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ABSTRACT. Motivated by an application where we try to make proofs for Description Logic
inferences smaller by rewriting, we consider the following decision problem, which we call the
small term reachability problem: given a term rewriting system R, a term s, and a natural
number n, decide whether there is a term ¢ of size < n reachable from s using the rules of R.
We investigate the complexity of this problem depending on how termination of R can be
established. We show that the problem is in general NP-complete for length-reducing term
rewriting systems. Its complexity increases to N2ExpTime-complete (NExpTime-complete)
if termination is proved using a (linear) polynomial order and to PSpace-complete for
systems whose termination can be shown using a restricted class of Knuth-Bendix orders.
Confluence reduces the complexity to P for the length-reducing case, but has no effect
on the worst-case complexity in the other two cases. Finally, we consider the large term
reachability problem, a variant of the problem where we are interested in reachability of a
term of size > n. It turns out that this seemingly innocuous modification in some cases
changes the complexity of the problem, which may also become dependent on whether the
number n is is represented in unary or binary encoding, whereas this makes no difference
for the complexity of the small term reachability problem.

1. INTRODUCTION

Term rewriting [BN98, TeRO03] is a well-investigated formalism, which can be used both for
computation and deduction. A term rewriting system R consists of rules, which describe
how a term s can be transformed into a new term ¢, in which case one writes s —g t. In the
computation setting, where term rewriting is akin to functional programming [GRST11], a
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Figure 1: Three proof rules for £L.
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Figure 2: Proof of the conclusion of R3 from its hypotheses using R1 and R2.

given term (the input) is iteratively rewritten into a normal form (the output), which is a
term that cannot be rewritten further. Termination of R prevents infinite rewrite sequences,
and thus ensures that a normal form can always be reached, whereas confluence guarantees
that the output is unique, despite the nondeterminism inherent to the rewriting process
(which rule to apply when and where). In the deduction setting, which is, e.g., relevant
for first-order theorem proving with equality [NRO1], one is interested in whether a term
s can be rewritten into a term t by iteratively applying the rules of R in both directions.
If R is confluent and terminating, this problem can be solved by computing normal forms
of s and t, and then checking whether they are equal. In the present paper, we want to
employ rewriting for a different purpose: given a term s, we are interested in finding a term
t of minimal size that can be reached from s by rewriting (written s =g t), but this term
need not be in normal form. To assess the complexity of this computation problem, we
investigate the corresponding decision problem: given a term rewriting system R, a term s,
and a natural number n, decide whether there is a term ¢ of size < n such that s —p t. We
call this the small term reachability problem.

Our interest in this problem stems from the work on finding small proofs [ABB™20,
ABB™21] for Description Logic (DL) inferences [BHLS17], which are then visualized in an
interactive explanation tool [ABB*22]. For the DL ££ [BBLO05], we employ the highly-
efficient reasoner ELK [KKS14] to compute proofs. However, the proof calculus employed
by ELK is rather fine-grained, and thus produces relatively large proofs. Our idea was
thus to generate smaller proofs by rewriting several proof steps into a single step. As a
(simplified) example, consider the three proof rules in Figure 1. It is easy to see that one
needs one application of R2 followed by two of R1 to produce the same consequence as a
single application of R3 (see Figure 2). Thus, if one looks for patterns in a proof that use
R1 and R2 in this way, and replaces them by the corresponding applications of R3, then
one can reduce the size of a given proof. Given finitely many such proof rewriting rules
and a proof, the question is then how to use the rules to rewrite the given proof into one of
minimal size. Since tree-shaped proofs as well as DL concept descriptions can be represented
as terms, this question can be seen as an instance of the small term reachability problem
introduced above.

For example, the proof consisting only of one application of R3 (as depicted in Figure 1)
can be written as the term

t1 :=R3(C(A,B),C(A,E.(A1)),E(A1, By),E(E(By), B)),
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where we use R3 as a 4-ary function symbol whose first argument is the consequence of
applying the corresponding rule and the other arguments are the hypotheses (or more
generally, the proof terms producing these hypotheses). In addition, C is used as a binary
function symbol, and F;, as a unary function symbol. The proof in Figure 2 can be represented
as the proof term

to == R1(C(A, B),C(A, E,(A1)),
RL(E(Er (A1), B), R2(E(E(Ar), Er(By)), E(A1, B)),

C(E,(B1), B)))-

Before we can use these terms in a rewrite rule of the form ¢9 — ¢1, we must make two changes.
First, note that the rules in Figure 1 are actually rule schemata, where A, B, C, A1, By are
placeholders for £L concepts. Thus, we must view them as variables that may be replaced
be terms representing £L concepts in the terms ¢; and ¢5. In addition, when applying such
a rewrite rule within a larger proof, the hypotheses in these terms may also be derived
by a subproof, and the formulation of the rewrite rule must take this possibility into
account. This means, for instance, that C(A, E,.(A1)) in both t; and ¢y is replaced with
RI(C(A, E (A1), Z1, Z2), where Z; and Zy are variables that may be substituted by proof
terms, and analogous variants must be considered for the other rules. We refrain from giving
more details on how to express proof rewrite rules as term rewrite rules since the main topic
of this paper is the investigation of the small term reachability problem in the setting of
term rewriting systems. However, the sketch in this paragraph shows that proof rewriting
can indeed be expressed as term rewriting.

In the following we investigate the complexity of the small term reachability problem
on the general level of term rewriting systems (TRSs). It turns out that this complexity
depends on how termination of the given TRS can be shown. It should be noted that, in our
complexity results, we assume the TRS R to be fixed, and only the term s and the number
n are the variable part of the input. Thus, in the subsequent summary of our results, we
say that the problem is in general complete for a complexity class K if, for every fixed TRS
falling into the respective category, the problem is in K, and there is a TRS belonging to
this category for which the problem is also hard for K. The paper contains the following
main contributions (see Table 1 for an overview):

1. Small term reachability for length-reducing TRSs. If the introduced rewrite rules
are length-reducing, i.e., each rewrite step decreases the size of the term (proof), like the
rule in our example, then termination of all rewrite sequences is guaranteed. In general,
it may nevertheless be the case that one can generate two normal forms of different sizes.
Confluence prevents this situation, i.e., then it is sufficient to generate only one rewrite
sequence to produce a term (proof) of minimal size. In Section 4 we show that the small term
reachability problem for length-reducing term rewriting systems is in general NP-complete,
but becomes solvable in polynomial time for confluent systems.

2. Small term reachability for TRSs whose termination is shown by polynomial
orders. It also makes sense to consider sets of rules where not every rule is length-reducing,
e.g., if one first needs to reshape a proof before a length-reducing rule can be applied, or if one
translates between different proof calculi. In this extended setting, termination is no longer
trivially given, and thus one first needs to show that the introduced set of rules is terminating,
which can for instance be achieved with the help of a reduction order [BN98, TeR03]. We
show in this paper that the complexity of the small term reachability problem depends on
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class of TRS small term reachability large term reachability
upper bound lower bound upper bound lower bound
length-reducin NP NP lincar
g ueing (Theorem 4.5) (Theorem 7.5)
length-reducing P linear
& confluent (Proposition 4.2) (Theorem 7.5)
terminating with PSpace PSpace PSpace PSpace
KBO without (Theorem 6.5) (Theorem 7.6)
special symbol also for confluence also for confluence
NExpTime NExpTime
(for binary encoding) (for binary encoding)
terminating with NExpTime NExpTime (Theorem 7.8)
size compatible (Corollary 5.17) also for confluence
linear pol. order also for confluence PSpace

(for unary encoding)
(Theorem 7.4)

ExpSpace
(for binary encoding)
terminating with N2ExpTime N2ExpTime (Theorem 7.4)
size compatible (Theorem 5.14) PSpace
pol. order also for confluence (for unary encoding)

(Theorem 7.4)

ExpSpace
(for binary encoding)
terminating decidable (Theorem 7.4)
(Proposition 3.2) PSpace

for unary encodin
Yy g
(Theorem 7.4)

Table 1: Overview on our complexity results

which reduction order is used for this purpose. More precisely, in Section 5 we consider term
rewriting systems that can be proved terminating using a polynomial order [Lan79], and show
that in this case the small term reachability problem is in general N2ExpTime-complete,
both in the general and the confluent case. To prove the complexity upper bound, we
actually need to restrict the employed polynomial orders slightly. If the definition of the
polynomial order uses only linear polynomials, then the complexity of the problem is reduced
to NExpTime, where again hardness already holds for confluent systems. Here, as usual,
NExpTime (N2ExpTime) is the class of all decision problems solvable by a nondeterministic
Turing machine in O(2P() (O(22p(n>)) steps, where n is the size of the problem and p(n) is
a polynomial in n.

3. Small term reachability for TRSs whose termination is shown by KBO. In
Section 6, we investigate the impact that using a Knuth-Bendix order (KBO) [KB70] for
the termination proof has on the complexity of the small term reachability problem. In the
restricted setting without unary function symbols of weight zero, the problem is in general
PSpace-complete, again both in the general and the confluent case. The complexity class
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PSpace consists of all decision problems solvable by a Turing machine in O(p(n)) space,
where n is the size of the problem and p(n) is a polynomial in n.

4. Large term reachability. In order to investigate how much our complexity results
depend on the exact formulation of the condition on the reachable terms, we consider a
variant of the problem, which we call the large term reachability problem: given a term
rewriting system R, a term s, and a natural number n, decide whether there is a term ¢
of size > n such that s —p t. For length-reducing TRSs, this modification of the problem
definition reduces the complexity to (deterministic) linear time. For the KBO, we obtain
the same complexity results as for the small term reachability problem. For TRSs shown
terminating with a linear polynomial order, the complexity (NExpTime) stays the same
if n is assumed to be given in binary representation, whereas the complexity goes down
to PSpace for unary encoding of n. Similarly, for TRSs whose termination is proved by
arbitrary polynomial orders, the complexity goes down to ExpSpace (PSpace) for binary
(unary) encoding of numbers. Actually, these upper bounds (i.e., ExpSpace for binary and
PSpace for unary encoding) do not depend on the use of polynomial orders, but hold for all
terminating TRSs.

