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Abstract. There are many evaluation strategies for term rewrite systems, but automati-
cally proving termination or analyzing complexity is usually easiest for innermost rewriting.
Several syntactic criteria exist when innermost termination implies (full) termination or
when runtime complexity and innermost runtime complexity coincide. We adapt these
criteria to the probabilistic setting, e.g., we show when it suffices to analyze almost-sure
termination w.r.t. innermost rewriting in order to prove (full) almost-sure termination of
probabilistic term rewrite systems. These criteria can be applied for both termination and
complexity analysis in the probabilistic setting. We implemented and evaluated our new
contributions in the tool AProVE. Moreover, we also use our new results to investigate the
modularity of probabilistic termination properties.

1. Introduction

Termination and complexity analysis are among the main tasks in program verification,
and techniques and tools to analyze termination or complexity of term rewrite systems
(TRSs) automatically have been studied for decades. While a direct application of classical
reduction orderings is often too weak, these orderings can be used successfully within the
dependency pair (DP) framework for termination [AG00, GTSKF06] and for innermost
runtime complexity [NEG13]. Moreover, the framework of [AM16] uses weak dependency
pairs in order to analyze derivational and runtime complexity. These frameworks allow
for modular termination and complexity proofs by decomposing the original problem into
sub-problems which can then be analyzed independently using different techniques. Thus,
DPs are used in essentially all current termination and complexity tools for TRSs (e.g.,
AProVE [GAB+17], MuTerm [GL20], NaTT [YKS14], TcT [AMS16], TTT2 [KSZM09]). To
allow certification of proofs with DPs, they have been formalized in several proof assistants
(e.g., in Rocq (formerly Coq) [CCF+07, BK11], Isabelle [TS09], and recently together with
the size-change principle [LJB01, TG05, MV06] in PVS [AAR20, MAM+23]), and there
exist several corresponding certification tools for termination and complexity proofs with
DPs (e.g., CeTA [TS09]).
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Probabilistic programs are used to describe randomized algorithms and probability
distributions, with applications in many areas, see, e.g., [GHNR14]. To use TRSs also
for such programs, probabilistic term rewrite systems (PTRSs) were introduced in [BK02,
BG05, ADLY20]. In the probabilistic setting, there are several notions of “termination”.
For example, a program is almost-surely terminating (AST) if the probability for termination
is 1. Another interesting property is positive almost-sure termination (PAST) [Sah78, BG05],
which means that the expected length of every evaluation is finite. Finally, strong or bounded
almost-sure termination (SAST) [FC19, ADLY20] requires that, for every configuration t (e.g.,
for every term), there is a finite bound on the expected lengths of all evaluations starting
in t. Thus, if there is a start configuration t which non-deterministically leads to evaluations
of arbitrary finite length, then the program can be PAST, but not SAST. In general, SAST
implies PAST, and PAST implies AST, but the converse directions do not hold.

We recently developed an adaption of the DP framework for AST [KG24] and an adaption
for innermost AST [KG23a, KDG24] (i.e., AST restricted to rewrite sequences where one only
evaluates at innermost positions), which allows us to benefit from a similar modularity as in
the non-probabilistic setting. However, the DP framework for innermost AST is substantially
more powerful than the one for AST. Indeed, also in the non-probabilistic setting, innermost
termination is usually substantially easier to prove than (full) termination, i.e., termination
w.r.t. any possible evaluation strategy, see, e.g., [AG00, GTSKF06]. The same holds for
non-probabilistic complexity analysis, where the DP framework of [NEG13] is restricted
to innermost rewriting and the framework of [AM16] is considerably more powerful for
innermost than for full rewriting. To lift innermost termination and complexity proofs to full
rewriting, in the non-probabilistic setting there exist several sufficient criteria which ensure
that innermost termination implies full termination [Gra95] and that innermost runtime
complexity coincides with full runtime complexity [FG17].

Up to now no such results were known in the probabilistic setting. Our paper presents the
first sufficient criteria for PTRSs which ensure that, e.g., AST coincides for full and innermost
rewriting, and we also show similar results for other rewrite strategies like leftmost-innermost
rewriting. We focus on criteria that can be checked automatically, so we can combine
our results with the DP framework for proving innermost AST of PTRSs [KG23a, KDG24].
In this way, we obtain a technique that (if applicable) can prove AST for full rewriting
automatically and is significantly more powerful than the corresponding DP framework for
full AST [KG24].

Our criteria also hold for PAST, SAST, and expected complexity. Similar to AST, very
recently we developed an adaption of the DP framework to prove innermost SAST and upper
bounds on the innermost expected runtime complexity [KSG25]. Again, we can use our
results on the relation between innermost and full rewriting to apply this adaption of the
DP framework for arbitrary evaluation strategies. A corresponding evaluation can be found
in [KSG25]. Except for applying polynomial or matrix orderings directly on the whole
PTRS [ADLY20], currently there do not exist any other automatic techniques for PAST,
SAST, or expected complexity of PTRSs.

As a corollary of our results in the probabilistic setting, we also develop the first results
relating derivational and innermost derivational complexity for ordinary non-probabilistic
TRSs. The difference between derivational and runtime complexity is that runtime complexity
only considers start terms where a defined function symbol (i.e., an “algorithm”) is applied
to arguments built with constructor symbols (i.e., to “data”), while derivational complexity
allows arbitrary start terms.
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There exist numerous results on the modularity of termination, confluence, and com-
pleteness of TRSs in the non-probabilistic setting, see, e.g., [Gra95, Gra12, Toy87a, Toy87b].
Based on our novel criteria, we develop the first modularity results for probabilistic ter-
mination w.r.t. different evaluation strategies, i.e., we investigate whether AST, PAST, or
SAST are preserved for unions of PTRSs. Additionally, we also study preservation of AST,
PAST, or SAST under signature extensions, which can be seen as a special case of modularity,
i.e., a specific union of PTRSs, where the second PTRS only contains trivially terminating
rewrite rules over the new signature. We show that while AST and SAST are preserved under
signature extensions, this does not hold for PAST, implying that any sound and complete
proof technique for PAST of PTRSs has to take the specific signature into account. Related
to these results, we show that PAST and SAST coincide for a broad class of PTRSs. For
example, if the signature contains at least one function symbol of arity greater than 1, then
there is no difference between PAST and SAST for finite PTRSs.

Structure. We start with preliminaries on term rewriting in Section 2. Then we recapitulate
PTRSs based on [BG05, DCM18, ADLY20, Fag22, KG23a] in Section 3. In Section 4 we
show that the properties of [Gra95] that ensure equivalence of innermost and full termination
do not suffice in the probabilistic setting and extend them accordingly. In particular, we
show that innermost and full AST coincide for PTRSs that are non-overlapping and linear.
This result also holds for PAST, SAST, and the expected runtime complexity, as well as for
strategies like leftmost-innermost evaluation. In Section 5 we try to weaken the linearity
requirement in order to prove full AST for larger classes of PTRSs. The implementation
of our criteria in the tool AProVE is evaluated in Section 6. Afterwards, in Section 7 we
analyze the modularity of all these (full and innermost) termination properties for PTRSs.
We discuss related work on the verification of probabilistic programs in Section 8. Finally,
we conclude in Section 9 and refer to App. A for all missing proofs.1

Novel Contributions of the Paper. The current paper extends our earlier conference
paper [KFG24] by:

• All results concerning SAST and the novel relations between SAST and PAST (the whole
Section 3.3 as well as all results on SAST from Sections 4 and 5).
• The new result that PAST is not closed under signature extensions (Thm. 3.16), while AST
and SAST are (Thm. 7.15).
• The novel definitions of expected derivational and runtime complexity (Def. 3.11 and 3.13)
and all corresponding results (Thm. 4.6, 4.13, and 5.12).
• The corollaries for non-probabilistic derivational complexity (Cor. 4.8 and 4.14).
• The whole Section 7 concerning the analysis of modularity.
• Numerous additional explanations, examples, and remarks.
• More details on the proofs of the main theorems (including central lemmas like Lemma 4.3,
4.12, and 5.10), in addition to the full proofs in App. A.
• A new counterexample (Counterex. 5.5) showing a mistake in our earlier conference paper
[KFG24].
• An improved implementation and evaluation which combines the contributions of the
current paper with the DP framework for full AST from [KG24] (which had not yet been
developed at the time of our conference paper [KFG24]), see Section 6.

1To ease readability, for those proofs which require larger technical constructions, we only give proof
sketches in the main part of the paper and present the corresponding full technical proofs in App. A.
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2. Preliminaries

For any relation→ ⊆ A×A on some set A and n ∈ N, we define→n as→0 = {(a, a) | a ∈ A}
and→n+1 =→n ◦ →, where “◦” denotes composition of relations, and define→∗=

⋃
n∈N →n,

i.e., →∗ is the reflexive and transitive closure of →. Let NF→ denote the set of all elements
that are in normal form w.r.t. →, i.e., for all a ∈ NF→ there is no b ∈ A with a→ b.

We assume familiarity with term rewriting [BN98], but recapitulate the notions that
are needed for this work. We write T (Σ,V) for the set of all terms over a (possibly infinite)
countable set of function symbols Σ =

⊎
k∈NΣk and a (possibly infinite) countable set of

variables V , and T if the specific sets Σ and V are irrelevant or clear from the context. To be
precise, T (Σ,V) is the smallest set with V ⊆ T (Σ,V), and if f ∈ Σk and t1, . . . , tk ∈ T (Σ,V)
then f(t1, . . . , tk) ∈ T (Σ,V). We say that a function symbol has arity k ∈ N if f ∈ Σk,
i.e., the arity denotes how many arguments a function symbol takes. A substitution is a
function σ : V → T with σ(x) = x for all but finitely many x ∈ V, and we often write xσ
instead of σ(x). Substitutions homomorphically extend to terms: If t = f(t1, . . . , tk) ∈ T
then tσ = f(t1σ, . . . , tkσ). For a term t ∈ T , the set of positions Pos(t) is the smallest subset
of N∗ satisfying ε ∈ Pos(t), and if t = f(t1, . . . , tk) then for all 1 ≤ i ≤ k and all π ∈ Pos(ti)
we have i.π ∈ Pos(t). If π ∈ Pos(t) then t|π denotes the subterm starting at position π and
t[r]π denotes the term that results from replacing the subterm t|π at position π with the
term r ∈ T . A context C is a term containing exactly one occurrence of a special constant
symbol □, denoting a hole. The constant □ is used to indicate where one can insert a term,
i.e., if □ is at position π of C, then C[t] is a shorthand notation for C[t]π.

A rewrite rule ℓ→ r is a pair of terms ℓ, r ∈ T such that V(r) ⊆ V(ℓ) and ℓ /∈ V , where
V(t) denotes the set of all variables occurring in t ∈ T . A term rewrite system (TRS) is
a (possibly infinite) countable set of rewrite rules. As an example, consider the TRS Rd

that doubles a natural number (represented by the terms s and 0) with the rewrite rules
d(s(x)) → s(s(d(x))) and d(0) → 0. A TRS R induces a rewrite relation f→R ⊆ T × T
on terms where s f→R t holds if there is a position π ∈ Pos(s), a rule ℓ → r ∈ R, and a
substitution σ such that s|π = ℓσ and t = s[rσ]π. Here, f stands for “full rewriting”2 as we
did not fix any specific strategy yet. A rewrite step s f→R t is an innermost rewrite step
(denoted s i→R t) if all proper subterms of the used redex ℓσ are in normal form w.r.t. R,
i.e., the proper subterms of ℓσ do not contain redexes themselves and thus, they cannot be
reduced with f→R. For example, we have d(s(d(s(0)))) i→Rd

d(s(s(s(d(0))))). Let NFR denote
the set of all terms that are in normal form w.r.t. f→R.

Let < be the prefix ordering on positions and let ≤ be its reflexive closure. Two positions
τ and π are parallel if both τ ̸≤ π and π ̸≤ τ hold. For two parallel positions τ and π we
define τ ≺ π if we have i < j for the unique i, j such that χ.i ≤ τ and χ.j ≤ π, where χ is
the longest common prefix of τ and π. An innermost rewrite step s i→R t at position π is
leftmost (denoted s li→R t) if s does not contain any redex at a position τ with τ ≺ π.

In this paper, we will consider innermost rewriting (i), leftmost-innermost rewriting (li),
and full rewriting (f). Since every leftmost-innermost rewrite step is an innermost rewrite
step, and every innermost rewrite step is a step w.r.t. full rewriting, one directly obtains
li→R ⊆ i→R ⊆ f→R for every TRS R. Let S = {f , i, li} be the set of these three rewrite
strategies.

2In the literature, one usually simply writes →R instead. We use f→R here to clearly indicate the
corresponding rewrite strategy.
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2.1. Termination. Let→ ⊆ T ×T be a relation on terms. We call→ strongly normalizing
or SN→ for short if → is well founded. A TRS R is terminating if we have SN f→R , and
R is innermost terminating or leftmost-innermost terminating if we have SN i→R or SN li→R ,
respectively. If every term t ∈ T has a normal form w.r.t. → (i.e., we have t→∗ t′ where
t′ ∈ NF→) then we call → weakly normalizing (denoted by WN→).

Two terms s, t ∈ T are joinable via R if there exists a w ∈ T such that s f→∗
R w ∗

R
f← t.

Two rules ℓ1 → r1, ℓ2 → r2 ∈ R with renamed variables such that V(ℓ1) ∩ V(ℓ2) = ∅ are
overlapping if there exists a non-variable position π of ℓ1 such that ℓ1|π and ℓ2 are unifiable,
i.e., there exists a substitution σ such that ℓ1|πσ = ℓ2σ. If (ℓ1 → r1) = (ℓ2 → r2), then
we require that π ̸= ε. R is non-overlapping (NO) if it has no overlapping rules. As an
example, the TRS Rd is non-overlapping. A TRS is left-linear (LL) (right-linear, RL) if
every variable occurs at most once in the left-hand side (right-hand side) of a rule. A TRS
is linear if it is both left- and right-linear. A TRS is non-erasing (NE) if in every rule, all
variables of the left-hand side also occur in the right-hand side.

Next, we recapitulate the relations between SN f→R , SN i→R , SN li→R , and WN f→R in the
non-probabilistic setting. Obviously, the stronger notion always implies the weaker one, e.g.,
SN f→R implies SN i→R and WN i→R implies WN f→R since i→R ⊆ f→R. The interesting question is
for which classes of TRSs the weaker and the stronger notion are equivalent.3 We start with
the relation between SN f→R and SN i→R .

Counterexample 2.1 (Toyama’s Counterexample [Toy87a]). For the TRS R1 with the
rules f(a, b, x) → f(x, x, x), g → a, and g → b, we do not have SN f→R1

due to the infinite

rewrite sequence f(a, b, g) f→R1 f(g, g, g) f→R1 f(a, g, g) f→R1 f(a, b, g) f→R1 . . . But the only
innermost rewrite sequences starting with f(a, b, g) are f(a, b, g) i→R1 f(a, b, a) i→R1 f(a, a, a)
and f(a, b, g) i→R1 f(a, b, b) i→R1 f(b, b, b), i.e., both of them reach normal forms in the end.
Thus, SN i→R1

holds as we have to rewrite the inner g before we can use the f-rule.

The first property known to ensure equivalence of SN f→R and SN i→R is orthogonality,
which was already shown in [O’D77]. A TRS is orthogonal (OR) if it is non-overlapping and
left-linear.

Theorem 2.2 (From SN i→R to SN f→R (1), [O’D77]). If a TRS R is OR, then:

SN f→R ⇐⇒ SN i→R

Then, in [Gra95], it was shown that one can remove the requirement of left-linearity.

Theorem 2.3 (From SN i→R to SN f→R (2), [Gra95]). If a TRS R is NO, then:

SN f→R ⇐⇒ SN i→R

Moreover, [Gra95] refined Thm. 2.3 further. A TRS R is an overlay system (OS) if its
rules may only overlap at the root position, i.e., π = ε. For instance, R1 from Counterex.
2.1 is an overlay system. Furthermore, a TRS is locally confluent (or weakly Church-Rosser,
abbreviated WCR) if for all terms s, t1, t2 ∈ T such that t1 R

f← s f→R t2 the terms t1 and t2
are joinable. R1 is not WCR, as we have a R1

f← g f→R1 b, but a and b are not joinable. If a
TRS has both of these properties, then SN i→R and SN f→R are again equivalent.

3Note that to this end, we do not have to consider WN li→R and WN i→R . The reason is that when analyzing
under which conditions WN f→R implies SN f→R , we also know that under these conditions we have WN s→R =⇒
SN s→R for all s ∈ S, since WN s→R =⇒ WN f→R and SN f→R =⇒ SN s→R hold. Moreover, we have SN s→R =⇒ WN s→R

for all s ∈ S.
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SN f→RSN i→R WN f→RSN li→R

OS + WCR NO+NE

Figure 1: Relations between the different termination properties for TRSs

Theorem 2.4 (From SN i→R to SN f→R (3), [Gra95]). If a TRS R is OS and WCR, then:

SN f→R ⇐⇒ SN i→R

Thm. 2.4 is stronger than Thm. 2.3 as every non-overlapping TRS is a locally confluent
overlay system [KB70].

Next, we recapitulate the results on the relation between WN f→R and SN f→R .

Counterexample 2.5. Consider the TRS R2 with the rules f(x)→ b and a→ f(a). We do
not have SN f→R2

since we can always rewrite the inner a to get a f→R2 f(a) f→R2 f(f(a)) f→R2

. . .. On the other hand, WN f→R holds since we can also rewrite the outer f(. . .) before we use
the a-rule twice, resulting in the term b, which is a normal form. For the TRS R3 with the
rules f(a)→ b and a→ f(a), the situation is similar.

The TRS R2 from Counterex. 2.5 is erasing and R3 is overlapping. For TRSs with
neither of those two properties, SN f→R and WN f→R are equivalent.

Theorem 2.6 (From WN f→R to SN f→R , [Gra95]). If a TRS R is NO and NE, then:

SN f→R ⇐⇒ WN f→R

Finally, we look at the relation between rewrite strategies that use an ordering for
parallel redexes like leftmost-innermost rewriting compared to innermost rewriting. It turns
out that such an ordering does not interfere with termination at all.

Theorem 2.7 (From SN li→R to SN i→R , [Kri00]). For all TRSs R we have:

SN i→R ⇐⇒ SN li→R

The relations between the different termination properties for non-probabilistic TRSs
(given in Thm. 2.4, 2.6, and 2.7) are summarized in Fig. 1.

2.2. Complexity. Next, we recapitulate known results regarding the complexity of TRSs
under different rewrite strategies. There are two standard notions of complexity used in
term rewriting: derivational and runtime complexity [HL89, HM08]. For any M ⊆ N ∪ {ω},
supM denotes the least upper bound of M , where sup∅ = 0. For a relation→ ⊆ T ×T , the
derivation height dh→ : T → N∪{ω} of a term t ∈ T is dh→(t) = sup{m | ∃t′ ∈ T : t→m t′},
i.e., the length of the longest →-rewrite sequence starting with t. Then, the derivational
complexity dc→ : N → N ∪ {ω} of → is defined as dc→(n) = sup{dh→(t) | t ∈ T , |t| ≤ n}.
Here, the size |t| of a term t is the number of occurrences of function symbols and variables

in t, i.e., we have |x| = 1 for x ∈ V and |f(t1, . . . , tk)| = 1 +
∑k

i=1 |ti|. So dc→(n) denotes
the length of the longest →-rewrite sequence starting with an arbitrary term of at most
size n. For a TRS R and a strategy s ∈ S, the derivational complexity of R w.r.t. s is dc s→R .
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In contrast, for runtime complexity one restricts the start terms to be basic. For a TRS
R, we decompose its signature Σ = ΣC ⊎ ΣD such that f ∈ ΣD if f = root(ℓ) for some
rule ℓ → r ∈ R. The symbols in ΣC and ΣD are called constructors and defined symbols,
respectively. A term t ∈ T is basic if t = f(t1, . . . , tk) such that f ∈ ΣD and ti ∈ T (ΣC ,V)
for all 1 ≤ i ≤ k, and the set of all basic terms is denoted by TB. The runtime complexity of
a relation→ ⊆ T ×T w.r.t. a TRS R maps any n ∈ N to the length of the longest→-rewrite
sequence starting with a basic term t ∈ TB with |t| ≤ n. So rc→,R : N→ N ∪ {ω} is defined
as rc→,R(n) = sup{dh→(t) | t ∈ TB, |t| ≤ n}, where TB are the basic terms w.r.t. R. For
a TRS R and a strategy s ∈ S, the runtime complexity of R w.r.t. s is rc s→R,R, where we
often omit the additional index R for readability, i.e., rc s→R,R = rc s→R .

We are not aware of any non-trivial classes of TRSs where innermost and full derivational
complexity coincide, i.e., where we have dc f→R(n) = dc i→R(n) for all n ∈ N and all TRSs R
from that class. However, for runtime complexity, there exist sufficient criteria for TRSs R
which imply rc f→R = rc i→R [FG17]. To relate innermost and full runtime complexity, it does
not suffice to require that the rules are non-overlapping, but we also have to make sure that
we cannot duplicate redexes during an evaluation, as shown by the following counterexample
from [FG17].

Counterexample 2.8. Let sn(0) abbreviate s(. . . s(︸ ︷︷ ︸
n times

0) . . .) and let R4 consist of the rules:

f(0, y)→ y

f(s(x), y)→ f(x, node(y, y))

g(x)→ f(x, a)

a→ b

Note that R4 is non-overlapping. For the basic term g(sn(0)) of size n + 2 we have
g(sn(0)) f→R4 f(sn(0), a). Next, one could apply the second f-rule repeatedly and obtain
a term corresponding to a full binary tree of height n whose exponentially many leaves
all correspond to the symbol a. Finally, these leaves can all be reduced to b in 2n steps,
hence rcR4

f (n) ∈ Θ(2n). On the other hand, any basic term of size n only leads to innermost
rewrite sequences of length O(n), as for example in f(sn(0), a) we have to rewrite the inner a

before we are able to duplicate it. Thus, we obtain rcR4
i (n) ∈ Θ(n).

The property that no redexes are duplicated during a rewrite sequence that starts with a
basic term is called spareness [FG17]. For a TRS R, a rewrite step using the rule ℓ→ r ∈ R
and the substitution σ is spare if σ(x) ∈ NFR for every x ∈ V that occurs more than once
in r. A f→R-rewrite sequence is spare if each of its f→R-steps is spare. R is spare (SP) if
each f→R-rewrite sequence that starts with a basic term t ∈ TB is spare. In general, it is
undecidable whether a TRS is spare. However, there exist computable sufficient conditions
for spareness, see [FG17].

Similar to the results regarding termination, for the equivalence of rc f→R and rc i→R it
again suffices to require overlay systems instead of non-overlapping TRSs. However, while
we have to require spareness, in contrast to Thm. 2.4 we do not need local confluence.

Theorem 2.9 (From rc i→R to rc f→R , [FG17]). If a TRS R is OS and SP, then:

rc f→R = rc i→R

Counterex. 2.8 also works for derivational complexity, showing that duplication of
redexes needs to be prohibited for equivalence of dc f→R and dc i→R as well. However, note
that spareness requires basic start terms, so an analogous theorem for derivational complexity
would have to require a stronger property, e.g., right-linearity of R. We will present such a
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result as a corollary of our analysis of probabilistic rewriting in Section 4 (Cor. 4.8). Finally,
the relation between the runtime complexities for rewrite strategies that use an ordering for
parallel redexes has not been studied so far. Here, our probabilistic analysis will also yield a
corresponding corollary (Cor. 4.14).

3. Probabilistic Term Rewriting

In Section 3.1, we define probabilistic TRSs [BG05, ADLY20, KG23a]. In Section 3.2, we reca-
pitulate notions of termination in the probabilistic setting, like almost-sure termination (AST),
positive almost-sure termination (PAST), strong almost-sure termination (SAST), and we
introduce a novel definition of expected derivational/runtime complexity. Then in Section 3.3,
we present new results on the relation between PAST and SAST.

3.1. Probabilistic Term Rewriting. In contrast to TRSs, a PTRS has finite4 multi-
distributions on the right-hand sides of its rewrite rules.5 A finite multi-distribution µ on
a set A ̸= ∅ is a finite multiset of pairs (p : a), where 0 < p ≤ 1 is a probability and
a ∈ A, such that

∑
(p:a)∈µ p = 1. FDist(A) is the set of all finite multi-distributions on A.

For µ ∈ FDist(A), its support is the multiset Supp(µ) = {a | (p : a) ∈ µ for some p}. A
probabilistic rewrite rule is a pair (ℓ→ µ) ∈ T × FDist(T ) such that ℓ ̸∈ V and V(r) ⊆ V(ℓ)
for every r ∈ Supp(µ). A probabilistic TRS (PTRS) is a (possibly infinite) countable set
P of probabilistic rewrite rules. Similar to TRSs, the PTRS P induces a rewrite relation
f→P ⊆ T × FDist(T ) where s f→P {p1 : t1, . . . , pk : tk} if there is a position π, a rule
ℓ→ {p1 : r1, . . . , pk : rk} ∈ P, and a substitution σ such that s|π = ℓσ and tj = s[rjσ]π for
all 1 ≤ j ≤ k. We call s f→P µ an innermost rewrite step (denoted s i→P µ) if all proper
subterms of the used redex ℓσ are in normal form w.r.t. P. We have s li→P µ if the rewrite
step s i→P µ at position π is leftmost (i.e., there is no redex at a position τ with τ ≺ π).
For example, the PTRS Prw with the only rule g→ {1/2 : c(g, g), 1/2 : 0} corresponds to a
symmetric random walk on the number of g-symbols in a term.

Many properties of TRSs from Section 2 can be lifted to PTRSs in a straightforward
way: A PTRS P is right-linear (non-erasing) iff the TRS {ℓ→ r | ℓ→ µ ∈ P, r ∈ Supp(µ)}
has the respective property. Moreover, all properties that just consider the left-hand sides,
e.g., normal forms, left-linearity, being non-overlapping, orthogonality, and being an overlay
system, can be lifted to PTRSs directly as well, since their rules again only have a single
left-hand side.

3.2. Probabilistic Notions of Termination. Next, we introduce the different notions
of probabilistic termination. In this section, we regard an arbitrary probabilistic (term)
relation → ⊆ T × FDist(T ) and let NF→ again be the set of all normal forms for →. As
in [DCM18, ADLY20, Fag22, KG23a], we lift → ⊆ T × FDist(T ) to a rewrite relation
⇒ ⊆ FDist(T ) × FDist(T ) between multi-distributions in order to track all probabilistic
rewrite sequences (up to non-determinism) at once. For any 0 < p ≤ 1 and any µ ∈ FDist(T ),
let p · µ = {(p · q : a) | (q : a) ∈ µ}.

4The restriction to finite multi-distributions allows us to simplify the handling of PTRSs in the proofs.
However, we conjecture that most of our results also hold for PTRSs with infinite countable multi-distributions.

5A different form of probabilistic rewrite rules was proposed in PMaude [AMS06], where numerical extra
variables in right-hand sides of rules are instantiated according to a probability distribution.
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µ0 : 1 g

µ1 : 1/2 c(g, g) 1/2 0

NFPrw
µ2 : 1/4 c(c(g, g), g) 1/4 c(0, g)

. . . . . . . . . . . .

Figure 2: Corresponding RST for the
f⇒Prw-rewrite sequence in Ex. 3.2.

Definition 3.1 (Lifting). The lifting ⇒ ⊆ FDist(T ) × FDist(T ) of a relation → ⊆ T ×
FDist(T ) is the smallest relation with:

• If t ∈ T is in normal form w.r.t. →, then {1 : t}⇒ {1 : t}.
• If t→ µ, then {1 : t}⇒ µ.
• If for all 1 ≤ j ≤ k there are µj , νj ∈ FDist(T ) with µj ⇒ νj and 0 < pj ≤ 1 with∑

1≤j≤k pj = 1, then
⋃

1≤j≤k pj · µj ⇒
⋃

1≤j≤k pj · νj .

For a PTRS P, we write
f⇒P ,

i⇒P , and
li⇒P for the liftings of f→P ,

i→P , and
li→P ,

respectively.

Example 3.2. We obtain the following
f⇒Prw

-rewrite sequence (which is also a
i⇒Prw

-rewrite
sequence, but not a

li⇒Prw
-rewrite sequence).

{1 : g}
f⇒Prw

{1/2 : c(g, g), 1/2 : 0}
f⇒Prw

{1/4 : c(c(g, g), g), 1/4 : c(0, g), 1/2 : 0}
f⇒Prw

{1/8 : c(c(g, g), c(g, g)), 1/8 : c(c(g, g), 0), 1/8 : c(0, c(g, g)), 1/8 : c(0, 0), 1/2 : 0}

Another way to track all possible rewrite sequences with their corresponding probabilities
is to lift→ to rewrite sequence trees (RSTs) [KDG24]. The nodes v of an→-RST are labeled
by pairs (pv : tv) of a probability pv and a term tv, where the root is always labeled with the
probability 1. For each node v with the successors w1, . . . , wk, the edge relation represents
a step with the relation →, i.e., tv → {

pw1
pv

: tw1 , . . . ,
pwk
pv

: twk
}. For an →-RST T, let NT

denote the set of nodes and LeafT denote the set of leaves. We say that T is fully evaluated
if for every v ∈ LeafT the corresponding term tv is a normal form w.r.t. →, i.e., tv ∈ NF→.
In Fig. 2 one can see the f→Prw-RST for the

f⇒Prw
-rewrite sequence from Ex. 3.2. Note that

the normal forms remain in each multi-distribution of a
f⇒Prw

-rewrite sequence, but they are
leaves of the corresponding f→Prw-RST.

To express the concept of almost-sure termination, one has to determine the probability
for normal forms in a multi-distribution.

Definition 3.3 (|µ|→, |µ|P). Let µ ∈ FDist(T ). For a relation → ⊆ T × FDist(T ), let
|µ|→ =

∑
(p:t)∈µ,t∈NF→ p, and for a PTRS P, let |µ|P =

∑
(p:t)∈µ,t∈NFP p.

Example 3.4. Consider {1/8 : c(c(g, g), c(g, g)), 1/8 : c(c(g, g), 0), 1/8 : c(0, c(g, g)),
1/8 : c(0, 0), 1/2 : 0} = µ from Ex. 3.2. Then |µ|Prw = 1/8 + 1/2 = 5/8, since c(0, 0) and
0 are both normal forms w.r.t. Prw.

