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ABSTRACT. The delay monad provides a way to introduce general recursion in type theory.
To write programs that use a wide range of computational effects directly in type theory,
we need to combine the delay monad with the monads of these effects. Here we present a
first systematic study of such combinations.

We study both the coinductive delay monad and its guarded recursive cousin, giving
concrete examples of combining these with well-known computational effects. We also
provide general theorems stating which algebraic effects distribute over the delay monad,
and which do not. Lastly, we salvage some of the impossible cases by considering distributive
laws up to weak bisimilarity.

1. INTRODUCTION

Martin Lof type theory [ML84] is a language that can be understood both as a logic and a
programming language. For the logical interpretation it is crucial that all programs terminate.
Still, one would like to reason about programming languages with general recursion, or even
write general recursive programs inside type theory. One solution to this problem is to
encapsulate recursion in a monad, such as the delay monad D. This monad maps an object
X to the coinductive solution to DX = X 4+ DX. The right inclusion into the sum of the
above isomorphism introduces a computation step, and infinitely many steps correspond to
divergence. Capretta [Cap05] showed how D introduces general recursion via an iteration
operator of type (X — D(X 4+Y)) - X — DY. For this reason, D has been used to model
recursion in type theory [Danl2, VV21, BH22], and in particular forms part of the basis of
interaction trees [XZH"19].

The delay monad has a guarded recursive variant defined using Nakano’s [Nak00] fixed
point modality . Data of type >X should be thought of as data of type X available only one
time step from now. This modal operator has a unit next : X — X transporting data to
the future, and a fixed point operator fix : (>X — X) — X mapping productive definitions
to their fixed points satisfying fix(f) = f(next(fix(f))). Guarded recursion can be modelled
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in the topos of trees [BMSS12] — the category Set“”” of presheaves on the ordered natural
numbers — by defining (>X)(0) =1 and (>X)(n+ 1) = X (n). The guarded delay monad D#
is defined as the free monad on >, i.e., the inductive (and provably also coinductive) solution
to DEX =2 X +p(D8X).

The two delay monads can be formally related by moving to a multiclock variant of
guarded recursion, in which the modal operator > is indexed by a clock variable x, which
can be universally quantified. Then by defining the guarded delay monad D*X to be the

unique solution to DX = X +>"(D"X), the coinductive variant can be encoded [AM13]

as DX %'k, D" X In this paper we will work informally in Clocked Cubical Type Theory

(CCTT) [BKMV22], a type theory in which such encodings of coinductive types can be
formalised and proven correct.

Unlike the coinductive variant, the guarded delay monad has a fixed point operator of
type (X — D*Y) — (X — D"Y)) — (X — DY), defined using fix. For the coinductive
delay monad, fixed points only exist for continuous maps, but in the guarded case, continuity
is a consequence of a causality property enforced in types using . As a consequence, higher
order functional programming languages with recursion can be embedded in type theories
like CCTT by interpreting function spaces as Kleisli exponentials for D”. For example,
Paviotti et al. [PMB15] showed how to model the simply typed lambda calculus with fixed
point terms (PCF), and proved adequacy of the model, all in a type theory with guarded
recursion. These results have since been extended to languages with recursive types [MP19]
and (using an impredicative universe) languages with higher-order store [SGB22|. This
suggests that the guarded delay monad can be used for programming and reasoning about
programs using a wide range of advanced computational effects directly in type theory.
However, a mathematical theory describing the interaction of the delay monads with other
monads is still lacking, even for basic computational effects.

Combining the Delay Monad With Other Effects. In this paper, we present a
first systematic study of monads combining delay with other effects. We first show how
to combine the delay monad with standard monads known from computational effects:
exceptions, reader, global state, continuation, and the selection monad. Most of these follow
standard combinations of effects and non-termination known from domain theory, but, the
algebraic status of these combinations is simpler than in the domain theoretic case: Whereas
the latter can be understood as free monads for order-enriched algebraic theories [HP06],
the combinations with the guarded recursive delay monad are simply free models of theories
in the standard sense, with the caveat that the arity of the step operation is non-standard.

The rest of the paper is concerned with distributive laws of the form T'D — DT, where
T is any monad and D is the delay monad in any of the two forms mentioned above. Such a
distributive law distributes the operations of T over steps, and equips the composite DT
with a monad structure that describes computations whose other effects are only visible
upon termination. This is the natural monad for example in the case of writing to state,
when considering non-determinism and observing must-termination, or for computing data
contained in data structures such as trees or lists.

There are two natural ways of distributing an n-ary operation op over computation
steps: The first is to execute each of the n input computations in sequence until they
have all terminated, the second is to execute the n inputs in parallel, delaying terminated
computations until all inputs have terminated. We show that sequential execution yields a
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distributive law for algebraic monads (monads generated by algebraic theories) where all
equations are balanced, i.e., the number of occurrences of each variable on either side is the
same. Trees, lists, and multisets are examples of such monads.

The requirement of balanced equations is indeed necessary. This was observed already
by Mggelberg and Vezzosi [MV21] who showed that for the finite powerset monad, sequential
distribution of steps over the union operator was not well defined, and parallel distribution
did not yield a distributive law due to miscounting of steps. Here we strengthen this result to
show that no distributive law is possible for the finite powerset monad over the coinductive
delay monad. At first sight it might seem that the culprit in this case is the idempotency
axiom. However, we show that in some cases it is possible to distribute idempotent operations
over the coinductive delay monad, but not over the guarded one (we show this just for
commutative operations).

Finally, we show that if one is willing to work up to weak bisimilarity, i.e., equating
elements of the delay monad that only differ by a finite number of computation steps, then
one can construct a distributive law T'D — DT for any monad T generated by an algebraic
theory with no drop equations (equations where a variable appears on one side, but not the
other). To make this precise, we formulate this result as a distributive law of monads on a
category of setoids.

Additional Material. This paper is an extended version of the CSL 2024 conference paper
What Monads Can and Cannot Do with a Bit of Extra Time [MZ24]. Compared to the
conference paper, this version additionally includes:

e A discussion of possible combinations of the delay monad with the continuations monad
in Section 4.

e A more extensive discussion of the distributive law for the delay monad over the selection
monad in Section 4, including a comparison to T-selection functions.

e A short paragraph about a distributive law for the writer monad over the delay monad in
Section 4.

e A new proposition, Proposition 6.4, showing that there is no distributive law of the finite
distributions functor over the coinductive delay monad, in Section 6.

e Detailed proofs of all lemmas, propositions and theorems in Sections 4, 5, 6, and 7,
including the proof of our main no-go theorem (Theorem 6.6).

Agda Formalisation. Some of the results presented in this paper have been formalised in
Agda [Zwal, using Vezzosi’s Guarded Cubical library [Vez].

2. MONADS AND ALGEBRAIC THEORIES

In this background section we briefly remind the reader of algebraic theories and free model
monads for an algebraic theory. We mention different classes of equations that play a role in
our analysis of monad compositions, and we discuss distributive laws for composing monads.

Definition 2.1 (Algebraic Theory). An algebraic theory A consists of a signature ¥4 and
a set of equations F4. The signature is a set of operation symbols with arities given by
natural numbers. The signature X 4 together with a set of variables X inductively defines
the set of A-terms: Every variable x : X is a term, and for each operation symbol op in X4,
if op has arity n and t1,...,t, are terms, then op(¢1,...,t,) is a term. The set of equations
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contains pairs of terms (s,t) in a finite variable context which are to be considered equal.
We write = for the smallest congruence relation generated by the pairs in F 4.

Example 2.2 (Monoids). The algebraic theory of monoids has a signature consisting
of a constant ¢ and a binary operation *, satisfying the left and right unital equations:
Ve : X.cxx =z and Vo : X.xxc = x, and associativity: Vr,y,z: X. (xxy)*xz =z * (y * 2).
Commutative monoids also include the commutativity equation: Vz,y : X.z xy = y * x.
Idempotent commutative monoids, also known as semilattices, are commutative monads
that additionally satisfy the idempotence equation: Va : X.x xx = «.

Example 2.3 (Convex algebras). Convex algebras have a signature consisting of a binary
operation @, for each p € (0,1) satisfying:

rT@pr=u1x (idempotence)

TOpY=YyDi_px (commutativity)

(z @p Y) g 2 = T Dpq <y EB‘II*J Z) (associativity)
—Pq

Definition 2.4 (Category of Models). A model of an algebraic theory (X4, F4) is a set
X together with an interpretation opy : X” — X of each n-ary operation op in ¥4, such
that sy = tx for each equation s = ¢ in E4. Here sx is the interpretation of s defined
inductively using the interpretation of operations.

A homomorphism between two models (X, (—)y) and (Y, (—)y ) is a morphism h : X —
Y such that h(opx(x1,...,2,)) = opy(h(21),...,h(xy)) for each n-ary operation op in ¥4
and x1,...,z, : X. The models of an algebraic theory and homomorphisms between them
form a category called the category of algebras of the algebraic theory, denoted A-alg.

The free model of an algebraic theory A with variables in a set X consists of the set of
equivalence classes of A-terms in context X. The functor F': Set — A-alg sending each set
X to the free model of A on X is left adjoint to the forgetful functor sending each A-model
to its underlying set. This adjunction induces a monad on Set, called the free model monad
of the algebraic theory [Lin66, Law63, Man76]. The category of algebras of A is isomorphic
to the Eilenberg-Moore category of this monad. If a monad 7' is isomorphic to the free model
monad of an algebraic theory, then we say that T' is presented by that algebraic theory.

Example 2.5 (Boom Hierarchy Monads [Mee86]). The binary tree monad, the list monad,
the multiset monad and the powerset monad are the free model monads of respectively the
theories of:

e Magmas, the theory consisting of a constant and a binary operation satisfying the left
and right unit equations.

e Monoids, which are magmas satisfying the associativity equation.

o Commutative monoids.

e Idempotent commutative monoids, which are also known as semilattices.

Example 2.6. The finite probability distributions monad is the free model monad of the
theory of convex algebras [Jac10].

The equations of an algebraic theory determine much of the behaviour of its free
model monad. For example, linear equations result in monads that always distribute over
commutative monads [MMO07, Par20]. In this paper, we built upon the ideas of Gautam
[Gau57] and Parlant et al [PRSW20], and distinguish the following classes of equations:
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Definition 2.7. Write var(¢) for the set of variables that appear in a term ¢. We say that

an equation s =t is:

Linear: if var(s) = var(¢) and each variable in these sets appears exactly once in both s
and t. Example: z xy =y * x.

Balanced: if var(s) = var(¢) and each variable in these sets appears equally many times in
s and t. Example: (x*y) * (y*2) = (y*y) * (x * 2).

Dup: if there is an x : var(s) Uvar(t), such that = appears > 2 times in s and/or ¢t. Example:
the balanced equation above, as well as zxz =z xz*z and z A (v V y) = x.

Drop: if var(s) # var(t). Example: z A (z Vy) = z.

Remark 2.8. Notice that these types of equations are not mutually exclusive. An equation
can for instance be both dup and drop, such as the absorption equation x A (z V y) = x.

2.1. Distributive Laws. One way of composing two monads is via a distributive law
describing the interaction between the two monads [Bec69).

