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ABSTRACT. AuDala is a recently introduced programming language that follows the
new data autonomous paradigm. In this paradigm, small pieces of data execute functions
autonomously. Considering the paradigm and the design choices of AuDal.a, it is interesting
to determine the expressivity of the language. In this paper, we implement Turing machines
in AuDaLa and prove that implementation correct. This proves that AuDala is Turing
complete, giving an initial indication of AuDal.a’s expressivity. Additionally, we give
examples of how to add extensions to AuDal.a to increase its practical expressivity and
to better match conventional parallel languages, allowing for a more straightforward and
performant implementation of algorithms.

1. INTRODUCTION

Nowadays, performance gains are increasingly obtained through parallelism. To make use
of this, there are many developments in how to get the hardware to process the program
efficiently. Languages are often designed around that, focusing on threads and processes.
Recently, AuDaLa [FNG23,FNG25] was introduced, which completely abstracts away from
threads. In AuDal.a, data is autonomous, meaning that the data executes its own functions.
It follows the new data autonomous paradigm [FNG23,FNG25], which abstracts away from
active processor and memory management for parallel programming and instead focuses on
the innate parallelism of data. This paradigm encourages parallelism by making running
code in parallel the default setting, instead of requiring functions to be explicitly called
in parallel. The paradigm also promotes separation of concerns and a bottom-up design
process.

The simplicty, structure and focus on data and understandable programs relates AuDaLa
to domain specific languages and brings up the question to which extent AuDalLa is generally
applicable. It is therefore interesting to establish how applicable and expressive AuDala is,
as AuDala is meant to be general-purpose.

The applicability of AuDaLa has been studied in other work by creating a compiler [Lee23]
that can translate AuDalLa programs to CUDA [GT08]. It proved beneficial to base the
compiler on a new weak-memory semantics [LFN25] of AuDaLa. We furthermore formalised
the relation of the weak-memory semantics with the original semantics of [FNG23]. The
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performance of AuDalLa programs compiled under the weak-memory semantics was sufficient
for us to consider AuDala fit for parallel programming in practice.

Then, to establish the expressivity of AuDaLa, we used the original semantics to
establish that AuDaLa can simulate every Turing machine [FN24]. It follows that AuDala is
Turing complete and can therefore compute all effectively computable functions following the
Church-Turing thesis [Cop24]. This also gives an indication for the theoretical expressivity
of the data-autonomous paradigm in general.

The current paper extends our paper from FORTE 2024 [FN24] in the following ways:

e We provide a self-contained account of AuDal.a’s semantics, including a running example,
and recap a few results from [FNG25] required for our proofs.

e We give the full proof for the Turing completeness of AuDalLa, extending parts of the
proof which were only sketched before.

e We explore of the practical expressivity of AuDala: the extent to which AuDal.a enables
the expression of the user’s intentions in the program directly. We do this by providing
three possible extensions to AuDalLa, including the necessary additions to the syntax and
semantics. Two of the extensions deal with extended looping mechanisms and the other
implements arrays in AuDala.

e We discuss the adaptations, some of the design choices and other adaptations that are
worth considering in the future.

We remark that for all results, we use the original, sequentially consistent seman-
tics [FNG23]. This semantics has been proven equivalent to the weak-memory seman-
tics [LFN25] when no read-write race conditions occur, which is sufficient for the Turing
completeness proof in this paper. Though we only define the semantic adaptations of this
paper for the original semantics of AuDal.a, extending them to the weak-memory semantics
is reasonably straightforward.

Overview. In the current paper, we first give a recap of Turing machines and AuDalLa in
Section 2, followed by the implementation of a Turing machine in AuDala in Section 3. We
then give some properties of AuDala and some important corollaries for proving programs
in AuDaLa in Section 4, which is based on [FNG25, Section 7]. These are used to prove that
AuDalLa is Turing complete in Section 4.2. Then, in Section 6, we propose three extensions
to AuDal.a. We conclude in Section 7.

Related Work. AuDalLa is a data-autonomous language and related to other data-focused
languages, like standard data-parallel languages (CUDA [GT08] and OpenCL [CDK14]),
languages which apply local parallel operations on data structures (Halide [RK*17],
RELACS [RL93]) and actor-based languages (Ly [UA10], A-NETL [BY95]).

Though the expressivity of actor languages has been studied before [dBT12] and there is
research into suitable Turing machine-like models for concurrency [QYZG17,Koz76, Wie84],
there does not seem to be a large focus on proving Turing completeness of parallel languages.
This can have multiple reasons. One of these reasons can be that many of these languages
extend other languages, e.g., CUDA and OpenCL are built upon C++. For these languages,
Turing completeness is inherited from their base language. Other languages, for example
domain specific languages like Halide [RK 17|, are simple by design, and if the functionality
is more important than the applicability, Turing completeness may be of lesser importance.
Some languages are also not Turing complete on purpose [Gib15, DK98|, for example to
make automated verification decidable. As AuDala is not an extension of a sequential
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language, Turing completeness for AuDaLa is not automatic. It has been noted that Turing
completeness also does not establish as much about expressivity as it does in the domain of
sequential languages, as Turing completeness does not account for the effects of concurrent
and distributive operations, which can lead to differences in behaviour in two Turing complete
concurrent languages [DG09]. Though we agree with this, the fact stands that the full
behaviour of a language is a superset of the behaviour of the language in the sequential
setting, so establishing AuDalLa to be Turing complete is a good starting point for analysing
the expressivity of AuDaLa. By proving AuDala to be Turing complete, we furthermore
establish that even though its simple design and rigid structure may make it seem like
AuDalLa is simple enough to be decidable or domain specific, in reality, AuDalLa is no less
complex than other Turing complete, general languages.

Our proof follows the same line as the proof for the Turing completeness of Cir-
cal [DD02]. Other parallel systems that have been proven Turing complete include water
systems [HND'21] and asynchronous non-camouflage cellular automata [Y117].

2. Basic CONCEPTS

In this section, we discuss the basics of Turing machines and AuDal.a.

2.1. Turing Machines. We define a Turing machine following the definition of Hopcroft
et al. [HMUO1]. Let D = {L, R} be the set of the two directions left and right. A Turing
machine T is a 7-tuple T' = (Q, qo, F, T, X, B, d), with a finite set of control states @, an
initial state gg € Q, a set of accepting states F' C @), a set of tape symbols I, a finite set of
input symbols ¥ C T', a blank symbol B € I'\ ¥ (the initial symbol of all cells not initialized)
and a partial transition function 6 : Q x I' -» Q x I' x D.

Every Turing machine T operates on an infinite tape divided into cells. Initially, this
tape contains an input string Z = zg. ..z, with symbols from X, but is otherwise blank.
The cell the Turing machine operates on is called the head. We represent the tape as a
function ¢ : Z — T', where cell ¢ contains symbol ¢(i) € I'. In this function, cell 0 is the head,
cells ¢ s.t. ¢ < 0 are the cells left from the head and cells ¢ s.t. ¢ > 0 are the cells right from
the head. We restrict ourselves to deterministic Turing machines. We also assume the input
string is not empty, without loss of generality.

We define a configuration to be a tuple (g,t), with ¢ the current state of the Turing
machine and ¢ the current tape function. Given input string Z = zg...z,, the initial
configuration of a Turing machine T" is (qo,tz), with go as defined for T, and tz(i) = z; for
0 <i<nand tz(i) = B otherwise.

During the execution, a Turing machine T performs transitions, defined as:

Definition 2.1 (Turing machine transition). Let T = (Q, qo, F,T', X, B,d) be a Turing
machine with input string Z and let (¢, t) be a configuration such that §(q, ¢(0)) = (¢, 2/, D),
with D € D. Then (¢,t) — (¢, t'), where ¢’ is defined as
/ o / o

PP - iti=1 e PP - ifti=-1 ..

£ = { t(i—1) otherwise if D=L and £(7) = { t(i+1) otherwise iED=F.

We say a Turing machine T' accepts a string Z iff, starting from (qo,tz) and taking
transitions while possible, T" halts in a configuration (g¢,t) s.t. ¢ € F.
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2.2. AuDaLa. In this section, we give a recap of AuDala concepts, program layout and
semantics relevant to this paper. As an example throughout the text, we use Listing 1,
depicting a program for computing reachability on a small directed graph. In essence,
AuDala is a single instruction-multiple data programming language, which abstracts away
from explicit memory management and thread management and puts a large focus on the
structure of parallel program design. By doing this, it keeps the design of the program
modular and simple.

