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ABSTRACT. We determine the complexity of second-order HyperLTL satisfiability, finite-
state satisfiability, and model-checking: All three are equivalent to truth in third-order
arithmetic.

We also consider two fragments of second-order HyperLTL that have been introduced
with the aim to facilitate effective model-checking by restricting the sets one can quantify
over. The first one restricts second-order quantification to smallest/largest sets that satisfy a
guard while the second one restricts second-order quantification further to least fixed points
of (first-order) HyperLTL definable functions. All three problems for the first fragment are
still equivalent to truth in third-order arithmetic while satisfiability for the second fragment
is 22-complete, and finite-state satisfiability and model-checking are equivalent to truth in
second-order arithmetic.

Finally, we also introduce closed-world semantics for second-order HyperLLTL, where set
quantification ranges only over subsets of the model, while set quantification in standard
semantics ranges over arbitrary sets of traces. Here, satisfiability for the least fixed point
fragment becomes Yi-complete, but all other results are unaffected.

1. INTRODUCTION

The introduction of hyperlogics [CFK'14] for the specification and verification of hyper-
properties [CS10] — properties that relate multiple system executions — has been one of the
major success stories of formal verification during the last decade. Logics like HyperLTL
and HyperCTL* [CFK'14], the extensions of LTL [Pnu77] and CTL* [EH86] (respectively)
with trace quantification, are natural specification languages for information-flow and secu-
rity properties, have a decidable model-checking problem [FRS15], and hence found many
applications in program verification.

However, while expressive enough to express common information-flow properties,
they are unable to express other important hyperproperties, e.g., common knowledge
in multi-agent systems and asynchronous hyperproperties (witnessed by a plethora of
asynchronous extensions of HyperLTL, e.g., [BHNdC23, BCB*21, BF23, BBST24, BPS21,

A preliminary version of this article has been published in the proceedings of CSL 2025 [FZ25]. Here, all
problems left open in the conference version have been solved, as reported in the technical report [RZ25b].
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BPS22, GMO21, KSV23, KSV24, KMVZ18]). These examples all have in common that they
are second-order properties, i.e., they naturally require quantification over sets of traces,
while HyperLTL (and HyperCTL*) only allows quantification over traces.

In light of this situation, Beutner et al. [BFFM23] introduced the logic Hyper?LTL,
which extends HyperLTL with second-order quantification, i.e., quantification over sets of
traces. They show that the resulting logic, Hyper?LTL, is indeed able to capture common
knowledge, asynchronous extensions of HyperLTL, and many other applications.

Consider, e.g., common knowledge in multi-agent systems where each agent ¢ only
observes some parts of the system. The agent knows that a statement ¢ holds if it holds on
all traces that are indistinguishable in the agent’s view. We write m ~; 7’ if the traces m
and 7’ are indistinguishable for agent i. A property ¢ is common knowledge among all
agents if all agents know ¢, all agents know that all agents know ¢, and so on, i.e., one
takes the infinite closure of knowledge among all agents. This infinite closure cannot be
expressed using first-order quantification over traces [BMP15], like the one used in HyperLTL.
The second-order quantification suggested by Beutner et al. allows us to express common
knowledge, as demonstrated by the formula (., which states that ¢ is common knowledge
on all traces of the system (we use a simplified syntax for readability):

por =Vm.3X. me X A (v € X.vr". (\["_ # ~i ") 5" € X) A VA € X ()
1=

The formula ¢ expresses that for every trace ¢ (instantiating 7), there exists a set T (an
instantiation of the second-order variable X) such that ¢ is in 7', T is closed under the
observations of all agents (if ¢’ is in 7" and t” is indistinguishable from ¢’ for some agent i,
then t” is also in T'), and all traces in T satisfy ¢.

However, Beutner et al. also note that this expressiveness comes at a steep price: model-
checking Hyper?LTL is highly undecidable, i.e., ¥1-hard. Thus, their main result is a partial
model-checking algorithm for a fragment of Hyper?LTL where second-order quantification
degenerates to least fixed point computations of HyperLTL definable functions. A prototype
implementation of the algorithm is able to model-check properties capturing common
knowledge, asynchronous hyperproperties, and distributed computing.

However, one question has been left open: Just how complex is Hyper?LTL verification?

1.1. Complexity Classes for Undecidable Problems. The complexity of undecidable
problems is typically captured in terms of the arithmetical and analytical hierarchy, where
decision problems (encoded as subsets of N) are classified based on their definability by
formulas of higher-order arithmetic, namely by the type of objects one can quantify over
and by the number of alternations of such quantifiers. We refer to Roger’s textbook [Rog87]
for fully formal definitions and refer to Figure 1 for a visualization.

The class Xy contains the sets of natural numbers of the form

{r € N|3zo. ---3xg. ¥(z,20,...,7k)}

where quantifiers range over natural numbers and v is a quantifier-free arithmetic formula.
Note that this is exactly the class of recursively enumerable sets. The notation %! signifies
that there is a single block of existential quantifiers (the subscript 1) ranging over natural
numbers (type 0 objects, explaining the superscript 0). Analogously, ¥ is induced by
arithmetic formulas with existential quantification of type 1 objects (sets of natural numbers)
and arbitrary (universal and existential) quantification of type 0 objects. So, X9 is part of
the first level of the arithmetical hierarchy while X1 is part of the first level of the analytical
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Figure 1: The arithmetical hierarchy, the analytical hierarchy, and beyond.

hierarchy. In general, level 30 (level I19) of the arithmetical hierarchy is induced by formulas
with at most n — 1 alternations between existential and universal type 0 quantifiers, starting
with an existential (universal) quantifier. Similar hierarchies can be defined for arithmetic
of any fixed order by limiting the alternations of the highest-order quantifiers and allowing
arbitrary lower-order quantification. In this work, the highest order we are concerned with
is three, i.e., quantification over sets of sets of natural numbers.

HyperLTL satisfiability is ¥1-complete [FKTZ21], HyperLTL finite-state satisfiability
is X0-complete [FH16, FKTZ25], and, as mentioned above, Hyper?’LTL model-checking is
¥1-hard [BFFM23], but, prior to this work, no upper bounds were known for Hyper?LTL.

Another yardstick is truth for order k arithmetic, i.e., the question whether a given
sentence of order k arithmetic evaluates to true. In the following, we are in particular
interested in the case k = 3, i.e., we consider formulas with arbitrary quantification over
type 0 objects, type 1 objects, and type 2 objects (sets of sets of natural numbers). Note that
these formulas span the whole third hierarchy, as we allow arbitrary nesting of existential
and universal third-order quantification.

1.2. Our Contributions. In this work, we determine the exact complexity of Hyper?LTL
satisfiability, finite-state satisfiability, and model-checking, for the full logic and the two
fragments introduced by Beutner et al. [BFFM23], as well as for two variants of the semantics.

An important stepping stone for us is the investigation of the cardinality of models of
Hyper?LTL. It is known that every satisfiable HyperLTL sentence has a countable model,
and that some have no finite models [FZ17]. This restricts the order of arithmetic that can
be simulated in HyperLTL and explains in particular the ¥1-completeness of HyperLTL
satisfiability [FKTZ21]. We show that (unsurprisingly) second-order quantification allows
to write formulas that only have uncountable models by generalizing the lower bound
construction of HyperLTL to Hyper?LTL. Note that the cardinality of the continuum is a
trivial upper bound on the size of models, as they are sets of traces.

With this tool at hand, we are able to show that Hyper?LTL satisfiability is equivalent
to truth in third-order arithmetic, i.e., much harder than HyperLTL satisfiability. This
increase in complexity is not surprising, as second-order quantification can be expected
to increase the complexity considerably. But what might be surprising at first glance is
that the problem is not ¥2-complete, i.e., at the same position of the third hierarchy that
HyperLTL satisfiability occupies in the analytic hierarchy (see Figure 1). However, arbitrary
second-order trace quantification corresponds to arbitrary quantification over type 2 objects,
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which allows to capture the full third hierarchy. Furthermore, we also show that Hyper?LTL
finite-state satisfiability is equivalent to truth in third-order arithmetic, and therefore as
hard as general satisfiability. This should be contrasted with the situation for HyperLTL
described above, where finite-state satisfiability is X{-complete (i.e., recursively enumerable)
and thus much simpler than general satisfiability, which is ¥1-complete.

Finally, our techniques for Hyper?LTL satisfiability also shed light on the exact complex-
ity of Hyper?LTL model-checking, which we show to be equivalent to truth in third-order
arithmetic as well, i.e., all three problems we consider have the same complexity. In par-
ticular, this increases the lower bound on Hyper?’LTL model-checking from ¥} to truth
in third-order arithmetic. Again, this has be contrasted with the situation for HyperLTL,
where model-checking is decidable, albeit TOWER-complete [Rab16, MZ20)].

So, quantification over arbitrary sets of traces makes verification very hard. However,
Beutner et al. [BFFM23] noticed that many of the applications of Hyper?LLTL described above
do not require full second-order quantification, but can be expressed with restricted forms of
second-order quantification. To capture this, they first restrict second-order quantification
to smallest /largest sets satisfying a guard (obtaining the fragment Hyper?’LTLym,)! and
then further restrict those to least fixed points induced by HyperLTL definable operators
(obtaining the fragment 1fp-Hyper?LT Ly, ). By construction, these least fixed points are
unique, i.e., second-order quantification degenerates to least fixed point computation.

As an example, consider again ¢.; above. The internal constraint

vi' e X.v". (\/

7~y 7r”) —sn'eX

defines a condition on what traces have to be in the set X, and how they are added gradually
to X, a behavior that can be captured by a fixed point computation for the (monotone)
operator induced by the formula above. Since the last part Va' € X. ¢(7’) of ¢ universally
quantifies over all traces in X, and since X is existentially quantified, it is enough to consider
the minimal set that satisfies the internal constraint: if some set satisfies a universal condition,
then so does the minimal set. This minimal set is exactly the least fixed point of the operator
induced by the formula above. Similar behavior is exhibited by many other applications of
the logic, which gives the motivation to explore the fragment lfp-Hyper?LT L.

Nevertheless, we show that Hyper?LT Ly, retains the same complexity as Hyper?LTL,
i.e., all three problems are still equivalent to truth in third-order arithmetic: Just restricting
to guarded second-order quantification does not decrease the complexity. Furthermore, we
show that this is even the case when we allow only minimality constraints (Hyper?LTL, )
and if we allow only maximality constraints (Hyper?LTL} ).

But if we consider Ifp-Hyper?LTLy,,, the complexity finally decreases: we show that
satisfiability is ¥2-complete while finite-state satisfiability and model-checking are both
equivalent to truth in second-order arithmetic.

Furthermore, we introduce and study a new semantics for Hyper?LTL and its fragments:
In standard semantics as introduced by Beutner et al. [BFFM23], second-order quantifiers
range over arbitrary sets of traces that may contain traces that are not in the model. In
closed-world semantics introduced here, second-order quantifiers range only over subsets of
the model.

We show that for all but one case, the three problems have the same complexity
under closed-world semantics as they have under standard semantics. The sole exception

n [BFFM23] this fragment is termed Hyper2LTpr. For clarity, since it is not fixed point based, but
uses minimality /maximality constraints, we use the subscript “mm” instead of “fp”.
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is satisfiability for 1fp-Hyper?LT Ly, under closed-world semantics, which we prove Yi-
complete, i.e., as hard as HyperLTL satisfiability. Stated differently, one can add least fixed
points of HyperLTL definable operators to HyperLTL without increasing the complexity of
the satisfiability problem.

Table 1 lists our results and compares them to the related logics LTL, HyperLTL,
and HyperQPTL (see Section 8 for more details on these results). Recall that Beutner
et al. showed that 1fp-Hyper?LTLy,,, yields (partial) model checking and monitoring algo-
rithms [BFFM23, BEFM24]. Our results confirm the usability of the 1fp-Hyper?LT Ly
fragment also from a theoretical point of view, as all problems relevant for verification have
significantly lower complexity (albeit, still highly undecidable).

Table 1: List of our results (in bold and red) and comparison to related logics [FH16,
FKTZ25, FZ25, RZ24]. “T2A-equiv.” stands for “equivalent to truth in second-
order arithmetic”, and “T3A-equiv.” stands for “equivalent to truth in third-order
arithmetic”. Unless explicitly specified, results hold for both semantics.

Logic Satisfiability Finite-state satisfiability = Model-checking
LTL PSPACE-compl. [SC85] PSPACE-compl. [SC85] PSPACE-compl. [SC85]
HyperLTL 1-compl. [FKTZ21] »0-compl. [FH16, FKTZ25] TowER-compl. [Rab16, MZ20]
Hyper’LTL T3A-equiv. (Thm.4.2) T3A-equiv. (Thm.4.4) T3A-equiv. (Thm.5.1)
Hyper’LTLym  T3A-equiv. (Thm.6.3) T3A-equiv. (Thm.6.3) T3A-equiv. (Thm.6.3)
Hyper’LTLy,, T3A-equiv. (Thm.6.3) T3A-equiv. (Thm.6.3) T3A-equiv. (Thm.6.3)
Hyper’LTL),, T3A-equiv. (Thm.6.3) T3A-equiv. (Thm.6.3) T3A-equiv. (Thm.6.3)
1fp-Hyper’LTLym 23-compl. (std) (Thm.7.7) T2A-equiv. (Thm.7.9) T2A-equiv. (Thm.7.9)
>1-compl. (cw) (Thm.7.6)
HyperQPTL ¥3-compl. [RZ24] »9-compl. [Rab16] TOWER-compl. [Rab16]
HyperQPTL™" T3A-equiv. [RZ24] T3A-equiv. [RZ24] T3A-equiv. [RZ24]

1.3. Outline. In Section 2, we introduce Hyper?LTL, the problems we are interested in,
and how to use arithmetic to classify the complexity of undecidable problems. In Section 3,
we show that there are Hyper?LTL sentences that only have uncountable models. The proof
of this result is then used in Section 4 to show that Hyper?LTL satisfiability and finite-state
satisfiability are equivalent to truth in third-order arithmetic. Then, in Section 5, we show
that similar techniques allow us to show that Hyper?LTL model-checking is equivalent to
truth in third-order arithmetic.

Then, in Section 6, we show that all three problems for Hyper?LTL can be reduced to
the analogous problems for Hyper?LTLy,m where all second-order quantifiers are guarded.
Hence, all three problems for Hyper?LT L, are equivalent to truth in third-order arithmetic
as well.

Finally, in Section 7, we consider the fragment lfp-Hyper?LTL,,,, where second-order
quantification is restricted to computation of least fixed points. Here, all three problems are
simpler, but still highly undecidable.

We conclude with discussing related work in Section 8 and with mentioning some
questions for future work in Section 9.
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2. PRELIMINARIES

We denote the nonnegative integers by N. An alphabet is a nonempty finite set. The
set of infinite words over an alphabet ¥ is denoted by X“. Let AP be a nonempty finite
set of atomic propositions. A trace over AP is an infinite word over the alphabet 2AF.
Given a subset AP’ C AP, the AP’-projection of a trace t(0)t(1)t(2)--- over AP is the
trace (£(0) N AP')(t(1) N AP’)(t(2) N AP’) --- over AP’. The AP’-projection of T C (2AF)«
is defined as the set of AP-projections of traces in 7. Now, let AP and AP’ be two
disjoint sets, let ¢t be a trace over AP, and let ¢’ be a trace over AP’. Then, we define
t°t' as the pointwise union of ¢t and #/, i.e., t°t' is the trace over AP U AP’ defined as
(T(0) U (0)) (L) UL'(1))(E(2) UE'(2)) - -

A finite transition system T = (V, E, I, \) consists of a finite nonempty set V' of vertices,
aset £ C V xV of (directed) edges, a set I C V of initial vertices, and a labeling A: V' — 24F
of the vertices by sets of atomic propositions. We assume that every vertex has at least
one outgoing edge. A path p through ¥ is an infinite sequence p(0)p(1)p(2)--- of vertices
with p(0) € I and (p(n),p(n+ 1)) € E for every n > 0. The trace of p is defined as A(p) =
A(p(0)A(p(1))A(p(2)) - - -. The set of traces of T is Tr(T) = {A(p) | p is a path through T}.

2.1. Hyper2LTL. Let V; be a set of first-order trace variables (i.e., ranging over traces)
and Vs be a set of second-order trace variables (i.e., ranging over sets of traces) such that
Vi NV, = (). We typically use 7 (possibly with decorations) to denote first-order variables
and X,Y, Z (possibly with decorations) to denote second-order variables. Also, we assume
the existence of two distinguished second-order variables X,, X4 € Vs such that X, refers to
the set (24F) of all traces, and Xg refers to the universe of discourse (the set of traces the
formula is evaluated over).
The formulas of Hyper?LTL are given by the grammar

pu=3X. o |VX. p|ImeX. p|VreX. |9
Yu=p. | W[ VY [ XY P UY

where p ranges over AP, m ranges over V;, X ranges over Vo, and X (next) and U (until)
are temporal operators. Conjunction (A), exclusive disjunction (), implication (—), and
equivalence («») are defined as usual, and the temporal operators eventually (F) and
always (G) are derived as F¢p = ) U4 and G = = F —). We measure the size of a
formula by its number of distinct subformulas.

The semantics of Hyper?LTL is defined with respect to a variable assignment, i.e., a
partial mapping II: V; UV, — (2A7)¥ U 22*")* such that

e if II(n) for m € V; is defined, then II(7) € (24F)¥ and
o if II(X) for X € V) is defined, then II(X) € 22"

Given a variable assignment II, a variable = € V;, and a trace ¢, we denote by II[r — ¢t] the
assignment that coincides with II on all variables but m, which is mapped to ¢. Similarly, for
a variable X € Vs, and a set T of traces, II[X — T1] is the assignment that coincides with
IT everywhere but X, which is mapped to 7. Furthermore, II[j, 00) denotes the variable
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assignment mapping every 7 € V; in II's domain to II(7)(5)II(7)(j + 1)II(7)(j + 2) - - -, the
suffix of II(7) starting at position 5.2
For a variable assignment II we define

Il = p, if p € I(7)(0),

I ) if T o,

H}:d}l\/wQ 1fH|:1/11 OI'H'ZwQ,

1= X4 if T1[1, 00) b= o,

IT |= 41 Uy if there is a j > 0 such that II[j, 00) = 19 and for all 0 < j' < j we have
H[j/a OO) ': Y1,

Il = 37 € X. ¢ if there exists a trace t € II(X) such that II[r — t] = ¢,

I =Vr € X. ¢ if for all traces t € II(X) we have II[r — t] = ¢,

IT = 3X. ¢ if there exists a set T C (247)% such that TI[X — T] = ¢, and

I |= VX. ¢ if for all sets T C (24F)% we have II[X — T] = ¢.

A sentence is a formula in which only the variables X,, X4 can be free. The variable
assignment with empty domain is denoted by IIj. We say that a set T of traces satisfies a
Hyper?LTL sentence ¢, written T = ¢, if IIj[X, — (247)%, X4 — T] = ¢, i.e., if we assign
the set of all traces to X, and the set T" to the universe of discourse Xg. In this case, we say
that 7" is a model of ¢. A transition system ¥ satisfies ¢, written T |= ¢, if Tr(%) = ¢.

Although Hyper?LTL sentences are required to be in prenex normal form, Hyper?LTL
sentences are closed under Boolean combinations, which can easily be seen by transforming
such a sentence into an equivalent one in prenex normal form (which might require renaming
of variables). Thus, in examples and proofs we will often use Boolean combinations of
Hyper?LTL sentences.

Throughout the paper, we use the following shorthands to simplify our formulas:

e We write m; =, p/ m for a set AP’ C AP for the formula G Npeap (Pr, < Pr,) expressing
that the AP’-projection of 71 and the AP’-projection of 75 are equal.

e We write 7w > X for the formula 37’ € X. m =pp 7’ expressing that the trace 7 is in X.
Note that this shorthand cannot be used under the scope of temporal operators, as we
require formulas to be in prenex normal form.

