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Abstract. We introduce Pudlák-Buss style Prover-Adversary games to characterise proof
systems reasoning over deterministic branching programs (BPs) and non-deterministic
branching programs (NBPs). Our starting points are the proof systems eLDT and eLNDT,
for BPs and NBPs respectively, previously introduced by Buss, Das and Knop. We prove
polynomial equivalences between these proof systems and the corresponding games we
introduce. This crucially requires access to a form of negation of branching programs which,
for NBPs, requires us to formalise a non-uniform version of the Immerman-Szelepcsényi
theorem that coNL = NL. Thanks to the techniques developed, we further obtain a
proof complexity theoretic version of Immerman-Szelepcsényi, showing that eLNDT is
polynomially equivalent to systems over boundedly alternating branching programs.

1. Introduction

Proof complexity investigates the size of proofs, in terms of that of their conclusions.
Originally motivated by the Cook-Levin theorem that Boolean satisfiability is NP-complete,
finding general superpolynomial lower bounds on proof size for Boolean logic directly implies
P ̸= NP, what is now known as Cook’s programme. Systems of interest in proof complexity
are typically parametrised by a complexity class of interest, whose nonuniform counterpart
comprises the objects of reasoning in the associated proof system. For instance Frege
systems reason on formulas, the nonuniform counterpart of ALOGTIME [Bus87]. For P
the corresponding system is extended Frege, employing ‘Tseitin extension’ to represent the
dag structure of circuits.

Recently Buss, Das and Knop proposed a proof complexity theory of L and NL
via systems, eLDT and eLNDT, reasoning about deterministic branching programs (BPs)
and non-deterministic branching programs (NBPs) respectively [BDK20]. In earlier work
[DD22, DD25] the current authors studied the ‘positive’ fragment of eLNDT, reasoning
about monotone branching programs, and showed a polynomial simulation over positive
sequents, inspired by previous developments for the sequent calculus [AGP02]. In all these
works (and often in proof complexity), reasoning about families of propositional proofs
can be cumbersome and notationally complex. This issue is made worse when the objects
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Figure 1: High-level structure of the polynomial simulations for the non-deterministic setting.
The right side displays inference systems and proofs therein, while the left side
displays game systems and strategies therein. The bold cyan arrow is the most
technical, incorporating our formalisation of Immerman-Szelepcsényi.

of reasoning have underlying dag structures, represented using extension where indexing
must be carefully controlled to maintain well-foundedness, yielding further technicalities for
handling program equivalence/simulation.

A promising solution to these issues is the program of bounded arithmetic [Bus85,
Kra95, CN10, Kra19]. Here (very) weak theories of arithmetic essentially serve as uniform
counterparts of propositional proof systems. However in this work we follow a different
branch of the proof complexity literature: Prover-Adversary games, à la Pudlák-Buss [PB94].
Roughly speaking, these are two-player games where Prover asks queries (typically the
objects of reasoning) and Adversary assigns each query a Boolean value; Prover wins if
they can force Adversary into a ‘simple contradiction’ (typically one ‘easily’ witnessed by
polynomial-size proofs). In this way proofs are recast as strategies, with the logarithm of
proof size proportional to the depth of a strategy. Indeed, we can see such ‘game systems’ as
canonical ‘balanced tree-like’ versions of their corresponding inference systems, cf. [Kra94].

Contributions. In this work we develop games DB and NB for reasoning about BPs and
NBPs, respectively, and prove their correspondence to eLDT and eLNDT, respectively. Clas-
sically, the equivalence of tree-like and dag-like versions of a system typically requires closure
of the language under Boolean combinations (in particular negation). Such bootstrapping is
readily formalisable in eLDT, with relatively simple constructions of Boolean combinations
of (deterministic) BPs (see, e.g., [Weg00]). In fact this idea of using BP-based games for
L proof complexity was already proposed by Cook [Coo01] (but, as far as we know, never
published). However the problem becomes more complex for eLNDT, which comprises the
main focus of this work. Here the idea is to compute the negation of an NBP as an NBP
by formalising a partial non-uniform version of the Immerman-Szelepcsényi theorem that
coNL = NL [Imm88, Sze88]. A novelty of our formalisation is that we are able to simplify
the inductive counting argument: we do not encode counting at the level of NBPs themselves,
but rather at the level of the proof, relying on constructions of (positive) counting programs
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from previous work [DD22, DD25]. Thus the programs we construct are partial negations,
working relative to a fixed number of true inputs.

Let us point out a particular design choice at this point. In order to more easily
reason about proof complexity via games, we simply close the queries of our games under
(explicit) Boolean combinations. Of course there is no free lunch here: the aforementioned
formalisation of Immerman-Szelepcsényi is duly carried out in the proof system eLNDT.

