Logical Methods in Computer Science
Volume 22, Issue 2, 2026, pp. 16:1-16:31 Submitted May 20, 2025
https://Imcs.episciences.org/ Published May 07, 2026

DETERMINISTIC SUFFIX-READING AUTOMATA

R KEERTHAN ©°, B SRIVATHSAN ©°, R VENKATESH ®°, AND SAGAR VERMA ©°

@ Tata Consultancy Services Innovation Labs, Pune, India & Chennai Mathematical Institute, India
e-mail address: keerthan@cmi.ac.in

® Chennai Mathematical Institute, India & CNRS IRL 2000, ReLaX, Chennai, India
e-mail address: sri@cmi.ac.in

¢ Tata Consultancy Services Innovation Labs, Pune, India
e-mail address: venkatesh.rv@gmail.com, verma.sagar2@tcs.com

ABSTRACT. We introduce deterministic suffix-reading automata (DSA), a new automaton
model over finite words. Transitions in a DSA are labeled with words. From a state, a
DSA triggers an outgoing transition on seeing a word ending with the transition’s label.
Therefore, rather than moving along an input word letter by letter, a DSA can jump along
blocks of letters, with each block ending in a suitable suffix. This feature allows DSAs to
recognize regular languages more concisely, compared to DFAs. In this work, we focus on
questions around finding a “minimal” DSA for a regular language. In this context, the
number of states is not a faithful measure of the size of a DSA, since the transition-labels
contain strings of arbitrary length. Hence, we consider total-size (number of states +
number of edges + total length of transition-labels) as the size measure of DSAs.

We start by formally defining the model and providing a DSA-to-DFA conversion that
allows to compare the expressiveness and succinctness of DSA with related automata
models. Our main technical contribution is a method to derive DSAs from a given DFA:
a DFA-to-DSA conversion. A surprising observation is that the smallest DSA derived
from the canonical DFA of a regular language L need not be a minimal DSA for L. This
observation leads to a fundamental bottleneck in deriving a minimal DSA for a regular
language. In fact, we prove that given a DFA and a number k£ > 0, the problem of deciding
if there exists an equivalent DSA of total-size < k is NP-complete. On the other hand, we
impose a restriction on the DSA model and show that our derivation procedure can be
adapted to produce a minimal automaton within this class of restricted DSAs, starting
from the canonical DFA.

1. INTRODUCTION

Deterministic Finite Automata (DFA) are fundamental to many areas in Computer Science.
Apart from being the cornerstone in the study of regular languages, automata have been
applied in several contexts: such as text processing [MMWO09], model-checking [CGK™18§],
software verification [BJNT00, BHV04, GHO1|, and formal specification languages [Har87].
The popularity of automata has also led to the development of several automata handling
libraries [LMS22].

A central challenge in the application of automata, in almost all of these contexts, is
the large size of the DFA involved. Although automata are an intuitive way to describe
computations using states and transitions, their descriptions are at a low level, resulting
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in automata of large size for non-trivial applications. Our objective in this paper is to
investigate an automaton model with a more concise representation of the computation.
Non-determinism is one way that is well-known to give exponential succinctness. However, a
deterministic model is useful in formal specifications and automata implementations. The
literature offers several ways to tackle the problem of large DFA size, while staying within
the realm of determinism. In this work, we propose a new solution to this problem.

The size of a DFA could be large due to various reasons. One of them is simply the
size of the alphabet. For instance, consider the alphabet of all ASCII characters. Having
a transition for each letter from each state blows up the size of the automata. Symbolic
automata [VHLT12, DV17] have been proposed to handle large alphabets. Letters on the
edges are replaced by formulas, which club together several transitions between a pair of

states into one symbolic transition. If the domain is the set of natural numbers, a transition

odd(), ¢’ with a predicate odd(x) is a placeholder for all odd numbers [D’A]. Symbolic

automata have been implemented in many tools and have been widely applied (see [D’A] for
a list of tools and applications).

In text processing, automata are used as an index for a large set U of strings. Given
a text, the goal is to find if it contains one of the strings from the set. A naive DFA
that recognizes the set U is typically large. Suffiz automata (different from our model of
suffiz-reading automata) are DFA that accept the set of all suffixes of words present in U.
These automata are used as more succinct indices to represent U and also make the pattern
matching problem more efficient [MMWO09].

Another dimension for reducing the DFA size is to consider transitions over a block
of letters. Generalized automata (GA) are extensions of non-deterministic finite automata
(NFAs) that can contain strings, instead of letters, on transitions. A word w is accepted if
it can be broken down as wjws . ..wy such that each segment is read by a transition. This
model was defined by Eilenberg [Eil74|, and later Hashiguchi [Has91] proved that for every
regular language L there is a minimal GA in which the edge labels have length at most a
polynomial function in m, where m is the size of the syntactic monoid of L.

Giammarresi et al. [GM99] consider Deterministic Generalized Automata (DGA) and
propose an algorithm to generate a minimal DGA (in terms of the number of states) in which
the edges have labels of length at most the size of the minimal DFA. The algorithm uses a
method to suppress states of a DFA and create longer labels. The key observation is that
minimal DGAs can be derived from the canonical DFA by suppressing states. The paper
also throws open a more natural question of minimality in the total-size of the automaton,
which includes the number of states, edges and the sum of label lengths.

A natural extension from strings on transitions to more complex objects is to consider
regular expressions. The resulting automaton model is called Ezpression automata in [HWO04].
Expression Automata were already considered in [BM63| to convert automata to regular
expressions. Every DFA can be converted to a two state expression automaton with a regular
expression connecting them. A model of Deterministic Ezpression automata (DEA) was
proposed in [HWO04]. To get determinism, every pair of outgoing transitions from a state is
required to have disjoint regular languages, and moreover, each expression in a transition
needs to be prefix-free: for each w in the language, no proper prefix of w is present in the
language. This restriction makes deterministic expression automata less expressive than
DFAs: it is shown that DEA languages are prefix-free regular languages. An algorithm to
convert a DFA to a DEA, by repeated state elimination, is proposed in [HWO04]. The resulting



Vol. 22:2 DETERMINISTIC SUFFIX-READING AUTOMATA 16:3

Figure 1: DSA for out-of-context else

DEA is minimal in the number of states. The issue with generic Expression automata is the
high expressivity of the transition condition, that makes states almost irrelevant. On the
other hand, DEA have restrictions on the syntax that make the model less expressive than
DFAs. We consider an intermediate model.

Our model. In this work, we introduce Deterministic Suffiz-reading Automata (DSAs). We
continue to work with strings on transitions, as in DGA. However, the meaning of transitions

is different. A transition ¢ abba, q' is enabled if at g, a word w ending with abba is seen,
and moreover no other transition out of ¢ is enabled at any prefix of w. Intuitively, the
automaton tracks a finite set of pattern strings at each state. It stays in a state until one of
them appears as the suffiz of the word read so far, and then makes the appropriate transition.
We start with a motivating example. Consider a model for out-of-context else statements, in
relation to if and endif statements in a programming language. Assume a suitable alphabet
Y of characters. Let Leise be the set of all strings over the alphabet where (1) there are no
nested if statements, and (2) there is an else which is not between an if and an endif. A
DFA for this language performs string matching to detect the if, else and endif. The DSA
is shown in Figure 1: at sq, it passively reads letters until it first sees an if or an else. If it
is an if, the automaton transitions to s;. For instance, on a word abf4fgif the automaton
goes to s1, since it ends with if and there is no else seen so far. Similarly, at s it waits for
one of the patterns if or an endif. If it is the former, it goes to s3 and rejects, otherwise it
moves to sg, and so on. (Note: in case of multiple matches, the longest match is selected.
This avoids non-determinism when reading endif)

Suffix-reading automata have the ability to wait at a state, reading long words until
a matching pattern is seen. This results in an arguably more readable specification for
languages which are “pattern-intensive”. This representation is orthogonal to the approaches
considered so far. Symbolic automata club together transitions between a pair of states,
whereas DSA can do this clubbing across several states and transitions. DGA have this
facility of clubbing across states, but they cannot ignore intermediate letters, which results
in extra states and transitions.

Overview of results. We formally present deterministic suffix-reading automata and its
semantics, quantify its size in comparison to an equivalent DFA, and study an algorithm to
construct a DSA starting from a DFA. This is in the same spirit as in DGAs, where smaller
DGAs are obtained by suppressing states. For automata models with strings on transitions,
the number of states is not a faithful measure of the size of a DSA. As described in [GM99|
for DGAs, we consider the total-size of a DSA which includes the number of states, edges,
and the sum of label lengths. The key contributions of this paper are:
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Introduction to the DSA model. We formally present deterministic suffix-reading au-
tomata (Section 3), and compare its size to DFAs and DGAs (Section 4). We prove that
DSAs accept regular languages, and nothing more. Every complete DFA can be seen as a
DSA. For the converse, we prove that for every DSA of size k, there is a DFA with size at
most 2k - (1 + 2|X|), where ¥ is the alphabet (Lemma 4.3, Theorem 4.5). This answers the
question of how small DSAs can be in comparison to DFAs for a certain language : if n is
the size of the minimal DFA for a language L, minimal DSAs for L cannot be smaller than
m. When the alphabet is large, one could expect smaller sized DSAs. We describe
a family of languages L, with alphabet size n, for which the size of the minimal DFA is
quadratic in n, whereas size of the corresponding DSA is a linear function of n (Lemma 4.4).

Complexity of minimization. We focus on the minimization problem for DSAs in this
paper. Minimization for DFAs can be done efficiently in polynomial-time, thanks to the
Myhill-Nerode characterization. For DGAs, [GM99| provides a polynomial-time method to
find DGAs with smallest number of states, starting from the canonical DFA. For DSAs we
prove the following problem to be NP-complete in Section 8: given a DFA and a number &,
does there exist a language equivalent DSA with total size at most k7 This result exhibits
an inherent difficulty in minimizing DSAs.

A method to derive small DSAs from a given DFA. Similar in spirit to the work
on DGAs, we would like to be able to get small DSAs starting from a given DFA. Our
main technical constribution is a procedure to derive language equivalent DSAs from a
given complete DFA. Of course, the given complete DFA itself can be considered as a DSA.
However, our goal is to generate DSAs with as small a total size as possible.

e The DFA-to-DSA derivation method is presented in Section 5. In a nutshell, the derivation
procedure selects subsets of DFA-states, and adds transitions labeled with (some of) the
acyclic paths between them. The technical challenge lies in identifying sufficient conditions
on the selected subset of states, so that the derivation procedure preserves the language
(Theorem 5.9).

e We remark that minimal DSAs need not be unique, and make a surprising observation:
the smallest DSA that we derive from the canonical DFA of a language L need not be
a minimal DSA. We find this surprising because (1) firstly, our derivation procedure is
surjective: every DSA (satisfying some natural assumptions) can be derived from some
corresponding DFA (Proposition 6.2), and in particular, a minimal DSA can be derived
from some DFA; (2) the observation suggests that one may need to start with a bigger
DFA in order to derive a minimal DSA — so, starting with a bigger DFA may result in a
smaller DSA (Section 6).

e Inspired by the above observation, we present a restriction to the definition of DSA, called
strong DSA (Section 7). We show that minimal strong DSAs can in fact be derived from
the canonical DFA, through our derivation procedure. This provides more insights into our
derivation procedure and in some sense explains better the capabilities of our procedure.

