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HOMOTOPY TYPE THEORY AS A LANGUAGE FOR DIAGRAMS OF
00-LOGOSES

TAICHI UEMURA

Stockholms universitet

ABSTRACT. We show that certain diagrams of co-logoses are reconstructed in homotopy
type theory extended with some lex, accessible modalities, which enables us to use plain
homotopy type theory to reason about not only a single co-logos but also a diagram of
oo-logoses. This also provides a higher dimensional version of Sterling’s synthetic Tait
computability—a type theory for higher dimensional logical relations.

1. INTRODUCTION

An oo-logos, also known as an co-topos [Lur09a, AJ21]}, is an (oo, 1)-category that looks
like the (oo, 1)-category of spaces, among other aspects of it. An oo-logos is a place where
one can do homotopy theory just as an ordinary logos is a place where one can do set-level
mathematics.

Homotopy type theory [Thel3d] is another place to do homotopy theory. It is a type
theory in the style of Martin-Lof [ML75] extended by the univalence axiom and higher
inductive types. The former forces types to behave like spaces rather than sets, and the
latter allow us to build types representing spaces such as spheres and tori.

oo-logoses are conjectured to admit interpretations of homotopy type theory so that
theorems proved in homotopy type theory can be translated in an arbitrary oco-logos.
Although the conjecture has not yet been fully solved (see, for example, [Shul9] for substantial
progress), homotopy type theory has brought insight to oo-logos theory. For example, the
proof of the Blakers-Massey connectivity theorem in homotopy type theory [HFLL16] has led
to a new generalized Blakers-Massey theorem that holds in an arbitrary co-logos [ABFJ20].

An oo-logos, however, does not live alone. co-logoses are often connected by functors
which are also connected by natural transformations. Plain homotopy type theory is, at
first sight, not sufficient to reason about a diagram of co-logoses, because the actions of
the functors and natural transformations are not internalized to type theory. Even worse,
it is impossible to naively internalize some diagrams: some internal adjunction leads a
contradiction [LOPS18]; there are only trivial internal idempotent comonads [Shul8]. While
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This article is an extended version of [Uem23].

1The term oo-logos is Anel and Joyal’s terminology [AJ21] for oco-topos considered as an algebraic structure
rather than a geometric object. A morphism of co-logoses is always considered in the direction of the inverse
image functor. We use this terminology to clarify the direction of morphisms when speaking about (co)limits
of oo-logoses.
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there is no chance of naive internalization of such interesting but problematic diagrams to
plain homotopy type theory, some other diagrams can be internalized in a clever way pointed
out by Shulman®. A minimal non-trivial example is a diagram consisting of two oco-logoses
and a lex, accessible functor between them in one direction. The two oo-logoses are lez,
accessible localizations of another co-logos obtained by the Artin gluing for the functor, and
the functor is reconstructed by composing the inclusion from one localization and the reflector
to the other. Moreover, this reconstruction is internal to the glued oo-logos, because lex,
accessible localizations of an co-logos are expected to correspond to lex, accessible modalities
in its internal language. Hence, plain homotopy type theory as a language for the glued
oo-logos is sufficient to reason about the original diagram.

In this paper, we propose a class of shapes of diagrams of oo-logoses for which the
internal reconstruction technique explained in the previous paragraph works. We call shapes
in the proposed class mode sketches. Our main results are summarized as follows. Let 9t be
a mode sketch.

(1) We associate to 9t certain axioms in type theory, one of which is to postulate some lex,
accessible modalities from which one can construct a diagram of co-logoses internally to
type theory (Sections 3.1 and 3.2).

(2) We show that the (oo, 1)-category of models of the axioms associated to 2t in oo-
logoses is equivalent to the (0o, 1)-category of diagrams of co-logoses indexed over 9
(Theorem 6.4), where 9 is regarded as a presentation of an (oo, 2)-category. The
right to left construction is given by oplax limits, a generalization of the Artin gluing
[Wra74, Shulb].

In Sections 1.1 to 1.3 below, we explain other new results (Propositions 2.17 and 5.58,
Theorems 4.4 and 5.43, and Corollary 5.55).

This paper is an extended version of our conference paper [Uem23]. The conference
version presents Proposition 2.17 and proof sketches of Theorems 4.4 and 6.4. The current
version includes every detail of those results. The statement of Theorem 6.4 is modified not
to rely on an interpretation of type theory in co-logoses.

1.1. Modalities in homotopy type theory. A modality in homotopy type theory [RSS20,
CORS20, CR22] is a subuniverse satisfying certain conditions. A modality that is moreover
lex and accessible is expected to correspond to a sub-oco-topos or a localization of a co-logos
[ABFJ22, Ver19]. The fracture and gluing theorem of Rijke, Shulman, and Spitters [RSS20,
Theorem 3.50] gives a construction of the join m V n of two lex modalities m and n under
some assumption. The join obtained by this theorem satisfies that every type A in m VvV n is
canonically fractured into a type A, in n and a type family A, on A, valued in m, and A is
reconstructed as A ~ Y 1 An(x).

In this paper, we improve the fracture and gluing theorem. We show that the construction
of joins of lex modalities preserves accessibility as well (Proposition 2.17).

1.2. Synthetic Tait computability. The fracture and gluing theorem is used in Sterling’s
synthetic Tait computability [SH21, Ste21]. It is a technique of working with logical relations,
which are used in the study of type theories and programming languages, in an internal
language for the Artin gluing and has applications to, for example, normalization theorems for
complex type theories [SA21, Gra22]. There the fracture and gluing theorem is instantiated

2https ://golem.ph.utexas.edu/category/2011/11/internalizing_the_external_or.html
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by the closed and open modalities associated to a proposition. Then every type in the internal
language is canonically fractured into an open type and a closed (unary, proof-relevant)
relation on it which are glued back together. The internal language for the Artin gluing
is thus a type theory with an indeterminate proposition in which types are relations and
provides a synthetic method of working with logical relations.

In this paper, we relate synthetic Tait computability and mode sketches. The core axiom
for synthetic Tait computability is to postulate some indeterminate propositions. We show
that part of the axioms associated to a mode sketch is equivalent to postulating a lattice of
propositions (Theorem 4.4).

Mode sketches thus provide a synthetic method of working with logical relations that
is alternative to and generalizes synthetic Tait computability. This is also natural from
Shulman’s point of view [Shul5] that interpretations of type theory in oplax limits are
generalized logical relations. Since we work in homotopy type theory, what we get is
actually higher-dimensional logical relations, and our primary application of mode sketches
in upcoming paper(s) [Uem22] will be normalization for co-type theories introduced by
Nguyen and Uemura [NU25] as a higher-dimensional generalization of type theories.

1.3. Oplax limits of (oo, 1)-categories. Oplax limits are special (oo, 2)-categorical limits
and analogous to oplax limits in 2-category theory [Str76, Kel89, JY21]. Oplax limits
indexed over (0o, 1)-categories are studied by Gepner, Haugseng, and Nikolaus [GHN17] and
generalized to arbitrary indexing (oo, 2)-categories by Gagna, Harpaz, and Lanari [GHL21a].

Oplax limits of co-logoses are of our interest. Wraith [Wra74] shows that the oplax limit
of a diagram of (elementary) logoses and lex functors is a logos. Lurie [Lur09a, Proposition
6.3.2.3] shows that the conical limit of a diagram of co-logoses is an co-logos.

The oplax limit of a diagram classifies oplax natural transformations from a constant
diagram to the given diagram just as a (conical) limit classifies natural transformations from a
constant diagram. It is known [Lur09b, Theorem 3.8.1] that natural transformations between
diagrams of (oo, 1)-categories correspond to fibered functors between the (oo, 2)-categories
of elements of the diagrams. Oplax natural transformations between diagrams of (oo, 1)-
categories are to correspond to not necessarily fibered functors between the (0o, 2)-categories
of elements. Some special cases of this have already been proved: Haugseng et al. [HHLN23,
Theorem E| show the case when the diagrams are indexed over an (oo, 1)-category; Gagna,
Harpaz, and Lanari [GHL21a, Corollary 4.4.3] show the case when the domain is constant
on the point.

The mate correspondence is a useful source of oplax natural transformations. In the
2-categorical case [Str72], it asserts that given two diagrams F' and G of categories, oplax
natural transformations F' — G that are point-wise left adjoints correspond to lax natural
transformations G — F' that are point-wise right adjoints. An (oo, 2)-categorical version is
proved by Haugseng et al. [HHLN23, Corollary F] in the form of an equivalence between the
(00, 1)-categories of oplax/lax natural transformations in the special case when the diagrams
are indexed over an (oo, 1)-category.

In this paper, we show some new results on oplax limits of (0o, 1)-categories. All of them
are consequences of results in the literature, but it is worth stating them explicitly. We prove
an oo-analogue of the result of Wraith [Wra74]: the oplax limit of a diagram of co-logoses
and lex, accessible functors is an oo-logos (Theorem 5.43). We show that oplax natural
transformations between diagrams of (oo, 1)-categories correspond to arbitrary functors
between the (0o, 2)-categories of elements (Corollary 5.55) by reducing it to the special cases
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proved by Haugseng et al. [HHLN23] and Gagna, Harpaz, and Lanari [GHL21a]. We show
the mate correspondence for diagrams indexed over an arbitrary (oo, 2)-category in the form
of an equivalence between the spaces of oplax/lax natural transformations (Proposition 5.58).

1.4. Organization. The paper is split into two parts. The first part (Sections 2 to 4)
provides the theory of mode sketches internally to type theory. The second part (Sections 5
and 6) is devoted to semantics of mode sketches in co-logoses. The two parts are independent
of each other on a technical level.

In Section 2, we review the theory of modalities in homotopy type theory [RSS20]. Our
focus is on the poset of lex, accessible modalities and on the open and closed modalities
associated to propositions.

Sections 3 and 4 are the core of the paper. We introduce the notion of a mode sketch
(Definition 3.5). For every mode sketch, we introduce two equivalent sets of axioms to encode
a certain diagram of universes. One postulates some lex, accessible modalities while the
other postulates a lattice of propositions. The open and closed modalities give a construction
of the former from the latter which we show is an equivalence (Theorem 4.4). The latter is
a higher dimensional analogue of Sterling’s synthetic Tait computability [Ste21].

Section 5 is a preliminary section needed for the semantics of mode sketches.

Finally in Section 6, we show our main result (Theorem 6.4): for any mode sketch,
the (oo, 1)-category of models of the axioms associated to the mode sketch in co-logoses
is equivalent to the (oo, 1)-category of diagrams of co-logoses and lex, accessible functors
indexed over the mode sketch.

1.5. Related work. An earlier version of cohesive homotopy type theory [SS12] uses modal-
ities in plain homotopy type theory to internalize a series of adjunctions that arises in
Lawvere’s axiomatic cohesion [Law07]. However, because naive internalization of adjunctions
do not work well [LOPS18, Shul8], the axiomatization is tricky and not ideal to work with.
The newer version of cohesive homotopy type theory [Shul8] instead extends homotopy type
theory by another layer of context and new modal operators. The resulting type theory
works well for axiomatic cohesion but is complicated compared to plain homotopy type
theory. It is also too optimized for axiomatic cohesion.

A more general framework for internal diagrams is multimodal dependent type theory
[GKNB21]. It is roughly a family of type theories related to each other via modal operators
and interpreted in a diagram of presheaf categories. The shape of diagram is specified directly
by an arbitrary 2-category which is called a mode theory in this context. Our terminology
“mode sketch” is chosen to mean a sketch of a mode theory. Multimodal dependent type
theory is potentially an internal language for diagrams of co-logoses, but for this one would
have to rectify not only oco-logoses but also functors and natural transformations between
them.

Our work brings back the ideas of earlier cohesive homotopy type theory. Although it
might not be the best type theory, it has a lot of advantages: modalities are internal to plain
homotopy type theory, and thus all results are ready to formalize in existing proof assistants;
keeping type theory simple is also important in informal use of type theory in which the
correctness of application of inference rules is not checked by computer; the semantics is no
more complicated than the oco-logos semantics of homotopy type theory; it also opens the
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door to internalization of more general diagrams in a uniform way, which is the motivation
for the current work.

2. MODALITIES IN HOMOTOPY TYPE THEORY

We review the theory of modalities in homotopy type theory [RSS20]. In this section, we
work in homotopy type theory. By homotopy type theory we mean dependent type theory
with (dependent) function types, (dependent) pair types, a unit type, identity types (without
equality reflection), at least two univalent universes U : U, an empty type, pushouts, and
localizations [RSS20, Section 2.2]. Note that truncations are instances of localization. We
mainly follow the HoTT Book [Thel3] for terminologies and notations in homotopy type
theory.
A modality is in short a reflective subuniverse closed under pair types.