An AuDaLa program contains three parts, which are neatly separated in the code.
Firstly, the definitions of the data types and their parameters are expressed as structs. In
Listing 1, we are computing something on a graph, so we define structs for nodes and edges,
where edges have a source and target (given as the parameters in and out) and nodes can
either be reachable or not reachable. During execution, these structs will be instantiated
to struct instances, which represent the parallel data elements of the system. For example,
in the reachability example, every node in the graph is be represented by a struct instance
of the struct Node. The second part are steps, which are defined in context of a struct.
These are functions to be executed in parallel. The steps are simple, in the sense that they
cannot contain loops. For example, in Listing 1, the struct Edge contains two steps; one for
propagating the reachability property, and the other for initialization. Lastly, a schedule
separate from the data system dictates in which order steps are executed, and which loops
exist during execution. The looping mechanism used in AuDala is called a fixpoint loop,
which repeatedly executes the embedded schedule until the entire system is stable. This is
the case when in the last iteration of the loop, no new struct instances have been created
and no parameters have been changed. For example, the schedule of Listing 1 first calls the
initialization step once, before calling a fixpoint loop over the reachability step. This loop
executes the reachability step until the entire system is stable, which in this case means
that no more nodes are set to reachable. This is the case when nodes one to four are set to
reachable, as node five is not reachable.

In the schedule, step calls and fixpoints are separated by barriers (<), s.t. A < B
means that subschedule A is executed and only when every struct instance is finished, B is
executed. Step calls can be global step calls or local step calls. For a step F', a global step
call is denoted by the appearance of F' in the schedule, and will cause every struct instance
of which the struct has a definition of F' to execute F' in parallel as defined for their struct.
Local step calls are denoted as 6.F for some struct type 6, and will cause only the struct
instances of 6 to execute F'.

Steps consist of statements, which can be if-then statements, variable assignments (of the
form T' x := val for some new variable x of type T') variable updates (of the form X := val
for some (possibly referenced) variable X) and constructor statements, which create new
struct instances. In the statements, one can use most conventional expressions, like applying
binary operators, using brackets and negation, refer to null and this, create struct instances
and introduce literals or access variables. Variables are accessed using references; variable
x.y returns the value of y in the element reached through the reference x.

Henceforth, we only consider AuDal.a program that are well-formed. Well-formed
AuDalLa programs are well-typed and satisfy the following requirements:

(1) Identifiers may not be keywords.
(2) A step name is declared at most once within each struct definition.
(3) A parameter name is used at most once within each struct definition.
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struct Node (reach: Bool) {}

struct Edge (in: Node, out: Node) {
reachability {
if (in.reach = true) then {
out.reach := true;
}
}
init {
Node nodel := Node(true);
Node node2 := Node(false);
Node node3 := Node(false);
Node node4 := Node(false);
Node nodeb := Node(false);
Edge edgel2 := Edge(nodel, node2);
Edge edgel3 := Edge(nodel, node3);
Edge edge23 := Edge(node2, node3);
Edge edge34 := Edge(node3, noded);
Edge edgeb1 := Edge(nodeb, nodel);
}
}
init < Fix(reachability)

Listing 1: AuDaLa code for a reachability program on a small graph

(4) Names of local variables do not overlap with parameter names of the surrounding struct
definition.

(5) Variable assignment statements are only used to declare new local variables.

(6) A local variable is only used after its declaration in a variable assignment statement.

Our example in Listing 1 is well-formed, as it is well-typed and fulfills all of the above
conditions. A type system that formalises the requirements on well-formed programs can be
found in [FNG25, Section 4].

2.3. AuDalLa Semantics. In this section, we explain the semantics of AuDaLa, using the
reachability program of Listing 1 as a running example. In the scope of this section, we denote
that program as the program R. In the semantics, we often use lists of the form a;...; z,
with empty list €. Here, it is important to note that for any list L, L = L;e. We also use
function updates: a function f[z +— y] is created from a function f, where flx — y](z) =y
and flx — y](z) = f(z) for all z # xz. We allow the shorthand f[{a; > b1, a2 — ba,...}] for
multiple function updates where all left-hand sides are pairwise distinct, and use the indexed
notation fla,i +— b] if f(a) is a tuple and we want to only change the element at index i
of that tuple. We also assume that R is parsed and that we have its abstract syntax tree.
In general, this means that polymorphic elements in R, like 42 or null are annotated with
their type, as for example 427, when 42 is an integer, or nully for some type T'. We divide
the explanation of the semantics in three parts: semantic concepts and sets, commands and
the state and the transition relation.
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Semantic Concepts and Sets. To reason about the syntax, the semantics uses a group
of syntactic sets: ID for variable names and other names from the syntax, LT for the set
of literals, ST for statements, FE for expressions, and O, containing all syntactic binary
operators. Though we allow all possible identifiers in the set ID, we only use a specific
subset. For R, we therefore further refine the set ID to the sets Varg, containing variable
names used in R, Parp, containing parameter names used in R and ©x, which contains all
struct type names used in R. Concretely, Varg = {nodel, ..., node5,edgel2, ..., edge51},
Parg = {reach,in,out} and ©r = {Node, Edge}.

The set of all syntactic types is 7 = {Nat, Int,Bool,String} U ID, which has an
associated set of semantic types T = {N, Z, B, String, L}. Here, L is the set of labels. In the
AuDalLa semantics, at any time during the execution of R every existing struct instance
has a unique identifying label which is unique to that struct instance. The set £ is assumed
adequately large to label all potential struct instances that can exist during an execution of
R.

In the semantics of R, we define that every single struct type, in this case Node and
FEdge, has a null-instance. This instance represents the default element of the struct type, and
has two main purposes. Firstly, the null-instances are by definition stable: their parameter
values cannot be changed by writes. This makes it easier to design fixpoints, because writes
to null-instances do not impact stability and reads from null-instances have a deterministic
effect. Secondly, null-instances are able to execute functions just like normal instances, which
is useful during initialization. In R, the step init will be executed by the null-instance of
FEdge, which exists from the initial state of the program.

From the syntax of R, it follows that £ should contain at least 10 labels, to facilitate
the two null-instances and the eight struct instances created by the null-instance of Edge
when executing init. We also define the special subset £° C £ to contain the null-labels,
which represent the null-instances.

The set of all values is V = LUZ LB U String, with L denoting the disjoint union. Note
that we consider N C Z. For a literal g, the semantic value is denoted val(g). We consider
the semantic values of literals straightforwardly defined. For example, the semantic value of
5 is val(5), which we assume to be 5. The semantic value of an occurrence of this in the
syntax is defined as the label of the currently executing struct instance, and the semantic
value of the null-labels is referred to by 62 for some struct type 6. In R, the null-labels are
therefore E(J)Vode and K%dge. We also define a null-value for every syntactic type: 0 for Nat

and Int, false for Bool, €, the empty string, for String and EOT for if T' € ID, with T the
syntactic type. These null-values can be accessed through a function DefaultVal.

Commands and the State. During execution, when executing a step F', we transform
the syntax of F' to an intermediate language to make the atomic actions executed in the
execution of R explicit, which allows us to keep the operational semantics of AuDaLa simple
with regards to step execution. We express these atomic actions as commands, which are
ordered in the intermediate language in a variant of polish notation, which puts the operators
after the values. These commands are then given to the struct instances to execute.

Formally, a struct instance s with some label ¢, is a tuple (6,7, x, &), where 6 is the
struct type, 7 is a list of commands to be executed, x is a value stack where intermediate
values are stored during execution, and £ is the variable environment. The commands are
given below, with simplified descriptions of the requirements and the actions associated with
them (a complete formalisation is given later in this section).
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(1) The push command, push(v) with value v, causes s to push wval to its value stack .
There is a special variant, push(this), for which s pushes /5 to x.

(2) The read command, rd(z) with variable x € Varg U Parg, requires a label £ on x to
denote the location of v. The associated action is that s reads the variable x in the
variable environment of the struct instance of ¢ and puts the resulting value on y.

(3) The write command, wr(z) with variable z € Varg U Parg, requires a label £ on x to
denote the location of x and a value v on x. The associated action is that s writes the
value v to the entry for x in the variable environment of the struct instance of £.

(4) The constructor command, cons(#’) with some 6’ € Og, requires that for every parameter
P1,-...,Pn Of O, there is a value vy, ..., v, on the stack. The associated action is that s
initialises a new struct instance (0, ¢,¢,&’) s.t. &' (p;) = v; for all 1 <4 < n with label ¢
and puts ¢ on .

(5) The if command, if(C') with a command list C, requires a boolean value on y. The
associated action is that s adds the commands in C' to « iff the top value on the value
of x is the value true.

(6) The not command, not, requires a boolean value on x. The associated action is that s
negates the top value of the value stack.

(7) The operator command, op(0) with some binary operator o € O, requires two values
compatible with o on x. The associated action is that s applies o to the top two values
of x.

The set of all commands is denoted C. Note that commands assume certain values on the
top of the stack y. These values are guaranteed to be present if a program is well-formed, as
shown in [FNG25, Theorem 7.14]. If the values are not there, the command cannot execute.

The syntax is transformed into commands through the following function:

Definition 2.2 (Interpretation function [FNG25]). Let z,z1,...,z, € ID be variables,
E Eq,...,E, € E expressions, g € LT a literal, # € ID a struct type, S € ST a statement,
S € ST* a list of statements, T € T a type and o € O an operator from the syntax. Let the
list x1;...; x, be the list of n variables from z; to x,. We define the interpretation function
[[]: ST*UE — C* transforming a list of statements or expressions into a list of commands:

[9] = push(val(g))
[this] = push(this)
[nully] = push(defaultVal(T))
[x1.--- .zn] = push(this);rd(x1);...;rd(zy)
['E] = [E]; not
[E1 op Eo] = [Er]; [E2]; op(e)
[if E then{S}] = [E];if([S])
[Tz :=E] =[x1. - .xo.x := E]
[x1. - xp.x = E] =[E];[x1.- - .xn]; wr(z)
[0(E1,...,En)] =[F1];-..; [En]; cons(0)
[e] =€
[5:8] = [ST; [S]
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Note that if n =0, [z1.--- .z,] = push(this) as a special case. We require push(this) to
give us the label of the current executing struct instance at the start of dereferencing any
pointer.