This introductory work on DSAs opens several threads for future research. We discuss a
few of them in the Conclusion (Section 9). A shorter version of this work appeared in the
conference proceedings [KSVV24|. In the current version, Section 7 is completely new and
does not appear in the conference proceedings.
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Related work. The closest to our work is [GM99] which introduces DGAs, and gives a
procedure to derive DGAs from DFAs. The focus however is on getting DGAs with as
few states as possible. The observations presented in Section 6 of our work, also apply for
state-minimality: the same example shows that in order to get a DSA with fewer states,
one may have to start with a bigger DFA. This is in sharp contrast to the DGA setting,
where the derivation procedure of [GM99] yields a minimal DGA (in the number of states)
when applied on the canonical DFA. The problem of deriving DGAs with minimal total-
size was left open in [GM99], and continues to remain so, to the best of our knowledge.
Expression automata [HWO04| allow regular expressions as transition labels. This model was
already considered in [BM63] to convert automata to regular expressions. Every DFA can be
converted to a two state expression automaton with a regular expression connecting them. A
model of deterministic Expression automata (DEA) was proposed in [HW04] with restrictions
that limit the expressive power. An algorithm to convert a DFA to a DEA, by repeated state
elimination, is proposed in [HWO04]. The resulting DEA is minimal in the number of states.
Minimization of NFAs was studied in [JR93| and shown to be hard. Succinctness of models
with different features, like alternation, two-wayness, pebbles, and a notion of concurrency,
has been studied in [GH96|.

Here are some works that are related to the spirit of finding more readable specifications.
[Fer09] has used the model of deterministic GA to develop a learning algorithm for some
simple forms of regular expressions, with applications in learning DTD specifications for
XML code. In this paper, the author talks about readability of specifications. They claim
that regular expressions (REs) are arguably the best way to specify regular languages. They
also claim that the translation algorithms from DFAs to REs give unreadable REs. In the
paper, they consider specific language classes and generate algorithms to learn simple looking
REs.

Another work that talks about readability of specifications is [ZLLO02]. It considers
automata based specification languages and performs extensive experiments to determine
which choice of syntax gives better readability. The authors remark that hierarchical
specifications are easier, since not every transition needs to be specified. Once again,
we observe that there is an effort to remove transitions. Another formalism is proposed
in [VSKA14| which uses a tabular notation where each cell contains patterns, which is then
compiled into a usual automaton for analysis.

2. PRELIMINARIES

We fix a finite alphabet X. Following standard convention, we write ¥* for the set of all
words (including €) over 3, and X = ¥* \ {e}. For w € ¥*, we write |w| for the length of w,
with |e] considered to be 0. A word u is a prefiz of word w if w = wwv for some v € £*; it is a
proper-prefiz if v € ¥, Observe that € is a prefix of every word. A set of words W is said
to be a prefiz-free set if no word in W is a prefix of another word in W. A word u is a suffix
(resp. proper-suffiz) of w if w = vu for some v € ¥* (resp. v € X¥T). A word u is a factor of
word w if it is a suffix of a proper-prefix of w, that is w = viuwvy for some v; € *,v9 € X,

A Deterministic Finite Automaton (DFA) M is a tuple (Q, X, ¢, 6, F) where Q is a
finite set of states, ¢ € Q is the initial state, F C Q is a set of accepting states, and
d: @ x3 — Q is a partial function describing the transitions. If § is complete, the automaton
is said to be a complete DFA. Else, it is called a trim DFA. The run of DFA M on a word w =
ajas ...a, (where a; € X)) is a sequence of transitions (qo, a1, q1)(q1,02,92) - - - (¢n—1, @n, qn)
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Figure 2: Examples of DFAs and corresponding DGAs, over alphabet {a,b}.

where §(gi, a;11) = qiv1 for each 0 < i < n, and gg = ¢, the initial state of M. The run is
accepting if ¢, € F'. If the DFA is complete, every word has a unique run. On a trim DFA,
each word either has a unique run, or it has no run. The language £(M) of DFA M, is the
set of words for which M has an accepting run.

We will now recall some useful facts about minimality of DFAs. Here, by minimality, we
mean DFAs with the least number of states. Every complete DFA M induces an equivalence
~r over words: u ~ps v if M reaches the same state on reading both v and v from the
initial state. In the case of trim DFAs, this equivalence can be restricted to set of prefixes
of words in L£L(M). For a regular language L, we have the Nerode equivalence: u ~p, v if
for all w € ¥*, we have uw € L iff vw € L. By the well-known Myhill-Nerode theorem (see
[HMUO7] for more details), there is a canonical DFA M}, with the least number of states
for L, and ~), equals the Nerode equivalence ~r. Furthermore, every DFA M for L is a
refinement of Mp: w ~ps v implies u ~ps, v. If two words reach the same state in M, they
reach the same state in M.

A Deterministic Generalized Automaton (DGA) [GM99] H is given by (Q, X, ¢, E, F)
where Q, ¢, F mean the same as in DFA, and E C Q x ¥T x @ is a finite set of edges
labeled with words from 3. For every state ¢, the set {a | (q,a,q') € E} is a prefix-free set.
A run of DGA H on a word w is a sequence of edges (qo, @1,q1)(q1,®2,q2) - . . (q¢n—1, Qn, qn)
such that w = ajas ... a,, with go being the initial state. As usual, the run is accepting if
gn € F. Due to the property of the set of outgoing labels being a prefix-free set, there is at
most one run on every word. The language L(H) is the set of words with an accepting run.
Figure 2 gives examples of DFAs and corresponding DGAs.

It was shown in [GM99] that there is no unique smallest DGA. The paper defines an
operation to suppress states and create longer labels. A state of a DGA is called superflous
if it is neither the initial nor final state, and it has no self-loop. For example, in Figure 2, in
M and Moy, state ¢; is superfluous. Such states can be removed, and every pair p — ¢ and

q E) r can be replaced with p % r. This operation is extended to a set of states: given a
DGA H, a set of states S, a DGA S(H,5) is obtained by suppressing states of S, one after
the other, in any arbitrary order. For correctness, there should be no cycle in the induced
subgraph of H restricted to S. The paper proves that minimal DGAs (in number of states)
can be derived by suppressing states, starting from the canonical DFA.
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aab
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DSA  As: _>@ aa @

Figure 3: DSA Ay accepts Lo = Y*aab, with ¥ = {a, b}.

ba

bb
DSA As: —> ab @.. DSA Ay : _> ab
a

Figure 4: As accepts Lz = ¥*ab¥*bb and A4 accepts Ly = (b*ba)*a*ab.

3. A NEW AUTOMATON MODEL — DSA

We have seen an example of a deterministic suffix automaton in Figure 1. A DSA consists of
a set of states, and a finite set of outgoing labels at each state. On an input word w, the
DSA finds the earliest prefix which ends with an outgoing label of the initial state, erases
this prefix and goes to the target state of the transition with the matching label. Now, the
DSA processes the rest of the word from this new state in the same manner. In this section,
we will formally describe the syntax and semantics of DSA.

We start with some more examples. Figure 3 shows a DSA for Ly = >*aab, the same
language as the automata M, and Hy of Figure 2. At gy, DSA Ay waits for the first
occurrence of aab and as soon as it sees one, it transitions to gs3. Here, it waits for further
occurrences of aab. For instance, on the word abbaabbbaab, it starts from gg and reads until
abbaab to move to ¢g3. Then, it reads the remaining bbaab to loop back to g3 and accepts. On
a word baabaa, the automaton moves to g3 on baab, and continues reading aa, but having
nowhere to move, it makes no transition and rejects the word. Consider another language
L3 = X*ab¥*bb on the same alphabet ¥. A similar machine (as A2) to accept L3 would
look like A3 depicted in Fig. 4. For example, on the word abbbb, it would read until ab and
move from ¢y to ¢q, read further until bb and move to ¢o, then read b and move back to ¢o to
accept. We can formally define such machines as automata that transition on suffixes, or
suffix-reading automata.

Definition 3.1 (DSA). A deterministic suffiz-reading automaton (DSA) A is given by a
tuple (Q, X, ¢, A, F) where Q is a finite set of states, Y is a finite alphabet, ¢ € Q is
the initial state, A C Q x ¥ x Q is a finite set of transitions, F' C @ is a set of accepting
states. For a state ¢ € @, we define Out(q) := {a | (¢,,¢’) € A for some ¢’ € Q} for the
set of labels present in transitions out of g. No state has two outgoing transitions with the
same label: if (¢,,¢') € A and (¢, «,¢") € A, then ¢’ = ¢".

The (total) size |A| of DSA A is defined as the sum of the number of states, the number
of transitions, and the size | Out(g)| for each ¢ € Q, where |Out(q)| := >, cout(q) 2

As mentioned earlier, at a state ¢ the automaton waits for a word that ends with one
of its outgoing labels. If more than one label matches, then the transition with the longest
label is taken. For example, consider the DSA in Figure 1. At state s; on reading fghendif,
both the if and endif transitions match. The longest match is endif and therefore the
DSA moves to sg. This gives a deterministic behaviour to the DSA. More precisely: at a
state ¢, it reads w to fire (g, a, ¢’) if « is the longest word in Out(q) which is a suffix of w,
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and no proper prefix of w has any label in Out(q) as suffix. We call this a ‘move’ of the
DSA. For example, consider 44 of Figure 4 as a DSA. Let us denote ¢ := (qo, ab, q1) and
t' == (qo,ba, q1). We have moves (¢, ab), (t,aab), (t,aaab), and (¢',ba), (¥, bba), etc. In order
to make a move on ¢, the word should end with ab and should have neither ab nor ba in any
of its proper prefixes.

Definition 3.2. A move of DSA A is a pair (¢,w) where t = (¢, ¢’) € A is a transition of
A and w € ¥T such that

e « is the longest word in Out(q) which is a suffix of w, and

e 1o proper prefix of w has a label in Out(q) as suffix (no label is a factor of w).

A move (t,w) denotes that at state ¢, transition ¢ gets triggered on reading word w. We will
also write ¢ % ¢’ for the move (t,w).

Whether a word is accepted or rejected is determined by a ‘run’ of the DSA on it.

Definition 3.3. A run of A on word w, starting from a state ¢, is a sequence of moves that
consume the word w, until a (possibly empty) suffix of w remains for which there is no move
possible:

formally, a run is a sequence of moves g; % Gi+1 for 0 < i < m and g, 2my where

g = qo and m is the index of the last state in the sequence i.e. ¢ = qp —— q1 —2»
o a1

Wm — m m .
: Gm “my such that w = wowy . . . Wip—1Wyn, and g, 2my denotes that there is no

@m—1
move using any outgoing transition from g, on w,, or any of its prefixes.

