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ABSTRACT. Extended addressing machines (EAMs) have been introduced to represent
higher-order sequential computations. Previously, we have shown that they are capable
of simulating—via an easy encoding—the operational semantics of PCF, extended with
explicit substitutions. In this paper we prove that the simulation is actually an equivalence:
a PCF program terminates in a numeral exactly when the corresponding EAM terminates
in the same numeral. It follows that the model of PCF obtained by quotienting typable
EAMs by a suitable logical relation is adequate. From a definability result stating that every
EAM in the model can be transformed into a PCF program with the same observational
behavior, we conclude that the model is fully abstract for PCF.

1. INTRODUCTION

The problem of determining when two programs are equivalent is central in computer science.
For instance, it is necessary to verify that the optimizations performed by a compiler actually
preserve the meaning of the input program. In A-calculi like Plotkin’s PCF [Plo77], two
programs P;, P> are considered observationally equivalent, written P; =g,5 P>, whenever it
is possible to plug either P, or P» into any context CLJ of appropriate type without noticing
any difference in the global behavior, i.e., C[P1] of type int produces a numeral k exactly
when C[P] does. The Full Abstraction Problem, raised by Milner in [Mil77], aims at finding
a syntax-independent description of =.s by means of denotational models. The quest for a
fully abstract (FA, for short) model of PCF kept researchers busy for decades [Cur07], as the
usual Scott-continuous models did not enjoy this property, and culminated with FA models
based on game semantics [AMJ94, Nic94, HO00]. Subsequently, a FA model of PCF based
on realizability techniques was presented in [MRS99].
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Addressing machines. In 2020, the first author initiated a research program focused
on modeling higher-order sequential computations through addressing machines (AMs),
originally introduced by Della Penna in [Del97]. The intent is not to develop a denotational
model grounded in abstract mathematical structures but rather to propose a computational
model, alternative to the von Neumann architecture, where computation is driven by
communication between machines instead of local operations. Addressing machines owe
their name to the fact that they operate exclusively by manipulating the addresses of other
machines (just like pure A-terms operate on other A-terms rather than on ordinary data
types). Higher-order computations are realized by passing functional programs via these
addresses. An AM can read an address from its tape, store the result of applying an address
to another and pass the execution to another machine by calling its address. A challenge
in defining addressing machines (AMs) lies in the fact that an address uniquely identifies
a machine in a specific state of execution, meaning its registers and tape may contain the
addresses of other AMs. The problem is finding a way to assign addresses to machines, and
to compute the address resulting from applying an address a to an address b, while avoding
a circular definition. The definition of AMs resolves this circularity issue by initially defining
the machines over an arbitrary set A of addresses, and then employing external maps—whose
existence is guaranteed by set-theoretical principles—to establish these associations.

Addressing machines as a model of computation. Before delving deeper into the
formalism, we would like to justify AMs as a computational model and to explain the
motivation behind their inception. We begin by observing that many significant results
in recursion theory are obtained by passing a Turing Machine as input to another Turing
Machine (possibly itself). For example, this technique is a key component in formulating
the Halting Problem and proving its undecidability [Dav58, Tur36]. Since Turing Machines
accept only natural numbers as input, this phenomenon of self-referentiation is achievable
only through appropriate encodings. These encodings are also necessary to represent higher
order computations, but difficult to handle in practice. In fact, while efficient encodings
of the A-calculus into Turing machines are well-documented in the literature [ALV23], the
reverse encoding is part of the folklore and considered excessively verbose to be presented in
detail. By making the addresses first class citizen and by explicitly and uniformly relying
on external mechanisms, the framework of AMs reduces to a minimum the technicalities
concerning the encodings. This is the main feature that allowed Della Penna et al. to define
a reasonably elegant translation from A-terms to AMs, and to show that the associated
machine faithfully represents the behavior of the original A-term [DIM22].

A corollary of the A-definability result in [DIM22] is that all numerical partial computable
functions can be represented via AMs. As previously mentioned, the definition of addressing
machines depends however on the existence of an external function, called address table
map, bijectively associating each AM with its address. Since the set of machines and the
set of addresses are both countably infinite there exist a continuum of address table maps,
most of which cannot be effective. On the one hand, choosing a non-computable function
as address table map can lead to define AMs representing non-computable functions. This
situation is reminiscent of Ershov’s notion of pre-complete enumeration [Vis80], where a
function f : A — B is considered computable w.r.t. two enumerations v: N — A u: N — B
of its domain and codomain, and taking non-effective enumerations can lead to represent
non-computable functions. On the other hand, it is possible to construct effective maps by
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employing classical Godelization techniques, therefore the formalism of addressing machines
actually deserve to be considered a model of computation.

Extended addressing machines. In [DIM22], Della Penna et al. successfully built a
model of untyped A-calculus based on AMs, but also realized that performing calculations
on natural numbers in this formalism is as awkward as using Church numerals. To avoid
this problem, we recently introduced eztended addressing machines (EAMs) [IMM23] having
additional instructions for performing basic arithmetic operations on addresses of ‘numeral’
machines, a recursor machine representing a fixed point combinator, and a typing algorithm.
A recursor can even be programmed in the original formalism, but we avoid any dependency
on self-application by manipulating the addressing mechanism to grant it access to its own
address. This can be seen as a very basic version of the reflection principle of programming
languages. In the present paper we construct a fully abstract model of PCF based on EAMs
(Theorem 5.20). We start by recalling the definition of EAMs (Section 3), their operational
semantics and type system. Then, we define a translation (Definition 4.4) constructing an
EAM from every typable PCF term and prove that such a translation is type-preserving
(Theorem 4.6), and the resulting EAM correctly represents the behavior of the original term:

A PCF program of type int reduces to a numeral k exactly when the corre-
sponding EAM reduces to the machine k representing & € N (Theorem 4.10).

This equivalence is achieved using as intermediate language EPCF, i.e. a PCF extended with
explicit substitutions, since their operational semantics coincide on closed programs of type
int. The result can be seen as a strengthening of the main theorem in [IMM23], where
only one direction was proven. As a consequence, one gets that the model constructed by
equating all typable EAMs having the same observational behavior is adequate for PCF
(Theorem 5.10). We achieve completeness—the other side of full abstraction—by defining a
‘reverse’ translation that associates a PCF program with every typable EAM, and proving that
the two translations are inverses up to observational equivalence on EAMs (Theorem 5.17).
We emphasize that the reverse translation is made possible by the presence of the type
system: an EAM is well-typed if there exists a finite derivation that recursively associates a
type with each of its components. This phenomenon suppresses all non-definable elements.

The notion of model and full abstraction. The model of PCF that we construct in
this paper is based on AMs and therefore does not fit into the notion of denotational
model considered in the literature, which is usually based on category theory and domain
theory [Cur07]. Our model is an instance of Milner’s set-theoretical definition [Mil77] and
provides a syntax-independent description of PCF terms. Our full abstraction result is
achieved through a quotient that somewhat mimics the observational equivalence. This
approach is reminiscent of the construction of fully abstract models in categories of games,
which also rely on a quotient. However, while game models use the quotient solely to achieve
completeness, we leverage the same quotient to establish both soundness and completeness.
The interest of this kind of results mostly lies in the definability property that does not hold
automatically in the quotiented model.! We believe that our approach, based on a notion
of deterministic machine, brings an original, computationally-oriented, perspective in PCF
semantics: e.g., in our setting no limit construction is required to handle the fixed point

Even in our case, in the untyped world, there are EAMs that are not definable by any PCF program.
The machines M,, introduced in Examples 3.8(2) are witnesses of this situation.
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combinator since an EAM accessing its own address is easily definable from a mathematical
perspective, and can be seen as an abstract view of the usual implementation of recursion.

Related and future works. A preliminary version of addressing machines was introduced
in [Del97] to model computation as communication between distinguished processes by
means of their addresses. They were subsequently refined in [DIM22] with the theoretical
purpose of constructing a model of A-calculus.

Compared to other machine-based formalisms, addressing machines occupy a unique
space with a fair amount of individually overlapping features, but distinct overall. Many
abstract machines feature subroutines which can be called and returned from. Traditional
abstract machines (KAM [Kri07], SECD [Lan64], TIM [FW87|, Lazy KAM [Cre91, Lan07]),
ZINC [Ler90] etc.) employ a stack to temporarily store the current state of the program
during the execution of a subroutine. AMs adopt a different approach, utilizing separate
AMs for each subroutine and an external address table map to allow communication among
them. Evaluating a subroutine is done simply by executing the corresponding AM. Thus, to
perform meaningful computations, it is necessary to consider the whole set of AMs, rather
than a single machine. By delegating the complexity of subroutines to the external map,
AMs are difficult to compare with other formalisms in terms of implementational complexity
and efficiency. Due to space limitations, any implementation can represent only a finite
number of AMs and relies on a finite address table map, which is therefore decidable. From
a theoretical perspective, we believe that a translation from AMs into (multiple) traditional
abstract machines could be defined without much difficulty. Additionally, we emphasize
that computational efficiency can be enhanced by optimizing the finite address table map
through the use of suitable hash tables. Addressing this optimization challenge is a goal we
plan to explore in future work.

The presence of explicit substitutions may also remind of more “modern” abstract
machines arising from the linear substitution calculus, namely the MAM [ABM14, AB17]
and related machines. The MAM also avoids the concept of a closure, through use of
a-renaming all environments which would be local to a subroutine can instead be stored in
a single global environment. One could argue that this is a special method of implementing
subroutines, while AMs retain a local environment and sidestep the issue entirely.

The communication aspect of addressing machines may also remind the reader of
formalisms such as Interactive Turing Machines [GMR89, Canl13] and the m-calculus [Mil99,
SWO01] which both feature communication between processes. Both of these formalisms use
the communication aspect for the purpose of parallel/concurrent computations. By design,
AMs do not support concurrent computations and instead model asymmetric communication
rather than bilateral communication, so the similarity ends there.

Compared with models of PCF based on Scott-continuous functions [Mil77, BCL85,
Cur07], EAMs provide a more operational interpretation of a program and naturally avoid
parallel features that would lead to the failure of FA as in the continuous semantics. Compared
with Curien’s sequential algorithms [Cur92] and categories of games [AMJ94, Nic94, HOO00]
they share the intensionality of the denotations of the programs, while presenting an
original way of modelling sequential computation. The model based on AMs also bares
some similarities with the categories of assembly used to model PCF [Lon95], mostly on
a philosophical level, in the sense that these models are based on the ‘codes’ (rather than
addresses) of recursive functions realizing a formula (= type).
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A disclaimer concerning explicit substitutions [ACCL90, ACCL91, CHL96, S196, LM99]:
since the full abstraction property is defined on closed PCF terms, we assume a closedness
condition on explicit substitutions, as in [AFFMO07], to reduce the level of technicalities. We
do not claim, or believe, that our presentation of EPCF gives a satisfying theory of explicit
substitution for ‘open’ PCF. In future works, we plan to build from Accattoli and Kesner’s
works [AK12, Accl8] to develop a version of EPCF at the correct level of generality.

2. PCF wiTH EXPLICIT SUBSTITUTIONS
We begin by describing the syntax and operational semantics of Plotkin’s PCF [Plo77, Ong95].

Definition 2.1. (1) Let us consider fixed a countably infinite set Var of variables that are
denoted z,v, z, ... The set APCF of PCF terms is defined by induction as follows:

P,Q,Q =z | e.P|P-Q|fixP|0|predP |succP |ifz(P,Q,Q) (APCF)

where Az.P represents the abstraction, P-(Q the application, fix a fixed point combinator,
0 the constant zero, pred and succ the predecessor and successor (respectively), and
ifz the conditional test on zero (namely, ‘is zero?-then-else’).

(2) A PCF walue is either a numeral or an abstraction. The set of PCF values is defined by:

ValPF = {n | n e NV U{\z.P | P € APF}, where n = succ”(0).

(3) The set FV(P) of free variables of P € APCF and a-conversion are defined as usual.

(4) A term P € APCF is called a PCF program if it is closed, i.e. FV(P) = ().

(5) Given P,Q € APSF, we denote by P[Q/x] the capture-free substitution of @ for all free
occurrences of = in P.

Hereafter, PCF terms are considered up to a-conversion. We now introduce PCF ‘con-
texts’, namely PCF terms possibly containing occurrences of an algebraic variable, which is
traditionally called hole, and here denoted by [.

Definition 2.2. (1) PCF contexts CO are generated by the following grammar:
CO :=0|z|Ax.C|Cy-Cy | fixC | 0| predC |succC | ifz(C, Cy,Co)

(2) Given a PCF context CO and P € AP, C[P] stands for the PCF term obtained by
substituting P for all occurrences of [ in C, possibly with capture of free variables in P.
(3) PCF evaluation conterts are PCF contexts generated by the grammar (for P,@Q € APCF):

ED:=0|E- P |predE |succE | ifz(E, P, Q)

We introduce the ‘small step’ and ‘big step’ call-by-name operational semantics of PCF.
Definition 2.3. (1) The weak head reduction —pcg € APCF x APCF is defined as follows:
E[(Az.P)Q] —pcr E[P[Q/z]],  El[fix (P)] —pcr E[P - (fix (P))],

E[pred (succ (n))] —pcr E[n|, E[pred (0)] —pcr E[0],
E[ifZ(O, P, PQ)] —PCF E[Pl], E[lfz(n +1, Py, PQ)] —PCF E[PQ],

for all evaluation contexts E[].
(2) The multistep reduction —pcg is defined as the reflexive and transitive closure of —pce.
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'FP:a—«
FI—O:int(O) F,x:al—x:a(ax) I'FfixP: « (¥)
LEPiint LEPiint () az:abP:pj (=)
I'+predP :int ' FsuccP :int I'FX.P:a—p !
'FP:a—=pB THQ:« F'EP:int THQ:« FI—Q’:a(ifZ)
TFP-Q:5 (=p) TFifz(P,Q, Q) : a
Figure 1: PCF type assignment system.
(3) The big step reduction | C APF x APCF takes a PCF term to a PCF value:
U € Val (val) PloO (pro) Plln+1 (o)
UlU pred P | 0 pPto pred P | n P
PlO QyUL . Plntl QUU; Pln
- ; (ifzo) - ; (ifz>0) —————— (s¢)
ifz(P,Q,Q") | Uy ifz(P,Q, Q") | Uz succP yn+1
P-(fixP)|U Py Xe.P PlQ/x] U
T (fix) : (Bv)
fixP | U P-QlU

It is well-known that the big-step and small-step semantics of PCF are equivalent on PCF
programs. For a proof of this equivalence, see e.g. [Ong95].