Remark 2.1. HyperLTL is the fragment of Hyper?LTL obtained by disallowing second-
order quantification and only allowing first-order quantification of the form dr € X; and
Vr € Xy, i.e., one can only quantify over traces from the universe of discourse. Hence, we
typically simplify our notation to 37 and Vx in HyperLTL formulas.

2.2. Closed-World Semantics. Second-order quantification in Hyper?LTL as defined by
Beutner et al. [BFFM23] (and introduced above) ranges over arbitrary sets of traces (not
necessarily from the universe of discourse) and first-order quantification ranges over elements
in such sets, i.e., (possibly) again over arbitrary traces. To disallow this, we introduce closed-
world semantics for Hyper?LTL, only considering formulas that do not use the variable X,.
We change the semantics of set quantifiers as follows, where the closed-world semantics
of atomic propositions, Boolean connectives, temporal operators, and trace quantifiers is
defined as before:

2Note that the assignment of variables X € Vs is not updated, as this is not necessary for our application:
I1[j, 00) is used to define the semantics of the temporal operators and at that point the assignments to
second-order variables is irrelevant, as we only consider formulas in prenex normal form.
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o II ¢ 3X. o if there exists a set T' C II(Xy) such that II[X — T Ecw ¢, and
o Il |=cw VX. ¢ if for all sets T' C II(X4) we have II[.X — T Ecw ¢.

We say that T C (24F)% satisfies ¢ under closed-world semantics, if Iy[Xq — T] Few ¢-
Hence, under closed-world semantics, second-order quantifiers only range over subsets of the
universe of discourse. Consequently, first-order quantifiers also range over traces from the
universe of discourse.

Lemma 2.2. Every X,-free Hyper?’LTL sentence ¢ can be translated in polynomial time (in
l|) into a Hyper?LTL sentence ¢’ such that for all sets T of traces we have that T FEew ¢
if and only if T = ¢’ (under standard semantics).

Proof. Second-order quantification over subsets of the universe of discourse can easily be
mimicked by guarding classical quantifiers ranging over arbitrary sets. Here, we rely on the
formula ¢cx,(X) = Vr € X. m > X4, which expresses that every trace in X is also in X.

Now, given an X,-free Hyper’LTL sentence ¢, let ¢/ be the Hyper’LTL sentence
obtained by recursively replacing

e cach existential second-order quantifier 3X. ¢ in ¢ by 3X. ¢¥cx,(X) A,
e cach universal second-order quantifier VX. ¢ in ¢ by VX. ¢cx,(X) — 9,

and then bringing the resulting sentence into prenex normal form, which can be done as no
quantifier is under the scope of a temporal operator. Then, we have T |=cy ¢ if and only if
T = ¢’ (under standard semantics). []

Thus, all complexity upper bounds we derive for standard semantics also hold for
closed-world semantics and all lower bounds for closed-world semantics hold for standard
semantics.

Remark 2.3. Let ¢ be an X,-free Hyper?’LTL sentence over AP. We have (247)% | ¢
(under standard semantics) if and only if (247)¥ =y ¢, as the second-order quantifiers
range in both cases over subsets of (2AP )“, which implies that the trace quantifiers in both
cases range over traces from (24F)~,

2.3. Problem Statement. We are interested in the complexity of the following three
problems for fragments of Hyper?LTL for both semantics:

e Satisfiability: Given a sentence ¢, does it have a model, i.e., is there a set 1" of traces such
that T = o7

e Finite-state satisfiability: Given a sentence ¢, is it satisfied by a finite transition system,
i.e., is there a finite transition system ¥ such that T = 7

e Model-checking: Given a sentence ¢ and a finite transition system ¥, do we have T |= ¢?

2.4. Arithmetic. To capture the complexity of undecidable problems, we consider for-
mulas of arithmetic, i.e., predicate logic with signature (+,-, <, €), evaluated over the
structure (N, +, -, <, €). A type 0 object is a natural number in N, a type 1 object is a subset
of N, and a type 2 object is a set of subsets of N. In the following, we use lower-case roman
letters z,y (possibly with decorations) for first-order variables, upper-case roman letters X, Y
(possibly with decorations) for second-order variables, and upper-case calligraphic roman
letters X', Y (possibly with decorations) for third-order variables.
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First-order arithmetic allows to quantify over type 0 objects, second-order arithmetic
allows to quantify over type 0 and type 1 objects, and third-order arithmetic allows to
quantify over type 0, type 1, and type 2 objects. Note that every fixed natural number
is definable in first-order arithmetic, so we freely use them as syntactic sugar. Similarly,
equality can be eliminated if necessary, as it can be expressed using <.

Truth in second-order arithmetic is the following problem: given a sentence ¢ of second-
order arithmetic, does (N, +, -, <, €) satisfy ¢? Truth in third-order arithmetic is defined
analogously. Furthermore, arithmetic formulas with a single free first-order variable define
sets of natural numbers. We are interested in the classes

e 3 containing sets of the form
{reN|3IX; CN. - 3X, TN (2, Xq,..., Xp)},

where 9 is a formula of arithmetic with arbitrary quantification over type 0 objects (but
no other quantifiers), and
e Y2 containing sets of the form

{reN|3x c2V .34, C 2N y(x, Xy, .., A,

where 1) is a formula of arithmetic with arbitrary quantification over type 0 and type 1
objects (but no other quantifiers).

Let A be an alphabet. We say that a language L C A* is Y1-complete if

e {e(w)|w € L} is in B! (where e: A* — N is a computable encoding of words over A by
natural numbers), and
e for every S € ¥ there is a computable function function f: N — A* such that n € S if
and only if f(n) € L.
We define ¥:2-completeness analogously. Note that all encodings e and functions f we use
are polynomial-time computable.
Thus, while, e.g., 3{ captures the complexity of formulas with a specific pattern of
quantifier alternation, truth in, e.g., second-order arithmetic allows for arbitrary second-order
formulas.

3. THE CARDINALITY OF Hyper?LTL MODELS

In this section, we investigate the cardinality of models of satisfiable Hyper?LTL sentences,
i.e., the number of traces in the model. This is an important step in classifying the complexity
of Hyper?LTL.

We begin by stating a (trivial) upper bound, which follows from the fact that models are
sets of traces. Here, ¢ denotes the cardinality of the continuum (equivalently, the cardinality
of 2V and of (24F)¥ for any finite nonempty AP).

Proposition 3.1. Every satisfiable Hyper?LTL sentence has a model of cardinality at most c.
In this section, we show that this trivial upper bound is tight.

Remark 3.2. There is a very simple, albeit equally unsatisfactory way to obtain the desired
lower bound: Consider V& € X,. m > X4 expressing that every trace in the set of all traces
is also in the universe of discourse, i.e., (2AF)¥ is its only model over AP. However, this
crucially relies on the fact that X, is, by definition, interpreted as the set of all traces. In
fact, the formula does not even use second-order quantification.
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We show how to construct a sentence that has only uncountable models, and which
retains that property under closed-world semantics (which in particular means it cannot
use X,). This should be compared with HyperLTL, where every satisfiable sentence has a
countable model [FZ17]: Unsurprisingly, the addition of (even closed-world) second-order
quantification increases the cardinality of minimal models, even without cheating.

Example 3.3. We begin by recalling a construction of Finkbeiner and Zimmermann giving
a satisfiable HyperLTL sentence 1 that has no finite models [FZ17]. The sentence intuitively
posits the existence of a unique trace for every natural number n. Our lower bound for
Hyper?LTL builds upon that construction.

Fix AP = {x} and consider the conjunction ¢ = 11 A 12 A ¢35 of the following three
formulas:

(1) 1 = V7. =%, U(xr A X G —x4): every trace in a model is of the form 0"{x}(* for some
n € N, i.e., every model is a subset of {§"{x}0* | n € N}.

(2) 2 = Im. x;: the trace °{x}0¥ is in every model.

(3) 3 = Vm. In’. F(xx A Xxp): if 0"{x}0* is in a model for some n € N, then also
@n-}—l{x}@w.

Then, 1) has exactly one model (over AP), namely {0"{x}(* | n € N}.

A trace of the form (0" {x}(* encodes the natural number n and 1 expresses that every
model contains the encodings of all natural numbers and nothing else. But we can of course
also encode sets of natural numbers with traces as follows: a trace t over a set of atomic
propositions containing x encodes the set {n € N | x € ¢(n)}. In the following, we show
that second-order quantification allows us to express the existence of the encodings of all
subsets of natural numbers by requiring that for every subset S C N (quantified as the
set §" = {0"{x}0® | n € S} of traces) there is a trace t encoding S, which means x is in
t(n) if and only if S" contains a trace in which x holds at position n. This equivalence
can be expressed in Hyper?LTL. For technical reasons, we do not capture the equivalence
directly but instead use encodings of both the natural numbers that are in S and the natural
numbers that are not in S.

Theorem 3.4. There is a satisfiable X,-free Hyper?LTL sentence that only has models of
cardinality ¢ (both under standard and closed-world semantics).

Proof. We first prove that there is a satisfiable X,-free Hyper?LTL sentence ¢qi5ess Whose
unique model (under standard semantics) has cardinality ¢. To this end, we fix AP =
{+, —, s,x} and consider the conjunction gsets = @o A -+ A @4 of the following formulas:

* 0o =7 € Xa. Vpery—s1 GPr A Apegs— s\ i} —p.): In each trace of a model, one of
the propositions in {4+, —, s} holds at every position and the other two propositions in
{+, —, s} hold at none of the positions. Consequently, we speak in the following about
type p traces for p € {+, —, s}.

e p1 =V € Xy (+2V —r) = %2 U(zxr A X G —x,): Type p traces for p € {+,—} in the
model have the form {p}"{x,p}{p}* for some n € N.

® ©2 = \perq,—y I™ € Xa. P A xq: for both p € {+, —}, the type p trace {p}x, pH{p}¥ is
in every model.

® 3= Npegs,—y V7 € Xg. 37" € Xq. pp — (P AF (27 AX x)): for both p € {+, -}, if the
type p trace {p}"{x,p}{p}* is in a model for some n € N, then also {p}" " {x,p}{p}¥.
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The formulas @1, 2, w3 are similar to the formulas 11, ¥, ¥3 from Example 3.3. So, every
model of pg A -+ A @3 contains {{+}"{x, +}{+}* |n € N} and {{-}"{x,—}{—-}¥|n e N}
as subsets, and no other type + or type — traces.

Now, consider a set T of traces over AP (recall that second-order quantification ranges
over arbitrary sets, not only over subsets of the universe of discourse). We say that 7" is
contradiction-free if it only contains traces of the form {+}"{x, +}{+}* or {—}"{x, —}{—}¥
and if there is no n € N such that {+}"{x,+}{+}¥ € T and {-}"{x,-H{—}¥ € T.
Furthermore, a trace t over AP is consistent with a contradiction-free T if
(C1): {+}"{x,+}{+}* € T implies x € t(n) and
(C2): {—}"{x,—}{—}* € T implies x ¢ t(n).

Note that T does not necessarily specify the truth value of x in every position of ¢, i.e.,
in those positions n € N where neither {+}"{x,+}{+}* nor {—}"{x,—}{—}* are in T.
Nevertheless, for every trace t over {x} there is a contradiction-free T" such that the {x}-

projection of every trace t’ over AP that is consistent with T is equal to ¢t. Thus, each of
the uncountably many traces over {x} is induced by some subset of the model.

e Hence, we define ¢4 as the formula
X is contradiction-free
VX. VreX. (m> XgA (+2V =) AVT € X. V' € X. (42 A —p) = = F(xr Axp)] =
In" € Xg. Vi € X san A (g = F(xgm A i) ) N (=g = F (2 A =x)),

(C1) (C2)

expressing that for every contradiction-free set of traces T, there is a type s trace t” in
the model (note that ©” is required to be in X) that is consistent with 7.

While 4ji5¢t5 18 not in prenex normal form, it can easily be turned into an equivalent formula
in prenex normal form (at the cost of readability).
Now, the set

Tansets = {{+}"{x, +H{+}* | n € N} U {{-}"{x, = {-}" | n e N}U
{@O) U {sHED) U {shH(E@) U {s}) - | t € (25}

of traces satisfies Yqigets- On the other hand, every model of 5.5 must indeed contain
Taiisets as a subset, as @qygets requires the existence of all of its traces in the model. Finally,
due to ¢ and 1, a model (over AP) cannot contain any traces that are not in Tyysess, i-€.,
Taiisets is the unique model of @ jigets-

To conclude, we just remark that

{O)U{sHED) U {sh (@) U{s}) - [ t € (25N} C Tuusers

has indeed cardinality ¢, as (28¥})* has cardinality c.

Finally, let us consider closed-world semantics. The second-order quantifier in ¢4 (the
only one in @ 4sets) is already restricted to subsets of the universe of discourse. Thus, Yagets
has the unique model Tj5.:s €ven under closed-world semantics. L]
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4. THE COMPLEXITY OF Hyper?LTL SATISFIABILITY

A Hyper?LTL sentence is satisfiable if it has a model. The Hyper?LTL satisfiability problem
asks, given a Hyper?LTL sentence ¢, whether ¢ is satisfiable. In this section, we determine
tight bounds on the complexity of Hyper?LTL satisfiability and some of its variants.

Recall that in Section 3, we encoded sets of natural numbers as traces over a set of
propositions containing x and encoded natural numbers as singleton sets. The proof of
Theorem 3.4 relies on constructing a sentence that requires each of its models to encode
every subset of N by a trace in the model. Hence, sets of traces can encode sets of sets of
natural numbers, i.e., type 2 objects.

Another important ingredient in the following proof is the implementation of addition
and multiplication in HyperLTL [FKTZ25]. Let AP 4, = {argl, arg2, res, add, mult} and
let T{ .y be the set of all traces ¢ € (2AParitn )@ such that
o there are unique ni,ng,n3 € N with argl € t(n;), arg2 € t(nz), and res € t(n3), and
e cither add € ¢(n) and mult ¢ ¢(n) for all n, and n; + n2 = nz, or mult € t(n) and

add ¢ t(n) for all n, and ny - ny = ns.

Proposition 4.1 (Lemma 5.5 of [FKTZ25]). There is a satisfiable HyperLTL sentence
©(+,) such that the AP oy -projection of every model of o4 .y is T(4 .-

Combining the capability of quantifying over type 0, type 1, and type 2 objects and
the encoding of addition and multiplication, we show that Hyper?LTL is at least as hard as
truth in third-order arithmetic. A matching upper bound will be obtained by showing that
one can encode (using arithmetic) traces as sets of natural numbers and thus sets of traces
as sets of sets of natural numbers.

Theorem 4.2. The Hyper?’LTL satisfiability problem is polynomial-time equivalent to truth
wn third-order arithmetic. The lower bound holds even for X,-free sentences.

Proof. We begin with the lower bound by reducing truth in third-order arithmetic to
Hyper?LTL satisfiability: we present a polynomial-time translation from sentences ¢ of
third-order arithmetic to Hyper?LTL sentences ¢’ such that (N, +,-, <, €) = ¢ if and only
if ¢/ is satisfiable.

Given a third-order sentence ¢, we define

¢ = IXausets- IXarith- (Pausets[Xa/ Xausets] A (4. N hyp(p))

where

o Vunsets[Xa/ Xansets) is the Hyper?LTL sentence from the proof of Theorem 3.4 where every
occurrence of X is replaced by X jsets and thus enforces every subset of N to be encoded
in the interpretation of X sets (as introduced in the proof of Theorem 3.4),

. gp’( ) is the Hyper?LTL formula obtained from the HyperLTL formula ©(+,) by replacing

each quantifier 3 (Vr, respectively) by Ir € Xgrin, (V7 € Xgpitn, respectively) and thus
enforces that X, is interpreted by a set whose AP ,-projection is T{ ), and

where hyp(p) is defined inductively as follows:
e For third-order variables ),

hyp(ﬂy. ’(ﬁ) = BX)). (Vﬂ' € Xy. In’ € X aiiSets - (’/T ={+,—,5,x} 7'('/) AN SW) AN hyp(¢).
e For third-order variables ),

hyp(VY. ¥) =V¥Xy. (V1 € Xy. 31" € Xausers- (T =(4,—sx} T) Asz) = hyp(1)).
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e For second-order variables Y, hyp(3Y. ¢) = Iny € Xausets- hyp ().
e For second-order variables Y, hyp(VY. ¢) = Vry € Xausets- hyp(v).
e For first-order variables y,

hyp(zly 1/)) = E|7Ty € XaliSets- [(_‘Xﬂy) U(Xﬂy A XGﬂxwy)] A hyp(d})

e For first-order variables y,
hyp(vy 1/)) = va € XaliSets- [(_‘Xﬂy) U(Xﬂ’y ANXG ﬂXﬂ'y)] — hyp(d})

o hyp(v1 V iba) = hyp(¥1) V hyp(¢2).
* hyp(—vp) = ~hyp(¥).
e For second-order variables Y and third-order variables ),

hyp(Y € V) = 3Im € Xy. my =5} 7.

e For first-order variables y and second-order variables Y, hyp(y € Y) = F (%, A Xz, ).
e For first-order variables y, v/, hyp(y < y') = F(xx, A XFxz,).
e For first-order variables y1, 4o, ¥,

hyp(y1 +y2 = y) = 37 € Xgpitn- addr AF(argl A xﬂyl) AF(arg2, A xﬂ”) NF(resy Axg,).
e For first-order variables yi, 4o, v,
hyp(y1-y2 = y) = 37 € Xgrih,. mult; AF(argl A Xﬂy1) NF(arg2, A x%) NF(resy Axg,).

While ¢’ is not in prenex normal form, it can easily be brought into prenex normal form, as
there are no quantifiers under the scope of a temporal operator.

As we are evaluating ¢’ w.r.t. standard semantics and the variable X (interpreted with
the model) does not occur in ¢’, satisfaction of ¢’ is independent of the model, i.e., for all
sets T, T" of traces, T = ¢ if and only if 7" = ¢'. So, let us fix some set T of traces. An
induction shows that (N, +, -, <, €) satisfies ¢ if and only if T satisfies ¢'. Altogether we
obtain the desired equivalence between (N, +, -, <, €) = ¢ and ¢’ being satisfiable.

For the upper bound, we conversely reduce Hyper?LTL satisfiability to truth in third-
order arithmetic: we present a polynomial-time translation from Hyper?LTL sentences ¢
to sentences ¢’ of third-order arithmetic such that ¢ is satisfiable if and only if (N, +, -, <
,€) = ¢'. Here, we assume AP to be fixed, so that we can use |AP| as a constant in our
formulas (which is definable in first-order arithmetic).

Let pair: N x N — N denote Cantor’s pairing function defined as pair (i, j) = 1 (i+j)(i +
j+1)+ 7, which is a bijection. Furthermore, fix some bijection e: AP — {0,1,...,|AP|—1}.
Then, we encode a trace t € (247)« by the set Sy = {pair(j,e(p)) | j € Nand p € t(j)} C N.
As pair is a bijection, we have that t # t' implies S; # Sy. While not every subset of N
encodes some trace t, the first-order formula

SoisTmce(Y) = V. Vy Yy > |AP| — pair(x,y) ¢ Y

checks if a set does encode a trace. Here, we use pair as syntactic sugar, which is possible
as the definition of pair only uses addition and multiplication.

As (certain) sets of natural numbers encode traces, sets of (certain) sets of natural
numbers encode sets of traces. This is sufficient to reduce Hyper?’LTL to third-order
arithmetic, which allows the quantification over sets of sets of natural numbers. Before we
present the translation, we need to introduce some more auxiliary formulas:
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e Let Y be a third-order variable (i.e., ) ranges over sets of sets of natural numbers). Then,
the formula

PonlyTraces (y) =W.Ye)y— SDisTrace(Y)

checks if a set of sets of natural numbers only contains sets encoding a trace.
e Further, the formula

PallTraces (y) = PonlyTraces (y) AVY. PisTrace (Y) —Ye y

checks if a set of sets of natural numbers contains exactly the sets encoding a trace.

