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Abstract. Pebble games are used to study space/time trade-offs. Recently, spooky
pebble games were introduced to study classical space / quantum space / time trade-offs
for simulation of classical circuits on quantum computers. In this paper, the spooky pebble
game framework is applied for the first time to general circuits. Using this framework we
prove an upper bound for quantum space in the spooky pebble game. We also prove that
solving the spooky pebble game is PSPACE-complete. Moreover, we present a solver for
the spooky pebble game based on satisfiability solvers combined with heuristic optimizers.
This spooky pebble game solver was empirically evaluated by calculating optimal classical
space / quantum space / time trade-offs. Within limited runtime, the solver could find a
strategy reducing quantum space when classical space is taken into account, showing that
the spooky pebble model is useful to reduce quantum space.

1. Introduction

For a long time, scientists have been thinking how specific problems could be calculated
within constraints on computational resources, such as size of the memory and runtime of
the calculation. To study the memory usage and runtime for a calculation, pebble games
were introduced. Pebble games model the use of space and time in the run of a given circuit.
Trade-offs between space and time can also be easily studied by a pebble game by studying
the maximum number of pebbles and time used. Such trade-offs are a fundamental problem
in Computer Science [AHM+00, Ben89, Swa78, Val76][Sav08, Chapter 10].

Pebble games. In a given circuit, a pebble game is played on its underlying directed
acyclic graph (DAG) structure. Each gate within the circuit corresponds to a node in this
graph, with the direct input/output relationships between gates represented by directed
edges. Every node in the graph can be pebbled or unpebbled. Pebbling a node models
calculating and storing the output of the corresponding gate in memory, while unpebbling
models freeing memory. The primary objective of the pebble game is to pebble the entire
circuit, achieved by pebbling the output gates. Analyzing trade-offs between memory usage
and runtime entails considering all strategies for pebbling the circuit. The space used by a
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strategy corresponds to the maximum number of pebbles employed at any given time, while
the runtime is determined by the number of (un)pebble moves making up the strategy.

There exist variations of the pebble game to model different types of computing, see
for example [Cha13, Nor15] for a (non-complete) overview. In this paper, we consider three
types of pebble games: irreversible pebble games, reversible pebble games and spooky pebble
games. For the irreversible pebble game all inputs of a node must be pebbled to pebble
that node, but there are no constraints for unpebbling a node. This is a model for classical
computing. For the reversible pebble game, introduced by Bennett [Ben89], all inputs of a
node must be pebbled to either pebble or unpebble that node. This is a model for reversible
simulation of irreversible circuits in general and, more specific, for simulation of irreversible
circuits on a quantum computer [LTV98].

Spooky pebble game. The spooky pebble game is an extension of the reversible pebble
game for quantum computing which was introduced recently by Gidney [Gid19] and more
extensively worked out by Kornerup et al [KSS21, KSS24]. This game weakens the constraint
for unpebbling a node in reversible pebbling at the cost of doing a quantum measurement.
In the spooky pebble game, this is represented by a ghost, which replaces a pebble and
classically stores the measurement outcome. The (classical) value of the measurement
outcome is used later by the quantum computer to restore the state. Thus for the spooky
pebble game we can study the trade-off between classical memory, quantum memory and
time. As quantumly accessible classical space (represented by ghosts) is assumed to be much
cheaper than quantum space (represented by pebbles) (see e.g. [BGB+18, PPR19, Pei20]),
studying such a trade-off could be very useful for memory reduction in quantum computing.

The spooky pebble game, similar to reversible pebbling, models running an irreversible
(classical) computation on a quantum computer with as input a superposition. Therefore, it
is a useful model for a quantum oracle calculation of a classical function. In many famous
quantum algorithms like Shor’s [Sho94] and Grover’s [Gro96] such oracle calculations are
essential. Thus, studying the spooky pebble game can be useful for quantum memory
management for near term quantum computing on machines with limited space and time.

Contents and contributions. This paper is an extended version of [QL23]. Its main
contributions with respect to the previous version are

• a PSPACE-completeness proof for solving the spooky pebbling game,1

• optimization algorithms for simplifying spooky pebble game instances, and
• a solver implementation that combines SAT solving with heuristic optimization.

In the previous version of this paper, the spooky pebble game solver consisted of a SAT
solver only. The strength of SAT solvers is being very fast at finding a solution for the
game, which is not necessarily an optimal solution. The new spooky pebble game solver is
an iterative combination of SAT solving and optimization of their solutions by heuristics in
a way that these complementary approaches mutually reinforce each other. The extensive
experimental results show improvements to the SAT-only solvers by up to 39 percent.

The remainder of this paper is organized as follows. In Section 2, we explain the theory
about the spooky pebble game. Note that we are the first that study the spooky pebble game
on general DAGs instead of linegraphs as in [KSS21]2. In Section 3, we prove a theorem
about the maximum memory cost for a quantum oracle computation with respect to the

1A similar result was also proven by [KSS24] after the first preprint of our work was published.
2The results on general DAGs by [KSS24] were published after the first preprint of our work was published.
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equivalent classical computation when there is also classical memory available. Moreover, we
show that solving the spooky pebble game is PSPACE-complete. Section 4 describes a solver
of the spooky pebble game developed by us. To our knowledge this is the first solver for
the spooky pebble game. In Section 5, the details of our open source solver implementation
are presented. This section also describes experiments to create optimal quantum space,
classical space and time trade-offs with the solver.

2. Background: spooky pebble game

In this section, we first explain measurement-based uncomputation for quantum computing,
which is the basis for the spooky pebble game. Then we formally introduce (spooky) pebble
games. Finally, we connect measurement-based uncomputation and spooky pebble games.
Most of this section was also introduced by [Gid19, KSS21, KSS24].

Any reader that is only interested in pebble games but not familiar with quantum
computing can safely skip Sections 2.1 and 2.3. The main message that such skipping reader
should be aware of is that in a spooky pebble game every pebble models a qubit, every ghost
models a classical bit, and every move models a (semi-)quantum operation. As qubits are
expensive with respect to classical bits, we usually want to reduce the number of pebbles in
a game.

2.1. Measurement-based uncomputation. Assume we want to simulate a classical
algorithm on a superposition of classical inputs on a quantum computer. In quantum
computing, the only operations one can apply are reversible operations and (possibly
irreversible) measurements. Therefore, to apply irreversible (classical) operations additional
qubits (ancillae) are needed. A quantum algorithm can produce a lot of garbage qubits this
way. These ancillae qubits cannot be trivially removed as measuring them can destroy the
superposition. Therefore, reversible uncomputation is needed to clean the ancillae.

Measurement-based uncomputation is a technique to do an irreversible uncomputing
operation using a measurement such that, under certain conditions, the uncollapsed state
can be restored using the outcome of the measurement. This technique can be applied for
quantum oracles where the quantum input remains in memory during the entire computation
and no interference gates are applied in between the measurement-based uncomputation
and the restoring of the state. These conditions are satisfied when we quantumly simulate a
classical oracle computation, using only ((multi-)controlled) NOT gates, which we focus on
in this paper.

Figure 1 depicts the idea of measurement-based uncomputation in a circuit. Assume
that an irreversible function f is computed on some quantum superposition input

∑
x αx |x⟩.