Examples 2.4. The following PCF programs will be used as running examples:
(1) I = Az.x, representing the identity.

(2) Q = fix (I), representing the paradigmatic looping program.

(3) succl = Az.succz, representing the successor function.

(4) succ2 = (Asn.s- (s-n)) - succl, representing the function f(z) =z + 2.

Definition 2.5. (1) The set T of (simple) types over a ground type int is defined by:
a,f = int|a—p (T)

The arrow operator associates to the right, in other words we write ay — -+ — o, = 3
forag = (- (ay = B)--+) (=& — B, for short). If n =0thenay — -+ — o, = 5= 5.

(2) A typing environment is defined as a finite map I" : Var — T.

(3) We write z1 : aq,...,%, : ap for the unique environment I' satisfying dom(T") =
{z1,...,2n} and I'(z;) = oy, for all i € {1,...,n}.

(4) Typing judgements are triples, denoted I' = P : o, where I' is a typing environment, P is
a PCF term and o € T.

(5) Typing derivations are finite trees built bottom-up in such a way that the root has shape
I' F P: « and every node is an instance of a rule from Figure 1. In the rule (—1) we
assume wlog that = ¢ dom(I"), by a-conversion.

(6) When writing I' - P : o, we mean that this typing judgement is derivable.

(7) We say that P is typable if I' = P : « is derivable for some I', cv.

Examples 2.6. The following are examples of derivable typing judgments.

(1) FAz.x:a — a, for all a € T.

(2) F (Asn.s-(s-n)) - (Az.succz) : int — int.

(3) F fix (A fxy.ifz(y,z, f - (succx) - (predy))) : int — int — int.
(4) FQ:a, for all @ € T. In particular, we have - € : int.
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2.1. PCF with explicit substitutions. We introduce the language EPCF, a version of PCF
endowed with (closed) explicit substitutions.

Definition 2.7. (1) The set A of EPCF terms is defined by the grammar (for 2 € Var):

L M,N := z|M-N|Xe.M |fixM | M(N/z) |
| 0 | pred M | succ M | ifz(L, M, N)

The only change compared to standard PCF is the addition of a constructor M (N/x)
representing the term M receiving the explicit substitution (N/x) of x by N. Notice
that, while M[N/x] is a meta-notation, explicit substitutions are actual constructors.
(2) When considering a (possibly empty) list of explicit substitutions o= (N1 /z1) - - - (N /x0),
we assume that the variables & in ¢ are pairwise distinguished. Given ¢ as above, we let
dom(o) = {z1,...,x,} be the domain of o and write o(z;) = N;, for x; € dom(o).
(3) Given M € AE, we write M7 for M(Ny /1) --- (Ny/xn) = (--- (M{Ny /1)) - - ){(Np/xp).

(4) The set ValF of EPCF walues contains abstractions under substitutions and numerals, i.e.
Valf = {n|n e N}U{(\z.M)? | M € AF}

(5) Given M € AE, the set FV(M) of all free variables of M and a-conversion are defined
by induction on M as expected, namely with the following additional cases (for y fresh):

V(M(N/x)) = (FV(M) — {z}) UFV(N), M(N/x) =a M[y/x|(N/y),

where y is a fresh variable and M[L/x] denotes the capture-free substitution of a term L
(in the case above, one takes L = y) for all free occurrences of z in M.

(6) An EPCF term M is called an EPCF program, written M € Pg, if it is closed and all its
explicit substitutions are of shape (N/z) for some x € Var and N closed.

(7) EPCF evaluation contexts are defined identically to PCF evaluation contexts (Def. 2.2(1)),
but with P, Q ranging over AF. Similarly, given M € AF and an evaluation context E[J,
we write E[M] for the EPCF term obtained by substituting M for the hole O in E[CI.

(AF)

Notice that, in an EPCF program, all subterms of the form M(N/z) must have N € Pg.
Clearly APCF C AE moreover all PCF programs belong to Pg. In this paper we focus on
(E)PCF programs and adopt Barendregt’s variable convention stating that bound variables
are given maximally distinguished names.

Examples 2.8. All PCF terms introduced previously are also EPCF terms. Some examples
of EPCF programs that are not PCF terms are xz(1/x) and A\z.(ifz(x, y, 2)(1/y)(2/2)).

We endow EPCF with a small-step call-by-name operational semantics capturing weak
head reduction. The reduction is ‘weak’ since it does not reduce under abstractions.

Definition 2.9. (1) The computation reduction — on EPCF terms is defined as:

E[(Ax.M)?N| —¢ E[M?(N/x)], E[pred 0] —, E[0],
E[ifz(0, M, N)] = E[M], E[pred (n + 1)] —¢ E[n],
Efifz(n + 1, M, N)] —cr E[N], Effix (M)] —¢r B[M (fix (M))].
(2) The percolation reduction —p on EPCF terms is defined as (where o is non-empty):
E[z?] = E[N], if o(z) = N, E[O"] —pr E[O]7
Ely°] —pr Efy], if y ¢ dom(o), E[(M - N)7] —p E[M? - N7],
E[(pred (M))°] —p E[pred (M?)], E[(SUCC( )71 —or [SuCC (M)],
E[(ifz(L, M, N))?] —pr Elifz(L7, M7, N7)], E[(fix (M))?] —pr Elfix (M7)].
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(3) The (one step) weak head (w.h.) reduction —y is defined as the union of —¢ and —.
(4) As it is customary, we denote by —», the transitive-reflexive closure of —p.
(5) We define <»y, as the symmetric, transitive and reflexive closure of — .

Remarks 2.10. (1) The reduction —y, is designed to work on EPCF programs. On closed
terms that are not programs, we might obtain unsound reductions like the following;:

(Az.(y(z/y)))0 —un y(x/y)(0/z) —un @
(2) The set Pg is closed under —yy, hence under —, as well.
(3) The w.h. reduction is deterministic: Ny yns— M —n No implies Nj = Na.
(4) An EPCF program M is w.h.-normalizing if and only if M —» V, for some V € ValE.

Since —y is deterministic, we can safely write |M — N| to denote the length n of the
unique reduction sequence M = M| —u Mo —un -+ —un M, = N.

Definition 2.11. From —; and mirroring the big-step reduction of PCF, we can derive a
big-step reduction ||E C AEPCF x Valf relating an EPCF term with an EPCF value:

neN E E o(r)=N N JEV c
(ﬂ)a UE n (nat ) (AI‘M)U U«E ()\xM)g (>\ ) ° UE % (VaI‘ )
MJlLEO E MUUEn—i—l £ MUUEQ c
(pred M)U U’E 0 (PTO ) (pred M)U llE n (pr ) (SUCC M)U ‘U’E L‘i‘l (SC )
Le U«E 0 M° lLE Vi . £ L° lLE L_’_]- N U«E Vs " .
(ifz(L, M, N))° E W, (ifzo") (if(L, M, N))° U1, (ifzs0")
o o E o nE No' o' - E
M7 B (MUY e MTUE Qe M) (OTNO/R) UEY e

(fix M) JEV (M-N)” |EV
Proposition 2.12. Given an EPCF program M and an EPCF wvalue V, we have
MUEV <= M >, V.

Proof (Appendiz A.1). (=) By induction on the height of a derivation of M || V.
(<) By induction on the length |M —u V. []

EPCF terms can be typed in a manner very similar to PCF terms.

Definition 2.13. (1) An EPCF typing judgement is, like in PCF, a triple of T' - M : a.
(2) The rules for typing an EPCF term have been presented in Figure 2.

The only change compared to PCF typing rules is the introduction of the (o) rule. In this
rule, we rely on the fact that in a program of shape M (N/x), the subterm N must be closed
and remove the typing environment in = N : 8. This is not standard when considering more
general notions of explicit substitutions, but simplifies our definitions later.

Remark 2.14. This approach of forcing explicit substitutions to be closed also sidesteps
the issues caused by Mellies’ degeneracy [Mel95].

Example 2.15. The running examples can be typed without the use of the (o) rule, as
they are PCF terms. For an EPCF exclusive term, as an example, we type x(succ0/z):

T:intk x:int F succO : int
F z(succ0/z) : int

(+)
(o)
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I't-M:a— 8 I'FN:«

FFo:int U TFM-N:j3 =r) T oarzia @
T'FM:int z:pFM:a0 FN:J Ix:akFM:B
' succ M : int (+) ' M(N/z): « (o) 'EXxeM:a—p3 (=1)

I'EM:int () 'FL:int TEFM:« FI—N:Oz(ifZ) I'-M:a—«
' pred M :int I'+ifz(L,M,N): « I'HfixM: «

(Y)
Figure 2: EPCF type assignment system. In the rule (o) we enforce N to be closed.

The following lemma summarizes the main properties of the type assignment system.

Lemma 2.16. Let M € AF, o, € T and T be a typing environment.

(1) (Syntaz directedness) Every derivable judgement T' = M : « admits a unique derivation.

(2) (Strengthening) T'yx : B+ M : o and x ¢ FV(M) hold if and only if T = M : « does.
Thus, an EPCF program M is typable if it is typable in the empty environment.

(3) (Subject reduction) For all M € Pg, = M : o« and M —p N entail F N : «.

We now move on to proving that PCF and EPCF operational semantics coincide on closed
terms of type int. To this purpose, we first introduce the collapse M of an EPCF term M
defined by performing all of the internal explicit substitutions.

Definition 2.17. (1) Given an EPCF term M, define a PCF term MT € APCF as follows:

= of = o0
(M-N) = MT.Nt (pred M)! = pred MT
Az. M) = Xz.MT succ M) = succ MT
(fix M)t = fix (M) (ifz(L, M, N))t = ifz(Lt, MT, NT)
(M(N/z))! = MIN'/a]
(2) The head size |—] : AF — N of an EPCF term is defined as follows:
lz] =10] =1 [M(N/z)] = [M]-([N]+1)
|[M-N| = |[M]+1 [Ae. M| = [M|+1
|lpred M| = |[M]+1 fix M| = |[M|+1
|succM| = |M|+1 |ifz(L,M,N)|] = [L|+1

(3) The map |—| is extended to explicit substitutions o = (N1 /z1) - -+ (N, /xy,), by setting

n

lo) = TT(LNi) + 1)

i=1
Recall that Pg denotes the set of EPCF programs, i.e. the set of closed EPCF terms M whose
explicit substitutions (if any) are of the form (N/x) for N closed.

Lemma 2.18. (1) If M € Pg then M' is a PCF program.
(2) If P € APCF then Pt = P.

Proof. (1) By structural induction on M.
(2) By structural induction on P. []

For a proof of the following proposition, we refer to the technical Appendix A.1.
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Proposition 2.19. (1) Let M, N € Pg be such that M —, N. Then M —pcg NT.
(2) Let M,N € Pg be such that M —p N. Then MT = NT.

Corollary 2.20. Let M € Pg be such that M —»y n. Then Mt —pcg n.

Proof. By induction on the length of the reduction sequence ¢ = |M —y nl.

Case ¢ = 0. Then M =n = MY, so this case follows by reflexivity of —»pcE.

Case £ > 0. Then there exists N € Pg such that M —y, N =y n where [N —y n| < £.
By Proposition 2.19, we have M —pcg NT. By induction hypothesis, we obtain NT —pcf n.
By transitivity, we conclude MT —pcr n. L]

Lemma 2.21. The percolation reduction —p on EPCF terms is strongly normalizing. More
precisely:
M —y N = |M] > |N]

Proof. By induction on a derivation of M —,, N. In the following we consider a non-empty
list of explicit substitutions o = (N1 /1) -+ - (Np/xy), i.e. n > 0. It follows that |o] > 1.

e Base cases.
— Case M =2z¢ and N =o(z;) = N;. Then 27| =1-|o| > |N;| = |N].
— Case M =07 and N =0. Then |07 =1-|c| >1=0].
— Case M = y?, with y ¢ dom(o), and N =y. Then [y?| =1-|o| > 1= |y].
— Case M = (M;-M>3)?. Then | (M;-M2)? | = (|[M1]+1)-|o| > | Mi]-|o|+1 = | M7 -MJ].
— Case M = (pred M')?. Then |(predM')?| = (|[M'| + 1) o] > |M']-|o] +1=
[pred (M')?].
— fase ]E4M/:)U(Jsuch’)". Then |[(succeM')?| = (|IM'| 4+ 1) |o] > |M'|-|o]+1=
— Case M = (ifZ(Ml,MQ,Mg))J. Then L(ifZ(Ml,MQ,Mg))UJ = ({MlJ + 1) . LO’J >
My - [o] +1 = |ifa(M, Mg, M),
— Case M = (fix M")?. Then |(ix M")? | = (|[M'|+1)-|o| > |[M'|-|c]+1 = |fix (M) ].
e Induction case M = Mj - M3 and N = Ny - My with My —p Ni. By induction hypothesis,
we have |Mj] > | Ni|. Therefore | M|+ 1> |Ny] + 1.

The remaining cases follow analogously from the induction hypothesis. []

Proposition 2.22. Let (M, )nen be a sequence of EPCF programs such that My, —un My41.
Then for all i € N there exists an index j > i such that M; —u M; and ]\42-T —PCF M]T

Proof. Consider an arbitrary M;. By Lemma 2.21 M; —»p, M}, for some k£ > i such that M}, in
—rpr-normal form. Therefore My, —n Mj,1 must be a computation step, i.e. My —>or Mjy1.

By Proposition 2.19, M] = M} —pcr M], . Conclude by taking j =k +1 > i. O
Theorem 2.23. For a PCF program P having type int, we have:
P —pcpn < P —>mn

Proof. (=) We prove the contrapositive. Assume that P 4y, n. By Subject Reduction
(Lemma 2.16(3)) P must have an infinite —; reduction path. By Proposition 2.22, PT must
have an infinite —pcfg reduction path. Conclude since, by Lemma 2.18(2), Pt =p.