The run is accepting if ¢, € F and w,, = ¢ (no dangling letters in the end). The
language L£(A) of A is the set of all words that have an accepting run starting from the
initial state ¢™™*.

Naturally, the set of words with accepting runs gives the language of the DSA. Moreover,
due to our “move” semantics, there is a unique run for every word.

4. COMPARISON WITH DFA AND DGA

Every complete DFA can be seen as an equivalent DSA — since Out(q) = X for every state,
the equivalent DSA is forced to move on each letter, behaving like the DFA that we started
off with. For the DSA-to-DFA direction, we associate a specific DFA to every DSA, as follows.
The idea is to replace transitions of a DSA with a string-matching-DFA for Out(q) at each
state. Figure 5 gives an example. The intermediate states correspond to proper prefixes of
words in Out(q).

Definition 4.1 (Tracking DFA for a DSA.). For a DSA A = (Q4, %, ¢t , A4, FA), we give
a DFA My, called its tracking DFA. For ¢ € QA, let Out(q) be the set of all prefixes of
words in Out(q). States of M4 are given by: QM = Ugeoa{{(a,8) | B € Out(q)}U{(q,2)}},
where Z is used as a special symbol to create a copy of each (g, ¢).

The initial state is (g, ) and final states are {(¢,¢) | ¢ € FA}. Transitions are as below:
for every ¢ € Q4,3 € Out(q),a € , let §’ be the longest word in Out(q) s.t 3 is a suffix of
Ba.

o (¢,8) = (¢,¢) if f € Out(q) and (¢, 5',¢) € A4,

o (¢,8) = (¢,8) if B’ ¢ Out(q) and 5" # e,
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Figure 5: A DSA on the left, and the corresponding DFA for matching the strings abaa and
baaa.

e (¢,8) > (¢,8) if B = ¢,
o (¢,8) L s, if (g,) & s according to the above (same outgoing transitions).

Intuitively, the tracking DFA implements the transition semantics of DSAs. Starting at
(g, ), the tracking DFA moves along states marked with ¢ as long as no label of Out(q) is
seen as a suffix. For all such words, the tracking DFA maintains the longest word among
Out(q) seen as a suffix so far. For instance, in Figure 5, at ¢ on reading word aab, the DFA
on the right is in state ab (which is the equivalent of (g, ab) in the tracking DFA definition).
In the rest of the document, we will make use of the following notation:

Definition 4.2 (Notation).

e For two words w1, wsy, we write wy Cer wo if w is a suffix of wo.

e For a set of words U C ¥* and «, f € ¥*, o T} B if « is the longest word in U which is a
suffix of 3, i.e. for all o € U if o/ Cg S then |o/] < |a.

Lemma 4.3. For every DSA A, the language L(.A) equals the language L(M 4) of its tracking
DFA.

Proof. The tracking DFA satisfies the following invariants on every state (¢q,¢): (we make

use of notations from Definition 4.2)

e Let w be a word that has no a € Out(q) as its factor. Then, the run of w starting at (g, €),
remains in states of the form (g, 5) and ends in state (g, ) where [y, CO™@ 4, when
Bw # €; if By, = €, then it ends in state (g, €).

e Let w be a word such that ¢ % q' is a move of A. Then the run of M4 on w starting at

(q,€) remains in states of the form (g, 8) and ends in (¢, ).

e Let w be a word such that the run of M 4 starting at (g, €) remains in states of the form
(¢, ) and ends in a state (¢, Bw). If By # &, then B, T w. If B, = €, then there is no
suffix of w in Out(q).

e Let w be a word such that the run of My starting at (¢,e) ends in (¢/,¢), and all
intermediate states are of the form (q,3). Then there is a move ¢ % ¢ in A where

Out(q)
a 5 w.

All these invariants can be proved by induction on the length of the word w and making use of
the way the transitions have been defined in the tracking DFA. The first two invariants show
that every accepting run of A has a corresponding accepting run in M 4, thereby proving
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L(A) C L(M4). The next two invariants show that every accepting run of M 4 corresponds
to an accepting run of A, thereby showing £(M4) C L(A). ]

Lemma 4.3 and the fact that every complete DFA is also a DSA, prove that DSAs
recognize regular languages. We will now compare succinctness of DSA wrt DFA and DGA,
starting with a family of languages for which DSAs are concise.

Lemma 4.4. Let ¥ = {a1,a9,...,a,} for some n > 1. Consider the language L, =
Y*ajay...an. There is a DSA for this language with size (4 + 2|X|). Any trim DFA for L,
has size at least ]Z|2. (Note: size is counted as the sum of the number of states, edges and
length of edge labels, in all the automata)

Proof. Consider the DSA with states g, ¢1 and transitions gy —=" q1, q1 —=" q1, with
qo the initial state and ¢ the accepting state. This DSA accepts L.
For any pair aias...a; and ajas.. .aj with ¢ # j, there is a distinguishing suffix:
aias .. “Qit+1 .- Qp € Ly, but ajas . @41 - an & Ly. Therefore, the strings a1, ajas,
., a1 . an go to different states in the Canomcal DFA. This shows there are at least n
States in the minimal DFA. Now, from ajas ... aj, there is a transition of every letter: clearly,
there needs to be a transition on a;1; if there is no transition on, say a; # a;j41, then the
word ajasz . ..ajapaiaz . .. a, will be rejected. A contradiction. Hence, there are n transitions
from each state. []

We make a remark about DGAs for the language family in Lemma 4.4. Notice that
suppressing superfluous states of the minimal DFA leads to a strict increase in the label
length, which only strictly increases the (total) size. For instance, suppose ¢ 22 g0 225 gg

is a sequence of transitions in the minimal DFA for L,,. There are additional transitions

@ 5 ¢ and g0 M qo (where qg is the initial state). Suppressing ¢o leads to edges

with labels asas, asay, asc for each ¢ € ¥\ {ay,as}. Notice that as gets copied |X| many
times. Therefore suppressing states from the minimal DFA is not helpful in getting a smaller
DGA. However, using this argument, we cannot conclude that the minimal DGA has size at
least n2. Since a characterization of minimality of DGAs in terms of total size is not known,
we leave it at this remark.

We now state the final result of this section, which summarizes the size comparison
between DSAs, DFAs, DGAs. For the comparison to DFAs, we use the fact that every DSA
of size k can be converted to its tracking DFA, which has atmost 2k states. Therefore, size of
the tracking DFA is bounded by 2k (states) +2k - |3| (edges) +2k - || (label length), which
comes to 2k(1 4 2|X|).

For a regular language L, let n"" (L), n’s"™ (L), n;"™ (L), ns(L) denote the size of the
minimal complete DFA, mlnlmal trim DFA minimal trim DGA and minimal DSA respectively,
where size is counted as the sum of the number of states, edges and length of edge labels, in
all the automata.

Theorem 4.5. We have:

(1) For all L, we have & <n (L) < ncmp(L)
’ 21 +2z)) =" =
(2) There is a language for which ng(L) is the smallest, and another language for which

ng(L) is the largest of the three.
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Proof. A complete DFA can be seen as a DSA accepting the same language. This gives
cmp( )

n
L) < n§"(L). For the i lity —-IF———
us ng(L) < np"(L). For the inequality 20 520

DFA (Definition 4.1) of a DSA has size at most ng(L) - 2(1 4 2|X|). The number of states
of the tracking DFA is atmost 2ng(L) (recall that ng(L) denotes the total size of the DSA,
which includes the label lengths). For each state there are ¥ transitions. Therefore, total
size is 2ng(L) (states) + 2ng(L) - |X| (edges) + 2ng(L) - |X| (label lengths), which equals
2ng(L)(1 + 2|X]).

For the second part of the proof, Lemma 4.4 gives an example where ng(L) is the
smallest. For the other direction, consider the language L1 = (ab)*. A trim DFA for this

< ng(L), we show that the tracking

language has two states qo, q1 (with gy accepting), and two transitions gy = q1, and g LA qo-

Therefore nir™(L1) < 2+2+2=6. A trim DGA for this language is o LN qo. Therefore
nim(L1) <2+ 1+2=05. We first claim that any DSA for this language needs to maintain
the following information: (1) the initial state which is accepting, as ¢ is in the language; (2)
there is a path from the initial state on ab to an accepting state (otherwise ab will not be
accepted); (3) on reading aa or b from the initial state, the DSA has to make some transitions
and go to a sink state, which is a non-accepting state — otherwise, the words aab or bab will
get accepted. This shows that any DSA has at least two states, at least three transitions, and
ab, b and aa split across some transition labels. This gives either: ng(L;) >24+2+4 =8

for the DSA with two states and a—b>, b and % as transitions, which is bigger than the
corresponding trim DFA and DGA, or the min DFA viewed as DSA, with 3 states, and
transitions on each of @ and b from each of the states giving ng >3+6+6 =15 []

5. SUFFIX-TRACKING SETS — OBTAINING DSA rFroOM DFA

In this section, we are interested in the following task: given a DFA, extract a language
equivalent DSA with as small a total size as possible. For instance, given the DFA on the
right of Figure 5, how do we get the DSA in the left of the same figure? In some sense, our
method would be to reverse engineer the tracking DFA construction that was introduced in
Section 4, culminating in Definition 4.1.

For DGAs, a method to derive smaller DGAs by suppressing states was recalled in
Section 2. The DSA model creates new challenges. Suppressing states may not always lead
to smaller automata (in total size). Figure 6 illustrates an example where suppressing states
leads to an exponentially larger automaton, due to the exponentially many paths created.
But, suppressing states may sometimes indeed be useful: in Figure 7, the DFA on the left
is performing a string matching to deduce the pattern ab. On seeing ab, it accepts. Any
extension is rejected. This is succinctly captured by the DSA on the right. Notice that the
DSA is obtained by suppressing states ¢; and ¢3. So, suppressing states may sometimes be
useful and sometimes not. In [GM99], the focus was on getting a DGA with minimal number
of states, and hence suppressing states was always useful.

More importantly, when can we suppress states? DGAs cannot “ignore” parts of the
word. This in particular leads to the requirement that a state with a self-loop cannot be
suppressed. DSAs have a more sophisticated transition semantics. Therefore, the procedure
to suppress states is not as simple. This is the subject of this section. We deviate from the
DGA setting in two ways: we will select a subset of good states from which we can construct
a DSA (essentially, this means the rest of the states are suppressed); secondly, our starting
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a a a aaa, aab, aba, abb
—’ b @ - @ _)@ baa, bab, bba, bbb @

Figure 6: Suppressing states can add exponentially many labels and increase total size.

2\ {a} a %
a b b ab
- .@ —(®)
3\ {a,b}

Figure 7: Suppressing states can sometimes reduce total size

point will be complete DFA, on which we make the choice of states (in DGAs, one could

start with any DGA and suppress states). Our procedure can be broken down into two

steps: (1) Start from a complete DFA, select a subset of states and build an induced DSA by

connecting states using acyclic paths between them; (2) Remove some redundant transitions.
The plan for this section is as follows.

