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Abstract. Two families of denotational models have emerged from the semantic analysis
of linear logic: dynamic models, typically presented as game semantics, and static models,
typically based on a category of relations. In this paper we introduce a formal bridge
between a dynamic model and a static model: the model of thin concurrent games and
strategies, based on event structures, and the model of generalized species of structures,
based on distributors. A special focus of this paper is the two-dimensional nature of the
dynamic-static relationship, which we formalize with double categories and bicategories.

In the first part of the paper, we construct a symmetric monoidal oplax functor from
linear concurrent strategies to distributors. We highlight two fundamental differences
between the two models: the composition mechanism, and the representation of resource
symmetries.

In the second part of the paper, we adapt established methods from game semantics
(visible strategies, payoff structure) to enforce a tighter connection between the two models.
We obtain a cartesian closed pseudofunctor, which we exploit to shed new light on recent
results in the theory of the λ-calculus.

1. Introduction

The discovery of linear logic has had a deep influence on programming language semantics.
The linear analysis of resources provides a refined perspective that leads, for instance, to im-
portant notions of program approximation [BM20] and differentiation [ER03]. Denotational
models for higher-order programming languages can be constructed from this resource-aware
perspective, exploiting the fact that every model of linear logic is also a model of the
simply-typed λ-calculus.

In this paper, we clarify the relationship between two such denotational models:

‚ Thin concurrent games , a framework for game semantics introduced by Castellan, Clairam-
bault, and Winskel [CCW19], in which programs are modeled as concurrent strategies.

‚ Generalized species of structures, a combinatorial model developed by Fiore, Gambino, Hy-
land, and Winskel [FGHW08], in which programs are interpreted as categorical distributors
(or profunctors) over groupoids.
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We carry out this comparison in a two-dimensional setting also including morphisms between
strategies and morphisms between distributors. In the language of bicategory theory, our
first key contribution is a symmetric monoidal, oplax functor of bicategories

games, strategies
and maps

groupoids, distributors and
natural transformations

(1.1)

showing, in particular, that symmetries of strategies can be explained via groupoid actions.

1.1. Static and dynamic models. This work fits in a long line of research on the relation-
ship between static and dynamic denotational models arising from linear logic.

In a static model, programs are represented by their input/output behavior, or by
collecting representations of completed executions. The simplest example is given by the
category of sets and relations: this is the relational model of linear logic (Section 2.1 or
[Gir87]). In a dynamic model, programs are represented by their interactive behavior with
respect to every possible execution environment. This includes game semantics ([HO00,
AJM00]), which has proved incredibly proficient at modeling various computational features
or effects ([AHM98,Lai97,GM08]).

To illustrate the difference, the identity at type 1 ⊸ 1 in game semantics is a strategy
gathering plays which represent chronologically an exchange of information and control flow
between the program and its environment:

1 ⊸ 1 $ 1 ⊸ 1

In contrast, in the relational model, 1 ⊸ 1 is a one-element set containing a single
input/output pair. The identity relation over it can be seen as a collapsed version of the
strategy above:

1 ⊸ 1 $ 1 ⊸ 1
ˆ

,

˙ ˆ

,

˙

This suggests a simple equation

game semantics “ relational model ` time ,

so that going from game semantics to the relational model is a simple matter of forgetting
the temporal order of execution, an intuition first explored in [BDER97b].

But this naive intuition hides a fundamental difference between the composition mecha-
nisms in static and dynamic models: strategies may deadlock, while relations cannot. More
precisely, in game semantics, two strategies can synchronize by performing the same actions
in the same order, whereas in the collapsed version, only the actions matter and not the
order. Thus, as was quickly established [BDER97b], one cannot simply forget time in a
functorial way, and composition is usually only preserved in an oplax manner, as in (1.1).

Static collapses of game semantics require an adequate notion of position for a game.
This is somewhat difficult to define in traditional game semantics, but very natural in
alternative causal versions such as concurrent games, because we can look at configurations
of the underlying event structure (Section 4.1, see also [Mel06,Mel05]).



Vol. 21:4 FROM THIN CONCURRENT GAMES TO GENERALIZED SPECIES OF STRUCTURES 12:3

The subtle relationship between static and dynamic models was refined by many authors
over almost three decades (see e.g. [BDER97b, Mel05, Bou09, CM10, TO16]), to identify
settings in which functoriality can be restored – in particular, our work inherits insights
from Melliès’ line of work on asynchronous games [Mel05]. Leveraging this, we show (in
Section 7) how the oplax functor (1.1) can be strictified to a pseudofunctor, that preserves
composition up to isomorphism.

1.2. Proof-relevant models and symmetries. Our aim here is to take the static-dynamic
relationship to a new level that takes into account the symmetries implicit in the resource
usage. Symmetry plays an important role in game semantics (Section 5, or [AJM00,Mel06,
CCW14,Paq22]), but so far connections only exist with static models whose symmetries are
implicit or quotiented, like the relational model. We argue that generalized species, which
represent combinatorial structures in terms of their symmetries, provide a convenient target
for a static collapse of thin concurrent games.

The two models we consider are “proof-relevant” [KMO23], in the sense that the
interpretation of a program provides, for each possible execution, a set of proofs or witnesses
that this execution can be realized. This high degree of intensionality is useful for modelling
languages with non-deterministic features [TO15, CCPW18]. In a proof-relevant model,
symmetries arise naturally in the linear duplication of witnesses. In Section 2.2 we discuss
the limitations of a proof-relevant model without symmetries.

1.3. Two-dimensional categories: bicategories and double categories. Proof-relevant
models are naturally organized as two-dimensional categories, because programs are in-
terpreted as structured objects (e.g. strategies or distributors) between which there is a
natural notion of morphism. There are various kinds of 2-dimensional categories. This line
of research is primarily about semantics in bicategories, and indeed the final sections of
this paper (Section 7, Section 8) are about bicategories with structure and bicategorical
functors. However, in order to properly relate static and dynamic models, we find it concep-
tually important and technically useful to regard them as richer structures: pseudo double
categories. We do not assume any prior knowledge of double categories, and we give more
precise motivation in Section 3.

1.4. Bicategorical models of the λ-calculus. As further motivation for this work, we
note that the two-dimensional and proof-relevant aspects are significant on the syntactic
side. The interpretation of λ-terms in generalized species has a presentation in terms of
an intersection type system [TAO17, Oli21], that takes into account the symmetries and
can be exploited to characterize computational properties and equational theories of the
λ-calculus. More generally, the structural 2-cells in a cartesian closed bicategory have a
syntactic interpretation as βη-rewriting steps in the simply-typed λ-calculus ([FS19,See87]).

In Section 7 we connect to this line of work by constructing a cartesian closed pseudo-
functor, which preserves the semantics of λ-terms in both typed and untyped settings.

1.5. Outline of the paper and key contributions. The paper is organized as follows.
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Review of static models. In Section 2 we recall static semantics, including a bicategory PRRel
of proof-relevant relations, and a bicategory Dist of distributors. One can view PRRel as
the sub-model of Dist with no symmetries, so there is an embedding PRRel ãÑ Dist. The
bicategory Esp of generalized species is defined in terms of Dist.

In Section 3, we explain that these bicategories arise from double categories whose
structure can be exploited for our purposes. We define the symmetric monoidal double
categories PRRel and Dist which embed PRRel and Dist.

Collapsing concurrent games to static models. In Section 4 we introduce the double category
CG of “plain” concurrent games without symmetry, and we show that a collapse operation
gives an oplax functor CG Ñ PRRel (Theorem 4.12).

Then in Section 5 we add symmetry: we define the double category TCG of thin
concurrent games, with CG ãÑ TCG as the sub-model with no symmetries. We show
that every strategy has a distributor of positive witnesses (Proposition 5.7), and that this
extends to an oplax functor TCG Ñ Dist (Theorem 5.15). In summary, we have the
following situation involving embedding functors and collapse oplax functors, all of which
are additionally shown to preserve symmetric monoidal structure:

no
symmetries symmetries

dynamic CG TCG

static PRRel Dist

In Section 6 we include the mechanism of visibility [CC24] to eliminate deadlocks;
this refines the above into pseudo-functors between symmetric monoidal double categories;
yielding symmetric monoidal pseudofunctors between the induced symmetric monoidal
bicategories.

Cartesian closed structure and the λ-calculus. Finally, in Section 7 we add the exponential
modality and focus on the cartesian closed structure. To ensure preservation of the exponen-
tial modality, we introduce a refine version of TCG called Wis, using a payoff mechanism
from game semantics ([Mel05, CdV20]). Thus we obtain a pseudofunctor Wis ÝÑ Dist
(Theorem 7.3) and by also refining our categorical structure with a relative pseudo-comonad,
we derive a pseudofunctor Wis! Ñ Esp (Theorem 7.22) which we show is cartesian closed.

Finally in Section 8 we apply this result to the semantics of untyped λ-calculus: we
build a reflexive object in Wis and show that, under our pseudofunctor, this is sent to an
extensional categorifed graph model D˚ in Esp [KMO23].

Note on this long version. This paper is an extension of our earlier paper [COP23], presented
at the LICS 2023 conference. The extended version includes all proofs of technical results,
and some entirely new contributions. In particular, all sections up to Section 7 are developed
in a double-categorical setting which refines and generalizes the bicategorical setting of
[COP23], and provides simple proofs of new structural results. See Section 3 for motivation.
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Finally, this long version also allows for further illustration: we showcase the induced
correspondence between game semantics and generalized species over an example λ-term.

2. A Tour of Static Semantics

In this section we present three static models: the basic relational model Rel (Section 2.1),
a proof-relevant version of it which we call PRRel (Section 2.2), and the model Dist of
groupoids and distributors (Section 2.3).

2.1. The relational model of linear logic. We start with the relational model, which
gives a denotational interpretation in the category Rel of sets and relations. A type A is
interpreted as a set JAK, and a program $ M : A is interpreted as a subset JMK Ď JAK.
The set JAK is often called the web of A, and we think of its elements as representations of
completed program executions. The subset JMK contains the executions that the program
M can realize.

Example 2.1. The ground type for booleans is interpreted as JBK “ ttt, ffu, and the
constant $ tt : B as JttK “ tttu.

The interpretation of a program M is computed compositionally, following the method-
ology of denotational semantics, using the categorical structure we describe below.

2.1.1. Basic categorical structure. The category Rel is defined to have sets as objects, and
as morphisms the relations from A to B, i.e. the subsets R Ď AˆB, with the usual notions
of identity and composition for relations. Its monoidal product is the cartesian product of
sets. If Ri P RelrAi, Bis for i “ 1, 2, then the relation R1 ˆ R2 P RelrA1 ˆ A2, B1 ˆ B2s

is defined to contain the pairs ppa1, a2q, pb1, b2qq with pai, biq P Ri. The unit I is a fixed
singleton set, say t˚u. This monoidal structure is closed, with linear arrow A⊸ B “ AˆB.

Moreover Rel has finite cartesian products: the product of sets A and B is given by
the disjoint union A`B “ t1u ˆAZ t2u ˆB, and the empty set is a terminal object.

2.1.2. The exponential modality. The exponential modality of Rel is based on finite multisets.
If A is a set, we write MpAq for the set of finite multisets on A. To denote specific multisets
we use a list-like notation, as in e.g. r0, 1, 1s P MpNq.

Given a set A, its bang !A is the set MpAq. This extends to a comonad ! on Rel,
satisfying the required conditions for a model of intuitionistic linear logic: the Seely isomor-
phisms

MpA`Bq – MpAq ˆ MpBq MpHq – I

make ! a symmetric monoidal functor from pRel,`,Hq to pRel,ˆ, Iq, satisfying a coherence
axiom [Mel09, §7.3]. From this, we obtain that the Kleisli category Rel! is cartesian closed
and thus a model of the simply-typed λ-calculus.
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2.1.3. Conditionals and non-determinism. The category Rel! also supports further primitives
in a call-by-name setting.

Example 2.2. Considering the term $ M : B Ñ B of PCF

$ λxB. ifx thenx
else ifx then ff else tt : B Ñ B ,

then JMK “ tprtt, tts, ttq, prtt, ff s, ffq, prff , ff s, ttqu, representing the possible executions given
a multiset of values for x.

As a further example, Rel supports the interpretation of non-deterministic computation:
consider $ choice : B a non-deterministic primitive that may evaluate to either tt or ff .
Then we can set JchoiceK “ ttt, ffu so that we have

Jif choice then tt else ttK “ tttu . (2.1)

The relational model is a cornerstone of static semantics, and the foundation of many
recent developments in denotational semantics [BEM07,dC18,LMMP13]. In this paper we
are concerned with its proof-relevant extensions. Roughly speaking, one motivation is to
keep separate different execution paths that lead to the same value, as with value tt in (2.1).

2.2. Proof-relevant relations. To showcase this, we consider a notion of proof-relevant
relation between sets (e.g. [Gir88,GJ17]). The idea is to record not only the executions that
a program may achieve, but also the distinct ways in which each execution is realized. We
replace relations JMK Ď AˆB with proof-relevant relations

JMK : AˆB Ñ Set ,

so that each point of the web has an associated set of witnesses. In this model, for instance,
Jif choice then tt else ttKpttq from (2.1) should be a set t˚1, ˚2u containing two witnesses,
because there are two possible paths to the value tt.

Formally, the model is organized as a categorical structure with sets as objects, functors
α : AˆB Ñ Set (with AˆB viewed as a discrete category ) as morphisms, composed with

pβ ˝ αqpa, cq “
ÿ

bPB

αpa, bq ˆ βpb, cq (2.2)

and with identity morphisms given by idApa, a1q “ t˚u if a “ a1 and empty otherwise1. An
important observation is that this does not form a category. Categorical laws are only iso-
morphisms, with for instance pidB ˝αqpa, bq “ αpa, bqˆt˚u – αpa, bq. We obtain a bicategory :
a two-dimensional structure incorporating 2-cells – morphisms between morphisms – with
categorical laws holding only up to coherent invertible 2-cells.

We call this bicategory PRRel. This model shares (in a bicategorical sense) much
of the structure of Rel, and may be used to interpret e.g. the linear λ-calculus. We use
PRRel as a static collapse of a basic dynamic model in Section 4.3.

1A more standard presentation of this model is via the bicategory of spans of sets, with sets as objects
and spans A Ð S Ñ B as morphisms.
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Limitations of a proof-relevant model without symmetry. Unfortunately, the finite
multiset functor on Rel does not seem to extend to PRRel. Intuitively, the objective of
keeping track of individual execution witnesses is in tension with the quotient involved in
constructing finite multisets, which blurs out the identity of individual resource accesses2.
Proof-relevant models that do support an exponential modality do so by replacing finite
multisets with a categorification, such as finite lists related by explicit permutations –
symmetries.

2.3. Distributors and generalized species of structures. This categorification yields,
among other possible approches, the bicategory of distributors. Distributors are symmetry-
aware proof-relevant relations – here we consider distributors on groupoids, i.e. small
categories in which every morphism is invertible.

2.3.1. The bicategory of groupoids and distributors. If A and B are groupoids, a distributor
from A to B (also known as a profunctor or bimodule) is a functor

α : Aop ˆB Ñ Set .

Thus, for every a P A and b P B we have a set αpa, bq of witnesses, but unlike in PRRel
we also have symmetries, in the form of an action by morphisms in A and B. If x P αpa, bq
and g P Bpb, b1q, we write g ¨ x for the functorial action αpid, gqpxq P αpa, b1q. Similarly, if
f P Apa1, aq, we write x ¨ f P αpa1, bq for αpf, idq. The actions must commute, so we can
write g ¨ x ¨ f for pg ¨ xq ¨ f “ g ¨ px ¨ fq P αpa1, b1q.

We define a bicategory Dist with groupoids as objects, distributors as morphisms, and
natural transformations as 2-cells ([Yon60,Bén73]). The identity distributor on A is

idA “ Ar´,´s : Aop ˆA Ñ Set ,

the hom-set functor. The composition of two distributors α : Aop ˆ B Ñ Set and
β : Bop ˆC Ñ Set is obtained as a categorified version of (2.2), defined in terms of a coend:

pβ ‚ αqpa, cq “

ż bPB

αpa, bq ˆ βpb, cq . (2.3)

Concretely, pβ ‚ αqpa, cq consists in pairs px, yq, where x P αpa, bq and y P βpb, cq for
some b P B, quotiented by pg ¨ x, yq „ px, y ¨ gq for x P αpa, bq, g P Bpb, b1q and y P βpb1, cq –
by convention, we use y ‚ x P pβ ‚ αqpa, cq as a notation for the (equivalence class of) the
pair px, yq.

The bicategory Dist has a symmetric monoidal structure given by the cartesian product
AˆB of groupoids, extended pointwise to distributors. There is a closed structure given by
A⊸ B “ Aop ˆB. Finally, Dist has cartesian products given by the disjoint union A`B
of groupoids.

2In technical terms, the functor Mp´q on Set is not cartesian – does not preserve pullbacks – and so
does not preserve the composition of spans.
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2.3.2. The exponential modality. In this model with explicit symmetries, the exponential
modality is not given by finite multisets, but instead by finite lists with explicit permutations.

Definition 2.3. For a groupoid A, there is a groupoid SympAq with as objects the finite
lists pa1 . . . anq of objects of A, and as morphisms pa1 . . . anq ÝÑ pa1

1 . . . a
1
mq the pairs

pπ, pfiq1ďiďnq, where π : t1, . . . , nu – t1, . . . ,mu is a bijection and fi P Apai, a
1
πpiqq for each

i “ 1, . . . , n.

More abstractly, SympAq is the free symmetric (strict) monoidal category over A. This
extends to a pseudo-comonad on Dist, where pseudo means that the comonad laws only
hold up to coherent invertible 2-cells [Lac00,FGHW08].

2.3.3. Generalized species of structures. The Kleisli bicategory DistSym is denoted Esp, and
the morphisms in Esp are called generalized species of structures [FGHW08]. Concretely,
Esp has the same objects as Dist; morphisms are generalized species3, defined as distributors
from SympAq to B; and 2-cells are natural transformations. Equipped with

SympA`Bq » SympAq ˆ SympBq SympHq » I

the Seely equivalences, Dist is a bicategorical model of linear logic. In particular, the
bicategory Esp is cartesian closed.

2.3.4. Relationship with PRRel. Distributors conservatively extend the proof-relevant
relations of Section 2.2: if we regard sets as discrete groupoids, we get an embedding
PRRel ãÑ Dist that preserves the symmetric monoidal closed structure and the cartesian
structure. Explicit symmetries appear essential in defining an exponential modality in a
proof-relevant model: even when A is a discrete groupoid, SympAq is not discrete.