(<) Assume P —»y, n. Since P is a PCF program it also belongs to Pg. By Corollary 2.20
we have PT —pcg n. Conclude since, by Lemma 2.18(2), P! = P. ]
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3. EAMSs: EXTENDED ADDRESSING MACHINES

We extend the addressing machines from [DIM22] with instructions for performing arithmetic
operations and conditional testing. Natural numbers are represented by particular machines
playing the role of numerals.

3.1. Main definitions. We consider fixed a countably infinite set A of addresses together
with a distinguished countable subset X C A, such that A — X remains infinite. Intuitively,
X is the set of addresses that we reserve for the numerals, therefore hereafter we work under
the hypothesis that X = N, an assumption that we can make without loss of generality.

Definition 3.1. (1) Let @ ¢ A be a “null” constant representing an uninitialised register.

(2) An A-valued tape T is a finite ordered list of addresses T' = [ay, ..., a,] with a; € A for
all i (1 <i<n). When A is clear from the context, we simply call 7" a tape. We denote
by Ta the set of all A-valued tapes.

(3) Let a € A and T, T" € Ty. We denote by a :: T the tape having a as first element and T
as tail. We write T@QT" for the concatenation of T' and T”, which is an A-valued tape
itself.

(4) Given a natural number ¢ > 0, an Ag-valued register R; is a memory-cell, accessible
via its index 4, and capable of storing either @ or an address a € A. We write |R; to
represent the value stored in the register R;. (The notation !R; is borrowed from ML,
where ! represents an explicit dereferencing operator.)

(5) Given Ag-valued registers Ry, ..., R, for r > 0, an address a € A and an index i > 0,
we write ]%[R, := a] for the list of registers R where the value of R; has been updated by
setting !R; = a. Notice that, whenever ¢ > r, we assume that the contents of R remains
unchanged, i.e. E[R; :=a] = R.

Intuitively, the contents of the registers Ry, ..., R, constitute the state of a machine, while
the tape correspond to the list of its inputs. The addressing machines from [DIM22] are
endowed with only three instructions (i, j, k, [ range over indices of registers):

1. Load 7 : If the tape is non-empty, ‘pops’ the address a from the input tape a :: T" and
stores a in the register R;. If the tape is empty then the machine halts its execution.

2. k < App(i, j) : reads the addresses a1, as from R; and R; respectively, and stores in Ry,
the address of the machine obtained by extending the tape of the machine of address a;
with the address as. The resulting address is not calculated internally but rather obtained
calling an external application map.

3. Call ¢ : transfers the computation to the machine having as address the value stored in
R;, whose tape is extended with the remainder of the current machine’s tape.

As a general principle, writing on a non-existing register does not cause issues as the value
is simply discarded—this is in fact the way one can erase an argument. Attempts to read an
uninitialized register can be avoided statically (see Lemma 3.4).

We enrich the above set of instructions with arithmetic operations mimicking the ones
present in PCF:

4. | « Test(i, j, k): implements the “is zero?” test on !R;. Assuming that the value of R;
is an address n € N, the instruction stores in R; the value of R; or Ry, depending on
whether n = 0.
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5. j « Pred(i): if IR; € N, the value of R; becomes !R; © 1 = max(!R; — 1,0).

6. j « Succ(i): if |R; € N, then the value of R; becomes !R; + 1.

Notice that the instructions above need R; to contain a natural number to perform the
corresponding operation. However, they are also supposed to work on addresses of machines
that compute a numeral. For this reason, the machine whose address is stored in R; must
first be executed, and only if the computation terminates with a numeral is the arithmetic
operation performed. If the computation terminates in an address not representing a numeral,
then the machine halts. We will see that these terminations can be avoided using a type
inference algorithm (see Proposition 3.17, below).

Definition 3.2. (1) A program P is a finite list of instructions generated by the following
grammar, where € represents the empty string and ¢, j, k, [ are indices of registers:

P == Loadi;P|A
A == k< App(i, j); A|l <« Test(i, j, k); A| j <« Pred(i); A| j < Succ(i); A|C
C == Callile

Thus, a program starts with a list of Load’s, continues with a list of App, Test, Pred,
Succ, and possibly ends with a Call. Each of these lists may be empty, in particular
the empty program e can be generated.

(2) In a program, we write Load (i1,...,4,) as an abbreviation for the instruction sequence
Load 41; - -- ; Load 4,. For a given instruction ins, we write ins® for the repetition of
ins a-many times.

(3) Let P be a program, r > 0, and Z C {0,...,7 — 1} be a set of indices corresponding to
the indices of initialized registers. Define the relation Z =" P, whose intent is to specify
that P does not read uninitialized registers, as the least relation closed under the rules:

iel ZU{jtE"A i€l j<r
IE"«¢ ZE"Calli T =" j < Pred(i); A
ZU{i} E"P i<r IE"P i>7r TU{j}E"A i€l j<r
Z ="Load i; P 7 " Load i; P Z " j < Succ(i); A
TU{k}E"A i,jeTl k<r TU{YE"A kel l<r
T "k« App(i, j); A Z "1+« Test(i, j, k); A

(4) A program P is valid with respect to Ry, ..., R.—1 if R =" P holds for
R=1{i|Ri£2 A 0<i<r}

Notice that requiring all loads to occur at the beginning of the program is not an actual
limitation. Once the operational semantics of AMs is discussed, we encourage the reader to
verify that any AM whose program contains loads at arbitrary positions can be transformed
into an equivalent AM, where all loads are placed at the beginning.

Examples 3.3. For each of these programs, we specify its validity w.r.t. Ry =7, Ry = a,
Ry =@ (ie., r=3).

P; =2 « Pred(0); Call 2 (valid)
P, =Load (2,8); 0 < Test(0, 1, 2); Call 0 (valid)
P; = Load (0,2,8); Call 8 (calling the uninitialized register Rg, thus not valid)
Py =0 « Succ(2);Call 1 (reading from the uninitialized register Ra, thus not valid)
P; = 8 « Pred(0);Call 0 (storing in non-existent register Ry, thus not valid)
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Lemma 3.4. Given Ag-valued registers R and a program P it is decidable whether P is
valid w.r.t. R.

Proof. Decidability follows from the syntax directedness of Definition 3.2(3), and the preser-
vation of the invariant Z C {0,...,r — 1}, since Z is only extended with k < r. ]

Hereafter, we will focus on EAMs having valid programs.

Definition 3.5. (1) An extended addressing machine (EAM) M over A (having r + 1
registers) is given by a tuple M = (Ry, ..., R,, P,T) where
e R are A-valued registers,
e P is a program valid w.r.t. ﬁ, and
e T € T, is an (input) tape.

(2) We denote by My the set of all extended addressing machines over A.

(3) Given an EAM M, we write M.R for the list of its registers, M. R; for its i-th register,
M. P for the associated program and M.T for its input tape.

(4) Given M € My and T" € Ty, we write M@QT" for the machine

(M.E,M.P,M.TQT").
(5) For n € N, the n-th numeral machine is defined as n = (Ry, ¢, []), with |Ry = n.
(6) For every a € A, define the following extended addressing machine:
Y%= (Ry=@,R =@,Load (0,1);0 « App(0, 1); 1 « App(1, 0);Call 1, [a]).

We now enter into the details of the addressing mechanism which constitutes the core of
this formalism.

Definition 3.6. Recall that N stands for an infinite subset of A, here identified with the set
of natural numbers, and that Y has been introduced in Definition 3.5(6).

(1) Since M, is countable, by a simple set-theoretical argument, we can fix a bijective
function called an address table map (ATM)

#:MA%A

satisfying the following conditions:

(a) (Numerals) Vn € N.#n = n, where n is the n-th numeral machine;

(b) (Fixed point combinator) Ja € A — N.#(Y?) = a.
(2) We write Y for the EAM Y satisfying #(Y?) = a (which exists by condition (1b) above).
(3) Given M € My, we call the element #M the address of the EAM M. Conversely, the

EAM having as address a € A is denoted by # 1(a), i.e. # 1(a) =M <= #M =a.
(4) Define the application map (-) : A x A — A by setting

a-b=## "(a)Qp]).

Le., the application of a to b is the unique address ¢ of the EAM obtained by appending
b at the end of the input tape of the EAM #~1(a).

Remark 3.7. In general, there are uncountably many possible address table maps of arbitrary
computational complexity. A natural example of such maps is given by Gaédelization, which
can be performed effectively. The framework is however more general and allows us to
consider non-r.e. sets of addresses like the complement K¢ of the halting set

K = {(i,z) | the program i terminates when run on input z}

and a non-computable function # : Mge — K¢ as a map.
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In an implementation of EAMs the address table map should be computable—one can
choose a fresh address from A whenever a new machine is constructed, save the correspondence
in some table and retrieve it in constant time.

Remarks 3.8. (1) Since My and A are both countable, the existence of 280 ATMs follows
from cardinality reasons. This includes effective maps as well as non-computable ones.

(2) Depending on the chosen address table map, there might exist infinite (static) chains of
EAMs, e.g., EAMs (M,,),en satisfying M,, = (Ry, ¢, []) with |Ry = #M,,41.

The results presented in this paper are independent from the choice of the ATM.

Examples 3.9. The following are examples of EAMs (whose registers are assumed unini-

tialized where unspecified, i.e. R = ).

(1) 1:=(Ry = @,Load 0;Call 0, []),

(2) For some a € A, (Rp =a,Ry = @,0 « App(1, 0);Call 1,[])

(3) Succl := (Rp,Load 0;0 « Succ(0);Call 0,[]).

(4) Succ2 := (R, R1,Load 0;Load 1;1 « App(0, 1);1 « App(0, 1);Call 1,[ag]), where
as = #Succl.

(5) Add_aux := (R, P,[]) with Add.aux.r = 5 and P = Load (0,1,2);3 « Pred(1);4 «
Succ(2);0 « App(0, 3); 0 < App(0, 4); 0 < Test(1, 2, 0);Call 0.

3.2. Operational semantics. The operational semantics of extended addressing machines
is given through a small-step rewriting system. The reduction strategy is deterministic, since
the only applicable rule at every step is univocally determined by the first instruction of the
internal program, the contents of the registers and the head of the tape.

Definition 3.10. (1) Define a reduction strategy —. on EAMs, representing one step of
computation, as the least relation —¢ C My x My closed under the rules in Figure 3.

(2) The multistep reduction —. is defined as the transitive-reflexive closure of —..

(3) The conversion relation < is the transitive-reflexive-symmetric closure of —-..

(4) Given M,N,M —¢ N, we write [M — N| € N for the length of the (unique) reduction
path from M to N.

(5) For n > 0, we write M - N whenever M —. N and |M —¢ N| = n hold.

As a matter of terminology, we say that an EAM M:

e is stuck if its program has shape M.P = Load i; P but M.T = [|;

e is in final state if M is not in an error state, but cannot reduce further, i.e. M A;

e is in an error state if its program has shape M.P = ins; P’ for some instruction ins €
{Load i,j « Pred(i),j « Succ(i),l « Test(i, j, k)}, but !R; ¢ N and # *('R;) cannot
reduce further.

e reaches a final state (resp. raises an error) if M —¢ M’ for some M’ in final (resp. error)
state; M does not terminate, otherwise.

Given an EAM M, the first instruction of its program, together with the contents of its
registers and tape, univocally determine which rule from Figure 3 is applicable (if any).
When M tries to perform an arithmetic operation in one of its registers, say R; = a, it needs
to wait that the EAM #7!(a) terminates its execution. If it does then the success of the
operation depends on whether the result is a numeral, otherwise M is in an error state.
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Unconditional rewriting rules
(R,Call i; P, T) —. # '(IR)QT
(R,Load i; P,a :: T) — (R[R;:=a],P,T)
(R,k « App(i, j); P,T) —c (R[Ry:=!R;-|R;],P,T)
Under the assumption that !R; € N.
(ﬁ,j < Pred(i); P,T) —c <E[Rj :=1R;©1,P,T), where n © 1 := max{n — 1,0},
(R,j « Succ(i); P,T) —. (R[Rj:=!R;+1,P,T)
(R[R; :=R;], P,T), if!R; =0,
(R[R; :='Ry], P,T), otherwise.
Under the assumption that #!(!R;) = M.
(R.j « Pred(i); ,T) —c (B[R :=#M],j« Pred(i); P.T)
(R.j « Succ(i); P.T) —c (R[R;:=#M],j « Succ(i); P,T)
(Rl < Test(i, j, k); P,T) —c (B[R :=#M)],l < Test(i, j, k); P, T)

Figure 3: Small-step operational semantics for extended addressing machines.

(R,l « Test(i, j, k); P,T) — {

Lemma 3.11. (1) The strategy —¢ is deterministic: N c<— M —<N’ implies N = N’.
(2) The reduction —¢ is Church-Rosser: M <3¢ N & 3Z € My .M —. Z « N.
(3) If M = M, then M@ [#N] —. M’ @ [#N].

Proof. (1) Trivial: There is at most one applicable reduction rule for each state.

(2) Trivial as a consequence of (1).

(3) By induction on the length of M —. M'. ]
Examples 3.12. See Example 3.9 for the definition of I, Succl, Succ2, Add_aux.

(1) For some a € A, 1@ [a] —¢ (Rg = a,Call 0,]]) = # (a)

(2) We have Succl @[0] —». #(1) and Succ2 @[1] — #71(3).