Definition 3.5 (Almost-Sure Termination [ADLY20]). Let → ⊆ T × FDist(T ) and µ⃗ =
(µn)n∈N be an infinite ⇒-rewrite sequence, i.e., µn ⇒ µn+1 for all n ∈ N. We say that µ⃗
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converges with probability lim
n→∞

|µn|→. The relation → is almost-surely terminating (denoted

AST→) if lim
n→∞

|µn|→ = 1 holds for every infinite ⇒-rewrite sequence (µn)n∈N. We say that

→ is weakly AST (denoted wAST→) if for every term t there exists an infinite ⇒-rewrite
sequence (µn)n∈N with lim

n→∞
|µn|→ = 1 and µ0 = {1 : t}.

For the definition of wAST recall that by Def. 3.1 every term (even normal forms) can
start infinite ⇒-rewrite sequences, as we keep normal forms in ⇒-steps.

Equivalently, one can also define AST→ (and wAST→) via →-RSTs. For any →-RST T
we define its convergence probability |T| =

∑
v∈LeafT pv. Then AST→ holds iff for all →-RSTs

T we have |T| = 1. Moreover, wAST→ holds iff for every term t there exists a fully evaluated
→-RST T whose root is labeled with (1 : t) such that |T| = 1.

Example 3.6. For every infinite extension (µn)n∈N of the
f⇒Prw

-rewrite sequence in Ex. 3.2,
we have lim

n→∞
|µn|Prw = 1. Indeed, we have AST f→Prw

and thus also AST i→Prw
, AST li→Prw

, and

wAST f→Prw
.

Next, we define positive almost-sure termination, which considers the expected derivation
length edl(µ⃗) of a rewrite sequence µ⃗, i.e., the expected number of steps until one reaches a
normal form. For positive almost-sure termination, we require that the expected derivation
length of every possible rewrite sequence is finite. In the following definition, (1− |µn|→) is
the probability of terms that are not in normal form w.r.t. → after the n-th step.

Definition 3.7 (Positive Almost-Sure Termination, edl [ADLY20]). Let → ⊆ T ×FDist(T )
and µ⃗ = (µn)n∈N be an infinite⇒-rewrite sequence. By edl(µ⃗) =

∑∞
n=0(1−|µn|→) we denote

the expected derivation length of µ⃗. The relation → is positively almost-surely terminating
(denoted PAST→) if edl(µ⃗) is finite for every infinite⇒-rewrite sequence µ⃗ = (µn)n∈N starting
with a single term, i.e., µ0 = {1 : t} with t ∈ T . We say that → is weakly PAST (denoted
wPAST→) if for every term t there exists an infinite ⇒-rewrite sequence µ⃗ = (µn)n∈N such
that edl(µ⃗) is finite and µ0 = {1 : t}.

In terms of →-RSTs, we define the expected derivation length of an →-RST T to be
edl(T) =

∑
v∈NT\LeafT pv. Then, we have PAST→ iff edl(T) is finite for every →-RST T.

Similarly, we have wPAST→ iff for every term t there exists a fully evaluated →-RST T whose
root is labeled with (1 : t) such that edl(T) is finite.

Remark 3.8. For every⇒-rewrite sequence µ⃗ that converges with probability 1, we also have
edl(µ⃗) =

∑∞
n=0(1−|µn|→) =

∑∞
n=1 n ·(|µn|→−|µn−1|→), where |µn|→−|µn−1|→ denotes the

probability that we reach a normal form in the n-th step. This is due to the correspondence
between a probability mass function f : N → [0, 1] and its distribution function F : N →
[0, 1] w.r.t. the expected value, namely E(f) =

∑∞
n=1 n · f(n) =

∑∞
n=1(1 − F (n)). With

fµ⃗(0) = |µ0|→ and fµ⃗(n) = |µn|→ − |µn−1|→ for all n > 0, we get Fµ⃗(n) = |µn|→, and
hence we obtain the above equation for edl(µ⃗). Note that fµ⃗ is only a probability mass
function if limn→∞ |µn|→ = 1, because then

∑∞
n=0 fµ⃗(n) = |µ0|→+

∑∞
n=1(|µn|→−|µn−1|→) =

limn→∞ |µn|→ = 1.

It is well known that PAST→ implies AST→, but not vice versa.

Example 3.9. For every infinite extension µ⃗ = (µn)n∈N of the
f⇒Prw

-rewrite sequence in
Ex. 3.2, the expected derivation length edl(µ⃗) is infinite, hence wPAST f→Prw

does not hold,
and PAST f→Prw

, PAST i→Prw
, or PAST li→Prw

do not hold either.
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Next, we define strong almost-sure termination [FC19, ADLY20], which is even stricter
than PAST in case of non-determinism. It requires a finite bound on the expected derivation
lengths of all rewrite sequences with the same start term. For a term t ∈ T , the expected
derivation height edh→(t) considers all ⇒-rewrite sequences that start with {1 : t}.

Definition 3.10 (Strong Almost-Sure Termination, edh [ADLY20]). For every relation
→ ⊆ T × FDist(T ) we define the expected derivation height of a term t ∈ T by edh→(t) =
sup{edl(µ⃗) | µ⃗ = (µn)n∈N is a ⇒-rewrite sequence with µ0 = {1 : t}}. We say that → is
strongly almost-surely terminating (SAST→) if edh→(t) is finite for all t ∈ T .

In terms of →-RSTs, we have SAST→ iff sup{edl(T) | T is an →-RST whose root is
labeled with (1 : t)} is finite for all t ∈ T .

Note that in contrast to wAST and wPAST, we did not define any notion of weak SAST. The
reason is that the definition of weak forms of termination always only requires the existence
of some suitable rewrite sequence. But the definition of strong almost-sure termination
imposes a requirement on all rewrite sequences. Thus, it is not clear how to obtain a useful
definition for “weak SAST” that differs from wPAST.

PAST→ and SAST→ are already defined in terms of the expected derivation length and
height, but they consider arbitrary start terms of arbitrary size. As in the non-probabilistic
setting, one can also regard a function that maps the size of the start term to the expected
derivation length, leading to the novel notion of the expected derivational complexity.

Definition 3.11 (Expected Derivational Complexity, edc→). For a relation → ⊆ T ×
FDist(T ), we define its expected derivational complexity edc→ : N→ N ∪ {ω} as edc→(n) =
sup{edh→(t) | t ∈ T , |t| ≤ n}.

Note that as in the non-probabilistic setting, this definition uses the expected derivation
height of a term, and not the expected derivation length of a rewrite sequence. Hence,
the expected derivational complexity edc→ relates to SAST→ more than to PAST→. Indeed,
we may have both PAST→ and edc→ ∈ Θ(ω), see Counterex. 3.14 in the next section.
Here, edc→ ∈ Θ(ω) means that there is some n ∈ N such that edc→(n) = ω, and hence,
edc→(n′) = ω for all n′ ≥ n. Furthermore, we have the following easy observation regarding
edc→ and SAST→, where edc→ ∈ o(ω) means that for all n ∈ N we have edc→(n) < ω.

Lemma 3.12 (Relation between edc and SAST). Let → ⊆ T ×FDist(T ) where T = T (Σ,V)
for a finite signature Σ. Then edc→ ∈ o(ω) iff SAST→.

Proof. If we do not have SAST→, then edc→ ∈ Θ(ω) follows directly from the definition.
On the other hand, if Σ is finite, then edc→(n) = sup{edh→(t) | t ∈ T , |t| ≤ n} where
{t ∈ T | |t| ≤ n} is finite (up to variable renamings), so that the supremum is equal to
edh→(t) for a term t ∈ T with |t| ≤ n. Hence, if edc→ ∈ Θ(ω), then there exists some n ∈ N
and a term t ∈ T such that |t| ≤ n and edh→(t) = ω, such that SAST→ does not hold.

Finally, for expected runtime complexity we additionally require basic start terms again.

Definition 3.13 (Expected Runtime Complexity, erc→,P). For a relation→ ⊆ T ×FDist(T ),
the expected runtime complexity erc→,P : N → N ∪ {ω} w.r.t. a PTRS P is erc→,P(n) =
sup{edh→(t) | t ∈ TB, |t| ≤ n}, where TB denotes the basic terms w.r.t. P.

When considering the expected runtime complexity for a rewrite relation like f→P , we
again omit the additional index P, i.e., erc f→P ,P = erc f→P .



28:12 J.-C. Kassing and J. Giesl Vol. 21:4

3.3. Relating Positive and Strong Almost-Sure Termination. We now present novel
results on the relation between PAST s→P and SAST s→P . Similar to the implication from
PAST→ to AST→, it is well known that SAST→ implies PAST→, and this implication is again
strict [ADLY20]. While the counterexample for SAST f→P = PAST f→P in [ADLY20] uses
infinitely many rules, the following new example shows that even for PTRSs with finitely
many rules, SAST f→P and PAST f→P are not equivalent.

Counterexample 3.14. Consider the PTRS Punary with the rules

f(x)→ {1/2 : f(s(x)), 1/2 : b}
f(x)→ {1 : g(x)}
g(0)→ {1 : 0}

g(s(x))→ {1 : g1(s(x))}
g1(s(x))→ {1 : h(s(x))}

h(s(x))→ {1 : q(h(x))}
h(0)→ {1 : a(a(a(a(0))))}

q(a(x))→ {1 : q1(x)}
q1(x)→ {1 : q2(x)}
q2(x)→ {1 : a(a(a(a(q(x)))))}

and the following rewrite sequence:

g(sn(0)) →2
Punary

h(sn(0)) →n
Punary

qn(h(0))

→Punary qn(a4(0)) →3∗4
Punary

qn−1(a4
2
(q(0)))

→3∗42
Punary

qn−2(a4
3
(q2(0))) →3∗43

Punary
. . .

→3∗4n−1

Punary
q(a4

n
(qn−1(0))) →3∗4n

Punary
a4

n+1
(qn(0))

To ease readability, here we wrote →Punary instead of
f⇒Punary and we omitted the multi-

distributions, as all the used rules have trivial probabilities, i.e., they are of the form ℓ→ {1 :
r} for some ℓ, r ∈ T . Thus, for every n ∈ N with n > 0, the term g(sn(0)) has an expected

derivation height of 2+n+1+3 ∗
∑n

i=1 4
i = n+3 ∗

∑n
i=0 4

i = n+3 ∗ 4n+1−1
3 = 4n+1− 1+n.

Next, consider the possible derivations of f(0). If we never use the rule from f to g, then
the expected derivation length is 1

2 · 1 +
1
4 · 2 +

1
8 · 3 + . . . =

∑∞
i=1

i
2i

= 2 and if we never
use the probabilistic f-rule, then the derivation length is 2 as well. Otherwise, if we use the
probabilistic f-rule in the first k ∈ N steps with k > 0 and the rule from f to g in the (k+1)-th

step, then the expected derivation length is (
∑k

i=1
i
2i
)+ 1

2k
+ 4k+1−1+k

2k
= (

∑k
i=1

i
2i
)+2k+2+ k

2k
.

Thus, for every rewrite sequence starting with f(0), the expected derivation length is finite.
However, since k can be any number, for any k > 0, there is a rewrite sequence starting

with f(0) whose expected derivation length is (
∑k

i=1
i
2i
) + 2k+2 + k

2k
≥ 2k+2. In other words,

although every rewrite sequence starting with f(0) has finite expected derivation length,
the supremum over the lengths for all these rewrite sequences is infinite. Thus, we do not
have SAST f→Punary

, as f(0) has infinite expected derivation height, but PAST f→Punary
holds, as

every rewrite sequence starting with f(0) has finite expected derivation length and a similar
argument holds for every other start term.

The PTRS in Counterex. 3.14 is of a very specific form: Its signature contains only
unary symbols and constants, and the probabilistic rule f(x) → {1/2 : f(s(x)), 1/2 : b} is
erasing. If we remove one of these properties, then PAST f→Punary

does not hold either.

Example 3.15. Reconsider Punary from Counterex. 3.14. If we extend the signature by a
binary symbol c, then PAST f→Punary

does not hold anymore, as we can start with the term

c(f(0), f(0)) and consider the following rewrite sequence.
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{1 : c(f(0), f(0))}
f⇒Punary

{1/2 : c(b, f(0)), 1/2 : c(f(s(0)), f(0))}
f⇒Punary

{ . . . , 1/4 : c(b, f(0)), 1/4 : c(f(s2(0)), f(0))}
f⇒Punary

{ . . . , . . . , 1/8 : c(b, f(0)), 1/8 : c(f(s3(0)), f(0))}

Here, we use the term f(0) in c’s first argument to create infinitely many copies of the
term f(0) in c’s second argument using the probabilistic f-rule. The underlined terms are
not yet normal forms, as they contain the subterm f(0), and will be evaluated further. As
in Counterex. 3.14, for each k > 0, there is a rewrite sequence starting with f(0) whose
expected derivation length is at least 2k+2. We can choose k = 1 for the first underlined
term, k = 2 for the second, etc., leading to a final expected derivation length of at least∑∞

i=1
1
2i
· 2i+2 =

∑∞
i=1 4, which diverges to infinity. Hence, PAST f→Punary

does not hold over

the extended signature. In particular, this shows that in contrast to ordinary termination
for non-probabilistic TRSs, PAST is not preserved under extensions of the signature.

Similarly, if we consider P ′
unary with the non-erasing rule f(x)→ {1/2 : f(s(x)), 1/2 : b(x)}

using a unary function symbol b instead of f(x)→ {1/2 : f(s(x)), 1/2 : b}, then we obtain the
following rewrite sequence:

{1 : f(f(0))}
f⇒Punary

{1/2 : b(f(0)), 1/2 : f(s(f(0)))}
f⇒Punary

{ . . . , 1/4 : b(s(f(0))), 1/4 : f(s2(f(0)))}
f⇒Punary

{ . . . , . . . , 1/8 : b(s2(f(0))), 1/8 : f(s3(f(0)))}

Again, we can extend this sequence to an infinite rewrite sequence with an infinite expected
derivation length. Hence, PAST f→Punary

does not hold either.

Counterex. 3.14 and Ex. 3.15 show that PAST s→P is not preserved under signature
extensions for any strategy s ∈ S, as the first rewrite sequence given in Ex. 3.15 is in fact a
leftmost-innermost rewrite sequence.

Theorem 3.16 (Signature Extensions for PAST s→P ). Let s ∈ S. There exists a PTRS P and
signatures Σ,Σ′ with Σ ⊂ Σ′ such that PAST s→P holds over the signature Σ, but not over Σ′.

In contrast, when analyzing modularity of AST s→P and SAST s→P in Section 7, we will
show that they are closed under signature extensions (see Thm. 7.15).

The core idea of both examples in Ex. 3.15 is that in the limit we can reach an
infinite multi-distribution whose support contains an infinite number of terms like f(0) with
unbounded expected derivation height. A PTRS that allows such sequences is said to admit
infinite splits.

Definition 3.17 (Infinite Splits). A PTRS P admits infinite splits if for every term t ∈ T
there exists a term t′ ∈ T and an f→P -RST whose root is labeled with (1 : t′) such that there
are infinitely many leaves labeled with terms that have t as a subterm.

Example 3.18. Punary over the signature containing a function symbol of arity ≥ 2 and

the non-erasing PTRS P ′
unary both admit infinite splits. However, Punary over the signature

{f, b, s, 0, g, g1, h, a, q, q1, q2} does not admit infinite splits.

As shown by the following theorem, admitting infinite splits implies that PAST f→P is the
same as SAST f→P .
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Theorem 3.19 (Equivalence of PAST f→P and SAST f→P via Infinite Splits). If a PTRS P
admits infinite splits, then:

PAST f→P ⇐⇒ SAST f→P

Proof. We only have to prove “=⇒”, and do this via contraposition. Assume that SAST f→P
does not hold. Then there exists a term t ∈ T such that for every n ∈ N there exists an
f→P -RST Tt

n whose root is labeled with (1 : t) such that edl(Tt
n) ≥ n. We now construct a

single f→P -RST T∞ with edl(T∞) = ∞, which implies that PAST f→P does not hold either.
Since P admits infinite splits, there exists a term t′ ∈ T and an f→P -RST T whose root is
labeled with (1 : t′) such that there are infinitely many leaves whose corresponding terms
have t as a subterm. Let v be a leaf in T with tTv = C[t] for some context C and let nv ∈ N
be such that pTv ≥ 1

2nv . Then we can replace the leaf by the f→P -RST T
C[t]
2nv . Here, T

C[t]
2nv

is the same tree as Tt
2nv where in addition we have the context C around every term of

every node. Hence, edl(T
C[t]
2nv ) = edl(Tt

2nv ) ≥ 2nv . Let T∞ be the f→P -RST that results from
performing this replacement for every leaf v in T that contains t as a subterm. Then, for
T∞ we have

edl(T∞) ≥
∑

v∈LeafT ∧ tTv=C[t] for some context C pTv · edl(T
C[t]
2nv )

≥
∑

v∈LeafT ∧ tTv=C[t]
1

2nv · 2nv =
∑

v∈LeafT ∧ tTv=C[t] 1 = ∞

Remark 3.20. Thm. 3.19 can also be adapted to strategies like innermost or leftmost-
innermost rewriting, but then one has to ensure that in the infinitely many leaves of the
RST in Def. 3.17, the subterm t can be used as the next redex according to the respective
strategy.

As an application of Thm. 3.19 we give two syntactical criteria that ensure that PAST f→P
is equivalent to SAST f→P for a given PTRS P, where both criteria are very easy to check
automatically. The first one (illustrated by the first PTRS in Ex. 3.15) states that if we
consider only PTRSs with finitely many rules, then the existence of a function symbol of
arity at least 2 suffices for equivalence of PAST f→P and SAST f→P . Thus, this novel observation
shows that for almost all finite PTRSs in practice, there is no difference between PAST f→P
and SAST f→P .

Theorem 3.21 (Equivalence of PAST f→P and SAST f→P (1)). If a PTRS P has only finitely
many rules and the corresponding signature contains a function symbol of at least arity 2,
then:

PAST f→P ⇐⇒ SAST f→P

Proof. Let P contain only finitely many rules and assume for a contradiction that we have
PAST f→P but not SAST f→P . Then there exists a term t′ and an f→P -RST whose root is labeled
with (1 : t′) which has infinitely many leaves. (If there were only finitely many leaves for
every term, then we would either have SAST f→P if there exists no infinite path, or we would
not have PAST f→P if there exists an infinite path.) Let t ∈ T be an arbitrary term, and c
be a function symbol of arity ≥ 2. We can now construct an f→P -RST that starts with
(1 : c(t′, t, . . . , t)) such that there are infinitely many leaves labeled with terms that have t
as a subterm. To do so, one simply restricts rewriting to the first argument of c. Note that
this construction is only possible because we assume that there is a function symbol of at
least arity 2, such that both t and t′ can be subterms of the same term c(t′, t, . . . , t). This
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shows that P admits infinite splits, and thus, we have SAST f→P by Thm. 3.19, which is our
desired contradiction.

The second sufficient criterion for equivalence of PAST f→P and SAST f→P (illustrated by
the second PTRS in Ex. 3.15) requires specific forms of “non-erasing loops”.

Theorem 3.22 (Equivalence of PAST f→P and SAST f→P (2)). If there exists a probabilistic
rule ℓ→ {p1 : C[ℓσ], p2 : s, . . .} such that there is a variable x ∈ V(ℓ) with x ∈ V(xσ)∩ V(s),
then:

PAST f→P ⇐⇒ SAST f→P

Proof. Let t ∈ T be an arbitrary term, and let δ be a substitution such that xδ = t for a
variable x ∈ V(xσ) ∩ V(s). We can now construct an f→P -RST that starts with (1 : ℓδ) such
that there are infinitely many leaves labeled with terms that have t as a subterm. To do
so, one rewrites the redex ℓδ with the rule ℓ→ {p1 : C[ℓσ], p2 : s, . . .}, leading to a new leaf
labeled with the term sδ (containing the subterm t since x ∈ V(s)) and a new node labeled
with the term C[ℓσ]δ = Cδ[ℓσδ], where we can rewrite the redex ℓσδ again. This in turn
will lead to a leaf labeled with sσδ (which again contains t since x ∈ V(xσ) ∩ V(s) implies
x ∈ V(sσ)) and a new node labeled with a term containing ℓσ2δ, etc. Hence, P admits
infinite splits and the theorem is implied by Thm. 3.19.

Thm. 3.22 can also be extended so that the loop does not consist of a single rewrite
step, but we can have arbitrary many steps during the loop.

4. Relating Variants of Probabilistic Termination and Expected Complexity

Our goal is to relate the different probabilistic termination properties (AST, PAST, and SAST)
and the expected complexity of full rewriting to the respective properties of innermost
rewriting (Section 4.1), weak termination (Section 4.2), and leftmost-innermost rewriting
(Section 4.3). More precisely, we want to find properties of a PTRS P which are suitable for
automated checking and which guarantee that, e.g., AST s→P ⇐⇒ ASTs′→P for s, s′ ∈ S. Then,
for example, we can use existing tools that analyze AST i→P in order to prove AST f→P , if we
have successfully checked the properties that guarantee equivalence of AST f→P and AST i→P .
Let PSN ∈ {AST, PAST, SAST}. As most of our results hold for all these three termination
properties, we use PSN (probabilistic strong normalization) to refer to all of them. Similarly,
we use wPSN ∈ {wAST, wPAST}. Clearly, we have to require at least the same properties as
in the non-probabilistic setting, as every TRS R can be transformed into a PTRS P by
replacing every rule ℓ→ r with ℓ→ {1 : r}. Then for every s ∈ S, we have SN s→R iff AST s→P
and WN f→R iff wAST f→P .

The following subsections are all structured as follows: We first give examples to show why
the criteria from the non-probabilistic setting do not carry over to the probabilistic setting.
Then, we explain the criteria needed in the probabilistic setting, state the corresponding
theorem, and usually give a lemma to explain the main proof idea. We also use these lemmas
to reason about expected complexity.
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4.1. From PSN i→P to PSN f→P . We start by analyzing the relation between innermost and
full rewriting. The following example shows that Thm. 2.2 does not carry over to the
probabilistic setting, i.e., orthogonality is not sufficient to ensure that PSN i→P implies PSN f→P .

Counterexample 4.1 (Orthogonality Does Not Suffice). Consider the orthogonal PTRS
P1 with the two rules:

g→ {3/4 : d(g), 1/4 : 0} d(x)→ {1 : c(x, x)}

We do not have AST f→P1
(hence also neither PAST f→P1

nor SAST f→P1
), because {1 : g} f⇒2

P1

{3/4 : c(g, g), 1/4 : 0}, which corresponds to a random walk biased towards non-termination
(since 3

4 >
1
4).

However, the d-rule can only duplicate normal forms in innermost evaluations. To see
that we have SAST i→P1

(hence PAST i→P1
and AST i→P1

), consider the only possible innermost

rewrite sequence µ⃗ starting with {1 : g}:

{1 : g} i⇒P1 {3/4 : d(g), 1/4 : 0}
i⇒P1 {(3/4)2 : d(d(g)), 1/4 · 3/4 : d(0), 1/4 : 0} i⇒P1 . . .

We can also view this rewrite sequence as an i→P1-RST:

µ0 : 1 g

µ1 : 3/4 d(g) 1/4 0

µ2 : (3/4)2 d(d(g)) 1/4 · 3/4 d(0)

µ3 : (3/4)3 d(d(d(g))) 1/4 · (3/4)2 d(d(0)) . . .

. . . . . .

The branch to the right that starts with 0 stops after 0 innermost steps, the branch that
starts with d(0) stops after 1 innermost step, the branch that starts with d(d(0)) stops after
2 innermost steps, and so on. So if we start with the term dn(0), then we reach a normal
form after n steps, and we reach dn(0) after n+ 1 steps from the initial term g. For every

k ∈ N we have |µ2·k+1|P1 = |µ2·k+2|P1 =
∑k

n=0
1/4 · (3/4)n and thus

edl(µ⃗) =
∑∞

n=0(1− |µn|P1) = 1 + 2 ·
∑

k∈N(1− |µ2·k+1|P1)

= 1 + 2 ·
∑

k∈N(1−
∑k

n=0
1/4 · (3/4)n) = 1 + 2 ·

∑
k∈N(3/4)

k+1

= (2 ·
∑

k∈N(3/4)
k)− 1 = 7

Due to innermost rewriting, there is no non-determinism in this sequence, i.e., when starting
with {1 : g}, there is no rewrite sequence with higher expected derivation length. Thus, we
also have edh i→P1

(g) = 7. Analogously, in all other innermost rewrite sequences, the d-rule
can also only duplicate normal forms. Thus, all terms have finite expected derivation height
w.r.t. innermost rewriting. Therefore, SAST i→P1

and thus, also PAST i→P1
and AST i→P1

hold.
The latter can also be proved automatically by our implementation of the probabilistic DP
framework for AST i→P [KG23a, KDG24] in AProVE.

To construct a counterexample, we exploited the fact that P1 is not right-linear, which
allows us to duplicate the redex g repeatedly during the rewrite sequence. Similar to the
complexity analysis in the non-probabilistic setting (see Section 2.2), we need to prohibit
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the duplication of redexes. Indeed, requiring right-linearity prevents this kind of duplication
and yields our desired result.

Theorem 4.2 (From PSN i→P to PSN f→P ). If a PTRS P is OR and RL (i.e., NO and linear),
then:

PSN f→P ⇐⇒ PSN i→P

For the proof of Thm. 4.2, we prove the following lemma which directly implies Thm. 4.2.

Lemma 4.3 (From Innermost to Full Rewriting). If a PTRS P is OR and RL (i.e., NO
and linear), then for every infinite

f⇒P -rewrite sequence µ⃗ = (µn)n∈N there exists an infinite
i⇒P-rewrite sequence ν⃗ = (νn)n∈N such that

(i) lim
n→∞

|µn|P ≥ lim
n→∞

|νn|P
(ii) edl(µ⃗) ≤ edl(ν⃗)

As mentioned, all missing complete proofs can be found in App. A.

Proof Sketch. The proofs for all lemmas in this section follow a similar structure. We always
iteratively replace rewrite steps by ones that use the desired strategy and ensure that this
neither increases the probability of convergence nor decreases the expected derivation length.
For this replacement, we lift the corresponding construction from the non-probabilistic to
the probabilistic setting. However, this cannot be done directly but instead, we have to
regard the limit of a sequence of transformation steps.

Let P be a PTRS that is non-overlapping, linear, and there exists an infinite
f⇒P -

rewrite sequence µ⃗ = (µn)n∈N such that limn→∞ |µn|P = c for some c ∈ R with 0 ≤ c < 1.
Our goal is to transform this sequence into an innermost sequence that converges with at
most probability c. If the sequence is not yet an innermost one, then in (µn)n∈N at least
one rewrite step is performed with a redex that is not an innermost redex. Since P is
non-overlapping, we can replace a first such non-innermost rewrite step with an innermost
rewrite step using a similar construction as in the non-probabilistic setting. In this way, we

result in a rewrite sequence µ⃗(1) = (µ
(1)
n )n∈N with limn→∞ |µ(1)n |P = limn→∞ |µn|P = c. Here,

linearity is needed to ensure that the probability of convergence does not increase during
this replacement. We can then repeat this replacement for every non-innermost rewrite step,

i.e., we again replace a first non-innermost rewrite step in (µ
(1)
n )n∈N to obtain (µ

(2)
n )n∈N with

the same convergence probability, etc. In the end, the limit of all these rewrite sequences

µ⃗(∞) = limi→∞(µ
(i)
n )n∈N is an innermost rewrite sequence that converges with probability at

most c.
Regarding the expected derivation length, we can use exactly the same construction, as

this also guarantees that in each step, µ⃗(1) does not only converge with the same probability
as µ⃗, but we also have edl(µ⃗(1)) ≥ edl(µ⃗) and edl(µ⃗(i+1)) ≥ edl(µ⃗(i)) for all i > 0. So in the

end, the limit of all these rewrite sequences µ⃗(∞) is an innermost rewrite sequence with
edl(µ⃗(∞)) ≥ edl(µ⃗).

Proof of Thm. 4.2. We only need to prove the “⇐=” direction. Let us first consider AST f→P .
Assume that P is orthogonal, right-linear, and that AST f→P does not hold. Then, there exists
an infinite

f⇒P -rewrite sequence µ⃗ = (µn)n∈N such that lim
n→∞

|µn|P < 1. By Lemma 4.3 we

obtain an infinite
i⇒P -rewrite sequence ν⃗ = (νn)n∈N such that lim

n→∞
|νn|P ≤ lim

n→∞
|µn|P < 1,
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and thus, AST i→P does not hold either. The argument is completely analogous for PAST f→P ,
just reasoning about the expected derivation length.

For SAST f→P we have two cases: If there exists a single
f⇒P -rewrite sequence µ⃗ = (µn)n∈N

such that edl(µ⃗) = ω, then we proceed as for PAST f→P . Otherwise, there exists an infinite

set {µ⃗(i) | i ∈ N} of f⇒P -rewrite sequences µ⃗(i) with the same initial multi-distribution such

that sup{edl(µ⃗(i)) | i ∈ N} = ω. For each of these rewrite sequences we apply Lemma 4.3 as

before such that we obtain innermost rewrite sequences ν⃗(i) with edl(ν⃗(i)) ≥ edl(µ⃗(i)) for all

i ∈ N. Thus, {ν⃗(i) | i ∈ N} is an infinite set of innermost rewrite sequences with the same

initial multi-distribution such that sup{edl(ν⃗(i)) | i ∈ N} = ω, which proves that SAST i→P
does not hold either.

One may wonder whether we can remove the left-linearity requirement from Thm. 4.2,
as in the non-probabilistic setting. It turns out that this is not possible.

