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ABSTRACT. None of the first-order modal logics between K and S5 under the constant
domain semantics enjoys Craig interpolation or projective Beth definability, even in the
language restricted to a single individual variable. It follows that deciding the existence of
a Craig interpolant for a given implication or of an explicit definition for a given predicate
cannot be directly reduced to deciding the validity of an implication, as in classical first-
order and many other logics. Our concern here is the decidability and computational
complexity of the interpolant and definition existence problems. We first consider two
decidable fragments of first-order modal logic S5: the one-variable fragment Q'S5 and its
extension S5 4,cw that combines S5 and the description logic ALC with the universal role.
We prove that interpolant and definition existence in Q'S5 and S54sc¢w is decidable in
CON2EXPTIME, being 2ExPTIME-hard, while uniform interpolant existence is undecidable.
These results transfer to the two-variable fragment FO? of classical first-order logic without
equality. We also show that interpolant and definition existence in the one-variable fragment
Q'K of first-order modal logic K is non-elementary decidable, while uniform interpolant
existence is again undecidable.

1. INTRODUCTION

First-order modal logics and their fragments are well-established formalisms in computational
logic. For many decades, they have been used, e.g., as first-order temporal logics in program
verification, policy monitoring, and databases [Kr687, BKM10, HP18, CT18], as epistemic,
temporal, and standpoint description logics [DLNT98, LWZ08, AKK"17, ARS22], as spatio-
temporal logics [KKWZ07], and as logics of knowledge and belief [BL09, Wan17, LPRW22,
WWS22]. By now, significant progress has been made in understanding entailment in these
‘two-dimensional’ logics, in particular its computational complexity; see, e.g., [GKWZ03,
HK15, LPRW23, AMO24| and references therein. However, very little is known about
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the decidability and complexity of fundamental algorithmic problems that can go beyond
entailment. For example, the following reasoning tasks have been used in different areas of
computer science:

definition existence: Given a formula ¢, a predicate P, and a signature o, does there exist
an explicit definition x of P modulo ¢ in o in the sense that ¢ = V& (P(x) <> x(x))
and sig(x) C o, where sig(x) comprises the non-logical symbols in x. Such definitions
can, for instance, support query evaluation in databases [TW11, BLtCT16].

interpolant existence: Given formulas ¢ and v, does there exist a Craig interpolant x for
¢ and 9 in the sense that = ¢ — x, E x — ¥, and sig(x) C sig(¢) N sig(¢y). Craig
interpolants are applied, for instance, in model checking and concept learning [McM18,
JLPW22].

conservative extensions/uniform interpolant verification: Given formulas ¢ and x
such that = ¢ — x and o = sig(x) C sig(p), is x a o-uniform interpolant of ¢ in the
sense that x is an interpolant for ¢ and 1) whenever = ¢ — ¥ and sig(p) N sig(v) C o?
In this case, ¢ is known as a conservative extension of x. These notions are used, for
instance, for modular knowledge base design and modularisation [BKL*16].

uniform interpolant existence: Given a formula ¢ and a signature o, does there exist
a o-uniform interpolant of ¢? Uniform interpolants are, for instance, a mechanism for
forgetting symbols from a knowledge base [EK19, GKL23, KLWW09, K0020].

Investigating these problems for first-order modal logics (FOMLs) poses particular challenges.
In contrast to many other logical formalisms, FOMLs typically do not enjoy the Craig
interpolation property (CIP) as = ¢ — 1 does not necessarily entail the existence of an
interpolant x for ¢ and 1. Nor do they enjoy the projective Beth definability property
(BDP) according to which implicit definability of a predicate in a given signature implies
its explicit definability as required in definition existence. For logics with the CIP, the
interpolant existence problem trivially reduces to checking validity of implications. Similarly,
for logics with the BDP, checking explicit definability reduces to checking the validity of
implications representing implicit definability. These trivial reductions of existence problems
to validity problems do not work for logics without the CIP or BDP. Fine [Fin79] showed
that no FOML with constant domain models (a standard assumption) between the first-order
modal logic K of all Kripke frames and the first-order modal logic S5 of all universal Kripke
frames enjoys the CIP or BDP.

Example 1.1 (based on [Fin79]). Interpreting [J as the S5-modality ‘always’, let 7" consist
of the following axioms, where rep stands for the proposition ‘replaceable’:

rep — OV (inPower(z) — O(rep — —inPower(z))),
—rep — O3 (inPower(z) A O(—rep — inPower(z))).

Then rep is true at a world w satisfying T iff there is a world w’ where all those who were in
power at w lose it. It follows that rep is implicitly defined via inPower. However, we shall
see in Example 3.4 that there is no explicit definition of rep via inPower in FOML. .

Fine’s example shows that the CIP and BDP fail already in typical decidable fragments
of FOML lying between the one-variable fragment and full FOML. Because of their wide
use, ‘repairing’ the CIP and BDP has become a major research challenge. For instance, it is
shown in [Fit02, ABMO03] that by adding second-order quantifiers or the machinery of hybrid
logic constructors to FOML, one obtains logics with the CIP and BDP. The price, however,
is that these extensions are undecidable even if applied to decidable fragments of FOML.
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In this article, we take a fundamentally different, non-uniform approach. Instead of
repairing the CIP and BDP by enriching the language, we stay within its original boundaries
and explore the possibility of checking the existence of interpolants and definitions even
though the reduction to validity via the CIP and BDP is blocked.

We first focus on two decidable fragments of first-order Sb: its one-variable fragment
Q!S5 illustrated in Example 1.1 and S5 4,cu, the FOML obtained by combining S5 and
the description logic (DL) ALC", which extends the basic DL AALC—a notational variant
of multimodal logic K—with the universal role. In S5 4,c+, we admit the application of
modal operators to concepts but not to roles, and so consider a typical monodic fragment
of FOML, in which modal operators are only applied to formulas with at most one free
variable [HWZ00, WZ01]. Q!S5 is a fragment of S5 4,cv, and satisfiability is NEXPTIME-
complete for both languages [GKWZ03].

Our first main result is:

Theorem 1.2. The interpolant and definition existence problems in Q'S5 and S5 4,cv are
decidable in CON2EXPTIME, being 2EXPTIME-hard.

Thus, interpolant and definition existence is still decidable but harder than satisfiability
by about one exponential. The proof is based on ‘component-wise’ bisimulations that
replace standard FOML bisimulations in our characterisation of interpolant and definition
existence. For the upper bound, we show that whenever there are component-wise bisimilar
models witnessing non-existence of interpolants/definitions, then there are component-wise
bisimilar models of at most double-exponential size. The proof is inspired by the recent
upper bound proofs of interpolant existence in the two-variable first-order logic FO? [JW21]
but requires a very different notion of type reflecting the two-dimensional flavour of first-
order modal logic. The lower bound proof combines the interpolation counterexample
of [MA98], the exponential grid generation from [HKK*03, GJL15], and the representation
of exponential-space bounded alternating Turing machines from [JW21].

Our result can be used to solve an open problem for FO? without equality. The known
2ExpPTIME-lower bound proof for interpolant existence in FO? uses equality in a critical way.
Utilising a close link between Q'S5 and equality-free FO?, we obtain the lower bound of the
following theorem as a corollary to Theorem 1.2, answering an open question of [JW21] (the
upper bound is a straightforward consequence of the proof in [JW21]):

Theorem 1.3. The interpolant and definition existence problems in equality-free FO? are
decidable in CON2EXPTIME, being 2EXPTIME-hard.

We then consider uniform interpolant existence and conservative extension and show
that they behave rather differently to interpolation existence:

Theorem 1.4. The uniform interpolant existence and conservative extension problems in
Q'S5 and S5 4,cv are both undecidable.

The proof extends a reduction proving undecidability of conservative extensions for FO?
(with and without equality) from [JLM™*17]. As a corollary of our proof, we obtain that
uniform interpolant existence in FO? (with and without equality) is undecidable, settling an
open problem from [JLM'17].

Finally, we consider the one-variable fragment Q'K of first-order modal logic K deter-
mined by the class of all Kripke frames and prove the following:
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Theorem 1.5. (i) The interpolant and definition existence problems in Q'K are decidable
in non-elementary time.
(ii) The uniform interpolant existence and conservative extensions problems in Q'K are

both undecidable.

The non-elementary upper bound is established using the fact that Q'K has finitely
many non-equivalent formulas of bounded modal depth. The undecidability result is proved
by adapting the undecidability proof for Q'S5.

Related work on interpolant existence. The non-uniform approach to Craig interpolants
and explicit definitions has only very recently been studied for a small number of modal
and description logics, and also related decidable fragments of first-order logic such as
the guarded and two-variable fragment [JW21], classical description and modal logics
with nominals [AJM™23], various Horn logics [BLtCT16, FKW22], modal logics of linear
frames [KWZ23b], and modal logics with the derivative operator [KWZ24]. For all these
logics either the complexity of interpolant and explicit definition existence goes up by one
exponential compared to validity or stays the same as validity even without the Craig
interpolation property. An example of a decidable fragment of FO with undecidable
interpolant and explicit definition existence is given in [WZ24]. Some decidability results on
separating disjoint regular languages using FO-definable languages [Hen88, HRS10, PZ16]
can be interpreted as results about interpolant existence in linear temporal logic LTL.
An overview of the non-uniform approach to Craig interpolants and the relationship to
separation of formal languages is given in [KWZ26].

The non-uniform investigation of uniform interpolants started much earlier in description
logic with complexity results for uniform interpolant existence [LSW12, LW11] and size
upper bounds for uniform interpolants if they exist [NR14]. The practical computation
of uniform interpolants is an active research area for many years [KWW09, KS15, ZS16];
see [ZFAT18, Koo20] for recent system descriptions.

Structure. The article is organised as follows. Section 2 reminds the reader of the syntax
and semantics of the one-variable fragments QK and QIS5 of two basic first-order modal
logics K and S5, as well as defines bisimulations between their models. Section 3 introduces
and illustrates the main notions we are concerned with here—Craig and uniform interpolants,
explicit definitions, conservative extensions—and provides their model-theoretic characteri-
sations. Section 4 establishes the upper and lower bounds for the interpolant and explicit
definition existence problems in Q'S5 and Section 5 proves that the conservative extension
and uniform interpolant existence problems in Q!S5 are undecidable. Section 6 extends
the results of the previous two sections to the modal description logic S5 4,¢+. Section 7
establishes decidability of the interpolant and definition existence in Q'K and undecidability
of conservative extension and uniform interpolant existence. Finally, Section 8 discusses
further research and some open problems that arise from this work.

Some technical details are omitted from the main part of the article and can be found in
the appendix. Appendix A discusses the connections between Q'S5 and FO?, and uses them
to prove the lower bound of Theorem 1.3. Appendix B gives polynomial-time reductions of
various interpolant existence problems modulo an ontology to the IEP.
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2. PRELIMINARIES

Logics. The formulas of the one-variable fragment FOM! of first-order modal logic are built
from unary predicate symbols p € P in a countably-infinite set P and a single individual
variable z using T, -, A, dz, and the possibility operator . The other Booleans, Vx, and
the necessity operator [] are defined as standard abbreviations. A signature is any finite
set o C P; the signature sig(yp) of a formula ¢ comprises the predicate symbols in . If
sig(p) C o, we call ¢ a o-formula. By sub(y) we denote the closure under single negation of
the set of subformulas of ¢, and by |¢| the cardinality of sub(ep).

We interpret FOM!-formulas in (Kripke) models with constant domains of the form
M= (W,R,D,I), where W # () is a set of worlds, RC W x W an accessibility relation on
W, D # () an (FO-)domain of M, and I(w) is an interpretation of the p € P over D, for
each w € W, that is, p!®) C D. The truth-relation O, w,d = ¢, for any w € W, d € D
and FOM!-formula ¢, is defined inductively by taking

- Muw,dE=T,

- M, w,d = p(x) iff d e p'™), for all p € P,

- M, w,d | Jx ¢ iff there is d' € D with M, w,d’ = ¢,

~ M, w,d | Qp iff there is w’ € W with (w,w’) € R and M, w’,d | ¢,

and the standard clauses for — and A. If ¢ is a sentence (i.e., every occurrence of x in ¢ is
in the scope of 3), then M, w,d = ¢ iff M, w,d" | ¢, for any d,d’ € D, and so we can omit
d and write 9, w = ¢. Similarly, we can write 9, d |= v if every p in ¢ is in the scope of ¢.

The set of formulas ¢ with 9, w, d |= ¢, for all M, w, d, is denoted by QK; it is the
FOM!-extension of the modal logic K. Those ¢ that are true everywhere in all models 9
with R = W x W comprise Q'S5, the FOM!-extension of the modal logic S5. Let L be one
of these two logics. A knowledge base (KB), K, is any finite set of sentences. We say that
K (locally) entails ¢ in L and write K =1 ¢ if M, w = K implies M, w,d = ¢, for any
L-model M and any w and d in it. Shortening ) =1, ¢ to = ¢ (ie., ¢ € L), we note that
K L ¢ it Er (Ayex ¥ — ¢), reducing KB-entailment in L to L-validity, which is known
to be CONEXPTIME-complete [Mar99].

We refer the reader to [BGO7, FM12] for detailed introductions to first-order modal
logic in general and to [GKWZ03, Kur07] for decidable fragments of first-order modal logics.

Bisimulations. Given two models M = (W, R, D, I) with w,d and 9 = (W', R/, D', T")
with w’, d’, we write M, w,d =, M',w’,d’, for a signature o, if the same o-formulas are true
at w,d in M and at w’, d’ in M'. We characterise =, using bisimulations. Namely, a relation

BC (W xD)x (W x D"

is called a o-bisimulation between models 9 and M if the following conditions hold for all

(w,d), (w',d")) € B and p € o:

(a) Mw,d | piff M W', d = p;

(w) if (w,v) € R, then there is v' such that (w',v") € R and ((v,d), (v',d")) € B, and if
(w',v") € R, then there is v such that (w,v) € R and ((v,d), (v',d")) € B;

(d) for every e € D, there is ¢ € D’ such that ((w,e), (w',¢’')) € B and, for every ¢ € D,
there is e € D such that ((w,e), (v',€')) € B.
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We say that 9, w,d and I, w’, d’ are o-bisimilar and write MM, w, d ~, M, w’, d’ if there is
a o-bisimulation 3 between 9 and M’ with ((w,d), (w’,d")) € B. The next characterisation
is proved in a standard way using w-saturated models [CK98, GOO07]:

Lemma 2.1. For any signature o and w-saturated models MM with w,d and M with w', d’,
Mw,d=, M, w',d iff Mw,d~, MW, w, d.
The direction from right to left holds for arbitrary models.

Modal products and succinct notation. As observed by [Waj33], S5 is a notational
variant of the one-variable fragment FO! of first-order logic, FO: just drop x from 3z and
p(z) in FO!-formulas, treating 3 as a possibility operator and p as a propositional variable.
The same operation transforms FOM!-formulas into more succinct bimodal formulas with
O interpreted over the (W, R) ‘dimension’ and 3 over the (D, D x D) ‘dimension’ This
way we view the FOM!-extensions of S5 and K as two-dimensional products of modal logics:
S5 x S5 and K x Sb. The former is known to be the ‘equality and substitution-free’ fragment
of two-variable fragment FO? of FO [GKWZ03] (see Appendix A for details); the latter is
embedded into FO by the standard translation * defined inductively by taking p* = q(z, x),
()" = 9", (P AY)" = " AP, (Fp)" =T ™, (Op)* =Ty (R(2,y) A p™{y/z}), where y
is a fresh variable not occurring in ¢* and {y/z} means a substitution of y in place of z.

From now on, we write FOM!-formulas as bimodal ones: for example, 30p stands for
3o Op(z). By a formula we mean an FOM!-formula unless indicated otherwise; a logic, L, is
one of Q'S5 and Q'K again unless stated otherwise.

3. MAIN NOTIONS AND CHARACTERISATIONS

We now introduce the main notions studied in this article and provide their model-theoretic
characterisations. We start with interpolants and explicit definitions.

Craig interpolants. A formula y is an interpolant of formulas ¢ and v in a logic L if
sig(x) C sig(p) N sig(¥), Fr ¢ — x and Er x = . L enjoys the Craig interpolation
property (CIP) if an interpolant for ¢ and 1 exists whenever =1 ¢ — 1. One of our main
concerns here is the interpolant existence problem (IEP) for L: decide if given ¢ and
have an interpolant in L. For logics with the CIP, the IEP reduces to validity, and so is not
interesting. This is the case for many logics including propositional S5 and K, but not for
FOMLs with constant domain between Q'K and Q!S5 [Fin79, MA9S].