As an application of the machinery built up in this work, we develop in Section 7 a bona
fide proof complexity theoretic version of the Immerman-Szelepcsényi theorem. Namely we
show that eLNDT polynomially simulates a system, eL∃∀DT, reasoning over twice-alternating
branching programs (∃∀BPs). Here we exploit the previously constructed partial negations
of NBPs to reduce any ∃∀BP to an equivalent NBP, relative to a fixed number of true inputs.
Again, the general polynomial simulation is recovered by using a counting argument at the
proof level, exhausting every possible number of true inputs.

Structure. In Section 2 we recall the systems eLDT and eLNDT from [BDK20], and in
Section 3 we introduce our corresponding games DB and NB. In Section 4 we prove
one direction of the correspondence, translating eLDT and eLNDT proofs to DB or NB
strategies, respectively. In Section 4.3 we present the converse direction for the deterministic
setting, translating DB strategies to eLDT proofs. The remainder of the paper is devoted to
establishing the same for the non-deterministic setting.

In Section 5 we present our formalisation of Immerman-Szelepcsényi, witnessed by
polynomial-size proofs in eLNDT. Finally in Section 6 we use this to establish a translation
from NB strategies to eLNDT proofs. This final argument is quite involved, composed of
several intermediate systems; we visualise its structure in Figure 1, and give some explanation
in the caption. The main difficulty is the bold cyan arrow (bottom), where we rely on the
Immerman-Szelepcsényi construction from Section 5.

2. Proof systems for (non-deterministic) branching programs

In this section we shall briefly recall the systems eLDT and eLNDT, from [BDK20, BDK19]
and also appearing in [DD22, DD25], reasoning about deterministic and non-deterministic
branching programs respectively.

Throughout this work, we make use of propositional variables, written p, q, etc. An
assignment is a map from propositional variables to Booleans {0, 1}. A Boolean function
is a map from assignments to {0, 1}.

In proof complexity, formally, a (sound) propositional proof system is just a
polynomial-time function P from Σ∗ to the set of propositional tautologies, for Σ some finite
alphabet. The idea is that P checks (efficiently) that an element σ ∈ Σ∗ correctly codes a
proof in the system in which case the output P (σ) is the tautology σ proves. Otherwise P
outputs the tautology 1 by convention.

A proof system P polynomially simulates a systemQ if we can construct in polynomial-
time, from a Q-proof of A, a P -proof of A. As is common in proof complexity, we will
typically refrain from calculating explicit polynomial bounds throughout this work, which
will always be evident from the arguments at hand. Furthermore, while we often only state
the existence of small proofs, all of our arguments are feasibly constructive and such results
comprise bona fide polynomial simulations.
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A more comprehensive introduction to proof complexity can be found in the textbooks
[Kra95, CN10, Kra19].

2.1. (Non-)deterministic branching programs. A (non-deterministic) branching
program (NBP) is a (rooted) directed acyclic graph G such that:

• G has two distinguished sink nodes, 0 and 1.
• G has a unique root node, i.e. a unique node with in-degree 0.
• Each non-sink node of G is labelled by a propositional variable.
• Each edge of G is labelled by either 0 or 1.

We say that a NBP is deterministic (a BP) if each non-sink node has exactly two outgoing
edges, one labelled 0 and the other labelled 1.

A run of a NBP G on an assignment α is a maximal path beginning at the root of
G consistent with α. I.e., at a node labelled by p the run must follow an edge labelled by
α(p) ∈ {0, 1}. G accepts α if there is a run on α reaching the sink 1. We extend α to a map
from all NBPs to {0, 1} by setting α(G) = 1 iff G accepts α. Thus each NBP computes a
unique Boolean function α 7→ α(G).

Further background on (non-deterministic) branching programs can be found in, e.g.,
the textbook [Weg00].

2.2. Representation via formulas with extension. In order to syntactically represent
(N)BPs, in addition to the propositional variables we fixed earlier we will also make use
of a disjoint set of extension variables, written e0, e1, . . . . We briefly recall the syntax
for expressing and reasoning about (non-deterministic) branching programs from [BDK20,
BDK19, DD22, DD25]. We refer the reader to those works for further examples and
foundational details.

Extended non-deterministic decision-tree formulas, or simply eNDT-formulas, written
A,B etc., are generated by the grammar:

A,B ::= 0 | 1 | ApB | A ∨B | ei

When writing formulas we employ some usual syntactic simplifications, omitting external
and internal brackets when there is no ambiguity. The size of a formula A, written |A|, is
the number of symbols occurring in A.

We often identify the propositional variable p with the formula 0p1. eDT-formulas are
eNDT-formulas not using ∨, and (N)DT-formulas are e(N)DT-formulas not using extension
variables.

Remark 2.1 (Decision variables). Note that, since extension variables are disjoint from
propositional variables, AeiB is never a correct eNDT-formula; this will turn out to be
important for our syntactic representation of (N)BPs to be faithful.

