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ABsTRACT. Differential linear categories provide the categorical semantics of the multi-
plicative and exponential fragments of Differential Linear Logic. Briefly, a differential linear
category is a symmetric monoidal category that is enriched over commutative monoids
(called additive enrichment) and has a monoidal coalgebra modality that is equipped with
a codereliction. The codereliction is what captures the ability of differentiating non-linear
proofs via linearization in Differential Linear Logic. The additive enrichment plays an
important role since it allows one to express the famous Leibniz rule. However, the axioms of
a codereliction can be expressed without any sums or zeros. Therefore, it is natural to ask if
one can consider a possible non-additive enriched version of differential linear categories. In
this paper, we show that even if a codereliction can technically be defined in a non-additive
setting, it nevertheless induces an additive enrichment via bialgebra convolution. Thus, we
obtain a novel characterization of a differential linear category as a symmetric monoidal
category with a monoidal bialgebra modality equipped with a codereliction. Moreover,
we also show that coderelictions are, in fact, unique. We also introduce monoidal Hopf
coalgebra modalities and discuss how antipodes relate to enrichment over Abelian groups.

1. INTRODUCTION

Differential categories were introduced by Blute, Cockett, and Seely in [BCS06] and provide a
categorical framework for the algebraic foundations of differentiation. Differential categories
are now a well-established area of research with a rich literature and have been successful in
formalizing numerous aspects of differential calculus. The original motivation for developing
differential categories was to provide the categorical semantics of Differential Linear Logic,
as introduced by Ehrhard and Regnier in [ER06]. In particular, the categorical semantics of
the multiplicative and exponential fragments of Differential Linear Logic are captured by
what is called a differential linear category.

As is well known, the underlying category for the multiplicative fragment of Linear Logic
is a symmetric monoidal category. However, for a differential linear category, the underlying
category is, in fact, an additive symmetric monoidal category, which is a symmetric monoidal
category enriched over commutative monoids. In particular, this means that we can take
sums of maps and have zero maps. That additive enrichment plays a role in the foundations
of differentiation is to be expected, as it allows one to express the famous Leibniz rule (also
called the product rule), (f-g) = f'-g+ f -4, as well as expressing that the derivative of a
constant map is equal to zero. Moreover, having (countable) sums (along with invertibility
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of non-zero natural numbers) is also necessary to properly formalize Taylor series expansion
in differential categories [Ehrl7, Lem24, KL23|.

On the other hand, the exponential fragment of Linear Logic is captured by the notion of
a monoidal coalgebra modality (also sometimes referred to as a linear exponential modality).
Briefly, a monoidal coalgebra modality is a symmetric monoidal comonad ! on a symmetric
monoidal category such that for every object A, !(A) is naturally a cocommutative comonoid,
whose comonoid structure is compatible with the symmetric monoidal comonad structure.
For a monoidal coalgebra modality on an additive symmetric monoidal category, !(A) also
has a canonical commutative monoid structure, which in fact, makes !(A) a bicommutative
bimonoid. Then a differential linear category is an additive symmetric monoidal category with
a monoidal coalgebra modality that comes equipped with a codereliction, which intuitively
captures differentiation via linearization.

Initially, in [BCS06, Def 4.11], the codereliction was axiomatized via four axioms: the
constant rule, the product rule, the linear rule, and the chain rule. These four rules involved
the comonad and bimonoid structural maps for the linear rule and the chain rule, as well
as the additive enrichment for the product rule and the constant rule. Fiore proposed an
alternative axiomatization of a codereliction (which he called a creation map) in [Fio07,
Def 4.3] by replacing the chain rule with an alternative version plus the monoidal rule
(also called the strength rule). This latter additional rule now also involved the monoidal
structural maps. For a while, it was unclear whether these two approaches to the axioms
of a codereliction were, in fact, the same. Fortunately, as it turns out, they are indeed
the same, as was shown by Blute et al. when they revisited the various axiomatization of
differential categories in [BCLS20]. Recently, Fiore’s version of the axioms of a codereliction
is often the definition that is used, especially amongst the Linear Logic community (usually
because Fiore’s version of the chain rule is easier to state and check). So we may say that
a codereliction is equivalently axiomatized via five axioms: the constant rule, the product
rule, the linear rule, (Fiore’s version of) the chain rule, and the monoidal rule.

With all that said, it turns out that two of the five axioms of a codereliction are
redundant. Indeed, the constant rule and the product rule can in fact be proved from
naturality [BCLS20, Lemma 6] and the linear rule [BCLS20, Prop 4] respectively. As such,
a codereliction can therefore be axiomatized simply in terms of three rules: the linear rule,
the chain rule, and the monoidal rule [BCLS20, Cor 5]. However, none of these three rules
involve sums or zeroes; the additive enrichment was only needed for the product rule and the
constant rule, which we can remove from the definition of a codereliction. As such, if additive
enrichment is not necessary for the axioms of a codereliction, this leads to the natural
question of whether we can consider differential categories without additive enrichment.

Before we answer this question, we need to address the bimonoid structural maps in
the non-additive setting. Indeed, while the linear rule and the monoidal rule only need the
structural maps of a monoidal coalgebra modality, the chain rule does require the (bi)monoid
structural maps. However, while the bimonoid structure for a monoidal coalgebra modality
comes for free in an additive setting, it may not necessarily exist in the non-additive setting.
So if one wishes to consider coderelictions in a non-additive setting, one still has to ask for
bimonoid structure. Thus, in this paper, we introduce the notion of a monoidal bialgebra
modality (Sec 4), which can be defined for any symmetric monoidal category and is briefly
a monoidal coalgebra modality with compatible (bi)monoid structure. Thus one could
consider the definition of a non-additive version of a differential linear category to be a
symmetric monoidal category with a monoidal bialgebra modality that comes equipped
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with a codereliction, which is axiomatized by the linear rule, chain rule, and monoidal rule.
However, it turns out that this gets us back to additive enrichment anyway.

The main result of this paper is showing that a monoidal bialgebra modality with a
codereliction induces an additive enrichment on the base symmetric monoidal category
using bialgebra convolution [Swe69, Pg. 72]. This further cements and justifies the central
role of additive enrichment in the categorical foundations of differentiation. Moreover,
this also provides a novel equivalent axiomatization of a differential linear category as a
symmetric monoidal category with a monoidal bialgebra modality that comes equipped with
a codereliction (Thm 8.1).

In fact, the chain rule is not required for the main result. So we introduce the intermediate
notion of a pre-codereliction (Sec 3), which need only satisfy the linear rule and the monoidal
rule, and thus can be defined for just a monoidal coalgebra modality. Thus, our main
result states that a monoidal bialgebra modality with a pre-codereliction induces an additive
enrichment on the base symmetric monoidal category (Thm 5.1). Moreover, we also show
that pre-coderelictions are unique (Prop 3.3). As a consequence, we obtain the important
observation that coderelictions are, in fact, unique! as well (Thm 8.3). Thus in a categorical
model of Differential Linear Logic, there really is only one way to differentiate non-linear
(also called smooth) maps.

Additionally, if we are able to obtain sums and zeroes, i.e. enrichment over commutative
monoids, it is natural to ask if we can also obtain negatives, i.e. enrichment over Abelian
groups. Since our additive enrichment was built using bialgebra convolution, it follows that
asking for Abelian group enrichment corresponds to having inverses for bialgebra convolution.
However, it is well known that having inverses for bialgebra convolution corresponds precisely
to a bialgebra having an antipode, or in other words, that the bialgebra is in fact a Hopf
algebra [Swe69, Pg. 71]. Applications of Hopf algebras for Linear Logic were considered by
Blute and Scott in [Blu96, BS04], who built models of Linear Logic using modules of Hopf
algebras, and by the author in [Lem19], who built models of (Differential) Linear Logic using
FEilenberg-Moore categories of Hopf monads. It turns out that for an additive bialgebra
modality, it has a natural antipode if and only if the base category has negatives [Lem19,
Prop 7.6]. In light of this, in this paper we introduce the notion of a (monoidal) Hopf
coalgebra modality, which adds natural Hopf monoid structure to a (monoidal) coalgebra
modality. Then we show that a monoidal Hopf coalgebra modality with a pre-codereliction
induces an Abelian group enrichment on the base category (Prop 7.3).