Section 5.1: We present the core technical concept of suffix-tracking sets (Definition 5):
when a set S of states of a given complete DFA M is suffix-tracking, a language
equivalent DSA can be induced from M. For instance, in Figure 5, the set {q,q}
would be suffix-tracking for the DFA on the right. The DSA induced from {q, ¢’} would
contain simple paths from ¢ to ¢’ in M.

Section 5.2: The induced DSA from suffix-tracking sets can contain useless transitions.
For instance, in the same Figure 5, in addition to simple paths abaa and baaa, there
are paths abbaaa, babaa that move across different branches in the DFA. These are
useless transitions, since there are smaller suffixes baaa and abaa respectively that
match these patterns. One cannot always simply remove them. Some care needs to be
taken while removing transitions. We discuss these observations in this section.

5.1. Building an induced DSA. We start with an illustrative example. Consider DFA M
in Figure 8. The DSA on the right of the figure shows such an induced DSA obtained by
marking states {qo, g2} and connecting them using simple paths. Notice that the language of
the induced DSA and the original DFA are same in this case. Intuitively, all words that end
with an a land in ¢;. Hence, ¢; can be seen to “track” the suffix a. Now, consider Figure 9.
We do the same trick, by marking states {qo, g2} and inducing a DSA. Observe that the
DSA does not accept aba, and hence is not language equivalent. When does a subset of
states induce a language equivalent DSA? Roughly, this is true when the states that are
suppressed track “suitable suffixes” (a reverse engineering of the tracking DFA construction
of Definition 4.1). As we will see, the suitable suffixes will be the simple paths from the
selected states to the suppressed states. We begin by formalizing these ideas and then present
sufficient conditions that ensure language equivalence of the resulting DSA.

Definition 5.1 (Simple words). Consider a complete DFA M = (Q, X, ¢ A, F). Let
S C @ be a subset of states, and p,q € Q. We define SP(p ~~ ¢, 5), the simple words
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b a a,b b a,b
) ()
M : —> b Ag : —)

Figure 8: DFA M and an equivalent DSA Ag ‘induced’ with S = {qo, ¢2}.

b b a,b b a,b
) ()
M : —> a Ag : —)

Figure 9: DFA M and DSA Ag ‘induced’ with S = {qo, ¢2}. Not equivalent.

from p to q modulo S, as the set of all words ajas...a, € X7 such that there is a path:
D=10 -5 P12 Pt 2 pp = q in M where

e no intermediate state belongs to S: {p1,...,pn—1} CQ\ S, and

e there is no intermediate cycle: if p; = p; for some 0 <4 < j < n, then p; = pp and p; = py,.
We write SP(p, S) for quQ SP(p ~~ ¢, 5), the set of all simple words modulo S, emanating
from p.

For example, in Figure 8, with S = {qo, g2}, we have SP(qy ~ ¢1,5) = {a}, SP(qo ~
qo0,S) = {b} and SP(qo ~ gq2,5) = {ab}. These are the same in Figure 9, except SP(gp ~~
q2,5) = aa.

Here are some preliminary technical lemmas. Due to determinism of M, we get the
following property, which underlies several arguments that come later.

Lemma 5.2. Let S C Q, and p,q,r € Q s.t. ¢ # r. We have SP(p ~ ¢, S)NSP(p ~ 1, 5) =
0.

The next lemma says that every transition either extends a simple path or is a “back-edge”
leading to an ancestor in the path.

Lemma 5.3. Let S C Q and p,q,u € Q (¢ & S,p # q) such that ¢ % w is a transition.
For every o € SP(p ~~ ¢, S), either oa belongs to SP(p ~~ u, S), or some proper prefix of ca
belongs to SP(p ~ u, S).

Proof. Since o € SP(p ~ ¢, ), there is a path p = py =% p1 -2 -+ pu_1 - pp = ¢,
with 0 = aqas. .. ay, satisfying the conditions of Definition 5.1. If u # p; for 0 < i < n,
then oa € SP(p ~» u,S) since ¢ ¢ S. If u = p; for some 0 < i < n, then the prefix
ajasy...a;—1 € SP(p ~ u,S). If u= pg, then we have ca € SP(p ~ u, S). L]

Fix a complete DFA M for this section. A DSA can be ‘induced’ from M using S, by
fixing states to be S (initial and final states retained) and transitions to be the simple words
modulo S connecting them i.e. p % ¢ if ¢ € SP(p ~ ¢, S) (Figure 8).

Definition 5.4 (Induced DSA). Given a DFA M and a set S of states in M that contains the
initial and final states, we define the induced DSA of M (using S). The states of the induced
DSA are given by S. The initial and final states are the same as in M. The transitions are
given by the simple words modulo S i.e. p % ¢ if o € SP(p ~~ ¢, S), for every pair of states
p,qg€S.
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The induced DSA may not be language-equivalent (Figure 9); to ensure that, we need to
check some conditions. Here is a central definition.

Definition 5.5 (Suffix-compatible transitions). Fix a subset S C Q. A transition ¢ — u
is suffix-compatible w.r.t. S if either ¢ € S or u € S OR for all p € S, and for every
o € SP(p ~ q,S), there is an a € SP(p ~> u, S) s.t.:

e « is a suffix of oa, and
e moreover, « is the longest suffix of ca among words in SP(p, S).

Note that a transition ¢ < u is trivially suffix-compatible if ¢ € S or u € S. The rest
of the condition only needs to be checked when both of ¢,u ¢ S. In Figure 9, we find the
self-loop at ¢ to not be suffix-compatible: we have S = {qo, g2}, and SP(qo ~ q1,S) = {a},

SP(qo, S) = {b, a, ab}; the transition ¢; LA ¢1 is not suffix-compatible since there is no suffix
of ab in SP(qp ~ ¢1,5). Whereas in Figure 8, the loop is labeled a instead of b. The
transition ¢ — ¢ is suffix-compatible, since the longest suffix of aa among SP(qo, S) is
a and it is present in SP(qp ~> q1,5). Let us take the DFA in the right of Figure 5, and
let S = {q,¢'}. Here are some of the simple path sets: SP(q ~ ab, S) = {ab, bab, baab},

SP(q ~ aba, S) = {aba, baba, baaba}. Consider the transition aba by ab. Tt can be verified
that for every o € SP(q ~~ aba, S), the longest suffix of the extension ob, among simple paths
out of ¢, indeed lies in the state ab. In fact, all transitions satisfy suffix-compatibility w.r.t.
the chosen set S.

The suffix-compatibility condition is described using simple paths to states. It requires
that every transition take each simple word reaching its source to the state tracking the
longest suffix of its one-letter extension. This condition on simple paths, transfers to all
words, that circle around the suppressed states. In Figure 5, this property can be verified by

considering the word bbabab and its run: q b2 S ba D ab % aba B ab. At each step,
the state reached corresponds to the longest suffix among the simple words out of ¢. In the
next two lemmas, we prove this claim.

We will use a special notation: for a state p € S, we write Out(p, S) for | J,c 4 SP(p ~ 7, 5);
these are the simple words that start at p and end in some state r of S. Notice that these
are the words that appear as transitions in the induced DSA. In particular, Out(p) in the
induced DSA equals Out(p, S). We also remark that Out(p,.S) is different from SP(p, S):
the latter considers simple words from p to all states in ), whereas the former only considers
words from p to S.

Lemma 5.6. Let S be a set of states such that every transition of M is suffix-compatible w.r.t.
S. Pickp e S, and let w € XF be a word with a run p = py —= P1 — P2+ .. Pn-1 —= Pn

such that the intermediate states p1,...,pn—1 belong to @\ S. The state p, may or may not
be in S. Then:

e 1o proper prefic of w has any word from Out(p, S) as suffix (no factor of w is in Out(p, S)),
and
e there is a € SP(p ~> pp, S) such that « is the longest suffiz of w among words in SP(p, S).

Proof. We prove this by induction on the length of the word w. When w = a for a € 3, we
have the run p = ¢. The first conclusion of the lemma is vacuously true, since there is no
non-empty proper prefix of a. For the second conclusion, note that, by definition, we have
a € SP(p ~ ¢,5) (in both cases when ¢ # p and ¢ = p). Moreover, clearly a is the longest
suffix of a.
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Now, let w = w’a with a run p LN 9’ % p, such that p’ and the intermediate states while
reading w’ belong to @\ S. Assume the lemma holds for w’. Therefore, the longest suffix o’ of
w’, among SP(p, S), belongs to SP(p ~ p, S), that is: o/ Cpf™® w' and ¢’ € SP(p ~ p, S)
(notation as in Definition 4.2). We claim that the longest suffix of w'a is in fact the longest
suffix of o’a. If not: there is o”a with |0”| > |o’| such that ¢”a Cyf"® w'a. Therefore
o CTy®% w!. This contradicts o/ T ™ w'. If p, € Q\ S, the longest suffix of o’a
lies in pj,, by suffix-compatibility (Definition 5.5). If p, € S, we will have the exact word
o'a € SP(p ~ pp, S). []

Lemma 5.7. Let S be a set of states such that every transition of M is suffix-compatible
w.r.t. S. Letp € S, and w € X7 be a word such that no proper prefix of w has a word from
Out(p, S) as suffix (no factor of w is in Out(p,S)). Then:

e The run of M starting from p, is of the form p —5 p1 — Pa...Ppo1 —= pp where
{p1,.--yPn—1} CQ\ S (notice that we have not included py,, which may or may not be in
S).

e the longest suffiz of w, among SP(p, S) lies in SP(p ~ py, S).

Proof. We prove this by induction on the length of the word w. Suppose w = a, for a € X.
Since M is complete, there is a transition p — p;. The first item is vacuously true. Moreover,
if there is ¢ € S and o € SP(p ~~ ¢, 5) such that « is a suffix of a, then clearly & = a. Hence
q = p1, due to the determinism of the underlying automaton. If there is no such ¢, then it
means p; ¢ S.

Suppose w = w'a satisfies the assumptions of the lemma. Assuming the lemma holds for

w', we have a run p = p’ such that p’ and all intermediate states lie in Q \ S. Let p’ % p,

be the outgoing transition on a from p’. This gives a path p — p — p,, satisfying the first
part of the lemma. By the second item of Lemma 5.6, the longest suffix o/a of w'a among
SP(p, S) belongs to SP(p ~ pn, S). ]

Suffix-compatibility alone does not suffice to preserve the language. In Figure 10, consider
S ={0,2,4}. Every transition is suffix-compatible w.r.t. S. The DSA induced using S is
shown in the middle. Notice that it is not language equivalent, due to the word aba for

instance. The run of aba looks as follows: 0 % 4 2 4. The expected run was 0 aba, 2, but
that does not happen since there is a shorter prefix with a matching transition. Even though,
we have suffix-compatibility, we need to ensure that there are no “conflicts” between outgoing
patterns. This leads to the next definition.