Counterexample 4.4 (Left-Linearity Cannot be Removed). Consider the PTRS P2 with
the rules:

f(x, x)→ {1 : f(a, a)} a→ {1/2 : b, 1/2 : c}

We do not have AST f→P2
(hence also neither PAST f→P2

nor SAST f→P2
), since {1 : f(a, a)} f⇒P2

{1 : f(a, a)} f⇒P2 . . . is an infinite rewrite sequence that converges with probability 0.
However, we have SAST i→P2

(and hence, PAST i→P2
and AST i→P2

) since the corresponding

innermost sequence has the form {1 : f(a, a)} i⇒P2 {12 : f(b, a), 12 : f(c, a)} i⇒P2 {14 : f(b, b), 14 :

f(b, c), 14 : f(c, b), 14 : f(c, c)} i⇒P2 . . .. Here, the last distribution contains two normal forms
f(b, c) and f(c, b) that did not occur in the previous rewrite sequence, so that the expected
derivation length of this

i⇒P2-rewrite sequence is 2 + 3 ·
∑∞

i=1(1/2)
i = 5. Since all innermost

rewrite sequences keep on adding such normal forms after a constant number of steps for each
start term, edh i→P2

(t) is finite for each t ∈ T (again, AST i→P2
can be shown automatically

by AProVE). Note that adding the requirement of being non-erasing would not help to get
rid of the left-linearity requirement, as shown by the PTRS P3 which results from P2 by
replacing the f-rule with f(x, x)→ {1 : d(f(a, a), x)}.

The problem here is that although we rewrite both occurrences of a with the same
rewrite rule, the two a-symbols are replaced by two different terms (each with a probability
> 0). This would be impossible in the non-probabilistic setting.

Next, one could try to adapt Thm. 2.4 to the probabilistic setting (when requiring
linearity in addition). So one could investigate whether PSN i→P implies PSN f→P for PTRSs
that are linear locally confluent overlay systems. A PTRS P is locally confluent if for all
multi-distributions µ, µ1, µ2 such that µ1 P

f←← µ
f⇒P µ2, there exists a multi-distribution

µ′ such that µ1
f⇒∗

P µ′ ∗
P

f←← µ2, see [DCM18]. Note that in contrast to the probabilistic
setting, there are non-overlapping PTRSs that are not locally confluent (e.g., the variant
P ′
2 of P2 that consists of the rules f(x, x) → {1 : d} and a → {1/2 : b, 1/2 : c}, since we

have {1 : d} P ′
2

f←← {1 : f(a, a)} f⇒P ′
2
{1/2 : f(b, a), 1/2 : f(c, a)} and the two resulting multi-

distributions are not joinable). Whether every linear, non-overlapping PTRS is locally
confluent is an open problem, thus, it is open whether an adaption of Thm. 2.4 would
subsume Thm. 4.2 as in the non-probabilistic setting.

In contrast to the proof of Thm. 2.2, the proof of Thm. 2.4 relies on a minimality
requirement for the used redex. In the non-probabilistic setting, whenever a term t starts an
infinite rewrite sequence, then there exists a minimal infinite rewrite sequence beginning
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with t, where one only reduces redexes whose proper subterms are terminating. However,
such minimal infinite sequences do not always exist in the probabilistic setting.

Example 4.5 (No Minimal Infinite Rewrite Sequence for AST f→P and PAST f→P ). Reconsider
the PTRS P1 from Counterex. 4.1, where AST f→P1

does not hold. However, there is no
minimal rewrite sequence with convergence probability < 1. If we always rewrite the
proper subterm g of the redex d(g), then this yields a rewrite sequence that converges with
probability 1, like the

i⇒P1-rewrite sequence in Counterex. 4.1. Hence, a rewrite sequence
µ⃗ with convergence probability < 1 would have to eventually use the d-rule on a term of
the form d(t) where t contains g. But then µ⃗ is not minimal since g itself starts a rewrite
sequence with convergence probability < 1.

To simplify the argumentation for PAST f→P1
, let us replace the rule d(x)→ {1 : c(x, x)}

by d(g)→ {1 : c(g, g)} such that we can only duplicate g and no other symbols. Then the
same argumentation as for AST f→P1

above shows that there is also no minimal non-PAST f→P1

sequence, i.e., no minimal rewrite sequence µ⃗ with edl(µ⃗) =∞. Again, if we always rewrite
the proper subterm g if possible, then the expected derivation length of this sequence would
be finite. Thus, we have to rewrite d eventually, although its argument contains g. However,
then the rewrite sequence is not minimal.

It remains open whether one can also adapt Thm. 2.4 to the probabilistic setting
(e.g., if one can replace non-overlappingness in Thm. 4.2 by the requirement of locally
confluent overlay systems). There are two main difficulties when trying to adapt the
proof of Thm. 2.4 to PTRSs. First, the minimality requirement cannot be imposed in the
probabilistic setting, as discussed above. In the non-probabilistic setting, this requirement
is needed to ensure that any subterm below a position that was reduced in the original
(minimal) infinite rewrite sequence is terminating. Second, the original proof of Thm. 2.4
uses Newman’s Lemma [New42] which states that local confluence implies confluence for
strongly normalizing terms t, and thus it implies that t has a unique normal form. Local
confluence and adaptions of the unique normal form property for the probabilistic setting
have been studied in [DCM18, Fag22], who concluded that obtaining an analogous statement
to Newman’s Lemma for PTRSs that are AST would be very difficult. The reason is that
one cannot use well-founded induction on the length of a rewrite sequence of a PTRS that
is AST, since these rewrite sequences may be infinite.

We can also use Lemma 4.3 for expected complexity, leading to the following result.

Theorem 4.6 (From Innermost to Full Expected Complexity). If a PTRS P is OR and
RL (i.e., NO and linear), then:

edc f→P = edc i→P and erc f→P = erc i→P

Proof. Similar to the proof of Thm. 4.2, this is a direct consequence of Lemma 4.3.

While it is open whether an adaption to locally confluent overlay systems would work for
PSN i→P , we can give a counterexample to show that one cannot weaken the requirement of
NO to overlay systems for expected complexity, i.e., Thm. 4.6 does not hold for linear overlay
systems in general. In contrast, in the non-probabilistic setting we have rc f→R = rc i→R for
all right-linear overlay systems (since right-linearity implies spareness), see Thm. 2.9.
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Example 4.7. Consider the PTRS P4 with the six rules:

f(x)→ {1/2 : g(x), 1/2 : h(x)}
g(b)→ {1 : f(a)}
h(c)→ {1 : f(a)}

d→ {1 : f(a)}
a→ {1 : b}
a→ {1 : c}

P4 is a linear overlay system. Moreover, erc f→P ∈ Θ(ω) due to the infinite
f⇒P4-rewrite

sequence {1 : d} f⇒P4 {1 : f(a)} f⇒P4 {1/2 : g(a), 1/2 : h(a)}
f⇒P4 {1/2 : g(b), 1/2 : h(c)}

f⇒P4

{1/2 : f(a), 1/2 : f(a)} that converges with probability 0. But for
i⇒P4-rewrite sequences we

have to rewrite the argument a of f(a) first, leading to a normal form with a chance of
1/2 after two steps. Hence, erc i→P ∈ O(1). For expected derivational complexity, we get
edc f→P ∈ Θ(ω) and edc i→P ∈ O(n) via similar arguments. Note that we have edc i→P ∈ O(n)
and not edc i→P ∈ O(1), since for derivational complexity we allow start terms like fn(a)
where n steps are needed to reach a multi-distribution that also contains normal forms.

Clearly P4 is not locally confluent. Similar as for PSN i→P , it remains open whether there
is an adaption of Thm. 4.6 for locally confluent overlay systems.

In Section 5, we will show that for left-linear, non-overlapping, and spare PTRSs P we
still have erc f→P = erc i→P , see Thm. 5.12. In other words, RL can be weakened to SP.

Note that Thm. 4.6 of course also holds for PTRSs with trivial probabilities, i.e., if all
rules have the form ℓ→ {1 : r}. Thus, we can use Thm. 4.6 to obtain the first result on the
relation between full and innermost derivational complexity in the non-probabilistic setting.

Corollary 4.8 (From Innermost to Full Complexity). If a TRS R is OR and RL (i.e., NO
and linear), then:

dc f→R = dc i→R

4.2. From wPSN f→P to PSN f→P . Next, we investigate wPSN f→P . Since PSN i→P implies wPSN f→P ,
we essentially have the same problems as for PSN i→P , i.e., in addition to non-overlappingness,
we need linearity. This can be seen in Counterex. 4.1 and 4.4, as for i ∈ {1, 3} we have PSN i→Pi

(and hence wPSN f→Pi
) but not PSN f→Pi

, while P1 and P3 are non-overlapping and non-erasing,
but not linear. Furthermore, we need non-erasingness as we did in the non-probabilistic
setting for the same reasons, see Counterex. 2.5.

Theorem 4.9 (From wPSN f→P to PSN f→P ). If a PTRS P is NO, linear, and NE, then

PSN f→P ⇐⇒ wPSN f→P

4.3. From PSN li→P to PSN f→P . Finally, we look at leftmost-innermost rewriting as an example
for a rewrite strategy that uses an ordering for parallel redexes. In contrast to the non-
probabilistic setting, it turns out that PSN li→P and PSN i→P are not equivalent in general. The
following counterexample is similar to Counterex. 4.4, which illustrated that PSN f→P and
PSN i→P are not equivalent without left-linearity.
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PSN f→PPSN i→P wPSN f→PPSN li→P

NO NO+LL+RL NO+LL+RL+NE

Figure 3: Relations between the different termination properties for PTRSs

Counterexample 4.10. Consider the PTRS P5 with the five rules:

a→ {1 : c1}
a→ {1 : c2}

b→ {1/2 : d1, 1/2 : d2}
f(c1, d1)→ {1 : f(a, b)}
f(c2, d2)→ {1 : f(a, b)}

We do not have AST i→P5
(hence also neither PAST i→P5

nor SAST i→P5
), since there exists the

infinite rewrite sequence {1 : f(a, b)} i⇒P5 {1/2 : f(a, d1), 1/2 : f(a, d2)}
i⇒P5 {1/2 : f(c1, d1), 1/2 :

f(c2, d2)} i⇒P5 {1/2 : f(a, b), 1/2 : f(a, b)}
i⇒P5 . . ., which converges with probability 0. It first

“splits” the term f(a, b) with the b-rule, and then applies one of the two different a-rules
to each of the resulting terms. In contrast, when applying a leftmost-innermost rewrite
strategy, we have to decide which a-rule to use before we split the term with the b-rule. For
example, we have {1 : f(a, b)} li⇒P5 {1 : f(c1, b)} li⇒P5 {1/2 : f(c1, d1), 1/2 : f(c1, d2)}. Here,
the second term f(c1, d2) is a normal form. Since all leftmost-innermost rewrite sequences
keep on adding such normal forms after a certain number of steps for each start term, we
have SAST li→P5

(and hence, PAST li→P5
and AST li→P5

).

The counterexample above can easily be adapted to variants of innermost rewriting that
impose different orders on parallel redexes like, e.g., rightmost-innermost rewriting.

However, PSN li→P and PSN i→P are again equivalent for non-overlapping PTRSs P. For
such PTRSs, at most one rule can be used to rewrite at a given position, which prevents the
problem illustrated in Counterex. 4.10.

Theorem 4.11 (From PSN li→P to PSN i→P ). If a PTRS P is NO, then

PSN i→P ⇐⇒ PSN li→P

For the proof of Thm. 4.11, we use the following lemma which immediately implies
Thm. 4.11.

Lemma 4.12 (From Leftmost-Innermost to Innermost Rewriting). If a PTRS P is NO,
then for every infinite

i⇒P -rewrite sequence µ⃗ = (µn)n∈N there exists an infinite
li⇒P -rewrite

sequence ν⃗ = (νn)n∈N such that

(i) lim
n→∞

|µn|P ≥ lim
n→∞

|νn|P
(ii) edl(µ⃗) ≤ edl(ν⃗)

The relations between the different notions of AST, PAST, and SAST of PTRSs for different
rewrite strategies (given in Thm. 4.2, 4.9, and 4.11) are summarized in Fig. 3.

For expected complexity, we obtain the following result from Lemma 4.12.
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erc f→Perc i→Perc li→P

≤

NO

≥

≤

NO+LL+RL

≥

(a) Runtime Complexity

edc f→Pedc i→Pedc li→P

≤

NO

≥

≤

NO+LL+RL

≥

(b) Derivational Complexity

Figure 4: Relations for expected complexity

Theorem 4.13 (From Leftmost-Innermost to Innermost Expected Complexity). If a PTRS
P is NO, then:

edc li→P = edc i→P and erc li→P = erc i→P

As shown by P5 from Counterex. 4.10, again we cannot change the requirement of
non-overlapping PTRSs to overlay systems, since P5 is an overlay system where PSN li→P5

holds, but PSN i→P5
does not. The relations between the different expected complexities of

PTRSs (given in Thm. 4.6 and 4.13) are summarized in Fig. 4. Here, arrows “ =⇒ ” stand
for “≥”.

For the non-probabilistic setting, Thm. 4.13 implies the following corollary.

Corollary 4.14 (From Leftmost-Innermost to Innermost Complexity). If a TRS R is NO,
then:

dc li→R = dc i→R and rc li→R = rc i→R

5. Improving Applicability

In this section, we present several ideas to improve the applicability of Thm. 4.2 which relates
PSN f→P and PSN i→P — the most interesting theorem in practice. Recall that according to
Thm. 4.2, PSN i→P implies PSN f→P for PTRSs P that are NO, LL, and RL. In Section 5.1, we
first discuss attempts in order to remove the requirement of left-linearity by modifying the
rewrite relation to simultaneous rewriting. Here, we correct an inaccuracy in our previous
conference paper [KFG24], where we claimed that simultaneous rewriting allows us to remove
the left-linearity requirement. However, we now give a counterexample which shows that
this improvement does not work in general. Then in Section 5.2 we target right-linearity,
and show that it can be weakened to spareness if one only considers rewrite sequences that
start with basic terms, as in the definition of runtime complexity.

5.1. Attempting to Remove Left-Linearity by Simultaneous Rewriting. To try
to remove the left-linearity requirement, one might consider the simultaneous reduction of
several copies of identical redexes. For a PTRS P , this results in the notion of simultaneous
rewriting, denoted f

P . The following example illustrates the idea of handling non-left-linear
PTRSs by applying the same rewrite rule at parallel positions simultaneously.

Example 5.1 (Simultaneous Rewriting). Reconsider the PTRS P2 from Counterex. 4.4
with the rules f(x, x) → {1 : f(a, a)} and a→ {1/2 : b, 1/2 : c}, where we have PSN i→P2

, but
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not PSN f→P2
. Our new rewrite relation P2

allows us to reduce several copies of the same
redex simultaneously, so that we get

{1 : f(a, a)} i
P2 {12 : f(b, b), 12 : f(c, c)} i

P2 {1/2 : f(a, a), 1/2 : f(a, a)}
i

P2 . . . ,

i.e., this
i

P2-rewrite sequence converges with probability 0 and thus, we do not have
AST i

P2
(hence, also neither PAST i

P2
nor SAST i

P2
). Note that we simultaneously reduced

both occurrences of a in the first step.

Definition 5.2 (Simultaneous Rewriting). Let P be a PTRS. A term s rewrites simul-
taneously to a multi-distribution µ = {p1 : t1, . . . , pk : tk} (denoted s f

P µ) if there
is a non-empty set of parallel positions Π = {π1, . . . , πm} ⊆ Pos(s), a rule ℓ → {p1 :
r1, . . . , pk : rk} ∈ P, and a substitution σ such that s|πi = ℓσ for all 1 ≤ i ≤ m and
tj = s[rjσ]π1 . . . [rjσ]πm for all 1 ≤ j ≤ k. The simultaneous rewrite step is innermost
(denoted s i

P µ) if all proper subterms of the redex ℓσ are in normal form w.r.t. P.

Clearly, if the set of positions Π in Def. 5.2 is a singleton, then the resulting simultaneous
rewrite step is an “ordinary” probabilistic rewrite step, i.e., f→P ⊆ f

P and i→P ⊆ i
P .

Corollary 5.3 (From P to →P). Let P be a PTRS. Then, PSN s
P implies PSN s→P for

s ∈ {f , i}.

However, the converse of Cor. 5.3 does not hold. Ex. 5.1 shows that PSN i→P does not
imply PSN i

P , and the following example shows the same for PSN f→P and PSN f
P .

Example 5.4. Consider the PTRS P2 with the three rules:

f(b, b)→ {1 : f(a, a)}
f(c, c)→ {1 : f(a, a)}

a→ {1/2 : b, 1/2 : c}

We have SAST f→P2
(hence, also PAST f→P2

and AST f→P2
). But as in Ex. 5.1, we obtain

{1 : f(a, a)} i

P2
{12 : f(b, b), 12 : f(c, c)} i

P2
{1/2 : f(a, a), 1/2 : f(a, a)}, i.e., there are rewrite

sequences with
i

P2
, and thus, also with

f

P2
, that converge with probability 0. Hence,

AST i
P2

does not hold, and therefore, AST f
P2

, PAST f
P2

, and SAST f
P2

do not hold either.

Note that this kind of simultaneous rewriting is different from the “ordinary” parallelism
used for non-probabilistic rewriting, which is typically denoted by f→||. There, one may reduce
multiple parallel redexes in a single rewrite step. To be precise, a term s rewrites parallel
to a multi-distribution µ (denoted s f→|| µ) w.r.t. a PTRS P if there is a non-empty set of
parallel redex positions Π = {π1, . . . , πm} ⊆ Pos(s), such that {1 : s} f⇒P,π1 . . .

f⇒P,πm µ.
Here,

f⇒P,π denotes the relation
f⇒P , where we rewrite at position π in each term in the

multi-distribution. This is always possible, since the positions are parallel positions of the
redexes in the start term s.

The two differences between simultaneous rewriting and parallel rewriting are that
while both of them allow the reduction of multiple redexes, simultaneous rewriting “merges”
the corresponding terms in the multi-distributions that result from rewriting the several
redexes. Because of this merging, we only allow the simultaneous reduction of equal redexes,
whereas “ordinary” parallel rewriting allows the simultaneous reduction of arbitrary parallel
redexes, which is the second difference. For example, for P2 from Counterex. 4.4 we have
{1 : f(a, a)} i

P2 {12 : f(b, b), 12 : f(c, c)}, whereas with ordinary parallel rewriting we would

obtain {1 : f(a, a)} i⇒||P2
{14 : f(b, b), 14 : f(b, c), 14 : f(c, b), 14 : f(c, c)}.
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Even though simultaneous rewriting solves the issue of Counterex. 4.4, the following
(more involved) counterexample shows that even with this refined rewrite relation, we
cannot remove left-linearity from Thm. 4.2. In other words, there exist PTRSs P that are
non-overlapping and right-linear, but where PSN i

P does not imply PSN f→P .

Counterexample 5.5. Consider the PTRS P6 with the following seven rules, where
s = h(f(a, a)):

h(x)→ {1/2 : h1(x), 1/2 : h2(x)}
a→ {1/2 : b, 1/2 : c}

f(x, x)→ {1 : x}

h1(b)→ {1 : s}
h1(c)→ {1 : s}

h2(f(b, c))→ {1 : d(s, s, s)}
h2(f(c, b))→ {1 : e(s, s)}

Let us take a closer look at the following f→P6-RST that starts with the term s.

1 h(f(a, a))

1/2 h1(f(a, a)) 1/2 h2(f(a, a))

1/2 h1(a) 1/4 h2(f(b, a)) 1/4 h2(f(c, a))

1/4 h1(b) 1/4 h1(c) 1/8 h2(f(b, b)) 1/8 h2(f(b, c)) 1/8 h2(f(c, b)) 1/8 h2(f(c, c))

1/4 s 1/4 s 1/8 h2(b) 1/8 d(s, s, s) 1/8 e(s, s) 1/8 h2(c)

We do not have AST f→P6
(hence, also neither PAST f→P6

nor SAST f→P6
). Starting with s,

we can either obtain s again with a chance of 1/2, end in a normal form with a chance of 1/4,
rewrite to two occurrences of s with a chance of 1/8, or rewrite to three occurrences of s with
a chance of 1/8. Overall, this results in a random walk biased towards non-termination, that
is not AST (i.e., this RST can be extended to an RST whose convergence probability is < 1).

The crucial observation is that the order of rule application differs between the subtrees:
In the left subtree starting at h1(f(a, a)), we want to use the non-left-linear f-rule first. In the
right subtree starting at h2(f(a, a)), we want to use the a-rules first to create the terms f(b, c)
and f(c, b). So essentially, we have to decide on the rewrite strategy after rewriting the top
h-symbol. This is impossible in innermost evaluations and cannot be solved by simultaneous
rewriting either. For innermost simultaneous rewriting, we would have to decide on whether
we want to rewrite both occurrences of a in the first step or just one. In both cases, we
obtain an RST with finite expected derivation length. Hence, we have SAST i

P6
(which

implies PAST i
P6

and AST i
P6
).

More precisely, if we decide to rewrite both a-symbols simultaneously at the start, we
obtain the following i

P6-RST.
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1 h(f(a, a))

1/2 h(f(b, b)) 1/2 h(f(c, c))

1/2 h(b) 1/2 h(c)

1/4 h1(b) 1/4 h2(b) 1/4 h1(c) 1/4 h2(c)

1/4 s 1/4 s

Overall, this results in a random walk biased towards termination, because we reach a
normal form with a chance of 1/2 and the term s with a chance of 1/2, but we cannot increase
the number of occurrences of s.

If we rewrite both a-symbols individually, then we obtain the following i
P6-RST.

1 h(f(a, a))

1/2 h(f(b, a)) 1/2 h(f(c, a))

1/4 h(f(b, b)) 1/4 h(f(b, c)) 1/4 h(f(c, b)) 1/4 h(f(c, c))

1/4 h(b) 1/8 h1(f(b, c)) 1/8 h2(f(b, c)) 1/8 h1(f(c, b)) 1/8 h2(f(c, b)) 1/8 h(c)

1/8 h1(b) 1/8 h2(b) 1/8 d(s, s, s) 1/8 e(s, s) 1/8 h1(c) 1/8 h2(c)

1/8 s 1/8 s

Again, this results in a random walk biased towards termination, because starting with
s, we can either obtain s again with a chance of 1/4, end in a normal form with a chance of
1/2, rewrite to two occurrences of s with a chance of 1/8, or rewrite to three occurrences of
s with a chance of 1/8. So every i

P6-RST has a finite expected derivation length and we
obtain SAST i

P6
(which implies PAST i

P6
and AST i

P6
).

So this counterexample refutes [KFG24, Thm. 27] where it was claimed that PSN i
P

implies PSN f→P for PSN ∈ {AST, PAST}. The problem is that the proof of [KFG24, Thm. 27]
was limited to terms with at most two nested defined symbols. For example, every term
in the rewrite sequence of Counterex. 4.4 has at most two nested defined symbols, e.g., in
the term f(a, a) the defined symbol f is above the defined symbol a, but there is no further
defined symbol above f. However, Counterex. 5.5 uses a term h(f(a, a)) with three nested
defined symbols. As mentioned in Counterex. 5.5, we have to decide on the rewrite strategy
after rewriting the symbol h at the root position, and cannot fix an innermost evaluation
strategy. Due to the non-left-linear f-rule, depending on whether one first rewrites f or a,
one obtains completely different distributions even though the PTRS is non-overlapping.

Note that for wPSN, the direction of the implication in Cor. 5.3 is reversed, since wPSN

requires that for each start term, there exists an infinite rewrite sequence satisfying a certain
property, whereas PSN requires that all infinite rewrite sequences satisfy a certain property.
Thus, if there exists an infinite ⇒P -rewrite sequence that, e.g., converges with probability 1
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(showing that wAST f→P holds), then this is also a valid P -rewrite sequence that converges
with probability 1 (showing that wAST f

P holds).

Corollary 5.6 (From wPSN f→P to wPSN f
P ). Let P be a PTRS. Then, wPSN f→P implies

wPSN f
P .

For wPSN, Counterex. 5.5 shows that simultaneous rewriting cannot be used to remove
the requirement of left-linearity from Thm. 4.9 either. The following Counterex. 5.7 shows
that we can even give a counterexample that only considers terms where the number of
nested defined symbols is at most 2.

Counterexample 5.7. Consider the non-left-linear PTRS P7 with the two rules:

g→ {3/4 : d(g, g), 1/4 : 0} d(x, x)→ {1 : x}

We do not have AST f→P7
(hence, not PAST f→P7

either), as we have {1 : g} f⇒P7 {3/4 :

d(g, g), 1/4 : 0}, which corresponds to a random walk biased towards non-termination if we
never use the d-rule (since 3

4 >
1
4). However, if we always use the d-rule directly after the

g-rule, then we essentially end up with a PTRS whose only rule is g → {3/4 : g, 1/4 : 0},
which corresponds to flipping a biased coin until heads comes up. This proves wPAST f→P7

and
hence, also wAST f→P7

. As P7 is non-overlapping, right-linear, and non-erasing, this shows
that a variant of Thm. 4.9 without the requirement of left-linearity would need more than
just moving to simultaneous rewriting.

5.2. Weakening Right-Linearity to Spareness. In the non-probabilistic setting, runtime
complexity is easier to analyze than derivational complexity because of the restriction to
basic start terms. In particular, this restriction also allows us to use notions like spareness
such that full runtime complexity can be analyzed via innermost runtime complexity, see
Thm. 2.9. Similarly, in the probabilistic setting we can also require spareness instead of
right-linearity, if we only consider basic start terms. To adapt spareness to PTRSs P, a
rewrite step using the rule ℓ→ µ ∈ P and the substitution σ is called spare if σ(x) ∈ NFP
for every x ∈ V that occurs more than once in some r ∈ Supp(µ). A

f⇒P -rewrite sequence is
spare if each of its

f⇒P -steps is spare. P is spare if each
f⇒P -rewrite sequence that starts

with {1 : t} for a basic term t ∈ TB is spare.

Example 5.8. Consider the PTRS P8 with the two rules:

g→ {3/4 : d(0), 1/4 : g} d(x)→ {1 : c(x, x)}

It is similar to the PTRS P1 from Counterex. 4.1, but we exchanged the symbols g and 0
in the right-hand side of the g-rule. This PTRS is orthogonal but duplicating due to the
d-rule. However, in any rewrite sequence that starts with {1 : t} for a basic term t we can
only duplicate constructor symbols but no terms with defined symbols. Hence, P8 is spare.

If a PTRS P is spare, and we start with a basic term, then we will only duplicate normal
forms with our duplicating rules. This means that the duplicating rules do not influence
the (expected) runtime and, more importantly for AST, the probability of convergence. This
leads to the following theorem, which weakens the requirement of RL to SP in Thm. 4.2,
where “starting in TB” means that one only considers rewrite sequences that start with
{1 : t} for a term t ∈ TB, where TB is again the set of all basic terms w.r.t. P.
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Theorem 5.9 (From PSN i→P Starting in TB to PSN f→P Starting in TB). If a PTRS P is OR
and SP, then:

PSN f→P starting in TB ⇐⇒ PSN i→P starting in TB
For the proof of Thm. 5.9 we use the following lemma.

Lemma 5.10 (From Innermost to Full Rewriting Starting in TB). If a PTRS P is OR and
SP, then for every infinite

f⇒P-rewrite sequence µ⃗ = (µn)n∈N that starts with a basic term
there exists an infinite

i⇒P-rewrite sequence ν⃗ = (νn)n∈N that starts with a basic term such
that

(i) lim
n→∞

|µn|P ≥ lim
n→∞

|νn|P
(ii) edl(µ⃗) ≤ edl(ν⃗)

The requirement of basic start terms is a real restriction for orthogonal PTRSs, i.e.,
there exist very simple orthogonal PTRSs P, where PSN s→P starting in TB holds, but not
PSN s→P in general. One can see this already in the non-probabilistic setting for the TRS R
consisting of the two rules f(g(a))→ f(g(a)) and g(b)→ b, where we do not have SN s→R , but
SN s→R starting in TB for every s ∈ S.

The following example shows that Thm. 5.9 does not hold for arbitrary start terms.

Counterexample 5.11. Consider the PTRS P9 with the two rules:

g→ {3/4 : s(g), 1/4 : 0} f(s(x))→ {1 : c(f(x), f(x))}

This PTRS behaves similarly to P1 (see Counterex. 4.1). We do not have AST f→P9
(and hence,

also neither PAST f→P9
nor SAST f→P9

), as we have {1 : f(g)}⇒2
P9
{3/4 : c(f(g), f(g)), 1/4 : f(0)},

which corresponds to a random walk biased towards non-termination (since 3
4 >

1
4).

However, the only basic terms for this PTRS are g and f(t) for terms t that do not
contain g or f. A sequence starting with g corresponds to flipping a biased coin and a
sequence starting with f(t) will clearly terminate. Hence, we have SAST f→P9

(and thus, also

PAST f→P9
and AST f→P9

) starting in TB. Furthermore, note that we have SAST i→P9
(and thus,

also PAST i→P9
and AST i→P9

) for arbitrary start terms, analogous to P1. Since P9 is OR and
SP, this shows that Thm. 5.9 cannot be extended to PSN f→P in general.

For expected complexity, we obtain a result that is analogous to Thm. 5.9. Since we
require basic start terms, the following theorem only holds for expected runtime complexity
and not for expected derivation complexity.

Theorem 5.12 (From Innermost to Full Expected Runtime Complexity). If a PTRS P is
OR and SP, then:

erc f→P = erc i→P

Thus, this theorem weakens the requirement of RL in Thm. 4.6 to SP (recall that
right-linearity implies spareness). A corresponding corollary for the non-probabilistic setting
would be subsumed by Thm. 2.9, which ensures rc f→R = rc i→R for all spare overlay systems
R. As shown by Ex. 4.7, OS is not enough in the probabilistic setting, but one needs OR.

One may wonder whether Thm. 5.9 can nevertheless be used in order to prove PSN f→P for
a PTRS P on all terms (instead of just basic start terms) by using a suitable transformation
from P to another PTRS P ′ such that PSN f→P holds for all terms iff PSN f→P′ holds when
starting with basic terms. In [Fuh19], a transformation was presented that extends any
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(non-probabilistic) TRS R by generator rules G(R) such that the derivational complexity
of R is the same as the runtime complexity of R∪ G(R), where G(R) are considered to be
relative rules whose rewrite steps do not “count” for the complexity. This transformation
can indeed be reused to move from PSN f→P starting in TB to PSN f→P on arbitrary terms.

The idea of the transformation is to introduce a new constructor symbol consf for every
defined symbol f ∈ ΣD, and to introduce a new defined symbol encf for every function
symbol f ∈ Σ. As an example for P8 from Ex. 5.8, then instead of starting with the non-basic
term c(g, f(g)), we start with the basic term encc(consg, consf(consg)), its basic variant. The
new defined symbol encc is used to first build the term c(g, f(g)) at the beginning of the
rewrite sequence, i.e., it converts all occurrences of consf for f ∈ ΣD back into the defined
symbol f , and then we can proceed as if we started with the term c(g, f(g)) directly. For
this conversion, we need another new defined symbol argenc that iterates through the term
and replaces all new constructors consf by the original defined symbol f . Thus, we define
the generator rules as in [Fuh19] (just with trivial probabilities in the right-hand sides
ℓ→ {1 : r}), since we do not need any probabilities during this initial construction of the
original start term.

