp: M
By rule [recv] of Eq (2.5):

[A-Send]|

[A-Recv]

(v, §) 5 (V. )
(v, S, m; M) 5 (V, S, M)

By the premise of the above, thanks to Case (1) of Definition 6.1, it follows that
(v, S’, M) is balanced, as required. The furthermore case holds trivially.

Case 3. If rule [A-L] then A = Ay, Ay and A" = A}, Ay and:
Al I All
Ala AQ - Alla A2

[recv]

[A-L]

It is easy to see that A; and A, are both balanced. By the induction hypothesis
also A is balanced. Notice that the composition of balanced environments is not
necessarily balanced. So we need to show that all the items in Definition 6.1 hold for
Al. We show only for Case (1) of Definition 6.1, as the other cases are similar. So,
suppose: A = A’ p: (v, S),qp : m;M, then we have to show: (v, $) 2™ (v/, ') and
A'lp:(V,S),qp:Me Bal. The interesting cases are:

o Al(p) = (v, S), Aa(gp) = m;M and Aq(p) # Al(p). We argue that this case is
impossible. So suppose, by contradiction, it is not the case. Then, since queue ¢p did
not change during the transition, it must be A;(p) = (v, Sp) for some vy, Sy such
that: (10, 50) % (v, §) and Aq(pg) = M and Al (pq) = M;m/. By Lemma A.27,
(0, S0) ™ and hence A was not balanced in the first place: contradiction.

o As(p) = (v 8), Al(gp) = m;M and Aq(gp) # Aj(gp). Then M = M;m' and
Ai(q) = (v0,50), Al(q) = (¥, S)) and Aq(gp) = m;M with: (I/U,So)!—m/>(1/6,56).
By Case (2) of Definition 6.1, for some My: (v, S,M) L(vp, So,Mp). by rule [com-r]
in Eq (2.6):

(Va S, m;M/) | (V07SOaMO)l’(Va S,m;M) | (V67S(l)aM0)
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By Lemma A.30:
(V’ S) m; M) —L(V07 SOv MO)

Hence (v, 8) 2% (/, 8") for some (1, 8") such that (v, 8",M) L (1), S, Mo). Tt remains
to show that A',p: (', '), qp : Mis balanced by Definition 6.1. For Cases (2) and (3)
of Definition 6.1 it surely holds. Regarding Case (1) of Definition 6.1, it follows by
a simple induction on the length of M. L]

B.4. Well-typed Processes.
Lemma B.9 (Inversion Lemma). Let A be well-formed. Claims B.10 to B.24 each hold.

Claim B.10. If ;0P | Q» A, then A = (A1, Aq) and 6 = (01,02) and T';61 — Py A
and T'; 02— Q » As.

Claim B.11. If I'; 0 -(vpq) Pw» A, then ;0 Pw» A p: (v1, S1),qp : Mo, q : (v2, S2),pq : Ma

and (v1, S1, M1) L(va, S2, M2) and both (v1, S1) and (v2, Sa) are well-formed.

Claim B.12. If ;0| def X (7;7) = P in Q» A, then I, X : (T;0; A): 0 Q» A and:
v(7, §)EA,0’69: r,o:T,X: (f;@;A);H'I—P»F: (7, g)

Claim B.13. If I', X : (T;0; A); 0 def X(7:7) = P in P’ | Q» A, then A = (A1, Ay),

0 = (61,62) and:

oI X: (f;@;A);Gﬂ—def X (0;7) = P in P'» A;.

oI X: (T;G;A);ngdef X(¥;7) = P in Q » As.

Claim B.14. If T;0+ X{@;7» A, then I = I, X: (T;6; A) and:
Vi:I'+:T;, and 0@ and A=7:(7,5)eA

Claim B.15. If T;0Fp<l(v).P» A, then A = A p: (v, {0 1; (T}) (5i’)\i)'5i}iel> and

NEQ (A) = @ and 3j € I such that v = §; and:

o T base-type — T';0Pwo A p:(v[\j —0],S;) and v : T}.

e T;=(0,5) = A'=A"v:(,5)and V' =0 and ;60 Pw» A", p: (v[\; — 0], S;).
Claim B.16. If T;0p°>1(v): P» A, then A = A/ p: (v, ?2U(T)(4,A).S) and A’ not
e-reading and:

o Vtsuch that v+t Ed<tee

o Vice:
—T=(0,5) = T;0+t-Pe AN+t,p: (v+t[A—0],S),v: (1, ) and /' =¥
— T base-type = T ,v:T;0 +t+—Pe A +t,p: (v+t[A—0],9).
Claim B.17. If T;0 - p° > {li(vi) : P}, » A, then A= A p: (v, {0;1; <) (65, A;)-9;}
and —(|J| = |I| = 1) and, Vj € J such that v |= §; implies:

jeJ)

0, =7 and (HieI:F;Gl—pebli(vi):PibA’,p:(y, 0, 1 <T5) (6;,07).55) andlizl])

Claim B.18. If T; 0+ p° o> {l;i(v;) : P;},_, after @Q» A, then A = A/, p: (v, {Cj} ) and:
hd Fvgl_ponb {ZZ(UZ) : ]Di}ie[ »A/) b: (V7 {CJ}]GJ)
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o 0+n-Qw A +n, p:(v+n, {Cj}, )
Claim B.19. If T;0+set@.P» A, then 0 =60/, @ : t and T';0',@ : 0 P» A.
Claim B.20. If I';0 delay (d) .P» A, then Yt € d : I'; 0 - delay (t) .P » A.
Claim B.21. If T';0 delay (t) .P» A, then A not t-reading and I';§ + ¢t Pw» A + t.

Claim B.22. If I'; 0 - if (c¢) then P else @Q» A, then:
e=c = T;0-Pr» A,

e ke = I;0-Q»A.
Claim B.23. If I';0+qp: @» A, then A = A/ qp : @.

Claim B.24. If T;0+gqp:lv-hw» A, then A = A/ gp: [{T);M and NEQ (A’) = & and:
e T=(8,8)= N=A,q:(/,5)and ;0qp: h» A", gp:Mand V' |= .
o T base-type = T'—v:T and I';0qp: h» A, qp : M.

Proof. As standard, it follows by induction on each derivation, using the type checking rules
given in Figures 5 and 6. []

B.4.1. Well-typed Enabled Actions.

Lemma B.25. Let A,p: (v, S) be well-formed. If ;0 Pw» Ap: (v, S) and (v, S) Im
then p € Wait (P).