We note that besides the interpolants introduced above, one can also consider interpolants
for the global consequence relation =9 that is defined by setting ¢ =9 4 if, for all L-models
M, whenever M, w, d |= ¢ for all w, d in M, then M, w,d |= 1) for all w, d in M. A formula
X is a global deductive interpolant of ¢ and ¢ in L if sig(x) C sig(¢) N sig(¥), ¢ 4 x and
x =% 1. While the relationship between the respective CIPs is well understood [Fus26],
the relationship between the respective IEPs remains to be investigated. In this paper, we
are only concerned with ‘local’” interpolants, but note that, for Q'S5, the global IEP can
be polynomially reduced to the local IEP because ¢ ):%155 Y iff OV F=qugs 1); see also the
discussion of interpolants modulo ontologies in Section 6.
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Explicit definitions. Given formulas ¢, 1 and a signature o, an ezplicit o-definition of
¥ modulo ¢ in L is a o-formula x such that =1 ¢ — (¢ <> x). The explicit o-definition
existence problem (EDEP) for L is to decide, given ¢, ¥ and o, whether there exists an
explicit o-definition of ¢ modulo ¢ in L. The EDEP reduces trivially to entailment for
logics enjoying the projective Beth definability property (BDP) according to which 1 is
explicitly o-definable modulo ¢ in L iff it is implicitly o-definable modulo ¢ in the sense
that {p, ¢’} EL ¥ < ¢/, where ¢ and 9’ result from ¢ and v by uniformly replacing all
non-o-symbols with fresh ones [CK98]. Again, many logics including propositional S5 and K
enjoy the BDP while FOMLs with constant domains between Q'K and Q!S5 do not.

Note that, in many applications, ¢ in our formulation of the EDEP corresponds to
a KB K and v is a predicate p. Then the problem whether there exists an explicit o-
definition of p modulo K is the problem of deciding whether there is x with sig(x) C o and
K =1, Ya(p(z) <> x(x)). This problem trivially translates to the EDEP using our discussion
of KBs above. In more detail, this view of the EDEP is discussed in Section 6 in the context
of Sb ALCY -

Lemma 2.1 together with the fact that FOM! is a fragment of FO are used to obtain,
again in a standard way, the following criterion of interpolant existence. We call formulas
¢ and v o-bisimulation consistent in L if there exist L-models 9 with w,d and 9’ with
w’, d' such that M, w,d = @, M W', d E 1 and M, w,d ~, M, w',d.

Theorem 3.1. For any FOM-formulas ¢ and 1, the following conditions are equivalent:

— there does not exist an interpolant of ¢ and ¢ in L;
— ¢ and ) are sig(p) N sig(y)-bisimulation consistent in L.

Proof. Suppose ¢ and ¥ do not have an interpolant in L and o = sig(p) N sig(y). Consider
the set E of o-formulas x with =, ¢ — x. By compactness, we have an w-saturated model
M of L with w and d such that M, w,d = x, for all x € =, and M, w, d = —p. Take the set
£ of o-formulas x with 9, w,d = x and an w-saturated model 9" with 9, w’, d’ = =" and
M, w',d [ ¢, for some w' and d’. Then M, w,d =, M, w’,d’, and so M, w,d ~, M W', d
by Lemma 2.1. The converse implication is straightforward. -

Example 3.2. For any n < w, [MA98] constructed two FOM!-formulas ¢ and v with
E=qtss ¢ — ¢ and sig(¢) N sig(y) = {e} that have no interpolant in the n-variable Q"S5.
For n = 1, the formulas ¢ and 1 look as follows:

¢ = Py AO3(pr A O3py) ATV [(e <> po V Py V po) A Ny (Pi — —pj) A
/\ (p; = O(e = p;) AV(e = py))],

0<i<2

P = DV(G < by V bl) — Oﬂ(b() A <>(—|€ A Hbo)) V OH(bl A\ <>(—|€ A\ Eibl)).

To see that ¢ and —¢ are {e}-bisimulation consistent in Q!S5, take the models 90t; and
My depicted below with My, ug, dy = ¢ and My, vy, co = —. (In our pictures, the worlds
are always shown along the horizontal axis and the domain elements along the vertical one,
giving points of the form (w,d).) The relation 3 connecting each e-point in 9t; with each
e-point in My, and similarly for —e-points, is an {e}-bisimulation between 9t; and My such

that ((uo,do), (vo, o)) € B 8
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Similarly to Theorem 3.1 we obtain the following criterion of explicit definition existence:

Theorem 3.3. For any p, 9, o, the following are equivalent:

— there is no explicit o-definition of ¢ modulo ¢ in L;
- @AY and ¢ A\ ) are o-bisimulation consistent in L.

Example 3.4. Suppose ¢ is the conjunction of the two KB axioms from Example 1.1,
o = {inPower}, and 1 = rep.! Then the second condition of Theorem 3.3 holds for the
Q!S5-models shown below, in which (w, d) in 92t is o-bisimilar to (w’,d’) in 9 iff (w,d) and
(w',d’) agree on o.

m inPower P inPower
rep inPower rep
inPower| inPower
rep rep
@ | rep ® inPower m’
inPower inPower  rep rep
It follows that rep has no definition via inPower modulo ¢ in Q*S5. -

The IEP and EDEP are closely related [GMO05]. Here, we only require the following:

Theorem 3.5. For any L € {Q'S5,Q'K}, the EDEP for L and the IEP for L are polyno-
mially reducible to each other.

Proof. The EDEP is polynomially reducible to the IEP by a standard trick [GMO05]: a
formula v has an explicit o-definition modulo ¢ in L iff the formulas ¢ A ¥ and ¢ — %
have an interpolant in L, where 7, ¢ are obtained by replacing each variable p ¢ o with
a fresh variable p?. Indeed, any o-formula x with =1 ¢ — (¢ <> x) is an interpolant of
p A and ¢% — 97 in L. Conversely, any interpolant of ¢ A ¢ and ¢ — 97 is an explicit
o-definition of ¢ modulo ¢ in L.

For the other reduction, we observe first that the decision problem for L is polynomially
reducible to the EDEP because, for ¢ = p ¢ sig(p) and o = ), we have =, —p iff there is
an explicit o-definition of ¢ modulo ¢ in L. Then we use Theorems 3.1 and 3.3 to show that
formulas ¢, 1 have an interpolant in L iff =7, ¢ — 1 and there is a sig(p) N sig(1))-definition
of ¢ modulo ¥ — ¢ in L. Indeed, it suffices to observe that, for any L-models 9t with w, d
and M with w',d’, we have M, w,d E ¢ and M ', d' E ¢ if Mw,dE= (Y = ) A
and M W', d | (Y = ¢) A . —|

1As our FOM! has no 0-ary predicates, the proposition rep is given as Vz rep(z) assuming that we have
=1 Vzrep(z) V Va —rep(x).
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We next define conservative extensions, an important notion in the context of ontology
modules and modularisation [GHKS08, BKL116].

Conservative extensions. Given formulas ¢ and v, we call ¢ an L-conservative extension
of ¥ if (a) =L ¢ — ¢ and (b) | ¢ — x implies =1, ¥ — x, for any x with sig(x) C sig()).
In many applications, 1 is given by a KB K and ¢ is obtained by adding fresh axioms to K
[GLW06, KWZ10]. (The translation of our results to the language of KBs is obvious.) The
next example shows that this notion of conservative extension is syntax-dependent in the
sense that it is not robust under the addition of fresh predicates.

Example 3.6. Consider the formulas
¢ = rep A OV (inPower — O(rep — —inPower)),
¥ = OV(QinPower A O—inPower A JinPower A 3-inPower).

We claim that ¢ A1 is a conservative extension of 1 in Q'S5. Indeed, condition (a) of the
definition of conservative extension is trivial. To show (b), suppose [=qis5 ¢ A ¢ — x, for
some x such that sig(x) C {inPower} = 0. We need to prove =qiss ¥ — x. Suppose ¥
is true somewhere in a Q'S5-model M. By the definition of v, it is true everywhere in 1.
Consider the relation 3 that connects each inPower-point in 9T with each inPower-point in 9t
from Example 3.4, and each —inPower-point in 91 with each —inPower-point in 9%. It follows
from the definition of ¥ and the structure of 9t that 3 is a o-bisimulation between 91 and
9. The reader can check that 9, w = ¢ A, and so M, w,d = x and M, w,e = x. As B is
a o-bisimulation, we obtain that y is true everywhere in 9, establishing (b).

Now, let ¢’ = A (p V =p), for a fresh proposition p. Then ¢ A9’ is not a conservative
extension of 1)’ as witnessed by the formula y below

x = —(p A O3(inPower A O(p — inPower))).

Indeed, we have =qiss ¢ A ¢/ — x. For suppose M, w = ¢ A9/, and so w |= rep. Then,
by ¢, there is a world v with u |= V(inPower — O(rep — —inPower)). By ¢/, there is a

domain element d with u,d |= inPower, from which w,d = —inPower. Moreover, this is
the case for all d with u,d = inPower. Now, if w = —p, we have w |= x. So let w |= p.
Then u = J(inPower A O(p — inPower)) because if we had u,d | inPower for some d’,

then w,d’ }= —inPower, which is a contradiction. Thus, we obtain w |= x, which proves
Eqiss ¢ A Y — x. On the other hand, in the Q!S5-model shown in the picture below,

inPower inPower

d
p

inPower inPower

p

inPower

p

w

Y is true at w while x is false, and so Eqigs ¥ — x. =

If in the definition of conservative extension we require property (b) to hold for all
x with sig(x) N sig(¢) C sig(v), then ¢ is called a strong L-conservative extension of
). As observed by [JLMT17], the difference between conservative and strong conservative
extensions is closely related to the failure of the CIP: if L enjoys the CIP, then L-conservative
extensions coincide with strong L-conservative extensions. The problem of deciding whether
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a given ¢ is a (strong) conservative extension of a given ¢ will be referred to as (S)CEP.
The study of the complexity of the (S)CEP for DLs and modal logics started with [GLWO06]
and [GLWZ06]; see [BLR 19, JLM22] for more recent work.

Uniform interpolants. Given a signature o, we call a formula y a o-uniform interpolant of
a formula ¢ in L if sig(x) = o and ¢ is a strong L-conservative extension of y. Observe that
X is then an interpolant of ¢ and v in L for any ¢ with =1, ¢ — 9 and sig() N sig(y) = o.

A logic L has the uniform interpolation property (UIP) if, for any ¢ and o, there
is a o-uniform interpolant of ¢ in L. The UIP entails the CIP but not the other way
round. For example, modal logic S4 and description logic ALC" enjoy the CIP but not
the UIP [GZ95, LW11]. This leads to the uniform interpolant existence problem (UIEP):
given ¢ and o, decide whether ¢ has a o-uniform interpolant in L. We refer the reader
to the discussion of related work on interpolant existence in the introduction for a brief
survey of the work done on the UIEP in description logic. This work is mostly motivated
by the observation that a o-uniform interpolant of a formula ¢ can be seen as the result of
forgetting all non-o-symbols from ¢. Forgetting was first introduced in [LR94]. Note that
the SCEP is equivalent to verifying whether a given formula is a uniform interpolant.

4. DECIDING THE IEP AND EDEP 1IN Q!S5

In this section, we prove Theorem 1.2 for Q!S5, stating that IEP and EDEP in Q!S5
are decidable in CON2EXPTIME and 2EXPTIME-hard. As a corollary (established in
Appendix A), we obtain the lower bound of Theorem 1.3 stating that the IEP and EDEP in
equality-free FO? are 2EXPTIME-hard.

4.1. Upper bound. Suppose we want to check whether ¢ and 4 have an interpolant in
Q!S5. By Theorem 3.1, this is not the case iff there are Q'S5-models 9t; with w1, d; and My
with wa, d2 such that 9321, w1, d1 |: ®, E)th,wg, d2 |: —ﬂ/J, and Sﬁl,wl, d1 ~og Sﬁg, wa, dg. We
are going to show that if such 91; do exist, they can be chosen to be of double-exponential
size in || + [¢].

To begin with, as R = W x W in any Q*S5-model 9t = (W, R, D, I), in this section
we drop R and write simply 9 = (W, D, I). Fix ¢, ¢ and o = sig(p) N sig(y)). Denote
by sub3z(p, ) the closure under single negation of the set of formulas of the form 3¢ in
sub(p, 1) = sub(p) U sub()). The world-type of w € W in I = (W, D, I) is defined as

wtgn(w) = {p € subs(p,v) | M, w [= p}.

A set wt C subs(p, 1) is called a world-type in 9 if it is the world-type of some w € W.
Similarly, let suby(¢,1) be the closure under single negation of the set of formulas of
the form Q¢ in sub(p, ). The domain-type of d € D in 9 is the set

dtan(d) = {p € subo(p, ) [ M, d = p}.

A set dt C subg (g, 1)) is called a domain-type in 9N if it is the domain-type of some d € D.
The full type of (w,d) € W x D in 9 is the set

fton(w, d) = {p € sub(p,v) | M, w,d = p}.
A set ft C sub(ip, 1)) is called a full type in O if it is the full type of some (w,d) in M.
The main technique of this section generalises the following construction that shows
how, given any Q'S5-model 9 satisfying a formula ¢, we can construct from the world and
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domain types in 9t a model 2’ satisfying ¢ and having exponential size in |p|. Intuitively,
as a first approximation, we could start by taking the worlds W’ (domain D’) in 9 to
comprise all the world- (domain-) types in 9. But then we might have w,w" and d, d" with
wtgn (w) = wtgn(w'), dtop(d) = dtgn(d’) and different truth-values of some variables p at (w, d)
and (w',d") in M. To deal with this issue, we introduce, as shown in the example below,
sufficiently many copies of each world- and domain-type so that we can accommodate all
possible truth-values in 9 of the p in ¢. (It is to be noted that there are many alternative
ways of introducing copies of the wt and dt to define W’ and D’ and the truth-value of p at
pairs of such copies. For instance, one could swap the role of W and D or give a symmetric
construction introducing 2n copies of each wt and dt. We opted for the representation below
as it generalises well to o-bisimulation-consistency for Q'S5 and S54,cv, and it admits
transparent inductive proofs.)

Example 4.1. Let 9, w,d = ¢, for M = (W, D, I), and let n be the number of full types
in M (over sub(¢)) and [n] = {1,...,n}. Define D’ to be a set that contains n distinct
copies of each dt in 9 over suby(¢), denoting the kth copy by dt*. For any pair wt, dt in
M, let II, g¢ denote the set of functions from [n] onto the set of full types ft in 9 with
wt = ft N subs(p) and dt = ft N suby (). Let I denote the set of functions m mapping each
pair wt,dt in 9 to an element of Il gt. For m € I we set myqe = 7(wt,dt). Then let
IIT C 1T be a smallest set for which the following condition holds: for any ft = ftyy(u,e) and
k € [n], there exists w € ITT with Ty, (u) dton(e) (k) = ft. We claim that [IIT| < n?. Indeed,
for any k € [n] and any full type ft in 9, we will include just a single function f*f ¢ II
in IIT. Assume k and ft = ftoy(u, e) are given. Then we can choose f*f to be any function
mapping pairs dt, wt into Il ¢ such that f5®(wton(u),dton(e))(k) = ft. The resulting IIT is
as required.

We set W/ = {wtl,(u) | u € W, m € II'}, treating each wtf(u) as a fresh m-copy of
wtf,(u). Then both |[W’| and |D’| are exponential in |p|. Define a model MM’ = (W', D', I")
by taking 9, wt™, dt* = p iff p € Twe,dt(k), for all 7 € It and wt,dt in 9. We show by
induction that M, wt™, dt* |= p iff p € murai(k), for any p € sub(y). The basis of induction
and the Boolean cases are straightforward.

Case p = 3¢. If wt™, dt* = p, there is dt'™ with wt™,dt*’ |= €. By IH, € € my g0 (K'),
S0 p € Ty qv (k') and p € wt, whence p € Tyt at(k). Conversely, let p € Tyt ge(k) = fton(u, e).
Then there is ¢’ with M, u, e’ |= &, and so & € ft(u,e). Let dt’ = dtop(e'). As m, qp is
surjective, there is k" with m,, 4 (k') = ft(u, ¢’), and so £ € m, g (k). By TH, wt™, dt’* = ¢,
and so wt™, dt* = p.

Case p = O&. If wt™, dt* |= p, there exists wt'™ with wt'™ ,dt* = ¢. By IH, € € cht/’dt(k:),
so O¢ € 77\’Nt,7dt(k) and p € dt, whence p € Tyt qe(k). Conversely, if p € myt gt (k) = fton(u, €),
there is ' with M, u/,e = €. Let wt' = wtyp(v/). By the choice of IIT, it has 7/ with
T ae (k) = ftan(u/, €). Then & € w4, (), so wt'™  dt |= & by IH and wt™, dt |= O¢. .

Note that Example 4.1 is of interest beyond illustrating our method as it provides a new
and short proof of the exponential finite model property of Q'S5 [GKV97] (equivalently, the
exponential finite product model property of S5 x S5).

In order to be able to introduce more complex ‘data structures’ that allow us to extend
the construction above from satisfiability to o-bisimulation consistency, we start by giving a
simpler, yet equivalent, definition of bisimulation between Q'S5-models.
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Given a signature o and (w,d) € W x D, the literal o-type {3;(w,d) of (w,d) in M is
the set
{peo|MuwdE=ptu{-p|lpco, Muw,dp}.