As an example, interpreting the syntax of the step reachability in R leads to the following
commands:

push(this); rd(in); rd(reach); push(true); op(=); if(
push(true); push(this); rd(out); wr(reach)
)

Executions are sequences of transitions between states. To reflect the current state of
the program, states are a tuple (Sc, o, sx). Here, Sc is the currently still-to-be-executed
schedule of the program. The second element ¢ is a partial function from labels to struct
instances, the struct environment, which contains all the current struct instance tuples and
therefore also keeps track of the variables, their values and which commands still have to be
executed by which struct instance. This struct environment is what formally links the labels
to the struct instance tuples. The last element sy of the state is the stability stack, which is
used to keep track of the currently executing fixpoints and whether they are stable. States
are collected in the state space Sg.

When starting execution of a fixpoint, a new Boolean value is placed on the stability
stack corresponding to this fixpoint. This value is set to true every time the fixpoint iterates,
and is set to false whenever a parameter is changed during the execution of the fixpoint. If
at the end of a fixpoint iteration the value is still true, the fixpoint terminates and removes
the variable from the stability stack.

For example, in R, the first time the schedule reaches Fiz(reachability), the value true
will be placed on the stability stack. Then reachability is executed. If for some struct
instance, out.reach := true is executed, the top of the stability stack will be set to false.
Then at the end of executing reachability, another iteration will be started depending on
whether the top of the stability stack is false. If not, the fixpoint is stable and will terminate.

For every program P, we define an initial state P%:

Definition 2.3 (Initial state [FNG25]). The initial state of P is P = (Scp, 0%, ¢), where
% (€)) = (0,¢2,¢,&)) for all § € Op and o%(¢) = L for all other labels.

Here, &) is defined as &J(p) = defaultVal(T) for all p € Par(0,P) where T is the type
of p and Par(f,P) refers to the parameters of 6 in P. For all other variables z, £)(z) is
arbitrary.

In our example, §?Vode yields false for reach and an arbitrary value for all other inputs,
and fOEdge yields f(])vode for both in and out and an arbitrary value for all other inputs.

The initial state for R is then P% = (init < Fiz(reachability),o%, ), where 0% (€% ,.) =
(Node, e, e,£%,4.) and U%(ﬁ%dge) = (FEdge, ¢, s,g%dge> and 0% (¢) = L for all other labels.

The Transitions. The execution of a program is expressed as a sequence of transitions
between states. The transitions are expressed as a transition relation =>p containing fifteen
transition rules, defined relative to the executing program P. These come in two categories:
transition rules for executing commands and transition rules for dealing with the schedule.
They are shown in Figure 1. For the transitions of the schedule, we remark that the schedule
is interpreted as a list, even though the rules use the syntax of AuDal.a for schedule notation.
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Therefore, for example, the FixInit rule is also applicable on a schedule Fiz(sc), even
though it is not followed by a barrier with another schedule behind it.

() = (6, push(v); v, x, §)
(Se,0,5x) =p (Se,0ll = (0,7, x;v,6)], 5x)

(ComPush)

a(f) = (0, rd(z); 7, x: £, §)
a(l)={0"7,x,¢)

Command Rules

o(¢) = (0, push(this); v, x, &)
<507 g, SX> =P (SC) U[é = <0) 7 x4, E)L 3X>

(ComPushThis)

a(l) = (0, wr(z);v, x;v; €, )
a(l) =07, x.¢")
¢ L0V ¢ Par(0',P)
su=(z ¢ Par(®/,P) V€)= v)

(ComRd) S -
(Sc,0,5x) =p (Sc,all = (0,7, x:€'(2), €)], 5x) o) g ox) = (Se 0l = (B NI A € 0],
SX1 A SUj .. 8X|sy| A SU)
a(€) = (0, wr(z);v,x;v; £, )
lo(({’% =, X/7§/> (ComNot) a(l) = (0,not; v, x; b,&)
(ComW:NSkip) feLinae Parld,P) (5¢,0,5X) = (5¢, 00 (0,7, b, )], 5%)
(Se,a,5x) =p (Sc,all = (0,7, x,6)], sx)
a(f) = (0, cons(6); 7, x;v15 - -1 vns &)
Par(@’,?—’) =p1:T1;..5p0: Ty
N —
(ComOp) o(€) = (,0p(0);7, x;a; b, &) (ComCons) . - 0;[) = JL- =
(Sc,0,5x) = (Se,olt > (0,7, x (200), )], 5X) (5¢,,5%) =p (Se alll = (sL,7,x:£,),
U (sl e 6,60 [{p1 = v1, - o = v D},
fa,lse‘sX‘>
a(0) = (0,if(C); v, x; true, &) a(f) = (8,if(C); v, x; false, £)
o) G 0 3%) =7 (Se,all = (0, Cs7ox. ©) %) o) e 0.5) = (8,0t = (0,7, €11, 5%)
(InitG) Done(o) (InitL) Done(o)

(F < sc,0,sx) =p
(sc,al{t = (0,57 ],2.€) [ o(€) = (6,2, %, )}], sx)

Done(o)

FixInit
(Facknit) (Fiz(sc) < scq,0,8X) =p

(sc < aFiz(sc) < scy,0, sx; true)

(FixTerm)

(0.F < sc,o,sx) =p
(sc,ol{t = (0,[55],2,€) | o(0) = (8.2, . )}], 5X)

Done(o)

FixIt:
(Fixlter) (aFiz(sc) < sci,0,sx; false) =p

(sc < aFiz(sc) < sc1,0, sx; true)

Done(o)

(aFiz(sc) < sc1,0, sX; true) =p (sc1,0, sX)

Figure 1: The semantics of AuDal.a, ordered by category.

We use (occurrences of) x for variables, p for parameters, v for values and b for Boolean

values. The notation o refers to a syntactic operator, and we assume that o is a corresponding
semantic operator. The notation C refers to a list of commands. Par(6,P) refers to the
parameters of 6 in the syntax of P. If ¢ is note defined for ¢, this is denoted as o(¢) = L.
Steps are denoted with F' and occurrences of sc are schedules, as is Sc. The symbol Sf
denotes the list of statements in step F' in struct 8 in P. The symbol aFiz is a special
fixpoint notation that refers to a fixpoint encountered before but not yet terminated.



5:10 T.T.P. FRANKEN AND T. NEELE Vol. 22:2

struct TapeCell (left: TapeCell, right: TapeCell, symbol: Int){} //def. of TapeCell

struct Control (head: TapeCell, state: Int, accepting: Bool) {
transition {
see Listing 3 and 4 //definition of the step ”transition”
init {
see Listing 5 //definition of the step ”init”
| init < Fix(transition) //schedule: run ”init” once and then iterate ”transition”

Listing 2: The AuDalLa Turing machine structure

The predicate Done(o) is defined as:
Done(o) = Ve.(o(€) = 1 v 30, x,£.0(0) = (0,2, x,€))

which intuitively means that no existing struct instance still has a command to execute.
The transition relation for R is therefore =x. Which program the transition system
is defined for impacts the rules ComWr, ComWrNSkip, InitG and InitL, as those
are dependent on information from the program (parameters and statements in steps
respectively).
With this transition system, we can give the full semantics of any program P, which is
defined as the tuple (Sg,=p, Pp). The semantics for R is thus (Sg, =r, PR).

3. THE IMPLEMENTATION OF A TURING MACHINE IN AuDALA

In this section, we describe the implementation of a Turing machine in AuDaLa. Let
T =(Q,q, F,I',X, B,J) be a Turing machine and Z an input string. We implement 7" and
initialize the tape to Z in AuDaLa. We assume w.l.o.g. that Q C Z with gy = 0 and that
I' CZ with B =0.

We model a cell of T’s tape by a struct TapeCell, with a left cell (parameter left), a right
cell (right) and a cell symbol (symbol). The control of T is modeled by a struct Control,
which saves a tape head (variable head), a state ¢ € Q (state) and whether g € F' (accepting).
See Listing 2. The step transition in the Control struct models the transition function 4.
For every pair (¢,2) € Q@ x I s.t. 6(q,2) = (¢,2',D) with D € D, transition contains a
clause as shown in Listing 3 (assuming D = R). This clause updates the state and symbol,
and saves whether the new state is accepting. It also moves the head and creates a new
TapeCell if there is no next TapeCell instance, which we check in line 6. Note that we also
check whether the head is not null, for while the null-instance of head cannot update its
own parameter, it can still make new TapeCells, which is undesirable. For this, as z can be
null, we need to explicitly check whether head is a null-instance. Note that B = 0, and that
if D = L the code only minimally changes.