(3) Define Add =Y @ [#Add_aux], an EAM performing the addition. We show:

Add @1, 3] = ((Ro=#Y, R1 = #Add_aux),0 < App(0, 1); 1 « App(1, 0);Call 1,1, 3])

0 « Test(1, 2, 0);Call 0, [#Add, 1, 3]
Ry=+#Add, R; = 1, R2 = 3, R3, R4,3 « Pred(1);4 « Succ(2);0 < App(0, 3);
ﬁ’°< 0 « App(0, 4); 0 « Test(L, 2, 0);Call 0, []>
e (Ro=#(Add @[0,4]), R = 1, Ry = 3, Ry = 0, Ry = 4,0 « Test(1, 2, 0); Call 0, [])

<ﬁ, Load (0,1,2);3 « Pred(1);4 < Succ(2);0 « App(0, 3); 0 « App(0, 4);>
—c

—»c <R0:#(Add @][0,5]),R1 =0,Ry =4,R3 =0,Ry = 5,0 « Test(1, 2, 0);Call 0, H>
—c #_1 (4)
3.3. Typing Extended Addressing Machines. Recall that the set T of (simple) types

has been introduced in Definition 2.5(1). We now show that certain EAMs can be typed,
and that typable machines do not raise an error.
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Ro,...., Ry EA AW (PT):«

n:int (nat) Y:(a—a) =« (fix) (Ro,..., R, P,T) : (F)
Royo...Ry1 =A R, =92 Royoo  Roon = A #7(R,):
Ro,....R, EA (Fa) Ro,...,Ri EA 10 (Fr)
Ali: 5] IF" (P)]]) : « (loady) Ali: BlIF (P,T) : a0 # Y(a): B (loady)
AR (Load i; P,[]) : B — « AF (Load i;P,a = T) : «
(Ayizint)[j:int] " (P,T) : « (Ayi:int)[j sint] IF" (P, T) : «
Atk (j < preali) P.T) o PV A it (j < Suce(i) PT) a0 SN
(Ayicint,j: B, k:p)[:B]IF (P,T): « (test)
Ayizint,j: B,k BIF" (I < Test(i, 7, k); P,T) :
(Ayi:a—B,j:a)k:B]IF (P,T): 6
Ai:a—B.j:al” (k< App(i, j); P,T) : 6 (app)
I\/I1:a1 Mn:an
(call)

Ayizap — - = o = alF” (Call ¢, [#My, ..., #My]) s «
Figure 4: Typing rules for extended addressing machines.

Definition 3.13. (1) A typing context A is a finite set of associations between indices and
types, represented as a list ¢1 : a1, ...,% : .. The indices 71, ..., 4, are not necessarily
consecutive.

(2) We denote by Ali : a] the typing context A where the type associated with i becomes .
Note that dom(A[i : a]) = dom(A)U{i}. If ¢ is not present in A, then A[i: o] = A,i: o

(3) Let A be a typing environment, M € My, r > 0, Ry,..., R, be registers, P be a
program, T' € Ty and o € T. We define the typing judgements

M:« AlF(PT): « Ry,...,R, EA

by mutual induction as the least relations closed under the rules of Figure 4.
(4) A machine M is called typable if the judgement M : « is derivable for some a € T.

The algorithm in Figure 4 deserves some discussion. As it is presented as a set of inference
rules, one should reason bottom-up.

To give a machine M a type «, one needs to derive the judgement M : . The machines
n and Y are recognizable from their addresses and the rules (nat) and (fix) can thus be given
higher precedence. For all other cases, one begins by giving all the registers a type using the
rule (ﬁ), applying (Rr) or (Rg) for each register. Once this initial step is performed, one
needs to derive a judgement of the form iy : B;y,...,in : 5, F" (P,T) : o, where P and T
are the program and the input tape of the original machine respectively. This is done by
verifying the coherence of the instructions in the program with the types of the registers
and of the values in the input tape.

As a final consideration, notice that the rules in Figure 4 can only be considered as an
algorithm when the address table map is effectively given. Otherwise, the algorithm would
depend on an oracle deciding a = #M.

Remarks 3.14. (1) For all M € M, and o € T, we have M : « if and only if there exists
a € A such that both #~!(a) : @ and #M = a hold.
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(2) If #M ¢ N U {#Y}, then
M:a < A JAEME A AF (M.P,M.T) : ]

(3) The superscript > 0 in IF" keeps track of the initial amount of registers, i.e. i€
{0,...,7}.

(4) Numeral machines are not typable by content, so (nat) having a higher priority is
necessary for the consistency of the system. The (fix) rule having a higher priority does
not modify the set of typable machines, but guarantees the syntax-directedness of the
system.

Examples 3.15. The following are some examples of derivable typing judgements.
(1) I can be typed with & — « for any « € T:

IRy = @ 0:intlF! (Call 0,[]) : «
Ry IF! (Load 0;Call 0,])) : a — «
(Ry = @,Load 0;Call 0,]) : @ = «
(2) Succl can be typed with int — int:

0:intlF! (Call 0,[]) : int
IRy = @ 0:intIF! (0 + Succ(0);Call 0,]]) : int
Ry IF! (Load 0;0 « Succ(0);Call 0,[]) : int — int
(Ro = @,Load 0;0 « Succ(0);Call 0,[]) : int — int

(3) Succ2 :int — int and Add : int — int — int are also derivable typing judgements, but
the full trees are omitted due to size constraints.

Lemma 3.16. Let M € My, a € T. Assume that # : M — A is effectively given.

—

(1) If M = (R = @, P,[]) then the typing algorithm is capable of deciding whether M : «
holds.
(2) In general, the typing algorithm semi-decides whether M : v holds.

Proof. (Sketch) (i) In this case, M : a holds if and only if IF" (M.P,[]) does. By induction on
the length of M. P, one verifies if it is possible to construct a derivation. Otherwise, conclude
that M : « is not derivable.

(ii) In the rules (Rt) and (loadr), one needs to show that a type for the premises exists.
As the set of types is countable, and effectively given, one can easily design an algorithm
constructing a derivation tree (by dovetailing). However, the algorithm cannot terminate
when executed on the machine My defined in Remark 3.8(2) because it would require an
infinite derivation tree. []

Proposition 3.17. Let M,M' N, € My and o, 3 € T.

(1) If M: 8 — a and N : § then MQ [#N] : «.

(2) IfM:a and M —c N then N : a.

(3) If M :int then either M does not terminate or M —¢ n, for some n > 0.
(4) If M : « then M does not raise an error.

Proof. (1) Simultaneously, one proves that if both A IF" (P,T) :  — « and N : 8 hold, then
so does A IF" (P, T @Q[#N]) : «. We proceed by induction on a derivation of M : § — «
(resp. AIF" (P, T): f — «).
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Case (nat) is vacuous.
Case (fix). By definition of Y (see Definition 3.6(2)), we have:

Y @ [#N]=(Ro=9, R1=2,Load 0;1 « App(1, 0); 0 « App(0, 1);Callo, [#Y,#N]).

Notice that, in this case, § = o — a. We derive (omitting the (Rg) rule usages) :

0:a,1:alF?(Call 1,[]): «

0:a,1:a— alF? (1« App(1, 0);...,[]): «
0:(a—=a)—=al:a—all?(0«rpp(0,1);....]):a FNa—«
0:(ax—a)— al-? (Load 1;...,[#N]) : a Y:i(a—a)—a
F2 (Y.P,[#Y, #N]) : a
YQ[#N] : «

Case loady. Then P =Load i; P, T =[] and A[i : 8] IF" (P',]]) : a. By assumption
N : 3, so we conclude A IF" (Load i; P', [#N]) : a by applying loadr.
All other cases derive straightforwardly from the ITH.
(2) The cases M =Y or M = n for some n € N are vacuous, as these machines are in final
state. Otherwise, by Remark 3.14(2), A IF" (M.P,M.T) : « for some A = M.R. By cases
on the shape of M.P.
Case P = Load i; P'. Then M.T = a :: T' otherwise M would be in final state,
and N = (E[R; := a], P',T"). From (Loadr) we get Afi : 8] IF" (P',T") : « for some
B € T satisfying # '(a) : B. As R = A we derive R[R; := a] = Ali : f], so as
N = <]5£[RZ = a],P’,T'>, by Remark 3.14(2), N : a.
Case P =Calli. Theni:oy — - = oy — o, T = [#My,...,#M,] and M; : o, for
all j§ < n. In this case, N = # 1({(M.R;)) QT with # '(/(M.R;)) : a1 — -+ = o, —
so we conclude by (1).
All other cases follows easily from the IH.
(3) Assume that M : int and M — N for some N in final state. By (2), we obtain that N : int
holds, thus N = n since numerals are the only machines in final state typable with int.
(4) The three cases from Figure 3 where a machine can raise an error are ruled out by the
typing rules (pred), (succ) and (test), respectively. Therefore, no error can be raised
during the execution. []

4. SiMuLATING (E)PCF

In this section we define a translation from EPCF terms to EAMs. We prove that both the
typing and the operational semantics of EPCF programs are preserved under this translation.
In Theorem 2.23, we show that a PCF program having type int computes a numeral n exactly
when the corresponding EAM reduces to n. This result builds upon [IMM23, Thm. 4.12],
where only one implication is shown. It can be seen as a first step towards full abstraction.
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4.1. EAMs implementing PCF instructions. We start by defining some auxiliary EAMs
implementing the main instructions of PCF.

Definition 4.1. Define the following EAMs (for k£ > 0 and n > 0):
Prf = <R0, (Load l)i_l; Load 0; (Load 1)k_i; Call 0; []>, for 1 <i < k;

(]

Pred = (Ro,Load 0;0 « Pred(0);Call 0;[]);
Succ = (Ro,Load 0;0 « Succ(0);Call 0;[]);

Ifz=(Ro, R1, R2,Load 0;Load 1;Load 2;0 « Test(0, 1, 2);Call 0;[]);
Applylg = Pri, for k > 0. Recall that the EAM Pr{ = | represents the identity;
Ro = #Apply® Ry, ..., R0, Load (1,...,k+2);
Applyy 41 = <2 < App(2, k+2);--- sk + 1« App(k + 1, k+ 2),>
0 « App(0, 1);--- ;0 « App(0, k + 1);Call 0, ]
The registers whose values are not specified are assumed to be uninitialized.

The EAM Applyfl deserves an explanation. This machine is stuck, waiting for n + k + 1
arguments a, dy,...,dg,e1,...,e,, where k is the arity of a and n is the arity of each d;.
Once all arguments are available in the tape, /-\pplyﬁ applies € to each d; and then feeds the
machine #1(a) the resulting list of arguments d; - €,...,d} - €
Lemma 4.2. For all a,b,c,dy,...,dg,e1,...,en €A, the EAMs below reduce as follows:

) Prk@(dy, ... dy] -5 d;, for 1 <i<k>0;

(1

(2) Applyn@[a,dl,...,dk,el,...,en] —»(3k+4n+2# Ya)Qldy-e1---eny...,d-e1--ep);
(3) Pred@[a] —¢ (Ro = a,0 « Pred(0);Call 0, []);

(4) Succ@[a] — <R0 = a,0 < Succ(0);Call 0, []>

(5) IfzQ|a,b, c} —3 (Ry=a,R =b, Ry = ¢,0 « Test(0, 1, 2);Call 0, []);

(6

) Y@[a] -2 # (a)Q[#(YQla])].
Proof. The only interesting cases are the application and fixed point combinator.
(2) Concerning Applyﬁ, we proceed by induction on n.
e Base case. If n = 0 then Applylg =1, and 1@ |a,dy,...,dy] =2 # (a)Q[dy,...,dy].
e Induction case. Easy calculations give:

Applyﬁ—l—l Q@ [CL, dla ceey dk‘a €Ly en+1] %§k+4 Applylrcz @ [a7d1 c€1,.. 7dk’ c€1,€2,..., €n+1]

This case follows from the IH since 3k +4+ 3k +4)n+2=3Bk+4)(n+1)+2.
(6) Recall that Y has been introduced in Definitions 3.5(6) and 3.6(2).
Y = <R07 Rleoad (07 1); 0« App(0> 1); 1« APP(L O)a Call 17 [#Ya CL]>
7 (Ro=4#Y,R1 =a,0 < App(0, 1);1 « App(1, 0); Call 1,])
—c (Ro=#Y-a,R; =a,1 < App(1, 0);Call 1,[])
—c (Ro=#Y-a,R; =a-(#Y-a),Call 1,[])
—c # M a- (#Y-a)) =4 1(a)Q[#YQ[q]].
This concludes the proof. ]

We show that the above machines are actually typable using the type assignment system
of Figure 4. This property is needed to show that the translation is type-preserving.
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Lemma 4.3. The EAMs introduced in Definition 4.1 can be typed as follows (for all
a, B, 6; € T, using the notation 5 — Bi=01— = 0p — Bi):

(1) Pri:pr— - = By = B, for L< i < k> 0;

(2) Apply® : (B = - = Br—a) = (6= B1) = — (6 = Bi) = 6 = s

(3) Pred :int — int;

(4) Succ :int — int;

(5) Ifz:int - a — a — a.

Proof. It follows easily from Definition 4.1. For /-\pplyﬁ, proceed by induction on n. []

4.2. Translating (E)PCF programs to EAMs. Using the auxiliary EAM introduced
above, we can translate an EPCF term M having x1,...,x, as free variables as an EAM M
loading their values from the input tape.

Definition 4.4 (Translation). Let M be an EPCF term such that FV(M) C {z1,...,z,}.
The translation of M (w.r.t. Z) is an EAM | M|z defined by structural induction on M:

||z = Pr?, wherei e {1,...,n};

|Ay. M|z = |M|z,, where wlog y & 7;
|M(N/y)|z = |Ml,zQ[#|N]|];

|M - N|z = Apply; @ [#Pry, #|M |z, #|N|3];
0] = Pittaol;

|pred M|z = Apply, @ [#Pred, #|M|z] ;

|succ M|z = Apply}l@ [#Succ, #|M|z];

Y @ [#|M]], if n =0,

|ﬁXM|oE = 1 .
Apply,, @ [#Y,#|M|z], otherwise.

Examples 4.5. Recall the EPCF terms introduced in Example 2.4. The translation of said
EPCF terms produces the following machines:

(1) 1] = |z]o = Pri.

(2) |Q = YQ[#[I]] =Y @ [#Pr].

(3) |succl| = [\z.succz| = |succz|, = Apply} @ [#Succ, #Prl],

(1) lsuce2| = Applyd@[#]s- (s-n)lsn - #lsuccl]]

= Pri @[#Apply; - #Pri - #[s - n|s n, #[succl|]
= Pr% Q [#App|y§ . #Pr% . (#Apply§ : Pr% . Pr%), #|succl|]
= Pri @[#Apply3 - #Pri - (#Apply3 - Pri - Pr3), #Apply] - #Succ - #Pri].

In the translation above typing information was deliberately ignored for the sake of generality.
We now show that our translation preserves the typings in the following sense.

Theorem 4.6. Let M be an (E)PCF term and I' = xy : 61,..., 2y : 6. Then
'EM:a= |Mlz:0— - — 0, — a.
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Proof (Appendix A.2). Note that the type assignment systems of EPCF and of PCF coincide
on PCF terms. Proceed by induction on a derivation of I' = M : «, using Proposition 3.17(1)
and Lemma 4.3. []

Ideally, one would like that an EPCF step M —u, N becomes a reduction |M| — |N| in
the corresponding EAMs. Unfortunately, the situation is more complicated—the translation
|N| may contain auxiliary EAMs that are not generated by |M| along reduction. The
property that actually holds is that the two EAMs are interconvertible |M| <> |[N|, and
|N| is ‘closer’ to their common reduct. The next definition captures this intuition.