Related work. In the area of term rewriting, reachability usually refers to the following
question (see, e.g., [FGT04, SY19] and Definition 7.1 (2)): given a TRS R and two terms
s,t, does s =g t hold? If s and ¢ contain variables, then a related question is feasibility (see,
e.g., [LG18]), which asks whether there exists a substitution o of the variables such that
the corresponding instance of s rewrites to the corresponding instance of ¢ (i.e., such that
o(s) g o(t) holds). We study a related but different problem, since we do not consider
instantiations of the start term s and we are interested in whether some term ¢ that is “small
enough” can be reached, i.e., t is not a fixed term given by the input. In general, reachability
is studied in many areas of Computer Science, with a whole conference series devoted to the
topic (see, e.g., [KS24]). However, we are not aware of any previous work on the small term
reachability problem for term rewriting,.

The proofs of our results strongly depend on work on the derivational complexity of term
rewriting systems, which links the reduction order employed for the termination proof with
the maximal length of reduction sequences as a function of the size of the start term (see,
e.g., [Hof92, Hof03, HL89, Lep01]). To obtain reasonable complexity classes, we restricted
ourselves to reduction orders where the resulting bound on the derivational complexity
is not “too high”. In particular, we decided to start our investigation with the results
of [Geu88, Lau88, HL89] on classical reduction orders, who show that termination proofs
with a (linear) polynomial order yield a double-exponential (exponential) upper bound on
the length of derivation sequences whereas termination proofs with a KBO without unary
function symbols of weight zero yield an exponential such bound. Note that these results are
proved in [HL89] under the assumption that the TRS is fixed. We also make use of the term
rewriting systems employed in the proofs showing that these bounds are tight. A connection
between the derivational complexity of term rewriting systems and complexity classes has
been established in [BCMTO1] for polynomial orders, in [BMMO05] for quasi-interpretations,
and in [BM10] for Knuth-Bendix orders. While this work considers a different problem since
it views term rewriting systems as devices for computing functions by generating a normal
form, and uses them to characterize complexity classes, the constructions utilized in the
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proofs in [BCMTO01, BM10] are similar to the ones we use in our hardness proofs. A notable
difference between the two problems is that we are not specifically interested in normal
forms (i.e., irreducible terms), but in the question whether one can reach “small” terms ¢
(which need not be in normal form) from a given term s. Note that a small term ¢ might be
reachable from s, though all normal forms of s are not small. For this reason, the impact
that confluence has on the obtained complexity class also differs for the two problems: while
in our setting confluence only reduces the complexity in the case of length-reducing systems,
in [BCMTO1] it also reduces the complexity (from the nondeterministic to the respective
deterministic class) for the case of systems shown terminating with a (linear) polynomial
order.

Comparison with previous conference publication. This article is based on a paper
published at FSCD 2024 [BG24], but extends and improves on the conference version in
several respects. While the conference paper restricts the attention to the small term
reachability problem, the present paper also considers variants of this problem, and in
particular the large term reachability problem. Our results demonstrate that the exact
formulation of the condition imposed on the reachable term may have a considerable impact
on the complexity of the problem, although testing the condition for a given term has the
same complexity in both cases. In particular, it turns out that the complexity of the large
term reachability problem may depend on how the number that yields the size bound is
encoded. In [BG24], the encoding of numbers was not taken into account, since it has no
impact on the complexity of the small term reachability problem. In the present article, we
prove this result and make it explicit in the statement of our theorems.

Another improvement over our conference paper is that we take more care when stating
and proving the upper complexity bounds. Note that the known bounds on the maximal
length of reduction sequences for TRSs shown terminating with a KBO or polynomial order
are proved in [HL89] under the assumption that the TRS is fixed. For this reason, we also
consider the small (large) term reachability problem for a fixed TRS. This is now made clearer
when showing the upper complexity bounds and stating our complexity results. Here, it
turns out that showing the upper complexity bounds for the small term reachability problem
in the case of polynomial orders is considerably more involved than claimed in [BG24], and
requires an additional (though not very restrictive) condition on the employed polynomial
order (i.e., that constants must be mapped to numbers > 2). In particular, we prove that
using a (linear) polynomial order for showing termination of a TRS does not only impose a
double-exponential (exponential) upper bound on the length of derivation sequences, but
also a double-exponential (exponential) upper bound on the sizes of the terms that can be
reached. Though there has been work on deriving size bounds on reachable terms from the
employed termination method (see, e.g., [BMMO05, BM10]), to the best of our knowledge,
this size bound has not been established before (note that we do not impose any other
constraints on the polynomial orders and we also allow polynomials with “zero coefficients”
as long as the polynomials depend on all indeterminates).

Overview of the paper. In the next section, we briefly recall basic notions from term
rewriting, including the definitions of polynomial and Knuth-Bendix orders. In Section 3,
we introduce the small term reachability problem and show that it is undecidable in general,
but decidable for terminating systems. Sections 4, 5, and 6 respectively consider the length-
reducing, polynomial order, and Knuth-Bendix order case. Finally, in Section 7 we consider
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variants of the small term reachability problem in order to determine how our complexity
results depend on the exact condition in the considered reachability problem. We conclude
with a brief discussion of possible future work.

2. PRELIMINARIES

We assume that the reader is familiar with basic notions and results regarding term rewriting.
In this section, we briefly recall the relevant notions, but refer the reader to [BN98, TeR03]
for details.

Given a finite set of function symbols with associated arities (called the signature) and
a disjoint set of variables, terms are built in the usual way. Function symbols of arity 0 are
also called constant symbols. For example, if x is a variable, ¢ is a constant symbol, and f
a binary function symbol, then ¢, f(x,c), f(f(x,c),c) are terms. The size |t| of a term ¢ is
the number of occurrences of function symbols and variables in ¢ (e.g., |f(f(x,¢),c)| = 5).
If f is a function symbol or variable, then |t|; counts the number of occurrences of f in ¢
(e.g., |f(f(x,¢),c)|f =2). As usual, nested applications of unary function symbols are often
written as words. For example, g(g(h(h(g(x))))) is written as gghhg(z) or g?h%g(x).

A rewrite rule (or simply rule) is of the form | — r where [,r are terms such that [
is not a variable and every variable occurring in r also occurs in [. In this paper, a term
rewriting system (TRS) is a finite set of rewrite rules, and thus we do not mention finiteness
explicitly when formulating our complexity results. A given TRS R induces the binary
relation —p on terms. We have s — g ¢ if there is a rule [ — r in R such that s contains
a substitution instance o(l) of [ as subterm, and ¢ is obtained from s by replacing this
subterm with o(r). Recall that a substitution is a mapping from variables to terms, which is
homomorphically extended to a mapping from terms to terms. For example, if R contains
the rule hh(z) — g(x), then f(hhh(c),c) —r f(gh(c),c) and f(hhh(c),c) —r f(hg(c),c).
The reflexive and transitive closure of — is denoted as — R, l.e., s 2 » t holds if there are
n > 1 terms t1,...,t, such that s =t;,t =t,, and t; g t;y1 fori=1,...,n — 1.

Two terms s1, sy are joinable with R if there is a term t such that s; —*>R t holds for
i = 1,2. The relation — g is confluent if s g s; for i = 1,2 implies that s; and so are joinable
with R. It is terminating if there is no infinite reduction sequence tg g t1 g to =g .. ..
If — R is confluent (terminating), then we also call R confluent (terminating). The term ¢ is
irreducible if there is no term ¢’ such that t —p t'. If s =g ¢ and t is irreducible, then we
call t a normal form of s. If R is confluent and terminating, then every term has a unique
normal form. If R is terminating, then its confluence is decidable [KB70]. Termination can
be proved using a reduction order, which is a well-founded order > on terms such that [ > r
for all I — r € R implies s > t for all terms s,t with s —g t. Since > is well-founded, this
then implies termination of R. If [ > r holds for all | — r € R, then we say that R can be
shown terminating with the reduction order . The following is a simple reduction order.

Example 2.1. If we define s > ¢ if |s| > [¢t| and |s|, > |t|, for all variables x, then > is
a reduction order (see Exercise 5.5 in [BN98]). For example, hh(z) = g(x), and thus the
TRS R = {hh(x) — g(z)} is terminating. As illustrated in Example 5.2.2 in [BN9§], the
condition on variables is needed to obtain a reduction order.

This order can only show termination of length-reducing TRSs R, i.e., where s =g t
implies |s| > [t|. We now recapitulate the definitions of more powerful reduction orders [BN98,
TeRO3].
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Polynomial orders. To define a polynomial order, one assigns to every n-ary function
symbol f a polynomial P; with coefficients in the natural numbers N and n indeterminates
Z1,...,Ty such that Pr depends on all these indeterminates. To ease readability, we usually
write z instead of z1 if n = 1, and we write x, y instead of x1, x2 if n = 2. To ensure that
dependence on all indeterminates implies (strong) monotonicity of the polynomial order, we
require that constant symbols ¢ must be assigned a polynomial of degree 0 whose coefficient
is > 0. Such an assignment also yields an assignment of polynomials P, to terms t.

Example 2.2. Assume that + is binary, s,d, ¢ are unary, and 0 is a constant. We assign
the polynomial P, =z +2y+1to+, Ps=x+3tos, Py=3x+1tod, Pq:3x2—|—3x—|—1
to ¢, and Py = 4 to 0. For the terms | = ¢(s(z)) and r = ¢(x) + s(d(z)) we then
obtain the associated polynomials P, = 3(z + 3)2 + 3(x + 3) + 1 = 322 + 21z + 37 and
P.=32243x+1+23x+1+3)+1=32%+ 9z + 10.

The polynomial order induced by such an assignment is defined as follows: t = t' if P,
evaluates to a larger natural number than Py for every assignment of natural numbers > 0
to the indeterminates of P, and Py. In our example, the evaluation of P, is obviously always
larger than the evaluation of P., and thus [ > r. Polynomial orders are reduction orders,
and thus can be used to prove termination of TRSs (see, e.g., Section 5.3 of [BN9§]).

As mentioned above, for our complexity upper bounds, we need the polynomial order
that is used to show termination of the TRS to satisfy an additional restriction.

Definition 2.3. We say that a polynomial order is size compatible if for every constant
symbol the assigned polynomial of degree 0 has a coefficient > 2 (i.e., every constant symbol
must be assigned a number > 2).

This restriction provides us with a double-exponential bound (in the size of s) on

the sizes of the terms reachable with —3p from s (see Proposition 5.6 in Section 5). The
polynomial order of Example 2.2 is size compatible, since Py = 4 > 2.

Knuth-Bendix orders. To define a Knuth-Bendix order (KBO), one must assign a weight
w(f) to all function symbols and variables f, and define a strict order > on the function
symbols (called precedence) such that the following is satisfied:

e All weights w(f) are non-negative real numbers, and there is a weight wy > 0 such that
w(zx) = wy for all variables x and w(c) > wy for all constant symbols c.

e If there is a unary function symbol h with w(h) = 0, then h is the greatest element w.r.t.
>, i.e., h > f for all function symbols f # h. Such a unary function symbol A is then
called a special symbol. Obviously, there can be at most one special symbol.