Definition 2.1. A subuniverse m is a function Iny : U — U such that Iny(A4) is a
proposition for all A :U. A type A satisfying Iny,(A) is called m-modal. We define a subtype
Un CU to be {A:U | Inn(A)}.

Definition 2.2. A subuniverse m is reflective if it is equipped with functions Op : U — Uy
and N : [[ 4,0 A = Om A such that that the precomposition Af.f o nm(A4): (Om A — B) —
(A — B) is an equivalence for any B : Uy. Note that such a pair (Om, 7m) is unique.

Definition 2.3. A reflective subuniverse m is a modality if Iny, is closed under pair types,
that is, for A: U and B : A = U, if Inn(A) and [],. 4 Inm(B(a)), then Inn(>°,. 4 B(a)).

An important class of modalities is accessible modalities which are roughly modalities
“presented by small data”.

Definition 2.4. For types A, B : U, we say A is left orthogonal to B or B is right orthogonal
to A and write A L B if the function A(b: B).A(_: A).b: B — (A — B) is an equivalence.
For a subuniverse m, we define subuniverses m* and *m by

I (A) = [Tpe A L B.

Definition 2.5. A null generator j consists of I,, : U and Z,, : I,, — U. We write NullGen
for the type of null generators. Given a null generator u, we define a subuniverse DNull(u)
by Inguy(A4) = H“‘L Zu(i) L A. It is shown that Dull(x) is a modality using a higher
inductive type [RSS20, Theorem 2.19]. A modality m is accessible if it is in the image of

Dtull, that is, || 37, Nuigen ™ = Dull(p)].

Another important class of modalities is lex modalities.

Definition 2.6. For a modality m, a type A : U is m-connected if Oy A is contractible. This
is equivalent to In.,(A) by [RSS20, Corollary 1.37].

Definition 2.7. A modality m is lex if for any m-connected type A : U, the identity type
a1 = ag is m-connected for any a1, a9 : A.

Modalities that are both lex and accessible are of particular importance because they
correspond to subtoposes of an co-topos under the interpretation of types as sheaves on the
oo-topos. From now on, we are mostly interested lex, accessible modalities, so we give them
a short name.
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Terminology 2.8. LAM is an acronym for lex, accessible modality.

Fundamental examples of LAMs are open and closed modalities which correspond to
open and closed, respectively, subtoposes.

Construction 2.9. Let P be a proposition. We define the open modality Op(P) by
Opppy A = (P — A) and ngy(py(A,a) = A_.a. It is lex and accessible by [RSS20, Example
2.24 and Example 3.10]. We also define the closed modality €I((P) by Ingpy(A) = (P —
IsContr(A)). It is lex and accessible by [RSS20, Example 2.25 and Example 3.14]. Note that
CI(P) = LOp(P) [RSS20, Example 1.31].

2.1. The poset of lex, accessible modalities. Let SU denote the poset of subuniverses
where m < n if In(A4) — Iny(A) for every A :U. We have the full subposets of SU

RSU > Mdl D AccMdl D LAM

consisting of reflective subuniverses, modalities, accessible modalities, and lex, accessible
modalities, respectively. We also have the full subposet Lex C Mdl of lex modalities. By
definition, LAM = Lex N AccMdI. We study the poset LAM in more detail.

Definition 2.10 [RSS20, Theorem 3.25]. Let I : U/ and m : I — LAM. A canonical meet
Ni.ym(%) is a LAM that is the meet of m(¢)’s in SU. A canonical join \/,;m(i) is a LAM
satisfying that a type A : U is (\/;.; m(i))-connected if and only if it is m(7)-connected for all
i : I. Note that a canonical join is the join in Mdl.

Example 2.11. The top modality Top, for which all the types are modal, is the canonical
meet of the empty family. The bottom modality Bot, for which only the contractible types
are modal, is the canonical join of the empty family.

The canonical meet of an arbitrary family of LAMs exists [RSS20, Theorem 3.29 and
Remark 3.23]. Canonical joins are less understood than canonical meets. One important
case when canonical joins exist and can be computed is the following.

Definition 2.12. Let m and n be LAMSs. n is strongly disjoint from m if any m-modal type
is n-connected or equivalently if m < *n in SU.

Proposition 2.13 (Fracture and gluing theorem). Let m and n be LAMs such that m < ‘n.

(1) The canonical join m V n exists.

(2) A type A is (mV n)-modal if and only if the function n,(A) : A — On A has m-modal
fibers.

(3) Unmvn > 3 A4 2Bty A = Om B-

L

In the special case when m = —n, we have mV n = Top.

Proof. All but the accessibility of m V n are proved by Rijke, Shulman, and Spitters [RSS20,
Theorem 3.50]. We will prove the accessibility of m V n in Proposition 2.17 below using an
open modality. ]

The distributive law holds in some special cases.

Fact 2.14 [RSS20, Theorem 3.30]. Let m and n be LAMs. If Oy, preserves n-modal types,
then Om/\n A == Om On A
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Proposition 2.15. Let my, mo, and mg be LAMs. Suppose my < tmg and mg < tmg. Then
(mp Vmz) A (mg Vmg) = (m; Amg) Vms.

Proof. Note that the right side exists as miAms < my < Lmg. Let A : U. By Proposition 2.13,
Ais ((mg Vmg) A (mg Vmg))-modal if and only if fibers of 1y, (A) are both m;-modal and mo-
modal, but this is equivalent to that A is (m; Amg)Vms-modal again by Proposition 2.13. [

Proposition 2.16. Let my, ma, and m3 be LAMs. Suppose that m; < ‘my and that Omy
preserves mg-modal types. Then (m;V mg) Ams = (my Amg) V (mg A ms).

Proof. Note that the right side exists as m; Ams < m; < tmy < +(my Am3). Let A be a
((my Vmg) Amg)-modal type. We show that A is ((m; Amg) V (mgy A ms))-modal, which is by
Proposition 2.13 equivalent to that Mm,ams(A) : A = Omyams A has (my A mg)-modal fibers.
Since O, preserves mz-modal types and since A is mg-modal, m,ams(A) is equivalent to
Mmy (A) : A — Om, A by Fact 2.14. The fibers of 7y, (A) are m;-modal by Proposition 2.13
and msz-modal since both domain and codomain are ms-modal. L]

2.2. Accessibility of the canonical join. Let us fill the gap in the proof of Proposition 2.13.

Proposition 2.17. Let m and n be LAMs such that m < +n. Then the canonical joinmvVn
(in Lex) is accessible.

We have to find a null generator for m V n. A natural guess is the following.

Construction 2.18. Let p and v be null generators. We define a null generator % v by

Ip,*z/ = IIL X L, and Zﬂ*y(i,j) = ZM(Z) *Zy(j) = ZH<Z) +Zp,(i)><Zu(j) ZV(])

Lemma 2.19. Let m and n be LAMs, and let p and v be null generators for m and n,
respectively. Then Z,.,(i,7) is both m-connected and n-connected for alli: I, and j: I,.

Proof. Recall that a function is m-connected if its fibers are m-connected and that the class
of m-connected functions is the left class of a (stable) orthogonal factorization system [RSS20,
Theorem 1.34]. Then the claim follows by the pushout stability and the right cancellability
of m-connected and n-connected functions. ]

Lemma 2.19 shows m V n < Null(u + v) for arbitrary accessible modalities m and n and
for arbitrary choices of 1 and v. We know neither if the other direction holds in general
for some choices of p and v nor if Mull(x + v) is independent of x and v. Note that Finster
[Fin] observed that DMull(p + v) is lex whenever DMull(p) and Null(v) are lex. In the special
case when m < n, the idea of the proof of m vV n = Null( % v) is to show that n is an open
modality within the subuniverse of DMull(x * v)-modal types.

Lemma 2.20. Let m and n be LAMs such that m < *n. Then n < Op(On 0).
Proof. This is because Oy, 0 is n-connected by assumption. L]

Lemma 2.21. Let m and n be LAMs such that m < *n. Suppose that p and v are null
generators for m and n, respectively, and that p admits a function f: On0 — I, such that
0=~ Z,(f(i)) for all i : Om 0. Then Opp(o,, 0) A is n-modal for any Null(p x v)-modal type
A. Consequently, the canonical function Opp(o,, 0) A — On A induced by Lemma 2.20 is an
equivalence for any NMull(p x v)-modal type A.
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Proof. We show that Opy(o,, 0) A = (Om 0 — A) is n-modal. Since v is a null generator for n,
it suffices to show that Z,(j) L (Om 0 — A) for all j : I,,. This is equivalent to that Z,(j) L A
under an assumption i : Oy 0. This holds since Z,(j) ~ 0* Z,(j) ~ Z,(f(i)) x Z,(j) and
since A is Mull(p x v)-modal. []

Lemma 2.22. Let m and n be LAMs such that m < *n. Suppose that p and v are null
generators for m and n, respectively, and that v has an element j : I, such that Z,(j) ~ On 0.
Then, if a type A is Null(p * v)-modal and Op(On 0)-connected, then it is m-modal.

Proof. We show that Z,,(i) L A for all i : I,,. By the definition of %, we have the following
pullback square.

(Zu(i) x Om 0 — A) —=—— (Z,(i) — A)
(Om0 = A) ——=— (Zu(i) = On0 — A)

Since A is Op(Om 0)-connected, the domain and codomain of the bottom function are
contractible, and thus the bottom function is an equivalence. It then follows that the top
function is also an equivalence. Since A is Mull(p * v)-modal and since Z,(j) ~ On 0, we
have A ~ (Z,(i) * Om0 — A) ~ (Z,(i) = A), and thus Z,(i) L A. ]

Proof of Proposition 2.17. Let p and v be null generators for m and n, respectively. Note
that the null generator obtained from a null generator for m by adjoining a family of
m-connected types yields the same modality m. Under an assumption i : Oy 0, the empty
type 0 becomes m-connected, and thus we may assume that p includes the type family
A(-: Om 0).0. Since Op 0 is n-connected by assumption, we may assume that v includes the
type family A(_: 1). On 0.

We show that Mull(y+v) = mVn. By Lemma 2.19, m V n < Null(p % v). For the other
direction, suppose that A is a tull(y x v)-modal type. By [RSS20, Theorem 3.50], it suffices
to show that 7n(A4) : A — On A has m-modal fibers. By Lemma 2.21, On A =~ Opp(0,, 0) A-
Then the fibers of 1y, (A) are Op(On 0)-connected. Since both A and O, A are Null(p x v)-
modal, the fibers of nyu(A) are also Mull(p * v)-modal. Thus, by Lemma 2.22, 1, (A) has
m-modal fibers. []

As a by-product, we have the following.

Corollary 2.23. Let m and n be LAMs such that m < *n. If mV n = Top, then m and n
are the closed and open, respectively, modalities associated to the proposition O 0. []

2.3. Open and closed modalities. We collect some properties of open modalities and
closed modalities.

Proposition 2.24. The function €l : Prop — LAM is a contravariant full embedding of
posets and takes arbitrary joins to canonical meets.

Proof. €I takes joins to canonical meets by [RSS20, Example 3.27]. It then follows that
¢l contravariantly preserves ordering. To see that €[ reflects ordering, let P and @) be
propositions and suppose that €l(Q) < €I(P). By definition, @ is €I(Q)-modal and thus
¢l(P)-modal, but this implies that P — Q. ]
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Proposition 2.25. The function Op : Prop — LAM is a covariant full embedding of posets
and takes finite meets to canonical meets and arbitrary joins to canonical joins.

Proof. Since €I(P) = +Op(P), the function Op is a covariant full embedding of posets
and takes arbitrary joins to canonical joins by Proposition 2.24. Op takes finite meets to
canonical meets by [RSS20, Example 3.26]. ]

Proposition 2.26. Let P be a proposition and m a LAM. Og,(p) preserves m-modal types,
and Oy preserves CI(P)-types.

Proof. Let A:U. If A is m-modal, then Og,(py A = P — A is m-modal by [RSS20, Lemma
1.26]. If A is €I(P)-modal, then Oy A is €I(P)-modal by [RSS20, Lemma 1.27]. []

Proposition 2.27. m = (m A CI(P)) V (m A Op(P)) for any LAM m and any proposition P.

