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ABSTRACT. Labelled tableaux have been a traditional approach to define satisfiability
checking procedures for Modal Logics. In many cases, they can also be used to obtain tight
complexity bounds and lead to efficient implementations of reasoning tools. More recently,
it has been shown that the expressive power provided by the operators characterizing
Hybrid Logics (nominals and satisfiability modalities) can be used to internalize labels,
leading to well-behaved inference procedures for fairly expressive logics. The resulting
procedures are attractive because they do not use external mechanisms outside the language
of the logic at hand, and have good logical and computational properties.

Many tableau systems based on Hybrid Logic have been investigated, with more recent
efforts concentrating on Modal Logics that support data comparison operators. Here, we
introduce an internalized tableau calculus for XPath, arguably one of the most prominent
approaches for querying semistructured data. More precisely, we define data-aware tableaux
for XPath featuring data comparison operators and enriched with nominals and the
satisfiability modalities from Hybrid Logic. We prove that the calculus is sound, complete
and terminating. Moreover, we show that tableaux can be explored in polynomial space,
therefore establishing that the satisfiability problem for the logic is PSPACE-complete.
Finally, we explore different extensions of the calculus, in particular how to handle data
trees and other frame classes.

1. INTRODUCTION

In many data-centric applications —such as those handling large volumes of web or medical
information— explicit reasoning about both structure and content is essential. Classical
relational databases often fall short in expressiveness for such use cases, leading to the
development of semi-structured data models, typically based on labeled trees or graphs [Bun97,
ABS99|. A prominent example of such semi-structured data models is XML (eXtensible
Markup Language), which encodes structural information via labels from a finite alphabet,
and data content using values drawn from an infinite domain. XML documents are commonly
queried using XPath, a standard language widely used in tools like XSLT [Cla99] and
XQuery |[RCDS14].

XPath is, fundamentally, a general purpose language for addressing, searching, and
matching pieces of an XML document. It is an open standard World Wide Web Consortium
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(W3C) Recommendation [CD99|. Core-XPath, the fragment of XPath 1.0 that captures
its navigational capabilities [GKPO05|, can express structural properties (e.g., tag names,
tree traversal), but not conditions involving the actual data values. Logically, Core-XPath
corresponds to a classical modal logic [BARV01, BvB06], and its satisfiability problem is
decidable, even under DTD constraints [Mar04, BFGO08]. Its expressive power has been
precisely characterized: it is equivalent to two-variable first-order logic (FO?) on trees [MdRO5]
and it is strictly less expressive than PDL with converse [BK09]. Sound and complete
axiomatizations are available in [CM09, CLM10).

However, Core-XPath’s inability to compare data values across nodes limits its applica-
bility, notably preventing the expression of joins —an essential construct in query languages.
To address this, the logic XPathp (also known as Core-Data-XPath [BMSS09]) extends
Core-XPath with data-aware features, allowing for expressions such as (o =¢ ) or («a #c ),
where o and [ are path expressions navigating the XML tree via axes like child, descendant,
or sibling. Such expressions enable comparisons of data values for c in nodes reachable via
different paths, allowing for significantly richer queries.

By way of example, an expression of the form (o =c ) is true at a node z in a data
tree if there exist two nodes reachable from z via o« and [ paths respectively, such that
the data values for c of y and z are equal. This situation is illustrated in Fig. 1 depicting
how the expression “there is a one-step descendant via e and a two-steps descendant via e
with the same data value for price” (written (e =price €e)) holds at x, given the presence of u
and z. The expression “there are two two-steps descendant with different data value for price”
(written (ee #price €€)) is also true at x, because v and w have different data for price.

Ox
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€ z

[price:$10} [price:$10} [price:$20}

u v w

FIGURE 1. An example of a data tree.

The language of XPathp allows us to compare data values at the end of a path, by
equality or inequality. However, it does not grant access to the concrete data value of nodes.
This makes it possible to work with an abstraction of data trees: instead of having concrete
data values in each node, we have an equivalence relation between nodes linking nodes with
the same value. In the data tree from Fig. 1, the relation consists of four equivalence classes:
{u,v,z}, {w}, {=} and {y}. This approach treats uniformly nodes with unique data values of
a certain type and nodes where data of that type is undefined (see [ACDF23| for a treatment
of incomplete information).

Recent articles investigate XPathp from a modal logic perspective. For example, the
complexity of the satisfiability and evaluation problems of different fragments are discussed
in [Figl0, FS11, Figl2, Figl3], while model theory and expressivity are studied in [ADF14,
FFA14, FFA15, ADF17, ABFF16, GA21].
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In this article, we will focus on reasoning methods for XPathp. In this line of work, a
Gentzen-style sequent calculus is given for a very restricted fragment of XPathp, named
DataGL, in [BLS16]. In DataGL, data comparisons are allowed only between the evaluation
point and its successors. An extension of the equational axiomatic system from [CLM10]
is introduced in [ADFF17| that is proved sound and complete for XPathp. This extension
allows downward navigation and equality/inequality tests. More recently, [AF16, AF21]
provide an axiomatization for this logic, extended with upward navigation, and with nominals
and satisfiability modalities from Hybrid Logic [AtC06]. As argued in, e.g., [Bra07|, features
from Hybrid Logic can be effectively leveraged in the design of proof methods for modal
logics. In [AFS17], we introduced sound and complete tableau calculus for hybrid XPathp.

Contributions. In this article we start by introducing a sound, complete and terminating
tableau calculus for XPathp with downward navigation, where node expressions are extended
with nominals (special labels that are true in only one node), and path expressions are
extended with the satisfiability modality (allowing the navigation to some particular named
node), over the class of all data-graphs. We call this logic HXPathp.

Taking inspiration from [BB07|, we use the hybrid logic operators to provide internalized
tableau rules, which we prove are sound and complete for HXPathp. The main intuition
is that nominals and satisfiability modalities can be used in tableaux to keep track of the
evaluation of an expression during an attempt to build a model. This enables us to define
tableaux without any help of external features, like labels or relational annotations, as
they can be internalized into the language of HXPathp. Crucially, we show how the hybrid
machinery can also be used to help with data comparisons. We show that the tableau calculus
can be ran in polynomial space, without compromising completeness, establishing in this
way that the satisfiability problem for HXPathp is PSPACE-complete.

We then extend our tableaux to handle different structures. First, we show how to
enforce certain reachability conditions over the accessibility relations. With this at hand,
we provide a method to check satisfiability of HXPathp over the class of data trees, and
show that the complexity of the satisfiability problem remains in PSPACE. Then, we extend
the calculus with so-called pure axioms and node creating rules. These two extensions can
be used to characterize many other model classes, and introduce new operators. We show
that soundness and completeness of the resulting tableau calculi follow automatically (even
though termination can be compromised).

This work is an extension of [AFS17] and improves on it in several ways. Most importantly
we provide details on the termination argument, which was only sketched in the previous
article, and show that the PSPACE upper bound holds also for trees. To this end, we
start by introducing changes to the language that simplify proofs. Concretely, we extend
the base language with primitive expressions of the form (a)p. This enables us to obtain
internalized tableaux, and consequently to prove termination in a simpler way. Second, we
reduce the number of rules by exploring only the left side in a data comparison and adding a
commutativity rule. Finally, the current presentation includes a detailed algorithm suitable
for implementation.

The contributions in this article serve as a starting point for research and mechanization
of other data-aware logics. For example our approach can be use to investigate the logical
properties of languages like GQL [FGGT23a, FGGT23b|] and SHACL [Ort23, AOOS23]|,
Modal Logics with Concrete Domains (see, e.g., [DQ21]), and to study connections with
Register Automata (see, e.g., [KF94|).
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Organization. Section 2 introduces the syntax and semantics of HXPathp. Section 3 deals
with a tableau calculus for HXPathp, and with examples of how to build tableaux for concrete
expressions. This section also shows the calculus is sound and complete with respect to
the class of all data models. Section 4 deals with the proof of termination of the calculus,
whereas Section 5 shows that the satisfiability problem for HXPathp is PSPACE-complete.
Section 6 extends the calculus to work over the class of forest and tree models, and discusses
completeness and complexity, showing that the complexity of the satisfiability problem over
these classes remains PSPACE-complete. Section 7 introduces extensions of the calculus with
pure axioms and node creating rules. These new rules permits the characterization of new
classes of models and the definition of new operators. we argue that the resulting tableau
calculi remain sound and complete (but termination might be compromised). Section 8
includes final remarks and discusses future lines of research.

2. PRELIMINARIES

We begin by introducing the syntax and the semantics of HXPathp. We assume a fixed
signature of pairwise disjoint sets: Prop = {p,q,r,...} of propositional symbols, Nom =
{i,7,k, ...} of nominals, Rel = {a,b,c,...} of symbols for accessibility relations, and Eq =
{e,f,g,...} of comparisons by data (in)equality. We further assume that Prop and Nom are
countably infinite, and that Rel and Eq are finite.

Definition 2.1. The language of HXPathp consists of path expressions «, 3, v, ..., and
node expressions ¢, ¥, x, .... Path and node expressions are defined by mutual recursion
according to the grammar:

a,B:=al@|p?|af|aU
o u=pli| oA |ip](a)e|{a=.p) | (a#h),
where p € Prop, ¢ € Nom, a € Rel, and e € Eq. By way of notation, we use A, when there is

no need to distinguish between =, and #.. We sometimes refer to node expressions of the
form i:p, (Q;a Ae @;3), or 7(Q; Ae @;[3), as prefived expressions.

In the syntax above we find nominals and satisfiability statements. The latter come in
two flavours: as path expressions of the form @;«a, and as node expressions of the form é:p.
The modal diamond (a)¢ is included as primitive (as we will see, this has a positive impact
in the definition of tableaux in Section 3). Notice that we are in a multi-modal system,
as we have one modal diamond for each a € Rel. We also allow for different (in)equality
comparisons, one for each e € Eq. Finally, we make use the following abbreviations for node
expressions:

PP =0V o =(@2>P) AW ) eV i=(mp A )
(a)p = (ap? = ap?) [ = ~{a)~e [ Ae f] = =(a Ve ).
The symbol ¥, above is #. if Ae is =¢, and is =, if A is ..
The semantics of path and node expressions is given with respect to hybrid data models.
Definition 2.2. A (hybrid data) model is a tuple 9 = (N, {Ra}acRel, {~e}ecEq, V, nOM)
where:

(1) N is a non-empty set of elements called nodes,
(2) each Ry € N x N is a binary accessibility relation,
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(3) each ~¢ C N x N is an equivalence relation,
(4) V : Prop — 2% is a valuation function, and
(5) nom : Nom — N is a naming function.