Definition 4.7. For M,N € M, define the relation:
M>=N <<= FZeMp.[(M—>cZ «N)A(IM—>cZ| >N Z|)].

Note that the reduction path M —. Z above must be non-empty. Moreover, recall that
M = N entails M <> N.

Lemma 4.8. (1) M = Z| > N = Z| and Z - Z" imply M — Z'| > I[N —. Z'|.
(2) The relation = is transitive.

Proof. (1) By confluence and determinism of —. (Lemma 3.11).
(2) follows from (1). ]

Proposition 4.9. Given EPCF program M of type int, we have M —y N = |M| = |N]|.

Proof (Appendiz A.2). By induction on a derivation of M —y, N, applying Lemma 4.2. []

Since every PCF program P of type int is also an EPCF program of the same type, and
in this case the operational semantics of PCF and EPCF coincide (Theorem 2.23), we can
use the above proposition to prove that the EAM |P| faithfully simulates the behavior of P.

Theorem 4.10. For a PCF program P having type int, the following are equivalent:

(1) P —pcF n;
(2) [P| —cn.

Proof. (1 = 2) Let P —pcg n. Equivalently, P —, n (by Theorem 2.23). By Proposition 4.9,
we get | P| <»¢ n. Since n is in final state, this entails | P| —»¢ n by confluence (Lemma 3.11(2)).

(2 = 1) We prove the contrapositive. Assume that - P : int, but P does not reduce to a
numeral. As PCF enjoys subject reduction [Ong95], P must have an infinite —pcg reduction
path. By Theorem 2.23, this generates an infinite w.h. reduction path P = Py —wyn P1
Py, —u -+ -. By Proposition 4.9, this translates to an infinite >.-chain |Pg| >¢ |Pgy1| for
common reducts |Py| ¢ Zj ¢« |Pyy1]. By confluence and Lemma 4.8(1), there are Zj and
i > ji such that

|P1|{lp2| QP:S\ i

Pl = 1P =5 2 =8 2y 5 2, e

This is only possible if the EAM |P| does not terminate. [
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5. A FuLLy ABSTRACT COMPUTATIONAL MODEL

We construct a model of PCF based on EAMs and prove that it is fully abstract. The
main technical tools used to achieve this result are logical relations [AC98, Pit97] and
definability [Cur07]. We remind the definition of a fully abstract model of PCF, together
with some basic results about its observational equivalence.

Recall that PCF contexts have been defined in Definition 2.2(1), the relation —pcf
represents a weak head reduction step and generates the interconvertibility relation <>pc.

Definition 5.1. (1) Given a PCF context CO an environment I and two types «a, 5 € T,
we write CO : (I, «) — S if - C[P] : 8 holds, for all PCF terms P having type a in T,
i.e. satisfying I' - P : a.

(2) The observational equivalence is defined on PCF terms P, P’ having type « in ' by:

P =4 P < vCO: (T,a) > int. [C[P] »pcFr n <— C[P/] —pcF 1|

(3) The applicative equivalence is defined on PCF programs P, P’ having the same type
a] — -+ — ap — int, for some k£ > 0, as follows:

P=yp P <= VQi:1,...,Qp: . [PQ1-+-Q »pcFn < P'Q1- Qp —pcF 1]

Remark 5.2. Note that PCF contexts are different from PCF evaluation contexts—unlike
evaluation contexts, the ‘hole’ can be found at any location in the term.

The main difference between observational equivalence in the untyped setting and the
one for PCF is that, in the latter, we observe termination at ground type. The following
result shows that applicative and observational equivalence coincide on closed PCF terms.

Proposition 5.3 Abramsky’s equivalence [Ong95].
For all PCF programs P, P’ of type o, we have:

P=gs P < P=,,, P

Definition 5.4. A model of PCF is a triple .# = (Ma)aer, ( -“?)aser, [-]) where:

e (My)acer is a type-indexed collection of sets;

o (B Mo X My — Mg is a well-typed operation called application;

e [—] is an interpretation function mapping a derivation of 1 : f1,...,2n : fn - P a to
an element [z1: B1,...,2p : B b P:a] € Mg, .58, -

Due to syntax-directedness of PCF type system, we can simply write [P]!"“ for [ - P : a].

Definition 5.5. (1) A model .# is sound if, for all PCF programs P, P’ of type «, the
following holds:

P <PCF P = [P]]a = [[P/]]a
(2) A model .Z of PCF is fully abstract if, for all PCF programs P, P’ of type «:
[P]* =[P]* < P = P

The left-to-right implication is called adequacy, the converse implication completeness.
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5.1. An adequate model of PCF. In this section we are going to construct a model of
PCF based on EAMs, and we prove that it enjoys adequacy. The idea is to focus on the subset
D C A containing addresses of typable EAMs, which is then stratified (Dg)aer following the
inductive syntax of simple types. In other words, the set D, contains the addresses of those
EAM having type «. In particular, this means that the sets D, are not pairwise disjoint:
e.g., the address #I of the identity machine belongs to the set D,_.«, for all types a. The
well-typedness condition allows us to get rid of those EAMs containing addresses of infinite
chains of ‘pointers’—a phenomenon described in Remark 3.8(2)—that might exist in M,
but cannot be typed. Subsequently, we are going to impose that two addresses a,b € D, are
equal in the model whenever the corresponding EAMs exhibit the same applicative behavior:
at ground type (a = int) this simply means that either #~!(a) and #~!(b) compute the
same numeral, or they are both non-terminating. This equality is then lifted at higher order
types following the well-established tradition of logical relations [AC98, Pit97].
The above intuitions are formalized in the following definition.

Definition 5.6. (1) For all types a € T, define D, = {a € A | # (a) : a}.
(2) For all EAMs M, N of type «, define M =, N by structural induction on a:

M= N < VYneN.[M-»cn < N-n]
M=.sN < Va,beD,.|[# '(a)=.# '(b) = MQ[a] =g NQ[] |

(3) For o € T and a,b € D,, we write a ~, b whenever #(a) =, #'(b) holds.

(4) We let Do/~ ={[a]~, | a € Dy}

The model which is shown to be fully abstract is constructed as follows.

Definition 5.7. Define the model Z = ((Dy/~, )acT, ( “*?)a ger, [-]) where
(Al P By = la-blx,

—«

[[xl : /817 ceey It Bn FP: Oé]] = [#‘P‘E]ﬁﬁlﬁmﬁgnﬁa

The application -*? is well defined by Proposition 3.17(1) and the interpretation function
[—] by Theorem 4.6. Note that two PCF programs P, Q of type « have the same interpretation
in the model 2, i.e. [P]* = [Q]“, exactly when |P| ~, |Q|. Hence, we mainly work with
translations of PCF terms modulo ~, and draw conclusions for & at the end (Theorem 5.20).

Lemma 5.8. (1) The relation =, is an equivalence.
(2) Let M;N € My and o € T be such that M : « and N : a. If M —¢ N then M =, N.
(3) Assume M : o — B,N;i : o and Ng : . If Ny —¢ No then M@ [#N1] =5 M Q [#N] .

Proof. (1) Reflexivity, symmetry, and transitivity are proven easily by induction on «.
(2) By induction on «, using the reflexivity and transitivity properties from (1).
(3) By (2) we get Ny =g Ny, so this item follows from reflexivity and definition of =g_,o. [

Everything is now in place to prove that the model is sound and adequate.
Corollary 5.9 (Soundness). For all PCF programs Py, P» of type «, we have
|P1| e |[Bo| = |P1] =a [P
Proof. By definition of interconvertibility <». and Lemma 5.8(2). (]

Theorem 5.10 (Adequacy). Given two PCF programs Py, Py of type o, we have
|P1| =a |P2‘ = P =g Po.
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Proof. By Proposition 5.3 it is sufficient to show P, =, P». Proceed by induction on a.
Base case aw = int. For i = 1,2, we have P, »pcp n <= |P;| —¢ n, by Theorem 4.10.
Then, this case follows from the assumption |Pj| =jnt | P2, that is |P1| —c n <= |P2| —cn.
Case a = 31 — (2. Take any PCF program - @)1 : 51. By Definitions 4.4 and 4.1, we get
|P1Q1| = Pri @[#Pry, #|Pi[, #|Q1|] —c |P1]| @ [#|Q1]] whence |P1Q1| =g, |Pi| Q [#]|Qu]].
Similarly, |[P2Q1| =g, |P2| Q[#]Q1|] . From |Pi| =,-3, |P2| and |Q1] =p, |Q1| (reflexivity),
we get |P1| Q [#]Q1|] =g, |P2| Q[#]Q1]]. By transitivity of =g,, we get |P1Q1| =g, |P2Q1]
and by IH P1Q1 =app P2Q1. Thus, for all Qo,...,Q of the appropriate types, we get
PiQ1---Qn —pcF n = PoQ1--Qn —pcF n. As Q1 is arbitrary, conclude P =,y . [

The following technical lemmas turn out to be useful in the remainder of the article.

Lemma 5.11. For (E)PCF programs M, Ni,..., N, such thatt M : a1 — -+ — ap — 8
and = N; : «; for all i (1 < i <n), we have

Proof. By induction on n, the case n = 0 being trivial.
Case n > 0. By Definitions 4.4 and 4.1, we get
[MNy - Np| = Pri@[#Pr{, #|MNy -+ Ny 1|, #|Nn|] —c [MNy--- Nypoy| @ [#|N,],
whence [MNy---Np| =3 |[MNy---Np—1| Q[#|N,|] by Lemma 5.8(2). By IH, we have
|M|Q[#|N1|,...,#|Nn-1|] =g |[MNy--- N,_1], so we conclude by Lemma 5.8(1). ]

Lemma 5.12 (Strengthening for EAMs).
Let M € AE be such that x1 : o1, ..., 2, : ay = M : B. Assume that xz; ¢ FV(M) for some

i(1<i<mn). Then for all ay € Dy,,...,an € Dy,
|M’x1,...,a}n Q [a17 cee 7an] =B ‘M|x1,...,xi_1,zi_H,...,a:n Q@ [a17 sy A1, B 1y - - ey an]
Proof (Appendixz A.3). By induction on a derivation of 21 : aq,..., 2y, : an B M : (. []

Corollary 5.13. Let M € Pg and oy, ...,an, B €T. If =M : 8 then, for all z1,...,x, €
Var and a; € D,, (1 <i<n), we have

(Ml @lar, ..., an] =p |M] .

5.2. Definability and full abstraction. The adequacy result established above gives one
implication of the Full Abstraction property. In order to prove the converse implication,
namely completeness, we need to show that the model does not contain any undefinable
element (junk). This amounts to associate with any typable EAM, a PCF program of the
same type exhibiting the same observational behavior (mutatis mutandi). The problem is
that an EAM might perform useless computations (e.g., updating the value of a register
that is subsequently never used) that could however prevent the machine from terminating.
To simulate the same behavior in the corresponding PCF term, we use a ‘convergency’
test Ifc(z,y) (if-converges-then) defined by: Ifc(z,y) = ifz(z,y,y). Indeed, given PCF
programs P and @, the program Ifc(P,(Q) is observationally indistinguishable from @
exactly when P is terminating, independently from its result.

Recall that an EAM typing context A =1 : B;,,...,i : Bi, is a list of associations
between indices of registers and types. Moreover, the judgments M : o, A IF" (P, T) : o and

R = A have been defined in Figure 4.
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Definition 5.14 (Reverse Translation). Let M € My, P be an EAM program, T' € Ty,
a € T. Given M : a (resp. A IF" (P,T) : «), we associate a PCF term (M), (resp. (P,T)%)
defined by induction on the type-derivation as follows:

()ine = 1

(]Y[)(Oﬁa)ﬁa = Az fix x;

=4 1184y ik Bi _ _
(R, P,T))o = (Awiy iy (P Tha ) - (T (MR g, - (# (1R )Dg,
where é)zzl 2 Biry ey ik t Biy, for 1 <k <

[0

(Load & P, ()3, = Azi.(P, D2

(Load i; P,a :: T)5 = (Az;. (P, TDaA[i:B]) (# 1(&)[)

(j « Pred(i); P, T)A"™ = Ifc(z;, (Az;.(P, T ol it (pred z;));

(j « Succ(i); P,T)A""™ = Tfc(xy, (Ar;.(P, 7)) - (suce zy));

(l < Test(i, j, k); P, T)>""I008 — 18 (2, Ay (P, T) L PROEB] g (a5, Tj,Tk));
(k < App(i, j); P, D379 = (A (P, 1) TRy (),

(call i, as,.. an][)AZ T TE g (# Ya1))a, - (# H(an))a,

It is easy to check that the PCF term associated with M : « is actually a PCF program.

Examples 5.15. Consider the EAMs introduced in Example 3.9. The reverse translation
applied to said machines produces the following PCF programs:
(1) (IDyosq = (Load 0;Call 0, [])y_q = Az0.(Call 0, [[P%* = Azq.70.
(2) (Y@[#I]), = (Load 0;Load 1;0 « App(0, 1); 1 < App(1, 0);Call L;[#Y, #l]),

= (Azo.(Az1.(0 < App(0, 1); 1 < App(1, 0); Call L; Do) - (Dasa) * (YD (arsn)sa

= (Azo.(Az1.( Azl (A .2)) - (1 - 2p)) - (xo - 21)) - (A\yo-vo)) - (Azfix ).
(3) (Succl) = Azp.(0 « Succ(0); Call 0, [[)%int = \zq.Ifc(zo, (Azf.7f) - (Succxy)).
(4) (Succ2): = (Azo.(Az1.(Az).(Azf.2) - (zo - 2))) - (w0 - 21))) - (Succl)
Note that, for all PCF programs P of type int, the program (Succl)
and converges to a natural number exactly when P does.

Proposition 5.16. (1) Let M € My and a € T. If M : a then = (M), : .
(2) Let P be an EAM program, T' € Ty, A =11 : vy, ..., 0 : @, be a type environment and
a € T. Then,

i O ,..A,Z‘ Oy
AIFT (PT):a = 2t qiyyeeosmy g E (P T)a 7% a

int—int

int—int — int—int*

- P is well typed

int—int

Proof (Appendiz A.3). Both items are proved by mutual induction on the height of a
derivation of M : & and of A IF" (P, T) : . ]

Theorem 5.17. For all EAMs M : «, we have |(M),| = M.