Proof. m =m A (CI(P)VOp(P)) = (mACIP))V (mADOp(P)), where the first identification
is by Proposition 2.13 and the second is by Propositions 2.16 and 2.26. L]

3. MODE SKETCHES

We introduce mode sketches as shapes of diagrams of subuniverses definable internally to
type theory. We work in homotopy type theory through the section.

3.1. Internal diagrams induced by modalities. We consider postulating some LAMs to
encode some diagram of subuniverses. The fundamental observation is that a pair of LAMs
induces a canonical functor between them.

Construction 3.1. Let m and n be LAMs. We define a function O}, : Uy — Uy to be the
composite of the inclusion U, C U and On : U — Uy,.

Remark 3.2. We can say that O}, is a functor externally: we can construct a function
114,824, (A— B) = (O A — O, B) and every instance of the coherence laws. However, it
is not known how to state that Oy, is a functor internally to type theory, because defining
the type of (oo, 1)-categories in plain homotopy type theory is still an open problem.

We have two functors O} : Un — Uy and Oy, : Uy — Uy, for every pair of LAMs m and n,
but we are often interested in only one direction. It is thus useful to cut off one direction by
postulating that m < ‘n: by the definition of n-connectedness, Oy becomes constant at the
unit type. The other direction Of, : Uy — Uy remains non-trivial. Therefore, a pair (m,n)
of LAMs such that m < 1n encodes a functor Uy, — Uy. When n < Lm is also assumed, Us,
and U, are considered unrelated.

Given more than two LAMs, we have canonical natural transformations between the
canonical functors.

Construction 3.3. Let mp, m;, my be LAMs. We define
My Tl Ay, Omg A = Omg Om; A
by Nme " (A) = Omg my (A). This is well-typed as follows. A : Up, and Op, A : Uy, are

implicitly coerced along the inclusions Uy, C U and Uy, C U respectively, and then
Omg M, (A) has type Omy A = Omy Om, A. By the definition of O}, this type is definitionally
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equal to Of2 A — Of! Of2 A. The family of functions 7, is natural in the sense that for

any A, B : Un, and f: A — B, we have a homotopy filling the following square.

Ny - (A)
m m m:
Oma A Omp Om A
Om2 fl lo“m% Om? f
om?2 B - oplOn? B
mo 0 2By Mo T

Let mgp, my, mg, mg be LAMs. By naturality, the following diagram commutes.

mp;msg

Tlm
ms 1 s M1 ~ym3
Omg * Omg Om;
mg;m, my  mqp;m
nmg SJ Jomo Mmg 3
mo m3 my mo m3
Omo Omg mpo;mg _mg Omo Oml Omz
Thmq Omj

For more than four LAMs, higher coherence laws are also satisfied. Hence, a tuple

(mg, ..., my) of LAMs such that m; < J-mj for all 7 < j encodes an n-simplex with vertices
Un,, edges O’ t Un; — Uy, for i < j, triangles

mi

Om;

m
U, + U,
m;;m
\ ﬂ”]m;%
m, m
O’ Om”
U

J

for ¢ < j < k, and higher homotopies.
Shapes other than simplices are expressed by postulating invertibility of some of nm;;m’“’

For example, let mg, my, my, m3 be LAMs and suppose that m; < J-mj for all ¢+ < j, that
mo < 1my, and that ny0™ is invertible. We have a diagram

S.

my m3
Omo Oml

R

Z/l—ms

mo

Om>
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which is equivalent to a diagram of the form

m uml ms
Om(l]/ Q‘f
U, U

O:m%\ A/o{l}g

Z/{mQ

We cannot, however, naively postulate some properties of the functors Of,’s such as con-
servativity, fullness, faithfulness, adjointness, and invertibility. This is because the internal
statements of these conditions are too strong due to stability under substitution, and indeed
some “no-go” theorems on internalizing properties of functors are known [LOPS18, Theorem
5.1][Shul8, Theorem 4.1].

Remark 3.4. It is possible to postulate arbitrary properties of ng ’s in the following way.
We first postulate a “base” LAM Base and assume Base < tm; for all i. The universe Usase
is intended to be interpreted as the (0o, 1)-category of spaces, so statements in Usgqs, will
correspond to external statements. Since Omqse : U — Umqase preserves finite limits, it takes
(00, 1)-categories to (0o, 1)-categories and functors to functors. We can then postulate any
property on the induced functor Ogase Um; — OBase Unm,- In fact, cohesive homotopy type
theory [SS12] was first formulated in a similar fashion where the f§ modality plays the role
of Base. However, since we only know that Omqse Unm,; is an (0o, 1)-category externally, this
approach is not so convenient to work with especially for formalization in proof assistants.
For this and some other reasons, the newer version of cohesive homotopy type theory [Shul§|
is a proper extension of homotopy type theory. Nevertheless, this adding-base approach is
attractive since it keeps type theory simple and works for any kind of diagram.

3.2. Mode sketches. We introduce mode sketches as shapes of diagrams definable by the
methodology explained in Section 3.1.

Definition 3.5. A mode sketch 9 consists of the following data:

e a decidable finite poset Igy;

e a subset Tyy of triangles in Ioy.

Here, by a decidable poset we mean a poset whose ordering relation < is decidable. A type
is finite if it is merely equivalent to the coproduct of n copies of 1 for some n : N [Rij22,
Definition 16.3.1]. The identity type on a finite type is decidable [Rij22, Remark 16.3.2].
The strict ordering relation ¢ < j defined as (i < j) A (i # j) is also decidable. By a triangle
in Ipy we mean an ordered triple (ig < i1 < i2) of elements of Iyy. A triangle in Ty is called
thin.

Remark 3.6. The definition of mode sketches also makes sense in the metatheory. Every
mode sketch 9 in the metatheory can be encoded in type theory since it is finite.

Let 91 be a mode sketch and m : 91 — LAM a function. We consider the following
axioms.

Axiom A. m(i) < tm(j) for any j £ i in 9.
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Axiom B. For any thin triangle (ip < i1 < i2) in 9, the natural transformation 7]2((2‘1))) m(iz) .

Ol = o) omti2) is invertible.
Remark 3.7. Assuming Axiom A, if i < j, then m(i) < *m(j). The converse is not true:
when neither ¢ < j nor j < i, we still get m(i) < tm(j).

Axioms A and B are motivated by the observation made in Section 3.1. That is, when
J % i, the functor in the direction Up ;) — Uy(j) is cut off.

Remark 3.8. A mode sketch 9 is regarded as a presentation of an (oo, 2)-category |91|.
The strict ordering relation generates 1-cells (i < j) : @ — j, and the triangles (i < j < k)

generate 2-cells in the direction
J

it —— k.
When the triangle is thin, the corresponding 2-cell is made invertible. Longer chains
(ip < i1 < --- < i) present homotopies filling certain diagrams. A formal account is given in
Construction 6.3. A function m : 9T — LAM satisfying Axioms A and B is then considered
as a diagram of subuniverses indexed over [90t|°P(12) | the (00, 2)-category obtained from |9
by reversing the directions of 1-cells and 2-cells.

Example 3.9. Every decidable finite poset is a mode sketch where no triangle is thin. The
(00, 2)-category presented by it is obtained from the left adjoint of the Duskin nerve [Dus02]
by reversing 2-cells.

Example 3.10. The mode sketch for functors is drawn as
0 —— 1.

Axiom A asserts m(0) < +m(1). Axiom B is empty since there is no triangle. Thus, we get

the following diagram.

25
Unn(0) Unn(1)
Example 3.11. The mode sketch for triangles is drawn as

0v2

where “~” indicates that the triangle is thin. Axiom A asserts m(0) < tm(1), m(0) < tm(2),

and m(1) < *m(2). Axiom B asserts that 1728 ™2 5 invertible. Thus, we have the following
commutative triangle.
Ohto)
Unn(0) Unn(2)
k %(2)
Om(0) U Om(1)

m(1)
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3.3. Intended models, internally. Let 9t be a mode sketch. In this subsection, we see,
internally to type theory, what kind of an co-logos is a model of 9. Here, by a model of 9t
we mean an oco-logos that admits an interpretation of a postulated function m : 91 — LAM
satisfying Axioms A and B and the following additional axiom.

Axiom C. The top modality is the canonical join \/g; m.

Axiom C roughly asserts that the whole universe I is reconstructed from the subuniverses
Un(iy’s. This is meant to exclude models other than intended models.

Example 3.12. Consider the case when 901 is the mode sketch for functors (Example 3.10).

Axiom C asserts Top = m(0) V m(1). The equivalence U ~ ZA:Um(o) ZB:Z/{m(l) A—0O E ; B

(Proposition 2.13) suggests that U is the so-called Artin gluing for the functor O:Eég P Uy —
Un(0)- Therefore, our intended models of 90T are co-logoses obtained by the Artin gluing.

A generalization of the Artin gluing is oplaz limits. In the setting of Example 3.12, U
m(1)
fits into the following universal oplaz cone over the diagram Uy o) 0y (1)

u

/:>\ (3.1)

%
Unn(0) w Um(y)

m(0)
An oplax cone over a diagram is a kind of cone but every triangle formed by two projections
and a functor in the diagram is only filled by a not necessarily invertible natural transfor-
mation in the direction of Diagram (3.1). The universal oplax cone or oplax limit is the

terminal object in the (oo, 1)-category of oplax cones.

Example 3.13. Consider the case when 91 is the mode sketch {0 — 1 — 2} with no thin
triangle. Axiom C asserts Top = m(0) Vm(1) vV m(2). Iterating Proposition 2.13, we see that

every type A : U is fractured into Ag : U, A1 : um( ), A Uy, for + Ao = Omig) A,
fo2 1 Ag — Oz% Az, f12: A1 — o$§f§ Az, and poi2 f12 ° f01 = ﬁméo))m (A2) o foz.
Indeed, we have

u

o~ {Proposition 2.13 for m(0) and m(1) vV m(2)}
ZAotlflm(o) ZAmzumu)Vm(z) Ao — Omg Atz
~ {Proposition 2.13 for m(1) and m(2)}

ZA():um(O) ZAl:Z/{m(1> ZAQ:L{m<2) Zflg:Al—)Om(l) Ao AO - Om(o) (Al ><Om(l) Az AZ)

where the pullback is taken for fia : A1 — Op(1) A2 and nm(l)(AQ) : Az — Op(1) A2. Since
Om(0) Preserves pullbacks, the component Ag — Om(oy (A1 X Opm(1) A2 Asg) corresponds to the
components fo1, fo2, and pg12. Then U is the oplax limit of the diagram

(2)
O:(o)
Un(o) * Unn(2)-

m(0);m(2)
k [ (3.2)
m(O)
Un(1)

1)
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That is, we have projections U — Uy ;) for all 4, natural transformations

for all 7 < j, and a homotopy

AT

2
Z/{m(O) \ / Z/{m(2) = m(0) < m( ) (2)»
\ / \ H m(O) m(2)
(1)
o @) m(1) m o)
Om(o) U O::(l) rn(O) m(1)

m(1)

and these data form a universal oplax cone over Diagram (3.2).

Let us make the triangle (0 < 1 < 2) thin so that the natural transformation (3.2)
becomes invertible. In this setting, U is still the oplax limit of Diagram (3.2), but the
presentation can be simplified since the type of data (fo2, po12) is contractible.

For a general mode sketch 91, we apply Proposition 2.13 for a minimal element m(ig)
and the rest \/izim\io m(i) and repeat this for 9\ ip to fracture types into modal types.
Examples 3.12 and 3.13 suggest that U/ is the oplax limit of the diagram formed by Uy ;)’s
explained in Remark 3.8. Thus, our intended models of 99T are oplax limits of co-logoses
indexed over the (00, 2)-category presented by 9. The formal account of this is described
in Section 6.

4. MODE SKETCHES AND SYNTHETIC TAIT COMPUTABILITY

We give an alternative set of axioms for mode sketches and exhibit a connection between
mode sketches and synthetic Tait computability of Sterling [Ste21]. The core axiom of
synthetic Tait computability is to postulate a proposition. The proposition induces the open
and closed modalities, and then every type is fractured into an open type equipped with
a closed type family and behaves like a logical relation. In this story, the open and closed
modalities seem more essential than the postulated proposition, so we aim to formulate
synthetic Tait computability purely in terms of modalities. We work in homotopy type
theory.

4.1. Alternative mode sketch axioms. The oco-logoses obtained by the Artin gluing can
be characterized as oo-logoses equipped with a subterminal object (cf. [Joh02, A4.5.6]). We
generalize this from the Artin gluing to oplax limits indexed by mode sketches, internally to
type theory: the type of functions 9t — LAM satisfying Axioms A and C is equivalent to
the type of lattice morphisms coSieve(9t) — Prop (Theorem 4.4).