Since in this paper we only consider KBOs without special symbol, we restrict our definition
of KBOs to this case. For any weight function w, we define its extension to terms as
w(w) =3 ¢ oeeurs inu W(f) - |ulf for all terms u. Then a given weight function w and strict
order > without special symbol induces the following KBO >:

s =t if |s|y > |t|; for all variables = and
o w(s) > w(t), or
e w(s) = w(t) and one of the following two conditions is satisfied:

—s=f(S1y-+-y8m), t =g(t1,...,tn), and f > g.
—s=f(s1,-+-y8m), t = f(t1,...,tm), and there is 7,1 < i < m, such that
s1=1t1,...,8_1=1t;_1, and s; = t;.
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A proof of the fact that KBOs are reduction orders can, e.g., be found in Section 5.4.4
of [BN9S|.

Example 2.4. Let 0, 1,1’ be unary function symbols and e a constant symbol, and consider
the following TRS, which is similar to the one introduced in the proof of Lemma 7 in [BM10]:

R={1(g) = 0(g), 0(e) = 1'(g), 0(V(z)) — 1'(1(x)), 1(1(x)) — 0(1(x))}.

Basically, this TRS realizes a binary down counter, and thus it is easy to see that, starting
with the binary representation 10™(g) of the number 2", the TRS R can make > 2" reduction
steps to arrive at the term 0""!(e). For example, 100(s) —x 101'(e) —g 11'1(e) —gr
011(g) —x 010(e) — g 011'(¢) —x 001(e) — 000(g). Termination of R can be shown using
the following KBO: assign weight 1 to all function symbols and variables, and use the
precedence order 1 >0 > 1'.

3. PROBLEM DEFINITION AND (UN)DECIDABILITY RESULTS
In this paper, we mainly investigate the complexity of the following decision problem.

Definition 3.1. Let R be a TRS. Given a term s and a natural number n, the small term
reachability problem for R asks whether there exists a term ¢ such that s g t and |t| < n.

The name “small term reachability problem” is motivated by the fact that we want to
use the TRS R to turn a given term s into a term whose size is as small as possible. The
introduced problem is the decision variant of this computation problem. A solution to the
computation problem, which computes a term ¢ of minimal size reachable with R from s, of
course also solves the decision variant of the problem. Thus, complexity lower bounds for
the decision problem transfer to the computation problem.

It is easy to see that this problem is in general undecidable, but decidable for terminating
TRSs. For non-terminating systems, confluence is not sufficient to obtain decidability.

Proposition 3.2. The small term reachability problem is in general undecidable for confluent
TRSs, but is decidable for systems that are terminating.

Proof. Undecidability in the general case follows, e.g., from the fact that TRSs can simulate
Turing machines (TMs) [HL78]. (We will also use Turing machines for the proofs of the
hardness results in the remainder of the paper.) More precisely, the reduction introduced
in Section 5.1.1 of [BN9§| transforms a given TM M into a TRS R such that (among
other things) the following holds: there is an infinite run of M on the empty input iff
there is an infinite reduction sequence of R4 starting with the term sy that encodes the
initial configuration of M for the empty input. In addition, if M is deterministic, then
Ry is confluent. We can now add rules to Raq that apply to all terms encoding a halting
configuration of M, and trigger further rules that reduce such a term to one of size 1. Since
the term sg has size larger than one and the rules of Ry never decrease the size of a term,
this yields a reduction of the (undecidable) halting problem for deterministic TMs to the
small term reachability problem for confluent TRSs. If we apply this reduction to a TM for
which the halting problem is undecidable (e.g., a universal TM), then this reduction shows
that there are fixed TRSs R for which the small term reachability problem is undecidable.

Given a terminating TRS R and a term s, we can systematically generate all terms
reachable from s by iteratively applying —g. Since R is finite, —p is finitely branching.
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Together with termination, this means (by Konig’s Lemma) that there are only finitely many
terms reachable with R from s (see Lemma 2.2.4 in [BN98]). We can then check whether,
among them, there is a term of size at most n. []

In the following three sections, we study the complexity of the small term reachability
problem for terminating TRSs, depending on how their termination can be shown. In
general, if one is interested in the complexity of a problem whose formulation involves a
number n, this complexity may depend on whether this number is represented in unary
or binary encoding. In the first case, the contribution of the number to the size of the
input is m, whereas it is log, n in the second case. For this reason, there can potentially
be an exponential difference between the complexity (measured as a function of the size
of the input) of such a decision problem depending on the assumed representation of the
number. For the instances of the small term reachability problem considered in the next
three sections, it turns out that the encoding of the number n does not have an impact on
the complexity. However, in Section 7 we consider a variant of the problem where using
unary encoding leads to a decrease of the complexity.

4. LENGTH-REDUCING TERM REWRITING SYSTEMS

In this section, we investigate the complexity of the small term reachability problem for

length-reducing TRSs, i.e., TRSs where each rewrite step decreases the size of the term.
We start with showing an NP upper bound. Let R be a length-reducing TRS and let

s,n be an instance of the small term reachability problem for R. Since R is length-reducing,

the length k£ of any rewrite sequence s = s) —g S1 —R S2 —R ... —R Sk issuing from s is

bounded by |s| and we have |s;| < |s| for all 1 < i < k. Thus, the following yields an NP

procedure for deciding the small term reachability problem:

e guess k terms sy, ..., s, with & <|s| and |s;| < |s| for all 1 <3 < k;

e check whether s = sy —g s1 —Rr S2 =R ... =R Sk holds and whether |sg| < n. If the

answer is “yes” then accept, and reject otherwise.

Lemma 4.1. The small term reachability problem is in NP for length-reducing TRSs, both
for unary and binary encoding of numbers.

Proof. First, note that the terms s, ..., s, can be generated by an NP-procedure since k
and the sizes of the occurring terms are bounded by the size |s| of the input term s. Checking
whether s;_1 —gr s; holds for 1 < ¢ < k can also be done in polynomial time: One has to
check whether there is a rewrite rule in R, a position in s;_1, a substitution such that the
rule is applicable at this position, and whether its application yields s;. Since the sizes of
s;—1 and s; are bounded by the size of s, this can clearly be achieved in polynomial time.
Moreover, the test whether |s;| < n holds can be realized in linear time in the size of
s and the size of the representation of n, both for unary and binary representation of n.
Basically, one can traverse a textual representation of s; from left to right, and for every
encountered function symbol or variable subtract 1 from the number, starting with n. If 0
is obtained before the end of the term has been reached, then the test answers “no,” and
otherwise it answers “yes.” Subtraction of 1 from a number is clearly possible in time linear
in the size of the representation of the number, both for unary and binary encoding. Since
the size of sj is bounded by the size of s, this shows that the test |si| < n can be performed
in linear time in the size of s and the representation of n. []
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If the length-reducing system R is confluent, then it is sufficient to generate an arbitrary
terminating (i.e., maximal) rewrite sequence starting in s, i.e., a sequence s = so) —g S1 —R
S9 =R ... =R Sk such that si is irreducible. Obviously, we have k < |s|, and thus such a
sequence can be generated in polynomial time. We claim that there is a term t of size < n
reachable from s iff |s;| < n. Otherwise, the smallest term ¢ reachable from s is different
from s;. But then ¢ and s; are both reachable from s, and thus, they must be joinable due
to the confluence of R. As sy, is irreducible, this implies ¢ =7, s and thus, |t| > [si|, i.e., t
is not smaller than s;.

Proposition 4.2. For confluent length-reducing TRSs, the small term reachability problem
can be decided in deterministic polynomial time, both for unary and binary encoding of
numbers.

In general, however, there are (non-confluent) length-reducing TRSs for which the
problem is NP-hard. We prove this by showing that any polynomially time bounded
nondeterministic Turing machine can be simulated by a length-reducing TRS. Thus, assume
that M is such a TM and that its time-bound is given by the polynomial p. As in [BN9S|
we assume that in every step M either moves to the left or to the right, where the tape of
the TM is infinite in both directions. In addition, we assume without loss of generality that
M has exactly one accepting state g. We view the tape symbols of M as unary function
symbols and the states of M as binary function symbols. We assume that qg is the initial
state of M and that b is the blank symbol. Furthermore, let # be a constant symbol and f
be a unary function symbol different from the tape symbols.

Configurations of the TM M are represented by terms of the form

bay ... ap(glar ... agd™(#), fF(#))).
This term represents the TM M in the state q. The first argument of a state symbol like ¢
corresponds to the part of the tape that starts at the position of the head. Thus, in the
term above, a; is the tape symbol at the position of the head and as...ay are the symbols
to the right of it. The symbols a} ...a} are the symbols to the left of the position of the
head. Moreover, we have n blank symbols on the tape to the left of a} and m blank symbols
to the right of a,, where n and m are chosen large enough such that the TM does not reach
the end of the represented tape. The second argument fk(#) of a state symbol like q is
a unary down counter from which one f is removed in every step that M makes. This is
needed to ensure that the constructed TRS is length-reducing. So this counter indicates
how many steps are still possible with the TM M (i.e., for the term above, k further steps
are possible).
Given an input word w = a; ...ay for M, we now construct the term

t(w) := 0" (qo(ar ... ag” O (), FFO#))).
Intuitively, the starting b symbols together with the first argument of gy in ¢(w) provide a
tape that is large enough for a p(¢)-time bounded TM to run on for the given input w of
length £. The counter fp(g)(#) is large enough to allow M to make the maximally possible
number of p(¢) steps.

Basically, we now express the transitions of M as usual by rewrite rules (as, e.g., done
in Definition 5.1.3 of [BN98]), but with three differences:
e since the term ¢(w) provides enough tape for a TM that can make at most p(¢) steps, the
special cases that treat a situation where the end of the represented tape is reached and
one has to add a blank are not needed;
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e since we fix as start term ¢(w) a configuration term (i.e., a term that encodes a configuration
of the TM), the additional effort expended in [BN98] to deal with non-configuration terms
(by using copies of symbols with arrows to the left or right) is not needed;

e we have the additional counter in the second argument, which removes one f in every
step, and thus ensures that rule application is length-reducing.