Definition 2.9 (Distributive Law). Given monads (S,7°, u°) and (T, n”, uT), a distributive
law distributing S over T is a natural transformation ¢ : ST — TS satisfying the following
axioms:

Con®T = Tn° CoSnl =nt's (unit axioms)
Cop’T=Tup% oS 0S¢ CoSul =pT'SoTCo(T (multiplication axioms)

Example 2.10 (Lists and Multisets). Distributive laws are named after the well-known
distributivity of multiplication over addition: a* (b4 c¢) = (a*b) + (a* ¢). Many distributive
laws follow the same distribution pattern. For example, the list monad distributes over the
multiset monad in this way: ([{a§, (b, cS] = {[a, V], [a, c]§. However, this is by no means the
only way a distributive law can function.

Theorem 2.11 [Bec69]. Let C be a category, and (S,n°, u®) and (T,n", u”) two monads
on C. If ( : ST — TS s a distributive law, then the functor T'S carries a monad structure
with unit nTn° and multiplication u™ 1 o TCS.

We frequently use the following equivalence in our proofs:

Theorem 2.12 [Bec69]. Given two monads (S,n°, nS) and (T,n",uT) on a category C,
there is a bijective correspondence between distributive laws of type ST — TS, and liftings
of T to the Eilenberg-Moore category C° of S.

Here, a lifting of 7' to C¥ is an assignment mapping S-algebra structures on a set X to
S-algebra structures on T'X such that 7 and p” are S-algebra homomorphisms, and such
that T'f is an S-homomorphism whenever f is.

3. GUARDED RECURSION AND THE DELAY MONAD

In this paper we work informally in Clocked Cubical Type Theory (CCTT) [BKMV22]. At
present, this is the only known theory combining the features we need: Multiclocked guarded
recursion and quotient types (to express free monads). Here we remind the reader of the
basic principles of CCTT, but we refer to Kristensen et al. [BKMV22] for the full details,
including a denotational semantics for CCTT.
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'+ k:clock e T’ [, TimeLess(T') -t : > (a:k).A I,68:k T F
T,k : clock Ia:kk T,8: kT Ft[B]: A[B/a]

Ma:kkt: A I'k:clocki-t: A I-t:Vs.A I' - &' : clock
' XMa:k).t:>(a:k).A ' Ak.t:Vk.A I+ t[x'] : AlK' /K]

FHt:>"A— A FFt:p"A— A
['Fdfixft:pA ['F pfix®t : > (a:k).(dfix"t) [a] =4 t(dfix"t)

Figure 1: Selected typing rules for Clocked Cubical Type Theory [BKMV22|. The telescope
TimeLess(I"”) is composed of the timeless assumptions in T, i.e. interval variables
and faces (as in Cubical Type Theory) as well as clock variables.

3.1. Algebraic Theories in Cubical Type Theory. CCTT is an extension of Cubical
Type Theory (CTT) [CCHM18], which in turn is a version of Homotopy Type Theory
(HoTT) [Unil3] that gives computational content to the univalence axiom. In CTT, the
identity type of Martin-Lof type theory is replaced by a path type, which we shall write
infix as t =4 u, often omitting the type A of ¢t and u. We will work informally with =, using
its standard properties such as function extensionality.

A type A is a homotopy proposition (or hprop) in HOTT and CTT, if any two elements
of A are equal, and an hset if x =4 y is an hprop for all z,y : A. Assuming a universe of
small types, one can encode universes hProp and hSet of homotopy sets and propositions in
the standard way. The benefit of working with hsets is that there is no higher structure to
consider. In particular, the collection of hsets and maps between these forms a category
in the sense of HoTT [Unil3], and so basic category theoretic notions such as functors and
monads on hsets can be formulated in the standard way.

The notion of algebraic theory can also be read directly in CTT this way. Moreover, the
free monads on algebraic theories can be defined using higher inductive types (HITs). These
are types given inductively by constructors for terms as well as for equalities. For example,
the format for HITs used in CCTT [BKMV22] (adapted from Cavallo and Harper [CH19)])
is expressive enough, as we show in Appendix A. We write type equivalence as A ~ B. For
hsets this just means that there are maps f: A — B and g : B — A that are inverses of
each other, as expressed in CTT using path equality.

3.2. Multi-Clocked Guarded Recursion. CCTT extends CTT with multi-clock guarded
recursion. The central component in this is a modal type operator > indexed by clocks
K, used to classify data that is delayed by one time step on clock x. The most important
typing rules of CCTT are collected in Figure 1. Clocks are introduced as special assumptions
k : clock in a context, and can be abstracted and applied to terms of the type Vk.A which
behaves much like a II-type for clocks. Like function extensionality, extensionality for Vk.A
also holds in CCTT.

The rules for > also resemble those of II-types: Introduction is by abstracting special
assumptions « : k called ticks on the clock k. Since ticks can appear in terms, the modal
type > (a:k).A binds « in A, just like a II-type binds a variable. We write > A for > («a: k). A
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when « does not appear in A. The introduction rule for > can be read as stating that if ¢
has type A after the tick a, then A(«:k).t has type > («a:k).A now.

The modality > is eliminated by applying a term to a tick. Note that the term t applied
to the tick 8 cannot already contain § freely. This restriction prevents ¢ from being applied
twice to the same tick, which would construct terms of type >" " A — * A, collapsing two
steps into one. Moreover, ¢ cannot contain any variables nor other ticks occurring in the
context after B, only timeless assumptions, i.e., clocks, interval assumptions and faces. One
application of timeless assumptions is to type the extensionality principle for i

(t =5 (a).a w) =>(a:K).(t[a] =4 ula]). (3.1)

For all explicit applications of terms to ticks in this paper, the term will not use timeless
assumptions. The usual  and g8 laws hold for tick abstraction and application.
As an applicative functor, > can even be given a dependent applicative action of type

II(f :>"(I(z : A).B(x))I(y : p"A).> (a:k).B(y [a]).

Ticks are named in CCTT for reasons of normalisation [BGM17], but are essentially
identical. This is expressed in type theory as the tick irrelevance principle:

tirr™ : II(z : R A).> (k). (B:K).(z [a) =4 x [F]). (3.2)

The term tirr® is defined in CCTT using special combinators on ticks, allowing for computa-
tional content to tirr®. This means that the rule for tick application is more general than
the one given in Figure 1. However, we will not need this further generality for anything
apart from tirr®, which we use directly.

Finally, CCTT has a fixed point operator dfix which unfolds up to path equality as
witnessed by pfix. Using these, one can define fix" : (>4 — A) — A as fix"(t) = t(dfix"t)
and prove fix"(t) = t(next”(fix"(t))) where next” d:ef()\(a: c A)A\a:k).x) : A = p"A. Note
that this relies on being able to introduce variables that appear before a tick in a context.
This is not the case in all Fitch-style modal type theories [Clo18, GKNB20].

3.3. Guarded Recursive Types. A guarded recursive type is a recursive type in which
the recursive occurrences of the type are all guarded by a >. These can be encoded up to
equivalence of types using fixed points of maps on the universe. Our primary example is the
guarded recursive delay monad D" defined to map an X to the recursive type

DX ~ X +b5(DFX).
We write
now” : X — D"X step™ : ¥ (D"X) —» DX (3.3)

for the two maps given by inclusion and the equivalence above.

Since > preserves the property of being an hset, one can prove by guarded recursion
that D" X is an hset whenever X is. D" can be seen as a free construction in the following
sense.

Definition 3.1. A delay algebra on the clock « is an hset X together with a map FX — X.



5:8 R. E. M@GELBERG AND M. ZWART Vol. 21:4

Given an hset X, the hset D*X carries a delay algebra structure. It is the free delay
algebra in the sense that given any other delay algebra (Y,€), and a map f: X — Y, there
is a unique homomorphism f : D"X — Y extending f along now, defined by the clause

f(step”™(x)) = E(A(a:k).f( [a])). (3.4)
This is a recursive definition that can be encoded as a fixed point of a map h : >*(D*X —
Y) = (DX — Y) defined using the clause h(g)(step”(x)) = E(Ma:k).(g]a])(x[a])). In
this paper we use the simpler notation of (3.4) for such definitions rather than the explicit
use of fix".

We sketch the proof that f is the unique homomorphism extending f, to illustrate the
use of fix" for proofs. Suppose g is another such extension. To use guarded recursion, assume
that >%(g = f). We show that g(step”(z)) = £(A(a:k).f(x [a])). Since g is a homomorphism:
g(step®(x)) = (M :k).g(z [a])). So by extensionality for i (3.1) it suffices to show that
>(a:k).(g(x [a]) = f(z[a])), which follows from the guarded recursion hypothesis.

Tick irrelevance implies that D" is a commutative monad in the sense of Kock [Koc70].

3.4. Encoding Coinductive Types. Coinductive types can be encoded using a combina-
tion of guarded recursive types and quantification over clocks. This was first observed by
Atkey and McBride [AM13]. We recall a special case of a more general theorem for this in
CCTT [BKMV22]. First a definition.

Definition 3.2. A functor F' : hSet — hSet commutes with clock quantification, if the
canonical map F(Vk.(X [k])) = Vk.F(X [k]) is an equivalence for all X : Vk.hSet. An hset
X is clock irrelevant if the constant functor to X commutes with clock quantification, i.e. if
the canonical map X — Vk.X is an equivalence.

Note that functors commuting with clock quantification map clock irrelevant types to
clock irrelevant types.

Theorem 3.3 [BKMV22|. Let F' be an endofunctor on the category of hsets commuting with
clock quantification, and let V*F' be the guarded recursive type satisfying F(>F(VFF)) ~ V" F,

then vF E kv F carries a final coalgebra structure for F.

In order to apply Theorem 3.3, of course, one needs a large collection of functors F
commuting with clock quantification. Fortunately, the collection of such functors is closed
under almost all type constructors, including finite sum and product, II and X types, >, Vx,
and guarded recursive types [BKMV22, Lemma 4.2]. Clock irrelevant types are likewise
closed under the same type constructors, and path equality. The only exception to clock
irrelevance is the universe type.

For example, if X is clock irrelevant, then F(Y) = X 4+ Y commutes with clock

quantification, and so DX 4k, D" X is the coinductive solution to DX ~ X + DX. We

write
now : X - DX step: DX — DX

Note the distinction in notation from the corresponding inclusions for D in (3.3).

CCTT moreover has a principle of induction under clocks allowing one to prove that
many HITs are clock irrelevant, including the empty type, booleans and natural numbers.
Moreover, as the next proposition states, also free model monads commute with clock
quantification. The proof can be found in Appendix A.
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Proposition 3.4. Let A = (X4, E4) be an equational theory such that ¥4 and E 4 are clock
wrrelevant. Then the free model monad T commutes with clock quantification. In particular,
T(X) is clock irrelevant for all clock irrelevant X .

The collection of clock irrelevant propositions can be shown to be closed under standard
logical connectives. Alternatively, one can assume a global clock constant kg, which then
can be used to prove that all propositions are clock irrelevant.

Convention 3.5. In the remainder of this paper, the word set will refer to a clock-irrelevant
hset, and the word proposition will refer to clock-irrelevant homotopy propositions. We will
write Set and Prop for the universes of these. Similarly, whenever we mention functors these
are assumed to commute with clock quantification.