This is done by the reversible operation Uf which writes the outcome in a new register,
resulting in the state

∑
x αx |x⟩ |f(x)⟩. Now, (a part of) the input is changed by an unknown

but non-interfering computation, while keeping the function output in memory. If we want
to remove the function output from the memory, we cannot simply uncompute the function
output by applying Uf again as the input has gone. Instead the function output is measured

after applying a Hadamard gate to it. On measurement outcome b, a phase (−1)bf(x) is
added to every basis state of the superposition. After computing the semi-classical CNOT
dependent on the measurement outcome, the memory of the function output is free and
can be reused used as a |0⟩ ancilla by other computations. If we want to correct for the

phase (−1)bf(x), we need the input
∑

x αx |x⟩ again and compute the function f . Now we
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can apply a Z-gate on the function output register, dependent on the measurement outcome
b. Now, the function output can be uncomputed by applying Uf again, and we are back in
the state with input

∑
x αx |x⟩.

Note that this trick of temporary uncomputing the function output of an irreversible
function f when the inputs are not available is not possible in usual reversible comput-
ing. Hence, measurement-based uncomputation can be seen as quantum semi-reversible
computation.

For a more formal and extensive description of measurement-based uncomputation, we
refer to [KSS21].

... ... ...

...

∑
x αx|x⟩

input wire
Uf

?
∑

x(−1)bf(x)αx|x⟩
Uf Uf

∑
x αx|x⟩

|0⟩
output wire

H ? |0⟩ Z |0⟩

ghost wire

(1) (2) (3) (4) (5) (6) (7)

Figure 1: This circuit describes measurement-based uncomputation. The three wires depict
the input and output of the function f and the ghost wire to classically store the
measurement outcome. The labels (1), (2), etc correspond to the corresponding
spooky pebbling configurations as shown in Figure 3.

2.2. Pebble games. In this section, we formally define three types of pebble games:
irreversible, reversible and spooky.

We first define the irreversible and reversible pebble game. The irreversible pebble
game is a natural model for classically computing a circuit. The reversible pebble game is a
natural model for reversible computation on irreversible circuits, e.g., quantumly computing
a classical circuit.

Definition 2.1 ((Ir)reversible pebbling). Let G = (V,E) be a directed acyclic graph (DAG).
The set of roots R is defined as R = {v ∈ V | out-degree(v) = 0}. A (ir)reversible pebbling
strategy on G is a sequence of sets of pebbled vertices P0, P1, ..., PT ⊆ V such that the
following conditions hold:

(1) P0 = ∅;
(2) PT = R;
(3) for every t ∈ {1, 2, ..., T} there exists one v ∈ V such that one of the following holds:

• pebble(v): Pt = Pt−1 ∪ {v} and all direct predecessors (i.e. in-nodes) of v are in Pt−1;
• unpebble(v):
For irreversible pebbling: Pt = Pt−1\{v};
For reversible pebbling: Pt = Pt−1\{v} and all direct predecessors (i.e. in-nodes) of v
are in Pt−1.

Now, we will define the spooky pebble game, a natural model for quantumly computing
a classical circuit using measurement-based uncomputation. The definition for this game
is mainly adapted from [KSS21]. The spooky pebble game can be viewed as an extended
generalization of the (ir)reversible pebble game. The main difference between spooky
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pebbling and (ir)reversible pebbling is the addition of ghosts. To regulate the ghosts, the
actions ghost and unghost are added, and for the actions pebble and unpebble the requirement
that no ghost is changed is added.

Definition 2.2 (Spooky pebbling). Let G = (V,E) be a directed acyclic graph (DAG). The
set of roots R is defined as R = {v ∈ V | out-degree(v) = 0}. A spooky pebbling strategy on
G is a sequence of pairs of pebbles and ghost pebbles (P0, S0), (P1, S1), ..., (PT , ST ) ⊆ V × V
such that the following conditions hold:

(1) P0 = ∅ and S0 = ∅;
(2) PT = R and ST = ∅;
(3) for every t ∈ {1, 2, ..., T} there exists one v ∈ V such that one of the following holds:

• pebble(v): Pt = Pt−1 ∪ {v} and St = St−1 and all direct predecessors (i.e. in-nodes) of
v are in Pt−1;

• unpebble(v): Pt = Pt−1\{v} and St = St−1 and all direct predecessors (i.e. in-nodes)
of v are in Pt−1;

• ghost(v): Pt = Pt−1\{v} and St = St−1 ∪ {v};
• unghost(v): Pt = Pt−1 ∪ {v} and St = St−1\{v} and all direct predecessors (i.e.
in-nodes) of v are in Pt−1.

3

We define a spooky pebbling sub-strategy as a spooky pebbling strategy that does not
necessarily obey conditions (1) and (2). We will use spooky pebbling sub-strategies as
subroutines of a spooky pebbling strategy.

For a pebbling (sub-)strategy on a DAG G, the following three quantities are useful.
The pebbling time is the integer T . The pebbling cost is maxt∈[T ] |Pt| and (for the spooky
pebbling game) the ghosting cost is maxt∈[T ] |St|.

In Figure 2, we see some examples of moves for the different types of pebble games.
For the configuration on the top, the move unpebble(E) can be applied for all irreversible,
reversible and spooky pebbling. The move unpebble(D) can only be applied in the irreversible
pebble game, as its input vertex A is not pebbled. The move ghost(D) can only be applied
in the spooky pebble game, as the (ir)reversible pebble game does not have ghosts.

2.3. Connection between spooky pebble game and measurement-based uncompu-
tation. In Figures 1 and 3, the relation between the spooky pebble game and measurement-
based uncomputation is depicted. Quantum space is represented by pebbles and ghosts
represent classical space. Like in the reversible pebble game, pebbling and unpebbling are
just applying classical (irreversible) gates on a quantum computer, storing the gate-outputs
in additional space. Placing a ghost can be interpreted as applying measurement-based
uncomputation and storing the measurement outcome in memory. Unghosting can be
interpreted as restoring the uncomputed state by recomputing the function.

Assume we want to simulate a classical algorithm on a superposition of inputs on a
quantum computer, for example the classical circuit in Figure 4. A reversible or spooky
pebbling strategy now corresponds directly to a simulation of the classical algorithm on
a quantum computer. Figures 5 and 6 show two such examples of quantum circuits that
simulate the classical circuit of Figure 4.

Note that for Figure 4 the pebbling cost for the reversible pebble game is at least 4,
while the pebbling cost for the spooky pebble game is 3. This shows that measurement-based

3Note that a pebble is placed on v when v is unghosted.



29:6 A. Quist and A.W. Laarman Vol. 21:4
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A B C

D E

F

A B C

D E

F

A B C

D E

F

unpebble(D)
irreversible

unpebble(E)
irreversible,
reversible,
spooky

ghost(D)
spooky

Figure 2: Three examples of steps for different types of pebble games. A white node
represents an empty vertex, a black vertex is a pebbled vertex and a grey vertex
is a ghosted vertex.