The clauses for the transitions are combined using an if-else if structure (syntactic sugar
for a combination of ifs and variables), so only one clause is executed each time transition
is executed. See Listing 4. In the step init in the Control struct, we create a TapeCell for
every symbol z € Z from left to right, which are linked together to create the tape. We
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if (state == q && head.symbol == z) then {
head.symbol := 2, //update the head symbol
state := ¢'; //update the state

accepting = (¢’ € F); //the new state is accepting or rejecting

if (head '= null && head.right == null) then {
head.right := TapeCell(head, null, 0); //call constructor to create a new TapeCell

}

head := head.right; //move right

Listing 3: A clause for d(q, 2) = (¢, 2/, R).

transition {
if (state == q1 && head.symbol == z;) then{
/xclause 1x/
}
else if (state == qo && head.symbol == z3) then {
/xclause 2x/

else if (state == q3 && head.symbol == z3) then {
/xclause 3x/
}
// etc.
}

Listing 4: The transition step. The shown pairs all have an output in 6.

init {
TapeCell cell0 := TapeCell(null, null, zp); // initialize the tape
TapeCell celll := TapeCell(null, null, z;);
TapeCell cell2 := TapeCell(null, null, z3);

celll.left := cellO; // connect the tape
cell0.right := celll;

cell2.left := celll;

celll.right = cell2;

Control(cell0, 0, (qo € F)); //initialize the control
}

Listing 5: Initializing input string Z.

also create a Control-instance. Listing 5 shows this for an example tape Z = zg, 21, 22. A
call of init in the schedule causes the null-instance of Control to initialize the tape. It also
initializes a single non-null instance of Control. The schedule will then make that instance
of Control run the transition step until the program stabilizes. Listing 2 shows the final
structure of the program.
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0/0R
1/1R

2/2R

Control Behaviour

head

tape

Figure 2: The Turing Machine of Example 3.1 with input string ‘1121’.

Example 3.1. As an example, consider a Turing machine T,, = ({0,1},0,{1}, {0, 1,2},{1, 2},
0,6), with 6(0,0) = (0,0, R), 6(0,1) = (0,1, R) and 6(0,2) = (1,2, R), with no transitions
defined for state 1. This Turing machine walks through the input and stops after finding a
2. In Listing 6, we have created an AuDal.a program for this Turing machine with input
string ‘1121°. The Turing machine with input string ‘1121’ is visualised in Figure 2.

4. PROPERTIES OF AuDALA PROGRAMS

This section discusses some properties of AuDaLa programs that are relevant for the Turing
completeness proof. This section is a partial recap of Section 7 of [FNG25]. In Section 4.1,
we recap some standard properties of AuDaLa programs. In Section 4.2 we summarize those
results of [FNG25, Theorem 7.14] which are relevant to this paper. This theorem is not
included in full because it is out of the scope of this paper.

4.1. Standard Properties. First, as AuDala uses a reference notation of the form z.y
to access variable y from the struct instance saved under variable x, we define an semantic
reference notation, so that we can use the notation freely in both the syntactic and semantic
contexts.

Definition 4.1 (Reference Notation). Let o be a structure environment and let = be a
struct instance with label ¢, such that o(¢;) = (6,7, x,£). We define the notation /,.a*
inductively on ¢, with a variable a:

(1) £y.a' = &(a),

(2) £y.a’ = ¢ (a) for i > 1, with £,.a’"! € £ and o(€,.a*1) = (0,9, X, &).

We write £,.a for £,.a' and z.a for £,.a, where (¢;) = x and a is a parameter of x.

To give the following two definitions, we first define that an execution of a step F' from
P is a chain of transitions starting with an Init transition for F' from P and ending at the
first state with struct environment o s.t. Done(o) holds. We say that P can execute F
if such a chain exists from P. Additionally, note that while the AuDalLa semantics does
not define which labels get assigned to new struct instances beyond that they should be
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| init < Fix(transition) //schedule: run ”init” once and then iterate ‘‘transition”

struct TapeCell (left: TapeCell, right: TapeCell, symbol: Int){} //def. of TapeCell
struct Control (head: TapeCell, state: Int, accepting: Bool) {
transition {

if (state == 0 && head.symbol == 0) then{ // transition ¢(0,0)
head.symbol := 0;
state := 0;

accepting = false;

if (head !'= null && head.right == null) then {
head.right := TapeCell(head, null, 0);

}

head := head.right;

else if (state == 0 && head.symbol == 1) then{ // transition 6(0,1)
head.symbol := 1;
state := 0;

accepting = false;
if (head !'= null && head.right == null) then {
head.right := TapeCell(head, null, 0);

}
head := head.right;

}

else if (state == 0 && head.symbol == 2) then{ // transition 6(0,2)
head.symbol := 2;
state 1= 1;

accepting := true;
if (head '= null && head.right == null) then {
head.right := TapeCell(head, null, 0);
}
head := head.right;
¥
}

ingt {

TapeCell cell0 := TapeCell(null, null, 1); // initialize the tape
TapeCell celll := TapeCell(null, null, 1);
TapeCell cell2 := TapeCell(null, null, 2);
TapeCell cell3 := TapeCell(null, null, 1);

celll.left := cell0; // connect the tape
cell0.right := celll;

cell2.left := celll;

celll.right := cell2;

cell3.left := cell2;

cell2.right := cell3;

Control(cell0, 0, false);

}

Listing 6: The AuDalLa program for 7., with input string 1121.
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new, the exact labels which get assigned to new struct instances do not have an impact
on the program: they aren’t null-labels, and labels which are not null-labels are only used
abstractly. We therefore define determinism to not take newly assigned labels into account.
The definition of determinism for AuDalLa is then:

Definition 4.2 (Determinism). Let F' be a step in an AuDaLa program. Then F is
deterministic for some state P iff P can execute F' and there exists exactly one state that is
reached by executing F' modulo the labels newly assigned to struct instances during F'.

We follow it up with a definition for race conditions in AuDal.a. We consider an access
of a variable x to be an application of ComRd or ComWr with = as the parameter of the
command that induced that transition.

Definition 4.3 (Race Conditions). Let F' be a step of some AuDaLa program P. Let P
be a state of P. Then F' contains a race condition starting in P iff there is an enabled
InitL or InitG transition for F' from P and during the execution of F' after taking this Init
transition, there exist a parameter x which is accessed by two distinct struct instances a and
b, with at least one of these accesses writing to . We call a race condition between writes a
write-write race condition, and a race condition between a read and a write a read-write
race condition.

We combine these two concept in the following lemma.

Lemma 4.4 (AuDaLa Determinism [FNG25]). An AuDaLa step F is deterministic for
some state P if F' does not contain a race condition starting in P.

It follows that when a step is deterministic we can ignore interleaving of struct instances
during the execution of the step when determining the effects of the step.

4.2. Properties of Well-formed AuDala Programs. When programs are well-formed,
we know even more about them. In this section, give some results derived from Theorem
7.14 in [FNG25], which are important for the Turing completeness proof. Theorem 7.14 is
omitted, as stating it and its proof fully is expansive and has no purpose in this paper.

We define that the state after the execution of an expression E or a statement .S by
some struct instance s is the state resulting from the transition of the last command from
[E] or [S] as put in the command list of s. Then we know that for any well-formed program
‘P, the following properties hold:

Corollary 4.5 (Progress). The execution of a well-formed program never gets stuck unless
it terminates: every sequence of transitions from a state Py with struct environment o1 s.t.
Done(o1) = false eventually reaches a state P with struct environment o s.t. Done(o}) =
true, and every sequence of transitions from a state P, with struct environment oo s.t.
Done(oq) = true eventually reaches a state Py with struct environment oo where either the
schedule is empty or Done(ch) = false.

Corollary 4.6 (Expression Results). Every expression E, when executed by s during a step
F in a well-formed program P, results in a single value v on the stack of s. This value is
of the semantic type expected from the syntax of E and it is deterministic if there are no
read-write race conditions.
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Corollary 4.7 (Execution Effects). Let S be a statement executed during the execution of a
step F in a well-formed program P by a struct instance s. Let P’ be the state resulting from
the transition induced by the last command of [S] for s. Then:

(1) If S is an update statement xi.. ... Tn.x = FE, then, with x the variable in the struct
instance belonging to a result of an execution of xy..... ZTn, if x 18 not a parameter of a
null-instance, x will be updated to a result of an execution of E in P', and all values in
the stability stack will be reset to false if this means that a parameter has changed. If x
is a parameter of a null-instance, E is executed and its effects are still present in P’,
but x has not been updated.

(2) If S is a variable assignment statement T x := E, then it has the same effect as executing
the update statement x := E.

(3) If S is an if-statement, in P', E will be executed to a result b. If b = true, the if-clause
will be taken. If b = false, the if-clause will be skipped.

(4) If S is a constructor statement 6(FE1, ..., Ey,), then in P', there will be a new struct
instance for a fresh label £ with type 0 and its parameters set to results of executions of
Eq, ..., Ey, and all values in the stability stack will be reset to false. Additionally, ¢
will be the last value on the stack of s.