Outline: We have written this paper so that it is as self-contained as possible. As
such, we have taken the pain of writing out all the definitions in detail. To help write
down and better understand definitions and calculations, we make use of string diagrams,
which is a graphical calculus for symmetric monoidal categories. That said, we provide all
commutative diagrams for definitions and certain statements in Appendix A. Section 2 is
mostly a background section where we set up our string diagram conventions and review
monoidal coalgebra modalities. In Section 3 we introduce pre-coderelictions, and in Section
4 we introduce monoidal bialgebra modalities. In Section 5 we prove the main result of
this paper that a monoidal bialgebra modality with a pre-codereliction induces additive
enrichment. In Section 6, we revisit the notion of additive bialgebra modalities and show
that, in the additive setting, they are equivalent to monoidal bialgebra modalities. In Section
7 we take a slight detour where we introduce Hopf coalgebra modalities and show how they

1t was previously known that coderelictions were unique for free exponential modalities [Lem21, Thm 21].
Here, we extend this fact to all monoidal coalgebra modalities.
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are connected to being enriched over Abelian groups. Lastly, we conclude with Section 8
where we revisit differential linear categories.

2. MoONOIDAL COALGEBRA MODALITIES

To set up terminology, notation, and conventions, in this background section, we quickly
review monoidal coalgebra modalities — including some basic definitions and the graphical
calculus we will use in this paper. We will mostly follow the same conventions and style
used in [BCLS20]. We assume that the reader is familiar with the basics of monoidal
category theory and is also somewhat familiar with string diagrams for symmetric monoidal
categories. For an in-depth introduction to the graphical calculus of monoidal categories,
see [Sell0], and for an in-depth introduction to the categorical semantics of Linear Logic,
see [Mel08, Sch04, BS04, Bie95].

Let us begin simply with an arbitrary category. For an arbitrary category X, we will
denote objects using capital letters A, B, C etc., homsets will be denoted as X(A, B) and
maps will be denoted by minuscule letters f, g, h,etc. € X(A, B). Arbitrary maps will be
denoted using an arrow f: A — B, identity maps as 14 : A — A, and for composition we
will use diagrammatic notation, that is, the composition of f : A — B followed by g : B — C
is denoted as f;g: A — C. String diagrams are to be read from top to bottom. So a map
f: A — B will be drawn out as follows:

A

¢

B

Identity maps 14 : A — A will be drawn as a simple wire as on the left below, while
composition will be drawn out sequentially as on the right below:

1

When there is no confusion, we will often omit labelling the inputs and outputs.

The underlying structure of a monodial coalgebra modality is that of a comonad, which
in particular involves an endofunctor. In our graphical calculus, we will represent applications
of our endofunctor using functor bores. So given an endofunctor ! : X — X, for a map
f:A— B, we will draw I(f) : 1(4) — !(B) as follows:

I(A)

!<IA>
@] = (W)
!(L)
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Then the functoriality of ! is drawn out as follows:

| |
®
~ - (2.1)

2

Then a comonad on a category X is a triple (!, ,¢) consisting of an endofunctor ! : X — X
and two natural transformations 04 : !(A) — !!/(A) and €4 : I(A) — A, such that the diagrams
in Appendix A.1 commute. In Linear Logic terminology, the natural transformation ¢ is
called the digging and the natural transformation ¢ is called the dereliction. Respectively
0 and € are drawn as follows:

1(4) !(((::;)
%3 1(4)
with their naturality expressed respectively as follows:
| |
ol 5 ol 22)
v i
The comonad identities (A.1) are drawn as follows:
= = @ = @ (2,3)

We now, and for the rest of the paper, move to working in a symmetric monoidal category.
Following the convention used in most of the literature on differential categories, we will
work in a symmetric strict monoidal category, so the associativity and unit isomorphisms for
the monoidal product are equalities. For an arbitrary symmetric (strict) monoidal category
X, we denote its monoidal product as ®, the monoidal unit as I, and the natural symmetry

isomorphism as 045 : A® B =B ® A. Strictness allows us to write A1 @ Ao ®...Q A,
and AR =A=1I®A. An arbitrarymap f: A1 ®...Q A, — B1®...® B,, will be drawn
with n input wires from the top, one wire for each A;, and outputs m output wires from
the bottom, with one wire for each B;, where the monoidal product of objects is to be read

from left to right:
A e Ay

Bl e Bm

In the special case that one of the inputs or outputs is the monoidal unit I, we do not draw
a wire representing it (which lines up with the idea that we are working in the strict case).
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So for example, this is how we draw maps of type g : I — B and h: A — I:

QP A
! ®
The monoidal product of maps is drawn simply as drawing them in parallel, so for maps
f:A— Bandg:C — D, their monoidal product f®¢g: A®C — B® D is drawn as
follows:

The symmetry isomorphism 045 : A® B — B ® A is drawn simply as twisting the wires,
where recall that in the symmetric setting we do not have to worry about which wire passes
on top of the other wire — so we may think of the twisting of wires as the wires passing
through each other uninterrupted. So 04 g is drawn as follows:

A><B AE:EC
B A 5 b

We are now in a position to discuss monoidal coalgebra modalities. Following [BCSO06,
BCLS20], it will be useful to first review the intermediate notion of simply a coalgebra
modality, which is a comonad such that each !(A4) is naturally a cocommutative comonoid.
More concretely, a coalgebra modality [BCLS20, Def 1] on a symmetric monoidal category
is a quintuple (!,4,¢, A, e) consisting of a comonad (!, d, ) and two natural transformations
Ayg:(A) = (A)®!(A) and ey : 1(A) — I such that the diagrams in Appendix A.2 commute.
The natural transformation A is called the comultiplication or contraction, and the
natural transformation e is called the counit or weakening, and they are drawn as follows:

1(4)
(@ 1(4)
A) I(A

)

and its naturality is drawn as:

it

with their naturality expressed respectively as follows:
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The requirement that for each object A, (1(A), A4,e4) is a cocommutative comonoid (A.2)
is drawn as follows:

-

where the first equality is called the coassociativity of the comultiplication, the second is
the counit identity, and the third is called the cocommutativity of the comultiplication. It
is important to note that naturality of A and e is precisely the statement that for every
map f, !(f) is a comonoid morphism. The last requirement is that J is also a comonoid
morphism (A.3), which is drawn as follows:

Finally, a monoidal coalgebra modality (also sometimes called a linear exponential
modality [Sch04, Def 10]) is a coalgebra modality whose underlying endofunctor ! is symmetric
monoidal, all the natural transformations are monoidal, and the comultiplication and counit
are also !-coalgebra morphisms. Let us break this down. First recall that a symmetric
monoidal endofunctor on a symmetric monoidal category X is a triple (!, m, m;) consisting
of an endofunctor ! : X — X, a natural transformation my g : |(4) ® /(B) — (A ® B), and
a map my : I — I(I), such that the diagrams in Appendlx A.3 commute. The natural
transformation m and the map m; are drawn as follows?:

'(4) (B)

(A® B)

with the naturality of m drawn as follows:

e .

2We note that we are drawing m g differently then how it was drawn in [BCLS20] to help avoid some
confusion.
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The axioms for symmetric monoidal endofunctor (A.4) are drawn as follows:

ABARES

A monoidal coalgebra modality [BCLS20, Def 2] is a septuple (!,,¢,A,e,m,my) con-
sisting of a coalgebra modality (!,0,¢,A,e) and a symmetrlc monoidal endofunctor (!, m,my)
such that the diagrams in Appendix A.4 commute. The requirement that § and ¢ are
monoidal transformations ( , which gives us a monoidal comonad, is drawn follows:

e = $ - g = (210

That A and e are monoidal transformations (A.6) is drawn as follows:

YLl AT g e

We note that saying that A and e are monoidal is equivalent to saying that m and m; are
comonoid morphisms. Lastly, that A and e are !-coalgebra morphisms (A.7) is drawn out as

follows: G:D . G:D é)
50 b5 -

Many examples of (monoidal) coalgebra modalities can be found in [BCLS20, Sec 9],
[HS03, Sec 2.4], and [Lem19, Ex 4.6]. An important class of monoidal coalgebra modalities
worth mentioning are the free ezponential modalities [MTT09], which are monoidal coalgebra
modalities where !(A) is the cofree cocommutative comonoid over A. There are also many
other equivalent alternative ways of defining a monoidal coalgebra modality, we invite the
curious reader to see [Sch04] for some of them. One in particular that is very well known
and worth mentioning is that in the presence of finite products (with binary product x and
terminal object T), a monoidal coalgebra modality is equivalently a coalgebra modality that
has the Seely isomorphisms, that is, that the canonical maps (A x B) — !(A) ® |(B) and
I(T) — I are isomorphisms [Bie95]. However, products are not necessary for the story of
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this paper, and so we will not discuss the Seely isomorphisms further. We invite the curious
reader to see [BCLS20, Sec 7] for a detailed review on the Seely isomorphisms.

We conclude this section with the observation that for a coalgebra modality, being a
monoidal coalgebra modality is a property rather than extra structure. In other words, if
it has a monoidal structure, then it is unique. By a monoidal structure for a coalgebra
modality (!,6,¢,A,e), we mean a natural transformation m and a map m; such that
(1,9,e,A,e,m,my) is a monoidal coalgebra modality.