Now, we are ready to define our encoding of Hyper?LTL in third-order arithmetic. Given
a Hyper?LTL sentence ¢, let

90/ = ayw Elyd PallTraces (ya) A PonlyTraces (yd) A (aT(QD))(O)

where ar(y) is defined inductively as presented below. Note that ¢ requires Y, to contain
exactly the encodings of all traces (i.e., it corresponds to the distinguished Hyper?LTL
variable X, in the following translation) and })); is an existentially quantified set of trace
encodings (i.e., it corresponds to the distinguished Hyper?LTL variable X, in the following
translation).

In the inductive definition of ar(y), we will employ a free first-order variable i to denote
the position at which the formula is to be evaluated to capture the semantics of the temporal
operators. As seen above, in ¢/, this free variable is set to zero in correspondence with the
Hyper?LTL semantics.

e ar(3X. ¢) = 3Vx. YoniyTraces(Vx) N ar(y). Here, the free variable of ar(3X. 1) is the
free variable of ar(v).

o ar(VX. ¥) = VYVx. QonlyTraces(Yx) — ar(z)). Here, the free variable of ar(VX. ¢) is the
free variable of ar(w)).

o ar(Im € X. ) =3Y,. Y € Yx A ar(¢). Here, the free variable of ar(3r € X. v) is the
free variable of ar(v).

e ar(Vm e X. ¢) =VYr. Y € Yx — ar(y). Here, the free variable of ar(Vr € X. 1) is the
free variable of ar(v).

o ar(y1 V1a) = ar(y1) V ar(y2). Here, we require that the free variables of ar(y;) and
ar(19) are the same (which can always be achieved by variable renaming), which is then
also the free variable of ar(¢ V ).

e ar(—1) = —ar(vy). Here, the free variable of ar(—) is the free variable of ar(v).

o ar(Xv) =3i'(' =i+ 1) A ar(¢), where i’ is the free variable of ar(y) and i is the free
variable of ar(X ).

° 0,7"(1&1 Uwg) = Jig. 19 > I A ar(wg) A Viq. (Z <A< ig) — ar(zpl), where ij is the free
variable of ar(v;), and i is the free variable of ar(¢n U s).

e ar(p,) = pair(i,e(p)) € Yz, i.e., i is the free variable of ar(p, ).

Now, an induction shows that IIy[X, — (247)¥, X4 — T] |= ¢ if and only if (N, +, -, <, €)

satisfies (ar(y))(0) when the variable Y, is interpreted by the encoding of (247)% and Yy is

interpreted by the encoding of T'. Hence, ¢ is indeed satisfiable if and only if (N, +, -, <, €)

satisfies ¢’. L]

In the lower bound proof above, we have turned a sentence ¢ of third-order arithmetic
into a Hyper?LTL sentence ¢ such that (N, +, -, <, €) |= ¢ if and only if ¢’ is satisfiable. In
fact, we have constructed ¢’ such that if it is satisfiable, then every set of traces satisfies it,
in particular (247)“. Recall that Remark 2.3 states that (24F) satisfies ¢’ under standard
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semantics if and only if (247)% satisfies ¢’ under closed-world semantics. Thus, altogether
we obtain that (N, +, -, <, €) £ ¢ if and only if ¢ is satisfiable under closed-world semantics,
i.e, the lower bound holds even under closed-world semantics. Together with Lemma 2.2,
this settles the complexity of Hyper?LTL satisfiability under closed-world semantics.

Corollary 4.3. The Hyper?LTL satisfiability problem under closed-world semantics is
polynomial-time equivalent to truth in third-order arithmetic.

The Hyper?LTL finite-state satisfiability problem asks, given a Hyper?LTL sentence ¢,
whether there is a finite transition system satisfying ¢. Note that we do not ask for a finite
set T of traces satisfying . In fact, the set of traces of the finite transition system may
still be infinite or even uncountable. Nevertheless, the problem is potentially simpler, as
there are only countably many finite transition systems (and their sets of traces are much
simpler). However, we show that the finite-state satisfiability problem is as hard as the
general satisfiability problem, as Hyper?LTL allows the quantification over arbitrary (sets
of) traces, i.e., restricting the universe of discourse to the traces of a finite transition system
does not restrict second-order quantification at all (as the set of all traces is represented by a
finite transition system). This has to be contrasted with the finite-state satisfiability problem
for HyperLTL (defined analogously), which is X{-complete (a.k.a. recursively enumerable),
as HyperLTL model-checking of finite transition systems is decidable [CFK*14].

Theorem 4.4. The Hyper?LTL finite-state satisfiability problem is polynomial-time equiva-
lent to truth in third-order arithmetic. The lower bound holds even for X,-free sentences.

Proof. For the lower bound under standard semantics, we reduce truth in third-order
arithmetic to Hyper?LTL finite-state satisfiability: we present a polynomial-time translation
from sentences ¢ of third-order arithmetic to Hyper?LTL sentences ¢ such that (N, +, -, <
,€) E ¢ if and only if ¢’ is satisfied by a finite transition system.

So, let ¢ be a sentence of third-order arithmetic. Recall that in the proof of Theorem 4.2,
we have shown how to construct from ¢ the Hyper?LTL sentence ¢ such that the following
three statements are equivalent:

L4 (N7+7'7<7€) ): @.

e  is satisfiable.

e ' is satisfied by all sets T' of traces (and in particular by some finite-state transition
system).

Thus, the lower bound follows from Theorem 4.2.

For the upper bound, we conversely reduce Hyper?LTL finite-state satisfiability to
truth in third-order arithmetic: we present a polynomial-time translation from Hyper?LTL
sentences ¢ to sentences ¢” of third-order arithmetic such that ¢ is satisfied by a finite
transition system if and only if (N, +,-, <, €) E ¢".

Recall that in the proof of Theorem 4.2, we have constructed a sentence

80, = Eya- 3:)}d PallTraces (ya) A PonlyTraces (yd) A (ar(«p))(O)

of third-order arithmetic where ), represents the distinguished Hyper?LTL variable X, V4
represents the distinguished Hyper?LTL variable X4, and where ar(¢) is the encoding of
in Hyper?LTL.
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To encode the general satisfiability problem it was sufficient to express that ), only
contains traces. Here, we now require that ); contains exactly the traces of some finite
transition system, which can easily be expressed in second-order arithmetic?® as follows.

We begin with a formula ¢;s7s(n, E, I, £) expressing that the second-order variables E,
I, and ¢ encode a transition system with set {0,1,...,n — 1} of vertices. Our encoding will
make extensive use of the pairing function introduced in the proof of Theorem 4.2. Formally,
we define p;s7s(n, B, I,¢) as the conjunction of the following formulas (where all quantifiers
are first-order and we use pair as syntactic sugar):

n > 0: the transition system is nonempty.

Vy.y € E— Ju. W' (v <nAv <nAy=pair(v,v')): edges are pairs of vertices.

Vo. v <n — . (v < nApair(v,v') € E): every vertex has a successor.

Yv. v € I — v < n: the set of initial vertices is a subset of the set of all vertices.

Vy.y € £ — Ju. Ip. (v < nAp < |AP|Ay = pair(v,p)): the labeling of v by the proposition
encoded by p is encoded by the pair (v, p). Here, as in the proof of Theorem 4.2, we assume
AP to be fixed and therefore can use |AP| as a constant, and we identify propositions by
numbers in {0,1,...,|AP| — 1}.

Next, we define p;spaun (P, n, E, I), expressing that the second-order variable P encodes
a path through the transition system encoded by n, E, and I, as the conjunction of the
following formulas:

e Vj. Ju. (v < nApair(j,v) € PA=-3'. (v # vApair(j,v') € P)): the fact that at position j
the path visits vertex v is encoded by the pair (j,v). Exactly one vertex is visited at each
position.

e Ju. v € I A pair(0,v) € P: the path starts in an initial vertex.

e V4. Ju. . pair(j,v) € P Apair(j+1,v") € P A pair(v,v') € E: successive vertices in the
path are indeed connected by an edge.

Finally, we define @yaceof (T, P, £), expressing that the second-order variable 7" encodes
the trace (using the encoding from the proof of Theorem 4.2) of the path encoded by the
second-order variable P, as the following formula:

e Vj. Vp. pair(j,p) € T < (Jv. pair(j,v) € P A pair(v,p) € £): a proposition holds in the
trace at position j if and only if it is in the labeling of the j-th vertex of the path.

Now, we define the sentence ¢’ as
Elya- Elyd SoallTraces(ya) A (Ponlmices(yd>/\
dn. JE. 31. 3. pisrs(n, E, 1, 0) A

there exists a transition system T

(VT T e yd — dP. (QpisPath(Pa nyEal) A SotmceOf(Ta Pv 6))) A

Y4 contains only traces of paths through ¥

(VP ((pispath(P,n,E,I) — 3T T € Yg A @tmceOf(Ta P, 6))):| N (ar(gp))(O),

Y4 contains all traces of paths through ¥.

which holds in (N, +,-, <, €) if and only if ¢ is satisfied by a finite transition system. []

3With a little more effort, and a little less readability, first-order suffices for this task, as finite transition
systems can be encoded by natural numbers.
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Again, the lower bound proof can easily be extended to the case of closed-world semantics,
using the same arguments as in the case of general satisfiability.

Corollary 4.5. The Hyper’LTL finite-state satisfiability problem under closed-world se-
mantics is polynomial-time equivalent to truth in third-order arithmetic.

Let us also just remark that the proof of Theorem 4.4 can easily be adapted to show
that other natural variations of the satisfiability problem are also polynomial-time equiva-
lent to truth in third-order arithmetic, e.g., satisfiability by countable transition systems,
satisfiability by finitely branching transition systems, etc. In fact, as long as a class C of
transition systems is axiomatizable in third-order arithmetic, the Hyper?LTL satisfiability
problem restricted to transition systems in C is reducible to truth in third-order arithmetic.
Similarly, truth in third-order arithmetic is reducible to Hyper?LTL satisfiability for every
nonempty class of models (w.r.t. standard semantics) and to every class of models containing
at least one model whose language contains Tyisets U Ty, (W.r.t. closed-world semantics).

5. THE COMPLEXITY OF Hyper?LTL MODEL-CHECKING

The Hyper?’LTL model-checking problem asks, given a finite transition system ¥ and
a Hyper?LTL sentence ¢, whether T = . Beutner et al. [BFFM23] have shown that
Hyper?LTL model-checking is E%—hard. We improve the lower bound considerably, i.e., also
to truth in third-order arithmetic, and show that this bound is tight. This is the first upper
bound on the problem’s complexity.

Theorem 5.1. The Hyper?’LTL model-checking problem is polynomial-time equivalent to
truth in third-order arithmetic. The lower bound already holds for X,-free sentences.

Proof. For the lower bound, we reduce truth in third-order arithmetic to the Hyper?LTL
model-checking problem: we present a polynomial-time translation from sentences ¢ of
third-order arithmetic to pairs (T,¢’) of a finite transition system T and a Hyper?LTL
sentence ¢’ such that (N, +,-, <, €) |= ¢ if and only if T = ¢'.

In the proof of Theorem 4.2 we have, given a sentence ¢ of third-order arithmetic,
constructed a Hyper?LTL sentence ¢’ such that (N, +, -, <, €) = ¢ if and only if every set T
of traces satisfies ¢’ (i.e., satisfaction is independent of the model). Thus, we obtain the
lower bound by mapping ¢ to ¢’ and *, where T* is some fixed transition system.

For the upper bound, we reduce the Hyper?LTL model-checking problem to truth in
third-order arithmetic: we present a polynomial-time translation from pairs (T, ¢) of a finite
transition system and a Hyper?’LTL sentence ¢ to sentences ¢’ of third-order arithmetic
such that T |= ¢ if and only if (N, +,-, <, €) E ¢.

In the proof of Theorem 4.4, we have constructed, from a Hyper?LTL sentence ¢, a
sentence ¢’ of third-order arithmetic that expresses the existence of a finite transition system
that satisfies . We obtain the desired upper bound by modifying ¢’ to replace the existential
quantification of the transition system by hardcoding ¥ instead. L]

Again, the lower bound proof can easily be extended to closed-world semantics, using
the same arguments as in the case of satisfiability.

Corollary 5.2. The Hyper?LTL model-checking problem under closed-world semantics is
polynomial-time equivalent to truth in third-order arithmetic.
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6. Hyper’LTLum

As we have seen, unrestricted second-order quantification makes Hyper?LTL very expressive
and therefore highly undecidable. But restricted forms of second-order quantification are
sufficient for many application areas. Beutner et al. [BFFM23] introduced Hyper?LT Ly, a
fragment® of Hyper?LTL in which second-order quantification ranges over smallest /largest
sets that satisfy a given guard. For example, the formula (X, Y, 7). p2 expresses that
there is a set T of traces that satisfies both 1 and @9, and T is a smallest set that satisfies
1 (i.e., 1 is the guard). Note that the guards themselves may again contain (guarded)
second-order quantifiers. This fragment is expressive enough to express common knowledge,
asynchronous hyperproperties, and causality in reactive systems [BFFM23], but it can also
reason directly about maximal (or minimal) sets that satisfy some property. As a concrete
example, consider the HyperLTL formula

Pgni = V7T1.V7T2.E|7T.(7I‘1 =high-in 7T) A (772 =low-in 7T)
expressing generalized non-interference [CFKT14]. In case a system does not satisfy it, we
might be interested in finding a maximal subset of the system that does satisfy ¢g,;, while
preserving some correctness property . We can do so using the formula 3(X, A, pgni). ¢

with closed-world semantics (see below the formal definitions).
The formulas of Hyper?LTLy,, are given by the grammar

=X, X,0). ¢ [V(X,X,0). p|ImeX. @ |VTEX 0 |¢
Yu=p, | W |pVy [ XY [P Uy

where p ranges over AP, 7 ranges over Vi, X ranges over Vo, and X € {Y, A}, i.e., the only
modification concerns the syntax of second-order quantification.

We consider two fragments of Hyper?LTLy,,, obtained by only allowing quantification
over maximal sets and only allowing quantification over minimal sets, respectively:

e Hyper?LTL}  is the fragment of Hyper?LTLy,, obtained by disallowing second-order
quantifiers of the form 3(X, ¥, ¢) and V(X, Y, ¢).
e Hyper?LTL) , is the fragment of Hyper?LTLy,, obtained by disallowing second-order
quantifiers of the form 3(X, A, ) and V(X, A, ).
The semantics of Hyper?LTLy,,, is similar to that of Hyper?LTL but for the second-order
quantifiers, for which we define (for X € {Y, A }):
o IT|=3(X, X, p1). o if there exists a set T' € sol(II, (X, X, ¢1)) such that II[X — T = po.
o IT =V(X,X,p1). g if for all sets T' € sol(IL, (X, X, ¢1)) we have II[X — T = ¢2.
Here, sol(II, (X, X, ¢1)) is the set of all minimal/maximal models of the formula ¢, which

is defined as

sol(IL, (X, Y, 1)) = {T C (227)¥ | TI[X — T] = @1 and II[X — T"] & ¢y for all T/ C T}
and

sol(I1, (X, A, 1)) = {T C (2°7)? | TI[X = T] |= @1 and T[X — T'] £ ¢ for all T/ D T'}.

Note that sol(II, (X, X, 1)) may be empty, may be a singleton, or may contain multiple
sets, which then are pairwise incomparable.

Let us also define closed-world semantics for Hyper?LTLy,,,. Here, we again disallow
the use of the variable X, and change the semantics of set quantification to

“In [BFFM23] this fragment is termed Hyper?LTLg,.
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o II =y 3(X, X, ¢1). 2 if there exists a set T' € solew (I, (X, X, 1)) such that II[X —
T| FEew @2, and
o II =cw Y(X, X, p1). 2 if for all sets T' € solew (I, (X, X, ¢1)) we have II[.X — T =cw @2,

where solew (I, (X, Y, 1)) and solew (I1, (X, A, ¢1)) are defined as follows:
solew (IL, (X, Y, 1)) = {T CI(Xy) | U[X — T| Fcw 1
and TI[X +— T'] Few @1 for all T C T}
solew (IL, (X, A, 1)) = {T CI(Xy) | T[X = T Few ¢1
and II[X — T'] Feew 1 for all T CT" C TI(Xy)}-

Note that solew (I, (X, X, ¢1)) may still be empty, may be a singleton, or may contain
multiple sets, but all sets in it are now incomparable subsets of II(Xy).

A Hyper?LTLy,, formula is a sentence if it does not have any free variables except for
X, and Xy (also in the guards). Models are defined as for Hyper?LTL.

Proposition 6.1 (Proposition 1 of [BFFM23]). Every Hyper?’LT Ly, sentence ¢ can be
translated in polynomial time (in |¢|) into a Hyper®LTL sentence ¢’ such that for all sets T
of traces we have that T |= o if and only if T |= .0

The same claim is also true for closed-world semantics, using the same proof.

Remark 6.2. Every Hyper?LTLy,,, sentence ¢ can be translated in polynomial time (in
l|) into a Hyper?LTL sentence ¢’ such that for all sets T" of traces we have that T |=cy @ if
and only if T ey ¢

Thus, every complexity upper bound for Hyper?LTL also holds for Hyper?LTL,,,, and
every lower bound for Hyper?LTL,,,, also holds for Hyper?LTL.

6.1. Satisfiability, Finite-State Satisfiability, and Model-Checking. In this subsec-
tion, we settle the complexity of satisfiability, finite-state satisfiability, and model-checking
for the fragments Hyper?LTL} = and Hyper?LTL) = using only second-order quantification
over maximal respectively minimal sets satisfying a given guard. We will show, for both se-
mantics, that all three problems have the same complexity as the corresponding problems for
full Hyper?LTL, i.e., they are equivalent to truth in third-order arithmetic. Thus, contrary
to the design goal of Hyper?LTLym, it is in general not more feasible than full Hyper?LTL.

Due to Proposition 6.1 and Remark 6.2, the upper bounds already hold for full
Hyper?LTL, hence the remainder of this subsection is concerned with lower bounds. We
show that one can translate each Hyper?LTL sentence ¢ (over AP) into a Hyper?LTL:
sentence p* and into a Hyper?LTL) = sentence ¢ (both over some AP’ 2 AP) and each
T C (28P)% into a T" C (287")% such that T ey ¢ if and only if T/ ey ©* and T ey @
if and only if 7" |=ew . This translation allows us to reduce Hyper?LTL satisfiability,
finite-state satisfiability, and model-checking to their Hyper?LTL} = and Hyper?LTL)
counterparts. As closed-world semantics can be reduced to standard semantics, this suffices
to prove the result for both semantics.

Intuitively, ¢* and ¢ mimic the quantification over arbitrary sets in ¢ by quantification
over maximal and minimal sets that satisfy a guard ¢; that is only satisfied by uncountable
sets. In the proof of Theorem 3.4, we have constructed a Hyper?LTL formula ¢ with this

5The polynomial-time claim is not made in [BFFM23], but follows from the construction when using
appropriate data structures for formulas.
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property. Here, we show that similar formulas can also be written in Hyper?LTL. = and
Hyper?LTL, . With these formulas as guards (which use fresh propositions in AP’ \ AP),
we mimic arbitrary set quantification via quantification of sets of traces over AP’ that are
uncountable (enforced by the guards) and then consider their AP-projections. This approach
works for all sets but the empty set, as projecting an uncountable set cannot result in the
empty set. For this reason, we additionally mark some traces in the uncountable set and
only project the marked ones, but discard the unmarked ones. Thus, by marking no trace,
the projection is the empty set.

Theorem 6.3.

(1) Hyper?LTL}, . satisfiability, finite-state satisfiability, and model-checking (both under
standard semantics and under closed-world semantics) are polynomial-time equivalent to
truth in third-order arithmetic. The lower bounds for standard semantics already hold
for X,-free sentences.