Additionally, let € be the expressions executed as a part of S. For any expression F € &,
if E is a constructor expressions O(E1, ..., Ey,), its result will be a fresh label ¢ s.t. in P’,
there is a struct instance for ¢’ with type 6 and its parameters set to results of executions of
Er, ..., E,. Furthermore, if there exists a constructor expression E in &, all values in the
stability stack will be reset to false. Lastly, the effects of a statement will be deterministic if
all results from all expressions in S are deterministic.

These corollaries and results allow us to simplify the proof of AuDala programs by
keeping the proof on the level of the syntax.

5. TURING COMPLETENESS

In this section, we show that AuDaLa is Turing complete. To do this, we establish an equiv-
alence between the results of transitions taken by T" with input string Z and the execution
the transition step of its implementation. Henceforth, let P(r 7y be the implementation of a
Turing machine 7" with an input string Z = 2. .. 2, as specified in Section 3. As P(r z) is
well-typed and satisfies the requirements given in Section 2.2, P(p z) is well-formed.

As P, z) is well-formed, it does not get stuck, according to Corollary 4.5. It follows
that the execution of P(r z) consists of the execution of a step init from the initial state,
and then executions of the step transition. Between these executions, there will be one or
more state with a struct environment o s.t. Done(c) holds. These states we call idle states.
For these idle states, we define implementation configurations:

Definition 5.1 (Implementation Configuration). Let P be an idle state of Py z) containing
a single non-null instance ¢ of Control. Then we define the implementation configuration of
P as a tuple (qp,tp) s.t. gp is the value of the state parameter of ¢ and tp : Z — Z defined
as:

c.head.symbol ifi=0

tp(i) = < c.head.left™.symbol  if i <0,
c.head.right®.symbol if i > 0
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For our equivalence, we compare the Turing machine configuration of 1" with input
string Z after doing transitions to the implementation configuration of P(p 7). As the
implementation configuration is defined on the struct environment of idle states only, we
will abstract from which idle state we take between executions of the transition step, as they
will all have the same configuration: there is no semantic transition that changes the struct
environment enabled when the Done-predicate holds. We therefore abstract to collections of
idle states between step executions.

To prove AuDaLa Turing complete, we have to prove, as a base case, that after the
initialization we find ourselves into a collection of idle states with the initial configuration of
T with Z as its implementation configuration. We also have to prove as a step case that
every transition taken by either T' with Z or P 7 z) can be exactly mirrored by P 7 z) or
T with Z s.t. after the transition, the implementation configuration is again equal to the
Turing machine configuration of T' with Z. To do this, we also have to prove that after any
transition taken, there is only a single non-null Control instance in the idle states reached.
From this, it follows by induction that P 7 z) and T' with Z have equivalent behaviour, so
P(r,z) is a correct implementation of 7" with Z and AuDalLa is Turing complete.

To prove that after initialization, the collection of idle states reached have the initial
Turing machine configuration of T with Z as their implementation configuration, we first
prove that the step init is deterministic. We then use this to prove the exact result of
executing #nit, by using Corollary 4.7.

Lemma 5.2. The execution of init in P(r 7y is deterministic.

Proof. The step init is only executed once, at the start of the program, by the null-instance
of Control (as no other instances exist). As only one instance exists, there cannot be a race
condition between two struct instances. Therefore init contains no race conditions. It then
follows by Lemma 4.4 that init is deterministic. []

Lemma 5.3 (Executing init in the initial state). Let P%(Tz) be the initial state at the
start of executing P 7 zy and let the input string Z = zq...z,. Executing the step init on
Pg(T’Z) results in a state Py with a single non-null Control instance such that (qo,tz) is the
implementation configuration of P;.

Proof. First, note that the initial state for P 7 7y, as defined in the AuDaLa semantics,
contains the schedule of P 7, the null-instances of all structs, and a stability stack. The
stability stack has no bearing on this proof, and will be disregarded. From Lemma 5.2,
we know that as only the null-instance of Control executes init, the execution of init is
deterministic.

Then let P; be an idle state reached by executing init from Pp e As written in line

43 of P(r,z), the null-instance of Control will create one additional Control instance. As no
other struct instances execute init, it follows that there will be a single non-null Control
instance in P;. Let this instance be ¢. From line 43 of Listing 6, we also know that ¢ will
have its state set to 0, which is the representation of ¢p.

We then prove that the function made according to Definition 5.1 in P; from the
TapeCells is tz. Due to Lemma 5.2, we can walk through Listing 5 sequentially. Then,
through multiple applications of Corollary 4.7, we know that the first part makes one
TapeCell instance for every z; € Z, and the second part then connects these to the correct
left and right neighbours. It follows that in P;, there exists a TapeCell for all symbols z; € Z,
and no others, s.t. every TapeCell z; is be connected to z;—1 and z;4; (if they exist) through



Vol. 22:2 EXPRESSIVITY OF AUDALA 5:17

parameters left and right respectively. The last line of init then sets the head parameter of
¢ to the TapeCell for zy. It follows that the function made according to Definition 5.1 is
indeed t.

Then the lemma holds: the implementation configuration of P is (qo,tz). L]

We then prove that taking a transition in the P 7 z) has the same effect as taking the
same transition in 7" with input string Z. We do this by first establishing that the step
transition taken from a state with a single non-null Control instance is deterministic, after
which we prove that all executions of {ransition taken in P(p 7y are deterministic (as there
will always be only a single Control instance). We then prove that executing some transition
from a configuration (g, t) in P(r,z) has the same resulting configuration as executing the
same transition from (¢, ¢) in 7" with Z. As a part of this, we also prove that no new Control
instances are made, as that would mean that the idle states reached would not have an
implementation configuration.

Lemma 5.4. Let P be an idle state reachable in P 1, z) with a single non-null Control
instance. Any execution of transition executed from P is deterministic.

Proof. As per Lemma 4.4, it suffices to prove that the execution contains no race conditions.
Due to the definition of transition (Listing 3), only one clause of the step will be executed.
Let ¢ be this clause. As there is only one non-null Control instance, let ¢y be the null-instance
of Control and let ¢; be the non-null instance of Control.

During the execution of transition by the null-instance of Control ¢y, all of the updates
executed by ¢y will be updates to parameters of null-instances (recall that cy.head = null).
As there is only one non-null Control instance c¢1, any race condition must involve both ¢g
and c1, and must then be a race for a null-parameter. However, race conditions require
at least one write to be performed to the variable and writes to null-parameters are not
performed (as per the semantic rule ComWrNSkip). It follows that the execution contains
no race conditions. []

Lemma 5.5. Every transition step executed in Pt zy is deterministic.

Proof. We prove by induction that every execution of transition in P(r z) starts from a
state with a single non-null Control instance. As a base case, the first execution of transition
starts from P; as defined in Lemma 5.3, which has a single non-null Control instance.

Then, let P; be a state with a single non-null Control instance from which transition is
executed for the ith time. Due to Lemma 5.4, we know that the execution of transition is
deterministic, so we can consider the sequential execution of transition. The step transition
is made up of multiple mutually exclusive clauses by definition. Let C' be the clause executed,
w.l.o.g., for this execution of transition. By the definition of C, in none of the statements in
C' a Control instance is created, as seen in Listing 3. It follows that the state P/ resulting
from the execution of transition will also have only a single non-null Control instance. By
Corollary 4.5, we know that eventually, from P/, a state P;y; is reached s.t. either the
schedule is empty or transition is executed again. If the schedule is empty in P11, every
execution of the step transition in P 7 ) will have been executed from a state with a
single non-null Control instance. Else, note that the Schedule Transitions as defined in the
semantics of P(p z) (Figure 1) do not change the struct environment, so P;1 will again
have a single non-null Control instance.

It follows that every step transition executed in P 7 ) will be executed from a state
with a single non-null Control instance. By Lemma 5.4, the lemma follows. []
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Lemma 5.6 (Effect of a transition execution). Let P be an idle state of P(r,z) from which
transition can be executed and let (q,t) be the implementation configuration of P. Let (q,t)
also be the current Turing machine configuration of T with input string Z. Then the result
of a transition in T is a configuration (¢',t') iff the result of executing the transition step
from P in P(r z) is an idle state P" such that (¢, 1') is its implementation configuration.

Proof. Let P and (q,t) be as defined in the lemma. Then by definition of P(7 z), there exists
a single transition that can be executed from P for P(r 7 iff §(¢,t) is defined. Additionally,
J is a partial function, so if §(g,t) is defined for (g, t) it is always uniquely defined for (g, t).

Let d(q,t) = (¢',s', D). Let D = R (the proof of D = L is analogous). Then as a
transition in 7' with Z is deterministic, by Definition 2.1, the resulting Turing machine
configuration of taking a transition from (g, t) is (¢, t'), with

2 ifi=-1
t'(i) = {

t(i+1) otherwise

Taking the transition from P for P(p z) is also deterministic (Lemma 5.5), and therefore
we can walk through the statements of the clause to determine its effect. By definition of
P(r,7), this clause is based on the template shown in Listing 3. Let ¢ be the single Control
instance that exists in P, and let h be the TapeCell instance which is referenced in the head
parameter of ¢. As per multiple applications of Corollary 4.7, the result of the transition is
that the state of ¢ is updated to ¢’, the symbol of h is updated to 2’, the accepting parameter
of ¢ is updated to whether ¢’ € F' and that the head parameter of ¢ shifts one TapeCell to
the right (making a new TapeCell if required).