4. SPECIFIC COMBINATIONS WITH DELAY

In this section we look at some specific examples of monads, and see how they combine with
the delay monads. In particular, we will look at the exception, reader, state, continuation,
and selection monads. Intuitively, these monads model (parts of) the process: read input
- compute - do something with the output. For instance, the state monad reads a state,
then both updates the current state and gives an output. Combining the state monad with
the delay monads allows us to model the fact that the computation in between reading the
input and giving the output takes time, and might not terminate.

The examples we give follow the same pattern as the adaptation of these monads to
domain theory: we insert a delay monad where one would use lifting in the domain theoretic
case. However, we also show that the algebraic status of these monads is much simpler in
the guarded recursive case than in the domain theoretic one: they can simply be understood
as being generated by algebraic theories where one operation (step) has a non-standard
arity. In the domain theoretic case, the algebraic description is in terms of enriched Lawvere
theories [HP06]. We give no algebraic description of the combinations with the coinductive
delay monads, because this does not by itself have an algebraic description.

First note that for combinations with delay via a distributive law, it is enough to find a
distributive law for the guarded recursive version D".

Lemma 4.1. Let T be a monad. A distributive law (x : V&.T(D"(X)) — D"(T(X)) for the
guarded delay monad induces a distributive law T'D — DT for the coinductive delay monad.
Similarly, if T" is a family of monads indexed by k then T'(X) = V&.T"(X) carries a monad
structure.

Proof. The distributive law can be constructed as the composite
T(Vk.D"(X)) —— (Ve.T(D"(X))) —— Vr.D*(T(X)),

of the canonical map (mapping ¢t to Ax.T'(evy)t, where ev, x = z [k]) and Vk.C [K].
We show the proof for one of the unit axioms, the other unit axiom and the multiplication
axioms follow similarly.

Ve.D"(X

T(Vk.D*(X (Ve T(D*(X \% Vi D*(T(X))
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Here, the left triangle commutes due to naturality of 77, and the right triangle commutes
because ( is a distributive law.
For the second statement, define the multiplication as the composite

Ve T*(Vk T (X)) — (Ve.T*(T*(X))) — k. T"(X).

We show that this satisfies the multiplication axiom of a monad, that is, we show that
the outer square below commutes. This follows from the fact that all four inner squares
commute: The top left square commutes because both paths set ' and k" to k. The top
right square commutes by naturality of p*. The lower left square commutes because applying
the parameterised multiplication /ﬁ’ and then instantiating it for k' =  is the same as first
choosing ' = k and then applying . And finally, the square in the lower right corner is
the multiplication axiom for T, which holds because we assume that each 7" is a monad.

Vi T (VT (VR T (X)) —— Ve TSI (06" T (X))~ i T (0s" T (X))

! | |

Ve TR(YK T (T (X)) —— V. THT(TH(X))) —" s e T5(TH(X))

lT(VH’.p,”/) lTu“ an.;ﬁ

Ve.T5 (VK. T (X)) Ve.T5(T5(X)) e Ve.T5(X)

The proof showing that 7'(X) = Vk.T%(X) also satisfies the unit axioms of a monad is
similar. []

Exceptions. The first monad we consider is the exception monad. For a set of exceptions F,
the exception monad is given by the functor (— + E), with obvious unit and multiplication.
The exception monad is the free model monad of the algebraic theory consisting of a signature
with a constant e for each exception in E, and no equations.

It is well known that the exception monad distributes over any monad, and therefore
we have a distributive law ¢ : (D"(—) + E) — D"(— + E). The resulting composite monad
D"(— + E) is the free model monad of the theory consisting of constants e : E and a
step-operator forming a delay algebra, with no additional equations.

Reading. The reader monad (—)% is presented by the algebraic theory consisting of a single
operation lookup : X — X, satisfying the equations
Vz : X. lookup(Ar.z) =z Vg : (XT)E. lookup(lookup og) = lookup(As.g s s).

To combine the reader monad with the delay monad, we define a distributive law
D*R — RDF" by the clauses

Crpr(now™ f) = Ar.now"(fr)
Crp=(step™ d) = Ar.step™(A(a:k).(Crp=(d [a]))r),

where f : X and d : >%(X®). The resulting composite monad RD* is the free model monad
of the theory consisting of lookup and step satisfying the above equations for lookup, and

Vd : b5 (XT). step®(A(a: k). lookup(d [a])) = lookup(Ar. step™(A(av: k).d [a] 7). (4.1)

Diagrammatically:
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kR
BR(XR) —— prX)R SR xR
lb” (lookup) J/lookup
SE X step” X

Writing. For a monoid M, the writer monad forms the cartesian product M x (—), again with
obvious unit and multiplication. Its algebras are sets with a left M-action. The writer monad
distributes over the delay monad via a distributive law of type (M x D*(—)) — D"(M x (—)):

Cprw (m,now”™ x) = now"(m, x)
Cprw (m,step™d) = step”(A(a:k).(m, ((d[a]))).
This has the effect of delaying all output until the computation is finished.

There is also a distributive law combining the reader and writer monads, of type
(M x (—)F) = (M x (-))®, given by:

Crw (m, f) = Ar.(m, (fr)).
When M = R, this functor is the same as that of the state monad. However, it has a different
monad structure: The unit of this monad is the composite of the units of the reader and
writer monads, sending an = : X to Ar.(g, x), where ¢ is the unit of the monoid M. Contrast
this with the unit of the state monad, which sends an x : X to Ar.(r,x). The former changes
the incoming state r to some special state €, whereas the latter leaves the incoming state r
unchanged.

Still, it is interesting to note that the three distributive laws (rp~,(prw, and (rw
satisfy the Yang-Baxter equation, meaning that they give rise to a monad structure on the
functor (D"(M x (—)))® [Chell]. This places the delay monad in between the reading and
writing steps, which is exactly what we will do in our combination of the delay monad with
the actual state monad.

Global State. Plotkin and Power [PP02] show that the global state monad (S x —)° can
be described algebraically by two operations: lookup : X° — X and update : X — X5,
satisfying four equations:

Vf (X% lookup(As. lookup(fs)) = lookup(As. fss)
Vz : X. lookup(updatez) = x

Vg : (X5).¥s : S. update(lookup g)s = update(gs)s
Vz : X.Vst : S. update((update z)s)t = (update x)s

They call the category of such algebras GS-algebras.

The natural combination of global state and D* is (D*(S x —))®, describing computations
whose steps occur between reading the initial state and writing back the updated state.
This combination does not arise via a distributive law, but rather via the well-known monad
transformer for the state monad [BHMO00].

To describe this monad algebraically, define a GSD-algebra to be a GS-algebra that also
carries a delay algebra structure, which interacts with the GS-algebra structure as follows:

Vd : " (X9). step”(A(a: k). lookup(d [a])) = lookup(As. step®(A(a: k).d [a] 5))
Vo : > X. As. update(step” z)s = As. step™(A(«: k). update(z [a])s).

Diagrammatically:



5:12 R. E. M@GELBERG AND M. ZWART Vol. 21:4

BE(XS) —— (pRX)S 2 xS prx IRk S) Ly (phX)S
lb"‘ (lookup) llookup lstep" lstep"‘ S
SR X step” D X update XS

Theorem 4.2. The monad (D®(S x —))° is the free model monad of the theory of GSD-
algebras.

Proof. We show that (D*(S x —))® maps a set X to the carrier set of the free GSD-algebra.
First note that (D*(S x X))® carries a GSD-algebra structure (lookupps, updateps, stepps)
defined as follows:

Ve (D5(S x X))%)% s : S. lookupps s =z ss
Yz : (D5(S x X))°. updatepg & = As.\s'.z s
Va : pR(D5(S x X))%). stepps z = As.step™(A(a:k).(z [a]) s).
and that there is an inclusion 7% : X — (D*(S x X))® defined as n”°(z) = As.now"(s, z).

Given a GSD-algebra Y, and any map f: X — Y, we must show that there is a unique
homomorphism f : (D*(S x X)) — Y such that fo nDS f. Define

F) = lookupy (As.f'( ),
where f’: D®(S x —) = Y is defined as:

f'(now" (s, z)) = updatey (f(z)) s
f(step™d) = stepy (Aa:k).f'(d[a])).

We omit the straightforward verification that f is a homomorphism and that fon”% = f.
Finally, we show that f is the unique extension of f. Suppose that g is a GSD- algebra
homomorphism and that g o n”° = f. We must show that g = f.

First notice that, since g is a homomorphism:

g(z) = g(lookuppg(updateps z))
= g(lookuppg(As.\s".z s))
= lookupy (As.g(As’.x s)).
So it suffices to show that g(As’.z) = f/(z), for all z : D"(S x X). We prove this by

guarded recursion and cases of x.
Suppose first that © = now"(2/, s), then

f'(z) = updatey (f(2")) s
= updatey (g o n?%(2'))s
= updatey (g(At. now" (¢, z")))s
= g(updateps(\t. now" (¢, z'))s)
= g(\s'.now" (s, 2’))

= g(\s'.x).
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If z = step”™d, then
f'(z) = stepy (Ma:r
= stepy (AM(a:k )
= stepy ((>" )(/\(Oé ff) As.da]))
= g(stepps(M(a:k).As.d [a]))
= g(As.step™(A(a:k).d [a]
= g(As.z).

~—
~—

So f is the unique extension of f, proving that the monad (D"(S x —))* is the free
model monad of the theory of GSD-algebras. []

Note that also (D(Sx—))® is a monad by Lemma 4.1, since (D(Sx —))® ~ Vx.((D*(Sx —))%).

Continuations. The continuation monad CX = (X — R) — R is a classic example of a
monad that is not algebraic. Indeed, Hyland et al. mention that continuations have more
of a logical character than an algebraic one [HLPPO7]. Still, it is a monad often used in
combination with algebraic monads. In op. cit. they show that algebraic operations on the
continuations monad are in 1-1 correspondence with algebraic operations on R, where the
former can be constructed pointwise from the latter.

While step” is not strictly an algebraic operation due to its non-standard arity, it does
follow this pointwise construction.

Proposition 4.3. The continuation monad CX has a delay algebra structure for all X iff
R has a delay algebra structure.

Proof. 1f step’, : >R — R, define stepfy :>((X = R) = R) = (X - R) - R as

stepiy d g = steph(Aa:k).(d[a](g)))
Conversely, given stepiy : >((X — R) = R) = (X — R) — R for any X, and d : >R,

instantiate stepgy with I, the constant map to d, and the identity on R to get an element
of R:

step d = (stepgp(A(a:k).Ag.(d[e])))(IdR) u

Other than lifting operations from R to CX, Hyland et al. investigate sums, tensors
and monad transformers as ways to combine algebraic monads with the continuation monad
[HLPPO7]. As we show below, the sum of D" with any other monad always exists, so in
particular the sum C @& D*. The tensor product of C with the coinductive delay monad D
exists in Set, since D has countable rank, and so Theorem 6 of [HLPPO7] applies, at least
for D considered an endofunctor on sets in the classical sense. We have not worked out the
details in the setting of Clocked Cubical Type Theory that we work in here. The monad
transformer [BHMO00] combines the guarded delay monad with the continuations monad by
wrapping the delay monad around R, and then applying the above lifting of delay-algebras
on D"R to delay algebras on (X — (D"R)) — (D"R).