Proposition 2.1. If there exists a monoidal structure for a coalgebra modality, then it is
UNIQUE.

Proof. Let (!,0,e,A,e) be a coalgebra modality, and suppose that it has two possible
monoidal structures, that is, we have that (!,0,e,A,e,m,m;) and (!,d,¢,A,e,m’,m}) are
monoidal coalgebra modalities. Our goal is to show that m = m’ and m; = m/,. Starting
with the latter, we compute that:

T
GP(zn) (2.12) i (2.10) <271)?
[

So my = m/.. The other desired equality requires some more work. So we compute that:

o
(oo~
S
)
S

(2.6)+(2.4) (2.3)+(2.4)

© 66 ©
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O~
O~

(2.8)+(2.11)

O, 0,
@) @) ® ©
W) ()
O,
(2.3) ) (2.10) () (2.12)
(2)
(2 (2 o o
(2} (=)
®© 66 6 O ©6e O
®© © 66 6 |
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°g°22

il )

-

(2.8)+(2.1)

-
X

-0
OO,
OO,

-1

@
©

So m = m’. Therefore, we conclude that monoidal structure for a coalgebra modality is
unique. L]

3. PRE-CODERELICTIONS

As explained in the introduction, for the main result of this paper (Thm 5.1) we do not
require the full version of a codereliction. As such, in this section we introduce the notion of a
pre-codereliction, which, as the name suggests, is a slightly weaker version of a codereliction.
For a monoidal coalgebra modality (!, d,e, A, e, m, m;) on a symmetric monoidal category,
a pre-codereliction is a natural transformation 74 : A — !(A) such that diagrams in
Appendix A.5 commute. In string diagrams, a pre-codereliction 7 is drawn as follows:

with its naturality drawn as follows:



23:12 J.-S. P. LEMAY Vol. 22:1

The axioms for a pre-codereliction (A.8) are drawn as:

[cc?.S] %J[cdml L$ Q cdmr % 32

Using the same terminology from [BCLS20], [cd.3] is called the linear rule and [cd.m.]]
(resp. [cd.m.r]) is called the left (resp. right) monoidal rule. There is a bit of redundancy
since [cd.m.l] and [cd.m.r] are equivalent.

Lemma 3.1. For a monoidal coalgebra modality (!, d,e, A,e,m,mr), a natural transformation
na: A — (A) satisfies [ed.m.l] if and only if n satisfies [ed.m.7].

Proof. Suppose that n satisfies [cd.m.l]. Then we compute that:

So 7 satisfies [cd.m.r]. The converse is shown using similar calculations. ]

Here are two useful identities for a pre-codereliction.

Lemma 3.2. For a monoidal coalgebra modality (!,0,, A, e,m,my) with a pre-codereliction
n, the diagrams in Appendix A.6 commute, that is, the following equalities hold:

DT

Proof. Observe that the left most equalities is simply [cd.m.]] (resp. [cd.m.r]) in the special
case that A = I (resp. B = I). On the other hand for the equality on the right, we easily
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compute that:

So the desired equality holds. L]

It is important to note that the right identity of (3.3) does not say that a pre-codereliction
is monoidal. For a pre-codereliction to be monoidal, we would also need that n; be equal to
my, however in general this is not necessarily true. On the other hand, we can use the left
identity of (3.3) to show that pre-coderelictions are in fact unique!

Proposition 3.3. For a monoidal coalgebra modality, if a pre-codereliction exists, then it is
UNIQUE.

Proof. Suppose that we have two pre-coderelictions n and 7’. Then we compute:

O @ _ _
32 G 33) 32 © (3.2)

!

for n for n @ for n for o’
So n =1/, and therefore we conclude that a pre-codereliction must be unique. L]

4. MONOIDAL BIALGEBRA MODALITIES

As explained in the introduction, if one wishes to define a codereliction in a non-additive
setting, one still requires the (bi)monoid structural maps to express the chain rule. Thus in
this section we introduce the concept of a monoidal bialgebra modality, which is a monoidal
coalgebra modality where !(A) also has a natural (bi)monoid structure which is compatible
with the symmetric monoidal comonad structure. The axioms for a monoidal bialgebra
modality are based on the derivable identities one obtains for the canonical (bi)monoid
structure of a monoidal coalgebra modality on an additive symmetric monoidal category,
specifically those of [Fio07, Thm 3.1] and [BCLS20, Prop 2].

We propose a slight change in terminology regarding the term bialgebra modality in
comparison to previous papers. Blute, Cockett, and Seely first used the term bialgebra
modality in [BCS06, Def 4.8] for a coalgebra modality on an additive symmetric monoidal
category with additional natural (bi)monoid structural maps which also satisfied extra
compatibilities with the dereliction which involved the additive enrichment. Here, however,
we find it more natural to refer to a bialgebra modality for the natural notion the name
suggests: as simply a coalgebra modality with natural bimonoid structure and no extra
requirements, which can thus be defined in any symmetric monoidal category. We rename
the Blute, Cockett, and Seely version as a pre-additive bialgebra modality, which we revisit
in Sec 6.
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So in this paper, a bialgebra modality on a symmetric monoidal category X is a
septuple (!,0,e,A e, V,u) consisting of a coalgebra modality (!, d,e, A, e) and two natural
transformations V4 : 1(A) ® I(A) — !(A) and ug : I — !(A), such that the diagrams in
Appendix A.7 commute. The natural transformation V is called the multiplication or
cocontraction and the natural transformation u is called the unit or coweakening, and

are drawn as follows:
1(4) 14)
1(4)

with their naturality drawn as follows:

(A

=

i - é}; _© "

The requirement that for each object A, (1(A4),Va,u4) is a commutative monoid (A.11) is
drawn as follows:

4y -

where the first equality is called the associativity of the multiplication, the second is the
unit axioms, and the third is called the commutativity of the multiplication. As before, note
that naturality of V and u are together precisely the statement that for every map f, !(f) is
a monoid morphism. We then also ask that for each object A, (I(A),Va,ua,A4,e4) is a
bimonoid (A.12), whose necessary axioms are drawn out as follows:

L-00 YL AT 1w

It is worth recalling that the axioms of a bimonoid are equivalent to asking that A and e be
monoid morphism, or equivalently that V and u be comonoid morphisms.

Then a monoidal bialgebra modality on a symmetric monoidal category X is a nonuple
(I,d,e,A,e,m,my, V,u) consisting of a monoidal coalgebra modality (!,6,e, A,e,m, m;) and
a bialgebra modality (!,d,e, A, e, V,u), such that the diagrams in Appendix A.8 commute.
The first requirement is that the monoid structure is compatible with m (A.13) in the sense
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that following equalities hold:

The other requirement is that V and u are !-coalgebra morphisms (A.14), which is drawn as
follows:

O, ®© @

5 = @ = @ (4.5)
® L@) !
I

It is worthwhile to mention that there is technically some redundancy in the definition
of a monoidal bialgebra modality. For (4.4), the left (resp. right) versions of the axioms
implies the right (resp. left) versions.

Lemma 4.1. For a monoidal coalgebra modality (!,d,e, A,e,m,my), a natural transformation
V(A @A) — (A) (resp. u:I —1(A)) satisfies the first (resp. third) equality in (4.4)
if and only if it satisfies the second (resp. fourth) equality in (4.4).

Proof. The proof uses similar techniques as in Lemma 3.1 using symmetry and naturality,
so we leave this as an exercise for the reader. []

On the other hand, it turns out that asking V and u to be !-coalgebra morphisms implies
the bimonoid axioms.

Lemma 4.2. For a monoidal coalgebra modality (!,0,e,A,e,m,my), if a natural transfor-
mation V : [(A) @ 1(A) — 1(A) (resp. u: 1 — (A)) satisfies the first (resp. second) equality
in (4.5), then it satisfies the two left (resp. right) most equalities in (4.3).

Proof. The efficient version of the proof follows from results about !-coalgebras of monoidal
coalgebra modalities. For a monoidal coalgebra modality, every !-coalgebra has a canonical
comonoid structure and every !-coalgebra morphism is a comonoid morphism [Sch04, Prop
2]. For !(A), which recall are always !-coalgebras (sometimes called the cofree !-coalgebras),
the induced canonical comonoid structure is precisely (1(A), A4, ea). Thus asking that V
and u be !-coalgebra morphisms implies that they are also comonoid morphisms, which is
precisely (4.3), as desired.