In brief, the models of HXPathp can be understood as the typical models of Hybrid
Modal Logic, see, e.g., [AtC06], augmented with a collection of equivalence relations intended
to capture equality criteria between data values in nodes. The satisfiability relation is defined
below. Notice how satisfiability of a path expression on a model is relative to two nodes (as it
describes the accessibility from one to the other), whereas satisfiability of a node expression
is at a particular node (stating truth at that node).

Precisely, the path expression a can be understood as traversing an edge labelled by a
in the graph. In turn, @Q; can be understood as a “go to” statement, i.e., jump to the node
named by the nominal ¢. Then, ¢7? can be understood as a “test on the truth of ¢”. Finally,
af can be understood as the “concatenation” of v and 5, and aU 3 as the “non-deterministic
choice” between « and 3. The intuitive semantics of the node expressions of the form p,
i, 7o, @ A, i:p, and (a)p are the same as in Hybrid Modal Logic (see, e.g., [AtCO06] for
details). Specifically, i:p can be understood as “¢ is true at the node named by ”, while
(a)p is read as “¢ is true after traversing some a-edge”. Finally, the intuitive semantics of
data equalities (o« = ) (and data inequalities (v #e () is “there are @ and  paths with a
common starting point whose end points have data values that are (not) equal according to
the criteria determined by e”.

Definition 2.3. Let 9 = (N, {Ra}acRel; {=e}ecEq: V,nom) be a model, and n,n’ € N.
Then:

M. n,n Fa iff nRan

M, n,n' EQ iff mnom(i) =n’

M, n,n' E p? iff nm=n"and M,nkEp

M, n,n' Fab iff  exists z s.t. M,n, 2z Eaand M, z,n' E B

Mn,n EaUB iff Mn,n'EaorMn,nEpS

MnkEp iff neV(p)

M,nkEi iff nom(i) =n

M,nE—-p iff MnkEe

MnEEAY iff M,nEpand MnkEyY

M, nE (a)p iff  exists z 8.t. nRaz and M, z E
M.nFE i iff  9M,nom(i) E ¢

MnE (a=cp) iff existz, 2 st.Mn,zEa Mn, 2" ES, and z ~, 2/
MnE (a#e ) iff existz, 2/ st.Mn,zEa Mn, 2’ F S, and 2z % 2.

A node expression ¢ is satisfiable iff there is 9%, n s.t., M, n E . In turn, ¢ is valid, written
E o iff M, n E @, for all M, n. These notions are analogously defined for path expressions.

We conclude this section by listing some immediate properties for node expressions.
These properties are useful in the justification of tableaux rules in Def. 3.1.

Proposition 2.4. Let 9 be any model. The following node expressions are valid in M:
i{o Ae B) < (Q;0 Ae @Q;3) i:m{a Ae B) <> =(Q;a Ae @)
(P70 Ae B) <> N (0 Ae B) (70 Ae B) <>~V (A B)
((@UB)y Aem) < (ay Aem) V (By Ae ) (U B)y Aen) <> —(ay Ae 1)) A (57 Ae ).
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3. TABLEAUX FOR HXPathp

In this section we present the notion of tableaux for HXPathp, comment on the view of
these tableaux as a calculus for satisfiability, and prove the soundness and completeness of
this calculus. Our ideas and results build on the terminating tableau calculus for Hybrid
Modal Logic in [BB07]. In brief, we incorporate to such a calculus rules for handling data
(in)equalities (o Ae B) and [« Ae B]. We consider our presentation of tableaux for HXPathp
simpler and more elegant than the one presented in [AFS17|. First, the internalization of rules
in our calculus simplifies their manipulation. Second, our way of handling the left-hand-side
of data (in)equalities together with a commutation rule significantly reduces the number of
rules. For the remainder of the article, we assume that Nom is the set of natural numbers.

3.1. Tableau Calculus. We begin with the definition of a tableau for a node expression.
We assume familiarity with the usual terminology on labelled trees. In particular, the notion
of a root, a node, a successor of a node, a branch, a leaf, and the label of a node. Moreover,
we assume some familiarity with tableaux for Hybrid Logic (see [BB0T7]).

Definition 3.1. Let ¢ be a node expression and ¢ a new nominal. A tableau for ¢ is a
labelled tree constructed from an initial single node tree labelled with ¢:¢ using the branch
extension rules in Figs. 2 to 5. Crucially, rules can be applied only once to its premisses. In
this definition, a new nominal is the smallest nominal that is larger than all other nominals
appearing in the tableau (thus far constructed). In turn, a 700t nominal is one appearing in ¢.
Finally, a node expression i:(a)j is an accessibility constraint iff it appears in the conclusion

of the rules (<) and (child).

Let us briefly discuss how tableaux rules are meant to be understood. In general, all
rules are taken to be read as: if the premisses of the rule are in the branch, then, extend
the branch by adding to its leaf node successors labelled with the conclusions of the rule.
Each rule is applied only once to a given set of premisses present in a branch. Fig. 2
presents the usual rules for Boolean and modal operators of Basic Modal Logic, with the
distinguishing characteristic of accessibility constraints being internalized in the language
using nominals. Fig. 3 presents standard rules for handling nominals, similar to those found
in [BBO7, Brall]. The only difference is the rule (copy) whose side conditions are in place
to guarantee termination of the calculus. Fig. 4 introduces rules for data comparison, they
internalize nominals into data (in)equalities. More precisely, notice how the rule (int;) takes
a satisfiability statement i:(«v Ae ), and internalizes i: as an @;-prefix in o and (3 resulting
in (Q;o0 Ae @;3). In doing this, we anchor the point of evaluation of the node expression
at the beginning of each path in the data comparison. This enables us to work out paths
individually using the rules in Fig. 5. The rule (inty) does the same job in presence of
a negation. In turn, (—A.) internalizes negated equalities (inequalities) into inequalities
(equalities). Finally, (dRef) tells us that nodes with the same name must have the same data
values. Fig. 5 depicts the last set of rules in our tableaux. These rules tell us how to deal
with path expressions in data comparisons. Essentially, (child) mimics what is done in (<)
but in the context of a data comparison, whereas (—child) is analogous to (=<). The rule
(test) eliminates ¢ from the path expression and evaluates it as a standalone node expression,
while the case for (—test) is dual. The rules (@) and (=@) can be understood in analogy
with (nom) and (—nom). The rationale behind (U) and (—U) is immediately understood
from Prop. 2.4. A novelty of our calculus is that rules only decompose, step-by-step, path
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i-(a)e
2 i:(o A1) i (o A1) @)y i:(a)j )
— () —— (N Y (N - (OF) — (=07)
i 1) Rt I () i:(a)g o
1P Jip
14:(a)¢p is not an accessibility constraint. j is a new nominal.
2 i:(a)j is an accessibility constraint.
Ficure 2. Basic Rules
SATISFIABILITY AND NOMINALS
i:k
i i:l
:(J:p) i:m(7:0) 2] X ) jii gl
: (nom) ————= (-mom) —= (copy') —— (ref®) -~— (sym) —— (trans)
jip Jime Jip 7 i:j j:k
!4 is not a nominal, j is a root nominal, j < i.
2 4 is a nominal in the branch.
Ficure 3. Rules for Nominals
INTERNALIZATION INTO DATA (IN)EQUALITIES
HEW = (o A —-(Q; A, Q; i:j
_HakeB) (int1) il ke ) (into) {9 4. ) (~Ae) ——7— (dRef)
(Qia A @;3) (@ Ae @;3) (@; ve @) (Q; = Q)

F1GURE 4. Rules for Internalizing Nominals and Negations into Data (In)Equalities

PATH EXPRESSIONS IN DATA (IN)EQUALITIES

_‘<@iaa A B>

(@20 ke f) 20T @ah)
(@) (child") (@0 A B) (—child) B & @) ( 1)
<@j0[ Ae 6>
<@i50?04 A B> _'<@i50?a A B> _‘<@1 A B>
g (e e G ap) Y SEaay o)
<@1‘OZ A 6>
@z —e @k>
(Q;Q;a Ae ) —(Q;Q;c A ) (Q =. Q;)
—<@ja A ) (@) ——|<@ja i) (—@) 7< —y (dTrans)
(@Q;(aUB)y Ae n) ) ~(Q;(aU )y Ae n) (=U)
(Qiay Ae ) (Q;B7 Aem) ~(Q;ay Ae )

ﬁ<@iﬁ'7 A "7>

1 j is a new nominal.

F1cure 5. Rules for Handling Path Expressions in Data (In)Equalities
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1. 4:(a) (@Q2b27 =¢ b(g A 3)7) root

2. 4:(a)5 1 ()

3. 5:(@3b27 =, b(q A 3)7) 1 ()

4. <@5@2b27 =, @5b (q VAN 3)7> 3 (intl)
5. <@2b2? = @5b(q A 3) > 4 (@)

6. 2:(b)6 5 (child)
7. <@62? = @5b(q VAN 3)?> 6 (Chﬂd)
8. 6:2 7 (test)
9. 2:6 8 (sym)
10. (Qg = Qzb(g A 3)7) 7 (test)
11. (Qsb(g A 3)7 =, Qg) 10 (comy)
12. 5:(b)7 11 (child)
13. (@7(q A 3)? = Qg) 11 (child)
14. 7:(q N\ 3) 13 (test)
15. (Q7 =, Qg) 13 (test)
16. (Qg = @Q7) 15 (comy)
17. T:q 14 (N)
18. 7:3 14 (A)

19. 3:7 18 (sym)
20. 3:q 17,18 (copy)

FIGURE 6. A tableau for (a)(@2b2? =, b(g A 3)7)

expressions on the left side of a data comparison. The treatment of the right side takes over
after applying (com;) or (coms). Finally, (dTrans) corresponds to transitivity of equalities.

