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ABSTRACT. We prove that the equational theory of the positive calculus of relations with
transitive closure (PCoR*) is EXPSPACE-complete. Here, PCoR* terms consist of the
following standard operators on binary relations: identity, empty, universality, union,
intersection, composition, converse, and reflexive transitive closure (so, PCoR* terms
subsume Kleene algebra and allegory terms as fragments). Additionally, we show that the
equational theory of PCoR* extended with tests and nominals (in hybrid logic) is still
EXPSPACE-complete; moreover, it is PSPACE-complete for its intersection-free fragment.

To this end, we design derivatives on graphs by extending derivatives on words for regular
expressions. The derivatives give a finite automata construction on path decompositions,
like those on words. Because the equational theory has a linearly bounded pathwidth model
property, we can decide the equational theory of PCoR* using these automata.

1. INTRODUCTION

We consider the positive calculus of relations with transitive closure (PCoR*) [Poul8]: the
algebraic system on binary relations, with the operators {1,0, T,;, +,N, -7, *} of identity
(1), empty (0), universality (T), composition (;), union (+), intersection (N), converse (_7),
and reflexive transitive closure (_*); so, PCoR* consist of the operators of Kleene algebra
{1,0,;,+, *} [Kle56, ConT71, Koz91], those of allegory {1,;,N,_~} [FS90], and T. PCoR*
terms without T are sometimes called Kleene allegory terms [BP15, BP17, Nak17].

If we added the complement operator (-~) to PCoR*, then we would obtain the calculus
of relations [Tar41l, TG87] with transitive closure [Ng84]. However, the equational theory
of the calculus of relations is well-known undecidable [Tar41, TG87]. The undecidability
result holds even for the terms with the three operators {;,+,_~} [Hirl8] and moreover
even with one variable [Nak19]. Also, in PCoR* with _~, even if the complement only
applies to atomic terms (variables or constants), the equational theory is still undecidable
[Nak23]. In this paper, by excluding complement, we focus on positive fragments. For
Kleene algebras (with respect to binary relations), the equational theory coincides with
the language equivalence problem of regular expressions (see, e.g., [Poul8, Theorem 4)),
and thus the equational theory of Kleene algebras is decidable and PSPACE-complete, by
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the results on regular expressions [MS72]. For representable allegories (with respect to
binary relations), the equational theory coincides with the graph homomorphic equivalence
problem via an encoding of terms as graphs [FS90, AB95, CM77], and thus the equational
theory of representable allegories is also decidable. For the equational theory of PCoR*,
Brunet and Pous extended the graph homomorphism characterizations above using graph
languages [BP15, BP17]. By introducing Petri automata, which is an automata model for
expressing graph languages, they have shown that the equational theory of identity-free
Kleene lattices {0,;,+,N, -t} with respect to binary relations [AMN11] is decidable and
EXPSPACE-complete [BP15, BP17] where (-7) denotes the transitive closure operator.
However, the decidability and complexity for Kleene allegories (and PCoR*) were left open
at LICS 2015 [BP15].

Our main contribution is to prove that the equational theory of PCoR* is still decidable
and EXPSPACE-complete. We first note that the equational theory has the treewidth
at most 2 model property (Proposition 2.8) and the linearly bounded pathwidth model
property (Proposition 2.9). Thus, the decidability can be derived from the decidability
of MSO over bounded treewidth structures [Cou88, Cou90, CE12]. However, the naive
algorithm obtained from this fact has a non-elementary complexity (see Section 8, for more
comparisons to other systems related to PCoR*). The EXPSPACE-hardness is shown by
giving a reduction from the universality problem of regular expressions with intersection,
which is EXPSPACE-complete [Fi80, Theorem 2]. (This was independently shown in
[Nak17, BP17].)

To obtain the EXPSPACE upper bound of the equational theory of PCoR*, we use the
idea of derivatives on words for regular expressions, e.g., Brzozowski’s derivatives [Brz64]
and Antimirov’s (partial) derivatives [Ant96, BBMT16], that are tools to obtain automata
from regular expressions syntactically (we refer to the book [Sak09], for more details of
derivatives on words). In this paper, we extend the derivatives from words to graphs. To
this end, we consider Kleene lattices {1,0,;,+,N, *}, which is a core fragment of PCoR*,
and we extend the syntax of terms with labels for pointing multiple vertices on graphs
(Section 3). Thanks to this extension, similar to those on words, we can give derivatives on
graphs/structures (Section 4). Derivatives of labeled Kleene lattice terms can simulate left
quotients of languages of runs (having a special form of DAG) (Section 2.2.1), as with that
derivatives of regular expressions can simulate left quotients of word languages. Moreover,
we show that our derivatives are decomposable on path decompositions (Theorem 5.5).
Namely, from derivatives on (small) pre-glued graphs, we can compute the derivative on
the (large) glued graph (in this sense, our approach can be viewed as a variant of the
Feferman—Vaught decomposition theorem [Mak04, CE12]). Thanks to this decomposition
with the linearly bounded pathwidth model property (Proposition 2.9), we can obtain an
automata construction for Kleene lattice terms (Section 5). Using this construction, we
have that the equational theory of Kleene lattices with respect to relations is EXPSPACE-
complete (Corollary 5.13). Moreover, we show that on our automata construction, we can
give encodings of the following operators: universality (T ), converse (-7), tests in Kleene
algebra with tests (KAT), and nominals in hybrid logic. Thus, the equational theory of
PCoR* is EXPSPACE-complete (Corollary 6.3), and moreover, the equational theory of
PCoR* with tests and nominals is EXPSPACE-complete (Corollary 6.6). Additionally, if
the intersection width [GLLO09] is fixed (particularly, if N does not occur), the equational
theory of PCoR* with tests and nominals is PSPACE-complete (Corollary 6.7).



Vol. 21:4 DERIVATIVES ON GRAPHS FOR PCOR* 27:3

Differences with the version at LICS 2017. This is a revised and extended version
of the paper [Nakl7], presented at the 32nd Annual ACM/IEEE Symposium on Logic in
Computer Science (LICS 2017). The differences from the conference version are as follows.

e To express bounded pathwidth structures, we use a graph gluing operator (®) [BP16al,
instead of “Sequential Graph Constructing Procedures” (SGCPs) [Nakl7]. Roughly
speaking, SGCPs enumerate “normalized” (but complete to generate all structures of
pathwidth at most k) path decompositions of width at most k, but combinations of the
gluing operator enumerate all path decompositions of width at most k. Due to this, the
alphabet size, here, the number of structures of size at most k + 1, is large, naively, but we
can reduce it (see Section 6.3). Thanks to this separation of concerns, our formalizations
are significantly simplified without changing the essence.

e Thanks to the above, we can easily encode some additional operators, e.g., top (T),
converse (_7), tests in Kleene algebra with tests, and nominals in hybrid logic (Sections 6.1
and 6.2). In the body of this paper, relying on these encodings, instead of PCoR* terms,
we mainly consider Kleene lattice terms—PCoR* terms with neither T nor _~. This
separation also slightly simplifies our formalizations.

e We use runs (defined in Section 2.2.1) instead of “simple graphs” in [Nak17]. Because
each vertex of runs precisely has one fun-in and one fun-out, we can more easily define left
quotients, cf. [Nak17]. Our runs are essentially those of branching automata by Lodaya
and Weil [LW98, LW00, LW01] without minor changes.

e We point out an error of [Nakl7, Section IV] in Section 7.4. We give a counterexample
that the decomposition rules corresponding to the argument in [Nak17, Lemma IV.10] are
not complete (c¢f. Lemma 7.10), due to one-way reading. To avoid this problem, we use
two-way alternating finite automata (2AFAs), not one-way.

Outline. In Section 2, we give basic definitions, including PCoR* terms and Kleene lattice
terms (KL terms). In Section 3, we extend KL terms with labels. In Section 4, we define
derivatives on structures (graphs without interfaces) for labeled KL terms. In Section 5,
we give an automata construction using the derivatives. We then have that the equational
theory of KL terms is EXPSPACE-complete. In Section 6, we give encodings of additional
operators in our automata construction. Consequently, the equational theory of PCoR*
terms with tests and nominals is also EXPSPACE-complete. In Section 7, we prove the
decomposition theorem for the derivatives, which is the key to our automata construction in
Section 5. In Section 8, we conclude this paper with related and future work.

2. PRELIMINARIES

We write N for the set of non-negative integers. For [,r € N, we write [l,r] for the set
{i e N|l<i<r}. Forn €N, we abbreviate [1,n] to [n]. For a set X, we write #X for the
cardinality of X and p(X) for the power set of X. We use & to denote that the union U is
disjoint.
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Word languages. We write wv for the concatenation of words w and v. We write ¢ for
the empty word. For a set X of letters, we write X™* for the set of words over X. A language
over X is a subset of X*. We use w, v to denote words and use L, K to denote languages.
For languages £, C X*, the concatenation L ; IC, the n-th iteration L™ (where n € N), the
Kleene plus LT, and the Kleene star L* are defined by:

cLnl >1
LiK2 fww|we LA k), ﬁné{ﬁ,ﬁ (n=1) cre e, 2o
{e} (n=0) o1 n>0

Binary relations. We write A 4 for the identity relation on a set A: Ay = {(z,z) | z € A}.
For binary relations R, S on a set B, the composition R ; S, the converse R, the n-th
iteration R™ (where n € N), the transitive closure RT, and the reflexive transitive closure

R* are defined by:
R;S={(z,2) |y, (x,y) e RA(y,2) €S}, R~ ={(a,y)|(y.2) € R},

. n—1 >
Rné{RvR (”_1), RY 2R, R 2R
AB (TL = O) n>1 n>0

Graphs with bi-interface. We consider graphs with bi-interface, inspired by [BP16a,
bi-interface graphs][BGK'16, symmetric monoidal structures]. Interfaces are used to define
the series composition (Definition 2.1). Let A be a set with a map ty: A — N2; we also let
ty; and ty, be such that ty(a) = (ty;(a),tys(a)) for each a € A. For n,m € N, a graph G
over A (with (n,m)-interface) is a tuple (|G|, {a%}aca, 1§,..., 1,27, ... 2%} where

|G| is a (possibly empty) set;

a® C |G|¥1(@)+ty2(9) ig a (ty,(a) + tyy(a))-ary relation for each a € A;

1¥ € |G| is the I-th source vertex for each [ € [n];

2C¢ € |G| is the r-th target vertex for each r € [m].

Particularly when n = m = 0, we say that G is a graph without interfaces or G has no
interfaces. Note that, if |G| = 0, then n = m = 0. We let ty(G) = (ty,(G), tyo(G)) = (n, m).
We often abbreviate 1§ to 1¢ and 2§ to 2¢, respectively.

Let G and H be graphs over a set A with (n,m)-interface. We say that a map
f: |G| — |H]| is a graph homomorphism from G to H, written f: G — H, if (1) for each
a € Aand z1,...,z, € |G|, if (v1,...,2,) € a¥, then (f(z1),..., f(zp)) € all, (2) for
each | € [n], f(1¥) = 1}, and (3) for each r € [m], f(2¢) = 2H. Particularly, we say
that f is a graph isomorphism from G to H, written f: G = H, if f is a bijective graph
homomorphism from G to H, and for each a € A and x1,...,7, € |G|, (1,...,7,) € a¥
iff (f(z1),..., f(xp)) € a®. We write G — H (resp. G = H) if there is some f: G — H
(resp. f: G = H). In the sequel, we identify two graphs if there is a graph isomorphism
between them (except for structures; see Section 3.1); we write G = H when G = H.

For instance, when A is the set {a,f,j} with ty(a) = (1,1), ty(f) = (1,2), and
ty(j) = (2,1) and the graph G is given by |G| = {1,2,3,4}, a® = {(1,2)}, £¢ = {(1,2,3)},
i% = {(2,3,4)}, ty(G) = (1,1), 1¥ = 1, and 2§ = 4, we depict G as the figure on the
left-hand side. Here, we will use the symbols f and j as special constants (Section 2.2.1).
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For notational simplicity, we often omit vertex labels and some “1” labels as the right-hand
side.

1
1a” A~ 21 a— 7 \d
1 »% £y —1>@> 1 | Ry /IO\J' ——0> (simplified)
2372 22

1+ 1 1 1 1 +0+ FO> 1
O\G/O> or G .
n *% m\o» m n *& 4)» m
Additionally, for an equivalence relation E on |G|, the quotient graph of G with re-
spect to E is defined as the graph G/E = (|G|/E,{(X,Y) | 3z € X,y € Y, (z,y) €

a%Yaea, 155, -, [1S]E, 2¥]E, - - -, [25] &) where |G|/ E denotes the set of equivalence classes
of |G| by E and [z]g denotes the equivalence class of x.

We may depict graphs G with ty(G) = (n, m) as one edge:

Series and parallel composition. For graphs, we use the series composition and the parallel
composition, defined as follows.

1 ~O o> 1 1 +0+ o> 1

Definition 2.1. For graphs, G = e and H = S H | , the series

weol  form e ) T
composition G o H and the parallel composition G || H are defined as follows, respectively:

1 +0 Lo 1
1 +0-] o Lo 1 el
/
G| | H]|: (m=n') n ~o-| or m
VAN . . A
GoH = n +0- o o> m/ , GIIH= n+1 >0 or m 4+ 1
undefined (otherwise) Sl H |

n+n' ~0 o> m +m'

(G o H is the graph obtained from G and H by merging 2 and 1 for i € [m].)

G
Additionally, we may denote G || H vertically as 1”{ For instance,

1 1 +0—a—0+ 1 1 -0+ 1 1 “
*012 © 2 »0—bh—0> 2 l2soc—o0r2]® 2)% - (»O\/I)\,—OK\C’/O*>’

(<)e[ T )e(n) = (=)

~0—bh—0r ) o ( »0—c—or ) 2

10+ 1
For n € N, we let 1" be the following graph with (n,n)-interface: 1™ 2 ( ; )
n +0+n
Each 1" is an empty graph and the graph 1° is the null graph. Each 1" is the left identity
element with respect to ¢ on graphs G with (n, m)-interface, that is 1" ¢ G = G. The right
identity element is given by 1™, i.e., G ¢ 1™ = G. The identity element with respect to || on
graphs with (n, m)-interface is given by 1, ie., 1° || G=G || 1° =G.
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Pathwidth and treewidth. We recall the notions of the pathwidth and treewidth of structures
[CE12, Definition 9.12], which are defined based on the pathwidth [RS83] (see also, e.g.,
[Bod98, Theorem 2|[BP16a, Lemma 4.6] for alternative characterizations) and the treewidth
[RS86] for graphs. Below, for graphs with bi-interface, we use a slightly generalized defi-
nition, based on [CE12, Definition 2.5.3] for treewidth and [Nak17] for pathwidth (these
definitions will be useful in the constructions in Propositions 2.4 and 2.5, while we will

always consider structures (graphs without interfaces)). For a graph G (with bi-interface), a

path decomposition of G is a sequence H = Hy ... H, of finite graphs such that

* |G| = Ujepy|Hil and a® = Uien) afli for each a € A;

o |Hi|N|Hy| C|Hj|lforall 1 <i<j<k<m;

e cach source vertex of G is in |H;| and each target vertex of G is in |H,,|.

The width of H is max;c(y) (#|Hi| — 1). The pathwidth pw(G) of a graph G is the minimum

width among path decompositions of G. Each element of H is called a bag.

Similarly, for a graph G, a tree decomposition of G is a finite rooted tree H= {Hy }wer
of graphs, where I' C N* is a finite and prefix-closed (ww’ € T" implies w € T") set, such that
¢ |G| = Uyper|Hw| and a® = J, e af™™ for each a € A;

e |H,|N|H,| C |Hyl for all w,v,u €T such that v is on the unique path between w and u
(i.e., v satisfies LCA(w, u) =pref V =pref W O LCA(w, u) =pref U =pref & where w' <pper v/
denotes that w' is a prefix of " and LCA(w,u) denotes the maximal common prefix word
(i.e., the least common ancestor) of w and u);

e each source vertex and each target vertex of G is in the root |H,|.

The width of H is maxyer(#|Hy| — 1). The treewidth tw(G) of a graph G is the minimum
width among tree decompositions of G. Each element of H is called a bag.

Particularly when G has no interfaces, the pathwidth/treewidth of a graph G coincide
with those of its Gaifman graph (i.e., the graph (|G|, E) where E is the binary relation

Usea U(ml,...,rk>€aG{<xi7$j> |i,5 € [k] ANx; # x;} [EF95, p. 26]), respectively.

Remark 2.2. By definition, the number of bags is finite; this is sufficient in this paper as
we are mainly interested in finite structures (thanks to the Proposition 2.7).

2.1. PCoR*: The Positive Calculus of Relations with Transitive Closure. We
consider the positive calculus of relations with transitive closure (PCoR*). We use X to
denote a set of variables. The set of PCoR* terms over X is defined as the set of terms over
the signature {19y, 00), T (0,32, +(2)> N(2)s -1y j(kl)} and the variable set X:

tys,u = a|1|0|T|t;s|t+s|tns|t™|t" (a €X)

We often abbreviate ¢ ; s to ts. We use parentheses in ambiguous situations (where +, ;, and
N are left-associative). We write >, ¢; for the term 04 ¢; + - - - + t,,, write 3., ¢; for the
term 1;¢q ;- ; ¢y, write t" for the term ;;_, ¢, and write ¢ for the term ¢¢*.

An equation t = s is a pair of PCoR* terms. The inequation t < s abbreviates the
equation t + s = s.