Combinations via a distributive law are absent in this analysis of Hyland et al. A
combination of the continuation monad with the delay monad via a distributive law would,
depending on the direction of the distributive law, result in either a monad of type D*((X —
R) — R) or ((D"X) — R) — R. However, we believe that neither distributive law exists.
We will prove that the former case is not possible in Corollary 6.7 below, if R has a binary
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operation that is idempotent and commutative (for instance, if R is the set of Booleans).
For the latter, to define a distributive law, we would need to construct a continuation out of
an element of form step”d, where we cannot use guarded recursion to access d. Without
any information about d, it seems unlikely that we can define something meaningful here.

Distributive laws involving the coinductive delay monad and the continuations monad
might still exist, but have so far eluded us.

Selections. The selection monad JX = (X — R) — X [EO10b] is a close companion to
the continuation monad CX = (X — R) — R, with many applications in game theory and
functional programming [EO10a, Hed14]. It takes a function X — R, and selects an input
x : X to return. This could, for example, be an input for which the function attains an
optimal value.

Contrary to the continuation monad, the selection monad easily combines with the delay
monad via a distributive law of type D*J — JD". It is similar to the distributive law for
the delay monad over the reader monad, and is given by:

¢(now f) = Ag.now f(Az.g(now x))
((stepd) = Ag.step(A(a:x).(¢(d[a]))g),

where f: (X - R) - X, g: (D"*X) - R and d : >*(D"((X — R) — X)). Compared
to the distributive law for the reader monad, the case for now f is slightly more complex,
because f takes a function from X to R, but g has type D*X — R. This is solved by giving
f the function A\z.g(now z), which is indeed a function from X to R.

In fact, Fiore proved that there is a distributive law of type T'J — J7T for any strong
monad 7' [Fioll]. The distributive law for the delay monad over the selection monad given
above is an instance of this general distributive law.

Rather than using distributive laws to combine the selection monad with other monads,
Escard6 and Oliva study T'-selection functions: J'X = (X — R) — TX for any strong
monad 7' [EO17], with the extra requirement that R is a T-algebra. Where a distributive
law wraps the monad T around both occurrences of X in the selection monad, T-selection
functions only wrap T around the resulting X. Since D" is a strong monad, we also get the
monad JP".

It is tempting to believe that, under the assumption that R has a T-algebra structure,
JT X is a retract of JTX. Indeed, we can define maps ¢ : JT — JT and v JT — Jr
such that ¥ o ¢ = Id.

o(f) = Ag.f(Aa.g(n"x))
U(f") = Mg f (Mt.(agr o T(g))t).

However, these maps are not monad maps, as they fail to commute with the multiplications
of the two monads.

Free Combinations With Delay. The sum of two monads T" and S is a monad T' & S
whose algebras are objects X with algebra structures for both 7" and S [HPP06]. In terms of
algebraic theories, the sum can be understood as combining two theories with no equations
between them. The sum of D* with any other monad always exists [HPP06, Theorem 4]:

Proposition 4.4. Let T be a monad, and define T'® D" as the guarded recursive type:
(T e D)X ~T(X +>"((T ® D" X)).
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Then (T @ D")(X) is the carrier of the free T-algebra and delay algebra structure.

Proof. Tt is easy to see that (T' @ D")(X) is both a T-algebra, and a delay algebra. To
see that it is the free one, suppose that Y is also a T-algebra and a delay algebra, given
by ay : TY — Y and step§ : b"Y — Y respectively, and suppose that we have a map
f:X =Y. Wedefine f: (T® D)(X) =Y as:

f=ay(T(g)),
where
g(inlz) = fx g(inr z) = stepf (Ma:k).f(z [a]))
Uniqueness follows by guarded recursion (similar to the proof underneath Equation (3.4)),
and from the fact that T'X is the free T-algebra. L]

The monad mapping X to Vk.(T'@ D*)(X) includes the coinductive delay monad and
T, but we have not been able to prove a general universal property for this. We believe that
it is not the sum of the two.

5. PARALLEL AND SEQUENTIAL DISTRIBUTION OF OPERATIONS

We now consider distributive laws of type T'D — DT, where D is one of the delay monads
and T is any presentable monad. Such laws equip the composite DT with a monad structure,
which is the natural one in particular for monads describing data structures, such as those
in the Boom hierarchy.

We again focus on distributive laws involving the guarded version of the delay monad,
invoking Lemma 4.1. Intuitively, such a distributive law pulls all the steps out of the algebraic
structure of T: it turns a T-structure with delayed elements into a delayed T-structure.
There are two obvious candidates for such a lifting: parallel and sequential computation. We
define both of these on operations using guarded recursion. A lifting of terms then follows
inductively from lifting each operation in the signature of the presentation of 7T'.

Definition 5.1 (Parallel Lifting of Operators). Let A be an algebraic theory, and let X be
an A-model. Define, for each n-ary operation op in A, a lifting op/y. 5 : (D"X)" — D*X by:
ophe x (now” 1, ..., now" z,,) = now"(opx (z1,...,2n))
op e (1, ..., Tn) = step™ (Aa.(ophye (27, - .., 2},))),
where the second clause only applies if one of the z; is of the form step(z!) and
o {az, if ; = now"™ ()

7 "

(o] if x; = step” ()

Definition 5.2 (Sequential Lifting of Operators). Let A be an algebraic theory, and let X
be an A-model. Define, for each n-ary operation op in A, a lifting opjy2y : (D"X)" — D" X
by:
oppi v (now” z1, ..., now" z,,) = now"(opy (z1,...,2n))
op iy (now” 1, ..., step™ z;, . .. z,) = step”(Aa.(oppl y (now” z1, ..., (z; [a]), ..., z))),

where, in the second clause, the ith argument is the first not of the form now”(z}).
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In general, for an n-ary operation op, parallel lifting evaluates all arguments of the form
step(z;) in parallel, and sequential lifting evaluates them one by one from the left. Parallel
lifting of an operator therefore terminates in as many steps as the maximum required for
each of its inputs to terminate, while sequential lifting terminates in the sum of the number
of steps required for each input.

The evaluation order of arguments in the case of sequential lifting is inessential, which
can be proved using guarded recursion and tick irrelevance.

Lemma 5.3. Let A be an algebraic theory, and let op be an n-ary operation in A. Then
oppis(@1,.. ., step™(xi), ... xn) =step™(Aa:k).oppl v (z1,. .., zi[a], ..., zpn)).
Proof. For readability, we prove this just in the case of n = 2 and ¢ = 2, naming the variables
z and y. If x = now” 2/, then the equation holds by definition of opsgg - If x = step” o,

then:

K seq

Aa.oppi (2" [a]), step™ y))
Aa. step™(AB.(op e 5 (2 [
Aa. step™(AS. (opSDEZX((w’ 1]
Aa.oppyd (step”™ 2, (y [a])))
= step™(Aa.opje ¢ (2, (v [a]))),

oppe  (z,step” y) = step

= step

K

) (w[5)))))
) (y[a])))))

K

= step

K

o~ o~ o~ o~

= step

using guarded recursion and tick irrelevance. L]

5.1. Preservation of Equations. Parallel lifting preserves all non-drop equations, whereas
sequential lifting only preserves balanced equations. We prove this in the two following

propositions. We write s7)iy for the interpretation of a term s on D*X defined by induction
of s using the parallel lifting of operations, and likewise s75! - for the interpretation defined

using sequential lifting of operations.

Proposition 5.4 (Parallel Preserves Non-Drop). Let A = (X4, FE4) be an algebraic theory,

X an A-model, and s =t a non-drop equation that is valid in A. Then also shy. =9 .

Proof. Let n be the number of free variables of s and ¢ (by the non-drop assumption s and ¢
have the same free variables). Then 70y, th. - : (D"X)™ — D*X, and an easy induction
shows that these both satisfy the parallel lifting equations of Definition 5.1. The case

where all z; are of the form now(z!) is easy. So suppose that at least one of the arguments

7

T1,...,Ty, is a step and write
, X if z; = now"(a)
€Tr. =
‘ (o] if x; = step” ()
Then
Sprx (T15- -, 7n) = step”(Ma:k).(shix (21, .., 27)))
= step™(A(a:k).(Ehe x (27, ..., 2})))
— t%l,:X(xl, cen ,xn)

by guarded recursion. ]
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The restriction to non-drop equations is necessary, because divergence in a dropped
variable leads to divergence on one side of the equation, but not on the other.

Mggelberg and Vezzosi [MV21] observed that parallel lifting does not define a distributive
law in the case of the finite powerset monad. Their proof uses idempotency, but in fact
parallel lifting does not define a monad even just in the presence of a single binary operation.

Theorem 5.5. Let T be an algebraic monad with a binary operation op. Then the natural
transformation ¢ : T'D — DT induced by parallel lifting does not define a distributive law,
because it fails the second multiplication axiom.

Proof. The counter example is the same as used by Mggelberg and Vezzosi:

ophyh x (1 (now(step now x)), u” (step(now(now y))) = step(now(opx (z,y)))
LLD(OP%LBX(HOW(Step(HOW 1)), step(now(now y)))) = step(step(now(op y (x,¥)))). O

Note that we used the coinductive version of the delay monad in the above theorem. By
Lemma 4.1, this implies the same result for the guarded recursive version.

Proposition 5.6 (Sequential Preserves Balanced). Let A be an algebraic theory, and s,t be

two A-terms such that s = t is a balanced equation that is valid in A. Then also S‘BeZX = tSDeZX.

Proof. Suppose s and t both have n free variables. Then:

sphay (now™(z1), ..., now"(z,))) = now"(sx(z1,...,zn))
=now" (tx(x1,...,2p))
= ssggx(now"(:cl), coo,now”(xy))).

Suppose one of the inputs steps, say z; = step”(z}), and that x; occurs k times in both s
and ¢. Then an easy induction using Lemma 5.3 and tick irrelevance shows that

sl (@1, ... step™(a)), ..., ap) = step™(A(a:k).((6%)F (sl (21, ... @b [al, . .. 20))),
where 6" = step” onext”, and likewise for ¢} (z1,...,step(z}),...,2,). The result now
follows from guarded recursion. L]

Balance is necessary. For example, if ¢ and s are terms in a single variable which occurs
twice in ¢t and once in s, then ¢}5! (step™(z)) takes at least two steps, but s757  (step™(z))
might take only one. Building on Proposition 5.6, one can prove the following.

Theorem 5.7. Let T' be the free model monad of algebraic theory T = (X, Et), such
that Er only contains balanced equations. Then sequential lifting defines a distributive law
TD" — D-T.

Proof. We use the fact that a distributive law of the given type is equivalent to a lifting of
the monad D" to the Eilenberg-Moore category of T', see Theorem 2.12.