Proof. One needs to consider the additional statement:

“For all i1 : iy, ... yin :ay, IF" (P, T) : «, a;, € Doy, s -1, € Doy,
L0 5oy in Qi r
’(]Pv TDOé ’xily---ymin Q [ai17 s 7ain] —«a <Razl, Qi , P, T>’

where égilw-vain denotes the list of registers Ry, ..., R, such that, for all j(0 < j < r),
'Rj =ajif j € {i1,...,in}, and |R; = & otherwise.”
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The two statements are proven by mutual induction on a derivation of M : « and
AIF" (P, T) : «, respectively. (The details are worked out in the Technical Appendix A.3.) []
P Y pPp

Corollary 5.18. For all a € D, there is a PCF program = P, : a such that |P,| =, # (a).
Theorem 5.19 (Completeness). Given two PCF programs Py, Py of type o, we have
Py =g P = ’P1| = |P2’

Proof. Assume Py =gps P>. Let a=a; — --- = a,, — intand a1,b1 € Dy, ..., apn, by € Dy,
be such that #!(a;) =4, # (b;). By Corollary 5.18, there are PCF programs Q1, ..., Qn,
and Qf, ..., Q! such that Q;, Q! have type o; and both # (a;) =, |Q:| and #71(b;) =a,
|Q’] hold, for every such i. We get

‘Pﬂ @ [al, e ,an] =int ’Pl‘ @ [#‘Ql‘; ce 7#|Q7LH , as ’Pl‘ =a ‘P1| by Lemma 58(1),

=it [P Q1 Qul, by Lemma 5.11,
|Pr-Q1--Qnl »ck & P1-Q1---Qn —pcF k, by Theorem 4.10,
& PQr-Qn —pcr ky as Py =qps Po,
& |Py-Q1---Qn| ek, by Theorem 4.10,
|Py- Q1 Qn| =int |P2| Q[#|Q1],...,#|Qn|], by Lemma 5.11,
=it [P Q[by, ..., by], as | P2| =4 |P2| by Lemma 5.8(1).
Conclude by transitivity (Lemma 5.8(1)). ]

Adequacy and completeness together yield the main result of the paper: full abstraction.
Theorem 5.20 (Full Abstraction). The model & is fully abstract for PCF.

Proof. By Definition 5.7, the interpretation in & is defined by [P]* = [#|P|]~,. Therefore,
the full abstraction property follows directly from Theorems 5.10 and 5.19. []
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APPENDIX A. TECHNICAL APPENDIX

This technical appendix is devoted to providing some omitted proofs. We often abbreviate
‘induction hypothesis’ as IH.

A.1. PCF and omitted proofs from Section 2. In order to prove Proposition 2.12, we
need the following auxiliary lemma concerning w.h.-normalizing EPCF programs, that is,
EPCF programs reducing to some value (by Remark 2.10(4)).

Lemma A.1. Let M, N, Ny, Ny € Pg

(1) If M-N —u, V, then there exist M', o such that M —, (Ax.M")? is a shorter reduction;
(2) If pred M —»y, V' then there is a shorter reduction M —»y, n, for some n € N;

(3) If succ M —»y V' then there is a shorter reduction M —y n, for some n € N;

(4) If ifz(M, N1, No) —un V, then there is a shorter reduction M —»uy n, for some n € N.

Proof. (1) Since V cannot be an application, the reduction M - N —y, V' is non-empty.
If M - N is a redex then M must have shape (Az.M')? for some M’ o and we are done.
Otherwise, the reduction has shape M - N — M’ - N —y, V for some M — M'. By
repeating this reasoning we must obtain M —, V', as the global reduction is finite. We
conclude since V'’ - N must be a redex, and this is only possible if V' = (Az.M')7.

(1-3) Analogous. []

Proof of Proposition 2.12. (=) By induction on the height of a derivation of M ||E V:
on l}E n: Base case, by reflexivity n —»uu n holds.
o (\z.M)? ||E (Ax.M)?: Base case, as above.
e 27 |F V with o(z) = N: Then 2° =, N. Conclude by applying the IH to N || V.
e (pred M)° ||E 0: We have (pred M)° — ., pred (M?). By IH we obtain M? — 0,
from which it follows pred (M?) —y, pred 0 — O.
e (pred M)° ||E n: proceed as above, using pred (n + 1) —u n.
e (succ M)? |E n +1: We have (succ M)? —, succ (M?). By TH we obtain M7 — . n,
so we conclude, remembering that n = succ™(0).
o (ifz(L, M,N))° ||F Vi: Then, we have (ifz(L, M, N)) —u ifz(L7, M, N°). By IH we
get L7 —up 0, so ifz(L7, M7, N7) —p M. Conclude since M7 —y, Vi holds by TH.
o (ifz(L, M, N))? |E V: Proceed as above.
o (fix M) ||E V: We have (fix M)? —p fix (M?) —un M - (fix (M?)). Conclude by TH.
o (M-N)? ||E V: We have (M-N)? — M?-N?. From the TH, we obtain M7 —» g, (Az.M')7" .
Since (Azx. M) - N7 . (M) (N7 /x), we may conclude using the TH.
(<) We proceed by induction on the length k = |[M —y V.
Case k = 0. Then M = V. Apply either (natF) or (AF), depending on the shape of V.
Case k > 0. Then M — N —» V, for some N € AF with [N =, V| =k —1 < k.
By Remark 2.10(3), there exist a unique evaluation context ECJ and M’, N’ € AF such that
M =E[M’], N = E[N'] and M’ — N’, where — represents the contraction of a computation
or a percolation redex. Proceed by cases on the structure of E[J.
Subcase E0 =0 (M = M’', N = N’). First, consider the computation reduction cases:
o M = (A\x.M;)° My and N = M{(Ms/z): By (A\EF) we obtain (Az.M;)? |J& (Ax.M;)? and,
from the TH, M{ (M /x) |}E V. We apply (BF) to infer that (\a.M;)° My |E V.
e M = pred0 and N = 0: By (nat®) we obtain 0 |F 0. We apply (proF) to infer
pred 0 |F 0.
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The other computation cases for pred and succ are analogous to the above case.

M = ifz(0, L1, Ly) and N = L;: By (natF) we obtain 0 {£ 0, and by the IH L; ||F V

holds. We apply (ifzoF) to infer that ifz(0, Ly, L) ||E V.

M =ifz(n+1, L1, Ly) and N = Ly: Analogous to the above case.

M = fix L and N = L- (fix L): By IH we obtain L - (fix L) ¥ V. We apply (fixF) to infer

fix L FV.

Second, the percolation reduction steps:

e M =2° and o(x) = N: By IH we obtain N |E V. We apply (varF) to infer 2 ||[E V.

e M =07 and N = 0: We apply (natF) to infer 07 |E 0.

o M = (pred M;)? and N = pred (M7): By Lemma A.1(2), pred (M{) —mn V entails
that there is a shorter reduction M{ —»un n, for some n € N. By IH, we get MY lLE n and
we conclude by applying (proF) or (prf) depending on whether n = 0 or not.

e Proceed as in the above case for all other percolation reduction steps.

Subcase EC] = pred (E’), for some context E'l]. As M = pred (E’'[M’]) reduces to a value,

by Lemma A.1(2) we must have a shorter reduction E'[M'] =y n, for some n € N. By TH

we obtain E'[M’] ||F n, so we conclude by applying either (proF) or (prF).

Subcase ECJ = succ (E), for some E'0J. It follows analogously from TH and (scF).

Subcase ECJ = E'L, for some E’'TJ. Since M —» V, the reduction must factorize as

M = (E'[M'))L - A\x.M1)° L —un M{[L/2] > V
with both E'[M'] = (Ax.M;)? and M{[L/x] = V shorter than k (see Lemma A.1(1)).
By IH, we get E'[M'] {& (Ax.M;)? and M{[L/x] |F V, so we conclude by (BE).
Subcase EOJ = ifz(E’, My, Ms), for some E'0J. Since M —»y, V, Lemma A.1(4) entails
that the reduction must factorize as

My -V, ifn=0,

M = ifz(E'[L], My, M- ifz(n, My, My) —
z(E'[L], My, M) —un ifz(n, My, Ma) e {M2 —»un V, otherwise,

with E'[L] = n and |M; - V| < k. By IH, we get either [E’[L] | 0 and M; ||F V] or
[E'[L] 4E n+ 1 and My ||E V] (for some n € N). We conclude by either (ifzg) or (ifzsq). [J

Proof of Lemma 2.16. (1) (Syntax directedness) Trivial proof by inspection.

(2) (Strengthening) An easy proof by induction on the shape of M proves this in both
directions - the statement holds for ' 0 :intand ',z : o - x : o, and all other cases
are derived from those two.

(3) (Subject reduction) We will prove this by induction on the shape of M = E[M’] where
M’ is the contracted redex. The only interesting cases are when M’ is in head position,
i.e. EO = 0O. For cases where o is present, we will assume that dom(o) = {y1,...,yn}-
e Cases M = x and M = 0 do not apply, as neither can reduce.

o Case M = (Ax.My)? - My and N = M{(Ms/x). From F (Ax.M;)? - M : a we obtain
the judgements - o(y1) : V1, -, F 0(Un) * Yns Y1t Vs v ey Yn Yoo : fF My 2 and
F My : B, via a single application of the (—g) rule followed by repeated applications
of the (¢) rule. Using all of these judgements we can then derive the judgement
F Mi(Mas/x) : a, through n + 1 applications of the (o) rule.

e All other computation reduction cases are trivial, as they are identical to PCF where
subject reduction holds.

e Case M = z7, where o(z) = N: Using (o) we obtain the judgement - N : a.

e Case M = y?, where y ¢ dom(c): Does not apply, as this term is not closed.
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o Case M = 07: Trivial, as this has the type int and 0 has the type int.

e Case M = (pred M;)?: We obtain the judgements - o(y1) : v1,...,F o(yn) : Vn,
YL P Viye--sYn : Yn & My : int. We can reassemble these to form the judgement
= MY :int, from which we derive - pred (M7) : int.

e All other percolation reduction cases proceed identically to (pred M7)°.

The cases where E[] # [ are trivial applications of the induction hypothesis. ]

Proof of Proposition 2.19. (1) By induction on a derivation of M — N.
e Base cases. .
— Case M = (A\x.L1)? - Ly and N = L{(La/x) where, say, 0 = (Y /y) with = ¢ 7.
Then, we have:

Mt = (e ZDV/F] 2= e V7)) 1) Seee E{VY/FIIEL /2]
= (L§{La/z))l = NT

— Case M = ifz(0, N, L). Then L' = ifz(0, NT, L) —pcg NT.
— Case M = ifz(n +1,L,N). Then LT = ifz(n + 1, LT NT) —pcp NT.
— All other base cases hold trivially.

e Case M = My - My and N = Ny - My with M7 —¢ N1. By induction hypothesis, we
have M] —pcg Ni. Therefore Mt = M{ - M] —pcp Ni - M = (Ny - M)t = N*.

e Case M = ifz(My, L1, Le) and N = ifz(Ny, Ly, Lo) with My —y Ni. By induction hy-
pothesis, we have M;r —PCF NIT. Thus MT = ifz(MlT, LJ{, L;) —PCF ifz(NlT, L];, L;) =
(ifz(Ny, L1, L))t = NT.

e Case M = pred M; and N = pred N; with M; — N;. By induction hypothesis, we
have MlJr —PCF NlT. Thus MT = pred (MlT) —pcr pred (NlT) = (pred N;)f = NT.

e Case M = succ My and N = succ Ny with M; —¢ Ni. Analogous.

(2) By induction on a derivation of M —p N.

e Base cases.

— Case M = (z(N/z))°. Since N € Pg, we have FV(N) = (). Thus MT = 2[NT/z] =
NT.

— Case M = (y(L/x))? and N = y°. Since M € Pg we must have y € dom(c) with,
say, o(y) = L' € Pg. Conclude since Mt = L'T = (y7)t = NT.

— All other base cases hold trivially.

e Case M = M, - My and N = Ny - My with M; —p N1. By induction hypothesis, we
have M] = N{. Therefore Mt = M| - M} = N} - M = (N} - My)t = NT.

e Case M = ifz(My, Ly, Ly) and N = ifza(Ny, L1, Ly) with M; —, Ni. By induction
hypothesis, we have M] = N{. Thus Mt = ifz(M], LT, L}) = ifa(N], LT, L}) =
(ifZ(Nl, Ll, LQ))T = NT.

e Case M = pred M; and N = pred N; with M; —, Ni. By induction hypothesis, we
have M{r = NlT. Thus M = pred (M;r) = pred (ND = (pred N;)f = NT.

e Case M = succ M; and N = succ Ny with M; —p N;. Analogous. []

A.2. Omitted proofs from Section 4.