Proof. By induction on the derivation of the transition (v, S) fm analysing the last rule
applied of those given in Eq (2.4). The only applicable rules are [act] and [unfold]|. As
in Lemma A.27, we only show rule [act]:

viEd m=1{Ty jel
(v, {00 i {T3) (85, Mi)-Si},e ) = (v [Aj — 0], 5;)

where S = {0; ; (T}) (6, )‘i)'Si}ieI' By inspecting Figure 3 for when p € Wait (P), it remains
for us to show that P is structured as follows:

Pe { pé > {lj(Uj) . Pj}jgj’ p°" > {lj(vj) : Pj}jeJ after Q) }

We proceed by induction on the derivation of I'; 0 = P» A, p : (v, S), analysing the last rule
applied of those given in Figures 5 and 6:

[act]

Case 1. If rule [Branch], then P = p°r> {l;(v;) : P; }jEJ and we obtain our thesis.
Case 2. If rule [Timeout], then P = p°™ > {l;(v;) : Pj}je] after Q.
Case 3. If rule [VRecv], then P = p®r>1(v) : P’. (The same holds for rule [DRecv].)

Case 4. If rule [VSend], then P = p<il(v).P’. Clearly p ¢ Wait (P), and it remains for us
to prove that this case is not applicable. By rule [VSend]:
djel:(I=1)A(vEd) A (T base-type) A (T'—v : Tj) A
(O =) AT50=Pre A, p:(v[A—0],5))
T;0-p<l(v).P'w»Ap: (v, {Di 1; {T3) (6, /\i).Si}

[VSend]
1€l )
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By Lemma A.27, since (v, S) is well-formed, it cannot be that both (v, §) 2™ and

(v, S) ™, where m’ = [(T). Therefore, this case is not applicable since it cannot be
that a sending process P is well-typed against p, which has an enabled receiving action.
(The same holds for rule [DSend].) ]

B.4.2. Type-checking Processes.
Lemma B.26. Let A be well-formed. If ;0 Pw» A and P =Q, then I';0 - Q» A.

Proof. As standard [BMVY19, HYCO08, YVO07|, with the additions in Section 3.2.1. ]

B.4.3. Well-typed Substitutions.
Lemma B.27 (Substitution). Let A be well-formed. Claims B.28 and B.29 both hold.
Claim B.28. If I';0+— Pw» A,p: (v, S) and b ¢ dom(A), then T'; 6 P [bp] » A, b : (v, S).

Claim B.29. If I'y,m : T;0+ Pw» A and I's v : T and dom(I';) n dom(I'2) = @, then
', T9;0 - P [v/m] » A.

Proof. Claims B.28 and B.29 both hold as standard [BCD*08, HYC08, Vas12, YV07]. [

B.4.4. Type-checking Messages.

Lemma B.30 (Well-typed Messages). Let I';0+qp: h» A,gp : M and A, qp : M be well-
formed. Claims B.31 and B.32 both hold, for all l.

Claim B.31. If I'v : T, then I'; 0 -gqp : h - low A, qp : M; [{T).
Claim B.32. If T = (4, S) and b # dom(A) and 3v such that v |= 4, then:
T;0qp:h-lbw» Agp:M; 1T, b: (v, S)

Proof. We proceed by addressing each claim in turn:
Claim B.31: Holds following the conclusion of rule [VQue] in Figure 6 Eq (5.7), where we
use the given assumptions as premise:
T base-type T'+ov:T T;0kqp:hw» A, gp: M
T;0bqp:lv-hw A, qp:1{T)M

[VQue]

Claim B.32: Holds following the conclusion of rule [DQue] in Figure 6 Eq (5.7), similar to
the case of Claim B.31 (above). ]
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B.4.5. Type-checking Message Handling.

Lemma B.33. Let A, qp: 1{T);M be well-formed. If ;0 Pw» A, qp:1{T);M, then p €
NEQ (P).

Proof. By induction on the typing derivation, the key rules are [VQue| are [DQue], which
are structured such that: T;0gp:lv-hw» A, gp:m;M where m = [{T). The thesis
follows Figure 3, as p € NEQ (¢p : v - h) holds. []

Lemma B.34. Let A be well-formed. If T';0 — Pw» A and p € NEQ (P), then 3A’ such that
A=A qp:l{T);M.

Proof. By the definition of NEQ (P) in Figure 3, it must be that P = gp:lv-h | Q, and
by Claim B.24 of Lemma B.9, we obtain our thesis. ]
Lemma B.35. Let A be well-formed. If ;0 Pw» A and NEQ (P) = &, then NEQ (A) = &.

Proof. Since NEQ (P) = @, it follows that Ygp : h such that P = gp : h | Q, then h = @.
By Claim B.10 in Lemma B.9, A = A1,As and, T';0¢qp : h» Ay and T50 - Q » As.
By Claim B.23 in Lemma B.9, it follows that Ay = A, gp: M and M = @. We obtain our
thesis: given that all message queues in P are empty, if P is well-typed against A then, there
exists corresponding queues in A that are all also empty. []

B.4.6. Delayable Session Environments.

Lemma B.36. Let A be well-formed. If A is balanced and delayable and A+t is well-formed,
then A +t is balanced.

Proof. We show that A + t satisfies all conditions of Definition 6.1:

Case 1. Since A is delayable, by Definition B.6, all queues in the domain of A are empty.
Therefore, the case where A = A’ p: (v, S), gp : m;M, conflicts with the hypothesis, and
is not applicable.

Case 2. It A = A \p:(v1,51),qp: M1,q: (v, S2),pq : Mg, then (v, Si, Mp) L(va, So, Ma).
Since (v1, S1) and (v2, Sa) are well-formed, then by Lemmas A.28 and A.30, (v1 +t, S1)
and (v9 + t, S2) are well-formed, and (v1 + t, S1, M) L(ve + ¢, Sa, Ma). Therefore, A + ¢
is balanced.

Case 3. It A = A p: (v1, S1),qp: M1,q: (v2, S2), then IMy : (v, S1, M) L(v2, So, M) and
the thesis follows Case 2. L]
Lemma B.37. If A is balanced, well-formed and not t-reading, then A is delayable.

Proof. If we suppose by contradiction that A is not delayable, then by Definition B.6,
Jgp, m,M such that gp € dom(A) and A(gp) = m;M and Ip € dom(A). Since A is balanced,
for some A(p) = (v, S’) it follows Case (1) of Definition 6.1:

A=A p:(, ), qp:m;M = (V,5) m (", 8") and A'p: (V" S"),qp:Me Bal

However, this contradicts with A not ¢-reading: by Definition 5.1, there are no roles

q € dom(A) such that A(q) = (v, ") and (V" +t/, S") I for all ¥ < t. Therefore, A
must be delayable. L]

Lemma B.38. Let A be well-formed. If ;60— Pw» A and @, (P) is defined and A is
balanced, then A is delayable.
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Proof. Since ®, (P) is defined, we assume that ¢ > 0. We proceed by induction on the typing
derivation of P:

Case 1. If P = p° > {li(vi) : Pi}iel | gp : h then by Claim B.10 of Lemma B.9, 6 = (61, 602),
A = (A1, Az) and:
I 6, I—peb{li(’l}i):Pi}idbAl [;05-qp: hw Ag
By Claim B.17 of Lemma B.9, Ay = A}, p : (1, S1) where Sy = {0; 1;{T}) (6;, )\j)'Sj}jeJ
and —(|J| = |I] = 1). It also follows that Vj € J such that vy |= §;, then 0; =7 and:
diel:l; = lj and T';6;+ p° Dli(vi) e All,p : (1/1, 0 lj <Tj> ((5]', /\])Sj)
By Claim B.16 of Lemma B.9, A] is not e-reading, and V¢ : vy +t = 0; < tee.
Since v1 = 05 and 0; =7, by Claim A.21 of Lemma A.19, by rule [act] in Eq (2.4):
2Ty
(w1, 55 CT3) (85, 09)-8) 222 (w1 3 > 0], ;)

By Lemma B.25, p € Wait (P). By Definition 3.4, Wait (P) n NEQ (P) = @. Therefore,
p ¢ NEQ (P) and, since p ¢ NEQ (P), then ¢gp : h = @. By Claim B.23 of Lemma B.9,
Ay = Al gp:M; and since h = @ then by Lemma B.35, M; = @. It follows that
Ay is delayable, since there cannot be any other queues present in Al given that
T; 021 qp: h» AL, gp : My. It remains to show that Ay is delayable in order to obtain our
thesis and prove that A is delayable. Since A is balanced, it follows A} is also balanced,
Since A} is balanced, well-formed and not e-reading, the thesis follows Lemma B.37.

Case 2. If P = p°" > {li(vi) : Pi}ie] after @ | gp : h then by Claim B.10 of Lemma B.9,
0 = (91,92), A= (Al,AQ) and:

;00 -p" > {li(vi) : Pi}iel after Q» Ay [;0:—qgp:h» Ay
By Claim B.18 of Lemma B.9, Ay = A}, p: (11, S1) where S} = {Cj}jej and:
T; 01 p° > {li(v;) : B}, » ALp: (n, {Ci}jes) (B.1)
L0 +n-Qw Ay +n/,p: (11 +n, {Cj}jej) (B.2)

By Definition 3.4, if t on then the thesis follows by the induction hypothesis on Eq (B.1).
(See Case 1.) Otherwise, =(t on) and ®; (p°" > {l;(v;) : P}, , after Q) = 1—n (Q),
and the thesis follows by induction on Eq (B.2).

Case 3. If P = (vpq) P’ then by Claim B.11 of Lemma B.9:
L0 Pw» A, p: (v, 51), qp:Mi, q: (2, S2), pq: My (B.3)
where (v1, S1, M1) L(va, S2, M2) and both (v1, S1) and (v2, S2) are well-formed. By Def-

inition 6.2, A, p: (11, S1),qp : M1, q : (v2, S2),pq : My is fully-balanced, and therefore the
thesis follows by the induction hypothesis of Eq (B.3).

Case 4. If P = delay (t').P’ then by Claim B.21 of Lemma B.9, A is not t’-reading and
;0 +¢+ P'A+t. By Definition 3.4:

i. If t < t/, then @, (delay (t).P’) = delay (¢ —t).P’. Since A is not t'-reading, it
follows A is not t-reading also. The thesis follows Lemma B.37.
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ii. If t >t/ then @, (delay (¢').P') = ®;_ (P’) and the thesis follows by the induction
hypothesis on: T;0 + '+ &,y (P> A +¢.

We only show the key cases of P. The other cases of P follow Definition 3.4. []
Lemma B.39. IfT';0 - Pw» A then A is future-enabled.

Proof. A simple induction on the typing derivation. []
Lemma B.40. If A is well-formed and A + t is live, then A + t is well-formed.

Proof. Suppose A +t(p) = (v, S) and S # end. It must be v = v/ + ¢t with A(p) = (v, S)
and hence (', S) is well-formed. By Lemma A.16 we have that (v/ + ¢, S) is well-formed,
and by Lemma A.15 it is live, as required. []

B.5. Reduction Steps.
B.5.1. Time-passing Steps.

Lemma B.41. Let A be well-formed. If ;0 Pw» A, @, (P) is defined and NEQ (P) = @,
then A +t is well-formed and I';0 + t = @4 (P)» A + t.

Proof. We proceed by induction on the derivation of I';0 — P » A analysing the last rule
applied of the type checking rules given in Figures 5 and 6:

Case 1. If rule [VRecv], then P = p®1>1(v) : P’ and following Figure 6 Eq (5.6):

T base-type A’ not e-reading V' :v+t' Ed=t'€e

Viiee:T,o:T;0+t'—Pw A+t p: (v+t'[A\—0],9)
L;0-p>l(v): Py A p: (v, 2T) (6, A).5)

where by Claim B.16 of Lemma B.9, A = A’ p: (v, 21{(T)(§,\) .S). Since ®; (P) is

defined, by Definition 3.4, it must be that ¢t € e. (If e = o0 then this always holds.)

Coinciding with the first premise of rule [VRecv], it follows that v + ¢ |= J; additionally,
by the second premise it follows that the time-step preserves well-typedness:

Vilee:T,v:T;0+t' =P A+t p:(v+t'[A—0],5)

It remains to show that A + t is well-formed. By Lemma B.39 A + t is live. By
Lemma B.40 it is well-formed.

[VRecv]

Case 2. If rule [DRecv], then we obtain our thesis analogously to Case 1.
Case 3. If rule [Branch], then P = p® > {l;(v;) : P;},_, and following Figure 6 Eq (5.5):
=(|J|=1|=1) VjeJ:vE§ = 0;=" A Jiel:l;=1; A
L0 -p°>1i(v) - P A p: (v, 01 (Tj) (65, A).S))
D30k po > {li(vi) : P}y A pe (v, {0 1 (T5) (65, 49)-S5} )
where by Claim B.17 of Lemma B.9, A = A, p: (v, {0; [;{T}) (5j,Aj).Sj}jeJ). Since
®, (P) is defined, by Definition 3.4, it must be that ¢ € e. (If e = 00 then this always

holds.) By the premise of rule [Branch], each enabled action j in S is receiving, and
has a corresponding branch 7 in P where [; = [; and:

L;0p°>1i(v) s Piw A p: (v, 0; (D) (65, )4).55)

[Branch]|
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Therefore, the hypothesis holds by induction. (See Cases 1 and 2.)
Case 4. If rule [Timeout], then p°™ > {I;(v;) : Pi}ie[ after @ and following Figure 6 Eq (5.5):
Fa 0 }_pon > {ZZ(UZ) : 'Pi}ief > A,a b: (V7 {C]}jej)
C;0+n=Qw A’ +n, p: (v+n, {Cj}jeJ)
L;0-p> {li(vi) : Pi}z’e[ after Qp» A/ p: (v, {Cj}jeJ)

[Timeout]

where by Claim B.18 of Lemma B.9, A = A’,p: (v, {C;}
by Definition 3.4, we show for each case of t:

i. If ton, then @y (P) = p*" ' > {l;(v;) : Pi}ie[ after (). Therefore, by the induction
hypothesis:

jeg)- Since @ (P) is defined

T30+ t=p o {li(vi) : P}, » A+t pr (v + {Citics)
Li0+ntQe A +t+n—t p:(v+t+n—t {C},,)
D50 +t=p°" > {li(vy) : Pi}ie[ after Qp A’ +t, p: (v +1t, {Cj}jeJ)