A pair (Byy, Bp) of relations By, C Wi x Wy and Bp € Dy x Dy is called a 0-S5-bisimulation
between 9ty = (W1, Dy, I1) and My = (Wa, Do, I3) when the following conditions hold:
(sbw) if (w1, wa) € By then, for any d; € Dy, there is dy € Dy such that (dy,ds2) € B and

€5y, (w1, d1) = €3y, (w2, dz), and the other way round;
(sbp) if (di,d2) € Bp then, for any w; € Wi, there is wy € Wy such that (wi,ws) € By,

and {gy (w1,d1) = fgy, (w2,ds), and the other way round.

We say that 91, w1, dq and 9o, we, do are o-S5-bisimilar and write My, w1, dy ~§5 Mo, wa, do
if there exists a o-S5-bisimulation (By,,Bp) with (wi,w2) € By, (di,d2) € Bp and
lgn, (w1,d1) = L3y (w2,d2). Note that in this case dom(By,) = Wi, ran(By) = Wa,
dom(Bp) = D1, and ran(Bp) = Ds.

Theorem 4.2. iml,wl,dl N§5 9372,102,612 iﬁ iml,wl,dl ~g Dﬁg,’wQ,dg.

Proof. (=) Suppose My, wi,d; ~3% My, wo, do is witnessed by (By,,Bp). Define B by
setting ((vi,e1), (va,e2)) € B iff (vi,v2) € By, (e1,e2) € Bp and 1559 (v1,€1) = 8&2(1)2,62).
It follows that ((wi,d1),(we,d2)) € B. We show that 3 satisfies (a), (w) and (d). Let
((v1,e1), (va,e2)) € B. Then (a) follows from (g, (v1,e1) = £y, (v2, €2). To show (w), take
any u; € Wi. As (e1, e2) € Bp, there is ug with (u1,ug) € By and 1459 (ui,er) = E&Q(ug,eg)
by (s5p), from which ((u1,e1), (u2,e2)) € B. The other implication in (w) is symmetric.
Finally, consider any ¢; € Dj. By (sbw), there exists ¢y such that (¢1,c2) € Bp and
lgn, (v1,c1) = LGy, (v2, c2), from which ((v1, 1), (v2,c2)) € B. This and a symmetric argument
establish (d).
(<) Let My, w1, dy ~5 My, wa,ds be witnessed by 3. Set

BW:{(vhU?) | Je1, €2 ((01,61), (Ug,eg))Eﬁ}, ﬁD:{(ehe?) | Jui, va ((U17€1)7 (02’62))66,}‘

Then (w1, ws) € By, (di,d2) € Bp, lgy, (w1,d1) = €y, (wa, d2). To show (s5w ), suppose that
(v1,v2) € By and ¢; € Dy. Then there are eq, e2 with ((v1,e1), (v2,e2)) € B, and so, by (d),
there is e with ((v1, c1), (v2, c2)) € B, from which (e, ca) € Bp and £, (v1,c1) = €y, (v2, c2).
Condition (sbp) is proved similarly using (w). -

For any wy € W1, wy € Wa, we write 91, w1 ~y Ma, wo if there is a 0-S5-bisimulation
(Bw,Bp) between My and My with (wy,we) € By,. Similarly, for any d; € Dy, da € do,
we write My, d; ~, Mo, ds if there is a o-S5-bisimulation (By, Bp) between My and Ny
with (dy,ds2) € Bp. We omit My and My and write simply (w1, d1) ~ (w2, ds), w1 ~g w2,
d1 ~4 do if understood.

Example 4.3. Consider 9y, My, and o = {e} from Example 3.2. Then (W1 x Wy, Dy x D)
is a 0-Sh-bisimulation between Mt; and My witnessing (u;, d;) ~o (uj,d;) and (ug,d;) ~o
(U, dy), for i, 4, k,l,m,n € {0,1,2}, k # 1, m # n. The pair (W x Wa, D; X D) is a 0-S5-
bisimulation between 2t and 9, that witnesses (u;, d;) ~o (v5,¢;) and (ug, d;) ~ (Um,Cn),
for all 4, k,1 € {0,1,2} with k # [, and j,m,n € {0,1} with m # n (cf. 8 in Example 3.2). H

Suppose that 9M; = (W;, D;, I;), for i = 1,2, are 0-S5-bisimilar models with pairwise
disjoint W; and D;. By the definitions,

~ is an equivalence relation on W7 U Wy, and also on Dy U Ds. (4.1)
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Also, for all wy € Wy, wy € Wo, dy € D1, ds € Do,
if w1 ~; wo then there is eo € Dy with dy ~, e and £y (wy,dy) = 03y, (wa, e2),
and the other way round; (4.2)
if dy ~¢ dg then there is vo € Wy with wy ~¢ v2 and £y (wy,dy) = O, (ve,d2),
and the other way round. (4.3)

Now we are in a position to define the necessary ‘data structures’. For any w € W1 U Wy
and i € {1,2}, we set

T (w) = {wtop, (v) | v € Wi, v ~p w} (4.4)
and call wnm(w) = (T1(w), Ta(w)) the world mosaic of w in My, Mo. The pair of the form
wp;(w) = (wtgy, (w), wm(w)), for w € Wj, is called the i-world point of w in My, My. A
world mosaic, wm, and an ¢-world point, wp;, in 9y, My are defined as the world mosaic
and i-world point of some w € W1 U Wy in My, My (in the latter case, w € W).

Similarly, for any d € D1 U Dy and i € {1,2}, we set

Si(d) = {dton,(e) | e € Dy, € ~y d} (4.5)

and call dm(d) = (S1(d), S2(d)) the domain mosaic of d in My, My. If d € D;, the pair
dp;(d) = (dto,(d),dm(d)) is called the i-domain point of d in My, My. A domain mosaic,
dm, and an i-domain point, dp;, in My, My are defined as the domain mosaic and i-domain
point of some d € Dy U Dy. As follows from (4.4), (4.5) and (4.1),

(wm) u ~, v implies wm(u) = wm(v),

(dm) d ~, e implies dm(d) = dm(e).

Observe that the number of distinct wp,; and dp; is at most double-exponential in |¢| 4 ||

Example 4.4. (a) Take 9%, My from Example 3.2, 0 = {e} and 7 = {e, py, p1, P2, bo, b1}
Then wtgy, (u;) and dtgy, (¢;) contain, respectively, the sets

{3p;ne)u{3-p|pertu{-ap;|j#i}, {Opirne)}u{0-p|pertu{-0p;|j#i}
The o-Sb-bisimulations from Example 4.3 give wm(up) = wm(u1) = wm(uz) = wm(vg) =
wm(vy), so My, My have wm = ({wton, (u;) | @ = 0,1, 2}, {wton,(v;) | # = 0,1}) as the only
world mosaic. My has three distinct 1-world points (wton, (u;), wm), for ¢ = 0, 1,2; 95 has
two 2-world points. Similarly, 991, 91 define one domain mosaic, 9; has three distinct
1-domain points and 91 has two 2-domain points.

(b) It can happen that non-bisimilar domain elements give the same domain-point.
Consider the models 9t; and My below and suppose that suby (¢, 1) has no formulas with 3

a p a p

d’ e’
Ny ALY
a a a a
d e p

in the scope of O, 0 = {a} and sig(¢,1) = {a,p}. Then dtoy, (d) = dtgy, (d') but d %4, d’
because ((a A 3-a) is true at d and false at d’; likewise, we have dtgy,(e) = dtgp, (e’) but
e Ao €. Since d ~, e and d’ ~, €', we then have dm(d) = ({dton, (d)}, {dton,(e)}) = dm(e),
dm(d’) = ({dta, (')}, {dtam,(¢')}) = dm(€’), dp;(d) = dp;(d’), and dpy(e) = dpy(e’). 5

Suppose My, wy,dy ~5 Mo, wa, do, My, w1, d; E ¢ and Ma, wa, ds = —1p. We construct
M, = (W], D}, II), i = 1,2, witnessing o-bisimulation consistency of ¢ and =1 and having
at most double-exponential size in || + [¢|. Intuitively, W/ and D) consist of copies of the
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i-world and, respectively, i-domain points in 2y, My rather than copies of the world- and
domain-types as in Example 4.1. Then we obtain the required o-S5-bisimulation (B, Bp)
by including in By, and B, exactly those 1/2-world and, respectively, 1/2-domain points
that share the same world and domain mosaic.

Let n be the number of full types occurring either in Mt or My (over sub(yp, 1)) and
[n] ={1,...,n}. For i = 1,2, set

D! = {dp¥ | dp; an i-domain point in My, My, k € [n]},

treating dpi-c as the kth copy of dp; and assuming all of the copies to be distinct. Next, we
define W}, i = 1,2, using the sets Iy, 4p. of all surjective functions of the form

Twp,.dp, © (1] = {fton, (w, d) | (w,d) € Wi x Dy, wp; = wp;(w), dp; = dp;(d)}.
Observe that, for any wp; = (wt,wm), dp; = (dt,dm), k € [n], and 7wp, dp, € [lup, dp, We
have wt = myp. dp. (k) N sub3(p,v) and dt = mp, dp, (k) N suby(p, 7). On the other hand, it
might happen that 7y, dp, (k) = ftan, (w, d), but wm # wm(w) or dm # dm(d).

Denote by II; the set of all functions m mapping every pair wp,,dp; to an element of
wp, dp, and set Twp, dp, = m(wp;,dp;). Let Hj C ITI; be a smallest set such that, for any full
type ft in 9; and any k € [n], if ft = ftop, (w, d), for some (w, d) € W; x D;, then there exists
T E H}L with o (w).dp, (@) (k) = ft. We claim that |HI] <n? i=1,2. Indeed, for any k € [n]
and any full type ft in 90t;, we will include just a single function f*t € II; in H;-r. Assume k and
ft = fton, (u, ) are given. Then we can choose f*ft to be any function mapping pairs wp;, dp;
into Iyp, dp, Such that, for any w, d with ft = fton, (w, d), we have %™ (wp;(w), dp;(d))(k) = ft,
where wp;(w) = (wtoy, (w), wm(w)) and dp;(d) = (dtey, (d), dm(d)). Observe that there might
be w',d with ft = ftoy, (w',d") but wp;(w') # wp;(w) or dp;(d’) # dp;(d). Nevertheless,
such pairs (w,d), (w',d’) do not give conflicting requirements on the choice of f%ft. The

constructed HI is as required.
Then we set

W/ = {wp] | wp; an i-world point in 9y, My, 7 € HZT},

treating wp[ as a fresh m-copy of wp;. Clearly, both |D}| and |W/| are double-exponential in
lo| + |¢]. Finally, we set

i)i)ﬁ,wp?,dpi-C Ep iff pemup dp, (k) (4.6)

and define By, C W{ x Wj and B8 C D} x D) by taking (Wp’fl,prQ) € By iff wmy = wmg,
where wp; = (wt;, wm;), for ¢« = 1,2; and similarly (dp]fl,dpé”) € Bp iff dm; = dmy, where
dp; = (dt;,dm;), for i =1, 2.

Lemma 4.5. (i) M}, wp7, dpf = p iff p € Twp, dp, (k), for every p € sub(p, ).
(23) The pair (By, Bp) is a 0-S5-bisimulation between M) and N,.

Proof. (i) The proof is by induction on the construction of p, with the basis given by (4.6).
For the induction step, suppose first that p = J¢. If Emg,wpf,dpf = p, then there is
dp}" such that 9, wpl,dp}*’ |= & By IH, £ € 7oy gy (') and 3¢ € 7, 4o (K'). Then
3¢ € wt for wp; = (wt,wm), and so p € Twp, dp, (k). Conversely, suppose p € Typ, dp, (k),
where myp. dp, (k) = ftop, (w, d) with wp; = wp;(w) and dp; = dp;(d). Then there is d’ with
My, w,d |= & Let dp; = dp;(d'). As Twp, dp, 1S surjective, there is k' with £ € Twp; dp, (K')-
By IH, 9%, wp7,dp/*’ = €. Tt follows that 90, wp7, dp¥ = p.

(2
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Next, let p = O&. Suppose 9, wpT,dpf = p. Then there is wp™ with 90, wp/™ , dpf |= €.

7 (2
By IH, § € m,, 4, (k) and Q¢ € 7|, (k). Then O¢ € dt for dp; = (dt,dm). It follows
that p € mup, dp, (k). Conversely, let p € myp, dp, (k) = fto, (w, d) with wp; = wp;(w) and
dp, = dp;(d). Then there is w’ with 9, w’, d = £. By the choice of H;.r, there exists ' € H;r

such that m , (k) = ftoy,(w', d), where wp; = wp;(w’). Then § € m, . (k), and so

img,wp;”', dp; = ¢ by IH, whence 0, wpl", dp; = O¢€.

The induction step for the Booleans is straightforward.

(7i) To check (s5y), suppose (wp7f17wp§2) € By with wp; = (wt;,wm;), for i = 1,2, so
wm; = wmsy. Take any dp]f1 € D) with dp; = (dt;,dm;). We need to find dpgz’ € D) such
that dp, = (dt,dms), dm; = dmg and p € ﬂ-\}vpl,dpl(kl) iff pe vap%d% (kg), for all p € 0.

Suppose Tr\}vpl,dpl(kl) = fton, (u,d), for some (u,d) € W x D;. Then wp; = wp,(u) =
(Wtanr, (w), wm(w)), wmy = wm(u) = (T1(u), To(u)), and dp; = dp;(d) = (dtoy, (d),dm(d))
and dm; = dm(d) = (S1(d), S2(d)). As wm; = wmsy, we have wty € T5(u) by (4.1). Thus, by
(4.4) and (wm), there is v € Wy with u ~, v and wpy = (wtgp, (v), wm(v)).

Now, by (4.2), there exists e € Dy with d ~, e and £, (u,d) = {5, (v,e). By (dm),

dm(d) = dm(e). Since all functions myp, dp, are surjective, there exists ky € [n] with
773vp2,dp2(k2) = fton, (v, €), implying that p € ”\}vpl,dpl(kl) iff pe vap%d% (k2), for all p € 0.
ft(u, d)
wpy! ——————— dp}* U
/ / / /
o o o o'
\ ft v, e \ \ \
wpj? L dph? v—

The other implication in (s5y) is similar.

To check (s5p), let (dp]fl,dp§2) € Bp with dp; = (dt;,dm;), i = 1,2, so dm; = dmg. Take
any wp’lT1 € Wi with wp; = (wty,wmy). We need to find wp’2r2 € W3 with wpy = (wta, wmy)
such that wm; = wmo and p € ﬂ\}vpl’dpl(kl) iff pe Wavpz’dm(]@), for every p € o.

Let W\}vpl,dpl(kl) = fton, (u, d), for some (u,d) € Wi x D;. Then wp; = wpy(u) =
(wtgn, (w),wm(w)), wm; = wm(u) = (T1(u),Ta(u)), and dp; = dp;(d) = (dtop, (d),dm(d))
and dm; = dm(d) = (S1(d), S2(d)). As dm; = dmg, we have dto € So(u) by (4.1). Thus, by
(4.5) and (dm), there exists e € Dy such that e ~, d and dp, = (dtgn, (), dm(e)). By (4.3),
there is v € Wy with u ~, v and (g (u,d) = £3, (v,e). By (wm), we have wm(u) = wm(v).
By the choice of Hg, there is 72 € Hg such that W\?va,dpQ (k2) = fton, (v, e), which implies
that p € W\}\/pl,dpl(kl) iff pe ﬂip%dm (kg), for all p € 0. The other implication in (s5p) is

similar. 4
The construction and lemmas above yield:

Theorem 4.6. Any formulas ¢ and —) are sig(p) N sig(1)-bisimulation consistent in Q'S5
iff there are witnessing Q'S5-models of size double-exponential in |p| + |1].

Proof. Let My, My be QS5-models with My, wi,di ~g Mo, wo,ds, My, wi,dy E o,
My, wo,dy = —1p, where o = sig(p) N sig(¢y). Consider the models M), M, with o-S5-
bisimulation (B, Bp). For i = 1,2, let wp; = wp;(w;) = (wtgp, (w;), wm(w;)) and let dp; =

dp;(d;) = (dto, (d;), dm(w;)). By the choice of Hj, we have 7 with Wévp_’dp_(l) = ftop, (wi, d;).
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Then 9}, wpT ,dp} = ¢ and 9, wp3~, dp} = —1p by Lemma 4.5 (i). Since w; ~g wy and
di ~¢ d2, (wm) and (dm) imply wm(w;) = wm(ws) and dm(d;) = dm(dz). By Lemma 4.5
. . 7'('1 7'('2 ™ T

(i1), (Wp{rl,wpgz) € By and (dp] ,dp35 ) € Bp, and so ?)ﬁ’l,wpll,dp% ~g 9ﬁ’2,wp22,dp% by

Theorem 4.2. 4

Theorems 4.6, 3.1 and 3.5 give the upper bound result in Theorem 1.2 for Q'S5, stating
that both TEP and EDEP for Q!S5 are decidable in CON2EXPTIME.

4.2. Lower bound. We next prove the lower bound in Theorem 1.2 for Q'S5, stating that
the IEP and EDEP for Q!S5 are both 2ExPTIME-hard.