(2) Hyper®LTL) . satisfiability, finite-state satisfiability, and model-checking (both under
standard semantics and under closed-world semantics) are polynomial-time equivalent to
truth in third-order arithmetic. The lower bounds for standard semantics already hold

for X,-free sentences.

Recall that we only need to prove the lower bounds, as the upper bounds already hold
for full Hyper?LTL. Furthermore, as closed-world semantics can be reduced to standard
semantics, we only need to prove the lower bounds for closed-world semantics.

We begin by constructing the desired guards that have only uncountable models. As
a first step, we modify the formulas constructed in the proof of Theorem 3.4: we show
that Hyper?LTL} . and Hyper?LTLY . have formulas that require the interpretation of a
free second-order variable to be uncountable. To this end, fix AP 4yses = {4, —, s,x} and
consider the language

Tausets = {{+}*,{-}*}U
{{+"{=x, +H{+}* [n e N}U
{1, -H{-}"IneN}ju
{O) U {sHEM) U{sHER)U{s}) - |t € (25},
which is an uncountable subset of (2AFeuseis). Note that this definition differs from the
one in the proof of Theorem 3.4, as we have added the two traces {+}“,{—}*. This

allows us to construct a finite transition system that has exactly these traces (which is not
possible without these two traces): Figure 2 depicts a transition system ¥ ,jsess satisfying

Tr(‘zallSets) = TallSets'

Lemma 6.4.
(1) There exists a Hyper?’LTLY . formula ©hsers 0ver AP qugers with a single free (second-
order) variable Z such that II Ecw @ayes of and only if the AP o565 -projection of 11(Z)

is TallSets-
(2) There exists a Hyper?’LTL) . formula O Fcers over AP gusers with a single free (second-

order) variable Z such that II Ecw ¢ 15015 f and only if the AP g5es-projection of 1(Z)
18 TauiSets -

Proof. 1.) Consider @26, = @o A -+ A p4 where
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{+} >@ ~{+} —>

) (O
0

Figure 2: The transition system ¥ jgers With Tr(T anisets) = Tanisets-

(-}

Y

® 00 =1E€Z Vpers— sy G@r A Npeis s\ p} "Pr) expresses that on each trace in the
AP jisets-projection of TI(Z) exactly one of the propositions in {+, —, s} holds at each
position and the other two at none. In the following, we speak therefore about type p
traces for p € {+, —, s},

e o=V €Z (+2V —r) = ((G—x:) V (—x: U(xzs A X G —x,))) expresses that x appears
at most once on each type p trace in the AP 4yg.¢5-projection of I1(Z), for both p € {+, —},

® v2 = Npers,—} (31 € Z.p NG ~x)A(I7 € Z. pAxy) expresses that the type p traces {p}*”
and {p}°{x,p}{p}* are in the AP 4ys.ss-projection of II(Z), for both p € {+, -}, and

® 3= Npeps V7 € Z. In' € Z. (p, NFx:) = (p AF(xr A Xx:/)) expresses that for
each type p trace of the form {p}"{x,p}{p}* in the AP scis-projection of II(Z), the
trace {p}" " {x,p}{p}¥ is also in the AP ,j5.ss-projection of I1(Z), for both p € {+, —}.

Intuitively, the formulas g to @3 are obtained from the analogous formulas in the proof of
Theorem 3.4 by replacing X4 by the free variable Z and by allowing for the two additional
traces.

The conjunction of these first four formulas requires that the AP ,g.:s-projection of
I1(Z) (and thus, under closed-world semantics, also the model) contains at least the traces in

{3 A v {1 +H W In e NF U=, - H{-}" IneN}, - (6.1)
and no other type + or type — traces.

We say that a set T of traces is contradiction-free if its AP 4y5e45-projection only contains
traces of the form {+}"{x,+}{+}* or {—}"{x, —}{—1}“ and if there is no n € N such that
{+}"{x,+ H{+}¥ and {—}"{x,—}{—}“ are in the APy g.ts-projection of T. A trace t is
consistent with a contradiction-free T if the following two conditions are satisfied:

(C1): If {+}"{x, +}{+}¥ is in the AP ysets-projection of T then x € t(n).

(C2): If {—}"{x, —}{—1}¥ is in the AP ,ygess-projection of T' then x ¢ t(n).

Note that T does not necessarily specify the truth value of x in every position of ¢, i.e.,
in those positions n € N where neither {+}"{x, +}{+}* nor {—}"{x, —}{—}* are in the
AP qiisets-projection of T'. Nevertheless, due to (6.1), for every trace ¢ over {x} there exists a
contradiction-free subset T' of the AP 4y5.45-projection of II(Z) such that the {x}-projection
of every trace t' that is consistent with T is equal to t. Here, we can, without loss of
generality, restrict ourselves to maximal contradiction-free sets, i.e., sets that stop being
contradiction-free if more traces are added (note that such sets do specify the truth value of
x for every position of a consistent trace).

Thus, each of the uncountably many traces over {x} is induced by some maximal
contradiction-free subset of the AP ;yg.¢5-projection of II(Z).
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e Hence, we define ¢4 as the formula
X is contradiction-free
V(IX, VT € X. (> ZA(+2V —2))AVT € X. V' € X. (42 A —p/) = = F(xz Axp)).
7" € Z.vn" € X. son A ((Fmm NF xpm) — F(xpm A xpn)) A
(c1)
(=g NF xpm) — F(xpm N —xpr)),
(C2)

expressing that for every maximal contradiction-free set of traces T, there exists a type s
trace t” in the AP yseis-projection of TI(Z) that is consistent with 7.

Thus, if the AP gygets-projection of II(Z) is Tyusets, then II ey ©hc.s- Dually, we
can conclude that T,js.:s must be a subset of the AP s.¢5-projection of II(Z) whenever
II Ecw ©hgers» and that the AP gyg0¢5-projection of II(Z) cannot contain other traces (due
to o and ¢1). Hence, II |=¢y ¢ if and only if the AP yyseis-projection of TI(Z) is Tuygers-

2.) Here, we will follow a similar approach, but have to overcome one obstacle: there
exists a unique minimal contradiction-free set, i.e., the empty set. Hence, we cannot naively
replace quantification over maximal contradiction-free sets in ¢4 above by quantification over
minimal contradiction-free sets. Instead, we will quantify over minimal contradiction-free
sets that have, for each n, either the trace {+}"{x, +}{+}* or the trace {—}"{x, —}{—}¥ in
their AP g sei5-projection. The minimal sets satisfying this constraint are still rich enough
to enforce every possible trace over {x}.

Formally, we replace ¢4 by ¢/, which is defined as

Y(X, Y, ©guard)-
In" € Z.r" € X. spn A (Fgm = F(xgm A %)) A (=g = F (X A =x)),
where ©gyqrq is the formula
Peomplete N\VT € X. (T> Z N (+7V —7)) ANVT € X. vr' € X. (42 A —p) = = F(xp Axpr)
and Qcomplete is the formula
IreX. (%p A (F2V =) AVT € X. T € X. (42 V —1) = ((+ V =) AF (27 A X x0)),

i.e., the only changes are the change of the polarity from A to Y and the addition of ¢ compiete
in the guard. This ensures that ¢;¢..c = @0 A -+ A @3 A ¢} has the desired properties. []

Now, we can begin with the translation of full Hyper?LTL into Hyper?LTLZ,, and
Hyper?LTL, . Let us fix a Hyper?LTL sentence ¢ over a set AP of propositions that is,
without loss of generality, disjoint from AP ;5.5 Hence, satisfaction of ¢ only depends on
the projection of traces to AP, i.e., if Ty and T have the same AP-projection, then Ty Fcw ¢
if and only if T} ¢ . We assume without loss of generality that each variable is quantified
at most once in ¢ and that X, and X; are not bound by a quantifier in ¢, which can
always be achieved by renaming variables. Let Xg, ..., X;_1 be the second-order variables
quantified in . We can assume k£ > 0, as there is nothing to show otherwise: Without second-
order quantifiers, ¢ is already a Hyper?LTLA = sentence and a Hyper?LTL) = sentence. To
simplify our notation, we define [k] = {0,1,...,k —1}. For each i € [k], we introduce a fresh
proposition m; so that we can define AP’ as the pairwise disjoint union of AP, {m; | i € [k]},
and APallSets-
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Let ¢ € [k] and consider the formula

Ppart = V1 € Xi. (G(mi)r) V(G =(mi)x) A N\ G(min)a)A
i’ €lk]\{i}
Vr e X;. V' € X (T =Ap g ™) — (T =ppr 7).

Note that gpimt has a single free variable, i.e., X;, and that it is both a formula of
Hyper?LTLy,,, and Hyper’LTL}, . Intuitively, ¢!, expresses that each trace in II(X;)
is either marked by m; (if m; holds at every position) or it is not marked (if m; holds at
no position), it is not marked by any other my, and that there may not be two distinct
traces t # t’ in II(X;) that have the same AP ges-projection. The former condition means
that I1(X;) is partitioned into two (possibly empty) parts, the subset of marked traces and
the subset of unmarked traces; the latter condition implies that each trace in II(X;) is
uniquely identified by its AP gsets-projection. Said differently, if two traces in II(X;) have
the same AP js.i5-projection, then they also have the same marking,.
Fix some i € [k] and some X € {A, Y}, and define

‘P;’fam = Ousets| 2/ Xi] N Oharts
where ¢X,c..s[Z/X;] is the formula obtained from ¢¥,¢..s by replacing each occurrence of Z
by X;. The only free variable of ‘Pguard is X;.
The following lemma shows that no strict superset of a set satisfying gog’uA urq Satisfies

goZ’UA g and no strict subset of a set satisfying QD;’J arg Satisfies QD;’J ards 1-€-, sets satisfying these
guards are in the corresponding solution sets.

Lemma 6.5. Let 1T, and IT} be two variable assignments with TI)(X;) € (247 and
T} (X;) C (A7),

(1) If T e eo;;fm and I (X;) 2 T (X;), then I1f feey sogwd
( ) If HO i:CW (pguard and Hii(Xl) g ]'_‘[6( ) th’en ]'_‘[1 i#CW Soguard

Proof. 1.) Towards a contradiction, assume we have IIj) F=cyw goi]’i g and T (X5) 2 TIH(X5),

but also IT} |=ew ‘qufard- Then, there exists a trace ¢; € II1(X;) \ II{;(X;). Due to I =y
©insets and Lemma 6.4.1, there exists a trace tg € II[(X;) that has the same AP gjges-
projection as ¢1. Hence, ¢}, implies that ¢y and ¢; have the same AP’-projection, i.e., they
are the same trace (here we use ITj(X;) C (2A7)% and IT}(X;) C (2A7)¥). Thus, t; = to is
in IT},(X;), i.e., we have derived a contradiction.

2.) The argument here is similar, we just have to swap the roles of the two sets II(X;)
and IT) (X;).

Towards a contradiction, assume we have T} =y " ou T g and T (X;) € T)(X;), but also

! Eew goguard Then, there exists a trace to € II[(X;) \ IT}(X;). Due to II} Few ©fg.0, and
Lemma 6.4.2, there exists a trace t; € II}(X;) that has the same AP yj5.¢5-projection as to.
Hence, ¢}, implies that ¢ and tg have the same AP’-projection, i.e., they are the same
trace. Thus, to = t1 is in IT}(Xj;), i.e., we have derived a contradiction. ]

Recall that our goal is to show that quantification over minimal /maximal subsets of
g q
(2AP’)“ satisfying gozg’,z( g Mimics quantification over subsets of (24P)«. Now, we can make
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this statement more formal. Let T" C (2A7")%. We define enc;(T") as the set
{t € (2*7)* | t is the AP-projection of some ¢’ € T" whose {m;}-projection is {m;}*'}.

Now, every enc;(T") is, by definition, a subset of (22F)“. Our next result shows that,
conversely, every subset of (24F)% can be obtained as an encoding of some 7" that additionally
satisfies the guard formulas.

Lemma 6.6. Let T C (287)%, i € [k], and X € {1, Y}. There exists a T' C (2*F")% such
that

o T =enc,(T"), and A
o for all T1 with TI(X;) = T", we have II =qy p"*

guard

Proof. Fix a bijection f: (2AF)* — T.usets, which can, e.g., be obtained by applying the
Schroder-Bernstein theorem. Now, we define

T = {t"f(O) {m}* [t € TYU{ f(1) |t € 2*)“\ T},

By definition, we have enc;(T") = T, satisfying the first requirement on 7”. Furthermore,
the AP g5ets-projection of T" is Tyysets, €ach trace in T” is either marked by m; at every
position or at none, the other markers do not appear in traces in 7", and, due to f being a
bijection, there are no two traces in 'T’ with the same AP g s05-projection. Hence, due to
Lemma 6.4, T" does indeed satisfy cp;ffar " ]

Now, we explain how to mimic quantification over arbitrary sets via quantification over
maximal or minimal sets satisfying the guards we have constructed above. Let X € {Y, A}
and let ©* be the Hyper?LTLX, -sentence obtained from ¢ by inductively replacing

e cach 3X;. ¢ by 3(X;, X,¢;’;Kard). Y,

e cach VX;. ¢ by V(X;, X, goz’;‘m). 0,
e cach Im € X;. ¢ by Im € X;. (m;)r A, and

e each V7 € X;. ¢ by V7 € X;. (mj)r — 9.

We show that ¢ and ¢* are in some sense equivalent. Obviously, they are not equivalent
in the sense that they have the same models, as ¢* uses in general the additional propositions
in AP’\ AP, which are not used by ¢. But, by extending a model of ¢ we obtain a model of
©*. Similarly, by ignoring the additional propositions (i.e., the inverse of the extension) in
a model of ©*, we obtain a model of (.

As the model is captured by the assignment to the variable X, this means the interpre-
tation of Xy when evaluating ¢ and the interpretation of Xy when evaluating ©* have to
satisfy the extension property to be defined. However, we show correctness of our translation
by induction. Hence, we need to strengthen the induction hypothesis and require that the
variable assignments for ¢ and ¢* satisfy the extension property for all free variables.

Formally, let II and II’ be two variable assignments such that

o TI(7) € (2A7)% and II(X) C (2A7)¥ for all 7 and X in the domain of II, and

o IT'(m) € (247) and IT'(X) C (227")¢ for all 7 and X in the domain of IT'.

We say that II" extends II if they have the same domain (which must contain Xy, but not
X, as this variable may not be used under closed-world semantics) and we have that

e for all 7 in the domain, the AP-projection of IT'(7) is II(r),
e for all X; for i € [k], in the domain, II(X;) = enc;(IT'(X;)), and
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o IT'(Xy) = ext(I1(Xy)) where
ext(T) = {t"t'"{mi} |t € T,t' € Taygets, and i € [k]} U{t"t' |t € T and t’ € Tyugess }»
which implies that the AP-projection of II'(X) is II(Xy).

Note that if 7" is a subset of II(X}), then there exists a subset 7" of II'(Xy) such that
enci(T') =T, i.e., I'(X,) contains enough traces to mimic the quantification of subsets of
I1(X,) using our encoding. Furthermore, if 77 C (2*F") has the form T’ = ext(T)) for some
T C (2AF)%, then this T is unique.

The following lemma states that our translation of Hyper?LTL into Hyper?LTL. = and
Hyper?LTL, , is correct.

Lemma 6.7. Let II' extend I1. Then, 11 ey ¢ if and only if T Ecy @*.

Proof. By induction over the subformulas v of ¢.
First, let us consider the case of atomic propositions, i.e., ¢ = p,. for some p € AP and
some 7 in the domains of II and II'. We have

II ew pr < p € I(m)(0) & p € () (0) & I =cw Prs
as II(m) and II'(7) have the same AP-projection due to IT" extending II.

The cases of Boolean and temporal operators are straightforward applications of the
induction hypothesis. So, it only remains to consider the quantifiers. ‘

Let ¢ = 3X;. ¢ for some i € [k]. Then, we have ¢* = EI(Xi,X,gplg’faTd). Y. By
induction hypothesis, we have for all T C (24F)« and T" C (2AP")% with enc;(T") = T, the
equivalence

H[X; = T Few o © W [X; = T'] Eew 05

Now, we have

II ):cw 1/)
< there exists a T' C II(X,4) such that II[X; — T] Few %o

< there exists a T' C IT'(Xy) s.t. I[X; = T'] Eew ¥ and T" € soley (T, (X5, X, goz’fard))

o oy ™.

Here, the equivalence marked with * is obtained by applying the induction hypothesis:

e For the left-to-right direction, given T', we pick 7" such that enc;(T") = T, which is
always possible due to Lemma 6.6. Furthermore, 7" is in soley (I, (X;, X, cplg’;( wrd ) due to
Lemma 6.6 and Lemma 6.5.

e For the right-to-left direction, given T”, we pick T' = enc;(T").

Thus, in both directions, II'[X; — T”] extends II[X; — T, i.e., the induction hypothesis is

indeed applicable. The argument for universal set quantification is dual.

So, it remains to consider trace quantification. First, let ¢ = 37 € X;. ¢y for some

i € [k], which implies ¥* = 37 € X;. (m;)x A Y. Now,

I Few ¥
& there exists a ¢ € II(X;) such that |7 — t] Ecw Yo

< there exists a t' € IT'(X;) such that II'[7 — '] e (m)r A UF
S | =
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Here, the equivalence marked by * follows from the induction hypothesis:

e For the left-to-right direction, given ¢, we can pick a t’ with the desired properties as IT’
extends II, which implies that II(X;) = enc;(II'(X;)), which in turn implies that IT'(X;)
contains a trace ¢’ marked by m; whose AP-projection is t.

e For the right-to-left direction, given ', we pick ¢ as the AP-projection of ¢/, which is in
II(X;), as II(X;) = enc;(IT'(X;)) and ¢’ is marked by m; due to IT'[r — ] Few (m)r-

Thus, in both directions, II'[w — ¢'| extends II[7 > ], i.e., the induction hypothesis is indeed

applicable. The argument for universal trace quantification is again dual.

So, it only remains to consider trace quantification over X4. Consider ¢ = d1 € Xy. 1y,
which implies ¥* = 37 € X,4. ¥f. Then, we have

II |:CW d}
< there exists a t € II(Xy4) such that II[7 — t] F=cw %0

<= there exists a t’ € TI'(Xy) such that II'[1 — '] Few U5

& I few ¥,
where the equivalence marked with * follows from the induction hypothesis, which is
applicable as the AP-projection of II'(X,) is equal to II(X,), which implies that we can
choose t' from ¢ for the left-to-right direction (and choose ¢ from ¢’ for the right-to-left
direction) such that II'[r — ] extends II[r — t]. Again, the argument for universal
quantification is dual. ]

Recall that ¢ is satisfied by some set T' C (24F)« of traces (under closed-world semantics)
if Tly[ Xy — T) FEew @. Similarly, ¢* is satisfied by some set 7' C (2AP")« of traces (under
closed-world semantics) if IIy[ X4 — T'] Few ¢*. The following corollary of Lemma 6.7 holds
as IIy[ X4 — ext(T)] extends Iy[ X4 — T7.

Corollary 6.8. Let T C (287), and X € {A,Y}. Then, T Ecw ¢ if and only if ext(T) FEewy
X

@,

So, to conclude the construction, we need to ensure that models of ¢* have the
form ext(T) for some T C (247)¥. For the two satisfiability problems, we do so using a
sentence that only has such models, while for the model-checking problem, we can directly
transform the transition system we are checking so that it satisfies this property.

First, we construct ¢, for X € {A, Y} such that I’ ¢y ¢, if and only if IT'(X,) =
ext(T) for some T C (24P«

Yo = (V1 € Xg. (Pr A Pg))V
Pansets| 2/ Xa) NV € Xq. V7' € Xg.