Semantically ∨ is interpreted as usual disjunction, while ApB is interpreted as a decision
“if p then B else A”. Thus formulas without extension variables compute Boolean functions
as usual. Call such a formula valid if it returns 1 on all assignments. The following result
renders systems reasoning about even extension-free formulas suitable for proof complexity
analysis:

Proposition 2.2 [BDK20, BDK19]. The set of valid NDT formulas (even disjunctions of
DT formulas) is coNP-complete.
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p1

p2 p2

p3 p3 p3

p4 p4 p4 p4

0 0 1 0 0

e11 ↔ e21p1(e21 ∨ e22)
e21 ↔ e31p2(e31 ∨ e32)
e22 ↔ e32p2(e32 ∨ e33)
e31 ↔ e41p3(e41 ∨ e42)
e32 ↔ e42p3(e42 ∨ e43)
e33 ↔ e43p3(e43 ∨ e44)
e41 ↔ 0p4(0 ∨ 0)
e42 ↔ 0p4(0 ∨ 1)
e43 ↔ 1p4(1 ∨ 0)
e44 ↔ 0p4(0 ∨ 0)

Figure 2: NBP for 2-out-of-4 threshold and representation by extension axioms. Here 0-edges
are dotted, and 1-edges are solid; the multiple 0-leaves correspond to the same
sink.

The interpretation of extension variables is parametrised by a set of ‘extension axioms’.
These axioms give meaning to extension variables by rendering them abbreviations of more
complex formulas. Viewing (N)BPs as graphs, extension variables are essentially used to
‘name’ the nodes.

Definition 2.3 (Extension axioms). A set of extension axioms E is a set of the form {ei ↔
Ei}i<n, where each formula Ei may only contain extension variables among e0, . . . , ei−1.

Example 2.4 (2-out-of-4 threshold). The 2-out-of-4 threshold function, returning 1 iff at
least two of its four inputs are 1, is computed by the NBP on the left of Fig. 2. This NBP
may be represented by the extension variable e11 under the extension axioms on the right of
Fig. 2. Each eij represents the jth node (left to right) on the ith row (top to bottom) for
1 ≤ i ≤ 4 and 1 ≤ j ≤ i.

For well-foundedness of the extension axioms (i.e. the subscripting condition of Defini-
tion 2.3), note that we may identify each eij with e4(4−i)+j . We shall typically leave such
identifications implicit in the sequel.

Note in Definition 2.3 the condition that each ei ‘abbreviates’ only formulas with
extension variables of smaller index. This means that the graphs described by formulas
under a set of extension axioms is well-founded, i.e. a dag, inducing a natural induction
principle:

Remark 2.5 (E-induction). Given a set of extension axioms E = {ei ↔ Ei}i<n we may
define a strict partial order <E on formulas over e0, . . . , en−1 by:

• A <E ApB and B <E ApB.
• A <E A ∨B and B <E A ∨B.
• Ei <E ei, for each i < n.

Observe that <E is indeed well-founded by the condition that each Ei must contain only
extension variables among e0, . . . , ei−1. Thus we may carry out arguments and make
definitions by induction on <E , which we shall simply refer to as E-induction.

From here, for instance, we obtain:

Definition 2.6 (Semantics of eNDT formulas). The semantics of eNDT formulas with
respect to a set of extension axioms E = {ei ↔ Ei}i<n, are given by ⊨E , an infix binary
relation between assignments and formulas over e0, . . . , en−1 defined by E-induction by:
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Identity and cut:

id
A→A

Γ→∆, A Γ, A→∆
cut

Γ→∆

Structural rules:

Γ, A,B,Γ′ →∆
e-l

Γ, B,A,Γ′ →∆

Γ→∆
w-l

Γ, A→∆

Γ, A,A→∆
c-l

Γ, A→∆

Γ→∆, A,B,∆′
e-r

Γ→∆, B,A,∆′
Γ→∆

w-r
Γ→∆, A

Γ→∆, A,A
c-r

Γ→∆, A

Logical rules:

0-l
0→

Γ→∆
1-l

Γ, 1→∆

Γ, A→∆ Γ, B→∆
∨-l

Γ, A ∨B→∆
Γ→∆

0-r
Γ→∆, 0

1-r → 1

Γ→∆, A,B
∨-r

Γ→∆, A ∨B

Γ, A→∆, p Γ, p, B→∆
p-l

Γ, ApB→∆

Γ→∆, A, p Γ, p→∆, B
p-r

Γ→∆, ApB

Figure 3: Rules for systems (e)LDT and (e)LNDT.

• α ⊭E 0 and α ⊨E 1.
• α ⊨E ApB if either α(p) = 0 and α ⊨E A, or α(p) = 1 and α ⊨E B.
• α ⊨E A ∨B if α ⊨E A or α ⊨E B.
• α ⊨E ei if α ⊨E Ei.

If α ⊨E A ⇐⇒ f(α) = 1 for some Boolean function f , we say that A computes f over
E . We may also say that A is valid over E if, for every assignment α we have α ⊨E A
(equivalently, A computes the constant function 1 over E).