We reduce the word problem for languages recognised by exponentially space bounded
alternating Turing machines (ATMs). It is well-known that there are 2"-space bounded
ATMs for which the recognised language is 2ExpTIME-hard [CKS81].

A 2"-space bounded ATM is a tuple M = (@, qo, ', A), whose set @ of states is partitioned
to V-states and dJ-states, with the initial state gg being a V-state; I' is the tape alphabet
containing the blank symbol b; and A: Q xT' — P(Q xI'x {L, R}) is the transition function
such that |A(q,a)| is always either 0 or 2, and V-states and 3-states alternate on every
computation path. V- and 3-configurations are represented by 2"-long sequences of symbols
from I'U (Q x I'), with a single symbol in the sequence being from @ x T.

Similarly to [JW21], we use the following (slightly non-standard) acceptance condition.
An accepting computation-tree is an infinite tree of configurations such that V-configurations
always have 2 children, and J-configurations always have 1 child (marked by 0 or 1). We say
that M accepts an input word @ = (ag, a1, . ..,a,—1) if there is an accepting computation-tree
with the configuration c;p; = ((qo, aQ), A1y vy p—1,D, ... ,b) at its root. Note that, starting
from the standard ATM acceptance condition defined via accepting states, this can be
achieved by assuming that the 2™-space bounded ATM terminates on every input and then
modifying it to enter an infinite loop from the accepting state.

Given a 2"-space bounded ATM M and an input word @ of length n, we will construct
in polytime formulas ¢ and ¢ such that

(1) Fqiss ¢ = ¢, and
(2) M accepts @ iff p, <) are o-bisimulation consistent in Q'S5, where o = sig() N sig(v)).
By Theorems 3.5 and 3.1, it follows that both IEP and EDEP are 2EXpTIME-hard for Q!S5.

One aspect of our construction is similar to that of [AJM™*21, JW21]: we also represent
accepting computation-trees as binary trees whose nodes are coloured by predicates in o.
However, unlike the formalisms in the cited work, Q'S5 cannot express the uniqueness of
properties, and so the remaining ideas are novel. One part of ¢ ‘grows’ 2"-many copies of o-
coloured binary trees, using a technique from 2D propositional modal logic [HKK*03, GJL15].
Another part of ¢ colours the tree-nodes with non-o-symbols to ensure that, in the mth
tree, for each m < 2", the content of the mth tape-cell is properly changing during the
computation. Then we use ideas from Example 3.2 to make sure that the generated 2"-many
trees are all o-bisimilar, and so represent the same accepting computation-tree.

We begin with defining the conjuncts (4.7)—(4.39) of ¢. We will use three counters, B, U
and V, each counting modulo 2" and implemented using 2n-many unary predicate symbols:
hi, ... R, v, i for A € {B,U,V}. We write equ? for A,_, (h{' < v#), and
write [A =m)] for m < 2", if equ” holds and the h“- and v*-sequences represent m in binary.
We use [A <m] if [A=F]| for some k < m, and we use [A#m] if [A=Fk] for some k # m.
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We write succ” for expressing that ‘h“-value = v4-value+1 (mod 2")’:
A A A A A A A A
i<n 1<t 1<j<n i<n

We express, for A € {B,U,V}, that the hA—predicates are ‘modally-stable’ and the v*-
predicates are ‘FO-stable’:

OV A\ ((h* = Oh) A (=R — O-kY), (4.7)
OV A\ (0] = Vo) A (o]t = Vo). (4.8)

We use the B-counter to generate 2"-many ‘special’ equ®-points ‘coloured’ by a fresh
predicate 7 for the root-node of the trees representing the computation. The succ?-points
used in generating the r-points will be marked by a fresh predicate n® (for ‘next B’):

[B=0] AT, (4.9)
OV(r A [B#2" — 1] — 3nP), (4.10)
Ov(n? = ¢Or), (4.11)
OV(r — equ?), (4.12)
OV(n®? — succ?). (4.13)

Then, at each r-point, we ‘grow’ an infinite binary rooted tree that we will use to represent
the accepting computation-tree of M on @ as follows. The binary tree is divided into 2"-long
‘linear’ levels (where each node has one child only): each linear 2"-long subpath within such
a level represents a configuration. In addition, the infinite binary tree is branching to two at
the last node of the linear subpath representing each V-configuration (see more details in
the proof of Lemma 4.8 below).

We grow this infinite binary tree with the help of the U-counter. Nodes of this infinite ‘U-
tree’ are marked by a fresh predicate ¢, and the succV-points used in generating the ¢-points
will be marked by a fresh predicate nU. First, we generate a computation-tree ‘skeleton’
of alternating V- and 3-levels, and with appropriate branching. We use fresh predicates gy
and qg, i = 0,1, to mark the levels, and an additional predicate z to enforce two different
children at V-levels. Given any formula x, we write next(x) for V(n? — O(t — x)). We add
the following conjuncts, for ¢ = 0, 1:

Dv(r — [U=0] A gy At), (4.14)
Ov(t — 3nY), (4.15)
Ov(nY — Ot), (4.16)
OV(t — equY), (4.17)
OV(nY — succ?), (4.18)
OV(¢ A [U#2" — 1] A gy — next(qy)), (4.19)
(4.20)

(4.21)

OV(EA[U#2" — 1] A g5 — next(gh)),
OV(EA[U=2"-1]Agy — InY A z2) /\EI(nU/\ﬂz)),



6:18 A. Kurucz, F. WOLTER, AND M. ZAKHARYASCHEV Vol. 21:4

OVEA[U=2"-1]Agy — next(q3 V q%)), (4.22)

OV(tA[U=2"—1] A g5 — next(gy)). (4.23)

Next, for each v € I' U (Q x I'), we introduce a fresh predicate s,. We initialise the
computation on input @ = (ag, ai,...,an—1), where a; # b for i < n:

DV(T — S(go,a0) /N N€Xt(Say A ... next(sq,_; A next(s;)).. )), (4.24)

OV (¢ A s, A[U#2" — 1] — next(sy)). (4.25)

Next, we ensure that the subsequent configurations are properly represented. Using the
V-counter, we ensure that, for each m < 2™, the U-tree that is grown at the mth r-
point properly describes the ‘evolution’ of the mth tape-cell’s content during the accepting
computation. We begin with ensuring that the V-counter increases along the U-counter,
and with initialising it as 2" — 1 — m of the value m of the B-counter:

OV(t — equ"), (4.26)
OV(nY — succ"), (4.27)
Dv[r = N\ ((h? & =hY) A (0P ﬁviv))]. (4.28)

Below we enforce the proper evolution of the ‘middle’ section of the 2"-long tape (when
0 < m < 2™ — 1), the two missing cells at the beginning and the end of the tape can be
handled similarly.

In order to do this, we represent the transition function A of M by two partial functions

fi: CUQxT))’ = (TU(Q xT)), fori=0,1,

giving the next content of the middle-cell for each triple of cells. We ensure that the domain
of the f; is proper by taking, for all (¢,a) with |A(g,a)| = 0, the conjunct

DVﬁS(q’a). (429)
For each 7 = (70, 71,72) € (F U (Q x F))3 in the domain of any of the f;, we write cellsy for
Sy A3 [nU A <>(t A (85 A 3(nY A 0872))”.

In addition to the s, variables, for some v € I'U (Q x I'), we will use additional variables
0 ol

8y, 8., and s;ﬂ and have the conjuncts, for ¢ = 0,1 and % in the domain of any of the f;:
OV(EA[V=2" —1]A[U<2" - 2] Acellsy A gy — next(s?eoﬁ) A 8}1(7)))7 (4.30)
OV(EA[V=2" —1]A[U<2" —2] Acellsy A g4 — next(s}iﬁ))), (4.31)
OV(EA [U#2" — 1] A sl — next(s!)), (4.32)
Dv(t ANU=2" 1] AgyAsd = Y(nU Az — Ot — .si))), (4.33)
Dv(t AU=2"—1] A gy A st = V¥(nU A-z— Ot - si))), (4.34)
OV(tA[U=2" - 1] A g5 A s’ — next(sT)), (4.35)
OV(EA [V #£2" — 1] A sj — next(sj)), (4.36)
OV(EA[V=2"-1]A sj — next(s,)). (4.37)
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Finally, we introduce a fresh predicate e that will ‘interact’ with the formula . We add
conjuncts to ¢ ensuring that each of the generated U-trees stays within the ‘B-domain’ of
its root r-point (meaning every node of these trees is an e-point having the same B-value):

vt vnl —e), (4.38)
V(e — equ®). (4.39)

By this, we have completed the definition of .
Next, using the second formula of Example 3.2, we define the formula v such that
sig(@) N sig(v) is the set

o= {e,’r,nU,z,t,qv,qg,q%l} U {s7 |y eT U(Q x I‘)}
We let
Y = xAOV(e by Vby) = 03 (by A O(—e ATby)) Vv OF(by A O(—e A Tby)),
where X = A\pc,\fe1 (P — P) and by, by are fresh predicates.

Lemma 4.7. Ifn > 1 then =qiss ¢ — 9.

Proof. Suppose M, wo,dy = ¢ AOV(e <> by V by) for some model MM = (W, D, I). Then,
by (4.9)-(4.13), we have at least 2" >3 different r-points (wo, dp), ..., (wan_1,d2n_1) in
W x D, with the respective B-values 0,...,2" —1. As r-points are also e-points by (4.14)
and (4.38), the pigeonhole principle implies that there are i # j < 2"~! k € {0,1} such that
M, w;, d; = by, and M, wj, d; = by. Then M, w;, d; = —e by (4.7), (4.8) and (4.39), and so
m, wo, do ): ID =

Lemma 4.8. If M accepts @ then @, —) are o-bisimulation consistent in Q'S5.

Proof. Let T = (T, S0, S1,qv,49%, ¢4, 8y )yeru(@xT) be the infinite binary tree-shaped FO-
structure with root r € T and binary predicates Sy, S1, that represents the accepting
computation-tree of M on @ as discussed after formula (4.13) above, that is, configurations
are represented by subpaths of 2"-many nodes linked by Sy. Every node of the 2"-long
subpath representing a V-configuration is coloured by gy. The last node representing a
V-configuration has one S;-child, for each of ¢ = 0, 1, where the representations of the two
subsequent 3-configurations start. For ¢ = 0, 1, if it is the i-child of an JF-configuration c¢ that
is present in the computation-tree, then every node of the 2"-long subpath representing c is
coloured by q% (see Fig. 1 for an example). The last node representing an 3-configuration has
one Sy-child, where the representation of the next configuration starts. Nodes representing
a configuration are also coloured with s, for the corresponding symbol v from I' U (@ x T).

We begin by defining a model 9t = (W, D, I') making ¢ true. Take 2 - 2" many disjoint
copies Wy, and D,,, m < 2", of T and let W = J,,,con Wi and D = |J,,, .on Di. For each
m < 2" and t € T, let wl, and d!, denote the copy of t in W,,, and D,y,, respectively. We define
I first for the symbols in 0. For allm < 2", t € T and p € {qy,q%, ¢}}U{s, | v € TU(QxT)},
we let

elwn) = {d¥ |t €T}, (4.40)
dt if t =

pitt) _ [ Admbs ifE =7, (4.41)
0, otherwise,

() @) = (g | So(t,t') or Sy(t,t)}, (4.42)
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Figure 1: Representing accepting computation-trees.
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210 = {dy, | So(t )}, (4.43)

t/(m) = {dl,}, (4.44)
t . .

I(wt) _ {dt,}, if p(t) holds in T, L5

P { 0, otherwise. (4.45)

Next, we define I for the symbols not in . The hf; - and Uf—predicates, for i < n, set
up a binary counter counting from 0 to 2" —1 on pairs (wg, dp), ..., (Whn_q,dsn_4) in such
a way that they are

— stable within each W, X Dy, m < 2" if M, w’,,d’, = hP then M, w,d = hP for all
w € Wi, d € Dy if M, wh,, dl = vP then M, w, d = vP for all w € Wiy, d € Dyy;

— the hP-predicates are modally-stable: if M, w,d = h? for some w € W and d € D then
M, w',d = hP for all w’ € W;

— the le—predicates are FO-stable: if MM, w,d = vfg for some w € W and d € D then
M, w,d = vP forall d € D.

We let, for all m < 2" and t € T,

(nBy[h) — { {db, .1}, ifm< .2" —landt=r,
0, otherwise.

For each m < 2", the h? - and vZU—predicates, for i < n, set up a binary counter counting
from 0 modulo 2" infinitely along the levels of the tree T, on pairs of the form (w?,, d,), for
teT. The hZU -predicates are modally-stable, while the UZU -predicates are FO-stable, in the
above sense.

Then, for each m < 2", the modally-stable hl‘-/ - and the FO-stable vZV -predicates set up
a binary counter counting from 2" — 1 — m modulo 2" infinitely along the levels of the tree
T, on pairs of the form (w!,,d!)), for t € T. Also, we extend the FO-structure T to T}, by
adding unary predicates sg, 3}7’ sfy’, fory e TU(Q xT), see Fig. 2. For allm <2",t €T,
pE {sg,s}y,sj |y eTU(Q xT)}, we let

pl (k) — {dt}, if p(t) holds in T},
0, otherwise.

It is readily checked that 91, wy, dy = .

Next, we define a model M = (W, ﬁ, I ) making —1) true. We take four disjoint copies
WO,W1 and f)g,f)l of T and let W = WO U Wl and D = 150 U 151. For each k£ < 2 and
t €T, let w!, and cifn denote the copy of ¢ in Wy and Dy, respectively. Now, for symbols in
o we define I similarly to I in (4.40)—(4.45) above. For symbols not in o the only ones with
non-empty I-extensions are the b;, for i < 2: Forall i,k < 2,t €%, we let

iwy _ [ {d |V eTy, itk =i,
0, otherwise.

It is readily checked that 91, W, AS = .
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Figure 2: Passing information from one configuration to the next.
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Finally, we define a relation 8 C (W x D) (W X ﬁ) by taking, for any w,d,®,d,
((w, d) (, )) € B iff there exist t,t' € T, m,m’ < 2", k, k' < 2 such that w = w},, d = dt,,,
W = wk, d= dk,, and m = m/ iff K = k. Tt is not hard to show that 3 is a o- blslmulatlon
between D and 9 with ((wg, dpy), (g, d )) € p. =

Lemma 4.9. If n > 1 and p, =Y are o-bisimulation consistent, then M accepts @.

Proof. Let M, wp, dy and M, wy), d, be models with M, wo, do = ¢, M, w(, dj = 1, and
M, wo,dy ~o M, wy,d. Let (wo,dp),...,(wam_1,don_1) be subsequent r-points in I
generated by (4.9)—(4.13), with the respective B-values 0,...,2" —1. By (4.14) and (4.38),
we have I, w;, d; |= e, for i < 2". We claim that for all 7, j < 2" there are w;j, d;; such that

f)ﬁ, Wij, di]’ ): [B == i], (446)
m Wiy, di]’ ~g gﬁ, wy, Cl i (447)
Indeed, to begin with, there are w;, d; such that M, w;, d; ~o M’ w}, d;, and so M, w}, d} = e.

Let k < 2" and k # i, j. As the B-values of (w;, d;) and (wk, dy) are different, 9, wy, d; = —e
follows by (4.39). Thus, there exist wy,d) such that M, w),d, = —e, M w,,d, = e,
and M, wy, dy ~o M, w),d). Similarly, there exist w},d; such that 9, w}, d) = —e,
M, v, d; = e, and M, w;,d; ~ M, W), d;, see Fig. 3.

37 3
D /’,_7—"” Tl
e
N
N P D
N /” \\\
N - ~_
N -
d; T~
e
—-e [
dy Q -
e —e e
d; O8> _
Wij < Wy Wk L 77

Figure 3: Enforcing 2" o-bisimilar trees.

As M wy,dj, = —, we have M, wi.d, = bs for s = 0 or s = 1. Suppose s = 0

[Rat)

(the other case is similar). It follows from —t that M, wy, d) = by and M, w, d; |= bo.
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Then 90V, w;-, d; = e also follows from —). As M, w;, d; ~, M, w;, d}, there are w;;, d;; with

m, Wiy, dl ): e, Sﬁ, Wij, dij ’: e and f)ﬁ, Wij, dij ~o ml, w;-, d; Thus, SIR, Wiy, dij ~o f)ﬁ, wy, dj,
and so (4.47) holds. We also have 9, w;;, d;; |= equ® by (4.39), and so (4.46) follows from
(4.8).

In particular, (4.46) and (4.47) imply that, for each m < 2", there exist w;},, d;}. such that

m?'m
M, w;t, df = [B=m] and M, w;, df ~, M, wo,dy. Take the U-tree Ty grown from (wy, do)
by (4.14)-(4.23). Then it has a o-bisimilar copy ¥;, grown from each (w,},, d;,). Choose a

computation-tree ‘skeleton’ from Ty determined by its qg labels. As e, r,z,nY,t,qy, g5 € o,
the formulas (4.24)—(4.37) imply that the s, labels in T, properly describe the ‘evolution’
of the mth tape-cell’s content via the chosen ‘skeleton’. As all s, are in o, using its s,
labels and (4.29), we can extract an accepting computation-tree from T (with all tape-cell
contents evolving properly). =

This completes the lower bound proof of Theorem 1.2 for Q'S5. The lower bound result
of Theorem 1.3 for equality-free FO? is proved in Appendix A.