/\ In” e Xg. m =AP 1150t N ot =AP 7 A G(mi)ﬂ-// VAN /\ G ﬁ(mi/)ﬂ-// A
i€[k] v e[k]\{i}
I e X _ I ’_ " )
'€ X4 m=ap 7' AN’ =ap T A /\ G —(my)
i€[k]

allSets

where ¢X,¢..s[Z/Xq] is the formula obtained from ¢%,¢.,. by replacing each occurrence of Z
by Xd.
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The first disjunct of X, is for the special case of the empty T (where p is an arbitrary
proposition) while the second one expresses intuitively that for each ¢ € Tyjsets (bound to 7)
and each ¢’ in the AP-projection of the interpretation of Xy (bound to 7’), the traces ¢t~t'
and the traces t"t'"{m;}*, for each i € [k], are in the interpretation of Xg.

Finally, let us consider the transformation of transition systems: Given a transition
system T = (V, E,I,\) we construct a transition system ext(¥) satisfying Tr(ezt(T)) =
ext(Tr(%)). Recall the transition system T,;sets depicted in Figure 2, which satisfies
Tr(Ea”gets) = Tunsets. Let Tosets = (VaaEmIm)\a)‘ We define ext(Z) = (V’,E,,I/,/\,)
where
o V' =V xV, x [k] x{0,1},

o B/ ={((v,v4,1,b), (v, 0,i,b)) | (v,0") € E, (vq,0},) € Eq,t € [k] and b € {0,1}},
o I'=1x1I, x[k] x{0,1}, and

AV) U Ag(vg) U{m} ifb=1,

Av) U Ag(va) itb=0.

Note that we indeed have Tr(exzt(%)) = ext(Tr(T)). Hence, if II(Xy) = Tr(T) and IT'(Xy) =
Tr(ext(T)), then II and II’ satisfy the requirement spelled out in Corollary 6.8.

° )\/(U’ ,Ua’ 1:7 b) =

Lemma 6.9. Let  be a Hyper’LTL sentence and o* as defined above (for some X € {A,Y}),
and let ¥ be a transition system.

(1) ¢ is satisfiable under closed-world semantics if and only if * A 9%, is satisfiable under
closed-world semantics.

(2) ¢ is finite-state satisfiable under closed-world semantics if and only if ©* N pX, is
finite-state satisfiable under closed-world semantics.

(3) T Ecw ¢ if and only if ext(T) Eew ©*.
Proof. 1.) We have
@ is satisfiable under closed-world semantics
& there exists a T C (2AF)% such that T |=ey ¢
< there exists a T C (2*7)% such that T" ey ©* A 0%,
& " A X, is satisfiable under closed-world semantics.

Here, the equivalence marked with * follows from Corollary 6.8:

e For the left-to-right direction, we pick T" = ext(T).
e For the right-to left direction, we pick T to be the unique subset of (QAP)“ such that
T' = ext(T), which is well-defined as T satisfies ¢©X;.

2.) We have
 is finite-state satisfiable under closed-world semantics
& there exists a transition system ¥ over 2AF such that Tr(%) =ew ¢
<= there exists a transition system T’ over 247" such that Tr(T) Eew ¢ A 0k,
& % Ak, is finite-state satisfiable under closed-world semantics.

Here, the equivalence marked with * follows from Corollary 6.8:
e For the left-to-right direction, we pick ¥’ = ext(%T), which satisfies Tr(ezt(¥)) = ext(Tr(%)).
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e For the right-to left direction, we pick ¥ to be the transition system obtained from ¥’ by
removing all propositions in AP’ \ AP from the vertex labels. This implies that Tr(%') is
equal to ext(Tr(%)), as Tr(T') satisfies pX,.

3.) Due to Corollary 6.8 and Tr(ezt(¥)) = ext(Tr(¥)), we have T |=¢y ¢ if and only if
ext(T) FEew ©*. []

Finally, Theorem 6.3 is now a direct consequence of Lemma 6.9, the fact that closed-
world semantics can be reduced to standard semantics, and the fact that all three problems
for Hyper?LTL (under closed-world semantics) are equivalent to truth in third-order arith-
metic [FZ25].

7. THE LEAST FIXED POINT FRAGMENT OF Hyper?LTL

We have seen that even restricting second-order quantification to smallest /largest sets that
satisfy a guard formula is essentially as expressive as full Hyper?LTL, and thus as difficult.
However, Beutner et al. [BFFM23| note that applications like common knowledge and
asynchronous hyperproperties do not even require quantification over smallest/largest sets
satisfying arbitrary guards, they “only” require quantification over least fixed points of
HyperLTL definable functions. This finally yields a fragment with (considerably) lower
complexity: we show that under standard semantics, satisfiability is ¥2-complete while
finite-state satisfiability and model-checking are both equivalent to truth in second-order
arithmetic. On the other hand, under closed-world semantics, satisfiability is ¥1-complete
while the complexity of the other two problems is not affected, i.e., finite-state satisfiability
and model-checking are still equivalent to truth in second-order arithmetic. Note that
this means that Ifp-Hyper?LT Ly, satisfiability under closed-world semantics is as hard as
HyperLTL satisfiability.

The intuitive reason that satisfiability under closed-world semantics is simpler is that we
show that every satisfiable sentence has a countable model. Thus, not all subsets of natural
numbers can be encoded in such a model, which restricts the complexity of the problem.
On the other hand, in, e.g., model-checking, the model is part of the input, i.e., one has
to potentially evaluate a formula over a set of traces that encodes all subsets of natural
numbers. This makes the problem much harder.

A Hyper?LTLy,, sentence using only minimality constraints has the form

© =71 Q1(Y1,Y,07"). 72. Q2(Y2, Y, 5"). vk Qr(Yie, Y, 03 Yig1- ¥

satisfying the following properties:

e Fach v; is a block v; = Qu;_,+17¢,_,+1 € X¢;_,+1- -+ Qe;me; € Xy, of trace quantifiers
(with £9 = 0). As ¢ is a sentence, we must have { Xy, 11,..., Xy, } € { X4, Xy, Y1,..., Y1}

e The free variables of @§°" are among the trace variables quantified in the v; with j' < j
and X,, X4, Y1,...,Y].

e 1) is a quantifier-free formula. Again, as ¢ is a sentence, the free variables of 1) are among
the trace variables quantified in the ;.
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con

y has the form

Now, ¢ is an lfp-Hyper?LT Ly, sentence’, if additionally each ¢
P5" = 1 DY A N Y AL € Z1. L Ny € Zyr 5P = Fi b Y

for some n > 0, n’ > 1, where 1 < m < n’/, and where we have

o {71, ,7n} CH{mL, ... 7y},

o {Z1,....Zp} C{X4, Xaq, Y1,...,Y;}, and

o qj);tep is quantifier-free with free variables among 7y, ..., , 71, ..., 7y,
As always, ¢°" can be brought into the required prenex normal form.

J
Let us give some intuition for the definition. To this end, fix some j € {1,2,...,k} and

a variable assignment II whose domain contains at least all variables quantified before Y},
i.e., all Y} and all variables in the v; for j' < j, as well as X, and X,4. Then,

G =T EVGA e N € V) A (Y € Z1e o Vi € Zun 05 o o DY)
induces the monotonic function fiy ;: 2(2*) 5 22" defined as

fH,j(S) =SuU {H(ﬁ'l), . ,H(#n)} U {H/(ﬁ'm) ’ I = H[ﬁ'l =, ..., Ty tn/]
for t; € T1(Z;) if Z; # Yj and t; € S if Z; = Yy s.t. I = 4P},

We define So =0, Spy1 = fir,j(Se), and

p(IL, 5) =, Se:

which is the least fixed point of fir ;. Due to the minimality constraint on Y; in ¢, Ifp(II, j) is
the unique set in sol(IL, (Y}, Y, ¢j°")). Hence, an induction shows that lfp(II, j) only depends
on the values II(7) for trace variables m quantified before Y; as well as the values II(Xy) and
II(X,), but not on the values II(Y}/) for j' < j (as they are unique).

Thus, as sol(IL, (Yj, Y, ¢§°")) is a singleton, it is irrelevant whether @); is an existential
or a universal quantifier. Instead of interpreting second-order quantification as existential or
universal, here one should understand it as a deterministic least fixed point computation:
choices for the trace variables and the two distinguished second-order variables uniquely

determine the set of traces that a second-order quantifier assigns to a second-order variable.

Remark 7.1. Note that the traces that are added to a fixed point assigned to Y; either
come from another Y} with j' < j, from the model (via X;), or from the set of all traces
(via X,). Thus, for X,-free formulas, all second-order quantifiers range over (unique) subsets
of the model, i.e., there is no need for an explicit definition of closed-world semantics. The
analogue of closed-world semantics for Ifp-Hyper?LTLy,, is to restrict oneself to X,-free
sentences.

In the remainder of this section, we study the complexity of 1fp-Hyper?LTLyym.

60ur definition here differs slightly from the one of [BFFM23] in that we allow to express the existence of
some traces in the fixed point (via the subformulas 7; > Y;). All examples and applications of [BFFM23] are
also of this form.
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7.1. Satisfiability for the X,-free Fragment. For satisfiability of X,-free sentences,
the key step is again to study the size of models of satisfiable sentences. For X,-free
1fp-Hyper?LTLyum, as for HyperLTL, we are able to show that each satisfiable sentence has
a countable model. The following result is proven by generalizing the proof for the analogous
result for HyperLTL [FZ17] showing that every model T of a HyperLTL sentence ¢ contains
a countable R C T that is closed under the application of Skolem functions. This implies
that R is also a model of .

Lemma 7.2. Every satisfiable X,-free lfp-Hyper?LTL,,,, sentence has a countable model.

A crucial step to prove this upper bound is to characterize membership of a trace in
some least fixed point by the existence of a finite trace-labeled tree. These trees model the
stage-wise definition of the semantics of second-order quantification in lfp-Hyper?LT L.

To formalize this intuition, we need to introduce some additional notation and concepts.
Let

=71 Q1(Y1, Y, 97™"). v2. Q2(Ya, Y, 05™). ke Qu(Ye, Yo 017"). Vo1 ¢
be an X,-free 1fp—Hyper2LTme sentence. We assume without loss of generality that each
trace variable is quantified at most once in ¢, which can always be achieved by renaming
variables. This implies that for each trace variable 7 quantified in some -, there is a unique
second-order variable X such that 7 ranges over X,. Furthermore, we assume that each Y
is different from X4 and X,, which can again be achieved by renaming variables, if necessary.

Recall that set quantifiers in Ifp-Hyper?LTL, “range” over unique least fixed points
that do not depend on the choices for the other set variables, but only on the choice for
the universe of discourse and the choices for the trace variables quantified before the set
variable.

We say that a variable assignment II is (¢, j)-sufficient, for some j € {1,...,k}, if
its domain contains Xy, Y1,...,Y;_1, if its domain contains the variables quantified in the
vy with j < j, and if II(w) € II(X,) for all 7 quantified in some v with 7/ < j. A
(¢, j)-sufficient assignment II contains all information necessary to compute 1fp(II, j). Note
that we do not have any requirements on the II(Y}) being the right sets, i.e., being the least
fixed points. This will be taken into account later.

Our first results states that the computation of least fixed points is monotonic in the
model we are starting with (given by the interpretation of X;) and the values for the
previously quantified Y.

Lemma 7.3. Let I and 11" be (¢, j)-sufficient assignments with 1I'(X4) C TI(Xq), II'(Yj) C
I(Yy) for all1 < j' < j, and II(w) = II'(7) for all trace variables appearing in the ~; with
1 <j" <j. Then, lfp(I', j) C ifp(IL, 5).

Proof. An induction shows that Sy C Sy, where Ifp(I1, j) = Uyso S¢ and p(I, j) = Upsg Sy
are the stages of the fixed points. L]

Now, let II be a variable assignment whose domain contains at least X; and all trace
variables in the v; for 1 < j < k. We define Ily = II and II; = II; 1 [Y; — lfp(I1;_1, j)], i.e.,
we iteratively compute and assign the least fixed points to the set variables in ¢. Note that
fixed points are uniquely determined by just the values II(Xy) and II(7) for 7 in the ~; with
1 < j <k, but we still need the previous fixed points to determine the j-th one. Now, we
define e(IT) = II}, which coincides with IT on all variables but the Y}, which are mapped to
the least fixed points induced by II.
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Remark 7.4. Note that each II;_; with 1 < j < k is (¢, j)-sufficient. Hence, if we have
variable assignments II and II' whose domains contain at least X4 and all trace variables
in the v; for 1 < j < k and such that II'(X,;) C II(X,;) and II(7) = IT'(7) for all trace
variables appearing in the v; with 1 < j < k, then Lemma 7.3 implies that we have
e(Il')(Y;) C e(II)(Y;) for all j.

Next, we define a tree structure that witnesses the membership of traces in least fixed
points assigned to the variables Y}, which make the inductive construction of the stages of
the least fixed points explicit. Intuitively, consider the formula

PS5 =T D YA Ao b Y AVEL € 21 Vi € Zy 5P = it D Y, (7.1)

inducing the unique least fixed point that Y; ranges over. It expresses that a trace ¢ is in the
fixed point either because it is of the form II(7;) for some i € {1,...,n} where 7; is a trace
variable quantified before the quantification of Y}, or ¢ is in the fixed point because there
are traces t1,...,t, such that assigning them to the 7; satisfies @b;teP and t = t,,,. Thus, the
traces t1,...,t, witness that ¢ is in the fixed point. However, each ¢; must be selected from
II(Z;), which, if Z; =Y/ for some j', again needs a witness. Thus, a witness is in general a
tree labeled by traces and indices from {1,...,k} denoting the fixed point variable the tree
proves membership in. Note that w;tep may contain free variables that are quantified in the
7; for 1 < j" < j. The membership of such variables 7 in II(X) will not be witnessed by
this witness tree, as their values are already determined by II. Instead, they will be taken
care of by their own witness trees.

Formally, let us fix a j* € {1,...,k}, a (¢, 7*)-sufficient assignment II, and a trace t*.
A TI-witness tree for (t*,j*) (which witnesses t* € lfp(Il,j*)) is an ordered finite tree
whose vertices are labeled by pairs (t,j) where t is a trace from II(Xy) and where j is in
{1,...,k}U{L} such that the following are satisfied:

e The root is labeled by (t*, 5%).
o If a vertex is labeled with (¢, L) for some trace ¢, then it must be a leaf and ¢ € II(Xj).
e Let (¢,j) be the label of some vertex v with j € {1,...,k} and let ¢{°" as in (7.1). If
v is a leaf, then we must have ¢t = II(7;) for some ¢ € {1,...,n}. If v is an internal
vertex, then it must have n’ successors labeled by (¢1,71), .- ., (tu, jnr) (in that order) such
that II[7t; — t1,..., 700 — ty] E w;tep, t = t,n, and such that the following holds for all
ie{l,....,n'}:
— If Z; = X4, then the i-th successor of v is a leaf, t; € II(Xy), and j; = L.
— If Z; = Y} for some j' (which satisfies 1 < j' < j by definition of 1fp-Hyper*LT L),
then we must have that j; = 5/ and that the subtree rooted at the i-th successor of v is
a II-witness tree for (;, j;).

Given a II-witness tree B, let Tr(B) denote the set of traces labeling the vertices of B,
which is a finite subset of II(Xj).

Lemma 7.5. Let II be a (¢, j)-sufficient assignment with I1(Y;) = e(I)(Y;/) for all j' < j.

(1) We have t € ifp(I1, j) if and only if there is a Il-witness tree for (t,7).

(2) Let I be another (p, j)-sufficient assignment with II'(Yy) = e(Il')(Y}) for all j' < j
and with II(r) = II'(7) for all trace variables appearing in the ~y; with j° < j. If
IT'(X,) 2 Tr(B) for a l-witness tree B for (t,j), then B is also a II'-witness tree for
(t,J)-
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Proof. 1. Let Ifp(IL, j) = Uy~ Se. The direction from left to right is proven by an induction
over (j,/) (with lexicographic ordering) constructing for each trace ¢ in Ifp(Il, j) a II-witness
tree for (¢,7). So, let ¢t € lfp(Il,5). As we have Sy = (), there is a minimal ¢ such that
t € Sp\ Sp—1, which satisfies £ > 1.

If £ =1, then there are two cases how ¢ was added to Si:

e Either we have t = II(7;) for some 1 < i < n. Then, a tree consisting of a single vertex
labeled by (¢, j) is a II-witness tree for (t, 7).

e Otherwise, we must have Z; # Yj for all 1 < i <n' and there must be traces t1,...,ty
such that each t; is in I11(Z;), t = t,,, and

(L = ta]) [z = to]) - e = ] b= 955,

i.e., we update all variables of the form 7; with ¢; in II before evaluating w;tep.

If Z; = X4, then let B; be a tree consisting of a single vertex labeled by (t;, L), if
Z; =Yy for some j' < j (this is the only other possibility), then let B; be a II-witness
tree for (t;,7’), which exists by induction hypothesis. Then,

Now, consider the case £ > 1. Here, we must have that there is at least one 1 <17 < n/

/&\ /B\
is a IT-witness tree for (¢, 7).
such that Z; =Y. Again, there must be traces ti,...,t, such that each ¢; is in II(Z;) if
Z; 7& Y}', t; € Sp_qif Z; = ij, t=t.,, and
(T > B]) s > tal) < )t 1 ] = 5P

For ¢ with Z; = X, or Z; = Yj with j* < j, we define B; as in the second case of the
induction start. For Z; = Y; we define B; to be a II-witness tree for (¢;, j), which exists by
induction hypothesis applied to (j,¢ — 1). Then,

I

is a II-witness tree for (t, 7).

The direction from right to left is proven by an induction over (j, h) (with lexicographic
ordering) showing that for each height h II-witness tree for some (¢,j) we have t € Sj, C
Ifp(11, j), where Ifp(1I, j) is again (J,~, Se. Here, we measure the height of a tree whose root
is labeled by (¢, 5) as the length (in the number of vertices) of a longest path starting at the
root that visits only vertices that have a j in the second component of their label.

So, let B be a II-witness tree for some (t,j). If B has height 1, then there are two cases:

e Either, ¢t = II(7;) for some 1 < ¢ < n. Then, ¢t € Sy C lfp(m, 7).
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e Otherwise, we must have Z; # Y; for all 1 <1i <n' and there must be traces ti,...,t,
such that each t; is in I1(Z;), t = t,,, and

((Xity = 0] = to]) )it = t] b= 5P

Let B; be the subtree of B rooted at the i-th successor of the root, which is labeled
by (t;,7") if Z; =Y} for some j' < j or by (t;, L), if Z; = X4. In the latter case, we have
t; € TI(Xy) by the requirement that a II-witness tree is only labeled by traces from I1(Xy).
In the former case, B; is by definition a II-witness tree for (¢;,j'). Hence, the induction
hypothesis yields t; € Ifp(II, j') = II(Y).

Thus, we can apply the definition of S; = fr1j(#) and obtain t € Sy = Sj,.

Now, assume B has height h > 1. Then, there must be at least one 1 < i < n’ such

that Z; = Y;. Again, there must be traces t1,...,t, such that each ¢; is in II(Z;) if Z; # Y},
t; € Sg_l if Z; = Y}', t=1m, and

(Tt = ta])[it2 = ta]) - )it > tr] = 5P

For i with Z; =Y} for some j < j' and for i with Z; = X; we can argue as in the second
case of the induction start that we have ¢; € II(Z;). So, consider the remaining i, which
satisfy Z; = Y;. By definition, the subtree B; rooted at the i-th successor of the root is a
IT-witness tree for (¢;, ) of height at most A — 1. Hence, the induction hypothesis applied to
(4,h —1) yields t; € Sp—1. Thus, we can apply the definition of S, = fm j(Sh—1) and obtain
t € Sy.

2. This can be shown by induction over the height of witness trees exploiting the
fact that B being a II*-witness tree only depends on IT*(Xy) containing Tr(B) and the
values IT*(7) for trace variables appearing in the v, with j* < j. ]

Now we have collected all the prerequisites to prove Lemma 7.2 which states that every
satisfiable X,-free 1fp-Hyper?LTLym,-sentence has a countable model.