Definition 5.13 (Generator Rules G(P)). Let P be a PTRS over the signature Σ. Its
generator rules G(P) are the following set of rules

{encf (x1, . . . , xk)→ {1 : f(argenc(x1), . . . , argenc(xk))} | f ∈ Σ}
∪ {argenc(consf (x1, . . . , xk))→ {1 : f(argenc(x1), . . . , argenc(xk))} | f ∈ ΣD}
∪ {argenc(f(x1, . . . , xk))→ {1 : f(argenc(x1), . . . , argenc(xk))} | f ∈ ΣC},

where x1, . . . , xk are pairwise different variables and where the function symbols argenc,
consf , and encf are fresh (i.e., they do not occur in P). Moreover, we define ΣG(P) = {encf |
f ∈ Σ} ∪ {argenc} ∪ {consf | f ∈ ΣD}.

Example 5.14. For the PTRS P9 from Counterex. 5.11, we obtain the following generator
rules G(P9):

encg → {1 : g}
encf(x1) → {1 : f(argenc(x1))}

encc(x1, x2) → {1 : c(argenc(x1), argenc(x2))}
encs(x1) → {1 : s(argenc(x1))}

enc0 → {1 : 0}
argenc(consg) → {1 : g}

argenc(consf(x1)) → {1 : f(argenc(x1))}
argenc(c(x1, x2)) → {1 : c(argenc(x1), argenc(x2))}

argenc(s(x1)) → {1 : s(argenc(x1))}
argenc(0) → {1 : 0}

As mentioned, using the symbols consf and encf , as in [Fuh19] every term over Σ can
be transformed into a basic term over Σ ∪ ΣG(P).

The following lemma shows that by adding the generator rules, one can indeed reduce
the problem of proving AST on all terms to AST starting in TB.

Lemma 5.15 (From all Terms to Basic Terms (1)). For any PTRS P we have:

AST f→P ⇐⇒ AST f→P∪G(P)
starting in TB.
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If one extends the definition of PAST by relative rules, then similar results should also
be possible for PAST f→P , SAST f→P , and both expected derivational and runtime complexity.
When considering the additional generator rules as ordinary instead of relative rewrite rules,
we obtain an upper bound on the expected complexity and sufficient conditions for PAST f→P
and SAST f→P .

Lemma 5.16 (From all Terms to Basic Terms (2)). For any PTRS P we have:

PAST f→P ⇐= PAST f→P∪G(P)
starting in TB

SAST f→P ⇐= SAST f→P∪G(P)
starting in TB

edc f→P ≤ erc f→P∪G(P)

However, even if P is spare, the PTRS P ∪G(P) is not guaranteed to be spare, although
the generator rules themselves are right-linear. The problem is that the generator rules
include a rule like encf(x1) → {1 : f(argenc(x1))} where a defined symbol argenc occurs
below the duplicating symbol f on the right-hand side. Indeed, while P9 is spare, P9 ∪G(P9)
is not. For example, when starting with the basic term encf(s(consg)), we have

{1 : encf(s(consg))} f⇒2
G(P9)

{1 : f(s(argenc(consg)))}
f⇒P9 {1 : c(f(argenc(consg)), f(argenc(consg)))}

where the last step is not spare. In general, P ∪ G(P) is guaranteed to be spare if P is
right-linear. So we could modify Thm. 5.9 into a theorem which states that AST f→P holds for
all terms iff AST i→P∪G(P)

holds when starting in TB (and thus, for all terms) for orthogonal
and right-linear PTRSs P. However, this theorem would be subsumed by Thm. 4.2, where
we already showed the equivalence of AST f→P and AST i→P if P is orthogonal and right-linear.
Indeed, our goal in Thm. 5.9 was to find a weaker requirement than right-linearity. Hence,
such a transformational approach to move from AST f→P on all start terms to AST f→P starting
in TB does not seem viable for Thm. 5.9.

6. Implementation and Evaluation

We implemented our new criteria for the equivalence of AST i→P and AST f→P in our termination
prover AProVE [GAB+17]. For every PTRS, one can indicate whether one wants to analyze its
termination behavior for all start terms or only for basic start terms. AProVE’s main technique
for termination analysis of PTRSs P is the probabilistic DP framework from [KG23a, KDG24]
to prove AST i→P , and its adaption for AST f→P from [KG24], which is however strictly less
powerful than the framework for AST i→P . The general idea of the DP framework is a divide-
and-conquer approach where processors are used to replace a termination problem by several
new sub-problems that are easier to analyze than the original problem. These processors are
applied repeatedly until all sub-problems are solved. Since different techniques can be used
to analyze the different sub-problems, this results in a modular approach for almost-sure
termination analysis.

For our evaluation, we developed a “new” version of AProVE, where we consider Thm. 4.2
and 5.9, and afterwards apply the DP framework as described above. More precisely, if one
wants to analyze AST f→P for a PTRS P, the “new” version of AProVE first tries to prove
that the conditions of Thm. 4.2 are satisfied if one regards arbitrary start terms or that
the conditions of Thm. 5.9 are satisfied if one only wants to consider basic start terms. If
this succeeds, then it uses the probabilistic DP framework for AST i→P , which then implies
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old old + Thm. 4.2 new

Arbitrary Terms 52 57 57
Basic Terms 59 65 70

Table 1: Results

AST f→P .
6 If these theorems cannot be applied, then AProVE tries to prove AST f→P via the DP

framework for AST f→P [KG24], or using a direct application of polynomial orderings [KG23a].
So in contrast to the experiments in our conference paper [KFG24], where we only used the
direct application of polynomial orderings to prove AST f→P , in this case, “new” now also uses
the DP framework for AST f→P from [KG24].

We compare “new” with the “old” version of AProVE that does not apply any of
the theorems of the current paper. Thus, it directly uses the DP framework for AST f→P
from [KG24] or the direct application of polynomial orderings [KG23a].

Note that for AST f→P w.r.t. basic start terms, Thm. 5.9 generalizes Thm. 4.2, since
right-linearity implies spareness. To show the advantage of Thm. 5.9 compared to Thm. 4.2,
we also experimented with the variant “old + Thm. 4.2” where we always used Thm. 4.2
instead of Thm. 5.9, even when only proving AST f→P for basic start terms.

We used the benchmark set of 130 PTRSs from [KG24], where AProVE can prove AST i→P
for 109 of them. Table 1 shows for how many of these 130 PTRSs the respective strategy
allows AProVE to conclude AST f→P .

The increase in the number of solved examples from “old” to “new” shows that even
with dedicated strategies and techniques like the DP framework for AST f→P [KG24], it is
still beneficial to use the techniques from the current paper to move from AST f→P to AST i→P
whenever possible, since AST i→P is significantly easier to prove than AST f→P . Moreover, the
table shows that the weakening of right-linearity to spareness (i.e., the generalization of
Thm. 4.2 to Thm. 5.9) indeed increases power when considering basic start terms. As shown
in the experiments of [KSG25], our Thm. 4.2 and 5.9 are also very useful in order to move
from SAST f→P vs. SAST i→P , i.e., they often allow us to use the DP framework for SAST i→P
and expected innermost complexity analysis from [KSG25] in order to prove SAST f→P and to
analyze expected runtime complexity for full rewriting.

For details on our experiments, our collection of examples, and for instructions on how
to run our implementation in AProVE via its web interface or locally, we refer to:

https://aprove-developers.github.io/InnermostToFullAST/

7. Modularity

In this section, we investigate the modularity of probabilistic notions of termination. We will
see that as in the non-probabilistic setting [Gra95], in contrast to innermost probabilistic
rewriting, full probabilistic rewriting is not modular in general. However, our results on
the relation between innermost and full probabilistic rewriting from the previous sections
will allow us to obtain modularity results for full probabilistic rewriting as well. A property

6Currently, we only use the switch from full to innermost rewriting as a preprocessing step before applying
the DP framework. As shown in [KG24], a corresponding modular processor within the DP framework (which
requires the criteria of our theorems not for the whole PTRS, but just for specific sub-problems within the
termination proof) would be unsound.

https://aprove-developers.github.io/InnermostToFullAST/
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is called modular if it is preserved for certain unions of PTRSs. Modularity is not only
interesting from a theoretical point of view, but in practice it is also very important to know
whether one can split a huge PTRS into smaller parts such that the property of interest is
preserved. Then, one can analyze these parts independently of each other. As remarked
earlier, this is also the main idea of the DP framework, and in fact, we already benefit from
similar modularity results within the DP framework itself. The fewer conditions are required
for modularity of a notion of termination, the stronger the corresponding DP framework is
expected to be.

We will study two different forms of unions, namely disjoint unions (Section 7.1), where
both PTRSs do not share any function symbols, and shared constructor unions of PTRSs
(Section 7.2), which may have common constructor symbols, but whose defined symbols
are disjoint.7 In future work, one may extend this analysis to hierarchical unions, which
are unions of PTRSs where the first PTRS may contain defined symbols of the second one,
but not vice versa. Moreover, in this section we only consider the strategies s ∈ {f , i} (but
it is not difficult to show that our modularity results for innermost rewriting also hold for
leftmost-innermost rewriting).

In Section 7.3, we will also investigate signature extensions. We have already seen in
Thm. 3.16 that PAST s→P is not closed under signature extensions for any s ∈ S. Based on
our modularity results, we will now show that both AST s→P and SAST s→P are closed under
signature extensions.

To distinguish the function symbols of different PTRSs P, in the following we write
ΣP

D, Σ
P
C , and ΣP for the defined symbols, constructor symbols, and all function symbols

occurring in the rules of P, respectively.

7.1. Disjoint Unions. We first consider unions of systems that do not share any function

symbols, i.e., we consider two PTRSs P(1) and P(2) such that ΣP(1) ∩ ΣP(2)
= ∅. In the

non-probabilistic setting, [Gra95] showed that innermost termination is modular for disjoint
unions. This result can be lifted to AST i→P and SAST i→P . We first investigate AST i→P , as
illustrated by the following example.

Example 7.1. Consider the PTRS P10 = P(1)
10 ∪ P

(2)
10 given by

P(1)
10 : f(x)→ {1/2 : f(x), 1/2 : a} P(2)

10 : g(x)→ {1/2 : g(x), 1/2 : b}

P(1)
10 and P(2)

10 both correspond to a fair coin flip, where one terminates when obtaining
heads. Hence, for both systems we have AST f→

P(1)
10

and AST f→
P(2)
10

, and thus also AST i→
P(1)
10

and AST i→
P(2)
10

. Furthermore, ΣP(1)
10 ∩ ΣP(2)

10 = ∅, i.e., P10 is a disjoint union. When reducing

a term like f(g(x)) which contains symbols from both systems, then we first reduce the
innermost redex g(x) until we reach a normal form. Due to the innermost strategy, we cannot
rewrite at the position of f beforehand. This reduction only uses one of the two systems,

namely P(2)
10 , hence it converges with probability 1. Then, we use the next innermost redex,

which will be f(b), using only rules of P(1)
10 until we reach a normal form, where symbols from

7The dependency pair framework for AST i→P in AProVE is already capable of splitting disjoint unions and
shared constructor unions into sub-problems that can be analyzed independently. However, in this section
our goal is to analyze the modularity of different probabilistic notions of termination in general. Thus, this
allows the use of these modularity results also outside the DP framework.



28:32 J.-C. Kassing and J. Giesl Vol. 21:4

ΣP(2)
10 do not influence the reduction. The reason is that all subterms below or at positions

of symbols from ΣP(2)
10 are in normal form, and there is no symbol from ΣP(2)

10 above the f at
the root position. Again, this reduction converges with probability 1. Thus, in the end, our
reduction starting with f(g(x)) also converges with probability 1, and the same holds for
arbitrary start terms, which implies AST f→P10

.

In Ex. 7.1, we considered the term f(g(x)) where we swap once between a symbol f from

ΣP(1)
10 and a symbol g from ΣP(2)

10 on the path from the root to the “leaf” of the term. In the
proof of Thm. 7.2 we lift the argumentation of Ex. 7.1 to arbitrary terms via induction. This
proof idea was also used by [Gra95] in the non-probabilistic setting to show the modularity
of innermost termination for disjoint unions.

Theorem 7.2 (Modularity of AST i→P for Disjoint Unions). Let P(1) and P(2) be PTRSs

with ΣP(1) ∩ ΣP(2)
= ∅. Then we have:

AST i→P(1)∪P(2)
⇐⇒ AST i→P(1)

and AST i→P(2)

Proof Sketch. The direction “=⇒” is trivial and thus, we only prove “⇐=”. Assume that
we have AST i→P(1)

and AST i→P(2)
.

For AST i→P(1)∪P(2)
, it suffices to regard only rewrite sequences that start with multi-

distributions of the form {1 : t} (see Lemma A.3 in App. A for a proof). Thus, we show

by structural induction on the term structure that for every t ∈ T (ΣP(1) ∪ ΣP(2)
,V), all

i⇒P(1)∪P(2)-rewrite sequences starting with {1 : t} converge with probability 1.

If t ∈ V, then t is in normal form. If t is a constant, then w.l.o.g. let t ∈ P(1). Since we
have AST i→P(1)

, t cannot start an infinite
i⇒P(1)∪P(2)-rewrite sequence that converges with

probability < 1.
In the induction step we have t = f(q1, . . . , qk). Due to the innermost evaluation strategy,

we can only rewrite at the root position if every proper subterm is in normal form. Thus, we
first only consider rewrite steps below the root. By the induction hypothesis, every infinite
i⇒P(1)∪P(2)-rewrite sequence that starts with some {1 : qi} converges with probability 1, and
hence, every infinite

i⇒P(1)∪P(2)-rewrite sequence that starts with {1 : t} converges with
probability 1 as well if it does not perform rewrite steps at the root position. However, in
the probabilistic setting, this observation requires a quite complex approximation of the
convergence probability. The reason is that if we rewrite a term qi to {p1 : qi,1, . . . , pm : qi,m},
then we obtain a distribution {p1 : f(q1, . . . , qi,1, . . . , qk), . . . , pm : f(q1, . . . , qi,m, . . . , qk)}.
Now, the terms qj with j ̸= i occur multiple times in this distribution, and we may use
different rules to rewrite them. Hence, the order in which we rewrite the different qi matters
and cannot be chosen arbitrarily (as seen in Counterex. 4.10). This duplication of the terms
qj is also the reason why PAST i→P is not modular for disjoint systems, see Ex. 3.15.

In the second step, we also allow rewrite steps at the root position. W.l.o.g., let the root

symbol f of t be from ΣP(1)
. Before performing a rewrite step at the root, we can replace

all maximal (i.e., topmost) subterms of t with root symbols from ΣP(2)
by fresh variables

(using the same variable for the same subterm).8 Since f is the root symbol (i.e., there is no
symbol at a position above f), and all proper subterms are in normal form, this replacement
does not change the convergence probability. After the replacement, we only have function

8Note that this replacement is only performed in the induction step at the root, and not for every swap

between symbols from ΣP(1)

and ΣP(2)

on the path from the root to the leaves of t.
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symbols from ΣP(1)
, and thus the convergence probability of the resulting rewrite sequence

is 1 since AST i→P(1)
holds.

In contrast to AST i→P , PAST i→P cannot be modular due to the potential extension of the
signature (recall that by Thm. 3.16, PAST i→P is not closed under signature extensions).

Counterexample 7.3. Consider the PTRS Punary from Counterex. 3.14, and a PTRS P11
containing a binary function symbol c such that PAST i→P11

and ΣPunary ∩ ΣP11 = ∅ hold. For

example, P11 could consist of the only rule c(d, d)→ {1 : c(e, e)}. As explained in Ex. 3.15,
due to the signature extension by a binary function symbol, we do not have PAST i→Punary∪P11

,

while both PAST i→Punary
and PAST i→P11

hold.

Finally, we consider SAST i→P . To prove that SAST i→P is modular for disjoint unions, we
have to show that the expected derivation height of any term t is finite. However, after
rewriting t’s proper subterms to normal forms, as we did in Ex. 7.1 and in the induction
proof of Thm. 7.2, we may end up with infinitely many different terms. All their expected
derivation heights have to be considered in order to compute the expected derivation height
of t.

Example 7.4. Consider the PTRSs P(1)
12 and P(2)

12 with

P(1)
12 : f(s(x), y)→ {1 : f(x, y)}

f(x, s(y))→ {1 : f(x, y)}
a→ {1/2 : 0, 1/2 : s(a)}

P(2)
12 : g(x)→ {1 : x}

Clearly, we have both SAST i→
P(1)
12

and SAST i→
P(2)
12

. Now consider the term t = f(g(a), g(a)).

Due to the innermost strategy, we have to rewrite its proper subterms first. When proceeding
in a similar way as in the induction proof of Thm. 7.2, then one would first construct bounds
on the expected derivation heights of the proper subterms, and then use them to obtain a
bound on the expected derivation height of the whole term t. However, reducing t’s proper
subterms can create infinitely many different terms, i.e., all terms of the form f(sn(0), sm(0))
for any n,m ∈ N can be reached with a certain probability. Since there is no finite supremum
on the derivation height of f(sn(0), sm(0)) for all n,m ∈ N, one would have to take the
individual probabilities for reaching the terms f(sn(0), sm(0)) into account in order to prove
that the expected derivation height of t is indeed finite.

Instead, we use an easier argument to show that any term like t has finite expected
derivation height. Recall that in the induction proof of Thm. 7.2, in the induction step we
first rewrite below the root position until every proper subterm is in normal form. Afterwards,

if the root symbol of t is from ΣP(1)
, then we replace all maximal subterms of t with root

symbols from ΣP(2)
by fresh variables. This results in a term t′ over ΣP(1)

which is considered
for the remaining derivation. As shown in Ex. 7.4, there may be infinitely many such terms
t′, e.g., in Ex. 7.4, t′ can be any term of the form f(sn(0), sm(0)). However, this infinite set
of terms can be over-approximated using the following finite abstraction.

For the root symbol f ∈ ΣP(1)
of t = f(g(a), g(a)), the normal forms reachable from g(a)

can be over-approximated by considering the normal forms reachable from the argument

a of g ∈ ΣP(2)
(because function symbols like g may have “collapsing rules” which return

their arguments) or by fresh variables (which represent possible normal forms that start

with symbols from ΣP(2)
). Thus, instead of considering the rewrite steps at symbols
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from ΣP(1)
in t, instead we can consider all rewrite steps for the terms from the multiset

{f(a, a), f(x, a), f(a, y), f(x, y)}. This multiset is called the disjoint union abstraction of t for

ΣP(1)
. Note that all terms in this disjoint union abstraction are indeed from T (ΣP(1)

,V).
To also capture the possibility that the two occurrences of g(a) in t might reach the same

normal form that starts with a symbol from ΣP(2)
, the disjoint union abstraction of t also

contains f(x, x) where we identify the variables x and y.

Similarly, instead of considering the rewrite steps at symbols from ΣP(2)
in t, we consider

the two arguments of f (i.e., the two occurrences of g(a)) with roots from ΣP(2)
where each

occurrence of the subterm a ∈ ΣP(1)
is replaced by a fresh variable (to represent possible

normal forms that start with symbols from ΣP(1)
). Thus, the disjoint union abstraction of t

for ΣP(2)
contains g(x) and g(y).

So instead of an induction proof as for the modularity of AST i→P ,
9 for the modularity

proof of SAST i→P , we replace the start term t by all terms in the disjoint union abstractions

for both ΣP(1)
and ΣP(2)

. This is a finite multiset of K terms for some K ∈ N. Since every

term in this abstraction is either from T (ΣP(1)
,V) or from T (ΣP(2)

,V), they all have a finite
expected derivation height. Hence, if Cmax ∈ N is the maximal expected derivation height of
all these terms, then K · Cmax is a (finite) bound on the expected derivation height of t.

The following definition introduces the disjoint union abstraction formally. Here, A1(t)

is the multiset where all topmost subterms of t with root from ΣP(2)
are replaced by fresh

variables or by the abstractions of their subterms. The multiset Abs1(t) results from A1(t)
by identifying any possible combination of the variables in the terms of A1(t).

Definition 7.5 (Disjoint Union Abstraction). Let P(1),P(2) be PTRSs with ΣP(1) ∩ΣP(2)
=

∅. For any d ∈ {1, 2} and any t ∈ T (ΣP(1) ∪ ΣP(2)
,V), Ad(t) and Absd(t) are multisets of

terms from T (ΣP(d)
,V), which are defined as follows.

Ad(y) = {x}, if y ∈ V, where x is always a new fresh variable

Ad(f(t1, . . . , tk)) = {f(q1, . . . , qk) | q1 ∈ Ad(t1), . . . , qk ∈ Ad(tk)}, if f ∈ ΣP(d)

Ad(f(t1, . . . , tk)) = {x} ∪Ad(t1) ∪ . . . ∪Ad(tk), otherwise, where x is always a new fresh variable

So Ad(t) is always a linear term, i.e., it never contains multiple occurrences of the same
variable.

For any function φ : X → X with X ⊆ V , let σφ be the substitution that replaces every
variable x ∈ X by φ(x) and leaves all other variables unchanged, i.e., σφ(x) = φ(x) if x ∈ X
and σX(x) = x otherwise. Then we define

Absd(t) = {σφ(q) | q ∈ Ad(t), φ : V(q)→ V(q)}

The disjoint union abstraction of t is the multiset Abs1(t) ∪Abs2(t).

9The proof idea that we use for the modularity of SAST i→P for disjoint unions could also have been used to
prove the modularity of AST i→P for disjoint unions (Thm. 7.2). However, for Thm. 7.2 we used an induction
proof instead to have it similar to the original proof of [Gra95] in the non-probabilistic setting. Moreover,
such an induction proof will also be required when showing the modularity of AST i→P for shared constructor
unions (Thm. 7.13).
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Example 7.6. Reconsider P(1)
12 and P(2)

12 from Ex. 7.4. Here, we obtain

A1(f(g(a), g(a))) = {f(a, a), f(x, a), f(a, y), f(x, y)}
Abs1(f(g(a), g(a))) = {f(a, a), f(x, a), f(a, y), f(x, y), f(y, x), f(x, x), f(y, y)}
A2(f(g(a), g(a))) = {x′, g(x), g(y)}
Abs2(f(g(a), g(a))) = {x′, g(x), g(y)}

The following lemma states the two most important properties regarding the disjoint
union abstraction.

Lemma 7.7 (Properties of Absd). Let P(1),P(2) be PTRSs with ΣP(1) ∩ ΣP(2)
= ∅, t ∈

T (ΣP(1) ∪ ΣP(2)
,V), and d ∈ {1, 2}. Then:

(i) Absd(t) is finite

(ii) Absd(t) ⊆ T (ΣP(d)
,V)

Proof. Simple proof by induction on the term structure.

With the disjoint union abstraction, we can prove the modularity of SAST i→P for disjoint
unions.

Theorem 7.8 (Modularity of SAST i→P for Disjoint Unions). Let P(1) and P(2) be PTRSs

with ΣP(1) ∩ ΣP(2)
= ∅. Then we have:

SAST i→P(1)∪P(2)
⇐⇒ SAST i→P(1)

and SAST i→P(2)

Proof Sketch. The direction “=⇒” is trivial and thus, we only prove “⇐=”. So let P =
P(1) ∪ P(2) where SAST i→P(1)

and SAST i→P(2)
. Let T be an arbitrary i→P -RST that starts

with (1 : t). We show that edl(T) is bounded by some constant which does not depend on T
but just on t. This proves that SAST i→P holds.

Since we have SAST i→P(d)
, the expected derivation length of all i→P(d)-RSTs with d ∈

{1, 2} that start with a term q ∈ T (ΣP(d)
,V) is bounded by some constant Cq < ω.

Thus, since |Abs1(t) ∪ Abs2(t)| = K ∈ N is finite, there is a Cmax < ω such that for all
q ∈ Abs1(t) ∪ Abs2(t) we have edl(T′) ≤ Cmax for every i→P(d)-RST T′ that starts with
(1 : q). Hence, we obtain edl(T) ≤ K · Cmax.

Example 7.9. Let us illustrate the notation in the previous proof sketch by applying it to the
PTRS from Ex. 7.4. If we reconsider the start term f(g(a), g(a)), then Abs1(f(g(a), g(a))) =
{f(a, a), f(x, a), f(a, y), f(x, y), f(y, x), f(x, x), f(y, y)} and Abs2(f(g(a), g(a)))={x′, g(x), g(y)},
as in Ex. 7.6. Moreover, we obtain Cmax = Cf(a,a) = 2+2+2·

∑∞
n=1(1/2)

n+1·n = 2+2+2·1 = 6,
where Cf(a,a) is the bound on the expected derivation height of the term f(a, a). (The reason
is that reaching a normal form from the subterm a needs 2 steps in expectation, and then
for each generated s we have one additional step, where each a generates n s-symbols
with probability (1/2)n+1.) Hence, the overall bound on the expected derivation height for
f(g(a), g(a)) is K · Cmax = 10 · 6 = 60. In fact, the actual expected derivation height for
f(g(a), g(a)) is 6 + 2 = 8 (2 steps for the two g-symbols, and in expectation 6 steps for the
term f(a, a)), but for the proof any finite bound suffices.

For full rewriting, it is well known that termination is already not modular in the
non-probabilistic setting.
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Counterexample 7.10. Reconsider the TRS R1 from Counterex. 2.1. This TRS is the

disjoint union of R(1)
1 = {f(a, b, x)→ f(x, x, x)} and R(2)

1 = {g→ a, g→ b}. Both R(1)
1 and

R(2)
1 are terminating, but the disjoint union R1 is not.

However, one can reuse our results from Section 4 to obtain the following corollary.

Corollary 7.11 (Modularity of PSN f→P for Disjoint Unions). Let P(1) and P(2) be PTRSs

with ΣP(1) ∩ ΣP(2)
= ∅ that are NO and linear. Then we have:

AST f→P(1)∪P(2)
⇐⇒ AST f→P(1)

and AST f→P(2)

SAST f→P(1)∪P(2)
⇐⇒ SAST f→P(1)

and SAST f→P(2)

7.2. Shared Constructor Unions. Now we consider unions of PTRSs that may share

constructor symbols, i.e., we consider two PTRSs P(1) and P(2) such that ΣP(1)

D ∩ΣP(2)

D = ∅,
called shared constructor unions. Again, we study innermost rewriting first.

In the non-probabilistic setting, innermost termination is also modular for shared
constructor unions [Gra95]. However, PAST i→P was already not modular w.r.t. disjoint
unions, so this also holds for shared constructor unions. Moreover, SAST i→P also turns out
to be not modular anymore for shared constructor unions.

Counterexample 7.12. Consider the PTRS P13 = P(1)
13 ∪ P

(2)
13 with the rules

P(1)
13 : f(c(x, y))→ {1 : c(f(x), f(y))}

f(0)→ {1 : 0}
P(2)
13 : g(x)→ {1/2 : g(d(x)), 1/2 : x}

d(x)→ {1 : c(x, x)}

While P(1)
13 and P(2)

13 do not have any common defined symbols, they share the constructor c.
We do not have PAST i→P13

(and thus, not SAST i→P13
), as the infinite

i⇒P13-rewrite sequence

(µn)n∈N depicted in the following i→P13-RST has an infinite expected derivation length.

µ0 : 1 f(g(0))

µ1 : 1/2 f(g(d(0))) 1/2 f(0)

µ2 : 1/2 f(g(c(0, 0))) . . .

µ3 : (1/2)2 f(g(d(c(0, 0)))) (1/2)2 f(c(0, 0))

µ4 : . . . . . .

For any n ∈ N, each underlined term f(cn(0, 0)) in the tree above can start a reduction of at
least length 2n, where cn(0, 0) corresponds to the full binary tree of height n with c in inner
nodes and 0 in the leaves. Hence, the term f(g(0)) has an expected derivation height of at
least

∑∞
n=0

1
2n+1 · 2n =

∑∞
n=0

1
2 , which diverges to infinity.

On the other hand, we have SAST i→
P(1)
13

, as P(1)
13 is a PTRS with only trivial probabilities

that corresponds to a terminating TRS. Moreover, SAST i→
P(2)
13

holds as well, as the d-rule can
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increase the number of c-symbols in a term exponentially, but those c-symbols will never be
used. Thus, SAST i→P is not modular for shared constructor unions.

In contrast to the proof of Thm. 7.8, we cannot use the disjoint union abstraction

anymore to obtain a bound on the expected derivation height, since symbols from ΣP(2)
can

now “generate” constructor symbols of ΣP(1)
. However, for AST i→P we can reuse the idea of

the previous proof for Thm. 7.2 to obtain a similar result for shared constructor unions.

Theorem 7.13 (Modularity of AST i→P for Shared Constructor Unions). Let P(1) and P(2)

be PTRSs with ΣP(1)

D ∩ ΣP(2)

D = ∅. Then we have:

AST i→P(1)∪P(2)
⇐⇒ AST i→P(1)

and AST i→P(2)

Proof. The proof for “⇐=” is again via structural induction on the term t in the initial
multi-distribution {1 : t} and very similar to the proof of Thm. 7.2. The only difference is
that in the induction step, after performing rewrite steps below the root until all proper

subterms are in normal form, if the root is from ΣP(1)
, then we do not replace all maximal

subterms with roots from ΣP(2)
by fresh variables but just maximal subterms with root

symbols from ΣP(2)

D , as the constructor symbols may be used by rules of P(1). This, however,
does not interfere with the proof idea.

Again, we can reuse our results from Section 4 on the relation between full and innermost
rewriting to obtain the following corollary for full rewriting. Due to Counterex. 7.10, this
corollary does not hold for general PTRSs.