3. Double Categories for Static Models

The models PRRel and Dist are bicategories: they have objects, morphisms, and 2-cells.
This 2-dimensional structure is essential, because the laws for composition are only satisfied
up to invertible 2-cells. Although Rel is a category, we can regard it as a degenerate
bicategory where the laws for composition hold strictly, and with 2-cells given by the usual
order on relations: if R,R1 P RelpA,Bq, then we have a 2-cell R ñ R1 whenever R Ď R1 as
subsets of AˆB. (This is a proof-irrelevant counterpart of the 2-dimensional structure in
PRRel and Dist.)

The point of this section is to establish that each of these bicategories arises as a
fragment of a larger categorical structure known as a pseudo double category, which consists
of objects, two kinds of morphisms (known as horizontal and vertical), and 2-cells. Horizontal
morphisms compose weakly (as in a bicategory) and vertical morphisms compose strictly
(as in a category). The motivation for considering this more general structure is that, for
many bicategories, there exists a simpler class of morphisms between the objects for which
composition is strictly associative and unital. This can be exploited to simplify certain
structural proofs, as we will do.

3If A “ B “ 1, then a generalized species corresponds to a combinatorial species in the classical sense of
Joyal [Joy81]. This can be further generalized to arbitrary small categories A and B [FGHW08], but we do
not need this generality.
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We first give the definition of a pseudo double category. We usually drop the adjective
“pseudo” in the paper. Pseudo-double categories are originally due to Ehresmann [Ehr63].
For a detailed reference on double category theory that includes monoidal double categories,
functors between them, and monads, see [GGV24, Sections 2–5]. For the theory of double
monads, see also [CS10].

Definition 3.1. A (pseudo) double category (e.g. [GGV24, Def. 2.1]) consists of:

‚ a class of objects;
‚ vertical morphisms between the objects, typically displayed as A Ñ B, with the

structure of a category (that is, identity morphisms, and a composition operation satisfying
axioms);

‚ horizontal morphisms between the objects, typically displayed as A pÝÑ B, with identity
morphisms and a composition operation;

‚ square-shaped 2-cells between pairs of vertical morphisms and pairs of horizontal mor-
phisms, as follows:

A B

C D

Rp
f g

S
p

which can be composed horizontally and vertically. When the vertical boundaries f and g
are identity morphisms, a 2-cell is called globular.

Horizontal morphisms can be composed, but associativity and unit laws only hold weakly,
just like in a bicategory: up to coherent, invertible, globular 2-cells, whose names we omit.

An immediate observation is that a pseudo double category D always has an underlying
bicategory over the same objects, consisting of horizontal morphisms and globular 2-cells.
We call this the horizontal bicategory HpDq. It is well-known that our bicategories
Rel,PRRel and Dist all arise in this way from pseudo double categories with a natural
class of vertical morphisms, as we explain now.

3.1. Examples: static models as double categories. To define a double category from
a bicategory, we must define a class of vertical morphisms and an appropriate notion of
2-cells. In Rel and PRRel, the objects are sets, and the vertical morphisms are taken to be
functions. In Dist, the objects are groupoids, and the vertical morphisms will be functors.

Example 3.2 (The double category of relations). The double category Rel has the following
components:

‚ objects: sets;
‚ vertical morphisms: functions;
‚ horizontal morphisms: relations;
‚ and a 2-cell of type

A B

C D

Rp
f g

S
p

exists when pa, bq P R implies pfpaq, gpbqq P S for every a, b.
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When f and g are identity functions, there is a 2-cell as above just when R Ď S. So the
horizontal bicategory HpRelq is exactly the bicategory Rel of sets and relations.

We now turn to proof-relevant relations and distributors. Since PRRel can be regarded
as the full sub-bicategory of Dist over the discrete groupoids, we start with the more general
model.

Example 3.3 (The double category of groupoids and distributors). The double category
Dist has the following components:

‚ objects: groupoids;
‚ vertical morphisms A Ñ B: functors;
‚ horizontal morphisms A pÝÑ B: distributors Aop ˆB Ñ Set;
‚ 2-cells of type

A B

C D

αp
F G

β
p

are natural transformations αpa, bq ñ βpF paq, Gpbqq between functors Aop ˆB Ñ Set.

It is clear that HpDistq “ Dist. We can consider the discrete sub-model, with no symmetries:

Example 3.4 (The double category of proof-relevant relations). If we restrict the objects in
Dist to discrete skeletal groupoids (i.e. sets), we obtain a double category called PRRel. Up
to isomorphism, this double category has sets as objects, and functions as vertical morphisms.
Then HpPRRelq corresponds to our bicategory PRRel.

A double functor between double categories defines an appropriate mapping of objects,
vertical and horizontal morphisms, and 2-cells, with coherence data similar to that for a
functor of bicategories. Note that a double functor can be lax, oplax, or pseudo, depending
on the nature of the globular compositor 2-cell. Between double functors, there are two
possible kinds of natural transformations: vertical and horizontal [GGV24, Def. 3.4 and
Def. 3.5].

3.2. Companions and conjoints. Our three examples share a common feature: a vertical
morphism always induces a pair of horizontal morphisms. For example, in Rel, a function

f : A Ñ B induces relations pf “ tpa, fpaqq | a P Au : A pÝÑ B and qf “ tpfpaq, aq | a P Au :
B pÝÑ A. In Dist (and so also in PRRel) we have a similar construction: if A and B are

groupoids and F : A Ñ B is a functor, there are distributors pF : A pÝÑ B and qF : B pÝÑ A,
defined below

pF : Aop ˆB Ñ Set qF : Bop ˆA Ñ Set

pa, bq ÞÑ BrF paq, bs pb, aq ÞÑ Brb, F paqs

These constructions are instances of an abstract notion in double category theory.

Definition 3.5. Let D be a pseudo double category and let S : A Ñ B be a vertical

morphism. A companion of S is a horizontal morphism pS : A pÝÑ B together with a pair
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of 2-cells

A B

B B

pFp
F

A A

A B

F

pF
p

satisfying appropriate axioms (e.g. [GGV24, Def. 2.6]). A conjoint of S is defined dually,

as a horizontal morphism qF : B pÝÑ A with corresponding data and axioms.

Any two companions of S, and any two conjoints, are canonically isomorphic. The
constructions we gave for relations and profunctors provide companions and conjoints, and
in this case the accompanying 2-cells are trivial.

Lemma 3.6. In Rel, PRRel, and Dist, all vertical morphisms have companions and
conjoints.

A pseudo double category with this property is often directly presented as a proarrow
equipment [Woo82]. We do not use equipments in this paper, because the double category
of games we present in the next section only admits companions and conjoints for a subclass
of vertical morphisms, and so we must discuss these notions explicitly.

Note that a functor F : A Ñ B also determines a pair of species pF P EsprA,Bs and
qF P EsprB,As, respectively defined by

pF ppa1, . . . , anq, bq “ SympBqrpF pa1q, . . . , F panqq, pbqs

qF ppb1, . . . , bnq, aq “ SympBqrpb1, . . . , bnq, pF paqqs.

This construction gives companions and conjoints for F in an alternative double category
consisting of groupoids, functors, and generalized species. We omit the details of this double

category, which we do not use in the paper. (The notations pF and qF refer ambiguously to
the induced distributors or to the induced species, but this will be clear from context.)

3.3. Symmetric monoidal structure in double categories. In this paper we primarily
exploit the double-categorical structure of our models to simplify the description of symmetric
monoidal structure in the underlying bicategories. This technique is well-established [Shu10].
Symmetric monoidal double categories have a much simpler definition than symmetric
monoidal bicategories, because we can use vertical morphisms to encode the associativity,
unit, and symmetry constraints of the monoidal product. Since vertical morphisms form
a strict category, we can use strict categorical notions, avoiding the numerous coherence
axioms that are needed when defining a symmetric monoidal bicategory.

Definition 3.7. A symmetric monoidal double category is a double category D
equipped with a double functor b : D ˆ D Ñ D, an object I, and vertical double natural
transformations for symmetry, associativity, and unitality: in particular there are vertical
1-cells

pAbBq b C
aA,B,C
ÝÝÝÝÑ Ab pB b Cq Ab I

rA
ÝÑ A I bA

lA
ÝÑ A AbB

bA,B
ÝÝÝÑ B bA

satisfying a number of coherence axioms (see e.g. [GGV24, Def. 4.1] for a fully explicit
definition).
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In general, if a double category D is symmetric monoidal, then the underlying horizontal
bicategory HpDq has no reason to be symmetric monoidal, since the monoidal data was
defined only at the vertical level, and the horizontal bicategory has no access to it. But,
when the structural isomorphisms have horizontal companions, the symmetric monoidal
structure can be lifted the horizontal level. This is due to Shulman and Wester-Hansen
[HS19, Thm 1.2]:

Theorem 3.8 [HS19]. Let D be a symmetric monoidal double category, and suppose that
in D all vertical isomorphisms have companions. Then the bicategory HpDq is symmetric
monoidal in a canonical way.

Furthermore, if E is also a symmetric monoidal double category where all vertical
isomorphisms have companions, then every symmetric monoidal pseudo double functor
F : D Ñ E induces a symmetric monoidal pseudofunctor HpF q : HpDq Ñ HpEq.

We can then directly verify the following property:

Lemma 3.9. The double categories Rel, PRRel, and Dist are symmetric monoidal, and
the induced symmetric monoidal structure on Rel, PRRel, and Dist corresponds to that
given in Section 2.

3.4. Another application of companions and conjoints in Dist. In the rest of this
section, we discuss an elementary construction on distributors which will be useful in
Section 7.

Definition 3.10. For a distributor α : A pÝÑ B, i.e. a functor α : Aop ˆ B Ñ Set,
and functors S : A1 Ñ A and T : B1 Ñ B, we define distributors αrSs : A1 pÝÑ B and
rT sα : A pÝÑ B1 by αrSspa, bq “ αpSa, bq and rT sαpa, bq “ αpa, T bq.

This construction extends in the obvious way to functors between hom-categories:

´rSs : DistrA,Bs Ñ DistrA1, Bs , rT s´ : DistrA,Bs Ñ DistrA,B1s .

The distributors αrSs and rT sβ can be presented using companions and conjoints:

Lemma 3.11. For α : A pÝÑ B, S : A1 Ñ A and T : B1 Ñ B, there are natural isomorphisms

αrSs – A1
pS
pÝÑ A

α
pÝÑ B and rT sα “ A

α
pÝÑ B

qT
pÝÑ B1.

Proof. The first isomorphism is because
şaPA

αpa, bq ˆArSa1, as – αpSa1, bq by the density
formula for coends. The second one is similar.

We now introduce a few lemmas expressing compatibility of these operations with other
constructions on distributors.

Lemma 3.12. Consider distributors α P DistrA,Bs, β P DistrB,Cs and functors S : A1 Ñ

A, T : C 1 Ñ C.
Then we have natural isomorphisms, additionally natural in S and T :

pβ ‚ αqrSs – β ‚ αrSs , rT spβ ‚ αq – rT sβ ‚ α .

Proof. Immediate from Lemma 3.11, and by associativity and naturality of composition.
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Lemma 3.13. Consider α P DistrA,Bs and β P DistrB1, Cs distributors, with an adjunction
e consisting of L : B % B1 : R and natural unit and counit ηb P Brb, RLbs and ϵb1 P

BrLRb1, b1s. Then, we have a natural isomorphism

βrLs ‚ α – β ‚ rRsα

whose action is as follows for t ‚ s P pβrLs ‚ αqpa, cq,

ξα,β,ept ‚ sq “ t ‚ αpa, ηbqpsq P pβ ‚ rRsαqpa, cq,

and as follows for t1 ‚ s1 P pβ ‚ rRsαqpa, cq,

ξ´1
α,β,ept

1 ‚ s1q “ βpϵb1 , cqpt1q ‚ s1 P pβrLs ‚ αqpa, cq .

This induces a natural isomorphism

χe : idB1rLs – rRs idB P DistrB,B1s

as a special case of the above, using the composition laws for distributors.

Proof. From the adjunction property it is easy to check that pL – qR, and the result follows
by associativity of composition.

4. Concurrent Games and Static Collapse

We now construct a dynamic model based on concurrent games and strategies, without
symmetries. We show that it has a static double categorical collapse in the model of
proof-relevant relations introduced in Section 2.2.

4.1. Rudiments of concurrent games. Game semantics presents computation in terms
of a two-player game: Player plays for the program under scrutiny, while Opponent plays
for the execution environment. So a program is interpreted as a strategy for Player, and
this strategy is constrained by a notion of game, specified by the type. The framework of
concurrent games ([MM07,FP09,RW11]) is not merely a game semantics for concurrency, but
a deep reworking of the basic mechanisms of game semantics using causal “truly concurrent”
structures from concurrency theory [NPW79].

4.1.1. Event structures. Concurrent games and strategies are based on event structures. An
event structure represents the behaviour of a system as a set of possible computational
events equipped with dependency and incompatibility constraints.

Definition 4.1. An event structure (es) is E “ p|E|,ďE ,#Eq, where |E| is a (countable)
set of events, ďE is a partial order called causal dependency and #E is an irreflexive
symmetric binary relation on |E| called conflict, satisfying:

(1) @e P |E|, resE “ te1 P |E| | e1 ďE eu is finite,
(2) @e1 #E e2, @e1

2 ěE e2, e1 #E e
1
2 .
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Operationally, an event can occur if all its dependencies are met, and no conflicting
events have occurred. A finite set x Ďf |E| down-closed for ďE and comprising no conflicting
pair is called a configuration – we write C pEq for the set of configurations on E, naturally
ordered by inclusion. If x P C pEq and e P |E| is such that e R x but x Y teu P C pEq, we
say that e is enabled by x and write x $E e. For e1, e2 P |E| we write e1 _E e2 for the
immediate causal dependency, i.e. e1 ăE e2 with no event strictly in between.

There is an accompanying notion of map: a map of event structures from E to F is
a function f : |E| Ñ |F | such that: (1) for all x P C pEq, the direct image fx P C pF q; and
(2) for all x P C pEq and e, e1 P x, if fe “ fe1 then e “ e1. There is a category ES of event
structures and maps.

4.1.2. Games and strategies. Throughout this paper, we will gradually refine our notion of
game. For now, a plain game is simply an event structure A together with a polarity
function polA : |A| Ñ t´,`u which specifies, for each event a P A, whether it is positive
(i.e. due to Player / the program) or negative (i.e. due to Opponent / the environment).
Events are often called moves, and annotated with their polarity (as in a´, a`).

A strategy is an event structure with a projection map to A:

Definition 4.2. Consider A a plain game. A strategy on A, written σ : A, is an event
structure σ together with a map Bσ : σ Ñ A called the display map, satisfying:

(1) for all x P C pσq and Bσx $A a
´, there is a unique x $σ s such that Bσs “ a.

(2) for all s1 _σ s2, if polApBσps1qq “ ` or polApBσps2qq “ ´, then Bσps1q _A Bσps2q.

Informally, the two conditions (called receptivity and courtesy) ensure that the strategy does
not constrain the behavior of Opponent any more than the game does. They are essential
for the compositional structure we describe below, but they do not play a major role in this
paper.

As a simple example, the usual game B for booleans in call-by-name is

q

tt ff

drawn following the order from top to bottom, with the wiggly line indicating conflict. Player
moves are blue, and Opponent moves are red – Opponent initiates computation with the
first move q, to which Player can react with either tt or ff .

Just like PRRel, strategies give a “proof-relevant” account of execution, in the sense
that moves and configurations of the game can have multiple witnesses in the strategy. For
example, on the left below, b and c are mapped to the same move tt:

a

b c

q

tt ff
“:

q

tt tt

Note that we denote immediate causality by _ in strategies, while we use dotted lines
for games. This lets us represent the strategy in a single diagram, as on the right above.

4.1.3. Morphisms between strategies. For σ and τ two strategies on A, a morphism from σ
to τ , written f : σ ñ τ , is a map of event structures f : σ Ñ τ preserving the dependency
relation ď (we say it is rigid) and such that Bτ ˝ f “ Bσ.
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4.1.4. +-covered configurations. We now describe a useful technical tool: a strategy is
completely characterized by a subset of its configurations, called `-covered.

For a strategy σ on a game A, a configuration x P C pσq is `-covered if all its maximal
events are positive, so every Opponent move has at least one Player successor. We write
C `pσq for the partial order of `-covered configurations of σ. Those are fairly important,
because morphisms between strategies may be entirely described through their action on
`-covered configurations:

Lemma 4.3. Consider σ, τ : A two strategies on a plain game A. Assume there is a function

f : C `pσq Ñ C `pτq

compatible with display maps and preserving unions. Then, there is a unique morphism of
strategies f̂ : σ ñ τ such that for all x P C `pσq, f̂ x “ f x.

This is [Cla24, Lemma 6.3.4]. We also mention the immediate consequence:

Lemma 4.4. Consider a plain game A, and strategies σ, τ : A.
If f : C `pσq – C `pτq is an order-isomorphism such that Bτ ˝ f “ Bσ, then there is a

unique isomorphism of strategies f̂ : σ – τ such that for all x P C `pσq, f̂pxq “ fpxq.

4.2. A double category of concurrent games and strategies. We construct a double
category whose objects are plain games, horizontal morphisms are strategies between games,
vertical morphisms are maps of games, and 2-cells are morphisms of strategies. The main
technical point is the composition of strategies.

4.2.1. Strategies between games. If A is a plain game, its dual AK has the same components
as A except for the reversed polarity. In particular C pAq “ C pAKq. The tensor AbB of A
and B is simply A and B side by side, with no interaction – its events are the tagged disjoint
union |AbB| “ |A| ` |B| “ t1u ˆ |A| Z t2u ˆ |B|, and other components are inherited. We
write xA b xB for the configuration of AbB that has xA P C pAq on the left and xB P C pBq

on the right, informing an order-isomorphism

´ b ´ : C pAq ˆ C pBq – C pAbBq . (4.1)

Finally, the hom A $ B is AK bB. As above, its configurations are denoted xA $ xB
for xA P C pAq and xB P C pBq.

Definition 4.5. A strategy from A to B is a strategy on the game A $ B. If σ : A $ B
and xσ P C pσq, by convention we write Bσpxσq “ xσA $ xσB P C pA $ Bq.

Our first example of a strategy between games is the copycat strategy ccA, which is the
identity morphism on A in our bicategory, i.e. the horizontal identity. Concretely, copycat
on A has the same events as A $ A, but adds immediate causal links between copies of the
same move across components, from the negative copy to the positive. By Lemma 4.4, the
following characterizes copycat up to isomorphism.