Example 3.2. Fig. 6 depicts a tableau for (a)(@yb2? =¢ b(g A 3)7), starting from an initial
node labelled by 4:(a) (@Q3b2? =, b(g A 3)?). The annotations on the right indicate the rules
we applied and the nodes we applied them to. The tableau has a single branch, which
becomes saturated if we apply the rules (ref) and (dRef) to all the nominals it contains —e.g.,
if we apply (ref) to 2, we obtain a node 18 with label 2:2, and if we apply (dRef) to the
new node, we obtain a node 19 with label (@Qy =, @5); and so on for all the nominals in the
branch.

We consider our tableaux to be simpler and more elegant than the proposal in [AFS17].
Treating only the left side of data comparisons significantly reduces the number of rules.
It is also clear that our tableaux are internalized; they have (only) node expressions as
labels. Internalized tableaux have important advantages. In particular, it will enable us to
define extended calculi to handle many different frame conditions, and obtain completeness
automatically as it is done in [Bla00, BtC02] (see Section 7). Our tableaux are also analytic
in the sense of Def. 3.5 below (see, e.g., [Smu68| for background on analytic tableaux). This
property is helpful to provide a termination argument (see Section 4).

Definition 3.3. The subcomponents of a node expression ¢ are defined as

sub(p) = {p}
sub(i) = {¢}
sub(—¢) = {—¢} Usub(y)
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sub(p A 1Y) = {p A} Usub(p) Usub(y)
sub(i:p i, i:p} Usub(yp)
ub((2)0) = {(2)¢) Usub(o)
sub({s Ae b (s Ae b)} Usub’(s) Usub/(b)
sub((s Ae bg (s Ae b))} Usub((bf Ae s))
sub({sa Ae (s Ae B)} Usub({a Ae B)) Usub’(s)
sub({((aU B)y Ae & (aUB)y Ae &)} Usub ((avy Ae &)) Usub ((By Ae &)).

where s € {@;,a, p?}. sub’ (@;) = {i}, sub/(a) = 0, and sub’(¢?) = sub(y).

) =1
) = {i,
) =1
) =1
) =A{
) =A{
) =A{

\/\/\/\/

Subcomponents are the basic parts tableau rules operate on as they break down complex
expressions. During this process, the rules often prefix them with nominals, associating parts
of expressions with specific points in a model. The definition of quasicomponents below
formalizes which combinations of nominals and subcomponents can arise during this process.

Definition 3.4. The set of quasi subcomponents of a node expression i:p is defined as
qsub(i:p) = {j:, 7: | ¥ € sub(i:)),j € Nom}
U{(Qja Ae @if),(Q; Ae QiB), (Qjor Ae Qp), (Q; Ae Q)
| (v Ae B) € sub(i:gp),j € Nom}
U{~(Qja Ae @3), ~(Q; Ae QpB), ~(Qjar Ae Qp), 7(Q; Ae @), (Q; Ve Q)
| ~(c Ae B) € sub(izp),j € Nom}.

The cases where the quasi subcomponent are j:1, or j:—) arise naturally from the basic
tableau rules. The other cases, correspond to applications of commutativity rules and for
handling data equalities. For instance, (Q;a Ae @) and ~(Q;a Ae @i5) may arise as
the result of applying one of the internalization rules in Fig. 4. The case (Q; A, @Qf)
corresponds to a situation in which the left-hand side of a data (in)equality has been fully
decomposed. Similarly, (Q; Ae @) corresponds to a situation in which both sides of a data
equality have been fully decomposed, and (@Q; ¥, @) may arise from applying (—Ae).

Definition 3.5. A tableau for a node expression ¢ is analytic iff the label of any node in
the tableau is one of the following:

(1) a quasi subcomponent of the root,

(2) an accessibility constraint,

(3) an equality constraint (@Q; =, @Q;) resulting from the rules (dRef) and (dTrans), or

(4) a satisfiability constraint i:j resulting from the rules (ref), (sym), or (trans).

Lemma 3.6. The tableaux in Def. 3.1 are analytic.
Proof. Follows immediately from the tableaux rules. []
Def. 3.7 is auxiliary to seeing tableaux rules as a calculus for satisfiability.

Definition 3.7. A branch O of a tableau has a clash iff one of the following conditions hold:
(1) {izp,iimp} C O,

(2) {(@i = @;), (@; # @;)} C ©.

We say that © is closed if it contains a clash, otherwise it is open. The tableau is closed iff
all its branches are closed, otherwise it is open. Finally, we say that © is saturated iff it is
fully expanded according to the rules of the tableau system.
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The notion of clash tells us that a contradiction has been found in a branch of the tableau.
At the same time, the notion of an open and saturated branch tells us that such a branch is
free of contradictions (i.e., contradictions are impossible in the branch). To check whether a
node expression ¢ is satisfiable, we begin with a single node tableaux having i:¢ as its root
and successively apply the rules in Figs. 2 to 5. We answer the question negatively if at some
stage the tableau closes, and answer the question positively if we find an open and saturated
branch. The correctness of Def. 3.7 as a calculus for satisfiability follows from the results
in Sections 3.2 and 3.3. Moreover, the results in Section 4 tell us that this calculus yields a
decision procedure for the satisfiability problem. Even further, the results in Section 5 tells
us that the computational complexity of this calculus is relatively low, insofar as it is in the
same class as the satisfiability problem for Basic Modal Logic [BWvBO06|.

3.2. Soundness. In Thm. 3.11 we present the proof of soundness for tableaux as a calculus
for satisfiability. Our proof follows the same strategy used in |Fit83, Fit96, Pri08|. We start
by introducing a well-known satisfiability preserving result regarding the use of new nominals.

Lemma 3.8. Let ¢ be a node expression and let j be a nominal not in p. Then, (1) ¢ is
satisfiable iff j:p is satisfiable, (2) o =1 Ni:(a)x is satisfiable iff o Ni:(a)j A j:x is satisfiable,
and (3) ¢ =¥ A (Qac Ae B) is satisfiable iff ¢ Ni:(a)j A ((Qja Ae B)) is satisfiable.

Proof. In all cases, the implication from right to left is direct. For (1), let 9%, n E ¢. Since
j does not appear in ¢, we can build a new model 9’ that is exactly like 9t with the
exception that in 9 we set nom(j) = n. Thus, M, n E j:p. For (2) and (3), similarly,
if we choose j not in ¢, we can use the same idea and set nom(j) = m for m such that

(nom(i), m) € R,. ]

Now we proceed to prove some properties relating the extension of a branch using
tableaux rules, and the satisfiability of the node expressions contained in such a branch.

Definition 3.9. Let © be branch of a tableau. We say that © is faithful to a model 9 iff
every node expression in © is satisfiable in 9. In turn, © is satisfiable iff there is a model
M such that © is faithful to M.

The following lemma makes clear the way in which tableau rules work: they only introduce
a contradiction (a clash) if such a contradiction is already present in the node expression we
are building the tableau for. Stated otherwise, tableau rules preserve satisfiability.

Lemma 3.10. The application of any one of the tableau rules in Figs. 2 to 5 to a satisfiable
branch © yields another satisfiable branch.

Proof. Let © be a satisfiable branch of tableau, i.e., © is faithful to a model 9t. The proof is by
a case analysis of tableau rules. We develop some relevant cases. For the rules (<) and (child),
the result follows from Lemma 3.8. For the rule (copy), notice that we have {i:p,i:5} C ©
and that the extension after the application of (copy) is © = © U {j:p}. Moreover, we have
M E i:j and M F i:p. From the first conjunct, we obtain nom(i) = nom(j), and from the
second M, nom(i) E ¢, then M F j:p. Therefore, O is satisfiable. For the rule (dRef), we
have i:j € © and that the extension after the application of (dRef) is ©' = O U{(Q; =, @;)}.
Moreover, we have 9 F i:5, and thus nom(i) = nom(j). Since =% is an equivalence relation,
(nom(i),nom(j)) € ~, then M F (Q; = @;). Therefore, O’ is satisfiable. Finally, notice
that the cases (test), (—test), (U), (-U), (int1), and (inte) are immediate from Prop. 2.4. []
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The result in Lemma 3.10 enables us to state and prove the main result of this section.

Theorem 3.11 (Soundness). Let ¢ be a node expression. If ¢ is satisfiable, then there is a
saturated branch of a tableau for ¢ that is open.

Proof. Aiming for a contradiction, suppose all saturated tableaux for ¢ are closed, but ¢
is satisfiable. Any tableau for ¢ starts with i:p, for some i € Nom not appearing in ¢.
From Lemma 3.8, we know i:p is also satisfiable, thus the initial branch © = {i:p} of
the tableaux is satisfiable. From Lemma 3.10, we know that the application of the rules
in Figs. 2 to 5 always yields a satisfiable branch from ©. Eventually, we would obtain a
saturated branch. This contradicts the assumption that all saturated tableaux built from ¢
are closed. ]

3.3. Completeness. Let us now turn our attention to proving the completeness of tableaux
as a calculus for satisfiability. The main idea behind the proof is to look at an open and
saturated branch of tableaux and to build a model from it (cf., e.g., |Fit83, Fit96, Pri0§]).
We begin with some preliminary definitions and results.

Definition 3.12. We use Nom(©) for the set of nominals appearing in a branch O of a
tableau. If © is saturated, for every {i,j} C Nom(©) define i =¢ jiff i:j € O, and let

lil=e ={j | i=eJ}.
Intuitively, the relation =g groups together all the nominals in the branch © representing

the same node in the model we want to build. The following lemma states =g is an
equivalence relation as desired.

Lemma 3.13. =g is an equivalence relation.
Proof. Immediate from (ref), (sym) and (trans). ]
Let us proceed to introduce key elements in our proof completeness: nominal urfathers.