However, since we have not reviewed some of these concepts in this paper, it may be
worthwhile for the reader to see the direct computations using string diagrams. Let us begin
by showing that if u satisfies (4.5), then it is also a comonoid morphism, that is, the right
most equalities of (4.3) hold. Starting with the compatibility between u and e, we compute
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that:

O
o 9.2 &
b en @ @s) | @ @25 4 e
® ®

Next we compute the compatibility between u and A:

@
%23)@7&(45 (2.5)+(2.2) (211> ??
© ©

So we conclude that u is a comonoid morphism as desired. Now suppose that V satisfies
(4.5), then we will show that it is a comonoid morphism, that is, the left most equalities of
(4.3) hold. Starting with the compatibility between V and e, we compute that:

@ ® ©
&) o g (4.5) (2.5) © (2?1) (2%7)£ £
® k®) ® 99
®

Next we compute the compatibility between V and A:

ONO),
Q) Q) @
(22 2.7) O (4.5) k®) (2.5)+(2.2)
e ® (&)
SO 006 (2}
© ©

So we conclude that V is a comonoid morphism as desired. []
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5. ADDITIVE ENRICHMENT

In this section we prove the main objective of this paper: that a monoidal bialgebra
modality with a pre-codereliction induces an additive enrichment. In this paper, following
[BCS06, BCLS20], by an additive category, we mean a category enriched over commutative
monoids, which differs from the use of the name in other category theory literature. Explicitly,
an additive category [BCLS20, Def 3] is a category X such that each homset X(A, B) is
a commutative monoid, with binary operation + : X(A4, B) x X(A, B) — X(A4, B) and zero
element 0 € X(A, B), and such that composition preserves the additive structure, that is:

filg+h)=(f;9)+(f;h)  f;0=0 (g+h)k=_(gk)+(hsk) 0;k=0 (51)

Then an additive symmetric monoidal category [BCLS20, Def 3] is a symmetric
monoidal category X such that X is also an additive category and the monoidal product
also preserves the additive structure, that is:

f@@+h) =29+ (foh) f0=0

(g+h)@k=(gok)+(hok) 00k=0 (5.2)

Theorem 5.1. Let X be a symmetric monoidal category with a monoidal bialgebra modality
(1,d,e,A,e,m,my, V, u) which comes equipped with a pre-codereliction n. Then X is an
additive symmetric monoidal category where:

(i) For parallel maps f : A — B and g : A — B, their sum f+¢g: A — B is defined as
the following composite:

Aa (NeEk) |

1(A) @ 1(4) 2 v By @ 1(B) 2

A" 14) (B)—2 B (53)

which is drawn as follows:

Nole »

(ii) The zero map 0 : A — B is defined as the following composite:

A 14 I(A) = I ie I(B) v B (5.5)

which is drawn as follows:
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Proof. The keen-eyed reader will observe that the formulas for sum and the zero are given
by taking bialgebra convolution [Swe69, Pg. 72], then pre-composing with the pre-
codereliction and post-composing with the dereliction. However, while it is well known that
bialgebra convolution does indeed give a commutative monoid structure on X(!(A),!(B))
[Swe69, Pg. 70], in order to show that this also gives a commutative structure on X(A, B)
we will first need to prove that the following equalities holds:

@9 _ (Ja@ﬁ) ((i)) _ 0 (5.7)

For the equality on the left, we compute:

o

©
e
o0
o

@_
(-~

2.1) (5.4) (3.3) (2.11)

—( Hete-
&
_@@
A
A
_@@
<A
{OTG
<G

O,
&
A
2T
&
=4

(2.8) (4.4) (3.3) (3.2)

_M
oSl
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o N A

<
@
=/

O] (@
(2.12) é é) (2.8) \@/ (22) v (45)
|

For the equality on the right, we compute:

o~

G
ekl
EH
®
T e ol

(2.11)

I
R T ]
(2.10) (3.2) (2.1) | % O,

0

Now that we have these identities, we may prove that the homsets are indeed commutative
monoids. So we need to check that + is commutative and associative, and that 0 is a unit
for + (once we have shown commutativity, it suffices to show that f +0= f,as0+ f = f
will follow).
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5 A

™
()
(&)
(5.4) @ @" O] @
)
@)
®

O,
(&)
(2)
ﬁ}z) @ (‘:’) W 57 G*} @ |(5.0) @
)
V)
®

(1) Associativity:

49{

bo-

(2) Commutativity:

8

(™) (D
s | eora (@ =

¥
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(3) Unit:

b4
_ - _ © @ IO
(5.4) @ @ (5.7) @ © (2.6)+(4.2) @ (3.1) 2 (3.2) Q:‘)

) 2 @

Next we show that composition is compatible with the additive structure. To do so, we
will in fact prove directly that k; (f 4+ g); h = (k; f;h) + (k; g; h) and f;0; g = 0, which is of
course equivalent to (5.1). Starting with the sum, we compute that:

oo
® 0 Joy
oGl s @R
® W hoE
©
P

Next we show that composition also preserves the zero:

(2.1) (5.4)

OTOTE
CinSines
Il
O

@—CH~)

(5.6) ~ (2.2)1(3.1) (2.5)+(4.1)

(5.6) (‘%

—0—0 &G~

—OHOHD G-
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Lastly, we prove that the monoidal product preserves the additive structure as well. Starting
with the sum, we compute that:

® (52) @ (-‘:’)

@ [D] @
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Next we show that the monoidal product also preserves the zero:

@ (5.4) |F@R) + @k

(3.3) @

-~
-

Similarly, we can also show that k@ (f +g) = (k® f) + (k®g) and 0® f = 0. So we
conclude that we have an additive symmetric monoidal category. L]

6. ADDITIVE BIALGEBRA MODALITIES REVISITED

One of the fundamental results of [BCLS20] was showing that for an additive symmetric
monoidal category, there was a bijective correspondence between additive bialgebra modalities
and monoidal coalgebra modalities [BCLS20, Thm 1]. In this section, we will show that we
can in fact add monoidal bialgebra modalities to this list as well.

So throughout this section, we now work in an additive symmetric monoidal category X.
For convenience, to help draw addition in our string diagrams, following [BCLS20], we will

write sums of maps as follows:
D44
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A pre-additive bialgebra modality [BCLS20, Def 4] (which as mentioned above
is our new name for what was a bialgebra modality in [BCS06, BCLS20]) on an additive
symmetric monoidal category is a bialgebra modality (!, 6, ¢, A, e, V, u) such that the diagrams
from Appendix A.10 commute. The axioms of a pre-additive bialgebra modality state the
compatibility between ¢ and the monoid structure (A.15), which is drawn out as follows:

£ oy L

Before we review additive bialgebra modalities, it will also be useful to introduce an
intermediate concept. So a convolution bialgebra modality on an additive symmetric
monoidal category is a bialgebra modality (!,d,e, A, e, V,u) such that the diagrams from
Appendix A.10 commute. This states the compatibility between the additive enrichment
and the bimonoid structure via convolution (A.16), which is drawn as follows:

L o

R R

Note that we have already encountered the above identities in the proof of Theorem 5.1.
Then using the terminology from this paper, an additive bialgebra modality [BCLS20,
Def 5] on an additive symmetric monoidal category is a convolution bialgebra modality
(1,6,e,A,e,V,u) which is also pre-additive.

It turns out that for an additive bialgebra modality, its bimonoid structural maps are
the unique ones that make its underlying coalgebra modality into a bialgebra modality.
In fact, this is even true for a convolution bialgebra modality. Explicitly, by a bialgebra
structure for a coalgebra modality (!,4,e, A, e), we mean natural transformations V and a
map u such that (!,d,e, A,e, V,u) is a bialgebra modality.

Lemma 6.1. For a convolution bialgebra modality, its underlying coalgebra modality has a
unique bialgebra structure.

Proof. Let (!,0,¢,A,e,V,u) be a convolution bialgebra modality. Suppose we have another
bialgebra structure on the underlying coalgebra modality, that is, there are natural transfor-
mations V' and u’ which also make (!,9,e, A, e, V', u’) a bialgebra modality. We will show
that V = V’ and u = u’. We begin by showing that the units are in fact equal:

@P )
? (4.1) © (6:3) = (4.3) ?

So we have that u = u’ as desired. To show that the multiplications are also equal, following
[BCLS20, App A, it will be useful to consider the natural transformation ¢4 : |(A)®!(A) — A
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which is defined as follows:

1(4) (4)

K’J::

A

b

We first show the following useful equality?:

O O
O =5 = ¢
So we compute that:

/ b 0
o G162 QOO0 waiey ¥ T H @2

ADDITIVE ENRICHMENT FROM CODERELICTIONS

23:25

(6.4)

(6.5)

And similarly for the other equality of (6.5). Then using this we compute the following:

®

®

i

¢ ¢ i
)

(6.5)H(2.1)
=

1o}

3This equality was shown to hold for additive bialgebra modalities in [BCLS20, Lemma 16]. But here we

check that it also holds for just a convolution bialgebra modality.
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Lo-{o
oo
I

(o]
(o]

(4.3)4(6.3) (2.2)

(5.1) (6.3)+(2.4) W (2.6)+(4.2)

SERG pog

(2.3) %

So we have that V = V' as desired. Therefore, we conclude that (!,4,e, A, e) has a unique
bialgebra structure. []

Corollary 6.2. For an additive bialgebra modality, its underlying coalgebra modality has a
unique bialgebra structure.