Definition 4.1. A cosieve on a decidable poset I is an upward-closed decidable subset of it.
Let coSieve(I) denote the poset of cosieves on I ordered by inclusion. Note that cosieves are
closed under finite meets and joins, so coSieve(]) is a lattice.
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Notation 4.2. For i : 9, let (i L 9) denote the cosieve {j: M | i < j} and 9(i | M) the
cosieve (i} M)\ {i}.

Construction 4.3. Let P : coSieve(?M) — Prop be a function. We define a function
ap : M — LAM by ap(i) = Op(P(i L M)) A CU(P(I(i | M))).

Theorem 4.4. Construction 4.3 is restricted to an equivalence between the following types:
(1) the type of lattice morphisms P : coSieve(9) — Prop;

(2) the type of functions m : M — LAM satisfying Axioms A and C.

We write @y : coSieve(9) — Prop for the lattice morphism corresponding to m.

Before giving a proof of Theorem 4.4, let us relate Theorem 4.4 to synthetic Tait computability
[SH21, Ste21, SH22]. The core axiom of synthetic Tait computability is to postulate some
propositions. One can work with those propositions directly but also with the induced open
and closed modalities. Theorem 4.4 says that synthetic Tait computability can, in fact,
be formulated completely in terms of modalities. The simplest version of synthetic Tait
computability postulates a single proposition. The corresponding mode sketch is {0 — 1} as
follows.

Example 4.5. Let 9t be the mode sketch for functors (Example 3.10). Then coSieve(9) =
{{},{1},{0,1}} is the free lattice generated by the single element {1}. We thus have
{lattice morphisms coSieve(9t) — Prop} ~ Prop.

The rest of this subsection is devoted to the proof of Theorem 4.4. We first show that
Construction 4.3 is restricted to a function 1 — 2.

Proposition 4.6. Let P : coSieve(9) — Prop be a function.

(1) If P preserves binary meets, then ap satisfies Axiom A.
(2) If P preserves top elements and finite joins, then ap satisfies Aziom C.

We prepare a couple of lemmas.

Lemma 4.7. If a function P : coSieve(IM) — Prop preserves finite joins, then Op(P(S)) =
Vg ap for any cosieve S C M.

Proof. By induction on the size of S. By assumption and by Proposition 2.25, we have
Op(P(S)) = V,;.sOp(P(i | M)). Thus, it is enough to show the case when S is of the
form (7 | 9t). By Proposition 2.27, we have Op(P(i | M)) = (Op(P(i | M)) A CI(P(O(i |
M)))) v (Op(P(i L M) A Op(P(A(i | M)))) = ap(i) vV Op(PL(9(i | M))). Then apply the
induction hypothesis for 9(i | ). []

Lemma 4.8. Let m and n be LAMs. If O, preserves m-modal types, then m A -(n Am) =
mA .

Proof. By Fact 2.14. L]
Proof of Proposition 4.6. If P preserves binary meets, then for any j £ i in 90,
ap(i)
= {definition}
Op(P(i L M) A~ Op(P(3(i | M)))
< {GLMN(ELM) CAi L M) as j £ i}
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Op(P(i | D)) A+ Op(P((F L M) N (i L M)))
= {Proposition 2.25, and P preserves binary meets}
Op(P(i | M) A~ (Op(P(j L M)) A Op(P(i | M)))
= {Lemma 4.8 and Proposition 2.26}
Op(P(i L M) A+ Op(P(j | M)
< {definition}

tap (),
and thus Axiom A is satisfied. If P preserves top elements and finite joins, then ap satisfies
Axiom C by Lemma 4.7. L]

We then construct the inverse function 2 — 1. The key observation is that canonical joins of
m(i)’s exist and are well-behaved under Axiom A.

Proposition 4.9. If a function m : 9t — LAM satisfies Aziom A, then the canonical join
\Vgm exists for any decidable subset S C M.

Proof. By induction on the size of S. If S is empty, then \/jm is the bottom modality.
Suppose that S is non-empty. Since 9 is finite, there is an element iy minimal in S.
Then S\ {ip} admits a canonical join by the induction hypothesis. Since i¢ is minimal,
m(ig) < *m(i) for any i : S\ {ig} by Axiom A, and thus m(ig) < L(\/s\{io} m). Then we
have the canonical join \/gm = m(io) V (Vg ;,3) M) by Proposition 2.13. ]

Lemma 4.10. Let mg, my, and mg be LAMs such that m; < Lmj for any © < j. Then
mo Vmy < tmy.

Proof. Let A be a (mg V m;)-modal type. By Proposition 2.13, 7y, (A) : A — Om, A has
mp-modal fibers. Then, by assumption, On, A and the fibers of 7, (A) are made contractible
by Om,. Thus, Om, A is contractible. ]

Proposition 4.11. If a function m : M — LAM satisfies Aziom A, then \/gp g m < L(Vgm)
for any cosieve S C M.

Proof. Since S is upward-closed, j £ i for any ¢ : MM\ S and j : S. Thus, by Axiom A,
m(i) < tm(j) for any i : M\ S and j : S. The claim follows from Lemma 4.10 and the
construction of the canonical join in Proposition 4.9. []

Fact 4.12 [RSS20, Example 3.32]. Let m and n be LAMs. If m < +n, then m A n = Bot.

Construction 4.13. Let m : 9t — LAM be a function satisfying Axioms A and C. We define
a lattice morphism ¢y, : coSieve(9) — Prop by ¢n(S) = OVgn s m 0. By Corollary 2.23 and

by Proposition 4.11, ¢ (.S) is the unique proposition such that Op(pm(S)) =V g m. Because
S — \/gm preserves finite joins by definition, ¢n preserves finite joins. By Axiom C, ¢
preserves top elements. For preservation of binary meets, let S; and S3 be cosieves on 9.
We have to show that \/g g, m = (Vg m) A (Vg, m). Let S3 =51 NS, S =51\ 53, and
S% = Sy \ S3. By Proposition 4.11, \/Si m < +(\/g, m) and \/Sé m < J-(\/S1 m). Then,

Vs, m) A (Vs, m)
= {definition}
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(Vgrm) vV (Vg,m) A (Vg m) V (Vg, m))
= {Proposition 2.15}

(Vg m) A (Vgym) V (Vg m)
= {Fact 4.12}

Vs, m.

Proof of Theorem 4.4. It remains to show that the constructions P — ap and m — ¢y, are
mutually inverses. Lemma 4.7 implies that ¢4, = P. For the other identification, we have

Ay (4)
= {definition}
Op(pm(i L M) A Clpm(0(i | M)))
= {Lemma 4.7}
(Vo) m) A Clom (0(i | 9N)))
= {Propositions 2.16 and 2.26}
Voo M) A €l(om(0(i 1 MN)))
= {Lemma 4.7}
Vji.qigomy M) A (Ar.agigamy —m(k))
= {m(k) Atm(k) = Bot for k: A(i | M) by Fact 4.12}
m(8) A (Agaigon) —m(k))
= {Axiom A}
m(i). []

4.2. Logical relations as types. We have seen in Section 4.1 that synthetic Tait com-
putability is reformulated in terms of LAMs. The slogan of synthetic Tait computability is
“logical relations as types” [SH21]. This is also formulated purely in terms of LAMs.

Fact 4.14 [RSS20, Theorem 3.11]. For any LAM m, the universe of m-modal types Uny =
{A:U|Inn(A)} is m-modal.

Proposition 4.15 (Fracture and gluing). Let m and n be LAMs such that m < *n. Then
we have an equivalence

Um\/n ~ ZB:L{n B — Z/{m
whose right-to-left function sends a (B, A) to Y, g A(x).

Proof. For any B : Uy,, we have
YAty A= On B

~ {equivalence between fibrations and type families}
Om B — Uy

~ {Fact 4.14}
B — Uy.

Then apply Proposition 2.13. L]
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Proposition 4.15 asserts that a type in Uyvy is a n-modal type equipped with a m-modal
unary (proof-relevant) relation on it, so types (in Umyn) are relations. More generally, for
a mode sketch Mt and a function m : 9t — LAM satisfying Axiom A, types in Uy, m are
fractured into a sort of generalized relations by iterated applications of Proposition 4.15.
Intuitively, the ordering on 91 is understood as “dependency”: every type A : Uy m 18
fractured into a family of type families { Ay ;) }aon such that Ay ;) depends on Ay ;) for all
j > i. One may also regard the underlying finite poset of 9t as a FOLDS signature [Mak95].

Example 4.16. When 91 is the mode sketch {0 <- 01 — 1}, we have an equivalence
Unn(01)vim(1)vim(0) = ZAO:Z/{,n(()) ZA1:Mm<1) Ap = A1 — Un(o1)-

Example 4.17. When 9 is the mode sketch {0 — 1 — 2} (with no thin triangle), we have
an equivalence

Unn(0)vm(1)vm(2) = ZAQ:Z/[m(Q) ZAl;Aﬁum(l) HXQ Ai(x2) — Unn(0)-

The equivalence in Proposition 4.15 nicely interacts with type constructors, and we derive
the logical relation translation (also called the parametricity translation) of dependent type
theory [BJP12, Shul5, Ueml7, Lasl4] as a theorem in type theory. Let m and n be LAMs
such that m < 1n. Type constructors in Upy, behave in the same way as the definition of
the logical relation translation of type constructors [Lasl4, Section 3] as follows.

® Unyn : T Umvn corresponds to the pair (Uy, AB.B — Un);

e 1 : Upnyy corresponds to the pair (1, A_.1);

e Suppose that A : Uyyn corresponds to a pair (An, Am). Then (A — Unvn) @ T Umvn
corresponds to the pair

(An = Un, AB. [ 1.4, Am(x) = B(x) = Un).
Indeed,
A = Unyn
~ {fracture and gluing}

(X n, Am(x)) = gy, B — Unm)

{I1 distributes over »_}
P [Ten, An(x) = U [LII, B(x,y) = Un

{Uy ~ (An(x) = U,) since m < tn}
2B Aty Lz Am(x) = B(x) = Un;

e Suppose that A : Upnyn corresponds to a pair (An, Aym) and that B : A — Upyy corresponds
to a pair (By, Bn). Then [[,. 4 B(x) : Unyn corresponds to the pair

(Hxn:A" Bn(Xn), )‘f Hxn me:Am(xn) Bm(Xn, Xm, f(Xn)))

by a similar calculation to the previous clause. ) ., B(x) : Umvn corresponds to the pair

(an:An By(xn), A(an, bn). me:Am(an) B (an, Xm, bn));

e Suppose that A : Uy, corresponds to a pair (Ay, Aw), that a : A corresponds to a pair
(@n,am), and that a' : A corresponds to a pair (al, al,). Then a = @’ : Upyn corresponds to
the pair

12

12

(an = ay, A\p.am :;1“‘ ar,)-
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Thus, any type A : Unyn constructed using these type constructors is fractured into a type
Ay Uy and a type family Ay @ Ay — Uy, and Ay, is equivalent to the logical relation
translation of A,. In this sense, types in Unyn are logical relations. The interaction of the
equivalences in Examples 4.16 and 4.17 and type constructors is similarly calculated. We
thus conclude that types in Uy, m are generalized logical relations.

5. HIGHER CATEGORY THEORY

We collect facts about higher categories needed to develop semantics of mode sketches in
oo-logoses.

We work with a model-independent language of (0o, 1)-category theory rather than
choosing a specific model of (oo, 1)-categories. An (oo, 1)-category C consists of a space
ODbj(C) of objects of C, a space Map,(z,y) of morphisms from x to y for any objects = and
y, and composition operators unital and associative up to coherent homotopy. Concepts in
category theory such as functors, natural transformations, equivalences, adjoints, (co)limits,
and Kan extensions have (oo, 1)-categorical analogues. We refer the reader to [Lur09a, Cis19,
RV22]| for general (oo, 1)-category theory.

At least two Grothendieck universes U € {4l are assumed to exist. By small we mean
Y-small and by large we mean {} {U-small. For an (oo, 1)-category C of small objects of
some kind, we write 1} C for the (oo, 1)-category of large objects of the same kind. Let Spc
denote the (oo, 1)-category of small spaces. Let Cat denote the (oo, 1)-category of small
(00, 1)-categories. For (oo, 1)-categories C and D, let Fun(C, D) denote the (oo, 1)-category
of functors from C to D and natural transformations between them. For a functor = : I — C,
we write {m; : limjer x; — x;}ier for the limit cone if it exists and {¢; : x; — colimjer @) }icr
for the colimit cocone if it exists.