Since many of our arguments are based on E-induction, let us recall the following
complexity analysis from earlier work:

Proposition 2.7 (Complexity of E-induction, e.g. [DD25]). Let A be an eDT or eNDT
formula over a set of extension axioms E = {ei ↔ Ei}i<n. Then |{B <E A}| ≤ |A|+

∑
i<n

|Ei|

and, if B <E A, then |B| ≤ max(|A|, |E0|, . . . , |En−1|).

2.3. Proof systems. We now recall the sequent systems eLDT and eLNDT reasoning over
eDT and eNDT formulas, respectively, first introduced in [BDK19, BDK20].1 Lines in these
systems represent deterministic and non-deterministic branching programs respectively.

A sequent is an expression Γ→∆, where Γ and ∆ (called cedents) are lists of formulas
(‘→ ’ is just a syntactic delimiter). Such a sequent is interpreted as “if all formulas in the
antecedent Γ are true then some formula of the succedent ∆ is true”.

1The qualifier L here is just a standard indication for a sequent system over the corresponding logic, e.g.
LK for classical logic and LJ for intuitionistic logic, originating from Gentzen’s works.
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Definition 2.8 (Systems for e(N)DT formulas). The system LNDT is given by the rules in
Fig. 3. LDT is the restriction of LNDT not including rules for disjunction, ∨.

An LNDT (LDT) derivation of Γ→∆ from hypotheses H = {Γi →∆i}i∈I is defined
as expected: it is a finite list of sequents, each either some Γi →∆i from H or following
from previous ones by rules of LNDT (LDT, resp.) and ending with Γ→∆. An eLNDT
(eLDT) proof of a sequent Γ→∆ over a set of (∨-free, resp.) extension axioms E is an
LNDT (LDT, resp.) derivation π with hypotheses E .2 If Γ→∆ does not have extension
variables we just say that π is an eLNDT (or eLDT, resp.) proof of Γ→∆.

The size of a derivation π, written |π|, is the number of symbols occurring in it.

Remark 2.9 (Cedents as lists). As usual, it is not important whether cedents are construed
as lists, multisets or sets for studying proof complexity of eLDT and eLNDT. However
working with lists accommodates more faithfully the definition of long disjunctions and
conjunctions later when we work with games.

Proposition 2.10 (Soundness and completeness, [BDK20, BDK19]). Suppose Γ,∆ are
sequents of (N)DT formulas. Then, respectively, L(N)DT proves Γ→∆ iff for every
assignment α, either α ̸|= A for some A ∈ Γ or α |= B for some B ∈ ∆.

Note that, as the validity problem for disjunctions DT formulas is coNP-complete, cf. Propo-
sition 2.2, so is the provability of DT-sequents. In fact we can establish a stronger version of
the above result, relativised to a set of extension axioms, though we do not ever rely on this.
Nonetheless some of our proof translations will be parametrised by sets of extension axioms.

Example 2.11. Recalling Example 2.4, let us write E for the set of extension axioms in
Fig. 2, right. Over this set we have eLNDT proofs of, say, e42 → e43 by,

0-l
0→

w
0→ e43, p4

1-r → 1
w
p4, 0 ∨ 1→ 1, p4

1-r → 1
w
p4, 0 ∨ 1→ 1, 0

∨-r
p4, 0 ∨ 1→ 1 ∨ 0

p4-r
p4, 0 ∨ 1→ 1p4(1 ∨ 0)

E-r
p4, 0 ∨ 1→ e43

p4-l
0p4(0 ∨ 1)→ e43

E-l
e42 → e43

(2.1)

where, formally, the steps E-l and E-r are obtained by ‘cutting’ against the appropriate
extension hypotheses. We have also omitted several ‘contraction’ and ‘exchange’ steps,
essentially treating each side of the sequent as sets of formulas instead of lists for convenience.
Note that, while we have displayed the proof above as a tree, proofs may in general be dags,
so that when measuring proof complexity it suffices to count only the number of symbols in
distinct sequents. E.g. we may identify the two initial sequents → 1 above.

2A ↔ B is construed as an abbreviation for the pair of sequents A→ B and B→ A.
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We can use this to build further proofs, e.g. of e32 → e33:

(2.1)

e42→e43
w-r

e42→p3, e43

id
p3→p3

w
e42, p3→p3e43 ∨ e44

p3-r
e42→p3, e43p3(e43 ∨ e44)

id
p3→p3

w
p3, e42 ∨ e43→e43, p3

(2.1)

e42→e43
id
e43→e43

∨-l
e42 ∨ e43→e43

w
p3, e42 ∨ e43→e43, e44

∨-r
p3, e42 ∨ e43→e43 ∨ e44

p3-r
p3, e42 ∨ e42→e43p3(e43 ∨ e44)

p3-l
e42p3(e42 ∨ e43)→e43p3(e43 ∨ e44)

E
e32→e33

(2.2)

More generally we can build eLNDT proofs of all eij → eik for j ≤ k.