Let us now briefly review how, for an additive symmetric monoidal category, every
monoidal coalgebra modality is an additive bialgebra modality, and vice-versa. Starting
with a monoidal coalgebra modality (!, d,e, A,e,m, my), define V and u as in Appendix A.11,
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which are drawn respectively as follows:

Jjss [

(6.6)

T
t

Then (!,d,e,A,e,V,u) is an additive bialgebra modality [BCLS20, Prop 1]. Conversely,
starting with an additive bialgebra modality (!,d,e,A,e,V,u), define m and m; as in
Appendix A.11, which are drawn respectively as follows:

® ®

jijhi
4
e

I
L

Then (!,0,e, A, e,m,my) is a monoidal coalgebra modality [BCLS20, Prop 3]. Moreover, these
constructions are inverses of each other [BCLS20, Thm 1]. In particular, this means that for
an additive bialgebra modality (!, d,e, A, e, V,u), we have that m and m; as defined above are
the unique such natural transformations which make (!,0,¢, A, e, m, m;) a monoidal coalgebra
modality, and conversely, that for a monoidal coalgebra modality (!, d,e, A,e,m,my), V and
u are the unique such natural transformations which make (!,d,e, A e, V,u) an additive
bialgebra modality.

Let us now bring monoidal bialgebra modalities into the story. It turns out that [BCLS20,
Prop 2] already tells us that an additive bialgebra modality is a monoidal bialgebra modality.

Proposition 6.3. Let let (!,9,e,A,e,V, u) be an additive bialgebra modality with induced
monoidal coalgebra modality (!,d,e,A,e,m,my) (or equivalently let (!,0,e, A, e,m,my) be
a monoidal coalgebra modality with induced additive bialgebra modality (!,0,e,A,e,V, u)).
Then (1,d,e,A,e,m,my,V, u) is a monoidal bialgebra modality.



Vol. 22:1 ADDITIVE ENRICHMENT FROM CODERELICTIONS 23:29

Proof. All that remains to check for the definition of a monoidal bialgebra modality are the
equalities of (4.4) and (4.5). However these equalities are precisely those from [BCLS20,
Prop 2], which were proved using string diagrams in [BCLS20, App B]. So we conclude
that for an additive symmetric monoidal category, every additive bialgebra modality (or
equivalently every monoidal coalgebra modality) is also a monoidal bialgebra modality. []

Conversely, let us now explain how, in the additive setting, a monoidal bialgebra modality
is also an additive bialgebra modality.

Proposition 6.4. Let (1,d,e,A,e,m,m;,V,u) be a monoidal bialgebra modality on an
additive symmetric monoidal category X. Then:

(i) The underlying bialgebra modality (!,0,e,A,e,V,u) is an additive bialgebra modality,
and the induced monoidal coalgebra modality via the construction of (6.7) is precisely
(I,d,e,A,e,m,my).

(i) For the underlying monoidal coalgebra modality (!, 0,e, A, e, m, my), the induced additive
bialgebra modality via the construction of (6.6) is precisely (1,0,e,A,e,V,u).

Proof. Given a monoidal bialgebra modality (!,d,e, A,e,m,my, V, u), by definition we also
have a monodial coalgebra modality (!,d,e,A,e,m,mr). Then by [BCLS20, Thm 1], there
are natural transformations V’ and u’ constructed as in (6.6) such that (!,0,e, A, e, V' u') is
an additive bialgebra modality. However by assumption, (!,d,e,A,e, V,u) is also a bialgebra
modality. Then by Cor 6.2, it follows that V =V’ and u = u’. So (!,d,e,A,e,V,u) is an
additive bialgebra modality. Moreover, applying the construction of [BCLS20, Thm 1] as
above gives back m and m; as well. O]

Therefore we may extend [BCLS20, Thm 1] as follows:

Theorem 6.5. For an additive symmetric monoidal category, there is a bijective correspon-
dence between the following:

(i) Monoidal coalgebra modalities;
(ii) Additive bialgebra modalities;
(iii) Monoidal bialgebra modalities.

As an immediate consequence, a monoidal bialgebra modality with a pre-codereliction
is an additive bialgebra modality.

Corollary 6.6. Let (!,d,e,A,e,m,my,V, u) be a monoidal bialgebra modality equipped with
a pre-codereliction n on a symmetric monoidal category X. Then for the induced additive
symmetric monoidal category X as defined in Thm 5.1, (1,d,e,A,e,V,u) is an additive
bialgebra modality.

That said, additive enrichment is not unique for a given category. Therefore, we need to
verify that for an additive symmetric monoidal category, the additive enrichment induced
from a monoidal bialgebra modality with a pre-codereliction is the same.

Lemma 6.7. Let (!,d,e,A,e,m,my, V,u) be a monoidal bialgebra modality equipped with a
pre-codereliction n on an additive symmetric monotidal category X. Then the induced additive
structure from Thm 5.1 is precisely the same as the starting additive structure on X.

Proof. We need to show that the formulas from Thm 5.1 give us back the starting sum and
zero. This essentially follows from the convolution bialgebra modality axioms. So starting
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with checking the zero, we compute:

Q% O
© _ _ _
(6.3) @ 22) © @32
% ©

Then for the sum we compute:

O,

© QED ®
@ @ (6.3) @ 22 ©
® ! 0+
®

(3.2)

So we conclude that the additive enrichments are the same. ]

7. HorF COALGEBRA MODALITIES

Before we discuss differential categories, we take a slight detour to address the natural follow
up question regarding Abelian group enrichment. It turns out that having negatives for the
additive enrichment corresponds to asking that our monoidal/additive bialgebra modality
comes equipped with an antipode which gives a natural Hopf monoid structure. In fact, it
was shown in [Lem19, Prop 7.6] that an additive bialgebra modality has an antipode if and
only if the base category has negatives. This makes sense since the additive enrichment is
intrinsically linked to bialgebra convolution, and having inverses for bialgebra convolution
corresponds precisely to having an antipode [Swe69, Pg.72], i.e., that the bialgebra is in fact
a Hopf algebra. So in this section we introduce the notion of a monoidal Hopf coalgebra
modality in order to extend Thm 5.1 to include negatives. Along the way, we also provide
an alternative proof of [Lem19, Prop 7.6], as well some slightly more general observations
for convolution bialgebra modalities.

So a Hopf coalgebra modality* on a symmetric monoidal category is an octuple
(I,d,e,A,e,V,u,S) consisting of a bialgebra modality (!,0,¢,A,e, V,u) and a natural trans-
formation S4 : I(A) — !(A) such that the diagrams in Appendix A.12 commute. The natural

4We've elected to use the term Hopf coalegbra modality instead of Hopf algebra modality since the term
algebra modality is used for the dual notion of a coalgebra modality. In particular, an algebra modality is a
monad. So here we use the term Hopf coalgebra modality to emphasize that we have a comonad, hopefully
avoiding any confusion or ambiguity.
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transformation S is called the antipode and is drawn as follows:

1(A)

P

'(4)

and its naturality is drawn as:

X

We then also ask that for each object A, (1(A),Va,ua,A4,e4,54) is a Hopf monoid (A.21),

which is drawn out as follows:
o é o
. - 7 - ". 72

It is well known that for bimonoids, antipodes are unique [Swe69, Pg.71], so being a
Hopf monoid is a property of a bimonoid. The same is true for bialgebra modalities.

(7.1)

Lemma 7.1. If a bialgbera modality has an antipode, then it is unique.

It is also well known that for bicommutative Hopf monoids, the antipode is an isomor-
phism and its own inverse [Swe69, Prop 4.0.1.(6)], and that the antipode is a (co)monoid
morphism [Swe69, Prop 4.0.1.(1-4)].