Creating a function of the TapeCells as in Definition 5.1 then results in function ¢”,
sit. t"(=1) = 2/ and t"(i) = t(i + 1) for all i # —1. It follows that ¢ = t/. Then, by
Definition 5.1, the implementation configuration of the resulting state is (¢’,t'). ]

Theorem 5.7. AuDalLa is Turing complete.

Proof. We prove this by induction, with as base case that after initialization, both the P 7 z)
and the turing machine T with input string Z have configuration (qo,tz). For T with Z,
this follows by definition, and for P 7 z), this follows from Lemma 5.3. Then, as the step
case, we prove that when 7' with Z and P z) both start from configuration (q,t) and take
the same transition, both end up in configuration (¢’,¢). This follows from Lemma 5.6.
We conclude that 7" with Z and P(r, z) have the same behaviour, and therefore P 7 7 is a
correct implementation of 7' with Z in AuDalLa. Therefore, AuDalLa is Turing complete. []

6. ADAPTATIONS

In this section, we discuss several potential adaptations for the AuDalLa semantics which
increase practical expressivity. First, we discuss the adaptation of the schedule to allow for
more diverse looping structures, and then we will discuss the addition of array-like structures
to AuDaLa. This will include additions to the syntax and semantics of AuDala. Here,
we consider the adaptations in this section separately from each other, and that for all
adaptations we extend the original semantics of AuDal.a, as discussed in Section 2.2. At
the end of the section, we include a short discussion on these additions.
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6.1. Schedule Adaptations. In AuDalLa, the schedule controls the flow of the program,
using steps, barriers and fixpoints, as discussed in Section 2.2.

The fixpoint has two main components as a looping structure. First, it requires
synchronisation between all struct instances in each iteration of the loop. Second, it requires
that the whole system is stable for the loop to terminate. For the schedule adaptations, we
will first relax the second requirement, introducing a possible addition of parameter-specific
fixpoints, which only require certain parameters to be stable. Then, we will relax the first
requirement and give a possible addition of iterators, which removes the synchronisation
requirement for fixpoints.

6.1.1. Parameter-specific fizpoints. In AuDalLa, fixpoints require that after the execution of
the fixpoint every parameters in the entire system is stable. This is convenient theoretically,
as this is a strong guarantee for the contents of a state after fixpoint termination. In practice,
however, it could be useful to limit the relevant parameters for the fixpoint.

To illustrate this, we have created a program based on the reachability example given
earlier. It is displayed in Listing 7. The goal of this program is not only to compute which
nodes are reachable, but also to count the iterations necessary to do so. The program does
this by counting the iterations of the fixpoint in a parameter count.

This program, however, will never become stable, as count is a parameter. Furthermore,
as the value of count stays relevant between iterations of the fixpoint, count must be a
parameter. The only way to mitigate that this program never becomes stable, is to make the
program more complicated by computing stability of the graph during the step reachability
and somehow making that available to all edges, which would be undesirable. To that end,
it may be useful to limit the relevant parameters for the fixpoint to exclude the parameter
count, which is not stable by design.

To limit the relevant parameters for a fixpoint, we add parameter-specific fizpoints:
special fixpoints which allow us to specify the parameters the fixpoint requires to be stable.
Note that we still consider fixpoints unstable when new struct instances are made during
the execution of an iteration of the fixpoint. For this, we expand the syntax of schedules
to allow fixpoints of the form: “Fiz(sc : x1,x9,...)", where sc is the subschedule to be
executed and x1, 9, ... are the variables which to be stable for the fixpoint to terminate.
Note that this could be straightforwardly extended in the case the variables need to be
uniquely identified with their struct types. In our example in Listing 7, we replace the
fixpoint with “Fiz(reachability : reach)”, which makes the program work as intended.

To allow the parameter-specific fixpoints in the syntax of AuDala, we have to add an
additional entry ‘Fix’(’(Sched)‘:’(Vars)‘)’ to the syntax for the schedule, which represents
a parameter specific fixpoint. Here, (Vars) gives the parameters relevant for this fixpoint,
with (Vars) := (Var)(AVars) and (AVars) == *,"(Var)(AVars) | e.

Let P be a program for which the semantics is defined. We then change the definition
of the semantics as follows to be able to use parameter-specific fixpoints. First, we adapt
the state to include a stability function, which is a total function which keeps track of
which fixpoints depend on which variables. This function has type N — Parp — B and
is initialized as false for all input pairs (i,z) € N x Parp. This function is called during
a write to check whether this write is relevant for the stability of the fixpoints. To avoid
unnecessary complication, we assume that every parameter name is unique; to remove this
assumption, make the stability function type N — (Type x Parp) — B instead. The function
sf can be seen as a stack of functions, where sf (k) denotes which parameters are relevant
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struct Node (reach: Bool) {}

struct Edge (in: Node, out: Node, diam: Int) {
reachability {
count := count + 1;
if (in.reach = true) then {
out.reach := true;
¥
}
init {
Node nodel := Node(true);
Node node2 := Node(false);
Node node3 := Node(false);
Node node4 := Node(false);
Node nodeb := Node(false);
Edge edgel2 := Edge(nodel, node2, —1);
Edge edgel3 := Edge(nodel, node3, —1);
Edge edge23 := Edge(node2, node3, —1);
Edge edge34 := Edge(node3, node4, —1);
Edge edgeb1 := Edge(nodeb, nodel, —1);
}

init < Fix(reachability)

Listing 7: Counting Reachability.

for the kth fixpoint currently initialized. The new state is then defined as a four-tuple
(Sec,0,sx, sf), with Sc the schedule, o the struct type environment, sy the stability stack
and sf : N — Parp — B the stability function.

For our initial state, we define the function sf°, which returns false for all input pairs
(i,z) € N x Parp, which is added as the fourth element of the initial state.

For the transition rules, we define the function sf? : Parp — B, which returns true for
all inputs « € Parp. We change the rule ComWr to the following rule ComWrN, which
ensures that the stability stack is only reset when the relevant variables are changed. The
changed parts of the rule are highlighted.

o(f) = (0, wr(z); v, x; 00, €)
o(l') = (0,7, X', &)
¢ L0V ¢ Par(0,P)
su = (x ¢ Par(0',P) Vv (z) =)
(5,0, 50 8 = (5e, o1l = (0,7 €4 £z o ],

sx1 A (suV asf(1)() 5.5 X5 A (s V =sf(Isx[)(2)) , sf )

In ComWrN, as in ComWr, su is true when x is not a parameter changed by the application
of this rule. However, due to the addition of parameter-specific fixpoints, even if x is a
changed parameter, whether the entries of the stability stack need to be reset to false also
depends on whether x is relevant for the entries. Let sx; be one of the entries of the

(ComWrN)
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stability stack. Then whether x is relevant for the kth currently initialized fixpoint is saved
in sf(k)(z): if x is relevant, sf(k)(x) = true. Then sx; should only be reset to false (if it
isn’t false already) if x is a relevant, changed parameter, which is reflected in updating sx,
to sx A (su V sf(k)(x)).

We also adapt the rule FixInit into the rules FixInitG (for the general case) and
FixInitS (for parameter-specific fixpoints), which properly initiates the function sf for every
fixpoint. Let X C Parp be some list of parameters. The differences between the new rules
and FixInit are highlighted.

Done(o)
k=|sx|+1
(FixInitG)
(Fiz(F); Fy,0,5x, sf ) = (F; aFiz(F); Fy, 0, sx; true, sflk — sfy |)
Done(o) k=|sx|+1
X=z,...,2, ZT1,...,Tn € Parp
sf' = sf|x — sfg)c[{wl — true, ..., Ty —> truel]]
(FixInitS)

(Fiz(F : X ); F1,0,8x, sf ) = (F; aFiz(F); F1, 0, sx; true, sf’)

In these rules, we correctly initialize normal fixpoints to fixpoints dependent on every
parameter (as shown by setting sf (k) to sf?) and parameter specific fixpoints to fixpoints
only dependent on the given parameters and no others (as shown by the definition of sf’
and overwriting sf (k) with sf’. We adapt the rules FixIter and FixTerm into the rules
FixIterN and FixTermN as follows. Differences are again highlighted.

Done(o)
(FixIterN)
(aFiz(sc) < sc1,0,sx; false, sf ) =p (sc < aFix(sc) < sc1,0,sx; true, sf )
Done(o)
(FixTermN)

(aFiz(sc) < scy,0,s); true, sf ) =p (sc1,0,sx, sf )
These rules are not significantly different from FixIter and FixTerm, as both resetting
and initializing levels of sf happens simultaneously in FixInitG and FixInitS. For the

command rules, we then also add sf to both the state before and after the transition, much
like in FixIterN and FixTermN.