(1)

A B

C (2)

A B

C (3)

A B

C (4)

A B

C

(5)

A B

C (6)

A B

C (7)

A B

C

Figure 3: Spooky pebbling configurations for the labels in the circuit of Figure 1. In
Definition 2.2, the spooky pebble game is introduced. The function inputs in
vertices (A) and (B) are used to compute a function f and store the output in
vertex (C). In other words: f ((A), (B)) = (C). A white vertex is unpebbled,
a black one is pebbled and a grey vertex is ghosted. In this example not the
entire input is changed: vertex (B) is pebbled (i.e. hold in memory) all over the
computation and only vertex (A) is unpebbled (i.e. removed from memory).

uncomputation (i.e. the spooky pebble game) can reduce the number of qubits (pebbles)
that is needed to simulate the circuit of Figure 4 on a quantum superposition.
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A B

C D

E

x1 x2 x3

Figure 4: Classical circuit on input bits x1, x2, x3. The gates A,B,C,D,E are classical gates,
e.g. AND, OR.
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E

D

B

A

C

A

Figure 5: Quantum circuit to compute the circuit from Figure 4 on a superposition on a
quantum computer without measurement-based uncomputation.
The reversible pebbling strategy that leads to this circuit consists of the following
consecutive moves: pebble(A), pebble(B), pebble(C), pebble(D), unpebble(A),
pebble(E), unpebble(D), unpebble(B), pebble(A), unpebble(C), unpebble(A).
This strategy has a pebbling cost of 4.

x1

x2

x3

|0⟩
|0⟩
|0⟩

x1

x2

x3
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|0⟩
|0⟩
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A

B
D

B

E
G

B

D

B

A

C

Z

C

A

Figure 6: Quantum circuit to compute the circuit from Figure 4 on a superposition on a
quantum computer using measurement-based uncomputation. Gate G is a H-gate
followed by a measurement in the Z-basis and a classically-controlled correction.
The spooky pebbling strategy that leads to this circuit consists of the following
consecutive moves: pebble(A), pebble(C), unpebble(A), pebble(B), pebble(D), un-
pebble(B), pebble(E), ghost(C), pebble(B), unpebble(D), unpebble(B), pebble(A),
unghost(C), unpebble(C), unpebble(A).
This strategy has a pebbling cost of 3 and a ghosting cost of 1.
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3. Spooky pebble cost equals irreversible pebble cost
Spooky pebble game is PSPACE-complete

In this section, we show that deciding whether a DAG can be spooky pebbled using P pebbles
is PSPACE-complete answering the open question of [KSS21]. For the irreversible [GLT79]
and reversible [CLNV15] pebble game, this problem is already known to be PSPACE-complete.
A reduction from the irreversible pebble game is used to show PSPACE-completeness for the
spooky pebble game.

Theorem 3.1. The decision problem for the existence of a spooky pebbling strategy for a
DAG G with P pebbles is PSPACE-complete.

Before we prove Theorem 3.1, we present results relating the pebbling cost of different
types of pebble games presented in the previous section. This is a kind of intermezzo that is
not needed to show Theorem 3.1, but the result follows directly from Lemma 3.4 and 3.3
which we use later to prove Theorem 3.1. We show first that if a DAG with m roots
(outputs) can be irreversible pebbled with C pebbles, then it can be spooky pebbled with at
most C +m pebbles. This result is somewhat surprising as in the irreversible strategy we
can unpebble at any time. This shows the power of ghosts with respect to the reversible
pebble game where a similar result does not hold.4 Intuitively, this result holds because
the irreversible pebble game can be simulated by the spooky pebble game with additional
pebbles at all roots. Gidney [Gid19] already proved a similar result for line graphs where
an obvious optimal irreversible pebble strategy with C = 2 pebbles can be converted to a
spooky pebble strategy with C +m = 2 + 1 = 3 pebbles, but we generalize this to arbitrary
DAGs and arbitrary irreversible pebbling strategies. The statement can be formalized as
follows.

Theorem 3.2. Let G = (V,E) be a DAG with m roots. Assume there exists an irreversible
pebbling strategy to pebble G with irreversible pebbling cost C and pebbling time T . Then
there exists a spooky pebbling strategy to pebble G with spooky pebbling cost at most C +m
and pebbling time T + (T + 1)(|V | −m).

Proof. Let P0, P1, ..., PT be an irreversible pebbling strategy with irreversible pebbling cost
C. The result follows directly by combining Lemma 3.3 and 3.4, using R′ = R.

Lemma 3.3. Let P0, P1,..., PT be an irreversible pebbling strategy for graph G = (V,E)
with pebbling time T and irreversible pebbling cost C. Then there exists a spooky pebbling
sub-strategy from (P0, S0) = (∅, Q) to (PT , ST ) = (R, V \R) with pebbling time T and pebbling
cost C, for any subset Q ⊆ V .

Proof. The irreversible pebbling strategy is followed with the following modifications. If
a vertex is pebbled in the irreversible game, then so in the spooky game. If a vertex is
unpebbled in the irreversible game, then that pebble is ghosted in the spooky game. If a
vertex has a ghost when it is pebbled, the vertex is unghosted instead of pebbled. Thus at
the end of this procedure, all roots (outputs) are pebbled and all other vertices are ghosted.
This takes C pebbles and T moves, because the irreversible pebbling strategy needs C
pebbles and T moves.

4This is easy to see, as [LTV98, Theorem 2] shows that reversibly pebbling a line graph needs at least
logarithmic pebbles, but, trivially, irreversible pebbling of a line graph needs a constant number of pebbles.
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Lemma 3.4. Let P0, P1,..., PT be an irreversible pebbling strategy for graph G = (V,E) with
pebbling time T and irreversible pebbling cost C. Then for every R′ ⊆ R there exists a spooky
pebbling sub-strategy from (P0, S0) = (R′, V \R′) to (PK , SK) = (R′, ∅) with pebbling time
K = (T + 1)(|V | − |R′|) and pebbling cost C + |R′|.

Proof. Let v be a vertex of G and let Gv = (Vv, Ev) ⊆ G = (V,E) be the largest subgraph
of G rooted at v. We can now unpebble v by projecting the irreversible strategy to Gv. For
this purpose, let P ′

i = Pi ∩ Vv. Note, however, that all vertices in W are still ghosted. By
Lemma 3.3 for graph G′ with S0 = Q = Vv and R = {v}, v can be pebbled in pebbling time
T and pebbling cost C. Hence, unpebbling of v can be done in pebbling time T + 1 and
pebbling cost C. We remark that, after applying this spooky sub-strategy, the vertices in
Vv\{v} are again ghosted and v does not contain a pebble or ghost.

The above procedure can be done for every vertex v in V \R′. To ensure that unghosting
a vertex v does not interfere with other unghostings, unghosting+unpebbling is done in the
reverse order as the order we pebbled them (for the first time t) in the irreversible pebbling
strategy.

As we need to remove |V | − |R′| pebbles, the total pebbling time is (T + 1)(|V | − |R′|).
The pebbling cost is C + |R′|, as the |R′| pebbles remain on the roots while C pebbles are
used to remove the ghosts.

Now, we show that the spooky pebble game is PSPACE-complete. To demonstrate
PSPACE-hardness, we provide a reduction from QBF, a well-known PSPACE-complete
problem [SM73].

First, we restate a theorem which shows a reduction from QBF to the irreversible pebble
game for a graph G. This irreversible reduction is extended in Theorem 3.7 by constructing
a graph G′ related to G for a reduction from QBF to the spooky pebble game.