For a PCoR* term ¢, the size ||t|| is the number of symbols occurring in ¢:

lal| =1 for a € 2U{1,0, T}, 1] 2 1+ |j¢]| for @ € {—,},
1t s|| 21+ [|t] + ||s]| for © € {;,+,N}.
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Additionally, the intersection width iw(t) [GLLO09] is defined as follows:

iw(a) £ 1foraeXU{1,0,T}, iw(tY) £ iw(t) for Q € {—, 1},
iw(tQ s) £ max(iw(t),iw(s)) for Q € {;,+}, 1W(tﬂ 5) = iw(t) + iw(s).
For instance, iw(aNbNecNd) =4 and iw((aNb);(anc);(and)) =
Proposition 2.3. For all PCoR* terms t, we have iw(t) < ||¢]|.

Proof. By easy induction on ¢. []

2.1.1. Semantics: relational models. A structure (of binary relations) is a non-empty graph
without interfaces over the set ¥ with ty(a) = (1,1) for a € ¥. We use 2, B to denote a
structure. Let 2 be a structure. For a PCoR* term ¢, the semantics [t]a C ||? is defined
as follows:

l[ala 2 a¥ — [Ua2lp, [00a20,  [Tla= 22 [t;sla = [a; [sa
[t+sla = [tJaUlslas  [ENsla = [Hanlsla, [ la=0a,  [Fla = i

We write REL for the class of all structures. For C C REL, we write C =t = s if [t]y = [s]a
for all A € C. In the sequel, we consider the equational theory with respect to REL. For
instance, the following equations hold with respect to REL:

(t's" ) =(t+s)" (2.1) tlsnu) < (ts)N(tu) (2.3) ttn1< (@)™ (2.
=) 14+t (22) (ts)Nu<(tn(usT))s (24) tns)TN1<(tnshHT (
Notably, the equational theory of PCoR* contains that of Kleene algebras {1,0,;,+, _*}

[Koz91] (such as Equations (2.1) and (2.2)) and that of allegories {1,;,N,_~} [FS90, PV18]
(such as Equation (2.3) (the semi-distributive law over N) and Equation (2.4) (the modularity
law)); see also [BES95, BP16b] for Kleene algebras with converse {1,0,;,+,_*, -~} and

[AMN11, DP18] for identity-free Kleene lattices {0,;,+,N,_"}. Equation (2.5) [Poul8, p.
14] and Equation (2.6) are non-trivial equations having transitive closure and intersection.

2.1.2. An alternative semantics: graph languages. We recall graph languages for PCoR*
[BP17][Poul8, Definition 15]. The graph language G(t) of a PCoR* term ¢ is the set of
graphs with (1, 1)-interface over 3, defined as follows:

Gla) 2 { ~o—a—o- } foracy, G(1)2{ - }, G(0)=0,
G(t;s) 2 { ro—goo-H—o |GEGU)ANHEG(s)), G(T)E{ o o },
G(tns) 2 { o G0n |G EG()AH € g(s)}, Gt +5) 2 G(t) UG(s),
G(t7) 2 { ~orc-o- |G EG(D)}, g(t) = |J g™,
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For instance,

Glan(be) = { ot e

b—o+—cC
_ o
Gt ra = { £ e |
Ga*) = { o> , »0—a—or , »0—a—0—a—0> , ...}

Proposition 2.4. For all PCoR* terms t and G € G(t), we have tw(G) < 2.

Proof (Corollary of [Bod98, Theorem 41]). By induction on {;, N}-terms, we have that every
series-parallel graph (with one source and one target) has some tree decomposition of width
2 [Bod98, Theorem 41]. Similar to this, by induction on PCoR* terms ¢, each graph G € G(t)
has some tree decomposition of width 2. []

Proposition 2.5. For all PCoR* terms t and G € G(t), we have pw(G) < iw(t).

Proof. Similar to the above, by easy induction on ¢, each graph G' € G(t) has some path
decomposition H = Hj ... H, of width iw(¢) (where the source vertex is in |H;| and the
target vertex is in |Hy|). []

In this paper, we use the graph languages above as an alternative semantics. Let 2 be a
structure. For z,y € ||, we write G(2, z,y) for the graph defined by (||, {[a]a }acs, T, y).
For a graph H and a set G of graphs, we define [H]y and [G]y as follows:

[Hla 2 {(z,y) | H — G2, z,y)}, [Glx = | [H]a
Heg
We then have the following.

Proposition 2.6 [AMNI11, Lemma 2.1 and 2.2] (for PCoR* without T), [BP17, Lemma
2.3] (for PCoR*). Let A be a structure. For all PCoR* terms t, we have [t]y = [G(t)]a-

Proof. By easy induction on t using distributivity of ;, N, and . []

a
For instance, when 2 = <®ibx >, we have (z,z) € [an (be™)]a by the following graph
C/'

homomorphism:

a

Glan (be=)) > -0 "o oD = 6,2, 2).

b—o«—cC
As a corollary of Proposition 2.6, we also have the following bounded model property.

Proposition 2.7 (Graph language bounded model property). For all PCoR* terms t, s,
RELEt<s < {A|3r,ye|A,G,z,y) eGt)} =t <s.

Proof. (=): Trivial. (<=): We prove the contraposition. Assume (z,y) € [t]a \ [s]a for
some 2 € REL and z,y € ||. By Proposition 2.6, G' — G(2, z,y) for some G’ € G(t), and
H — G2, z,y) for all H € G(s). Let B, 2/, and ' be such that G(B,2’,y’) = G'. Since
G' — G(8B,2',y'), we have (2',y) € [t]s. Also, by G(B,2',y") — G(,z,y), we have
H — G(B,2',y) for all H € G(s), and hence (2',y') & [s]s. Hence by G(B,2',y') € G(¢),
this completes the proof. []
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For a class C C REL, we use the following notations:
Cow<k = {A €C | pw(A) <k}, Ciw<k = {A € C | tw(A) < k}.
As a corollary of Proposition 2.7, we also have the following two model properties.

Proposition 2.8 (Treewidth at most 2 model property). For all PCoR* terms t, s,
REL':tSS <~ RELtWSQ ':tSS.

Proof. (=): Trivial. (<=): Because every graph of G(¢) has treewidth at most 2 (Proposi-
tion 2.4), this direction is shown by Proposition 2.7. []

Proposition 2.9 (Linearly bounded pathwidth model property). For all PCoR* terms t, s,
RELEt<s <= RELpycu 1<

Proof. (=): Trivial. («<=): Because every graph of G(¢) has pathwidth at most iw(¢)
(Proposition 2.5), this direction is shown by Proposition 2.7. L]

Note that we can easily translate the equational theory of PCoR* terms into the theory
of monadic second-order logic (MSO) formulas® as an analog of the standard translation
from the equational theory of the calculus of relations into the theory of three-variable
first-order logic formulas [Tar41]. Because the theory of MSO over bounded treewidth
structures is decidable [Cou88, Cou90, CE12], Proposition 2.8 (or Proposition 2.9) implies
that the equational theory of PCoR* is decidable. However, the naive algorithm obtained
from the above has a non-elementary complexity. We will show that the equational theory
of PCoR* is EXPSPACE-complete (Corollary 6.3).

Additionally, Brunet and Pous gave the following graph-theoretic characterization of the
equational theory for PCoR*, which generalizes the characterizations known for conjunctive
queries [CM77], representable allegories [FS90] and union-free relation algebras [AB95].

Proposition 2.10 [BP15, BP17]. For all PCoR* terms t,s,
RELEt<s <= VGe((t),3dH €G(s),H — G.

2.1.3. Comparison to word languages. The word language [t]s; of a Kleene lattice term (i.e.,
terms over {1,0,;,4,MN, _*}) ¢ is the set of words over ¥ defined as follows:

o]z = {a} forac®,  [ls ={e}, 0]s =0,
[t+sls = [t)s U [s]x, tssls = s s, [Fle 2[5 [ENsls 2 [Han(s)s.
For Kleene algebra terms (i.e., terms over {1,0,;,+, _*}) ¢ and s, the following is well-known

(see, e.g., [Poul8, Theorem 4]): REL |=¢ < s iff [t]s, C [s]s. This equivalence can be slightly
strengthened as follows.

Proposition 2.11 [Nak17, BP17]. For all Kleene algebra terms t and Kleene lattice terms
s, we have:

REL ): t<s5 <= [t]g - [S]E.

1Precisely7 with respect to binary relations, the expressive power of PCoR* is equivalent to that of
three-variable existential positive logic with “variable-confined” monadic transitive closure [Nak22].
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Proof. (In [Nak17, Theorem VI.3], this was shown via the tree unwinding technique in modal
logic. The following is a simpler proof [BP17, Proposition 10.2] based on the graph language
characterization.) For all Kleene lattice terms s and words w € ¥*, we have:

JdH € G(s),H — G(w) < w € [s]y

where G(w) denotes the unique graph such that G(w) = {G(w)}. It is shown by easy
induction on s. Thus by Proposition 2.10, this completes the proof. []

Remark 2.12. The (word) language model LANG [BES95, AMN11, Brul7] is another
interesting model of PCoR* terms, where the constant T is interpreted as the universal
language, the unary operator _~ is interpreted as the reverse of the language: L™~ =
{an ...a2a1 | ajas...a, € L}, and the other operators are defined based on the above [ |y.
In LANG, each variable z may interpret not only {z} but also a (possibly non-singleton)
language. Notably for identity-free Kleene lattices, the equational theory with respect
to LANG coincides with that with respect to REL [AMN11, Theorem 4.1]. However, for
Kleene lattices and PCoR*, this coincidence is broken, e.g., Equations (2.4) to (2.6) are
counterexamples. For the equational theory of Kleene lattices (with complement), LANG can
be characterized as a subclass of (linearly ordered) (generalized) relational models [Nak25].

Remark 2.13. The restriction of Proposition 2.11 is crucial. Proposition 2.11 fails when
N, T, or _~ occurs in t. For instance, if t = a Nb and s = 0 where a # b, then we have
[t]x = [s]x = 0 but aNb < 0 does not hold with respect to REL. Proposition 2.11 also fails
when T or -~ occurs in s (where T expresses the universal language and _~ expresses the
reverse, according to Remark 2.12); let us consider, REL = a < aTa or REL = a < aa ™ a.
In such cases, graph languages are needed (Proposition 2.10).

2.2. Kleene lattice terms: a core fragment of PCoR* terms. In the sequel, we mainly
consider Kleene lattice (KL) terms. We say that a PCoR* term ¢ is a KL term if ¢ contains
neither T nor . Namely, the set of KL terms is given by:

tys,u == a|l|0|t;s|t+s|tNns]|t. (a€eX)

2.2.1. Second alternative semantics: run (DAG with vertices of one fan-in and one fan-out)
languages. We consider run languages, which is a slightly modified semantics of graph
languages. This is inspired by the runs in branching automata [LW98, LW00, LW01]. We
use the symbols f and j for expressing the forking and joining of runs, respectively. Let ¢ ;
be the set ¥ U {f, j} with the map ty defined by: ty(a) = (1,1) for a € 3, ty(f) = (1,2),
and ty(j) = (2,1). A run with (n,m)-interface G is a graph with (n,m)-interface over ¥s ;
where

e (G forms a directed acyclic graph (DAG), namely, the following holds:

Jr

U U U {(@i i) | (@1, By, (0) VLo - Yiyy(a)) € A7 N DG = 0.

a€Xis j i€ty (a)] jeltya(a)]
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e ing(z) =outg(z) =1 for each z € |G|, where

ing(2) 2 #{len]|1¢ =2} + Z #{(z1,... ,a:tyl(a),yl,...,ytyz(a)>EaG | z; = z},

a€s j
i€[ty, (a)]

outg(z) = #{r € [m] | 29 = 2} + Z HUZ1, - By (@) YL - Yrya(a)) €07 | Y5 = 2}

a€s j
JEltys(a)]

Definition 2.14. The run language R(t) of a KL term ¢ is a set of runs with (1, 1)-interface,
defined as follows:

R(a) 2{ ~o—asor } foracy, R(1) £ { ~o- }, R(0) 20,
R(t;s) 2 { ro—Gro—H—0r |GERME)ANH €R(s)}, R(t+s)=R(E)UR(s),

R(tNs) = {*H “f;?l ~o- |GER(E)ANH € R(s)}, R(t*) £ gon(tn).

By construction, every run of KL terms is a directed two-terminal series-parallel graph
[VTL79, Epp92], by viewing labels f and j as vertices. For instance (cf. Section 2.1.2),

R(an(bc)) = { ~0— \%GAO\O/JAO» },
2 b—O0—C—

R((((aa) N 1)bac) + d) { e }
aa) N 1)oac) + = ~0—f j*0—b+0—a+0—c+0> , -O0—d-0~ ,
2\0%

R(a*) = { -0+ , —»0—a-+0+> , -+>0—a->0—a—>0+> ,.. }
We can also use the run languages as an alternative relational semantics. Let 2l be a structure.
For Z,ij € |2A[*, let G(A, Z,7) = (||, {aC&TD) Yaese;, T, Y) where aC@EY) = [a]o for a € ¥
and £CFY) = jORZY) = {(z,2,2) | z € ||}
For a run H and a set G of runs, we define [H]gy and [G]y as follows:
[Hla = (77| 7 € D nge =" Ad — 679}, [Gla= [ [Hla
Heg

We then have the following as with Proposition 2.6.
Proposition 2.15. Let 2 be a structure. For all KL terms t, we have [[t]a = [R(t)]a-

Proof. By easy induction on t using distributivity of ; and N. []

2.2.2. Compositions on runs. We recall the series composition ¢, the parallel composition
||, and the identity elements 1™ (Definition 2.1). The set of atomic runs is defined as
T2 {07 | b € Egj5,n > 1,i € [n]} where af £ pi-t | ( »o—a—os ) || 1" for a € %,

. 1 1 . . e .
21 (»HQQ 2 ) | 175, amd 37 217 | ( }aw) 1
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Namely, af', £, and ji' are given as follows:

1 -0+ 1 1 -0>1
1 »-0+>1
i—1 >0+ 7i—1 i—1 >0+ ¢—1
1—1 0> 1—-1
1/,(}>z' i >0 1
n __ . . n __ C no_ L X
a; = i *O—a—0> § , fi = i »O0—f ' R Ji = ' O/J o+ i
2 0+ 1+1 74+ 1 2
i+1 0> 1i+1
i+ 1 >0>1+2 i+2 >0+ i41
n -0+ n
n +0+>n4+1 n+1-+-0+n

Every run can be expressed as series compositions of atomic runs.

Proposition 2.16. For every run G with n > 1 edges, there exist some ai,...,a, € ¥ such
that G =a1¢...0ay,.

Proof. By easy induction on n. []
a—
For instance, 0 /% O\ = f1oa? ob3oc30 ji. This decomposition is
2\(%b»(%c»0/2

not unique if the “topological sort of edges” of the run (i.e., the linear ordering of edges
such that for every vertex, each incoming edge of the vertex comes before each outgoing
edge of the vertex in the ordering) is not unique. For instance, £1 o b3 ¢ af ¢ c3 o j1 and
fl o b3 o 3 o a? o ji also express the same run above.

2.2.3. Left quotients of runs. For runs, we define left quotients with respect to series compo-
sitions. For runs G, H, and J, we write:

G—y H <& Jo H is defined and G = J o H.
The left quotient D j(G) of a run G with respect to a run J is the run language defined by:
Ds(G) £ {H|G—, H}.

1 1
For a run language G, let D ;(G) = Ugeg Ds(G). For instance, when J = ( »0— ﬁ )

2\O*b*(}> 2

we have:
1 a— 1 +»O—a—
DJ<* /mo\*o’>:{ Nj%),}_
2\wb»(%c»</2

Let n € N. For a run G, the emptiness property E, (G) is the truth value defined by:

E.(G) 2 {true (G=1")

false (otherwise).

2 *O*C*(/2

For a run language G, let E,(G) £ Veg En(G). The following is clear by definition.
Proposition 2.17. For all runs G, we have By, (q)(Da(G)).
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2.3. Runs on structures. We also introduce runs on structures to simplify the use of
the semantics using runs (Proposition 2.15). Let 2 be a structure. An A-run with (Z, 7)-
interface is a graph homomorphism 7: H — C(Ql,:ﬁ', ), where H is some run. We let
ty(7) £ (ty,(7), tyo (7)) = (Z,7). We use 7,0, p to denote A-runs. For brevity, we depict
2-runs as vertex-labeled graphs where each vertex is labeled with a vertex of 2[. For instance,

let A = <@ Z:@) and we consider the following graph homomorphism 7:

1/,0» 1 -
o £ %cé/ /%J} = G2, z, xy).
?‘(%a»(%b»(}a»(}» 2

We then depict 7 as follows:

JOS

oR

2 @@ b-@o-@- 2 -
For two -runs with (Z, §)-interface, 7: H — G(,Z,7) and o: J — G(2, Z,7), we say
that a map f: |H| — |J| is an A-run isomorphism from 7 to o, written f: 7 = o, if
f:H=Jandfor all x € |H|, 7(z) = o(f(z)). We write 7 = ¢ if there is some f such that
f: 7= 0. In the sequel, we identify two 2-runs if there is an 2-run isomorphism between

them; we write 7 = o when 7 = 0.
For a KL term ¢ and z,y € ||, we write Riy(t) for the /-run language defined by:

R2,(t) = {r: H— G(A,z,y) | HeRE)}

For instance, when 2 = (@X Z@), we have:

o 1@} @\
Riy(an(aba)) =
@@
Using 2A-runs, we can rephrase Proposition 2.15 as follows.

Proposition 2.18. Let 2 be a structure. For all KL term t, we have:
[ = {(z,9) € |A° | RT, () # 0}

Proof. By easy induction on ¢ (or an easy consequence of Proposition 2.15, as (z,y) € Tt]s
iff 3H € R(t),3r,7: H — G(A, z,y) iff RZ (1) #0). ]

2.3.1. Compositions on A-runs. We recall the series composition ¢, the parallel composition
||, and the identity element 1™ (Definition 2.1) for graphs with bi-interface. Similarly, we
define them also for 2(-runs.