Definition 3.14. Let © be a saturated tableau branch of a tableau. Define ufg(i) =
min([i]=, ); and we say that ufg(i) is the urfather of i. The set uf(©) = {ufe(i) | i €
Nom(©)} is the set of urfathers in the branch.

The following is an important property of nominal urfathers. Intuitively, as pointed out
in [Brall|, this property tells us that non-trivial reasoning involving non-singleton equivalence
classes is carried out only in connection with nominals appearing in the root node expression.

Lemma 3.15. If © is a saturated branch of a tableau and ufg(i) # i, ufe(i) is a root
nomanal.

Proof. Let ufg(i) # ¢ and ufg(i) = j. The proof proceeds by cases.

(7 is a root nominal): Recall that a root nominal is a nominal appearing in the root of
our tableau. Any new nominal added by the application of a rule from Section 3.1 is
greater than any root nominal. Since j < i and ¢ is a root nominal, j must be also a
root nominal.

(7 is not a root nominal): If i:j is the root of the tableau, then, we are done. If i:j is not
the root of the tableau, then, it was introduced by a tableau expansion rule. It is clear
that j is a root nominal if it was introduced by (——), (A), (nom), and (test). Notice
that in any of these cases, j is a component of the node expression labelling the root
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of the tableau. Otherwise, i:j is introduced into the tableau by (sym) or (trans). In
these two last cases, it must be that there is a root nominal k& such that {i:k, k:k} C ©.
That j is a root nominal follows from this fact and the minimality of being an urfather.

[

From their definition, it follows that nominal urfathers can be taken as canonical
representatives of the equivalence classes in Nom(©)/= ©. This characteristic makes them
key elements in our proof of completeness. Moreover, as made clear in Lemma 3.16, nominal
urfathers collect the information about all members of the equivalence class.

Lemma 3.16. If © is a saturated branch of a tableau and i:p € O, then, ufg(i):p € O.

Proof. Suppose that i:p € © and ufg(i) = j. If i = j, then, we are done. If i # j, from
Lemma 3.15, we know j is a root nominal. Moreover, from Def. 3.12, i:j € O, and, from
Def. 3.14, we know j < i. Since © is saturated it is closed under (copy), j:p € ©. Thus,
ufe (i) : p € O©. []

The results in Lemmas 3.15 and 3.16 pave the way to define the intended model from
an open branch. Intuitively, they tell us that if our goal is to build a model that satisfies a
node expression ¢ from an open and saturated branch of a tableau, then, we can restrict
our attention to nominal urfathers. In comparison with what is done in [AFS17], the use of
urfathers simplifies the definition of the model, and aid in the proof of Lemma 3.20.

Definition 3.17 (Extracted Model). Let © be an open and saturated branch of a tableau.
Define a structure MO = (N {RE}.crel, {0} eckq, VO, nom®) where

N® = uf(0©)

RY = {(ufe(i), ufe(j)) | i:(a)j € O}

~ = {(ufe(i),ufe(j)) | (@i = Q;) € O}

VO(p) = {ufe(i)|ipe O}

nom® (i) = min(uf(©)) if i ¢ Nom(O)
ufg(i) if i € Nom(O).

Proposition 3.18. The structure MO in Def. 3.17 is a model of HXPathp.

Proof. The only challenge is proving ~2 to be an equivalence relation. Reflexivity follows from
(ref) and (dRef), symmetry follows from (com;), and transitivity follows from (dTrans). []

We refer to IM® as the extracted model for ©. This is the main ingredient in the proof of
completeness of tableaux as a calculus for satisfiability. The proof of this result is carried
out by induction on the size of a node expression. We introduce this definition of size below
and comment on it immediately after.

Definition 3.19. The function size is defined by mutual recursion on node and path
expressions.

size(i) =1 size(a) =1

size(p) =1 size(@;) =1

size(p Ap) =1+ size(p) + size(v)) size(p?) =1+ size(y)

size(—p) =1+ size(y) size(aff) = size(a) + size(p)
size((a)p) = 1+ size(p) size(a U ) = 1 + size(«) + size(f)
size(i:p) = 3 + size(yp)

size((« Ae B)) = 5 + size(«) + size(f).
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The definition of size is necessary because we cannot rely on structural induction over
node expressions. This is due to the fact that rule applications may generate expressions not
structurally contained in the original input. For example, applying (—int) to i:—(a Ae )
introduces —(@Q;a Ae @;3) in the branch, which is not a part of the original expression. To
handle this, we define a size measure on node and path expressions and carry out induction
on that measure instead. The constants 3 for i:p and 5 for (« Ae ) are chosen to ensure
that rule applications strictly reduce size. This guarantees that the induction is well-founded.
For instance, in the case of (—int), we have size(~(Q; Ae @;3)) < size(i:=(c Ae B)).

Lemma 3.20. Let © be an open and saturated branch, and MO be the model extracted from
it. In addition, let M® E ¢ indicate MO, n E ¢ for all N®. Then, p € © implies MO E .

Proof. Observe that every ¢ € © has one of the following forms:
(1) 1:1) (2) <@7,Oé A @]ﬁ> (3) _\<@ZOé A @j6>
The proof is by induction on the size of ¢ € ©. We focus on some of the cases in the proof.

For the base cases we consider:

(p = i:j): We need to prove M® E i:j, or equivalently, ufg (i) = ufe(j). The result is
immediate from the definition of nom®.

(p =i:=j): We need to prove MO E i:—j, or equivalently ufg(i) # ufe(j). The
proof is by contradiction. Suppose ufg(i) = ufg(j). By Defs. 3.12 and 3.14,
i:j € ©. This implies that © contains a clash, contradicting that © is open.
Thus, M® E i:—j.

(p = (@Q; =¢ @;)): We neet to prove M® k& (@; =, @;), or equivalently that the pair
(ufe (i), ufe(j)) € ~2. The result is immediate from the definition of ~9.

(¢ = (@; #£¢ @;)): We need to prove M F (@; #£, @), or equivalently that the pair
(ufe (i), ufe(j)) ¢ ~2. The proof is by contradiction. Suppose that the pair
(ufe(i), ufe(s)) € ~0. By definition of ~2, (Q; =, @;) € ©. But this means the
branch contains a clash, contradicting that © is open. Thus, M F (Q; #. Q;).

The inductive hypothesis (IH) is: for all ¢ € © such that size(t)) < size(¢), MO E .
For the inductive cases we consider:

(p = i:m—¢): We need to prove M® k i:=—p, or equivalently MO F ixp. From (--),
ip € O. By the IH, MO E ).

(p = i:m(p A x)): We need to prove M E i:=(1) A x), or equivalently MM® E i:—) or
IO E i:—x. From (—A), it € © or i:—x € ©. W.lo.g., let i:—) € ©. By the
IH, MO E i:—p.

(p = i:mj:p): We need to prove MO E i:=(j:)), or equivalently IM® E j:—¢). From
(=nom), j:—¢) € ©. Then, by the TH, IM® kE j:—p.

(p = i:=(a)yh): We must prove IO F i:=(a)ep, or equivalently, for all (ufg(i),n) € R,
MO nk . Let (ufe(i),n) € RY. The definition of RY tells us that exists
iz(a)j € O s.t. ufg(j) = n. Since {i:—(a)y,i:(a)j} C O, using (<), we get
jip € ©. By TH, MO E j:—a), i.e., MO, n E —p.

(p = i:={( Ae B)): We neet to prove MO E i:—~(a Ae B). Equivalently, we prove
MO E —(Q;o Ae @;8). From (ints), -(Q;a0 Ae @;8) € ©. Then, we have
size(—(Q;« Ae @;3)) < size(i:—(« Ae B)). This enables us to apply the IH and
get MO E —(Q;r A @;3).

(p = i:(a)h): We need to prove M® k i:(a)tp. From (), {i:(a)j,j:0} € O. Using the
IH, we can prove IM® Ei:(a)j A jup. Lemma 3.8 gives us the desired result.



26:14 C. Arecgs, V. Cassano, aAND R. FERVARI Vol. 21:4

b

m =
-7 RS

2

;
&)

FIGURE 7. Extracted model for (a)(@3b27 =, b(g A 3)7)

(o = (Q;(aU B)y Ae n)): We need to prove that MO F (Q;(aUB)y Ae n), equivalently
MO E (Q;ay Ae 1) or MO E (Q;8y Ae 1). From (U), (Q;ay Ae ) € © or
(Q;B7 Aen) € ©. W.lo.g. let (Q;ay Ae n) € O, by the TH, I® E (Q;ay Ae 7).

(o =—(Q;(aU B)y Ae n)): We need to prove MO E =(Q;(a U B)7 Ae ), equivalently
MO E —(Q;ay Ae n) and MO E —~(Q; 57 Ae n). From (-U), =(Q;ay Ae 1) € O
and =(Q; 5y A ) € ©. By the TH, M® E —(Q;ay Ae ) and MO E (Q; 8y Ae ).

[

The lemma above is the fundamental piece to state the intended completeness result.

Theorem 3.21 (Completeness). Let ¢ be a node expression. If there is a tableau for ¢ with
an open and saturated branch, then, ¢ is satisfiable.

Proof. Suppose that there is a tableau for ¢ with an open and saturated branch ©. Let 9t
be the extracted model for ©. From Lemma 3.20, we know I k i:¢ where i:¢ is the root
of the tableau. Immediately, M, nom(i) E ¢. Thus, ¢ is satisfiable. ]

As it is usual, our tableaux-based calculus not only provides a way to check the satis-
fiability of a node expression, but also acts as a model building procedure, since for every
satisfiable node expression it is possible to obtain a model (Def. 3.17). We finish this section
by showing how the extracted model is built for a given node expression.

Example 3.22. Consider the tableau for ¢ = (a)(@3b2? =, b(¢ A 3)7) in Ex. 3.2. This
tableau has a sole open and saturated branch ©. Thus, we can conclude ¢ is satisfiable.
We depict the extracted model from © in Fig. 7. In this figure, nodes are labelled by the
nominals and propositional symbols satisfied by them. We omit the reflexive edges for ~..
Notice that in the extracted model nodes correspond to urfathers; in this respect, we have
ufe(7) = 3, ufe(6) = 2, and for any other nominal k, ufe (k) = k.