In [GLT79], for every quantified formula Q1x1Q2x2...QnxnF a graph G is constructed.
This graph G has the properties that it is linear sized in terms of the formula length of
Q1x1Q2x2...QnxnF , that it has more than one edge, and that it contains a single output
vertex q1.

Theorem 3.5 [GLT79, Theorem 1]. The quantified Boolean formula Q1x1Q2x2...QnxnF
is true if and only if the graph G with the properties as above has an irreversibly pebbling
strategy with pebbling cost P = 3n+ 4.

Proof of Theorem 3.5. In [GLT79] another move for the pebble game is allowed called sliding.
Therefore, the proof of [GLT79] needs a little addition which we provide below.

The sliding move that is allowed in [GLT79] has the following rule:
“(iii) If all predecessors of an unpebbled vertex v are pebbled, a pebble may be moved from a
predecessor of v to v.”

By Theorem A from [EBvL78], for every DAG G with at least one edge the pebbling
cost differs exactly one between allowing and not allowing the sliding move. As G in this
theorem has more than one edge and the original theorem in [GLT79] has P = 3n + 3,
Theorem 3.5 holds for our definition of irreversible pebble games.

We will first show the existence of a DAG with desired properties that will be used in
the proof of Theorem 3.7.

Lemma 3.6. For every integer P there exists a DAG G⋄
P with the following properties:

• G⋄
P has one input (leaf) vertex and one output (root) vertex
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• G⋄
P has size polynomial in P

• G⋄
P can be irreversibly pebbled with P + 1 pebbles, pebbling the input vertex only once

• G⋄
P cannot be irreversibly pebbled with P pebbles

• Every vertex in G⋄
P except the output vertex can be irreversibly pebbled with P pebbles,

pebbling the input vertex only once.
• G⋄

P can be spooky pebbled with P + 1 pebbles, and in every such spooky pebbling strategy at
some point there are P + 1 pebbles on non-input nodes and the input node must be pebbled
at a later time

Proof. Let G⋄
P be the following DAG:

q = 1, 1

1,2 2,1

1,3 2,2 3,1

1,P -1 2,P -2 P -1,1

1,P 2,P -1 P ,1

2,P 3,P -1 P ,2

P -2,P P -1,P -1 P ,P -2

P -1,P P ,P -1

q′ = P, P

Now we will verify that this DAG satisfies the properties from this lemma.
It is easy to check that G⋄

P has P 2 nodes, so its size is polynomial in P .
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Moreover, G⋄
P has a single input and output node.

G⋄
P can be irreversibly pebbled with P + 1 pebbles, pebbling the input (1, 1) only once,

using the following strategy:

1: for i in 1 to P do
2: pebble(i,1)

3: for j in 2 to P do
4: for i in 1 to P do
5: pebble(i,j)
6: unpebble(i,j − 1)

7: for i in 1 to P − 1 do
8: unpebble(i,P )

Every vertex in G⋄
P \{q′} can be pebbled with P pebbles using the above algorithm

with i always in 1 to P − 1 instead of in 1 to P . The nodes (P, k) with k ∈ {1, ..., P − 1}
cannot be pebbled using this algorithm, but, by symmetry of the graph, we can run the
symmetric algorithm with swapped coordinates (i.e. replace pebble(x, y) and unpebble(x, y)
with pebble(y, x) and unpebble(y, x)) to pebble them.

Consider an irreversible or spooky pebbling strategy to pebble G⋄
P . Consider the last

time that a node on the middle line (1, P ),(2, P − 1),...,(P, 1) is pebbled before the output q′

is pebbled. Say that (i, P − i+ 1) is pebbled. Then without loss of generality there exists a
pebble-free path r in G⋄

P from (i, P − i+ 1) to q′, otherwise, the pebbling of (i, P − i+ 1)
could have been omitted. Moreover, after (i, P − i+ 1) is pebbled, there should be no path
without pebbles from the middle line to q′. We have that every left diagonal path
(P, P )− (P − 1, P )− ...− (1, P );
(P, P − 1)− (P − 1, P − 1)− ...− (1, P − 1);
...;
(P, P − i)− (P − 1, P − i)− ...− (1, P − i)
and every right diagonal path
(i+ 1, P )− (i+ 1, P − 1)− ...− (i+ 1, 1);
...;
(P, P )− (P, P − 1)− ...− (P, 1)
must be blocked by a pebble. This should happen below the path r, as a top part of the
path r can be combined with a diagonal path into a new path, which should be blocked.
Therefore, at least P − 1 pebbles are needed to block all these P − 1 diagonals. As also 1
pebble is needed to pebble (i, P − i+ 1), and the inputs to (i, P − i+ 1) should be pebbled,
at least P + 1 pebbles are needed to pebble G⋄

P .
Moreover, if G⋄

P is spooky pebbled with P + 1 pebbles, all P + 1 pebbles are on non-input
nodes. Moreover, there are no other pebbles left below the middle line, so unpebbling the
input of (i, P − i+ 1) is not possible without pebbling q at a later time. When ghosting the
input of (i, P − i + 1), this ghost should be removed before ending the game, which also
requires to pebble q at a later time. So the input of G⋄

P must be pebbled at a later time to
finish the game.

Using the above theorem and lemma, we can prove the reduction from QBF to the
spooky pebble game. This is formally stated in the following theorem.
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Theorem 3.7. For every Quantified Boolean Formula F there exists a DAG G′ with one
output and a number of pebbles P such that F is true if and only if G′ can be spooky pebbled
with P pebbles.

Proof. Let F be a Quantified Boolean Formula. Take from Theorem 3.5 DAG G and number
of pebbles P corresponding to F . Thus G can be irreversibly pebbled with P pebbles if F is
true, and with more than P pebbles if F is false. Let G⋄

P be the DAG from Lemma 3.6.
Now, we can construct DAG G′ from G and G⋄

P . We will show that G′ can be spooky
pebbled with P + 1 pebbles if F is true, and with strictly more than P + 1 pebbles if F is
false. Recall that G has one output node, which we will name q. Let the input node of G⋄

P
be q and let q′ be the output node of G⋄

P . See Figure 7 for the construction of G′.

G

q

G⋄
P

q′

Figure 7: DAG G′ which can be spooky pebbled with P + 1 pebbles if and only if G can be
pebbled with P pebbles. See the proof in Theorem 3.7.

We will show that G′ can be spooky pebbled with P + 1 pebbles if and only if G can be
irreversibly pebbled with P pebbles. This shows the theorem.

( ⇐= ) Assume that G can be irreversibly pebbled with P pebbles. So q can be
irreversibly pebbled with P pebbles. As G⋄ can be irreversibly pebbled with P + 1 pebbles
pebbling q once, we can irreversibly pebble G′ using P + 1 pebbles. Similarly, every G′\{q′}
can be irreversibly pebbled using P pebbles. By Lemma 3.3, we can pebble q′ using P + 1
pebbles, leaving ghosts at G′\{q′}. As every node in G′\{q′} can be irreversibly pebbled
using P pebbles, every largest subgraph G′

v of G′ with single root v ∈ G′\{q′} can be
irreversibly pebbled with P pebbles. Applying Lemma 3.4 to these graphs shows that any
ghost from G′\{q′} can be removed with P pebbles.
Hence, G′ can be spooky pebbled with P + 1 pebbles.