Definition 2.19. Let 7: H — G(2,Z,%) and 0: J — G(A, #,7) be A-runs. Under
7 = &, the series composition 7o o: (H o J) — G(UA, Z,7) is deﬁned (undefined when
§ # Z') as the map such that, for each vertex x € |HoJ|, if z is induced from a vertex y € |H|,
then (7o o0)(z) = 7(y), and if x is induced from a vertex y € |J|, then (7 0)(x) = o(y).
The parallel composition 7 || o: (H || J) — G(A, Z&, 77 is defined as the map such that if
x is induced from a vertex y € |H|, then (7 || o)(z) = 7(y), and if = is induced from a vertex
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y € |J|, then (7 || o)(z) = o(y). For each & = z1...2, € |2A[*, let 17: 1" — G(A, Z, ) be
the 2A-run such that for each i € [n], the i-th source/target vertex maps to ;.

The left and right identity element with respect to ¢ on -runs with (Z, ¢)-interface are
given by 17 and 1Y, respectively, i.e., 17 o 7 = 70 1Y = 7. The identity element with respect
to || on 2A-runs with (&, 7)-interface is given by 1°, ie., 1° || 7 =7 1° = 7.

For 7 = z1...2p, let a2® 2 1721 | ( o@ras@e ) || 170050, £7 2 122 |

1 1 > 1~ 1
(@@ 2 ) | 15020, and 57 £ 12se | ( 2»@3 /f@») | 154121 The set

of atomic A-runs, written Sy, is defined as Sg = {af’zl laeX,n>1,i€[n],Z€ A",z €
U], (zi,2") € [a]a} U{£7,37 | n > 1,i € [n],Z € |A|"}. Every A-run can be expressed as
series compositions of atomic 2-runs, as follows (as with Proposition 2.16).

Proposition 2.20. Let 2 be a structure. For every 2A-run 7 with n > 1 edges, there exist
some ai, ...,y € 2y such that T=a10...0an.

Proof. By easy induction on n. L]
b 1@)-a

For instance, when 2 = (&a:@> and 7 = ~(@)-t @\J»@»

2@b-@--@?

LY o pYTT o YT y<>_]

we have

bl’l‘ s

7 = fioaj Y The decomposition of 7 is not unique, as £{¢ oayYocdYo3Y

and £7 o b5"" o ;" o ay” 3 o j¥ also express 7.
1902 2 J 1 p

2.3.2. Left quotients of 2A-runs. Let 2 be a structure. Similar to Section 2.2.3, we define the
left quotients and emptiness property for 2A-runs. For 2-runs 7, o, and p, we write:

JAN .
T —)%O’ <= pooisdefined and T = poo.

For -runs 7 and p, the left quotient D%(T) of 7 with respect to p is the 2l-run language
defined by:

DQL(T) £ {o an Arun | 7 —, 7}

For an 2-run language G, let Dm(g) Ureg D%( ).

1,(3’
For instance, if p = ( ), we have:
Y@@ -
oo @@,
i~@r
2@ @@ @@
For an 2-run 7 and 2’ € |A|*, the emptiness property Ez(7) is the truth value defined by:

E(r) 2 {true (r=1%)

false (otherwise).

For an 2-run language G, let Ex(G) £ V,cg E=(7). The following is clear by definition.
Proposition 2.21. Let 2 be a structure. For all A-runs 7, we have EtyQ(T)(D?.l(T)).

We will define derivatives based on these left quotient and emptiness property.
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3. LABELED KLEENE LATTICE TERMS

To present derivatives (which will be used for an automata construction for PCoR*), we
consider simulating left quotients of 2-runs (Section 2.3.2) by terms. To this end, we extend
the syntax of terms with “labels”. In a nutshell, labels are used for expressing runs with
multiple source vertices.

Let L be a set of labels. We use x,y, z to denote labels. The set of labeled Kleene lattice
terms (IKL terms) is defined by the following grammar:

i35, 0 €Ty == Qu.t |t 8]tMN 3 (x € L and t, s are KL terms)
Each label z indicates the vertex x on a structure (if exists). The notation @z.¢ is inspired
by the jump operator in hybrid logics [AtC07] (a minor difference is that x directly indicates
a vertex name, here). We explicitly use ;; and N; instead of ; and N in 1IKL terms, as
labeled terms interpret unary relations (cf. Section 3.1). We write lab;(#) for the i-th label
occurring in £, and we write lab(#) for the sequence laby(%)...lab,(f) where n is the number
of labels occurring in ¢. For instance, if £ = ((Qx.51) Ny (((Qz.32) Ny (Qy.33)) 51 u1)) 51 v,
then laby (f) = , laby(f) = , lab3(f) = ¥, and lab(f) = zzy.

3.1. Semantics: relational models. Let 2 € REL. For an IKL term ¢, the semantics
[t]a C |2A| is a unary relation defined as follows:

[@z.t]a = {y | (z,y) € [tla}, [F 51 s]a = {z | y € [{la, (v, 2) € [sa}, [0 8la = [ 1 []a
Note that [Qz.t]g = @ when = ¢ |2|. Also, note that [t]y is a binary relation for KL terms ¢
and [t] is a unary relation for IKL terms ¢. For C C REL, we write C |= t = 3 if [t]a = [8]a
for A € C. We then have the following easy fact.

Proposition 3.1. Let t and s be KL terms and x be a label. We then have:
RELEt<s <= REL [ Qu.t < Qz.s.

Proof. (=): Trivial. (<=): Let (y,2) € [t]u. Let f and B be such that f: A = B and
f(y) = x. We then have that for all KL terms u, (y,z) € [u]y iff (z, f(2)) € [u]s (since
2 =B and u is a (non-labelled) KL term) iff f(2) € [Qz.u]yp (by the definition of [_]m).
We thus have f(z) € [Qx.t]y. By the assumption, f(z) € [Qz.s]x. Hence, by the reverse
direction of the above argument, we have (y, z) € [s]y. []

Note that for labeled KL terms #, [t]o and [t]ss may not be equal even if 2 22 B, because
we use the names of vertices in the semantics (¢f. nominals in hybrid logic [AtCO07]). For
that reason, for structures, we distinguish two structures even if they are isomorphic, cf. we
identify two graphs/runs/2-runs if they are isomorphic.

3.2. Runs on structures. We use the following notation: X QY £ {7Qo | 7€ XAc €Y}
where X and Y are sets of runs or sets of 2-runs and © € {¢,||}. In this set notation, we
use terms as singleton sets: for instance, {1,0} ¢ p = {10 p, 00 p}.

Definition 3.2. Let 2 be a structure. For an IKL term ¢ and z € |2|, the 2-run language
R2(t) is defined as follows:

RI(Qz.t) = RY (1), R 9) = | RID) oRY(s), RE(EN 5) = (RA(D) || R2(5)) © 35
ye|A
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Proposition 3.3 (cf. Proposition 2.18). Let 2 be a structure. For all IKL term t, we have:
[ = {= €A | RE@) # 0}
Proof. By easy induction on ¢ using Proposition 2.18. ]

4. DERIVATIVES ON GRAPHS

We recall the left quotients of 2-runs (defined in Section 2.3.2). In this section, we now define
derivatives on 2(, which can simulate the left quotients. We first define the emptiness property
in the term level (Definition 4.1), and then define the derivatives on graphs (Definition 4.3
and Proposition 4.4), based on derivatives on strings [Brz64, Ant96, Sak09].

Definition 4.1. For a label z and an IKL term ¢, the truth value E,(f) € {false, true} is
defined as follows:?

E.(Qr.a) £ E.(Qz.0) £ E,(Qz.s Nu) = E.(5N; @) = false,

true (z =2)
false (z # 2),

E.(Qz.s;u) 2 E,(Qz.s) A E,(Qz.u), E.(Qz.s + u) 2 E,(Qz.s) V E,(Qz.u).

E.(Qz.1) £ E,(Qz.s*) = { E.(5; u) 2 E,(3) AE,(Qz.u),

For a label z and a set T’ of IKL terms, let E,(T) £ Vieq E=(f). This E. (Definition 4.1)
is defined so that we can encode the emptiness property E, (in Section 2.2.3) as follows.

Lemma 4.2. Let 2 be a structure. For all z € |A| and IKL terms t, we have:
E:(RZ() <= E.(0).

Proof. By easy induction on ¢, with unfolding the definitions.
e Case t = Qz.a,@2.0,Qz.s Nu,3 Ny @ By E,(RA(#)) iff false.

e Case I = Qz.1,Qx.5*: By E,(R>(1)) iff true (2 =2)
false (z # 2).
e Case t = Qz.s ; u: We have:
E.(R*(Qx.5;u))
= E.(|] R} (Qz.5) o R¥(Qy.u)) (Definition 3.2 of RY)
yel
= \/ E,(R¥(Qu.s5)) AE.(R¥(Qy.u)) (By E.(r¢0) iff E.(7) AE.(c))
yel |
— E.(R¥Qz.5)) ANE.(R*(@Qz.u)) (Ey(R¥(Qz.s)) is false when y # 2)
< E,(Qz.s) NE,(Qz.u) (IH)
<~ E,(Qz.s;u). (Definition 4.1)

e Case t = §;; u: Similar to the case above.

2The definition E.(Qz.sNu) = E. (5N, @) 2 false is due to that each 2-run of R (@z.sNu) and R¥(5M1 @)
always contains j; (Definition 3.2), so they do not contain the run having the emptiness property.
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e Case t = Qz.s + u: We have:

E.(R¥(Qz.s +u)) <= E.(R¥Qz.s) UR¥(Qz.u)) (Definition 3.2 of R®)
< E.(R¥(Qz.5)) VE.(R¥(Qzu))  (By E.(G) =V, g Ex(7))
<— E,(Qzx.s)VE,(Qz.u) (IH)
— E,(Qz.s+ u). (Definition 4.1)

Hence, this completes the proof. ]

Definition 4.3. Let 2 be a structure. The derivative relation ¢ —>% 5, where t and § are

IKL terms and p is an 2l-run, is defined as the smallest relation (of tuples of £, §, and p)
closed under the following rules:

(z,y) € [a]a Qu.t —3 1 E.(Qz.t) Qz.s—) 3§
2 for a € & —
Qz.a e @y.1 Qx.t;s —>%[ t';s Qx.t;s —)gl s’
Qu.t —3 1 Qr.s —3 § t—2 1 E.(f) Qz.s—75
@x.t—l—s—%f’ @x.t—i—s—)?}é’ t~;13—>%£’;15 f,ls—>2‘ s
Qz.t —>Q[ t Ez(f) E.(3)
Qu.t* —2 1t Qu.tNs — . (Qu.t) My (Qz.s) My 3 —>§‘ Q@z.1
t—21 §—2F t—2a a—%3
R T
n P A 77 : 7 P A n I F A ny A3
tNy s —>p||1|;6(§) ttMN1s tNys —>1|a_é(£)||p tMNs t _>1|a_é(£) t t > pop! S

Let 2 be a structure and p be an 2-run. For an IKL term # (resp. a set T" of IKL terms),
we define the derivative of £ (resp. T') with respect to p as follows:

n A . - B N -
D%(t) = {5 an IKL term | ¢ —>% 5}, D%(T) = U D%(t)
ieT
For notational simplicity, we use the following notation: AQ B £ {aWVb|ac ANb e B}
where A and B are sets of IKL terms and © € {;;,N1}. In this notation, we use terms as

singleton sets: for instance, {a,b} N1 ¢ = {a N1 ¢,bN; ¢}. Using this notation, for atomic

A-runs, Definition 4.3 can be alternatively expressed as follows (c¢f. Antimirov’s derivatives
[Ant96]).

Proposition 4.4. Let 2 be a structure. For an atomic A-run p, we have the following:
1 =ay?
Dm(@x'a) _ {@y ‘ <m,y> € [[a]]m} (IO ay )
i’ 0 (otherwise)
DY (@z.1) = D}(Qz.0) = 0,
DY(@z.s;u) = (D}(Qz.5) 3 u)U | J DI({Qzu | E.(Qz.5)}),
ze ||
A _ N A
D,(Qz.s+u) = D,(Qz.s) UD,(Qz.u),
D%(@x.s*) = D%(@x.s) i 8,

foraeXl,



27:18 Y. NAKAMURA Vol. 21:4

_JH{@z.s) Ny (Qrau)} (p=£7)
D%(@x.s nw) {@ (othemlyise),

D53 u) = (DX(3) 5w U | DI{@zu | EL(3)}),

z€|AU|
—
DY (3) N1 @ (p= (¢ || 1%°@) for some p')
=
D5y i) = ¢ 571Dy () (p= 2@ || pf) for some o)
{@z1]E.(5) ANE.()}  (p=3])
0 (otherwise)
Proof. By a routine verification. L]

The derivatives can simulate left quotients of A-runs in that D%(f) expresses the left
quotient of R*(#) with respect to p, as follows. See Section 4.1, for a detailed proof.

Lemma 4.5. Let 2 be a structure and z € ||. For all IKL terms t and 2A-runs p, we have:
ApAFY — PAPA(F
D, (Rz(1)) = RZ(D,(1)).
Example 4.6 (cf. Section 2.3.2). Let 2 = (@ ;@) f=@z.(a((ba) N 1)) N1, p =

OO D
( @ 1,@%@* ) and o/ = | N O=: \@/J»@Iﬁ@\l
> @- 2 o
We can see p' € D,(R2()) by pop' € RE(t). We also have p' € R¥(D,(f)), because by
letting ' = (Qy.((ba) N 1)b) Ny @z.1, we have p' € R*(¥') and ¥’ € D,(t). Here, t' € D,(?) is
shown as follows:
t = @Quv.(a((ba)N1)b)N1 —

2 (Qz.a((ba) N1)b) Ny Q.1
()

~@-1

@ 2
A o
H(ﬁ@ﬁ@”> (Qy.((ba) N 1)b) Ny Qz.1 = ¢t
2 ~(T) 2
We let (—%) £ o an Arun(— ) For an 1IKL term ¢ and a set T of IKL terms, we let:
D*(#) £ {5 an IKL term | i — 5}, 1) = (DY)
teT

By Lemmas 4.2 and 4.5, derivatives can give an alternative semantics, as follows.
Theorem 4.7. Let A be a structure and let t be an IKL term. We have:

[fla = {z € |2 | E.(O%D)}.
Proof. We have:

zefla <= RAE)#0 (Proposition 3.3)
<~ E,(D (R&Z)’l( t))) for some A-run p (Proposition 2.21)
<~ E (Dm( t)) for some 2A-run p (Lemmas 4.2 and 4.5)
— E.(D¥®?). (By D*(2) = U, an 9t-run D ()
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Hence this completes the proof. []

4.1. Proof of Lemma 4.5: Derivatives can simulate left quotients. We first prove
the following proposition. For ¥ and g, we use Xz 4, Yz 4,... to denote sets of 2-runs with
(Z, ¥)-interface.

Proposition 4.8. Let p be an atomic A-run. We then have the following.

o DYy 0y, —  OFXa) 0 V) UDHTLL) (E,(z,)
proEY TR (D ( iy) ©Yy2) (otherwise);
DY (X, o) || Veres (o= (6" || 15) for some o)

o o\ T,z T2,22 p= /O__) P
(1D Dy (Xa o0 (| Yaeo) = § Xzy oy || DY (Yaoz) (0= (1%°FD) || o) for some o)

0 (otherwise).

Proof. For (¢): Because for all 7,0, p' such that ty,(7) = ty,(c) = y, we have

oo —2p = \/{

For (||): Because for all 7,0, p/, we have

T"U—)ilp, — \/{

Hence, this completes the proof. ]

I, r —>§‘7"/\p':7"<>a

E (7)Ao —)% .

ElTl7p/7 T —>%[// 7-/ A\ pl = (TI H O') A\ p = (p” H ]_tyl(o'))
30'/710/7 o —>%l” o /\p/ _ (7- H U,) Ap= (1ty1(7—) H p//).

We first show Lemma 4.5 for atomic 2-runs, and then we extend for 2-runs.
Lemma 4.9. Let 2 be a structure and z € |2|. For all IKL terms t and atomic A-runs p,
D3 (RI(H) = RI(DZ (D).