By Proposition 5.6, sequential lifting defines a lifting of T-algebra structures on X
to T-algebra structures on D®X. It therefore suffices to show that n”" and p”" are
homomorphisms of T-algebras. We just show this for 4", and only in the case where one
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of the input steps, say x; = step”(z}). Then, using Lemma 5.3:

p(op Bt py (1, - .., step”™(x}), ..., xp))

= p(step” (A (a:k).opHd pey (21, ..o, (@ []), . . ., 20)))

= step™(A(a:k).((opHe prx (1, - - -, (25 [a]), .. ., zn))))
Ao D i) (pzn))))

i) (oS (), - ]
= OpsggX((M'Tl)v R (:uxi)7 R (Mxn))

= step”( [a

Using guarded recursion in the third equality. ]

Combining this with Lemma 4.1 we obtain a distributive law T'D — DT for all T" as in
Theorem 5.7.

Remark 5.8. Since D" is a commutative monad, we already know from Manes and Mulry
[MMO07] and Parlant [Par20] that there is a distributive law in the case where T only has
linear equations. We can extend this linearity requirement here to allow duplications of
variables, as long as there are equally many duplicates on either side of each equation.

Example 5.9. The sequential distributive law successfully combines the delay monad with
the binary tree monad, the list monad, and the multiset monad, resulting in the monads
D*B, D¥L, and D"M, respectively.

6. IDEMPOTENT EQUATIONS

This section studies distributive laws T'D — DT for T an algebraic monad with an idempotent
binary operation “op”. Since idempotency is not a balanced equation, as remarked after
Proposition 5.6, sequential distribution does not respect it, and so neither parallel nor
sequential distribution define distributive laws in this case. Idempotency turns out to be a
tricky equation: We first show two examples of such a theory T where no distributive law
TD — DT is possible, then a theory where it is, and finally we show that no distributive
law of type T'D" — D*T is possible. First observe the following.

Lemma 6.1. Let T be an algebraic monad with an idempotent binary operation op and let
¢ :TD — DT be a distributive law. There exist binary T-operations opy and op’ such that
for any T-model X, the lifting of op to DX satisfies

op(step z, step y) = step(op1(z,y)), (6.1)
and either
op(step x,y) = step(op’(x,y)) and op’(z,stepy) = opi(z,y) (6.2)
or
op(stepz,y) = op'(z,y) and op’(z,stepy) = step(opi(z,y)). (6.3)

Furthermore, opy is idempotent, and associative and/or commutative whenever op is so.

Proof. To see that there exists a T-operation op; satisfying (6.1), consider the following two
naturality diagrams, one for the unique map ! : 2 — 1 (left) and one for any f:2 — X
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(right):
DT2 x DT2 —2 DT2 DT2 x DT2 —2— DT2
DT!XDTI\L lDT! DTfXDTf\L J/DTf
DT1 x DT1 —2+ DT1 DTX x DTX —2» DTX

Let n” be the unit of 7', and write tt, ff for the two elements of 2, and  for the unique
element of 1. Then chasing the element (step(now(n’ (tt))),step(now(n?(ff)))) along the
down, then right path of the first naturality diagram yields (using idempotence of op):

op(step(now(n” (+))), step(now(y” (+)))) = step(now(n (+))).

So then by following the right, then down path of this naturality diagram:
op(step(now (i (tt))), step(now (1" (ff)))) = step(now (ops (tt, fF))), (6.4)

for some element ops(tt, ff) in T(2) satisfying T(!)(op1 (tt, ff)) = n(x). Such an element
corresponds to an operation 1" x T' — T, for which we shall also write op;. We then use the
second naturality diagram to extend (6.4) to any algebra! X for T, by choosing, for any
x,y: X, f(tt) = x and f(ff) = y:
op(step(now(z)), step(now(y))) = step(now(opy (x, ))). (6.5)
To conclude Equation (6.1), we use that the multiplication u for D is a homomorphism.
That is, for any =,y : DX:
p(op(step(now(x)), step(now(y)))) = op(u(step(now(z))), u(step(now(y)))).

The left hand side of this equation rewrites to:

p(op(step(now(x)), step(now(y)))) = p(step(now(opi(z,y))))
= step(op1(z,y)),
and the right hand side to:

op(u(step(now(x))), u(step(now(y)))) = op(step(z), step(y)),

which, indeed, proves Equation (6.1).

Idempotence, associativity, and commutativity of op; now follow from (6.1). We show
idempotence. Below, we first use that op is idempotent, then apply (6.1), and finally use
that now is a T-algebra homomorphism.

step(now x) = op(step(now x), step(now z))
= step(op; (now x, now x))
= step(now(op1 (z, x)))
By injectivity of step and now, we can therefore conclude that opy(z,x) = z in all T-algebras.
In other words, op; is idempotent. Associativity and commutativity are shown similarly.
Finally, we want to show that there exists a T-operation op’ such that either Equa-

tions (6.2) or (6.3) hold. To see this, define for any T-algebra X an operation op” :
DX x DX — DX by:

op” (=, y) = op(step(z), y).

INote that op1 on the right hand side of (6.5) should be interpreted in X using the algebra structure.
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We then have: op”(x,step(y)) = op(step(z), step(y)) = step(opi(z,y)). So it follows that:
either op” (z,y) = step(op’(x,y)) for some operation op’ on T" such that:

op’(, step(y)) = op1(z,y),

or op” (z,y) = op’(x,y) for some operation op’ on T" such that:
op’(z, step(y)) = step(op1(z, y)). [

Lemma 6.1 provides the key step in ruling out distributive laws for both the finite
powerset monad over the delay monad and the finite distributions monad over the delay
monad.

No Distributive Law for Powerset. In Example 2.5, we introduced finite powerset as the
free monad of the algebraic theory of semilattices. While this monad exists as a consequence
of the general constructions of Appendix A, it is convenient to work with a more direct
construction as a HIT generated by singletons, U, (), and paths for the equations as well
as set-truncation [FGGW18]. Using this, one gets the usual induction principle for Ps as a
consequence of HIT-induction: If ¢ : P¢(X) — Prop, to prove that ¢(A) holds for all A, it
suffices to show ¢(0), ¢({x}) for all 2, and that ¢(A) and ¢(B) implies ¢(A U B).

The proof of Proposition 6.3 below uses contradictions of various kinds. As we are in
constructive type theory, we would like to briefly explain how we arrive at these contradictions.
These methods are also relevant for the proof of Proposition 6.4.

Remark 6.2. We derive contradictions in two ways.

e We conclude that a certain equation must be true in all P¢- (or Dg)-algebras. In this case,
we have an obvious algebra in mind where the equation is provably false. For instance, the
equation x Uy = x for the union operation of P¢. Take the P¢-algebra ‘
consisting of 4 distinct elements, arranged in a semilattice. We interpret e ’ N
() as the bottom element, 0, and U as the least upper bound. The four 1 2
element set can be constructed as a 4-fold sum of the unit type by itself, N
and so has decidable equality. The equation 1U2 = 3 therefore implies false. ’

e We conclude that stepx = now y for some x and y. This gives a contradiction because
step and now are the inr and inl injections into a coproduct, which are never equal [Unil3,
Eq.2.12.3].

Proposition 6.3. There is no distributive law PsD — DPs for Ps the finite powerset functor.

Proof. Assuming that a distributive law exists, we can apply Lemma 6.1 to the union
operation U of Ps. We see there are only four possible cases for the obtained op;(z,y) and
op’(z,y): 0,z,y and x Uy (this can be proved by HIT-induction). For op;, the first three
possibilities are immediately ruled out by the fact that op; is idempotent and commutative
(since U is). Therefore we must have op;(x,y) =2 Uy.

We show that also op’(z,y) = z U y.

First, notice that:

7( tep! ) now(z Uy), in case of Equation (6.2), (6.6)
op’(now z, step(now y)) = _ . .
P P Y step(now(z Uy)), in case of Equation (6.3).
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This follows from, in case of (6.2):
op’(now z, step(now y)) = op (now z, now y)
= now opi (z, y)
= now(z Uy).
and in case of (6.3):
op1 (now z, now y))

ow op1(z,y))
ow(xz Uy)).

op’(now x, step(now y)) =

n
n

step(
step(
step(

Equation (6.6) allows us to rule out op’(z,y) = 0, op’(z,y) = z, and op’(z,y) = y.

If op’(z,y) = 0, then op’(now z, step(now y)) = ) = now (J, because now is a P¢-algebra
homomorphism. So from (6.6), we conclude either now(z Uy) = now (), which in turn
implies that z Uy = ) in all P¢-algebras, or step(now(z U y)) = now (). Both of these are
contradictions, as explained in Remark 6.2.

If op’(z,y) = =z, then op’(now x,step(nowy)) = nowz, and from (6.6) we conclude
nowz = now(x Uy) and hence x Uy = x in all P¢-algebras in case of (6.2), or nowz =
step(now(z Uy)) in case of (6.3), both of which are again contradictions.

If op’(x,y) = y, then op’(now x, step(now y)) = step(now y), and from (6.6) we conclude
step(now y) = now(x U y) in case of (6.2), or step(nowy) = step(now(z U y)) in case of
(6.3), which then implies that y = Uy in all P¢-algebras. So again, both cases lead to a
contradiction.

So we conclude that also op’(x,y) = # Uy. From this we now prove

step(z) Uy = step(z Uy).
In the case of (6.2), this is the first equation of (6.2), where we use that op’(z,y) =z Uy.
In the case of (6.3), it is proved as follows
step(z) Uy = y Ustep(x) = op’(y,step(x)) = step(op1(y, x)) = step(y U x) = step(z U y).
Finally the contradiction proving the proposition can be obtained as follows:

step(x) = step(x) Ustep(x) = step(x U step(z)) = step(step z U x) = step®(x). ]

No Distributive Law for Probability Distributions. We now turn to the probability
distributions monad. Again, we formalise this monad as a HIT, D¢, using the constructors
and equalities of the theory of convex algebras [SMZ"25]. For the unit interval, we restrict
to the rational unit interval, which we also denote by (0,1). This provides us with decidable
equality on (0, 1), which is essential to our proof.

Proposition 6.4. There is no distributive law DsD — DDy for D the finite distributions

functor.

Proof. We apply Lemma 6.1 to step(x) @1 step(y). There are now only three possible
2

cases for the obtained opi(z,y) and op’(z,y): z,y, and = @, y for some p € (0,1) (this
can be proved by HIT-induction). Just like in the case for powerset, we know that op; is
commutative because @1 is so, which immediately rules out op;(x,y) = x and opi(z,y) = v.

2
Hence opi(z,y) = @, y for some p € (0,1). In fact, we must have op;(z,y) =2 @1 y. To
2
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see this, consider the closed unit interval [0, 1] as a Df model, where the terms = &, y are
interpreted as ¢ x x + (1 — q) * y. Because of commutativity of op;, we then have:

p=1®,0=0p1(1,0) =0p1(0,1) =0¢,1=1—p

Since (0,1) has decidable equality, we know that p =1 — p is only true for p = % Therefore,
we must have opy(z,y) =z @1 y.