Proposition 4.6. If A is a game, there is an order-isomorphism

cc p´q : C pAq – C `p ccAq

such that for all x P C pAq, B ccAp cc xq “ x $ x.

Proof. Follows from [Cla24, Lemma 6.4.4].
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U ⊸ U

q

q

✓

✓

U ⊸ U $ N
q

q

q

✓
✓

0

Figure 1: An example of matching but causally incompatible configurations, in the composi-
tion of σ : U ⊸ U and τ : U ⊸ U $ N. The underlying games are left undefined,
but can be recovered by removing the arrows _. The configurations are matching
on U ⊸ U, but the arrows _ impose incompatible orders (i.e. a cycle) between
the two occurrences of ✓.

4.2.2. Composition. Consider σ : A $ B and τ : B $ C. We define their composition
τ d σ : A $ C. This is a dynamic model, and to successfully synchronize, σ and τ must
agree to play the same events in the same order ; this is defined in two steps.

We say that configurations xσ P C pσq and xτ P C pτq are matching if they reach the
same configuration on B, i.e. xσB “ xτB “ xB. If that is the case, it induces a synchronization
(and we may then ask if that synchronization induces a deadlock). If all events of xσ and
xτ were in B, this synchronization would take the form of a bijection xσ » xτ . But some
moves of xσ are in A and some moves of xτ are in C, so instead we form the bijection

φrxσ, xτ s : xσ ∥ xτC
Bσ∥xτC

» xσA ∥ xB ∥ xτC
xσA∥B

´1
τ

» xσA ∥ xτ

where x ∥ y is the tagged disjoint union. This uses the fact that from the conditions on
maps of event structures, Bσ : xσ » xσA $ xσB is a bijection and likewise for Bτ .

Now that the synchronization is formed, we import the causal constraints of σ and τ to
(the graph of) φrxσ, xτ s, via (with m,m1 P xσ ∥ xτC and n, n1 P xσA ∥ xτ ):

pm,nq ◁σ pm1, n1q ô m ăσ∥C m
1

pm,nq ◁τ pm1, n1q ô n ăA∥τ n
1

letting us finally say that matching xσ and xτ are causally compatible if ◁ “ ◁σ Y ◁τ

on (the graph of) φrxσ, xτ s is acyclic. In particular, xσ and xτ in Figure 1 are not causally
compatible, the synchronization induces a deadlock.

The composition of σ and τ is the unique (up to iso) strategy whose `-covered configu-
rations are essentially causally compatible pairs of `-covered configurations. Write CCpσ, τq

for the set of causally compatible pairs pxσ, xτ q P C `pσq ˆ C `pτq, ordered componentwise.

Proposition 4.7. Consider strategies σ : A $ B and τ : B $ C.
There is a strategy τ dσ : A $ C, unique up to isomorphism, with an order-isomorphism

´ d ´ : CCpσ, τq – C `pτ d σq

s.t. for all xσ P C `pσq and xτ P C `pτq causally compatible,

Bτdσpxτ d xσq “ xσA $ xτC .
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Proof. See [Cla24, Proposition 6.2.1].

This description of composition emphasizes the conceptual difference between a static
model, in which composition is based on matching pairs as in (2.2), and a dynamic model,
based on causal compatibility and sensitive to deadlocks.

4.2.3. The double category CG. We assemble strategies and games into a general composi-
tional framework. This is a double category whose vertical morphisms are maps of event
structures, which compose strictly, and whose horizontal morphisms are strategies between
games, which compose weakly. Altogether, we get:

Theorem 4.8. There is a double category CG with components as follows:

‚ objects are plain games;
‚ vertical morphisms A Ñ B are polarity-preserving rigid maps of event structures A Ñ B
(also referred to as maps of games);

‚ horizontal morphisms A pÝÑ B are strategies on A $ B;
‚ 2-cells of type

A B

C D

σp
h k

τp
are rigid maps f : σ Ñ τ such that the following diagram commutes

σ τ

A $ B C $ D.

f

Bσ Bτ

h$k

We write CG for the horizontal bicategory HpCGq. It is clear that 2-cells in the bicategory
CG correspond to the morphisms of strategies described in Section 4.1.3.

Proof sketch. We have already introduced most of the necessary components, and here we
mention two final points.

First, the copycat construction is functorial, as required in a double category. More
precisely, for a vertical morphism h : A Ñ B, there is a rigid map of event structures
cc h : ccA Ñ ccB, defined to have the same action on events as h $ h : pA $ Aq Ñ pB $ Bq.
This defines a 2-cell

A A

B B

ccAp
h h

ccB
p

in a functorial way.
Another remaining challenge is to define the “horizontal composition” of 2-cells

A B

A1 B1

σp
h k

σ1
p

f

B C

B1 C 1

τp
k l

τ 1
p

g ÞÝÑ

A C

A1 C 1

τdσp
h l

τ 1dσ1
p

gdf (4.2)
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and proving the required coherence conditions. This is detailed in [CCRW17]. By Lemma
4.3, it is sufficient to define morphisms between strategies on `-covered configurations, so
that we may define the horizontal composition simply pointwise with

pg d fqpxτ d xσq “ gpxτ q d fpxσq

for all xσ P C `pσq and xτ P C `pτq causally compatible. All the necessary verifications for
constructing a bicategory follow rather easily [Cla24, Theorem 6.4.11], and it is only a minor
extension to define the full double-categorical structure (see also [Paq20]).

4.2.4. Symmetric monoidal structure. We show that CG is a symmetric monoidal double
category. The tensor product of games A b B extends to strategies: if σ : A $ A1 and
τ : B $ B1, then σ b τ is given by

σ b τ
BσbBτ
ÝÑ pA $ Bq b pA1 $ Bq

–
ÝÑ pAbA1q $ pB bB1q

and similarly for 2-cells. All coherence data can be defined using that the category of
event structures and maps is symmetric monoidal under b; in particular the empty game
gives the monoidal unit. There is a monoidal interchange law given by the invertible,
globular 2-cell pτ d σq b pτ 1 d σ1q Ñ pτ b τ 1q d pσb σ1q that sends pxτ d xσq b pxτ

1

d xσ
1

q to

pxτ b xτ
1

q d pxσ b xσ
1

q.

Proposition 4.9. The double category CG has a symmetric monoidal structure given by
the tensor product b of event structures, which extends to games, strategies, maps of games,
and 2-cells.

Proof sketch. The required structural vertical morphisms are rigid maps of event structures
representing the symmetry, associativity, and unit properties of the tensor product. All
axioms are verified by elementary reasoning.

4.2.5. Companions in CG. Not all vertical morphisms in CG admit a horizontal companion,
but all vertical isomorphisms do. The idea is as follows. For an isomorphism h : A Ñ B
between games, the composite map

ccA
B ccA
ÝÝÝÑ A $ A

A$h
ÝÝÝÑ A $ B

is a strategy because re-indexing along an isomorphism preserves the strategy axioms. We

call this strategy ph : A $ B.
In addition, there is a pair of 2-cells of type

A B

B B

php
h

A A

A B

h

ph
p
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given by the diagrams below

ccA ccB

A $ A

A $ B B $ B

cc h

B ccA

B ccB

A$h

h$B

ccA ccA

A $ A

A $ A A $ B

B ccA

B ccA

A$h

A$h

The two companion axioms are easy to verify.

Proposition 4.10. The double category CG has all companions of vertical isomorphisms.

Applying Theorem 3.8, we deduce:

Corollary 4.11. The bicategory CG, equipped with the tensor product b and the associated
structural data, is symmetric monoidal.

4.3. A static collapse of concurrent games. We are ready to define our first collapse
from dynamic to static semantics. Formally, we describe an oplax double functor }´} :
CG Ñ PRRel, where oplax means that composition is not preserved: instead we have
globular 2-cells }τ d σ} Ñ }τ} ˝ }σ} which embed the causally compatible pairs into the
matching pairs.

The image of a plain game A is the set C pAq. To a strategy σ : A $ B, we associate

}σ}pxA, xBq “ txσ P C `pσq | Bσpxσq “ xA $ xBu

yielding a proof-relevant relation }σ} from C pAq to C pBq. To a 2-cell

A B

A1 B1

σp
h k

σ1
p

f

we associate the family of functions mapping xσ P }σ}pxA, xBq to fpxσq P }σ1}phpxAq, kpxBqq,
for xA P A and xB P B.

Proposition 4.6 induces an isomorphism of } ccA} with the identity proof-relevant relation.
From Proposition 4.7 we obtain a function }τ d σ} Ñ }τ} ˝ }σ}. This is non-invertible in
general, because some matching pairs are not causally compatible (see Figure 1).

Finally, there is a bijection }AbB} – }A} b }B} for games A and B, which extends to
an isomorphism of proof-relevant relations }σ b τ} – }σ} b }τ}, and a similar situation on
2-cells. Overall the double functor (strongly) preserves the symmetric monoidal structure.

Theorem 4.12. This data determines a monoidal oplax double functor }´} : CG Ñ PRRel.

We omit the proof, as the theorem is a special case of the more elaborate version to come,
which includes symmetries. Note that, although this involves a lot of algebraic data, we
emphasize that it would be incomparably harder to establish a similar result directly at the
bicategorical level. (We discuss a lifting of this theorem to the respective bicategories in
Section 6.2, when required for our applications in semantics.)
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In summary, we can regard CG as a dynamic version of PRRel, where the witnesses
in PRRel are reached over time and composition is sensitive to deadlocks.

5. Accommodating Symmetry

In this section, we look at a model of concurrent games enriched with symmetry, known
as thin concurrent games [CCW19]. We start by explaining the basics of event structures
with symmetry and thin concurrent games (Section 5.1). Then we explain how strategies
in thin concurrent games can be viewed as distributors (Section 5.2). We then define the
double category TCG (Section 5.3) and construct a monoidal oplax functor TCG Ñ Dist
(Section 5.4). Finally we discuss the exponential modality (Section 5.5).

5.1. Symmetry and thin concurrent games. Recall that we went from PRRel to Dist
by replacing sets with groupoids. We now go from CG to TCG by replacing the set of
configurations C pAq with a groupoid of configurations S pAq whose morphisms are chosen
bijections called symmetries, that behave well with respect to the causal order.

5.1.1. Event structures with symmetry. Our model is based on the following notion of event
structure with symmetry [Win07]:

Definition 5.1. An isomorphism family on es E is a groupoid S pEq having as objects
all configurations, and as morphisms certain bijections between configurations, satisfying:

restriction: for all θ : x » y P S pEq and x Ě x1 P C pEq,
there is θ Ě θ1 P S pEq such that θ1 : x1 » y1.

extension: for all θ : x » y P S pEq, x Ď x1 P C pEq,
there is θ Ď θ1 P S pEq such that θ1 : x1 » y1.

We call pE,S pEqq an event structure with symmetry (ess).

We refer to morphisms in S pEq as symmetries, and write θ : x –E y if θ : x » y with
θ P S pEq. The domain dompθq of θ : x –E y is x, and likewise its codomain codpθq is y.
A map of ess E Ñ F is a map of event structures that preserves symmetry: the bijection

fθ
def
“ fx

f´1

» x
θ
» y

f
» fy,

is in S pF q for every θ : x –E y (recall that f restricted to any y is bijective). This makes
f : S pEq Ñ S pF q a functor of groupoids.

We can define a 2-category ESS of ess, maps of ess, and natural transformations between
the induced functors. For f, g : E Ñ F such a natural transformation is necessarily unique
[Win07], and corresponds to the fact that for every x P C pEq the composite bijection

f x
f´1

» x
g
» g x

via local injectivity of f and g, is in S pF q. So this is an equivalence, denoted f „ g.
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5.1.2. Thin games. We define games with symmetry. To match the polarized structure, a
game is an ess with two sub-symmetries, one for each player (see e.g. [Mel03,CCW19,Paq22]).

Definition 5.2. A thin concurrent game (tcg) is a game A with isomorphism families
S pAq,S`pAq,S´pAq s.t. S`pAq,S´pAq Ď S pAq, symmetries preserve polarity, and

(1) if θ P S`pAq X S´pAq, then θ “ idx for x P C pAq,
(2) if θ P S´pAq, θ Ď´ θ1 P S pAq, then θ1 P S´pAq,
(3) if θ P S`pAq, θ Ď` θ1 P S pAq, then θ1 P S`pAq,

where θ Ďp θ1 is θ Ď θ1 with (pairs of) events of polarity p.

Elements of S`pAq (resp. S´pAq) are called positive (resp. negative); they intuitively
correspond to symmetries carried by positive (resp. negative) moves, and thus introduced
by Player (resp. Opponent). We write θ : x –

´
A y (resp. θ : x –

`
A y) if θ P S´pAq (resp.

θ P S`pAq).
Each symmetry has a unique positive-negative factorization [Cla24, Lemma 7.1.18]:

Lemma 5.3. For A a tcg and θ : x –A z, there are unique y P C pAq, θ´ : x –
´
A y and

θ` : y –
`
A z s.t. θ “ θ` ˝ θ´.

We extend with symmetry the basic constructions on games: the dual AK has the same
symmetries as A, but S`pAKq “ S´pAq and S´pAKq “ S`pAq; the tensor A1 b A2 has
symmetries of the form θ1 b θ2 : x1 b x2 –A1bA2 y1 b y2, where each θi : xi –Ai yi, and
similarly for positive and negative symmetries; the hom A $ B is AK bB.

5.1.3. Thin strategies. We now define strategies on thin concurrent games:

Definition 5.4. Consider A a tcg. A strategy on A, written σ : A, is an ess σ equipped
with a morphism of ess Bσ : σ Ñ A forming a strategy in the sense of Definition 4.2, and
such that:

(1) if θ P S pσq, Bσθ $A pa´, b´q, there are unique θ $σ ps, tq s.t. Bσs “ a and Bσt “ b.
(2) if θ : x –σ y, Bσθ P S`pAq, then x “ y and θ “ idx.

As before, a strategy from A to B is a strategy on σ : A $ B.

The first condition forces σ to acknowledge Opponent symmetries in A; the notation
θ $A pa, bq means pa, bq R θ and θ Y tpa, bqu P S pAq. The second condition is thinness: it
means that any non-identity symmetry in the strategy must originate from Opponent.

5.1.4. Comparison with the “saturated” approach. The “thin” approach is only one possible
way of adding symmetry to games. Other models (e.g. [BDER97a,CCW14,Mel19]) follow a
different approach, where strategies satisfy a saturation condition.

We explain the difference in the language of concurrent games. Consider a strategy
σ : A on a tcg, in the sense of Definition 5.4 without conditions (1) and (2). The saturation
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condition [CCW14] corresponds to a fibration property of the functor Bσ : S pσq Ñ S pAq:
for x P C pσq and ψ : Bσx –A y, there is a unique φ : x –σ z such that Bσφ “ ψ:

S pσq x z

S pAq Bσx y

φ

ψ

Bσ (5.1)

In contrast, thin strategies satisfy a different lifting property: a unique lifting exists, up
to a positive symmetry [Cla24, Lemma 7.2.6]:

Lemma 5.5. Let σ : A be a strategy as in Definition 5.4. For all x P C pσq and ψ : Bσx –A y,
there are unique φ : x –σ z and θ` : Bσz –

`
A y such that θ` ˝ Bσφ “ ψ:

S pσq x z

S pAq Bσx y Bσz

φ

ψ

Bσ

θ`

Bσφ

Sketch. Existence is proved first for ψ positive, by induction on x using condition (1) of
Definition 5.4 and properties of isomorphism families; and then generalized to arbitrary ψ.
Uniqueness follows from condition (2) of Definition 5.4.

Below, we will use this to construct a distributor from a thin strategy. We note that
saturated strategies are closer to distributors, because the saturation property (5.1) directly
induces a functorial action of the groupoid S pAq. However, saturated strategies are more
difficult to understand operationally, and have not achieved the precision of thin strategies
for languages with state, concurrency, or non-determinism [CC24,Cla24].

5.2. From strategies to distributors. For tcgs A and B, we show how to construct

}σ} : S pAqop ˆ S pBq Ñ Set

a distributor from a strategy σ : A $ B. The key idea is to use witnesses “up to positive
symmetry” and use the lifting property in Lemma 5.5.

For xA P C pAq and xB P C pBq we define the set of positive witnesses of pxA, xBq,
written }σ}pxA, xBq, as the set of all triples pθ´

A , x
σ, θ`

Bq such that xσ P C `pσq and

θ´
A : xA–

´
Ax

σ
A θ`

B : xσB–
`
BxB

are positive symmetries on AK and B. The groupoid actions of A and B on this set are
determined by the uniqueness result:

Proposition 5.6. Consider pθ´
A , x

σ, θ`
Bq P }σ}pxA, xBq.

For each ΩA : yA –A xA and ΩB : xB –B yB, there are unique φ : xσ –σ y
σ and

ϑ´
A : yA –

´
A y

σ
A, ϑ

`
B : yσB –

`
B yB such that the following two diagrams commute:

xA
θ´
A //

OO

ΩA

xσA

φσ
A

��
yA

ϑ´
A

// yσA

xσB
θ`
B //

φσ
B

��

xB

ΩB

��
yσB

ϑ`
B

// yB
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Proof. Existence by Lem. 5.5, uniqueness by (2) of Definition 5.4.

Thus we may set }σ}pΩA,ΩBqpθ´
A , x

σ, θ`
Bq as the positive witness pϑ´

A, y
σ, ϑ`

Bq above.
This immediately gives us a distributor:

Proposition 5.7. We have }σ} : S pAqop ˆ S pBq Ñ Set.

5.3. The double category of thin concurrent games. We now define the double category
TCG of thin concurrent games. We have already defined the objects (tcgs, Definition 5.2)
and the horizontal morphisms (thin strategies, Definition 5.4), so it remains to define the
vertical morphisms and 2-cells, and appropriate compositions and identities.

5.3.1. Vertical morphisms: maps between tcgs. Recall that in CG the vertical morphisms
between games are rigid maps of event structures preserving the polarity of moves. Here we
define maps of tcgs A Ñ B to be rigid maps of event structures with symmetry, preserving
the polarity of moves, and preserving the polarity of symmetry bijections.

5.3.2. 2-cells: morphisms of strategies. We now define generalized morphisms between
strategies. The 2-cells of TCG are more liberal than those in CG, because there should be
an isomorphism between two strategies which play symmetric – rather than equal – moves.
Recall the 2-dimensional structure in ESS, given by the equivalence relation „ on morphisms
(Section 5.1.1). For two maps f, g : E Ñ A into a tcg, we write f „` g if f „ g and for
every x P C pEq the symmetry obtained as the composition

f x
f´1

» x
g
» g x ,

witnessing f „ g for x, is positive.