( =⇒ ) Assume G′ can be spooky pebbled with P + 1 pebbles. Recall that we assumed
that G⋄

P can be spooky pebbled with P + 1 pebbles, and that in every such spooky pebbling
strategy at some point there are P + 1 pebbles on non-input nodes and the input node must
be pebbled at a later time. Hence, when G′ is spooky pebbled, at this point q must be
pebbled at a later time when at least one pebble is on G⋄

P \{q}: if all pebbles from G⋄
P \{q}

could be removed, then the pebblings on G⋄
P \{q} could be omitted from the strategy. As q

is the output of G, G can be spooky pebbled with P pebbles.

Note 3.8. It is easy to see that solving the spooky pebble game is in PSPACE using the
following argument (which is similar to the one in [GLT79] for reversible pebbling): checking
whether a spooky pebbling strategy using P pebbles is valid can be done in polynomial space,
thus solving the spooky pebble game is in NPSPACE. By Savitch’s theorem [Sav70], we know
that NPSPACE = PSPACE. So solving the spooky pebble game is in PSPACE.
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Proof of Theorem 3.1. Using the fact that QBF is PSPACE-complete [SM73], Theorem 3.7
shows that the spooky pebble game is PSPACE-hard. Note 3.8 shows that solving the spooky
pebble game is in PSPACE. Hence, deciding whether there exists a spooky pebbling strategy
for a graph G with P pebbles is PSPACE-complete.

4. Spooky pebble game solver

As shown in the previous section, solving the spooky pebble game is a hard problem. In this
section we present a solver algorithm for the spooky pebble game that searches for strategies
with a minimal cost. To this end, in Section 4.1, we encode the spooky pebble game as a
satisfiability problem, similar to the method of [MSR+19] for the reversible pebble game.
The output of the satisfiability solver seems usually not to be an optimal pebbling strategy
in number of pebbles and ghosts used or in pebbling time. Therefore, we introduce efficient
and short-running heuristics in Section 4.2, to further optimize the pebbling strategy by
reducing time, the number of pebbles and the number of ghosts.

4.1. SAT solver. To encode the spooky pebble game into SAT, we use the Boolean variables
pv,i and sv,i with v the vertex and i the time. The variable pv,i indicates whether vertex
v is pebbled at time i, and similar for ghosting with variable sv,i. We use the shorthand
xi =

⋃
v∈V pv,i ∪

⋃
v∈V sv,i to describe all variables at time i.

We use the clauses as stated below to describe the game. If there is an assignment of
variables that satisfies all clauses, i.e. evaluates to true, this assignment describes a solution
of the game. The clauses below are for the game with T timesteps.
Initial clauses: For V the set of vertices in DAG G we have initial clauses:

I(x0) ≜
∧
v∈V

¬pv,0 ∧ ¬sv,0 (4.1)

Final clauses: For R the set of outputs (roots) in DAG G we have final clauses:

F (xT ) =
∧
v∈R

pv,T ∧
∧
v ̸∈R

¬pv,T ∧
∧
v∈V

¬sv,T (4.2)

Move clauses: There are the following move clauses for edgeset E of DAG G, for every
time i = 0, ..., T − 1:
To add a pebble all predecessors must be pebbled and a ghost on this vertex should be
removed:5

M1(xi, xi+1) =
∧

(v,w)∈E

[(¬pv,i ∧ pv,i+1) =⇒ (pw,i ∧ pw,i+1)]∧

∧
v∈V

[(¬pv,i ∧ pv,i+1) =⇒ ¬sv,i+1] (4.3)

To remove a pebble all predecessors must be pebbled or the pebble must be changed into a
ghost:

M2(xi, xi+1) =
∧

(v,w)∈E

[(pv,i ∧ ¬pv,i+1) =⇒ ((pw,i ∧ pw,i+1) ∨ sv,i+1)] (4.4)

5Hereby we prevent a vertex to be pebbled and ghosted at the same time.
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To add a ghost the vertex must be unpebbled:

M3(xi, xi+1) =
∧
v∈V

[(¬sv,i ∧ sv,i+1) =⇒ (pv,i ∧ ¬pv,i+1)] (4.5)

To remove a ghost all predecessors must be pebbled and the ghost must be changed into a
pebble:

M4(xi, xi+1) =
∧

(v,w)∈E

[(sv,i ∧ ¬sv,i+1) =⇒ ((pw,i ∧ pw,i+1) ∧ pv,i+1)] (4.6)

Cardinality clauses: For P ∈ N the maximal number of pebbles and S ∈ N the maximal
number of ghosts we have for every i = 0, 1, ..., T the clauses:

CP,S(xi) =

(∑
v∈V

pv,i ≤ P

)
∧

(∑
v∈V

sv,i ≤ S

)
(4.7)

Using these clauses, we actually encode our problem as in Bounded Model Checking
format (BMC) [BHv21, Chapter 18]. Using this formula the problem can be easily defined
for arbitrary times T . The following BMC formula is used:

I(x0) ∧ CP,S(x0) ∧ M(x0, x1) ∧ CP,S(x1) ∧ ... ∧ M(xT−1, xT ) ∧ CP,S(xT ) ∧ F (xT ). (4.8)

Here, M is the conjunction M = M1 ∧ M2 ∧ M3 ∧ M4 of the move clauses from Equa-
tions (4.3) to (4.6). With this BMC formula, the time T can be gradually unrolled until
a solution is found. This formula can be given to a SAT solver to find a solution for the
spooky pebble game problem.

Algorithm 1 Spooky pebble game solver using SAT (runtime timeout tmax).

1: T, Tprev := 0, 0
2: formula = I(x0) ∧ CP,S(x0) ∧ F (x0) ▷ encode pebble game for T = 0
3: while result ̸= SAT do
4: formula := formula.pop(FFxprev

)

5: formula := formula.push(M(xTprev , xTprev+1) ∧ CP,S(xTprev+1) ∧ ...∧M(xT−1, xT ) ∧
CP,S(xT ) ∧ F (xT )) ▷ unroll formula up to time T

6: Tprev := T
7: result := SAT(formula) ▷ SAT solver returns (un)sat, or timeout after twait seconds
8: if result = timeout then
9: T := T + T (skip)

10: if result = UNSAT then
11: T := T + 1

In Algorithm 1 we state our heuristic for the spooky pebble game solver. The solver
starts with time T = 0. If the formula is proven to be unsatisfiable (i.e., the graph cannot be
pebbled with P pebbles and S ghosts in T moves), T is incremented by 1. If the SAT solver
cannot find a solution in runtime twait but the formula cannot be proven to be unsatisfiable,
it returns a timeout and T is incremented with T (skip). For a larger time T the solver may
find a solution faster, but this solution might not have optimal depth.6 If the SAT solver

6We define T (skip) (which is possibly greater than 1) because every call to the SAT solver takes some
’useless’ time to optimize the SAT formula. Thus the pebble game solver usually can find a spooky pebble
game solution faster when T (skip) > 1.
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finds a satisfiable solution, the program is stopped as a strategy for the spooky pebble game
is found. This entire solving procedure has a timeout of tmax.