Up to now we focused on node expressions. Handling satisfiability of path expressions is
simple, given the following proposition.
Proposition 3.23. Let a be a path expression of HXPathp, then « is satisfiable if and only
if i:{(a) T is satisfiable, for i a nominal not in «.

Proof. The implication from right to left is obvious. For the other direction, any model
satisfying « can be turn into a model of i:(a) T by setting nom() to the starting point of
the path satisfying . []
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4. TERMINATION

In the previous section we show how tableaux yield a satisfiability calculus. In this section,
we prove that we can restrict these tableaux to be finite, without loosing completeness. Such
a result establishes that the satisfiability problem for HXPathp is decidable.

We begin by observing that the analyticity of the tableau ensures that all expressions
introduced during expansion are constructed from subcomponents of the root, reducing the
search space. The main technical challenge lies in managing the introduction of new nominals
and new accessibility constraints through applications of the (<) and (child) rules. To resolve
this, we adapt the termination argument for Hybrid Logic tableaux in [BB07|. In particular,
we impose a controlled strategy for applying the (<) and (child) rules to ensure that the
resulting structure remains tree-like.

Definition 4.1. Let © be a branch of a tableau with root i:p. For j € Nom(0), define:

aty(j) = {¢ | ¢ € (O N asub(izp))}

atf (j) = {a | +(@Qja Ac B) € (O N qgsub(izp))}.
where + indicates that (Q;a A 3) may or may not be preceded by a negation. In addition,
define at®(j) = atQ(j) U at2(5).

Intuitively, the set atg (j) captures the subcomponents of the root of the tableau true at j
in the branch. In turn, the set at%( Jj) captures the subpaths present in the data (in)equalities
in the root of the tableau that start at j in the branch.

Example 4.2. Let © be the sole branch in the tableau in Ex. 3.2. Then
at®(5) = atQ(5) Uatd (5) = {(@yb27 = b(g A 3)?7)} U {@yb2?, b(q A 3)7}.

Notice how the set at®(5) gives us a hint of the rules which can be applied to the node
expressions having 5 as a prefix. We retake this idea later on.

The set gsub(i:p) of quasi subcomponents of the label of the root of a tableau is infinite,
since its considers all possible ways of prefixing it with nominals. However, we can establish
that in fact at® only considers those quasicomponents that are made of either a subcomponent
or a negated subcomponent, i.e., it is restricted to nominals appearing in a branch of the
tableau. This is stated in the following result.

Proposition 4.3. For every branch ©, the set at®(j) is finite.
Proof. Let © be a branch of a tableau with root i:p. From Lemma 3.6, we get:
atR (j) € {9, ~ [ ¥ € sub(izp)}
atfi (j) € {a | £{a Ae B) € sub(izp)}.
Since the set sub(i:) is finite, we immediately get that the set at®(j) is finite. ]

Prop. 4.3 tells us that the set of expressions that are true at a given node must be finite.
Still, there is no guarantee that every tableau must be finite. It could be the case that the
tableau is infinitely branching, or that it has a branch of infinite size. We prove that neither
is the case for our tableaux.
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Definition 4.4. Let © be a branch of a tableau, and {i,j} C Nom(©). We say that j is
generated by i, and write i <g 7, iff there is a € Rel such that i:(a)j € O is an accessibility
constraint. Finally, we say that i is an ancestor of j, and write ¢ <J@r J, iff (¢,7) is in the
transitive closure of <g.

The following lemma tells us that every nominal in the branch of a tableau generates a
finite number of new nominals. More precisely, this result tells us that applications of (<)
and (child) result in a finite set of trees, each of which has a finite number of branches.

Lemma 4.5. Let © be a branch of a tableau. The graph Go = (Nom(©), <e) is a finite set
of finitely branching trees.

Proof. That Gg is a finite set of trees follows from the following three facts. First, for every
{i,j,k} € Nom(©), if j <¢ 7 and k <g i, then, j = k, i.e., if a nominal is generated by
another nominal, then it is generated by at most one other nominal. Second, the set of
ancestors of a nominal i € Nom(©) that is generated by another nominal has a least element.
Third, for any i € Nom(0), the set at® (i) is finite (see Prop. 4.3), this implies that there is
at most size(at® (7)) new nominals generated from i. []

Now that we know that applications of (<) and (child) always result in a finite set of
finitely branching trees, we can move on to show that every branch in such trees is of finite
size. Such a result establishes that tableaux are finite.

Lemma 4.6. A branch of a tableau is infinite iff there is an infinite chain i <g j <o - ...

Proof. The right-to-left direction is trivial. To prove the left-to-right direction, let © be an
infinite branch. From Prop. 4.3, the branch © must contain infinitely many distinct nominals.
This implies that Nom(©) in Lemma 4.5 must be infinite. Since, from Lemma 4.5, we know
that Gg is a finite set of finitely branching trees, it must be that some tree in Gg contains
an infinite chain i <@g j <o . ... L]

Def. 4.7 introduces the last piece needed to prove termination.

Definition 4.7. Let © be a branch of a tableau, and let ¢ € Nom(©). Define

m (i) = max{size(p) | ¢ € at{ (i)}

0(j) = max{size(a) | a € at§ (i)} if at§ (i) # 0
E 0 otherwise

m® (i) = max(mg (i), mf (i)).

Intuitively, m® (i) indicates the size of the largest node expression true at i in ©, or the
length of the longest path expression starting at i. The idea is to prove that such a measure
of size decreases after the application of the tableaux rules.

Lemma 4.8. Let © be a saturated branch. If i <o j, then m® (i) > m®(j).

Proof. Let i <o j. We have three possible cases: (1) m®(j) = 0, (2) m®(j) = size(y)) for
some node expression 9, and (3) m®(j) = size(a) for some path expression . The latter has
two possible sub-cases: (a) (Q;a Ae 3) € © and =(Q;a Ae 5) ¢ O, and (b) ~(Qj Ae §) € ©
and (Q;a Ae 3) ¢ O©. The result is immediate for (1). We prove the remaining cases below.
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(Case 2): Let m®(j) = size(v)) for some node expression 1. We need to prove m® (i) >
size(1)). It is clear that j:1 can only result from (<), (=), (ref), (sym), or (trans). If
j:a results from (<), using Lemma 4.5, we know 4:(a)y) € ©. This implies, m®(3) >
size((a)tp) > size(y)) = m®(j) as needed. In turn, if j:1p results from (<), we know
1 = /. Using Lemma 4.5 again, we know {i:—(a)4’,i:(a)j} C ©. This implies,
m® (i) > size(=(a)y’) > size(y)) = m®(j) as needed. Lastly, if j:¢) results from (ref),
(sym), or (trans), we have size(¢)) = 1. At the same time, from i <g j, we have
{i:(a)x, (Q;acr Ae B} N O # (. Immediately, m® (i) > 1 = size(¢)) as needed.

(Case 3.a): Let m®(j) = size(a), (Qja Ae B) € O, and ~(Q;a A B) ¢ ©. We need to
prove m® (i) > size(a). It is clear that (Q;a A 3) can only result from (child). Using
Lemma 4.5, we know that (Q;acc A ) € ©. Then, m® (i) > size((Q;ac Ae B)) >
size((or Ae B)) = m®(j) as needed.

(Case 3.b): Let m®(j) = size(a), ~(Qja Ae B) € O, and (Q;a Ae B) ¢ ©. We need to
prove m® (i) > size(a). It is clear that —~(@;a A ) can only result from (—child). Using
Lemma 4.5, we know that =(@;ac Ae ) € ©. Then, m® (i) > size(—(Q;acx A ) >
size(—(a Ae B)) = m®(5) as needed. ]

Lemma 4.9. Let ¢ be a node expression. Any tableau for ¢ is finite.

Proof. The proof is by contradiction. Suppose there is an infinite tableau for ¢. Then it
must be that this tableau has an infinite branch ©. By Lemma 4.6, there exists an infinite
chain i <@ j <o ... At the same time, by Lemma 4.8, we have m® (i) > m®(j) > ... This
yields a contradiction; since for any nominal 4, it its trivial that m® (i) > 0. []

Combining the result of Lemma 4.9 with the completeness of our tableau-based satisfia-
bility procedure, we obtain the main result of this section.

Theorem 4.10. The satisfiability problem for HXPathp is decidable.

In Section 5 we refine the result in Thm. 4.10 and characterize the exact complexity of
the satisfiability problem for HXPathp.

5. COMPLEXITY OF THE SATISFIABILITY PROBLEM FOR HXPathp

In this section, we prove that the satisfiability problem for HXPathp is PSPACE-complete.
PSpACE-hardness follows from PSPACE-hardness of the Basic Modal Logic [BARV01, BvB06],
a proper fragment of HXPathp. For completeness, we present an algorithm that applies the
tableau rules in a controlled manner, ensuring that satisfiability checking can be performed in
polynomial space. Our algorithm explores the model induced by the tableau in a depth-first
fashion. This requires particular care, as this model is not necessarily tree-shaped and may
contain cycles or shared substructures. Furthermore, we make the necessary mechanisms
explicit, making our algorithm suitable for implementation, a contribution by its own sake.

We begin by introducing some preliminary concepts. First, recall that without loss of
generality, we assume that Nom is the set of natural numbers. In what follows we use [ | for
the empty list, [e] for a list with a single element e, L; + Lo for the concatenation of lists
L; and Ly, and |L| for the length of a list L. Moreover, we use L = [e] + L/ to indicate a
non-empty list L with first element e and tail L', and L, to indicate L’s initial segment of
length n. Finally, we assume that parameter variables are pass-by-reference and assignments
are copy constructors.
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Algorithm 1: SAT
1 def SAT(y : node expression):
require: true
n < a new nominal;
P [n:pl;
return SAT(®,n+ 1);
ensure: SAT(yp) iff ¢ is satisfiable

[ I 2

The algorithmic application of tableau rules starts by calling the function SAT in Alg. 1
with a node expression . In this function, we set up the context for the application of
tableau rules. The actual application of rules is implemented in the overloaded SAT in Alg. 2.