Definition 5.8. Let σ : A $ B and τ : C $ D be thin strategies, and let h : A Ñ C and
k : B Ñ D be maps of tcgs. A positive morphism of strategies of type

A B

C D

σp
h k

τp

f

is a rigid map of ess f : σ Ñ τ s.t. the following diagram commutes up to positive symmetry:

σ τ

A $ B C $ D.

f

Bσ Bτ

h$k

„`

i.e. Bτ ˝ f „` ph $ kq ˝ Bσ.

As a convention, if f is a 2-cell as above, for xσ P C pσq we write

f rxσs : ph $ kqpBσx
σq –

`
A Bτ pf xσq

for the positive symmetry witnessing this.
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5.3.3. Composition and identity. The composition of thin strategies σ : A $ B and τ :
B $ C is obtained by equipping τ d σ (Proposition 4.7) with an adequate isomorphism
family. If S `pσq is the restriction of S pσq to `-covered configurations, then we can write
CCpS `pσq,S `pτqq for the pairs pφσ, φτ q of symmetries which are matching, i.e. φσB “ φτB
and whose domain (and necessarily, codomain) are causally compatible.

Proposition 5.9. Consider σ : A $ B and τ : B $ C thin strategies.
There is a unique symmetry on τ d σ with a bijection commuting with dom and cod

p´ d ´q : CCpS `pσq,S `pτqq » S `pτ d σq

and compatible with display maps, i.e. pφτ d φσqA “ φσA and pφτ d φσqC “ φτC .

Proof. This follows from [Cla24, Proposition 7.3.1].

Most of the effort in organizing these components into a double category is due to the
difficulty of composing 2-cells horizontally. Suppose we have a pair of 2-cells f and g as in
(4.2), but where all components now have symmetry. Explicitly we have

σ σ1

A $ B A1 $ B1

f

Bσ „` Bσ1

h$k

τ τ 1

B $ C B1 $ C 1

g

Bτ „` Bτ 1

k$l

and we must define an appropriate map g d f : τ d σ Ñ τ 1 d σ1.
Recall (from the discussion following Theorem 4.8) that in the analogous situation in

CG, g d f : τ d σ ñ τ 1 d σ1 was characterized by pg d fqpxτ d xσq “ gpxτ q d fpxσq. In
TCG this simple description is no longer possible, as we may not have a matching situation
fpxσqB1 “ gpxτ qB1 . Instead, these two configurations are matching up to a symmetry

θf,gxσ ,xτ : fpxσqB1 –B1 gpxτ qB1

obtained as θf,gxσ ,xτ “ grxτ sB1 ˝ f rxσs
´1
B1 . Fortunately, interaction of thin strategies supports

a notion of synchronization up to symmetry [Cla24, Proposition 7.4.4]:

Proposition 5.10. Consider xσ P C `pσq, θ : xσB –B xτB, x
τ P C `pτq causally compatible,

i.e. the relation ◁ induced on the graph of the composite bijection

xσ ∥ xτC
Bσ∥xτC

» xσA ∥ xσB ∥ xτC
xσA∥θ∥xτC

» xσA ∥ xτB ∥ xτC
xσA∥B

´1
τ

» xσA ∥ xτ

by ăσ∥C and ăA∥τ as in Section 4.2.2, is acyclic – we also say the composite bijection is
secured.

Then, there are unique yτ d yσ P C `pτ d σq with symmetries φσ : xσ –σ yσ and
φτ : xτ –τ y

τ , such that φσA P S´pAq and φτC P S`pCq, and φτB ˝ θ “ φσB.

In that case, we write yτ d yσ “ xτ dθ x
σ. With that notation, there is a unique positive

morphism gd f : τ d σ ñ τ 1 d σ1 s.t. pgd fqpxτ d xσq “ gpxτ q d
θf,gxσ,xτ

fpxσq. This serves as

a definition of the horizontal composition of 2-cells, see [Paq20] or [Cla24, Theorem 7.4.13].
Finally, for the identity horizontal morphism in TCG, we equip the copycat strategy

ccA : A $ A (Proposition 4.6) with the unique symmetry that has an iso

cc p´q : S pAq » S `p ccAq

commuting with dom and cod, such that B ccAp cc θq “ θ $ θ.
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The tensor product b of tcgs extends to a symmetric monoidal structure. We omit all of
the details, as the situation is completely analogous to that in CG, using that the symmetry
is always handled componentwise in a tensor product of games. The following proposition
assembles all of the structure defined in this section.

Proposition 5.11. There is a symmetric monoidal double category TCG, and a symmetric
monoidal embedding CG ãÑ TCG.

Thus we have extended our basic model CG with symmetries. The new model supports
an exponential modality, which we discuss in Section 5.5.

5.4. An oplax functor TCG Ñ Dist. We now give the components of an oplax double
functor TCG Ñ Dist. We have already explained the action on objects and horizontal
morphisms, by mapping every strategy to a distributor (Section 5.2). We turn to the action
on vertical morphisms and 2-cells.

5.4.1. From maps of tcgs to functors of groupoids. If A and B are tcgs, and l : A Ñ B
is a map preserving symmetries, then the action of l on configurations and symmetries
determines a functor }l} : S pAq Ñ S pBq.

5.4.2. From positive morphisms to natural transformations. We must show that a 2-cell in
TCG, say f in the diagram below,

σ τ

A $ B C $ D

f

Bσ „` Bτ

h$k

determines a natural transformation of distributors }σ}pxA, xBq ñ }τ}phpxAq, kpxBqq. Its
components are the functions

}f}xA,xB : }σ}pxA, xBq Ñ }τ}phpxAq, kpxBqq

pθ´
A , x

σ, θ`
Bq ÞÑ pθxC ˝ hpθ´

Aq, fpxσq, kpθ`
Bq ˝ θxD

´1q

for xA P C pAq and xB P C pBq, where θxC : hpxσAq –
´
C fpxσqC and θxD : kpxσBq –

`
D fpxσqD

are determined by the commutative diagram above, by definition of „` (see Section 5.3).
This is natural, as an application of Proposition 5.6.

5.4.3. The unitor and compositor. To complete the construction of the double functor }´},
we must define appropriate globular 2-cells. This double functor will be oplax normal,
meaning that there are invertible unitors and non-invertible compositors. We define these
in the next two propositions.

Proposition 5.12. Consider A a tcg. Then, there is a natural iso

pidA : } ccA}
–
ñ S pAqr´,´s : S pAqop ˆ S pAq Ñ Set .

Proof. Consider pθ´, cc z, θ
`q P } ccA}px, yq, with θ´ : x –

´
A z and θ` : z –

`
A y. We set

pidApθ´, cc z, θ
`q “ θ` ˝ θ´; naturality and invertibility follow from Lemma 5.3.

Likewise, for two strategies σ : A $ B and τ : B $ C, we have a compositor as follows.
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Proposition 5.13. For any σ : A $ B and τ : B $ C, there is a natural transformation:

pcompσ,τ : }τ d σ} ñ }τ} ‚ }σ} : S pAqop ˆ S pCq Ñ Set .

Proof. Consider pθ´
A , x

τ d xσ, θ`
C q P }τ d σ}pxA, xCq; this is sent by pcompσ,τxA,xC to (the

equivalence class for the equivalence „ originating for the coend formula (2.3) of) the pair

ppθ´
A , x

σ, idxB q, pidxB , x
τ , θ`

C qq P p}τ} ‚ }σ}qpxA, xCq

for xσB “ xτB “ xB, exploiting that xσ and xτ are matching.
We must show that the function pcompσ,τ pxA, xCq : }τdσ}pxA, xCq Ñ p}τ}‚}σ}qpxA, xCq

is natural in xA, xC . Consider wτdσ P }τ d σ}pxA, xCq, written as

wτdσ “ pψ´
A , x

τ d xσ, ψ`
C q ,

hence with pcomppwτdσq “ pwσ,wτ q where wσ “ pψ´
A , x

σ, idxσB q and wτ “ pidxτB , x
τ , ψ`

C q.

Now consider θA : yA –A xA, θC : xC –C yC , then by definition of θC ¨wτdσ ¨ θA, it must
be given as pν´

A , y
τ d yσ, ν`

C q as in the bottom of the following diagram:

xA
ψ´
A //

θ´1
A
��

xσA
φσ
A ��

xσB “

φσ
B��

xB

“

“ xτB
φτ
B ��

xτC
φτ
C��

ψ`
C // xC

θC
��

yA
ν´
A

// yσA yσB “ yB “ yτB yτC
ν`
C

// yC

for φσ : xσ –σ y
σ and φτ : xτ –τ y

τ . But it also follows

wσ ¨ θA “ pν´
A , y

σ, idyσB q , θC ¨ wτ “ pidyτB , y
τ , ν`

C q

by definition of these functorial actions, so that

pcomppθC ¨ wτdσ ¨ θAq “ pwσ ¨ θA, θC ¨ wτ q

as required for the naturality of pcompσ,τ .

Next, we must additionally prove that pcompσ,τ is natural in σ and τ :

Lemma 5.14 (Naturality of pcompσ,τ ). For any pair of 2-cells of the form

A B

A1 B1

σp
h k

σ1
p

f

B C

B1 C 1

τp
k l

τ 1
p

g

the following equation holds:

S pAq S pCq

S pAq S pBq S pCq

S pA1q S pB1q S pC 1q

}τdσ}p

}σ}p

}h}

}τ}p

}k} }l}

}σ1}
p

}τ 1}
p

pcompσ,τ

}f} }g}

“

S pAq S pCq

S pA1q S pC 1q

S pA1q S pB1q S pC 1q.

}τdσ}p

}h} }l}

}τ 1dσ1}

}σ1}
p

}τ 1}
p

}gdf}

pcompσ
1,τ 1



Vol. 21:4 FROM THIN CONCURRENT GAMES TO GENERALIZED SPECIES OF STRUCTURES 12:27

Proof. Consider wτdσ “ pθ´
A , x

τ d xσ, θ`
C q P }τ d σ}pxA, xCq. We know that

Bσ1 ˝ f „` ph $ kqBσ ,

which unfolds to mean that for each xσ P C pσq, the composite bijection

ph $ kqpBσ x
σq

h$k
» Bσ x

σ Bσ
» xσ

f
» fpxσq

Bσ1

» Bσ1pfpxσqq

is a positive symmetry in A1 $ B1. In other words, there is a negative symmetry f rxσsA1

and a positive symmetry f rxσsB1 such that the following diagram commutes:

xσ
Bσ //

f

��

xσA $ xσB
h$k // hpxσAq $ kpxσBq

f rxσsA1 $f rxσsB1

��
fpxσq

Bσ1

// fpxσqA1 $ fpxσqB1

and we have an analogous symmetry induced by the 2-cell g. By Proposition 5.10, there are
unique φσ

1

, φτ
1

and ϑ´
A1 , ϑ

`
C1 s.t.

hpxσAq
f rxσsA1// fpxσqA1

φσ1

A1

��

fpxσqB1

φσ1

B1

��

f rxσs
´1
B1// kpxBq

grxτ sB1// gpxτ qB1

φτ 1

B1

��

gpxτ qC1

φτ 1

C1

��

grxτ s
´1
C1// lpxτCq

hpxAq
ϑ´

A1

//

hpθ´
Aq

OO

yσ
1

A1 yσ
1

B1 “ yB1 “ yτ
1

B1 yτ
1

C1

ϑ`

C1

// lpxCq

lpθ`
C q

OO

commutes (the line on the top is secured since f, g are rigid); and by definition g d f :

τ d σ Ñ τ 1 d σ1 is the unique map such that pg d fqpxτ d xσq “ yτ
1

d yσ
1

. Thus

pcompσ
1,τ 1

˝ }g d f}pwτdσq “ ppϑ´
A, y

σ1

, idq, pid, yτ
1

, ϑ`
Cqq .

Now, likewise, we have

}f}pθ´
A , x

σ, idxσB q “ pf rxσsA1 ˝ hpθ´
Aq, fpxσq, f rxσs

´1
B1 q

}g}pidxτB , x
τ , θ`

C q “ pgrxτ sB1 , gpxτ q, lpθ`
C q ˝ grxτ s

´1
C1 q

but by the diagram above, writing ΘB1 “ φσ
1

B1 ˝f rxσsB1 “ φτ
1

B1 ˝grxτ sB1 , we have the equalities

pϑ´
A1 , y

σ1

, idyB1 q “ ΘB1 ¨ pf rxσsA1 ˝ hpθ´
A1q, fpxσq, f rxσs

´1
B1 q

pidyB1 , y
τ 1

, ϑ`
C1q ¨ ΘB1 “ pgrxτ sB1 , gpxτ q, lpθ`

C q ˝ grxτ s
´1
C1 q

so that we may now compute

ppϑ´
A1 , y

σ1

, idq, pid, yτ
1

, ϑ`
C1qq

“ pΘB1 ¨ pf rxσsA1 ˝ hpθ´
Aq, fpxσq, f rxσs

´1
B1 q, pid, yτ

1

, ϑ`
C1qq

„ ppf rxσsA1 ˝ hpθ´
Aq, fpxσq, f rxσs

´1
B1 q, pid, yτ

1

, ϑ`
C1q ¨ ΘB1q

“ ppf rxσsA1 ˝ hpθ´
Aq, fpxσq, f rxσs

´1
B1 q, pgrxτ sB1 , gpxτ q, lpθ`

C q ˝ grxτ s
´1
C1 qq

as required to establish the desired commutation.

Equipped with the above data, the operation }´} is oplax-functorial:

Theorem 5.15. The operation }´} : TCG Ñ Dist defines a symmetric monoidal, oplax
double functor.
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Proof. There are three coherence diagrams to check for functoriality, involving only globular
2-cells. The preservation of the associator is straightforward. For the preservation of the
unitor, we establish that the diagram of globular 2-cells

} ccB d σ}
ρσ //

pcomp

��

}σ}

} ccB} ‚ }σ}
pid‚}σ}

// idB ‚ }σ}

ρ}σ}

OO

commutes for any σ : A $ B. For this, consider w “ pθ´
A , cc xσB d xσ, θ`

Bq P } ccB d σ}pxA, xBq.

We have pcomppwq “ ppθ´
A , x

σ, idq, pid, cc xσB , θ
`
Bqq, sent by pid ‚ }σ} to ppθ´

A , x
σ, idq, θ`

Bq. Now

ppθ´
A , x

σ, idq, θ`
Bq “ ppθ´

A , x
σ, idq, idxB ¨ θ`

Bq

„ pθ`
B ¨ pθ´

A , x
σ, idxσB q, idxB q

“ ppθ´
A , x

σ, θ`
Bq, idxB q

satisfying ρppθ´
A , x

σ, θ`
Bq, idxB q “ pθ´

A , x
σ, θ`

Bq as required. The other coherence diagram for
the unitor is symmetric.

We must additionally show that the double functor has a symmetric monoidal structure.
All the necessary data is defined in the obvious way: we have a vertical transformation
consisting of vertical isomorphisms

}A} b }B}
–

ÝÑ }AbB}

and invertible 2-cells

}A} b }B} }A1} b }B1}

}AbB} }A1 bB1}

}σ}b}τ}p

– –

}σbτ}p

as well as a vertical isomorphism I – }I} (we use the same I for monoidal units in different
categories) and an invertible 2-cell

I I

}I} }I}

idIp
– –

} cc I}
p

These must satisfy a small number of coherence axioms (see [GGV24, Def. 5.1]), which are
all immediately verified.

At this point, we have defined an oplax double functor preserving the monoidal structure
appropriately. This is not a pseudo double functor: in general, the compositor 2-cell is
not invertible, as witnessed in the example of Figure 1. We will address this below in §6,
by specializing the games and strategies we consider to ensure that no deadlock arises.
Before that, we discuss another orthogonal issue: the collapse above does not preserve the
exponential modality !.
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5.5. Difficulties with the exponential modality. First, we recall how to construct an
exponential modality on TCG.

5.5.1. An exponential modality in polarized TCG. For an ess E, the ess !E is an infinitary
symmetric tensor product, where the elements of the indexing set are called copy indices:

Definition 5.16. Consider E an ess. Then !E has: events, |!E| “ N ˆ |E|; causality and
conflict inherited transparently. The isomorphism family S p!Eq comprises all bijections

θ : ∥iPN xi » ∥iPN yi

between configurations such that there is a bijection π : N » N and for every i P N, a
symmetry θi : xi –A yπpiq, such that for every pj, aq P |!E|, we have θpj, aq “ pπpjq, θjpaqq.

To extend this to tcgs, we must treat separately the positive and negative symmetries.
We explained earlier that intuitively, symmetries that only change the copy indices of negative
moves should be negative, and likewise for positive moves – but this naive definition does
not yield a tcg in general [CCW19]. To obtain a sensible extension of ! to tcgs, we must
restrict to a polarized setting in which tcgs are negative, meaning that all minimal events
are negative. For a negative tcg A, a symmetry θ P S p!Aq is in the sub-family S´p!Aq if
each θi in Definition 5.16 is negative in S pAq, whereas θ is in S`p!Aq if each θi is in S`pAq

and additionally π is the identity bijection. This extends to a horizontal double comonad on
the sub-double-category TCG´ of negative tcgs – this is detailed for instance in [Paq20].

5.5.2. Our functor does not preserve the modality. However, in this paper we shall not adopt
that exact construction, because that exponential modality ! on TCG´ is not preserved by
the oplax functor of Theorem 5.15. We illustrate with an example:

Example 5.17. Consider I the empty tcg.
Then, the two groupoids S p!Iq and SympS pIqq are not equivalent in general. Indeed,

!I is still empty so that S p!Iq is a singleton groupoid. In contrast, SympS pIqq includes

H, HH, HHH, . . . ,

i.e. countably many non-isomorphic objects.

Intuitively, the relational model and its relatives such as Dist record how many times
we “do nothing”, whereas TCG only records when we do something. Thus, although one
can construct a cartesian closed Kleisli bicategory from the restriction of TCG to negative
games [Paq20], the functor }´} will not preserve cartesian closed structure.

We shall resolve this in §7 by adopting a notion of games where not all configurations
are considered “valid” and correspond to a point of the web in the relational model. Before
we do that, let us address the oplax aspect of our collapse.
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6. Visible strategies and a pseudofunctor

A fundamental difference between dynamic and static models is the ability for dynamic
models to detect deadlocks, via the causal nature of strategies. This situation is encapsulated
in the “oplax-ness” of the double functor }´} : TCG Ñ Dist. In this section, we show
how to restrict the games and strategies so that deadlocks never occur, which resolves the
mismatch and gives a pseudo double functor, that preserves composition up to iso. To
perform this restriction, we import from [Cla24] the mechanism of visibility. This gives a
new double category Vis. In this new setting, the symmetric monoidal oplax double functor
of Theorem 5.15 becomes a symmetric monoidal pseudo double functor Vis Ñ Dist. The
restriction to Vis is significant, e.g. the game model of mutable state [CC24,Cla24] is no
longer included, but we retain a model of the λ-calculus.