Corollary 7.14 (Modularity of AST f→P for Shared Constructor Unions). Let P(1) and P(2)

be PTRSs with ΣP(1)

D ∩ ΣP(2)

D = ∅ that are NO and linear. Then we have:

AST f→P(1)∪P(2)
⇐⇒ AST f→P(1)

and AST f→P(2)

7.3. Signature Extensions. Finally, we study signature extensions of PTRSs. While
PAST s→P is not closed under signature extensions by Thm. 3.16, we now consider AST s→P and
SAST s→P . Signature extensions can be seen as special cases of disjoint unions, where the

second PTRS P(2) contains only trivially terminating rules over the new signature that we

want to add to ΣP(1)
. Hence, for innermost rewriting, Thm. 7.2 and 7.8 already imply that

AST i→P and SAST i→P are closed under signature extensions.
For full rewriting, Cor. 7.11 implies that AST f→P and SAST f→P are closed under signature

extensions for non-overlapping and linear PTRSs. We now show that this also holds for
arbitrary PTRSs. So let P be an arbitrary PTRS over the signature ΣP for the rest of this
section. We consider two cases.

First, let ΣP contain only constants and unary symbols, e.g., ΣP = {f, a, b} where f
is unary and a, b are constants. If we extend ΣP by a signature Σ′ that may also contain
symbols of other arities, e.g., a symbol c of arity 2, and consider terms from T (ΣP∪Σ′,V) like
f(c(f(a), f(b))), then the fresh symbol c “completely separates” the function symbols from ΣP

occurring below and above c. More precisely, instead of f(c(f(a), f(b))), it suffices to analyze
the start terms f(a), f(b), and f(xc) (where the c-subterm is replaced by a fresh variable xc),
which are all from T (ΣP ,V). The reason is that rewriting above c does not interfere with
the terms below c and vice versa. Hence, if every rewrite sequence that starts with f(a), f(b),
or f(xc) converges with probability 1, then so does the term f(c(f(a), f(b))). In other words,
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if AST f→P holds over the signature ΣP , then AST f→P also holds over the signature ΣP ∪ Σ′.
Furthermore, the expected derivation height of f(c(f(a), f(b))) is bounded by 3 ·Cmax, where
Cmax is the maximum expected derivation height of the terms f(a), f(b), and f(xc), similar
as in the proof of Thm. 7.8. Thus, if we have SAST f→P over the signature ΣP , then we also
have SAST f→P over the signature ΣP ∪ Σ′.

Second, we consider the case where ΣP itself already contains a function symbol g
that has at least arity 2. Again, the fresh symbols c of Σ′ separate the function symbols
of ΣP occurring above and below them. However, now the expected derivation height of
a term like f(c(f(a), f(b), f(y))) from T (ΣP ∪ Σ′,V) is not bounded by simply adding the
expected derivation heights of the corresponding terms f(a), f(b), f(y), f(xc) from T (ΣP ,V)
anymore. The reason is that P might now duplicate subterms (e.g., there could be a rule
like f(x)→ {1 : g(x, x)}). However, for any term t ∈ T (ΣP ∪ Σ′,V), we can now construct
a term t′ ∈ T (ΣP ,V) over the original signature ΣP that has (at least) the same expected
derivation height and (at most) the same convergence probability.

The construction works as follows: Let g ∈ ΣP be a symbol of arity 2 (if its arity is
greater than two, then we use the term g( , , x, ..., x) instead, where x ∈ V). For example,
if we extend the signature ΣP by a symbol c ∈ Σ′ of arity 3, then instead of a term like
f(c(f(a), f(b), f(y))) from T (ΣP∪Σ′,V), we can consider the term f(g(f(a), g(f(b), g(f(y), xc))))
from T (ΣP ,V) without the symbol c, where we do not rewrite the newly added g symbols.
So here, we replaced c( , , ) by g( , g( , g( , xc))). Note that this construction works for
full but not for innermost rewriting, since it may create new redexes with the symbol g
that we may have to rewrite when using the innermost strategy. However, for innermost
rewriting we have already proven closedness under signature extensions by Thm. 7.2 and 7.8,
as explained above.

To summarize, this leads to the following theorem.

Theorem 7.15 (Signature Extensions for AST s→P and SAST s→P ). Let P be a PTRS, s ∈ {f , i},
and let Σ′ be some signature. Then we have:

AST s→P over ΣP ⇐⇒ AST s→P over ΣP ∪ Σ′

SAST s→P over ΣP ⇐⇒ SAST s→P over ΣP ∪ Σ′

8. Related Work on Verification of Probabilistic Programs

In the previous sections, we already discussed the connection to related work in term
rewriting. However, verification of probabilistic programs has also been studied extensively
for imperative programs on numbers, and for different recursive programming languages
like the lambda calculus. Thus, in this section we discuss existing work on probabilistic
termination analysis outside term rewriting.

Its hardness has been investigated in [KKM19, MS24], showing that analyzing almost-
sure termination is even more difficult than ordinary termination when considering the
halting problem for given inputs. In our paper, SN and AST refer to universal termination,
as we consider rewrite sequences starting with arbitrary terms. While for non-probabilistic
programs, universal termination is “harder” than the halting problem for given inputs, these
problems are equally hard for probabilistic programs [KKM19].

There exist numerous approaches and proof rules mainly based on martingales for
different properties of probabilistic programs. For example, there are techniques for
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proving AST and PAST [FFH15, CFG16, ACN17, CFNH18, HFC18, MMKK18, HFCG19,
CFN20, AGR21, MBKK21, CGN+23, MS25], for proving bounds on the termination prob-
ability [CNZ17, KUH19, CGMZ22, MSBK22, FCS+23], and for upper and lower bounds
on expected runtimes and costs [KKMO18, NCH18, FC19, GGH19, WFG+19, AMS20,
HKGK20, KKM20, MHG21, DWH23, LMG24]. Many of these approaches can be auto-
mated directly or by extending them with automatic invariant synthesis techniques, e.g.,
[KMMM10, BEFH16, BTP+22, KMS+22, BCJ+23]. Moreover, one can also use such proof
rules within a quantitative program verification infrastructure like Caesar [SBK+23]. Some
of these proof rules have already been adapted to term rewriting, e.g., the proof rule of
[MMKK18] can be adapted to prove AST of PTRSs via polynomial and matrix interpretations
[KG23a] and it is also used within the probabilistic DP framework [KG23a, KDG24, KG24].
Further proof rules regarding PAST and SAST have been adapted in [ADLY20] and again
integrated in the corresponding DP framework [KSG25].

In particular, there also exist several tools to analyze AST, PAST, and expected costs
for imperative probabilistic programs, e.g., Amber [MBKK21], KoAT [MHG21, LMG24],
Eco-Imp [AMS20], Absynth [NCH18], and Pastry [NYC+25]. Moreover, higher moments for
a loop’s variables are analyzed automatically with the tool Polar [MSBK22]. These tools
mainly consider imperative programs with an innermost evaluation strategy. Hence, our
results on the relation between the different rewrite strategies cannot be directly used for
these tools, while our results on modularity may in principle be of interest. However, our
results concern the functional recursive nature of term rewriting, where one does not have a
fixed control flow as in an imperative program. Our comparison between PAST and SAST in
Thm. 3.21 should also hold for imperative programs which allow for multiple executions in
parallel that are considered simultaneously.

Compared to these tools, our implementation in AProVE currently can prove AST, PAST,
SAST, and analyze the expected complexity of PTRSs. For algorithms whose termination
behavior relies only on numbers, techniques for imperative programs with built-in support
for arithmetic are usually more powerful than approaches based on term rewriting. The
reason is that for term rewriting, numbers have to be represented via terms, e.g., 2 can be
represented by the term s(s(0)). On the other hand, term rewriting can handle programs with
non-trivial recursive structure and arbitrary user-defined data structures, as these structures
can easily be represented as terms. For example, the list [2, 1] can be represented by the term
cons(s(s(0)), cons(s(0), nil))). Thus, tools based on term rewriting are particularly suitable
when analyzing programs whose termination depends on, e.g., lists, trees, or graphs. In
the non-probabilistic setting, there are also techniques and tools for term rewriting with
integrated built-in numbers, e.g., for integer term rewrite systems [FGP+09] or logically
constrained term rewrite systems [KN13]. Lifting these approaches to the probabilistic
setting is an interesting direction for future work.

In addition to the related work on probabilistic loop programs, there are also several
approaches for probabilistic recursive programs, e.g., to analyze the probabilistic lambda
calculus or other higher-order functional languages based on types or martingales [ALG19,
LG19, BO21, KO21, LFR21, RBG24, DLP24]. There has also been work on functional
languages where AST or PAST is (partly) decidable, e.g., probabilistic higher-order rewrite
schemes [KLG20], probabilistic pushdown automata [BEKK13, BKKV15, WK23], and
restricted probabilistic tree-stack automata [LMO22]. Many of the results on recursive
languages fix a leftmost-innermost rewrite strategy to avoid non-determinism. Here, our
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results may be helpful to extend these techniques to different rewrite strategies, and also
our modularity results may be of interest for the different recursive probabilistic languages.

Finally, probabilistic programs that allow for data structures are analyzed in [WKH20,
LMZ22, BKK+23]. While [BKK+23] uses pointers to represent data structures like tables
and lists, [WKH20, LMZ22] consider a probabilistic programming language with matching
similar to term rewriting and develop an automatic amortized resource analysis via fixed
template potential functions. However, these latter works are mostly targeted towards
specific data structures, and we consider general term rewrite systems that can model
arbitrary data structures.

9. Conclusion

In this paper, we presented the first results on the relationship between AST s→P of a PTRS
P for different rewrite strategies s ∈ S, including several criteria such that AST i→P implies
AST f→P . Our results also hold for PAST s→P , SAST s→P , and expected complexity, and all of our
criteria are suitable for automation (for spareness, there exist sufficient conditions that can
be checked automatically). We implemented our criteria for the equivalence of AST i→P and
AST f→P in our termination prover AProVE, and demonstrated their practical usefulness in an
experimental evaluation. Moreover, we developed the first modularity results for termination
of PTRSs under unions and signature extensions.

In the paper, we already mentioned several topics for future work, e.g.:

• Improving our current results (in Cor. 4.8 and 4.14) on the relationship between non-
probabilistic innermost and full derivational complexity.
• Extending our modularity results to hierarchical unions or finding more specific classes
where SAST i→P is modular for shared constructor unions, or even classes where PAST i→P
becomes modular.
• Tackling the (hard) problem of adapting Newman’s Lemma [New42] to the probabilistic
setting.
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paper [KFG24] and Stefan Dollase for pointing us to [Fuh19].
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Appendix A. Missing Proofs

In this appendix, we present all missing proofs for our new contributions and observations.
Most of our proofs use →-RSTs instead of ⇒-rewrite sequences. Therefore, in App. A.1 we
start with the formal definitions for all required notions via RSTs (where some of them were
already mentioned in the main part of the paper). Then, in App. A.2 we give the missing
proofs for the theorems and lemmas from Section 4 and Section 5, concerning the relation
between different rewrite strategies. In App. A.3, we prove the results regarding modularity
and signature extensions from Section 7.

A.1. Characterization via RSTs. We start with the formal definition of RSTs.

Definition A.1 (Rewrite Sequence Tree (RST)). Let → ⊆ T × FDist(T ). A →-rewrite
sequence tree (→-RST) T is a labeled tree T=(N,E,L) such that

(1) N ̸= ∅ is a possibly infinite set of nodes and E ⊆ N ×N is a set of directed edges,
such that (N,E) is a (possibly infinite) directed tree where vE = {w | (v, w) ∈ E} is
finite for every v ∈ N .

(2) L : N → (0, 1]×T labels every node v by a probability pv and a term tv. For the root
v ∈ N of the tree, we have pv = 1.

(3) For all v ∈ N : If vE = {w1, . . . , wk}, then tv → {
pw1
pv

: tw1 , . . . ,
pwk
pv

: twk
}.

Leaf denotes the set of leaves of the RST and for a node x ∈ N , d(x) denotes the depth
of node x in T. Here, the root has depth 0. We say that T is fully evaluated if for every
v ∈ Leaf the corresponding term tv is a normal form w.r.t. →, i.e., tv ∈ NF→.

Whenever the referenced RST is ambiguous, we will explicitly indicate the corresponding
tree. For instance, for the probability pv of the node v ∈ N of some RST T = (N,E,L), we
may also write pTv , and N

T = N is the set of nodes of the tree T.

Definition A.2 (|T|, Convergence Probability). Let → ⊆ T × FDist(T ). For any →-RST
T we define |T| =

∑
v∈Leaf pv and say that the RST T converges with probability |T|.

It is now easy to observe that we have AST→ (i.e., for all⇒-rewrite sequences (µn)n∈N we
have limn→∞ |µn|→ = 1) iff for all →-RSTs T we have |T| = 1. To see this, note that every
infinite ⇒-rewrite sequence (µn)n∈N that begins with a single start term (i.e., µ0 = {1 : t})
can be represented by an →-RST T that is fully evaluated such that limn→∞ |µn|→ = |T|
and vice versa. So AST→ holds iff all fully evaluated →-RSTs converge with probability 1.
Furthermore, note that for every →-RST T, there exists a fully evaluated →-RST T′ such
that |T| ≥ |T′|. To get from T to T′ we can simply perform arbitrary (possibly infinitely
many) rewrite steps at the leaves that are not in normal form to fully evaluate the tree.

It remains to prove that it suffices to only regard ⇒-rewrite sequences that start with a
single start term.

Lemma A.3 (Single Start Terms Suffice for AST→). Let → ⊆ T × FDist(T ). If AST→ does
not hold, then there exists an infinite ⇒-rewrite sequence (µ′n)n∈N with a single start term,
i.e., µ′0 = {1 : t}, that converges with probability < 1.

Proof. We prove the converse. Assume that all infinite ⇒-rewrite sequences (µ′n)n∈N with a
single start term converge with probability 1. We prove that then every infinite ⇒-rewrite
sequence converges with probability 1, hence we have AST→.
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Let (µn)n∈N be an infinite ⇒-rewrite sequence. Suppose that we have µ0 = {p1 :

t1, . . . , pk : tk}. Let (µ
(j)
n )n∈N with µ

(j)
0 = {1 : tj} denote the infinite ⇒-rewrite sequence

that uses the same rules as (µn)n∈N does on the term tj for every 1 ≤ j ≤ k. We obtain

limn→∞ |µn|→ = limn→∞
∑k

j=1 pj · |µ
(j)
n |→ =

∑k
j=1 limn→∞ pj · |µ(j)n |→

=
∑k

j=1 pj · limn→∞ |µ(j)n |→ =
∑k

j=1 pj · 1 =
∑k

j=1 pj = 1

We now obtain the following corollary.

Corollary A.4 (Characterizing AST→ with RSTs). Let → ⊆ T × FDist(T ). Then AST→
holds iff for all →-RSTs T we have |T| = 1. This is equivalent to the requirement that for all
fully evaluated →-RSTs T we have |T| = 1. Moreover, wAST→ holds iff for every term t ∈ T
there exists a fully evaluated →-RST T whose root is labeled with (1 : t) such that |T| = 1.

Next, we recapitulate how PAST→ and SAST→ can be formulated in terms of RSTs.

Corollary A.5 (Characterizing PAST→ with RSTs). Let → ⊆ T × FDist(T ), and T be an
→-RST. By

edl(T) =
∑

x∈N\Leaf

px = lim
n→∞

∑
x∈N\Leaf
d(x)≤n

px

we define the expected derivation length of T. We have PAST→ iff edl(T) is finite for every
→-RST T. Similarly, wPAST→ holds iff for every term t there exists a fully evaluated →-RST
T whose root is labeled with (1 : t) such that edl(T) is finite.

Corollary A.6 (Characterizing SAST→ with RSTs). Let → ⊆ T × FDist(T ). We have
SAST→ iff sup{edl(T) | T is an →-RST whose root is labeled with (1 : t)} is finite for all
t ∈ T .

Both of these corollaries are again easy to observe, similar to the characterization of
AST→ with RSTs in Cor. A.4. First note that every infinite ⇒-rewrite sequence µ⃗ = (µn)n∈N
that begins with a single start term can be represented by an infinite →-RST T that is fully
evaluated such that edl(µ⃗) =

∑∞
n=0(1 − |µn|→) =

∑
x∈N\Leaf p

T
x = edl(T). The reason is

that whenever we reach a normal form after n steps, this is both a normal form in µn and a
leaf at depth n of the RST with the same probability. Otherwise, if we have a term t in
Supp(µn) that is not in normal form, then there exists a (unique) inner node in T at depth
n with the same probability. Note that we do not need a version of Lemma A.3 for PAST→
and SAST→, since both of them already consider single start terms.

A.2. Proofs for Section 4 and Section 5. In this subsection, we present all missing
proofs on the relation between different restricted forms of probabilistic termination. To
this end, we first recapitulate the notion of a rewrite sequence subtree from [KG23b].

Definition A.7 (Rewrite Sequence Subtree). Let → ⊆ T ×FDist(T ), and let T = (N,E,L)
be an →-RST. Let W ⊆ N be non-empty, weakly connected, and for all x ∈ W we have
xE ∩W = ∅ or xE ∩W = xE. Then, we define the →-rewrite sequence subtree (or simply
subtree) T[W ] by T[W ] = (W,E∩(W ×W ), LW ). Let w ∈W be the root of T[W ]. To ensure

that the root of our subtree has the probability 1 again, we use the labeling LW (x) = ( p
T
x

pTw
: tTx)

for all nodes x ∈W .
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The property of being non-empty and weakly connected ensures that the resulting
graph (W,E ∩ (W ×W )) is a tree again. The property that we either have xE ∩W = ∅ or
xE ∩W = xE ensures that the sum of probabilities for the successors of a node x is equal
to the probability for the node x itself.

To prove the theorems in Section 4 and Section 5 we only have to prove the corresponding
lemmas. Then the theorems are a direct consequence, similar to the proof of Thm. 4.2 given
in Section 4. As mentioned earlier, we will always prove the lemmas using rewrite sequence
trees.

Lemma 4.3 (From Innermost to Full Rewriting). If a PTRS P is OR and RL (i.e., NO
and linear), then for every infinite

f⇒P -rewrite sequence µ⃗ = (µn)n∈N there exists an infinite
i⇒P-rewrite sequence ν⃗ = (νn)n∈N such that

(i) lim
n→∞

|µn|P ≥ lim
n→∞

|νn|P
(ii) edl(µ⃗) ≤ edl(ν⃗)

Proof. Let P be a PTRS that is non-overlapping and linear. Furthermore, let T be an
f→-RST. We create a new i→-RST T(∞) such that |T(∞)| ≤ |T| and edl(T(∞)) ≥ edl(T).
W.l.o.g., at least one rewrite step in T is performed at some node x with a redex that is not
an innermost redex (otherwise we can use T(∞) = T). The core steps of the proof are the
following:

1. We iteratively move innermost rewrite steps to a higher position in the tree using a
construction Φ( ). The limit of this iteration, namely T(∞), is an innermost i→P -RST

with |T(∞)| ≤ |T|. For each step of the iteration:
1.1 We formally define the construction Φ( ) that replaces a certain subtree Tx by a new

subtree Φ(Tx), by moving an innermost rewrite step to the root of Φ(Tx).
1.2 We show |Φ(Tx)| = |Tx|.
1.3 We show that Φ(Tx) is indeed a valid RST.

2. We show that the same construction also guarantees edl(T(∞)) ≥ edl(T). For this:

2.1 We prove edl(T) ≤ edl(T(1)) ≤ edl(T(2)) ≤ . . .
2.2 We prove edl(T) ≤ edl(T(∞)).

1. We iteratively move innermost rewrite steps to a higher position.
In T there exists at least one rewrite step performed at some node x, which is not an
innermost rewrite step. Furthermore, we can assume that this is the first such rewrite step
in the path from the root to the node x and that x is a node of minimum depth10 with
this property. Let Tx be the subtree that starts at node x, i.e., Tx = T[xE∗], where xE∗ is
the set of all reachable nodes (via the edge relation) from x. We then construct a new tree
Φ(Tx) such that |Φ(Tx)| = |Tx|, where we use an innermost rewrite step at the root node
x instead of the old one, i.e., we pushed the first non-innermost rewrite step deeper into
the tree. This construction only works because P is non-overlapping and linear.11 Then, by
replacing the subtree Tx with the new tree Φ(Tx) in T, we obtain an i→P -RST T(1) with

|T(1)| = |T|, where we use an innermost rewrite step at node x instead of the old rewrite step,

10If we allowed rules with infinite support, then there could be infinitely many nodes at minimum depth.
Hence, then one would have to use a more elaborate enumeration of all nodes where a non-innermost step is
performed.

11For the construction, non-overlappingness is essential (while a related construction could also be defined
without linearity). However, linearity is needed to ensure that the probability of termination in the new tree
is not larger than in the original one.
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Figure 5: Tree Tx in the Construction of Φ( )

as desired. We can then do such a replacement iteratively for every use of a non-innermost
rewrite step, i.e., we again replace the first non-innermost rewrite step in T(1) to obtain
T(2) with |T(2)| = |T(1)|, and so on. In the end, the limit of all these RSTs limi→∞ T(i) is

an i→P -RST, that we denote by T(∞) such that |T(∞)| ≤ |T|. So while the termination
probability remains the same in each step, it can decrease in the limit.12

To see that T(∞) is indeed a valid i→P -RST, note that in every iteration of the construc-
tion we turn a non-innermost rewrite step at minimum depth into an innermost one. Hence,
for every depth H of the tree, we eventually turned every non-innermost rewrite step up to
depth H into an innermost one. So the construction will not change the tree above depth
H anymore,13 i.e., there exists an mH such that T(∞) and T(i) are the same trees up to
depth H for all i ≥ mH . This means that the sequence limi→∞ T(i) really converges into an
i→P -RST.

Next, we want to prove that we have |T(∞)| ≤ |T|. By induction on n one can prove

that |T(i)| = |T| for all 1 ≤ i ≤ n, since we have |T(i)| = |T(i−1)| for all i ≥ 2 and |T(1)| = |T|.
Assume for a contradiction that |T(∞)| > |T|. Then there exists a depth H ∈ N such that∑

x∈LeafT(∞)
, dT

(∞)
(x)≤H

px > |T|. Again, let mH ∈ N such that T(∞) and T(mH) are the same

trees up to depthH. But this would mean that |T(mH)| ≥
∑

x∈LeafT
(mH )

, dT
(mH )

(x)≤H
pT

(mH )

x =∑
x∈LeafT(∞)

, dT
(∞)

(x)≤H
pT

(∞)

x > |T|, which is a contradiction to |T(mH)| = |T|.

1.1 Construction of Φ( )

It remains to define the construction Φ( ) mentioned above. Let Tx be an f→P -RST
that performs a non-innermost rewrite step at the root node x. This step has the form
tTx
x

f→P {pTx
y1 : tTx

y1 , . . . , p
Tx
yk

: tTx
yk
} using the rule ℓ̄→ {p̄1 : r̄1, . . . , p̄k : r̄k}, the substitution σ̄,

and the position π̄ such that tTx
x |π̄ = ℓ̄σ̄. Then we have tTx

yj = tTx
x [r̄j σ̄]π̄ for all 1 ≤ j ≤ k.

Instead of applying a non-innermost rewrite step at the root x we want to directly apply
an innermost rewrite step. Let τ be the position of some innermost redex in tTx

x below
π̄. The construction creates a new f→P -RST Φ(Tx) = (N ′, E′, L′) whose root is labeled
with (1 : tTx

x ) such that |Φ(Tx)| = |Tx|, and that directly performs the first rewrite step
at position τ in the original tree Tx (which is an innermost rewrite step) at the root of
the tree, by pushing it from the original nodes in the tree Tx to the root of the new tree
Φ(Tx). (It could also be that this innermost redex was never reduced in Tx.) This can be
seen in the diagram in Fig. 5, which depicts the tree Tx. The boxes represent innermost

12As an example, consider a tree T which is just a finite path and its path length increases in each iteration
by one. Then the limit T(∞) is an infinite path and converges with probability 0, while T,T(1), . . . all converge
with probability 1.

13Again, for rules with infinite support, this would not hold anymore. Nevertheless, with a more elaborate
enumeration, one should still be able to obtain a valid i→P -RST in the limit.
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Figure 6: Illustration of Φ(T)

rewrite steps at position τ and the dashed lines indicate that we push this rewrite step to
the root. This push only results in the same convergence probability due to our restriction
that P is linear. However, since we are allowed to rewrite above τ in the original tree Tx,
the actual position of the innermost redex that was originally at position τ might change
during the application of a rewrite step. Hence, we recursively define the position φτ (v)
that contains precisely this redex for each node v in Tx until we rewrite at this position.
Initially, we have φτ (x) = τ . Whenever we have defined φτ (v) for some node v, and we have
tTx
v

f→P {pTx
w1

: tTx
w1
, . . . , pTx

wm
: tTx

wm
} for the direct successors vE = {w1, . . . , wm}, using the

rule ℓ→ {p1 : r1, . . . , pm : rm}, the substitution σ, and the position π, we do the following:
If φτ (v) = π, meaning that we rewrite this innermost redex, then we set φτ (wj) = ⊥ for
all 1 ≤ j ≤ m to indicate that we have rewritten the innermost redex. If we have φτ (v)⊥π,
meaning that the rewrite step takes place on a position that is parallel to φτ (v), then we set
φτ (wj) = φτ (v) for all 1 ≤ j ≤ m, as the position of the innermost redex did not change.
Otherwise, we have π < φτ (v) (since we cannot rewrite below φτ (v) as it is an innermost
redex), and thus there exists a χ ∈ N+ such that π.χ = φτ (v). Since the rules of P are
non-overlapping, the redex must be completely “inside” the used substitution σ, and we
can find a position αq of a variable q in ℓ and another position β such that χ = αq.β.
Furthermore, since the rule is linear, q only occurs once in ℓ and at most once in rj for all

1 ≤ j ≤ m. If q occurs in rj at a position ρjq, then we set φτ (wj) = ρjq.β. Otherwise, we
set φτ (wj) = ⊤ to indicate that the innermost redex was erased during the computation.
Finally, if φτ (v) ∈ {⊥,⊤}, then we set φτ (wj) = φτ (v) for all 1 ≤ j ≤ m as well. So to
summarize, φτ (v) is now either the position of the innermost redex in tv, ⊤ to indicate that
the redex was erased, or ⊥ to indicate that we have rewritten the redex.

In Fig. 6, we illustrate the effect of Φ, where the original tree Tx with x = v0 is on the left
and Φ(Tx) is on the right. The circled nodes represent the nodes where we perform a rewrite
step at position φτ (v). We now define the f→P -RST Φ(Tx) whose root v̂ is labeled with

(1 : tTx
x ) and that directly performs the rewrite step tTx

x = t
Φ(Tx)
v̂

i→P,τ {p̂1 : tΦ(Tx)
1.x , . . . , p̂h :

t
Φ(Tx)
h.x }, with the rule ℓ̂ → {p̂1 : r̂1, . . . , p̂h : r̂h} ∈ P, a substitution σ̂, and the position τ ,
at the new root v̂. Here, we wrote “ i→P,τ” to make the position of the used redex explicit.

We have t
Φ(Tx)
v̂ |τ = ℓ̂σ̂. Let Z be the set of all nodes z such that φτ (z) ̸= ⊥, i.e., at node z

we did not yet perform the rewrite step with the innermost redex. In the example we have
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Z = {v0, . . . , v6} \ {v4}. For each of these nodes z ∈ Z and each 1 ≤ e ≤ h, we create a new
node e.z ∈ N ′ with edges as in Tx for the nodes in Z, e.g., for the node 1.v3 we create edges
to 1.v5 and 1.v6. Furthermore, we add the edges from the new root v̂ to the nodes e.x for
all 1 ≤ e ≤ h. Note that x was the root in the tree Tx and has to be contained in Z. For
example, for the node v̂ we create an edge to 1.v0. We define the labeling of the nodes in
Φ(Tx) as follows for all nodes z in Z:

(T-1) t
Φ(Tx)
e.z = tTx

z [r̂eσ̂]φτ (z) if φτ (z) ∈ N∗ and t
Φ(Tx)
e.z = tTx

z if φτ (z) = ⊤
(T-2) p

Φ(Tx)
e.z = pTx

z · p̂e
Now, for a leaf e.z′ ∈ N ′ either z′ ∈ N is also a leaf (e.g., node v2 in our example) or we
rewrite the innermost redex at position φτ (z

′) at node z′ in Tx (e.g., node v1 in our example).

In the latter case, due to non-overlappingness, the same rule ℓ̂→ {p̂1 : r̂1, . . . , p̂h : r̂h} and
the same substitution σ̂ were used. If we rewrite tTx

z′
i→P,φτ (z′) {p̂1 : t

Tx

w′
1
, . . . , p̂h : tTx

w′
h
}, then

we have tTx
w′

e
= tTx

z′ [r̂eσ̂]φτ (z′)
(T-1)
= t

Φ(Tx)
e.z′ and pTx

w′
e

(T-2)
= pTx

z′ · p̂e = p
Φ(Tx)
e.z′ . Thus, we can copy

the rest of this subtree of Tx to our newly generated tree Φ(Tx). In our example, v1 has
the only successor v4, hence we can copy the subtree starting at node v4, which is only the
node itself, to the node 1.v1 in Φ(Tx). For v5, we have the only successor v7, hence we can
copy the subtree starting at node v7, which is the node itself together with its successor v9,
to the node 1.v5 in Φ(Tx). So essentially, we just had to define how to construct Φ(Tx) for
the part of the tree before we reach nodes v with φτ (v) = ⊥ in Tx. Now we have to show
that |Φ(Tx)| = |Tx| and that Φ(Tx) is indeed a valid f→P -RST (i.e., that the edges between
nodes e.z with z ∈ Z and its successors correspond to rewrite steps with P).
1.2 We show |Φ(Tx)| = |Tx|.
Let v be a leaf in Φ(Tx). If v = e′.z for some node z ∈ Z that is a leaf in Tx (e.g.,
node 1.v2), then also e.z must be a leaf in Φ(Tx) for every 1 ≤ e ≤ h. Here, we get∑

1≤e≤h p
Φ(Tx)
e.z

(T-2)
=

∑
1≤e≤h p

Tx
z · p̂e = pTx

z ·
∑

1≤e≤h p̂e = pTx
z · 1 = pTx

z , and thus

∑
e.z∈LeafΦ(Tx)

z∈Z,z∈LeafTx

pΦ(Tx)
e.z =

∑
z∈LeafTx

z∈Z

 ∑
1≤e≤h

pΦ(Tx)
e.z

 =
∑

z∈LeafTx

z∈Z

pTx
z

If v = e.z for some node z ∈ Z that is not a leaf in Tx (e.g., node 1.v1), then we know by
construction that the e-th successor we of z in Tx is not contained in Z and is a leaf of Tx.