Lemma 7.2. If (1,0,¢,A,e,V,u,S) is a Hopf coalgebra modality, then the diagrams in
Appendiz (A.13) commute, which are drawn as follows:

: -4 bt o

A monoidal Hopf coalgebra modality is a decuple (!,9,, A, e,m,m;, V,u,S) consist-
ing of a monoidal bialgebra modality (!,9,,A,e,m,my, V,u) and a Hopf coalgebra modality
(1,d,e,A,e,V,u,S), such that the diagrams in Appendix A.14 commute. The first diagram
says that S is a l-coalgebra morphism (A.25), which is drawn as follows:

P .
|
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The other required diagram states the compatibility between m and S (A.26), which is drawn

out as follows:

We now discuss the relation between antipodes and our base additive category having
negatives. Following [BCLS20, Lem19], we say that an additive (symmetric monoidal)
category X has negatives if each homset X(A, B) is in fact an Abelian group. Explicitly,
this means that for every map f : A — B, there is amap —f : A — B such that f+(—f) = 0.
As is common, we write f — g to express f + (—g). Of course, an additive (symmetric
monoidal) category with negatives is equivalently a (symmetric monoidal) category enriched
over Abelian groups. As such, this means that composition (and the monoidal product)
preserves negatives:

fi(=9)ih=—(fig9:h) fig—=h)k=fig:k—fihk (7.6)
feo(-9=-(feg=(-fleg

felg-—h=(2g-(foh) (f-9)@k=(f0k) —(g®k)
In particular, note that:

(7.7)

fi-lp=—f=-1a;f (7.8)
So an additive category having negatives is completely determined by whether identity
morphisms have inverses with respect to the sum. In fact, an additive symmetric monoidal
category having negatives is completely determined by if the identity for the monoidal unit
has an inverse with respect to the sum [Lem19, Lemma 7.5]. Thus, this justifies that in
string diagrams we draw:

bp  Odh

We can now extend Thm 5.1 and say that a monoidal Hopf coalgebra modality with a
pre-codereliction induces an Abelian group enrichment.

Proposition 7.3. Let (!,d,e,A,e,m,my, V,u,S) be a monoidal Hopf coalgebra modality with
a pre-codereliction 1 on a symmetric monoidal category X. Then for the additive enrichment
as defined in Thm 5.1, X is an additive symmetric monoidal category with negatives where
foramap f: A— B, —f: A— B is equal to following composite:

Sa

A" (4) (B) —2—~B (7.10)

3
) = (7.11)
.

which is drawn as follows:
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Proof. We need to show that f — f =0, or rather f + (—f) = 0. To do so, similarly to the
approach in the proof of Thm 5.1, we first need to show the following equality:

¢

@ (7.12)
I

o
|

So we compute:

o-o—

(7.11)

o
I
—ofcteer—
g\\
—T @R
EH
—T O HEOT-0—
g\\
S
— OO @E o
EH
—ekelo e
s
——@@@f®

0

(7.4) % (3.3)
®
T

O —

(2.3) (3.1) (3.2)

— O OO H—
—ofcke |
—T O eOTro—
—O-OO—
e

So (7.12) holds. Then using this identity and (5.7), which recall we showed in the proof of

Thm 5.1, we compute that:
@ @
(&) >
® ®©
(4.1)+(2.2) (7.2) (5.6) (5.1)
Q)
)
0,

@

(7.12) @

&
&
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So we conclude that the base additive symmetric monoidal category has negatives. []

Let us now revisit additive bialgebra modalities in additive symmetric monoidal categories
with negatives. We first show that in the presence of negatives, convolution bialgebra
modalities have antipodes.

Lemma 7.4. Let (!,d,e,A,e,V,u) be a convolution bialgebra modality on an additive
symmetric monoidal category with negatives. Then (1,d,e,A,e,V,u,S) is a Hopf coalgebra
modality where Sa :=1(—14), which is drawn as follows:

ﬁg = | (7.13)

Moreover, the diagrams in Appendix A.15 commute, which are drawn out as follows:

A A
-4

1@

| 0
o A 0] [©
_ 7@ _ @ — =— (7.14)
P y

\g?/ ©
Proof. We first show that the equalities of (7.14) hold. The left most equality (which also

implies naturality of S) is immediate from functoriality and (7.8), while the right most
equality is immediate from naturality of . For the middle equalities, we use the convolution

xiom: | /é\
ﬁfglé (6:3) @/\i}) (7.14) @ (7.14) B

|
7

Lastly, using the middle equality of (7.14), we can show that S is in fact an antipode®:

So we conclude that (!,6,,A,e,V,u,S) is a Hopf coalgebra modality, as desired. []

SNote that by (co)commutativity, we need only show one of the equalities of (7.2).
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We now give an alternative proof of [Lem19, Prop 7.6], which says that for an additive
bialgebra modality the converse of Lemma 7.4 is true.

Lemma 7.5 [Lem19, Prop 7.6]. Let (1,0,e,A,e,V,u) be an additive bialgebra modality
on an additive symmetric monoidal category X. Then X admits negatives if and only if
(1,9,e,A,e,V,u) has an antipode S.

Proof. The = direction is Lemma 7.4. For the < direction, suppose that our additive
bialgebra modality (!,d,e,A, e, V,u) has an antipode S, so (!,d,¢,A,e,V,u,S) is a Hopf
coalgebra modality. For a map f, define —f as follows:

(m)
—C%) = © (7.15)
©

We need to show that f — f = 0. So we compute:

b-9- ¢+ Gomesp 88paeo 88

® ® 2 (

_ ® _ _ ; _ _
(6.2)4(5.2) S ey | © @ w2 i ) @211)16.2) O 52

So we conclude that the base additive symmetric monoidal category has negatives. L]

As an immediate consequence, it follows that in the presence of negatives, any addi-
tive/monoidal bialgebra modality is a monoidal Hopf coalgebra modality.

Corollary 7.6. Let (1,0,e,A,e,m,my, V,u) be a monoidal bialgebra modality on an additive
symmetric monoidal category with negatives. Then (!,0,e,A,e,m,my, V,u,S) is a monoidal
Hopf coalgebra modality, where Sa :=1(—14).

Proof. By Lemma 7.4, we know that (!,d,e,A,e,V,u,S) is a Hopf coalgebra modality.
Then since the antipode is of the form S4 :=!(—14), (7.4) is precisely the naturality of §
(2.2), while (7.5) follows from the naturality of m (2.8) and (7.7). Thus we conclude that
(1,d,e,A,e,m,my,V,u,S) is a monoidal Hopf coalgebra modality, as desired. ]

Moreover, since antipodes are unique, for any monoidal Hopf coalgebra modality on
an additive symmetric monoidal category with negatives, its antipode must be given as in
(7.13).

Corollary 7.7. If (1,0,e,A,e,m,m;, V,u,S) is a monoidal Hopf coalgebra modality on an
additive symmetric monoidal category with negatives, then Sy =1(—14).
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8. DIFFERENTIAL LINEAR CATEGORIES REVISITED

In this final section, we bring everything together to provide a new axiomatization of a
differential linear category. For an in-depth introduction to differential categories, we invite
the reader to see [BCS06, BCLS20, Ehr17, GL21, KL23].

It may be worthwhile to first recall the definition of a differential category in terms
of a deriving transformation, as was originally done in [BCS06]. Borrowing terminology
from [GL21], a differential modality [GL21, Def 4.3] on an additive symmetric monoidal
category is a sextuple (!, d,¢, A, e, d) consisting of a coalgebra modality (!,d,e,A,e) and a
natural transformation d4 : 1(4) ® A — !(A) such that the diagrams in Appendix A.16
commute. The natural transformation d is called the deriving transformation and is
drawn as follows®:

with naturality drawn as follows:

@ = (8.1)
|
Then the axioms of the deriving transformation” (A.29) are drawn as follows:
() ()
O,
[D.1] %) D [D.2] + @ [D.3]
©
®© O, O,
()
@ g ® < o
O, O, O,
O,
(8.2)

The axioms of a deriving transformation capture the fundamental identities from differential
calculus. We call [D.1] the constant rule, [D.2] the Leibniz rule, [D.2] the linear rule, [D.4]

6We note that we are drawing the deriving transformation differently then how it was drawn in [BCLS20]
for clarity.

"It is worth noting that the original definition of a deriving transformation in [BCS06, Def 2.5] only
included [D.1] to [D.4] and not [D.5]. However, as explained in [BCLS20, Sec 4], [D.5] is now commonly
accepted as part of the definition of a deriving transformation.
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the chain rule, and [D.5] the interchange rule. See [BCS06, BCLS20] for more intuition on
the axioms of a deriving transformation. Then a differential category [BCLS20, Def 7] is
an additive symmetric monoidal category with a differential modality.