[Timeout]

The first premise of rule [Timeout] holds by induction on the derivation. (See Case 3.)
The second premise of rule [Timeout] coincides with the hypothesis, as t + n —t = n.

it. If =(ton), then ®; (P) = ®;—,, (Q). The thesis follows the induction hypothesis:
0 +t-0p (Q)P» A+t
Case 5. If rule [Del-t], then P = delay (¢').P’ and:
i. If t <, then ®; (P) = delay (¢’ — t).P’ and following Figure 5 Eq (5.3):

[0+t +~Pw» A+t A nott'-reading
[; 01 delay (t).P'» A

[Del-t]

Since A is not t'-reading, by Definition 5.1, it follows that A is also not t-reading.
Therefore, we obtain our thesis: I';0 + ¢t delay (¢’ —t).P'» A +¢.

ii. If t > ', then @4 (P) = ®;_y (P’). The thesis follows the induction hypothesis:
L0+ t-®y (PY» A+t
Case 6. If rule [Par], then P = P’ | @ and following Figure 5 Eq (5.2):

L00-P e A Ti0:-Qw Ay [Par]
[0 P | Qw (A1, Ag)

where 0 = (01,62) and A = (A1, Ay). Since A is well-formed, it follows both A; and
Ay are also well-formed. By the induction hypothesis:
[0+t (P Ay +t T30, +t-P(Q)» Ag+ t [Par]
L5 (01 +¢,02 + 1) =0 (P | Q) (A1, A2) + ¢

where A +¢ = (A1, Aq) +t = (A1 +t, Ay +t). (See other cases for P’ and Q.)
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Case 7. If rule [Res], then P = (vpq) P’ and it follows Figure 5 Eq (5.2):
Li0P A, p: (v, S1), gp:Mi, q: (v2, S2), pg: Mo
(1, S1, M1) L(va, Sa, Ma) Vi e {1,2}. S; well-formed against v;
;0 (vpq) Py A
By the second premise of rule [Res], (v1, S1, M1) L(v2, S2, M2) and both (v1, S7) and
(12, S2) are well-formed. Since NEQ (P) = @ then by Lemma B.35, NEQ (A) = @ and
therefore, it follows that M; = & = My. By Condition (4) of Definition 2.10, since
M; = @ = My, then S1 = S5 and v; = 1. Hereafter, we only show for p, as the proof is

similar for ¢, and . By the premise of rule [Res], p is well-formed. By Lemma A.15, p is
live. By Definition A.2, either S; = end, or p is future-enabled.

Res]

i. If S; = end, then by Lemma A.10 we obtain our thesis as end is always well-formed.

it. Otherwise, by Lemma A.31 p is future-enabled. By Definition 2.3, 3t such that

(1, S1) 2™ Tt follows that V¢’ < ¢ (v +t", S) is also future-enabled, since

(v +t", §) L= 5™  Therefore, (v +t/, S1) is well-formed. (The same holds for
(1/2, SQ)) It follows that (1/1 + t/, S1, Ml) J_(I/Q + t,, S9, MQ).

It remains for us to show that ¢ < ¢’ for the hypothesis to hold. We proceed by
case analysis on the structure of O:

a. If 0 =7, then by Lemma B.25, p € Wait (P). By Figure 3, P must be structured
P =P'|Q where P/ =p°" > {li(vi) : Pi}z‘e[ after ). (We only show this case as
it can be applied for the other cases, as discussed in Section 3.2.1.) By Claim B.18
of Lemma B.9, S = {Di 1 {T;) (9i, )‘i)'si}iel' The thesis follows Case 4.

b. If 0 =!, then since S = So, by Lemma A.18, (5 + t, So) am (See Case 7.i.a.) In
the case that P is structured P = P’ | Q where P’ = p <l (v).P”, then by Defini-
tion 3.4, ®; (P) is not defined, as sending actions cannot be delayed.

Case 8. If rule [Rec], then P = def X (¥;7) = P’ in @ and:
®, (P) = def X (v;7) = P’ in &, (Q)
and, following Figure 5 Eq (5.2):

V@, S)e A0 €0 :T,5:T,X: (T;0;A):0 P w»7: (7 5)
7

DX:(T;0;A);0-Qw» A
[0-def X(v;7) =P in Qw» A

[Rec]

By the induction hypothesis: I', X: (T;0; A); 0 + t+®; (Q)» A + t where A + ¢ is
well-formed. The thesis then follows by rule [Rec]:

V@, S)e A0 €0 :T,5:T,X: (T;0;A):0 P w»7: (7, 5)
D, X: (T;0;A);0 +t-® (Q)» A+t
L0 +t-9, (P)» A+t

[Rec]
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Theorem 6.3 (Time Step). Let A be fully-balanced and well-formed. IfT';0+ Pw» A and
O, (P) is defined, then I';0 +t+ &, (P)» A+t and A + ¢ is fully-balanced and well-formed.

Proof. We proceed by induction on the derivation of I';6 — P » A, analysing the last rule
applied of the type checking rules given in Figures 5 and 6. Since A is fully-balanced, only
rules [Res] and [Par]| are applicable:

Case 1. If rule [Res], then P = (vpq) P’ and following Figure 5 Eq (5.2):
L0 P e A, p:(vi, S1), gp:Mi, q: (v, S2), pq: Mo
(v1, S1, M1) L(va, S, Ma) Vi € {1,2}. S; well-formed against v;
;0 (vpq) P'e» A

[Res]

Let A" = A p: (v1, 51),qp : M1,q : (12, S2),pq : M. By the second premise of rule [Res],
it follows that A’ is well-formed. By Definition 6.2, it follows that A’ is fully-balanced.
By Definition 3.4, ®; (P) = (vpq) @ (P’). Therefore, by the induction hypothesis:
[0 +t=@ (P)» A+t p:(vi+t, 51), qp:My, q: (v2+t, 52), pg: Mo
(1, S1, M1) L(va, Sa, Ma) Vi e {1,2}. S; well-formed against v;
[0+t ® ((vpg) PYw A+t

[Res]

where A" + t is well-formed and fully-balanced. The second premise of rule [Res] holds:
e Since A’ + ¢ is fully-balanced, by Definition 6.2, (11 + ¢, S1, M1) L(v2 + ¢, S, Ma).
e The latter coincides with Definition 2.6 and holds since A’ + t is well-formed.

The first premise holds by induction. It remains for us to show that A + ¢ is well-formed
and fully-balanced. Since dom(A + t) < dom(A’ + t), it follows that A + ¢ is well-formed
and fully-balanced, and we have obtained our thesis.