The TRS RM that simulates M has the following rewriting rules:

e For each transition (¢, a,q’,d’,r) of M it has the rule ¢(a(z), f(y)) = d/(¢'(z,y)). Thus,
the tape symbol a is replaced by a’ and the head of the TM is now at the position to the
right of it.

e For each transition (¢, a,q’,a’,1) of M it has the rule c(q(a(z), f(y))) — ¢'(cd’(z),y) for
every tape symbol ¢ of M. Thus, a is replaced by @’ and the head of the TM is now at
the position to the left of it.

Note that the blank symbol b is also considered as a tape symbol of M.
In addition, we add rules to RM that can be used to generate the term #, which has
size 1, whenever ¢ is reached:

e a(q(z,y)) — q(z,y) for every tape symbol a of M,
* qz,y) = #.
The following is now easy to see.

Lemma 4.3. The term t(w) can be rewritten with RM to a term of size 1 iff M accepts
the word w.

Proof. Tt is easy to see that RM simulates M in the sense that there is a run of M on input
w = ay . ..ay that reaches the accepting state ¢ iff there is a rewrite sequence of RM starting
with ¢(w) that reaches a term of the form u(q(¢,t’)), where u is a word over the tape symbols
of M and ¢,t’ are terms. Note that the assumption that M is p(¢)-time bounded together
with the construction of ¢(w) ensures that there is enough tape space and the counter is
large enough for the simulation of M to run through completely.

Thus, if M accepts w = ay . ..ay, then we can rewrite t(w) with R into a term of the
form wu(q(t,t’)), and this term can then be further rewritten into #, which has size 1. If M
does not accept w = aj . ..ay, then the state ¢ cannot be reached by any run of M starting
with this word. Thus, all terms reachable from #(w) with the rules of R that simulate M
are of the form u(q(t,t')) for states ¢ different from §. The rules of RM of the second kind
are thus not applicable, and the terms of the form u(q(t,t")) clearly have size > 1. ]

We are now ready to show the corresponding complexity lower bound.

Lemma 4.4. There are length-reducing TRSs for which the small term reachability problem
is NP-hard, both for unary and binary encoding of numbers.

Proof. Let 11 be an NP-hard problem. We show that there is a length-reducing TRS R such
that II can be reduced in polynomial time to a small term reachability problem for R. Let M
be the nondeterministic Turing machine that is an NP decision procedure for II, and let p be
the polynomial that bounds the length of runs of M. We can construct the length-reducing
TRS RM as described above. Given a word w = a; ...ay, we can compute the term t(w)
in polynomial time, and Lemma 4.3 implies that this yields a reduction function from II
to the small term reachability problem for the length-reducing TRS RM where we use the
number n = 1, whose representation is of constant size both for unary and binary encoding
of numbers. L]
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Combining the obtained upper and lower bounds, we thus have determined the exact
complexity of the problem under consideration.

Theorem 4.5. The small term reachability problem is in NP for length-reducing TRSs, and
there are such TRSs for which the small term reachability problem is NP-complete. These
results hold both for unary and binary encoding of numbers.

To show that a given TRS R is length-reducing, one can, for example, use the reduction
order of Example 2.1. This order also applies to the TRS RM introduced above.

5. TERM REWRITING SYSTEMS SHOWN TERMINATING WITH A POLYNOMIAL ORDER

An interesting question is whether similar results can be obtained for TRSs whose termination
can be shown using a reduction order from a class of such orders that provides an upper
bound on the length of reduction sequences. For example, it is known that a proof of
termination using a polynomial order yields a double-exponential upper bound on the length
of reduction sequences [Geu88, Lau88, HL89]. One possible conjecture could now be that, for
TRSs whose termination can be shown using a polynomial order, the small term reachability
problem is in general N2ExpTime-complete.

The upper bound can in principle be established similarly to the case of length-reducing
systems: again, one needs to guess a reduction sequence, but now of at most double-
exponential length, and then check the size of the obtained term. However, proving that
this yields a nondeterministic double-exponential time procedure for solving the small term
reachability problem is less trivial than in the case of length-reducing TRSs. The reason is
that the sizes of the terms in this sequence need no longer be bounded by the size of the
start term s. Instead, we obtain a double-exponential bound on the sizes of these terms,
but proving this needs quite some effort and requires the additional restriction that the
employed order is size compatible. We start by establishing a double-exponential bound
on the number of non-unary function symbols occurring in such terms. Given a term ¢, its
nu-size |t|n, counts the number of occurrences of non-unary function symbols and variables
in t.

Lemma 5.1. Let > be a size compatible polynomial order, and s,s’ be terms such that
s = §'. Then the nu-size of s’ is double-exponentially bounded by the size of s.

Proof. For every term ¢ and natural number a > 1, let P, again be the polynomial associated
with ¢ by the polynomial interpretation that induces >, and let m,(¢) be the evaluation of
P, with a substituted for all indeterminates of P,. It is shown in [HL89] that for any a > 1,
7a(t) is double-exponentially bounded by the size of ¢ (see also the proof of Proposition 5.3.1
in [BN9S8]).

We claim that, if a > 2, then m4(t) > |t|n, for all terms t. Consequently, m4(s) >
Ta(8') > |8'|nu implies that the nu-size of s’ is double-exponentially bounded by the size of s.
Note that the inequality 7, (s) > m4(s’) holds since s = s'.

To prove the claim, we use structural induction on ¢. If ¢ is a variable then we have
mo(t) =a>2>1=|t|p,. If tis a constant, then m,(t) = P, > 2 > 1 = |t|,y, where P, > 2
holds since > is assumed to be size compatible.

In the induction step, we first consider the case t = f(t1,...,t,) for n > 2. Since P
depends on all its indeterminates, it is a sum of monomials with coefficients > 1 such that

each indeterminate occurs in at least one monomial. Using the fact that a;, - ... - a;, >
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ai, +...4a;, holds for all a;,,...,a;, > 2, we can deduce that P¢(a1,...,an) > a1+...+ap
for all ay,...,a, > 2. Consequently, 7,(f(t1,...,tn)) = Pp(ma(tr), .., ma(tn)) > ma(t1) +
...+ Ta(ty).t The induction hypothesis yields 74(t;) > |ti|ny for i = 1,...,n, and thus
mo(t1) + oo+ ma(tn) = (Jtilne + 1) + oo 4+ (talne + 1) > ([t1]nu + oo + [tnlnw) + 1 =
|f(t1,...,tn)|ny. The strict inequality holds since n > 2.

If t = f(t1) for a unary function symbol f, then 7,(t) = mo(f(t1)) > ma(t1) > [t1|nu =
|t| i, Where the strict inequality holds by the induction hypothesis. L]

The following example illustrates that size compatibility and the restriction to counting
only non-unary function symbols in s’ are needed for this lemma to hold.

Example 5.2. First, we show that Lemma 5.1 does not hold if we replace the nu-size
of s’ with the size of s’. In fact there is no bound function b such that s = s’ implies
|| € O(b(]s])) for all terms s, s’. The reason is that there exist terms s for which we have
s = &' for infinitely many terms s’ that have arbitrarily large sizes. As an example, consider
a size compatible polynomial order that assigns the polynomial Py = x to the unary function
symbol f, P. = 2 to the constant ¢, and P; = 3 to the constant d. Let s be the term d and
as s', we consider all terms of the form s, := f¥(c) for every k > 1. Clearly, we have d > sy,
for all £ > 1 since Py =3 > 2 = P,,. However, the size of s, is [sg| = k + 1, i.e., we have
d > sy for infinitely many terms s; that have arbitrarily large sizes.

Second, we show that the lemma does not hold without the size compatibility assumption.
In fact, again then there is no bound function b such that s = s’ implies |s'|,,,, € O(b(]s]))
for all terms s, s’. Similar to the reasoning above, the reason is that then there exist terms s
for which we have s = s’ for infinitely many terms s’ that have arbitrarily large nu-sizes. As
an example, assume that f is a binary function symbol such that Py = x -y, c is a constant
symbol with P, = 1 (which violates size compatibility), and d is a constant with associated
polynomial P; = 2. Let s again be the term d and as s’, we consider the terms t for k > 0,
which we define by induction: to := ¢ and tgy1 := f(tg,tx). Clearly, we have d > t;, for all
k > 0 since P; =2 > 1= P,,. However, the nu-size of tj is |tg|n, = |tx| = 2ktl _ 1 ie., we
have d > t; for infinitely many terms t; that have arbitrarily large nu-sizes.

However, as in the first part of this example, terms that are large since they contain
many unary function symbols must also have a large nesting depth. Thus, if we additionally
have a bound on this depth, then we also obtain a bound on the size.

To be more precise, for a term t its depth dp(t) is the maximal nesting of function
symbols in ¢, i.e., dp(c) = dp(x) = 0 for constants ¢ and variables x, and dp(f(t1,...,tn)) =
1 4+ maxj<i<n dp(t;). As shown in [CL92], applying a rewrite step can increase the depth of
a term only by a constant that is determined by the given TRS.

Lemma 5.3 [CL92]. For every TRS R there is a constant mp such that s —g t implies
dp(t) < dp(s) + mg.

Consequently, if we start with a term s and apply at most double-exponentially many (in
the size of s) rewrite steps, then the depth of the obtained term is at most double-exponential
in the size of s.

Lemma 5.4. Let R be a TRS whose termination can be shown using a polynomial order. If
s,t are terms such that s g t, then the depth of t is double-exponentially bounded by the
size of s.

INote that size compatibility ensures that mq(t1),...,7ma(tn) > 2 is satisfied.
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Bounds on the depth and the nu-size yield the following bound on the size of a term.
Lemma 5.5. If |t|,, = m and dp(t) = n, then |[t| < m+m-n.

Proof. Consider the tree representation of t. For every leaf (labeled by a constant or variable),
consider the number of unary function symbols occurring on the unique path from the root
to this leaf. This number is clearly bounded by dp(t) and the number of leaves is bounded
by |t|ny. Thus, the number obtained by summing up all these numbers is bounded by m - n,
and this sum is an upper bound on the number of unary function symbols occurring in t. []

Due to this result, Lemmas 5.1 and 5.4 yield the desired bound on the sizes of reachable
terms. Indeed, if both the nu-size of ¢t and the depth of ¢ are double-exponentially bounded
by the size of s, then the size of ¢ is also double-exponentially bounded by the size of s.

Proposition 5.6. Let R be a TRS whose termination can be shown using a size compatible
polynomial order. If s,t are terms such that s — g t, then the size of t is double-exponentially
bounded by the size of s.

We are now ready to prove the upper complexity bound.