Proof. By easy induction on ¢ using Proposition 4.8.

e Case t = Qz.q for a € ¥: We have:

D%(Rg(@x.a)) = D%({agf’z | (z,2) € [a]a}) (Definition 3.2 of R¥)
_ JRE{@z1 | (2,2) € [ala}) (p=a7")  _
N {@ (other\tvise) B Rg(D%(@x.a)).

e Case [ = @z.1,@z.0: We have: D%(Rg(f)) =)= Rg(D%(f))
e Case t = Qz.s + u: We have:
ArpA _ nApA A A iyt A
D, (R;(Qr.s +u)) = D,(R;(Qx.5)) UD,(R;(Qx.u)) (Definition 3.2 of RY)
= R?(D%(@:c.s)) U Rg‘(D%(@xu)) = Rg(D%(@x.s + u)). (TH)
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e Case t = Qz.s; u: We have:

DY(RY(Qx.s;u)) = | DI(RY(Qx.s)o Ry, (u)) (Definition 3.2 of RY)
yE[A|
=( U D%(Rz‘(@x.s)) OR?}’Z(U)) U U D%(Rg(@y.u)) (Proposition 4.8 (¢))
yel yEIALE, (RE (@z.5))
=(J RID}(@z.5)oRY . (w)uU |  RIDI(@y.u)) (Lemma 4.2, TH)
yE|A| yE[A[Ey (Qz.5)

— RY ((D%(@x.s) fu) U U D%(@y.u)) = R?(D%(@x.s ;u)).  (Definition 3.2)
yE|A;Ey (Qa.5)

e Case t = Qz.5*: We have:
D%(Rg(@m.s*)) = D‘;Z)l( U {r e Rg(@x.s) | = Ey(7)} oRiz(s*)) (As p is not empty)

yelA|
= |J D¥({r € RY(Qx.5) | ~Ey(r)}) o RY.(s*) (Proposition 4.8 (o))
yel
= U D%(R%(@m.s)) ORiz(S*) (As p is not empty)
yel
= | RY(D}(@z.5)) o RY (5%) (IH)
yel |
= R?(D%(@:L’.s) st = Rg(D%(@x.s*)). (Definition 3.2)
e Case t = @Qz.s Nu: We have:
D%(R?(@x.s Nu)) = D%( To (RY(Qz.5) || R¥(Qz.u)) o j7) (Definition 3.2 of R¥)
A A ¥ _ £
0 (otherwise) p

e Case t = §;, u: Similar to Case { = Qz.5 ; u.
e Caset = 5Ny u: We have:

DX RI(5N1 @) = DI((RE(3) | R¥ (@) © 37) (Definition 3.2 of R¥)
(

—
(RO (3) IRZ(@) 037 (p = (¢ || 1%%) for some o)
_JR2E) I RAOB@)) 057 (0= WO || ) for some o)y i a1y
{17 [ E2(8) NEo(a)} (p = 37)
U (otherwise)
=
R (D%,(§) Ny @) (p= (p’_U 1'26(®)) for some p')
_ JRI(EM D%l, w)) (p = (12°6) || p') for some p')
RI{@z1|E.(5) AE(D)}) (p=3)
U (otherwise)
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Hence this completes the proof. []

Proof of Lemma 4.5. By easy induction on the number k£ of edges occurring in p using
Lemma 4.9. We distinguish the following cases:

e Case k = 0: We have:

~ A5 — lab(%) -
DYRA(E) = { =B =TT papagy) (By the rule (R))
0 (otherwise)
e Case k > 1: By Proposition 2.20, let aq, ..., ax be atomic 2A-runs such that p = a;¢...0ak.
We have:
Do...car (RE()) = Dg, (D3, _, (--- (DF, (R¥(1))))) (By the rule (T))
A2 (M2 A (7
= R (D, (Dg, (- (Dg, (1)) (By Lemma 4.9, iteratively)
= RI(D2 ... 00, (£))- (By the rule (T))
Hence this completes the proof. ]

4.2. Closure property of derivatives. Moreover, the derivatives above have a closure
property like Antimirov’s derivatives [Ant96, BBM*16].

Definition 4.10. Let L be a set (of labels). For a KL term ¢, the closure cly(t) is the set
of IKL terms defined by:

cl(a)
clp(1)
clz(0)
clp(s;u)
clp(s+u)
clp(s™)
)

clr(sNu

{Qy.a,@Qy.1 |y € L} for a € X,

{Qy.1]ye L},

{0},

{Qy.s;ulye L} U(clr(s);; u)Uclp(u),

{Qy.s+u|ye L}uUcly(s)Ucly(u),

{Qy.s" |y € L} U (clL(s) ;1 7),

{Qy.sNu,Qy.1|y e L} U (clp(s) N1 clr(u)).

For an 1KL term # € T, the closure cly(f) is the set of IKL terms defined by:
cp(Qz.t) £ clp(t),

2 (elp(3) 51 w) Uelp(u),

{Qy.1]y e L} U (clL(s) M clp(@)).

We then extend cly, for sets of IKL terms, by cl (T') £ Uieqclr(t ).

e > > e e

>

clp (551 u)

ClL(g My ﬂ)

2
The function cly, is a closure operator, as follows.

Proposition 4.11. For each set L, the function cly: o(T1) — o(TL) is a closure operator.

Proof. Because we have the following, respectively:

o Extensivity T Cclp (~ ): Because tecly(t ) (by definition).

e Monotonicity T C S = cl(T) C cl(S): By clp(T) = Usercle(®) € Usegelr(®) =
clr(S).
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e Idempotency cly(cly(T)) C clp(T): It suffices to prove that cly(cly(t)) C clp(t) and

clp (T
clp(clg()) C clg(#). This is shown by induction on the size of ¢ (resp. ). ]

Additionally, the closure operator cly, is algebraic, i.e., clp(T) = Usc clz(S) holds,
which is clear by clz(S) = Useg cli(f) for each S.

We then have that the 1IKL terms obtained by derivatives of an 1IKL term # are always
in the closure of t, as follows.

S‘ is finite

Proposition 4.12. Let A be a structure and let p be a A-run. For all IKL terms t € T‘Q{l,
we have D%(f) C clyg(?).

Proof. When p is an atomic 2(-run, this is shown by easy induction on the size of £ (by compar-
ing Proposition 4.4 and Definition 4.10). By extensivity and idempotency (Proposition 4.11),
we can extend this property from atomic 2A-runs to 2l-runs. []

Moreover, on the closure size, we have the following result.
Proposition 4.13. Let L be a set. For all KL terms t, # clp(t) < (2#4L||t]|)™®.

Proof. By easy induction on ¢.

e Case t = a where a € S U {1,0}: By #clp(t) < 2#L < (2#L|t])"
e Case t = s Qu where © € {;,+}: We have:

#clp(sQu) <#L+#clp(s) + #clp(u) (Definition 4.10 of clz)
< HL+ #L|s])™) + (4L jul )™ (IH)
< (2#L)max(iw(5)viw(u))(1 + ||3Hma><(iW(S):iW(U)) + HuHmaX(iW(S)JW(U)))
< (2#L|s Q )™,

e Case t = s*: We have:

#clp(s*) < #L + #cli(s) (Definition 4.10 of clz)
< HL+ (4L s])™¢ (1)
< #L)MON(L+ ||| M) < (2L s |
e Case t = s Nu: We have:

#clp(sNu) < H#L+ #clp(s)#clp(u) + #L (Definition 4.10 of cly)
< 2#L + (4L s[)™ 2#L [ul )™ (TH)
< ALYV (L 4 5] ()
< ALV 4 5]+ uf VOV < (24 L|s 0wl )N

Hence, this completes the proof. L]
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5. DECOMPOSING DERIVATIVES: AN AUTOMATA CONSTRUCTION

In this section, we show that the derivatives are decomposable on path decompositions
(Theorem 5.5 in Section 5.2), and we give an automata construction (Section 5).

We let REL;, = {2l € REL | |2(| C [k]}. For C C REL, we write I(C) for the isomorphic
closure of C, i.e., I(C) = {B € REL | 2 € C and 2 = B}.

5.1. Gluing operator for path decompositions. For ;,... 2, € REL, the disjoint
ungon | || ?A; is defined as the structure ({(i,z) | i € [n],z € ||}, {{(&, ), (i,y)) | i €
[n], (z,y) € a®}q4ex). We consider the following gluing operator.

Definition 5.1. Let A = A;...2l, € RELT. The structure o (or written O ;%) is

defined as follows:
oA = <|_| Qll> /~4
i=1

where ~g is the minimal equivalence relation on the set {(i,x) | i € [n],x € [A;[} closed
under the following rule:

For all z and i € [n — 1], if x € || N [A;11], then (i,x) ~g (i + 1, 7).
(For notational simplicity, we abbreviate ~5 to ~ when 2 is clear from the context.)
. A/b A/b A/b 3
For instance, () (@a:@> (@(;@) (@\a:@)) = (O<Z>O<2>O<2>O>' This glu-
ing operator transforms a given path decomposition into the original structure up to
isomorphisms.

Proposition 5.2. Let 2 be a structure. If‘g is a path decomposition of A, then A =2 OB.
Proof. Easy by definition. []

From this, we have:

RELpw<k = I({@2 | 2 € REL], | }).
The direction (D) is clear by the definition of pathwidth (Proposition 5.2). For the direction
(©), let 2 be a path decomposition of width k. We then can replace names of vertices in
each bag with numbers in [k + 1] by introducing an intermediate bag whose vertices consist
of the intersection of the two adjacent bags. For instance, we can transform 20 into B with

preserving oA = OB as follows:

= (@@%ﬁ@) (@f@f \@) (@@f@%@) -
% - (@@%ﬁ@)<@a+@)(@@f®@><@m@>(@@f M)) |

By the linearly bounded pathwidth model property (Proposition 2.9), the equational theory
of KL terms can be reformulated as follows:

RELEt<s < {oA|AeREL] , tEt<s

Because path decompositions are sequences (words) of structures, this characterization is
compatible with the automata construction given later.
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5.2. Decomposing derivatives. Let e be a fresh label for denoting a Spec1al isolated
vertex. For a structure 2, let Ay = (|A| & {0}, {a?}aex). Clearly, for all £,5 € TIQW

f A 5ifff —% 5. Let 2 = 2A; ..., € RELT. In the sequel, we consider the structure
O((A1)e .- (2Ay)e); we use (O2A)e to denote this structure (as they are isomorphic) and we

may abbreviate [(i, )] to e. For i € [n], we let T(ﬁ;) = ’i‘{m@] lze|(,).]}- For an

. (©%)s N Y (©%)
IKL term t and 7 € [n], let t(;y be the IKL term ¢ in which each = has been replaced with
[(i, x>]N(®ﬁ) . We now consider the following composition of derivative relations.

Definition 5.3. Let 2 = 2;...2, € REL*. The relation i (@7, —®)e) 5 where
(t,3) € U?Zl(’i‘%))Q, is defined as the smallest relation (of tuples of i € [1,n], t € T2, and
5 € ’i‘?—i)) closed under the following rules:
R S ilo/1) (7, —+) 3[or]
t) (@i —) &) fle/1] Oy — ) 3[w/1]
t(Op, —@))a  a(op, —®)3

t (o, —®) 3

Here, t[y/j] denotes the IKL term f in which the j-th label of ¢ has been replaced with v.

Example 5.4. Let 2 = A9, where 2 = (@‘\’Z:@) and = (@‘\’Z:@) Let t =

Q[(1,1)]~.(a?((b?%a?) N 1)b*) N 1 and let 5 = @Q[(1,1)]~.1. We then have §—©Ma 5 by the

following (©®2()e-run:
2,3 @b—»@a»@ 2,3
@a—»@ 2,3 2,3 @bQ
;

2,3

’@f @/j*@‘

where we abbreviate [(i, z)]~ to “i,z” in each vertex. We let
f1 = (Q[(1,2)]~.a((b?a®) N 1)6?) M1 (Q[(1,1)]~ 1), # = (Q[(1,2)]~.a((b?a®) N 1)6%) M1 (Qe 1),
# = ((Q[(2,2)]~-ba®) N1 (@Q[(2,3)]~.1))b%) N1 (@ 1), t’z’ ((@[(1,2)]~-ba®) N1 (@ 0 .1)6%) M1 (@@ 1),
5 = ((Q[(1,2)]~.a) N1 (@ e.1))6%) M1 (Qe.1), = ((@[(2,2)]~-a) N1 (Q[(2,3)]~.1))6%) N1 (@ e 1),
= (Q[(2,2)]~.b) N1 (Qe.1), = (Q[1,2)]~-b) M (Q[(L,1)]~.1).

We also have t (®2_; —®ie) 3 as follows:

D (24)

— —— L -
th ~> th th ~~ 14 th ~ 1)

7~

th o~ 1
1 4 D ()

t~ 1y t ~ 1y ty ~ §

VAR

t~>
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Note that we cannot use pairs of IKL terms that both labels [(1,1)]. and [(2,3)]~. appear in
each vertex of the derivation tree, because these labels do not occur simultaneously in 2(; or
; so, we should consider an appropriate strategy.

The following decomposition theorem shows that by composing derivative relations %
using the rules of Definition 5.3, we can obtain the derivative relation —(©@®+. Namely,
we can decompose a derivative relation on a large structure into derivative relations on
small structures, as follows. The soundness (<) is easy. For the completeness (=), we
appropriately decompose derivative relations, as in Example 5.4. The proof will be given in

Section 7.

Theorem 5.5 (Decomposition theorem). Let 2 = 2 ..., € RELT. For all j € [n] and

IKL terms t,5 € ’i‘%), we have:

F @M s o (on, —@e) 5,

5.3. Reducing to 2AFAs. Using Theorem 5.5, we can give a reduction from the equational
theory of PCoR* into the inclusion problem of two-way alternating finite word automata
(2AFAs) [LLST78, LLS84] (the following definition is based on [GO14]).3

5.3.1. 2AFAs. We use > and < as the special characters denoting the left end-marker and
right end-marker, respectively. A 2AFA A over a finite set A is a tuple A = (|A[, 54, 14),
where

e | A| is a finite set of states;
o 04 |A|x (AW {>,a}) = B (|A| x{—1,0,1}) is a transition function, where B (X) denotes
the set of positive boolean formulas over a set X given by
P €BL(X) = plfltloVveony (p € X);
e 14 € |A| is the initial state.
For a 2AFA A and a word w = ag . .. a,_1 over AW {>, <}, the set S C |A| x [0,n — 1] is
defined as the smallest set closed under the following rule: For (g,i) € |A| x [0,n — 1] and

propositional variables (q1,%1), ..., {(Gm,im) € |A| x {—1,0, 1}, when the positive boolean
formula 6“(q, a;) is true under that each (g, i) is true, then

(qri+i1) € SA .. {qm,i+inm) €S2
(a,1) € S '
For a 2AFA A, the language is defined as [A] £ {w € A* | (14,0) € SA,._}. We define

w
the size [|A[l as 3=, e a)x (Awisap) 16“(g, @)|| where ||¢|| denotes the number of symbols
occurring in the positive boolean formula .4

3See also [KZ21] for a comparison of definitions of “2AFA”. In their classification, our definition corresponds
to monotone 2BFA, as we use monotone (but, possibly non-basic) formulas in transition functions.

4Note that [6(g,a)|| has no limit in general. Also, even if we take §**(¢,a) as the minimum one
among equivalent positive boolean formulas, the size is not bounded by a polynomial in (#|A|#A), because
the number of monotone boolean functions (a.k.a. the Dedekind number) with 2n variables, is Q(2(2:)) by
considering antichains in which each set has exactly n elements (and hence, 229(71) by Stirling’s approximation).
Due to this, we count up each ||6(g, a)|| in the definition of the size ||.A]|.
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Proposition 5.6. The inclusion problem for 24 FAs—given a finite set A and given two
2AFAs A and B over A, does [A] C [B] hold?—is decidable in PSPACE.

Proof. Let A’ be the (one-way) non-deterministic finite automata (INFA) of 20("1°87) states
such that [A] = [A] obtained by [GO14, Lemma 1], and let B’ be the INFA of 2°(") states
such that [B] = A* \ [B] obtained by [GO14, Lemma 5] (see also [CDGLV02, Theorem 8]).
Here, n is the number of states in the input 2AFA. We have [A] € [B] iff [A’] N [B'] # 0.
Then the right-hand side can be decided in a non-deterministic polynomial space algorithm
by the “on-the-fly” checking of the non-emptiness problem of the product 1NFA of A’ and
B’ Hence, by Savitch’s theorem ((co-)NPSPACE = PSPACE) [Sav70], this completes the
proof. L]

5.3.2. 2AFAs construction. Using 2AFAs, we can naturally encode the rules of Definition 5.3.

Definition 5.7. For £ > 1 and a KL term u, we define the 2AFA A}’ over REL}, as follows:

o |AY = {1} W (cligjugey(w)? x {?,v'}), we abbreviate (¢, 5, p) to (£, 8)p;

° ]_Ak =1,

o 54k (q, ) V X(g,a) where X(q,a) C B4 (JA}| x {—1,0,+1}) is the smallest set closed
under the following rules:

. N
5O ypyem) 00 ,136(5) € 12|
((Qzx. u, §)7,+1) € X(17%,>) ((t,8),,0) € (( 5)7,2)
t—% 3
— — -1 — _ +1 - D
((t,8)2,—1) € X({t,3)v,2) ((t,8)2, +1) € X({t,5)v, %) te X((t,5),,2)
lab (@) € ||

L
(&, @), 0) A ((@,3),0) € X((,5),, ) ! ((t[e/1],5[0/r])s,0) € X({t[x/1],3[x/r])s,2A)

The rules are deﬁned based on Definition 5.3. Intuitively, the check mark “v” in (£,3),

expresses that |ab( ), Iab( 5) € |2e|T holds (where 2/ is the structure in the current position);
the question mark “?” in (¢, )7 expresses that it has not yet been checked. They are
introduced to check it after the rule —1 or +1 (as 2AFAs cannot read sibling structures in
one step).

Example 5.8. Let 2 = 2,21, where 20, = (@:Z:@)) and 2, = (@‘:Z:@)) Let
t; = @l.(a*?*) N1, ty = (@2.ab%) Ny (Q1.1), = (@2.ab%*) Ny (Qe.1),
ty = (@2.) Ny (Qe.1), 3= (@2.b) N (Q1.1), ty = @Q1.1.

Then (1)) ~» (f4)(1) holds by the following derivation tree (with respect to the rules
Definition 5.3), where we abbreviate (©2_; —®&i)¢) to (~):

5See [GO14] for the precise constructions of A’ and B/. For A’ [GO14, Lemma 1], we can encode each state
of A" (expressed as a sequence over subsets of |A4|) in O(nlogn)-space because its length is at most 2n and
each state of A occurs at most 2 times. Given ¢,¢' € |A’| and a € AW {>, <}, the membership (g,¢') € a?
can be decided in polynomial space, by construction. Similarly for B’ [GO14, Lemma 5], the membership

(q,4') € a®' can be decided in polynomial space. Thus, the “on-the-fly” checking is indeed possible.
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- = D (%) = . L . = D (24)
(t1)a) ~ (t2)q) (t2)1) ~ (t3)q) (t3)) ~ (ta)) .

(t1) 1) ~ (ta) )

Let u = a2b? N'1. This tree can be simulated in .A“ as follows, where we omit “€ S Qlli]”:

Since the rules of A} are defined based on the rules of Definition 5.3, we have the
following, as expected. Both directions are shown by easy induction on the derivative trees.