Case 2. If rule [Par], then P = P’ | Q and it follows Figure 5 Eq (5.2):
F;91|—P/>A1 0 Qe Ay
F;HF—P/ ’ QP(Al,Ag)

where 6 = (01,02) and A = (A1, Ay). It follows that both Ay and Ay are well-formed.
By Definition 6.1, both A; and Ag are balanced. (Their fully-balancedness does not
matter.) By Lemma B.38, both A; and Ay are delayable. By Lemma B.36, both A,
and Ay are balanced. By Definition 3.4, ®; (P) = ®; (P’") | ®;(Q). By the induction
hypothesis:

F;01+t|—q)t(P/)>A1+t F;92+t|—q>t(Q)>A2+t[ ]
ar
L (61 + 1,02 + 1) = @0 (P | Q) (A1, Ag) + 1

where 0 +t = (01 +t,02+1t) and A+t = (A1,A2) +t = (A1 +t,Ay+1¢). By Case 6
in Lemma B.41, A + t is well-formed. It remains for us to prove that A + ¢ is fully-
balanced. Since A is fully-balanced, by Case (2) of Definition 6.2, it follows that
Vp such that p € dom(A) and A(p) = (v, S1), then JA’ ¢, 9, S9, M1, My such that
A=A p: (1, S1),qp:M,q: (v2, S2),pq : My is balanced. (By Case (2) of Definition 6.2,
the same analogously holds Vgp.) By Definition 6.1, (v1, S1, M;) L(v2, S2, M2). By Con-
dition (4) of Definition 2.10, if M\; = & = My, then S = Sy and v; = vy. In such a case,
it follows that A+t = A"+¢t,p: (v1 +t, S1),qp : M1,q: (V2 +t, S2),pq : My and A+t is
fully-balanced. We now show that it must be that M\; = @ = My. Suppose by contradiction,

[Par]
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that M; = m;M,. By Definition 6.1, if A,p : (1, S1),qp : m; M} then (v1, S1) 2™ (4, S})
and A,p: (v], S1),qp : M] is balanced. Since (v1, S1) ™ by Lemma B.25, p € Wait (P).
By Lemma B.33, p € NEQ(P). However, since ®;(P) is defined, by Lemma B.7,

Wait (P) n NEQ (P) = &, which is a contradiction. Therefore, all queues must be empty
and A + t is fully-balanced. ]

B.5.2. Action Steps.

Theorem 6.4 (Action Step). Let A be balanced and well-formed. If ;0 Pw» A and
(0, P)— (0", P') then A" : A—>* A" and T';'P'» A’ and A’ is balanced and well-formed.

Proof. We proceed by induction on the derivation of the reduction (6, P) — (€', P’) analysing
the last rule applied of those given in Figure 2:

Case 1. If rule [Send], then P = p<l(v).P” | pq: h and it follows Figure 2 Eq (3.3):

0, p<l(v).P" | pg:h) — (0, P" | pq: h-lv) [Send]
where P = P” | pg: h-lv and #' = 6. By Claim B.10 of Lemma B.9, 6 = (61,65).
A = (Aq,Az) and:
[0 -p<l(v).P"» A T 02-pq: hw As (B.4)
By Claim B.23 of Lemma B.9, Ay = A} pg: M and if h = & then M = &. Conversely,

if h # @ then, by Claim B.24 of Lemma B.9, M # @. By Claim B.15 of Lemma B.9,
Al = All,p: (l/, {Di ll<TZ> (51,)%)52}16[) and E|j elst. l= lj, = j, v ): (5]' and:

i. If T} is base-type, then T'-v : Tj and T'; 601 = P" » A, p : (v[\j — 0], S;). To obtain
our thesis we must prove 3A’ : A —* A’ and A’ is well-formed, balanced, and:

T;(01,02) = P" | pg: h-lvw A’. By Claim B.10 of Lemma B.9, A" = (A7, A}) and:
;0P » AY T;00-pg:h-low Al (B.5)

We proceed to show the structure of A’ necessary to obtain our thesis. By inner
induction on the derivation of each in Eq (B.4), analysing the last rule applied.

Firstly:
djel:(l=1)A(vEd) A (T base-type) A (T'=v : Tj) A
(Dj :!) A P;GI—P//PA/D p: (V[)\j — 0], S])
D01 -p<al(v).P"» A, p: (v, {0l (T3 (6, Xi)-Si}
Therefore, it must be that Al = A,p: (v[A\; — 0], S;). Since I'~v : T; then
by Claim B.31 of Lemma B.30 I'; 02 pq : h - low A}, pg: M;1; {T}) and | = I, which
coincides with the latter of Eq (B.5). Therefore, Aj = A%, pg : M; 1; (Tj).
To summarise:
o A =AY p: (v, {0ili (Ti) (65, Mi)-Si}, ),
o A=A, p:(v[N— 0], 5)), Ay, pg: M1 {T5)  (jel)

Such a reduction is possible via rule [A-Send] in Figure 7:

(1/, {D,L l, <TZ> (52, )\1)52}161) '_m) (I//, S/)
A", p (v, {0i i (Ti) (65, Mi)-Si} ) pg M — A", p: (v, S) pg: M;m

VSend
iel) [ ]

Ay, pg M

[A-Send]
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where m = [;{T;) and A" = (A}, A}). By Case 2 in Lemma A.28, it follows that,
for some j € I, v | §;, v/ = v[\j —» 0] and S’ = S;. Additionally, it follows
that p being well-formed indicates that the constraints on actions are structured to
preserve well-formedness across such transitions. Therefore, it follows that A’ =
A" p:(v[Aj—0],S)) pg:M;m is well-formed. By Lemma B.8, A’ is balanced.
Finally, by rule [Par] (where [ = [;):
L0 =P A}, p:(v[Nj—0],85;) Ti;6-pg:h-low Ay, pg:M;1{T;) (paz]
ar

[ (01,02) =P | pg:h-low A}, p: (v[Xj—0],S;), A, pg:M; T}

. If T; = (6, '), then AY = A7, b: (v, §') and, v/ |= 0, v = b and:
F;Hll—Pﬂb /1//, p: (I/[/\j '—>O], SJ)
The rest follows Case 1.1.