A monoidal differential modality [GL21, Def 4.3] on an additive symmetric monoidal
category is an octuple (!,0,¢,A,e,m,my,d) consisting of a monoidal coalgebra modality
(1,0,e,A,e,m,;ms) and a differential modality (!,d,¢, A,e,d). Now one might expect that
the definition of a monoidal differential modality should also require some compatibility
axioms between the deriving transformation and the monoidal structure, or even the
induced bialgebra structure. However, one of the key results from [BCLS20] is that these
compatibilities come for free for a monoidal differential modality. Thus for a monoidal
differential modality, the diagrams in Appendix A.17 commute [BCLS20, Cor 7|, which are
drawn as follows:

Y., Ly

where [D.V] is called the V-rule [BCLS20, Def 8] and [D.m.r| (resp. [D.m.l]) is called
the right (resp. left) monoidal rule [BCLS20 Sec 6]. The monoidal rule was also called the
strength rule in [Fio07, Def 4.2]. We also note that in the string diagrams for the monoidal
rule, the deriving transformation is of type dagp : (A® B)®@ A® B — (A® B), and is
therefore drawn as taking in three inputs. Then a differential linear category [BCLS20,
Sec 6] is an additive symmetric monoidal category with a monoidal differential modality.
Examples of differential (linear) categories can be found in [BCLS20, Sec 9] and [GL21, Ex
4.7]. In particular, every free exponential modality is a monoidal differential modality, and
thus every additive Lafont category is a differential linear category [Lem19, Thm 21].

One of the fundamental theorems about differential linear categories is that the dif-
ferential structure can also be axiomatized in terms of coderelictions, which lines up more
nicely with the Differential Linear Logic perspective [Ehrl7]. Using the terminology of this
paper, a codereliction [BCLS20, Def 9] for a monoidal coalgebra modality on an additive
symmetric monoidal category is a pre-codereliction 7 such that the diagrams from Appendix
A.33 also commute, which are drawn as follows:

O, @ ONO)
[cd.1] é [cd.2] ? - ? eag @ @ (8.4)
® © Q.

For a codereliction, the axiom [cd.1] is called the constant rule, [cd.2] is called the Leibniz
(or product) rule, and [cd.4] is called the chain rule®.

8In [BCLS20, Sec 5, this version of [cd.4] was called the alternative chain rule. However here we follow
Fiore’s approach [Fio07] and the more recent convention of calling [cd.4] the chain rule for the codereliction.
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We now briefly review the bijective correspondence between coderelictions and deriving
transformations, that is, how we can build one from the other, as given in Appendix
A.18. So let (!,0,,A,e,m,ms) be a monoidal coalgebra modality on an additive symmetric
monoidal category, with induced additive bialgebra modality (!,4,e,A,e, V,u). Then given
a codereliction n, define d as follows:

Then d is a deriving transformation [BCLS20, Thm 3|. Conversely, given instead a deriving
transformation d, define n as follows:

O,

= 8.6
o (8.6)

Then 7 is a codereliciton [BCLS20, Thm 3]. Moreover, these constructions are inverses of
each other. As such for monoidal coalgebra modalities, there is a bijective correspondence
between coderelictions and deriving transformations [BCLS20, Thm 4]. Thus, a differential
linear category is equivalently an additive symmetric monoidal category with a monoidal
coalgebra modality that comes equipped with a codereliction.

Now it turns out that two of the axioms of a codereliction are in fact redundant, that
is, provable. Indeed, in an additive enriched setting, the constant rule [cd.1] is provable
from simply naturality [BCLS20, Lemma 6], while the product rule [cd.2] is provable from
naturality and the linear rule [cd.3]. Therefore, a codereliction is equivalently simply a
natural transformation which satisfies the linear rule [cd.3], the chain rule [cd.4], and
either monoidal rule [cd.m.r/1] [BCLS20, Cor 5]. In other words, a codereliction is a
pre-codereliction which also satisfies the chain rule [cd.4]. However, observe that the three
remaining axioms only require the monoidal bialgebra modality structural maps and no
longer seems to require sums or zeros. Thus we can technically define a codereliction for a
monoidal bialgebra modality on a symmetric monoidal category to be a pre-codereliction
on the underlying monoidal coalgebra modality which also satisfies the chain rule [cd.4].
However, it follows from Thm 5.1 that this gives us an equivalent characterization of a
differential linear category without including additive enrichment in the axiomatization. So
bringing all of this together, we obtain:

Theorem 8.1. A differential linear category is equivalently a symmetric monoidal category
with a monoidal bialgebra modality equipped with a codereliction.

It may also be of interest to ask how, in the presence of negatives, the deriving
transformation/codereliction interacts with the antipode.

Proposition 8.2. For a monoidal differential modality (!,d,e, A,e,m,my,d), with induced
codereliction n, on an additive symmetirc monoidal category with negatives, for the induced
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antipode S, the diagrams in Appendir 8.2 commute, which are drawn as follows:
W __ _ (8.7)

Proof. Recall from Cor 7.6 that the antipode is of the form S :=!(—14). Then the equality
on the left follows from naturality of d (8.1) and (7.7), while the equality on the right follows
from naturality of n (3.1). ]

We conclude this paper by discussing uniqueness of coderelictions. In [Lem21, Thm 21],
it was shown that for free exponential modalities, coderelictions were unique. Here however,
we can now extend this and state that for any monoidal coalgebra modality, coderelictions
are unique.

Theorem 8.3. For a monoidal coalgebra modality (equivalently an additive bialgebra modality
or a monoidal bialgebra modality) on additive symmetric monoidal category, if a codereliction
exists, then it is unique.

Proof. In Prop 3.3 we showed that a pre-codereliciton, if it exists, was unique. Thus since
a codereliction is a pre-codereliction by definition, it follows that if one exists, it must be
unique. L]

Moreover, since there is a bijective correspondence between coderelictions and deriving
transformations, we also have uniqueness of deriving transformation for monoidal coalgebra
modalities.

Corollary 8.4. For a monoidal coalgebra modality on additive symmetric monoidal category,
if a deriving transformation exists, then it is unique.

Thus we are properly justified in saying that in categorical models of Differential Linear
Logic, there really is only one way to differentiate smooth maps. However, it is important
to stress that the above corollary does not necessarily extend to mere coalgebra modalities.
Indeed, it is still an open question whether or not deriving transformations are unique for
non-monoidal coalgebra modalities.
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APPENDIX A. COMMUTATIVE DIAGRAMS

A.1. Diagrams for Comonads.

14) — 4 A 14) — 4 n(a)
JA\L \ ia!(m 5A\L \L‘S!(A) (A.1)
11(A) 1(A) 1(A) 111(A)

'(ea)
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A.2. Diagrams for Coalgebra Modalities.

1(A) B4 I(A) ® 1(A) 1(A) — 24 1(A) @ 1(A)
AA\L l/AA®1!(A) AAi \ l/h(A)@eA
1(4) ©(4) = H(A) @ () @ 1(4) 1(4) ©1(4) — 57— 1(4) .
1(A) — 24 1(A) @A)
k\ lU!(A),!(A)
1(A) ® I(A)
1(A) o 1(A) 1(A) — A )

I

1(4) ©1(4) —5——(4) ® 1(4)

A.3. Diagrams for Symmetric Monoidal Endofunctor.

m ®1, 1 4y®m
1(A)®1(B)&!(C) ~2— (A & B)o!(C) 1(A) — D7 1(4) @ (1)
1[(A)®mB,cll l/mA®B,C m1®1!(,4)l \ lfmAJ
!(A)@!(B@C’)W!(A@)B@C) (1) ®!1(A) — I(A)
A4
O1(A),1(B) ( )
(A) @ (B) (B)®!(A)
mA,Bl imB,A
(A® B) onn (B® A)
A.4. Diagrams for Monoidal Coalgebra Modality.
(A) @ (B) —22 - (A B) I— " (D)
5A®5B\L mfl or
NA) @ 1(B) SagB !(I)ﬁ!!(l)
my
m!(A),!(B)l/
A5
(1(4) 8 1(B)) ———— (A B) (A-5)
I(A) ®1(B) ——=% . 1(A® B) I—" (D)

M imB \r

A®B
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I(4) @ (B) 22922 1(4) & 1(A4) ® |(B) © (B) I— ™y
l1!<A>®U!(A>,!<B>®1!<B> m lAz
ma,B (A) @ (B)®!(A) @ (B) NI) ® (1)
\LmA,B@)mA,B
(A.6)
(A® B) 3 (A® B) @ (A® B)
A®B
I(A) ®(B) —=2 __1(A® B) I—" (D)
\ ieA@B \ \Lel
esA®ep
I 1
6A 6A
I(A) 11(A) 1(A) —A11(A)
AA\L J{!(AA) eAl \L!(eA) (A.7)
(A) ®!(A) e NA) ® ”(A)rm)!(!(A)@!(A)) [ ——!(I)
A.5. Diagrams for Pre-Coderelictions.
1, 1,
A4 (A)eB 2 He(B) Ae1(B) 22 (4)w)(B)
\ iaA EA@IB\L imA,B 1A®EB\L \LmA,B (A.8)
A.6. Diagrams for Lemma 3.2.
1,
1(4) kit (D) @1(A)
\
Ticay®nr A mr,A (A.9)
\
I(A) @ (1) i I(4)

A9 B """ _1(4)21(B)

M imA,B (A.10)

(A® B)
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A.7. Diagrams for Bialgebra Modalities.

| Va®1a) 1ia)®ug
(A)@!1(A) ®@1(A) I(A) @ 1(A) I(A) I(A) ®!(A)
1!(A)®VA\L iVA UA®1!(A)\L \ lVA
1(4) 2 1(4) ———=1(4) 1(4)  1(4) —=—=1(4) i
I(A) @ 1(A) — "D 14y @ 1(A)
X«\ iVA
I(A)
1(4) @ 1(A) 24224 1(4) @ 1(A) @ 1(A) © 1(A) [— o 1(4)
lll(A)®U!(A),!(A)®1!(A) UARUA iAA
Va 1(4) ® I(A) @ I(4) @ 1(A) 1(4) ® I(A)
lvA®VA
(A.12)
I(A) Aa I(A) ®!(A)
1(4) ©1(4) — 2~ 1(4) I 1(4)
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A.8. Diagrams for Monoidal Bialgebra Modalities.