Proof of Lemma 7.2. Let
=71 Q1(Y1, Y, 97™"). v2. Q2(Ya, Y, 05™). k- Qu(Ya, Yo 017"). Vo1 ¢

be a satisfiable X,-free lfp-Hyper?’LTL,,,, sentence. Again, we assume without loss of
generality that each trace variable is quantified at most once in ¢, which implies that for
each trace variable m quantified in some ;, there is a unique second-order variable X, such
that 7 ranges over X,. Furthermore, we assume that each Y} is different from Xy and X,
which can again be achieved by renaming variables, if necessary.

As ¢ is satisfiable, there exists a set T' of traces such that T' = . In the following, we
assume that T is uncountable (and therefore nonempty), as the desired result otherwise
holds trivially. We prove that there is a countable R C T with R = ¢. Intuitively, we show
that the smallest set R that is closed under the application of the Skolem functions and that
contains the traces labeling witness trees (for the fixed points computed w.r.t. T') for the
traces in R has the desired properties.

So, let E be the set of existentially quantified trace variables in the v; and let, for each
m € E, kr denote the number of trace variables that are universally quantified before 7 (in
any block 7;). As T satisfies ¢, there is a Skolem function f;: Tk~ — T for each 7 € E, i.e.,
functions witnessing T' = ¢ in the following sense: II |= v for every variable assignment II
where

e X, is mapped to T,
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e each second-order variable Y; is mapped to e(II)(Y;),

o for each universally quantified trace variable 7 that appears in a «y; we have II(7) € II(X),
and

o for each existentially quantified trace variable 7 that appears in a 7;, we have II(7) =
fx(I(7y),...,(mk,. ), which has to be in II(X;). Here, my,..., 7 are the universally
quantified trace variables that appear in some v; before 7.

We fix such Skolem functions for the rest of the proof.
Given a set 7" C T, we define

fW(T,) = {fw(th e ,tkﬂ) ‘ t1,...,tk, € T/}.

If T" is finite, then f(7") is also finite.

For each (¢, j)-sufficient assignment IT with II(Xy) = T and each ¢ € lfp(Il, j), we fix a
II-witness tree B(H,t,j) for (¢, 7).

Now, we fix some arbitrary trace to € T and define Ry = {to},

Ry = ReU | f2(Re)
el

for even ¢ > 0 as well as

k
Ren=rRulJl U B ),

I j=1tell(Y;)NR,
for odd ¢ > 0, where II ranges over all assignments that satisfy the following requirements:

(1) The domain of II contains exactly Xg, the set variables Y7, ..., Y} appearing in ¢, and
the trace variables quantified in the ;.

(2) T(Xy) =T.

(3) TI(Y;) = e(IT)(¥)) for all ¥;.

(4) (7 ) II(X,) N Ry for all = that are universally quantified in some ;.

(5) I(m) = fr(Il(m1),..., (7, )) € I(X,), where m,...,m, are again the universally
quantified trace variables that appear in some v; before 7.

We call a Il with this property admissible at £.

We first show that each Ry is a finite subset of T'. This is obviously true for £ = 0 and
if it is true for even ¢, then it is also true for £ 4 1, as applying the finitely many Skolem
functions to tuples of traces from R, (of which there are, by induction hypothesis, only
finitely many) adds only finitely many traces from 7. So, let us consider an odd ¢ and
consider the IT that are admissible at ¢: The values II(Xg), I1(Y;) for all j, and II(7) for 7
existentially quantified in some ~y; are all determined, so the only degree of freedom are the
values II() for 7 universally quantified in some 7;. However, as these must come from Ry,
which is finite by induction hypothesis, there are only finitely many II that are admissible at
£. Now, we can conclude that Ry is obtained by adding the traces of finitely many witness
trees to Ry, each of which contains finitely many traces from 7. Thus, Ry is a finite subset
of T as well.

Now, define R = |J,~ R¢, which is a countable subset of T, as it is a countable union
of finite subsets of T. Recall that the Skolem functions f, above witness T |= ¢. We show
that they also witness R = ¢, which completes the proof.

So, let II' be a variable assignment such that

e X, is mapped to R,
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e cach second-order variable Y; is mapped to e(II')(Y;),

e for each universally quantified trace variable 7 that appears in a -y; we have IT'(7) € II'(X),
and

e for each existentially quantified trace variable 7 that appears in a ;, we have II'(7) =
fx(Il'(my), ..., Il (7, )), where my,..., 7, are the universally quantified trace variables
that appear in some ~; before 7. Note that we do not claim or require (yet) that IT'(w) is
in I'(X,).

We show that II' = ¢ and that IT'(7) is indeed in IT'(X,). If this is true for every such I,

then we can conclude that the Skolem functions witness R = .
To this end, let the variable assignment II be obtained by defining

II(Xy) =T,

11(Yj) = e(TD)(Y)),

II(7) = II'(7) for all trace variables 7 that appear in some ~;, and

IT is undefined for all other variables.

Due to Remark 7.4, we have II(Y;) D II'(Y;). Hence, in II, each universal variable 7 is
mapped to a trace in II(X,): If X = Xy, then we have

O(r) = (7) e I'(X,) =T (Xy) = RC T =1I(Xy) = (X,),
and if X = Yj, then we have
I(r) = IV(r) € IT/(X,,) = II(Y;) € IL(Y;) = I(X,).

Thus, as the traces for existentially quantified variables are obtained via the Skolem functions
witnessing T' = ¢, we conclude II |= 9. Now, as 1 is quantifier-free, IT |= ¢ only depends on
the restriction of II to trace variables. As II and IT' coincide on the these variables, we have
Il = 4.

This almost concludes the proof, we just have to argue that we indeed have that
II'(m) = f-(I'(m1),...,1(mg,)) is in II'(X,). Note that the traces II(w) for universally
quantified 7’s are all in R and thus there is an even ¢* such that all the traces II'(r) for
all such 7 are in Ry«. This is in particular true for the traces Il'(my), ..., 1I'(mg, ). We now
consider two cases.

If X = X4, then we have

(7)€ Rpey1 CR=T'(Xy) =II'(X,)

by definition, as Ry=y1 contains fr(Rg«), which contains fr(II'(m1),...,II'(7x,)), as all these
are universally quantified traces.

For the case X, # X; we need some more preparation. As just argued, we have
II'(7) = II(7) € Ry«41. We show that IT as defined above is admissible at £* + 1 by verifying
that all five requirements are satisfied:

(1) The domain requirement is satisfied by definition.

(2) We have II(X4) = T by definition.

(3) By definition, we have II(Y}/) = e(II)(Yj) for all Y.

(4) We have II(7) € II(X,) for all universally quantified 7 as argued above and we have
II(7) € Ry+ by the choice of £*.

(5) For existentially quantified m, we have II(w) = fr(II'(m1),...,II'(7,)) by definition,
which is furthermore in II(X,), as fr is a Skolem function.

Thus, all requirements on II for being admissible at £* + 1 are satisfied.
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Hence, we can conclude that the traces of a II-witness tree for (II(), jr) are contained
in Ry=y2 C R for each existentially quantified m, where j. is defined such that X =Yj_. So,
there is a II-witness tree B for (II(7), jr) for each such 7, as R is a subset of T' = II(X,).
Thus, Lemma 7.5.2 yields that B is also a IT'-witness tree for (II(7), j») = (II'(7), jr) for
each such m. Hence, Lemma 7.5.1 yields that IT'(7) € lfp(IT, j) = II'(Yj, ) for all such 7. [

Before we continue with our complexity results, let us briefly mention that the formula
from Remark 3.2 on Page 9 shows that the restriction to X,-free sentences is essential to
obtain the upper bound above.

With this upper bound, we can express the existence of (without loss of generality)
countable models of a given X,-free Ifp-Hyper?LTLy,, sentence ¢ via arithmetic formulas
that only use existential quantification of type 1 objects (sets of natural numbers), which
are rich enough to express countable sets T of traces and objects (e.g., Skolem functions)
witnessing that T satisfies . This places satisfiability in X1 while the matching lower bound
already holds for HyperLTL [FKTZ21].

Theorem 7.6. 1fp-Hyper?LT Ly, satisfiability for X,-free sentences is X1 -complete.

Proof. The 3i lower bound already holds for HyperLTL satisfiability [FKTZ21], which
is a fragment of X,-free Ifp-Hyper?LTLy, (see Remark 2.1). Hence, we focus in the
following on the upper bound, which is a generalization of the corresponding upper bound
for HyperLTL [FKTZ21].

Throughout this proof, we fix an X,-free lfp-Hyper?LTL,,,, sentence

o =7 Q1(Y1, Y, ¢1™"). 72. Q2(Y2, Y, 05™). vk Qu(Ye, Y, 05™). Yiet1- ¥,
where 9 is quantifier-free, and let ® denote the set of quantifier-free subformulas of ¢
(including those in the guards). As before, we assume without loss of generality that each
trace variable is quantified at most once in ¢, i.e., for each trace variable m quantified in
some 7y, or in some ¢}°", there is a unique second-order variable X such that 7 ranges over
X

Due to Lemma 7.2, ¢ is satisfiable if and only if it has a countable model T. Thus,
not only is T' countable, but the second-order quantifiers range over subsets of T, i.e., over
countable sets. Finally, recall that the least fixed point assigned to Y; depends on the
variable assignment to trace variables in the blocks ~1,...,~;, but not on the second-order
variables Y}, with j' < j, as their values are also uniquely determined by the variables in the
blocks v1,...,7j.

To prove that the Ifp-Hyper?LTLy,,, satisfiability problem for X,-free sentences is in 31,
we express, for a given X,-free lfp-Hyper?LTL,, sentence ¢ (encoded as a natural number),
the existence of a countable set T' of traces and a witness that 7" is indeed a model of . As
we work with second-order arithmetic we can quantify only over natural numbers (type 0
objects) and sets of natural numbers (type 1 objects). To simplify our notation, we note that
there is a bijection between finite sequences over N and N itself and that one can encode
functions mapping natural numbers to natural numbers as sets of natural numbers via their
graphs. As both can be implemented in arithmetic, we will freely use vectors of natural
numbers, functions mapping natural numbers to natural numbers, and combinations of both.

Furthermore, as we only have to work with countable sets of traces, we can use natural
numbers to “name” the traces. Hence, the restriction of a variable assignment to trace
variables can be encoded by a vector of trace names, listing (in some fixed order), the names
of the traces assigned to the trace variables. Finally, the countable sets assigned to the Y;
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depend on the variable assignment to the trace variables quantified before Y;, but not on the
sets assigned to the Yj with j° < j. Thus we do not have to consider second-order variables
in variable assignments: in the following, when we speak of a variable assignment we only
consider those that are undefined for all second-order variables. Let k&’ denote the number of
trace variables in ¢. Then, variable assignments are encoded by vectors in NF',

First, we show how to capture the semantics of quantifier-free formulas in arithmetic.
Recall that 1 is the maximal quantifier-free subformula of 1) and that ® denotes the set
of quantifier-free subformulas of ¢ (including those in the guards). Let II be a variable
assignment whose domain contains all the trace variables of ¢, and therefore in particular
all free variables of ¢. Then, IT |= ¢ if and only if there is a function e: ® x N — {0, 1} with
e(1,0) = 1 satistying the following consistency conditions:

e(ar,j) =1 if and only if a € II()(j).

e(—1,7) = 1 if and only if e(y, ) = 0.

et V n, ) = 1 if and only if e(yy, j) = 1 or (¢, j) = 1.

e(X11,7) = 1if and only if e(¢)1,7 + 1) = 1.

e(1p1 Uy, j) = 1 if and only if there is a j' > j such that e(9,j) =1 and e(y1,5") =1
for all " in the range j < j” < j'.

In fact, there is exactly one function e satisfying these consistency conditions, namely
the function e, 11 defined as

1 if TI[j, 00) = 4,
0 otherwise.

eon(¥',j) = {

Now, given ¢ we express the existence of the following type 1 objects:

e A countable set of traces over the propositions of ¢ encoded as a function T from N x N
to N, mapping trace names (i.e., natural numbers) and positions to (encodings of) subsets
of the set of propositions appearing in .

e For each j € {1,2,...,k} a function Tj from N¥ % N to {0,1} x N mapping a variable
assignment @ and a trace name n to a pair (b,¢) where the bit b encodes whether the
trace named n is in the set assigned to Y; (w.r.t. the variable assignment encoded by @)
and where the natural number ¢ is intended to encode in which stage of the fixed point
computation the trace named n was added to the fixed point (computed with respect to
@). That this is correct will be captured by the formula we are constructing.

e A function Sk from N x N* to N to be interpreted as Skolem functions for the existentially
quantified trace variables of ¢, i.e., we map a variable name and a variable assignment of
the variables preceding it to a trace name.

e A function F from N¥ x N x N to N, where, for a fixed @ € N¥ encoding a variable
assignment II, the function z, j — E(a,x, j) is intended to encode the function e, 1, i.e., x
encodes a subformula in ® and j is a position. That this is correct will again be captured
by the formula we are constructing.

Then, we express the following properties which characterize T being a model of :

e The function Sk is indeed a Skolem function for ¢, i.e., for all variable assignments @ € N¥,
if the traces assigned to universally quantified variables 7 are in the set X that 7 ranges
over, then the traces assigned to the existentially quantified variables 7’ are in the set X,/
that 7’ ranges over. Note that X and X, can either be T" or one of the Y}, for which we
can check membership via the functions 7). Also note that this formula refers to traces by
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their names (which are natural numbers) and quantifies over variable assignments (which
are encoded by natural numbers), i.e., it is a first-order formula.

e For every variable assignment @ such that the traces assigned to universally quantified
variables 7 are in the set X that 7m ranges over and that is consistent with the Skolem
functions encoded by Sk: the function z, j — FE(a,x, j) satisfies the consistency conditions
characterising the expansion, and we have E(a,zo,0) = 1, where zg is the encoding of .
Again, this formula is first-order.

e For every variable assignment @ as above, the set assigned to Y; by T} w.r.t. @ is indeed
the least fixed point of fz ;. Here, we use the information about the stages encoded by T}
and again have to use the expansion F to check that the step formula is satisfied by the
selected traces. As before, this can be done in first-order arithmetic.

We leave the tedious, but straightforward, details to the reader. L]

7.2. Satisfiability for full Ifp-Hyper?LTL,,. We just proved that 1fp-Hyper?LTL
satisfiability for X,-free sentences is in X1, relying on an upper bound on the size of models:
This bound is obtained by showing that every model of a satisfiable sentence contains a
countable subset that is also a model of the sentence. This is correct, as in X,-free sentences,
only traces from the model are quantified over. On the other hand, the lfp-Hyper?LTL,,,
sentence Vi € X,. 37’ € X4. m =ap 7 has only uncountable models, if |AP| > 1.

Thus, in Ifp-Hyper?’LTLy,, formulas with X,, one can refer to all traces and thus
mimic quantification over sets of natural numbers. Furthermore, the satisfiability problem
asks for the existence of a model. This implicit existential quantifier can be used to mimic
existential quantification over sets of sets of natural numbers. Together with the fact that one
can implement addition and multiplication in HyperLTL, we show that lfp-Hyper?LTLym
satisfiability for sentences with X, is ¥2-hard.

To prove a matching upper bound, we capture the existence of a model and Skolem
functions witnessing that it is indeed a model in ¥2. Here, the challenge is to capture
the least fixed points when mimicking the second-order quantification of 1fp-Hyper? LT Lyyy.
Naively, this requires an existential quantifier (“there exists a set that satisfies the guard”)
followed by a universal one (“all strict subsets do not satisfy the guard”). However, as traces
are encoded as sets, this would require universal quantification of type 3 objects. Thus,
this approach is not sufficient to prove a 2 upper bound. Instead, we do not explicitly
quantify the fixed points, but instead use witness trees for the membership of traces in the
fixed points, which are type 1 objects. This is sufficient, as the sets of traces quantified in
1fp-Hyper?LTLy,m are only used as ranges for trace quantification.

Theorem 7.7. Ifp-Hyper?LT Ly, satisfiability is ¥.2-complete.

Proof. We begin with the lower bound. Let S € ¥2, i.e., there exists a formula of arithmetic
of the form
p(z) =3 2V -3y 2N, D, D)

with a single free (first-order) variable x such that S = {n € N | (N, +,-,<,€) |E ¢(n)},
where 1 is a formula with arbitrary quantification over type 0 and type 1 objects (but
no third-order quantifiers) and free third-order variables );, in addition to the free first-
order variable z. We present a polynomial-time translation from natural numbers n to
1fp-Hyper? LT Ly, sentences ¢, such that n € S (i.e., (N, +,-, <, €) = ¢(n)) if and only if
¢y, is satisfiable. This implies that 1fp-Hyper? LT Ly, satisfiability is ¥2-hard.
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Intuitively, we ensure that each model of ¢, contains enough traces to encode each
subset of N by a trace (this requires the use of X,). Furthermore, we have additional
propositions m;, one for each third-order variable ); existentially quantified in ¢, to label the
traces encoding sets. Thus, the set of traces marked by m; encodes a set of sets of natural
numbers, i.e., we have mimicked existential third-order quantification by quantifying over
potential models. Hence, it remains to mimic quantification over natural numbers and sets of
natural numbers as well as addition and multiplication, which can all be done in HyperLTL:
quantification over traces mimics quantification over sets and singleton sets (i.e., numbers)
and addition and multiplication can be implemented in HyperLTL (see Proposition 4.1).

To this end, let AP = {x} U AP, U AP iy, with APy = {mi,...,mz} and AP, =
{argl,arg2,res,add, mult} and consider the following two formulas (both with a free
variable 7'):

® Yy = ( Npeap,,., G —|p7r,> A ( /\le(G(mi)ﬂ/) V(G ﬂ(mi),r/)) expressing that the interpre-

tation of ' may not contain any propositions from AP ., and, for each i € [k], is either
marked by m; (if m; holds at every position) or is not marked by m; (if m; holds at no
position). Note that there is no restriction on the proposition x, which therefore encodes
a set of natural numbers on each trace. Thus, we can use trace quantification to mimic
quantification over sets of natural numbers and quantification of natural numbers (via
singleton sets). In our encoding, a trace bound to some variable 7 encodes a singleton set
if and only if the formula (—x,) U(x; A X G —x,) is satisfied.

As explained above, we use the markings to encode the membership of such sets in the
Vi, thereby mimicking the existential quantification of the ).

However, we need to ensure that this marking is done consistently, i.e., there is no
trace t over {x} in the model that is both marked by m; and not marked by m;. This
could happen, as these are just two different traces over AP. However, the formula

Veons = VI € Xg. vr' e Xg. 7 ={z} = ={x}UAP, I

disallows this.

e Y = /\p€ {x}UAP, G —p, expresses that the interpretation of 7’ may only contain propo-
sitions in AP ... We use such traces to implement addition and multiplication in
HyperLTL.

Let ¢4y be the sentence from Proposition 4.1 implementing addition and multiplication:

The {argl, arg2, res, add, mult }-projection of every model of ©(+, 18 T(4.) as defined for

Proposition 4.1. By closely inspecting the formula ¢, .y, we can see that it can be brought

into the form required for guards in Ifp-Hyper?’LTLy,,. Call the resulting formula gp’( Y It

uses two free variables 7aqq and myu1t as “seeds” for the fixed point computation and comes
with another LTL formula s with free variables maqq and mgy14 that ensures that the seeds
have the right format.