Lemma 5.7. The small term reachability problem is in N2FExpTime for TRSs whose
termination can be shown using a size compatible polynomial order -, both for unary and
binary encoding of numbers.

Proof. This proof is similar to the one of Lemma 4.1, but now the length of the guessed
reduction sequence s = syg —pr S1 —R S2 —R ... —R Sk issuing from s is of at most
double-exponential length k in |s| and the sizes of the terms s; are double-exponentially
bounded by the size of s according to Proposition 5.6. Thus, choosing a successor term of a
term s; in the sequence can now be done by an N2ExpTime procedure, and the final test
|sk| < n requires double-exponential time, both for unary and binary encoding of numbers,
using the algorithm sketched in the proof of Lemma 4.1, but now applied to a term of at
most double-exponential size. Overall, this yields an N2ExpTime procedure. []

Note that, in this lemma, we assume that the TRS R is fixed. In fact, the double-
exponential upper bound on the length of reduction sequences and the size of terms is of
the form 220‘3‘, where the number ¢ depends on parameters of the polynomial order used to
show termination of R rather than on the size of R directly. If R is fixed, we can take a
fixed polynomial order showing its termination, and thus c is a constant. Otherwise, there is
no clear correspondence between the value of ¢ and the size of R.

Regarding the lower bound, the idea is to use basically the same approach as employed
in Section 4, but generate a double-exponentially large tape and a double-exponentially large
counter with the help of a TRS whose termination can be shown using a polynomial order.
For this, we want to re-use the original system introduced by Hofbauer and Lautemann
showing that the double-exponential upper bound is tight (see Example 5.3.12 in [BN98]).

Example 5.8. Let Ry, be the TRS consisting of the following rules:
r+0—x, d(0) — 0, q(0) — 0,
z+s(y) = slety),  dls(x)) = s(s(d(x)),  a(s(z)) = q(z) + s(d(z)).
The TRS Rpy intuitively defines the arithmetic functions addition (+4), double (d), and
square (¢) on non-negative integers. Thus, it is easy to see that the term t, := ¢"(s2(0))
can be reduced to s2 (0). The polynomial order in Example 2.2 shows termination of Ry,
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Now, assume that M is a double-exponentially time bounded nondeterministic TM and

that its time-bound is 22" for a polynomial p, where /¢ is the length of the input word.
Given an input word w = a; ...ay for M, we construct the term

t(w) == P 0b(go(ar . .. aet® b)), O (F F(#))))-

The idea underlying this definition is that the term ql( )(bb(qo(-)) can be used to generate

a tape segment before the read-write head of the TM (marked by the state gyg) with 92
blanks using the following modified version Ry of Ry
{g0(y1,92) +1 qo(21,22) = qo(y1,¥2), di(qo(21,22)) = qo(21,22),  q1(qo(21, 22)) = qo(21, 22),
b(z) +1 qo(z1, 22) — b(x), di(b()) = bb(dr(2))),  a1(b(z)) = q1(2) +1 b(d (),
T +1b(y) = b(x +1y) }

Here b plays the role of the successor function s in Ry, terms of the form go(-) play the réle
of the zero 0 in Ry, and +1, dy, and ¢ correspond to addition, double, and square. Instead
of the rule = +1 qo(21, 22) — « we considered two rules for the case where z is built with ¢
or with b, respectively. The reason will become clear later when we consider the restriction
to confluent TRSs. Lemma 5.9 is an easy consequence of our observations regarding Ry,

Lemma 5.9. For any two terms t,te, we can rewrite the term qu(é)(bb(q0<t1,t2))) with Ry
(£)
into the term b?" (qo(t1,t2)).

Next, we define a copy of Rz, that allows us to create a tape segment with 92°™ lanks
to the right of the input word:

RZ ::{ #+2#—>#7 (#) _>#a q2(#)—>#7
b(y) +2 # — b(y), d2(b(x)) = b(b(d2())), q2(b(z)) = q2(x) +2 b(da(x)),
x +2b(y) = b(x +29) }.

(0)
Lemma 5.10. The term qg(z) (bb(#)) rewrites with Ry to the term b2 (#).

The double-exponentially large counter can be generated by the following copy of Ryy:

f) +3# = f(y), d3(f(x)) — f(f(ds(2))), as3(f(2)) = as(z) +3 f(d3(z)),
r+3 f(y) = flz+s3y) }

(0)
Lemma 5.11. The term qg(z)(ff(#)) rewrites with Rs to the term f22p (#).

We now add to these three TRSs the system RM, which can simulate M and then
make the term small in case the accepting state ¢ is reached. For the following lemma we
assume, as before, that ¢ is the only accepting state. In addition, we assume without loss of
generality that the initial state gg is not reachable, i.e., as soon as the machine has made a
transition, it is in a state different from ¢¢ and cannot reach state qg again.

Lemma 5.12. The term t(w) can be rewritten with R™ U Ry U Ry U R3 to a term of size 1
iff M accepts the word w.

Proof. First, assume that M accepts the word w. Then there is a run of M on input w
such that the accepting state ¢ is reached. We can simulate this run, starting with ¢(w) by
first using Ry U Ry U R3 to generate the term

221’([) 2217(4)

(qo(ay...aeb (#), f

221’(2)

(#)))-
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Since the tape and counter generated this way are large enough, R can then simulate
the accepting run of M, and the last two rules of RM can be used to generate the term #,
which has size 1.

For the other direction, we first note that a term of size 1 can only be reached from
t(w) using RM U Ry U Ry U Ry if a term is reached that contains g. This function symbol
can only be generated by performing transitions of M, starting with the input w. In fact,
while the simulation of M can start before the system R; U Ry U R3 has generated the
tape and the counter in full size, rules of R can only be applied if the TM locally sees
a legal tape configuration. This means that blanks generated by R; and Ry can be used
even if the application of these systems has not terminated yet. But if one of the auxiliary
symbols employed by these systems is encountered, then no rule simulating a transition of
M is applicable. These systems cannot generate tape symbols other than blanks, and these
blanks are also available to M in its run. Thus, RM U R; U Ry U R3 can only generate a
term containing ¢ if there is a run of M on input w that reaches g. []

Thus, by Lemma 5.12 there is a polynomial-time reduction of the word problem for M
to the small term reachability problem for RM U Ry U Ry U R3 with bound n = 1. It remains
to construct an appropriate polynomial order for this TRS.

Lemma 5.13. Termination of RM U Ry U Ry U R3 can be shown using a size compatible
polynomzial order.

Proof. Termination of RM U Ry U Ry U R3 can be shown using the following size compatible
polynomial interpretation of the function symbols, which is similar to the interpretation in
Example 2.2:2

e a(x) is mapped to x + 3, for all tape symbols a of the TM (where a can also be the blank
symbol b),

# is mapped to 4,

q(x,y) is mapped to x + y + 3, for all states ¢ of the TM, in particular also for gy and g,
f(x) is mapped to = + 3,

+1(x,y), +2(x,y), and +3(z,y) are mapped to = + 2y + 1,

di(z), d2(x), and dz(x) are mapped to 3z + 1,

q1(z), g2(z), and ¢3(z) are mapped to 322 + 3z + 1.

Obviously, this interpretation satisfies the requirements for size compatibility since # is
mapped to 4 > 2.

It remains to show that the polynomial order > induced by this polynomial interpretation
satisfies g > d for all rules ¢ — d of RM U R; U Ry U R3. First, we consider RM:

e for the rule q(x,y) — #, the left-hand side is mapped to x + y + 3, and the right-hand
side to 4, which is smaller than x + y + 3 for all instantiations of x,y with numbers > 0,

e for rules of the form a(q(z,y)) — q(z,y), the left-hand side is mapped to = + y + 6, and
the right-hand side to = + y + 3,

e for all rules of RM of the form q(a(x), f(y)) = ¢'(¢/(z,y)), the left-hand side is mapped to
(x4+3)+(y+3)+3 = x+y+9, and the right-hand side is mapped to (x+y+3)+3 = z+y+6,

2The definition of this interpretation slightly differs from the one in [BG24] to ensure that the interpretation
and also its extension that deals with confluent systems (see the proof of Corollary 5.15 below) are size
compatible.
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e for all rules of RM of the form c(q(a(z), f(y))) — ¢'(ca'(x),y), the left-hand side is
mapped to ((z+3)+ (y+3)+3) +3 =z + y + 12, and the right-hand side is mapped to
(x+3)+3)+y+3=x+y+09.

Next, we consider Rjy:

e for the rule qo(y1,v2) +1 qo(21, 22) = qo(y1,y2) of Ry, the left-hand side is mapped to
y1+y2+3+2(z1+22+3)+ 1=y +y2+ 221 + 229 + 10, and the right-hand side to
Y1 +y2+ 3,

e for the rule b(y) +1 qo(z1, 22) — b(y) of Ry, the left-hand side is mapped to y + 3 + 2(z1 +
294+ 3)+1=1y+ 2z + 225 + 10, and the right-hand side to y + 3,

e for the rule x +1 b(y) — b(z +1 y) of Ry, the left-hand side is mapped to x +2(y+3)+1 =
x 4 2y + 7, and the right-hand side to (z + 2y + 1)+ 3 =z + 2y + 4,

e for the rule di(qo(z1,22)) — qo(z1, 22) of Ry, the left-hand side is mapped to 3(z; + 22 +
3) + 1 =321 + 322 4+ 10, and the right-hand side to z; + 23 + 3,

o for the rule d;(b(x)) — b(b(di(z))) of Ry, the left-hand side is mapped to 3(z +3) + 1 =
3x + 10, and the right-hand side to (3z +1+3)+3 =3z +7,

e for the rule ¢1(qo(21, 22)) — qo(z1, 22) of Ry, the left-hand side is mapped to 3(z; + 22 +
3)2 4+ 3(21 + 22 + 3) + 1, and the right-hand side to z; + 22 + 3,

e for the rule q; (b(z)) — q1(x) +1b(d1(x)) of Ry, the left-hand side is mapped to 3(z + 3)2 +
3(x+3)+1 = 322 + 212 + 37, and the right-hand side to 32? + 3z +1+23x+1+3)+1 =
322 4 9z + 10, as in Example 2.2.

The rules of Ry and R3 can be treated in a similar way. []

If we use a TM deciding an N2ExpTime-complete problem in this reduction, then the
resulting TRS has an N2ExpTime-complete small term reachability problem. Note that the
reduction can be done in polynomial time since the size of the term ¢(w) is polynomial in
the length ¢ of the input word w, and the number n = 1 has constant size both for unary
and binary encoding of numbers. Combining this observation with the upper bound shown
before, we obtain the following complexity result for the small term reachability problem for
the class of TRSs considered here.