6.1. The double category Vis. We first introduce the restricted double category Vis.
Games and strategies in TCG are very general, and mostly independent of the specific

computational paradigms they represent. In contrast, in Vis, all games are close to those
obtained by the interpretation of simple types, and strategies are somewhat close to those
needed to model λ-terms. (We do have a bit more: for instance, Vis supports pure parallel
higher-order computation [CCW15].)

6.1.1. Arenas. The objects of our refined model are called arenas. Arenas narrow down the
causal structure to an alternating forest, required for the definition of visible strategies.

Definition 6.1. An arena is a tcg A such that

(1) if a1, a2 ďA a3 then a1 ďA a2 or a2 ďA a1,
(2) if a1 _A a2, then polApa1q ‰ polApa2q.

Moreover, A is called a ´-arena if A is negative as a tcg.

The dual, tensor and hom operations on tcgs preserve arenas.
A key consequence of this definition is that any non-minimal a P A has a unique causal

predecessor, called its justifier, and denoted jpaq P A with jpaq _A a.

6.1.2. Visible strategies. Visibility captures a property of purely-functional parallel programs,
in which threads may fork and join but each should be a well-formed stand-alone sequential
execution. In an event structure E, a thread is formalized as a grounded causal chain
(gcc), i.e. a finite set ρ Ďf |E| on which ďE is a total order, forming a sequence

ρ1 _E . . . _E ρn

where ρ1 is minimal in E. We write gccpEq for the set of gccs. A gcc need not be a
configuration (although it will always be if the strategy interprets a sequential program). A
strategy is visible if gccs only reach valid states of the arena:

Definition 6.2 [CCW15,Cla24]. Consider A an arena. Then σ : A is visible if it is:

pointed: for any s P σ, there is a unique initpsq ďσ s minimal in σ, which is negative,
valid-gccs: for all ρ P gccpσq, Bσpρq P C pAq.
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A key consequence of this definition is that it equips all non-initial moves of σ with a justifier,
analogously to Hyland-Ong games: if s P σ is such that Bσ s is non-initial, then jpsq is the
(unique) s1 P σ such that Bσ s

1 _A Bσ s; if Bσ s is initial but positive, we set jpsq “ initpsq.
Then, visibility entails the following fact: for any gcc in σ of the form

ρ “ ρ1 _E . . . _E ρ
`
n ,

the justifier jpρ`
n q of ρ`

n must appear in ρ – this is clearly analogous to the notion of visibility
from Hyland-Ong games [HO00], explaining the terminology. The key property of visible
strategies for us here is that their composition is always deadlock-free [Cla24, Lemma 10.4.8]:

Lemma 6.3. Consider A,B,C ´-arenas, σ : A $ B and τ : B $ C visible strategies,
xσ P C pσq and xτ P C pτq with a symmetry θ : xσB –B xτB.

Then, xσ, θ, xτ are causally compatible in the sense of Proposition 5.10.

Copycat strategies on ´-arenas are visible, and visible strategies are closed under composition
[Cla24], so we may consider the sub-double-category of TCG over the ´-arenas and the
visible strategies, containing all vertical morphisms and 2-cells between them. We call this
double category Vis, and as usual we set Vis “ HpVisq, the bicategory of ´-arenas, visible
strategies, and (globular) positive morphisms.

6.1.3. A pseudo double functor. By restriction of the components from Theorem 5.15, we
have an oplax double functor

}´} : Vis Ñ Dist.
This is actually a pseudo double functor, in that the compositor is invertible:

Theorem 6.4. We have a pseudo double functor }´} : Vis Ñ Dist.

Proof. We must show that for all xA P C pAq and xC P C pCq, pcompσ,τ pxA, xCq is a bijection.
For surjectivity, consider

wσ “ pθ´
A , x

σ, θ`
Bq P }σ}pxA, xBq

wτ “ pθ´
B , x

τ , θ`
C q P }τ}pxB, xCq

composable witnesses. By Lemma 6.3, pxσ, θ´
B˝θ`

B , x
τ q is causally compatible. By Proposition

5.10, there are unique yτ d yσ P C `pτ d σq along with φσ, φτ , ϑ´
A, ϑ

`
C such that:

xσA xσB xB xτB xτC

xA xC

yσA yσB yB yτB yτC

φσ
A φσ

B

θ`
B θ´

B

φτ
B φτ

C

θ`
Cθ´

A

ϑ´
A ϑ`

C

which, writing ΘB “ φσB ˝ θ`
B

´1
“ φτB ˝ θ´

B , entails

vσ “ pϑ´
A, y

σ, idyB q “ ΘB ¨ pθ´
A , x

σ, θ`
Bq

vτ “ pidyB , y
τ , ϑ`

Cq “ pθ´
B , x

τ , θ`
C q ¨ ΘB

so pvσ, vτ q “ pΘB ¨ wσ, vτ q „ pwσ, vτ ¨ ΘBq “ pwσ,wτ q. Now pvσ, vτ q “ pcompσ,τ pϑ´
A, y

τ d

yσ, ϑ`
Cq, showing surjectivity.
Now, for injectivity, consider two witnesses

pθ´
A , x

τ d xσ, θ`
C q P }τ d σ}pxA, xCq , pϑ´

A, y
τ d yσ, ϑ`

Cq P }τ d σ}pxA, xCq ,
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s.t. pcomppθ´
A , x

τ d xσ, θ`
C q „ pcomppϑ´

A, y
τ d yσ, ϑ`

Cq, i.e., there are components such that

ppθ´
A , x

σ, idq, pid, xτ , θ`
C qq “ ppθ´

A , x
σ, idq, pid, yτ , ϑ`

Cq ¨ ΘBq

ppϑ´
A, y

σ, idq, pid, yτ , ϑ`
Cqq “ pΘB ¨ pθ´

A , x
σ, idq, pid, yτ , ϑ`

Cqq

which by definition of the functorial action, means that

xσA

φσ
A

��

xσB

φσ
B

��

“ xB “

ΘB

��

xτB

φτ
B

��

xτC

φτ
C

��

θ`
C

""
xA

θ´
A ==

ϑ´
A

!!

xC

yσA yσB “ yB “ yτB yτC
ϑ`
C

<<

commutes for some φσ : xσ –σ y
σ and ψτ : xτ –τ y

τ . So

φτ d φσ : xτ d xσ –τdσ y
τ d yσ

has a positive display, hence is an identity symmetry by condition (2) of Definition 5.4 –
thus from the diagram, pθ´

A , x
τ d xσ, θ`

C q “ pϑ´
A, y

τ d yσ, ϑ`
Cq as needed to conclude.

6.2. Symmetric monoidal structure. Visible strategies are closed under the tensor
product b, and so the symmetric monoidal structure in TCG restricts to Vis. Since all
components restrict, we deduce that }´} : Vis Ñ Dist is a symmetric monoidal (pseudo)
double functor.

Applying Theorem 3.8, we obtain a symmetric monoidal pseudofunctor between the
induced horizontal bicategories.

Theorem 6.5. The horizontal restriction of the collapse double functor }´} is a symmetric
monoidal pseudofunctor of bicategories }´} : Vis Ñ TCG.

We emphasize that this theorem makes essential use of the double categorical aspects,
which makes the 2-dimensional symmetric monoidal structure manageable. Now that this
is established, we can focus directly on the bicategorical structure, as we move towards
applications in the semantics of the λ-calculus.

7. A Cartesian closed pseudofunctor

The paper until this point has focused on the preservation of symmetric monoidal structure
by our collapse functor. In this section we add further structure to Vis to ensure the
preservation of the exponential modality, so that our collapse lifts to the Kleisli bicategory;
we then show that the corresponding pseudofunctor is cartesian closed. This development is
mostly independent from the preservation of the linear monoidal structure detailed above;
mainly by lack of a mature bicategorical theory of models of linear logic.

To ensure preservation of the exponential modality, we must first address the mismatch
identified in Section 5.5. We shall do that now, by introducing a mechanism that identifies
those positions in games that correspond to points of the relational model.
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b ´1 0 1
´1 ´1 ´1 ´1
0 ´1 0 1
1 ´1 1 1

` ´1 0 1
´1 ´1 ´1 1
0 ´1 0 1
1 1 1 1

Figure 2: Payoff tables for operations on arenas, with A`B “ pAK bBKqK.

7.1. Payoff and winning. The additional mechanism we import here is inspired from
Melliès [Mel05]; see also the detailed construction in [Cla24]. As mentioned above, it helps
in ignoring intermediate configurations arising in games which are not complete, i.e. they do
not correspond to a valid state in relational models. In addition, this mechanism makes the
ambient games model linear rather than affine; it forces strategies to explore all available
resources, solving another mismatch between games and relational models.

7.1.1. The bicategory Wis. Here we construct a new bicategory of games and strategies,
integrating both mechanisms of visibility and winning.

Games with payoff. Our new notion of game is that of a board :

Definition 7.1. A board is an arena A along with κA : C pAq Ñ t´1, 0,`1u a payoff
function, such that this data satisfies the following conditions:

invariant: for all θ : x –A y, we have κApxq “ κApyq,
race-free: for all a A a

1, we have polApaq “ polApa1q,

where a A a
1 means an immediate conflict, i.e. a #A a

1 and it is not inherited.
A ´-board is additionally negative as an arena, and must also satisfy:

initialized: κApHq ě 0 .

Finally, a ´-board A is strict if κApHq “ 1 and all its initial moves are in pairwise conflict.
It is well-opened if it is strict with exactly one initial move.

The function κA assigns a value to each configuration. Configurations with payoff 0 are
called complete: they correspond to terminated executions, which have reached an adequate
stopping point where all calls have adequately returned – we write C 0pAq for the set of
complete configurations on A. Otherwise, κA assigns a responsibility for non-completeness.
If κApxq “ ´1 then Player is responsible, otherwise it is Opponent.

The earlier constructions on arenas specialize into constructions on boards. If A is
a board, then the dual AK has payoff κAK “ ´κA. If A and B are boards, then we
set the tensor (resp. the par) as having as underlying arena the tensor, and payoff
κAbBpxA b xBq “ κApxAq b κBpxBq (resp. κA`BpxA b xBq “ κApxAq ` κBpxBq), using the
operations on payoff defined in Figure 2. If A,B are ´-boards, then the hom-board is
defined as A $ B “ AK `B, i.e. with κA$B “ κAKpxAq ` κBpxBq.

Note that by definition of payoff, the order-isomorphism of (4.1) refines to bijections:

´ b ´ : C 0pAq ˆ C 0pBq – C 0pAbBq , (7.1)

´ ` ´ : C 0pAq ˆ C 0pBq – C 0pA`Bq . (7.2)
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Winning strategies. We turn to strategies. The payoff is taken into account in the
definition, as follows:

Definition 7.2. Consider A a board, and σ : A a visible strategy.
We say that σ is winning if for all xσ P C `pσq, we have κApBσ x

σq ě 0.

It is rather easy to show that copycat strategies are winning, and that winning strategies
are stable under composition [Cla24, Proposition 8.2.15]. Thus we obtain a bicategory Wis
with objects the ´-boards, morphisms from A to B the winning strategies on A $ B, and
2-cells the positive morphisms.

7.1.2. Adjusting the pseudofunctor. We now show how to adjust the pseudofunctor of
Section 6.1.3 to account for the new structure we have just introduced.

Firstly, as before, to each ´-board A we shall associate a groupoid. However, it shall not
be the groupoid S pAq of symmetries between all configurations as before, instead we set
}A} as the groupoid G pAq having as objects the set C 0pAq of configurations of null payoff,
with morphisms from xA to yA still comprising all the symmetries in A.

The same definition as in Section 5.2 now yields a distributor

}σ} : }A}op ˆ }B} Ñ Set

with those restricted groupoids – we keep the same definition for }σ}, which should cause no
confusion as this notation shall remain fixed until the end of the paper. As before, we have:

Theorem 7.3. We have }´} : Wis Ñ Dist a pseudofunctor.

Proof. The new definition of G pAq imposes only one new proof obligation, namely that for
σ : A $ B, τ : B $ C, xA P G pAq and xC P G pBq, then

pcompσ,τxA,xC : }τ d σ}pxA, xCq Ñ p}τ} ‚ }σ}qpxA, xCq

as defined in the proof of Proposition 5.13, is still well-defined. Indeed, it sends a witness
pθ´
A , x

τ d xσ, θ`
C q P }τ d σ}pxA, xCq to (the equivalence class of) the pair

ppθ´
A , x

σ, idxB q, pidxB , x
τ , θ`

C qq P p}τ} ‚ }σ}qpxA, xCq

for xσB “ xτB “ xB, exploiting that xσ and xτ are matching; but this assumes that
pθ´
A , x

σ, idxB q P }σ}pxA, xBq and pidxB , x
τ , θ`

C q P }τ}pxB, xCq, which only makes sense pro-
vided xB has null payoff (and thus lies in }B}). Thus seeking a contradiction, assume that
κBpxBq “ 1. But then κBK`CpBτ pxτ qq “ ´1` 0 “ ´1, which is impossible since xτ P C `pτq

and τ is winning. Symmetrically if κBpxBq “ ´1 then this contradicts that σ is winning
since xσ P C `pσq. Hence, κBpxBq “ 0 as required.

The other components of the pseudofunctor remain unchanged.

But we are not just interested in Wis and Dist: we need a pseudofunctor relating the
Kleisli bicategories for the corresponding exponential modalities in the two models.

7.2. The exponential modality on Wis. First, we detail the construction of the expo-
nential modality on Wis (written !), along with its algebraic structure.
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7.2.1. The exponential modality for boards. The construction of !A as a countable symmetric
tensor of copies of A (Section 5.5) can be extended to ´-boards. Note that any configuration
of !A has a representation as ∥iPI xi for I Ďf N, and this representation is unique if we insist
that every xi is non-empty. Using that, we set (all xi below are non-empty):

κ!A : C p!Aq Ñ t´1, 0,`1u

∥iPI xi ÞÑ
Â

iPI κApxiq

that is well-defined because b is associative on t´1, 0,`1u. If A is a ´-board, then this
results in a ´-board; but !A is never strict, even if A is strict.

7.2.2. Strict boards. To precisely capture the relationship between ! and Sym we use strict
boards (Def. 6.1), where H has payoff 1 and is not considered complete. Indeed, the situation
with the empty configuration was at the heart of the issue in Section 5.5.2. We now state the
following key property: for strict boards, the two constructions Sym and ! are equivalent.

Proposition 7.4. Consider a strict board A. There is an adjoint equivalence of categories:

L!
A : SympG pAqq » G p!Aq : R!

A.

Proof. We first show that we can identify the objects of G p!Aq with families pxiqiPI of
objects of G pAq, where I is a finite subset of natural numbers. We observed above that any
configuration x P C p!Aq can be uniquely written as x “∥iPI xi where I Ďf N, and xi P C pAq

is non-empty for all i P I; yielding a family pxiqiPI . In addition, as κ!Apxq “ 0, by definition
of the tensor on payoff values we must have κApxiq “ 0 for every i P I, i.e. xi P G pAq. This
representation of x P G p!Aq as a family pxiqiPI is clearly injective. Surjectivity boils down to
the fact that each xi is non-empty, which follows from κApxiq “ 0 since A is strict.

Thus, from right to left, R!
A sends pxiqiPI to the sequence xi1 . . . xin for I “ ti1, . . . , inu

sorted in increasing order. From left to right, L!
A sends x1 . . . xn to pxiqiPt1...nu.

Although this equivalence only holds for strict arenas, it shall suffice for our purposes.
From now on, we use implicitly and without further mention the representation of

complete configurations of !A as families of complete configurations of A.

7.2.3. Relative pseudocomonads. The pseudofunctor Wis Ñ Dist does not preserve the
exponential modality as a pseudocomonad on Wis, but as a pseudocomonad relative to the
sub-bicategory of strict arenas. We recall the categorical notions.

Recall that a monad on category C relative to a functor J : D Ñ C is a functor T : D Ñ C
with a restricted monadic structure, which we can use to form a Kleisli category CT with
objects those of D. (Often, D is a sub-bicategory of C and J is the inclusion functor.) This
generalizes to relative pseudomonads [FGHW18] and pseudocomonads:

Definition 7.5. Consider J : C Ñ D a pseudofunctor between bicategories.
A relative pseudocomonad T over J consists of:
(1) an object TX P D, for every X P C,
(2) a family of functors p´q˚

X,Y : DrTX, JY s Ñ DrTX, TY s,

(3) a family of morphisms iX P DrTX, JXs,
(4) a natural family of invertible 2-cells, for f P DrTX, JY s and g P DrTY, JZs:

µf,g : pg ˝ f˚q˚ –
ñ g˚ ˝ f˚
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ph ˝ pg ˝ f˚q˚q˚

µg˝f˚,h

))

ph˝µf,gq˚

uu
ph ˝ pg˚ ˝ f˚qq˚

–

��

ph˚ ˝ pg ˝ f˚q˚q

h˚˝µf,g
��

pph ˝ g˚q ˝ f˚q˚

µf,h˝g˚

��

h˚ ˝ pg˚ ˝ f˚q

–

��
ph ˝ g˚q˚ ˝ f˚

µh,g˝f˚

// ph˚ ˝ g˚q ˝ f˚

f˚
η˚
f //

– --

piY ˝ f˚q˚
µf,iY // i˚Y ˝ f˚

θY ˝f˚

��
idTY ˝ f˚

Figure 3: Coherence conditions for relative pseudocomonads

(5) a natural family of invertible 2-cells, for f P DrTX, JY s:

ηf : f
–
ñ iY ˝ f˚

(6) a family of invertible 2-cells θX : i˚X
–
ñ idTX , where X,Y, Z range over objects of C,

subject to the coherence conditions in Figure 3.

Those conditions are just what is needed to form a Kleisli bicategory written DT , with
objects those of C, morphisms and 2-cells from X to Y the category DrTX, JY s. We can
compose f P DrTX, JY s and g P DrTY, JZs as g ˝T f “ g ˝ f˚, and the identity on X is iX .

7.2.4. The exponential relative pseudocomonad. We now form a concrete relative pseudo-
comonad on Wis. Here, C is the sub-bicategory Wiss of strict arenas, and J : Wiss ãÑ

Wis the embedding. Note that even if A is strict, !A is not strict, and so ! is not an
endo(pseudo)functor; instead we have ! : Wiss Ñ Wis.