Example 2.12. We can build a LNDT proof of (ApB)qD→AqD ∨ p as follows:

id
A→ A

w
A→ A, q, p

id
q→ q

w
q→D, q, p

q-r
A→ AqD, q, p

id
p→ p

w
p,B→ AqD, q, p

p-l
ApB→ AqD, q, p

id
q→ q

w
q,D→ A, q, p

id
D→D

w
q,D→D, p

q-r
q,D→ AqD, p

q-l
(ApB)qD→ AqD, p

∨
(ApB)qD→ AqD ∨ p

This has an LDT subproof of (ApB)qD→AqD, p. We can similarly build an LDT proof
of (ApB)qD, p→BqD. By combining these two as below we can obtain the ‘distribution’
property (ApB)qD→ (AqD)p(BqD) in LDT:

(ApB)qD→AqD, p (ApB)qD, p→BqD
p-r

(ApB)qD→ (AqD)p(BqD)

3. Prover-Adversary games for (non-deterministic) branching programs

The goal of this section is to present games that correspond to eL(N)DT in the same way
that the Boolean formula game of Pudlák and Buss corresponds to Frege [PB94]. The basic
idea of these games is simple. Two players, Prover and Adversary alternate turns as
follows: Prover asks ‘queries’, and Adversary assigns them Boolean values. Prover wins if
the set of Adversary’s answers ever include a ‘simple contradiction’. Such games are duly
parametrised by their notions of ‘query’ and ‘simple contradiction’. Before presenting our
games, we first need to develop some further machinery for defining these data.

3.1. ‘Similar’ representations of branching programs. Since (N)BPs have underlying
dag structure that we represent via extension, we must address the matter of equivalent
representations. While we can mostly sidestep this issue for eLDT and eLNDT, with different
representations being demonstrably equivalent by way of polynomial-size proofs, in the
setting of games we must be more resource-conscious of the number of rounds it takes to
win (which should be logarithmic). For this reason we shall ‘bootstrap’ our games to include
native contradictory specifications, namely for a notion of simulation of transition systems
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specialised to our syntax. In this way, we can really see our games as operating directly on
(N)BPs rather than their representations, equating bisimilar programs.

We define a judgement A ≳E B meaning that the NBP represented by A (over E)
simulates the NBP represented by B (over E), as transition systems.

Definition 3.1 (Simulation). Let E = {ei ↔ Ei}i<n be a set of extension axioms. We define
the judgement A ≳E B, read ‘A E-simulates B’, by:

A ≳E A

A ≳E C A ≳E D

A ≳E C ∨D

A ≳E Ei

A ≳E ei
A ≳E C B ≳E D

ApB ≳E CpD

Ai ≳E B

A0 ∨A1 ≳E B

Ei ≳E B

ei ≳E B

(3.1)

Remark 3.2. It is not difficult to see that A ≳E B if and only if the NBP represented by A
(over E) simulates the NBP represented by B (over E), as labelled transition systems (see
e.g. [CB08, Section 7.4] for definitions). The forwards implication is by induction on the
definition of ≳E , while the backwards implication follows by E-induction on B then A.

Proposition 3.3 (Simulation in eLNDT). Let E be a set of eNDT extension axioms and
suppose A ≳E B. There are polynomial-size eLNDT proofs of B→A over E. If E ,A,B are
∨-free then these proofs are furthermore in eLDT.

Proof. We proceed by induction on the definition of simulation, deriving each rule of Eq. (3.1)
in eLNDT, noticing that we do not need to use ∨-steps when E ,A,B are ∨-free. Almost
every step is routine, requiring only a couple steps in eLNDT, except for the lower left rule
of Eq. (3.1), which is derived by,

IH
C →A

w
C →A,p, p

id
p→ p

w
p,D→A,p

p-l
CpD→A,p

p
p→ p

w
C, p→B,p

IH
D→B

w
p,D, p→B

p-l
CpD, p→B

p-r
CpD→ApB

where the steps marked IH are obtained by the inductive hypothesis.

Note that, in the case of deterministic BPs, simulation reduces to the simpler notion of
equivalence between branching programs with the same ‘unfolding’ as decision trees.

Definition 3.4 (Unfolding). Let E = {ei ↔ Ei}i<n be a set of ∨-free extension axioms and
A a eDT formula. We define the DT-formula UnfE(A) by E-induction on A:

• UnfE(0) := 0
• UnfE(1) := 1
• UnfE(ApB) := UnfE(A)pUnfE(B)
• UnfE(ei) := UnfE(Ei), for i < n.

In the presence of disjunction the natural extension of the notion of unfolding above is not
canonical: the same NBP may be represented by different bracketings of ∨ under associativity
and commutativity. This is why we must work with the notion of simulation above in the
games we introduce later. In any case, for deterministic BPs:

Proposition 3.5. Let E be a set of ∨-free extension axioms and A,B eDT formulas. A ≳E B
if and only if UnfE(A) = UnfE(B).
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Proof sketch. The ⇐ direction is routine, following by E-induction on A and B. For the ⇒
direction we proceed by induction on the definition of simulation. Since E ,A,B are ∨-free,
no disjunction cases of the definition of ≳E apply. All the remaining cases follow immediately
from inductive hypothesis and the definition of UnfE(−).