Accessible and presentable (00, 1)-categories [Lur09a, Chapter 5] are important classes
of (00, 1)-categories. We do not need precise definitions of them. Every presentable (oo, 1)-
category is accessible and has small colimits and limits.

5.1. oo-logoses. We review the theory of co-logoses, also known as co-toposes. The standard
reference is [Lur09a, Chapter 6].

Definition 5.1. An co-logos is a presentable (oo, 1)-category £ such that, for any small
(00, 1)-category I, any natural transformation f : B = A: [ — L where all the naturality
squares are pullbacks, and for any cocone over f of the form

B, —% . p

le lf’ (5.1)

Az‘ T) COhl’nZ‘E[ AZ',

B’ is the colimit of B;’s if and only if Diagram (5.1) is a pullback for every i € I. A morphism
of oco-logoses is a functor preserving small colimits and finite limits. Note that any morphism
of oo-logoses has a right adjoint by the adjoint functor theorem [Lur(09a, Corollary 5.5.2.9].
We write Logos C 1} Cat for the subcategory spanned by the oco-logoses and the morphisms
of co-logoses.

The following are immediate from the definition.
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Proposition 5.2. Let {F;: L — K;}ier be a family of functors between presentable (oo, 1)-
categories preserving small colimits and finite limits. If all the IC;’s are co-logoses and if
{F;}ier is jointly conservative, then L is an co-logos. (]

Proposition 5.3. Let L be an oo-logos and let A € L be an object. If there is a map A — 0,
then A ~ 0. ]

LAMs in homotopy type theory are expected to correspond to (lex, accessible) localizations
of co-logoses.

Definition 5.4. A morphism of co-logoses is a localization if its right adjoint is fully faithful.
For an oo-logos £, let LAM(L) denote the full subcategory of (Logos,,)° spanned by
the localization morphisms £ — K. Note that LAM(L) is a poset. We call an object in
LAM(L) a lex, accessible modality (LAM) in L.

Notation 5.5. Let £ be an oo-logos. For a LAM m in £, we write Oy : £ — Ly for the
localization corresponding to m and 7y, for its unit. For two LAMSs mg and my in £, let
Ome + Lmy — L, denote the restriction of O, along the inclusion Ly, C L. For three

LAMs mg, my, and my in £, let 7™ : OR2 = OM OR2 : Ly, — L, denote the natural

transformation defined by (7m>""2)4 = Omy (N, )4 for A € Ly,.
(00, 1)-categorical counterparts of open and closed modalities are open and closed,
respectively, localizations (Construction 5.8).

Fact 5.6 [Lur09a, Proposition 6.3.5.1]. Let £ be an oo-logos. Then, for every object A € L,
the slice £,4 is an oo-logos. Moreover, the pullback functor A* : £ — L, is a morphism of
oo-logoses.

Fact 5.7 [ABFJ22, Propositions 4.3.6 and 4.3.7]. Let £ be an oo-logos and let ® be a class
of monomorphisms in £. Let L C L be the full subcategory spanned by those objects A such
that f*: Map(Y, A) — Map(X, A) is an equivalence for every pullback f of a morphism in
®. Then K is an oo-logos, and the inclusion K — £ has a left adjoint which is a localization
of co-logoses.

Construction 5.8. Let £ be an co-logos and let P € £ be a (—1)-truncated object. The
open localization associated to P is P*: L — L,p. This is indeed a morphism of co-logoses
by Fact 5.6, and its right adjoint is fully faithful since P is (—1)-truncated. The closed
localization associated to P is the localization obtained by Fact 5.7 for the singleton class
of monomorphisms {0 — P}. Let £ — K be the closed localization associated to P. Then
an object A € L belongs to K if and only if Map(X, A) — Map(f*0, A) is an equivalence
for every f: X — P. Since f*0 ~ 0 by Proposition 5.3, Map(f*0, A) ~ 1. Therefore, A
belongs to K if and only if P*A € L,p is the final object, which is equivalent to that the
projection P x A — P is an equivalence.

5.2. The language of (0o, 2)-category theory. We formulate concepts in (0o, 2)-category
theory using the (00, 1)-category 2-Cat of (00, 2)-categories axiomatized and proved to be
equivalent to various models of (oo, 2)-categories by Barwick and Schommer-Pries [BSP21].

Definition 5.9. A (strict) 2-category C is said to be gaunt if only invertible 1-cells and
2-cells are the identities.



Vol. 22:1 HOMOTOPY TYPE THEORY AS A LANGUAGE FOR DIAGRAMS 25:21

Example 5.10. The walking m-cell G, for 0 < m < 2 is the 2-category freely generated
by a single m-cell and is gaunt.

Among Barwick and Schommer-Pries’s axioms, the following are important to us.

Fact 5.11 [BSP21, Basic Data]. 2-Cat is presentable and contains finitely presentable gaunt
2-categories as a full subcategory.

Fact 5.12 [BSP21, Axiom C.2|. {Gg, G1, G2} is a set of generators for 2-Cat.

Fact 5.13 [BSP21, Axiom C.3]. The (oo, 1)-category 2-Cat (more generally 2-Cat g, for
0 <m < 2) is cartesian closed. For C,D € 2-Cat, let Fun(C, D) denote the exponential in
2-Cat.

Fact 5.14 [BSP21, Axiom C.4]. Gy, G1, and Gq satisfy certain pushout formulas. We will
recall them when needed.

Let us fix terminology and notation.

Definition 5.15. Objects in 2-Cat are called (o0, 2)-categories. For an (oo, 2)-category C,
morphisms in 2-Cat to C from Gg, G, and Gg are called objects or 0-cells, morphisms
or 1-cells, and 2-morphisms or 2-cells, respectively, in C. Morphisms in 2-Cat are called
functors. For (o0, 2)-categories C and D, 1-cells in the (oo, 2)-category Fun(C, D) are called
natural transformations.

Fact 5.12 is particularly useful and mostly used in the following form.

Proposition 5.16. Let ® be a class of small (00,2)-categories. If ® is closed under
small colimits (that is, colim;e; C; € ® whenever C; € ® for every i € I, for any small
diagram C : I — 2-Cat) and if ® contains Go, Gi1, and Ga, then ® contains all small
(00, 2)-categories. []

Constructions 5.17, 5.18 and 5.20 below are easily justified by using the 2-fold complete
Segal spaces model [Bar05].

Construction 5.17. Let C be an (oo, 2)-category. We define the space Obj(C) of objects
in C to be Map,_cat(Go,C). For a pair of objects (z,y), an (oo, 1)-category Map¢(z,y)
called the mapping (0o, 1)-category is constructed. It is defined by the pullbacks

Obj(Map¢(7,y)) —— Mapy cat(G1,C)

l - |(dom.coa)

1—— Obj(C) x Obj(C)

(zy)
and
MapMapC (z,y) (u7 ’U) Map2_cat(G2, C)
l - J(dom,cod)
1 ————— Obj(Mapc(z,y)) x Obj(Mapc(z,y)).

C also has a functorial composition operator between its mapping (oo, 1)-categories.

Construction 5.18. For an (oc,2)-category C, we define an (oo, 1)-category Core(;)(C)
called the (0o, 1)-core of C by Obj(Core(;)(C)) = Obj(C) and MapCOre(l)(C)(:p,y) =
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Obj(Map¢(x,y)). This defines a functor Core(;) : 2-Cat — Cat. It is shown that Core(y)
has a fully faithful left adjoint, and thus we regard Cat as a coreflective full subcategory of
2-Cat. An (00, 2)-category C is an (oo, 1)-category if and only if it is locally discrete in the
sense that Map,(z,y) is an co-groupoid for any z,y € C.

Definition 5.19. Let C be an (00, 2)-category. A locally full subcategory of C is an (o0, 2)-
category C' equipped with a functor F : ' — C such that Obj(C’) — Obj(C) is mono
and Mapg/(z,y) — Mape(F(x), F(y)) is fully faithful for any x,y € C'. A locally full
subcategory of C is usually specified by a class C;, of 0-cells in C and a class C{ of 1-cells in C
between objects in Cj such that C] contains all the equivalences between objects in Cj and is
closed under composition.

The unicity theorem [BSP21, Theorem 7.3] asserts that there are exactly (Z/27)? automor-
phisms on 2-Cat. Those automorphisms are opposite constructions.

Construction 5.20. Let C be an (oo, 2)-category. (oo, 2)-categories C°P(1) and C°P?) are
defined by Obj(C°P() = Obj(C°*(?)) = Obj(C) and

Mapcop(l) ($7 y) = MapC(ya .7})

Mapop2) (z,y) = Mape (z, y)*”.
We abbreviate (COP(1))oP(2) ~ (oP(2))op(1) a5 CoP(1:2),

The following is an (oo, 2)-categorical version of the fact that a natural transformation
is invertible if it is point-wise invertible. It is proved without using a specific model.

Proposition 5.21. For any (0o, 2)-categories C and D, the restriction functor
Core(;)(Fun(C, D)) — Core(;)(Fun(Obj(C), D))
18 conservative.

Proof. Let ® be the class of (0o, 2)-categories C such that the functor Core(;)(Fun(C, D)) —
Core(;)(Fun(Obj(C), D)) is conservative for any (oo, 2)-category D. We first show that ®
is closed under colimits. For a functor C : I — 2-Cat, we have the following commutative
diagram.

Core () (Fun(colim;e; C;, D)) —— Core(;)(Fun(Obj(colim;e; C;), D))

gl |

limiej COI‘e(l) (Fun(Cz-, D)) — limie[ Core(l) (Fun(Ob_] (Cz), D))

The left functor is an equivalence as Coreq) preserves limits. If every C; belongs to @, then
the bottom functor is conservative, and so is the top.

It remains to show that ® contains Gg, Gi, and Go. Note that when C is locally
discrete, we have Core(;)(Fun(C, D)) ~ Fun(C, Core(;)(D)), and (oo, 1)-category theory
applies. The only non-trivial case is when C = Gy. We recall the following pushout in 2-Cat
[BSP21, Axiom C.4].

Gy —— G +g, Ge

| -

Gy +a, G —— Gy x Gy
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G2 X (1 should be a cylinder

o — o
=) ()
e — .7

and the above pushout formula asserts that this is the case because the cylinder is obtained by
[}

gluing the lower-left part Go +g, G1 = g:>> and the upper-right part G +¢g,
e — @

e — o
Gy = g:>> . A functor F' € Mapy cat(G1, Fun(Ge, D)) ~ Mapy cqat(Ga X

[
G1,D) is thus a diagram in D of the form

F0,0) 2% po,1)

(=) (=)

F(1,0) —gp FOLD):
When the morphisms F'(0,01) and F(1,01) are invertible, then one can construct an inverse
of F' in Fun(Gy, D). ]

5.3. Scaled simplicial sets. We review one of models for (0o, 2)-categories, scaled simplicial
sets [Lur09b]. This model is convenient for presenting (oo, 2)-categories by combinatorial
data, provides computation of colimits of (0o, 2)-categories, and gives the (oo, 2)-category of
(00, 1)-categories a useful universal property.

Definition 5.22. A scaled simplicial set is a simplicial set A equipped with a class of
2-simplices called thin 2-simplices such that all the degenerate 2-simplices are thin.

A scaled simplicial set A is thought of as a presentation of an (oo, 2)-category: the
0-cells are the 0-simplices of A; the 1-cells are generated by 1-simplices of A; the 2-cells are
generated by 2-simplices of A in the following direction;

N

thin 2-simplices are made invertible 2-cells; higher simplices presents homotopies filling
certain diagrams.

Proposition 5.23. There is a model structure on the category of scaled simplicial sets that
presents 2-Cat.

Proof. See [Lur09b] for the model structure and comparison with other models for (oo, 2)-
categories. Barwick and Schommer-Pries [BSP21]| show that the (oo, 1)-category presented
by this model structure indeed satisfies their axioms. L]
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Example 5.24 [Lur09a, Example 1.1.5.9]. Let I be a (decidable) poset and we regard it as
a scaled simplicial set with no non-degenerate thin 2-simplex. It presents a gaunt 2-category
(I) defined as follows. The objects of (I) are the elements of I. The mapping category
Map (i, j) for i,j € I is the poset of totally ordered subsets J C I with least element ¢
and largest element j. A morphism from ¢ to j is thus a chain i = ko < k1 < --- <k, = j.
It then follows that Core(;)((I)) is the free category over the strict ordering relation on I.
For any i < j in I, the chain (i < j) is the initial object in Map (4, j).