Proof of Theorem 4.6. Proceed by induction on a derivation of I' - M : . We split into
cases depending on the last applied rule.
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e Case (0). In this case M = 0 and a = int. By Definition 4.4, we have |0|z = Pri*tt @|0].
By Lemma 4.3(1), we know that Pr"T! :int — § — int. By rule (nat), we get 0 : int. By
Proposition 3.17(1), we conclude Pr?Jrl Qo] : 5 — int;

e Case (ax). Then M = x; for some x; € ¥ and |z;|z = Pr}. By Lemma 4.3(1).

e Case (—g). Then M = M - My and there is 5 € T such that ' - My : 8 — a,T'F My : 3.
From the induction hypothesis, we obtain that [Mi|z: 6 — 8 — a and |Ma|z : 0 — 8.
By Lemma 4.3(1), we get Prj : (8 — a) = 8 — «a. By Lemma 4.3(2), we know that
Apply? : (B = @) = B — a) — 6= B — a) — § — 3. By Definition 4.4, we have
|My - My|z = Apply? @ [#Prl, #| M|z, #|Ma|z] so we conclude by Proposition 3.17(1).

e Case (0). Then M = M'(N/y) with T,y : B+ M': o and - N : 3, for some € T. By
induction hypothesis, we get |[M'[z, : 8 — 5 — a and |N| : 5. By Definition 4.4, we have
|M'(N/y)|z = | M|, zQ[#|N]]. Conclude by Proposition 3.17(1).

e Case (—71). Then M = Ay.N and o = a1 — ag, with ',y : @1 F N : . By Definition 4.4,
we have |A\y.N|z = |N|z, so the case follows from the induction hypothesis.

e Case (+). Then M = succ N and « = int, with I' = N : int. By induction hypothesis |N|z :
§ — int and, by Lemma 4.3(4), we have Succ : int — int. By Definition 4.4, |[suce N|z =
Applyl @ [#Succ, #|N|z] . Conclude by Lemma 4.3(2) and Proposition 3.17(1).

e Case (—). Analogous to the previous case, using Lemma 4.3(3) instead of Lemma 4.3(2).

e Case (ifz). Then M = ifz(L,Ni,N2) with I' = L : int and I' - N; : a, for each
i = 1,2. By induction hypothesis, we get |L|z : 5 — int and |Nilz : 5 — o, for
every such i. By Lemma 4.3(5), we have Ifz : int - o« — a — «a. Since, by Def-
inition 4.4, |ifa(L, N1, No)|z = Apply> @ [#Ifz, #|L|z, #|N1|z, #|Na|z] we conclude by
applying Lemma 4.3(2) and Proposition 3.17(1).

e Case (Y). Then M = fix N with I' - N : @ — «a. By induction hypothesis, we have
|IN|z : ¥ — a — «a. By rule (fix) we know that Y : (¢ = a) — «a. The result follows from
fix N|z = Apply. @ [#Y,#|N|z] using Lemma 4.3(2) and Proposition 3.17(1). []

Proof of Proposition 4.9. By induction on a derivation of M —; N.

e Base cases. In the following o = (N;/z1) - -+ (Ny/zy,) for some n > 0. As a matter of
notation, we introduce the abbreviations & = x1,...,x, and #5 = #|N1|, ..., #|Ny|.
— Case M = ((A\y.M1)?)My and N = M{(Mz/x). Wlog y ¢ dom(c) and since M; € Pk,
we must have FV(M;) C {y}. Therefore

(M| = [((Ay.M1)7) My
= Apply2 @ [#|M7|,,#|Ma|], by Definition 4.4,
= Pri @[#|M7|,, #|Ma], since Apply3 = Pr} by Definition 4.1,
-2 |M7], Q[#|M], by Lemma 4.2(1),
= |M{(M2/y)l, by Definition 4.4.

— Case M = 0% and N = 0. On the one side, |0°| = [0|z = Pr7™ @ [0, #4&] whence,
by Lemma 4.2(1), we get Prit1 @[0,#5] —2+2 #71(0) = 0. On the other side, by
Lemma 4.2(1), we obtain |0] = Pr{ @[0] —2 0. Since n > 0, we conclude |07| > |0].

— Case M = ifz(0, My, M) and N = M;. Therefore |M| is equal to

|ifz(0, My, M>)| Applyg @ [#1fz,0, #| M|, #|M>|], by Definition 4.4,
= PriQ[#Ifz,0, #| M|, #|Ms|], by Definition 4.1,
—2 1fz @0, #| M|, #|M2|], by Lemma 4.2(1),
c ‘Mﬂ
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— Case M = ifz(k + 1, My, My), for some k > 0, and N = My. Therefore |M]| is equal to

lifz(k + 1, My, Mp)|

= Applyd Q[#Ifz, k + 1, #| M|, #|Ms|], by Definition 4.4,

= Pri@[#Ifz, k + 1, #| M|, #|Ms]], by Definition 4.1,

=2 IfzQ[k + 1, #| M|, #| Ma|] by Lemma 4.2(1),
| Ma|.

—c
— Case M = y° for y ¢ dom(c). Vacuous, since M € Pk.
— Case M =27 and N = o(z;) = N;. So |27| = Prf @ [#5] -1 |N;| by Lemma 4.2(1).
— Case M = (M; - M)? and N = MY - Mg . Since M € Pg, each M/ is closed, whence
FV(M;) C{z1,...,zn}. On the one side, we get

(M - My)7| = Apply, Q[#Pri, #| M|z, #|Ms|z, #3)
—¢ "2 Pry Q[#(| M| Q[#6]), #(|Ma| 7Q[#5])], by Lemma 4.2(2),
2 | MY |Q[#| M3 ], by Lemma 4.2(1).

C
On the other side, we get |M{ - MS| = Pri@[#Pri, #| M|, #| Mg |] - |M7|Q[#| MS|]
by applying Lemma 4.2(1) (twice). Conclude since 10n + 4 > 4 when n > 0.
— Case M = pred0 and N = 0. By Lemma 4.2(1) and (3), we have

|pred 0| = Pr] @ [#Pred,0] —2 Pred @ [0]
—¢  (Ro= 0,0« Pred(0);Call 0,])
—c éRo =0,Call 0,[]) —. 0= 0|
— Case M = pred (succn) and N = n. By applying Lemma 4.2(1) and (4), we obtain
|succn| = Pr] @ [#Succ,n] —2 Succ@ [n] —
(Ro =n,0 « Succ(0);Call 0,[]) — (Ro=n+1,Call 0,[]) - n+1.
Using Lemma 4.2(3) as well, we conclude

|pred (succn)| =
—c

H-)C

_»c

Pr} @ [#Pred, #[succn|] —2 Pred @ [#|succn|]
Ry = ##[succn|,0 « Pred(0);Call 0,])
Ro=n+1,0 « Pred(0); Call 0, [])
Rp=n,Call 0,[]) —c n = |n|

— Case M = fix M and N = M'(fix M'). In this case, we get

|fix M|

— Case M = (ifz(L, My, M))° and N = ifz(L°, M7, MY).

—»
c

0ONO N

“«“
“

Y @ [#|M]],

|M'| @ #Y @ [#|M']]],

| M| @ [#|fix M|],

Pri @ [#|M'], #[fix M'[],

Pri @ [#Pri, #| M|, #|fix M'|],
| M’ (fix M')|,

by Definition 4.4,
by Lemma 4.2(6),
by Definition 4.4,
by Lemma 4.2(1),
by Lemma 4.2(1),
by Definition 4.4.

Note that M € Pg entails

L7, MY, M§ closed, thus FV(L) C {#} and FV(M;) C {#}. By Lemma 4.2(2), we get

|(ifz(L, My, Mp))?| =

Apply;, Q#1fz, #|Lz, #| M|z, #| Ma|z, #7]

321z @ [#| L], 4| M|, # M)

C

= |lifz(L7, M7, MY)|

Conclude since 13n + 2 > 2 when n > 0.
— Case M = (pred M')? and N = pred ((M')?). Analogous to the above.

e PriQ[#lfz, #|L7], #|M7|, #| M|
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— Case M = (succ M’)? and N = succ ((M’)?). Analogous to the above.
— Case M = (fix M')? and N = |fix ((M’)?)|. By Lemma 4.2(2), we obtain |(fix M")?| =
Apply,, @Y, #[M|z, #5] —" Y @ [#|(M')7]] = [fix (M"7)].
e Case M = Mj - My and N = Mj - My, where My — M{. By IH |M;y| = |Mj], i.e. there
exists an EAM X such that |M;| —% X and |M!| - X, for some k > k’. Then we get

|My - My| = Pri@[4Pri, #|Mi|, #|M>|], by Definitions 4.4 and 4.1,
—¢ | M| Q[#]| Mal], by Lemma 4.2(2)
F XQ[#M]
Yoo M| M |
c«—  PriQ[#Pry, #|M{|, #|Mz|], by Lemma 4.2(2),
= |M;- M,, by Definition 4.4.

e Case M = ifz(L, My, Ms) and N = ifz(L', My, M5), where L —y, L'. By IH |L| > |L/|,
i.e. there is an EAM X such that |L| =¥ X and |L/| - X for some k > k’. Then we get

|ifZ(L, Ml, Mg)‘

= PriQ[g#ifz, #| L], #| M, #]Mo]], by Def. 4.4 and 4.1,
—2  IfzQ[#|L|, #| M|, #|Ma|], by Lemma 4.2(2)
Ro = #[L|, Ry = #| M|, R2 = #| M|,
3
c 0 « Test(0, 1, 2);Call 0, []> by Lemma 4.2(5)

L /Ro=#X Ry = #|M|, Ry = #[Ma],

< 0 < Test(0, 1, 2);Call 0, []> ’
W Ro = #|L'|, Ry = #| M|, Ry = #|Ma],
< 0 « Test(0, 1, 2);Call 0, [

S« IfzQ[#|L|, #| M|, #|Ms]], by Lemma 4.2(5),
2o PriQ[#Pri, #|M]|, #|Ma]], by Lemma 4.2(2),
= |M]- My, by Definition 4.4.
e Case M = pred M’ and N = pred N’, where M’ —,;, N’. Analogous.
e Case M = succ M’ and N = succ N’, where M’ —,;, N'. Analogous. O]

A.3. Omitted proofs from Section 5.

Proof of Lemma 5.12. By induction on a derivation of x1 : a1,...,2p :an M : 5. As a
matter of notation, we let I' = z1 : a1, ..., T, : @, and introduce the abbreviations
a = at,...,an; T = X1,...,Tp;
a- = AlyeeoyAj—1y Ajt1y -+ Ans T = Xy L1y Tiglye -5 T
e Case ' 0:int. We get
0jz@[@ = Prt@0,d], by Definition 4.4,
- #710), by Lemma 4.2(1),
«— Prf@J0,a"], by Lemma 4.2(1),
= |0|zQ[a], by Definition 4.4.

Conclude by Lemma 5.8(2).
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e Case Iy : B Fy: B. Let b € Dg. By Definition 4.4 and Lemma 4.2(1), we have
Y|z, @@, 0] = Priti@[d,b) —c #1(b) and |y|z- Q6,0 = Pri@[a—,b] —c # 1(b).
Conclude by Lemma 5.8(2).

e Case 'FM-N:Bsince'FM:a— fand I' - N : a. Then, we have

IM-N|z@[@] = Apply, @[#Pri,#|M|z, #|N|za, by Definition 4.4,
¢ |Mlz@[a,#(IN|z@[a])], by Lemma 4.2(2).

By IH, we have |N|zQ[d@] =, |N|z @[a~] and

M|z Qld] =q—p|M|z- Q[a"], so by Lemma 5.8(1) (reflexivity), we derive
M|z Q[a, #(|N|zQ[a])] = |M|zQ@ad,#(|N|z-Q@Q[a"])]. Conclude by Lemmas 5.8(1)-(2)
and Definition 4.4.

o Case ' W M(N/z) : BwithI',z: aF M : g and - N : . By Definition 4.4 we get
IM(N/z)|zQla] = M|, zQ[#|N|,d]. Conclude by applying the IH.

o Case ' A\z.M : v — ¢ since I', z : v = M : 0. By Definition 4.4 we get [Az. M|z = | M|z ..
This case follows straightforwardly from the TH.

e Case I'+succ M :int, since I' = M : int. We get

|succ M|z @ @] = Applyl @ [#Succ, #|M|z d), by Definition 4.4,
—c Succ@Q[#(|M|z@Q[ad])], by Lemma 4.2(2).

From the IH we obtain |M|z Q [@] =i |[M|z- @Q[@"], so by Lemma 5.8(1) (reflexivity),
Succ @ [#(|M|zQ[a])] =int Succ @ [#(|M|z-Qla"])]

Conclude by Lemmas 5.8-(1)(2) and Definition 4.4.
e Case I' - pred M : int. Analogous.
e Case I'+ifza(L, M, N) : 5. Analogous.
e Case I'+fix M : Bsince ' - M : 8 — 3. Then,

fix M|zQ[a] = Applyl @[#Y,#|M|z d], by Definition 4.4,
—c YQ[#(|M|z@Q]lad])], by Lemma 4.2(2).

By IH, we have |M |z @[d] =_3|M|z- Q[a~], so by Lemma 5.8(1)(reflexivity) we get
Ya[#(|M|zQla])] =5 Y Q[#(|M]|z-Qla])]

Conclude by Definition 4.4, applying Lemma 5.8(1)(2) in case n > 1 and Lemma 5.8(1)
when n = 1. ]

—»

Proof of Proposition 5.16. Both (1) and (2) follow by mutual induction on a derivation of
M:aand AIF" (P,T) : @ and call TH1, TH2 the respective induction hypothesis.
As a matter of notation, if A =41 : gy, ..., 0 0y, welet A" =zt oy, ..., T Q.
(1) Case (nat). Then M = n and « = int. Conclude since (n);,, = n and I n : int holds.
Case (fix). Then M =Y and a = (8 — ) — 8. We type (Y)5 = \z.fixz as follows:

N EY Y (2‘;‘)
r:pf— pFfixx:p (()_>)
FAzfixe: (B—p5)— 0 !
Case (R). Then M = (Ry, ..., R,, P,T) with R = A and A IF" (P,T) : o, for some

A =1y :,...,0 : ;. From the former condition, by rules (Ry) and (Rr), we get a
derivation of #_1(!Rij) : a;; having smaller size, for all 1 < j < k. By applying IH1,
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we obtain a derivation of - (# 1 (1R;,)) ai, | Q- From the latter condition and IH2, we
have A* F (P, T)4 : o. Therefore, we construct a derivation
A* (P, T)S
F Az oz (PT)E , — —y, —a F q#_l(!Rij)Daij ety

1<j<k

J

(A @iy (PTDE) - (#7 (1Ri)Dg, - (# (1Re ),

Case (loadg). Then P =Load j; P/, T =[], a« = f1 — B2 and A[j : f1] IF" (P, ]]) : B2

has a derivation of smaller size. There are two subcases.

e Case j ¢ dom(A), whence A[j: f1] = A,j: f1. By IH2 we get A* + (P, [][) TP By,
Simply apply rule (—1).

e Case j € dom(A), say, j = iy. From the IH2 we obtain ', z;, : £ F (P, []D?z[ik:ﬂll : o
for ' =&, : oy, ..., @i, _, @ @, _,. By applying the rule (—1), we obtain a derivation
of I' b Az, .(P, [][)A[”“ Al g 62 whence, by strengthening (Lemma 2.16(2)), we
conclude T, 2, : a, - Az, (P, D55 61 — .