For op’(z,y), the possibilities op’(x,y) = « and op’(z,y) = y are also ruled out in the
same way as they were in the proof for powerset. We conclude that op’(z,y) = = @, y for
some p € (0,1), but now we do not necessarily have p =

Putting this information in Equations (6.2) and (6.2) tells us that either

N[

stepr @1y = step(z @py) and x @pstepy =z D1y (6.7)
or
stepr @1y =2 Spy and x @) stepy = step(x @1 Y). (6.8)
We show that the equations of (6.7) contradict each other. Consider the term
step(now ) $1_, now y.
We see that the second equation of (6.7), via symmetry, implies that
step(now x) @1_p, now y = now y @y, step(now x) = now y @1 nowz = now (z ®1 Y).

We will now use the first equation to show that step(now z) &1_, nowy in fact takes a step.
First, we use that there exists an N such that (3)V < (1 —p). Then we can write:

step(now x) ®1_p now y = step(now x) By 2,
where z = (step(now z)) ® ,_,)_1)~ (nowy).
1—(HN
We show by induction on n that for all n and all 2/, 2":
step 2’ D(1yn 2 = step(z’ Bpn 2').

For n = 1, this is the first equation of (6.7). For the induction step, we rewrite step x’ 69( yntl

1
2

', apply the first equation of (6.7), and finally the induction hypothesis.

!/

step z’ D(Lyn+1 2 = (stepa’ ®1 2') D(iyn 2

2 2 2
= step(z’ B, 2') D(1yn 2

2
= step((z' ®p 2') Bpn 2')

= step(az’ Gpn+1 2')
Therefore, we have step(now x) @1, now y = step(now x) By z= step(now x @~ 2),
2

contradicting our earlier conclusion that step(nowz) @1—, nowy = now(z @1 y). (See
2
Remark 6.2). Proving that the two equations of (6.8) contradict each other works similarly.

[
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Distributive Laws in General: Yes and No. Lemma 6.1 does not rule out distributive
laws for all monads with idempotent binary operations.

Example 6.5. Let A be the algebraic theory with one idempotent binary operation * and
one unary operator !, with no further equations. Let T' be the monad generated by A. There
is a distributive law ¢ : T'D — DT given by the following clauses

I(step(x)) == step(x) * y = step(x * (ly)) x = step(y) = step((lz) * y).
Note in particular, that step(x) * step(y) = step(z * (!(step(y)))) = step(x * y). Even though
this seems to implement parallel computation, the unary ! ensures that we cannot ‘hide’
steps by putting them in different layers of DDX, like we did in the proof of Theorem 5.5:
remember that applying u” o D¢ o ¢ to step now(now ) * now(step now y) resulted in two
steps: step step now(x * y), because the steps were not executed in parallel. But here, ! acts
as a messenger between the two layers of D, cancelling the second step:

step now (now ) * now(step now y) = step((now(now z)) * (! now(step nowy)))
= step((now(now z)) * (now!(step now y)))
= step now ((now x)x!(step now y))
= step now((now z) * (now y))
= step now (now(z * y)).
This example can be extended to * associative, if the equation !(z x y) = (1z) * (ly) is added.
Example 6.5 cannot be adapted to give a distributive law T'D® — D"*T', because in the
corresponding version of the first rule !(step”(x)) = x, the x on the left hand side would have

type (D" X), but needs type D*X on the right hand side. In fact, no such distributive
law is possible.

Theorem 6.6 (No-Go Theorem). Let T' be a monad with a binary algebraic operation that
is commutative and idempotent. Then there is no distributive law of type T D — DT,

Proof. Given the algebraic monad T', presented by a theory with a binary operation op
that is commutative and idempotent, we assume that there is a distributive law of type
TD% — DT, and derive a contradiction.

By Lemma 4.1, such a distributive law induces a distributive law of type T D — DT.
Then by Lemma 6.1 we know that there exist binary operations op; and op’ such that for
any T-model X, the lifting of op to DX satisfies:

op(step z, stepy) = step(opi(z,y)), (6.9)
and either
op(stepz, y) = step(op’(z, y)) op’(z,stepy) = op1(z,y), (6.10)
or
op(stepz,y) = op’(z,y) op’(z, stepy) = step(op1(z, y)). (6.11)

We show that both cases lead to a contradiction.

First we assume that we are in case (6.10). The fact that the distributive law ¢ : TD —
DT is induced by a distributive law (" : T D" — DT means that for any X, and any
x:T(DX)

C(@) [K] = CH(T(evi)a)
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where T'(ev,) is the functorial action of 7" applied to the map ev,, : DX — D* X, mapping y
to y [k]. From this and (6.10) it follows that for any T-model X, the T-algebra structure on
D" X induced by (" satisfies

op(step® (Aa: k). (x [¥])), y [K]) = step®(AMa:k).(op'(z ],y [1])).  (6.12)

for any =,y : DX.

Now consider the case of X = T'(2). We write tt, ff for the two elements of 2 and,
leaving the unit of 7" implicit, also for the corresponding two elements of 7'(2). To arrive at
a contradiction, we will prove > 1 by guarded recursion. Since the proof is parametric in &,
we can use it to prove Vk. " 1, which implies Vx.1, in turn implying 1 since L is clock
irrelevant.

Note that since tt = ff is equivalent to L, by extensionality for >* and injectivity of
step™ and now”, >* 1 is equivalent to

step” (A(a:k).now™(tt)) = step”(A(a: k).now"(ff)), (6.13)
where the equality is between elements of D*T'(2). So we will prove (6.13) by guarded
recursion. First note

step”(A(a: k).now”(tt)) = op(step™(A(a: k).now"(tt)), step™(A(a: k).now"(tt)))
= step”(A(a:k).(op’(now(tt), step™ (A(a: k). now"(tt))))
= step”™(A(a:k).(op’(now(tt), step” (A(a: k). now"™ (ff)))))
— op(step™(A(a:£).now" (tt)), step”(A(a: ).now (fF))),

using idempotency of op, (6.12), and the guarded recursion assumption. By a similar
argument

step”™(A(a:k).now"(ff)) = op(step”(A(a: k).now”™ (ff)), step”™ (A(a: k).now"(tt))),

and so by commutativity of op, (6.13) follows as desired.

Suppose now (6.11). Again we want to arrive at a contradiction by considering the
T-algebra structures on DX and D*X induced by one on X. Note that op; is commutative
and idempotent by Lemma 6.1.

We show that opi(z,y) = opi(z,y) for distinct variables z,y, z leads to a contradiction.
This can be read as an equation between elements in 7°(3). Since we can substitute for y in
the assumed equation we get

x = opi(x,z) = opi(z,x) = opi(x, z) = op1(z, 2) = z,
which is a contradiction, since x and z are distinct. Note that this argument uses that 3 has
decidable equality.
Similarly, also the equation op’(x,y) = op’(z,y) for distinct variables z,y, z leads to a
contradiction, since by (6.11) this leads to
step(now opy (x, y)) = step(op: (now(z), now(y)))
= op’(now(z), step(now(y)))
= op’(now(z), step(now(y)))
= step(now op1(z,y)),

and so opy(z,y) = op1(z,y), which we have just proven inconsistent.
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Similarly to the argument in the case of (6.10) we can show that the fact that the
distributive law is induced by one on T'D* — DT implies that the model structure on D*X
for any T-model X satisfies

op(step”(A(a:r).z [x]), y [x]) = op’(z [x], y []), (6.14)

for any x,y: DX.

We use the above to prove | by guarded recursion. So assume > 1. As we have seen,
to prove L, it suffices to show op’(z,y) = op’(z,y) for distinct variables z,y, z. We prove
that now”(op’(x,y)) = now”(op’(z,y)) as elements of D*(T'(3)):

now" (op’(z, y)) = op’(now"(x), now"(y))

op(step”(A(a:k).now”(x)), now”™(y))
= op(step’“()\ a:k).now"™(z)), now"(y))

Z),no ")

—

where we have applied (6.14) to Ax.now”(z) and Ak.now”(y) in the second equality and
used the assumption > 1 in the third. O]

Corollary 6.7. There is no distributive law of type CD® — D"C, distributing the continua-
tions monad CX = (X — R) — R over the guarded delay monad, whenever R has a binary
operation that is commutative and idempotent.

Proof. If R has a binary operation that is commutative and idempotent, so does C [HLPPO07].
The result now follows directly from Theorem 6.6. []

7. SEMI-GO THEOREM: UP TO WEAK BISIMILARITY

In the proof of Theorem 6.6 the failure of existence of distributive laws comes down to a
miscounting of steps. This section shows that this is indeed all that fails, and that parallel
lifting defines a distributive law up to weak bisimilarity for algebraic monads with no drop
equations. Weak bisimilarity is a relation on the coinductive delay monad, which relates
computations that only differ by a finite number of steps. To make this precise, we have
to work in a category of setoids, as simply quotienting D up to weak bisimilarity does not
yield a monad [CUV19]. The objects are pairs (X, R), where R is an equivalence relation on
X, and morphisms are equivalence classes of maps f between the underlying sets respecting
the relations. Two such maps are equivalent if their values on equal input are related by the
equivalence relation on the target type.

We first define a lifting of the coinductive delay monad D to the category of setoids.
We do this via a similar relation (taken from Mggelberg and Paviotti [MP19]) defined for
the guarded delay monad, because that allows us to reason using guarded recursion. We
write 6% for step” onext” : D*X — DFX.
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Definition 7.1 [MP19]. Let X,Y be sets, and suppose R : X — Y — Prop is a relation.
Define weak bisimilarity up to R, written ~%: D*X — D"Y — Prop, by:

(n:N,y :Y).y=(6%)"(now"(y')) and R(z,y’),
(n:N,2': X).z = (6%)"(now"(2')) and R(z',y),

step”(x) ~% step”(y) LS (a:k).(x[a] ~% yla]).

Note that the two first cases both apply for now”(x) ~% now”(y), but that they are
equivalent in that case.

Definition 7.2. Let R: X — Y — Prop be a relation. Define ~p: DX — DY — Prop as
T ~R ydéf\mx (k] ~% y[K].

The above definition is an encoding (using guarded recursion) of the standard coinductive
definition of weak bisimilarity:

now(x) ~r y def (n: N,y :Y).y = (step)”(now(y')) and R(z,v'),
x ~pr now(y) o J(n:N,z': X).z = (step)”(now(z’)) and R(z',y),

def
step(z) ~r step(y) = z ~g y.
As one would expect, weak bisimilarity is closed under adding steps on either side:

Lemma 7.3 [MP19]. If x ~% y then §"(x) ~% y. As a consequence x ~p Yy implies
step(x) ~g y. If step™(x) ~% y then > (a:k).(z[a] ~ y).