Now, given n € N we define the 1fp-Hyper?LTLy,,, sentence

©Yn = i/Jcons ANV e X,. ((371'/ eXy m ={x} ' A ’(ﬁo) A (371'/ eXy m =AP i ' A ¢1)) A
IMaga € Xg- IMpu1e € Xg- ¥s A H(Xaritha Y, 90/(-4-7-))' hyp(ﬂl‘ (I =nA 1/}))

Intuitively, ¢, requires that the model contains, for each subset S of N, a unique trace
encoding S (additionally marked with the m; to encode membership of S in the set bound
to );), contains each trace over AP ., the set Xy, is interpreted with T(+7.), and the
formula hyp(3z. (x = n A 1)) is satisfied, where the translation hyp is defined below. Note
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that we use the constant n, which is definable in first-order arithmetic (with a formula
that is polynomial in log(n), using the fact that the constant 2 is definable in first-order
arithmetic and then using powers of 2 to define n).

Now, hyp is defined inductively as follows:

e For second-order variables Y, hyp(3Y. ¢) = Imy € X4 —add,, A -mult., A hyp(y), as
only traces not being labeled by add or mult encode sets.

e For second-order variables Y, hyp(VY. ¢) = Vry € X4. (—add,, A -multy,) — hyp(e).

e For first-order variables y, hyp(Jy. ¢) = Ir, € Xg. ~add,, A —mult,, A ((—%r,) U(xr, A
X G —xnx,)) A hyp()).

e For first-order variables y, hyp(Vy. ¢) = Vr, € Xg. (-addy, A -multy, A (—Xq,) U(xr, A

X G —xqr,)) = hyp(¥).

hyp(i1 V @2) = hyp (1) V hyp(1)2).

hyp(—1p) = —hyp(¢).

For third-order variables ); and second-order variables Y, hyp(Y € V;) = (m;)ry -

For second-order variables Y and first-order variables y, hyp(y € Y) = F (%, A Xz, ).

For first-order variables y,y’, hyp(y < y') = F(xr, A XFxq,).

For first-order variables y1, y2,y, hyp(y1 +y2 = y) = 37 € Xopitn. addr AF (xq,, Aargl )A

F(xq,, Narg2 ) AF(xq, Aresy).

e For first-order variables y1, y2,y, hyp(y1-y2 = y) = I € Xopith. multz AF(xr, Aargl )A
F(xr,, Narg2,) A F(xr, Aresy).

While ¢, is not in prenex normal form, it can easily be brought into prenex normal form, as
there are no quantifiers under the scope of a temporal operator. An induction shows that
we indeed have that (N, +,-, <, €) = ¢(n) if and only if ¢, is satisfiable.

For the upper bound, we show that lfp-Hyper?LTL,,, satisfiability is in E%. More
formally, we show how to construct a formula of the form

O(x) =3y C 2% -3V C 2V (z, 1, D)

with a single free (first-order) variable x such that an lfp-Hyper?LTLy,, sentence ¢ is
satisfiable if and only if (N,+,-,<,€) = 6({¢)). Here, ¢ is a formula of arithmetic with
arbitrary quantification over type 0 and type 1 objects (but no third-order quantifiers)
and free third-order variables ), in addition to the free first-order variable x, and (-) is
a polynomial-time computable injective function mapping lfp-Hyper?LT Ly, sentences to
natural numbers.

In the following, we assume, without loss of generality, that AP is fixed, so that we can
use |AP| as a constant in our formulas (which is definable in arithmetic). Here, we reuse
the encoding of traces as sets of natural numbers as introduced in the proof of Theorem 4.2
using the pairing function pair and a bijection e: AP — {0,1,...,|AP| — 1}. Recall that
we encode a trace t € (2A7) by the set Sy = {pair(j,e(p)) | j € Nandp € t(j)} CN. A
finite collection of sets Si,...,Sy is uniquely encoded by the set {pair(n,j) | n € S;}, ie.,
we can encode finite sets of sets by type 1 objects. In particular, we can encode a variable
assignment whose domain is finite and contains only trace variables by a set of natural
numbers and we can write a formula that checks whether a trace (encoded by a set) is
assigned to a certain variable.

Now, the overall proof idea is to let the formula 6 of arithmetic express the existence of
Skolem functions for the existentially quantified variables in the Ifp-Hyper?LTLy,, sentence ¢
such that each variable assignment that is consistent with the Skolem functions satisfies the
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maximal quantifier-free subformula of ¢. For trace variables 7, a Skolem function is a type 2
object, i.e., a function mapping a tuple of sets of natural numbers (encoding a tuple of traces,
one for each variable quantified universally before 7) to a set of natural numbers (encoding
a trace for m). However, to express that the interpretation of a second-order variable X is
indeed a least fixed point we need both existential quantification (“there exists a set” that
satisfies the guard) and universal quantification (“every other set that satisfies the guard is
larger”). Thus, handling second-order quantification this way does not yield the desired %2
upper bound.

Instead we use that fact that membership of a trace in an HyperLTL-definable least
fixed point can be witnessed by a finite tree labeled by traces (Lemma 7.5), i.e., by a type 1
object . Thus, instead of capturing the full least fixed point in arithmetic, we verify on-the-fly
for each trace quantification of the form 37 € Y} or V& € Y; whether the interpretation of 7
is in the interpretation of Y}, which only requires the quantification of a witness tree.

To this end, fix some

=7 Q1(Y1, Y, ") v2. Qa(Ya, Y, 5™). o k- Qre(Ye Y, 08™). Yit1- s

where 1 is quantifier-free. As before, we assume without loss of generality that each trace
variable is quantified at most once in ¢, which can always be achieved by renaming variables.
This implies that for each trace variable m quantified in some 7;, there exists a unique
second-order variable X such that 7 ranges over X,. Furthermore, we assume that each Y
is different from X4 and X,, which can again be achieved by renaming variables, if necessary.
Recall that the values of the least fixed points are uniquely determined by the interpretations
of X4, X, and the trace variables in the ;.

We need to adapt the definition of witness trees (and related concepts) to account for
the fact that we here allow the usage of the variable X,. Hence, we say that a variable
assignment II is @-sufficient if II’s domain contains exactly the variables X4, X,, and the
trace variables in the ~;.

The expansion of a formula & with respect to II is still denoted by ey ¢: 2 x N — {0,1}
and defined as in the proof of Theorem 7.6. Here, = denotes the set of subformulas of &.
Let us also remark for further use that a function from = x N to {0, 1} is a type 1 object
(as functions from N to N can be encoded as subsets of N via their graph and the pairing
function introduced below) and that all five requirements on the expansion can then be
expressed in first-order logic.

Now, we adapt the definition of witness trees as follows. Let

PEN =D YA A b Y AR E Z1. L Vi € Zuy 5P > i 0 Y, (7.2)

inducing the unique least fixed point that Y; ranges over. In the original definition in
Section 7.1, each Z; is either X; or one of the Y}, with j/ < j. Here, it may also be Xj,.
However, selecting a trace from the interpretation of X, does not introduce any constraints
(as it is interpreted by the set of all traces, as we do not allow to re-quantify X,). Hence,
such a node will be just a leaf without any constraint.

Formally, let us fix a j* € {1,...,k}, a ¢-sufficient assignment II, and a trace t*. A
IT-witness tree for (¢*, j*) (which witnesses t* € lfp(Il, %)) is an ordered finite tree whose
vertices are labeled by pairs (¢,j) where t is a trace and where j is in {1,...,k} U {a,d}
(where a and d are fresh symbols) such that the following are satisfied:

e The root is labeled by (t*, j%).
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e If a vertex is labeled with (¢,a) for some trace ¢, then it must be a leaf. Note that ¢ is in
I1(X,), as that set contains all traces.

o If a vertex is labeled with (¢, d) for some trace ¢, then it must be a leaf and t € II(Xy).

e Let (¢,j) be the label of some vertex v with j € {1,...,k} and let ¢{°" as in (7.2). If
v is a leaf, then we must have ¢ = II(7;) for some ¢ € {1,...,n}. If v is an internal
vertex, then it must have n’ successors labeled by (¢1,51), .- ., (tn, jnr) (in that order) such
that II[7t; — t1,..., 70 — ty] = w;mp, t = t;n, and such that the following holds for all
ie{l,....,n'}:

— If Z; = X,, then the i-th successor of v is a leaf and j; = a.

— If Z; = X4, then the i-th successor of v is a leaf, ¢; € II(Xy), and j; = d.

— If Z; = Y} for some j' (which satisfies 1 < j' < j by definition of 1fp-Hyper*LT L),
then we must have that j; = 5/ and that the subtree rooted at the i-th successor of v is
a II-witness tree for (;, j;).

The following proposition states that membership in the fixed points is witnessed by
witness trees. It is obtained by generalizing the similar argument for X,-free sentences
presented in Lemma 7.5.

Lemma 7.8. Let II be a (¢, j)-sufficient assignment with IL(Y}) = e(I1)(Y}) for all j' < j.
Then, we have t € Ifp(I1, ) if and only if there is a Il-witness tree for (t,7).

Note that a witness tree is a type 1 object: The (finite) tree structure can be encoded by

e a natural number s > 0 (encoding the number of vertices),

e a function from {1,...,s} x {1,...,n”} = {0,1,...,s} encoding the child relation, i.e.,
(v,7) — v if and only if the j-th child of v is v/ (where we use 0 for undefined children
and n” is the maximum over all n’ in the ¢}°"),

e s traces over AP and s values in {1,...,k,k + 1,k + 2} to encode the labeling (where we
use k + 1 for a and k + 2 for d).

Note that the function encoding the child relation can be encoded by a finite set by encoding
its graph using the pairing function while all other objects can directly be encoded by sets
of natural numbers, and thus can be encoded by a single set as explained above.

Furthermore, one can write a second-order formula ¥pes7vee (XD, A, X¢+, %) with free
third-order variable Xp (encoding a set of traces T'), free second-order variables A (encoding
a variable assignment IT whose domain contains exactly the trace variables in the 7;) and
X+ (encoding a trace t*), and free first-order variable j* that holds in (N,+,-, <, €) if
and only if there exists a TI[Xy — T, X, > (27)¥]-witness tree for (t*,j*). To evaluate
the formulas w;fep as required by the definition of witness trees, we rely on the expansion
as introduced above, which here is a mapping from vertices in the tree and subformulas
of the w;fep to {0,1}, and depends on the set of traces encoded by Xp and the variable
assignment encoded by A. Such a function is a type 1 object and can therefore be quantified
N YhasTree (XDa Aa X, ]*)

Recall that we construct a formula 6(x) with a free first-order variable x such that an
1fp-Hyper? LT Ly, sentence ¢ is satisfiable if and only if (N, +, -, <, €) = 0((p)), where (-)
is a polynomial-time computable injective function mapping lfp-Hyper?LTLy,m sentences to
natural numbers.

With this preparation, we can define §(x) such that it is not satisfied in (N, +, -, <, €)
if the interpretation of 2 does not encode an lfp-Hyper?LTL,,,, sentence. If it does encode
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such a sentence ¢, let 1) be its maximal quantifier-free subformula (which is “computable”
in first-order arithmetic using a suitable encoding (-)). Then, 6 expresses the existence of

e a set T of traces (bound to the third-order variable Xp and encoded as a set of sets of
natural numbers, i.e., a type 2 object),

e Skolem functions for the existentially quantified trace variables in the v; (which can be
encoded by functions from (2V)¢ to 2N for some 4, i.e., by a type 2 object), and

e a function e: 2¥ x N x N — {0,1}

such that the following is true for all variable assignments II (restricted to the trace variables
in the v; and bound to the second-order variable A): If

e II is consistent with the Skolem functions for all existentially quantified variables,
o for all universally quantified 7 in some ~; with X, = X4, we have II(7) € T, and
e for all universally quantified 7 in some ~; with X = Yj«, ¥pas7rec (XD, A, II(7), 7*) holds,

then

o for all existentially quantified 7 in some v; with X, = X4, we have II(7) € T, and

o for all existentially quantified 7 in some 7; with X = Yj«, ¥nastree (XD, A, II(), 7%) holds,
and

e the function (x,y) — e(A,z,y) is the expansion of 1) with respect to II and we have
e(A,1,0) =1 (here we identify subformulas of ¥ by natural numbers).

We leave the tedious, but routine, details to the reader. L]

Note that in the lower bound proof, a single second-order quantifier (for the set of traces
implementing addition and multiplication) suffices.

7.3. Finite-State Satisfiability and Model-Checking for lfp-Hyper?LTL . In this
subsection, we settle the complexity of finite-state satisfiability and model-checking for
1fp-Hyper?LTLym, both for general sentences and X,-free sentences.

Theorem 7.9. lfp-Hyper?’LTL,,,, finite-state satisfiability and model-checking are poly-
nomial-time equivalent to truth in second-order arithmetic. The lower bounds already hold
for Xq-free formulas.

The result follows from the following building blocks, which are visualized in Figure 3:

e All lower bounds proven for X,-free lfp-Hyper?LTL,,n sentences trivially also hold for
1fp-Hyper?LTL,,m while upper bounds for 1fp-Hyper?LTL,,m also hold for the fragment
of X4-free Ifp-Hyper?LTLy,, sentences.

e We show that Ifp-Hyper?LTLy,,, finite-state satisfiability can in polynomial time be reduced
to Ifp-Hyper?LTLy,, model-checking for X,-free sentences (see Lemma 7.10 below).

o Ifp-Hyper’LTL,,, finite-state satisfiability for X,-free sentences is at least as hard as
truth in second-order arithmetic (see Lemma 7.11 below).

o Ifp-Hyper?LTL,,, model-checking can in polynomial time be reduced to truth in second-
order arithmetic (see Lemma 7.12 below).

We begin with reducing finite-state satisfiability to model-checking.

Lemma 7.10. Ifp-Hyper?LTL,,, finite-state satisfiability is polynomial-time reducible to
Ifp-Hyper?LT Ly model-checking for X,-free sentences.
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Figure 3: The reductions (drawn as solid arrows) and lemmata proving Theorem 7.9.

Proof. Intuitively, we reduce finite-state satisfiability of ¢ to model-checking by writing a
sentence ¢’ existentially quantifying a finite transition system T (encoded by two traces)
and expressing that ¥ satisfies ¢ and then model-checking ¢’ in a fixed transition system %’.

To simplify our construction, we begin by showing that we can restrict ourselves without
loss of generality to transition systems with a unique initial vertex, i.e., we show that a
Hyper?LTL sentence is finite-state satisfiable if and only if it is satisfied by a transition
system with a single initial vertex. Then, we show how to encode finite transition systems by
pairs of traces, one trace encoding the labels of the vertices and the other one the adjacency
matrix of transition relation. Using this encoding, we then show how to capture the set of
(encodings of ) prefixes of traces using a least fixed point. Then, we can translate finite-state
satisfiability of a sentence ¢ to model-checking by existentially quantifying traces encoding a
finite transition system T and then relativizing the quantifiers of ¢ to traces whose prefixes
are all in the least fixed point, which implies that they are traces of ¥. To this end, it suffices
to model-check the resulting formula in a fixed transition system ¥’ that contains all traces
over the atomic propositions occurring in ¢ as well as some additional propositions used in
the construction.

We begin by showing that we can restrict ourselves, without loss of generality, to
finite-state satisfiability by transition systems with a single initial vertex, which simplifies
our construction. Let T = (V, E, I, ) be a transition system and ¢ a Hyper?LTL sentence.
Consider the transition system Tx = (V U {vs}, E',{vs}, ') with a fresh initial vertex vy,

E' = EU{(vr,vr)} U{(vr,v) |v eI},

and X (vr) = {$} (for a fresh proposition $) and X(v) = A(v) for all v € V. Here, we add
the self-loop on the fresh initial vertex v; to deal with the special case of I being empty,
which would make vy terminal without the self-loop.
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Now, we have
Tr(Tx) = {$}U{{$}T - t|t e Tx(T)}.

Furthermore, let ¢x be the formula obtained from ¢ by adding an X to the maximal
quantifier-free subformula of ¢ and by inductively replacing

e each 37 € X. ¢ by I € X. X(=$ A ) and
e cach V7 € X. ¢ by Vr € X. X(=$, — v).

Then, ¥ |= ¢ if and only if Tx = ¢x. Thus, ¢ is finite-state satisfiable if and only if there
exists a finite transition system with a single initial vertex that satisfies px.

Now, we show how to encode a finite transition system using two traces. To this end,
let ¢ be a lfp-Hyper?LT Ly, sentence (over AP, which we assume to be fixed). We define
AP’ = AP U {x, #} U {argl, arg2, res, add,mult}. Throughout the construction, we use a
second-order variable Y, which will be interpreted by T(+7.) (see Proposition 4.1). We
now explain how we encode a finite transition system by two traces over AP’:

e Consider the formula oy = —#x, A (=#r, ) U(#r, A X G —=#,, ) expressing that the
interpretation of wy contains a unique position where # holds. This position must not
be the first one. Hence, the AP-projection of such a trace up to the # is a nonempty
word w(0)w(1) - - - w(n—1) for some n > 0. Tt induces V = {0,1,...,n—1} and \: V — 24P
with A(v) = w(v) N AP. Furthermore, we fix I = {0}.

e Let ¢ be a trace over AP’. Tt induces the edge relation £ = {(i,7) € VxV |x € t(i-n+j)},
i.e., we interpret the first n? truth values of x in ¢ as an adjacency matrix (encoded as a
sequence of rows of the matrix). Furthermore, if ¢ is the interpretation of 7p satisfying
g defined below, then every vertex in {0,1,...,n — 1} has a successor in E.

vp =V € Yopip. multy A (F(argl, AXF #,,)) ANF(arg2, A #x,)] —
3n’ € Yyrign. add AF(argl , Ares;) A (F(arg2,, AXF#,,) AF(resy Axyy).

Intuitively, the formula ¢g expresses that for every i € V. =1{0,1,...,n — 1} there is a

j € V such that the edge (i, 7) is in the edge relation encoded by the trace assigned to 7 g,

which is the case if and only if the proposition x holds at position ¢ -n + j. To this end, we

universally quantify a trace (assigned to 7) encoding a multiplication nj - ng = ns. Now, if

— ny is strictly smaller than n, expressed using the subformula F(argl, AXF #,,) (recall
that # holds at position n (and nowhere else) of the trace assigned to my ), and if

— ng is equal to n, expressed using the subformula F(arg2 A #x,),

i.e., n1 corresponds to ¢ and ng corresponds to n in i -n + j, then we existentially quantify

a trace (assigned to 7’) encoding an addition n4 + ns = ng. Here, we require that

— ny is equal to n3 (and thus equal to ¢ - n), using the subformula F(argl , Ares;),

— ng is strictly smaller than n, using the subformula F(arg2_, A XF #,,,), and

— the proposition x holds at position ng of the trace t assigned to 7wg, using the subfor-
mula F(res, A xq,),

i.e., n5 corresponds to j in 7 - n + j and ng is therefore equal to ¢ - n + j.

Thus, 7y and 7g satisfying the above formulas indeed encode a finite transition system ¥
with a single initial vertex as described above.

Our next step is to encode trace prefixes of the encoded transition system and then
inductively construct the set of all such prefixes, by describing it as the minimal fixed point
that contains the trace prefix of the unique path of length one starting at the initial vertex
and that is closed under extending any trace prefix by one transition. Note that this only
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requires us to keep track of the last vertex of the path inducing the trace. We do so by
marking a position of the trace that encodes the vertex as done before.
Consider the formula

Pprefiz = (=) U(#x A X G ~#)] A [(7%7) U(xr A X G —%7)] AF (27 AXF #ﬂv),

which is satisfied if the interpretation ¢ of © has a unique position ¢ at which # holds and
if it has a unique position v where x holds. Furthermore, v must be strictly smaller than
n, i.e., it is in V. In this situation, we interpret the AP-projection of ¢(0)---¢(¢ — 1) as a
trace prefix over AP and v as a vertex (intuitively, this is interpreted as the vertex where
the path prefix inducing the trace prefix ends).

Using this encoding, the formula

Pinit = Pprefiz [ﬂ-/ﬂ-mit] AR SITNA X#Trinit N /\ Pry < Prii
pEAP
ensures that m;,; is interpreted with a trace that encodes the trace prefix of the unique
path of length one starting at the initial vertex. Here, @prefiz [7/Tinit] denotes the formula
obtained from .5, by replacing each occurrence of m by ;.