Proposition 5.9 (Appendix A). Let k > 1 and let u be an IKL term. Let 2y ...2, € REL;.
For all j € [n] and t,5 € cliajjugey (1), we have:
n n i)e) 3 7z : Al
ty) (O —®) 53 = (£3)v1) € Sy _aa
Thus, we have the following lemma.
Lemma 5.10. For k > 1 and a KL term t, we have: [A}] = (A =2...2, ¢ REL; |
(L)~ [(Ly)l~) € [t g for some z,y € |2}

Proof. Let A = Av...A, € REL? We have:

A e [AL]
= Jo,y € |, 35 € clyy(t), ((Qu.t, 5>/, 1) e s NEy(3) (By the form of A?)
= Ju,y € W], 35 € cly(t), (Qu.t) (O, —><Q‘i> *) 31y AEy(3) (Proposition 5.9)
= Tz,y € |A1],35 € cly(t), (Qz.t)q —><®9‘> 50y AEy(3) (Theorem 5.5)
— T,y € [2],35 € (1), (Qt)) — % 50 A Eay (o)
< dz,y €[], [(Lyl. € [Q[L, z)]<t] g (Theorem 4.7)

Hence, this completes the proof. O]

When [ and r are fresh variables, we have: REL =t < s iff REL |= TltrT < TlsrT. For
PCoR* terms of the form TuT, either [TuT]y =0 or [TuT]y = |2A|? holds. Thus, if there
is a KL term ut such that Jut]e = [T]a (note that T is not a KL term), then we have:
RELpw<k—1 =t < s iff {2 € REL] | [urltrur] g # 0} C {A € REL; | [urlsrur] g # 0}
iff [AVTHTUT] C [AVTETUT] (by Lemma 5.10).
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From this, if we can encode T, then we can encode the equational theory of KL terms.
In the following, we consider encoding T on our automata construction.

5.3.3. Normalized path decompositions. Let LN = REL; \ (£}"a° U £}eon) where

L 2 REL} ; {2425 € RELY | |24] N [2A2| = 0} ; REL,

Lineon £ RE| ¥ . {911912 €RELZ | 3be %, b n (|2 N[2A2))? # 6% N (j2Ay| N |9l2|)2} . REL}.
Intuitively, C}Cnac detects adjacent structures not sharing any vertices, and E}fcon detects
adjacent structures such that their relations are not the same in the sharing part. The

following proposition shows that El,j is sufficient to enumerate all structures of pathwidth at
most k — 1.

Proposition 5.11. For k > 2, we have REL,y<j—1 = I({oA | A e LY.

Proof. Let A = Ay ... 2, € REL; . If || N |[A;41] = O for some i, then by putting a new
component consisting of one vertex in 2l; and one vertex in 2,11 between %lz and 41, we
can avoid the condition of £I1#¢. Moreover, for each ([(i,z)]~, [(i,7)]~) € b, we add a new
edge for (z,y) € b in 2A;; then, we can avoid the condition of £}, ]

In the sequel, we consider E}j instead of RELZF. This is useful for encoding additional
operators (Sections 5.3.4 and 6). We use the condition of £I"3° to encode T and we use the
condition of E}Cncon to encode tests and nominals.

5.3.4. Encoding the equational theory of KL. Let cT be a special letter for encoding T. We
consider the following language:

L] £ RELL;{%eRELy | ® # |} ; REL].

Note that for every 2 € REL; \ (£ U L£iac), we have [¢%] oi = [T]og- We then can reduce
the equational theory into the inclusion problem for 2AFAs, as follows.

Lemma 5.12. Let k> 2. Let t and s be KL terms. Let l,r,ct be fresh variables. Then,
RELpwep1 =t <s <= [AT7T) AT T U Lioaey ghoeon y ]
Proof. We have:
RELpw<i—1 Et<s <= RELpw<i—1 = TitrT < TlsrT

— {eA|Aed\ LI} ETitrT < TlsrT (Section 5.3.3 and c7 is fresh)
= v e LY\ L], [critrer] g # O implies [crlsrch] g # 0 ([Tlog = [ 5)
= [.Afrltmfr] N\ L)) C [.Afrlsrcﬂ (Lemma 5.10, and [TuT] g is 0 or |02 A4)2)
— | ACTltTCT] c ACTZSTCT] inae | plcon | 2T (By N REL+ \ (Llnac  flncon))

Hence, this completes the proof. O]
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5.3.5. Complexity: On the size of the translated 2AFA. For the number of states of AL,
by Proposition 4.13, we have #|Al| = 200w loskltD) " For the alphabet size of A,
we have #REL;, = 20(*#%) (the number of structures with universe S is IFSHE g
every element of X denotes a binary relation; thus, #REL; = ng[k];s;é@ HSTHE < 9k

oR*#% — 9O(R*#))  For the sizes of the positive boolean formulas, we have [|04% (¢, a)|| =
O (k%4 AL|) = 200v®1ogklt) (the rule (1) and the rule (T) are critical). Thus, we have
ALYl = 29 (iw(t) log(k[ItI)++*#%)  Hence, under k = O(|It]]) and #X = O(||t]]), we have
|| AL = 2poly (It
Additionally, for £, there is a IDFA such that the number of states is O(2F) (each
state corresponds to the universe in the current structure). For E}cncon, there is a 1IDFA such
that the number of states is O(#RELy) (each state corresponds to the current structure).
For E;, there is a 1DFA such that the number of states is 2 (hence, a constant size with
respect to k). Finally, we have obtained the following complexity result.

Corollary 5.13. The equational theory for KL terms with respect to binary relations—given a
finite set X2 and KL termst and s over ¥, does REL =t < s hold?—is EXPSPACE-complete.

Proof. (In EXPSPACE): By Lemma 5.12 with the linearly bounded pathwidth model
property (Proposition 2.9), we can reduce the problem into the inclusion problem for 2AFAs:
ctltres chlsrck nac ncon
RELEt<s < [Ai;(t)ﬂ] < [A w(t)+ 1]y ‘C}w(t)—l—l U ‘C}w(t)—l—l U £1w(t)+1
Here, we take the union construction. By the discussion above with k =iw(t) + 1 < ||¢]] + 1
(Proposition 2.3), the 2AFAs have exponential sizes to the input size. By Proposition 5.6,
this completes the proof. (Hardness) [Nak17, BP17]: By REL = (3_,cxa)* < tiff ¥* C [t]s
(Proposition 2.11) iff ¥* = [t]y, we can give a reduction from the universality problem for
regular expressions with intersection, which is EXPSPACE-hard [Fii80, Theorem 2. ]

Remark 5.14. In Corollary 5.13, by [Fi80, Theorem 2], the equational theory for KL
terms with respect to binary relations is EXPSPACE-hard even when # = 2. Furthermore,
even when #3 = 1, the equational theory is EXPSPACE-hard; given KL terms t and s,
by letting ¢ and s’ be the terms ¢ and s in which each variable a; (where ¥ = {a1,as})
has been replaced with u; = % N b3+, we have REL =t < s iff REL = ¢/ < 5. ((=):
Because t' < ¢’ is obtained by a substitution from ¢ < s. (<=): We show the contraposition.
Assume [t]a Z [s]a. Let B be the structure obtained by extending fresh vertices for
(x,y) € [ui]ss, for each edge (x,y) € [a;]a; for instance, if A is o—a1—o0—az2—o0, then B is
O tonr g ss0. We then have [t']os = [t]a or [t']ss = [t]a U A\ jy, by easy induction
on t; thus, [t']s Z [']s-)

6. ENCODING ADDITIONAL OPERATORS

In this section, similar to how T was encoded in the reduction of Lemma 5.12 above,
we provide encodings for additional operators within our automata construction. As a
consequence, we have that the equational theory of PCoR* is decidable in EXPSPACE.

6.1. Encoding PCoR*. In this subsection, we give encodings of T and _~. Using them,
we can encode the equational theory of PCoR*.
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6.1.1. Encoding top (T). We recall £} and ct (Section 5.3.4). For a term t, let t be

the unique normal form with respect to the term rewriting system: T ~ c&. For 2A e
REL; \ (L] U L), by ler] g = [T] g, we have [t'] g = [t] g Thus we can encode T.

6.1.2. Encoding converse (-7). For each variable a € 3, we introduce a fresh variable a. Let
REL- £ {2l € REL | Va € ¥,a = a~}. We consider the following language:

L;7 = REL} ;{2 €REL | @* # (a®)~ for some a € ¥} ; REL}.

We then have REL ) | = {o2 |9 e REL; \ (£im¢°n U £;7)}. Moreover, we consider the
converse normal form [BP17] of PCoR*. For a PCoR* term ¢, we consider the unique normal
form ¢ with respect to the following term rewriting system:

a” ~a, 17~ 1, 0~ ~ 0, T~ T, (t;8)  ~> s 5t
(t+s)" ~t7 +s7, (tNs)” ~t Ns~, (t7) ~ t, (t*) 7 ~ ()"
We then have REL™ = ¢/ = t. Thus, within REL™, we can encode _~. Additionally, for the
language £;, there is a 1DFA such that the number of states is 2 (a constant size).

Example 6.1. As a toy example, consider REL = a < aa~a [BES95, (10)]. We observe that
this holds iff RELpw<1 = a < aa™”a (Proposition 2.5) iff REL < |= a < ada (because a is
fresh) iff [A(;rlamfr] - [Agfrlaaarc?] U Lhpacy glicon y £1y £5 (by Lemma 5.12 where [, 7, et

* *
ctlarch

are fresh variables). If 2 € [Aj ]\ (£hhac y ghcon y £ U £57), then by Lemma 5.10
with [er] g = [Tlog (by LJ), there are z;, 21, 22, and z, such that (z,21) € 110 i
(21, 22) € [a] g, and (ig,zr> € [r]og- By [a] g = [[a]]gﬁ (by £57), we have (22,21) € [a] g-
Thus, the structure ®2l can be illustrated as follows:
i 2
L OELTEE ...
where some of them may be the same vertex and some vertices/edges (including the universal

>k = *
ctladarcyt

relation [c] ) are omitted. By the form of 2 with Lemma 5.10, we have 2 € [A; -
Hence, from this language inclusion, we have REL |= a < aa™a.

Example 6.2. We recall REL = (ab) N¢c < (a N (¢b™))b (¢f. Equation (2.4)). Similar
to Example 6.1, this holds iff [Agfrl(abmc)mfr] - [./41?,)1?1(&mc b)bmfr] U Lipac y glacony £ U L.
If 9 e [Ang(abmc)rcT] \ (£lac y clneon y £7 U £37), then by Lemma 5.10 with [F]og =
[Tlog (by L3), there are 2, 21, 22, 23, and 2, such that (z;, 21) € [l g (215 22) € [al g
(22,23) € [b] s (21, 23) € [l g and (23, 2r) € [r] g- By [0] o5 = [[b]]gﬁ (by L£5), we have

(23, 22) € [[l;]] o~ Thus, the structure ®2 can be illustrated as follows:

05

where some of them may be the same vertex and some vertices/edges are omitted. By the

form of ®2 with Lemma 5.10, we have A e [Agfrl(aﬂcb)brci}]

inclusion, we have REL |= (ab) Ne < (a N (cb™))b.

. Hence, from this language
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6.1.3. Encoding the equational theory of PCoR*. By using the encodings above, we can
encode the equational theory of PCoR*. Thus, we have the following.

Corollary 6.3. The equational theory of PCoR* is decidable and EXPSPACE-complete.

Proof. (EXPSPACE-hardness): By Corollary 5.13. (In EXPSPACE): Let ¢ and s be the
KL terms obtained from given PCoR* terms ¢’ and s’ by applying the translations of
Sections 6.1.1 and 6.1.2. Similar to Corollary 5.13, we can reduce into the inclusion problem
for 2AFAs, as follows: REL = t' < &' iff RELy<iw) =t < 8" (Proposition 2.9) iff

cxltre c*lsrck 1 1 T -
Aw+1] € M1 Y L1 Y Liwo 1 Y Liwwy+1 Y Liwey41-

Because these 2AFAs have exponential sizes, this completes the proof by Proposition 5.6. []

6.2. Encoding tests and nominals. In this subsection, moreover, we give encodings of
tests in Kleene algebra with tests [KS96, Section 4] and nominals in hybrid logic [AtCO7].

6.2.1. Encoding tests. Let B C % be a finite set of atomic tests. Let REL''™B 2 {91 € REL |
Vb e B,b¥* C Ay} The set of PCoR* terms with tests is given by:

t,s == pla|1]|0|t;s|t+s]|tr, (a € X\ B)
pqg == 0b|1|0|piqlp+alp. (b€ B)
where the term p~ expresses the complement of p with respect to the identity—the semantics

is extended by [p~Jae = Ao \ [plar (the others are the same as PCoR* terms). Using tests,
we can encode propositional while programs [FL79, Koz97]:

while pdo t = (pt)*p, if p then ¢ else s = (pt) + (p~s).

For each b € B, we introduce a fresh variable b; let B be the set {b | b € B}. Let
REL'*%s5 = {9 ¢ REL | Vb € B, b Wb = Ay }. For a term t, we consider the unique
normal form ¢’ in PCoR* terms with respect to the following term rewriting system:

b~ ~ b, 170, 0 ~1, (p;q)” ~p +4q, (p+q)~ ~p iq .
Then for 2 € REL*™"*5.5, we have [t']y = [t]a. Let

£;7°PP 2 REL;; {A € RELy | b€ B, B¥ Wi # A} ; REL].
Then, RELwor® = {2 | 9 € RELF \ (£,""%% U L)}, For £, "™ there is a INFA
such that the number of states is a constant size. Thus, we can encode tests.

testsp 5

Remark 6.4. For the INFA of £, , the smallest number of states is 2 (hence, a constant
size) but the number of transitions is naively exponential in the size of the alphabet for tests.
In Section 6.3, to obtain the PSPACE upper bound, we will give an additional technique
for reducing the number of the alphabet size to polynomial to the input (Section 6.3). The
modified encoding works even if the number of tests is not fixed.
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6.2.2. Encoding nominals. Let L C ¥ be a finite set of nominals. Let REL™™SL 2 {9 € REL |

Vie L,3z € |A|,1* = {{z,z)}}. Using nominals, we can point a vertex. In REL"™Z we can

also encode the jump operator “@[.t” in the definition of [AtC07], by REL"*™L |= @Q[.t = Tlt.
We define the following language:

{2 € RELy, | 1* = 0}" U (REL},; {2 € RELy, | I* € A} s RELE) U

cpeme = RELL Ar... N, € REL | 3z, Ty, (z,2) € 1M A (y,y) € 1% ) REL
leL . k
Naz#yV(z=yATj€n],z&|A))

Then, RELI%Y | = {03 | 2 € RELS\ £3°"*"}. (By the first line, 1% # 0 and 1°% C A 5.

By the second line, #{z | (z,z) € ZQQT} < 1.) For L£°™*, there is a INFA such that the
number of states is O(#L X k) (intuitively, we use the states to remember [ € L, = € [k],
and to track whether x ¢ |2(;| held in past structures 2(;). Thus, we can encode nominals.

6.2.3. Encoding the equational theory of PCoR* with tests and nominals. From the above
two, to use tests and nominals, we consider PCoR* terms in the class REL'S%.znomss 2
REL'®%5.5 N REL"™SL, For the class, we have the following proposition (cf. Proposition 2.9).

Proposition 6.5. For all PCoR* terms t, s, we have:

RELteStSB,anomsL }: t<s <— REL

tests ,noms

pW<§vBt)+#LL ): t<s.

Proof. (=): Trivial. (<=): We prove the contraposition. Assume (z,y) € [t]a \ [s]a
for some 2 € REL'%5.5:2°m5L - By Proposition 2.6, G/ — G(2A, z,y) for some G € G(t),
and H -/ G(2,z,y) for all H € G(s). Let G be the graph G’ extended with L isolated
vertices having ly,...,ly labelled looping edges, respectively, where L = {li,...,lx1}.
Then there is a graph homomorphism h: G — G(2, z,y) by extending G' — G(2, z,y).
Let Sp g(h) 2 (G|, {a®88")} 4ex1, 1¢,2C) where the binary relation a°5.58™ is defined by

Spp(h) 2 {GG (a € X\ (BUB))
a® U {{z,z) € DNy | (h(z), h()) € a} (a€ BUB).

Note that h: Sg 5(h) — G(, z,y). Let ~ be the minimal equivalence relation satisfying
the following two conditions:

o for each | € L, if (z,y), (/) € I°6.8M) then & ~ 3/ (hence, & ~y ~ 2/ ~ yf);

e for each b € BU B, if (z,y) € 658" then z ~ y.

Then Sp g(h)/~ — G(2, x,y) holds because h(z) = h(y) holds for all x ~ y. Let B, 2/,
and y' be such that G(B,2',y') = Sg g(h)/~. By G' — G — Sg g(h) — G(B,2",y),
we have (2/,y') € [t]s (Proposition 2.6). By G(%B,2',y') — G(2,z,y), we also have
(@', y') & [s]s (Proposition 2.6). Because B € REL;?:&Z)T;ZL (note that by pw(Sg p(h)) =
pw(G) = pw(G’) < iw(t) (Proposition 2.5), we have pw(Sg g(h)/~) < iw(t) + #L), this
completes the proof. 7 ]

Using this bounded pathwidth model property, we have the following corollary.