We can calculate colimits in 2-Cat via homotopy colimits of scaled simplicial sets. We
do not need much details, but a useful consequence is the following.

Corollary 5.25. For any functor C : I — 2-Cat, the map
cohm Obj(C;) — ObJ(COth )

1§ surjective. []

Lurie [Lur09b, Section 4.5] shows that the (oo, 2)-category of (oo, 1)-categories is presented
by the scaled simplicial set classifying locally cocartesian fibrations.

Definition 5.26. Let A be a scaled simplicial set and B a simplicial set. Amapp: B —> A
of simplicial sets is a locally cocartesian fibration if the following are satisfied:

(1) pis an inner fibration of simplicial sets;

(2) for every l-simplex a : A! — A, the base change a*p : a*B — A! is a cocartesian
fibration of simplicial sets;

(3) for every thin 2-simplex a : A2 — A, the base change a*p is a cocartesian fibration of
simplicial sets.

Fact 5.27 [Lur09b, Corollary 4.5.7]. There exists a universal locally cocartesian fibration
with small fibers T : Cat — Cat™ in the following sense:

(1) Cat*™ is a large fibrant scaled simplicial set, Cat” is a large simplicial set, and 7 is a
locally cocartesian fibration whose fibers are small;

(2) for any locally cocartesian fibration with small fibers p, there exists a unique, up to
homotopy, homotopy pullback from p to .

Construction 5.28. Let Cat(® € 1 2-Cat be the (00, 2)-category presented by Cat*. By
the construction of Cat®® [Lur09b, Definition 4.5.1], we have Obj(Cat?) ~ Obj(Cat) and
Map,, = (C,D) ~ Fun(C, D).

Notation 5.29. The constructions of Cat™ and Cat® are parameterized by a universe.
We use the notation {} Cat®*® and 1 Cat® for those constructions with respect to the larger
universe 1 4.

The notion of locally cocartesian fibration is, however, specific to the scaled simplicial
sets model. A more model-independent notion is as follows.

Definition 5.30. A functor P : D — C between (0o, 2)-categories is a 1-cocartesian 2-right
fibration if the following conditions are satisfied:

(1) P is locally a right fibration in the sense that for any objects z,y € D, the functor
P : Mapp(z,y) — Mape(P(x), P(y)) is a right fibration;
(2) Core((P) : Core(;y(D) — Core(;)(C) is a cocartesian fibration.
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By duality, 1-(cocartesian/cartesian) 2-(right/left) fibrations are defined. (These are called
inner/outer cocartesian/cartesian fibrations for the scaled simplicial set model [GHL21a].)

Remark 5.31. Assuming Item 1 in Definition 5.30, any cocartesian morphism v : x — y in
Core(l)(D) is also cocartesian in the Cat-enriched sense: for any object z € D, the square

-ou

Mapp(y, 2) Mapp (2, 2)

| I»
Map¢(P(y), P(2)) Ry T Mape(P(x), P(2))

is a pullback in Cat, because Obj : Cat — Spc reflects pullbacks of right fibrations.

Proposition 5.32. Cat® is part of a universal 1-cocartesian 2-right fibration with small

— (2),R
fibers Cat() — Cat®. For a functor C : I — Cat®, let El;(C) — I denote the
corresponding 1-cocartesian 2-right fibration.

Proof. This follows from the equivalence between locally cocartesian fibrations and inner
cartesian fibrations of categories enriched over marked simplicial sets given by Gagna, Harpaz,
and Lanari [GHL21a, Propositions 2.4.1 and 3.1.3]. []

~— (2)R | . .. .
An object in Cat( ) is a pair (C, z) consisting of an (oo, 1)-category C and an object x € C.

N . 2 7R . . . .
A morphism (C,z) — (D,y) in Cat( ) is a pair (F,u) consisting of a functor F': C — D

and a morphism v : F'(z) — y. A 2-morphism (F,u) = (G,v) : (C,z) = (D,y) in (5;1/1:(2)’R

is a pair (o, p) consisting of a natural transformation o : F' = G and a path p : u ~ v o 0,.
2).R

For the purpose of Section 5.4, we introduce a variant of Cat

Construction 5.33. The equivalence of (oo, 1)-categories Cat > C — C°P € Cat extends
to an equivalence of (oo, 2)-categories

()% : Cat® ~ (Cat®)°P()

(2),L (2),R ),L

__ _ — (2

Let Cat = (()°P)*(Cat """ )°P(?). By construction, the functor (Cat( yor(1:2)
(Cat@)or(12) classifies 1-cartesian 2-right fibrations with small fibers. For a functor C :
1°°(1:2) 5 Cat®) let El;(C) — I denote the corresponding 1-cartesian 2-right fibration.

~— @)L, . . ~— (2R .
In other words, Cat( ) is the fiberwise opposite of Cat( ) . Thus, the objects of

— (2),L — (2),R . oA @QL .
Cat( ) are the same as Cat( ) , but a morphism (C,z) — (D,y) in Cat( ) is a pair

(F,u) consisting of a functor F': C — D and a morphism u : y — F(z).

5.4. Oplax limits. Oplaz limits in general (0o, 2)-categories are defined by Gagna, Harpaz,
and Lanari [GHL21a]. In this paper, we only need oplax limits of (oo, 1)-categories which
have the following simple construction [GHL21a, Example 5.3.12].
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Construction 5.34. Let I be a small (0o, 2)-category and C : I°°(:2) — Cat® a functor.
The oplax limit of C is defined to be the pullback

opLaxLim;¢; C; > Fun(7, ((?aﬁ;@)’L)op(l,Q))

] |
Gy ———— Fun(l, (Cat®)r(L2),

Equivalently, it is the pullback
opLaxLim;c; C; » Fun(I,El;(C))
J |

In other words, opLaxLim,c; C; is the (0o, 2)-category of sections of El;(C) — I. Any functor
F:J — I induces a functor F* : opLaxLim;c; C; — opLaxLim,c ; Cpj).

Remark 5.35. opLaxLim,; C; is small and locally discrete. Indeed, the class of small (00, 2)-
categories I such that opLaxLim,;C; is small and locally discrete for any C : I op(1,2) _,
Cat® is closed under small colimits, and the cases when I = Gg, G1, Gy are directly
calculated in Examples 5.37 to 5.39 below. Hence, we regard opLaxLim,c;C; as a small
(00, 1)-category.

Concretely, an object x in opLaxLim;.;C; consists of: an object x; € C; for any object
i € I; a morphism z, : 2; — Co(2;) for any morphism « : ¢ — j in I; some coherence data.
A morphism v : ¢ — y in opLaxLim,c; C; consists of: a morphism u; : z; — y; for any object
1 € I; a homotopy u, filling the square

U
Ty ———————— Y;

Ca(zy)) T Ca(yj)
Ca(uy)

for any morphism « : ¢ — j in I; some coherence data.

Example 5.36. When I is an oco-groupoid, we have opLaxLim;c; C; ~ [],.; C;. For a general
I, we have the forgetful functor opLaxLim,.;C; — opLaxLim;cop;(1) Ci ~ [[;c; Ci which is
conservative by Proposition 5.21.

1,2)

Example 5.37. When I = Gy, a functor Ggp( — Cat® corresponds to an (oo, 1)-

category C, and its oplax limit is C itself.

Example 5.38. When I = Gy, a functor C : Gcl)p(LQ) — Cat® corresponds to a functor
F :Cy — Cy. Its oplax limit is the (oo, 1)-category of triples (xg, z1,u) consisting of objects
xo € Cp and x1 € C; and a morphism u : 29 — F'(x1). In other words, we have the following
pullback.

opLaxLim;cq, C; —— Cy”

|7 s
Cl ﬁ Co
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This oplax limit is called the Artin gluing for F' and denoted by G1(F').
(1,2)
(2),L

Example 5.39. When I = Gg, a functor C : Ggp — Cat® corresponds to a natural

transformation o : F1 = Fp : C1 — Cp. Since ((/3\5;5 )or(12) 5 (Cat?)or(12) is locally a
right fibration, a section of it over C is completely determined by the restriction along the
codomain inclusion G — Gy. Therefore, opLaxLim,cg, C; ~ GI(F1).

Example 5.40. Let J be a small (0o, 1)-category and I : J — 2-Cat a functor. For any
functor C : (colime s I;)°P(h?) — Cat®, we have a canonical equivalence

opLaxLim C; ~ lim opLaxLimC, ;).

iccolimje 5 I J€T T el !
Hence, arbitrary oplax limits are constructed from Examples 5.37 to 5.39 using small limits.

We show that co-logoses are closed under oplax limits. For this, we consider a weaker
notion of morphism of co-logoses.

Definition 5.41. A functor between accessible categories is accessible if it preserves small
k-filtered colimits for some regular cardinal k.

Notation 5.42. We define Logosge)XACC c 1+ Cat® to be the locally full subcategory
spanned by the co-logoses and the lex, accessible functors between oco-logoses.

Theorem 5.43. Let I be a small (0o, 2)-category and L : 1°P(1:2) — Logosl(i)XACC a functor.
Then opLaxLim;c; £; is an oco-logos. Moreover, the forgetful functor opLaxLim;c; L; —
[Licr £i preserves small colimits and finite limits.

The rest of this subsection is devoted to the proof of Theorem 5.43.
Fact 5.44 [Lur09a, Proposition 6.3.2.3]. Logos C 1} Cat is closed under small limits.

Lemma 5.45. Let F: L1 — Ly be a lex, accessible functor between co-logoses. Then GL(F)
is an co-logos, and the projections GI(F') — Lo and GlI(F) — L1 preserve small colimits
and finite limits.

Proof. We use a characterization of presentability: an (oo, 1)-category is presentable if and
only if it is accessible and has small colimits [Lur09a, Definition 5.5.0.1]. It follows from
[Lur09a, Propositions 5.4.4.3 and 5.4.6.6] that G1(F) is accessible. By construction, G1(F')
is the (00, 1)-category of triples (Ag, A1, f) consisting of objects Ag € Ly and A1 € L1 and a
map f: Ag — F(A;). It follows from this description that the projection GI(F') — Lo x L4
creates small colimits and finite limits. In particular, GI(F') admits small colimits and thus
is presentable. Since the projection G1(F) — Ly x L1 is conservative by Example 5.36,
GI(F) is an oo-logos by Proposition 5.2. (]

Proof of Theorem 5.43. Let ® be the class of small (oo, 2)-categories I such that for any

functor £ : JoP(1:2) Logosfe)xACC, the oplax limit opLaxLim;c; £; is an oo-logos and the
forgetful functor opLaxLim;c; £; — [];c; £i preserves small colimits and finite limits. It is
enough to show that ® is closed under small colimits and contains Gy, G1, and Go.

Let I : J — 2-Cat be a functor from a small (oo, 1)-category J and suppose that every I;
belongs to ®. Let £ : (colimje; I;)°P(1:2) — Logosﬁ?XACC be a functor. As in Example 5.40,
we have

opLaxLim £; ~ lim opLaxLim £, ;).
i€colimje s I; Jjed e



25:28 T. UEMURA Vol. 22:1

Since I; € ®, small colimits and finite limits in opLaxLim;c I; L, are computed in
Hz‘elj L,,#)- Thus, for any morphism j; — jz in J, the functor opLaXLimZEIj2 EL].I(Z») —
opLaxLim, I, £Lj2 (i) preserves small colimits and finite limits. It then follows from Fact 5.44
that lim;e y opLaxLim,¢ I ELJ. () 1s an oo-logos. Consider the following commutative square.

opLaxLim;c qlim, , 1; £i — limjejopLaxLim;cr. £, ;)

| |

HiEObj(colimjeJ 1)) L; — hmjeJ HiEObj(Ij) £Lj(z’)

We have seen that the top functor is an equivalence. The right functor preserves small
colimits and finite limits as every I; belongs to ®. The bottom functor is equivalent to the
restriction along colimjc; Obj(I;) — Obj(colim;c;I;) and thus preserves small colimits
and finite limits. By Corollary 5.25, the bottom functor is conservative. We thus conclude

that the left functor preserves small colimits and finite limits. Hence, colim;e s I; belongs to
)

Gy belongs to ® by Example 5.37. G belongs to ® by Example 5.38 and Lemma 5.45. Go
belongs to ¢ by Example 5.39 and by the case of G. []

5.5. Oplax natural transformations. An alternative description of oplax limits is that
they are (oo, 1)-categories of oplax natural transformations (Proposition 5.57).