6.1.2. Iterators. In AuDalLa, fixpoints require that between iterations, there is a synchroni-
sation for all struct instances, through the use of the Done-predicate in the transition rules.
This is due to the fact that the rules FixIter and FixTerm require the Done-predicate to
be true for the state it is taken from in the semantics of AuDaLa (see also Section 2.2). This
makes the program more understandable, as it provides a strong guarantee for the status of
variables between the executions of the fixpoint.

However, this also inhibits performance, as synchronisation leads to overhead and there
are programs for which a strong guarantee on the status of variables between executions is
not necessary for understandability. For example, consider again Listing 1 for computing
reachability. While we could synchronise between the different iterations of the reachability
step, this does not lead to a better understanding, less write-write race conditions or other
benefits. Though a straightforward extension may be an alternative barrier which does not
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require synchronisation, we believe that this will remove much of the structure and simplicity
of AuDalLa. Therefore, we instead introduce an unsynchronised loop: the iterator, where
the lack of synchronisation is contained within the iterator only.

The iterator takes the form Iter(F; Fp; Fs;...), with every occurrence F; a step name.
For this extension, we do not allow iterators or fixpoint nested into iterators (though an
iterator nested into a fixpoint is allowed). During execution, the iterator will loop over these
steps. With S; the statements of the step Fj, every iteration, all struct instances execute the
commands generated by [S1;S2;Ss;. . .], if they have any. If any struct instances which had
commands are finished executing their commands, the iterator can check whether the system
is stable. If it is not, then the iterator will make sure that for all struct instances that have
to execute commands, there is at least one more iteration of the commands at the end of the
command list. The iterator terminates when there are no more commands to execute and
the system is stable. This results in a loop where struct instances asynchronously execute
the sequence of steps included in the iterator until the system is stable.

For example, if we were to execute the step reachability with an iterator, we would put
“Iter(reachability)” in the schedule. This would cause the struct instances to asynchronously
execute multiple iterations of the step reachability, until the system is stable. Here, as the
struct instances of Node do not execute any commands for the step reachability, they are
not taken into account for the iterator. If we had another step step, we could then also call
“Iter(reachability; step)”. This would cause the struct instances to asynchronously execute
multiple iterations of the statements of reachability followed by the statements of step (if
the struct instance has commands for these steps), until the system is stable.

To implement our iterator, we extend AuDal.a’s syntax by adding the option ‘Iter
‘("(StepList)*)’ for the schedule, where (StepList) ::= (Id) | (Id); (StepList), where the (Id)
occurrences are type checked to be step names. This step list holds the steps to be executed
during the iterator, which are executed without synchronisation in between.

In the remainder of this section, let P be some program. We need to add transition rules
to be able to implement the iterator, which are based on the transition rules for fixpoints.
First, we add a rule to initialize iterators. This rule, IterInit, initialises the iterator and
also introduces the meta-schedule element alter, which denotes an iterator which has been
started but has not finished yet. We use F'* to denote a list of one or more steps. We define
the function I(¢, F*) with £ € £ and F* = Fy;...; F,, which returns the list of commands
[[S;; ;.. [[Sé; "]. Recall from Section 2.2 that C is the set of all commands. Changes from
the rule FixInit are highlighted.

9

Done(o)

(IterInit)
(Iter(FT) < sci,0,sx) =p (alter(FT) < scy,

o[{l— (O, I(6, FT) e, &, true) | o(€) = (0o, ve, x0: Ee}], 5X; true)

In the second rule, we define when an iterator needs to do another iteration. This rule works
as follows: When a struct instance is done executing all steps of the iterator, and the stability
stack is false, then either some other struct instance caused this instability or the current
struct instance did. As we cannot discount either option, it follows that all struct instances
should execute the steps from the iterator at least one more time before the iterator can be
considered stable. Therefore, the rule tops up the commands of all struct instance s.t. their
command lists end in exactly one full list of commands as generated by the steps in the
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iterator. The rule also sets the stability stack to true. This is safe: every struct instance will
execute the steps at least one more time, so the execution of the iterator cannot stop before
at least one full iteration has happened in which no parameter was changed and no struct
instances were created. This means that the iterator successfully computes a fixed point
when it terminates with this iteration transition rule. Note that in this rule, ¢’ is universally
quantified.

e Lol)={0,e,x,E) N, FT) #¢)
{(alter(FT) < sc1,0,s; false) =p (alter(F1) < scq,
al{t' = Or, v I, FT), xe, €0) |
a(l') = 0,70 X, €0) N € C(ye =5 I(E, FT))}], sx; true)

In the third rule, which can be taken when the iterator is stable and every struct instance is
done, the iterator terminates.

(IterIter)

Done(o)

(IterTerm)
(alter(FT) < sci,0,sx;true) =p (sc1,0,sX)

With the first rule, we satisfy that the iterator requires a synchronisation before starting
its execution. In the second rule, we allow struct instances to start new iterations of the
iterator step without synchronisation, and with the third rule, we require a synchronisation
before the loop terminates. This satisfies the first requirement. The commands put on
the command lists of struct instances in the first and second rules are generated from the
entire subschedule inside the iterator. As commands are run asynchronously, it follows that
the second requirement also holds. The third requirement holds because AuDala syntax
does not permit fixpoints or iterators nested in iterators when expanded with the syntax
additions given above. It follows that these extensions correctly implement the iterator as
intended into the semantics of AuDalLa.

We can use the iterator to create better code for AuDal.a reachability, by changing
Listing 1’s schedule to the schedule given below:

init < Tter(reachability)

Listing 8: New Schedule for Listing 1

6.2. Arrays. Arrays offer a quick way of grouping elements which allows for quick access
due to insights in how things are stored in the memory. AuDal.a does not naturally support
dynamically-sized arrays. This is due to the fact that while AuDal.a does not assume a
memory implementation, it does require that all struct instances only have a constant-sized
amount of memory to their disposal, as AuDala focuses on small data elements.

As arrays are widely used in other programming languages and algorithms, supporting
arrays may make it easier for people used to those other languages and algorithms to adopt
AuDaLa. Furthermore, it may make it easier to translate existing implementations to
AuDaLa. It would allow open up the possibility to leverage the constant time access arrays
are known for in AuDal.a. Therefore, we propose one way to extend AuDal.a with support
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for arrays. This would allow people to use arrays with AuDaLa, and would allow people to
leverage the constant time access inherent to them as well.

To adopt arrays in AuDala, we introduce a new, special array instance. The idea is
that this array instance owns an array and saves the array starting address and size. As with
conventional arrays, while the size may be chosen dynamically upon initialization, it may
not be changed after the array has been initialized. The array is then filled with labels of
struct instances, functioning as links to those struct instances. Each element can be accessed
through indirect access. Note that this keeps the assumption of constant-sized memory
intact for non-array instances, which we prefer over just building in arrays by abolishing
the assumption entirely. In this extension, we also consider every entry of an array to be a
parameter, to keep the extension simple.

First, we add the new expression ‘array’((Fzp)) to the syntax of AuDalLa. This
expression reflects the creation of a new array. The expression contained in it represents
the size of the array. When type checking, the inner expression should resolve to a natural
number larger than 0, and the whole program should again be well-typed.

When accessing variables, we allow for variable accesses of the type a[E], where a[E] is
an array access with £ an expression. Accesses can be chained with other variable accesses
when necessary. This is reflected by changing the syntax for variables to

(Var) =:= (Var).(Id) | (Var) ['(Exp)‘]’ | (Id)

We add the type checking requirement that the expression in the square brackets has to
resolve to a natural number and that if there is an array access a[F1]-- - [E,] in the syntax,
a must be of type Array,(--- (Array, (T))) for some T'. We also require updates of arrays to
be well-typed. Lastly, we consider “array” to be a protected word in the syntax.

We also allow for a new expression (Var)‘.s’, which returns the size of the array given
for (Var). During type checking, we require ( Var) to refer to an array.

Note that in this extension, we have not included array initializations like “Int[2] a :=
{0,1}”, as we would like to keep our commands as simple as possible. We are therefore not
inclined to introduce some kind of multiwrite command. This means that the commands
generated from a statement like the one given above would not be significantly different
from the statements “Array(Int) a := array(2); a[0] :=0; a[1] :=1;".

Let P be an arbitrary program. We create a new set Typesp = Op U{N,Z, B, String} U
Types%; U Types% U..., where

Typesp = { Array € Op} U{Array(N), Array(Z), Array(B), Array(String
b ={Array(9) |0 € © A A A Array(S

and Typest, = {Array(T) | T € Typesiy '} in the semantics. We also define that in the
semantics, arrays are labelled using the set L% C L.

Arrays are dependent on the memory. To that end, and to keep the struct environment
separate from hardware dependent memory, we add a memory function M : A — 'V to the
semantic state, with A a set of memory addresses and V the set of all values (with A C N).
This function models the hardware memory, where the addresses for which it is defined are
allocated addresses. We also define that our set N must include the number 0. We consider
the empty address to be an abstract, non-existent address «y.