We now outline the components in Definition 7.5. For the component (2), we must
introduce additional notions. Fix an injection x´,´y : N2 Ñ N. If I Ďf N and Ji Ďf N for
all i P I, write

Ů

iPI Ji Ďf N for the set of all xi, jy for i P I and j P Ji. Then, we may define:

Definition 7.6. Consider σ P Wisr!A,Bs. Its promotion σ! has ess !σ, and display map
the unique map of ess such that

Bσ!ppxσ,iqiPIq “ pxσ,iA,jqxi,jy P
Ů

iPI Ji
$ pxσ,iB qiPI (7.3)

where Bσpxσ,iq “ pxσ,iA,jqjPJi $ xσ,iB for all i P I.

For (3), the dereliction derA P Wisr!A,As on strict A has ess ccA, and display map
BderAp cc xq “ pxqt0u $ x. For (4), we shall use a positive isomorphism

joinσ,τ : pτ d σ!q!
–
ñ τ ! d σ!
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sending pxτi d pxσi,jqjPJiqiPI to pxτi qiPI d pxσi,jqxi,jyP
Ů

iPI Ji
. For (5), given B strict and σ P

Wisr!A,Bs we have a positive iso runitσ : σ – derBdσ! sending xσ P C `pσq to cc xσBdpxσqt0u P

C `pderB d σ!q. Finally, for (6) we have lunitA : der!A – cc !A sending p cc xiqiPI to cc pxiqiPI
.

For all those, we use the fact that positive isos are entirely determined by their action on
`-covered configurations, see e.g. [Cla24, Lemma 7.2.11].

Altogether, this gives us:

Theorem 7.7. The components described above define a pseudocomonad ! relative to the
embedding of Wiss into Wis.

The naturality and coherence laws follow from lengthy but direct calculations, which we
omit. In particular, there is a Kleisli bicategory Wis! whose objects are strict boards – in
the next section we shall see that this is a cartesian closed bicategory.

7.3. The exponential modality on Dist. For the sake of relating Wis and Dist, we also
need to properly introduce the exponential modality structure of Symp´q on Dist, which
we shall also present as a relative pseudocomonad to ease the correspondence.

7.3.1. The groupoid SympAq. For A a groupoid, the objects of SympAq are sequences of
objects of A, written xa1, . . . , any, or just xaiyiPn – implicitly treating n as the set t1, . . . , nu.
There can be a morphism from xaiyiPn to xbjyjPp only when n “ p, in which case it is a
permutation π on n, along with a family comprising fi P Apaπpiq, biq for each i P n, written

xfiy
π
iPn P SympAqpxaiyiPn, xbjyjPnq ,

which we write simply as xfiyiPn when π is the identity. We insist that we have fi P Apaπpiq, biq
rather than fi P Apai, bπpiqq: the family pfiqiPn is thought of as indexed by the codomain,
not the domain. This distinction will make calculations easier later on.

We shall also write xai,jyiPn,jPpi P SympAq for the concatenated sequence a⃗1,j . . . ⃗an,j .

7.3.2. Promotion and dereliction in Dist. Next, we present the relative pseudocomonad
structure on Dist. We follow Definition 7.5, even though this is not really relative; it shall
be a pseudocomonad “relative” to the inclusion of Dist in Dist. For this structure, we shall
keep the same notations as in Definition 7.5, to avoid notational collisions with the relative
pseudocomonad in games.

We start with promotion. Recall that if α P DistpSympAq, Bq, the coend formula

α:p⃗a, xb1, . . . , bnyq “

ż a⃗1,...,a⃗n
˜

n
ź

i“1

αpa⃗i, biq

¸

ˆ SympAqra⃗1 . . . a⃗n, a⃗s

yields a distributor α: P DistrSympAq,SympBqs, called the promotion of α. Concretely,
this means that witnesses in α:p⃗a, xb1, . . . , bnyq consist in the choice of three components

pa⃗1, . . . , a⃗n P SympAq, xsiyiPn P

n
ź

i“1

αpa⃗i, biq , f P SympAqra⃗1 . . . a⃗n, a⃗sq , (7.4)

subject to the following equivalence relation, for each pfi P SympAqra⃗i, a⃗1
isq1ďiďn:

pa⃗1, . . . , a⃗n , xsiyiPn , f ˝ pf1 . . . fnqq „ pa⃗1
1, . . . , a⃗

1
n , xαpfi, biqpsiqyiPn , fq (7.5)
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for si P αpa⃗i, biq, f P SympAqra⃗1
1 . . . a⃗

1
n, a⃗s.

Here, we make some notational simplifications. Firstly, the data of the a⃗is is redundant,
provided other components are typed. Secondly, writing a⃗i “ xai,1, . . . , ai,piy and a⃗ “

xa1
1, . . . , a

1
py, then a morphism f P SympAqra⃗1 . . . a⃗n, a⃗s is some xfiy

π
iPp for π : p »

řn
i“1 pi;

but up to (7.5) we can – and we will – always assume that the fis are identities, and only π
remains. So altogether, a witness in α:p⃗a, xb1, . . . , bnyq as in (7.4) is specified by

⟪si⟫πiPn P α:p⃗a, xb1, . . . , bnyq

an expression where si P αpa⃗i, biq and π : p »
řn
i“1 pi; from now on we fix this notation4 –

note in passing that we may omit the permutation for the identity, e.g. ⟪si⟫iPn “ ⟪si⟫idiPn.
For dereliction, we simply have iApxay, a1q “ Ara, a1s.

7.3.3. Additional components. We carry on with the additional component of the relative
pseudocomonad structure. For every α P DistrSymA,Bs and β P DistrSymB,Cs, we need

µα,β : pβ ‚ α:q: – β: ‚ α:

a natural iso which, given si,j P αpa⃗i,j , bi,jq and ti P βpb⃗i, ciq for 1 ď i ď n, 1 ď j ď pi,
a⃗i,j “ xai,j,1, . . . , ai,j,ki,jy, πi :

ř

jPpi
kij »

ř

jPpi
kij and π :

ř

i,j kij »
ř

i,j kij , is set to

pµα,βqa⃗,⃗cp⟪ti ‚ ⟪si,j⟫πijPpi
⟫πiPnq “ ⟪ti⟫iPn ‚ ⟪si,j⟫π˝

ř

πi
iPn,jPpi

.

For cancellation of dereliction we need, for any α P DistrSymA,Bs, natural isos

ηα : α – iB ‚ α: , θA : i:A – idSymA

set by pηαqa⃗,bpsq “ idb ‚ ⟪s⟫ for s P αp⃗a, bq; and θAp⟪fi⟫πiPnq “ xfiy
π
iPn for pfi P Arai, a

1
isqiPn.

Theorem 7.8. This specifies a (relative) pseudocomonad Sym on Dist.

As usual, we refer to the Kleisli bicategory DistSym as Esp.

7.4. Lifting }´} to the Kleisli bicategories. We show how to lift }´} to a pseudofunctor
}´}! : Wis! Ñ Esp. (We give a direct proof, although one could write down a notion of
pseudofunctor between relative pseudocomonads that lifts to the Kleisli bicategories [Str72].)

Before we delve into the proof, we introduce some additional notation.

7.4.1. Additional conventions and notations. If X is a set, write FampXq for the set of
families pxiqiPI indexed by I Ďf N. This also applies to categories: if A is a category, then
FampAq has morphisms from pxiqPI to pyjqjPJ given by a permutation π : I » J , and a
family pfi : xi Ñ yπpiqqiPI of morphisms in A – so that G p!Aq – FampG pAqq. If I is a
finite subset of natural numbers, let |I| be its cardinal and κI : I » |I| be the unique
monotone bijection. If pxiqiPI is a family, for simplicity we write pxiq|i|P|I| for the reindexing
pxκ´1

I pjq
qjP|I|. Similarly, if I Ďf N and pJiqiPI is a family with Ji Ďf N for all i P I, we write

κI,pJiq :
ğ

iPI

Ji »
ÿ

iPI

|Ji|

for the bijection corresponding to arranging (encodings of) pairs xi, jy in lexicographic order.

4Note the double brackets, which we adopt to ease the distinction with morphisms of SympAq.
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We also introduce a notation for morphisms in FampCq, in line with the earlier
notation introduced for SympAq: we shall sometimes write pfjq

π
jPJ for the element of

FampCqrpxiqiPI , pyjqjPJ s normally consisting of

pπ´1 : I » J, pfπ´1piq P Crxi, yπ´1piqsqiPIq .

Notice that the family is indexed by its target index set instead of the source.

7.4.2. Preservators for exponentials. To lift }´} to the Kleisli bicategories, we must introduce
explicit natural isomorphisms acting on witnesses for dereliction and promotion. We make
repeated use of the actions of functors on distributors introduced in Definition 3.10.

Lemma 7.9. For any strict board A, there is a natural isomorphism

pderA : }derA}rL!
As – iG pAq P DistrSympG pAqq,G pAqs

Proof. From the definition, }derA}rL!
AspxxiyiPn, yq is non-empty iff n “ 1, in which case

}derA}rL!
Aspxxy, yq “ }derA}ppxqiPt1u, yq

“ trpθ´q
t0u»t1u

t0u
, cc z P C `pderAq, θ`s | θ´ : x –

´
A z, θ

` : z –
`
A yu

where BderAp cc zq “ pzqt0u $ z. This is sent by pderA to

θ` ˝ θ´ P derG pAqrxxy, ys

which is a bijection by Lemma 5.3. Additional verifications are routine.

Likewise, there is another natural isomorphism for preservation of promotion:

Lemma 7.10. For any σ P Wisr!A,Bs, there is a natural isomorphism

ppromσ : }σ!}rL!
As – rR!

Bsp}σ}rL!
Asq: ,

between distributors in DistrSympG pAqq,G p!Bqs. Furthermore, it is natural in σ.

Proof. Recall that `-covered configurations of σ! correspond to families pxσ,iqiPI ; and

Bppxσ,iqiPIq “ pxσ,iA,jqxi,jy P
Ů

iPI Ji
$ pxσ,iB qiPI

provided Bpxσ,iq “ pxσ,iA,jqjPJi $ xσ,iB for all i P I.

Now, consider xxA,kykPp P SympG pAqq, and pxB,lqlPL P G p!Bq. We have:

}σ!}rL!
AspxxA,kykPp, pxB,lqlPLq “ }σ!}ppxA,kqkPp, pxB,lqlPLq

which, by definition, is composed of triples

rpθ´
i,jq

π
xi,jy P

Ů

iPI Ji
, pxσ,iqiPI P C `pσ!q, pθ`

l qϖlPLs P }σ!}ppxA,kqkPp, pxB,lqlPLq

where π :
Ů

iPI Ji » p is a bijection, θ´
i,j : xA,πxi,jy –

´
A x

σ,i
A,j , and pθ`

l qϖL : pxσ,iB qiPI –
`
!B pxB,lqlPL.

This can be simplified: the positivity of pθ`
l qϖL entails L “ I and ϖ “ idI . We are left with

rpθ´
i,jq

π
xi,jy P

Ů

iPI Ji
, pxσ,iqiPI P C `pσ!q, pθ`

i qiPIs P }σ!}ppxA,kqkPp, pxB,iqiPIq .

We may finally define ppromσ to send the above witness to:

⟪rpθ´
i,jq

κJi
jPJi

, xσ,i, θ`
i s⟫π|i|P|I| P p}σ}rL!

Asq:pxA, kykPp, xxB,iy|i|P|I|q

where π is the unique bijection such that the composition
Ů

iPI Ji
κI,pJiq

» ΣiPI |Ji|
π
» p is π.

It is routine, if lengthy, to verify that this is a bijection, along with naturality in σ.
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By analogy with the unitors and associators forming a pseudofunctor, we refer to the
natural isomorphisms above as the preservators.

7.4.3. Coherence of the preservators. We show a series of lemmas expressing coherence
between the preservators and the components of the relative pseudocomonads.

First, we have compatibility with cancellation of dereliction, expressed in two lemmas:

Lemma 7.11. For any strict board A, the following diagram commutes

} cc !A}rL!
As //

��

idG p!AqrL
!
As

��
}der!A}rL!

As

��

rR!
As idSympG pAqq

��

rR!
Asp}derA}rL!

Asq: // rR!
As i:G pAq

with all arrows the obvious structural maps or obtained by Lemmas 3.13, 7.9 and 7.10.

Proof. This diagram is an equation of natural isomorphisms between distributors

SympG pAqqop ˆ G p!Aq Ñ Set ,

so taking xziy|i|P|I| P SympG pAqq and pyiqiPI P G p!Aq, it boils down to an equality between

functions, checked pointwise. An element of } cc !A}rL!
Aspxziy|i|P|I|, pyiqiPIq comprises

rpθ´
i qπiPI , cc pxiqiPI

P C `p cc !Aq , pθ`
i qiPIs P } cc !A}rL!

Aspxziy|i|P|I|, pyiqiPIq .

where π : I » |I| is any bijection, θ´
i : zi –

´
A xi and θ`

i : xi –
`
A yi.

Using the description of the action of pder and pprom on witnesses outlined earlier, we
calculate its image alongside the two paths around the diagram. In both cases, we get

xθ`
i ˝ θ´

i yπ|i|P|I| P i:G pAq
pxziy|i|P|I|, xyiy|i|P|I|q “ prR!

As i:G pAq
qpxziy|i|P|I|, pyiqiPIq ,

where π : |I| » |I| is the only bijection such that π ˝ κI “ π.

This will show that the two models deal with Kleisli composition with dereliction on
the left in the same way. Similarly, though not quite symmetrically, the next lemma deals
with the Kleisli composition with dereliction on the right hand side:

Lemma 7.12. Consider σ P Wisr!A,Bs. Then the diagram commutes

}derB d σ!}rL!
As //

��

}σ}rL!
As // iG pBq ‚ p}σ}rL!

Asq:

p}derB} ‚ }σ!}qrL!
As

��

}derB}rL!
Bs ‚ p}σ}rL!

Asq:

OO

}derB} ‚ p}σ!}rL!
Asq // }derB} ‚ rR!

Bsp}σ}rL!
Asq:

OO

with all arrows the obvious structural maps or obtained by Lemmas 3.13, 3.13, 7.9 and 7.10.
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Proof. This diagram states an equality between natural isomorphisms between distributors

SympG pAqqop ˆ G pBq Ñ Set ,

which again can be checked pointwise. Taking xxA,iy|i|P|I| P SympG pAqq and xB P G pBq, an

element of p}derB d σ!}rL!
AsqpxxA,iy|i|P|I|, xBq is formed of three components

rpθ´
i qπx0,iy P

Ů

t0u I
, cc xσB d pxσqt0u P C `pderB d σ!q , θ`s

where π :
Ů

t0u I » |I|, θ´
i : xA,i –

´
A x

σ
A,i, and θ` : xσB –

`
B xB.

Following the upper path in the diagram, this is sent to:

idxB ‚ ⟪rpθ´
i qπ

1

iPI , x
σ, θ`s⟫ P iG pBq ‚ p}σ}rL!

Asq:pxxA,iy|i|P|I|, xBq (7.6)

where π1 : I » |I| is the unique bijection such that
Ů

t0u I
snd
» I

π1

» |I| is π.

On the other hand, following the lower path, we get:

θ` ‚ ⟪rpθ´
i q

κI
iPI , x

σ, idxσB s⟫π P derG pBq ‚ p}σ}rL!
Asq:pxxA,iy|i|P|I|, xBq , (7.7)

for π : |I| » |I| the only bijection such that
Ů

t0u I
κt0u,pIq

» |I|
π
» |I| is π. But recall that

κt0u,pIq : \t0uI » |I| is the bijection arranging pairs in lexicographic order, and κI : I » |I|

is the unique monotone bijection. From that and the definition of π and π1, it follows that
π ˝ κI “ π1, which entails that (7.7) is equivalent to (7.6).

Finally, we have compatibility with the multiplication join{µ, expressed via:

Lemma 7.13. If σ P Wisr!A,Bs and τ P Wisr!B,Cs, then the following diagram commutes

}τ ! d σ!}rL!
As

uu ))
}pτ d σ!q!}rL!

As

��

p}τ !} ‚ }σ!}qrL!
As

��
rR!

Csp}τ d σ!}rL!
Asq:

��

}τ !} ‚ p}σ!}rL!
Asq

��
rR!

Cspp}τ} ‚ }σ!}qrL!
Asq:

��

}τ !} ‚ rR!
Bsp}σ}rL!

Asq:

��
rR!

Csp}τ} ‚ }σ!}rL!
Asq:

��

}τ !}rL!
Bs ‚ p}σ}rL!

Asq:

��
rR!

Csp}τ} ‚ rR!
Bsp}σ}rL!

Asq:q:

��

rR!
Csp}τ}rL!

Bsq: ‚ p}σ}rL!
Asq:

��
rR!

Csp}τ}rL!
Bs ‚ p}σ}rL!

Asq:q: // rR!
Cspp}τ}rL!

Bsq: ‚ p}σ}rL!
Asq:q

with all arrows the obvious structural maps or obtained by Lemmas 3.13, 3.13, 7.9 and 7.10.

Proof. This diagram states an equality between natural isomorphisms between distributors

SympG pAqqop ˆ G p!Cq Ñ Set

which again can be checked pointwise. Taking xxA,lylPn P SympG pAqq and pxC,iqiPI P G p!Cq,

an element of }τ ! d σ!}rL!
AspxxA,lylPn, pxC,iqiPIq comprises

rpθ´
i,j,kqπxxi,jy,ky , pxτ,iqiPI d pxσ,i,jqxi,jy P

Ů

iPI Ji
, pθ`

i qiPIs
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where Bτ x
τ,i “ pxτ,iB,jqjPJi $ xτ,iC , Bσ x

σ,i,j “ pxσ,i,jA,k qkPKi,j
, so that

Bσ!ppxσ,i,jqxi,jyq “ pxσ,i,jA,k qxxi,jy,ky $ pxσ,i,jB qxi,jy , Bτ !ppxτ,iqiPIq “ pxτ,iB,jqxi,jy $ pxτ,iC qiPI

with xσ,i,jB “ xτ,iB,j , π :
Ů

xi,jy Ki,j » n, θ´
i,j,k : xA,πxxi,jy,ky –

´
A x

σ,i,j
A,k and θ`

i : xτ,iC –
`
C xC,i.