Let (zE)e denote the e-th successor of z. Here, we get p
Φ(Tx)
e.z

(T-2)
= pTx

z · p̂e = pTx
we
, and thus∑

e.z∈LeafΦ(Tx)

z∈Z,z /∈LeafTx

pΦ(Tx)
e.z =

∑
we∈LeafTx

we=(zE)e,we ̸∈Z,z∈Z

pΦ(Tx)
e.z =

∑
we∈LeafTx

we=(zE)e,we ̸∈Z,z∈Z

pTx
we

Finally, if v does not have the form v = e.z, then v is also a leaf in Tx with p
Φ(Tx)
v = pTx

v

and for both v and its predecessor u we have v, u ̸∈ Z, and thus∑
v∈LeafΦ(Tx)

v∈LeafTx

pΦ(Tx)
v =

∑
v∈LeafTx

v∈uE,u̸∈Z

pΦ(Tx)
v =

∑
v∈LeafTx

v∈uE,u̸∈Z

pTx
v
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Note that these cases cover each leaf of Tx exactly once. These three equations imply:

|Φ(Tx)| =
∑

z∈LeafΦ(Tx)

pΦ(Tx)
z =

∑
e.z∈LeafΦ(Tx)

z∈Z,z∈LeafTx

pΦ(Tx)
e.z +

∑
e.z∈LeafΦ(Tx)

z∈Z,z/∈LeafTx

pΦ(Tx)
e.z +

∑
v∈LeafΦ(Tx)

v∈LeafTx

pΦ(Tx)
v

=
∑

z∈LeafTx

z∈Z

pTx
z +

∑
we∈LeafTx

we=(zE)e,we ̸∈Z,z∈Z

pTx
we

+
∑

v∈LeafTx

v∈uE,u ̸∈Z

pTx
v =

∑
z∈LeafTx

pTx
z = |Tx|

1.3 We show that Φ(Tx) is indeed a valid RST.

Finally, we prove that Φ(Tx) is a valid f→P -RST. Here, we only need to show that t
Φ(Tx)
e.z

f→P

{pΦ(Tx)
e.w1 : t

Φ(Tx)
e.w1 , . . . , p

Φ(Tx)
e.wm : t

Φ(Tx)
e.wm } for all z ∈ Z as all the other edges and labelings were

already present in Tx, which is a valid f→P -RST, and we have already seen that we have a
valid innermost rewrite step at the new root v̂.

Let z ∈ Z. In the following, we distinguish between two different cases for a rewrite step
at a node z of Tx:

(A) We rewrite at a position parallel to φτ (z) or we have φτ (z) = ⊤.
(B) We rewrite at a position above φτ (z). Here, we need that P is NO and linear.

Let tTx
z

f→P {pTx
z · p1 : tTx

w1
, . . . , pTx

z · pm : tTx
wm
}, with a rule ℓ → {p1 : r1, . . . , pm : rm} ∈ P,

a substitution σ, and a position π such that tTx
z |π = ℓσ. We have tTx

wj
= tTx

z [rjσ]π for all
1 ≤ j ≤ m.

(A) We start with the case where we have π⊥φτ (z) or φτ (z) = ⊤. By (T-1), we get

t
Φ(Tx)
e.z = tTx

z [r̂eσ̂]φτ (z) if φτ (z) ∈ N∗ and t
Φ(Tx)
e.z = tTx

z if φτ (z) = ⊤. In both cases, we can

rewrite t
Φ(Tx)
e.z using the same rule, the same substitution, and the same position, as we have

t
Φ(Tx)
e.z |π = tTx

z [r̂eσ̂]φτ (z)|π = tTx
z |π = ℓσ or directly t

Φ(Tx)
e.z |π = tTx

z |π = ℓσ.

It remains to show that t
Φ(Tx)
e.wj = t

Φ(Tx)
e.z [rjσ]π for all 1 ≤ j ≤ m, i.e., that the labeling we

defined for Φ(Tx) corresponds to this rewrite step. Let 1 ≤ j ≤ m. If φτ (z) ∈ N∗, then we

have t
Φ(Tx)
e.z [rjσ]π = tTx

z [r̂eσ̂]φτ (z)[rjσ]π
φτ (z)⊥π

= tTx
z [rjσ]π[r̂eσ̂]φτ (z) = tTx

wj
[r̂eσ̂]φτ (z) = t

Φ(Tx)
e.wj . If

φτ (z) = ⊤, then tΦ(Tx)
e.z [rjσ]π = tTx

z [rjσ]π = tTx
wj

= t
Φ(Tx)
e.wj . Finally, note that the probabilities

of the labeling are correct, as we are using the same rule with the same probabilities.

(B) If we have π < φτ (z), then there exists a χ ∈ N+ such that π.χ = φτ (z). Since the
rules of P are non-overlapping, the redex must be completely “inside” the used substitution
σ, and we can find a position αq of a variable q in ℓ and another position β such that
χ = αq.β. Furthermore, since the rule is linear, q only occurs once in ℓ and at most once

in rj for all 1 ≤ j ≤ m. Let ρjq be the position of q in rj if it exists. By (T-1), we get

tTx
z [r̂eσ̂]φτ (z) = t

Φ(Tx)
e.z . We can rewrite t

Φ(Tx)
e.z using the same rule, the substitution σ′ with

σ′(q) = σ(q)[r̂eσ̂]β and σ′(q′) = σ(q′) for all other variables q′ ≠ q, and the same position, as

we have t
Φ(Tx)
e.z |π = tTx

z [r̂eσ̂]φτ (z)|π = tTx
z |π[r̂eσ̂]χ = ℓσ′.

It remains to show that t
Φ(Tx)
e.wj = t

Φ(Tx)
e.z [rjσ

′]π for all 1 ≤ j ≤ m, i.e., that the labeling

we defined for Φ(Tx) corresponds to this rewrite step. Let 1 ≤ j ≤ m. If ρjq exists, then

we have t
Φ(Tx)
e.z [rjσ

′]π = tTx
z [r̂eσ̂]φτ (z)[rjσ

′]π = tTx
z [r̂eσ̂]π.αq .β[rjσ

′]π = tTx
z [rjσ]π[r̂eσ̂]ρjq .β =

tTx
wj
[r̂eσ̂]φτ (z) = t

Φ(Tx)
e.wj . Otherwise, we erase the precise redex and obtain t

Φ(Tx)
e.z [rjσ]π =
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tTx
z [r̂eσ̂]φτ (z)[rjσ

′]π = tTx
z [r̂eσ̂]π.αq .β[rjσ

′]π = tTx
z [rjσ]π = tTx

wj
= t

Φ(Tx)
e.wj . Again, the probabili-

ties of the labeling are correct, as we are using the same rule with the same probabilities.

2. Analyzing the expected derivation length of T(∞)

Our goal is to show that in the construction of the trees T(1),T(2), . . ., every leaf v of T is
turned into leaves of T(1),T(2), . . . whose probabilities sum up to pTv , and whose depths are
greater or equal than the original depth dT(v) of v in T. This implies edl(T) ≤ edl(T(1)) ≤
edl(T(2)) ≤ . . . From this observation, we then conclude edl(T) ≤ edl(T(∞)).

2.1 We prove edl(T) ≤ edl(T(1)) ≤ edl(T(2)) ≤ . . .
We start by considering how the leaves of T correspond to the leaves of T(1). Let v be a
leaf in T. If v ̸∈ xE∗, then v is also a leaf in T(1), labeled with the same probability, and
at the same depth. Otherwise, v ∈ xE∗, which means that either v ∈ Z, or v ̸∈ Z but its
predecessor is in Z, or neither v nor its predecessor are in Z.

If v ∈ Z (like the node v2 in Fig. 6), then also e.v must be a leaf in Φ(Tx) for every

1 ≤ e ≤ h. Here, we again have
∑

1≤e≤h p
Φ(Tx)
e.v = pTx

v as before. In addition, we also know

that if e.v is at depth m in Φ(Tx), then v is at depth m− 1 in Tx.
If v ̸∈ Z but v is the e-th successor of a node z ∈ Z (like the node v8 in Fig. 6), then e.z

is a leaf in Φ(Tx). Here, we again have p
Φ(Tx)
e.z = pTx

v as before. In addition, we also know
that if e.z is at depth m in Φ(Tx), then v is at depth m in Tx.

Finally, if neither v nor its predecessor are in Z (like the node v9 in Fig. 6), then v is

also a leaf in Φ(Tx) with p
Φ(Tx)
v = pTx

v and at the same depth.

These cases cover each leaf of T(1) exactly once and all leaves in Φ(Tx) are at a depth
greater or equal than the corresponding leaves in Tx, implying that for each leaf u in

T we can find a set of leaves Ω
(1)
u in T(1) such that dT(u) ≤ dT

(1)
(w) for each w ∈ Ω

(1)
u ,∑

w∈Ω(1)
u
pT

(1)

w = pTu , and LeafT
(1)

=
⊎

u∈LeafT Ω
(1)
u .

We can now use the same observation for each leaf w in the tree T(1) in order to obtain a
new set Ξ

(2)
w of leaves in T(2) and define Ω

(2)
u =

⋃
w∈Ω(1)

u
Ξ
(2)
w . Again, we get dT(u) ≤ dT(2)

(w)

for each w ∈ Ω
(2)
u ,

∑
w∈Ω(2)

u
pT

(2)

w = pTu, and LeafT
(2)

=
⊎

u∈LeafT Ω
(2)
u . We now do this for

each i ∈ N to define the set Ω
(i)
u for each leaf u in the original tree T. Overall, this implies

edl(T) ≤ edl(T(1)) ≤ edl(T(2)) ≤ . . ..
2.2 We prove edl(T(∞)) ≥ edl(T).

From the construction of the Ω
(i)
u above, in the end, we obtain

LeafT
(∞)

=
⊎

u∈LeafT
lim sup
i→∞

Ω(i)
u ,

where lim supi→∞Ω
(i)
u =

⋂
i′∈N

⋃
i>i′ Ω

(i)
u = {w | w is contained in infinitely many Ω

(i)
u }. To

see this, let v ∈ LeafT
(∞)

. Remember that for every depth H of the tree, there exists an mH

such that T(∞) and T(i) are the same trees up to depth H for all i ≥ mH . This means that
the node v must be contained in all trees T(m) with m ≥ m

dT
(∞)

(v)
, i.e., it is contained in⊎

u∈LeafT lim supi→∞Ω
(i)
u . The other direction of the equality follows in the same manner.

Since the probabilities of the leaves in T(i) always add up to the probability of the

corresponding leaf in T, we have
∑

v∈lim supi→∞ Ω
(i)
u
pT

(∞)

v ≤ pTu for all u ∈ LeafT. We now
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show edl(T) ≤ edl(T(∞)) by considering the two cases where
∑

v∈lim supi→∞ Ω
(i)
u
pT

(∞)

v < pTu

for some u ∈ LeafT and where
∑

v∈lim supi→∞ Ω
(i)
u
pT

(∞)

v = pTu for all u ∈ LeafT.

If we have
∑

v∈lim supi→∞ Ω
(i)
u
pT

(∞)

v < pTu for some u ∈ LeafT, then we obtain

1 ≥ |T| =
∑

u∈LeafT p
T
u

>
∑

u∈LeafT
∑

v∈lim supi→∞ Ω
(i)
u
pT

(∞)

v =
∑

v∈
⊎

u∈LeafT
lim supi→∞ Ω

(i)
u
pT

(∞)

v

=
∑

v∈LeafT(∞) pT
(∞)

v = |T(∞)|

and from |T(∞)| < 1 we directly get edl(T(∞)) =∞.

Otherwise, we have
∑

v∈lim supi→∞ Ω
(i)
u
pT

(∞)

v = pTu for all u ∈ LeafT, and thus we obtain

edl(T) =
∑∞

n=0

∑
u∈NT\LeafT

dT(u)=n

pTu

(
∑

u∈N\Leaf
dT(u)=n

pTu = 1−
∑

u∈Leaf
dT(u)≤n

pTu ) =
∑∞

n=0(1−
∑

u∈LeafT

dT(u)≤n

pTu )

(pTu =
∑

v∈lim supi→∞ Ω
(i)
u
pT

(∞)

v ) =
∑∞

n=0(1−
∑

u∈LeafT

dT(u)≤n

∑
v∈lim supi→∞ Ω

(i)
u
pT

(∞)

v )

(∀v ∈ lim supi→∞ Ω
(i)
u : dT(u) ≤ dT(∞)

(v)) ≤
∑∞

n=0(1−
∑

u∈LeafT
∑

v∈lim supi→∞ Ω(i)
u

dT(∞)
(v)≤n

pT
(∞)

v )

(Ω
(i)
u all disjoint) =

∑∞
n=0(1−

∑
v∈

⊎
u∈LeafT

lim supi→∞ Ω(i)
u

dT(∞)
(v)≤n

pT
(∞)

v )

(LeafT
(∞)

=
⊎

u∈LeafT lim supi→∞ Ω
(i)
u ) =

∑∞
n=0(1−

∑
v∈LeafT

(∞)

dT(∞)
(v)≤n

pT
(∞)

v )

(
∑

u∈N\LeafT
(∞)

dT(∞)
(u)=n

pT
(∞)

u = 1−
∑

v∈LeafT
(∞)

dT(∞)
(v)≤n

pT
(∞)

v ) =
∑∞

n=0

∑
u∈N\LeafT

(∞)

dT(∞)
(u)=n

pT
(∞)

u

= edl(T(∞))

and therefore, edl(T(∞)) ≥ edl(T).

Theorem 4.9 (From wPSN f→P to PSN f→P ). If a PTRS P is NO, linear, and NE, then

PSN f→P ⇐⇒ wPSN f→P

Proof. We only have to prove the non-trivial direction “⇐=”. Let P be a PTRS that is
non-overlapping, left-linear, and non-erasing.

AST f→P ⇐= wAST f→P :

Assume for a contradiction that we have wAST f→P but not AST f→P . This means that there
exists an f→P -RST T such that |T| = c for some 0 ≤ c < 1. Let t ∈ T such that the root of T

is labeled with (1 : t). Since we have wAST f→P , there exists another f→P -RST T̃ = (Ñ, Ẽ, L̃)

such that |T̃| = 1 and the root of T̃ is also labeled with (1 : t). Hence, in T at least one
rewrite step is performed at some node x that is different to the rewrite step performed in
T̃. The core steps of the proof are the same as for the proof of Lemma 4.3. We iteratively
push the rewrite steps that would be performed in T̃ at node x to this node in T. Then,
the limit of this construction is exactly T̃, which would mean that |T̃| ≤ c < 1, which is the
desired contradiction. For this, we have to adjust the construction Φ( ). The rest of the
proof remains completely the same.
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1.1 Construction of Φ( )

Let Tx = T[xE∗] be an f→P -RST that performs a rewrite step at position ζ at the root node
x, i.e., tTx

x
f→P,ζ {pTx

y1 : tTx
y1 , . . . , p

Tx
yk

: tTx
yk
} using the rule ℓ̄ → {p̄1 : r̄1, . . . , p̄k : r̄k}, and the

substitution σ̄ such that tTx
x |ζ = ℓ̄σ̄. Then tTx

yj = tTx
x [r̄j σ̄]ζ for all 1 ≤ j ≤ k. Furthermore,

assume that T̃x = T̃[xẼ∗] rewrites at position τ (using a rule ℓ̂→ {p̂1 : r̂1, . . . , p̂h : r̂h} ∈ P
and the substitution σ̂) with τ ̸= ζ. (Note that if τ = ζ, then by non-overlappingness the
rewrite step would be the same.) Instead of applying the rewrite step at position ζ at the
root x we want to directly apply the rewrite step at position τ .

The construction creates a new RST Φ(Tx) = (N ′, E′, L′) such that |Φ(Tx)| = |Tx|, and
that directly performs a rewrite step at position τ at the root of the tree, by pushing it from
the original nodes in the tree Tx to the root. This push only results in the same convergence
probability due to our restriction that P is linear and non-erasing. We need the non-erasing
property now, because τ may be above ζ, which was not possible in the proof of Lemma 4.3.

Again, since we are allowed to rewrite above τ in the original tree Tx, the actual position
of the redex that was originally at position τ might change during the application of a
rewrite step. Hence, we recursively define the position φτ (v) that contains precisely this
redex for each node v in Tx until we rewrite at this position. Compared to the proof of
Lemma 4.3, since the rules in P are non-erasing, we only have φτ (v) ∈ N∗ or φτ (v) = ⊥. The
option φτ (v) = ⊤ is not possible anymore. Initially, we have φτ (x) = τ . Whenever we have
defined φτ (v) for some node v, and we have tTx

v
f→P {pTx

w1
: tTx

w1
, . . . , pTx

wm
: tTx

wm
} for the direct

successors vE = {w1, . . . , wm}, using the rule ℓ → {p1 : r1, . . . , pm : rm}, the substitution
σ, and position π, we do the following: If φτ (v) = π, then we set φτ (wj) = ⊥ for all
1 ≤ j ≤ m to indicate that we have rewritten the redex. If we have φτ (v)⊥π, meaning that
the rewrite step takes place parallel to φτ (v), then we set φτ (wj) = φτ (v) for all 1 ≤ j ≤ m,
as the position did not change. If we have φτ (v) < π, then we set φτ (wj) = φτ (v) for all
1 ≤ j ≤ m as well, as the position did not change either. If we have π < φτ (v), then there
exists a χ ∈ N+ such that π.χ = φτ (v). Since the rules of P are non-overlapping, the redex
must be completely “inside” the used substitution σ, and we can find a position αq of a
variable q in ℓ and another position β such that χ = αq.β. Furthermore, since the rule is

linear and non-erasing, q only occurs once in ℓ and once in rj for all 1 ≤ j ≤ m. Let ρjq
be the position of q in rj . Here, we set φτ (wj) = ρjq.β. Finally, if φτ (v) = ⊥, then we set
φτ (wj) = φτ (v) = ⊥ for all 1 ≤ j ≤ m as well.

Again, we now define the f→P -RST Φ(Tx) whose root is labeled with (1 : tTx
x ) such that

|Φ(Tx)| = |Tx|, and that directly performs the rewrite step tTx
x

f→P,τ {p̂1 : t
Φ(Tx)
1.x , . . . , p̂h :

t
Φ(Tx)
h.x }, with the rule ℓ̂ → {p̂1 : r̂1, . . . , p̂h : r̂h} ∈ P, the substitution σ̂, and the position

τ , at the new root v̂. Here, we have tTx
x |τ = ℓ̂σ̂. Let Z be the set of all nodes v such that

φτ (v) ̸= ⊥. For each of these nodes z ∈ Z and each 1 ≤ e ≤ h, we create a new node
e.z ∈ N ′ with edges as in Tx for the nodes in Z. Furthermore, we add the edges from the
new root v̂ to the nodes e.x for all 1 ≤ e ≤ h. Remember that x was the root in the tree Tx

and has to be contained in Z. We define the labeling of the nodes in Φ(Tx) as follows for all
nodes z in Z:

(T-1) t
Φ(Tx)
e.z = tTx

z [r̂eδ]φτ (z) for the substitution δ such that tTx
z |φτ (z) = ℓ̂δ

(T-2) p
Φ(Tx)
e.z = pTx

z · p̂e
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Now, for a leaf e.z′ ∈ N ′ either z′ ∈ N is also a leaf or we rewrite at the position φτ (z
′)

in node z′ in Tx. If we rewrite tTx
z′

i→P,φτ (z′) {p
Tx

w′
1
: tTx

w′
1
, . . . , pTx

w′
h
: tTx

w′
h
}, then we have

tTx
w′

e
= tTx

z′ [r̂eδ]φτ (z′)
(T-1)
= t

Φ(Tx)
e.z′ for the substitution δ such that tTx

z′ |φτ (z′) = ℓ̂δ and pTx
w′

e

(T-2)
=

pTx
z′ · p̂e = p

Φ(Tx)
e.z′ . Thus, we can copy the rest of this subtree of Tx in our newly generated

tree Φ(Tx). Again, we just had to define how to construct Φ(Tx) for the part of the tree
before we reach the nodes v with φτ (v) = ⊥ in Tx. As in the proof of Lemma 4.3, we
obtain |Φ(Tx)| = |Tx|. We only need to show that Φ(Tx) is a valid f→P -RST, i.e., that

t
Φ(Tx)
e.z

f→P {pΦ(Tx)
e.w1 : t

Φ(Tx)
e.w1 , . . . , p

Φ(Tx)
e.wm : t

Φ(Tx)
e.wm } for all z ∈ Z as in the proof of Lemma 4.3.

1.3 We show that Φ(Tx) is indeed a valid RST.
Let z ∈ Z. In the following, we distinguish three different cases for a rewrite step at node z
of Tx:

(A) We rewrite at a position parallel to φτ (z).
(B) We rewrite at a position above φτ (z).
(C) We rewrite at a position below φτ (z).

The cases (A) and (B) are analogous to our earlier proof, but in Case (A) we cannot erase
the redex anymore. We only need to look at the new Case (C).
(C) If we have tTx

z
f→P {pTx

z · p1 : tTx
w1
, . . . , pTx

z · pm : tTx
wm
}, then there is a rule ℓ →

{p1 : r1, . . . , pm : rm} ∈ P, a substitution σ, and a position π with tTx
z |π = ℓσ. Then

tTx
wj

= tTx
z [rjσ]π for all 1 ≤ j ≤ m. Additionally, we assume that φτ (z) < π, and thus there

exists a χ ∈ N+ such that π = φτ (z).χ. By (T-1), we get tTx
z [r̂eδ]φτ (z) = t

Φ(Tx)
e.z for the

substitution δ such that tTx
z |φτ (v) = ℓ̂δ. Since the rules of P are non-overlapping, including

the rule ℓ̂→ {p̂1 : r̂1, . . . , p̂h : r̂h} that we use at the root of Φ(Tx), the redex for the current
rewrite step must be completely “inside” the substitution δ, and we can find a variable
position αq of a variable q in ℓ̂ and another position β such that χ = αq.β. Furthermore,

since the rule is also linear and non-erasing, q occurs exactly once in ℓ̂ and exactly once in

r̂j for all 1 ≤ j ≤ m. Let ρjq be the position of q in rj . We can rewrite t
Φ(Tx)
e.z using the same

rule, the same substitution, and the same position, as we have t
Φ(Tx)
e.z |π = tTx

z [r̂eδ]φτ (z)|π =

r̂eδ|χ = δ(z)|β = tTx
z |φτ (z)|αq |β = tTx

z |φτ (z).αq .β = tTx
z |φτ (z).χ = tTx

z |π = ℓσ.

It remains to show that t
Φ(Tx)
e.wj = t

Φ(Tx)
e.z [rjσ

′]π for all 1 ≤ j ≤ m, i.e., that the labeling we

defined for Φ(Tx) corresponds to this rewrite step. Let 1 ≤ j ≤ m. We have t
Φ(Tx)
e.z [rjσ]π =

tTx
z [r̂eδ]φτ (z)[rjσ]π = tTx

z [r̂eδ
′]φτ (z) = t

Φ(Tx)
e.wj for the substitution δ′ with δ′(q) = δ(q)[rjσ]β

and δ′(q′) = δ(q′) for all other variables q′ ̸= q. With this new substitution, we get

tTx
wj
|φτ (wj) = tTx

z [rjσ]φτ (z).αq .β|φτ (z) = tTx
z |φτ (z)[rjσ]αq .β = (ℓ̂δ)[rjσ]αq .β = ℓ̂δ′. Finally, note

that the probabilities of the labeling are correct, as we are using the same rule with the
same probabilities in both trees.

PAST f→P ⇐= wPAST f→P :

By the same construction as for wAST f→P , we also get edl(T(∞)) ≥ edl(T).

Lemma 4.12 (From Leftmost-Innermost to Innermost Rewriting). If a PTRS P is NO,
then for every infinite

i⇒P -rewrite sequence µ⃗ = (µn)n∈N there exists an infinite
li⇒P -rewrite

sequence ν⃗ = (νn)n∈N such that

(i) lim
n→∞

|µn|P ≥ lim
n→∞

|νn|P
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(ii) edl(µ⃗) ≤ edl(ν⃗)

Proof. The idea and the construction of this proof are completely analogous to the one of
Lemma 4.3. We iteratively move leftmost-innermost rewrite steps to a higher position in the
innermost RST. Hence, the resulting tree is a leftmost li→P -RST.

The construction of Φ( ) is also analogous to the one in Lemma 4.3. The only difference
to the proof of Lemma 4.3 is that the original tree Tx is already an i→P -RST. This means
that during our construction only Case (A) can occur, as we cannot rewrite above a redex
in an i→P -RST. And for Case (A), we only need the property of being non-overlapping.

Next, we prove the new results from Section 5.

Lemma 5.10 (From Innermost to Full Rewriting Starting in TB). If a PTRS P is OR and
SP, then for every infinite

f⇒P-rewrite sequence µ⃗ = (µn)n∈N that starts with a basic term
there exists an infinite

i⇒P-rewrite sequence ν⃗ = (νn)n∈N that starts with a basic term such
that

(i) lim
n→∞

|µn|P ≥ lim
n→∞

|νn|P
(ii) edl(µ⃗) ≤ edl(ν⃗)

Proof. The proof is completely analogous to the one of Lemma 4.3. We iteratively move the
innermost rewrite steps to a higher position using the construction Φ( ). Note that since
P is spare and left-linear, in the construction of Φ( ) and in the proof of Case (B), if the
innermost redex is below a redex ℓσ that is reduced next via a rule ℓ→ {p1 : r1, . . . , pm : rm},
then the innermost redex is completely “inside” the used substitution σ, and it corresponds
to a variable q which occurs only once in ℓ and at most once in rj for all 1 ≤ j ≤ m, due to
spareness of P and the fact that we started with a basic term. Hence, we can use the same
construction as in Lemma 4.3.

For Lemma 5.15 we need some more auxiliary functions from [Fuh19] to decode a basic
term over Σ ∪ ΣG(P) into the original term over Σ.

Definition A.8 (Constructor Variant, Basic Variant, Decoded Variant). Let P be a PTRS
over the signature Σ. For a term t ∈ T , we define its constructor variant cv(t) inductively
as follows:

• cv(x) = x for x ∈ V
• cv(f(t1, . . . , tn)) = f(cv(t1), . . . , cv(tn)) for f ∈ ΣC

• cv(f(t1, . . . , tn)) = consf (cv(t1), . . . , cv(tn)) for f ∈ ΣD

For a term t ∈ T with t = f(t1, . . . , tn), we define its basic variant bv(f(t1, . . . , tn)) =
encf (cv(t1), . . . , cv(tn)). For a term t ∈ T (Σ ∪ ΣG(P),V), we define its decoded variant
dv(t) ∈ T as follows:

• dv(x) = x for x ∈ V
• dv(argenc(t)) = dv(t)
• dv(f(t1, . . . , tn)) = g(dv(t1), . . . ,dv(tn)) for f ∈ {g, consg, encg} with g ∈ ΣD

• dv(f(t1, . . . , tn)) = f(dv(t1), . . . ,dv(tn)) for f ∈ ΣC

The only difference to the auxiliary functions from [Fuh19] is that dv now also removes
the argenc symbols from a term. This was handled differently in [Fuh19] in order to ensure
|dv(t)| = |t|, but this is irrelevant for our proofs regarding PSN f→P .



28:60 J.-C. Kassing and J. Giesl Vol. 21:4

Lemma 5.15 (From all Terms to Basic Terms (1)). For any PTRS P we have:

AST f→P ⇐⇒ AST f→P∪G(P)
starting in TB.

Proof. “⇐=”
Let T = (N,E,L) be an f→P -RST whose root is labeled with (1 : t) for some t ∈ T . We
construct an (P ∪ G(P))-RST T′ = (N ′, E′, L′) whose root is labeled with (1 : bv(t)) where
|T′| = |T| and edl(T′) ≥ edl(T).

In [Fuh19] it was shown that {1 : bv(t)} i⇒∗
G(P) {1 : tδt}. (PTRSs were not considered in

[Fuh19], but since all the probabilities in the rules of G(P) are trivial, the proof in [Fuh19]
directly translates to the probabilistic setting.) Here, for any term t ∈ T the substitution δt
is defined by δt(x) = argenc(x) if x ∈ V(t) and δt(x) = x otherwise. The (P ∪ G(P))-RST T′

first performs these innermost rewrite steps to get from bv(t) to tδt, and then we can mirror
the rewrite steps from T. To be precise, we use the same underlying tree structure and an
adjusted labeling such that pTx = pT

′
x and tTxδt = tT

′
x for all x ∈ N . Since the tree structure

and the probabilities are the same, we then obtain |T| = |T′|.

1 t

p1 t1 p2 t2

p3 t3 p4 t4 p5 t5

. . . . . . . . .

⇝

1 bv(t)

. . .

1 tδt

p1 t1δt p2 t2δt

p3 t3δt p4 t4δt p5 t5δt

. . . . . . . . .

“ =⇒ ”
Let T = (N,E,L) be an (P ∪ G(P))-RST whose root is labeled with (1 : t) for some term
t ∈ T (Σ ∪ ΣG(P),V). We construct an f→P -RST T′ = (N ′, E′, L′) inductively such that for
all leaves x of T′ during the construction there exists a node φ(x) of T such that

tT
′

x = dv(tTφ(x)) and pT
′

x = pTφ(x). (A.1)

Here, φ is injective, i.e., every leaf x of T′ is mapped to a (unique) node φ(x) of T.
Furthermore, after this construction, if x is still a leaf in T′, then φ(x) is also a leaf in T.