We define an array instance a as a tuple (a, s), which contains the address o at which
a starts and the size s of a. We save array instances in the struct environment (and extend



Vol. 22:2 EXPRESSIVITY OF AUDALA 5:25

the struct environment to facilitate this). Lastly, we extend the null-instances with a null-
instance (ap, 0), with label £§. We extend defaultVal such that defaultVal(Array(T')) = €§
for any T' € ©%.

To work with arrays, we create the commands rdA and wrA with x € Varp U Parp to
read from and write to a location of an array. We also add the new commands arr(7"), with
T € ©%, and asize which takes a variable x € Varp U Parp and retrieves the size of the
array saved under x.

For the interpretation function, we remove the interpretation function clauses [z1. -+ .a,],
[T x := E] and [z1,- -+ ,z,.2¢ := E] and we add the following clauses for variables, with
expressions F and E’, sequences of variables X, X; and X5 and single variable x. Here, X
is a variable expression as constructed by the syntax above. We use the notation X[E] to
denote that the last (Var) element of X is an array access element “[E]” and we use the

2

notation X.z to denote that the last (Var) element of X is a variable access element “.z”.

[z] = push(this);rd(z)
[X[E]] = [X]; [E]; rdA
[X.z] = [X];rd(2)
[ := E'] = [E']; push(this); wr(z)
[X[E] == E'] = [E']; [X]; [E]; wrA
[X.z = B] = [E]; [X]; wr(2)
[T X :=FE]=[X:=FE]

We also add the following clauses to deal with array creation and requesting the size of an
array:

[array' ()] = [E]; arr(T)
[X.s] = [X]; asize

We then add new operational semantics rules to reflect reading from an array (ComRdA),
writing to an array (ComWrA), getting the size of the array (ComArrs) and creating an
array (ComArr). We also adapt the other operational semantics to include M into the
state. The rule ComRdA given below is based on the rule ComRd, with changes to access
the memory instead of variable environments and to use the command RdA. Note that the
location is realized as a displacement from the memory address of the array. Changes from
ComRd are highlighted.

o(l) = (0, rdA;v, x; 50, §)

o(l')={(a,8) v<s M(a+wv)is defined
(ComRdA)

(Sc,0, M, sx) =p (Sc,all — (0,7, x; M(a+0v),&)], M, sx)

The rule ComWrA given below is based on ComWr. Like ComWr, it keeps track of
whether it has to update the stability stack if the array is changed and the array is a
parameter, though this means that in the end, three entries of the struct environment are
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integral to the functioning of this command.
o(f) = (0, weA; vy, ;o5 6502 ,6)  o(l) = (a,s)
¢ ¢ r° v < 8 su=(M(a+wv2) =1v1)

(ComWrA)
<SC7 0-7 M? SX> :> <SC70-|:/€ H <97 ’Y’ X7 §>]7

M(a +v2) = vi], sxq A su; .. 58X A SU)

The rule ComAsize given below is also based on ComRd, and returns the size of an array.
The differences with ComRd are highlighted.

o(l) = (0, asize;y, x; €' &)
o(l') = (a,s)

(ComAsize)
(S¢,0, M, sx) = (Sc,oll = (0,7, x;18,§)], M, sx)

The last new rule is ComArr, which creates a new array. This rule is based on ComCons,
and differences with that rule are highlighted. Note that ¢ is a fresh label in this rule,
signified by o(¢') = L.
o(t) = (0, are(T); 7, x; 8 , &)
seN s>1 M is not defined for a, ..., (a+s) o(l)=_1

(ComArr)

M[{a; = DefaultVal(T) | o € a,. .., (a+ 5)}], sX)

With the rule ComArr, we can now make array instances, allocating them a sequence
of unallocated addresses. We can also get the size of the array through the addition .s
behind an array variable x, which is then handled by the transition ComAsize, induced
by the asize command. We can lastly read and write from those arrays using conventional
block-parenthesis notation, and the locations we read and write to can be determined
dynamically. This satisfies our expectations for an array. Note that this extension does not
include the destruction and deallocation of arrays.

With this extension, we are able to reimplement reachability to use arrays, as shown
in Listing 9 (based on Listing 1). As you can see in the Listing, arrays make the system
smaller, but as loops are contained in the schedule, one cannot employ a for-loop to walk
through all array instances in a single step, and the code must be adapted for this.

6.3. Discussion. In this section, we presented three extensions for AuDal.a to allow for more
streamlined and conventional programming in AuDala. These extensions are reasonably
simple and therefore follow AuDala’s goals of being a small programming language. Of
these extensions, we think that the extension for parameter-specific fixpoints has the most
merit, as it simplifies AuDala code and allows for more concise programs, which plays
into AuDala’s goals. We also estimate that it should be relatively easy to implement this
extension and not have too much overhead in the execution time of AuDalLa programs, as
part of the stability function can probably be derived at compile time.

The iterator increases the amount of parallelism in the schedule and therefore follows the
goals of AuDala to have as much parallelism as possible, but for this extension in particular
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Ul ok W N =

struct Node (reach: Bool, succ: Array(Node), done: Nat) {
reachability {
if (reach = true) then {
if (done < succ.s){
succ[done].reach := true;
done := done + 1;

}
}
}

init {

Node nodel := Node(t ), 0);

rue, array

(1 (2

Node node2 := Node(fdk( array(1), 0);
Node node3 := Node(false, array(1), 0);
Node node4 := Node(false, null, 0);
nodel.succ[0] := node2;

nodel.succ[1] := node3;

node2.succ[0] := node3;

node3.succ[0] := node4;

21|}
2}

23|init < Fix(reachability)

Listing 9: AuDala code for a reachability program on a small graph using arrays

it would be important to test the extension to find out the impact it has on the speed of
execution of AuDalLa iterators compared to fixpoints before adding it. If it does not have too
much of a negative impact on execution speed, this would be a good extension for AuDalLa.

The array extension is directly and theoretically useful to convert older parallel algorithms
to AuDalLa and because many programmers will already be used to them. However, the
impact on the efficiency of AuDalLa will have to be tested. Additionally, using arrays may
lead to less parallel code: traversing an array is a sequential process, which can lead to a
delayed application of new information to elements in the array. For example, where in
Listing 1 the edges propagated reachability information obtained the next step without extra
delay, the first Node in Listing 9 will only try to set Node 3 to reachable in the second step.
As separating steps from loops is a fundamental design choice of AuDala, we furthermore
do not think it is a good idea to solve this problem by introducing limited loops in the steps.
However, even if it were solved that way, such a simple array traversal loop would make step
execution less uniform and more sequential, as the struct instance with the longest array
walked through now has to finish before the next step can be executed, and it could be that
this array is significantly larger than the other arrays. Lastly, our current array extension
considers all elements of any array to be parameters, which is a problem for fixpoints if
a step uses a local array. To solve this, one will most likely have to start counting per
array which parameters it is the value of, leading to more complicated extensions and read
and write procedures. We therefore estimate that to make an array-like structure work in
AuDalLa, more extensive extensions outside of the scope of this paper would be required,
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and would require a consideration of how arrays should be defined beyond the standard to
work best in AuDalLa.

We have kept ourselves to extensions that increase the practical expressivity in some
way. Two important extensions that this paper did not cover are an extension for AuDalLa
to do garbage collection and also remove struct instances, and an extension to include
inheritance in AuDalLa and to be able to import and create packages and templates of
structs in some way. As both of these extensions are significant and will most likely impact
the basis of AuDaLa (for example, garbage collection and destroying struct instances will
most likely impact the corollaries used in the Turing completeness proof), they will require
a careful approach to implement them and we therefore deemed them outside of the scope
of this paper. A similarly significant extension that does impact expressivity is to have
an asynchronous separator which does separate steps but does not require synchronisation
in between, which will at the very least impact the structured approach of AuDaLa and
requires careful design outside of the scope of this paper. These three extensions are thus
left for future work.

For this paper, we have not implemented and tested these extensions. We consider this
the limitation of the currently expressed extensions, as the practical usability of AuDal.a is
important, despite it not being our foremost concern. Additionally, to formalize the exact
effects of the extensions on AuDal.a executions, we could develop a formal proof system for
AuDala, extend it for each of the extensions and prove it sound.

7. CONCLUSION

In this paper, we have proven AuDal.a Turing complete by giving a method to implement
any Turing machine in AuDalLa. Additionally, we have explored the practical expressivity of
AuDalLa by seeking out the limits of AuDal.a’s syntax and presented extensions to AuDaLa
to overcome these limits. With this paper and the papers by Leemrijse et al. [LFN25, Lee23],
we have made a case that AuDal.a is practically feasible, general-purpose and reasonably
adaptable to specific purposes. This sets the basis for AuDalLa to be generally applicable.

However, more work can be done to streamline AuDala’s use enough to make it a more
attractive option for applications. First of all, we should make some theoretical applications
that capitalize on AuDalLa’s theoretical foundation, like a proof system for AuDalLa. On
the practical side, there are at least two larger extensions that AuDala could benefit from,
garbage collection and package management, which could be incorporated into AuDal.a.
Additionally, we can continue our search for useful AuDaLa extensions and optimize the
practical expressivity of AuDaLa more.
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