Note that the 2EXPTIME lower bound results of Theorem 1.2 hold even if we want to
decide, for any FOM!-formulas ¢ and 1, whether an interpolant or an explicit definition
exists not only in Q!S5 but in any finite-variable fragment of first-order S5. More precisely,
we claim that, for any n,¢ < w with 2" > ¢+ 1, given a 2"-space bounded ATM M and an
input word @ of length n, there exist polytime FOM!-formulas ¢ and 1, such that
(1) Fqiss ¢ = ¢, and
(2) M accepts @ iff p, =), are o-bisimulation consistent in the ¢-variable fragment of

quantified S5, where o = sig(y) N sig(1y).

Indeed, ¢ is the same as before and )y is similar to ¥ = 1; above: we just divide e not into
two but £+ 1 parts, using fresh variables by, ..., by. The proof that these modifications work
is similar to the proof above.

5. THE (S)CEP anD UIEP IN Q!S5 ARE UNDECIDABLE

We now turn to the (strong) conservative extension and uniform interpolant existence
problems, which, in contrast to interpolant existence, turn out to be undecidable. We show
the following refinement of Theorem 1.4.

Theorem 5.1. (i) The (S)CEP in QS5 is undecidable.
(ii) The UIEP in Q'S5 is undecidable.

The undecidability proof for the CEP is by adapting an undecidability proof for the
CEP of FO? in [JLMT17]. The main new idea here is the generation of arbitrary large binary
trees within Q'S5-models that can then be forced to be grids in case one does not have
a (strong) conservative extension. The proof is by reduction of the following undecidable
tiling problem. By a tiling system we mean a tuple T = (T, H,V,0,2",27), where T is a
finite set of tiles with 0, 2", 27 € T, and H,V C T x T are horizontal and vertical matching
relations. We say that T has a solution if there exists a triple (n,m,7), where 0 < n,m < w
and 7: {0,...,n—1} x {0,...,m — 1} — T, such that the following hold, for all i < n and
7 <m:

(t1) if i <n—1then (7(4,7),7(i +1,j)) € H;
(t2) if j <m —1 then (7(3,7),7(i,j+ 1)) € V;
(t3) 7(i,j) =0 iff i = j = 0;
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(t4) 7(i,7) =27 iff i=n—1,and 7(i,j) = 2T iff j =m — 1.
The reader can easily show by reduction of the halting problem for Turing machines that it
is undecidable whether a given tiling system has a solution; cf. [vEB97].

For any tiling system ¥ = (T, H,V, o, 2T z7"), we show how to construct in polytime
formulas ¢ and 1) such that T has a solution iff ¢ A1) is not a (strong) conservative extension
of ¢. For any model 9 = (W, D, I), we mark the points on the finite grid to be tiled by a
predicate g, that is, we let g™ = {(w,d) € W x D | d € g'(")}. Then we define the intended
‘horizontal’ and ‘vertical’ neighbour relations RhEm and R™ on the grid by setting

Rhmt = {((w,d), (w',d’)) e g™ x g™ | (W', d) =z, (w,d) E —|z_’}, (5.1)
R = {((w,d), (w,d)) € " x g™ | (w,d) Fy, (w,d) -z} (5.2)
We set, for any formula x: Opx = —0Op—x, Hux = 00X,
Onx=gA=-2z7 AO(AIgAX)),  Oux=gA—z" A3(YyAO(gAX))
Now ¢ uses the following conjuncts to generate the grid:
oNgANOV(gA—(z" A27) = Ox) ADOV(z — 3g),
V(g A —2" — Fy), (5.3)
OV(y — 0g). (5.4)

Next, we regard each tile t € T" as a fresh predicate, and we add the following conjuncts to
, expressing the constraints for the tiles:

V(g A =OpT — 27), (5.5)
Ov(g < \/ t), (5.6)
teT
ov A (t— —t), (5.7)
t£t

vE—0, \/ ), (5.8)
(t,t')eH

ov(t—0, \/ t), (5.9)
(t,t)eVv

OV(g — —~0no A =0y0), (5.10)

OV((z7 = Ouz ) A (Quz” = 27)), (5.11)

DV((zT — Opz") A (Op2! — zT)). (5.12)

Let o = sig(¢) = {g,x,y} U{t|t € T}.

Note that we have not yet forced RY®, R™ to form a grid-like structure on g™-points.
We say that a g™-point (w,d) is confluent if, for every Ry'-successor (wy,d) and every
R -successor (wy,d,) of (w,d), there is (w’,d’) that is both an R *-successor of (wy, dj,) and
an Rzﬁ—successor of (wy, d,). Forcing the grid to be finite and confluence of all grid-points are
achieved using the formula v, which contains two additional predicates, g and s, behaving
like second-order variables over grid-points. We set

¢ =q A Dv(q — <>hq V <>vq \ (<>th3 A OhDv_‘s))-
It is readily seen that if 9, wy, dy = ¢, for some model 9, then the following are equivalent:
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(c1) M, wo,dy = 1, for some model M’ = (W, D, I') with I’ the same as I on all predicates
save possibly q and s (we call such an 9’ a variant of M);

(c2) 97 contains an infinite RY" U RY-path starting at (wp,dp) or a non-confluent g™-point
accessible from (wp,dp) via an RY* U R-path.

Lemma 5.2. If T has a solution, then ¢ A is not a conservative extension of .

Proof. Let (n,m,7) be a solution to . We enumerate the points of the n x m-grid starting
from the first horizontal row (0,0),...,(n — 1,0), then continuing with the second row
(0,1),...,(n—1,1), etc. We define a model Mt = (W, D, J) with W =D ={0,...,nm — 1}
that represents this enumeration as follows (remember that o, 2T, 2z~ € T, 2" marks the
tiles of last row, and z™ marks the tiles of the last column). For all k < nm and t € T,

g’® = {k}, (5.13)
=B
g 0 — { éf‘c +n}, ftﬁejw?:; - (5.15)
e = { éf{:}’ i)ftﬁejvi:e.—}_i i (510)

For n = m = 3, the model M (without tiles other than o0, z7, 2") and the relations R}', R}
are illustrated in Fig. 4. Tt is easy to check that 91,0,0 = ¢ and 91,0,0 = -, for any
variant 9 of M.

D Yy z~

8e ) %0 2T
R‘n/ g
y . h,
7e [ ) 'b-' sz .
y . R‘;}/ 9
6 ¢ ° R;ﬂ.,n .d T e
v w9 T
. P2
5¢ ° RI."..»0 @
RS T
y ST RY
4 ¢ [ ] Rgt ‘4746 [ ]
v /R?g &
3@ Rl .90 @
g x
-
2¢ RIS 5 e
19 O @
om 9 (Y
'R}

0 &F ® * . . - - . o W

og T

Figure 4: The model 1.

We construct a formula x such that sig(x) = o, [Eqiss ¥ A @ — —x but FEqiss ¢ — X,
which means that ¢ A1) is not a (strong) conservative extension of ¢. Intuitively, the formula
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X characterises the model N at (0,0). First, for every (i,j) € W x D, we construct a formula
;. j such that, for all (¢/,j') € W x D,

Wi ey (75 = (6,5). (5.17)
For instance, we can set inductively
$0,0 = O,
Pit1i+1 =g A @ A Qpis),
¢ij = 3pii N Owjj, fori#j.
Now let
Xij = @ij N /\ /AN /\ -p, (5.18)
pEo, Nyi,j=p pEo, Nyi,jE=—p
and let x be the conjunction of

X0,0, (5.19)
OV(xii — OnpXit+1,i+1), for i <nm —1, (5.20)
OV(xii = OoXitn,itn), for i <nm —mn, (5.21)
OV(xi: — Ox i), for i,j < nm, (5.22)
OV(xs,: — 3xi,j), for i,j < nm, (5.23)
OV(Oxui A Ixij — Xi,i), for 4, 5,1 < nm. (5.24)

Using (5.17), it is easy to see that 9,0,0 = x, and so ¢ Ay is satisfiable, i.e., Fqiss ¢ — —X.
Now suppose that 9t is any model such that 9, wg, dp = ¢ A x for some wg, dyg. Using the
equivalence (c1) < (c2), we show that 9, wo, dy = —, which implies |=qigs ¥ A p — —x.
To begin with, by (5.1), (5.2), the definition of M, and (5.18)—(5.21), there cannot exist
an infinite R?Lﬁ U R™-chain. Now suppose there is an Rhm U R™-chain from (wp, dg) to some
node (w,d) with an RP-successor (wi,d;) and RY-successor (w2, ds). Then M, w,d = x;
for some i, M, w1, d1 = Xit1,i+1 and M, w2, d2 = Xitn,itn, by (5.19)-(5.21). By (5.22) and
(5.23), there exist d} with 9, w1,d} E Xit+1i+n+1, and wh with M, wh, ds E Xitnt1,itn- BY
(5.24), M, wh, d} = Xitn+1itnt1- Moreover, as by (5.18), z' is not a conjunct of x;+1,i+1,
and 27 is not a conjunct of X;in itn, we have that y is a conjunct of Xit1,i4n+1, and
x is a conjunct of Xiin+1i4n. Thus, by (5.1) and (5.2), ((w1,dy), (wh,d})) € R and
((wa, d2)(wh,d})) € R, and so (w,d) is confluent. =

We say that a formula « is a model conservative extension of a formula g if Er a — 8
and, for any model MM, w, d with 9, w,d |= B, there exists a model M’ with M w, d = a,
which coincides with 9T except for the interpretation of the predicates in sig(a) \ sig(3).
Clearly, if « is a model conservative extension of £, then « is also a strong conservative
extension of #. Thus, if ¢ A% in our proof is not a conservative extension of ¢, then ¢ A ¥
is not a model conservative extension of .

Lemma 5.3. If ¢ Ay is not a conservative extension of ¢, then T has a solution.

Proof. Consider a model 9 = (W, D, I) such that MM, w,d | ¢ but M, w,d = —) in any
variant 2 of M. Using the equivalence (c1) < (c2), one can easily find within 9t a finite
grid-shaped (with respect to RhD:rt and Rgn) submodel, which gives a solution to ¥.

For instance, we can start by taking an Rzﬁ—path of g™-points

(w,d) = (w§, dO) R} (wy, d) R} ... R (wh_y,dp)_y),

n—1»
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for some n > 0, that ends with the first point (wQ_;,d"_,) such that M, wl_|,d% | = z7.
Such a path must exist by =(c2) and (5.5). The chosen points (w?, d?) form the first row of
the required grid.

Next, observe that V(g A =0, T — 2T) follows from (5.3) and (5.4). So, similarly to

the above, by =(c2) we can take an RX'-path
(1w, do) 13" (w, do) " B3 (™" dg ™),

for some m > 0, that ends with the first point (wgnfl, dg“l) such that 91, wgl*l, dg”fl = 2T
It forms the first column of the grid. By —(c2) again, the point (w), dJ) is confluent, and so
we find (wi,d}) with

(w?, d)) R (wi,d}) and (wg,dy) Ry (wi,dy).

Similarly, we find the remaining g™*-points (wlj , d{ ) for the whole n x m-grid. By (5.6) and
(5.7), each (w!,d?) makes exactly one tile t € T true. By (5.8) and (5.9), the matching

PRIt

conditions of (t1) and (t2) are satisfied. By (5.10), we have (t3). Finally, (t4) is satisfied
by (5.11) and (5.12). -

This completes the proof of Theorem 5.1 (7).
The undecidability proof for the UTEP merges the counterexample to the UIP from
Example 5.4 below with the formulas constructed to prove the undecidability of CEP above.

Example 5.4. Suppose o = {a,p;,ps} and
o =0V(a— O(p; Ab)) AOV(py Ab— I(py Ab)) ALV (py Ab — O(py AD)).

To show that a A ¢y has no o-uniform interpolant in Q!S5, for every positive r < w, we
define a formula x, inductively by taking xo = T and x,+1 = p; A I(py A Oxr). Then
Eqiss a Ao — Ox, for all r > 0. Thus, if p were a g-uniform interpolant of a A o,
then |=qiss © = Ox would follow for all r > 0. Consider a model M, = (W,, D, I,) with
W, =D, ={0,...,r — 1}, in which a is true at (0,0), p; at (k,k — 1), and p, at (k, k), for
0 < k < r, as illustrated in the picture below:

D3
2 b Do
mfﬂ b p m?}voao ):XQ
1 1
m37070 }5& X3
a D,
0 ——O W3
0 1 2

Then M, 0,0 = Ox., for any r > 0, and so M., 0,0 = o. On the other hand, M,,0,0 = Ox;
for all v < r. Now consider the ultraproduct [[,; 9, with a non-principal ultrafilter
U on w\ {0} (we refer the reader to [CK98] for the definition and relevant properties
of ultrafilters and ultraproducts). As each Ox, is true at (0,0) in almost all I, it
follows from the properties of ultraproducts that, for a suitable 0 and all » > 0, we have
[Iy9,.,0,0 = a A =g A Oxy. One can interpret b in [, M, so that 9,0,0 = ¢q for the
resulting model 9. Then 9 = a A g A —p, contrary to Fqiss @ A wg — o, for any uniform
interpolant o of a A g. .

We now come to the proof of Theorem 5.1 (ii). Take T, ¢, and 1 from the proof of
Theorem 5.1 (7). Using fresh predicates a, b, p;, py, and ¢ from Example 5.4, set

o =pAN(P = p)AND— D), UV =(Va)Ag.
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Let o = sig(¢’). We show that it is undecidable whether there exists a o-uniform interpolant
of ¢’ Ay’ in Q'S5.

Lemma 5.5. If there is no o-uniform interpolant of ¢’ A1)’ in Q'S5, then T has a solution.

Proof. As the assumption implies that ¢’ A %’ is not a model conservative extension of
¢, the proof is a straightforward variant of the proof of Lemma 5.3. Consider a model
M = (W, D, I) with M, w,d = ¢ but M w,d = )’ in any variant M’ of M obtained by
interpreting the predicates q, s, a,b. In particular, if @ and b are both interpreted as () in
all worlds, then 9, w, d = g, and so M, w, d = —) follows. But this case is considered in
the proof of Lemma 5.3. =

Lemma 5.6. If T has a solution, then there is no o-uniform interpolant of ¢’ A1)’ in Q'S5.

Proof. Assume that (n,m,7) is a solution to T. Take the formulas x and ys constructed
in the proof of Lemma 5.2 and in Example 5.4, respectively. As it was shown, we have

Eqiss ¢ A — —x and f=quiss @ A g — X for all s > 0. Thus, Eqiss ¢’ A Y = (x = Xs)
for all s > 0. Therefore, if ¢ were a uniform interpolant of ¢’ A 1)/, then we would have
Fqiss 0 = (x = Oxs) for all s > 0. (5.25)

On the other hand, we combine M = (W, D, J) from the proof of Lemma 5.2 with the
models My = (W, D, I) constructed in Example 5.4. For every s > nm, we define a model
Ny = (Ws, Ds, Js) as follows. For every k < s, we let

p’®), if k < nm and p € sig(p),
sz(k) — pls(k)7 1fp S {aap17p2}7
0, otherwise.

As shown in the proof of Lemma 5.2, 91,0,0 &= ¢ A x, so we have DM;,0,0 = ¢’ A x. As it
was shown in Example 5.4 that 9,,0,0 ~ x5 for all s > 0, we have M,,0,0 = x5 for all
s > nm. So it follows from (5.25) that 915,0,0 = —p. Note that also N, 0,0 = xy for all
s > s’ > nm. Now consider the ultraproduct [],, 91s with a non-principal ultrafilter U on
w\{0,...,nmm — 1}. As each xy is true in almost all N, 0,0, it follows from the properties
of ultraproducts [CK98] that [],;;91,0,0 = a A ~o A xs for all s > 0, for a suitable 0. But
then one can interpret b in [],; 9, so that 90,0,0 = ¢o for the resulting model M. Then
M,0,0 Ea Ao A’ A—-pand soM,0,0 = ¢ AY' Ao As =qiss ¢’ A" — o should hold
for a uniform interpolant g of ¢’ A1), we have derived a contradiction. =

This completes the proof of Theorem 5.1 (i1).
Remark 5.7. We can translate Example 5.4 into FO? by taking o = {A, R, P} and
po = Va(A(z) = Fy(R(z,y) A B(y) A P(y)) \Ve(B(z) A P(x) = 3y(R(z,y) AB(y) A P(y))).