Using push and pop statements for the final clauses, incremental SAT solving can be
used, which updates the SAT formula for every new time T . This incremental extension of
the formula speeds up the SAT solver in subsequent runs.

We remark that the above encoding implements parallel pebbling semantics so multiple
pebbles and ghosts can be added or removed at the same timestep. For example, in the
pebble configuration at the top of Figure 2, the steps unpebble(B), unpebble(C) and pebble(F)
can be applied in one parallel timestep, see Figure 8. In general, the parallel pebbling time
for a game is much smaller than the sequential pebbling time as multiple sequential steps
can be applied in one parallel step. This highly reduces the number of BMC unrollings to
find a solution. As every BMC unrolling duplicates the move and cardinality clauses as
well as the variables all the time, the size of the SAT formula can be highly reduced too.
This reduction of clauses and variables in the SAT formula speeds up the SAT solver. A
disadvantage of this method is that the solver in general does not provide a solution with
optimal sequential time.

A B C

D E

F
A B C

D E

F

A B C

D E

F

A B C

D E

F

A B C

D E

Funpebble(2) unpebble(3) pebble(6)

parallel move:
unpebble(2),unpebble(3),pebble(6)

Figure 8: Example of a parallel move which consists of 3 sequential moves. Allowing parallel
moves reduces the number of moves and hence reduces the size of the SAT encoding
of a pebble game.

By linearizing solutions with parallel pebbling semantics, we can easily obtain a sequential
solution, in which one pebble or ghost is added or removed at each time step. These sequential
times (which we usually refer to as pebbling time, Section 2) are usually reported for pebbling
strategies, see e.g. [MSR+19], and these sequential pebbling strategies are used by our
optimization heuristics in the subsequent section.

4.2. Heuristics for Optimization. The solutions to the spooky pebble game as found by
SAT solving described in the previous section are usually not optimal. Often the number
of pebbles, ghosts or time steps can be reduced. In this section we will describe how we
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optimize these solutions using a combination of heuristic methods. These heuristics reduce
the number of pebbles, the number of ghosts and/or the depth of the solution.

The suboptimallity of the spooky pebble game solutions the SAT solver outputs arises
from our SAT encoding, because we do not constrain the SAT solver to optimize the number
of moves, the number of pebbles or the number of ghosts in a solution. Moreover, with
our encoding of the spooky pebble game, the SAT solver searches only for semantically
parallel solutions as this highly decreases the SAT solver runtime, but this can give inefficient
sequential solutions.

We tried to find solutions with optimal number of pebbles and ghosts by using exact
methods, for example MaxSAT.7 These methods turned out to be very slow: they did not
provide results on inputs that the SAT solver could easily deal with. This happens because
exact methods only cannot find almost optimized solutions but only exactly optimized
solutions, and exactly optimized solutions may be very difficult to find. Optimizing this way
thus seemed to be impractical.

Therefore, we propose heuristic methods to optimize the spooky pebble game solutions
provided by the SAT solver. These heuristics take as input a spooky pebble game strategy
and output an optimized strategy with less pebbles, less ghosts or less (sequential) time.
Using these optimizers we can find closer Pareto fronts, such that we can find more precise
trade-offs between pebbles, ghosts and (sequential) time. We developed 6 optimization
algorithms, which take all a greedy local optimum for one optimization goal such as removing
all useless pebbling moves. These optimizers are described in Algorithms 2 to 7. Table 1
presents an overview of all optimizers and links them to their algorithms. Applying these
basic optimizers one after the other gives an improved solution with respect to the input.

Table 1: Overview of optimization algorithms.

move type optimization type gain possible cost algorithm

pebble delay pebble reduction - 4
ghost delay ghost reduction pebble 6
unpebble bring forward pebble reduction - 5
unghost bring forward ghost reduction pebble 7
pebble + unpebble remove moves pebble reduction - 2
ghost + unghost remove moves ghost reduction pebble 3

These optimization heuristics all follow the same strategy: search for a type of move
(such as pebble, unpebble, ghost or unghost); try to delay the move (for pebble and ghost)
or to bring the move forward (for unpebble and unghost). This delay or bringing forward of
moves is only possible under some conditions, e.g. for pebbling moves, the inputs must be
pebbled at a later time and the pebble is not used to pebble or unghost another vertex.

The use of these optimizers is the following. By delaying pebbling and ghosting moves,
useless pebbles or ghosts are removed. For example, if a pebble can be placed at a later
time, this pebble can be used to pebble another node or be removed entirely, reducing the
number of needed pebbles. Delaying ghost moves gives the same reduction for ghosts. Note
that delaying a ghost move may need more pebbles, as a pebble is needed for a longer time
if a ghost move is delayed. A similar reduction of pebbles resp. ghosts can be obtained by
bringing unpebble and unghost moves forward.

7More specific, we tried the method of [NB14] as implemented in Z3 by [BdMNW].
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The optimizers that delay pebbling and bring unpebbling forward can also be combined.
This results in an optimizer that removes unused pebbles by removing both the pebble and
unpebble move. A similar optimizer that combines delay of ghosting and bring forward of
unghosting is also defined.

The complexity of these optimizer algorithms is only linear in the time of the solution
and linear in the number of nodes and edges of the graph when storing the graph by
adjacency lists. If the number of inputs or the number of outputs of a node is unbounded,
some optimizer algorithms scale linearly with these as well. We thus see that the optimizers
are efficient.

Given a pebbling strategy ((P0, S0), ..., (PT , ST )), our algorithms use the following
predicates for all vertices v ∈ V and time steps t ∈ [T ].

pebbledv,t ≜ v ∈ (Pt \ Pt−1) ∩ (V \ St−1) ghostedv,t ≜ v ∈ St \ St−1

unpebbledv,t ≜ v ∈ (Pt−1 \ Pt) ∩ (V \ St) unghostedv,t ≜ v ∈ St−1 \ St

usedv,t ≜ pebbledv,t ∨ unpebbledv,t ∨ unghostedv,t

Algorithm 2 Remove useless pebblings from strategy ((P0, S0), ..., (PT , ST )).

1: for t = T, T − 1, ..., 1 do
2: for v ∈ (Pt−1 \ Pt) ∩ (V \ St) do ▷ For each unpebbling move at time step t
3: for t0 = t− 1, ..., 1 do
4: if unghostedv,t0 ∨ ∃(w, v) ∈ E : usedw,t0 then
5: break ▷ v was unghosted or used at time step t0
6: if pebbledv,t0 then
7: Pi := Pi \ {v} for i ∈ [t0, t] ▷ remove pebble v at time steps t0 to t

Algorithm 3 Remove useless ghostings from strategy ((P0, S0), ..., (PT , ST )).

1: for t = T, T − 1, ..., 1 do
2: for v ∈ St \ St−1 do ▷ For each ghosting move at time step t
3: if ∀(v, w) ∈ E : w ∈ (Pt−1 ∩ Pt) then ▷ all inputs of v are pebbled
4: t0 := t
5: while v ∈ St0 do ▷ replace ghosting by unpebbling: remove ghost
6: St0 := St0 \ {v}
7: t0 := t0 + 1
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Algorithm 4 Delay pebble placements from strategy ((P0, S0), ..., (PT , ST )).