Lia)®VE

I(A)®!(B) ®!(B)
AA®1!(1L3>®1!(B>
(A)R!(A) @!(B)®!(B) ma,B
1!<A)®U!(A\>L,!(B)®1!<B)

(A)R!(B)®!(A)®!(B)

(A®B) ® |(A®B)

mA,BOMA, B Va,B

Va®Ly(a)

I(A)®!(A) ®!(B)
1!(A)®1$A)®AB
I(A)@)(A)@!(B)o!(B) ma.s

\
1!(A)®U!(A)V,!(B)®l!(3)

(A)e!(B)@!(A)@(B) ———r—> (A0 B)2 (A0 B) ————— (A0 B)
1! ®u u ®1!
1(A) — 27 _1(4) @ (B) (B) ——F _(A)®1(B)
eA\L lmA,B eBi \LmA,B
I I(A® B) I I(A® B)
UA®RB UARB
1(A) @ 1(A) 2224 104y @ 1(A) "2 Dr14) @ 1(A4)) —"
VA\L i!(VA) “Al \L!(UA)
I(A) - 11(A) 1(4) ——!1(4)
A A
A.9. Diagrams for Pre-Additive Bialgebra Modalities.
I(A) ®1(A) — A~ 1(4) I— " A
iaA \ ‘LEA
Sl T4 A

A.10. Diagrams for Convolution Bialgebra Modalities.
(f+9)

! ! 1(4) ) \(B)
| fos T
! 'f—> I
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(A.13)

(A.14)

(A.15)

(A.16)
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A.11. Diagrams for Correspondence between Monoidal Coalgebra Modalities to
an Additive Bialgebra Modalities.

'(A) ® |(A> 0A®IA ”(A) 2 ”(A) Mi(A),1(A)
Y (A.17)
! ('(A) 2 '(A)) I((ca®ea)+(ea®ea)) |(A)
ua = — (1) —— 2 \(4) (A.18)
I(A) @ (B) 04898

(11 a)®uB)@H(ua®ly(a))

| Viye(B)
MA@ I(B)) 2! (1(A) @ (B))

map = L(1(4) © \(B)) hee (A.19)

(A1 ayss))

(e a®eB)®!(eaReB))

l(ea®epB)

us o1

N —C (A.20)

A.12. Diagram for Hopf Coalgebra Modalities.

(A) © 1(A4) — D 4y e 14)
Ap Va
I(A) < ea I uA > I(A) (A.21)
Aa Va
1(4) ® 1(A) 1(A) ©1(4)
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A.13. Diagrams for Lemma 7.2.

I(A) 1(A)
\ ls“‘
1(A)
1(4) > 1(4) I(4) —A > 1(4)
- o Tl
1(4) © 1(A) —g—c—1(4) & 1(4) I
1(A) ® 1(4) —224 o 1(4) @ 1(4) I—" )
- R Tl
1(4) - 1(4) 1(4)
A.14. Diagrams for Monoidal Hopf Coalgebra Modalities.
1(A) — A )
w LaA
1(A) g 1(4)
S I(A) ® (B)
(A) @ )(B) — " _1(A@B)— 2" 1A B)
m ma, B
I(A) ® (B)
A.15. Diagrams for Lemma 7.4.
1(4) @ 1(A)N(A) " Y0 4y 2 14) P2 By 2 1(B)

1(4) - 1(4) (4) \(B)
!(f)l w) l!(f) AA\L TVB
\(B) ——=\(B) (4) © 4) 5 U(B) @ (B) ——=1(B) 2 1(B)
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(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)
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I(A) I(A)
g
—en
A
A.16. Diagrams for Differential Modalities.
1(A) @ A —24 o 1(4)
\ \LeA
0
I
I(A) ® A da 1(A)
AA@LA\L
(A e(A)® A '(A)®!(A
(Aelde (Liay®da)+(11(4)®01(a),4);(da®1i(a)) (4)@!(4)
(A)® A2 1)
M lEA
A
1(A)® A da 1(A)
AA®1A\L i(;A
(A @!(A) A e NA) ®!(A) e I(A)
(A @ Ao A da®la (A)® A
1!(A)®0'A,Al/ idA
(A RAR A (A)® A I(A)

da®1g da
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(A.28)

(A.29)
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A.17. Diagrams for Monoidal Differential Modalities.

Liay®dp

I(A) © (B) @ B
AA®1!\iB)®lB

(A e!(A)(B)® B
\

1ia)®ea®1y(p)®1B ma, B
¥

(A)® A® (B)® B
|

1) ®0,1(B)R1E
¥

(A) @ (B)® A® B

(A® B)® A® B

ma BRLAR®LE A,B

da®1,
I(A) ® A® (B) S

1!(A)®tA®AB (A.30)

(A) @ A®!(B)®!(B)
1!(A)®1A%)1!(B)®€B ma,B
I(A) ®A<§\<>!(B) ® B

1i4)®04,1(B)®1B

(A)@!(B)® A® B

(A®B)® A® B

_—
M4, B®1ARLE da.B

1! ®d
(A)®(A) @ A — 22

o] |s
I(A) @ A

da

A.18. Diagrams for Correspondence between Coderelictions and Deriving Trans-
formations.

ST A) @ 1(4) —— A y(a) (A.31)

da I(A) (A.32)




ADDITIVE ENRICHMENT FROM CODERELICTIONS

23:49
A.19. Diagrams for Coderelictions.
A = I(A) A o I(A)
0 im W iAA
I +(ua®na) '(A) ® '(A)
(A.33)
A 14 I(A)
UA®77Ai \LlSA
(A ®!(A NA) @ (A A
(A) @A) =2 = 1A) @ MA) —F ——1(4)
A.20. Diagrams for Proposition 8.2.
(Ao A—4 A A"y
SA®1A\L i’SA i, \LSA (A.34)
(A)® A 1(4) (4)

This work is licensed under the Creative Commons Attribution License. To view a copy of this
license, visit https://creativecommons.org/licenses/by/4.0/ or send a letter to Creative

Commons, 171 Second St, Suite 300, San Francisco, CA 94105, USA, or Eisenacher Strasse 2,
10777 Berlin, Germany



	1. Introduction
	2. Monoidal Coalgebra Modalities
	3. Pre-Coderelictions
	4. Monoidal Bialgebra Modalities
	5. Additive Enrichment
	6. Additive Bialgebra Modalities Revisited
	7. Hopf Coalgebra Modalities
	8. Differential Linear Categories Revisited
	Acknowledgment
	References
	Appendix A. Commutative Diagrams
	A.1. Diagrams for Comonads
	A.2. Diagrams for Coalgebra Modalities
	A.3. Diagrams for Symmetric Monoidal Endofunctor
	A.4. Diagrams for Monoidal Coalgebra Modality
	A.5. Diagrams for Pre-Coderelictions
	A.6. Diagrams for Lemma 3.2
	A.7. Diagrams for Bialgebra Modalities
	A.8. Diagrams for Monoidal Bialgebra Modalities
	A.9. Diagrams for Pre-Additive Bialgebra Modalities
	A.10. Diagrams for Convolution Bialgebra Modalities
	A.11. Diagrams for Correspondence between Monoidal Coalgebra Modalities to an Additive Bialgebra Modalities
	A.12. Diagram for Hopf Coalgebra Modalities
	A.13. Diagrams for Lemma 7.2
	A.14. Diagrams for Monoidal Hopf Coalgebra Modalities
	A.15. Diagrams for Lemma 7.4
	A.16. Diagrams for Differential Modalities
	A.17. Diagrams for Monoidal Differential Modalities
	A.18. Diagrams for Correspondence between Coderelictions and Deriving Transformations
	A.19. Diagrams for Coderelictions
	A.20. Diagrams for Proposition 8.2