Corollary 6.6. The equational theory of PCoR* terms with tests and nominals is decidable
and EXPSPACE-complete.
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Proof. (EXPSPACE-hardness): By Corollary 5.13. (In EXPSPACE): Given terms t”
and s” (where B and B are used for tests and L is used for nominals), let ¢ and s’
be the PCoR* terms obtained by applying the translations of Section 6.2.1, and let ¢
and s be the KL terms obtained by applying the translations of Sections 6.1.1 and 6.1.2,

respectively. Similar to Corollary 5.13, we can reduce into the inclusion problem for 2AFAs,
as follows: REL'SWSEROMSL | ¢/ < g/ jff REL'S®SE,500MSL = ¢/ < ¢ (Section 6.2.1) iff

testsp 5,nomsy, .. .
REprgﬁ;zl(Bt)Jr#L =t < s (Proposition 6.5) iff

testsp 5

* lt *k * l * —
AT C AT T UL U LPr UL ULy UL, U Lpomst

where k = iw(t) + #L + 1. Because these 2AFAs have exponential sizes, this completes the
proof by Proposition 5.6. []

6.3. Reducing the alphabet size for PSPACE upper bound. In this subsection, we
note that we can reduce the alphabet size from #REL, = 20#EXK?) into #3 X 20(]“2)7
by reducing the number of variables occurring at the same time. For instance, if A =

[N b . =y a b
(@@ ®), thenby letting B = (@@ @) (@, @"0®) (@ @..®),
we have A =~ @B. In the sequel, we consider partitions of ¥ given as follows:

v X

{b,b,b,b} for b € B, {l, Z} forl € L, {a,a} for other variables a.

We enumerate them as a sequence Yo, ..., Sm_1. Let supp(A) 2 {a € & | a® # 0} and
let REL), = {2 € RELy | 3i < m,supp(A) C 2;}. As above, to enumerate all structures of
pathwidth at most k — 1, it suffices to consider REL},. Since #3; is bounded by a fixed
number (#3; < 4), we have #REL) = #X x 20(K?) However, this decomposition breaks the
condition of E}Cncon. For that reason, we consider the following well-aligned universe:

LY 2 (g W | |™Ao] = = |1 | AVi < m, supp(2A;) C B},
and then we replace E}J‘COH with the language E}Cncon/ defined by:

A 2
a® N (1] N |2An)) };(R )

REL})* ; Ag ... A, € (RELL)™T! EL.)*.
(REL U{ ’ RELT] 2 o e (0] 1 et )

aex

According to this, similarly for the others, we construct them as follows:

1>

E}gnac’ (REL})* ; {2,25 € (REL;C)2 | 20| N[=Ao| = 0} 5 (RELY)™,
£l 2 ((RELL)™)*; (RELL)T~1: {2 € REL, | ¢ # |22} ; (REL})*
where i1 is such that cT € X
£y 2 (RELL)* ;{2 € REL, | &% # (™)~} ; (REL})",

tests’. - . _
L, PP = ((REL)™)™; (| (REL)™ 1 {2 € REL, | 0 wb™ # A}) 5 (RELY)®
beB

T

where 143 is such that b € X;,,
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{AeREL, | *=p}T U
((RELL)"; {2 € REL}, [ I* € Ay} 5 (RELR)) U
e 2| Ay ... %A, € (RELL)T | 3z, 3y,
S REL)" 5 { (@) € P A () € : (RELY)"
ANz #yV(z=yAdjEn],z&|Al)
Each of them is a regular language, and there exists a INFA of O(2¥m) states for E}g/,

tests’

O(28m) for Lo O(2F) for L2, O(m) for #L]', O(1) for #L;7, O(m) for #L£, =7,
and O(k#L) for #ﬁzomsL. Thus, assuming k is fixed, for each language, there is a INFA
such that the number of states is O(||t||). The alphabet size REL}, is also O(||t]]).

6.3.1. The bounded intersection width fragment. We moreover show that when the intersec-
tion width [GLLO09] is fixed, the equational theory is PSPACE-complete.

Corollary 6.7. Let k > 1. The equational theory of PCoR* terms with tests and nominals
of intersection width at most k is PSPACE-complete.

Proof. (PSPACE-hardness): Because the universality problem for regular expressions is
PSPACE-complete [MS72]. (In PSPACE): Similar to Corollary 6.6, from given PCoR*
terms with tests and nominals ¢’ and s, let ¢ and s be the KL terms obtained by applying the
translations of Sections 6.1.1, 6.1.2 and 6.2.1. By using the automata above with iw(¢) < k,
we can reduce into the inclusion problem for 2AFAs, as follows: REL =t/ < ¢ iff

ctlt're U’ ctls'ret Inac’ I 4 T ! tests) B noms/,
A TN Lo CIAL TTULET UL UL UL UL, PP UL "
Because these 2AFAs have polynomial sizes, this completes the proof by Proposition 5.6. []

Particularly when k = 1, we have the following, which slightly extends the PSPACE
upper bound of Kleene algebra with top and tests [PW24] and of Kleene algebra with top
and converse [Nak23].

Corollary 6.8. The equational theory for Kleene algebra with top, converse, tests, and
nominals with respect to binary relations is PSPACE-complete.

7. PROOF OF THEOREM 5.5: THE DECOMPOSITION THEOREM

In this section, we prove Theorem 5.5, which is the only remaining part.

Theorem 5.5 (Decomposition theorem). Let 2 = 2 ...%, € REL*. For all j € [n] and

IKL terms t,5 € ’i‘%), we have:

@0 5 s (o, —@)e) 5
We first show the decomposition theorem for a subclass of runs (Lemma 7.10 in Sec-
tion 7.1), and then we extend this result for IKL terms.
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7.1. Decomposition for local sub-SP runs. In this subsection, we first show the decom-
position theorem for local sub-series-parallel runs (local sub-SP runs). In Section 7.1.1, we
define sub-SP runs. In Section 7.1.2, we define local sub-SP runs. In Section 7.1.3, we show
this theorem.

7.1.1. Sub-SP runs. The set SPR of series-parallel (SP) runs is the subclass of runs with
(1, 1)-interface defined by:
G,H,J €SPR == 1'|a] | GoH | fl o (G || H) o j} (a €X)
For runs G and G’, we say that G’ is a sub-run of G if there are runs H and J such that
H o G'oJ=G. We write subSPR for the set of all sub-series-parallel runs (sub-SP runs):
subSPR = {G' | there are runs H, J and an SP run G such that G = H o G’ o J}.

Similarly, we define the sets of sub-SP-l runs and sub-SP-r runs, written subSPRI and
subSPRr, as follows:

subSPRI = {G’ | there are a run H and an SP run G such that G = H o G'},

A

subSPRr = {G’ | there are a run J and an SP run G such that G = G’ o J}.

Namely, sub-SP-1 runs are runs obtained by left quotients of SP runs. Similarly, sub-SP-r
runs are runs obtained by “right quotients” of SP runs.
Below, we present alternative definitions of subSPR, subSPRI, and subSPRr.

G,H,J € subSPR" == (H'o J) | (H || J)
(H' € subSPRY, J* € subSPRY', H,.J € subSPR’)
GL H!, J' € subSPRI" == J | (G || HY) o jioJ (GY, H' € subSPRI', .J € SPR)
G*,H',J" € subSPRr’ == J | Joflo(G" | HY) (G™, H* € subSPRr’, J € SPR)

Proposition 7.1 (Appendix B). We have subSPRI = subSPRI’, subSPRr = subSPRr’, and
subSPR = subSPR'.

Thanks to this alternative definition, we have that every sub-SP run is obtained by the
(multiple) parallel compositions of SP runs having some vertex such that all sources are
reachable to the vertex and all targets are reachable from the vertex (note that ty,(G) = 1
for every G € subSPRI and ty,(G) = 1 for every G € subSPRr). For instance, let us consider
the sub-SP run illustrated as follows (where G; € SPR for each i):

1 *O—Gl—’o\l

j—0—Gs— Gg »0> 1
2 »o—Gg»o/z N l/'o_
j—'O—Gs—*O—Gy ~0—f
3 +0O [en 2 2 Gyr 0> 2
4 O Gs 1
o\j—>o—Gg—>C G o~ 3
5 O Gr 0/2

This is clearly a sub-SP run by filling up both the left-hand side and the right-hand side,
appropriately. This sub-SP run is decomposed to the parallel compositions of runs G ¢ H
where G € subSPRI and H € subSPRr, as follows.
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1 +O Gg O\l
(T Do Jeto—a—e)

Remark 7.2. Every (sub-)SP run does not contain the four pairwise distinct vertices of
the form ( : 22 ), cf. “N-free” [VTLT79, p. 17][LW9S8]. Here, o~~—o expresses that the

target vertex is reachable from the source vertex.

7.1.2. Labeled KL terms and local sub-SP runs. We first note the following proposition.

Proposition 7.3. Let 2 be a structure.

e For all KL terms t, every A-run of ¢ is SP.

e For all IKL terms t, every 2A-run of t is sub-SP-I.

Proof. By easy induction on terms. []

Moreover, each (@ﬁ).—run of IKL terms is local in the following sense.

Definition 7.4. Let 2% = 2 ... 2A,,. We say that an (0A)e-run 7: G — (0A), is local if
for all (vy,...,v;) € a¥, there is some i € [n] s.t. {7(v1),...,7(vx)} C {[(4,2)]~ | © € ||}

Proposition 7.5. Let t be an IKL term. Every (@ﬁ).—run of t is local sub-SP-I.
Proof. For “sub-SP-1": By Proposition 7.3. For “local”: By definition of (@ﬁ).—run. ]

7.1.3. Decomposition of local sub-SP runs. Let A=12A...2, € REL+. Let Isube’R(@ﬁ)'
be the set of local sub-SP (@ﬁ).—runs. Similarly, we use ISPR(QQ[)‘, IsubSPRI(@Q{)‘, and
IsubSPRr(®®)s  We now define the decompositions of local sub-SP (©2),-runs. For i € [n],
we let IsubSPRY) £ {7 € IsubSPR(®%)- | tylg)tyg(f) € {[(i,z)]~ | = € |(As)e|}*}. Fori € [n]
and an (%4;)s-run 7, we write 7(;) for the (©%f)s-run 7 in which each label x has been replaced

with [(i,2)]~. We then consider the following decomposition of (©2)e-run.
Definition 7.6. Let 2% = 2; ... 2, € RELT. The set @ ,IsubSPR™)* is defined as the

—

smallest subset of J;" ; IsubSPR(i) closed under the following rules:
7 € lsubSPR¥ D Tlo/(l,7)] € @F_,IsubSPR(™)
7(j) € OylsubSPRE): 7lz/{,r)] € O, lsubSPR(0)e

TE @?:llsubSPR(Qli). oe @?lesubSPR(mi)°

To0 € OFlsubSPR()e

Here, 7[y/(l,r)] denotes the (®2)e-run 7 in which 7(17) and 7(2]) has been replaced with y.
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We then have that every (©2),-run of Ui, IsubSPR(;) can be derived using the rules
of Definition 7.6 (Lemma 7.10). Note that each (@ﬁ).—run occurring in the derivation tree
should be in IsubSPRY,) for some i.

Example 7.7. We recall the sequence 2 = 2,20, and the following (@ﬁ).—run TE IsubSPR?I)

in Example 5.4:
@ @
® @
8

We then also have 7 € @ IsubSPR®)* by the following derivation tree (¢f. Example 5.4):

+O0—0O

he 4d
>0

O~ +O0—O~ -0
+O (O:d

+@> >@> +@>

O0—0
+0 O

0>
o—0 _—
+Q O >
> O
;C\.:AMQ» >Or *Qwo«
o—0
o7 gl e
The most technical point in Example 7.7 is to find an appropriate interpolation. In the

following, we show that we can always take an appropriate interpolation (Lemma 7.10).
For 2l = 2A;...2, € RELT and i € [n], we consider the following three disjoint sets:

Al = {[G )]~ |z e 12} A<y = (UIRG) \ D@, s = UJI™G) N\ 1D

j<t j>i

The following is an illustration of the three sets:

- — -
A (<i) RS A (>4

For 7 € IsubSPR(®®e we say that 7 is i-split if there are some z € |5l|(<i) and y € ]51|(>i)
occurring in the sequence ty; (7)ty,(7). We first show that we can decompose each i-split

—

ISPREMe run into two ISPREMe runs such that each glued vertex is |5l|(i)-1abeled.

Lemma 7.8. Let A =21 ... A, € RELY and i € [n]. For all i-split T € ISPR(Qﬁ)', there are
non-empty o and p such that T = o ¢ p and for each k, we have o(27) € ||
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Proof. By induction on the derivation tree of G € SPR where 7: G — (02),.

e Case 7 = a]”, Case 7 = 17: Then 7 is local. However, as this contradicts that 7 is i-split,
this case does not occur.

e Case 7 = ( »o—r'—@—7"—0o- ): We distinguish the following cases:

— Case z € \ﬁ\(i): By letting 0 = 7’ and p = 7”, this case has been proved.
— Otherwise: Because z is ‘ﬁ\(q)' or |5l\(>i)—labeled vertex, either 7/ or 7 is i-split.
x Case 7/ is i-split: Let ¢’ and p’ be the ones obtained by IH with respect to 7. Then
by letting o = ¢’ and p = p’ o 7", this case has been proved.
x Case 7" is i-split: Similarly, let o’ and p” be the ones obtained by IH with respect to
7. Then by letting o = 7" ¢ ¢” and p = p”, this case has been proved.

e Case 7 = 7 o (7' || ") ¢ j¥: Since both 7" and 7" are i-split, let o’ and p’ be the ones
obtained by IH with respect to 7/ and let ¢’ and p” be the ones obtained by IH with
respect to 7”. Then by letting o = £ o (¢’ || ¢”) and p = (p || p’) ¢ j¥, this case has been
proved.

Hence, this completes the proof. O]

We then extend the lemma above for (slightly specialized) IsubSPR. This is the most
crucial lemma for Lemma 7.10.

Lemma 7.9 (Interpolation lemma) Let % = Ay ..., € RELY and let i € [n]. For all

OB B
TE |subSPR ) of the form ° : : such that T
n an—*@— "@_bm—'@' m
is i-split and connected (i.e., 79 € IsubSPRI(@®e o subSPRr (®e by Proposition 7.1), there
are non-empty o and p such that T =c o p and o,p € IsubSPR%).

Proof. Let 19 = (09 ¢ pg) where ¢ € IsubSPRIC®s and po € IsubSPRr(©s  Note that oh

and pg can be viewed as trees of ISPR®®e runs. Let v be such vertices in the tree and let z;

be the label of v;. Let - and z~ be an ]5(|(<i)—labeled vertex and an |5l|(>i)—labeled vertex
in source or target vertices of 7 (as 7 is é-split). For instance, we consider the following o
and po (where = = 2, and 2> = z15):

1*@_71». > @ﬁ*‘
T _73'69\1
o= | =@ |, 00 = [Chm-Ca)—s
& = " @@
3*@ T4 z8

We distinguish the following cases:

e Case zj, € |5l|(i) for some v, on og: By letting o and p be such that 7 = 0 ¢ p and o
consists of the edges on the left of z;, this case has been proved. For instance, if z4 € |ﬁ|(i)
@_ _'@_Tl".\l
in the instance above, then o = | 2 ~(F2)—a —@—Tz»@/Q
3+ 2

e Case zp € |§l|(i) for some v on pg: In the same way as above.
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e Otherwise, every zj is either |§l|(<i)— or ]51|(>i)—labeled. We consider a path between
and z- (the bold edges in the above). Then on the path, there is some k such that there
are an [2|(;)-labeled vertex and an [2f|(-)-labeled vertex in source or target vertices of 7

(e.g., in the instance above, 73 is an expected ISPR(®®e run where each < and > indicates

|§l|(<i)—labeled and \5[|(>i)—labeled, respectively). We distinguish the following cases:

— Case 11 is on o0g: Let o and p; be the ones obtained from 7, by Lemma 7.8. Let
o',p, 21, Z» be such that og = 0’ o (17! || 7 || 1?2) ¢ p/ and o’ consists of the edges on
the left of the source of 7. Then by letting o = o’ o (171 || oy, || 172) and p = (17 || py ||
1%2) o p/ © po, this case has been proved.

— Otherwise (Case 7 is on pp): In the same way as above.

Hence, this completes the proof. []

By Lemma 7.9, we can show the decomposition theorem for local sub-SP runs, as follows.

Lemma 7.10 (Decomposition theorem for local sub-SP runs). Let 2 = 2 ... 2, € REL*.

n
| IsubSPRY, = ©FlsubSPR™:.
i=1

Proof. (2): Trivial by the definition of them. (C): We show the following by induction on

the number of edges of 7: for all i € [n], if T € IsubSPR?i), then 7 € @Z”:llsubSPRmi. We

distinguish the following cases.

e Case 7 has no edges: Then 7 = 17. By the rule (R), this case has been proved.

e Case there is an a-labeled edge of 2; adjacent to a source vertex:

— Case a € X: Then 7 = a;® o7’ where 22’ € \Ql|?;) We then have:

Qg T

ai’z/ OT
— Case a = £: In the same way as above. o
— Case a = j: Then 7 = (1% | (1% || p) | 1%2) 0 §3°2) o/ or 7 = (1% || (p || 1) |

1%2) ojilzgz) o7’ where p € IsubSPRI%), 1275 € |Q_)l\(+l), and k = ||Z1|| + 1. Then we have:

——— () —_D = ()
19 ]| pf || 1% 7 where g =1 [ por = p | 1

A e

e Case there is an edge of 2; adjacent to a target vertex: Similar to the case above.

e Case 7 has two or more weakly connected components, that is, 7 =7 || --- || 7, where
p>1,7,...,7 € IsubSPRI©%)e IsubSPRr(Qm)', and 7; is non-empty for two or more
i € [p]: Then we can easily take some non-empty 7/ and 7" such that 7 = 7/ || 7" holds.
By letting o = 7/ || 1%1(7") and p = 1%2(7) || 7, we have:

(IH) (IH)

T

Sy

o
ogop
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e Otherwise, after applying the rule (L) for each vertex on both source and target vertices,
T=1"" (r"o7"o7") || 1** holds (by the fourth case) where

@-e o A =
\@e-e )\ e @ @@/

Here, n,m > 1 (as 7 has some edge by the first case) and x1,...,Zp,y1,-.-,Ym €
™| (<i) U [*A] (=) (by the second and third cases). We then distinguish the following cases:

/
T

)

— Case T1,...,TnyYly---sYm € |§l](<i): Let j < ¢ be the maximum j such that some edge
of ar,...,an,b1,...,by occurs in 2A;. Let ¢’ and p’ be such that 7/ = o’ ¢ p/ and o’
contains edges of 2;. Similarly, let " and p" be such that 7" = ¢"'¢p" and p"" contains

edges of ;. Then either o’ or p" is not empty and o/, p' o 7" 0 0", p" € IsubSPR%)
(T1ye ey Ty Y1y oy Ym € ]ﬁ](j) holds by the maximality of j). Then we have:

(IH) (IH) (IH)
1.---. H O_/ H 1.---. 1.---. H (,0/07'//00'”/) H 1.---. 1.---0 H p/// H 10---0

10~~~0 H (OJO (p/<>7_//<>0.///) <>p///) H 1.~~~.
— Case m1,...,Tn, Y1, - -, Ym € [A](>4: In the same way as above.
— Otherwise, by the interpolation lemma (Lemma 7.9), there are non-empty o and p such

that 7=1*"*|| (cop) || 1*® and 0,p € IsubSPR%). Thus we have:

IH)

1t o1 1 ) 1

17 [ (o op) || 157
Hence, this completes the proof. ]

Remark 7.11 (On non-sub-SP runs). If a local ©2-run 7 is not sub-SP, we may not be
able to decompose 7 (and hence, Lemma 7.10 fails for non-sub-SP runs). For instance, we
1 +O O O o1

cannot decompose for the following 7: o © o, .
2 > O 2

7.2. Properties of derivatives. In this subsection, we get back to derivatives, and we
show some properties of derivatives. To prove Theorem 5.5, we will use them for each rule:
Lemma 7.12 for (D), Lemma 7.13 for (L), and Lemma 7.14 for (T), respectively.