1: for t = T, T − 1, ..., 1 do
2: for v ∈ (Pt \ Pt−1) ∩ (V \ St−1) do ▷ For each pebbling move at time step t
3: t0 := t
4: while v ∈ Pt0 and t0 < T do
5: if ∃(w, v) ∈ E : usedw,t0 ∨ usedw,t0+1 then
6: break ▷ v was used at timestep t0 or t0 + 1

7: if ∀(v, w) ∈ E : w ∈ (Pt0−1 ∩ Pt0) then ▷ all inputs of v are pebbled
8: Pi := Pi \ {v} for i ∈ [t, t0 − 1] ▷ shift pebble move on v from t to t0

9: t0 := t0 + 1

Algorithm 5 Expedite unpebblings from strategy ((P0, S0), ..., (PT , ST )).

1: for t = 1, 2, ..., T do
2: for v ∈ (Pt−1 \ Pt) ∩ (V \ St) do ▷ For each unpebbling move at time step t
3: t0 := t− 1
4: while v ∈ Pt0 and v ̸∈ St0−1 and t0 > 0 do
5: if ∃(w, v) ∈ E : usedw,t0 ∨ usedw,t0+1 then
6: break ▷ v was used at timestep t0 or t0 + 1

7: if ∀(v, w) ∈ E : w ∈ (Pt0−1 ∩ Pt0) then ▷ all inputs of v are pebbled
8: Pi := Pi \ {v} for i ∈ [t0, t− 1] ▷ shift unpebble move on v from t to t0

9: t0 := t0 − 1

Algorithm 6 Delay ghost placements from strategy ((P0, S0), ..., (PT , ST )).

1: for t = T, T − 1, ..., 1 do
2: if |Pt| < P then ▷ If not all pebbles are used at time t
3: for v ∈ St \ St−1 do ▷ For each ghosting move at time step t
4: Pt := Pt ∪ {v} ▷ remove ghost and place pebble on v at time t
5: St := St \ {v}
6: if |Pt| ≥ P then ▷ Check current availability of pebbles
7: break

Algorithm 7 Replace ghost by pebble as soon as possible from strategy
((P0, S0), ..., (PT , ST )).

1: for t = 1, 2, ..., T do
2: if |Pt| < P then
3: for v ∈ St−1 \ St do ▷ For each unghosting move at time step t
4: t0 := t− 1
5: while v ∈ St0 and t0 > 0 do
6: if |Pt| ≥ P then ▷ Check current availability of pebbles
7: break
8: if ∀(v, w) ∈ E : w ∈ (Pt0−1 ∩ Pt0) then ▷ all inputs of v are pebbled
9: for i ∈ [t0, t− 1] do ▷ shift unghost move on v from t to t0

10: Pi := Pi ∪ {v}
11: Si := Si \ {v}
12: t0 := t0 − 1
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5. Implementation and Experiment

We implemented our spooky game solver algorithm from Section 4 in Python. The code
is open source and can be found in [Qui25]. The Z3 solver for satisfiability is used as SAT
solver [DMB08]. The optimizer algorithms were implemented in Python.

Table 2: Properties of the DAGs of the ISCAS85 benchmarks used to benchmark the spooky
pebble game solver.

name vertices roots edges

c432 172 7 260
c499 177 32 246
c880 276 26 374
c1355 177 32 246
c1908 193 25 257
c2670 401 46 533
c3540 830 22 1395
c5315 1089 96 1503
c6288 979 32 1639
c7552 988 62 1584

To test the performance of our implementation, we use an Intel Core i7-6700 CPU with
eight cores clocked at 3.40GHz. We use the well-known ISCAS85 benchmarks circuits [BF85].
Using the open source tool mockturtle, we transformed the circuits via XOR-majority
graphs (DAGs) to circuits with common quantum gates [SRWDM17]. Table 2 shows the
characteristics of the resulting DAGs.

For all these benchmarks we measure the performance of the pebble game solver. The
goal is to find a Pareto front of spooky pebble game solutions with optimal parameters
(sequential) time, number of pebbles and number of ghosts. The procedure is described in
detail in Algorithms 8 and 10. For various numbers of ghosts a solution is searched with
a decreasing number of pebbles. For each constraint, the solver is run three times with
different seeds. If at least one solution is found, the number of pebbles is decreased by five.
If no solution is found, the number of pebbles (P ) is not decreased anymore and the iteration
with next number ghosts (S) is started.

Algorithm 8 Optimal solutions search for benchmarks. Function
spooky pebble game solver(pebbles, ghosts) is described in Algorithm 1.

1: for S = vertices, vertices/5, vertices/10, vertices/20, 0 do
2: spooky pebble game solver(∞, S) ▷ run solver five times
3: pb := minimal #pebbles in found solutions
4: for P = pb, pb-5, pb-10, ... do
5: spooky pebble game solver(P , S) ▷ run solver five times
6: if no solution is found by solver then
7: break
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As runtime parameters for the solver (Algorithm 1), we use twait = 15 seconds and
tmax = 2 minutes. The solver gives little results for these runtimes on large benchmarks.8

Thus, we used a longer runtime for the large benchmarks. For the four largest bench-
marks, twait = 60 seconds and tmax = 8 minutes is used. For all benchmarks, T (skip) is set
to 5.

Algorithm 9 Transform parallel solution ((P0, S0), ..., (PT , ST )) with P pebbles and S ghosts
obtained from SAT solver into sequential solution ((P ′

0, S
′
0), ..., (P

′
T ′ , S′

T ′)).

(P ′
0, S

′
0) := (P0, S0)

T ′ := 1
for t = 0, 1, ..., T − 1 do

pebbling, unpebbling, ghosting, unghosting = empty list
for v ∈ V do

if v ∈ PT+1 \ PT then ▷ v is pebbled
pebbling.push(v)

if v ∈ PT \ PT+1 then ▷ v is unpebbled
unpebbling.push(v)

if v ∈ ST+1 \ ST then ▷ v is ghosted
ghosting.push(v)

if v ∈ ST \ ST+1 then ▷ v is unghosted
unghosting.push(v)

for v ∈unpebbling do
(P ′

T ′ , S′
T ′) := (P ′

T ′−1 \ {v}, S′
T ′−1)

T ′ := T ′ + 1

while |ghosting| > 0 or |unghosting| > 0 do
if |P ′

T ′−1| ≥ P and |S′
T ′−1| ≥ S then ▷ ghost and unghost in one timestep

v :=unghosting.pop()
w :=ghosting.pop()
(P ′

T ′ , S′
T ′) := ((P ′

T ′−1 ∪ {v}) \ {w}, (S′
T ′−1 ∪ {w}) \ {v})

T ′ := T ′ + 1

if |unghosting| > 0 and |P ′
T ′−1| < P then

v :=unghosting.pop()
(P ′

T ′ , S′
T ′) := (P ′

T ′−1 ∪ {v}, S′
T ′−1 \ {v})

T ′ := T ′ + 1

if |ghosting| > 0 and |S′
T ′−1| < S then

v :=ghosting.pop()
(P ′

T ′ , S′
T ′) := (P ′

T ′−1 \ {v}, S′
T ′−1 ∪ {v})

T ′ := T ′ + 1

for v ∈pebbling do
(P ′

T ′ , S′
T ′) := (P ′

T ′−1 ∪ {v}, S′
T ′−1)

T ′ := T ′ + 1

8Large benchmarks need many clauses and variables to encode one BMC iteration, and usually also take a
larger pebbling time (more BMC iterations). Hence, their SAT formula is much larger, which makes it a
harder job for the SAT solver to find a solution.
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Algorithm 10 Optimize solution ((P0, S0), ..., (PT , ST )) obtained from SAT solver. Other
orders of optimizers are possible, this is random.