Then A(z) A @o has no o-uniform interpolant in FO2, which is shown similarly to the proof
in Example 5.4. It follows that FO? does not have the UIP. This example can be merged
with the proof of the undecidability of the CEP in FO? from [JLM*17]—in the same way
as we combined Example 5.4 with the undecidability proof for the UIEP in Q'S5—to show
that the UIEP is undecidable in FO? (with and without =). The latter problem has so far
remained open.
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6. THE MODAL DESCRIPTION LOGIC S5 4,cu

Next, we extend the results of Sections 4 and 5 to the modal description logic S5 4,¢», where
ALC" is the basic description logic ALC with the universal role [BHLS17]. In other words,
ALC"Y is a notational variant of multimodal logic K with the universal modality and can be
regarded as a fragment of FO?. (An example showing that it does not enjoy the CIP will be
given at the end of the section.)

The concepts of S5 4rcu are constructed from concept names A € C, role names R € R,
for some countably-infinite and disjoint sets C and R, and a distinguished universal role U
by means of the following grammar:

Cw=A|T|CNC | -C|3RC | 3IUC | OC.

A signature o is any finite set of concept and role names. As usual, the universal role
is regarded as a logical symbol and not part of any signature. The signature sig(C) of a
concept C' comprises the concept and role names in C, again excluding the universal role. If
sig(C) C o, then C is called a o-concept. We interpret S5 4,¢+ in models 9 = (W, A, I),
where I(w) is an interpretation of the concept and role names at each world w € W over
domain A # 0: AW C A, RI®) C A x A, and U'®) = A x A. The truth-relation
M, w,d = C is defined by taking
- Muw,dE=T,
- Mw,d = Aiff d e ATW),
~ M, w,d = 3S.C iff there is (d,d’) € ST™) such that 9, w,d = C,
- M, w,d E OC iff there is w' € W with M, w',d = C,
and the standard clauses for Boolean M and —. An expression of the form C' C D is called
a concept inclusion. We sometimes use more conventional C'") = {d € A | M, w,d = C},
writing M, w = C T D if C/®) € DI and = C C D if M w = C T D for all M and
w. The problem of deciding whether = C' C D, for given C' and D, is CONEXPTIME-
complete [GKWZ03].

An interpolant for C T D in S5 4,cv is a concept E such that sig(E) C sig(C) N sig(D),
ECCE, and = F C D. The IEP for S5 4,¢v is to decide whether a given concept inclusion
C C D has an interpolant in S5 4,¢u.

Remark 6.1. Typical applications of description logics use reasoning modulo ontologies,
which are finite sets, O, of concept inclusions. We then set O = C C D iff whenever
M, w | a for all a € O, then M, w = C C D. Reasoning modulo ontologies is reducible to
the ontology-free case by the following equivalence:

OkFCCD iff TC || 3U(C'N=D)uvU.(-CUD).
C'CD'eO
where U is dual to M. The following problems can easily be reduced to the IEP in polynomial
time (see Appendix B):
IEP modulo ontologies: Given an ontology O, a signature o, and a concept inclusion
C C D, does there exist a o-concept F such that O = CC E and O = E C D?
ontology interpolant existence (OIEP): Given an ontology O, a signature o, and a
concept inclusion C' C D, is there an ontology O’ with sig(O') C o, O &= @', and
O'=CLCD?

EDEP modulo ontologies: Given an ontology O, a signature o, and a concept name A,
does there exist a concept C' such that sig(C) C o and O F A =C?
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Explicit definitions have been proposed for query rewriting in ontology-based data
access [FKN13, TW21], developing and maintaining ontology alignments [GPT16], and
ontology engineering [tCCMV06]. The IEP is fundamental for robust modularisations and
decompositions of ontologies [KLWW09, BKL"16].

Our main result in this section is the following:

Theorem 6.2. The IEP, EDEP (modulo ontologies), and the OIEP are all decidable in
CON2EXPTIME, being 2EXPTIME-hard.

We begin by formulating a model-theoretic characterisation of interpolant existence
in S54,cv in terms of the following generalisation of -S5-bisimulations for Q'S5 from
Section 4.1. Similar bisimulations have been used [WS17] to characterise the fragment S5 4.¢
of S5 e without the universal role as a bisimulation-invariant fragment of full first-order
modal logic S5 over finite and unrestricted models.

A o-bisimulation between models M; = (W;, A, I;), i = 1,2, is any triple (B, Ba,B)
with ,BW C W1 x W, ,BA C A1 x Ay, and B C (Wl X Al) X (WQ X Az) if

(w) for any (wy,ws) € By and d; € Ay, there is do € Ay with ((wy,d1), (we,ds)) € B and
similarly for dy € Ao,

(d) for any (dy,d2) € Ba and wy € Wy, there is we € Wy with ((wy,d1), (w2, dz)) € B and
similarly for wy € Wo,

(c) ((w1,dy), (we,dz)) € B implies both (w1, we) € By, and (di,d2) € Ba,

and the following hold for all ((w1,d1), (wa,d2)) € B:

(a) My, wy,d; E A iff Mo, we,dy = A, for all A € o;

(r) if (di,e1) € ST and sig(S) € o, then there is eg € Ay with (da,eg) € ST(*2) and
(w1, e1), (w2, e2)) € B, and the other way round.

We write My, wy, dy ~5 Ma, wa, da to say that there is a o-bisimulation (B, B, 3) between
My and My for which ((wr,dr), (we,d2)) € B; M, w1 ~; My, wy says that there is a
o-bisimulation (By,Ba,B8) with (wi,w2) € By; and My, dy ~, Mo, ds that there is
(Bw,Ba,B) with (di,d2) € Ba. The usage of My, w1,d1 =, My, wa,ds is as in Section 2
but for any o-concepts, 91, w1 =, Ms, wo means that the same o-concepts of the form
JU.C are true at wy in My and at wo in My, and My, d1 =, Mo, do means that the same
o-concepts of the form ¢C are true at d; in My and at do in Ms. The following is an
S5 4rcuw-analogue of Lemma 2.1:

Lemma 6.3. For any w-saturated S5 grcv-models My with wy,dy and My with wa, ds,

= My, w,d1 =5 Mo, wo, dg iff My, wi,dy ~5 Mz, wa, da,
- My, w1 =5 Mo, wo iff My, w1 ~6 Mo, wa,
=My, dy =5 Mo, da iff My, dy ~; Mo, ds.

The implication from right to left holds for arbitrary models.

Proof. The proof of the direction from right to left is by a straightforward induction on the
construction of concepts C, using (a) for concept names, (r) for IR.C, (c) and (w) for 3U.C,
and (c) and (d) for OC. For the converse direction, we define By, B, and B via =, in
the obvious way. Then we observe that 91, w1, dy =5 Mo, wa, do implies M1, w1 ~y Mo, wo
and My, dy =, My, da. Hence we obtain (c). We obtain (w) and (d) using saturatedness,
(a) is trivial, and (r) follows again from saturatedness. -
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The criterion below—in which o-bisimulation consistency is defined as in Section 3 with
concepts C, D in place of formulas ¢, 1)—is an Sb 4,c=-analogue of Theorem 3.1:

Theorem 6.4. The following conditions are equivalent for any concepts C' and D:

— there does not exist an interpolant for C T D in S5 4rcv;
- C and =D are sig(C) N sig(D)-bisimulation consistent.

We now extend the construction of Section 4.1 from Q!S5 to S5 4,cu. In contrast to
Q!S5, we now have to deal with more involved o-bisimulations between the respective
first-order models I(w;) and I(ws) (satisfying conditions (a) and (r)). To this end we
introduce full mosaics (sets of full types realised in o-bisimilar pairs (w,d)) and full points
(full mosaics with a distinguished full type). The range of the surjections 7 used to construct
W' and D’ then consists of full points rather than full types. This provides us with the data
structure to define o-bisimilar first-order models I(w) when required. This construction
establishes an upper bound on the size of models witnessing bisimulation consistency:

Theorem 6.5. For any concepts C and D, there does not exist an interpolant for C T D
in S5 qcce iff there are models witnessing that C' and —~D are sig(C') N sig(D)-bisimulation
consistent of size double-exponential in |C|+ |D].

Proof. Given concepts C' and D, we define the sets sub(C, D), suby(C, D), and sub3(C, D) as
in Section 4.1 regarding 3U as the S5 4,cu-counterpart of 3 in Q'S5. The world-type wtop(w)
of we W in M = (W, A, I), the domain-type dtgn(d) of d € A, and the full type fton(w, d) of
(w,d) in M are also defined as in Section 4.1. Observe that we have wtop(w) = ftop(w, d)"™*
and dtgp(d) = fton(w, d)t, where

fton (w, )" = subs(C, D) N ftgn(w,d), fton(w, d)?t = suby(C, D) N fton(w, d).

Now, suppose that o = sig(C) N sig(D), M; = (W;, A, I;), for i = 1,2, have pairwise
diSjOiIlt Wi and Ai, Eml,wl,dl ~g 9ﬁ2,w2,d2 with Sml,wl,dl |: C, and mz,wQ,dz ’: -D.
For w € Wy U Wa, we define the world mosaic wm(w) = (T1(w),T>(w)) by (4.4) and
the i-world point wp;(w) = (wtoy,(w), wm(w)) of w in My, My. Using (4.5) with A;
in place of D;, we define the domain mosaic dm(d) = (Si(d), S2(d)) and i-domain point
dpl(d) = (dtgﬁl (d), dm(d)) of d € A{UA5 in Miy, Mo. Then, for (w, d) S (Wl XAl)U(WQXAQ),
we set

Fi(w,d) = {ftoy, (v, €) | (v,e) € W; x A, (v,€) ~y (w,d)}
calling fm(w, d) = (F1(w, d), Fo(w,d)) the full mosaic and fp;(w, d) = (fton, (w, d), fm(w, d))
the i-full point of (w,d) in My, My. Given fm = (Fy, Fr), we set

fm"t = ({ft"* | ft € Fy}, {ft"* | ft € Fb}), fm9t = ({ftd| ft € Iy}, {ft% | ft € Fb}).

Lemma 6.6. Suppose fm = fm(w, d), wm = wm(w), and dm = dm(d). Then fm"* = wm
and fm® = dm.

Proof. The inclusions wm C fm"® and dm C fm9 follow from (w) and (d). Indeed, suppose
wm = (T1(w), Ta(w)), wt € T;(w), and fm = (Fi(w,d), Fo(w,d)). By definition, there
exists v € W; with v ~, w such that wt = wtgy,(v). By (w), there exists e € A; with
(w,d) ~ (v,e). But then ftoy,(v,e) € F;(w,d) and ftoy, (v,e)"* = wt, as required. The
second claim is proved in the same way using (d).

The converse inclusions fm"* C wm and fm% C dm follow from (c). To see this, let
fm = (Fi(w,d), Fo(w,d)), wm = (T1(w), To(w)), and dm = (S1(d), S2(d)). Let ft € F;(w,d).
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Then there are (v,e) € W; x A; with (v,e) ~, (w,d). Therefore, by (c), v ~, w and e ~ d,
and so wt € T;(w) and dt € S;(d), as required. -

As in Section 4.1, we construct models M) = (W], A}, I}) and M, = (W35, A}, 1)) from
copies of i-world points wp,; and i-domain points dp, in MMy, Ma. Let n = my X ma, where
mq and mg are the number of full types and, respectively, full mosaics over sub(C, D) in
My, My. For i = 1,2, we set

Al = {dp¥ | dp; an i-domain point in My, My, k € [n]}.

For an i-world point wp, and an i-domain point dp;, let

L = {fp;(w, d) | wp; = wp;(w), dp; = dp;(d), (w,d) € W; x A;}.

wp;,dp;
We define W} using the set II,p, gp, of surjective functions of the form

Twp,;dp; * (1] = L\’Npi,dpi.
Let TI; denote the set of all functions m mapping any pair wp;, dp; to an element of Iy, dp. -
We set Twp, dp, = m(Wp;,dp;) and then let HZ C II; be a smallest set such that, for any
fp; = fp;(w, d) = (fton, (w, d), fm(w, d)), wp; = wp;(w), and dp; = dp;(d) with (w,d) € M,
and any k € [n], there is 7 € H;r with Twp, dp, (k) = fp;. It can be seen in the same way as in
the proof for Q'S5 in Section 4.1 that |Hj| <n? fori=1,2.
Now let
W/ = {wpl | wp; an i-world point in 903,902 and 7 € HI}

Note that |A}| and |W/| are double-exponential in |C| 4 |D|. It remains to define the
extensions of concept and role names in 9] and M,. When defining them and investigating
their properties, we use the following notation:
CT = {(w,d) | de C"}, R = {((w,d), (w,d)) | (d.d) | R}
and similarly for C™ and R™:. We set
(wpl,dpF) € AT iff A € ft for myp, dp, (k) = (ft, fm).

The definition of R™: is more involved. Call a pair fty, ftg R-coherent if AR.C' € ft; whenever
C € ftg, for all AR.E € sub(C, D), and call fty, fty R-witnessing if they are R-coherent and
fti't = ft4". For full mosaics fm = (Fy, ) and fm’ = (F], F}) and a role R € o, we set
fm <p fm’ if there exist functions f;: F; — F/, i = 1,2, such that, for all ft € F;, the pair ft,
fi(ft) is R-witnessing. Now suppose that Tup, dp, (k) = (ft,fm) and m,, 4/ (F) = (ft’, fm’).
For R € o, we set

((wpF,dp¥), (wpF,dp¥')) € ™ iff fm <p fm’ and ft, ft’ is R-witnessing. (6.1)

For R ¢ o, we omit the condition fm <p fm’ from (6.1).
Lemma 6.7. Suppose E € sub(C,D). Then we have (wp?,dpf) e E™ iff E € ft, for
Twp,.dp, (k) = (ft, fm).
Proof. The proof is by induction on the construction of E. The basis of induction follows
from the definition, and the inductive step for the Booleans is trivial.

Let E = 3U.E’. Suppose first (wp7,dpF) € E™ and Twp,dp, (k) = (ft,fm). By definition,
there exists dp;k/ with (Wpf,dpgk/) e E™. By IH, E' € ft' for Twp, dp, (') = (ft/, fm").
Then JU.E' € ft, and so JU.E' € f'"". As ft"* = '™, we obtain E € ft, as required.
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Conversely, let £ = 3U.E’ € ft, for mp, dp, (k) = (ft,fm). Take (w,d) with ft = ft(w, d) and
fm = fm(w, d). By definition, there is d’ with E’ € ft’ for ft' = ft(w,d’). Let dp} = dp,(d’)
and fm’ = fm(w, d'). As 7, g is surjective, there is &' with 7 k') = (ft’,fm’). Then,
by IH, we obtain (Wp?,dp;k/) e E™% and so (Wp?,dpf) € EM,

Let E = QF'. Suppose first that (wp],dp¥) € E™. Let Twp,.dp; (k) = (ft,fm) and
dp, = (dt,dm). By definition, there is Wp;’r/ with (Wp;ﬁ/,dpf) e E™i. By IH, E' € ft’ for
Tr\/Np;,dpi(k) = (ft/,fm’). By definition, OE’ € ft/, and so OF’ € ft'"* = dt. But then, again by
definition, F € ft, as required.

Conversely, let E = QE' € ft for mp. dp, (k) = (ft, fm). Take (w,d) with ft = ft(w, d) and
fm = fm(w,d). By definition, there is w’ with E’ € ft’ for ft' = ft(w’, d). Let wp] = wp;(w')
and fm’ = fm(w’, d). By definition of HZ, there is 7’ € HZT- with ﬂ-\//vp'.,dp,b-(k:) = (ft’,fm’). By
IH, (wp}™,dpF) € E™: and so (wpf,dpl) e E™.

Let £ = JR.E’. Suppose that (Wp?,dpf) € E™ and R € 0. Let Twp,dp, (k) = (ft,fm).
By definition, there exists dp/* with ((wpZ,dp¥)(wpZ,dp*')) € R™ and (wp?,dp/*') € E™.
By IH, E' € ft' for 7, 4 (K') = (ft', fm’). By the definition of R™: we obtain that ft, ft’ are
R-coherent. But then E € ft, as required. The case (wp], dp;C ) € E™; and R ¢ o is similar.

Conversely, let E = 3R.E’ € ft for mp, dp, (k) = (ft,fm). Take (w,d) with ft = ft(w, d)
and fm = fm(w,d). By definition, there exists e with E' € ft' for ft' = ft(w,e) and
((w,d), (w,e)) € R™M. Let dp; = dp;(e) and fm’ = fm(w,e). Assume first that R € 0. We
define functions f;, j = 1,2 witnessing fm <g fm’.