Theorem 5.14. The small term reachability problem is in N2EzpTime for TRSs whose
termination can be shown with a size compatible polynomial order, and there are such TRSs
for which the small term reachability problem is N2FExpTime-complete. These results hold
both for unary and binary encoding of numbers.

In the setting considered in this section, restricting the attention to confluent TRSs
does not reduce the complexity. Regarding the upper bound, the argument used in the
proof of Proposition 4.2 does not apply since it is no longer the case that normal forms are
of smallest size. Thus, one cannot reduce the complexity from N2ExpTime to 2ExpTime
by only looking at a single rewrite sequence that ends in a normal form. However, our
N2ExpTime-hardness proof does not directly work for confluent TRSs whose termination
can be shown with a polynomial order. The reason is that, for a given nondeterministic
Turing machine M, the rewrite system R U R; U Ry U R3 need not be confluent. In fact,
for a given input word, there may be terminating runs of the TM that reach the accepting
state ¢, but also ones that do not reach this state. Using the former runs, our rewrite system
can then generate the term #, whereas this is not possible if we use one of the latter runs.

We can, however, modify the system RM U Ry U Ry U R3 such that it becomes confluent.
To this end, we introduce two new function symbols #; and #q of arity 1 and 0, respectively.
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Moreover, we add the following rules R.:

g(x1,...,my) — F#1(#0) for all function symbols g of arity > 0 except #1,
)

#1(#1(#0)) —  #1(F0),
# — #1(#0)

Clearly, RM U Ry U Ry U R3 U R, is confluent, because any term that is not in normal form
(i.e., any term except variables, #q, #1(#0), and terms of the form #i(x) for variables x)
has the only normal form #i(#¢) of size two. (This is the reason why we could not use a
rule like = +1 qo(z1, 22) — z in Ry, because then = +; qo(z1, 22) would have the two normal
forms = and #;(#0).) However, the term # of size one is still only reachable from t(w) if
the final state of the TM is reached by a simulation of an accepting computation of M. We
extend the polynomial interpretation in the proof of Lemma 5.13 as follows:

e #1(x) is mapped to x + 1,

e # is mapped to 2.

Then the polynomial order induced by this polynomial interpretation is size compatible and
also orients the rules of R, from left to right, i.e., termination of the resulting system can
still be shown using a size compatible polynomial order:

e For the additional rules #1(#1(#0)) — #1(#0) and # — #1(#0), the left-hand side is
mapped to 4 and the right-hand side to 3,

e for the rules of the form g(x1,...,2,) — #1(#0), the function symbol g can be a tape
symbol a, a state ¢, the symbol f, an addition symbol +;, a duplication symbol d;, or
a squaring symbol ¢;. The right-hand side of such a rule is always mapped to 3. For
tape symbols and the symbol f, the left-hand side is mapped to x; + 3 and for states to
x1 + x2 + 3. Since the indeterminates are instantiated with natural numbers > 0, such a
left-hand side yields a value that is larger than 3. For the other symbols, we obtain the
left-hand sides 1 + 229 + 1, 321 + 1, and 33:% + 3x1 + 1. Again, when instantiated with
natural numbers > 0, they yield values that are larger than 3.

Corollary 5.15. There are confluent TRSs whose termination can be shown with a size
compatible polynomial order for which the small term reachability problem is N2Ezp Time-
complete, both for unary and binary encoding of numbers.

As shown in [HL89], if termination of a TRS can be shown with a linear polynomial
order (i.e., where all polynomials have degree at most 1), then this implies an exponential
bound on the lengths of reduction sequences. Again, this bound is tight and one can use the
example showing this to obtain a TRS that generates an exponentially large tape and an
exponentially large counter, similarly to what we have done in the general case.

Example 5.16. Let Ry consist of just the two d-rules from Example 5.8. Then the term
d*(s(0)) can be reduced to 325(0).

Corollary 5.17. The small term reachability problem is in NExpTime for TRSs whose
termination can be shown with a size compatible and linear polynomial order. There are
confluent TRSs whose termination can be shown with a size compatible and linear polynomial
order for which the small term reachability problem is NExpTime-complete. These results
hold both for unary and binary encoding of numbers.

Proof. The upper bound can be shown as before, i.e., one just needs to guess a reduction
sequence of at most exponential length starting with s, and then compare the size of the
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last term with n. Similarly to the proof of Proposition 5.6, we can show that the sizes of the
terms in this sequence are exponentially bounded by the size of s. Thus, the next term in
the sequence can always be guessed using an NExpTime-procedure and the final comparison
takes exponential time.

For the lower bound, we proceed as in the proof of N2ExpTime-hardness for the case
of general polynomial orders. Thus, we assume that M is an exponentially time bounded
nondeterministic TM whose time-bound is 2P(9) for a polynomial p, where ¢ is the length of
the input word. Given such an input word w = ay . ..ay for M, we now construct the term

¢ (w) = 2O (b(go(ar - . - aedb® (b(#)), &5 (F(#)))).

Instead of Ry, R, R3, we now only need their rules for di, da, and ds; let R/, denote this
system of 6 rules. As above, we can show that the term #(w) can be rewritten with RM U R/,
to a term of size 1 iff M accepts the word w. Moreover, termination of RM U R!, can be
proved by the size compatible and linear polynomial order obtained from the one in the
proof of Lemma 5.13 by removing the (non-linear) interpretations of q1, g2, ¢3.

Similarly to the proof of Corollary 5.15, we can prove that NExpTime-hardness also
holds for a confluent TRS whose termination can be shown with a size compatible and
linear polynomial order. The reason is that termination of the modified confluent TRS
RMuy R!, U R, can be shown by the size compatible and linear polynomial order that
results from the one employed in the proof of Corollary 5.15 by removing the (non-linear)
interpretations of ¢1, g2, g3. L]

6. TERM REWRITING SYSTEMS SHOWN TERMINATING WITH
A KNUTH-BENDIX ORDER WITHOUT SPECIAL SYMBOL

Without any restriction, there is no primitive recursive bound on the length of derivation
sequences for TRSs whose termination can be shown using a Knuth-Bendix order [HL89],
but a uniform multiple recursive upper bound is shown in [Hof03]. Here, we restrict the
attention to KBOs without a special symbol, i.e., without a unary symbol of weight zero.
For such KBOs, an exponential upper bound on the derivation length was shown in [HL89].3
Given the results proven in the previous section, one could now conjecture that in this case
the small term reachability problem is NExpTime-complete. However, we will show below
that the complexity is actually only PSpace. In fact, the TRSs yielding the lower bounds
for the derivation length considered in the previous section have not only long reduction
sequences (of double-exponential or exponential length), but are also able to produce large
terms (of double-exponential or exponential size). For KBOs without special symbol, this is
not the case. The following lemma provides us with a linear bound on the sizes of reachable
terms. It will allow us to show a PSpace upper bound for the small term reachability problem.

Lemma 6.1. Let R be a TRS whose termination can be shown using a KBO without special
symbol, and sg, s1 terms such that sy — g s1. Then the size of s1 is linearly bounded by the
size of sg. In other words, for every such TRS R, there exists some number ¢ > 0 such that
|s1| < ¢-|so| holds for all terms sg, s1 with sg g 1.

3Actually, this result was shown in [HL89] only for KBOs using weights in N, but it also holds for KBOs
with non-negative weights in R. This is an easy consequence of our Lemma 6.1.
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Proof. Fix a KBO with weight function w showing termination of R such that all symbols
of arity 1 have weight > 0. We define

Winin = min{w(f) | w(f) > 0 and f is a function symbol in R or a variable?},

and let wy,,; be the maximal weight of a function symbol in R or a variable. As the weights
of function symbols not occurring in R have no influence on the orientation of the rules in R
with the given KBO, we can assume without loss of generality that their weight is wp.

Let ¢t be a term and n;(t) for i = 0,...,k the number of occurrences of symbols
of arity 7 in ¢, where k is the maximal arity of a symbol occurring in t.> Note that
[t| =no(t) + n1(t) + ...+ ng(t). The following fact, which can easily be shown by induction
on the structure of ¢, is stated in [KB70]:

no(t)+n1(t)+...+nk(t):1+1‘n1(t)+2‘n2(t)—|—...+k'nk(t).

In particular, this implies that ng(t) > na(t) + ...+ ng(t). Since symbols of arity 0 and 1
have weights > 0, we know that

W(t) > Win - (no(t) +n1(t)) = Winin - no(t) > Winin - (n2(t) + ... + ng(t)).
Consequently, 2 - w1 - w(t) > ng(t) + ni(t) + ...+ ng(t) = |t|. This shows that the size of

min
a term is linearly bounded by its weight. Conversely, it is easy to see that the weight of a
term is linearly bounded by its size: w(t) < Wiqq - |t].

Now, assume that sy —»p $1. Since termination of R is shown with our given KBO,
we know that w(sp) > w(s1), and thus wmas - [So| > w(s1) > 1/2 - Wiy - [s1]. This yields
ls1] < 2- w;in “ Wpaz - |S0|. Since we have assumed that the TRS R is fixed, the number
2. w;in - Wmee 1S a constant. []

In particular, this means that the terms encountered during a rewriting sequence starting
with a term s can each be stored using only polynomial space in the size of s. Given that the
length of such a sequence is exponentially bounded, we can decide the small term reachability

problem by the following nondeterministic algorithm:

e guess a rewrite sequence s —g s1 — R So —R ... and always store only the current term;

e in each step, check whether [s;| < n holds. If the answer is “yes” then stop and accept.
Otherwise, guess the next rewriting step; if this is not possible since s; is irreducible, then
stop and reject.

This algorithm needs only polynomial space since, by Lemma 6.1, the size of each term s; is
linearly bounded by the size of s. It always terminates since R is terminating. If there is a
term of size < n reachable from s, then the algorithm is able to guess the sequence leading
to it, and thus it has an accepting run. Otherwise, all runs are terminating and rejecting.
Note that, by Savitch’s theorem [Sav70], NPSpace is equal to PSpace. Thus, we obtain the
following complexity upper bound.

Lemma 6.2. The small term reachability problem is in PSpace for TRSs whose termination
can be shown with a KBO without special symbol, both for unary and binary encoding of
numbers.