3.2. Boolean combinations of branching programs. The next matter we must address
is to some extent a design choice. To prove equivalence of our games and eL(N)DT, recall
that games are essentially tree-like versions of the inference system they correspond to, so we
shall need to prove some sort of closure under Boolean combinations, cf. [Kra94]. For eLNDT,
this will amount to the formalisation of a (non-uniform) version of Immerman-Szelepcsényi.

We could carry out this work either within a game system or within an inference system.
However doing so within games requires us to again be resource conscious of the number of
rounds, which must be logarithmic, and it is not clear to us that this can be duly carried
out without further bootstrapping. Thus we simply expand the queries of our game to be
as expressive as possible, closing them under Boolean combinations. This has the effect of
simplifying the translation from eL(N)DT proofs to strategies, but rendering the converse
more difficult.

Definition 3.6 (Boolean combinations). Write P,Q,R etc. for Boolean combinations of
e(N)DT formulas (Bool(e(N)DT)-formulas), generated by,

P,Q,R, . . . ::= A | ¬Q | Q ∨R | Q ∧R

where A ranges over e(N)DT formulas.

The intended semantics of this extended class of formulas are as expected, again
parametrised by a set of extension axioms in order to interpret the extension variables in a
e(N)DT-subformula. Note that the syntax here is ‘two-tiered’: Boolean connectives may
not alternate with decisions and extensions (except ∨ in the case of Bool(eNDT)). This
is reflected by the use of different metavariables (P,Q,R etc.) for Boolean combinations
of branching programs. Later we consider intermediate systems that extend eL(N)DT by
(positive) Boolean combinations, interpolating the translation from strategies to eL(N)DT.

3.3. Games for (non-deterministic) branching programs. Finally we are in a position
to define our games for deterministic and non-deterministic branching programs, ultimately
corresponding to eLDT and eLNDT respectively.

A (Prover-Adversary) game is given by a set of queries and a set of (simple)
contradictions, which are sets of Boolean assignments to queries. From here the mechanics
of the Prover-Adversary game are defined as in [PB94]: beginning with an initial set of
assignments S (a state or specification) Prover asks queries, and Adversary assigns them
a Boolean value. If during a play the set of assignments accumulated (including the initial
ones) includes a simple contradiction then Prover wins. A winning strategy σ (for Prover)
from S is represented as a full binary tree in the natural way, with queries labelling non-leaf
nodes, as in Figure 4 for the game we are about to define. Writing Γ 7→ b for {A 7→ b : A ∈ Γ},
we call a winning strategy from state {Γ 7→ 1,∆ 7→ 0} a proof of Γ→∆, with respect to
the underlying game.

We are finally ready to present our games corresponding to eL(N)DT:
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{¬¬(Q ∨ ¬Q) 7→ 0}

¬(Q ∨ ¬Q)

s.c.¬ Q ∨ ¬Q

¬Q

Q

s.c.¬ s.c.∨

10
s.c.∨

10
s.c.¬

10

10

{e42 7→ 1, e43 7→ 0}

0p4(0 ∨ 1)

s.c.E p4

0

s.c.p4 s.c.0

10
1p4(1 ∨ 0)

1 ∨ 0

0

0

s.c.1 s.c.p4

10
s.c.0

10 s.c.p4

10
s.c.E

10

10

10

Figure 4: Two winning strategies for Prover, over E the set of extension axioms from Fig. 2.
Initial states are indicated below the roots by dashed edges. Simple contradictions
are indicated as leaves marked ‘s.c.’ along with their type.

Definition 3.7. The non-deterministic branching program game NB (over E = {ei ↔
Ei}i<n) is given by:

• Queries are just the Bool(eNDT)-formulas.
• Simple contradictions consist of just:
– Boolean contradictions: {0 7→ 1} and {1 7→ 0}.
– Decision contradictions: {A0 7→ b0,A1 7→ b1, p 7→ i,A0pA1 7→ c : c ̸= bi}.
– Boolean connective contradictions: all sets inconsistent with the truth tables for ¬,∨,∧:

∗ {Q 7→ b,¬Q 7→ b}
∗ {Q0 ∨Q1 7→ 0,Qi 7→ 1} and {Q0 ∨Q1 7→ 1,Q0 7→ 0,Q1 7→ 1}
∗ {Q0 ∧Q1 7→ 0,Q0 7→ 1,Q1 7→ 1} and {Q0 ∧Q1 7→ 1,Qi 7→ 0}.

– Extension contradictions: {ei 7→ b,Ei 7→ 1− b}.
– Similarity contradictions:3 {A 7→ 0,B 7→ 1} whenever A ≳E B.

The deterministic branching game DB (wrt E) is defined the same way, only wrt
Bool(eDT) instead of Bool(eNDT).