Suppose ft € F};, where fm = (Fy, F5). Then we find (v', d’) ~5 (w, d) with ft = ft(w’, d').
By (r), (w,d), (w,e) € R™ and (w',d') ~5 (w,d) give us ¢’ with (w’,d’), (w',e’) € R™ and
(w,€) ~o (W', €). Let ft' = ft(w',e’). We define the required f; by taking f;(ft) = (ft').

wpi7dp§(

Since Ty, gp; IS surjective, there exists &' such that m, 4 (K) = (ft',fm). By
IH, (wpf,dpgk/) = E™i. By the definition of R™:, ((wp?,dpf),(wp?,dp;k,)) € R™, so
(wpF,dp¥) € E™:. The case R ¢ o is similar. =

We define By, € Wi x Wi, Ba € A} x A}, and B8 C (W] x A) x (W5 x AL) by taking

— ((wt,wm)™, (wt’, wm’)™) € By iff wm = wm';
— ((dt,dm)*, (dt’,dm")*') € B, iff dm = dm’;
o ((szr>dp7{€)a (Wp;W/adp;k )) € 16 iff wp; = (wt,wm), Wp,i = (Wt/,Wm/), dpz = (dtadm)a and
dp; = (dt’,dm’) with wm = wm’, dm = dm’, fm = fm’, and myp, dp,(k) = (ft,fm) and
/ N (el /
ﬂ-wp;,dp;(k ) = (ft’, fm").
Lemma 6.8. The triple (By,Ba,0) is a o-bisimulation between M and MY,.

Proof. We show that (By,, Ba,0) satisfies conditions (w), (d), (c), (a), and (r).

(w) Suppose ((wt,wm)™, (wt’,wm’)™) € By, and (dt,dm)* € A/. We need to find
(dt’, dm’)¥" with (((wt, wm)™, (dt,dm)¥), ((wt’,wm’)™ , (dt’,dm’)¥")) € 3. We have wm = wm’
and set (ft, fm) = Myt wm.dt,dm (k). Assume fm = (Fy, Fy). By Lemma 6.6, there exists ft’ € F;

with ft""* = wt’. As the component 7’ of 7’ is surjective, there exists k' € [n] such
w

t/ wm,ft’% dm

that 7/ (k') = (ft',fm). Then (f'"*,dm)¥’ is as required; see the picture below.

wt/ . wm., ft’% dm
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(wt, wm)™ (dt,dm)*
Bw | 8
(wt', wm)™ v ‘f ) (ft/%, dm)¥’
,Tm

(d) Suppose that ((dt,dm)¥, (dt’,dm’)¥') € B, and (wt,wm)™ € W/. We need to
construct (wt’,wm’)™ with (((wt,wm)™, (dt,dm)¥), ((wt’,wm’)™, (dt’,dm’)*")) € B. We have
dm = dm’ and set (ft,fm) = Tyt wm dt.dm (k). Assume fm = (F, F5). By Lemma 6.6, there
exists ft' € F; with ft/ g, By the construction of H;r, there exists 7’ € HZ such that, for

the component 7/ .. of ©’, we have 7/ (K') = (ft’,fm). Then (ft""*, wm)™

wm,ft’ . dm wt/Wt wm, ft’,dm

is as required; see the picture below.

ft, fm
(dt,dm)¥ ¥ (wt, wm)™
Ba | 8
(dt’, dm)*’ W (fE™ wm)™

Condition (c) follows from the definition of By, Ba, B3; and condition (a) follows from the
definition of 3.

(r) Suppose R € o, B contains (((wto, wm)™, (dto,dm) ), ((wty, wm)™, (dt;,dm)*1))
and R™ contains (((wto, wm)™ , (dto, dm)*0), ((wto, wm)™ , (dts, dm2)*2)). Assume also that
(ft,fm) = ”\?vto,wm,dto,dm(kO)' Then there exists ft; such that (fty,fm) = 7

wtl,wm,dtl,dm(kl)'
Moreover, for (ftg, fmg) = ﬂ&lto’wm’dt%dm2<k2), we have fm <i fmy and we may assume that

fi(ft) = ftg, for the function f; witnessing fm <p fmy. Then (f;(ft1)9t, dmo)*s with k3 € [n]

such that W\}Vn’wmﬁ(&l)dt’dm (ks) = (fi(ft1),fm2) is as required; see the picture below.

e (dto,dm)ko S (dtl,dm)kl
(\@ ‘\@
& >
< ft, fm < ft,, fm
(wtg,wm)™ R IjR7 i (wti,wm)™ R I =R
Ce
o fto, fmo e fi (ftl), fmy
) %)
2 3
= ©
(dtg, dmy)*2 _ (fi(ft1)dt, dmy)ks
L B -
This completes the proof of the lemma. -

Theorem 6.5 follows. =
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This result gives the upper bound of Theorem 6.2. The lower one follows from the same
lower bound for Q'S5 by treating FOM!-formulas ¢, v as role-free S5 4,cu-concepts and,
using Theorems 3.1 and 6.4, one can readily show that ¢ and 7 have an interpolant in Q'S5
iff they have an interpolant in S5 4,cw.

The (strong) conservative extension problem, (S)CEP, and the uniform interpolant
existence problem, UIEP, in S5 4,c» are defined in the obvious way. Using the same
argument as for interpolation, the undecidability of the (S)CEP and UIEP in S54,cu
follows directly from the undecidability of both problems for Q!S5. Note that, for the
component logics—propositional S5 and description logic ALC"—the CEP is CONEXPTIME
and 2EXPTIME-complete, respectively [GLWZ06, JLM*17].

7. FIRsT-ORDER MoDAL Locic QK

We consider the one-variable first-order modal logic Q'K and show Theorem 1.5. By the
modal depth md(p) of a FOM!-formula ¢ we mean the maximal number of nestings of ¢
in ¢; if ¢ has no modal operators, then md(¢) = 0. Formulas of modal depth k can be
characterised using a finitary version of bisimulations, called k-bisimulations, that are defined
below.

For a signature o and two models 9t = (W, R, D, I) and ' = (W', R/, D', I'), a sequence
Bos - - -, By of relations 3; C (W x D) x (W' x D’) is a o-k-bisimulation between 9 and 9V
if the following conditions hold for all p € o and ((w,d), (w',d")) € B;: (a) and (d) from
Section 2 as well as
(w') if i > 0 and (w,v) € R, then there is v with (w',v) € R and ((v,d), (v, d")) € B;_1,

and the other way round.

We say that 9, w,d and 9, w', d’ are o-k-bisimilar and write 9, w,d ~% M’ w’, d’ if there
is a o-k-bisimulation By, ..., 3, between MM and M’ with ((w,d), (w',d")) € B),. We write
M, w,d =X M w',d when M w,d = ¢ iff M, w',d | ¢, for every o-formula ¢ with
md(p) < k.

We now define formulas 7'9]3170 generalising the characteristic formulas of [GOO07], that
describe every model 9 up to o-k-bisimulations. For 9t = (W, R, D, I) and signature o, let

tio(w,d) = N{p € o |Mw,dE=ptA N{-p|peco, Muw,dp},

o (w,d) =ty ,(w,d) A [\ Fthy 5 (w,e) AV \/ thy ,(w,e),
eeD ecD

and let Tglgfj(w, d) be the conjunction of the formulas below:

tino(w,d) A N\ Ot (v, d) NO\/ 7,5(0,d),
(w,v)eR (W,U)GR

A I(th(w,e) A N\ Orl(v,e) "D\ (v, e),

ecD (w,v)ER (w,v)ER
v \/ (tgn(w,e) A /\ O (v,e) A D \/ Tgkn(v,e)).
eeD (w,w)ER (w,v)ER

The following lemma says that 7'9]3?7 ,(w,d) is the strongest formula of modal depth & that is
true at w,d in 9:
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Lemma 7.1. For any models M with w,d and N with v,e, and any k < w, the following
conditions are equivalent:

(i) Muv,e=FMw,d;

(1) M,v,e = Ts@z,a(wvdﬁ

(iii) M, v, e ~F M, w, d.

Proof. The proof is by induction over k. For k& = 0 the equivalences hold by definition.
Assume the equivalences have been shown for k. For (i) = (ii) assume that 0N, v, e =+
M, w,d. Obviously M, w,d |= 7} (w,d) and 75"} (w, d) has modal depth k + 1. Hence
N,v,e = 7'9’3;;1 (w,d), as required. (ii) = (iii) Assume N, v, e = TDI%JF; (w,d). Then define 3;
for ¢« < k+ 1 by taking

Bi = {((0/76/)7 (w/:d,» RICACES Tgﬁ,o(wlvd,)}'

It is readily seen that By, ..., By, is a o-(k + 1)-bisimulation. Hence 91, v, e ~f§+1 M, w, d.
(7i1) = (7) holds by definition of o-k-bisimulations. -

For any k£ > 0 and formula ¢ with md(y) < k, we now set

ok, = \/ Tgt,a(w,d).
Mw,dE=p

Thus, for any M, v, e, we have N, v, e = I~Fp iff there is M, w, d with M, w, d = ¢ and
N, v, e ij M, w,d, i.e., I~F is an existential depth restricted bisimulation quantifier [DLOG,
Fre06]. Clearly, Eqik ¢ — 3™7Fp.

Theorem 7.2. The following conditions are equivalent, for any formulas ¢ and 1 and
kK >0 with md(p) =k, md(y) =K', and n = max {k, k'}:

(a) there is x such that sig(x) C o, Eqik ¢ = X, and Eqk X — ¥;
(b) Fqik 377" = ¢,

Proof. (a) = (b) If Frquk 377"¢ — 4, then there is M, w,d with M, w,d = I~ and
M, w,d = ). By the definition of I3~?"p, we then have M, w,d = T%,’U(w,,d/) and
M w',d = ¢, for some model M, w',d’. By Lemma 7.1, M w',d ~* M, w,d. Using a
standard unfolding argument, we may assume that (W, R) in 9 and (W', R") in 9’ are
tree-shaped with respective roots w,w’. As ¢ and 1) have modal depth < n, we may also
assume that the depth of (W, R) and (W', R’) is < n. But then 9 w',d" ~, M, w,d,
contrary to (a). The implication (b) = (a) is trivial. -

We do not know whether 3~%F¢ is equivalent to a formula whose size can be bounded
by an elementary function in |o|, |¢|, k. For pure ALC, it is indeed equivalent to an
exponential-size concept tCCMVO06].

Condition (b) in Theorem 7.2 gives an obvious non-elementary algorithm for checking
whether given formulas have an interpolant in Q'K. Thus, by Theorem 3.5, we obtain:

Theorem 7.3. The IEP and EDEP for Q'K are decidable in non-elementary time.

The proof above seems to give a hint that the UIEP for Q'K might also be decidable as
(an analogue of) 3~ of modal depth md(p) is a uniform interpolant of any propositional
modal formula ¢ in K [Vis96]. The next example illustrates why this is not the case for
‘two-dimensional’ QK.
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Example 7.4. Suppose ¢ = {a, b} = sig(v)),

¢ =V(a<+ b+ h)AV(h <+ Oh <+ Oh) ANOV(b <+ h),
Y =V(a + Oda < 00a) AOOT — OV(b + Qa).

Intuitively, ¢ at a world w says (using the ‘help’ predicate h) that there is an R-successor v
such that, for every e, we have v,e |= b iff w,e = b. The premise of ¢ at w says two things:
first, at distance two, R-successors u of w, for every e, we have u,e = a iff w,e = a; and
second, every R-successor of w, in particular v, also has an R-successor u. These conditions
imply that, for every e, we have v,e = b iff u,e |= a, and so [=qix ¢ — 9. On the other
hand, FEqik 3~91p — 1) because, for the models M and M’ below, we have M, w, d |= ¢

and M, w', d' [~ but M, w,d ~L M’ w',d" (a o-1-bisimulation connects all points in the
roots w and w’ that agree on o, and all points in the depth 1 worlds that agree on o). -

In fact, by adapting the undecidability proof for Q'S5, we prove the following.

Theorem 7.5. (i) The (S)CEP for Q'K is undecidable.
(ii) The UIEP for Q'K is undecidable.

For the proof of (i), for any tiling system ¥, we show how to construct in polytime
formulas ¢ and 1) such that T has a solution iff ¢ A1) is not a (strong) conservative extension
of .

Let € = (T,H,V, o, zT,zH) be a tiling system. To prove undecidability of strong
conservative extensions we work with models 9t = (W, R, D, I) of modal depth 1 having
a root r € W and R-successors W' = W\ {r} of r. We encode the finite grid to be tiled
on W’ x D in essentially the same way as previously on the whole W x D. In particular,
g C W' x D and R, R C g™ x g™ are defined as in (5.1) and (5.2) before. We cannot,
however, define the modalities Oy and O, using FOM!-formulas, as we cannot directly
refer from (w,d) to (w',d) in our model M. Instead, we have to ‘speak about’ RY' and
R™ from the viewpoint of points of the form (r,d), for the root r of (W, R). For instance,
OV(x1 — Onx2) is expressed using

V[O(gAXx1A=27) = Oz AT(g A x2))]
and OV(x1 — Ouvx2) using

V[O(y A3(gAxiA—2")) = O(g A x2)].
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We now define the new formula ¢ in detail. The following conjuncts generate the grid:
OloNg),
V[O(g A G z27)) = Oz,
OV(x — 3g),
V(g A —z" — Jy),
V(Qy — 0g).
The constraints on the tiles are expressed by the following conjuncts:
V(0g A =0z — O(g = 27)),
V(g < \/ ) ATV A\ (¢ — ~t)),
teT t#£t!
V[O(tA-2z7) = DO —=Vg— \/ t))]
(tt)eH
V[O(y A3(EA ﬂzT)) — O(g — \/
(t.t)eV
V(()(y/\Elz —0O(g — =z~ ),
[<>z —>D(y—>Vg—>z )},
V[0z" = Oz — V(g — 21))],
V(O A 32" - 0O(g — zT)).

Finally, we take a fresh predicate p, and add the conjunct p; — py to ¢.

We now aim to construct a formula 1) for which, as previously, we have (c1) < (c2).
This is slightly more involved, as we cannot directly express case distinctions using disjunction
and nested ‘modalities’. We require auxiliary predicates to achieve this: we use aj to encode
that q is true in an Rp-successor of a g-node, a, to encode that g is true in an R,-successor
of a g-node, and b, b” are used to encode that a g-node is not confluent. In detail, 1) starts
with the conjunct

O(g N a).
Next we add a conjunct making a case distinction between ay, a,, and b':

V(g — (mz7 Aap) V(2T Ay Aay) V (mz7 A=zt Ay AY))).
The next two conjuncts state the consequences of aj;, and a,, respectively:
V[O(gAar) = Oz AIgAq))],
v[0(y A3(g A an) = O(g A g)]
The next conjunct forces s to be true in the horizontal successors of a vertical successor:
V[O(y ATFW) = Oz — V(g — 5))].
Finally, the following formulas force —s in the horizontal successors of a vertical successor:
V[0(gAY) = Oz AV(y — b"))],
V(O(y Ab") — O(g — —s)).
It is not difficult to show that the equivalence (c1) < (c2) holds for ¢ and .
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Lemma 7.6. If T has a solution, then ¢ A1 is not a conservative extension of .

Proof. The proof is obtained by modifying the proof of Lemma 5.2. To begin with, we
modify the model M = (W, D, J) defined in that proof by adding a root world to W
from where every other world is accessible in one R-step. More precisely, we define a new
model Mt = (W, R, D, J) as follows. We let D = W' ={0,...,nm — 1}, W = W U {r},
R = {(r,w) | w € W'}, and J is defined by (5.13)-(5.16), plus having p’" = § for
pec{g,z,y}UT, and pg(w) = for all w € W.

It is straightforward to check that 9,r,0 E ¢ and M, 7,0 = —. First, we show
that ¢ A1) is not a strong conservative extension of ¢. We construct a formula y with
sig(x) N sig(y) C sig(p) such that ¢ A x is satisfiable but =qigs ¢ A x — 2. It then follows
that ¢ A 1) is not a strong conservative extension of . The formula y provides a description
of the model N at (r,0). We take, for every (i,j) € W x D, a fresh predicate p, ; and extend
N to N’ by setting, for all (i, 7') € W x D,

m/ailvjl ): pz,] iff (Z‘Ia.j/) - <IL7]> (71)
Now let o' = sig(¢) U{p; ;| (i,7) € W x D}, and set
Xij = A pnA A —p. (7.2)
peo’, Ni,jEp pea’, Nyi,jE=—p

Let x be the conjunction of of the following formulas:
Xro AB(0Ag = X0,0), (7.
V[QX,‘J‘ — D(:D — (Xi-‘rl,i /\V(g — Xi+17i+1))], for i < nm — 1, (
V[O(y A 3xii) = Oy = Xiitn) AD(g = Xitn,itn)], for i <nm —n, (7.
Dv(Xi,i — HXi,j)a for ’L,] < nm, (
V(Oxii — Oxja), for i,j < nm, (7.
V(Oxij = Xrj), fori,j < nm, (7.
V(Xr,j — O3k — Xl,j))a for 7, k,l < nm. (7.

ISR IRES IR IS N
o N o s W

)
)
)
)
)
)
9)

It is easy to see that M, r,0 = x, and so ¢ A x is satisfiable. Now suppose that 9 is any
model such that 9, wo, dy = ¢ A x for some wq, dy. We show that 9, wyg, dy = —1. Observe
that if ((w,d), (w',d')) € R¥* and M, w,d = X;,;, then M, w', d’ | Xiy1,i+1, by (7.4), and if
(w,d), (w',d")) € R and M, w,d |= Xi4, then M, w',d’ = Xitnitn, by (7.5). Hence, there
cannot be an infinite Rhm U RM_chain.