Construction 5.46 [GHL21b, Definition 2.1]. Let A and B be scaled simplicial sets. The
Gray product A® B is the scaled simplicial set whose underlying simplicial set is the cartesian
product of A and B and whose 2-simplex (a,b) : A> — A x B is thin if both a and b are
thin and either a degenerates along A2} or b degenerates along A{01},

Fact 5.47 [GHL21b, Theorem 2.17]. The Gray product is part of a left Quillen bifunctor
on scaled simplicial sets. Consequently, it induces a functor

_® _:2-Cat x 2-Cat — 2-Cat
preserving small colimits on each variable.

Construction 5.48. By Fact 5.47 and by the adjoint functor theorem, for any (oo, 2)-
category C, the functors (.®C) and (C®-) have right adjoints Fun(C, _)rax and Fun(C, _)opLax,
respectively.

Example 5.49. C ® Gy ~ C, and thus Obj(Fun(C, D)opLax) =~ Map,.cai(C, D). Dually,
Obj<1:‘un(ca D)Lax) = MapQ—Cat (C7 D)

Example 5.50. Let C be a scaled simplicial set and u : * — y a 1-simplex in C. Consider
the following 2-simplices in C ® Al

(2,0) —2=U (41)

(“’O)l \(u,0§1)\ l(u,n (5.2)

(y,0) o<y (y,1)
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By definition, the lower 2-simplex is thin, but the upper one is not (unless u is degenerate).
Hence, these 2-simplices compose and yields a 2-cell

(z,0) (x,1)

wo| = |w (5.3)

(y,0) o<y (y,1)

(2,0<1)

in the (oo, 2)-category presented by C @ Al. Then, a 1-cell o : F — G in Fun(C, D)opLax
assigns: a l-cell o, : F(x) — G(z) to every O-cell x € C; a 2-cell

ou T

Fly) —,— G(y)

to every l-cell u : x — y; and coherence data to higher cells. Such a structure is called an
oplax natural transformation from F to G. Dually, 1-cells in Fun(C, D).« are called lax
natural transformations. For a lax natural transformation o : F' — G, the 2-cell g, is in the
opposite direction G(u) o 0, = 0y 0 F(u).

Remark 5.51. By definition, we have a map A ® B — A x B of scaled simplicial sets
which exhibits A x B as the one obtained from A ® B by making the upper 2-simplex in the
diagram of the form (5.2) thin. Thus, for (oo, 2)-categories C and D, the cartesian product
C x D is obtained from the Gray product C ® D by making the 2-cell in the diagram of
the form (5.3) invertible. By an adjoint argument, Fun(C, D) is regarded as the locally full
subcategory of Fun(C,D).x whose 1-cells are the lax natural transformations o such that
the 2-cell oy, is invertible for any 1-cell u in C. We may also regard Fun(C, D) as a locally
full subcategory of Fun(C, D)opLax in the same way.

Lax natural transformations correspond to functors between 1-cocartesian 2-right fibra-
tions.

Proposition 5.52. Let I be an (00, 2)-category and let C,D : I — Cat® be functors. We
have an equivalence

Mapgore ) (Fun(r,Cat®)p.0,) (C, D) ~ Map, cat,, (EL1(C), El;(D))
natural in I.
Proposition 5.52 follows from the following special cases which are already known.

Fact 5.53 [GHL21a, Corollary 4.4.3]. Let I be an (0o, 2)-category. For any functor D : I —
Cat®, we have an equivalence

Mapg,,,(1.cat)y,, (A1 D) ~ Mapg_Catﬁ) (I,El;(D)).

Fact 5.54 [HHLN23, Theorem E]. Let I be an (co, 1)-category. The map (C : I — Cat®) —
El;(C) induces an equivalence between Fun([, Ca‘c(Q))LaX and the full subcategory of Cat%)
spanned by the cocartesian fibrations over I. Dually, Fun(7°P, Cat(Q))opLaX is equivalent to

the full subcategory of Catﬁ) spanned by the cartesian fibrations over I.
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Proof of Proposition 5.52. We have a lax natural transformation 7 : (A1) — Clgi,(c)
corresponding to the diagonal functor El;(C) — El;(C) x; El;(C) by Fact 5.53. The
precomposition with 7 induces a map
MapCore(1>(Fun(I,Cat(Q))Lax)(C’ D) — MapCore(l)
and the codomain is by Fact 5.53 equivalent to Map2‘cat/E11(C) (El;(C),El;(C) x1 Elf(D)) ~
Map; cas,; (El;(C),El;(D)). One can verify that the map (5.4) is an equivalence by reducing
it to the cases when C is locally discrete (Fact 5.54) and when C = Ga. []

(Fun(El; (€),Cat®)p.0) (A1 PlEL(0)): (5-4)

A dual argument shows the following.

Corollary 5.55. Let I be an (c0,2)-category and let C,D : 1°P(1:2) — Cat® be functors.
We have an equivalence

Mapcore(l)(Fun([op(lﬁ),Cat(Q))opLax)(Ca D)~ Map2-Cat/I (EL(C),El/(D))
natural in I. []
Natural transformations correspond to functors preserving cocartesian morphisms.

Proposition 5.56. The equivalence in Proposition 5.52 is restricted to an equivalence
between MapCme(l)(Fun(LCat(g)))(C,D) and the space of functors Elf(C) — El; (D) over I
preserving cocartesian 1-cells.

Proof. The equivalence between these mapping spaces is due to Lurie [Lur09b, Theorem
3.8.1]. One can see that it coincides with the equivalence in Proposition 5.52. L]

Oplax limits are (oo, 1)-categories of oplax natural transformations in the following sense.

Proposition 5.57. Let C : I°°02) — Cat® be a functor. For any (00, 1)-category D, we
have a natural equivalence

MapCat (Da OpLa’)lem Cz) ~ Mapcore(l) (Fun(lop(l,Q) 7cat(2))opLax) ()\,.’D, C) .
1€

Proof.

Map g, (D, opLaxLim C;)
el

1R

{definition}
MapQ_Cat/I (I x D,El;(C))
{Corollary 5.55}

12

Mapcore(l) (Fun(IOP(LQ)7cat(2>)opLax) ()\,.D, C) D

A useful source of oplax natural transformations is the following mate correspondence
whose special case when C is an (0o, 1)-category is shown by Haugseng et al. [HHLN23,
Corollary F] in a stronger form of an equivalence between (0o, 1)-categories of (op)lax natural
transformations.

Proposition 5.58. Let C be an (00, 2)-category and F,G : C — Cat® a functor. We have
an equivalence natural in C between the following space:

e the space of oplax natural transformations o : F — G such that o, is a left adjoint for
every 0-cell x € C;
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o the space of lax natural transformations 7 : G — F such that 7, is a right adjoint for every

0-cell x € C.

Moreover, when an oplazx natural transformation o corresponds to a lax natural transformation
T wia this equivalence, o, - 1, for any x € C.

Proof. By
{G1 — Fun(C, Cat'®),p1ax | left adjoint at every z € C}
~ {transpose}
{C = Fun(G1, Cat®)p,, | valued in left adjoints}
o~ {Fact 5.54}
{€C — Cat%rl | valued in bicartesian fibrations}
~ {Fact 5.54}
{C = Fun(G%, Cat?) L0y | valued in right adjoints}
~ {transpose}
{GS — Fun(C, Cat?),, | right adjoint at every z € C}.

Recall that a bicartesian fibration is a functor between (oo, 1)-categories that is is both a
cocartesian fibration and a cartesian fibration. Because adjunctions are bicartesian fibrations
over G; [Lur09a, Definition 5.2.2.1], the middle equivalences hold. []

6. SEMANTICS OF MODE SKETCHES

We show that models of a mode sketch 9t are equivalent to diagrams of co-logoses indexed
over 9.

Definition 6.1. Let 991 be a mode sketch. A model of M is an oo-logos L equipped with a
function m : 9 — LAM(L) satisfying semantic counterparts of Axioms A to C, that is:

A’ the functor 028)) : Ln(i) — Lm(j) 1 constant at 1 for any j £ i in M;
B’. for any thin triangle (ip < i1 < i2) in 9, the natural transformation nznggim(i2) .
OQEZE; = Ozgz;; 0283 is invertible;

C’. amap [ in £ is an equivalence whenever Oy;) f is for every i € 9.

A morphism (L,m) — (L',m) of models of M is a morphism of co-logoses F : L — L' such
that, for every ¢ € 9, there exists a morphism of co-logoses F; : L) — L, @) making the
following diagram commute.

L—E o p

Om(i)l lom’(i)
Lon(i) 7 >‘C:n’(i)

Note that such a morphism F; is unique since Op;) is a localization. The models of
and their morphisms form an (oo, 1)-category Model(9t) whose cells of dimension > 2 are
inherited from Logos.
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Remark 6.2. Axioms A’ and B’ are straightforward interpretations of Axioms A and B,
but Axiom C’ might look different from Axiom C. This is because an interpretation of a
type-theoretic axiom must has the stability under base change, which corresponds to the
stability under substitution in type theory. A naive interpretation of Axiom C would be
that an object A € L is contractible whenever Oy ;) A is for every i € 9, but this is not
stable under base change in that it implies nothing about validity in slices £,x. In contrast,
Axioms A’ to C’ are stable under base change in the following sense. Every LAM m in £
induces a LAM my in each slice £,y determined by Omy A = (1m)% Om A for A € L.
A function m : 9 — LAM(L) then induces a function my : MM — LAM(L,x) for every
X € L by mx(i) = m(i)x. One can verify that if m satisfies Axioms A’ to C’, then so does
my. In fact, Axiom C’ is equivalent to that the naive interpretation of Axiom C holds in all
the slices £ x.

Construction 6.3. Let 9t be a mode sketch. We construct an (oo, 2)-category || as
follows. We regard the underlying poset Iy as a simplicial set by taking its nerve. The set Tyy
of thin triangles makes Ipy a scaled simplicial set. Let (Igy, Ton) denote the (oo, 2)-category
presented by it. We set || = (Ipn, Ton)°P?).

Theorem 6.4. For any mode sketch M, we have an equivalence between the following
(00, 1)-categories:

e the (00, 1)-category Model(IN) of models of M;
o the (00, 1)-category D(IM) C Core(l)(Fun(|9ﬁ\°p(1’2),ﬂCat(z))OpLax) whose objects are

the functors |im|°p(1’2) — LogosI(i)XACC and morphisms K — K' are the oplax natural

transformations o : K — K' whose components o; : K; — K. are all morphisms of
oo-logoses.

Moreover, when a model (£, m) of MM corresponds to a functor K : |DM|P(12) — Logosge)XACC,

the following hold.
(1) £ ~ opLaxLim;¢ oy K;
(2) Ki = Ly for every i € M.

The rest of this section is devoted to the proof of Theorem 6.4. In Section 6.1, we give a
construction of a model of 9 from a functor |9ﬁ\0p(172> — Logosfe)XACC. In Section 6.2, we

give an inverse construction.

6.1. Models of mode sketches in oplax limits. We first show that the oplax limit of a

functor [9[P(12) — Logosfe)XACC is part of a model of M. We fix a functor K : [9|P(12) —
Logosge)xAcc ’

Construction 6.5. For a cosieve S on 90, we define an object ¢(S) € opLaxLim;eon K by

1 ifsef
0 otherwise.

P(S)i = {

The other components are uniquely determined by the universal properties of initial and
final objects. This determines a lattice morphism 1 from cosieves on 9 to (—1)-truncated
objects in opLaxLim;g gy K.
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Notation 6.6. Let S C 9 be a subset. We regard S as a mode sketch with the structure
inherited from 9. Let
g : opLaxLim K; — opLaxLim K;
€M) i€|S|

denote the restriction functor.

Lemma 6.7. For any cosieve S on 9N, the restriction functor mop\ g is the closed localization
associated to (S).

Proof. Let opLaxLim,¢|gy K; — M denote the closed localization associated to ¢(5). Recall
that M is the full subcategory of opLaxLim;¢ gy K; spanned by those objects A such that
P(S) x A ~(S). By the definition of ¢(S), this condition is equivalent to that A; ~ 1 for
all - € S. Then mop g induces an equivalence M =~ opLaxLim;¢ o 51 Ki- ]

Lemma 6.8. For any cosieve S on M, the restriction functor wg is the open localization
associated to 1(S5).