Lemma 7.12. Let A = Ay ... A, € RELY and j € [n]. For all IKL terms i, 5 and () e-runs
T, if tN(J) —)S—S)Ql). §(j): then t —>7(—2[j). S.

Proof. By easy induction on the derivation tree with respect to Definition 4.3. Note that
(t(j)> (), 8(j)) and (t,7,5) are the same up to changing the names of vertices’ labels. []

Lemma 7.13. Let A be a structure. For all IKL termst and 3, Ue-runs 7, | and r such
that 17 = 27, and z,y € |Ae|, if {[z/]] —>i‘[-w sy Sl /], then Ty /1] —>‘j‘[;! sy S/l
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Proof. By easy induction on the derivation tree with respect to Definition 4.3. Since

7 = 2] = v for some v, the label x is not used on the derivation tree of —>i‘['x )]’ thus we

can replace the label of v with any label (in particular, with e).

Lemma 7.14. Let 2 be a structure. For all IKL terms t and § and A-runs T and o, if

t —2 5, then there exists some IKL term @ such that t —2 @ and @ —2 3.

To prove Lemma 7.14, we use the following alternative definition of (—2). Intuitively,
this is the “big-step” version of (—2), obtained by eliminating the transitivity rule (T).

Definition 7.15. Let 2 be a structure. The derivative relation ¢ ~+% 3, where ¢ and § are

IKL terms and p is an 20-run, is defined as the smallest relation closed under the rules:

(z,y) € a® Qr.t 3 ¥ Qu.t gt E(f')  Qzsel F
Qz.a “‘M’)il:lc,y Qy.1 fora € Qu.t ;5 15y s Qx.t:s M%Qp, g
Quo.t ~2 ) E(f) ... Quu_gtew? 8 B, (B)  Qupt et 10
QEo.t* 2 opn tni1 i1t
Qxo.t M%o th o By (f) ... Qz,oqt w%‘nq t' Eg, ()
Qxg.t* M%O°--~<>pn—1 Qux,,.t*
Qz.t M»Qp[ t Qz.s w% 3 Qz.t w% t  E.(f) Quxs Mv%, §  E,%)
Qu.t+ s w»% t Qx.t+s m»% s Qz.tNs M%ﬂfo(pnp')ojf @z.1
At~ 1 Qs o & Eod # EL(f) 3wl § EL(F) el 5o
Qs ey 1S £ 5 0gr @21 £ 8~y T &
fm»%‘ t fw%‘ t  E.(f) @Qz.s m»%, 3 N
f;lsw% t s f;lswilop/ 5 fwﬁ%;gm t
Proposition 7.16 (Appendix C). For all A-runs 7, we have: (—2) = (~2).

Proof Sketch. (D): Using the transitivity rule (T), we have that each rule of ~~2 is admissible
g A

. A e . Ll U U~y S . .. .

in —*. (C): We have that the transitivity rule ~ T is admissible in
t MN}?'[OU 5

~~2 which is shown by induction on the size of the derivation tree. []

Using Proposition 7.16, we can show Lemma 7.14, as follows.

Proof of Lemma 7.14. By induction on the derivation tree of w%‘.

(z,y) € o™ o o .
e Case : Then p =700 = a;””. We distinguish the following sub-cases:
Qzx.a M»%[ @y.1

— Case 7 = a]"¥ and o = 1¥: By letting @ = @y.1.
— Case 7 = 17 and o = a7"¥: By letting @ = Quz.a.

60ur method can be viewed as an analog of Maehara’s method [Mae61, p. 237] in that, after eliminating
the rule (T) (which corresponds to the cut rule), we construct an interpolant by induction on derivation trees.
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Q.t w% t

Q. t—i—sw i
@x.twv» "

e Case : By IH, there is some ¢’ such that Qz.t ~-2 ¢ and " ~2 /. We

then have Hence by letting @ = ¢”, this case has been proved.
Q.+ 5 a2 7
Qx.s ww%l s
e Case Similar to the case above

We then have:

Q.t 2 "

Qu.t;s Dt s t" s

Thus by letting @ = ¢” ;; s, this case has been proved.
Qut 21 E (') Qzs~w? §
e Case : We distinguish the following cases:

Qx.t;s M%Op’ s
— Case p = 70 p" (and % = p" o p'): By IH, there is ¢ such that Qz.t ~-3 ¢ and
~ ~ s ,, t E.(t) Qzs~—d 3
t" ““*%H t'. Then, - . By letting @ = t”, this case has
t’ M«»%[,, ot 8

been proved.

— Case p) = p" oo (and 7 = pop”): By IH, there is 5 such that Qz.s w%‘,, 5" and
Quz.t m»% t  E,(f) Qz.s w%‘,, s
§" ~32 &, Then, . By letting @ = §”, this case
Qx.t ~2 5
pop
has been proved ) B ~
S td 0 El(f)  Qzis o3
o Case — > , Case — N : Similar to the two cases
t;luwpt;lu t,lswpp
above. o ~ o ~ o
Qg 2 T Ep (1) ... Qugt a2 B, (1) Qugt o2 th
e Case
@xo £ s ,00<> op Tt 1 £
Then there are some i € [0,n], p;, and p; such that p; = p,op/, 7= p0<> <>pZ 1<>pz, and

o = p!'opit19...9py. By IH, there is some @’ such that Qz;.t; wi‘, @ and @'~ p £z+1‘

We then have:

@l’o.t NW%%O t~,1 Egg1 ({/1) . @:ci_l.t M%%Fl f; E:ci (f;) @xi.t MA%%; a
- and
* Lo
Qg 7~ po<> Opi—10p, wiyt
Qjy 1.t~ iy Eon(fiyy) oo Eg,(f) @zt ey
(TR “ 7§z—|—1 Exi+1 (tz+1) @in-i-l't* w%i+1<>...<>pn t/ n+1 71 t*

! A Lok
u lt Mﬂ”<>lh+1<> opn tn+1 ,1t

Hence by letting @ = @' ;; t*, this case has been proved.



Vol. 21:4 DERIVATIVES ON GRAPHS FOR PCOR* 27:43

Qug.t o ) By () ... Quygt s 1 By, (1) o
e Case : Similar to the case above.
Qxg.t* ~ poo opn_1 QTn. 1"
Quz.t M»%[, t  E.(f) Qu.s M»%,, 5 E.(%)
o Case : We distinguish the following cases:

9
Qx.tNs Mf”f@(p’\lp”)Ojf Qz.1

— Case T =1%o (o || p”) ¢ j% and 0 = 1%: By Qz.t N5 ~w2 @z.1 and @z.1 ~2 @z.1.

—Caser=1"and o =£7 o (p' || p") ¢ Jl Similar to the case above.

— Case 7 =f{o (7' || 7") and 0 = (0’ || 0”) © j§ (then, p' = 7" 00" and p” = 7" 0 0"): By
IH with p' = 7/ 0 ¢’, there is some ¢’ such that Qz.t ~%, ¥’ and " ~2, #. By IH with

p" = 1" 00", there is some §” such that Qz.s ~%, § and § ~~2%, §. Then we have:
Qb s T Qs o, 5 P 7 EL()  § e, & EL(F)
Qx.tN B N, 5" and N, g B Q2.1
TS T oy LS R O Fat
Hence by letting @ = " Ny &, this case has been proved.
Qu.t e~ ! Qs v, § tsd U El(f) 5,8 EL(F)
o Case o - = Case — o , and Case
~ Qx.tNs m»m o lIp") t'Ny§ tNy 8 o @z.1
Lo 1 5 F
p o
— o - — Similar to the case above.
tMNy s w(p'”ﬁ”) t'M s
—
o Case -, - f: Then 7 = o = 12 This case has been proved by the assumption.
N
17ab(E)
Hence, this completes the proof. []

7.3. Proof of Theorem 5.5: decomposition of derivatives. We now prove Theorem 5.5.
First, we extend Definition 5.3 with annotations (—), where 7 is a (©2)e-run.

Definition 7.17. Let 2 = 20;...2, € REL. The relation # (9}, —®J*) 5, where
{t,7,5) € Uj= 1(T%1) X |subSPR(j) X ’i‘%;.)), is defined as the smallest relation (of tuples of ,
7, and §) closed under the following rules:

NGO b tlo/1) (OFy —%) 0/ /7] .
t) (OF —>(Qli)')r<j) 5() ta/1] (O, —® )')T[x/ Ly Slz/7]
t(Op, —®) a  a(op, —®)) 3

7 _T.

E( zn:l —>(mi).)‘r<>a 5

The rules of Definition 7.17 (@, —®*)_are the same as those of Definition 5.3

(er, —@i)e) except that an (@ﬁ).—run is annotated. Thus, the following immediately
holds:

Proposition 7.18. Let A =92 ..., € REL*. For all j€n] andt, 5 € 'i‘%.), we have:

VAR

[ (O, —®)0) 5 = 3reclsubSPRE, T (0f, — %))

T

Proof. Both directions are shown by easy induction on the derivation trees. []
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We also have the following by using the properties shown in Section 7.2.
Lemma 7.19. Let % = 2 ..., € RELT. For (£, 7,5) € Ul_, TH IsubSPRE x T,

(o).

5§ = T(er, —@)) 3

T

t—

Proof. (<=): By easy induction on the derivation tree of Definition 7.17. (=): Using

Lemma 7.10, we show this by induction on the derivation tree of 7 € Q?:llsubSPR(Qli)' (of
the rules in Definition 7.6).

7 € IsubSPR(3:)e - o) ~

o Case Byt —r S (so t~, e Tﬁ let 7 and & be such that
T(j) € G?:1|5UbSPR(mi)‘ y ) ( (J))
t =1 =3 7 (o).
t= t(j) and § = 505" By t(j) !
the rule (D), this case has been proved.
7—[./<l,7’>] S @?:ﬂsubSPR(Q[i). 3
e Case L By i —»
Tlz/{l,7)] € O, IsubSPR®)e

t =t'[z/l] and § = &[z/r]. Then we have '[e/I] _>—(r?02;[2l.r>] §'[e/r] (Lemma 7.13). Thus,
by the rule (L) with IH, this case has been proved.

T € O ,IsubSPR®)e 5 ¢ o7 IsubSPR™)e - (of)
e Case T: Byt —100 " 8, there exists some
700 € O, IsubSPR™)e

IKL term @ such that £ —{"™* i and @ —{"* 5 (Lemma 7.14). Thus by the rule (T)

with TH, this case has been proved.

§/(j), we have ¢/ —>9j)' §" (Lemma 7.12). Thus, by

(o).

_ . ,
rlz/r)] S let ¢ and § be such that

Hence, this completes the proof. ]
Proof of Theorem 5.5. For all t,5 € T%), we have:

F@Me s s Jre IsubSPR%), f—>_(r®ﬁ)' s (Proposition 7.5)

— dre IsubSPRg), t (O, —>(Qli)')T 5 (Lemma 7.19)

— f(er, —®y s (Proposition 7.18)

Hence, this completes the proof. ]

7.4. Incompleteness of the decomposition rules in [Nak17]. In this subsection, we
point out an error of the decomposition of (©2A)s-runs in [Nak17, Section IV (Lemma IV.10)].
In [Nak17], left quotients of (®2)e-runs with respect to SGCPs are considered, but events
of SGCPs are read in one-way. This approach essentially corresponds to the following
decomposition rules of (®2)s-runs where 2 = 25 ... 2, and each X j (4 € [n]) is the smallest

subset of (J;_; IsubSPR{;) closed under the following rules (cf. Definition 7.6):

7 € lsubSPR% - 7[e/{l,r)] € X; [ TN oeX o TEXN 1
T(5) EXj T[x/<l,r>] c Xj TOO EX]' T € Xj
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(In a nutshell, the rule “—1” does not exist.) However, the set J;' ; X; is incomplete, as
the direction <= of Lemma 7.10 does not hold. We recall Example 7.7 and the sequence

2l = A;2L,. For instance, the (@ﬁ).—run of the form ~ oo ~ is derived by:
D
T ex
+1
oo X,
D it L D
- RS X5 0T ¢ Xo © -~ € X
- — - T
oo € X,y

(Here, blue-colored edges and red-colored edges are the edges induced from 2; and 21,
respectively.) However, we cannot derive the (®2)4-run 7 of the form *Om(}» in

¢

this system because the rule “—1” does not exist. To avoid this problem, instead of one-way

automata, we use 2AFAs.

8. CONCLUSION

We have presented derivatives on structures/graphs and have shown a decomposition
theorem of the derivatives (Theorem 5.5). Consequently, we have shown that the equational
theory of the positive calculus of relations with transitive closure (PCoR*) is decidable and
EXPSPACE-complete (Corollary 6.3).

Related and future work. In the following, we present related and future work.

Identity-free Kleene lattices. Brunet and Pous have shown that the equational theory
of identity-free Kleene lattices {0, ;, +,N, T} is EXPSPACE-complete [BP15, BP17]. They
presented an algorithm for comparing downward closed sets of runs (denoting acyclic and
connected graphs) with respect to graph homomorphisms using Petri automata. However,
their approach is problematic when terms have non-acyclic or non-connected graphs (e.g.,
when the identity 1, the converse —, or the universality T occurs) [BP17, Section 9.3]. In
our approach, based on the linearly bounded pathwidth model property (Proposition 2.9),
we consider decomposing -runs (instead of runs) on path decompositions. It would also be
possible to connect our derivatives to branching automata [LW98, LW00, LWO01] or Petri
automata [BP17].

PDL with intersection. Propositional dynamic logic with intersection (IPDL) [Dan84a]
is propositional dynamic logic (PDL) of regular programs with intersection. The theory of
IPDL is decidable and 2EXPTIME-complete [Dan84a, LL05, GLL09]. The known algorithms
[Dan84a, Lut05, GLL09] are based on the treewidth at most 2 model property of IPDL
(¢f. Proposition 2.8). In [GLL09], Goeller, Lohrey, and Lutz presented a polynomial-time
reduction from the theory of IPDL with converse (ICPDL) into that over w-regular trees
and presented a reduction to the universality problem of two-way alternating parity tree
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automata. To express relational intersection (M), their approach is based on the product
construction of automata (the product construction naively fails, but by adding transitions
so that there always exists the shortest run if a run exists between two vertices on an input
tree, the product construction works on trees [GLL09, p. 288]), while our approach uses
branches of sub SP runs. Recently by extending their approach, the elementary decidability
result of ICPDL has been extended to CPDL+ [FFP23]. Note that we can naturally reduce
the equational theory of KL terms (with respect to relations) into the theory of IPDL
formulas because REL =t = s iff the IPDL formula (t)p <+ (s)p is valid (as with [FL79, p.
209] for PDL) where p is a propositional variable (disjoint from variables) and (—) denotes
the diamond modality. Thus, the 2EXPTIME upper bound of the equational theory of
KL terms can be obtained via this reduction. To obtain the EXPSPACE upper bound
using this approach, we need to give a reduction from the theory of KL terms over linearly
bounded pathwidth structures into that over words, cf. the inclusion problem is in PSPACE
for (word) 2AFAs (Proposition 5.6) whereas the inclusion problem is EXPTIME-hard for
tree (two-way alternating) automata [CDGT07, Theorem 1.7.7]. This approach would be
possible by modifying the encoding of tree decompositions but is not immediate, because
the reduction [Lut05, GLL09] always generates trees (not words) even when a given tree
decomposition is a path decomposition. Conversely, it would also be possible to extend our
decomposition approach to the extensions of PDL above, but we leave it as a future work.

Regular queries. Regular queries [RRV17] are binary non-recursive positive Datalog
programs extended with Kleene star. The containment problem for regular queries is
decidable and 2EXPSPACE-complete [RRV17]. Because we can naturally translate KL
terms (with respect to relations) and also PCoR* terms into regular queries, we can also
reduce the equational theory of PCoR* terms into the containment problem for regular
queries.