Hence, we obtain |T| =
∑

x∈LeafT p
T
x ≥

∑
x∈LeafT′ pT

′
x = |T′|. Moreover, we only add rewrite

steps in the beginning, so that edl(T) ≤ edl(T′).
We label the root of T′ with (1 : dv(t)). By letting φ map the root of T′ to the root of T,

the claim (A.1) is clearly satisfied. As long as there is still a node x in T′ such that φ(x) is
not a leaf in T, we do the following. If we perform a rewrite step with G(P) at node φ(x), i.e.,
tTφ(x)

f→G(P) {1 : tTy } for the only successor y of φ(x), then we have dv(tTφ(x)) = dv(tTy ), i.e., we

do nothing in T′ but simply change the definition of φ such that φ(x) is now y. To see why
dv(tTφ(x)) = dv(tTy ) holds, note that we have dv(ℓ) = dv(r) for all rules ℓ→ {1 : r} ∈ G(P),
since dv(encf (x1, . . . , xn)) = f(x1, . . . , xn) = dv(f(argenc(x1), . . . , argenc(xn))), and anal-
ogously dv(argenc(consf (x1, . . . , xn))) = f(x1, . . . , xn) = dv(f(argenc(x1), . . . , argenc(xn))).
This can then be lifted to arbitrary rewrite steps.
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Otherwise, let φ(x)E = {y1, . . . , yk} be the set of successors of φ(x) in T, and we have

tTφ(x)
f→P {

pTy1
pT
φ(x)

: tTy1 , . . . ,
pTyk
pT
φ(x)

: tTyk}. Since t
T′
x = dv(tTφ(x)) and p

T′
x = pTφ(x) by the induction

hypothesis, then we also have tT
′

x
f→P {

pT
′

y1

pT′
x

: tT
′

y1 , . . . ,
pT

′
yk

pT′
x

: tT
′

yk
} for terms tT

′
yj with tT

′
yj = dv(tTyj )

and for pT
′

yj = pTyj . Thus, when defining φ(yj) = yj for all 1 ≤ j ≤ k, (A.1) is satisfied for

the new leaves y1, . . . , yk of T′.

Lemma 5.16 (From all Terms to Basic Terms (2)). For any PTRS P we have:

PAST f→P ⇐= PAST f→P∪G(P)
starting in TB

SAST f→P ⇐= SAST f→P∪G(P)
starting in TB

edc f→P ≤ erc f→P∪G(P)

Proof. Let T be an f→P -RST whose root is labeled with (1 : t) for some t ∈ T . The
construction from the previous proof yields an (P ∪ G(P))-RST T′ whose root is labeled
with (1 : bv(t)) where |T′| = |T|. Since the tree structure and the probabilities are the same,
and we only add rewrite steps in the beginning, we get edl(T′) ≥ edl(T).

A.3. Proofs for Section 7. We start by proving the cutting lemma that is needed to prove
our modularity results for AST s→P . It states that if there exists an →-RST T that converges
with probability < 1 and a partitioning of its inner nodes into two sets N1 and N2 such
that every subtree of T that only contains inner nodes from N1 converges with probability
1, then we can create a subtree of T that converges with probability < 1 as well such that
every infinite path contains an infinite number of N2 nodes (i.e., it does not contain any
infinite path with eventually only nodes from N1).

Lemma A.9 (Cutting Lemma). Let → ⊆ T × FDist(T ), and let T be an →-RST with
|T| < 1. Suppose we can partition its inner nodes into N1 ⊎N2 such that |T1| = 1 holds for
every subtree T1 of T which only contains inner nodes from N1. Then there exists a subtree
T′ of T with |T′| < 1 such that every infinite path of T′ has an infinite number of nodes from
N2.

Proof. Let T = (N,E,L) be an →-RST with |T| = c < 1 for some c ∈ R. Since we have
0 ≤ c < 1, there is an ε > 0 such that c + ε < 1. Remember that the formula for the
geometric series is:

∞∑
n=1

(
1
d

)n
= 1

d−1 , for all d ∈ R such that 1
|d| < 1

Let d = 1
ε + 2. Then we have 1

d = 1
1
ε
+2

< 1 and:

1
ε + 1 < 1

ε + 2⇔ 1
ε + 1 < d⇔ 1

ε < d− 1⇔ 1
d−1 < ε⇔

∞∑
n=1

(
1
d

)n
< ε (A.2)

We will now construct a subtree T′ = (N ′, E′, L′) such that every infinite path has an infinite
number of N2 nodes and such that

|T′| ≤ |T|+
∞∑
n=1

(
1
d

)n
(A.3)
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and then, we finally have

|T′|
(A.3)

≤ |T|+
∞∑
n=1

(
1
d

)n
= c+

∞∑
n=1

(
1
d

)n (A.2)
< c+ ε < 1

The idea of this construction is that we cut infinite subtrees of pure N1 nodes as soon
as the probability for normal forms is high enough. In this way, one obtains paths where
after finitely many N1 nodes, there is a N2 node, or we reach a leaf.

The construction works as follows. For any node x ∈ N , let L2(x) be the number of
N2 nodes in the path from the root to x. Furthermore, for any set W ⊆ N and k ∈ N,
let L2(W,k) = {x ∈ W | L2(x) ≤ k ∨ (x ∈ N2 ∧ L2(x) ≤ k + 1)} be the set of all nodes in
W that have at most k nodes from N2 in the path from the root to its predecessor. So if
x ∈ L2(W,k) is not in N2, then we have at most k nodes from N2 in the path from the root
to x and if x ∈ L2(W,k) is in N2, then we have at most k + 1 nodes from N2 in the path
from the root to x. We will inductively define a set Uk ⊆ N such that Uk ⊆ L2(N, k) and
then define the subtree as T′ = T[

⋃
k∈N Uk].

We start by considering the subtree T0 = T[L2(N, 0)]. This tree only contains inner
nodes from N1. While the node set L2(N, 0) itself may contain nodes from N2, they can
only occur at the leaves of T0. Using the prerequisite of the lemma, we get |T0| = 1. In
Fig. 7 one can see the different possibilities for T0. Either T0 is finite or T0 is infinite. In
the first case, we can add all the nodes to U0 since there is no infinite path of pure N1 nodes.
Hence, we define U0 = L2(N, 0). In the second case, we have to cut the tree at a specific
depth once the probability of leaves is high enough. Let d0(y) be the depth of the node y
in the tree T0. Moreover, let D0(k) = {x ∈ L2(N, 0) | d0(y) ≤ k} be the set of nodes in T0
that have a depth of at most k. Since |T0| = 1 and | | is monotonic w.r.t. the depth of the
tree T0, we can find an N0 ∈ N such that∑

x∈LeafT0 ,d0(x)≤N0

pT0
x ≥ 1− 1

d

We include all nodes from D0(N0) in U0 and delete every other node of T0. In other
words, we cut the tree after depth N0. This cut can be seen in Fig. 7, indicated by the
dotted line. We now know that this cut may increase the probability of leaves by at most 1

d .
Therefore, we define U0 = D0(N0) in this case.

For the induction step, assume that we have already defined a subset Ui ⊆ L2(N, i).
Let Hi = {x ∈ Ui | x ∈ N2,L2(x) = i+ 1} be the set of leaves in T[Ui] that are in N2. For
each x ∈ Hi, we consider the subtree that starts at x until we reach the next node from
N2, including the node itself. Everything below such a node will be cut. To be precise, we
regard the tree Tx = (Nx, Ex, Lx) = T[L2(xE

∗, i+1)]. Here, xE∗ is the set of all nodes that
are reachable from x by arbitrary many steps.

First, we show that |Tx| = 1. For every direct successor y of x, the subtree Ty = Tx[yE
∗
x]

of Tx that starts at y does not contain any inner nodes from N2. Hence, we have |Ty| = 1
by the prerequisite of the lemma, and hence

|Tx| =
∑
y∈xE

py · |Ty| =
∑
y∈xE

py · 1 =
∑
y∈xE

py = 1.

For the construction of Ui+1, we have the same cases as before, see Fig. 7. Either Tx is
finite or Tx is infinite. Let Zx be the set of nodes that we want to add to our node set
Ui+1 from the tree Tx. In the first case we can add all the nodes again and set Zx = Nx.
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N1N2 N2N1

N1

NF NF NFN2 N2

N1N1

(a) Tx finite

N1N2 N2N1

N1

NF NF N1N2 N1

N1N1

Nx

(b) Tx infinite

Figure 7: Possibilities for Tx

In the second case, we once again cut the tree at a specific depth once the probability for
leaves is high enough. Let dx(z) be the depth of the node z in the tree Tx. Moreover, let
Dx(k) = {x ∈ Nx | dx(z) ≤ k} be the set of nodes in Tx that have a depth of at most k.
Since |Tx| = 1 and | | is monotonic w.r.t. the depth of the tree Tx, we can find an Nx ∈ N
such that ∑

y∈LeafTx ,dx(y)≤Nx

pTx
y ≥ 1−

(
1

d

)i+1

· 1

|Hi|

We include all nodes from Dx(Nx) in Ui+1 and delete every other node of Tx. In other words,
we cut the tree after depth Nx. We now know that this cut may increase the probability of

leaves by at most
(
1
d

)i+1 · 1
|Hi| . Therefore, we set Zx = Dx(Nx).

We do this for each x ∈ Hi and in the end, we set Ui+1 = Ui ∪
⋃

x∈H Zx.
It is straightforward to see that

⋃
k∈N Uk satisfies the conditions of Def. A.7, as we

only cut after certain nodes in our construction. Hence,
⋃

k∈N Uk is non-empty and weakly
connected, and for each of its nodes, it either contains no or all successors. Furthermore,
T′ = T[

⋃
k∈N Uk] is a subtree which does not contain an infinite path of pure N1 nodes as

we cut every such path after a finite depth.
It remains to prove that |T′| ≤ |T|+

∑∞
n=1

(
1
d

)n
holds. During the i-th iteration of the

construction, we may increase the value of |T| by the sum of all probabilities corresponding
to the new leaves resulting from the cuts. As we cut at most |Hi| trees in the i-th iteration

and for each such tree, we added at most a total probability of
(
1
d

)i+1 · 1
|Hi| for the new

leaves, the value of |T| might increase by

|Hi| ·
(
1

d

)i+1

· 1

|Hi|
=

(
1

d

)i+1

in the i-th iteration, and hence in total, we then obtain
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|T′| ≤ |T|+
∞∑
n=1

(
1

d

)n

,

as desired (see (A.3)).

With the cutting lemma, we can now prove the following lemma regarding the parallel
execution of rewrite sequences that are AST s→P .

Lemma A.10 (Parallel Execution Lemma for AST s→P ). Let P be a PTRS and s ∈ S.
Furthermore, let q1, . . . , qn ∈ T be terms such that for every s→P-RST Ti that starts with
(1 : qi) for some 1 ≤ i ≤ n we have |Ti| = 1. Then, every s→P-RST T that starts with
(1 : c(q1, . . . , qn)) for some symbol c, where we do not rewrite at the root position, converges
with probability 1.

Proof. By
s ¬ε−→P we denote the restriction of s→P that does not perform any rewrite steps

at the root position. We prove that every
s ¬ε−→P -RST which starts with (1 : c(q1, . . . , qn))

for some symbol c converges with probability 1. Note that if we rewrite a term qi to
{p1 : qi,1, . . . , pk : qi,k}, then we obtain a distribution {p1 : c(q1, . . . , qi,1, . . . , qn), . . . , pk :
c(q1, . . . , qi,k, . . . , qn)}. Now, the terms qj with j ̸= i occur multiple times in this distribution,
and we may use different rules to rewrite them. Hence, the order in which we rewrite the
different qi matters and cannot be chosen arbitrarily (as seen in Counterex. 4.10). Therefore,
the proof is much more complex than in the non-probabilistic setting for termination. (This
is not the case for leftmost-innermost rewriting, where an easier induction step than the

following one would also be possible.) Let
e
↪−→P be the restriction of

s ¬ε−→P where we can only

rewrite on or below a position 1 ≤ i ≤ e. Note that
n
↪−→P =

s ¬ε−→P . By induction on e, we

prove that every
e
↪−→P -RST which starts with (1 : c(q1, . . . , qn)) converges with probability 1.

In the base case we have e = 1 and only allow rewrite steps on or below position 1.
Obviously, since every s→P -RST that starts with (1 : q1) converges with probability 1 by our

assumption, so does every
1
↪−→P -RST that starts with (1 : c(q1, . . . , qn)).

In the induction step, we assume that the statement holds for e − 1 < n, i.e., every
e−1
↪−−→P -RST which starts with (1 : c(q1, . . . , qn)) converges with probability 1. Now consider

an arbitrary
e
↪−→P -RST T that starts with (1 : c(q1, . . . , qn)). Assume for a contradiction

that it converges with a probability < 1. The rest of the induction step has the following
structure:

1) We first use the cutting lemma (Lemma A.9) to get rid of infinite paths that only use

rewrite steps on or below position e, resulting in an
e
↪−→P -RST tree T′, which uses infinitely

many
e−1
↪−−→P -steps in each infinite path.

2) Then, for each finite height H ∈ N we split the tree T′
H , which consists of the first H

layers of the tree T′, into multiple (finitely many)
e−1
↪−−→P -RSTs of height at most H that

all start with (1 : c(q1, . . . , qn)) Furthermore, we show that for each H ∈ N, at least one
of these

e−1
↪−−→P -RSTs converges with low enough probability.

3) We create an infinite, finitely-branching tree whose nodes are labeled with RSTs. More

precisely, its nodes at depth H ∈ N are labeled with
e−1
↪−−→P -RSTs with low enough

probability.
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4) Finally, we use König’s Lemma to obtain an infinite path in this tree, which corresponds to

an infinite
e−1
↪−−→P -RST that starts with (1 : c(q1, . . . , qn)) and converges with probability <

1, which is our desired contradiction.

1) Use the cutting lemma
We can partition the inner nodes of our RST T into the sets

• N1 := {x ∈ NT \ LeafT | the rewrite step at x is on or below position e}
• N2 := N \N1 = {x ∈ NT \ LeafT | the rewrite step at x is on or below position k with
1 ≤ k < e}

We know that every s→P -RST that starts with (1 : qe) converges with probability 1 by
assumption. Hence, also every subtree of T that only contains nodes from N1 as inner nodes
converges with probability 1. Thus, we can apply the cutting lemma (Lemma A.9) and
obtain a subtree T′ of T that converges with probability < 1 and contains infinitely many
nodes of N2 in each infinite path.

2) Split the tree TH for every H ∈ N
Let H ∈ N and let T′

H be the finite tree consisting of the first H layers of T′, where the
subterm on position e remains the same in every node and is equal to the subterm on position
e in the root of T′. Since T′ converges with probability < 1, there exists an 0 < α ≤ 1
such that |T′| = limH→∞

∑
x∈LeafT′ ∧ d(x)≤H

pT
′

x < 1−α, and hence
∑

x∈LeafT′ ∧ d(x)≤H
pT

′
x =∑

x∈LeafT′ ∧x∈LeafT
′
H
p
T′
H

x < 1−α for every H ∈ N. Note that T′
H is not a valid

e
↪−→P -RST, as

we now have steps where no term changes, i.e., where we would have performed a rewrite
step below position e.

From T′
H we generate a set TH of pairs (pt, t) where pt ∈ (0, 1] is a probability and

t is an
e−1
↪−−→P -RST of height at most H (i.e., we do not perform any rewrite steps on or

below position e anymore). The set TH contains all
e−1
↪−−→P -RSTs t resulting from T′

H when
skipping the nodes of N1 (where the rewrite step is on or below the position e). Instead,
one uses one of its child nodes. Moreover, pt is the probability for choosing the RST t. We
will give more intuition on TH below. Since a rewrite step on or below the position e may
create several children (one for each term in the support of the multi-distribution on the
right-hand side of the applied rewrite rule), the set TH may contain several pairs. TH will
satisfy the following two properties:

(Prop-1) We have
∑

(pt,t)∈TH
pt = 1. This means that the sum of the probabilities for all

trees in TH sum up to one.

(Prop-2) For all x ∈ LeafT
′
H ∪N2 we have p

T′
H

x =
∑

(pt,t)∈TH
pt · ptx. As mentioned above, pt

represents the probability that the RST t is chosen and ptx is the probability of
the node x in the RST t. Whenever x is not a node of t (i.e., x /∈ N t), then we

define ptx = 0. This means that the probability for a leaf x ∈ LeafT
′
H or an inner

node x ∈ N2 in our cut tree T′
H is equal to the sum over all trees t that contain x,

where we multiply the probability pt of the tree t by the probability of node x in t.

Assume now that for every (pt, t) ∈ TH we have
∑

x∈Leaft ∧x∈LeafT′ ptx ≥ 1 − α. Then,

with the two properties (Prop-1) and (Prop-2) we obtain the following:
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Figure 8: Example tree T′
2 with a step on or below position e in the left node

1

e

2
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1
4 :

1
3

(a) t1

1

e

2
3

3
4 :

1
3

(b) t2

Figure 9: The set T2 = {(14 , t1), (
3
4 , t2)}

∑
x∈LeafT

′
H ∧x∈LeafT′ p

T′
H

x

(by (Prop-2)) =
∑

x∈LeafT
′
H ∧x∈LeafT′

∑
(pt,t)∈TH

pt · ptx
=

∑
(pt,t)∈TH

∑
x∈LeafT

′
H ∧x∈LeafT′ pt · ptx

=
∑

(pt,t)∈TH
pt ·

∑
x∈LeafT

′
H ∧x∈LeafT′ ptx

=
∑

(pt,t)∈TH
pt ·

∑
x∈Leaft ∧x∈LeafT′ ptx

(by assumption) ≥
∑

(pt,t)∈TH
pt · (1− α)

= (1− α) ·
∑

(pt,t)∈TH
pt

(by (Prop-1)) = (1− α) · 1
= 1− α

(A.4)

which is a contradiction. Hence, for each H ∈ N there exists a (pt, t) ∈ TH such that∑
x∈Leaft ∧x∈LeafT′

ptx < 1− α (A.5)

We will use this in Step 3) and 4) to generate our infinite
e−1
↪−−→P -RST that converges with

probability < 1. But first we have to define the set TH that satisfies (Prop-1) and (Prop-2).

Idea of TH

The idea of the split can be seen in Fig. 8 and 9. There, the probabilities of the nodes are
indicated by the small numbers and the probabilities for the edges are indicated by the
big numbers. Whenever we encounter a node from N1 with successors y1, . . . , ym, meaning
that we rewrite on or below position e, then we split the tree into m different trees, since
the terms below positions 1 to e− 1 did not change, and we may use different rules on the
different resulting terms afterwards.
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z

v

w1 . . . wm

⇝

z

v

w1 . . . wm

. . .

z

v

w1 . . . wm

Figure 10: Skipping inner node v ∈ N2 to create m different trees

Constructing TH

To construct TH , we repeatedly remove all nodes of N1 from the tree T′
H and create a set

M inductively that satisfies the following properties.

(Ind-1)
∑

(pt,t)∈M pt = 1.

(Ind-2) For all (pt, t) ∈M and all inner nodes x ∈ N t with successors y1, . . . , yk in t, the edge
relation either represents a valid rewrite step on or below a position 1 ≤ j ≤ e− 1,
or the subterms on or below the positions 1 ≤ j ≤ e − 1 remain the same, but
the probabilities of the successors still sum up to the probability of node x, i.e.,∑k

j=1 p
t
yj = ptx.

(Ind-3) For all x ∈ LeafT
′
H ∪N2 we have p

T′
H

x =
∑

(pt,t)∈M pt · ptx.

We stop the construction once every t ∈M is a valid
e−1
↪−−→-RST, i.e., once we have removed

all nodes where the terms do not change as we would have performed a rewrite step on or
below position e. In the end, we result in a set M that satisfies (Ind-1), (Ind-2), and (Ind-3),

and t is a valid
e−1
↪−−→-RST for every (pt, t) ∈M . Then M is our desired set, and we define

TH =M . Moreover, in the end, (Prop-1) and (Prop-2) follow from (Ind-1) and (Ind-3).
We start with M = {(1,T′

H)}. Here, clearly all three properties (Ind-1)-(Ind-3) are
satisfied. Now, assume that there is still a pair (pl, l) ∈M such that l contains a node v ∈ N1

that is not a leaf in l. We will now split l into multiple trees that do not contain v anymore
but move directly to one of its children, as illustrated in Fig. 10.

First, assume that v is not the root of l. Let vEl = {w1, . . . , wm} be the direct
successors of v in l and let z be the predecessor of v in l. Instead of one tree l with the
edges (z, v), (v, w1), . . . , (v, wm), we split the tree into m different trees l1, . . . , lm such that
for every 1 ≤ h ≤ m, the tree lh contains a direct edge from z to wh. In addition to that,
the unreachable nodes are removed, and we also have to adjust the probabilities of all
(not necessarily direct) successors of wh (including wh itself) in lh. More precisely, we set
lh = (N lh , Elh , Llh), with

N lh = (N l \ v(El)∗) ∪ wh(E
l)∗

Elh = (El \ (v(El)∗ × v(El)∗)) ∪ {(z, wh)} ∪ (El ∩ (wh(E
l)∗ × wh(E

l)∗))

Furthermore, let ph =
plwh

plv
. Then, the labeling is defined by

Llh(x) =

{
( 1
ph
· plx, tlx) if x ∈ wh(E

l)∗

(plx, t
l
x) otherwise
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Note that ∑
1≤h≤m

ph =
∑

1≤h≤m

plwh

plv
= 1

plv
·

∑
1≤h≤m

plwh

(Ind−2)
= 1

plv
· plv = 1 (A.6)

If v is the root of l, then we use the same construction, but we have no predecessor z of
v and directly start with the node wh as the new root. Hence, we have to use the node set
N lh = wh(E

l)∗ and edge relation Elh = (E ∩ (wh(E
l)∗ × wh(E

l)∗)) and the rest stays the
same.

In the end, we set

M ′ =M \ {(pl, l)} ∪ {(pl · p1, l1), . . . , (pl · pm, lm)}

This construction is exactly what we did in Fig. 8 and Fig. 9 for the only node where we
would have rewritten on or below position e. It remains to prove that (Ind-1), (Ind-2), and
(Ind-3) are still satisfied for M ′.

(Ind-1): We have ∑
(pt,t)∈M ′ pt

=
∑

(pt,t)∈M\{(pl,l)} pt +
∑

(pt,t)∈{(pl·p1,l1),...,(pl·pm,lm)} pt
=

∑
(pt,t)∈M\{(pl,l)} pt +

∑
1≤h≤m pl · ph

=
∑

(pt,t)∈M\{(pl,l)} pt + pl ·
∑

1≤h≤m ph
(by (A.6)) =

∑
(pt,t)∈M\{(pl,l)} pt + pl · 1

=
∑

(pt,t)∈M\{(pl,l)} pt + pl
=

∑
(pt,t)∈M pt

IH
= 1

(Ind-2): Let 1 ≤ h ≤ m. We only split nodes whenever we would have rewritten on or
below position e. Hence, we only have to prove that in this case the probabilities of
the successors for a node add up to the probability for the node itself with our new
labeling. We constructed lh by skipping the node v and directly moving from z to
wh (or starting with wh if v was the root node). Hence, (N lh , Elh) is still a finitely
branching tree. Let x ∈ N lh with xElh ̸= ∅. If x ∈ wh(E

t)∗, then xElh = xEl and
thus ∑

y∈xElh

plhy =
∑

y∈xElh

1
ph
· ply = 1

ph
·

∑
y∈xElh

ply = 1
ph
·
∑

y∈xEl

ply = 1
ph
· plx = plhx

If v was not the root and x = z, then zElh = (zEl \ {v}) ∪ {wh} and thus∑
y∈zElh

plhy =
∑

y∈(zEl\{v})∪{wh}

plhy =
∑

y∈(zEl\{v})

plhy + plhwh
=

∑
y∈(zEl\{v})

ply +
1
ph
· plwh

=
∑

y∈(zEl\{v})

ply +
plv
plwh

· plwh
=

∑
y∈(zEl\{v})

ply + plv =
∑
y∈zEl

ply = plz = plhz

Otherwise, we have x ∈ N l \ (v(Et)∗ ∪ {z}). This means plhy = ply for all y ∈ xElh and

xElh = xEl, and thus∑
y∈xElh

plhy =
∑

y∈xElh

ply =
∑

y∈xEl

ply = plx = plhx
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For the last property (plx = plhx ), note that if v is not the root in l, then the root and

its labeling did not change, so that we have plh
rlh

= pl
rl
= 1, where rlh = rl is the root of

lh and l. If v was the root, then wh is the new root with

plhwh
=

1

ph
· plwh

= plv
plwh

· plwh
= plv = 1

(Ind-3): Let x ∈ LeafT
′
H ∪N2. If we have x ̸∈ N l, then also x ̸∈ N lh for all 1 ≤ h ≤ m and

thus ∑
(pt,t)∈M ′ pt · ptx

=
∑

(pt,t)∈M\{(pl,l)}∪{(pl·p1,l1),...,(pl·pm,lm)} pt · ptx
=

∑
(pt,t)∈M\{(pl,l)} pt · p

t
x +

∑
(pt,t)∈{(pl·p1,l1),...,(pl·pm,lm)} pt · ptx

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x +

∑
(pt,t)∈{(pl·p1,l1),...,(pl·pm,lm)} pt · 0

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x + pt · 0

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x + pt · plx

=
∑

(pt,t)∈M pt · ptx
IH
= p

T′
H

x

If we have x ∈ N l and x ̸∈ v(El)∗, then x ∈ N lh for all 1 ≤ h ≤ m and plx = plhx . Hence∑
(pt,t)∈M ′ pt · ptx

=
∑

(pt,t)∈M\{(pl,l)}∪{(pl·p1,l1),...,(pl·pm,lm)} pt · ptx
=

∑
(pt,t)∈M\{(pl,l)} pt · p

t
x +

∑
(pt,t)∈{(pl·p1,l1),...,(pl·pm,lm)} pt · ptx

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x +

∑
1≤h≤m pl · ph · plhx

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x +

∑
1≤h≤m pl · ph · plx

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x + pl · plx ·

∑
1≤h≤m ph

=
∑

(pt,t)∈M\{(pl,l)} pt · p
t
x + pl · plx · 1

=
∑

(pt,t)∈M pt · ptx
IH
= p

T′
H

x

Otherwise we have x ∈ N l and x ∈ v(El)∗. This means that we have x ∈ N lh and
x ∈ wh(E

l)∗ for some 1 ≤ h ≤ m and x ̸∈ N lh′ for all h′ ̸= h. Furthermore, we have
plhx = 1

ph
· plx, and hence∑

(pt,t)∈M ′ pt · ptx
=

∑
(pt,t)∈M\{(pl,l)}∪{(pl·p1,l1),...,(pl·pm,lm)} pt · ptx

=
∑

(pt,t)∈M\{(pt,t)} pt · p
t
x +

∑
(pt,t)∈{(pl·p1,l1),...,(pl·pm,lm)} pt · ptx

=
∑

(pt,t)∈M\{(pt,t)} pt · p
t
x + pl · ph · plhx

=
∑

(pt,t)∈M\{(pt,t)} pt · p
t
x + pl · ph · 1

ph
· plx

=
∑

(pt,t)∈M\{(pt,t)} pt · p
t
x + pl · plx

=
∑

(pt,t)∈M pt · ptx
IH
= p

T′
H

x

3) Create the finitely-branching infinite tree of RSTs
Next, we create a tree F whose nodes are labeled with RSTs. More precisely, its nodes at

depth H represent
e−1
↪−−→P -RSTs t ∈ TH that converge with a small enough probability, i.e.,
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∑
x∈Leaft ∧x∈LeafT′ ptx < 1− α. The root of F is labeled with the subtree T′

0 of T′ that only

consists of its root. T′
0 is a finite subtree and

∑
x∈LeafT

′
0 ∧x∈LeafT′ p

T′
0

x = 0 ≤ 1− α, since the

root of T′ cannot be a leaf in T′.
Let H ∈ N with H > 1. For the tree F, we have a node at depth H for every tree t ∈ TH

such that
∑

x∈Leaft ∧x∈LeafT′ pTx < 1− α. We draw an edge from a node X at depth H − 1
to the node Y at depth H if the corresponding RSTs in the labels are the same, or if the
RST for node Y is an extension of the RST for node X (i.e., we evaluate the leaves in the
RST of X further to obtain Y ).

Each TH for every H ∈ N is finite, so F is finitely branching. Furthermore, there is a
node in each layer of the tree F, since for every H ∈ N, we can find an (pt, t) ∈ TH such that∑

x∈Leaft ∧x∈LeafT′ ptx < 1− α, see (A.5).

4) Use König’s Lemma
Now we have an infinite tree F that is finitely branching, which means that the tree has an

infinite path by König’s Lemma. This path represents an
e−1
↪−−→P -RST that does not converge

with probability 1, which is our desired contradiction. To see this, let t1, t2, . . . be the finite
e−1
↪−−→P -RSTs in the labels of the nodes in the infinite path in F, where ti is a prefix of ti+1

for all i ≥ 1. Hence, we can define the tree tlim = limi→∞ ti. Furthermore, there exists
no infinite path in F such that the sequence t1, t2, . . . eventually stays the same finite tree
forever, due to the fact that there are no infinite paths in T′ that eventually only contain
nodes from N1 (due to the application of the cutting lemma to create T′). Finally, we have
|tlim| = limi→∞

∑
x∈Leafti ∧x∈LeafT′ ptix < 1− α since

∑
x∈Leafti ∧x∈LeafT′ ptix < 1− α holds for

all i ∈ N.

We also obtain a corresponding parallel execution lemma for SAST s→P . Note that the
parallel execution lemma does not hold for PAST s→P , see Ex. 3.15.

Lemma A.11 (Parallel Execution Lemma for SAST s→P ). Let P be a PTRS and s ∈ S.
Furthermore, let q1, . . . , qn ∈ T be terms and C1, . . . , Cn ∈ R constants such that for every
1 ≤ i ≤ n and every s→P-RST Ti that starts with (1 : qi) we have edl(Ti) ≤ Ci. Then,
every s→P -RST T that starts with (1 : c(q1, . . . , qn)) for some symbol c, where we do not use
rewrite steps at the root position, has a finite expected derivation length, which is bounded by∑n

i=0Ci ∈ R, i.e., edl(T) ≤
∑n

i=0Ci.

Proof. We use the same induction on e as in the proof for the parallel execution lemma
for AST s→P (Lemma A.10). Note that we now need to prove an upper bound (the expected
derivation length is smaller than

∑n
i=0Ci), while for AST i→P we had to prove a lower bound

(probability of convergence is (at least) 1). Therefore, we do not use the cutting lemma and
the proof is a bit different in the induction step, while the base case is again trivial.

In the induction step, we assume that the statement holds for e− 1, i.e., there exists

a bound C ′
e−1 =

∑e−1
i=0 Ci ∈ R such that for every

e−1
↪−−→P -RST T that starts with (1 :

c(q1, . . . , qn)) we have edl(T) ≤ C ′
e−1. Now consider an arbitrary

e
↪−→P -RST T. We prove

that its expected derivation length is bounded by C ′
e−1 + Ce.