To keep the space complexity polynomial in Alg. 2, we explore branches one at a time.
The information needed to explore branches is kept in local lists B and 3. Intuitively, B
stores the current branch of the tableau. In turn, ¥ behaves as a stack storing pairs (b, x)
where b is a number indicating the position to backtrack in B to explore an alternative
branch, and y is the alternative node expression to be explored.

Turning to branch expansions, we classify tableau rules into types 1, 2, and 3. The rules
of type 1 are: the rules (=), (A), and (=<) in Fig. 2; all the rules in Figs. 3 and 4; the rules
(test), (@), (—child), (—@), (=U), and (com;), (coms), and (dTrans) in Fig. 5; and the rules

k:(a)i (Q;cr Ae B) (@0 Ae B)
L ity it
W (copyy) W (copy) W (copys)

These rules have side conditions j < ¢ and j a root nominal. In brief, these rules may be
understood in analogy with (copy) in Fig. 3. These rules are admissible and do not affect
termination. They are introduced here only to cope with space complexity. The rules of type
2 are: the rule (=A) in Fig. 2, and the rules (—test), and (U) in Fig. 5. Finally, the rules of
type 3 are: the rule (<) in Fig. 2, and the rule (child) in Fig. 5. The rationale behind the
classification of tableau rules is that rules of type 1 extend the branch linearly, rules of type
2 split the branch into two, and rules of type 3 handle diamonds.

We are now in a position to explain how Alg. 2 applies tableau rules to the current
branch, i.e., to the list B. It is clear that the application of a rule should expand B by adding
node expressions at its end. This expansion is actually dealt with in two blocks of code:

(expand): Lines 9 to 18. This block of code applies rules of type 1 or of type 2 until there
are no untreated rules. The case of a rule R of type 1 is straightforward. Let U be the
set of node expressions in the consequent of R. We say that R is untreated iff U ¢ B.
If R is untreated, we add all the node expressions in ¥ at the end of B. In turn, let R
be a rule of type 2 and let ¥ = {4, x} be the node expressions in the consequent of R.
We say that R is untreated iff W N B = (). If R is untreated, we add 1) at the end of B,
and store in X the alternative x together with the point in B at which 1 is introduced.

(explore): Lines 23 to 33. This block deals with the exploration of “diamonds”, i.e., node
expressions of the form i:(a)1) that are not accesibility constraints, or node expressions
of the form (Q;acc Ae 3). To do so, we take some ideas from [Lad77, Mar06| of exploring
diamonds in a depth first search (DFS) manner and adapt them to our setting.
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Algorithm 2: SAT

1
2
3
4

5
6
7
8

9
10
11
12
13

14
15
16
17
18

19
20

21
22

23
24
25
26
27
28
29
30
31
32
33

34
35
36
37

def SAT(® : list of node expressions, n : nominal):
require: the nominals in ® are in [0...n)
if ® =[] then

L return true

B, X« ®,[];

repeat

if ¥ ={[(b,x)] +L then
| B,Y By +[x,L;

expand:

if there is a rule R of type 1 that is untreated in B then
let ¥ be the consequent of R
B+~ B+ 9;
goto expand

if there is a rule R of type 2 that is untreated in B then
let {1, x} be the consequent of R
B« B+ [¢];
= (Bl + %

| goto expand

if there is a clash in B and ¥ # [ ] then
L continue;

else if there is a clash in B then
L return false;

explore:
r < true;
forall rules R of type 3 applicable in B do
let ¢ be the premiss of R and ¢ € {i:(a)x, (Q;ac A 5)};
® + ® + B minus all diamonds in B + [i:(a)n];
if ¢ =i:(a)x then
| @ @+ [y
if ¢ = (Q;ac A ) then
| @« ®+[(Qua A, B)]
r < r and SAT(®,n+ 1);
® <+ list of root literals and rooted boxes in ®;

if r then return true;

until ¥ =[];

return false;

ensure: SAT([n:p],n+ 1) iff ¢ is satisfiable

First, in our case, the exploration of diamonds corresponds to the application of
rules of type 3. A rule R of type 3 is applicable iff its premiss belongs to B. If R is
applicable, its application involves: creating a new nominal n, creating the accesibility
constraint :(a)n, and adding the node expression in the consequent of R to the branch.
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Second, exploring diamonds in a DFS manner involves recursive calls to SAT. These
recursive calls take into account all alternative explorations of diamonds and put a
temporary pause on them. Notice that only one diamond must be treated at each
step, as they can be individually satisfied and only can find contradictions with box
expressions. Once the satisfiability of one particular diamond is checked, the algorithm
backtracks and all diamonds are restored on B. This is implemented by removing all
alternative diamonds from the branch in line 27 of Alg. 2, before the recursive call.

Lastly, before backtracking in the DFS strategy we may need to gather global
information to be passed along to alternative calls to SAT. This global information
is mediated by root nominals in a tableau branch and corresponds to root literals
and rooted boxes. By a literal, we mean a node expression of the form i:j, i:—7j, i:p,
i:p, i:(a)j, (Q; Ae @;) where {i,j} € Nom and p € Prop. A root literal is one whose
nominals are root nominals. Root literals contain the relevant information stored in
urfathers of root nominals, thus they need to be passed to the next recursive call. A
rooted box is a node expression of the form i:—(a)1 or =(@Q;x Ae @;3) where i and j
are root nominals. Global information to the branch is recorded in line 33 of Alg. 2.

Correctness of Alg. 2 follows from the correctness of tableau rules, while termination is
ensured since each loop and recursive call is bounded. The next result shows the algorithm
uses only polynomial space.

Theorem 5.1. The satisfiability problem for HXPathp is PSPACE-complete.

Proof. Hardness follows from the fact that the Basic Modal Logic K is PSPACE-hard [BARVO01,
BvB06], and HXPathp subsumes it. Completeness follows from the fact that Alg. 2 uses at
most polynomial space with respect to the size of the input node expression, as analyzed in
what follows.

The local variables B and ¥ occupy at most a polynomial amount of memory (bounded
by the number of untreated rules of type 1 and 2). The number of recursive calls, in a branch,
is also polynomial (bounded by the number of nested diamonds, including path expressions of
the form a). The only information that is global to the branch is that on the list ®. But this
list is also of polynomial size, as the only persistent information that is passed along between
different recursive calls refers only to root literals, and this information is polynomial.

When put together, these facts tell us that Alg. 2 uses at most a polynomial amount of
memory with respect to the size of the input node expression. []

We close this section with a run of the function SAT. This run illustrates the inner
workings of the algorithm it implements. Moreover, it allows us to recognize how it uses only
polynomial space.

Example 5.2. Let us suppose that we start SAT in Alg. 1 with the node expression
¢ =(a(1 Ap)? = b) A (c@Q;i(=p)? =¢ b) A =(b #e @Q1).

The call to SAT(p) invokes SAT(®,n) with & = [2:¢] and n = 3. We proceed to list the
different steps in Alg. 2 on this input. Sometimes we group several steps together and omit
some node expressions to make the presentation more succinct.

Initialization: We set B = ® and ¥ = []. Notice that the sole root nominal in ¢ is 1.
Step 1: We reach the ‘expand’ block and apply rules of type 1 until no such rule is left
untreated. The list B is updated during this process (the rules applied to obtain the
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node expressions are indicated on the right):

B =[2:(a(1 Ap)? = b), 2:(c@;(=p)? =¢ b), 2:7(b #e @Q1),] +--- + (A)
[<@23(1 /\p)? e @2b>, <@2C@1(—|p)? e @2b>, —|<@2b 758 @2@1>] (intl), (intg)

Step 2: We reach the ‘explore’ block and choose to apply the rule of type 3 with premiss
(@za(1 A p)? = Qgb). Before the recursive call we get

b = [—|<@2b Ze @2@1>, 2:(a>3, <@3(1 /\p)? = @2b>]

Step 3: We call SAT(®, n) recursively for a first time, with n = 4. In the ‘expand’ block of
the first recursive call, we apply all rules of type 1 and get

B = [_‘<@2b Ze @2@1>, 2:(a>3, (@3(1 /\p)? ER @2b>,] + -4
[3:173:]77 1:37 11]97 2:<a>17 <@3 e @2b>7 <@1 e @2b>7 <@2b e @1>]

Notice that 1:p is obtained from (copy), 2:(a)l from (copyp) and (@Q; =, @yb) from
(copyi). This way, the nominal 3 is replaced by the root nominal 1. Finally, the last
node expression in B is obtained by applying the rule (comy).

Step 4: In the ‘explore’ block of the first recursive call we choose to apply the rule of type
3 with premiss (Qgb =, @;). Before the recursive call we get

o = [ﬁ<@2b 7ée @2@1), 12p, 2:(a>1, 2:<b>4, <@4 e @1>]

Step 5: We call SAT(®, n) recursively for a second time (with n = 5). In the ‘expand’ block
of the second recursive call, we apply all rules of type 1 and get

B = [~(Qab #e @y@1),2:(b)4, (Q) = @y@1)] + --- +
[(Q4 #e @Q1)] +--- + (—child)
[ﬁ<@4 7ée @1>] (ﬁ@)

Step 6: Since no rules of type 2 are triggered, no clash is found, and there are some untreated
node expressions, the algorithm proceeds to the ‘explore’ phase again. A new rule of
type 3 is triggered, this time with premise 1) = (Qc@;(—p)? =, @Qab). Before the new
recursive call, we get

® = [+(Q@g #e Q1), 1:p] + - - 4 [2:(c)5, (Q5Q1 (—p)? = Q2b)]
Step T7: The recursive call invokes SAT(®,n), with n = 6. In the ‘expand’ block, we get

B =[~(Qy #. @), 1:p, 2:(c)5, (Q5Q; (mp)? =e Qab)] + - - +
[<@1(_'p)? e @2b>, <@1 EEN @2b>, 1:—|p] (@), (?)

Step 8: After executing the Step 7, the algorithm finds a clash in line 21, since both 1:p and
1:=p belong to the sole tableau branch. Therefore, Alg. 2 returns that ¢ is unsatisfiable.