The existential calculus of relations with transitive closure. The existential calculus
of relations with transitive closure (ECoR*) [Nak23] is PCoR* with variable and constant
complements (i.e., the complement operator only applies to variables or constants). ECoR*
has the same expressive power as 3-variable existential first-order logic with variable-confined
monodic transitive closure [Nak20, Nak22]. This extension is also related to boolean modal
logic [GP90] and (I)PDL with negation of atomic programs [LW05, GLL09]. The equational
theory of PCoR* with variable complements is I19-complete [Nak23] (an open problem
left in the conference version [Nak17]) and the equational theory of PCoR* with constant
complements (i.e., with the difference constant) is I19-complete [Nak24]. Nevertheless, the
equational theory is decidable for the intersection-free fragment of ECoR* [Nak23].

On Kleene algebra with loop. The (graph) loop operator t° [Dan84b] is the operator
defined by: t° 2 ¢tN1. We leave it open whether the equational theory of Kleene algebras
with loop (with respect to relations) is PSPACE-complete. Related to this, PDL with loop
(loop-PDL) [Dan84b, GLL09] is EXPTIME-complete, whereas PDL with intersection is
2EXPSPACE-complete. For loop-PDL, the formulas can be translated into ICPDL formulas
of intersection width at most 2, so the EXPTIME upper bound of loop-PDL is a corollary of
the fact that the bounded intersection width fragment of ICPDL is in EXPTIME [GLL09,
Corollary 4.9]. However, this translation essentially needs the diamond modality as a
primitive, so Corollary 6.7 does not imply the PSPACE decidability, immediately; the closure
size (with respect to the closure function of Definition 4.10) is still exponential because the
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number of labels occurring in Kleene algebra terms with loop is not bounded. A related
problem is posed by Sedlar [Sed23, p. 16] for the complexity of the equational theory of
Kleene algebra with the domain operator (dKA) with respect to relations. Here, the domain
operator d(t) is the operator d(t) = (¢T) N 1. Note that, because REL |= d(t) = (tT)%, we
can reduce the equational theory of dKA into that of Kleene algebras with loop and top.

On axiomatization. Another interesting question is the axiomatizability. Doumane and
Pous presented a finite axiomatization for the equational theory of identity-free Kleene lattices
[DP18]. However, the finite axiomatizability is still an open problem for the equational
theory of Kleene lattices (with additional operators) with respect to relations [DP18, p.
15][Pouls].
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APPENDIX A. PROOF OF PROPOSITION 5.9

Proof. Both directions are shown by easy induction on the derivative trees, respectively.
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((tlz/1], 8[z/r])v . 5') € Siat,. 20,4
- -1, +1, v
(/1] 8lx/r])v s 3) € Soal, e
(«<=): By induction on the derivation tree.
5 t — @i 5
o Case — v D where § —% 3 Then, — " ) =
((£,3),7) € Sl a4 t) (O —70) 35
- . . A}
<<t7 S>\/7] - 1) S SDQﬁ...Q(nq v
e Case ((t,5)7,7—1) € S:;E...le _1: (Note that v is the only rule that can apply to
~ . . A
<<ta s)/a]> € SDQIG_.,QL"Q
(<, -)2.) We then have:
(IH).

1) (Ofy — ) 51
— ~ ~ ~

By lab(t),lab(s) € ‘(Q[j_l).|+ N ‘(Q[j).|+, we have t(j—l) = t(j) and §(j—1) = §(j), and thus
this case has been proved.

- A
<<ta S>77] + 1) € SDQ]lcl...Q(nd
e Case

+1: In the same way as the case above.

~ u

- . A
<<t> 8>/>.7> S SDQ{CL..anq
~ . . A
({t,@)v,7) € S, a1,a p

e Case ((£,1')7,]) € Sﬁl...mnq (W, 8)s,7) € Sﬁl...%q T: Then we have:

)~ . AY
<<Ul,$>,/,j> S SDQicl...anﬂ

~ . Al
<<t’ 8>\/)]> € SDQﬁ...and

- (IH) (IH)
ty) (O —(@0)e) 7l/(j) 11’( ) (O, —e) S

j ])T

fy (O, — @) 5
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(T[o/1), 58/ 1) € ot a0

m — (IH)
e Case ((t[e/I],5[8/r])?,]) € Sliﬁ...%lnd L: Then, t[o/l](j) (o) —)(Qli).) §[o/r](j)
(Ta/1),3lz/r)) ) € Sla o0 o i/l (Of —e) 5[z /)
Hence, this completes the proof. O]

APPENDIX B. PROOF OF PROPOSITION 7.1
For a run G, we let
subl(@) {G" | there is a run H such that G = H ¢ G'},
subr(G) £ {G' ]| there is a run J such that G = G’ o J},
sub(G) = {G'| there are runs H and .J such that G = H o G’ o J}.

Proof of subSPRI = subSPRI". (subSPRI’ C subSPRI): By induction on the derivation tree of
G € subSPRY', it suffices to show: for every G € subSPRI’, there is some G’ € subSPRr’ such
that G’ © G € SPR. We distinguish the following cases:

e Case G € SPR: By letting G’ = 1!, we have G’ o G = G € SPR.

e Case G = (G' || HY o ji o J where G!, H' € subSPRI' and J € SPR: Let G*, H* € subSPRr’
be the ones obtained by IH with respect to G' and H!, respectively. Then by letting
G' =l o (G" || HY), we have G' o G = (f1 o ((G" o G") || (H* o H")) 0 j1) o J € SPR.

Hence, this completes the proof.

(subSPRI C subSPRI'): By induction on the derivation tree of Gy € SPR, we show: for
every Gy € SPR and G € subl(Gy), we have G € subSPRI’. We distinguish the following
cases:

e Case Gy = 11, Case Gy = ai: Clear by subl(Go) C SPR C subSPRI'.

e Case Gog = Hy o Jy where Hy, Jy € SPR: We distinguish the following cases:

— Case G = H ¢ Jy where H € subl(Hp): By IH, we have H € subSPRI". Then (1) H = J’
or (2) H = (G" || H"¢jloJ holds where G!, H' € subSPRI’, J' € SPR. For (1), we have
HoJy=Jo.Jy € SPR C subSPRI". For (2), we have Ho Jy = (G! || H) o jlo(J' oJy) €
subSPRI’. Hence, in both cases, we have H ¢ Jy € subSPRI'.

— Case G € subl(.Jyp): By IH.

e Case Go = £1 o (Hp || Jo) © j1 where Hy, Jy € SPR: We distinguish the following cases:
— Case G = Gy: Clear by Go € SPR C subSPRI'.

— Case G = (H || J) o jt where H € subl(Hy) and J € subl(Jy): By IH.

— Case G = 1': Clear.

Hence, this completes the proof. O]
Proof of subSPRr = subSPRr’. Similar to the proof of subSPRI = subSPRI’. ]
Proof of subSPR = subSPR’. (subSPR’ C subSPR): By the proof of (subSPRI" C subSPRI),

we have:

e for every G € subSPRY’, there is some G’ € subSPRr’ such that G’ o G € SPR.
Similarly, we have:

e for every G € subSPRY’, there is some G’ € subSPRI’ such that G ¢ G’ € SPR.
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By induction on the derivation tree of G € subSPR’, we show: for every G € subSPR’, there
are some H € subSPRI" and J € subSPRr’ such that H o G o .J € SPR.

e Case G = H'o J' where H' € subSPRI" and J* € subSPRr": Let H* € subSPRr' be such
that H* o H' € SPR and let J! € subSPRI be such that J* ¢ J' € SPR. We then have
H' o (H'o J") o J' € SPR.

e Case G = (G || G2) where G1,Gs € subSPR’: By IH, there are some Hy € subSPRr J;, €
subSPRI" such that Hy o G}, ¢ Jj, € SPR for each k € [1,2]. We then have

(£1 0 (Hy || H2)) o (G || G2) o ((J1 || J2) © 31)
=flo((H oGioJ1) | (HyoGyo.Js))oji € SPR.

Hence, this completes the proof.
(subSPR C subSPR’): By induction on the derivation tree of Gy € SPR, we show: for
every Gy € SPR and G € sub(Gy), we have G € subSPR’. We distinguish the following cases:

e Case Gy = 11, Case Gy = ai: Clear by sub(Gp) C SPR C subSPR’.
e Case Go = Hy o Jy where Hy, Jy € SPR: We distinguish the following cases:
— Case G € sub(Hy) or G € sub(Jp): By IH.
— Case G = H o J where H € subl(Hy) and J € subr(Jp). From the above, we also have
H € subSPRI', J € subSPRr’. Thus, H ¢ J € subSPR’.
e Case Gy = f1 o (Hy || Jo) © j1 where Hy, Jy € SPR: We distinguish the following cases:
— Case G = Gy: Clear by Gy € SPR C subSPR'.
— Case G = (H || J) ¢ j} where H € subl(Hp) and J € subl(Jp): From the above, we also
have H € subSPRI’, J € subSPRI’. Thus, G € subSPRI" C subSPR'.
— Case G = f{ o (H || J) where H € subr(Hy) and J € subr(Jp): Similarly.
— Case G = (H || J) where H € sub(Hy) and J € sub(Jp): By IH, H,J € subSPR’. We
thus have G € subSPR’.
— Case G = 1!: Clear.

Hence, this completes the proof. O]

APPENDIX C. PROOF OF PROPOSITION 7.16

Proof. (2): We show that each rule of ~, is admissible in — .

(z,y) € a® Qg.t —>% t Qz.s —>% 5
e Case o for a € X, Case —, Case , Case
Qzx.a g Qy.1 Qx.t+s —)%l t/ Qz.t+s —>% 5
Qu.t —3 1 t—33
~, Case , Case : Trivial.

g A ~ ~
t— 2w @x.t;s—%‘t’;ls t;lu—%s;lu

- - E.(f) @Qzs-—2%
Qu.t—317  E.(f) Qzs —>%[, g . : _ P
e Case : By Qz.t —2 ¢/ t' —)%[, g
Qr.t;s —2 & T

pop ) A
Qx.t;s — op

t—2¢  E.(f)  Qzs —>§l, s
e Case = : Similar to the case above.

. Az
t,ls—>p<>p, S




27:54

Y. NAKAMURA

Quo.t —5 1 Eqy (8) Qb —2
o Case

Pn—1 "N Exn(g’/n) @I’n t —>mn tTL+].

Qug.t* —% oo Ty "
By the following derivation tree:

A
Qzp.t —, 1
Ee,(f) Quz,t* —> ¢

p
Attt L too t*

Qzo.t —2 1

n41 11 t*
@(L‘o.t*

A 7 *
pnt+171t

@:EO t* — p0<> Opn tn+1 1 t*
Qrt 27 EL(F)

Qz.s —>p, § EL(8)
e Case a : We have:
Qz.tNs —)ffO(PHP’)OJ'T Qz.1
Qg.t —% t
Qz.tNs —>%ﬂc (Qx.t) M (@x s)

(@a.t) Ny (Qz.s) —2 7' Ny (Qa.s)
Qx.s —>Ql

. E.(#) E.(3)
— , al
'y (@Z’S) —>p, t Ny &

Ny § —>§1§ @z.1

Hence by (T), we have obtained Qz.t N's —2,

£o0(pllo )07 @%-1-
Qp.t —3A ¢

p Qzr.s —% & t—3¢ E()
e Case

Case
Qr.tNns —2 t ’

~ A ~ ~
§—5 8  El()
tyo(pl) L9

~ b
EM1 3 005 @21
t—3t 5% F
Case

= : Similar to the case above
tﬂ18—>( I )t,ﬂl s

Hence, this direction has been proved

s e i
(C): We show that the transitivity rule — T is admissible, by induction
S
on the sum of the sizes of the derivation trees of  ~~2 @ and @ ~sa
g A 3 P A 3 R g A g R g A 3
e Caget~, 5 5 b O, Case t () t by 5 (i.e., when the immedi-
T - T
t s g t m»%[ 5
ate above rule contains (R)): Clear
o (Case Qx.a MV?% @y]. @y 1~ g

Qx.a M,Q)lo s
(R); thus, this case has already been proved

Then the right-hand side rule should be the rule

Vol. 21:4
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Qu.t wﬁ‘ "

o Case Qr.t;s M% s ' s MA%%/ @ : For the form of the above of t’ ;; s M»%, U,
Qx.t;s M%Qp, U
we distinguish the following cases (except for the rule (R)):
. . Qb st 1 At
P P T
— Case — ; : Then we have: Qz.t Mpop’ 4 . By IH, this case
£ 51 8~y tiy s .
Qx.t;s m»p St s
has been proved. 3
' o® 1 E(f)  Qzs e d
— Case : — 2. Then we have:
t// 51 S M"'?QI/ ’11
5 phoph
Qb2 1 L
p1 T
Qux.t w»pop/l t E.(f) @Qz.s w%%é u. By IH, this case has been proved.
. A ~
Qz.t;s 7 (pop))oph U
Quz.t w% t  E,(f) Qz.s m»%l, s
e Case Qz.t;s m%%lop/ g’ " MA%%,, § . Then we have:
. A s/
Qux.t ;S M(pop’)op” S
Qz.5 ~% 57§ SN, F
p p T
Qux.t M»f,l t E.(t) Qz.s Mv%,op,, g . By IH, this case has been proved.
. A g
Qx.t;s o (opl?) B
b ! t~2 1 EL(1) Qz.s m»%, g
o Casel; s M»% tystis Mv%, §  Case ti s w%‘op, 5" 5" Nw%,, s T:
g A 7. A s/
. Epop 8 E31 8 ™ Goopyoprt
Similar to the two cases above.
e Case - . ~ o
Quo.t 2 B Eay(B) ... Ep () Quat® i1
Q. t* s p0<> opm_zoph oot ot Mi‘/, a0 T:
@xo ARV 17 U

(po<> OPr—10p})0p

%, 4, we distinguish the following cases (except

For the form of the above of ], ;1 t* ~?

for the rule (R)):
t//-s-l *M*Ql" tn—i—l
— Case : Then we have:
g s U2 By 5 t
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i
@xn t WW‘) o, tn-i—l tn+1 // tn+1

Quo.t ~3 8 Eey () ... Ea, () Qb % o T

P
@.’L'O t* p0<> (ol 0p!) tn+1 31 t*
Thus by IH, this case has been proved.
g o thi1 Ep (Bhi)  Qappqt® M»fj,z, a
— Case o : For the form of the above of
TS
tn+1 1 t M"'?p <>p/2/ 'LL
Qxpqq.t* MA»%// 1, we distinguish the following cases:
2

x Case R (then, p” = pY): Then we have:
xn+1.t* Mv%%lz,”rl @xn+1 t* ( 1)

@.’L’n t an tn+1 t,+1 “‘N"> o' tn+1
Qro.t ~3 B Eg (1) ... Qb ~o o B i (1),
Qg £* ~ P0<> Opn—10p40p" Qppr.t”
Thus by IH, this case has been proved.
x Case , ,
A1t~ T Eopn(fis) oo B (fhyy)  Qpgat w0 2

2 oo
@$n+1.t* Mpn+10...0pm+1 t;n—&-2 1 t*
Then by letting pn ,0 o pff, we have:
Quo.t 2 B Egy () oo oo Egp(fa)  Qupgrd e tm+2

Qg t* s T
Thus by IH, this case has been proved.

Qzg.t ~3 ) By (1)) ... Eq, ()

e Case Qxg.t* ~> OQ opn_1 QTpt* Qupt* 5 t* w%‘, @ : Similar to the case above.
@$0 £ s p()<> Opn—1 u
Qz.t s 1! Qu.t st 1 1t
T
e Case Qu.i+s Mv%% ¢ MA%%, @ : We then have: Qu.t w%@p’ U . Thus
A ~ A -
‘ Qb+ 5~y U Qb+ 5~y U
by IH, this case has been proved.
Qz.s w»% §
o Case Qz.t+5~>2 5 & m»f)l, @ : Similar to the case above.
Ql ~
Qb+ 5~y U
Quz.t w%‘l ' E.(f) Qu.s w%‘z s E.(8)
[ Case @xt ﬂ S Milz@(ﬂl”pZ)ojf @Z]. @Z]. N"‘?%l/ ﬂ/ R
T
Ql ~
ALENS 2 (gro(onlpa)ost)op
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bt E(f) 5§ EL(F)

P2

Case tn s M%LIHM)QJ-T Q@z.1 Qz.1 *M*f,[/ u T: Then the right-hand
P 5
LS (01 loa)ost)op

side rule should be the rule (R); thus, this case has already been proved.

A Fn A =1
Qux.t o Qx.s oy S

A n =1 T =1 A ~
o Clase @$'tﬂswf§0(p1up2) "M s "Ny §" ~ 0

o : For the form of the above of

A
. Qx.tNs T (£ o(pallp2))op’ Y

"Ny & U, we distinguish the following cases (except for the rule (R)):
" MQ{/ ¥ s
o

/
1 P2
— Case

- : Then we have:
TN

oy © O E
A E/

Q.t 3 Qr.s ~>d § F et F
- o - G
Qr.t ~t 7 Qr.s ~t  §F
P1OPY P20po

A Y o
QLS Yz (prop))(paopp) T 1

Note that £f o ((p1 ¢ p1) || (p20p3)) = (£7 © (p1 || p2)) © (P! || p5). Thus by IH, this case
has been proved.

s 7B § s EL(3)

p P
— Case : ” - a 2 : Then we have:
~ t fj s MSP&”P’Q)QJT Qz.1
Qz.t M%l A 7 M%’l ' Qz.s m»?}l s & m»i‘,l s’
T T
2A 7 ry 2 = =
Qz.t 2 roph 4 E.(t) Qz.s o) g E.(5).
Qr.t N § D t'n &

£70((p1opy)[l(p20p3))035

Note that £f o ((p1 0 p1) || (p20p3)) © 31 = (£7 © (p1 || p2)) o (P} || p3) © 35). Thus by
IH, this case has been proved.

g A Fn = A s
twv»%pl t § g, 8

e Case tNs M“%sz g M M%, @ : Similar to the case above.
P -
EOL S (0 lpg)opr U
Hence, this completes the proof. O]
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