In Case 1.i, we have shown that the process of a configuration yielded by a reduction via
rule [Send] of Figure 2 Eq (3.3), is well-typed against a session environment A’, which
itself is reachable via a reduction via the rules in Figure 7, and that the well-formedness
and balancedness of A’ is preserved. Case 1.ii follows similarly, for delegations.
Case 2. If rule [Recv], then P = p° > {l;(v;) : Pi}ie[ | gp : lv - h and by Figure 2 Eq (3.3):
jel =1
(07 per> {ll(vl) : Pi}ie[ | qp:lv- h) - (07 Pj [v/vj] | qp : h)
where P’ = Pj[v/y;] | gp: h and ¢’ = 6. By Claim B.10 of Lemma B.9, § = (;,62) and
A = (A1,Ay) and:
I';0, }—peb{li(vi) :Pi}ielel Li0-qgp:lv-hw Ay (B.6)
By Claim B.24 of Lemma B.9, Ay = A, pg : [{T);M. By Claim B.16 of Lemma B.9,

A=A p: (v, {Dk I {T) (g, )\k).Sk}keK) and Vk € K such that v = d, then 0 =7
and J¢ € I such that:

;01 =p° > Li(v) : Bow AL pe (v, 2T (5,1).5)
where r?l<T> ((5, )\) S = Dklk<Tk> (6k7 )\k) .S),. Hereafter we write Dklk<Tk> (5k, >\k:) Sk It

follows that in Eq (B.6), lv = [;u;. We proceed by inner induction on the derivation,
analysing the last rule applied of those in Figure 6 Eq (5.6):

i. If rule [VRecv], then:

[Recv]

Ty base-type A’ not e-reading Vi:v+t=dp<tee
Vitee: ', v; : Ty; 01 —I-tI—JDZ‘PAll +t, p: (l/—‘rt[)\k '—>0], Sk) [VR, ]
ecv
;0 +p°> ll(vz) = 2 All, p: (V, Dklk<Tk> (5147 )\k) Sk) (B?)
where [ = [; (implicitly). It remains to show that JA’ such that A —* A’ and
A’ is well-formed, balanced, and: T'; (01,02) - Pj [v/v;] | gp : h» A’. By Claim B.10
of Lemma B.9, ¢ = (01,05) and A" = (A, A}) and:
L300 = P [vfo, ] A Ti6020-qp:hw A
Clearly, following Eq (B.7), AY = Al,p: (v [ \x — 0], Si). By Claims B.23 and B.24
of Lemma B.9, A} = AL gp: M and, if h = & then M = @. (Simiarly, if h # & then
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M # &.) Therefore, it must be that A" = A, p: (v [A\x — 0], Sk), AL, ¢p: M and, it
follows A —* A’ is possible via rule [A-Recv] in Figure 7:

(I/, O Ip <Tk> ((5k, /\k)-Sk7 l<T> ; M) 5 (V/, S’ M)

A" p (v, 0ple(Th) (O, Ak) -Sk), qp  IKTYsM — A", p: (V, 57), qp: M
where A” = (A}, A}). By Case 3 in Lemma A.28, [{T) = I, {T}) and, the well-
formedness rules in Eq (2.8) are enough to guarantee that well-formedness is pre-
served across transitions via rules in Eqs (2.4 to 2.6). Therefore, A’ is well-formed.

By Lemma B.8, A’ is also balanced. By induction on the latter derivation in Eq (B.6),
analysing the last rule applied. Since T}, is base-type, by rule [VQue]:

Ty base-type Trwv; : Ty, Ti02qp:hw AL, gp:M
L5602 qp: Lvi - h Ab, qp 2 U (Ty) s M

[A-Recv]

[VGue] (B.8)

It remains to show that I'; (61, 602) - Pj [v/v;] | gp : h» A’. Since I, = I; and lv = l;v;,
then by reformulation of Eq (B.6):

;0 +p°> lz(vl) By All, p: (I/7 Dklk<Tk> (5k7 )\k) Sk)
U502 qp 2 v - e Ay, qp [ (T s M

The induction of the reformulated derivations (above) follow the same as Eq (B.7)
and Eq (B.8) respectively. Therefore, we conclude by rule [Par]:

U501 = Py [vp]» Ay, pe(v,pi (V[ = 0], Sk),  Ti0at-qp:hw Ay qp:h
[ (01,02) = Pj[v/o,) | qp: kA, p: (v, p: (v [ A — 0], Sk)), AL, gp:h

[Par]

it. If rule [DRecv], then it follows similarly to Case 2.i.

By Case 2.1, a well-typed receiving process may reduce and remain well-typed against a
session environment resulting from a corresponding reduction via the rules in Figure 7.

Case 3. If rule [Recv-T], then P = p°" > {l;(v;) : P}, , after Q | qp:lv-h and it fol-
lows Figure 2 Eq (3.3):

Jjel =1
(0, p" > {li(vi) : P}, after Q| gp:lv-h) — (0, Pi[v/o;] | qp: h)
where P’ = Pj[v/s;] | gp : h. The rest follows Case 2.
Case 4. If rule [Set], then P = set @) .P’ and following Figure 2 Eq (3.5):
(0, set@.P') — (0[@ — 0], P') [Set]

where 0/ = 6 [@) — 0]. By Claim B.19 in Lemma B.9, it follows that A = A’. Therefore,
the thesis coincides with the hypothesis.

[Recv-T|

Case 5. If rule [Det], then P = delay (d).P” and following Figure 2 Eq (3.5):

E L]
(0, delay (d).P") — (0, delay (t).P")

[Det]

where P’ = delay (t).P”. By Claim B.20 in Lemma B.9, it follows that A = A’.
Therefore, the thesis coincides with the hypothesis.
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Case 6. If rule [I£-T], then P = if ¢ then P” else ) and following Figure 2 Eq (3.5):
0= c
(0, if ¢ then P” else Q) — (0, P")

where P/ = P”. By Claim B.22 in Lemma B.9, it follows that A = A’. Therefore, the
thesis coincides with the hypothesis.

[I£-T]

Case 7. If rule [1£-F], then it follows similarly to Case 6, except 6 [~ ¢ and P’ = Q.
Case 8. If rule [Par-L], then P = P” | @Q and following Figure 2 Eq (3.2):
(01, P//) N (937 P///)
(01702> P | Q) - ( ,1302a P" | Q)

where 0’ = (67,602) and P/ = P” | . By Claim B.10 of Lemma B.9, 6 = (61,62) and
A= (Al, Ag) and:

[Par-L|

;0. P'w» Ay [0 Qw Ao

We must show JA such that A —* A’ and T';0'+ P” | @ » A’. Again, by Claim B.10
of Lemma B.9, 0’ = (67,62) and A’ = (A}, A)) and:

L;00-P"» Al Ti0,-Qw» A)

Clearly, 05 = 03 and A, = Ay. By rule [A-L] in Figure 7:
A — A

Ay, Ay — Al Ay

The thesis follows by the induction hypothesis: since T';0+ P”» Ay, if (61, P") —

(6], P") then 3A) such that A; —* A/ and T';6; + P” » A} and A is balanced and
well-formed.

[A-L]

Case 9. If rule [Par-R], then it follows similarly to Case 8.

Case 10. If rule [Scope], then P = (vpq) P” and following Figure 2 Eq (3.2):
(97 P”) N ((9/7 P///)
(0, (vpq) P") — (¢', (vpq) P")

where P’ = (vpg) P”. By Claim B.11 in Lemma B.9, it follows that A = A’ as the
scope restriction ensures that the inner session (corresponding to pq) is independent of
the rest of the session. Therefore, the thesis coincides with the hypothesis.