Definition 5.8 (Well-formed set). A set of states S C @ is well-formed if there is no
p€ S,qe Sand ¢ ¢S, with a pair of words a € SP(p ~~ ¢, S) (simple word to a state in S)
and 8 € SP(p ~ ¢/, S) (simple word to a state not in S) such that « is a suffix of f3.

We observe that the set S = {0,2,4} is not well-formed since b € SP(0 ~~ 4,.5),ab €
SP(0 ~~ 3,S5) and b is a suffix of ab. Whereas S’ = {0,2,3,4} is both suffix-tracking, and
well-formed, and induces an equivalent DSA. On the word aba, the run on the DSA would
be 0 2% 3 % 2 The first move 0 2% 3 applies the longest match criterion, and fires the ab
transition since ab is a longer suffix than b. This was not possible before since 3 ¢ S. It turns
out that the two conditions — suffix-compatibility and well-formedness — are sufficient to
induce a language equivalent DSA.
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a,bC@ @’ a,b a,bC@ @’ a,b
b b a
_) aba _)
U

abb

Figure 10: A DFA, a non-equivalent DSA and an equivalent induced DSA.

Definition 5.9 (Suffix-tracking sets). A set of states S C @ is suffix-tracking if it contains
the initial and accepting states, and

(1) every transition of M is suffix-compatible w.r.t. .S,
(2) and S is well-formed.

All these notions lead to the main theorem of this section.

Theorem 5.10. Let S be a suffiz-tracking set of complete DFA M, and let Ag be the DSA
induced using S. Then: L(Ag) = L(M)

Proof. Pick w € £(M). There is an accepting run gy —» q1 —> ... —* q,, of M on w. By
Definition 5.9, we have qg,q, € S. Let 1 <i <n be the smallest index greater than 0, such
that ¢; € S. Consider the run segment qg Do .2 ¢ By Lemma 5.6, and by the
definition of induced DSA 5.4, no transition of Ag out of qq is triggered until wq ... w;_1,
and then on reading w;, the transition ¢y — ¢; is triggered, where o € SP(p ~ ¢, S), and «
is also the longest suffix of w; ...w; among SP(p, S). In particular, it is the longest suffix
among outgoing labels from ¢qg in Ag. This shows there is a move gg % q; in Ag. Repeat

this argument on rest of the run ¢; RiAEN Git1 RSN qn to extend the run of Ag on
the rest of the word. This shows w € L(Ag).
Pick w € L£(Ag). There is an accepting run p of Ag starting at the initial state go.

Consider the first move ¢y — ¢; of Ag on the word. By the semantics of a move
«

(Definition 3.2) and Lemma 5.7, we obtain a run g g 2 gio1 =5 g of M where
the intermediate states qi,...,q;—1 lie in @ \ S. We apply this argument for each move p in
the accepting run of Ag to get an accepting run of M. []

We extend the idea of well-formed set of states to a corresponding notion on DSAs. We
will employ this notion when we remove some unnecessary transitions from the induced DSAs
that are obtained.

Definition 5.11 (Well-formed DSA). A DSA A is well-formed if for every state ¢, no
outgoing label o € Out(q) is a suffix of some proper prefix 5’ of another outgoing label
B € Out(q).

5.2. Removing some redundant transitions. Let us now get back to Figure 5 to see
if we can derive the DSA on the left from the DFA on the right (assuming ¢ is the initial
state). As seen earlier, the set S = {q¢,q'} is suffix tracking. It is also well formed since
baaa is not a suffix of any prefix of abaa and vice-versa. The DSA Ag induced using ¢ and
¢’ will have the set of words in SP(q ~ ¢/, S) as transitions between ¢ and ¢’. Both abaa
and baaa belong to SP(q ~ ¢/, S). However, there are some additional simple words: for
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. caba, ba @ caba, ba @
aba @

Figure 11: Ilustrating bigger-suffix transitions and when they are redundant

instance, abbaaa. Notice that baaa is a suffix of abbaaa, and therefore even if we remove the

transition on abbaaa, there will be a move to ¢’ via ¢ baaa, ¢’. This tempts us to use only
the suffix-minimal words in the transitions of the induced DSA. This is not always safe, as
we explain below. We show how to carefully remove “bigger-suffix-transitions”.

Consider the DSA on the left in Figure 11. If caba is removed, the moves which were
using caba can now be replaced by ba and we still have the same pair of source and target
states. Consider the picture on the right of the same figure. There is an outgoing edge to a
different state on aba. Suppose we remove caba. The word caba would then be matched by
the longer suffix aba and move to a different state. Another kind of redundant transitions
are some of the self-loops on DSAs. In Figure 8, the self-loop on b at gy can be removed,
without changing the language. This can be generalized to loops over longer words, under
some conditions.

Definition 5.12. Let A be a DSA, ¢, ¢ be states of A and t := g = ¢’ be a transition.
We call t a bigger-suffiz-transition if there exists another transition (q, 3, ¢’) with § a
suffix of a.
If there is a transition ¢ := ¢ > ¢” (¢" # ¢'), such that § is a suffix of v, and v is a
suffix of a, we call ¢t useful. A bigger-suffix-transition is called redundant if it is not useful.
We will say that t is a redundant self-loop if ¢ = ¢/, q is not an accepting state, and no
suffix of « is a prefix of some outgoing label in Out(q).

In Figure 11, for the automaton on the left, the transition on caba is redundant. Whereas
for the DSA on the right, caba is a bigger-suffix-transition, but it is useful. The self-loop on
qo in Figure 8 is redundant, but the loop on ¢y in Figure 4 is useful. Lemmas 5.13 and 5.14
prove correctness of removing redundant transitions.

Lemma 5.13. Let A be a DSA, and let t := q = ¢’ be a redundant bigger-suffiz-transition.
Let A" be the DSA obtained by removing t from A. Then, L(A) = L(A").

Proof. To show L(A) C L(A’). Let w € L(A) and let go —> a1 —> -2l g be an

-1
accepting run. If no (g;, aj,gi+1) equals (g, a, ¢’), then the same run is present in S’, and
hence w € L(S’). Suppose (g;,aj,qj+1) = (q,, ¢') for some j. So, the word w; ends with
a. As (q,,q¢") is a bigger-suffix-transition, there is another (g, 3,¢’) such that 5 Cg .
Therefore, the word w; also ends with 8. Since there was no transition matching a proper
prefix of w, the same will be true at A’ as well, since it has fewer transitions. It remains to

show that ¢; ? ¢j+1 is a move. The only way this cannot happen is if there is a ¢ N q" with
B Ce v Cef . But this is not possible since ¢ = ¢’ is a redundant bigger-suffix transition.

Therefore, every move using (¢, a, ¢’) in A will now be replaced by (g, 3,¢’) in A’. Hence we
get an accepting run in A’, implying w € L(A’).



16:18 R. KEERTHAN, B. SrRIivaTHSAN, R. VENKATESH, AND S. VERMA Vol. 22:2

To show L(A") C L(A). Consider w € L(A’) and an accepting run gy —> a5

oy

Win—1 . . e Wi,
- —— wy, in A’. Notice that if ¢ ?]> ¢ is a move in A’, the same is a move in A when
Am—1

a Zg wj. When a Cg wj, then the bigger-suffix-transition ¢ % ¢ will match and the move
q % q gets replaced by ¢ RN ¢'. Hence we will get the same run, except that some of the
(03

moves using ¢ LN ¢’ may get replaced with ¢ = ¢'. ]

For the correctness of removing redundant self-loops, we assume that the DFA that
we obtain is well-formed (Definition 5.11) and has no redundant bigger-suffix-transitions.
The induced DSA that we obtain from suffix-tracking sets is indeed well-formed. Starting
from this induced DSA, we can first remove all redundant bigger-suffix-transitions, and then
remove the redundant self-loops.

Lemma 5.14. Let A be a well-formed DSA that has no removable bigger-suffiz-transitions.
Let t := (q, v, q) be a removable self-loop. Then the DSA A" obtained by removing t from A
satisfies L(A) = L(A").

Proof. To show L(A) C L(A"). Let w € L(A) and let pi=qo 2 q 2o 207N g be an
accepting run. Suppose ¢ matches the segment g; SN gj+1. Hence ¢; = qj11 = q Observe

that as ¢ is not accepting, we have j + 1 # m. Therefore there is a segment g;1 REAEN qj+2
in the run. We claim that if ¢ is removed, then no transition out of ¢ can match any prefix
of wjw;y1.

First we see that no prefix of w; can be matched, including wj; itself: if at all there is
a match, it should be at w;, and a  that is smaller than «. By assumption, « is not a

removable bigger-suffix-transition. Therefore, there is a transition ¢ N q, with 8 Cg v Cef .
This contradicts the assumption that « is a removable self-loop. Therefore there is no match
upto wj.

Suppose some (g, 3,¢") matches a prefix w;u such that 8 = vu, that is, 8 overlaps both
wj and wjy1. If o Egf v, then it violates well-formedness of S since it would be a suffix of
a proper prefix (v) of 8. This shows v Cg a (since both are suffixes of w;) and v Ty, S,
contradicting the assumption that ¢ is removable. Therefore, 8 does not overlap w;. But then,

if B is a suffix of a proper prefix of w;y1, we would not have the segment ¢;11 REAEN qj+2

in the run p. Therefore, the only possibility is that we have a segment g; BELCASN gjt+2. We

have fewer occurrences of the removable loop (g, @, g) in the modified run. Repeating this
argument for every match of (¢, «, q) gives an accepting run of A". Hence w € L(A").

To show L(A’") C L(A). Let we L(A) and o/ == qo -2 ¢ 2 ... 2% ¢, be an
accepting run in A’. Suppose g¢; RN ¢j+1 is matched by (q,8,4¢). Let wj = vu with a Tt v.
Then the removable-self-loop (g, o, ¢) will match the prefix v. Suppose 5 overlaps with
both v and u, that is 8 = B'u. We cannot have o C 3 due to well-formedness of A. We
cannot have ,6” Cs « since this would mean there is a suffix of a which is a prefix of 3,
violating the removable-self-loop condition. Therefore, 5 is entirely inside u, that is, 8 Cef u.
Hence in A the run will first start with ¢ = ¢. Applying the same argument, prefixes of the
remaining word where ¢ matches will be matched until there is a part of the word where
(¢, 8,4¢') matches. This applies to every segment, thereby giving us a run in A. ]
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We now get to the core definition of this section, which tells how to derive a DSA from
a DFA, using the methods developed so far.

Definition 5.15 (DFA-to-DSA derivation). A DSA is said to be derived from DFA M using
S C @, if it is identical to an induced DSA of M (using S) with all redundant transitions
removed.

By Theorem 5.10 and Lemma 5.13, we get the following result.

Theorem 5.16. Every DSA that is derived from a complete DFA using a suffiz-tracking set,
1$ language equivalent to it.