For the left hand side path, a careful calculation shows that this is sent to

⟪rpxτ,iB,jq
κJi
jPJi

, xτ,i, θ`
i s⟫|i|P|I| ‚ ⟪rpθ´

ijkq
κKij

kPKij
, xσ,i,j , xσ,i,jB s⟫π1

|i|P|I|,|j|P|Ji|

where π1 : n » n is the only bijection such that π1 ˝ κI,pJq,pKq “ π, where κI,pJq,pKq :
Ů

xi,jy Ki,j »
ř

iPI

ř

jPJi
|Kij | “ n arranges the triples pi, j, kq in lexicographic order.

Likewise, for the right hand side path, it is sent to

⟪rpxτ,iB,jq
κJi
jPJi

, xτ,i, θ`
i s⟫ω|i|P|I| ‚ ⟪rpθ´

ijkq
κKij

kPKij
, xσ,i,j , xσ,i,jB s⟫ω1

|xi,jy|P|\iPIJi|

where ω :
ř

iPI |Ji| »
ř

iPI |Ji| is obtained as κ\iJi ˝κ´1
I,pJq

– that is, it links the lexicographic

ordering of pairs pi, jq, and their ordering following their representations xi, jy P N. Likewise,
ω1 : n » n is the unique bijection such that ω1 ˝ κ\iJi,pKq “ π – that is, it is π where i, j, k
are ordered in the lexicographic order of the pairs xi, jy, k.

It is then routine to show that these two witnesses are equivalent, as required.

7.4.4. Preservation of Kleisli composition. Finally, we are equipped to show how }´} lifts
to the Kleisli bicategories. Recall that, for σ P Wisr!A,Bs, we have

}σ}! “ }σ}rR!
As P DistrSympG pAqq,G pBqs .

Thus, we may set:
pid!A “ pderA : }derA}! – iG pAq

for the natural isomorphism witnessing preservation of identity. Likewise, for σ P Wisr!A,Bs

and τ P Wisr!B,Cs, we set the natural iso witnessing preservation of composition as

pcomp!σ,τ : }τ d σ!}! “ }τ d σ!}rL!
As

pcompσ,τ
– p}τ} ‚ }σ!}qrL!

As

– }τ} ‚ }σ!}rL!
As

ppromσ
– }τ} ‚ rR!

Bsp}σ}rL!
Asq:

– }τ}rL!
Bs ‚ p}σ}rL!

Asq:

“ }τ}! ‚ }σ}
:

!

These definitions provide the necessary components for:

Theorem 7.14. This provides the data for a pseudofunctor

}´}! : Wis! Ñ Esp .

Proof. Naturality of pcomp!σ,τ in σ and τ is direct by composition of natural isos. The
coherence diagrams follow by diagram chasing, relying on Lemmas 7.11, 7.12 and 7.13.

7.5. Cartesian closed structure. We show the bicategory Wis! is cartesian closed, using
typical constructions in concurrent games, in sufficient detail to keep the paper self-contained.
For a precise definition of the structure of cartesian closed bicategories we refer to [Sav20].
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7.5.1. Cartesian products in Wis!. The empty board J, with κJpHq “ 1, is strict, and it
is direct that J is a terminal object in Wis!, since any negative strategy A $ J must be
empty. Now if A,B are strict, the product board A&B is defined as AbB, except that
all events of A are in conflict with events of B. This means that configurations of A&B are
either empty, or of the form t1u ˆ x for x P C pAq (written i1pxq) or t2u ˆ x for x P C pBq

(written i2pxq). For the payoff, we set κA&BpHq “ 1 and κA1&A2piipxqq “ κAipxq, making
A&B a strict arena. By strictness, we have an isomorphism

L&
A,B : G pA&Bq – G pAq ` G pBq : R&

A,B

which reflects the definition of binary products in Esp. The first projection πA P

Wisr!pA&Bq, As has ess ccA, with display map the map of ess characterized by

Bp cc xq “ pi1pxqqt0u $ x ,

with the second projection defined symmetrically. If σ P Wisr!Γ, As and τ P Wisr!Γ, Bs,
their pairing has ess σ & τ and display map the unique such that

Bpi1pxσqq “ xσ!Γ $ i1pxσAq P C p!Γ $ A&Bq ,

and likewise for Bpi2pxτ qq, yielding xσ, τy P Wisr!Γ, A & Bs. This extends to a functor
x´,´y : Wis!rΓ, As ˆ Wis!rΓ, Bs Ñ Wis!rΓ, A&Bs in a straightforward way.

Proposition 7.15. For any strict arenas Γ, A and B, there is an adjoint equivalence

Wis!rΓ, A&Bs » Wis!rΓ, As ˆ Wis!rΓ, Bs

pπAdp´q!,πBdp´q!q

x´,´y

providing the data to turn A&B into a cartesian product in the bicategorical sense.

Proof. To witness the equivalence, we need three natural isomorphisms

ησ : σ – xπ1 d σ!, π2 d σ!y , ϵiσ1,σ2 : πi d xσ1, σ2y! – σi

for σ P Wis!rΓ, A1 &A2s, σi P Wis!rΓ, Ais and i P t1, 2u.
We focus first on the former. Notice that for all xσ P C `pσq, if xσ is non-empty then as

σ is negative and the Ai are strict, the minimal event of xσ must occur in A1 or A2. We set

ησ : σ – xπ1 d σ!, π2 d σ!y
H ÞÑ H

xσ ÞÑ iip cc xσAi
d pxσqt0uq (if xσ ‰ H, Bpxσq “ xσΓ $ iipx

σ
Ai

q) ,

yielding a positive isomorphism, additionally natural in σ. For the co-unit, we set

ϵiσ1,σ2 : πi d xσ1, σ2y! – σi
cc xσiAi

d piipx
σiqqt0u ÞÑ xσi

again a positive isomorphism natural in σ1 and σ2. For the adjunction, we check that

πi d σ!
πidη

!
σ //

id ((

πi d xπ1 d σ!, π2 d σ!y

ϵi
π1dσ!,π2dσ!

��
πi d σ!

xσ1, σ2y
ηxσ1,σ2y//

id ))

xπ1 d xσ1, σ2y!, π2 d xσ1, σ2y!y

xϵ1σ1,σ2 ,ϵ
2
σ1,σ2

y

��
xσ1, σ2y

commute for all i “ 1, 2, σ P Wis!rΓ, A1 &A2s, σi P Wis!rΓ, Ais, which is direct.
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7.5.2. Closed structure in Wis!. Recall that the objects of Wis! are strict boards, and
observe that any strict board B is isomorphic to &iPIBi where the Bi are pointed, meaning
that they have exactly one minimal event. We first define a linear arrow for a ´-board A
and a pointed strict board B, by setting A⊸ B to be A $ B with a stricter dependency
order, so that all events in A causally depend on the unique minimal move in B.

This is generalized for any strict B as

A⊸ &iPIBi “ &iPIpA⊸ Biq

whose configurations have a convenient description:

Lemma 7.16. For any ´-board A, and strict board B, we have

p´ ⊸ ´q : C 0pAq ˆ C 0pBq – C 0pA⊸ Bq .

Proof. Straightforward, using crucially the fact that since B is strict, a configuration of null
payoff in B must be non-empty, so that the A component is always reachable.

Now for A,B strict, we define the arrow A ñ B as !A⊸ B. This is equipped with

evA,B P Wisr!pp!A⊸ Bq &Aq, Bs

an evaluation strategy consisting of the ess cc !A⊸B, and where the display map is

Bp cc pxiAqiPI⊸xB
q “ pi1ppxiAqiPI ⊸ xBqqtx0,0yu Z pi2pxiAqqx1,iyPΣt1uI $ xB

if xB ‰ H, and empty otherwise, with Z the union of families with disjoint index sets.
Likewise, the currying of σ P Wisr!pΓ &Aq, Bs is a strategy Λpσq with ess σ and display

BΛpσqpx
σq “ pxiΓqiPI $ pxjAqjPJ ⊸ xB

for xσ ‰ H, where Bσpxσq “ pi1pxiΓqqiPI Z pi2pxjAqqjPJ $ xB.
Altogether, this gives a functor Λ : Wis!rΓ &A,Bs Ñ Wis!rΓ, A ñ Bs.

Proposition 7.17. For any strict Γ, A and B, there is an adjoint equivalence

Wis!rΓ, A ñ Bs » Wis!rΓ &A,Bs

evA,Bdx´dπ!
Γ,πAy!

Λp´q

providing the data to turn A ñ B into an exponential object in the bicategorical sense.

Proof. To witness the equivalence, we need two natural isomorphisms

ησ : σ – ΛpevA,B d xσ d π!Γ, πAy!q , βτ : evA,B d xΛpτq d π!Γ, πAy! – τ

for σ P Wis!rΓ, A ñ Bs and τ P Wis!rΓ &A,Bs. For the former, we set

ησpxσq “ cc pxA,iqi⊸xB d ppi1pxσ d p cc xΓ,j qjPJqqx0,0y Z pi2p cc xA,iqqx1,iyq

where Bσpxσq “ pxΓ,jqjPJ $ pxA,iqiPI ⊸ xB. A careful check shows this is well-defined and

BΛpevA,Bdxσdπ!
Γ,πAy!qpησpxσqq “ pxΓ,jqxx0,0y,xj,0yy $ pxA,iqxx1,iy,0y ⊸ xB

which is clearly positively symmetric to Bσpxσq as required. Likewise, the expression

y “ cc pxA,iqi⊸xB d ppi1pxτ d p cc xΓ,j qjPJqqx0,0y Z pi2p cc xA,iqqx1,iy
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captures exactly all `-covered configurations of evA,B d xΛpτq d π!Γ, πAy!, displaying to

pi1pxΓ,jqqxx0,0y,xj,0yy Z pi2pxA,iqqxx1,iy,0y $ xB

for Bτ pxτ q “ pi1pxΓ,jqqjPJ Zpi2pxA,iqqiPI $ xB; we set βτ pyq “ xτ . Unfolding these definitions,
a careful calculation confirms that the triangle identities hold.

7.5.3. Cartesian closed structure in Esp. Here, we briefly review the cartesian closed struc-
ture of Esp. Firstly, we have J the empty groupoid, with an adjoint equivalence

EsprΓ,Js » 1

for 1 the category with one object (and one morphism). For binary products, given A and B
groupoids, we simply set their with as the disjoint sum A&B “ A`B; writing as in games
i1paq P A`B for a P A and i2pbq P A`B for b P B. For projections, we set distributors

π1 : SympA`Bqop ˆA Ñ Set
pxi1paqy, a1q ÞÑ Ara, a1s

π2 : SympA`Bqop ˆB Ñ Set
pxi2pbqy, b1q ÞÑ Brb, b1s

and for the pairing of α P DistrSympΓq, As and β P DistrSympΓq, Bs, we set

xα, βy : SympΓqop ˆ pA`Bq Ñ Set
pγ⃗, i1paqq ÞÑ αpγ⃗, aq

pγ⃗, i2pbqq ÞÑ βpγ⃗, bq

with obvious functorial action. We skip the details of the adjoint equivalence

EsprΓ, A&Bs » EsprΓ, As ˆ EsprΓ, Bs ,

which are straightforward and not required for the remainder of this paper.
Given groupoids A and B, the arrow is A ñ B “ SympAqop ˆB. For evaluation,

ev1
A,B : pSympA ñ Bq ˆ SympAqqop ˆB Ñ Set

ppxp⃗a, bqy, a⃗1q, b1q ÞÑ SympAqra⃗1, a⃗s ˆBrb, b1s

and empty otherwise, provides the core of the evaluation mechanism; but we need a distributor
in EsprSympAqop ˆB ` SympAq, Bs. For that, we set evA,B “ ev1

A,BrLsee
AñB,As, i.e.

evA,Bps⃗, aq “ ev1
A,BpLsee

AñB,Aps⃗q, bq

where Lsee
A,B : SympA`Bq » SympAq ˆ SympBq : Rsee

A,B is the Seely equivalence.

Finally, the currying of α P EsprΓ `A,Bs is defined by

Λpαq : SympΓqop ˆ pSympAqop ˆBq Ñ Set
pγ⃗, p⃗a, bqq ÞÑ αpRsee

Γ,Apγ⃗, a⃗q, bq

informing an adjoint equivalence EsprΓ, A ñ Bs » EsprΓ `A,Bs as in Proposition 7.17.
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7.6. A cartesian closed pseudofunctor. We first show that the pseudofunctor }´}! :
Wis! Ñ Esp preserves the cartesian structure. The key observation is that:

Lemma 7.18. Consider A,B two mixed boards. Then, the distributor

x}πA}!, }πB}!y P EsprG pA&Bq,G pAq ` G pBqs

is naturally isomorphic to zL&
A,B.

This is a straightforward variation on the proof that }´} preserves the identity. From
this, we obtain that the pseudofunctor }´}! preserves products:

Proposition 7.19. The pseudofunctor }´}! is a fp-pseudofunctor in the sense of [FS19].

Proof. The terminal object is preserved in a strict sense, since G pJq is empty. For preservation
of binary products, we must provide the missing components for an adjoint equivalence

G pA&Bq

x}πA}!,}πB}!y

,,
» G pAq ` G pBq

q&A,B

ll

in Esp. But the iso L&
A,B : G pA&Bq – G pAq ` G pBq : R&

A,B lifts to an adjoint equivalence

zL&
A,B : G pA&Bq » G pAq ` G pBq : zR&

A,B

in Esp; so providing q&A,B “
zR&
A,B, we conclude via Lemma 7.18.

Finally, it remains to prove that the cartesian closed structure is preserved as well.
Observe that if A and B are ´-boards with B strict, then we have an adjoint equivalence

Lñ
A,B : G pA ñ Bq » SympG pAqqop ˆ G pBq : Rñ

A,B

using first Lemma 7.16 as since B is strict, its complete configurations are non-empty; and
observing that this decomposition also holds for symmetries; followed by Proposition 7.4.

Now, as for binary products, our key observation is the following:

Lemma 7.20. Consider A and B two ´-boards, with B strict. Then, the distributor

Λp}evA,B}! ‚! q
&
AñB,Aq P EsprG pA ñ Bq,SympG pAqqop ˆ G pBqs

is naturally isomorphic to zLñ
A,B.

Proof. Unfolding the definitions on both sides, this boils down to a natural isomorphism

}evA,B}ppi1ppxA,iqiPI ⊸ xBqq0 Z pi2pyA,jqqjPn, yBq

– SympG pAqqrxyA,jyjPn, xxA,iy|i|P|I|s ˆ G pBqrxB, yBs

which again is a variation on the preservation of the identity by }´}.

We may now use this to conclude:

Proposition 7.21. The pseudofunctor }´}! is a cc-pseudofunctor in the sense of [FS19].
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Proof. We must provide the missing components for an adjoint equivalence

G pA ñ Bq

Λp}evA,B}!‚!q
&
AñB,Aq

,,
» G pAq ` G pBq

qñ
A,B

ll

in Esp. But the equivalence Lñ
A,B : G pA ñ Bq » SympG pAqqop ˆ G pBq : Rñ

A,B lifts to

zLñ
A,B : G pA ñ Bq » SympG pAqqop ˆ G pBq : zRñ

A,B

in Esp; so providing qñ
A,B “ zRñ

A,B, we conclude via Lemma 7.20.

Altogether this completes the proof of our main theorem:

Theorem 7.22. We have a cartesian closed pseudofunctor }´}! : Wis! Ñ Esp.

Note. We have constructed a cartesian closed pseudofunctor directly, without leveraging
the preservation of symmetric monoidal structure established in earlier sections. Although
the cartesian closed structure is related to the monoidal structure via Seely isomorphisms,
the theory of bicategorical models of linear logic, and a fortiori functors between models, is
still under-developed, and a direct approach seemed more achievable. This is an important
aspect of this work which deserves further investigation.

8. Some consequences for the λ-calculus

Finally, for the last technical section of this paper, we illustrate this pseudofunctor by
relating a dynamic and a static model of the pure (untyped) λ-calculus.

8.1. Two models of the pure λ-calculus.

8.1.1. A reflexive object in Wis!. Our bicategory of games contains a universal arena U
with an isomorphism of arenas

unfU : U – U ñ U : fldU

making U an extensional reflexive object [Bar85]. Concretely, U is constructed corecursively
as the solution of the following ‘domain-like equation’: U “ bN!U ⊸ o, where o is the arena
with one negative move ˚, κopHq “ 1 and κopt˚uq “ 0.

Following the interpretation of the λ-calculus in a reflexive object, we have, for every
closed λ-term M , a strategy JMK : U. This strategy has a clear interpretation: it is a
representation of the Nakajima tree of M (see e.g. [KNO02,CP18]).
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Types:

D Q a ::“ ˚ | xa1, . . . , aky ⊸ a

Proof-relevant subtyping:

id˚ : ˚ Ñ ˚

f⃗σ : b⃗ Ñ a⃗ f : a Ñ b

f⃗σ ⊸ f : p⃗a⊸ aq Ñ p⃗b⊸ bq

σ P Sk f1 : aσ1 Ñ b1 ¨ ¨ ¨ fk : aσk Ñ bk

xf1, . . . , fkyσ : xa1, . . . , aky Ñ xb1, . . . , bky

Figure 4: Graph of intersection types G.

8.1.2. The Pure λ-Calculus in Esp. Likewise, one can construct models of the λ-calculus
in Esp [FGHW08,Oli21,KMO23]. A categorified graph model [KMO23] consists of a small
category D together with an embedding

ι : SympDqop ˆ D ãÑ D .

We adopt a type-theoretic understanding of these models, setting a⃗ ⊸ a :“ ιp⃗a, aq.
The main intuition is that elements of D are types, where the arrow type is built exploiting
sequences of types. These sequences correspond to a notion of k-ary intersection types [Oli21],
by setting pa1 X ¨ ¨ ¨ Xakq :“ xa1, . . . , aky. The free categorified graph model can be presented
syntactically as the category generated by the graph in Figure 4. Composition and identities
are defined by induction in the natural way, exploiting the definition of composition of
morphisms of sequences induced by Symp´q. We shall now complete D in an appropriate
way, producing an extensional model that we will then relate to the universal arena U.

8.2. Constructing an extensional model D˚. The extensional model D˚ is defined
as an appropriate completion of D, where we add chosen isomorphisms between types
in a coherent way. This construction can be defined in abstract categorical terms as an
appropriate pseudocolimit (a coisoinserter), but in the present paper we will just give its
explicit syntactic presentation. The following construction is a particular case of completion
of partial algebras for categorified graph models, in the sense of [KMO23].

We start by adding the following two arrows to the graph of intersection types G :

e : ˚ Ñ xy ⊸ ˚ e´1 : xy ⊸ ˚ Ñ ˚

resulting in a graph G˚. We now want to obtain a category from G˚. Identities are the same
as D. Composition is inherited from the composition of D, by adding the following cases:

e ˝ id˚ “ e idxy⊸˚ ˝ e´1 “ e´1 e ˝ e´1 “ idxy⊸˚ e´1 ˝ e “ id˚.