Case 11. If rule [Def], then P = def X (¥;7) = P” in Q and following Figure 2 Eq (3.4):

0, Q) — (¢, Q)
(0, def X (v;7) = P" in Q) — (¢, def X (¥;7) = P" in Q')

where P’ = def X (7;7) = P” in Q'. By Claim B.12 in Lemma B.9, it follows that:
I X: (f;@;A);QI—QPA

[Scope]

[Def]

The thesis follows by the induction hypothesis: since I', X: (f;@; A)0-Qw A, if
(6, Q) — (¢, Q') then 3A’ such that A —* A’ and T, X: (T;0; A); 6’ - Q' » A’ and

A’ is balanced and well-formed.
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Case 12. If rule [Call], then P = def X(v/;r') = P” in X{(#:7 | Q and following Fig-
ure 2 Eq (3.4):

(0, def X (v/;7") = P" in X{(¥:7 | Q) — (0, def X(v/;7/) = P" in P"[%:7/5,7] | Q) [Call]

where P/ = def X (v/;r') = P” in P" [5:7/i,#] | Q and ' = . By Claims B.12 and B.13
of Lemma B.9: 6 = (01,62), A = (A1, Az) and:

V7, S)eA0cO: T,7:T,X:(T:0;A):;0"P'wr: (7, 5) (B.9)
D,5:T,X: (T;0;A); 01 X iw Ay T,0:T,X: (T;0;A);05-Qw Ay (B.10)

By Claim B.14 of Lemma B.9 on Eq (B.10) we have that A, = 7: (7, 5) and (7, 5) € A.
We must show 3A’ such that A —* A’ and:

;0 def X(v/;r') = P" in P" [6:7/5:7] | Qw A/
By Lemma B.27 on Eq (B.9): By Lemma B.27 on Eq (B.9):
V7, S)eA,0c0: T,0:T X:(T;:0;A):0" P"[5:77 w7 (7, S)
By rule [Par]:

L,0:T,X: (T;0; A); 0, — P [¥:7/5.7] » Ay
Iv: T,X: (f;@;A);Hﬂ—Q;AQ
- - [Par]
L, 0:T,X:(T;0;A); 01,00 P" [57/5:7] | Qw Ay, Ay

By rule [Rec]:
V7, S)e A0 €0 :T,7:T,X: (T;0;A):0"—~P'»7: (7, S)
ro: f,X: (T’;H;A);G}—P” [3:7.7] | Qw A
;01 def X(v/;17) = P in P" [6:7)5:7] | Qw A
The thesis then holds with A = A’.

[Rec]

In the cases above we have shown, given a process P that is well-typed against a session
environment A that is balanced and well-formed, any instantaneous reduction made by the
process yields a process P’ that is well-typed against some session environment A’ reachable
from A using the rules in Figure 7. []

B.5.3. Subject Reduction.

Corollary 6.5 (Subject Reduction). If @;0 P w» & and (0, P)— (0, P') then &;0'+P'» &.

Proof. Since A = &, then by Definition 6.2, A is fully-balanced. We proceed by induction on
the nature of the reduction (— ):

Case 1. If — =~~ then the thesis follows Theorem 6.3.
Case 2. If —s = — then the thesis follows Theorem 6.4. ]
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APPENDIX C. EXAMPLE DERIVATION: PING-PONG (EXAMPLE 5.3)

Recall Egs (5.8) and (5.9) from Example 5.3:

. ! <3, {z}).end
, pong(xz < 3, ’
tping(z < 3, {z}). {?timeout(a? >3, I).end|’

S =

pong(z > 3, {z}). {?pmg(m <3, {z}).end, }

ltimeout(x > 3, &).end

P = pS3>ping : set @ .delay (t < 4).if (@ < 3) then p <Ipong.@
else p™ > timeout : @
after delay (0.1) .p < pong.p<3 > ping : @
after delay (0.1) .p <timeout.@

Below is the initial typing judgement:

@; 0+ p<31>ping : > p: [, (?ping(z <3, {z}). )
set @) .delay (t < 4). lpong(x < 3, {x}).end,
if (® < 3) ) {?timeout(w > 3, @).end},
then p < pong.@ Ipong(x > 3, {z}).
else p* > timeout : @ Tping(x < 3, {r}).end,
after delay (0.1). { {!timeout(az > 3, @).end}

p <pong.

pS3 > ping : 0
after delay (0.1).
p < timeout.

The evaluation begins in Eq (C.1) on the next page.

6:61



6:62

J. PEars, L. BoccHi, M. Murcia, anD A. Kincg

Vol. 21:3
S (See Eq (C.2)) ' (Branch]
;5 0o pS° > ping : » p: [vo, (Tping(z <3, {z}).
set () .delay (t < 4). Ipong(z < 3, {z}).end,
if (@ < 3) {?timeout(w > 3, @).end}7
then p < pong.Q Ipong(z > 3, {z}).
else p® > timeout : @ ping(z < 3, {z}).end,
{!timeout(x > 3, @).end}
(See Eq (C.5)) ' [VSend]
&; 0o + 3 p<apong. > p: [vo+3, (Tping(z <3, {z}).
pS3 > ping : @ Ipong(z < 3, {z}).end,
after p <timeout.Q {?timeout(w > 3, @).end}7
Ipong(z > 3, {z}).
?ping(z < 3, {z}).end,
{!timeout(m > 3, @).end}
- - [Timeout]
@; B0 p<3 > ping : > p: [vo, (Tping(z < 3, {z}).
set (?).delay (t < 4). lpong(x < 3, {z}).end,
if (® < 3) {?timeout(m > 3, @).end},
then p < pong.@ Ipong(x > 3, {x}).
else p® > timeout : @ ?ping(x < 3, {z}).end, (C.1)
after delay (0.1). {!timeout(:c > 3, @).end}
p<pong.
pS3 1> ping : @

after delay (0.1) .p < timeout.Q

(See Eq (C.3))
@5 0o + 0 set (p).delay (t < 4)

[Timer]
. > p: ((v[z—0])+0, [pong(z < 3, {r}).end,
(t = 0) if (@ <3) ( {?timeout(z: > 3, @).end})
then p < pong.0
else p® > timeout : @

(See Eq (C.4))
@5 O + 3+ set (p).delay (t < 4)

[Timer]
. > p: ((v[z—0])+3, [lpong(z < 3, {r}).end,
(t—3) if (@ <3) ( {?timeout(m > 3, @).end})
then p < pong.0
else p® 1> timeout : @

Vi:v+tE(r<3)=te(<3) [ !
VRecv
!
) ) Ipong(z < 3, {x}).end,
@; 0o p<t > ping : > p: (1/07 ping(x < 3, {z}). {7 .
set (3).delay (f < 4). ?timeout(x > 3, &).end

if (@ < 3)
then p < pong.@
else p* > timeout : @

—(1=2=1)

@; 0o p<t > ping : » p: [uvo,

set (@ .delay (t < 4).

ping(xz < 3, {x}). [Branch]

Ipong(z < 3, {z}).end,
if(® < 3) {?tim@out(z > 3, @).end},
then p <l pong.® Ipong(xz > 3, {x}).
else p® > timeout : @