Notice how in each step the algorithm keeps track of the list of accesibility constraints
created in the exploration of diamonds in a DFS manner. The length of these lists is bounded
by the lengths of the path expressions traversed in each diamond. Moreover, we only need to
keep track of a polynomially bounded number of node expressions at each point in these
paths. This example illustrates the polynomial space bound in Thm. 5.1.
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REACHABILITY RULES

i+ i:(a)j
i(a)j . G4k ik
) (+intro) 1)k (trans) Dk (+copy)

FiGUurE 8. Tableau Rules for Forests and Trees.

6. FOREST AND TREE MODELS

In this section, we extend our tableau calculus to ensure that extracted models are data
trees. Besides their theoretical interest, date trees are relevant as they are the underlying
structure of XML documents in practice. In this extension of the calculus, we take advantage
of the expressive power of nominals and the possibility to “jump” to evaluation points to
characterize forests, i.e., disjoint unions of trees, and trees as a particular case. We introduce
rules and clash conditions to determine whether nodes have at most one predecessor, and
to avoid loops via accessibility relations. We then extend our soundness and completeness
results to deal with the class of forests. Finally, we show how to get completeness with
respect to the class of trees by checking a single constraint on open branches.

To work with forests and trees, we extend our tableaux rules with a new type of
accessibility constraint called transitivity constraint. Transitivity constraints are expressions
of the form i:(+)j. They are introduced into the calculus to represent reachability navigating
accessibility relations. We introduce transitivity constraints and the new rules of the calculus
in Fig. 8. In this figure, the rule (+intro) ensures that the relation described by + contains
the relation described by a, whereas the rule (trans) indicates that the relation described
by + is a transitive relation. Finally, the rule (+4copy) takes care of dealing with urfathers,
copying transitivity constraints where they need to be copied.

Remark 6.1. It is important to point out that even though transitivity constraints can
be mistaken as characterizing the transitive closure of (J,cge Ra, this is not the case. The
relation associated to (4) in the extracted model may not be the smallest transitive relation
containing (J,cgre Ba- In any case, transitivity constraints suffice for handling forests (and
trees as a particular case).

Furthermore, we can always assume that the symbol + is not part of the set Rel, and
then does not occur in the node expression at the root of the tableau. Thus, the obtained
tableau is still internalized, but over the extended signature Rel’ = Rel U {+}.

In addition to the rules in Fig. 8, we introduce new clash conditions for forests and trees.

Definition 6.2. A branch O is said to contain a clash if it satisfies any of the conditions
listed in Def. 3.7, or if any of the following situations arise:

(3) i:(+)i € O,

(4) {j:(+)i, k:(+)i} € O, and {j:k, j:(+)k} N O = 0.

Notice how condition (3) in Def. 6.2 is an indication that no node can be reached by
itself; whereas condition (4) in Def. 6.2 tells us that a node cannot have more than one
predecessor. More precisely, condition (4) tells us that if a nominal is reachable from two
others, then, they either indicate the same node, or one must be reachable from the other.

The following example demonstrates how the introduction of new rules and clash
conditions restricts the range of models that satisfy a given node expression.
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Example 6.3. Fig. 9 depicts a tableau for (Qya0? =, p?). In brief, (Qya0? =, p?) forces a
self loop at the node named by 0. Applying only the rules in Figs. 2 to 5 from Section 3
yields the first 11 nodes of the tableau. Notice that if we restrict our attention only to those
11 nodes (i.e., if we truncate the tableau at the node 11), we obtain a branch that is open
and saturated according to Def. 3.7 (modulo the application of reflexivity and symmetry
rules, which are omitted). This indicates that (@Qpa0? = p?) is satisfiable in the class of all
models. The nodes 12 and 13 show the effect of the new rules, and the way in which they
allow us to talk about reachability. Notice also that node 13 introduces a clash condition as
per Def. 6.2; i.e., a node is reachable from itself. This clash condition tells that (Qya0? =¢ p?)
is unsatisfiable in the class of tree models; and thus also unsatisfiable in the class of forests.

1. 1:(@Qpa0? =¢ p?) root
2. <@1@030? = @1p?> 1 (intl)
3. <@030? e @1p?> 2 (@)
4. 0:(a)2 3 (child)
5. <@207 —e @1p?> 3 (Chﬂd)
6. 2:0 5 (test)
7. (Qg =, @Qp?) 5 (test)
8. (Q1p? =, Qy) 7 (comy)
9. L:ip 8 (test)
10. <@1 = @2> 8 (test)
11. (Qg = @) 10 (comy)
12. 0:(+)2 4 (+intro)
13. 0:(+)0 12,6 (+copy)
&
12

FIGURE 9. A closed tableau for (@a0? =, p?)

We are now in a position to prove that the new rules and clash conditions indeed force
forest-like structures.

Proposition 6.4. Let © be an open saturated branch in the extended calculus, and let MO
be its extracted model. Then, M® is a forest.

Proof. The proof is concluded if F' = (|J,cgey BY) T is a forest. To this end, we show that:

(a) it is not the case that (n,n) € F, and
(b) if (n,m) € F and (n’,m) € F, then n=n’ or (n,n’) € F.

The proof of (a) is by contradiction. Suppose that (n,n) € F. Then, exist aj,...,ay
such that (n,i) € Ra,,(i,j) € Ray...(k,n) € Ra,. From the definition of RS, we have
that {n:(a1)i,i:(az)j, ..., k:(ag)n} C O. Since © is closed under (+intro), we also have that
{n:(+)i,0:(+)7, ..., k:(+)n} C ©. In turn, closure under (trans), gives us n:(+)n € O. This
yields a clash using condition (3) from Def. 6.2, contradicting the assumption that © is open.

The proof of (b) is also by contradiction. Suppose (n,m) € F, (n’,m) € F, n #n’, and
(n,n’) ¢F. From (n,m) € F and (n’,m) € F, we know that {n:(+)m,n’:(+)m} C ©. In
addition, from (n,n’) ¢ F, we know n:(+)n’ ¢ ©. Using the definition of urfather, we know
that j:k ¢ ©. When put together, these facts yield a clash using condition (4) from Def. 6.2,
contradicting the assumption that © is open. []
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To further ensure that the resulting model is a tree we only need to verify that every
point in the extracted model is reachable from the root.

Definition 6.5. Let © be a branch of a tableau for 7:¢ in the extended calculus. We say
that © is connected iff for all j € ©, if i:j ¢ O, then, i:(+)j € O.

Proposition 6.6. Let © be an open, saturated, and connected branch. Then, MO is a tree.

Proof. The proof is concluded if T = ({J,cre BY) T is a tree. We already know that T is a
forest. Thus, we only need to prove that for all j € N®, (i,) € T. This is straightforward
since © is connected. []

We conclude this section by showing that the satisfiability problem for forests and data
trees remains decidable and stays within PSPACE.

Theorem 6.7. The satisfiability problem for forests and data trees in HXPathp is decidable
and PSPACE-complete.

Proof. Notice that for forests and trees, we only add three new rules which are applied over
a finite set of node expressions (by Lemma 4.9). Since we apply rules only once, this yields
again a finite tableau. Moreover, the new rules are clearly of type 1, thus applying them
in Alg. 2 yields similar bounds as in Thm. 5.1. Checking the clash conditions can also be done
using polynomial space. Therefore, the extended algorithm runs in polynomial space.  []

7. PURE AXIOMS AND NODE CREATING RULES

A common advantage of proof systems for Hybrid Logics is their ability to establish a very
general completeness result, in which it is shown that certain extensions of the base proof
system are automatically complete for the corresponding classes of models. This is in sharp
contrast with many proof systems for other Modal Logics, in which simple extensions of a
complete proof system might be incomplete.

This property of Hybrid Logics is particularly useful when designing proof systems for
specific classes of models. For instance, certain applications may require structural constraints

—such as transitivity or irreflexivity— on accessibility relations. This is specially relevant for
XPath, as the different axes are usually associated with semantics (e.g., price, sub-category,
sub-menu, max-level, etc.) which might need to obey structural restrictions. Extensions
using pure axioms and node-creating rules address these requirements naturally, while still
yielding automatic completeness results.

Extensions for HXPathp that preserve completeness have been investigated in [AF21]
for Hilbert-style axiom systems. In this section, we adopt a similar approach to develop
complete tableau systems for extensions of HXPathp. To this end, we follow the methodology
introduced in [Bla00, BtC02, BtC06| for Hybrid Logics. We will consider two kinds of
extension: pure axioms, and node creating rules. These extensions ensure the soundness and
completeness of the resulting calculi, but do not generally preserve decidability or complexity
bounds. Such results depend on carefully controlling the flow of information within the
tableaux and must be established on a case-by-case basis. While some structural properties
can be managed using the mechanisms introduced earlier, others may fall outside the scope
of such approach.
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7.1. Pure Axioms. One of the most standard extensions of hybridized proof systems is
via pure axioms. This extension enables us to characterize several interesting classes of
models, including some that are not definable by so-called “orthodox” node expressions (i.e.,
expressions containing only propositional symbols).

Definition 7.1. A node expression is pure iff it does not contain propositional symbols.

Example 7.2. Below we list some pure node expressions defining interesting frame conditions:

Irreflexivity i:—(a)i
Transitivity i:((ay(a)j — (a)j)
Trichotomy i:(ayj Vg Vv j:(a)i

Data Uniqueness (Q; =¢ Q;) — 31j.

It is interesting to notice that transitivity is definable without the use of nominals, but
trichotomy and irreflexivity are not (see [Bla00]). The latter is also true for data uniqueness.

It has been shown in [AF21| that pure expressions correspond to first-order properties
when taken as axioms. This makes them suitable to characterize interesting classes of models.
Below we formally introduce such a notion.

Definition 7.3. A (data) frame is a tuple § = (N, { Ra }acRel; {Re }ecEq), Where each compo-
nent is as in Def. 2.2. We write § F ¢ iff for all 9t based on §, and n € N, we have M, n F ¢.
We say that a node expression ¢ defines a class of frames F iff § F ¢ is equivalent to § € F.