6. MINIMALITY, SOME OBSERVATIONS AND SOME CHALLENGES

Theorem 4.5 shows that we cannot expect DSAs to be smaller than (trim) DFAs or DGAs in
general. However, Lemma 4.4 and Figure 1 show that there are cases where DSAs are smaller
and more readable. This motivates us to ask the question of how we can find a minimal
DSA, that is, a DSA of the smallest (total) size. The first observation is that minimal DSAs
need not be unique — see Figure 12.

Lemma 6.1. The minimal DSA need not be unique.

Proof. Figure 12 illustrates two DSAs, both of size 8 (3 states, 2 edges, total label length
3), accepting the same language. From DSA A;, we can see that the language accepted is
b*a*abb*a. From DSA As, we can derive the expression b*aa*b*ba. It is easy to see that
both the expressions are equivalent.

It remains to show that there is no DSA of smaller size for this language. Let L =
b*a*abb*a = b*aa*b*ba. Let A be a minimal automaton for L. Any DSA for L has an initial
state go which is non-accepting (since € ¢ L, and an accepting state g1 # qo). So, in particular
A has at least two states qg, q1. The smallest word in L is aba. Suppose the accepting run

of A on aba is due to a transition t := qq aba, q1. Consider the word abba € L. Transition
t does not match abba. Therefore, the first transition in the accepting run of A on abba is
some transition ¢’ # t. This transition ¢’ will have a label of size at least 1. Hence, A has at
least two states, and at least two transitions: ¢ which contributes to size 4 (includes 1 edge
and label of length 3) and a transition ¢’ of size at least 2. Therefore |A| > 2+ 442 =8,
which is at least the size of |A;| and |A3|, and hence any DSA that accepts aba through a
single transition has total-size at least 8. Now, suppose the accepting run of A on aba has a
first transition on a prefix of aba, either a or ab, corresponding to an intermediate transition

g0 = ¢ or qo ab, ¢'. In the former case, there can be a transition ¢ ba, q1 to accept aba (if
the transition is on just b, it only makes the automaton larger since a remains to be read),
and in the latter case, a transition ¢’ = ¢;. This discussion shows that the two automata As
and A;, are indeed minimal. ]

The next observation is that a minimal DSAs will be well-formed: if there are two
transitions ¢ — ¢; and ¢ % q2, then we can remove the second transition since it will
never get fired.

Due to the “well-formedness” property in suffix-tracking sets, the DSAs induced by
suffix-tracking sets are naturally well-formed. Furthermore, since removing redundant
transitions preserves this property, the DSAs that are derived using our DFA-to-DSA
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ab a a ba

O O © —>0——>0—0

Figure 12: Minimal DSA is not unique

procedure (Definition 5.15) are well-formed. The next proposition shows that every DSA
that is well-formed and has no redundant transitions (and in particular, the minimal DSAs)
can be derived from the corresponding tracking DFAs.

Proposition 6.2. Fvery well-formed DSA with no redundant transitions can be derived from
its tracking DFA.

Proof. We use notation as in Definition 4.2. Consider a DSA A that is well-formed and has
no redundant bigger-suffix-transitions. Let M 4 be its tracking DFA as in Definition 4.1. Let
S = Uea (g:€). Here is the schema of the proof:

MA S induced DSA .A/ remove redundant transitions A

(1) We first show that S is suffix-tracking and well-formed.

(2) For each state g of A, and for each o € SP((q,¢),S), either o € Out(q) (a transition out
of ¢ in A) or a is a redundant bigger-suffix-transition that will be removed in the second
step.

All together, this shows that A is derived from M 4 using our procedure.

S is suffix-tracking. Pick a state (¢, 5) with 5 # . What is the set SP((q,¢) ~~ (¢, ), S)?
Clearly, 5 € SP((q,¢) ~ (q,8),S). Let a € SP((gq,¢) ~ (¢, ), 5), with a # 3. Then there is
a path (qv‘g) g (Q>Bl) 2) (Q762) T (Qaﬁk—l) a—k> (q7 Bk) = (Q718) Let j € {1a SRR k} be the
largest index such that ;, 8j11,..., Bx are all prefixes of 3. Therefore, « starts by visiting a
branch different from the prefixes of 3, moves to potentially different “branches” (prefixes
of other words in Out(g), and on aj ...a; hits the 8 branch, after which it stays in the
same branch. By definition, 3; is the longest prefix among Out(q) such that 8; Cer a1 ... ).
We can infer the following: (1) 8 C «, and (2) among Out(q), 3 is the longest suffix of a:
otherwise, for ;... a;, there would be a 8" # ; which is a longer suffix, contradicting the

definition of the transition (g, 5;—1) RN (q,5)-

These observations are helpful to show that ' is suffix-tracking. Consider a transition
(q,8) % (q,8") with B’ # e. We require to show that for every a € SP((q,&) ~ (¢, ), S), the
longest suffix of ca among SP((g,¢), S) lies in SP((q,¢) ~ (¢, ), S). Pick o € SP((¢, ) ~
(q,8),S), and consider the extension aa. By (1) above, we have 8 C¢ . Since 8/ T fa, we
have 8/ C¢ ca. Suppose there is an o’ € SP((q,¢) ~ (q,"),S) such that |o”| > |f'| and
o Cg aa. By definition of the transition (¢, 8) = (q,3’), A’ is the longest suffix of Sa, and
hence |B'| > |5”]. From || > |5'], &" Cg aa and ' Cgf Sa, we have 5/ Cg o”. By point
(2) of the above paragraph, we have |8”| > |5'|. A contradiction. Therefore, there is no such
o, Hence (' is indeed the longest suffix of aa for all & € SP((q,¢) ~ (g, /), S).

Now, consider a transition (¢, 8) < (¢,Z). This happens when no non-empty word in
Out(q) is a suffix of Ba. In that case, there is a transition (q,e) % (¢,%), and a is indeed the
longest suffix of fa among SP((g,¢),.S). This shows that every transition is suffix-compatible.
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2\ A{a,b

2\ {a, b} 2\ {a, b}

Figure 13: DFA M* on the left and a derived DSA A§ with S = {qo, g2, ¢4, p} on the right.

S is well-formed. S is well-formed naturally since A is well-formed. Suppose it was not.
That means there exist states p € S,¢’ ¢ S, q, and words a € SP(p ~ ¢, 5),8 € SP(p ~
q',S), such that a Cg B’. Then there is a state ¢ € S, and a word 8 € SP(p ~ ¢”, S) such
that 8’ Cpr 5, and we have oo Cg ', Since a, 5 € Out(p), this means A is not well-formed,
which is a contradiction.

Extra strings in the induced DSA are redundant. In the induced DSA, we will have
SP((g,€), ) to have more words than Out(q). We need to show that all the other words are
redundant bigger-suffix-transitions, and hence will be removed by the derivation procedure.
Consider a transition of the form (g, 3) % (¢, ). For every word o € SP((q,¢) ~ (g, 3),S),
with |a| > ||, we have 3 as the longest suffix of o, among Out(q). Therefore, there is no
B with |a| > 8’| > |B] with 8’ Ce¢ o This is sufficient to see that there is no f'a € Out(q)
such that Ba Cg 'a Eg aa. Hence aa is a redundant bigger-suffix-transition in the induced
DSA.

By assumption, we have no redundant bigger-suffix-transitions in A. Hence, in the
derivation procedure, we do not remove any transition already present in A. This shows that
the finally derived DSA is exactly A. ]

Proposition 6.2 says that if we somehow had access to the tracking DFA of a minimal
DSA, we will be able to derive it using our procedure. The challenge however is that this
tracking DFA may not necessarily be the canonical DFA for the language. In fact, we now
show that a smallest DSA that can be derived from the canonical DFA need not be a minimal
DSA.

Figure 13 shows a DFA M*. Observe that M* is minimal: every pair of states has
a distinguishing suffix. Let us now look at DSAs that can be derived from M?*. Firstly,
any suffix-tracking set on M* would contain ¢g, g4 (since they are initial and accepting
states). If p is not picked, the transition p 2 p is not suffix-compatible. Therefore, p
should belong to the selected set. If p is picked, and ¢o not picked, then the set is not
well-formed (see Definition 5.8): the simple word b from ¢ to p is a suffix of the simple word
ab to go. Therefore, any suffix-tracking set should contain the 4 states qg, p, g2, g4. This set
S =1{qo,p, g2, q4} is indeed suffix-tracking, and the DSA derived using S is shown in the right
of Figure 13. The only other suffix-tracking set is the set S’ of all states. The DSA derived
using S” will have state ¢; in addition, and the transitions 3 \ {a, b}. If ¥ is sufficiently large,
this DSA would have total size bigger than A% (Note: ¥ can be any alphabet containing a
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Figure 14: DFA M** on the left and a derived DSA A¢" with S = {qo, g2, g4, p} on the right.

and b, so we can increase its size arbitrarily to blow up the DSA). We deduce A% to be the
smallest DSA that can be derived from M™*.

Figure 14 shows DFA M** which is obtained from M™* by duplicating state p to create a
new state p’, which is equivalent to p. So M** is language equivalent to M*, but it is not
minimal. Here, if we choose p in a suffix-tracking set, the simple word to p is ba, which is
not a suffix of ab (the simple word to ¢2). Hence, we are not required to add ¢y into the
set. Notice that S = {qo,p, ¢4} is indeed a suffix-tracking set in M**. The derived DSA A%
is shown in the right of the figure. The “heavy” transition on X \ a disappears. There are

some extra transitions, like ¢ b, qs, but if 3 is large enough, the size of Ag" will be smaller
than Ag. This shows that starting from a big DFA helps deriving a smaller DSA, and in
particular, the canonical DFA of a regular language may not derive a minimal DSA for the
language.

7. STRONGLY DETERMINISTIC SUFFIX-READING AUTOMATA (SDSA)

As we saw in Section 6, the minimal DFA of a regular language may not derive a minimal
DSA for the language (Figures 13 and Figure 14). While this is true for the general case,
under a restricted definition of DSA we can show the minimal DFA to derive a minimal
(restricted) DSA. The plan for this section is as follows:

Section 7.1: We first define a class of DSAs with a restricted syntax and call them strongly
deterministic suffix-reading automata or strong DSAs (Definition 7.1) and give examples
of DSAs that fall under this stronger class.

Section 7.2: In the second part, we prove that every minimal strong DSA can be derived
from the canonical DFA using the derivation procedure of Section 5.

This section is inspired by a question that was left open in the earlier version of this
work [KSVV24]: when does the smallest DSA derived from the canonical DFA correspond to
a minimal DSA? Although we do not provide an answer to this question, we now understand
that when we suitably restrict the DSA syntax, the derivation procedure indeed is able to
generate a minimal automaton in the restricted class, starting from the canonical DFA. This
provides new insights about the derivation procedure. Moreover, as we will see, many DSAs
discussed in this paper are already strong. We also provide a real-life-inspired example of a
strong DSA. So, overall, this section sends the message that there are specifications that can
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s ()

else if
~e O
endif

Figure 15: sDSA for out-of-context else, without nested if statements

be encoded naturally as strong DSAs, and we have a method to generate minimal strong

DSAs.