Now suppose there is an R¥" U R¥-chain from (wg,dp) to some node (w,d) which
has an Rj"-successor (w1,d;) and R'-successor (wg,d2). Then 9, w,d = x;,; for some 4,
gﬁ, w1, d1 ): Xi+1,i+1 and f)ﬁ, wa, dg |: Xi4n,i+n, by (7.3)*(7.5).

There exist d} with 9, w1, d] | Xit1itn+1, and wh with M, wh,ds = Xitnt1itn, DY
(7.6) and (7.7). Then M, wo,d" = Xritnt+1 by (7.8). By (7.9) forl = j =i+ n+1 and
k = i+n, we obtain 901, w'2, d) E Xi+n+1,i+n+1. Moreover, as 2T is not a conjunct of x;4+1,i+1,
and z7 is not a conjunct of X;tn i+n, we have that y is a conjunct of x;t1,i+n+1, and x is a
conjunct of Xisns1itn Thus, ((wr,dy), (wh, d))) € R and ((wz, do)(wh,d})) € R, and

o (w,d) is confluent.

We next aim to prove that ¢ A ) is not a (necessarily strong) conservative extension

of . In this case, we are not allowed to use the fresh predicates p; ; in the formula x to
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achieve (7.1). We instead use the predicate p, € sig(¢) to uniquely characterise the points
of M. Take a bijection f from {0,...,n — 1} x {0,...,m — 1} to {0,...,nm — 1} and set,
for all (i,j) € W x D:

Pij = <>f(i,j)+1p0’ Prj = _'Elg A <>800,j7 for Zv] < nm.

Modify the model 9t = (W, R, D, J) constructed above to Mt = (W, R™, D, J*") by adding

an nm-long R-chain to each leaf i < nm of (W, R), and define pg ") for each w € W+ \ W
such that we still have, for all ‘old’ points (i’,j’) € W x D, the analogue of (5.17):

N ey HE (@5 = (,9).
Now let 0~ = sig(¢) \ {py} and set, for all (i,7) € W x D,
Xig=wiinh N\ P A A P
peo~, NijE=p peo—, NijE=—p

Finaly, define x" with sig(x') C sig(y) by replacing x;; in (7.3)-(7.9) by x; ;. -

Lemma 7.7. If ¢ A is not a model conservative extension of ¢, then T has a solution.

Proof. Consider a model M = (W, R, D, I) such that 9, w,d = ¢ but M, w,d = —) in any
extension M’ of M obtained by interpreting the predicates g, s. Similarly, to the proof of
Lemma 5.3, by using the equivalence (cl) < (c2), one can easily find within 9t a finite
grid-shaped (with respect to RhSm and Rgﬁ) submodel, which gives a solution to ¥. .

This completes the proof of Theorem 7.5 (7). We next prove Theorem 7.5 (i) based on
a modification of Example 5.4 for the case of Q'K.

Example 7.8. Let ¢q
po =Y(0a = O(p; Ab)) ADV(py Ab — 3(py Ab)) AV (O(py AB) — O(py A D))

and let o = {a, p;, py}. We show that there is no o-uniform interpolant of ¢a A ¢ in QK.
For every s > 0, we define a formula y; as follows. Take fresh predicates a! and a? and

construct xs stating that s-many steps of the p,, py,-ladder have been constructed by forcing

a’,...,al to be true horizontally and ay,...,a? to be true vertically in the corresponding

steps. In detail, we let
Xy = Y(0a — Oa?) ATV(a? A py — Va?),
x1=x1 = 30(py A ay),
and for s > 0,
X1 = Xs AV(0(a) Apy) = Oaly) ADV(alyy Apy — Val,y),
Xs+1 = Xsq1 = 30(P2 A ayyq).

Then Fqik Oa A g — X, for all s > 0. Thus, if o were a o-uniform interpolant of {a A ¢,
then FEqik 0 — X would follow, for all s > 0.

On the other hand, for s > 0, we modify the model 9y = (W, Ds, Is) defined in
Example 5.4 by adding a root world to Wy from where every other world is accessible in one
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Rs-step. More precisely, we define a new model My = (Ws, R, Ds, I) as follows. We let
W!=Ds={0,...,s =1}, Wy =W/ U{r}, Rs = {(r,w) | w € W}, and I, is defined by

0}, if k=0
o _ [ 10 : 7.10
“ { 0, otherwise; (7.10)
I.(k) {k - 1}, if k>0,
= 7.11
P { 0, otherwise; ( )

ky, it k>0,
I (k) :{ {k}, i (7.12)

P2 0, otherwise;

plus having p’s(") = () for p € {a,py, Py, a?,...,a" a¥,... a?} and, for all 0 < i < s and

all k < s,

0,...,s—1}, f0<k=i<s
mMIs(k) — r; _q oyLs(k) _ {0,..., ) ,
) b b (@) { 0, otherwise.

Then, for every s > 0, M, 7,0 £ xs and so M, 7,0 = —p. Also, M, r,0 | xy for all 8" < s.
Now consider the ultraproduct [[;; 9, with U a non-principal ultrafilter on w\ {0}. As each
Xs 1S true in almost all My, r, 0, it follows from the properties of ultraproducts [CK98] that
[Iy M6, 7,0 = QaA—pA xy for all ' > 0, for some suitable 7, 0. But then one can interpret
b in [[,; M, such that MM, 7,0 = ¢o for the resulting model M. Then M |= Ga A po A —p and
as Eqik Oa Ao — o should hold for a uniform interpolant ¢ of ¢a A ¢g, we have derived a
contradiction. -

The proof of Theorem 7.5 (ii) is now by combining the construction of Theorem 7.5 and
Example 7.8 in exactly the same way as the construction of Theorem 5.1 and Example 5.4
were combined in the proof of Theorem 5.1 (ii).

8. OUTLOOK

Craig interpolation and Beth definability have been studied extensively for most logical
systems, let alone those with applications in computing such as KR, verification, and
databases. In fact, one of the first questions typically asked about a logic L of interest is
whether L has interpolants for all valid implications ¢ — 1. Some L enjoy this property,
while others miss it. This paper and preceding [JW21, AJM*23] open a new, non-uniform
perspective on interpolation/definability for the latter type of L by regarding formulas ¢
and ¥ as input and deciding whether they have an interpolant in L. We refer the reader
to [KWZ26] for an overview of current research and open questions from this perspective.

In the context of first-order modal logics, challenging open questions that arise from
this work are:

— What is the tight complexity of the IEP for Q'S5 and S5 4,¢u?

— Is the non-elementary upper bound for the IEP in Q'K optimal? (Note that just like
Q1S5-validity, Q'K-validity is known to be CONEXPTIME-complete [Mar99].)

— Is the IEP decidable for K 4,cu?

— More generally, what happens if we replace S5 and K by other standard modal logics, e.g.,
S4, multimodal S5, or the linear temporal logic LTL, and/or use in place of ALC" more
expressive DLs containing, for instance, nominals or role inclusions, and/or consider other
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monodic fragments of first-order modal logics such as the monodic guarded or two-variable
fragment?

— It would also be of interest to investigate variants of the IEP in more detail. For instance,
for the logics considered here, does a Lyndon interpolant exist iff an arbitrary interpolant
exists? If not, is the existence of Lyndon interpolants also decidable and of the same
complexity? Is global deductive interpolant existence decidable for Q1K?

A different line of research is computing interpolants. For logics with the CIP, this is typically
done using resolution, tableau, or sequent calculi as , e.g., in [Fit96, KV17, Kuz18, Wer21]. It
remains to be seen if interpolants in the logics without the CIP considered in this article can
be extracted from tableau or resolution proofs in these calculi or those designed specifically
for monodic fragments [LSWZ01, LSWZ02, DFK06]. A more recent approach is based on
type-elimination known from complexity proofs for modal and guarded logics [BtCV16, tC22].
The question whether these proofs can be turned into an algorithm computing interpolants
in, say, Q'S5 is non-trivial and open. More generally, one can try to develop calculi for the
consequence relation ‘@ = 1 iff there are no sig(p) N sig(v))-bisimilar models satisfying ¢
and =’ and use them to compute interpolants; see [BvB99] for a model-theoretic account
of such consequence relations for infinitary logics without the CIP.
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APPENDIX A. CONNECTIONS WITH FO?

We begin by discussing the connections between Q'S5 and FO?. Then we prove the lower
bound result of Theorem 1.3, stating that interpolant and definition existence in FO? without
equality are 2ExpT1ME-hard.

The atoms of FO? are of the form =y, p(z,y), p(y, ), p(x,z), and p(y,y), with p
ranging over binary predicate symbol in P.2 A signature is any finite set ¢ C P. FO?-
formulas are built up from atoms using —, A, 3z, Jy. We consider two proper fragments
of FO?: in the equality-free fragment, we do not have atoms of the form z =y, and in the
equality- and substitution-free fragment, the only available atoms are of the form p(y, ).
We interpret FO?-formulas in usual FO-models of the form A = (A%, pm)pep, where A% is a
nonempty set and p% C A% x A%, for each p € P.

Now, fix some signature o. We connect two FO-models 2, B with three different kinds
of o-bisimulations, depending on the chosen fragment £ of FO?, as follows. Given L, let
Litz(5) denote the set of available literals for p € o (atoms and negated atoms) in £. Given

2A and a,a’ € A%, we define

(5 a,d") = {t € Litg(oy | A f=La/y,d [x]}.

A relation B C (A% x A%) x (B® x B?®) is a o-bisimulation between A and B in L if the
following hold, for all ((a,d’), (b,V)) € B:

2t is shown in [GKV97] that, in FO?, one can replace relations of arbitrary arity by binary relations as far
the complexity of satisfiability is concerned. This has been extended to bisimulation consistency in [JW21].
We therefore consider FO? with binary relations only.



6:44 A. Kurucz, F. WOLTER, AND M. ZAKHARYASCHEV Vol. 21:4

(1) 15 (a,a') = L5 (b,);

(2) for every a” € A% there is b” € B® such that ((a,d”), (b,0")) € B, and the other way
round;

(3) for every o € A* there is b € B® such that ((a”,d’), (b",1)) € B, and the other way
round.

If ((a,d’), (b,V')) € B for some B, then we say that A, a,a’ and B,b,b’ are o-bisimilar in L.
Given FO-models 2,8 and a,a’ € A%, bt/ € B®, we write U, a,d =r() B,0,V

whenever 2 = pla/y,d /x| iff B | ¢[b/y,b'/z] hold for all L(o)-formulas ¢. Then we have

the following well-known equivalence, for any pair 21, B of saturated models:

A a,d =r(0) B, b, b iff A a,a’ and B, b,V are o-bisimilar in L.

Clearly, if %A, a,a’ and 9B,b, b are o-bisimilar in FO?, then they are o-bisimilar in the
equality-free fragment, and if they are o-bisimilar in the equality-free fragment, then they
are o-bisimilar in the equality- and substitution-free fragment. However, as the models
below show, the converse directions do not always hold.

p p p p p

p p p
2Aq Ao s

b p p b p

Here, 21; and 23 are {p}-bisimilar in the equality- and substitution-free fragment of FO?,
but not in the equality-free fragment: VaVy (p(:):,y) > p(y,:z:)) AVzp(z,z) is true in As,
while it is not true in ;. 2y and A3 are {p}-bisimilar in the equality-free fragment, but
not in FO?: VaVy (p(a:, y) > = y) is true in A3, while it is not true in As.

Next, we discuss connections between Q'S5 and the three fragments of FO? introduced
above. With a slight abuse of notation, we consider the predicate symbols in P (and thus in
any signature o) as unary symbols when dealing with FOM! and binary ones when dealing
with (fragments of) FO?. We translate each FOM!-formula ¢ to an FO?-formula ¢! by taking

p) =p(y,2), (—o)f =-¢", (wrv) =0t Aul (0p)f =3yl (3p) = 3wy,
Observe that the image of this translation is in the equality- and substitution-free fragment
of FO?. It is easy to show the following:

Lemma A.1. For all FOM-formulas ¢, v and FOM!-signature o,

(i) Fqiss » if Froz ¢';

(ii) o and ) are o-bisimulation consistent in Q'S5 iff T and ¥! are o-bisimulation consistent
in the equality- and substitution-free fragment of FO?.

Proof. Follows straightforwardly from the observations (a) and (b) below:
(a) FO-models for the equality- and substitution-free fragment of FO? and square
Q1S5-models (W, D, I) with |[W| = |D| are in 1-1 correspondence in the following sense:
— For every FO-model 2, take the square Q!S5-model My = (A%, A%, I) where, for all
a,be A% and p € P, b € p'@ iff (a,b) € p*. Then we have

— For every square Q'S5-model 9 = (W, D, I) and every bijection f: D — W, take the FO-
model gy s = (D, p»7) where, for all a,b € D and p € P, (a,b) € p™»s iff b € p'(F(@),
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Then we have

M, fla),bl= @ iff Amy k= lla/y,b/z]. (A.1)
(b) For all Q'S5-models 91, w, d, there exists a square Q*S5-model 9, w’, d’ such that
M, w,d and M, w', d’ are bisimilar in Q'S5 (see, e.g., [GKWZ03, Prop.3.12)). =

Proof of Theorem 1.3, lower bound. For the equality- and substitution-free fragment
of FO?, 2EXPTIME-hardness is now a straightforward consequence of Lemma A.1. Indeed,
we can simply use the f-translations of the formulas used in Section 4.2. In order to prove
2EXpPTIME-hardness for the equality-free fragment, we need an additional step. Namely,
we need to show that there are suitable bijections between the FO- and modal domains
of each of the two (square) Q'S5-models constructed in the proof of Lemma 4.8 such that
the resulting FO-models are not only o-bisimilar in the equality- and substitution-free
fragment of FO?, but are also o-bisimilar in the equality-free fragment. In fact, we claim that
they are o-bisimilar in full FO?, and so the lower bound result of Theorem 1.3 generalises
that of [JW21]. To this end, take the o-bisimulation 3 in Q!S5 between the Q!S5-models
M = (W, D, I)and M = (W, D, f) defined in the proof of Lemma 4.8. Now define a bijection
f: D — W by taking f(dL,) = wt, for all m < 2", t € T, and a bijection f: D — W by
taking f(a?}g) = w} for all k < 2, ¢t € T. Using that (i) the respective restrictions of the
FO-models Rdgy 5 to Dy, and Qlifﬁ, i to Dy, are o-isomorphic for any m < 2", k < 2, and

(#7) for all p € o, we have Aoy 5 = ply/d,,, z/d,] if m # m/, and Ry 7 & p[y/cf’fc,x/dg,] if
k # K, it is straightforward to see that the relation

B = {((a,b), (@,0)) € (D x D) x (D x D) | ((f(a),b), f(a),})) € 8}

is a o-bisimulation between 2doy ¢ and 2, i in FO2. =

APPENDIX B. PROOFS FOR SECTION 6

Here, we give polynomial-time reductions of the interpolant existence problems modulo

ontologies (introduced in Remark 6.1) to the IEP. Call a concept E with sig(E) C o a

o-interpolant for a concept inclusion C C D if = C C E and = E C D. The problem to

decide whether a o-interpolant exists for C' C D can be reduced in polytime to interpolant

existence, as the following two conditions are easily seen to be equivalent, for any ¢ and

concept inclusion C' C D:

— there exists a o-interpolant for C' C D;

— there exists an interpolant for C’ C D’, where C’, D’ are obtained from C, D by replacing
in C all symbols not in ¢ by fresh symbols not in C' and D and adding, for all A € ¢ and
R € o, the conjuncts AU —A and 3R. T U—-3R.T to C and D.

For an ontology O, take the concept
o°= N\ VU.(-CuD).
CCDeO
Recall that the IEP modulo ontologies is to decide, given an ontology O, a signature o, and
a concept inclusion C'C D, whether there exists a o-concept E such that O = C C E and

O | E C D. For the reduction, assume O, a signature o, and a concept inclusion C' = D
are given. Then the following conditions are equivalent:

— there exists a o-interpolant for Q¢ C' C -0O° L D;
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— there exists a o-concept F such that O =CC E and O = EC D.

Next, recall that ontology interpolant existence is to decide, given an ontology O, a signature
o, and a concept inclusion C' C D, whether there is an ontology O’ with sig(O’) C o,
O E O, and O = C C D. For the reduction, assume O, a signature o, and a concept
inclusion C C D are given. Then the following conditions are equivalent:

— there exists a o-interpolant for O¢ C -C' U D;
— there exists an ontology O’ with sig(O0’) C o, O = 0',and O' =C C D.

Finally, we recall that the DEP modulo ontologies is to decide, given an ontology
O, a signature o, and a concept name A, whether there exists a o-concept C' such that
O E A = C. We reduce this problem to the IEP modulo ontologies. Suppose an ontology O,
a signature o, and a concept name A are given. We may assume that A & o since otherwise
the problem is trivial. Now let (O’ be the result of replacing in @ all symbols X that are not
in o by fresh X’. Then the following conditions are equivalent:

— there exists a o-concept C such that OUO' = AC Cand OUO' ECC A
— there exists a o-concept C such that O = A = C.
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