Recall that we have fixed a lfp-Hyper?LTL,,,, sentence ¢ over AP and that we defined
AP’ = AP U {x,#} U {argl,arg2, res,add, mult}. Let ¥’ be a fixed transition system such
that Tr(¥') = (227")%. We can construct ' such that it has 2/l many vertices (which is
constant as AP is fixed!) Given ¢, we construct an X,-free Ifp-Hyper?LT Ly, sentence ¢/
(over AP’) such that ¢ is satisfied by a finite transition system with a single initial vertex if
and only if ¥ = ¢/.

To this end, first consider the formula

SDH =dny € Xq. g € Xg. I € Xg. ©v NQE N Qinat N H(Ypreﬁmem Y, Spcon)' 7”61((,0)7
where @con and rel(p) are introduced below. Here, we quantify 7y and wp and ensure that
they encode a finite transition system ¥ as described above, and want to express that the
interpretation of Y, cfizes must contain exactly the encodings of prefixes of traces of .

To this end, pcon is defined as
Pcon = Tinit > Ypreﬁ:ves AV € Ypreﬁ:res- v € Xg. wstep — T B> Ypreﬁzes
with the formula 9step

(ppreﬁ:r [ﬂ-/ﬂ—l]/\( /\ p7r0 A p7r1) U(#WO A X #ﬂ'l)/\
pEAP

(A [For, Axn)] < [F(pr, AX#r)]) A feages
peAP

where ¢qg. checks whether there is an edge in the encoded transition system T between the
vertex induced by 7y and the vertex induced by 7 (analogously to ¢g):

Pedge = ITm € Yarith- ITa € Yapith. multy,, AF(argl, Axq) AF(arg2, A, )A
add,, A F(argl, Aress,)AF(arg2, Ax:)AF(resy, Axgy)
Intuitively, the until subformula of 1), ensures that the finite trace encoded by the
interpretation of 7y is a prefix of the finite trace encoded by the interpretation of 71, which

has one additional letter. The equivalence F(p,, A%, ) <> F(p,, A X#5,) then ensures
that the additional letter is the label of the vertex v induced by the interpretation of m;:
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the left-hand side of the equivalence “looks up” the truth values of the label of v in 7y and
the right-hand side the truth values at the additional letter in 7y, which comes right before
the #.

Thus, the least fixed point induced by %o, contains exactly the encodings of the prefixes
of traces of T as the prefix of length one is included and gcp extends the prefixes by one
more letter.

Thus, it that remains is to relativize the quantifiers of ¢ (the sentence we started with)
so that they range over the traces of the transition system ¥ we have quantified using 7y
and 7g. Recall that the formula ¢’ we are constructed is model-checked over a transition
system ¥’ that contains all traces over AP’. Thus, quantification over X, in ¢ (which ranges
over arbitrary traces over AP) is in ¢’ replaced by quantification over X, (which ranges over
arbitrary traces in AP’ O AP and the additional propositions are irrelevant here). Further,
quantification over Xy in ¢ (which ranges over traces of a finite transition system) is in
¢’ replaced by quantification over Xy, but restricted to traces whose prefixes are all in
Y, refizes- Such a trace must be a trace of the transition system, as it is finite. Note that trace
quantification over second-order variables Y ¢ { X, X} does not have to not relativized,
as the traces added to the fixed points interpreting Y come from X4, X,, or previously
quantified second-order variables.

So, the formula rel(y) is defined by inductively replacing

each dm € X,. ¢ by Im € Xy4. 9,

each Vr € X,. ¢ by Vrr € Xg4. 9,

each dm € Xy4. ¢ by Im € Xy4. ¥, A, and
each Vr € Xy4. ¢ by Vrr € Xg4. ¥ — 9,

where 1), expresses that the trace assigned to m must be one of the transition system ¥:

vr' e Xq. FH A ((ﬁ#ﬂ-/) U(#ﬂ/ ANXG ﬂ#ﬂ/)) —

Imp € YVrefives- F(#x A #rp) A( /\ Pr & Pnp) U #x,
peAP

Here, we use the fact that if all prefixes of a trace are in the prefixes of the traces of T, then
the trace itself is also one of . Thus, we can require for every n > 0, there is a trace in
Yy refizes €ncoding a prefix of length n of a trace of T such that m has that prefix.

To finish the proof, we need to ensure that Y, does indeed contain the traces
implementing addition and multiplication (see Proposition 4.1 and the proof of Theorem 7.7
on Page 39 for details): T’ is a model of

90/ = E|7Tadd € Xq4. E|7Tmult: € X4 % A H(Xarz’th’ Y, SO/H_’.))‘ @

if and only if ¢ is satisfied by a finite transition system with a single initial vertex. []

'

Now, we prove the lower bound for lfp-Hyper?LTL,,,, finite-state satisfiability.

Lemma 7.11. Truth in second-order arithmetic is polynomial-time reducible to finite-state
satisfiability for X,-free Ifp-Hyper?LTLym sentences.

Proof. Given a sentence ¢ of second-order arithmetic, we show how to construct an X,-free
Ifp-Hyper? LT Ly, sentence ¢ such that (N, +,-, <, €) = ¢ if and only if ¢’ is finite-state
satisfiable. Intuitively, we write a formula that is finite-state satisfiable, but only by finite
transition systems that contain all traces over {x}. As before, this allows us to mimic first-
and second-order quantification by quantification of traces. Together with the fact that
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addition and multiplication can be implemented in HyperLTL, this suffices to obtain the
desired construction. Note that this only works because we are asking for a finite transition
system to satisfy ¢: general satisfiability for X,-free Ifp-Hyper?LTLy,,, sentences is simpler
(see Theorem 7.6).

Let AP = {x,#}. We begin by presenting a (satisfiable) lfp-Hyper?LT Ly, sen-
tence @ pr.f that ensures that the set of prefixes of the {x}-projection of each of its models
is equal to (2{"})*. To this end, consider the conjunction ¢ ppfs of the following formulas:

o V€ Xyq. G(#r — X G —#,)), which expresses that each trace in the model has at most
one position where the proposition # holds.

e dm € X;. #,, which expresses that each model contains a trace where # holds at the first
position.

e Vi € Xy. In' € Xg. (F#z) — (xr <> %) U(#r A —xw A X #) expressing that for
every trace t in the model with a #, there is another trace ¢’ in the model such that the
{x}-projection w of t up to the # and the {x}-projection w’ of ¢’ up to the # satisfy
w = wl.

eV € Xy. I’ € Xy (F#,) = (%n ¢ %) U(#x A 2 A X #£,) expressing that for
every trace t in the model with a # there is another trace ¢ in the model such that the
{x}-projection w of ¢ up to the # and the {x}-projection w’ of ¢’ up to the # satisfy
w' = w{x}.

A straightforward induction shows that the set of prefixes of the {x}-projection of each
model of pppefs is equal to (2{"})*. Furthermore, let ¥ be a finite transition system that is a
model of @ pyefs, i.e., with Tr(T) = @press. Then, the {x}-projection of Tr(T) must be equal
to (20« which follows from the fact that the set of traces of a finite transition system
is closed (see, e.g., [BKOS8] for the necessary definitions). Thus, as usual, we can mimic set
quantification over N by trace quantification.

Further, recall that we can implement addition and multiplication in lfp-Hyper?LTLm,
(see Proposition 4.1 and the proof of Theorem 7.7 on Page 39 for how to turn the formula ¢ .y
into a least fixed point guard): there is an Ifp-Hyper?LTLy,, guard for a second-order
quantifier such that the {argl, arg2, res, add, mult }-projection of the unique least fixed
point that satisfies the guard is equal to T( .

Thus, we can mimic set quantification over N and implement addition and multiplication,
which allow us to reduce truth in second-order arithmetic to finite-state satisfiability for
X,-free sentences using the function hyp presented in the proof of Theorem 4.2:

‘10/ = P Prefs N IMaga € Xq- It € Xg- Ps A 3()(aritha Y, 90/(+’.))- hyp(@)
is finite-state satisfiable if and only if (N, +,-, <, €) = . L]

Note that the formula ¢’ we have constructed in the proof just uses one second-order
quantifier.

This result, i.e., that finite-state satisfiability for X,-free Ifp-Hyper?LTLm sentences
is at least as hard as truth in second-order arithmetic, should be contrasted with the
general satisfiability problem for X,-free 1fp-Hyper?LTLy,, sentences, which is “only” ¥1-
complete [FZ25], i.e., much simpler. The reason is that every satisfiable Ifp-Hyper?LT Ly,
sentence has a countable model (i.e., a countable set of traces). This is even true for the
formula ¢prfs we have constructed. However, every finite-state transition system that
satisfies the formula must have uncountably many traces. This fact allows us to mimic
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quantification over arbitrary subsets of N, which is not possible in a countable model. Thus,
the general satisfiability problem is simpler than the finite-state satisfiability problem.
Finally, we prove the upper bound for lfp-Hyper?LTL,,,, model-checking.

Lemma 7.12. Ifp-Hyper?LTL,,,, model-checking is polynomial-time reducible to truth in
second-order arithmetic.

Proof. As in the (upper bound) proof of Theorem 4.2 (and several times thereafter), we
mimic trace quantification via quantification of sets of natural numbers and capture the
temporal operators using addition. To capture the “quantification” of fixed points, we use
again witness trees (see Subsection 7.1 for details). Recall that these depend on a variable
assignment of the trace variables. Thus, in our construction, we need to explicitly handle
such an assignment as well (encoded by a set of natural numbers) in order to be able to
correctly apply witness trees.

Let € = (V,E,I,)\) be a finite transition system. We assume without loss of generality
that V' ={0,1,...,n} for some n > 0. Recall that pair: Nx N — N denotes Cantor’s pairing
function defined as pair(i, j) = %(z +7)(i+j+1) 44, which is a bijection and implementable
in arithmetic. We encode a path p(0)p(1)p(2)--- through T by the set {pair(j,p(j)) | j €
N} € N. Not every set encodes a path, but the first-order formula

pispath(Y) = V. Vy. y > n — pair(z,y) ¢ YA
V. Yyo. Yy1. (pair(xz,yo) € Y A pair(z,y1) €Y) = yo = y1A
\/ pair(0,v) € YA
vel
V. \/ pair(j,v) € Y Apair(j +1,0") €Y
(v')eE
checks if a set does encode a path of ¥.
Furthermore, fix some bijection e: AP — {0,1,...,|AP| —1}. As before, we encode a

trace t € (2A7)« by the set S; = {pair(j,e(p)) | 7 € Nand p € ¢(j)} € N. While not every
subset of N encodes some trace ¢, the first-order formula

GisTrace(Y) = Va. Yy. y > |AP| — pair(x,y) ¢ Y

checks if a set does encode a trace.
Finally, the first-order formula

ox(Y) = 3Y},. isPath(Y),) A Vj. /\ pair(j,e(p)) € Y < \/ pair(j,v) € Yy
pEAP v: peX(v)

checks whether the set Y encodes the trace of some path through ¥.

As in the proof of Theorem 7.7, we need to encode variable assignments (whose domain
is restricted to trace variables) via sets of natural numbers. Using this encoding, one can
“update” encoded assignments, i.e., there exists a formula Prpdate (A, A', Z) that is satisfied if
and only if

e the set A encodes a variable assignment 11,
e the set A’ encodes a variable assignment IT',
e the set Z encodes a trace ¢, and

o II[r —t] =1I'.
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Now, we inductively translate an 1fp-Hyper?LT Ly, sentence ¢ into a formula arg(y)
of second-order arithmetic. This formula has two free variables, one first-order one and one
second-order one. The former encodes the position at which the formula is evaluated while
the latter one encodes a variable assignment (which, as explained above, is necessary to
give context for the witness trees). We construct arz(y) such that T = ¢ if and only if
(N, +,-, <, €) E (arz(¢))(0,0), where the empty set encodes the empty variable assignment.

e arg(3(Y, Y, 95"). ¥) = arg(yp). Here, the free variables of arg(3(Y, Y,95°"). ) are the
free variables of ars(1). Thus, we ignore quantification over least fixed points, as we
instead use witness trees to check membership in these fixed points.

o ars(V(Y,Y,¢5"). 1) = arg(y). Here, the free variables of arg(V(Y,Y,¢"). ) are the
free variables of ar<(v).

o ars(Im € X4. V) = 3Z;. A, Vistrace(Zr) N cpgpdate(A,A’, Zz) A ar<(v). Here, the free
second-order variable of arg(3Ir € X,. ¢) is A while A’ is the free second-order variable
of ars(1)). The free first-order variable of ars(3Im € X,. ¢) is the free first-order variable
of arz(v).

o ars(Vr € Xo. ¥) = VZr. VA" (Qistrace(Zr) N Oppgare(As A's Zr)) — ars(y). Here, the free
second-order variable of ar<(Vr € X,. 1) is A while A’ is the free second-order variable
of arz(1). The free first-order variable of arz(Vm € X,. ) is the free first-order variable
of ar<(v).

o arg(3m € Xy. ) = . FA". px(Zx) NP} pgare (A A, Zx) A arz(1)). Here, the free second-
order variable of arg(3m € Xy. ¢) is A while A’ is the free second-order variable of ar<(1)).
The free first-order variable of ar<(3m € Xy. ¢) is the free first-order variable of ar<(1)).

o arg(Vm € Xg. ) = VZr. VA" (p5(Zx) N O)pgare(As A, Z2)) — ars(y). Here, the free
second-order variable of arg(Vr € Xg. ¢) is A while A’ is the free second-order variable
of ar(1)). The free first-order variable of ar<(Vr € Xg4. ) is the free first-order variable
of arz(v).

e arc(Ir € Y;. ¢) = 3Z. A" Qhastree(A, Zr,§) N gogpdate(A,A’, Zz) A arg(v), where
OhasTree (A, Zz, j) is a formula of second-order arithmetic that captures the existence of a
witness tree for the trace being encoded by Z; being in the fixed point assigned to Y; w.r.t.
the variable assignment encoded by A. Its construction is similar to the corresponding
formula in the proof of Theorem 7.7, but we replace the free third-order variable Xp
encoding the model there by hardcoding the set of traces of ¥ using the formula @z from
above.

Here, the free second-order variable of arg(3m € Yj. ¢) is A while A’ is the free second-
order variable of arg(¢). The free first-order variable of arg(3m € Yj. ¢) is the free
first-order variable of ar<(v).

o arc(Vm € Yj. ¢) = VZ,. YA (QhasTree(A, Zr, j) N (pgpdate(A7A/7Zﬂ')) — arg(v). Here,
the free second-order variable of arg(Vm € Yj. 1)) is A while A’ is the free second-order
variable of arg(1)). The free first-order variable of arg(Vr € Yj. 1)) is the free first-order
variable of ar<(1).

e arx(¢1 Vo) = ars(v1) V ars(12). Here, we require that the free variables of arg (1))
and ar<(12) are the same (which can always be achieved by variable renaming), which
are then also the free variables of arg (1 V 1)2).

o ars(—)) = —narz(¢). Here, the free variables of argz(—1) are the free variables of arg(v).
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o arg(X ) =3i'(i' =i+ 1) A ar<(v)), where i’ is the free first-order variable of ars(¢) and
i is the free first-order variable of ar<(X1). The free second-order variable of arz(X )
is equal to the free second-order variable of ars(1)).

° 0,7"5(1#1 UK/JQ) = dis. 19 > 1 A CLTT(wQ) A Viy. (Z <A < ig) — aT’T(I/Jl), where 1 is the
free first-order variable of ar<(1;), and ¢ is the free first-order variable of arg (¢ U 1)g).
Furthermore, we require that the free second-order variables of the arz(v;) are the same,
which is then also the free second-order variable of arz(¢; Utbg). Again, this can be
achieved by renaming variables.

e arz(p,) = pair(i,e(p)) € Zr, i.e., i is the free first-order variable of arz(p,). Note that
this formula does not have a free second-order variable. For completeness, we can select
an arbitrary one to serve that purpose.

Now, an induction shows that T | ¢ if and only if (N, +,-, <, €) satisfies (ar(¢))(0,0),
where () again encodes the empty variable assignment. L]

8. RELATED WORK

As mentioned in Section 1, the complexity problems for HyperLTL were thoroughly stud-
ied [FH16, FKTZ21, FKTZ25]. For Hyper’LTL, Beutner et al. mainly focused on the
algorithmic aspects by providing model checking [BFFM23] and monitoring [BFFM24]
algorithms. Finkbeiner et al. studied the complexity of Hyper?LTL and lfp-Hyper?LTLym
over tree-shaped and acyclic structures, which contain finitely many traces [FFR26], thus all
problems become decidable. None of the above studied the respective complexity problems
for general structures in depth.

Logics related to Hyper?LTL are asynchronous and epistemic logics. Much research
has been done regarding epistemic properties [Dim08, FHMV95, LR06, vdMS99] and their
relations to hyperproperties [BMP15]. However, most of this work concerns expressiveness
and decidability results (e.g., [BMM24]), and not complexity analysis for the undecidable
fragments. This is similar for asynchronous hyperlogics [BHNdC23, BCB*21, BF23, BBST24,
BPS21, BPS22, GMO21, KSV23, KSV24, KMVZ18], where most work concerns decidability
results and expressive power, but not complexity analysis.

Another related logic is TeamLTL [KMVZ18|, a hyperlogic for the specification of
dependence and independence. Liick [Liic20] studied similar problems to those we study
in this paper and showed that, in general, satisfiability and model checking of TeamLTL
with Boolean negation is equivalent to truth in third-order arithmetic. Kontinen and
Sandstrom [KS21] generalize this result and show that any logic between TeamLTL with
Boolean negation and second-order logic inherits the same complexity results. Kontinen et
al. [KSV23] study set semantics for asynchronous TeamLTL, and provide positive complexity
and decidability results. Gutsfeld et al. [GMOV22] study an extension of TeamLTL to
express refined notions of asynchronicity and analyze the expressiveness and complexity
of their logic, proving it also highly undecidable. While TeamLTL is closely related to
Hyper?LTL, the exact relation between them is still unknown.

Finally, the logic HyperQPTL, which extends HyperLTL by quantification over propo-
sitions [Rab16], is also related to Hyper?LTL. With uniform quantification, HyperQPTL
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satisfiability is equivalent to truth in second-order arithmetic [RZ24] while finite-state satisfi-
ability and model-checking have the same complexity as for HyperLTL [FH16, Rab16]. Non-
uniform quantification makes HyperQPTL as expressive as second-order HyperLTL [RZ24],
which implies that all three problems are equivalent to truth in third-order arithmetic.

9. CONCLUSION

We have investigated and settled the complexity of satisfiability, finite-state satisfiability,
and model-checking for Hyper?LTL and its fragments Hyper?LT Ly, and Ifp-Hyper?LT L.
For the former two, all three problems are equivalent to truth in third-order arithmetic, and
therefore (not surprisingly) much harder than the corresponding problems for HyperLTL,
which are “only” Z%—complete, E(l]—complete, and TOWER-complete, respectively. This shows
that the addition of second-order quantification increases the already high complexity of
HyperLTL significantly. However, for the fragment lfp-Hyper?LTLy,,, in which second-
order quantification degenerates to least fixed point computations, the complexity is lower
(albeit still high): satisfiability is ¥3-complete while finite-state satisfiability and model-
checking are equivalent to truth in second-order arithmetic. All our results, but the one for
1fp-Hyper?LT Ly, satisfiability, also hold for closed-world semantics. On the other hand,
lfp-Hyper? LT Ly, satisfiability under closed-world semantics is “only” Xi-complete, i.e., as
hard as HyperLTL satisfiability.

In future work, we aim to study the rich landscape of temporal logics for asynchronous
hyperproperties. Here, the first results [RZ25a] for generalized HyperLTL with stuttering and
contexts [BBST24] have been obtained: Model-checking is equivalent to truth in second-order
arithmetic while satisfiability is X1-complete.
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