7.1. Syntax of strong DSAs. We start with a formal description of the syntax of strong
DSAs. The examples that follow aim to give an explanation of this definition. In this
definition, we say ' is a non-empty prefix of a word a when o/ # ¢ and o/ Ty a.

Definition 7.1 (sDSA). (Strongly Deterministic Suffix-reading Automata). A DSA A =
(Q, %, qinit, A, F) is said to be strongly deterministic if for every state ¢ € @, for every
a, 3 € Out(q), and for all non-empty prefixes o Cp, o and all non-empty proper prefixes
B Cpr B, we have o Zg 8 : no prefix of « is a factor of .

For instance, the DSA in Figure 1 is not an sDSA: at state s; we have Out(s;) =
{if,endif}, and the letter i (which is a prefix of if) appears in endif as a suffix of endi.
The DSAs in Figures 3 and 4 are strong DSAs: it is easy to verify this for A and As; for
Ay, we provide an explanation. We have Out(qp) = {ab,ba}; let @ = ab and S = ba. The
non-empty prefixes of a are a and ab. The only non-empty proper prefix of 3 is b. Notice
that neither a nor ab is a suffix of b. The same exercise can be repeated with a = ba and
B = ab. We conclude that A, is an sDSA. Note that any DFA is an sDSA, as the labels of
each outgoing transition at a state are distinct letters (and a DFA is a valid DSA). A slightly
modified version of the DSA in Figure 1 gives us an example of an sDSA. In Figure 15 we
have a DSA for out-of-context else statements, where we allow nested if, but a single endif
appearing later corresponds to all the open if so far. A context would therefore be the part
between the first if and the last endif. If the specification additionally requires to disallow
nested if, then it can be modeled by the intersection of the sDSA of Figure 15 and another
automaton that rejects words with two if with no endif in between.

We describe another example of a strong DSA, motivated by a real-life situation. It is a
simplified specification of an automotive application: “when the alarm is off, and the panic
switch is pressed twice within one clock cycle, go to an error state”. The DFA in Figure 16
models this. States qg and ¢; represent the alarm being off and on respectively. State g3 is
the error state. The DFA toggles between off and on states on receiving Signal s. Signal ¢
denotes a “tick” marking the separation of clock cycles, and p denotes the pressing of the
panic switch. The sDSA for this specification is given on the right of Figure 16. At state g,
the automaton keeps receiving signals until either an s or a sequence pp is seen. If s is seen
first, the automaton moves to q1, otherwise it moves to g3. The move on ¢y LN q3 happens
on words over {t,p, s} that end with pp, and contain neither an s nor a previous occurrence
of pp. This expresses that the panic switch was pressed twice, within one clock cycle (as no ¢
occurred), while the alarm was still off. Here, the SDSA provides a smaller, and arguably, a
more readable representation than the DFA.
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DFA

Figure 17: A DSA on the left, and the corresponding (larger) sDSA

However sDSA may not always provide as succinct a representation as DSA. We see in
Figure 17, an example of a DSA on the left and an equivalent sDSA on the right. It is the
DSA from Figure 5 again, with the corresponding sDSA shown. The DSA itself is not a valid
sDSA, since ba is a prefix of baaa and a factor of abaa (also a is prefix of abaa and a factor
of baaa). Intuitively, to construct an sDSA, we need to break the transitions after ab and ba
and introduce new states. This continues to happen on the next transitions from these new
states resulting in the sDSA shown.

7.2. Minimality for strong DSAs. We state some preliminary lemmas, leading up to
the main result that any minimal sDSA is derived from a minimal DFA. The next lemma
is generic and holds for all DSAs, which are not necessarily strong. We start with some
notation.

For a state g of a DFA M, we define LY (q) to be the words accepted by M starting
from ¢ and call it the residual language of the state. Similarly, for a DSA A and a state g of
A, we can define the residual language L“(q). We say that two states p, ¢ of a DFA/DSA
are equivalent if their residual languages are equal. In the setting of DFAs, we know that
in the canonical (minimal-state) automaton, no two states are equivalent. The next lemma
establishes this property even in the DSA setting.

Lemma 7.2. No two states of a minimal DSA can be equivalent.

Proof. Let A be a minimal DSA. Suppose LA(p) = LA(q),p # ¢. We will now construct a
DSA A’ with smaller size than A. This will be a contradiction. To get A’, we will re-orient
all transitions going to ¢ to now point towards p: remove each transition (r,«,q) and add
the transition (7, o, p); then remove g and other unreachable states after this transformation.
Since LA(p) = L*(q), this construction preserves the language. For all the states 7 that
remain in A" we still have the same Out(r) as in A. Finally we need to argue that | A’| < |A].
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This is easy to see since g has been removed from A, and there are no new additions to
A ]
Now we come to properties specific to SDSAs. The key idea is to consider the tracking

DFA (Definition 4.1 and Figure 5) and investigate equivalence between states in this tracking
DFA.

Lemma 7.3. For any minimal sDSA A, its tracking DFA M4 cannot have a ‘DSA state’
equivalent to any other state, i.e. if (p, ), (q,8) are states of M 4 and also equivalent, then
we have both a # € and B # €.

Proof. From Lemma 7.2, we know that no two states of any minimal DSA can be equivalent.
So it is not possible to have any distinct (p,e),(¢,€) € M4 to be equivalent. Suppose
LMA(p,e) = LMA(q,3) for some 3 # ¢ (and ¢ could be p as well). We will construct a
smaller sDSA A’.

Consider state g of A. Due to the presence of state (¢, 3) in My, there exists some
outgoing label of the form fa from ¢ in A: that is, Sa € Out(q) for some « with |a| > 1.

Let the corresponding transition be ¢ ﬁ—a> r. To get A’ : remove this transition ¢ B—a> r and

add the transition ¢ i p. Clearly A’ is smaller than A, since total size is reduced by |«|.
Language accepted is the same. A’ is also an sDSA since the only change is replacing S«
with 3 in Out(q): any string in Out(q) that is a factor of 3 would also be a factor of Ba,
and any prefix of § is also a prefix of Sa. This contradicts the assumption that A was a
minimal sDSA, thus proving the lemma. []

We remark that the above proof does not work for general DSAs. Consider the transition

q B—a> r that was removed, and modified to ¢ i p. There could be another transition ¢ Bi> r!

in the DSA — this violates the strong DSA property since Sa and Ba’ are outgoing labels,
and the prefix 3 of the former appears as a suffix of the latter. On seeing the word Ba/ from
q, the original DSA moves to r’. However, in the new DSA, as soon as « is seen the state
changes to p. This can modify the language. Such a situation does not happen in an sDSA
due to the restriction on the outgoing labels. We now prove the main result of this section.

Theorem 7.4. Every minimal sDSA for a language L can be derived from the canonical
DFA for L.

Proof. Let A = (Q4, %, A4, FA) be an arbitrary minimal sDSA. Any minimal sDSA is
well-formed and has no redundant transitions. Hence A can be derived from its tracking
DFA M 4, thanks to Proposition 6.2. If the tracking DFA M 4 is canonical, we are done.
Otherwise, there are distinct states of M 4 that are equivalent. From Lemma 7.3, we know
that a state (g, &) of M 4 cannot be equivalent to any other state. Therefore, two equivalent
states are of the form (p, ) and (g, ), with a and 8 both non-empty. We will merge such
equivalent states together to build the minimal automaton and make use of this specific
structure to show that A can be derived from the minimized DFA. For the proof, we will
show the following steps.

(1) Suppose a state (g, ) is equivalent to (g, 3) (with the same ¢), then o Z,r 8 (i.e. the
two states cannot be ‘tracking’ the same A-transition out of q).

(2) Build a DFA M/, by quotienting equivalent states of My, with [¢] representing the
equivalence class of g. The resulting automaton M’ is the canonical DFA. We use (1) to
show that every simple path from a state (q,¢) to (g, 3) is preserved in the quotiented
automaton My, from [(¢,¢)] to [(¢, B)].
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(3) From (2), we show that the set of states S" := {[(¢,€)] | ¢ € Q*} forms a suffix-tracking
set. The DSA derived using S’ turns out to be A, proving that A can be derived from
the canonical DFA.

Step 1. If two states (¢, a), (¢, 5) € M4 are equivalent, then o Zp 5 (i.e. the two states
are not ‘tracking’ the same A-transition). In other words, two states in the tracking DFA
that lie on the same path corresponding to a given DSA transition, cannot be equivalent.
Suppose o Ty B. We know that 3 € Out(q), so there is a string v such that By € Out(q)
i.e. reading 7 from (g, 3) leads to a ‘DSA state’, say (¢/,). Let s be the state reached on
reading 7 from (g, «). Since (¢, @) and (g, 3) are equivalent, the state s will be equivalent to
(¢',e). From Lemma 7.3, this means s = (¢/,e). This gives transition labels oy (induced by
the simple path just discussed) and v from ¢ in A, with o Cp, 3, contradicting the fact
that A was an sDSA. Hence we must have a [Z,, .

Step 2. For two states s, s’ of M4, define s =)y, s if LMA(s) = LA (s’). We denote the
equivalence class of s by [s]. From Lemma 7.3, [(q,¢)] = {(¢,¢)}. Consider a quotient DFA
M/, based on this equivalence. States are the equivalence classes of =p7,,{[s] | s € M4}.
The initial state is [(¢7, )] and final states are {[(¢q,¢)] | ¢ € FA}. Transitions are given by
{[s] & [s'] | s % &' € M4}. This is deterministic because whenever we have [s1] = [s}] and
$1 < 89,8, > sh € My, we also have [so] = [sh]. Note that M/, is minimal, by definition.

Consider a transition ¢ — ¢’ of the sDSA A, with & = ajas...a,. This transitions gives
states (q,¢), (¢,a1), (¢,a1a2), ..., (¢,a1...an—1), (¢’,€) in the tracking DFA M 4. From (1),
we have [(q,a1)], [(¢,a1a2)],...,[(g,a1az2...a,—1)] to be distinct states in M. equivalent.
Hence ajas ... a; is a simple path from [(g, )] to [(¢, a1 ...a;)] that does not visit any state
of the form [(p, )] in between.

Step 3. Let " := U,c4{[(¢,€)]}. We will show that S’ is suffix-tracking. Consider a simple
path o from [(g,€)] to [(¢, B)] (note that o is also a simple path from (g, €) to (g, 8) in M).
In the tracking DFA M 4, every transition moves to a state tracking the longest possible
suffix: (¢,0) % (¢, ') in M4 means 3’ is the longest word in Out(q) s.t 3’ Cg oa. From
(2), B is a simple path from [(q, )] to [(¢, 8)], in M’;. Moreover, we have [(g, )] = [(q, 8]
by definition.