Let H ∈ N and let TH be the tree consisting of the first H layers of T. We partition the
inner nodes of TH into N1 and N2, analogous to the proof of the parallel execution lemma for
AST s→P (Lemma A.10). As in that proof, for each H ∈ N we split the tree TH into multiple
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(finitely many)
e−1
↪−−→P -RSTs of height at most H that all start with (1 : c(q1, . . . , qn)). This

again leads to a set of pairs TH such that:

(Prop-1)
∑

(pt,t)∈TH
pt = 1

(Prop-2) For all x ∈ N2 we have pTH
x =

∑
(pt,t)∈TH

pt · ptx
using the same notation as before. Furthermore, we can use the same construction to create
a set Te

H containing (finitely many) pairs of probabilities and s→P -RSTs that start with
(1 : qe) of height at most H, by simply switching when to split the tree and when to perform
the rewrite step. To be precise, we split the tree if we encounter a rewrite step on or below
a position 1 ≤ j ≤ e− 1, and perform the rewrite step if it is on or below position e. Again,
we get

(Prop-1-e)
∑

(pt,t)∈Te
H
pt = 1

(Prop-2-e) For all x ∈ N1 we have pTH
x =

∑
(pt,t)∈Te

H
pt · ptx

Now we can bound the expected runtime after height H by C ′
e−1 + Ce for every H ∈ N,

as we have

edl(TH)
=

∑
x∈NTH \LeafTH pTH

x

(since N1 ⊎N2 = NTH \ LeafTH ) =
∑

x∈N1
pTH
x +

∑
x∈N2

pTH
x

(by (Prop-2-e) and (Prop-2)) =
∑

x∈N1

∑
(pt,t)∈Te

H
pt · ptx

+
∑

x∈N2

∑
(pt,t)∈TH

pt · ptx
(as in (A.4)) =

∑
(pt,t)∈Te

H
pt ·

∑
x∈N t\Leaft p

t
x

+
∑

(pt,t)∈TH
pt ·

∑
x∈N t\Leaft p

t
x

(by assumption and induction hypothesis) ≤
∑

(pt,t)∈Te
H
pt · C ′

e−1

+
∑

(pt,t)∈TH
pt · Ce

= C ′
e−1 ·

∑
(pt,t)∈Te

H
pt

+ Cn ·
∑

(pt,t)∈TH
pt

(by (Prop-1-e) and (Prop-1)) = C ′
e−1 · 1 + Ce · 1

= C ′
e−1 + Ce

This gives us edl(T) = limH→∞ edl(TH) ≤ C ′
e−1 + Ce, as desired.

With the parallel execution lemmas for AST i→P and SAST i→P we can finally prove our
modularity results. We start with AST i→P .

Theorem 7.2 (Modularity of AST i→P for Disjoint Unions). Let P(1) and P(2) be PTRSs

with ΣP(1) ∩ ΣP(2)
= ∅. Then we have:

AST i→P(1)∪P(2)
⇐⇒ AST i→P(1)

and AST i→P(2)

Proof. The direction “=⇒” is trivial and thus, we only prove “⇐=”. So let P = P(1) ∪ P(2),
where both AST i→P(1)

and AST i→P(2)
hold.

By Lemma A.3, for AST i→P it suffices to regard only rewrite sequences that start with
multi-distributions of the form {1 : t}. Thus, we show by structural induction on the
term structure that for every t ∈ T (ΣP ,V), all i⇒P -rewrite sequences starting with {1 : t}
converge with probability 1.
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If t ∈ V, then t is in normal form. If t is a constant, then w.l.o.g. let t ∈ P(1). Since
we have AST i→P(1)

, {1 : t} cannot start an infinite
i⇒P -rewrite sequence that converges with

probability < 1.
Now we regard the induction step, and consider the case where t = f(q1, . . . , qn). By the

induction hypothesis, every i→P -RST T that starts with (1 : qi) for some 1 ≤ i ≤ k converges
with probability 1. Let T be a fully evaluated i→P -RST that starts with (1 : f(q1, . . . , qn)).
We prove that for every 0 < δ < 1 we can find anM ∈ N such that

∑
x∈LeafT,d(x)≤N pTx > 1−δ,

which means that |T| = limk→∞
∑

x∈LeafT,d(x)≤k p
t
x = 1. (Recall that for proving AST i→P , it

suffices to consider only fully evaluated RSTs, see Cor. A.4.)
Let 0 < δ < 1. By the induction hypothesis and the parallel execution lemma

(Lemma A.10), the maximal subtree T¬ε of T that starts with T’s root node and only
performs rewrite steps at non-root positions converges with probability 1. Since |T¬ε| = 1,
there exists a depth H such that

∑
x∈LeafT¬ε ,d(x)≤H pTx ≥ β with β =

√
1− δ. Let TH be the

tree resulting from cutting the tree T at depth H, and let ZTH be the set of leaves in TH

that were already leaves in T¬ε. So we have
∑

x∈ZTH pTx =
∑

x∈LeafT¬ε ,d(x)≤H pTx ≥ β. For
each leaf x ∈ ZTH , every proper subterm of tx is in normal form w.r.t. P . This is due to the
fact that we use an innermost rewrite strategy and the RST T is fully evaluated. Let us look
at the induced subtree Tx of T that starts at x (i.e., Tx = T[xE∗]). W.l.o.g., let the root

symbol f of tx be from ΣP(1)
. Let T(1) result from Tx by labeling the root with t′x, where

t′x results from tx by replacing all its maximal (i.e., topmost) subterms with root symbols

from ΣP(2)
by fresh variables (using the same variable for the same subterm). Obviously,

since both PTRSs have disjoint signatures and all proper subterms of tx are in normal form,
we can still apply the same rules as in Tx, such that T(1) is an P(1)-RST with |T(1)| = |Tx|.
Since every P(1)-RST converges with probability 1, we obtain 1 = |T(1)| = |Tx|.

For any node y of Tx, let dx(y) be the depth of the node y in the tree Tx. Moreover, let
Dx(k) = {y ∈ NTx | dx(y) ≤ k} be the set of nodes in Tx that have a depth of at most k.
Since |Tx| = 1 and | | increases weakly monotonically with the depth of the tree, we can
find an Mx ∈ N such that |Tx[Dx(Mx)]| > β.

Note that ZTH is finite and thus Mmax = max{Mx | x ∈ ZTH} exists. Now, for
N = H +Mmax we finally have∑

x∈LeafT,dT(x)≤N pTx
=

∑
x∈LeafT,dT(x)≤H+Mmax

pTx
≥

∑
x∈ZTH

∑
y∈LeafTx ∧ dx(y)≤Mmax

pTy
=

∑
x∈ZTH

∑
y∈LeafTx ∧ dx(y)≤Mmax

pTx · pTx
y

=
∑

x∈ZTH pTx ·
∑

y∈LeafTx ∧ dx(y)≤Mmax
pTx
y

≥
∑

x∈ZTH pTx ·
∑

y∈LeafTx ∧ dx(y)≤Mx
pTx
y

>
∑

x∈ZTH pTx · β
= β ·

∑
x∈ZTH pTx

≥ β · β
= 1− δ

The first inequality holds since every leaf in Tx with a depth of at most Mmax (in Tx) for
some x ∈ ZTH must also be a leaf in T with a depth of at most H +Mmax, since x is at a
depth of at most H.
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Before we can prove modularity for disjoint unions w.r.t. SAST i→P , we have to give some
more definitions regarding the disjoint union abstraction. In addition to Def. 7.5, we also
want to label the function symbols in the abstraction, to indicate from which position the
function symbol originated from in the original term. For a term t, let PosV(t) be the set of
all its variable positions and let PosΣ(t) be the set of all those positions of t where t has
function symbols instead of variables.

Definition A.12 (Labeled Disjoint Union Abstraction). Let P(1),P(2) be PTRSs with

ΣP(1) ∩ ΣP(2)
= ∅. For any d ∈ {1, 2}, t ∈ T (ΣP(1) ∪ ΣP(2)

,V), and position π ∈ PosΣ(t),

Aπ
d (t) and Absd(t) are multisets of terms from T (L(ΣP(d)

),V), which are defined as follows.

Here, we use the signature L(ΣP(d)
) = ΣP(d) × Pos(t).

Aπ
d (y) = {x}, if y ∈ V, where x is always a new fresh variable

Aπ
d (f(t1, . . . , tk)) = {fπ(q1, . . . , qk) | q1 ∈ Aπ.1

d (t1), . . . , qk ∈ Aπ.k
d (tk)}, if f ∈ ΣP(d)

Aπ
d (f(t1, . . . , tk)) = {x} ∪Aπ.1

d (t1) ∪ . . . ∪Aπ.k
d (tk), otherwise, where x is always a new variable

So Aπ
d(t) is always a linear term, i.e., it never contains multiple occurrences of the same

variable.
For any function φ : X → X with X ⊆ V , let σφ be the substitution that replaces every

variable x ∈ X by φ(x) ∈ X and leaves all other variables unchanged, i.e., σφ(x) = φ(x) if
x ∈ X and σX(x) = x otherwise. Then we define

Absd(t) = {σφ(q) | q ∈ Aε
d(t), φ : V(q)→ V(q)}

and Abs(t) = Abs1(t) ∪Abs2(t). The (labeled) disjoint union abstraction of t is the multiset
Abs1(t) ∪Abs2(t).

Example A.13. Consider the PTRS P(1)
14 with the rules a→ {1 : f(b)}, b→ {1 : 0}, and

h(y, y)→ {1 : y}, the PTRS P(2)
14 with the rule g(y)→ {1 : c}, and the term h(g(a), g(x)).

We obtain14

Aε
1(h(g(a), g(x))) = {hε(a1.1, z), hε(y, z)}

Abs1(h(g(a), g(x))) = {hε(a1.1, z), hε(z, y), hε(y, z), hε(z, z), hε(y, y)}
Aε

2(h(g(a), g(x))) = {x′, g1(y), g2(z)}
Abs2(h(g(a), g(x))) = {x′, g1(y), g2(z)}

Furthermore, we will define which terms q ∈ Abs(t) “cover” which of the nodes from
NT for an arbitrary i→P(1)∪P(2)-RST T starting with (1 : t). The idea is that every step
in a rewrite sequence starting with t (corresponding to an inner node of T) can also be
performed when starting with a suitable q ∈ Abs(t). For this, we first define the notion of an
origin graph. For every rewrite sequence starting with t, the graph indicates which subterm
“originates” from which subterm of t. Moreover, every function symbol in the origin graph is
labeled by the position of the corresponding symbol on the right-hand side of the rule that
created it.

Definition A.14 (Origin Graph). Let P be a PTRS and let T be an i→P -RST. The origin
graph for T is a labeled graph with the nodes (x, π) for all x ∈ NT and all π ∈ PosΣ(tx),
where the edges and labels are defined as follows: For the root r of T we label the node (r, π)
by ε. For x ∈ NT, let the rewrite step tx

i→P {p1 : ty1 , . . . , pk : tyk} be performed using the

14To be precise, Aε
1(h(g(a), g(x))) contains two additional terms hε(a1.1, z′) and hε(y, z′) since A2

1(g(x)) =
{z, z′}. However, to ease readability, we disregarded them here.
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rule ℓ→ {p1 : ry1 , . . . , pk : ryk}, the position τ , and the substitution σ, i.e., tx|τ = ℓσ and
tyj = tx[rjσ]τ for all 1 ≤ j ≤ k. Let π ∈ PosΣ(tx).

(a) : If π < τ or π⊥τ (i.e., π is above or parallel to τ), then there is an edge from (x, π) to
(yj , π). If (x, π) was labeled by γ, then (yj , π) is labeled by γ as well.

(b) : For π = τ , there is an edge from (x, π) to (yj , π.α) for all α ∈ PosΣ(rj). If (x, π) was
labeled by γ, then (yj , π.α) is labeled by γ.α.

(c) : For every variable position αℓ ∈ PosV(ℓ), for all positions αrj ∈ PosV(rj) with
rj |αrj

= ℓ|αℓ
, and for all β ∈ N∗ with αℓ.β ∈ PosΣ(ℓσ), there is an edge from

(x, τ.αℓ.β) to (yj , τ.αrj .β).
(d) : For all other positions π ∈ Pos(tx), i.e., the positions that are inside the redex ℓσ but

neither at the root of ℓ nor inside the substitution σ, there is no outgoing edge from
the node (x, π).

Example A.15. Reconsider the PTRSs P(1)
14 with the rules a→ {1 : f(b)}, b→ {1 : 0}, and

h(y, y)→ {1 : y}, the PTRS P(2)
14 with the rule g(y)→ {1 : c}, and the term h(g(a), g(x))

from Ex. A.13. Furthermore, consider the following RST, where we omitted the (trivial)
probabilities, and numbered each rewrite step.

h(g(a), g(x))
(1)−→ h(g(f(b)), g(x))

(2)−→ h(g(f(0)), g(x))
(3)−→ h(c, g(x))

(4)−→ h(c, c)
(5)−→ c

This RST yields the following origin graph.

hε ( gε ( aε ), gε ( x ))

hε ( gε ( fε ( b1 )), gε ( x ))

hε ( gε ( fε ( 01 )), gε ( x ))

hε ( cε , gε ( x ))

hε ( cε , cε )

cε

Note that the root of every subterm that is not in normal form is reachable from exactly
one node (r, π). Only nodes (x, τ) where tx|τ is in normal form may have multiple incoming
transitions.

Our goal is to split up the RST that started with (1 : t) into RSTs that start with (1 : q)

for q ∈ Abs(t). The reason is that these terms q only contain symbols from either ΣP(1)
or

ΣP(2)
and hence, there is a bound on the expected derivation length of all these RSTs.

The labels in the origin graph and the labels in the terms q ∈ Abs(t) can now be used
to construct the new RSTs that start with (1 : q) for q ∈ Abs(t) from the original RST that
starts with (1 : t). Then every rewrite step in the original RST corresponds to at least one
step in one of these new RSTs. Let us illustrate this with our running example.

Example A.16. From the i→P14-RST in Ex. A.15 we obtain the following i→P(1)
14

-RSTs and

i→P(2)
14

-RSTs15

15In addition to the RST starting with hε(z, z) we also obtain the corresponding RST starting with
hε(y, y), but omitted it here for readability.
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hε(a1.1, z)
(1′)−→ h(f(b), z)

(2′)−→ h(f(0), z)

hε(z, z)
(5′)−→ z

g1(z)
(3′)−→ c

g2(z)
(4′)−→ c

where the labels are ignored for the rewrite steps, but they are used to determine which start
term from Abs(t) to use for which step. The rewrite step (i) in the original RST corresponds
to the rewrite step (i′) in our new RSTs. In the original RST, one first performs rewrite

steps for the symbols a and b from ΣP(1)
14 , then one rewrites the symbol g from ΣP(2)

14 above,

and finally one rewrites the top symbol h from ΣP(1)
14 . In contrast, these rewrite steps are

now separated such that in each of the above RSTs, one either only rewrites symbols from

ΣP(1)
14 or only symbols from ΣP(2)

14 .
Let us explain how to detect that the rewrite step (2) that is performed at position

π = 1.1.1 in h(g(f(b)), g(x)) in the original RST should be applied at position 1.1 in h(f(b), z)
for rewrite step (2′). We consider the (unique) predecessor (tr, 1.1) (i.e., a

ε) of (x2, 1.1.1)
(i.e., b1), where r is the root of the original RST and x2 denotes the second node of the
original RST containing the term h(g(f(b)), g(x)) This indicates that the rewrite step (2)
in the original RST corresponds to a rewrite step in a new RST that starts with (1 : q)
for a term q containing root(tr|1.1)1.1 = root(h(g(a), g(x))|1.1)1.1 = a1.1. Hence, we have to
consider the new RST starting with hε(a1.1, z).

To find the actual rewrite step that corresponds to (2) in this new RST, we determine
the position of the symbol a1.1 within hε(a1.1, x), which is γ = 1, and the label of (x2, 1.1.1)
(i.e., b1), which is χ = 1. This indicates that in the new RST we need to rewrite at position
γ.χ = 1.1.

Now, we define this covering formally in order to determine which term q from Abs(t) to
use for the current rewrite step. More precisely, for any q ∈ Abs(t) we define the abstraction
cover ACq ⊆ NT which contains all inner nodes of the original RST whose rewrite step
can be simulated by a rewrite step in the new RST for q. Moreover, for every node x, we
define the term ψx(q) which we would obtain instead of tx if we had started the RST with q
instead of t. Thus, if there is an edge from the node x to the node y in the original RST T,
then ψx(q) rewrites to ψy(q) or they are equal. Therefore, for the root r of T, the term ψr(q)
rewrites (in zero or more steps) to ψx(q) for every node of T.

Definition A.17 (Abstraction Cover). Let P = P(1)∪P(2) be a PTRS with ΣP(1)∩ΣP(2)
= ∅

and let T be an i→P -RST that starts with (1 : t). We define the abstraction cover with⋃
q∈Abs(t)ACq = NT \ LeafT recursively, where we additionally define a term ψx(q) for each

node x ∈ NT that corresponds to tx in the RST starting with (1 : q). So to reach ψx(q)
from q, one performs the same rewrite steps as in the path from the root to x in T whenever
possible, where the appropriate position of the new rewrite step is indicated by the labels of
the symbols in q and the labels in the origin graph. For instance, in Ex. A.16 for q = h(a, z)
we have ψx2(q) = h(f(b), z) and ψxi(q) = h(f(0), z) for all i ∈ {3, 4, 5, 6} (we remove the
labels in ψx(q)).

For the root node r of T, we initially set ψr(q) = q.
Now consider the rewrite step at an arbitrary node x ∈ NT, which uses the rule

ℓ→ {. . . , pj : rj , . . .} at position π in tx with substitution δ. Hence, we have tyj = tx[rjδ]π.
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Let the origin graph of T contain a path from (r, τ) to (x, π) for some position τ and let
Q ⊆ Abs(t) be the set of all terms from Abs(t) that contain a function symbol labeled with
τ . Moreover, let (x, π) be labeled with position χ in the origin graph of T. Then we add
x to ACq for all those q ∈ Q where there exists a substitution δ′ with ψx(q)|τ.χ = ℓδ′. For
these q, we set ψyj (q) = ψx(q)[rjδ

′]τ.χ. Note that now indeed, ψx(q) rewrites to ψyj (q). For
all other q ∈ Abs(t) we set ψyj (q) = ψx(q).

Lemma A.18 (ACq Covers all Inner Nodes). Let P = P(1) ∪ P(2) be a PTRS with ΣP(1) ∩
ΣP(2)

= ∅ and let T be an i→P -RST that starts with (1 : t). Then NT\LeafT =
⋃

q∈Abs(t)ACq.

Proof. In order to show that
⋃

q∈Abs(t)ACq is indeed a cover of NT \LeafT, we have to show

that for every node x ∈ NT \ LeafT there exists a q ∈ Abs(t) with x ∈ ACq.
In other words, we have to show that there exists at least one term q ∈ Q such that

there is a substitution δ′ with ψx(q)|τ.χ = ℓδ′. W.l.o.g., let root(ℓ) ∈ ΣP(1)
. Let C1 be the

maximal context containing no symbols from ΣP(2)
such that there exists another context C

and terms s1, . . . , sm with root(si) ∈ ΣP(2)
for all 1 ≤ i ≤ m such that tx = C[C1[s1, . . . , sm]]

and the position π is within the context C1.
Let Φ be the set of positions in PosΣ(tx) that are within the context C1. There exists

a term q ∈ Abs(t) that contains all function symbols that are labeled with positions φ−1

where there is a path in the origin graph from (r, φ−1) to (x, φ) for some φ ∈ Φ. This also
holds if there is a normal form at position φ which may be reached from several positions
φ−1. Moreover, let Ψ = {ψ1, . . . , ψm} be the set of root positions of the s1, . . . , sm within
Pos(tx), i.e., the positions of the holes in C1 within tx. We can choose q in such a way that

the fresh variables for symbols from ΣP(2)
at positions χ and χ′ are the same whenever there

are paths in the origin graph from (r, χ) to (x, ψi) and from (r, χ′) to (x, ψi′), and si = si′ .
Finally, for this specific q we have ψx(q)|τ.χ = ℓδ′ where δ′ is like δ, but we replace every

occurrence of the terms si with the corresponding fresh variables.

Example A.19. As a final example, consider the rewrite step (5), i.e., h(c, c)→ c. Following
the notation from the proof above, we have C1 = h(□,□), s1 = c, and s2 = c. Furthermore,
we have ψ1 = χ = 1, ψ2 = χ′ = 2, and the position φ of the h in the context C1 is φ = ε
with φ−1 = ε. Hence, we choose hε(z, z) ∈ Abs(t), as this term contains the function symbol
h labeled with φ−1 = ε, and uses the same variable z for both subterms, as they are equal
(s1 = s2 = c).

Theorem 7.8 (Modularity of SAST i→P for Disjoint Unions). Let P(1) and P(2) be PTRSs

with ΣP(1) ∩ ΣP(2)
= ∅. Then we have:

SAST i→P(1)∪P(2)
⇐⇒ SAST i→P(1)

and SAST i→P(2)

Proof. Let P = P(1) ∪ P(2) and assume that both SAST i→P(1)
and SAST i→P(2)

hold. Let

T = (N,E,L) be an arbitrary i→P -RST that starts with (1 : t). We prove that edl(T) is
bounded by some constant which does not depend on T but just on t. This proves SAST i→P .

In Def. A.17 we defined sets ACq ⊆ NT for each q ∈ Abs(t) such that x ∈ ACq if the

rewrite step at node x ∈ NT is performed at some position π in tx, q contains a function
symbol labeled with τ where there is a path from (r, τ) to (x, π) in the origin graph of T, (x, π)
is labeled with some position χ in the origin graph, and we can perform the same rewrite
step on ψx(q) at position τ.χ. In Lemma A.18 we showed that

⋃
q∈Abs(t) = NT \ LeafT.



Vol. 21:4 FROM INNERMOST TO FULL PROBABILISTIC TERM REWRITING 28:77

With the definition of ACq we can now prove the upper bound on the expected derivation
height of t. Let H ∈ N and let TH be the tree consisting of the first H layers of T. As in
the proof of the parallel execution lemma for SAST s→P (Lemma A.11), for each H ∈ N and
each q ∈ Abs(t) we split the tree TH , into (finitely many) sets Tq

H containing (finitely many)
pairs of i→P(1)-RSTs and i→P(2)-RSTs t with certain probabilities pt. Each of these RSTs t
starts with (1 : q), has height at most H, and

(Prop-1)
∑

(pt,t)∈Tq
H
pt = 1

(Prop-2) For all x ∈ ACq we have pTH
x =

∑
(pt,t)∈Tq

H
pt · ptx.

(Prop-3) For all t ∈ Tq
H , t starts with (1 : q) and is a valid i→P(d)-RST for some d ∈ {1, 2}.

The construction is analogous to the ones in Lemmas A.10 and A.11. Now we keep all nodes
that are in ACq and split a tree into multiple ones if the node is not in ACq, i.e., if the
rewrite step required a different starting term in the beginning.

For example, consider the PTRS P(1) containing the rule f(x, x) → {1 : f(b, c)}, P(2)

containing the rule g(x)→ a, and the innermost rewrite sequence f(g(b), g(c))→ f(a, g(c))→
f(a, a)→ f(b, c), where we wrote → instead of

i⇒P(1)∪P(2) and omitted the probabilities for
readability. We split this sequence (RST) into the three sequences g(x1)→ a, g(x2)→ a,
and f(x3, x3)→ c, where all start terms are contained in Abs(f(g(b), g(c))).

Since |Abs(t)| = K is finite and the expected derivation lengths of all i→P(d)-RSTs with
d ∈ {1, 2} that start with (1 : q) for a term q ∈ Abs(t) are bounded by some constant Cq < ω,
there is a Cmax < ω such that for all RSTs t with (t, pt) ∈ Tq

H we have edl(t) ≤ Cmax by
(Prop-3). Hence, we obtain for each H ∈ N:

edl(TH)
=

∑
x∈NTH \LeafTH pTH

x

(since
⋃

q∈Abs(t)ACq = NTH \ LeafT) ≤
∑

q∈Abs(t)

∑
x∈ACq

pTH
x

(by (Prop-2)) =
∑

q∈Abs(t)

∑
x∈ACq

∑
(pt,t)∈Tq

H
pt · ptx

(as in (A.4)) =
∑

q∈Abs(t)

∑
(pt,t)∈Tq

H
pt ·

∑
x∈ACq

ptx
(by assumption) ≤

∑
q∈Abs(t)

∑
(pt,t)∈Tq

H
pt · Cmax

=
∑

q∈Abs(t) Cmax ·
∑

(pt,t)∈Tq
H
pt

(by (Prop-1)) =
∑

q∈Abs(t) Cmax · 1
=

∑
q∈Abs(t) Cmax

= K · Cmax

Thus, we have edl(T) = limH→∞ edl(TH) ≤ K · Cmax.

Finally, we prove the theorem on signature extensions.

Theorem 7.15 (Signature Extensions for AST s→P and SAST s→P ). Let P be a PTRS, s ∈ {f , i},
and let Σ′ be some signature. Then we have:

AST s→P over ΣP ⇐⇒ AST s→P over ΣP ∪ Σ′

SAST s→P over ΣP ⇐⇒ SAST s→P over ΣP ∪ Σ′

Proof. We only prove the non-trivial direction “=⇒” and consider the following three cases:

(i) For innermost rewriting, the theorem is implied by modularity of AST i→P and SAST i→P
for disjoint unions (Thm. 7.2 and 7.8).

(ii) For full rewriting, we first consider the case where ΣP only contains constants and
unary symbols. Let Σ′ be another signature containing fresh symbols, i.e., w.l.o.g. we
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have ΣP ∩ Σ′ = ∅. For any term from T (ΣP ∪ Σ′,V) we now compute a multiset of
terms from T (ΣP ,V) which can be regarded instead. Thus, we define a corresponding
mapping A from T (ΣP∪Σ′,V) to multisets of terms from T (ΣP ,V). For this definition,
we need two auxiliary mappings. The mapping C : T (ΣP ∪Σ′,V)→ T (ΣP ,V) replaces
all topmost subterms with a root f from Σ′ by the fresh variable xf and the mapping

B maps any term t ∈ T (ΣP ∪ Σ′,V) to the multiset that unites A(r) for the topmost
subterms r with root(r) ∈ ΣP occurring below a symbol from Σ′ in t.

C(x) = x, if x ∈ V
C(f(t1, . . . , tk)) = f(C(t1), . . . ,C(tk)), if f ∈ ΣP

C(f(t1, . . . , tk)) = xf , if f ∈ Σ′

A(x) = {x}, if x ∈ V
A(f(t1, . . . , tk)) = {f(C(t1), . . . ,C(tk))} ∪ B(t1) ∪ . . . ∪ B(tk), if f ∈ ΣP

A(f(t1, . . . , tk)) = A(t1) ∪ . . . ∪A(tk), if f ∈ Σ′

B(x) = ∅, if x ∈ V
B(f(t1, . . . , tk)) = B(t1) ∪ . . . ∪ B(tk), if f ∈ ΣP

B(f(t1, . . . , tk)) = A(t1) ∪ . . . ∪A(tk), if f ∈ Σ′

Let t ∈ T (ΣP ∪ Σ′,V) and let A(t) = {q1, . . . , qn}. Let c be a fresh n-ary constructor
symbol. Then instead of t, we consider the term c(q1, . . . , qn). Every

f→P -RST T that
starts with (1 : t) gives rise to an f→P -RST T′ that starts with (1 : c(q1, . . . , qn)) with
|T| = |T′| and edl(T) = edl(T′). To see this, suppose that t f→P {p1 : s1, . . . , pk : sk},
A(t) = {q1, . . . , qn}, and A(si) = {qi1, . . . , qimi

} for all 1 ≤ i ≤ k. Then there exists a
1 ≤ j ≤ n with qj

f→P {p1 : u1, . . . , pk : uk} where ui ∈ A(si) for all 1 ≤ i ≤ k. For
every vi ∈ A(si) \ {ui} there exists a j′ ≠ j with 1 ≤ j′ ≤ n such that vi = qj′ for all
1 ≤ i ≤ k. Note that mi ≤ n, and we might even have mi < n if we use an erasing
rule. Hence, every step in T in a term t can be mirrored by a step in T′ in a term
c(q1, . . . , qn).
Since the qi are terms from T (ΣP ,V), every f→P -RST that starts with (1 : qi) converges
with probability 1 (resp. has bounded expected derivation length). Hence, by the
parallel execution lemmas (Lemmas A.10 and A.11) this also holds for every f→P -RST
T′ that starts with (1 : c(q1, . . . , qn)) (note that there cannot be any rewrite steps at
the root since c is a constructor). But then this also holds for every f→P -RST T that
starts with (1 : t).

(iii) Now we consider the case where ΣP contains at least one symbol g of arity at least 2.
If g has an arity greater than two, then we use the term g( , , x, ..., x) instead, where
x ∈ V. Again, let Σ′ be another signature containing fresh symbols, i.e., w.l.o.g. we
have ΣP ∩ Σ′ = ∅.
We now define a function ϕ : T (ΣP ∪ Σ′,V) → T (ΣP ,V) such that edh f→P (t) ≤
edh f→P (ϕ(t)):

ϕ(x) = x, if x ∈ V
ϕ(f(t1, . . . , tk)) = f(ϕ(t1), . . . , ϕ(tk)), if f ∈ ΣP

ϕ(f) = xf , if f ∈ Σ′ has arity 0
ϕ(f(t)) = g(ϕ(t), xf ), if f ∈ Σ′ has arity 1
ϕ(f(t1, . . . , tk)) = g(ϕ(t1), g(ϕ(t2), . . . g(ϕ(tk), xf ) . . .)), if f ∈ Σ′ has arity k > 1
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Every f→P -RST that starts with (1 : t) gives rise to an f→P -RST that starts with
(1 : ϕ(t)) using exactly the same rules, leading to the same convergence probability
and the same expected derivation length. To see this, note that whenever t f→P {p1 :
s1, . . . , pk : sk}, then also ϕ(t) f→P {p1 : ϕ(s1), . . . , pk : ϕ(sk)}.

This work is licensed under the Creative Commons Attribution License. To view a copy of this
license, visit https://creativecommons.org/licenses/by/4.0/ or send a letter to Creative
Commons, 171 Second St, Suite 300, San Francisco, CA 94105, USA, or Eisenacher Strasse 2,
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