Proof. The proof of the first statement is by cases of z and y. If y = now"(y’), then the
proof is easy. If y = step”(y’) and z = now"(2’), then there exists n and y” such that
(0%)"(now"(y")) = y, and R(z,y"”). We must show that > (a:k).(now"(z) ~% v [a]), but
since ¢’ [a] = (6%)" "1 (now”(y")), this is easy. Finally, if y = step®(y/) and = = step”(z')
we must show that > (a:k).(step®(2’) ~% v/ [a]) assuming > (a:k).(2' [o] ~%, ¥ [@]), which
follows from guarded recursion using that tick-irrelevance implies
0" (2’ [a]) = step™(A(B:k).(z" [a]))

= step”(A(B:x).(2" [B]))
= step” (')

K

For the last statement, suppose step™(x) ~% y. Then by the first statement step™(x) ~%
6" (y) which unfolds to > (a:k).(z [a] ~% y). []

If R is symmetric and reflexive, then the same properties hold for ~% , but transitivity
is not preserved. In fact, if ~g, were transitive, then one could prove that div® ~g, now"(z)
for any 2 by guarded recursion, where div® = fix"(step”) is the divergent term: Suppose
>(div® ~g, now”(z)). Then 6" (div®) ~g, 6"(now"(z))), and so by Lemma 7.3 and transitivity
also div™ ~g, now”(x). But, (Ak.div") ~eq now(z) does not hold, so ~¢g, cannot be transitive.
Danielson [Danl8] made a similar observation in the setting of sized types. On the other

hand, ~¢q is transitive:

Lemma 7.4. If R is an equivalence relation, so is ~pg .
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Proof. We just show transitivity. Say = terminates to 2’ if z = step”(now z’). It is easy to
see that if z ~r y and x terminates to 2/, then also y terminates to a vy’ related to z’ in R.
On the other hand, if  and y both terminate to related elements then z ~ y. Now suppose
r~ yand y~ z.

The proof now proceeds by guarded recursion to show that x [k] ~* z[k]. If one of
x,y, z is of the form now(w), then all of them terminate to related elements, implying that
T ~ z. Suppose now that

K

x = step(z') y = step(y/) z = step(2’)
and ' ~r 3 and iy ~ Z/. By guarded recursion, we then get
> (oik). (2" [5] ~f 2 [K])
which is equivalent to x [k] ~% 2 [k] as desired. ]

We note the following, which was also observed by Chapman et al [CUV19].

Proposition 7.5. The mapping Dsg(X, R) = (DX, ~g) defines a monad on the category
of setoids.

Proposition 7.5 follows directly from the following lemma, which we will also need later.
Lemma 7.6. If z,y: D"(D"(X)) and x ~" y (omitting the subscript) then u(x) ~* p(y)

Proof. This is by guarded recursion and cases of z and y. If x = now(z’) we get n such that
y = (0")"(now(y’)) and 2’ ~% y'. We must show 2’ ~%, (6")"(y'), which is just an n-fold
application of Lemma 7.3. The case of y = now(y’) is similar, and the case of both z, y of
the form step follows by guarded recursion. L]

Similarly, any algebraic monad T can be lifted to the category of setoids by defining
T(R) to be the smallest equivalence relation relating an equivalence class [t(z1,...,x,)] to
[t(y1,-..,yn)] if R(z;,y;) for all i. We write Tyy for this.

Recall that by Proposition 5.4, if T' is an algebraic monad given by a theory with no
drop equations, then parallel lifting defines a natural transformation T'D — DT on the
category of sets. We show that this map lifts to a distributive law on the category of setoids.

Theorem 7.7. Let T be the free model monad of algebraic theory T = (X1, Et), such that
Er contains no drop equations. Then parallel lifting defines a distributive law of monads
Tsstd — Dsded'

Remark 7.8. The free monad on an algebraic theory could alternatively be expressed on
the category of setoids by taking the set to be the free monad just on operations, introducing
the equations of the theory into the equivalence relation. In the presence of the axiom of
choice this generates a monad equivalent to Tyy, and we expect that the proof of Theorem 7.7
be adapted to that choice as well.

Before proving Theorem 7.7, we first establish that parallel lifting defines a natural
transformation.

Lemma 7.9. Let T be the free model monad of algebraic theory T = (X7, ET), such that ET
contains no drop equations. Parallel lifting defines a natural transformation TegDsq — DsqTsy.
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Proof. We show that if x; ~g y; fori=1,...,n, then tP*" (z1,...,zn) ~pg) " (Y1,-- -, Un)-
We do this in the special case of ¢ being an operation from the signature, which then generalises
by induction to general {. We show the special case by proving the stronger statement that
if x; ~% y; for all i then

op**" (@1, -+ &n) ~gy OPP (Y1, - Yn)
by guarded recursion. Suppose first that all z1,. .., z, are of the form now"(z}) for 1 <i <mn,
then

op? (z1,...,2,) = now" op(z},...,2}),

and since z; ~'% ;, there exist m; such that:
yi = (6%)™ (now" ),
with R(z},y}). Let N = max; m;. Then:
0P (Y1, .., ym) = op™"((8")™ (now" 3/}),..., (") (now" yj,))
= (") (now" (op(y1, - - -+ Yn)))-
and so opP?" (x1,...,xn) ~% opPY (y1,...,yn), by N applications of Lemma 7.3. The case
of all y; of the form y; = now"(y}) is symmetric.

Now suppose some of the z; are of the form step”(z}) and similarly some y; are of the
form step”(y.). Then

op? (z1,...,2yn) = step” (A (a: ) PP (xY, ..., x))
o™ (Y1, -, yn) = step™(A(ev:5).0p"" (1, .., yp)),
where ] = x; if x; = step™(z}) and 2/ = 2} [o] if x; = step”(z ;) and likewise for y. In

either of the four possible cases we can prove that > (a:k).(z ~% v/), using Lemma 7.3 in
the two non-symmetric cases. By guarded recursion we therefore get that:

o (@) (00" (&, .. )~y DT (W ),
and so opP (x1,...,Zy) ~§(R) opP (Y1, -+ s Yn)- ]

Proof of Theorem 7.7. We must prove that the four laws of Definition 2.9 hold. Three of
these can be easily seen to hold already on the level of representatives. It remains to show
that the natural transformation commutes with the multiplication p of D. This boils down

to showing that for any term ¢ with n free variables and any vector z1,...,z, of elements
in DDTX the following holds:
(@), . w(en)) ~rry m(hx (1, 20)),

We prove this in the case of t = op for any n-ary operation op. The general case then follows
by induction using transitivity of ~p(g) as follows

oppx (tipx (1(E)), - tnlpx (1)) ~7(r) 0Py (Wt D px (F)), - wltnppx (£)))
~rr)y #OPHpx DX (D), th'hpx (T))

where p(z1, ..., 2m) = (1), .., w(xm)).

Because we need to use guarded recursion we prove the statement for ¢ = op in the case
of the guarded delay monad. More precisely, we prove the following more general statement:
Suppose x; ~" y; for all i (where ~* is the relation on D*D"*X), then

OP%I:X(IU’(‘Tl)v s ,,LL(CL'n)) N%(R) :U’(Op%l:DHX(yh ey yn)))
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for any operation op in the signature.
We prove this by guarded recursion. Suppose first that all z; are of the form now" (7).
Then:

oDy (1), . .., ilxn)) = oDy (ah, ..., @),)

= p(op prx (@15 - -, T))-

The proof now follows from operations and p preserving weak bisimilarity. If all y; are of
the form now”(y}) then:

11(opYsn e x (Y15 -+ Yn)) = oPhon (Y1, - - -, Yn)

= oppex (1Y), - -, 1(yn))-

and so again the proof follows from p and operations preserving weak bisimilarity.
In the remaining cases

par

oy (1), - - ., () = step™(A(a: k). (op ey ((x), - . -, p(2,))))
10D prx (W1, - - yn)) = step™( Az k). ((oP P s x (W15 - - -1 Yn)))s

where
T if z; = now"”(now"(x?))
z; =< 2 [a] if z; = step”(z!)
now" (z [a]) if z; = now" (step”(z)),
and

=Y if y; = now" (y;)
Co i o] if g = step”(yy).

It remains to show that in all these cases > (a:k).(z; ~* y}). This is done using guarded
recursion as follows.
"

1
/"

If 2; = now" (now"(z)) and y; = now”(y/), then z; ~* y! by assumption.

If 2 = now" (now"(z)) and y; = step”(y/) then the result follows from Lemma 7.3.

The case where z; = step™(z]) and y; = now"(y/) also follows from Lemma 7.3.

In the case of z; = step”(z}) and y; = step”(y}) it follows immediately from the definition

of x; ~" y; that > (a:k).(z] ~* y)).

o If x; = now"(step”(z)) and y; = now"(y/), then by definition of z; ~* y; we get
step®(z}) ~" y/. But then also >(a: k).(z} [a] ~* y!) (Lemma 7.3) and therefore

> (k). (now” (x} [a]) ~* now™(y))).

o If z; = now"(step”(z)) and y; = step”(y, ), then it follows from z; ~* y; that there is an
n: N and a y)” such that y; = (6")" now"(y"), and step”(z!) ~* y/”, which implies that
> (a:k). (2! [a] ~% y!"). Since y; = step™(y), we also know that ¢/ [a] = (6%)"~! now"(y").

Hence by definition

> (ac:k).(now" (27 [a]) ~* yi' [o])

i

as required. ]
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8. RELATED WORK

Mggelberg and Vezzosi [MV21] study two combinations of the guarded delay monad D"
with the finite powerset monad Ps expressed as a HIT in CCTT. They use these to show
that applicative simulation is a congruence for the untyped lambda calculus with finite
non-determinism using denotational techniques. One combination is the sum P¢ & D", which
is used for the case of may-convergence, and the other is the composite D*Ps equipped with
the parallel lifting, which is used for must-convergence. They observe that only the former is
a monad. In this paper, we not only provide a more general study of such combinations, but
also suggest a way to remedy the situation in the latter case by considering weak bisimilarity.

Weak bisimilarity for the coinductive delay monad was first defined by Capretta [Cap05].
Mggelberg and Paviotti [MP19] show that their embedding of FPC in guarded dependent
type theory respects weak bisimilarity and use that to prove an adequacy theorem up to
weak bisimilarity.

Chapman et al. [CUV19] observe that quotienting the coinductive delay monad by weak
bisimilarity appears to not yield a monad unless countable choice is assumed. Altenkirch et
al. [ADK17] propose a solution to this problem by constructing the quotient and the weak
bisimilarity relation simultaneously, as a higher inductive-inductive type. Chapman et al.
themselves suggest a different solution, constructing the quotient as the free w-cpo using
an ordinary HIT. These quotients have not (to the best of our knowledge) been studied in
combination with other effects.

Interaction trees [XZH"19] are essentially monads of the form Vk.(T & D*)(—) for T
an algebraic monad generated by operations with no equations. Much work has gone into
building libraries for working with these up to weak bisimilarity in Coq, and these allow
for interaction trees to be used for program verification. To our knowledge, versions of
interaction trees with equations between terms have not been considered.

As mentioned in the introduction, the guarded recursive delay monad has two benefits
over the coinductive one: Firstly, it has a fixed point operator of the type (rather than
an iteration operator), which means that it allows for embedding languages with recursion
directly in type theory. In the coinductive case, one must either use some encoding of
recursion using the iteration operator, or prove that all constructions used are continuous.
We believe this is a considerable burden for higher order functions. The second advantage is
that guarded recursion allows for also advanced notions of state to be encoded, as shown
recently by Sterling et al. [SGB22]. Neither the interaction trees nor the quotiented delay
monads appear to have these benefits.