The category D˚ is a categorified graph model:

ι˚ : SympD˚qop ˆ D˚ ãÑ D˚ p⃗a, aq ÞÑ a⃗⊸ a
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Theorem 8.1 [KMO23]. The functor ι˚ is fully faithful and essentially surjective on objects.

Morphism actions and congruence on type derivations. We now explain how the
interpretation of λ-terms in Esp can be presented exploiting intersection types.

The intuition is that the semantics of a term will compute all its terminating executions in
face of a given environment. These executions can be encoded by the means of an intersection
type system. Given a P D, JMKDEsppaq will appear (up to a canonical isomorphism) as the
set of derivations of the judgement $ M : a in the type system. The construction of this
system reflects the corresponding operations on distributors: in particular derivations carry
explicit symmetries, JMKDEsppaq is really the set of derivations quotiented by an equivalence
relation letting symmetries flow though the concrete derivation.

Let D be a categorified graph model. A type declaration over D consists of a pair
x : a⃗ where x is a variable of the λ-calculus and a⃗ P SympDq. A type context consists of
a sequence of type declarations x1 : a⃗1, . . . , xn : a⃗n. Type contexts are denoted with greek

letters γ, δ . . . . Given two type contexts γ “ x1 : a⃗1, . . . , xn : a⃗n and δ “ x1 : b⃗1, . . . , xn : b⃗n
we define their pointwise concatenation as γ b δ “ x1 : a⃗1 :: b⃗1, . . . , xn : a⃗n :: b⃗n where a⃗i :: b⃗i
denotes list concatenation. A morphism of type contexts η : γ Ñ δ consist of a family of

morphisms f⃗σii : a⃗i Ñ b⃗i for i P rns. Morphisms of type contexts are denoted with greek
letters η, θ . . . The definition of the type system is given in Figure 5.

Given a type derivation π of conclusion γ $ M : a and type morphisms θ : δ Ñ γ and
f : a Ñ b we define contravariant and covariant actions on derivations:

πtθu
...

δ $ M : a

rf sπ
...

γ $ M : b

The explicit definitions are given, respectively, in Figures 6 and 7. By a straightforward
induction, one can prove that both actions are compositional and unital in the appropriate
way, that is pπtθuqtθ1u “ πtθ ˝ θ1u, πtidu “ π and rgsprf sπq “ rg ˝ f sπ, ridsπ “ π.

By the means of these morphism actions, we define an equivalence relation on type
derivations, as the smallest equivalence relation generated by the rules of Figure 8 and that
is compatible with the structure of type derivations. This equivalence corresponds to the
one induced by an appropriate coend formula: namely, the coend formula that derives from
the categorified graph model interpretations of application and λ-abstraction in Esp.

Intersection type distributors. We are now ready to introduce the syntactic presentation
of the categorified graph model semantics, namely intersection type distributors.

Given a λ-term M and a categorified graph model D, with x⃗ Ě fvpMq, we define

ITDDpMqx⃗ : pSympDq

|x⃗| times
hkkikkj

b ¨ ¨ ¨ bSympDqqop ˆ D Ñ Set

the intersection type distributor of M , by the following family of sets:

ITDDpMqx1,...,xn p⃗a1, . . . , a⃗n; aq “

# π
...

x1 : a⃗1, . . . , xn : a⃗n $ M : a

+

{ „ .



12:50 P. Clairambault, F. Olimpieri, and H. Paquet Vol. 21:4

f : a1 Ñ a

x1 : xy, . . . , xi : xa1y, . . . , xn : xy $ xi : a

γ, x : a⃗ $ M : a f : p⃗a⊸ aq Ñ b

γ $ λx.M : b

γ0 $ M : xa1, . . . , aky ⊸ a pγi $ N : aiq
k
i“1 η : δ Ñ

Âk
i“1 γi

δ $ MN : a

Figure 5: Intersection type system over a graph model D.

˜

f : a1 Ñ a

xy, . . . , xa1y, . . . , xy $ a

¸

tg : b Ñ a1u “
f ˝ g

xy, . . . , xby, . . . , xy $ a

¨

˚

˚

˝

π
...

δ, a⃗ $ a f : p⃗a⊸ aq Ñ b

δ $ b

˛

‹

‹

‚

tηu “

πtη, ida⃗u
...

δ1, a⃗ $ a f : p⃗a⊸ aq Ñ b

δ1 $ a⃗⊸ a

¨

˚

˚

˝

π1
...

γ0 $ a⃗⊸ a

˜ πi
...

γi $ ai

¸k

i“1 θ : δ Ñ
Âk

j“0 γj

δ $ a

˛

‹

‹

‚

tηu “

π1
...

γ0 $ a⃗⊸ a

˜ πi
...

γi $ ai

¸k

i“1 θ ˝ η

δ1 $ a

where a⃗ “ xa1, . . . , aky and η : δ1 Ñ δ.

Figure 6: Right action on derivations.

Stating the connection between the intersection type distributor of a term and its species
of structure semantics requires the Seely equivalence for contexts:

Lsee
x⃗ : SympD

|x⃗| times
hkkikkj

` . . .`Dq » SympDq

|x⃗| times
hkkikkj

ˆ . . .ˆSympDq : Rsee
x⃗ .

Theorem 8.2 [KMO23]. Let M be a λ-term, x⃗ Ě fvpMq and D a categorified graph model.
Then, we have an isomorphism, natural in δ and a:

ITDpMqx⃗pδ, aq – JMKDEsppRsee
x⃗ pδq, aq .

8.3. Relating the Interpretations. We first relate the reflexive objects.

Theorem 8.3. We have an adjoint equivalence of groupoids: LU : G pUq » D˚ : RU.

Proof. First, G pUq is isomorphic to that presented via the grammar in Figure 9. Indeed,

G pUq “ G pbN!U ⊸ oq – G pbN!Uq ˆ G poq
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rg : a Ñ bs

˜

f : a1 Ñ a

xy, . . . , xa1y, . . . , xy $ a

¸

“
g ˝ f : a1 Ñ b

xy, . . . , xa1y, . . . , xy $ b

rg : a1 Ñ bs

¨

˚

˚

˝

π
...

δ, a⃗ $ a f : p⃗a⊸ aq Ñ a1

δ $ a

˛

‹

‹

‚

“

π
...

δ, a⃗ $ a g ˝ f : p⃗a⊸ aq Ñ b

δ $ b

rg : a Ñ bs

¨

˚

˚

˝

π0
...

γ0 $ a⃗⊸ a

˜ πi
...

γi $ ai

¸k

i“1 η : δ Ñ
Âk

j“0 Γj

δ $ a

˛

‹

‹

‚

“

rida⃗ ⊸ gsπ0
...

γ0 $ a⃗⊸ b

˜ πi
...

γi $ ai

¸k

i“1 η

∆ $ b

where a⃗ “ xa1, . . . , aky.

Figure 7: Left action on derivations.

π0
...

γ0 $ b⃗⊸ a

¨

˝

rfisπσpiq
...

γσpiq $ bi

˛

‚

k

i“1
pidγ0 b σ‹q ˝ η

δ $ a
„

rf⃗ σ ⊸ idasπ0
...

γ0 $ a⃗⊸ a

˜ πi
...

γi $ ai

¸k

i“1 η

δ $ a

π0tθ0u
...

γ0 $ a⃗⊸ a

¨

˝

πitθiu
...

γi $ ai

˛

‚

k

i“1 η : δ Ñ
Âk

j“0 γj

δ $ a
„

π0
...

γ1
0 $ a⃗⊸ a

˜ πi
...

γ1
i $ ai

¸k

i“1 p
Âk

j“0 θjq ˝ η

δ $ a

rgsπtidδ, g⃗
σu

...
δ, a⃗1 $ a1 f : p⃗a⊸ aq Ñ b

δ $ b
„

π
...

δ, a⃗ $ a f ˝ pg⃗ σ ⊸ gq : p⃗a1 ⊸ a1q Ñ b

δ $ b

where xf1, . . . , fkyσ : a⃗ “ xa1, . . . , aky Ñ b⃗ “ xb1, . . . , bky, g⃗ σ : a⃗1 Ñ a⃗, g : a Ñ a1 and θi : γi Ñ γ1
i.

σ‹ denotes the canonical morphism σ‹ :
Âk

i Γi Ñ
Âk

i“1 Γσpiq for a permutation σ.

Figure 8: Congruence on derivations.

where G poq “ tHu. Likewise, (the obvious infinitary generalization of) (7.2) informs
a bijection between G pbN!Uq and the sequences

ś

nPω G p!Uq which are empty almost
everywhere – those may be represented uniquely as sequence px1, . . . , xnq where xi P G p!Uq

and x1 is non-empty, removing the heading infinite stream of empty configurations. Finally,
G p!Uq is in bijection with families pxiqiPI for I Ďf N, as outlined in the proof of Proposition
7.4. From these observations, the claimed bijection is direct and extends to symmetries.
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Objects:

G pUq Q v ::“ pv̄1, . . . , v̄kq ⊸ ˚ pv̄1 non-empty.q

v̄ ::“ pviqiPIĎfN

Morphisms:

θi : v̄i – v̄1
i

pθ1, . . . , θnq ⊸ ˚ : pv̄1, . . . , v̄nq ⊸ ˚ Ñ pv̄1
1, . . . , v̄

1
nq ⊸ ˚

π : I – I 1 θi : vi Ñ vπi

pθiq
π
iPI : pviqiPI Ñ pv1

jqjPI 1

Figure 9: Groupoid G pUq associated to the reflexive object U.

G pUq D˚

G pU ñ Uq SympD˚qop ˆ D˚

SympG pUqqop ˆ G pUq

LU

G punfUq unfD˚

Lñ
U,U SympLUqopˆLU

Figure 10: Compatibility with unfoldings

Hence, we treat Figure 9 as a syntactic presentation of G pUq. Armed with this, we may
now define the components of the desired equivalence simply by induction, with:

LUppv̄1, . . . , v̄kq ⊸ ˚q “ LUpv̄1q ⊸ . . .⊸ LUpv̄kq ⊸ ˚

LUppviqiPIq “ xLUpvi1q, . . . , LUpvinqy (where I “ ti1 ă . . . ă inu)

RUpxy ⊸ aq “ RUpaq

RUp⃗a1 ⊸ . . .⊸ a⃗n ⊸ ˚q “ pRUp⃗a1q, . . . , RUp⃗anqq ⊸ ˚ (⃗a1 non-empty)
RUpxa1, . . . , anyq “ pRUpaiqq1ďiďn

which easily extends to an equivalence as claimed.

Additionally, this equivalence is compatible with unfoldings in the sense that the diagram
of Figure 10 commutes, and compatible with folding in the same way.

Using our Theorem 7.22, it follows that:

Theorem 8.4. For any closed term M , we have a natural iso

JMKD
˚

Esp – }JMKUWis!
}! ˝RU



Vol. 21:4 FROM THIN CONCURRENT GAMES TO GENERALIZED SPECIES OF STRUCTURES 12:53

This shows that, for a P D˚, the set JMKD˚

Esppaq described in Theorem 8.2 as a set of
derivations up to congruence may be equivalently described, up to canonical isomorphism, as

tpx, θ`q | x P C `pJMKUWis!
q, θ` : Bpxq –

`
U RUpaqu .

In other words, the interpretation of pure λ-terms as species computes the set of `-
covered configurations equipped with a positive symmetry. Interestingly, this set is constructed
without quotient, and thus provides canonical representatives for the equivalence classes
of derivations. We now include a detailed example illustrating this by examining the
interpretation of a simple λ-term in both models.

Example 8.5. Take the λ-term M “ xx. We shall compute its species interpretation on
appropriate points and then compare it to its concurrent game semantics.

The species interpretation of xx consists of a distributor

JxxKD
˚

Espp´; ´q : SympD˚qop ˆ D˚ Ñ Set

We evaluate the functor on JxxKD˚

Esppxx˚, ˚y ⊸ ˚, ˚, ˚y; ˚q. To compute an element of this
set, we shall exploit the type theoretic presentation of the semantics. Following Figure 5, an
element of JxxKD˚

Esppxx˚, ˚y ⊸ ˚, ˚, ˚y; ˚q can be defined by the following derivation scheme:

f : c0 Ñ pxb1, b2y ⊸ ˚q

x : xc0y $ x : xb1, b2y ⊸ ˚

g1 : c1 Ñ b1

x : xc1y $ x : b1

g2 : c2 Ñ b2

x : xc2y $ x : b2 η

x : xx˚, ˚y ⊸ ˚, ˚, ˚y $ xx : ˚

written πf,g1,g2η , where η “ pf0, f1, f2q : px˚, ˚y ⊸ ˚, ˚, ˚q Ñ pc0, c1, c2q. as a consequence of
Theorem 8.1, we have c0 “ xa1, a2y ⊸ a and f “ xf1, f2yτ ⊸ g with f1 : bτi Ñ ai, g : a Ñ ˚.

Then, by the congruence on derivations induced by the coend formula, we have that

πf,g1,g2η „

idxb1,b2y⊸˚

x : xxb1, b2y ⊸ ˚y $ x : xb1, b2y ⊸ ˚

idb1

x : xb1y $ x : b1

idb2

x : xb2y $ x : b2 pf, g1, g2q ˝ η

x : xx˚, ˚y ⊸ ˚, ˚, ˚y $ xx : ˚

Hence, we can restrict to the derivation scheme:

idxb1,b2y⊸˚

x : xxb1, b2y ⊸ ˚y $ x : xb1, b2y ⊸ ˚

idb1

x : xb1y $ x : b1

idb2

x : xb2y $ x : b2 θ

x : xx˚, ˚y ⊸ ˚, ˚, ˚y $ xx : ˚ (8.1)

where θ “ xh0, h1, h2yσ, where the permutation σ is either the identity or the swap between
the two occurrences of ˚. Actually, one can prove that there are just two different equivalence
classes of derivations in JxxKD˚

Esppxx˚, ˚y ⊸ ˚, ˚, ˚y; ˚q. These correspond precisely to the
choice of either the identity or the swap permutation in the following restricted schema:

idx˚,˚y⊸˚

x : xx˚, ˚y ⊸ ˚y $ x : x˚, ˚y ⊸ ˚

id˚

x : x˚y $ x : ˚

id˚

x : x˚y $ x : ˚ θ

x : xx˚, ˚y ⊸ ˚, ˚, ˚y $ xx : ˚ (8.2)
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where now θ “ xh0, h1, h2yσ with hi being the appropriate identity morphism. This happens
because for any isomorphism b1 – ˚, b2 – ˚, we can prove that 8.1 and 8.2 are equivalent by
the rules of congruence (Figure 8).

Now, let us consider the game semantics side of things. As xx has just one free
variable, JxxKWis! is a strategy on !U $ U. For our example, the useful unfolding of
that is !pbN!U ⊸ oq $ U – and following the equivalence of Theorem 8.3, the point
pxx˚, ˚y ⊸ ˚, ˚, ˚y; ˚q corresponds to the configuration in the diagram below:

!pbN!U ⊸ oq $ U

qq0 q1 q2

q0 q1

where the numbers in index are the copy indices, corresponding to the distinct copies
generated by the exponential modality – x is called three times, and one of these calls its
argument twice; the copy indices simply follow the rank in the sequence representation in
D˚. Now, the configurations of JxxKWis! whose display is symmetric to the above turn out
to be those of the form

q

qx0,0y

qi qj

qx1,xi,0yy qx1,xj,0yy

for arbitrary i, j P N. If we insist that the display is positively symmetric to the configuration
above, then this fixes i “ 0 and j “ 1, so that there is only one such configuration of
JxxKWis! . Any finally, there are exactly two positive symmetries

qx0,0y qx1,x0,0yy qx1,x1,0yy q

q0 q1

–
`
!U$U

q0 q1 q2 q

q0 q1

as the only degree of freedom is whether or not to swap the two standalone positive qs.
Hence, we recover the same number of witnesses as in generalized species of structure; though
as the reader can observe, the reasoning and the objects of study are very different.

Finally, in what follows, we show how our cartesian closed pseudofunctor allows us to
transfer results from game semantics to generalized species. It is known that the game
semantics of the λ-calculus captures the maximal sensible λ-theory H˚, because strategies
coincide with the corresponding normal forms, Nakajima trees – this was first shown in
traditional game semantics by Ker et al. [KNO02], and adapted to concurrent games
(additionally with probabilistic choice) – in [CP18]. Using Theorem 8.4, we can deduce
a result on the λ-theory induced by D˚. Given a model D of λ-calculus in an arbitrary
bicategory, the theory induced by D is the λ-theory induced by the relation on λ-terms:

tpM,Nq | M,N P Λ s.t. JMKD – JNKD.u.
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The correspondence established in this paper allows us to derive the following new result:

Corollary 8.6. The theory of D˚ is H˚.

Proof. Consider two λ-terms M and N . If M ”H˚ N , then JMKUWis!
– JNKUWis!

and by

Theorem 8.4, JMKD˚

Esp – JNKD˚

Esp.

Reciprocally, isomorphisms in Esp form a sensible λ-theory (see [KMO23], Corollary
6.14). As H˚ is the greatest sensible λ-theory, it must include isomorphisms in Esp.

This is a simple application, but recent work suggests that there is much to explore in
the bicategorical semantics of the λ-calculus [KMO23].

9. Conclusion

In this paper, we have mapped out the links between thin concurrent games and generalized
species of structures, two bicategorical models of linear logic and programming languages.
By giving a proof-relevant and bicategorical extension of the relationship between dynamic
and static models, we have established the new state of the art in this line of work.

This bridges previously disconnected semantic realms. In the past, such bridges have
proved fruitful for transporting results between dynamic and static semantics ([CCPW18,
CdV20,CP18]). This opens up many perspectives: bicategorical models are a very active
field, and several recent developments may be re-examined in light of this connection
([Oli21,TAO18,CdV20]).

Moreover, this work exposes fundamental phenomena regarding symmetries in quantita-
tive semantics. Symmetries lie at the heart of both thin concurrent games and generalized
species, but they are treated completely differently: in Esp, witnesses referring to multiple
copies of a resource are closed under the action of all symmetries (“saturated”), whereas
TCG relies on a mechanism for choreographing a choice of copy indices, providing an address
for individual resources (“thin”). This distinction is also at the forefront of a recent line
of work on thin spans of groupoids [CF23,CF24], which shares with game semantics this
handling of symmetry, without the the combinatorial details of event structures.
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[Mel19] Paul-André Melliès. Template games and differential linear logic. In LICS, pages 1–13. IEEE,

2019.
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