Example 3.8. In Fig. 4 we give two winning strategies for Prover, one from the state
{¬¬(Q∨¬Q) 7→ 0}, left, and one from {e42 7→ 1, e43 7→ 0}, right, over the set E of extension
axioms from Fig. 2. They are NB proofs of the sequents → ¬¬(Q ∨ ¬Q) and e42 → e43
(over E). The left strategy is also a DB proof, as long as Q is ∨-free.

We shall continue to notate (winning) strategies similarly to Fig. 4.

3Note that the similarity contradictions actually include the extension ones as a special case, but this
serves as some useful redundancy.
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{Q0 ∨Q1 7→ 1}

Q0

Q1

s.c. ∨ .

1
0

.

1
0

{¬Q ∨R 7→ 0}

Q

R

¬Q

s.c. ¬ s.c. ∨

10
s.c. ∨

10
R

. s.c. ∨

10

10

Figure 5: Examples of strategies for finding and forcing.

4. Proofs to strategies

In this section we present one direction of our main results, translating propositional proofs
in eLDT or eLNDT to strategies in DB or NB, respectively:

Theorem 4.1. If eLNDT (or eLDT) has a size N proof of a sequent Γ→∆ over E, there
is a O(logN) round winning strategy from {Γ 7→ 1,∆ 7→ 0} in NB (or DB, resp.) over E.

Also in this section we shall present a converse to this result in the deterministic setting.
All definitions and results in this section apply to both DB and NB, unless otherwise stated.

4.1. A strategic toolbox. Before presenting a proof of Theorem 4.1 above, let us build
up some machinery for building strategies. When describing strategies, we shall use some
suggestive terminology:

• “force Q 7→ b (or win) from S in r rounds” is a (partial) strategy from S of depth ≤ r
with each leaf either a simple contradiction or has incoming edge Q 7→ b;

• “find α ∈ T (or win) from S in r rounds” is a (partial) strategy from S of depth ≤ r with
each leaf either a simple contradiction or has incoming edge labelled by some assignment
in T , say α.

We shall almost always omit ‘or win’ when using these phrases. We shall often expand out
‘α ∈ T ’ according to the context, e.g. saying ‘find Q ∈ Γ with Q 7→ b’.

Example 4.2 (Forcing and finding). From {Q0∨Q1 7→ 1} we can find Qi 7→ 1 in constantly
many rounds by:

• ask Q0; if Q0 7→ 1 we are done; else,
• ask Q1; if Q1 7→ 1 we are done; else,
• we have a simple contradiction {Q0 ∨Q1 7→ 1,Q0 7→ 0,Q1 7→ 0}.
This (partial) strategy is visualised in Fig. 5, left.

Also, writing Q ⊃ R as an abbreviation for ¬Q ∨R, we can force Q 7→ 1 and R 7→ 0
from {Q ⊃ R 7→ 0} in constantly many rounds:

• ask Q and R; if both Q 7→ 1 and R 7→ 0 we are done; else,
• if R 7→ 1 we have a simple contradiction against Q ⊃ R 7→ 0; else,
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{
∧

Γ 7→ 0}

∧
Γ0

IH
∧

Γ1

IH s.c. ∧

10

10

{
∧

Γ 7→ 1}

∧
Γ0

∧
Γ1

s.c. ∧ s.c. ∧

10
IH

10

Figure 6: O(logn) round strategies for forcing and finding in long conjunctions.

• we have Q 7→ 0, so ask ¬Q;
– if ¬Q 7→ 1 we have a simple contradiction against Q ⊃ R 7→ 0; else,
– if ¬Q 7→ 0 we have a simple contradiction against Q 7→ 0.

This (partial) strategy is visualised in Fig. 5, right.

Let us now see a more interesting, and useful, example. For a list of queries Γ we
write

∧
Γ for the conjunction of its members, bracketed as a (nearly) balanced binary tree.

Formally, if Γ = Q1, . . . ,Qk (and k ≥ 2) then:∧
Γ :=

⌊k/2⌋∧
i=1

Qi ∧
k∧

i=⌊k/2⌋+1

Qi

Similarly for long disjunctions,
∨
Γ. We have:

Example 4.3. Let Γ be a nonempty list of queries of length n. From {
∧
Γ 7→ b} we can:

• (b = 0) find Q ∈ Γ with Q 7→ 0 in O(logn) rounds.
• (b = 1) force Q 7→ 1 for any Q ∈ Γ in O(logn) rounds.

Dually from {
∨
Γ 7→ b} we can:

• (b = 0) force Q 7→ 0 for any Q ∈ Γ in O(logn) rounds.
• (b = 1) find Q ∈ Γ with Q 7→ 1 in O(logn) rounds.

To prove this we proceed by divide-and-conquer induction on n, focussing only on the
first two items (the other two follow dually). The base case, when n = 1, is immediate.
Otherwise, for n > 1, let Γ0 and Γ1 be (roughly) the first and second halves of Γ, so that∧
Γ =

∧
Γ0 ∧

∧
Γ1.