Proof. An object A € (opLaxLim;cgn Ks) y(s5) must satisfy that A; ~ 0 for all i € 90\
S by the definition of ¥(S) and by Proposition 5.3. Then mg induces an equivalence
(opLaxLim;e oy Ki) /y(s) = (opLaxLime|g) Ki) jng(y(s)) = opLaxLim,¢ g K. ]
Proposition 6.9. For any i € M, the projection m; : opLaxLim con Kj — K; is a localiza-
tion.
Proof. m; factors as

T(i4m) (i L)\ (i)

opLaxLim K; ——— opLaxLim K;
JEIMm| JE|EIM)|

lCi>

Thus, it is a composite of localizations by Lemmas 6.7 and 6.8. []

Construction 6.10. For i € M, we define bx(i) € LAM(opLaxLim;con K;) to be the

LAM corresponding to the localization m; : opLaxLim,¢jgn Ki — K; (Proposition 6.9).

Proposition 6.11. The pair (opLaxLim,con Ki, bx) is a model of 9 for any functor
2

Ko |omjor(h2) — Logos£e)xACC.

Proposition 6.11 breaks into three parts (Propositions 6.12, 6.18 and 6.20). Axiom C’ is

immediate from the construction.

Proposition 6.12. by satisfies Axiom C’. L]

K (%) bic (k);bxc(4)

) bic (4)

Notation 6.13. For j < i in 9, let (j < i) denote the associated generating 1-cell
in |9M|. For k < j < iin M, let (k < j < i) denote the associated generating 2-cell
(j<i)o(k<j)= (k<i)in |N.

Lemma 6.14. Let O’ be the mode sketch with the same underlying poset as M but with no
thin triangle. We have an equivalence opLaxLim;¢gp K > opLaxLim;¢gn K;

For Axioms A’ and B’, we calculate Oz and 7

Proof. This is because Eljgy|(K) — |[90] is locally a right fibration and thus locally conserva-
tive. 0

Lemma 6.15. Suppose that MM has no thin triangle. Then Core(l)(|9ﬁ]) is freely generated
by the strict ordering relation, and (j < i) is the final object in Mapyay (4, 7) for any j <.
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Proof. By Example 5.24. L]

Lemma 6.16. For any i € N, the right adjoint i, is given by the following formula for
A€ and j € M.
Kj<iy(A) of j <i
iv(A)j ~ ¢ A ifj=1
1 otherwise

Proof. We first see that we may assume without loss of generality that i is the largest element
of M. Otherwise, factor w; as opLaxLim;c o, K; KGO opLaxLim;cgn s, Kj T, K,
where (M | i) = {j € M | j <i}. The first functor is a closed localization by Lemma 6.7
because 9\ (I | ©) is a cosieve, and the second functor is an open localization by Lemma 6.8.
The right adjoint of my;) is then defined by extending A € opLaxLim ¢ on s K; by the
final objects at all j € M\ (M | 7). Therefore, the problem is reduced to the calculation of
the right adjoint of 7(; ox), and in this case i is the largest element of (90 i).

Let i, (A); be defined by the displayed formula. We turn i, (A) into an object of
opLaxLimjc|gy Kj. By Lemma 6.14, we assume that 91 has no thin triangle. Since
Elgy (K) — [91] is locally a right fibration, it follows from Lemma 6.15 that an ob-
ject B € opLaxLim;¢gn K; is completely determined by B; € K; for all j € 9 and
Bi<jy : Br = K< jy(Bj) for all k < j in M. We can then extend i, (A) as follows.

i(A) ey = { {C(k<j<i)(f4) K ey (A) = Ky (Kj<iy (A)) lfJ <i
* id ifj=1
Since i, (A); ~ A by construction, we have a unique map f : i, (A4) — i.(A) whose
i-th component is the identity on A. To see that f is invertible, it suffices to construct a
retraction g of f. Indeed, if g o f ~ id, then the i-th component of g must be the identity,
and thus f o g ~ id follows by adjointness. Let j € 9. If j = i, then we must define g; = id.
Suppose that 7 < ¢ and consider the following commutative diagram.

i

it(A); ix(A);
A | = Ji«@in
Kj<iy (i (A)i) W Kj<iy(ix(A)s)
The left and bottom maps are invertible by definition. Hence, we have a unique retraction
gj of f; commuting with i,(A);<;. This defines a retraction of f. ]
Lemma 6.17. For any j < i in I, the functor OEEE;)) 1 Ki — K is equivalent to K<y .
Proof. By Lemma 6.16. L]
Proposition 6.18. by satisfies Axiom A’
Proof. By Lemma 6.16. []
Lemma 6.19. For any k < j < i in N, the natural transformation n:)’i((f));bn(i) is equivalent
to IC(k;<]<z) .
Proof. This is a consequence of Lemma 6.16. L]

Proposition 6.20. by satisfies Aziom B’.
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Proof. By Lemma 6.19. []
Proof of Proposition 6.11. By Propositions 6.12, 6.18 and 6.20. ]

Construction 6.21. We extend the construction K +— (opLaxLim, oy Ki, bxc) to a functor
b : D(M) — Model(9M) as follows. Characterized by the universal property (Proposi-
tion 5.57), the oplax limit construction extends to a functor

Core) (Fun(1°°?) Ccat® JopLax) —* Cat?.

It then restricts to a functor D(9) — Logos by Theorem 5.43. It further lifts to a functor
D(9) — Model(9) by the construction of b (Construction 6.10).

6.2. Fracture and gluing. We show that any model of a mode sketch 91 induces a
functor [9t[oP(12) — Logosﬁ)X Ace and that this gives an inverse of the construction given in

Section 6.1. This is an externalization and generalization of the fracture and gluing theorem
(Proposition 2.13).

Construction 6.22. Let (£, m) be a model of M. We define Vi, to be the full subcategory
of |M|°P(12) % £ spanned by those objects (i, A) such that A belongs to Lon(iy-

Proposition 6.23. For any model (£, m) of 9, the projection Yu — [9[P12) s a 1-
cocartesian 2-right fibration.

Proof. We work with the scaled simplicial sets model. It suffices to show that the pullback
YV}, of Y along the fibrant replacement I3y — |21|°P(1:2) is a locally cocartesian fibration.

Let (ip < 1) : A' = I3} be a map which corresponds to an ordered pair (ig < i)
in Iy7. A morphism (ig, Ag) — (i1, A1) in Y}, over (i < i) is a map Ag — Ay in L,
but it corresponds to a map Ow(,) Ao — A1 in Ly,). Hence, (ig < i1)*Vy, — Al is the
m(ip)
Grothendieck construction for the diagram Ly, )
fibration.

Let (ig < iy <ip): A? — I;’f{ be a thin 2-simplex. By Axiom B, the canonical natural
transformation

L,y and thus a cocartesian

3
Linio) : Lin(in)
~ 6.1
Omujo\ H 4@) (6.1)
m(iq) L m(ig)

m(i1)

is invertible, and (i9 < i1 < i2)*Vi, — A? is the Grothendieck construction for the diagram
(6.1) and thus a cocartesian fibration. []

Construction 6.24. Let (£,m) be a model of M. By Propositions 6.23 and 5.32, the
projection Yy, — [901]°P(1:2) is classified by a functor

Xy o [P 5 4 Cat®).
By construction, X (i) =~ Ly;). As we have seen in the proof of Proposition 6.23, X, maps
a 1-cell ig <41 in |9M] to OES;; : Lin(iy) = Lm(iy) Which is lex and accessible (but need not
preserve all colimits). Therefore, X, factors through Logosge)X Ace:
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We have constructed back and forth constructions between the (oo, 1)-category of
models of 90t and the (oo, 1)-category of functors [9t[°P(12) — Logosl(?e)XACC. We turn these
constructions into an adjunction (Construction 6.25) and then show that its unit and counit

are invertible (Propositions 6.27 and 6.28).

Construction 6.25. Let (£,m) be a model of 9 and K : |9[P(12) — Logosize)XACC a
functor. We construct an equivalence natural in I € D(O0)
MapD(Dﬁ) (X, K) =~ MapModel(im) ((£,m), (OpL:i);JtI\Jim Ki b)) (6.2)
(2

as follows. By Proposition 5.58, a morphism X, — K corresponds to a lax natural trans-
formation X — X, whose components are right adjoints of morphisms of co-logoses. It
corresponds by Proposition 5.52 to a map Eljgyjep.2) (K) = Y over |9|°P(12) whose fibers
are right adjoints of morphisms of co-logoses. By the definition of )y, it corresponds to a
map El gy opa.2) (K) — 1901°P(12) % £ over |M°P(12) whose fiber over i € | is a right adjoint
of a morphism of co-logos that factors through Ly, ;). Again by Propositions 5.52 and 5.58,
it corresponds to an oplax natural transformation (A_.L£) — K whose component at i € |9]
is a morphism of co-logoses that extends along Oy : £ — Ly;). By Proposition 5.57, it
corresponds to a morphism (£, m) — (opLaxLim,cjgy Ki, bx) in Model(91). All of these
correspondences are stated in the form of equivalence of spaces natural in I € D(9), and
thus we obtain Eq. (6.2).

By Eq. (6.2), the functor b : D(9%) — Model(9M) has the left adjoint (£, m) — Xy.
Let Hy : (£, m) — (opLaxLim;¢|gn (i), by,,) and ox : Xy — K be the unit and counit,
respectively, of the adjunction.

Lemma 6.26. Let L be an co-logos and let m and n be LAMs in L. Suppose that O}, is
constant at 1. Then the functor L — GL(O}') that sends A € L to (On A, Om A, On(m)a) €
G1(OF) is a localization.

Proof. Observe that the right adjoint of the functor £ — GL(OF) sends (B, B, g) € GL(O})
to the pullback
mB ——— B
-
| I
B —— On B.
On inverts 7y, and thus O, i B’ ~ B’. Since OF is constant at 1, it sends g to the identity

on 1, and thus On 7B’ ~ B. Therefore, the counit for this adjunction is invertible. []

Proposition 6.27. The unit H = Hy, : (£, m) — (opLaxLim;c oy Xn(i), b, ) is an equiva-
lence in Model(MN) for any model (L, m) of M.

Proof. Since Ly;) =~ Xn(i), it remains to show that the underlying functor of H is an
equivalence. We show that, for any cosieve S on 9, the composite

Hg : £ 25 opLaxLim Xy (i) =5 opLaxLim Xy (i)
ic|m| i€|S]

is a localization. In particular, H itself is a localization. Then, H is an equivalence because
it is conservative by Axiom C’. We proceed by induction on the size of S. The case when S
is empty is trivial. Suppose that S is inhabited. There is an element ig € S minimal in S.
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By induction hypothesis, Hg\ (4, is a localization, and let n be the corresponding LAM. By
Axiom A’, it follows that OF ) is constant at 1. By Lemma 6.26, G1(Oy,, )) is a localization

of £. Again by Lemma 6.26, we have the localization opLaxLim,¢g X (1) — GI(O;(Z.O)),
but this is also conservative and thus an equivalence. Therefore, Hg is a localization.  []

Proposition 6.28. For any functor K : ]9)?|°p(1’2) — Logosge)XAcc, the unit o = oxc + Xpe —

K is an equivalence in D(9M).

Proof. 1t suffices to show that ¢ is an invertible natural transformation. It suffices to
show that the corresponding lax natural transformation o’ : £ — A4, by Proposition 5.58
is an invertible natural transformation. To see that ¢’ is a natural transformation, by
Proposition 5.56, it suffices to check that the corresponding map F': El|mop<1,z) (K) = Yo,

over |M|°P(12) preserves cocartesian morphisms. Unfolding the definition (Construction 6.25),
F' 2 Elggjop1.2) (K) = Yoy C |0t]oP(1:2) opLaxLim ¢ oy K; sends an object (i, A) to (i, 4) €
|t°P(12) 5 |y < |9m|oP(2) opLaxLim;¢ oy K; and a morphism (i >4, f) : (i, A) — (i, A")
in Elgyop1,2) (K) to (i >4, f') : (1, 4) = (7', A') in |0t|oP(1:2) opLaxLim;¢ oy Kj, where f’

Moy (i’
is the composite A BAISGEN Opye(ir) A =~ Kir<iy(A) Iy A, When (i >4/, f) is cocartesian, f

is invertible, and then (i > 4/, f’) is a cocartesian morphism in Y. By construction, o’ is

point-wise invertible and thus invertible by Proposition 5.21. []

Proof of Theorem 6.4. The functor b : D(9) — Model(90) gives an equivalence by Con-

struction 6.25 and Propositions 6.27 and 6.28. L]
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