Related Work on Monad Compositions. The field of monad compositions in general
has attracted quite a bit of attention lately. After Plotkin proved that there is no distributive
law combining probability and non-determinism [VWO06], Klin and Salamanca [KS18] studied
impossible distributions of the powerset monad over itself, while Zwart and Marsden provided
a general study on what makes distributive laws fail [ZM19]. Meanwhile, the initial study of
monad compositions by Manes and Mulry [MMO07, MMO08] was continued by Parlant et al
[DPS18, Par20, PRSW20]. In both the positive and the negative theorems on distributive
laws in these papers, certain classes of equations were identified as causes for making or
breaking the monad composition. Idempotence, duplication, and dropping variables came
out as especially noteworthy types of equations, which the findings in this paper confirm.
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Our study of the delay monad provides an interesting extension on the previous works,
because of its non-standard algebraic structure given by delay algebras, and the fact that
the delay monad is neither affine nor relevant, which are the main properties studied by
Parlant et al.

9. CONCLUSION AND FUTURE WORK

We have studied how both the guarded recursive and the coinductive version of the delay
monad combine with other monads. After studying some specific examples and free combi-
nations, we looked more generally at possible distributive laws of TD* — D"T. We found
two natural candidates for such distributive laws, induced by parallel and sequential lifting
of operations on T'. We showed that:

e Sequential lifting provides a distributive law for monads presented by theories with
balanced equations.

e There is no distributive law possible for monads with a binary operation that is commutative
and idempotent over D", but this does not rule out a distributive law of such monads
over D.

e Parallel lifting does not define a distributive law, but it does define one up to weak
bisimilarity, for monads presented by theories with non-drop equations.

It is unfortunate that weak bisimilarity requires working with setoids, due to the quotient
of D up to weak bisimilarity not being a monad [CUV19]. It is not clear how to adapt
the solutions to this problem mentioned above [CUV19, ADK17] to the guarded recursive
setting.

This paper only considers the case of finite arity operations (except for state, which can
be of any arity). Distributive laws for countable arity operations such as countable non-
deterministic choice are more difficult. In those cases sequential lifting seems an unnatural
choice, not only because it does not interact well with idempotency, but also because it
introduces divergence even in the cases where there is an upper limit to the number of
steps taken by the arguments. Extending our parallel lifting operation to the countable case
requires deciding whether all the countably many input operations are values, which is not
possible in type theory.

The results presented in this paper are formulated and proven in CCTT. It is natural
to ask whether the results proven for the coinductive delay monad D also hold for D
considered as a monad on the category Set of sets. For some of the results proven in this
paper (Proposition 6.3 and Example 6.5) both the statements and proofs can be read in Set.
These results can therefore easily be seen to hold in this setting. In many other cases, our
constructions use guarded recursion (e.g. the definitions of parallel and sequential lifting
of operators). To lift these results to Set, one would need to redo the constructions and
argue for their productivity. However, we believe that using guarded recursion is the natural
way to work with coinductive types and proofs. Another approach could therefore be to
use guarded recursion as a language to reason about Set. This should be possible because
the universe used to model clock irrelevant types in the extensional model of Clocked Type
Theory [MMV20] classifies a category equivalent to Set. We leave this as a direction for
future research.
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APPENDIX A. ENCODING ALGEBRAIC THEORIES IN CCTT

This appendix shows how we encode the notion of algebraic theory in CCTT, construct free
functors as HITs, and proves Theorem 3.4.

The type of algebraic theories can be defined as an element of a large universe written
informally as follows.

Definition A.1. An algebraic theory comprises

e A signature type indexed by arities > : N — Set
e A type of equations indexed by the number of free variables E : N — Set
e Two maps giving the left hand side and right hand side of an equation respectively

lhs,rhs : (n: N) = E(n) — Tm(n)

Where Tm(n) is the set of terms in context 7, the type of numbers 0,...,n — 1. Both
of these can be defined in the standard type theoretic way. Recall that Set is the universe of
small clock-irrelevant hsets. Both Tm(n) and 7 are clock irrelevant because X(n) is [ BKMV22,
Theorem 5.3].

The free monad on an algebraic signature A = (X, ar, E, Ihs, rhs) is defined to map X : Set
to a higher inductive type. The natural definition for this would be to have a constructor
for each operation in X and a path for each element of E, plus constructors and paths to
set-truncate T'(X). However, this would require recursion in the boundary condition of the
equalities to interpret the terms given by |lhs and rhs, and this is not allowed in the rule
format for HITs in CCTT. Instead we use a constructor for each term of the theory and
add equations to enforce flattening of terms, as expressed in the following definition which
follows the format of HITs in CCTT [BKMV22].

Definition A.2. The free monad given by the signature A applied to X : Set is the HIT
T(X) given by the following constructors

var: X — T(X)

tm:(n:N) = (7:Tm(n)) - (m — T(X)) = T(X)

flt: (n,m:N) = (6:X(n)) = (7:7n—Tm(m)) - (m - T(X)) -1 - T(X)
eq:(n:N)—=(e:E(n)) > n—->T(X)) =-1—-T(X)

These satisfy the following boundary conditions (writing = for judgemental equality)

ftnmoTp0=tmm (o[r])p
ftnmoTpl =tmno (A :tmm (Tk)p)
eqnep0 =tmn (lhsne)p
eqnepl =tmn (rhsne)p
where o[7] is the result of substituting the elements of 7 for the free variables of o. To these

should be added standard constructors and equalities for set truncation [BKMV22], which
we omit.
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A.1. The free monad commutes with clock quantification. We now prove Theorem 3.4.
For this we need the principle of induction under clocks [BKMV22] which in the case of
T'(X) specialises to the principle described in Figure 2.

Hypotheses

A type: I,z :Ve.T(X
Terms:

[5]) = B(x) type

Dz :Ve.(X

T,n:VeN,7: V6. Tm(n [x]),
p:Ve.(n[k] = T(X [])),

p i (k:Venk]) = B(Ak.p[](k[K])) F tem
I,n,m: V&N o:Vk.2(nx]),

7 : Ve (n[K] = Tm(m[x]))
p:Ve.(m[k] = T(X [K]))

);
)

)

P (k:Vem[k]) = BOk.pk](k[K]),i: TF ug :

I',n: VN e: Vk.E(n[k]),
p:Vk.(n []%T(X[ 1)

(kYR r]) — BOw.p[K](k [K])),i : TF teg -

[K]) F uyar :

B(Ak.var(z [K]))

: B(As.tm(n [s]) (7 [£]) (p[£]))

B(As-fit(n [s])(m [s]) (o [£]) (7 [<])(p [£]) ©)

B(As-eq(n [x])(e[x])(p[x]) )

Satlsfymg.
usie(n, o,m, 7, p, p',0) = wuem(Ak.(m [5]), Ak (o [K])[7 [5]], p, p)
uge(n, 0,m, 7, p, ', 1) = tem (0, 0, A Aktm (m [w]) (7 [K] &) (p [1]), Mo ((m [5]), A7 [15] (R [K]), p, ')
Ueq(n, €, 0,0, 0) = wem(n, (Ars.lhs(e [K])), p, p')
Ueq(n, €, p, 0/, 1) = uem(n, (A.rhs(e [x])), p, p')
Conclusion
A section: T,z :Vs.T(X [s]) F t(z) : B(x)
Satisfying:
t(Ak.var(z [K])) = uyar(2)
tAstm(n [x])(7 [£])(p [K]) = wem(n, 7, p, Akt(Ak.p [£] (K [K])))
t(Akfit(n [x])(m [x]) (o [&])(7 [£]) (p [K]) ) = uge(n, m, 0, 7, p, Akt Ak.p [£] (K [£])), i)
t(As.eq(n [k]) (e [£])(p[K]) i) = teq(n, €, p, Akt(Ar.p [K](K [K])), 7)

Figure 2: The principle of induction under clocks for T'(X).

We omit the hypotheses

concerning set truncation, which are standard [BKMV22]. We assume given an
algebraic signature and an X : Vk.Set both in context I'. Note that the equalities

are judgemental (denoted =)
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First recall that the canonical map f : T(Vk.X [k]) — Vk.T(X [x]) defined using
functoriality of T" satisfies the clauses

flvarz) = Ak.var(z [K])
Flemn T p) = A (emn 7 (. £ ((K)) [5]))
f(fltnmoTpi) = Ac.(fltnmoaot (Ak.f(p(k)) [K]) )
Fleanepi) = As.(eane (k. f(o(k)) [#]) )

(omitting the clauses for set truncation, which are standard [BKMV22]). The inverse to f
can be constructed using the principle of induction under clocks. We write the definition
using clauses as follows

g(Ak.var(z [K])
g(A.tm(n [k])(7 [£])(p[s])) =t
g(Akfit(n [k]) (m [x]) (o [£]) (7 [5])(p [£]) i) = fit(n]ro], m[rol, o[ko], T[Ko], Ak.g(Ak.p [K] k), )
g(An.eq(n [s])(e [k])(p [k]) i) = eq(n [rol, e [ro], Ak.g(Ak.p [K] k), 1)
Here kg is the clock constant, which we will assume. In the cases of the recursive calls, k
will have type n[ko] and p[x] expects an input of type n[k]. These types are equivalent,
since N is clock-irrelevant. We leave this equivalence implicit.

We must show that g satisfies the boundary condition, which we just do in a single case.
The rest are similar.

g(Ar.eq(n [r]) (e [x])(p []) 0)

var(x)
[k

m(n [ko], 7 [Ko], Ak.g(Ak.p K] k)

)
)
)

ea(n o], € [, Ak-g(Vs-p [5] %), 0)
tm(n [kol, Ihs(e [ko]), Ak.g(Ak.p [k] k))
= g(As.tm(n [x])(Ihs(e [£])) (p []))

Again, we omit the standard cases of constructors and boundary cases for set trunca-
tion [BKMV22].
It is easy to show that g o f is the identity by induction. For example,
g(f(tmnTp)) = g(As.(tmn 7 (Ak.f(p(k)) [K])))
= g(Ak.(tmn 1 (A" Ak f (p(k)) [<]) [])))
= tm(n, 7, Ak.g(Ak. f(p(k)) [K]))
= tm(n, 7, \k.g(f(p(k))))

=tm(n,T,p)

using induction in the last equality.
Proving f o g the identity requires another use of induction under clocks. We just show
one case.

flgr-tm(n [x])(7 [£])(p [])))
= f(tm(n [rol, 7 [ko], Ak.g(Ar.p [K] k)))
= As.tm(n [kol, 7 [kol, Ak f(9(AR'.p [K] K)) [K])
= As.tm(n [Ko], T [Ko], \k-(\&".p [K] k) [K])
= \&.tm(n [K], 7 [K], p [K])

using the induction hypothesis and, in the last step, clock irrelevance of N and Tm(n [x]).

0
0
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We must show that this definition satisfies the boundary conditions. Since the target
type is a path type of Vk.T'(X [k]), which is an hset, these conditions hold up to path
equality. To force them to hold up to judgemental equality, we can change the term using a
composition, similarly to the proof of Theorem 5.3 of [BKMV22].

This work is licensed under the Creative Commons Attribution License. To view a copy of this
license, visit https://creativecommons.org/licenses/by/4.0/ or send a letter to Creative
Commons, 171 Second St, Suite 300, San Francisco, CA 94105, USA, or Eisenacher Strasse 2,
10777 Berlin, Germany
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