{?ping(m < 3, {r}).end, }

ltimeout(x > 3, @).end
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Z; 65,@:0~0» @ [End]
- [Weak]
@; 05,@:0~0» p: (vo[z — 0], end)

wlz — 0] = (z < 3)
[VSend]

;5 05,@: 0p<ipong.@» p: (vo[x — 0], (!pong(z < 3, {z}).end,
?timeout(x > 3, &).end

% ®:0F©<3) [IfTrue]
3) > p: <(1/0[x — 0]) + 0, {!p(mg(x < 3, {z}).end, })

?timeout(x > 3, &).end

Z; (05,@:0)+0+if (@ <
then p < pong.@
else p® > timeout : @
[Del-t]

> p: (1/0[3:'—>O], {!pong(m <3, {z}).end, })

timeout(x > 3, &).end

@; 605, : 0 delay (0).
if (@ <3)

=0) then p < pong.0

else p* > timeout : @

@; 04, :4-0» @ [End]
[Weak]
@; (04,@:4)+0-0» p: ((va[z— 4]) + 0, end)

Z; 05,@ :0+0» @ [End]
[Weak]
@; (05,@:4) +0-0» p: ((va[z— 4]) + o0, end)

4]+t E(r>3)etew

@5 04,@ : 4+ p* >timeout : @» p: (vaz — 4], Mimeout(z > 3, @).end)
-(1=2=1)
[Branch]

{pong < 3, {z}).end, })

?timeout(x > 3, &).end

None base-type Vt': vz
[VRecv]

&5 04,@ : 4 pP > timeout :Q» p: (

.04 ©<3) [IfFalse]
3) > p: <(1/0[x — 0]) + 4, {!pong(x < 3, {z}).end, })

o @ 0) +dr (@<
then p < pong.@
else p® > timeout : @
[Del-t]

@; 05,@: 0+ delay (4). > p: (wlz— 0], (lpong(z <3, {z}).end
(t = 4) if (@ <3) ( {?timeout(w > 3, @).end})
then p <pong.0
else p® > timeout : @
[Del-d]

;5 06,@:0delay(t <4). w» p: (v[z— 0], [Ipong(z <3, {z}).end
if (@ < 3) ( {?timeout(x > 3, @).end})
then p < pong.0
else p* > timeout : @
[Timer]

<4).» p: (l/o[w — 0], {!pong(m < 3, {2}).end, })

?timeout(x > 3, @).end

?timeout(x > 3, &).end

;5 05,@ : 0+ set (@) .delay (¢
if (@ < 3)
then p < pong.0
else p* > timeout : @
(C.3)
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Z; 05,@:3-0» @ [End]
- [Weak]
@; 05,@:3-0» p: (vs[z — 0], end)

v3lz = 3] = (z < 3)
[VSend]

;5 05,@:3p<ipong@» p: (vs[x — 3], [!pong(z < 3, {z}).end,
?timeout(x > 3, &).end

05,@:3 = (@< 3) [L£True]

a; (05,@:3) +0if (® <

3) > p: <(1/3[x — 3]) + 0, {!p(mg(x < 3, {z}).end, })

then p < pong.® ?timeout(x > 3, &).end
else p® > timeout : @
[Del-t]

@5 05,2 : 3+ delay (0).
if (@ <3)
then p < pong.0
else p* > timeout : @

timeout(x > 3, &).end

> p: (Vg[xH 3], {!pong(m <3, {z}).end, })

@; 07,@:7-0» @ [End]
[Weak]
; (07,@:7)+0-0» p: ((v7[z+— 7]) + 0, end)

Z; 05,@ :0+0» @ [End]
[Weak]
@; (07,@:7)+0-0» p: ((v7[z— 7]) + 0, end)

None base-type Vt' :v7z[z — T+t | (x> 3) <=t € © [ !
VRecv
@; 07,@ : T p* >timeout : @» p: (v7[z — 7], Mimeout(z > 3, @).end)
~(1=2=1)
[Branch]
Ipong(x < 3, {x}).end, })

&5 05,@ : THp® >timeout :0» p: (vr[x— 7],
7tzmeoutm>3 @).end

07,@:THF (@<3) [IfFalse]

@; (03,@:3) +4-if (@ <

?timeout(x > 3, &).end

3) > D <(1/3[x —3]) + 4, {!pong(x <3, {z}).end, })

then p < pong.@
else p® > timeout : @
[Del-t]

;5 05, : 3+delay (4). » p: (vs[z — 3], (lpong(x <3, {z}).end
if (@ < 3) ( {?timeout(w > 3, @).end})
then p < pong.0
else p® > timeout : @
[Del-d]

@5 05,2 : 0 delay (t < 4).

timeout(x > 3, &).end

> p: (yg[a;H 3], {!pong(m <3, {z}).end, })

if (@ < 3)
then p < pong.0

;5 05,@ : 3+ set @) .delay (t <

else p* > timeout : @
[Timer]
4). » p: (vs[x — 3], (pong(z < 3, {z}).end,
if (@ < 3) Ttimeout(x > 3, &).end
then p < pong.@
else p® > timeout : @
(C.4)
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&; 031+-0» @ [End]

(t : 0 J; 0310 p: ((1/3‘1[35 — 0]) + 0, end) [Weak]

@; 6310w @ [End] (ea]
ea.

(t = 3) ) . — T = en
@; 031 H0» p: ((vsa[z = 0]) + 3[z — 0], end) [VRecv]

@; 031 p<E>ping: 0w p: (1/3,1[x — 0], ?ping(z < 3, {x}).end)
[Branch]

@; 031 pS*>ping: 0w p: (v3i[z — 0], (Tping(x < 3, {x}).end,
ltimeout(x > 3, @&).end

&; 0g2—0» & [End] (o]
ea

I Osa-OP p: (1/6‘2[96 — 3.1], end)
- [VSend]
@; 0.1 + 0.1 p <timeout.d» p: ((Vﬁ_l[l’ — 3]) + 0.1, {?pmg(x < 3, {z}).end, })

ltimeout(xz > 3, &).end

T

&; 031 + 3delay (0.1).

p < timeout.® ltimeout(x > 3, &).end

[Timeout]

&; 031 pS2>ping : 0
after delay (0.1).
p < timeout.@ [ |
VSend

> p: (v3+ 0.1, lpong(x > 3, {m}){”pmg(x < 3, {z}).end, })

» p: (vsi[z— 0], [?ping(xz < 3, {z}).end,
ltimeout(x > 3, &).end

J; 03 + 0.1 p < pong.
p<3 > ping : 0
after delay (0.1) .p < timeout.Q

ltimeout(x > 3, &).end

V3.1 )= (I > 3) [De]__t]
@; 03 delay (0.1). > p: (vs, lpong(xz > 3, {z}).?ping(x < 3, {z}).end,
p <\ pong. ( {!timeout(az > 3, @).end})
p<3 > ping : @
after delay (0.1) .p < timeout.Q
(C.5)
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