Case (loadt). Then P = Load j; P/, T :: T'. Moreover, A[j : 8] IF" (P',T") : & and

#~1(a) : B have a derivation of smaller size for some . From the former, one obtains a

derivation of A* F Az;.(P', T’ [) :1 . : B — « proceeding as above. By the IH1 applied
to the latter, we obtain a derivation of - (# !(a )+ B, whence A* q#_l(a)[)ﬁ )
holds by strengthening (Lemma 2.16(2)). By applying rule (—g), we conclude that
A* = Az (P, T)a Al 'B]) Q#_l(a)l)ﬂ : av is derivable.

Case (pred). Then P = j « Pred(i); P’ and (A,i :int)[j : int] IF" (P',T") : « has a
smaller derivation. We assume j ¢ dom(A, i : int), otherwise proceed as in case (loady).
By IH2, we obtain a derivation of A*, z; : int,z; : int - ((P, TSI L thus:

. . A,iint,jiint |
A*,injlnt,l‘j:|nt|_(]P/,T/DaZI 7 Lo A*,xi:intl—xi:int
A* z;cint F Az (P, T)S ™™ o A% ;s int F pred; : int
A* z; intbEz; :int A* zi b (O (P, T)E ) L (pred z;) : a

A* x;tint F Ifc(x;, ()\mj.(]P’,T’[)ﬁ’“"w”"t) - (pred z;)) : «
Case (succ). Analogous.
Case (call). Then P =Calliand T = [ay,...,a,] with # (a;) : ﬁj, for j (1 <j<mn).
Call ' = A*,z; : By = -+ — B, — a. By IH1, we get I (]# (a])[) : B; whence

'+ (]#_l(a)l)ﬁ : B holds by strengthening (Lemma 2.16(2)). Derive
Fka;:f1— = Bn—a TH(# (al)[)ﬁ1 Bi-- I‘I—(]#’l(an)[)ﬁn:ﬁn

Db i (# a)g, - (# Han)lg, s 0

Case (app). Then P =1 < App(i, j); P' and (A,i: S1—=P92,7 : B1)[l : Bo]F" (P, T) : «
has a smaller derivation, for some (1, 2. Assume that | ¢ dom(A,i: f1—P2,] : 1),
otherwise proceed as in case (loadg). Setting IV = A*, z; : f1 — B2, x; : Bi, we get:

Ty B b (P T) 7000 o pg gy Thay: B
T b Ay (P, T)5 P P2abulia gy Tk -z fa
I ()\xl.(]P/,T[)é’i:ﬁlﬁﬁ%j:ﬁl’l:ﬂ?) Az - l'j) -
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Case (test). Then P = m « Test(i, j, 1); P’ and (A,i :int,j : 8,0 : B)[m : B] IF"
(P,T) : a has a smaller derivation, for some 5. Assume m ¢ dom(A,i :int,j: 5,1: (),
otherwise proceed as in case (loadg). Let I' = A*, z; int,x; : 8,21 : B, 2y, : B, we get:

T, 2 i BE (P T)R 0 p it n € {4, k)
T b Az, (P, T)5 5 PEBmE g o T v ifa(zg, 2, 1) : B

Tk :int T F Az (P, T)5 TPy S (2, m1) -
I'F Ifc(z;, Axm. (P, TDﬁ’i:int’j:’g’l:’B’m:B) -ifz(zi, x5, 21)) T«
This concludes the proof. []

Proof of Theorem 5.17. Consider the following statements:
(1) Let M € My. If M : « then [(M),| = M.

(2) For all i1 : vy, yin :au, IF" (P,T) : «, aiy € Doy s+, € Doy,
(P, Tha ™

seeeslip

Qlai,,...,a,] =a (R , P, T),

Qi 5oy Qi

where ﬁ;zlaln denotes the list of registers Ry, ..., R, such that, for all j (0 <j <r),
'Rj =aj; if j € {i1,...,in}, and |R; = & otherwise.
Both statements are proven using simultaneous induction on a derivation of M : a and
A IF" (P, T) : a. We refer to the former induction hypothesis as IH1 and to the latter
as IH2. As a matter of notation, we let A =1y : 5;,,...,in : Bi,, T = Z4y,...,T,, and
@ = i, .,a;, such that for all j € {i1,...,in}, a; € Dg,.
e Case k : int. We prove this case by induction on k € N (and call this TH1').
— Case k = 0: By Definition 4.4 we get |(0); .| = [0] = Prj@[0]. Conclude by Lemmas 4.2(1)
and 5.8(2).
— Case k = m + 1, for some m € N. Then by Definitions 4.4 and 5.14, we have

(K)inel = [m+ 1] = |succm|
= Applyj @ [#Succ, #|m|] = Pri@[#Succ, #[m|].
By IH1" we have |m| =i m, so Pri@[#Succ, #|m|] =int Pri@[#Succ, m], by reflexivity.
Conclude by Lemma 4.2(1),(4), Lemma 5.8(2), and transitivity.

e Case Y: (a— a) = a. Let a,b € Dy, such that a ~,_,4 b. Since by Lemma 4.3(1) and
Lemma 5.8(2) we have Pr} Q[a] =40 # '(a), we obtain

|(]Y[)(a_>a)_>a| Qa] = |Azfixz|Qa], by Definition 5.14,
= Apply1 [#Y #Pri, a, by Definition 4.4,
—c ( )@ [#Y - (#Pri -a)], by Lemma 4.2(6),
=, (a) Q[#Y - a], by Lemma 5.8(3),
=4 ( ) Q[#Y - b], by reflexivity,
=. #1b)Q[#Y -], by Definition 5.6,
= Y@, by Lemma 4.2(6).

Conclude by Lemma 5.8(2) and transitivity.
e Case (R,P,T) : . Let R = A. By Definition 5.14, Lemma 4.2, and Definition 4.4 we get

R PTGl = 1wy 20, (PTVR) - G R, B (R, |
(P T)8 L @ I (Ri g, |- #IG (Rs D, |
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By IH1, for all k € dom(A), we have #|q#_1(!Rk)Dﬁk| ~,!Ry. Then by reflexivity,

1P 021z @ (0 (B, |-

= |(]P,TD |5@['R“, ,'Rln]

Conclude by IH2, Lemma 5.8(2), and transitivity.

AR, |

e Case A IF" (Load k; P,[]) : B — a. There are two subcases.
— Subcase k ¢ dom(A). Let b, c € Dg such that b ~g c. We get

|(]Load k; P, []D?—)a‘f@ [67 b]

Iz (P, Doz @ [a,b],

(P, )& 2.0, @[, 0],
= (B, P,

— (R%,Load k; P, [b]),

=, <R"g, Load k; P, []),

|
Q

Conclude by Lemma 5.8(2) and transitivity.

by Definition 5.14,
by Definition 4.4,
by TH2,

by Definition 3.10,
by reflexivity.

— Subcase k € dom(A). Let k = i,,, and let b,c € Dg such that b ~3 c. We also fix

y A . . . .
T =gy Ty Ty ey Ty,

|(Load k; P, []Dﬁﬁab@ [d, b]

— (P, []D%’Zg |z @[, b],
o PP DA 0

(P, a5, @ld,b],

= <RZ-;7ba P, H>’

e (ﬁg,Load k; P, [b]),

(ﬁg,Load k; P, [c]),

=«

and a’ = a;,,..

Qld, 0],

., a;,. We get

° a’imfl ? aim+17 .

by Definition 5.14,
by Lemma 5.12,
by Definition 4.4,
by TH2,

by Definition 3.10,
by reflexivity.

Conclude by Lemma 5.8(2) and transitivity.
In the cases following, we assume that k ¢ dom(A). If k¥ € dom(A), one proceeds as above.

e Case A IF" (Load k; P,b:: T) : a. By Definition 5.14, Lemma 4.2, and Definition 4.4, we
get
|(Load k; P,b :: T)2 |z @Q|d]
= Qe (P.T0a™7) - (#7 (D))ol @ [d]
= Apply; @[#PrL #(P. 1) faa, #(# (D)) gl )
e P T)a" |70, @@, %104 (0))4lz @ ().

By Proposition 5.16, - q#_l(b)[)ﬁ : B, so by Corollary 5.13 and IH1, #|(]#_1(b)[),6’| Qd ~, b.
By reflexivity, we obtain

(P, T)2" |, @ (@, # (1 (# (0)) sl @ [@))] =a (P T)2" |0, @ [0

Conclude by IH2, Lemma 5.8(2), and transitivity.
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o Case ziy : Biy, ..., @i, tint,... 2y 1 B, IF" (k « Pred(is,); P,T) : a. Fix the notation
M = |(Azp.(P, T)53™™) - (pred z;,, )|z By Definition 5.14 and Lemma 4.2 we get

|(k < Pred(inm); P,T)5 |z @ [d]

= |Tfc(zi,, Oag. (P, T)E™™) - (predz;, )|z @ [d]
= Apply? @ [#Ifz, #Pr} | #M, #M,a]

—c IfzQ[7(Pry @la]),#(M@la]),#(M@Q]la] ), dl
=, IfzQla; ,#MQ[a]), #MQ]d]),d].

There are two subcases from this point.

— Subcase #!(a;, ) does not terminate. Then, by Definition 3.10, we have that the
machine IfzQ [q;, ,#(M@Q[ad]),#(M@QJa]),d] and <R§,l « Pred(k); P,T) cannot ter-
minate either. By Definition 3.13, we have <ﬁg,l < Pred(k); P,T) : a. Conclude by
Lemma 5.8(2) and transitivity.

— Subcase # !(a;,) —c t = #1(t), for some t € N. Now, easy calculations give
[(pred z;, )2,z @[d@] —c t' = # (t © 1), from which |(predz;, )2 |zQ[@] =i t
follows by Lemma 5.8(2). Then we get

IfzQJa;,,, #(M@[d]), #M@Q]a] ), d]
e Az (P, T)™™) - (pred a;, )|z @[d], by Lem. 4.2(6),
#Pr%a#’(]-PaTDC%7k:|nt|i’,xk7 by Def. 4.4
p b lored i, Dle,@ ! v
< P, TD '”tlw (@, #(|(pred z;,, )it |z @[@))], by Lem. 4.2(2),

= Apply2a

s
=a |(] D mt|x,rk Qld,to1,0)], by reflexivity,
=a < [ k _t@H PT>? by TH2,

=4 <R’" k « Pred(im); P, T), by Lem. 5.8(2).

Conclude by Lemma 5.8(2) and transitivity.
o Case zj, : fiy,- .-, Ti,, 2 int, ..., xp : Bi, IF" (k < Succ(ip,); P,T) : a. Analogous.
o Case AIF" (k « Test(ir, im,, imy); P, T) : o, where A(l) = int, A(inm,) = B, Alim,) = 5.
There are two subcases.

— Subcase # ! (ai,) does not terminate. Proceed as in case xj;: B;,,..., @, :int, ..., &y
Bi, IF" (k < Pred(zm) P, T)

— Subcase #1(a;) —c #71(2), t € N. Proceed as in case x4, : B, ..., &, int, ..., &y,
Bi, IF" (k < Pred(ip,); P,T) : a to get

—

[(k < Test(iy, imy, imy); P, T)5 | @ [d] =a
|(P, T[)ﬁ’k:’ﬁﬁ, ry Qa, #(|ifz(zs), 24, Tiy,, )|z @ld] )] . There are two subcases.
* Subcase t = 0. By Lemma 5.8(2) we have [ifz(x;,, z;,, , i, )|z @[d] =g # '(ai,, ).

Then we get
(P, V8" 7.0, @ (@, #(lif2(24,, 4,y , 21,0, |7 @ [])]
=, (P, T[)ﬁ’k:ﬁ\f,xk Qla, aiml] , by reflexivity,
=a <}?:Z‘[Rk = a’im1}7 P, T>a by IH2a
=o (RL,k < Test(if, imy, imy); P,T), by Lemma 5.8(2).

Conclude by Lemma 5.8(2) and transitivity.
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* Subcase t > 0. By Lemma 5.8(2) we have |ifz(z;, 2i,, ,i,,)|z @[d] =5 #_l(aimz).

Then we get
MPDAxu% (@, #(|ifz(x;,, 4, , 21, )z @[])]
=a |Gf [) |72, Qd, i, ], by reflexivity,
=a <R2[Rk = a’imQL P7 T>; by IH2,

=o (RL,k < Test(if, iy, imy,); P,T), by Lemma 5.8(2).
Conclude by Lemma 5.8(2) and transitivity.

o Case A IF" (k « App(is, im); P,T) : ~, where A(4;)) = f — « and A(iy) = 8. By

Definition 5.14, Definition 4.4, and Lemma 4.2(2), we get
4 AppCi, im); P, T)31z @ la]
= O (P, TISMP) - (- 2s,) |2 @[]
Aoply? @ [Pl #1(P. TV i, -2, 1,
e WPTV"|z0, @[d, # (3, 24 |2 @[] )]
By Lemma 5.8(2) we have #Pr’ @[d] =g # *(a;,,). We then have

|, - i, |z @[@] = Apply; @ [#Pri, #Prl, #Pr} .a], by Definition 4.4,
—c PriQla, #(#Pri @la])], by Lemma 4.2(2),
=. PrpQld,a;,], by reflexivity,
=0 # Y(a;)Qla;,], by Lemma 5.8(2).
Thus we get
(P, D Qla, # (|, - iy, |z @la] )]

= [P, [) Qla,a;, - a;,,], by reflexivity,

=, (Rg[Rk = a” azm] P, T> by TH2,

=, (RL k< App(is, im); P, T), by Lemma 5.8(2).

Conclude by Lemma 5.8(2) and transitivity.

e Case A IF" (Call k,[by,...,bn]) : o, where A(k) = — -+ — 9 — « and for all 0 <

j <m,b; €Dy. Let b=by,...,by. By Definition 5.14 we get |(Call k&, |

)2z @la =

[z - (#7101, - (# 1 (bm)).,. | @[d] . By an easy induction on m, one shows the

following:

g (7 (00))s, - (# (b)), |2 @ (@] =a |oklz @[, 8] (cf. Lemma 5.11
By Definition 4.4 and Lemma 4.2(1), we get |2x|3 @Q[@,b] = Prk @[, b] e #

Conclude by Lemma 5.8(2) and transitivity, as <RT Call k,[b]) —c # (a

)-
Yap)@fp).

-

pafpl. O

—
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