It remains to prove the corresponding lower bound. Let M be a polynomial space
bounded TM, and p the polynomial that yields the space bound. Then there is a polynomial

4Recall that all variables have the same weight wg > 0.
Variables have arity 0.
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¢ such that any run of M longer than 29%) on an input word w of length ¢ is cyclic. Thus,
to check whether M accepts w, it is sufficient to consider only runs of length at most 22(0).
However, in contrast to the reduction used in the previous section, we cannot generate an
exponentially large unary down counter using a TRS whose termination can be shown with
a KBO without special symbol. Instead, we use a polynomially large binary down counter
that is decremented, starting with the binary representation 109 of 24(9) (see Example 2.4).
For example, if ¢(¢) = 3, then we represent the number 24(f) = 23 — § as the binary number
109() = 1000. The construction of the TRS R% simulating M given below is very similar
to the construction given in the proof of Lemma 7 in [BM10].

As signature for R% we again use the tape symbols of M as unary function symbols,
but now also the states are treated as unary symbols. In addition, we need the unary
function symbols 0 and 1 to represent the counter, as well as primed versions a’, ¢’, 1’ of the
tape symbols a, the states ¢, and the symbol 1. For a given input word w = a ...ay of M,
we now construct a term that starts with the binary representation of 279} and is followed
by enough tape space for a p(¢) space bounded TM to work on:

f(w) := 1070 " (go(ar - .. ar(B"O(#)))))-

Clearly, £(w) can be constructed in polynomial time.
The TRS R% is now defined as follows. The first part decrements the counter (as in
Example 2.4) and by doing so “sends a prime” to the right:

1(a(z)) = 0(d/(z)) and O(a(z)) — 1'(a’(x)) for all tape symbols a,
0(1"(z)) = 1'(1(x)), 1(1"(z)) = 0(1(x)).

The prime can go to the right on the tape until it reaches a state, which it then turns into
its primed version:

a'g(x) — ag’(x)  for tape symbols a and tape symbols or states g.
Only primed states can perform a transition of the TM:

qi(a1(x)) — az(q2(z)) for each transition (q1, a1, g2, az, ) of M,

c(qi(ai(z)) = qa(c(az(x)))  for each transition (qi, a1, g2, az2,1) of M
and tape symbol c.

Again, the blank symbol b is also considered as a tape symbol of M. Note that the role of
the counter is not to restrict the number of transition steps simulated by R{,\gl. Instead it
produces enough primes to allow the simulation of at least 27(9) steps, while termination can
still be shown using a KBO without special symbol.

Once the unique final accepting state ¢ is reached, we remove all symbols other than #:

a(q(z)) = q(x)  where a is a tape symbol or 0 or 1,
q(x) — #.

Lemma 6.3. The term t(w) can be rewritten with Rz\i’; to a term of size 1 iff M accepts
the word w.

Proof. If M accepts the word w, then there is a run of M on input w that ends in the
state g, uses at most p(¢) space, and requires at most 299 steps. This run can be simulated
by R,/)‘Z-’:L by decrementing the counter, sending a prime to the state, applying a transition,
decrementing the counter, etc. Since the counter can be decremented 29() times, we can use
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this approach to simulate a run of length at most 29(9). Once the accepting state is reached,
we can use the last two rules to reach the term #, which has size 1.

Conversely, we can only reach a term of size one, if these cancellation rules are applied.
This is only possible if first the accepting state has been reached by simulating an accepting

run of M. (]

To conclude our proof of the lower complexity bound, it remains to construct an
appropriate KBO for R%.

Lemma 6.4. Termination of R% can be shown with a KBO without special symbol.

Proof. 1t is easy to see that the KBO that assigns weight 1 to all function symbols and to
all variables, and uses the precedence order 1 >0 > 1" and ¢’ > @’ > a > ¢ for states ¢ and
tape symbols a, orients all rules of R{)\i’}1 from left to right.’ []

As in the case of the TRSs considered in the previous section, confluence does not
reduce the complexity of the small term reachability problem for TRSs shown terminating
with a KBO without special symbol. In fact, we can again extend the TRS R% such that
it becomes confluent. To this purpose, we add two new function symbols #; and #( of
respective arity 1 and 0, and two new rules:

g(x) = #1(#0)  for all unary function symbols g different from #;,
# — #1(Fo)-
M

With this addition, every non-variable term built using the original signature of Ry can be
reduced to #1(#0), which proves confluence. To show termination of the extended TRS, we
modify and extend the KBO from the proof of Lemma 6.4 as follows. All function symbols
in the original signature of R{! (including #) now get weight 2, and the symbols #; and #q
as well as the variables get weight 1. The precedence order is extended by setting # > #;.
It is easy to see that the KBO defined this way shows that the extended TRS is terminating.

Combining the results obtained in this section, we thus have determined the exact

complexity of the small term reachability problem for our class of TRSs.

Theorem 6.5. The small term reachability problem is in PSpace for TRSs whose termination
can be shown with a KBO without special symbol, and there are confluent such TRSs for
which the small term reachability problem is PSpace-complete. These results hold both for
unary and binary encoding of numbers.

7. VARIANTS OF THE SMALL TERM REACHABILITY PROBLEM

In order to investigate how much our complexity results depend on the exact formulation
of the condition on the reachable terms, we now consider some variants of the problem.
First, we introduce two variants for which the complexity is the same as for the small
term reachability problem. Then, we investigate a variant that partially leads to different
complexity results, depending on the encoding of numbers.

6This KBO is similar to the one introduced in Example 10 of [BM10].
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Two “harmless” variants. In these variants we impose conditions on the reachable terms
that are not related to size.

Definition 7.1. Let R be a TRS.

(1) Given a term s and a function symbol f, the symbol reachability problem for R asks
whether there exists a term ¢ such that s —p ¢t and f occurs in .
(2) Given two terms s and t, the term reachability problem for R asks whether s g t.

For the classes of reduction orders considered in the previous three sections, we obtain
the same complexity results as in the case of the small term reachability problem. For
proving the upper bounds, it is enough to observe that the new test applied to the final term
in the guessed reduction sequence (occurrence of f or syntactic equality with the term ¢) is
still possible within the respective time-bound.

Regarding the lower bounds, we can basically use the same reductions as in the previous
three sections. For the symbol reachability problem, we can, however, dispense with the
rules that make the terms smaller once the final state ¢ of the TM is reached, and just use
this state as the function symbol to be reached. For the term reachability problem, note
that in these reductions the fixed term # can be reached iff the TM can reach its final state.

Corollary 7.2. The complezity results stated in Sections 4 to 6 for the small term reachability
problem also hold for the symbol reachability problem and the term reachability problem.

Large term reachability. We now investigate the following dual problem to small term
reachability, where the comparison |t| < n is replaced with [t| > n. Although at first sight
this may look like an innocuous change, it turns out that it has a considerable impact on
the complexity of the problem in some cases.

Definition 7.3. Let R be a TRS. Given a term s and a natural number n, the large term
reachability problem for R asks whether there exists a term ¢ such that s g t and |t| > n.

For this problem, we can prove complexity upper bounds for all terminating TRSs
without having to make any assumption on how termination is shown. However, these
upper bounds depend on how the number n in the formulation of the problem is assumed
to be encoded. The main idea is that the value of the number n (rather than the size of
its encoding) provides us with a polynomial upper bound on the sizes of the terms to be
considered.

Theorem 7.4. For terminating TRSSs, the large term reachability problem is in ExpSpace
(PSpace), if binary (unary) encoding of numbers is assumed.

Proof. Let R be a terminating TRS, let s be a term, and n be a natural number (in unary
or binary representation). We first check whether |s| > n. If this is the case, then our
procedure terminates and returns “success”. By adapting the algorithm sketched in the
proof of Lemma 4.1, it is easy to see that this test can be performed in linear time in the
combined size of s and n, both for unary and binary encoding of n. Otherwise, we guess a
rewrite sequence s R S1 —R S2 —R - . ., of which we keep only the current term in memory.
We stop generating successors

e if a term of size > n is reached, in which case we return “success”, or
e if no successor exists, in which case we return “failure”.
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Since R is terminating, one of these two cases occurs after finitely many rewrite steps. The
sizes of the terms in the sequence, except possibly the last one, are bounded by n. The last
term in the sequence may be larger than n, but it is obtained by applying a single rewrite
step to a term of size at most n. Thus, its size is still polynomial in n. Consequently, if
we consider the sizes of the terms in the sequence with respect to the size of the binary
(unary) representation of n, then these sizes are exponentially (polynomially) bounded by
the size of the representation. This yields the ExpSpace (PSpace) upper bound stated in
the theorem. []

If we take the reduction order used to show termination of R into account, then we can
improve on these general upper bounds, and in some cases also show corresponding lower
bounds.

First, we note that for length-reducing TRSs R, the change from [t| < n to [t| > n
trivializes the problem. In fact, in a reduction sequence for R, the start term s is always
the largest one. Thus, if R is length-reducing, then there exists a term ¢ with s - t and
[t| > n iff |s| > n.

Theorem 7.5. For length-reducing TRSs, the large term reachability problem can be decided
in (deterministic) linear time, both for unary and binary encoding of numbers.

For the case of a KBO without special symbol, a PSpace upper bound can not only be
shown for unary, but also for binary encoding of numbers, using the same approach as for
the small term reachability problem. Concerning the lower bound, we can still construct
the term #(w), whose size does not change during the run of the TM. When reaching the
final state ¢, the size of the term must be increased by one to make it larger than the terms
encountered so far in the reduction sequence. Thus, instead of the rules a(q(x)) — q(x) and
q(z) — #, we now use the rule g(z) — ¢(¢(z)) for a new function symbol §. With respect
to this modified TRS, we then know that ¢(w) reduces to a term of size |f(w)| + 1 iff the
TM M accepts the word w. Note that the number |£(w)| 4+ 1 has a representation that is
polynomial in the length of w, both for unary and binary encoding of numbers. For the
KBO showing termination of the modified TRS, ¢ and the variables get the weight 1 and all
other function symbols get the weight 2. The precedence order for the old symbols stays as
before, and the new symbol ¢ is defined to be smaller than g.

The hardness result also holds for confluent TRSs whose termination can be shown with
a KBO without special symbol. This can be proved by extending the modified TRS by the
rules g(z) — # for all unary function symbols g such that it becomes confluent. To show
its termination, the KBO can be extended such that # gets the weight 1. Overall, we thus
obtain the following complexity result.

Theorem 7.6. The large term reachability problem is in PSpace for TRSs whose termination
can be shown with a KBO without special symbol, and there are confluent such TRSs for
which the large term reachability problem is PSpace-complete. These results hold both for
unary and binary encoding of numbers.