Our tableaux receive as input node expressions that are prefixed by some 4:, so in order
to handle pure axioms we need to make sure they are also prefixed. Following [Bla00, BtC02],
in the following lemma we show that this is not a real restriction.

Lemma 7.4. If a pure node expression ¢ defines a class of frames F and i a nominal not in
p, then, i:p also defines F.

Proof. The result follows immediately from the requisite that ¢ does not appear in ¢, as in
this case ¢ does not affect the meaning of . []

We are now in position to state a general completeness result. The idea is to incorporate
(prefixed) pure expressions to check satisfiability of a node expression in a particular class
of models. In other words, if we look for a model of a given node expression, pure axioms
will guarantee that this model will belong to the corresponding class of models. Given a set
of pure expressions Axiom and v € Axiom, we need to instantiate nominals appearing in 1,
with nominals appearing in the branch of the tableaux in which v is being incorporated. For
instance, for a branch © with k:p € ©, we incorporate irreflexivity as formulated in Ex. 7.2
with the instance k:—(a)k. This kind of remark applies also to data comparisons.

Theorem 7.5 (Strong Completeness for Pure Axioms). Let Axiom be a set of pure node
expressions prefived by some i:. Extend the tableau calculus from Section 3 with the rule
(Pure) which adds, at any stage, any v € Axiom instantiated with nominals already appearing
wn the branch. The obtained tableau is complete with respect to the class of models based on

frames defined by /\wEAxiomw'

Proof. The argument for this proof is the same as the one in [Bla00, Th. 7.2| and [BtC02,
Prop. 3.2| for tableau calculi for hybrid logics, and [AF21, Th. 3.23| for axiomatizations
of hybrid XPath. Intuitively, the rule (Pure) ensures that pure axioms in Axiom are fully
instantiated in a suitable way, in an open and saturated branch ©. As a consequence, the
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extracted model M® globally satisfies all relevant instances in Axiom. This is sufficient to
ensure that the frame of M satisfies the structural properties associated with Axiom. In
other words, the extracted model 9®, satisfying the root formula in the branch, will belong
to the required model class. L]

By choosing a suitable set of pure axioms it is possible to characterize interesting XPath
features. We introduce some of them in the following example.

Example 7.6. As our first example of the use of pure actions, we begin by considering
the inverse relation, a distinctive feature in XPath fragments which allows for backwards
navigation. To this end, we extend the set of relation symbols in the signature to Rel’ =
RelU{a™ | a € Rel}. Then, we define

Inverse = {i:(j — [a](a™)j),i:(j — [a](a)j) | a € Rel}.

By incorporating Inverse, our tableaux yields a complete calculus for HXPathp with inverse

relations (over the new signature). More precisely, pure axioms in Inverse ensure that, in

any model considered, R, = (R,-)”. Hence, a~ can be used to refer to the inverse of a.
For a second example, fix now Rel” = Rel’ U {s}, and define

Sibling = Inverse U {i:((s)j — (a=)(a)j),i:(—j A (a=)(a)j — (s)5),i:(j:=(s)j) | a € Rel}.

By incorporating Sibling we get, additionally, completeness for HXPathp with Rs being
the sibling relation. The first node expression states that a sibling is one node found going
backwards and then forwards in the model. The second node expression states the converse
of the first expression, in case j is not the current node. Finally, the last expression expresses
that a node is not its own sibling.

As a final example, define

s-Irreflexivity = Sibling U {i:((s)j — ((Q; #. @;)))}.

s-Irreflexivity gives us completeness with respect to the class of models in which siblings
have different data values for the comparison criteria e. This could be useful, for example,
if when the siblings in the data tree represent categories with different prize ranges (e.g.,
economy, business, first-class).

We stress that the Strong Completeness Theorem (Thm. 7.5) guarantees that the resulting
calculi are complete for the intended model classes. All the extensions discussed in Ex. 7.6
correspond to common features found in various versions of XPath. It is therefore desirable
to have tableau calculi that are not only sound but also complete for these extensions. As it
turns out, in all these cases, completeness is automatically preserved due to the specific form
of the axioms being added. This being said, adding such axioms does not imply complexity
bounds are preserved. For instance, the satisfiability problem for Hybrid Logic H(:) extended
with the inverse operator is already known to be ExPTIME-complete [ABMO00|. Since #(:)
with inverses is a proper fragment of HXPathp extended with inverses, this immediately
yields an EXPTIME lower bound for the satisfiability problem of HXPathp with inverses.

7.2. Node Creating Rules. We now turn our attention to introducing so-called node
creation rules into our tableaux. To precisely characterize the expressivity provided by
these new rules, we need to extend the basic language HXPathp to a strong version with
quantification over nominals, as is done for Hybrid Logic [BS95|. It is important to clarify
that the strong hybrid language for XPath introduced in Def. 7.7 is used solely to characterize
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the expressive power of the node-creating rules defined below. It is also worth noting that
the satisfiability problem for the strong hybrid language for XPath is undecidable [AtCO6].
Therefore, node-creating rules must be used with caution when aiming for a tableau calculus
with good computational properties.

Definition 7.7 (Strong Hybrid Language for XPath). The strong hybrid language for XPath
is obtained by allowing expressions of the form Jz.p (where x € Nom, and ¢ is a node
expression) as node expressions. The semantics of these new node expressions over models
M= <Na {Ra}aeRela {%e}eeEqa V, n0m> is given as:

M, nkE Iz 4ff thereis nom’ s.t. M nE @,

where 9 = (N, {Ra}acRrel, {Re tecEq, Vo nom’) for nom’ defined exactly as nom except, per-
haps, for . The expression Vz.p is defined as —3.—p. We will use dx,y,... and Va,y,... as
shortcuts for dx.dy ... and Vz.Vy ..., respectively.

The strong hybrid language helps highlight a key limitation of pure axioms and motivates
the need for node-creating rules. Pure axioms correspond to universally quantified expressions
in the strong hybrid language (see |[BtC02, Prop. 3.2] for details). However, certain natural
frame properties cannot be captured using pure axioms alone. A well-known example is the
Church-Rosser class of frames, or the property of right-directness. The former property can
be expressed as

Vi, g, k.3x.(i:(a)j Niz{a)yx — j:(a)z A k:(a)x),
while the latter can be expressed as

Vi, 5.3k.(i:(aVk A j:(a)k).

Both expressions involve a V3 quantification pattern, which goes beyond the purely universal
pattern allowed by pure axioms. Node-creating rules provide a natural way to handle such V3
properties: the premises correspond to the universally quantified parts, while the conclusions
create new nodes serving as witnesses for the existential quantifiers.
For example,
Vi, 1.3k Fe Qi) A (@) e @)
can be casted into a node generating rule as
1,7 in the branch
<@j 7ée @k>
<@z 7ée @k>

Incorporating this rule into our tableaux ensures that for every pair of nodes i and j in a
branch, there is a node k£ whose data value differs from both.

Let us now move to the general form of these rules and how to represent them. Let
Vri,...,xe.3yY1, ... ye. be a node expression from the strong hybrid language, such that ¢
is quantifier free. For every such a node expression we define the rule

with k£ a new nominal.

i1,...,% in the branch

- - with k1, ..., ky new nominals.
Olry <1y, g U y1 < k1o yp < k]

Once more, we can prove a Strong Completeness Theorem for Node Creating Rules.

Theorem 7.8 (Strong Completeness for Node Creating Rules). Let S be a set of node
expressions from the strong hybrid language of the form ¥Yaq, ..., xe.3y1, ... yp ., where ¢ is
quantifier free. FEatend the tableau calculus from Section 3 with the associated rules as defined
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above. The obtained tableaux is complete with respect to the class of models whose frames are

defined by /\¢€S Y.
Proof. The argument is as in the proof of Thm. 7.5. []

8. FINAL REMARKS

We introduced tableau calculi for data-aware logics, with particular attention to variants
of the query language XPath extended with data comparisons. Precisely, we presented an
internalized tableau calculus for the logic called HXPathp. This logic extends the standard
XPath formalism as studied in the context of Modal Logic by incorporating data comparisons,
along with nominals and satisfiability modalities from Hybrid Logic. We proved that our
tableau calculus is sound, complete, and terminating, making it a practical tool for checking
the satisfiability of HXPathp node and path expressions. Additionally, we showed that rule
applications can be systematically restricted to ensure that tableau construction runs in
polynomial space, without sacrificing completeness. This yields a PSPACE-completeness
result for the satisfiability problem in HXPathp.

Our work builds upon [AFS17] and offers several enhancements. Most notably, it provides
a detailed account of the termination argument, which was only briefly outlined in the earlier
article. The presence of nominals and satisfiability modalities in the language implies that
the tableau calculi need to perform equality reasoning, which complicates termination. In
particular, the introduction of new nominals needs to be carefully handled. In addition, we
demonstrate that the PSPACE upper bound also applies in the case of trees. The current
proposal is, arguably, simpler and more elegant than the presentation of the calculus given
in [AFS17]. In particular, the PSPACE upper bound for satisfiability is presented in full, at a
level of detail suitable for implementation. The tableau calculi introduced in this article are
internalized, i.e., rules only contain expressions of HXPathp. It is known that internalized
proof systems for Hybrid Logics enjoy some nice properties [Bla00, BtC02|. We exploited
these properties here, demonstrating how to extend the tableau calculus with pure axioms
and node creating rules to characterize interesting model classes. Moreover, we showed that
strong completeness theorems holds for these particular kind of tableau rules, ensuring that
the resulting calculi are automatically complete for the corresponding model classes. We
illustrated how these rules can be used to capture new operators and model classes relevant
for applications based on semi-structured data.

The results presented in this article pave the way to a modal investigation of other
data-aware logics that are receiving considerable attention recently, such as GQL [FGG™23a,
FGGT23b| and SHACL [Ort23, AOOS23]. It also makes it possible to consider Modal Logics
built over more complex data structures, such as Concrete Domains [DQ21|. It would
be interesting to explore futher connections with Register Automata [KF94| and similar
structures. Finally, implementing a tableaux-based procedure for data-aware languages over
the hybrid prover HTab [HA09] is also part of our agenda.
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