We claim that the longest suffix of oca among simple paths from [(g,¢)], is 8, which
goes from [(g, )] to [(g, 8’)]. This would show suffix-compatibility of the transition. Suppose
instead, the longest suffix (say o’) went from [(g,€)] to [(g,a’)] in M’;; we have ¢’ to also be a
simple path from (g, ¢) to (¢,a’) in M4, and o’ to be longer than 3’. This is a contradiction.
Hence 3’ is the longest simple-path suffix of oa in M/, making [(¢, 3)] = [(¢, 8")] suffix-
compatible.

The set S’ is also well-formed since A is well-formed. Suppose it was not. That means
there exist states p € S',¢' ¢ S’, and words a € SP(p ~ ¢, 5"), 3 € SP(p ~ ¢, S"), such that
a Cg B'. Then there is a state ¢” € S’, and a word 5 € SP(p ~» ¢”,S") such that 5 Ty S,
and we have a C¢r 8. Since «a, 8 € Out(p) are paths corresponding to A-transitions, this
means A is not an sDSA, which is a contradiction. Hence we have S’ to be suffix-tracking. In
the induced DSA Ag, every simple path from [(g,€)] to [(¢/,e)] will be present. Hence every
transition ¢ = ¢’ in A is present in Ag/. Any transition out of [(¢, )] which is not in Out(q)
in A, will be a redundant bigger-suffix-transition, analogous to the argument in last part of
the proof of Proposition 6.2. Thus A can be derived from M’;, which is a minimal DFA. []
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Figure 18: Left: Illustration of the neighbourhood of state w in the DFA Mg. Middle, Right:
Transitions induced from ¢"** and v, on removing u.

8. COMPLEXITY OF MINIMIZATION

The goal of this section is to prove the following theorem.

Theorem 8.1. Given a DFA M and positive integer k, deciding whether there exists a DSA
of total size < k language equivalent to M is NP-complete.

If k is bigger than the size of the DFA M, then the answer is trivial. Therefore, let us
assume that k is smaller than the DFA size. For the NP upper bound, we guess a DSA of total
size k, compute its tracking DFA in time O(k - |¥]) and check for its language equivalence
with the given DFA M. This can be done in polynomial-time by minimizing both the DFA
and checking for isomorphism.

The rest of the section is devoted to proving the lower bound. We provide a reduction
from the minimum vertex cover problem which is a well-known NP-complete problem [Kar72].
A vertex cover of an undirected graph G = (V, E) is a subset S C V of vertices, such that for
every edge e € F, at least one of its end points is in .S. The decision problem takes a graph
G and a number k' > 1 as input and asks whether there is a vertex cover of G with size at
most k’. Using the graph G, we will construct a DFA Mg over an alphabet Y. We then
show that G has a vertex cover of size < k' iff Mg has an equivalent DSA with total size
< k where k = (K’ + 2) x 20 + (26 — 1). Here, 0 is a sufficiently large polynomial in |V|, |E]
which we will explain later.

The alphabet X¢ is given by VU E U {$} U D where D = {1,2,...,0}. States of Mg
are V U {¢™ ¢*"k g2}, For simplicity, we use the same notation for v as a vertex in G, v
as a letter in X and v as a state of M. The actual role of v will be clear from the context.
For every edge e = (u,v), there are two transitions in the automaton: u < v and v < u.

For every v € V, there are transitions ¢ % v and v i> q®°. This automaton can be
completed by adding all missing transitions to the sink state ¢*™*. Figure 18 (left) illustrates
the neighbourhood of a state u. The notation e” stands for any edge that is not incident on
w; there is one transition for every such e”. Initial and accepting states are respectively g™
and ¢%“. Let Lg(u) be the set of words that have an accepting run in Mg starting from wu
as the initial state. If u # v, Lg(u) = Lg(v) implies (u,v) is an edge and there are no other
edges outgoing either from u or v. To avoid this corner case, we restrict the vertex cover
problem to connected graphs of 3 or more vertices. Then we have Mg to be a minimal DFA,
with no two states equivalent. Here are two main ideas.

Suppressing a state. Suppose state u of Mg is suppressed (i.e. wu is not in a suffix-
tracking set). In Figure 18, we show the induced transitions from ¢ and a vertex v.

However, some of them will be redundant transitions: most importantly, the set of transitions

sink 1,2,...,0

o ulu2,.uf . . . i ;
it 208 T, q will be redundant bigger-suffix-transitions due to ¢ ==y gsink,
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.. el,e2,...,e0 : . .
Similarly, v —=2% ¢5"F will be removed. There are some more redundant bigger-suffix-

transitions, like v LN ¢*™* for some €” that is not incident on v and w. So from each v, at
most 2|E| transitions are added. But crucially, after removing redundant transitions, the
f transitions from u no longer appear. If we choose 0 large enough to compensate for the
other transitions, we get an overall reduction in size by suppressing states.

Two states connected by an edge cannot both be suppressed. Suppose e = (u,v) is an
edge. If S is a set where u,v ¢ S, then the transition v 55 w is not suffix-compatible: the
simple word ue from ¢ to v, when extended with e gives the word uee; no suffix of uee is
a simple word from ¢ to u. We deduce that suffix-tracking sets in Mg correspond to a
vertex cover in GG, and vice-versa.

These two observations lead to a translation from minimum vertex cover to suffix-
tracking sets with least number of states. Due to our choice of 6, DSAs with smallest
(total) size are indeed obtained from suffix-tracking sets with the least number of states. Let
k= (k' 4+ 2) x 20 + (20 — 1). Below, we elaborate these ideas in more detail and present the
proof of the reduction.

Vertex cover < k' implies DSA < k. Assume there is a vertex cover {v1,...,v,} in G with
p < k. Let S be the set of states in Mg corresponding to {v1,...,v,}. Observe that
S U {gmt, g5k qocc) is a suffix-tracking set; every transition is trivially suffix-compatible
(Vg & u,q € S oru € S). Well-formedness holds because Vp,q € S,ac € SP(p ~ ¢, S) we
have |a| < 2; this means V¢’ ¢ S, 8 € SP(p ~ ¢/, S), we have a Zg 8 (since || = 1). Hence
the derived DSA will be equivalent to M.

The derived DSA has p + 3 states, and transitions ¢ M ¢*"™ from each except for
the ¢*"F state. The transitions on ¢*™* are removable, and hence will be absent. All of
this adds (p + 2) x 26 to the total size (edges + label lengths). Apart from these, there are
transitions with labels of length at most 2, over the alphabet V U E U $. From each vertex,
v, there are |V| transitions to ¢*"¥, one transition to ¢%* and at most 2|E| transitions to
other states or ¢*"*. We can choose a large enough 6 (say (|V| + |E|)*), so that the size of
these extra transitions is at most 20 — 1. Hence, total size is < (p+2) x 260 + (20 — 1).

By assumption, we have p < k’. Therefore, the size of the DSA is < (k'42)x20+(20—1) =
k.

DSA < k implies vertex cover < k’. Let A be a DSA with size < k. It may not be derived
from Mq. However, by Proposition 6.2 we know A is derived from a DFA M, the tracking
DFA for A. Moreover since M is the minimal DFA, we know that M will be a refinement
of Mg (see Section 2 for definition).

Let us consider a pair of states u and v from Mg, such that the vertices u,v € G have
an edge between them labeled e. The DFA M will have two sets of states w1, uo,...,u; and
v1,v2,...,v; that are language-equivalent to u and v respectively. Its initial state must have
a transition on v to one of v, v2,...,v;. Without loss of generality, let it be to v. Each
of v1,vg,...,v; must have a transition on e to one of uyi,us,...,u; (for equivalence with
Mg) and vice-versa. Consider the run from the initial state on ve™7*1. At least one of
the states among u1,ua, ..., u;,v1,v2,...,v; must be visited twice; consider the first such
instance. The transition on e that re-visits a state cannot be suffix-compatible w.r.t a set
S, if none of these states are in S. For it to be suffix-compatible, the string ve®.e (from
initial state to the first repeated state) must have its longest simple-word suffix go to the
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same state. Since veF.e is not simple by itself, its longest suffix must consist entirely of e’s.

But on any string of e’s, the initial state moves only to the sink state(s) and not to any of
U1, U, ..., Ui, V1,02, ..,0;. Hence any suffix-tracking set must contain at least one of these
states, which maps to at least one of u or v in G. Every suffix-tracking set of M therefore
maps to a vertex cover {vi,va,...,vp}.

Now we show that the size of this vertex cover is < k’. Each of the states picked in the
suffix-tracking set will contribute to atleast 26 in the total size, due to the @ transitions. We
will also have these 0 transitions from the initial and accepting states. Therefore, the total
size is (p+2) x 20 +y for some y > 0. Hence (p+2) x 20 < k. This implies p < k": otherwise
we will have p > k' 4+ 1, and hence (p+2) x 20 > (K + 14 2) x 20 = (k' +2) x 26 + 20 > k,
a contradiction.

9. CONCLUSION

We have introduced the model of deterministic suffix-reading automata, compared its size
with DFAs and DGAs, proposed a method to derive DSAs from DFAs, and presented the
complexity of minimization. The work on DGAs [GM99] inspired us to look for methods to
derive DSAs from DFAs, and investigate whether they lead to minimal DSAs for a language.
This led to our technique of suffix-tracking sets, which derives DSAs from DFAs. The
technique imposes some natural conditions on subsets of states, for them to be tracking
patterns at each state. However, surprisingly, the smallest DSA that we can derive from the
canonical DFA need not correspond to the minimal DSA of a language. We have shown that
when restricting the syntax, our derivation method is able to generate a minimal DSA in the
restricted class, starting from the canonical DFA.

In this introductory work on DSAs, our goal has been to present the model, its motivations
and establish ingredients for a deeper study of the model, both from a practical and a
theoretical perspective. Recently, we have enhanced the DSA syntax to include a parallel
composition operator || in the transitions [KSV25]. This helps succinct representation of
the patterns when the alphabet is distributed across multiple components in a concurrent
system. Using the enhanced model, we have provided a formal semantics and test generation
algorithm (with guarantees) for an industrial formalism called Expressive Decision Tables
(EDT) [VSKA14] developed by the industry partners in this work. This work shows a direct
impact of the DSA model in an industrial setting.

From a theoretical perspective, there are plenty of problems to ponder about. We do not
yet have an algorithm that can start with the canonical DFA, perform some operations on it
and get a minimal DSA (in the general case, and not the strong DSA case as discussed in
Section 7). As we saw in Section 6, one might need to expand the canonical DFA to get the
minimal DSA. It would be interesting to have a clear algorithm to identify this expansion
on which the suffix-tracking techniques can be applied. Can we use our techniques to study
minimality in terms of number of states? Closure properties of DSAs - can we perform
the union, intersection and complementation operations on DSAs without computing the
entire equivalent DFAs? What about Myhill-Nerode style congruences for DSAs? Recently a
Myhill-Nerode theorem has been established for deterministic generalized automata [Cot24].
To sum up, we believe the DSA model offers advantages in the specification of systems and
in also studying regular languages from a different angle. The results that we have presented
throw light on some of the different aspects in this model, and lead to many questions both
from theoretical and practical perspectives.
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