For the case of a size compatible and linear polynomial order, a NExpTime upper
bound can be shown (both for binary and unary encoding of numbers) as for the small term
reachability problem. This improves on the general ExpSpace upper bound provided by
Theorem 7.4 for binary encoding, but is worse than the PSpace upper bound provided by
Theorem 7.4 for unary encoding. To prove the corresponding lower bound for binary encoding
of numbers, we modify the proof of Corollary 5.17 as follows. Let M be an exponentially



8:26 F. BAADER AND J. GIESL Vol. 21:4

time bounded nondeterministic TM whose time-bound is 2°() for a polynomial p, where
¢ is the length of the input word. Given such an input word w = ay ... ay for M, we now
construct the term

t"(w) = d5 (b(qo(ar ... ardd ) (b(#)), &5 (F(#)), dPOT(FH))).

Hence, we employ a new unary function symbol d). Moreover, all symbols for states (like go)
are now assumed to have arity 3 instead of 2. The idea underlying the use of the additional

third argument dZ)(z)H( f(#)) is to compensate the decrease of the counter generated from

dg(z)( f(#)). This counter term evaluates to F2 (#) and then decreases the number of f’s
in each evaluation step of the TM. To compensate this decrease, as soon as one reaches the
final state g, the symbol d is turned into d4 and the third argument dZ’(é)H( f(#)) evaluates
to [T ().

Since the state symbols now have arity 3, the non-recursive di-rule from R; must be
changed to

di(qo(21, 22, 23)) = qo(1, 22, 23).

The rules for d4 are similar to the ones for ds3, but in the end, the size of the result is
increased by 2:

da(#) = f(f(#)),  da(f(@)) = f(f(da())).
Moreover, the TRS R that simulates M now has the following modified rewrite rules:
e For each transition (¢, a,q’,a’,r) of M it has the rule q(a(x), f(y),2) — d'(¢'(x,y, 2)).

e For each transition (g, a,q’,d’,l) of M it has the rule c(q(a(z), f(v),2)) — ¢'(cd'(z),y, 2)
for every tape symbol ¢ of M.

The rules for g are also modified. Whenever this final state is reached, the outermost dj in
the third argument is turned into dy:

Z[\(l‘, Y, dzl(z)) - (/]\(x’ Y, d4(Z))

Moreover, all dj-symbols below d4 are also turned into dy:

da(d)(2)) = da(da(2)).

Consequently, if M accepts the word w, then we obtain the following reduction sequence:

'(w) = dbgolar ... adh® B(#)), d3OFH), dPOTHEE))))

= 0 aofar - a® (@), 170 @), AP ()
= t.

Note that all further evaluations of ¢ until reaching ¢ cannot increase the size of the term
anymore. The reason is that the length of the tape (represented by the context around g
and qo’s first argument) always remains 2P0 ¢4 2p(0) = 2. 97(0) 4 ¢ and the size of the

counter fzp(e) (#) is decremented in each simulated evaluation step of the TM. Of course,
one could also start with evaluation steps of the TM before evaluating dy, do, and ds, but
this would not yield a term of larger size than £. So |f] = 3 - 2P() 4 £ 4 p(¢) + 6 is the largest
size of any term during the reduction until reaching ¢. In particular, if M does not accept
the word w, then one cannot reach any term of size larger than |f|.

However, if M accepts the word w, then we can reach a term that is larger than |¢|. In
fact, in this case there is a reduction sequence

t'(w) —* T =" Oty ta, PO (F(#))]



Vol. 21:4 TERM REACHABILITY PROBLEMS 8:27

for a context C' and two terms t; and to. If the hole of the context C' does not count for the
size, then we have |C| 4 |t;| = 2-2P() + £ 41, i.e., it corresponds to the length of the tape of
the TM plus the # in ¢;. Moreover, we know that |to| > 1, because this term corresponds to
the counter term which may have been decreased to # (but which may also still be larger).
Now we can continue the reduction as follows:

Ofgltn, b2 P (@) = Clalty, o, da(df (F#))))]
S COG(t, tay O (F ()]
=% Clalt, ta, £ (da(#)))]

.

= C[g(ty, ta, F7 T2 ()]

Hence, the size of the resulting term is |C| + 1 + |t1| 4 [t2] +2POF 241 >2.2P0) ¢ ¢
141414200 1241 =4.220 4 746> 3-2°) 4 ¢4 p(f) + 6 = ||, because 2" > n
holds for every natural number n (and thus, it also holds for n = p(¢)). Consequently, we
have shown the following lemma.

Lemma 7.7. The term t"(w) can be rewritten with our modified TRS to a term of size at
least 4 - 2P) 4 0 + 6 iff M accepts the word w.

Note that the size of the binary representation of the number 4-2P%) 4 ¢4 6 is polynomial
in the length ¢ of the input word w.

It remains to show that termination of our modified TRS can still be shown with a linear
and size compatible polynomial ordering. To this end, we use the polynomial interpretation
from the proof of Corollary 5.17. The only change is that for all states ¢ of the TM, ¢(z, y, z)
is mapped to z + y + z + 3. Moreover, while d4(z) is mapped to 3z + 1, dj(z) is mapped to
3z + 2.

This hardness result again holds for confluent TRSs as well. To show this, we use an
analogous extension as for KBO in Theorem 7.6 and add a fresh constant #g and rules
g(x1,...,xy) — #o for all function symbols g # #¢ such that the TRS becomes confluent.
The polynomial ordering is extended by mapping #( to 2.

Theorem 7.8. The large term reachability problem is in NExpTime for TRSs whose
termination can be shown with a size compatible and linear polynomial order, even if binary
encoding of numbers is assumed. There are confluent TRSs whose termination can be shown
with a size compatible and linear polynomial order for which the large term reachability
problem is NExpTime-complete if binary encoding of numbers is assumed.

Assuming unary encoding of numbers lowers the complexity of the large term reachability
problem to PSpace for all terminating TRSs, and thus also for TRSs whose termination
can be shown with a linear polynomial order. The reason why the reduction showing the
NExpTime lower bound for binary encoding of numbers does not work for unary encoding
is that the size of the unary representation of the number n = 4 - 2°() 4 ¢ 4 6 is exponential
in 4.

For general polynomial orders, Theorem 7.4 yields ExpSpace (and PSpace for unary
encoding of numbers) upper bounds for the large term reachability problem, which improves
on the N2ExpTime complexity we have shown for the small term reachability problem. Note
that adapting the N2ExpTime hardness proof from the small to the large term reachability
problem does not even work here for the case of binary encoding of numbers since in this case
the number n would need to be double-exponentially large, and thus its binary representation
would still be of exponential size, which prevents a polynomial-time reduction.
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8. CONCLUSION

The results of this paper show that the complexity of the small term reachability problem
is closely related to the derivational complexity of the class of term rewriting systems
considered. Interestingly, restricting the attention to confluent TRSs reduces the complexity
only for the class of length-reducing systems, but not for the other two classes considered in
this paper. For length-reducing TRSs and TRSs shown terminating with a KBO without
special symbol or with a size compatible linear polynomial order, our hardness results already
hold when only considering linear TRSs (where all occurring terms contain every variable at
most once). For the case of the KBO, it even suffices to consider unary TRSs [TZGS08|
(where all function symbols have arity 1 or 0, i.e., these are “almost” string rewriting
systems). In contrast, our hardness result for general size compatible polynomial orders uses a
non-linear TRS.

The investigations in this paper were restricted to classes of TRSs defined by classical
reduction orders (restricted forms of KBO and polynomial orders) that yield relatively low
bounds on the derivational complexity of the TRS. In the future, it would be interesting
to consider corresponding classes of TRSs defined via more recent powerful techniques for
termination analysis which also yield similar bounds on the derivational complexity, e.g.,
matrix interpretations [EWZ08] and their restriction to triangular matrices [MSWO08], arctic
matrix interpretations [KW09], and match bounds [GHWZ07].

The derivational complexity of TRSs shown terminating by KBOs with a unary function
symbol of weight zero or by recursive path orders is much higher [Hof92, Hof03, Lep01,
Lep04, Wei95]. From a theoretical point of view, it would be interesting to see whether using
such reduction orders or other powerful techniques for showing termination like dependency
pairs [GTSF06] also result in a very high complexity of the small term reachability problem.
This is not immediately clear since, as we have seen in this paper for the case of KBOs
without special symbols, the complexity of this problem not only depends on the length
of reduction sequences, but also on whether rewrite sequences can generate large terms.
Another interesting question could be to investigate whether our complexity upper bounds
for the small term reachability problem still hold if the TRS is not assumed to be fixed, or
(in the case of polynomial orders) the size compatibility restriction is removed.

On the practical side, up to now we have only used length-reducing rules to shorten DL
proofs. Basically, these rules are generated by finding frequent proof patterns (currently by
hand) and replacing them by a new “macro rule”. The results of Section 4 show that, in
this case, confluence of the rewrite system is helpful. When translating between different
proof calculi, length-reducing systems will probably not be sufficient. Therefore, we will
investigate with what kinds of techniques proof rewriting systems (e.g., translating between
different proof calculi for ££) can be shown terminating. Are polynomial orders or KBOs
without unary function symbol of weight zero sufficient, or are more powerful approaches
for showing termination needed? In this context, it might also be interesting to consider
rewriting modulo equational theories [BD89, JK86] and associated approaches for showing
termination [ALM10, GK01, JM92, Rub02]. For example, it makes sense not to distinguish
between proof steps that differ only in the order of the prerequisites. Hence, rewriting such
proofs could be represented via term rewriting modulo associativity and commutativity.

We have also looked at variants of the small term reachability problem to investigate how
much our complexity results depend on the exact definition of the condition imposed on the
reachable terms. While there are variants (symbol and term reachability) that do not affect



Vol. 21:4 TERM REACHABILITY PROBLEMS 8:29

our complexity results, considering the large term reachability problem leads to improved
complexity upper bounds for length-reducing TRSs (linear), for TRSs shown terminating
with a linear polynomial order if unary encoding of numbers is assumed (PSpace), and TRSs
shown terminating with a general polynomial order, even if binary encoding of number
is assumed (ExpSpace). The latter two upper bounds (ExpSpace for binary and PSpace
for unary encoding) actually hold for all terminating TRSs and not just for TRSs shown
terminating with a (linear) polynomial order. For the case of general polynomial orders, it
is an open problem whether corresponding complexity lower bounds can be proved. Our
main complexity results are summarized in Table 1 in the introduction.
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