1: solution := ((P0, S0), ..., (PT , ST ))
2: while solution improved do ▷ time, pebbles or ghosts reduced w.r.t. previous run
3: solution := remove ghostings(solution)
4: solution := remove pebblings(solution)
5: solution := delay pebbling(solution)
6: solution := bring forward unpebbling(solution)
7: solution := delay ghosting(solution)
8: solution := bring forward unghosting(solution)

For every solution the SAT solver found, we sequentialize the parallel solution from
the SAT solver using Algorithm 9. After sequentialization, we run the optimizer algorithm
as described in Algorithm 10 on the solution. For every pebbling strategy the SAT solver
found, this algorithm is run five times, each time with a different order of optimizations. If
the solution is not optimized by the six optimization operations, the optimization algorithm
is stopped.

Table 3: Maximal runtimes of pebble game (PG) solver and optimization heuristic per
benchmark.

name PG solver heuristic

c432 121.3 13.7
c444 111.3 11.5
c880 117.8 44.5
c1355 110.4 13.8
c1908 108.8 19.4
c2670 118.5 97.9
c3540 464.6 814.5
c5315 397.7 802.8
c6288 361.9 1341.9
c7552 46.2 146.1

In Figure 9, the results of the runs of the spooky pebble game solver are depicted.
The color of the datapoint indicates the number of ghosts used by the solution. The
large dots indicate the solutions found by the SAT solver. The smaller dots indicate the
pebbling strategies found by optimizing the SAT solver solutions. Notice that there are
many optimized pebbling strategies as all solutions found during Algorithm 10 are depicted.

Table 3 shows the maximal runtimes of the SAT solver and the optimizer to find a
solution, respectively to optimize the solution. The maximal runtimes of the SAT solver
are indeed bounded by 2 minutes (for the 6 smallest benchmarks) and 8 minutes (for the 4
largest benchmarks).9 The maximal runtimes of the optimizers are strongly correlated to
the maximal sequential time of the found solutions. This is because the time complexity of

9The runtime for c432 is marginally longer, as the time for loading the benchmark into the solver is also
taken into account. This loading takes some additional seconds.
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Figure 9: Solutions of the spooky pebble game with sequential time, number of pebbles and
number of ghosts found by the SAT solver heuristic of Algorithm 8 (big dots) and
their optimized solutions as found by the optimizer heuristics of Algorithm 10
(small dots).
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the optimizers goes linear in the sequential time of the solution. The optimizers can be sped
up by implementing the optimizers in e.g. C or C++ instead of Python, as their execution
involves extensive use of for-loops. Therefore, these long runtimes of the optimizers seem to
be no bottleneck or problem for the total runtime of the solver.

The data in Figure 9 shows that in all cases the optimizers reduce the number of ghosts
and sequential time of the pebbling strategies with respect to the strategies found by the
SAT solver. Moreover, the number of pebbles is reduced by the optimizers. This reduction
of pebbles is significant (up to 39%). Thus, the SAT solver is a good starting point to find
pebbling strategies, but the optimizers can improve the solution substantially.

These results show a well-shaped front of solutions without unexpected jumps or irregular
discontinuities or non-convexity. This improves upon the results of the previous version of
this paper [QL23].

Moreover, we observe that many optimized solutions with minimal sequential time use
(almost) no ghosts. This ghost reduction is much better than the SAT solver pebbling
strategies, as provided in the previous version of this paper [QL23]. Nevertheless, for most
benchmarks the pebbling strategy with the least number of pebbles uses ghosts. Thus,
optimization of quantum space is still obtained by using classical space.

For the cases where the pebbling strategy for a specific number of pebbles with minimal
sequential time uses non-zero ghosts, the sequential time is much less than in similar cases
with zero ghosts. See e.g. 62 pebbles in c880 or 67 in c1355. This indicates that not reducing
the number of ghosts may reduce the sequential time. But as our optimization algorithms
usually reduce the number of ghosts, this behavior is rarely observed.

6. Conclusions and further research

In this paper, we explored the spooky pebble game, a model for the trade-off between
quantum space, classical space and time in a quantum computation. Using the spooky
pebble game, we proved that a classical calculation that uses space C can be executed by a
quantum computer using quantum space C +m and some additional classical space, where
m is the space of the output. In addition, we showed that solving the spooky pebble game
is PSPACE-complete.

Moreover, we showed the design and implementation of a spooky pebble game solver,
which gives a memory management strategy for a quantum computation with a limited
amount of quantum space and classical space. This solver uses a SAT solver to initially find
pebbling strategies. Using this exact SAT solver method, optimal solutions are very hard to
find. The (non-optimal) strategies found by the SAT solver are combined with heuristics to
optimize these moderate solutions into significantly better local optima. Thus the SAT solver
and the heuristics are complementary: the SAT solver can only find moderate solutions, but
the heuristics can optimize this by pebble reductions up to 39%. This is not surprising as
solving the spooky pebble game is PSPACE-complete, and SAT solving is used here as an
NP-oracle. Although solving a spooky pebble game is PSPACE-complete, this solver runs
in practice within limited runtime. This solver provides strategies that reduce quantum
space when classical space is added. Moreover, with this solver we can find Pareto fronts for
trade-offs between quantum space, classical space and time used to execute a circuit.
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Further research. An idea for further research is to build more optimization heuristics for
spooky pebble strategies. Currently used optimization strategies emphasize the reduction of
ghosts, such that many optimized solutions use (almost) no ghosts. For example optimizers
reducing the number of pebbles but increasing the number of ghosts can be developed to
better optimize quantum space.

It would also be interesting to study other solving techniques for the spooky pebble
game. The recently developed Incremental Property Directed Reachability [BL23] and
divide-and-conquer methods [ZLY25] would be worthwhile to apply to spooky pebble game
solving, as they have promising results for solving the reversible pebble game.

Another idea for further research is to investigate in which contexts the spooky pebble
game and measurement-based uncomputation can be used. Our main motivation in this
paper to study these concepts was simulation of classical algorithms on a superposition of
inputs on a quantum computer. It would be interesting to investigate the extent to which
these techniques can also be used for broader classes of quantum algorithms.

Finally, it would be worthwhile to investigate other quantum space reduction tech-
niques and combine them with spooky pebble games. A promising candidate is Quantum
Catalytic Space [BFM+25]. Catalytic space has already had great impact on the classical
setting [CM24], so developing a pebble game formulation for the quantum setting and
integrating it into the spooky pebbling framework would be a promising next step.

Acknowledgements. This publication is part of the project Divide & Quantum (with
project number 1389.20.241) of the research programme NWA-ORC which is partly financed
by the Dutch Research Council (NWO).
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