For the case b = 0:

• ask
∧
Γ0 and

∧
Γ1;

• if
∧
Γ0 7→ 0 find Q ∈ Γ0 with Q 7→ 0, by inductive hypothesis; else,

• if
∧
Γ1 7→ 0 find Q ∈ Γ1 with Q 7→ 0, by inductive hypothesis; else,

• we have a simple contradiction {
∧
Γ0 7→ 1,

∧
Γ1 7→ 1,

∧
Γ 7→ 0}.

This is visualised in Fig. 6, left.
For the case b = 1, let Q ∈ Γi:

• ask
∧
Γi;

• if
∧
Γi 7→ 1 force Q 7→ 1 by inductive hypothesis; else,

• we have a simple contradiction {
∧
Γi 7→ 0,

∧
Γ 7→ 1}.
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This is visualised in Fig. 6, right.

In the sequel we shall implicitly use similar techniques when constructing strategies.

4.2. From proofs to strategies. Thanks to the presence of Boolean combinations, Theo-
rem 4.1 follows by essentially the same proof structure as Pudlák and Buss in [PB94]. The
idea is also similar to the translation of Frege proofs into balanced tree-form [Kra94]: each
sequent is construed as a single query by Boolean combinations, and the winning strategy
searches for the first false sequent by a divide-and-conquer on conjunctions of sequents. This
must contradict soundness of some rule, which is again established in logarithmically many
rounds. Thus we first need the following intermediate result:

Lemma 4.4 (Local soundness). Fix an inference step as follows, where |Σ|, |Π|, |Σi|, |Πi| ≤ n:

Σ1 →Π1 · · · Σk →Πk
r

Σ→Π

From {
∧

Σ ⊃
∨

Π 7→ 0,
∧

Σ1 ⊃
∨

Π1 7→ 1, . . . ,
∧

Σk ⊃
∨

Πk 7→ 1} there is a strategy winning
in O(logn) rounds.

Proof. First note that by Example 4.2 we can:

(⋆) force
∧
Σ 7→ 1 and force

∨
Π 7→ 0 in constantly many rounds.

Now, almost every case is the same as for the usual sequent calculus LK, equivalently Frege
systems (see, e.g., [PB94]). The remaining cases are the decision rules of eL(N)DT:

• If r is
Γ,A→∆, p Γ, p,B→∆

p-l
Γ,ApB→∆

then:

– find C0 ∈ Γ,A with C0 7→ 0 or D0 ∈ ∆, p with D0 7→ 1 in O(logn) rounds, similarly to
Example 4.3;

– find C1 ∈ Γ, p,B with C1 7→ 0 or D1 ∈ ∆ with D1 7→ 1 in O(logn) rounds, similarly to
Example 4.3;

– if we found some Ci ∈ Γ, from (⋆) force Ci 7→ 1 in O(logn) rounds for a contradiction;
– if we found some Dj ∈ ∆, from (⋆) force Dj 7→ 0 in O(logn) rounds for a contradiction.
This leaves the possibilities that we found (i) A 7→ 0 or p 7→ 1; and, (ii) p 7→ 0 or B 7→ 0:
– if p 7→ 1 and p 7→ 0 then we have immediately a simple contradiction;
– in every other case, we have a decision contradiction against ApB 7→ 1.

• If r is
Γ→∆,A, p Γ, p→∆,B

p-r
Γ→∆,ApB

then:

– find C0 ∈ Γ with C0 7→ 0 or D0 ∈ ∆A,p with D0 7→ 1 in O(logn) rounds, similarly to
Example 4.3;

– find C1 ∈ Γ, p with C1 7→ 0 or D1 ∈ ∆,B with D1 7→ 1 in O(logn) rounds, similarly to
Example 4.3;

– if we found some Ci ∈ Γ, from (⋆) force Ci 7→ 1 in O(logn) rounds for a contradiction;
– if we found some Dj ∈ ∆, from (⋆) force Dj 7→ 0 in O(logn) rounds for a contradiction.
This leaves the possibilities that we found (i) A 7→ 1 or p 7→ 1 ; and, (ii) p 7→ 0 or B 7→ 1:
– first, from (⋆) force ApB 7→ 0 in O(logn) rounds;
– if p 7→ 1 and p 7→ 0 we immediately have a simple contradiction;
– in every other case, we have a decision contradiction against ApB 7→ 0.

We can now finally give our translation from proofs to strategies:
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Proof of Theorem 4.1. Fix a proof π : (Γi →∆i)i<n over E = {ei ↔ Ei}i<k of size N and
initial state S = {Γn−1 7→ 1,∆n−1 7→ 0}. Let us employ the following abbreviations:

• Li :=
∧
Γi, for i < n;

• Ri :=
∨
∆i, for i < n;

• Qi := Li ⊃ Ri, for i < n;
• Qi :=

∧
j<i

Qi, for i ≤ n.

First note that, by Examples 4.2 and 4.3, from S we can force in O(logN) rounds Ln−1 7→ 1
and Rn−1 7→ 0 and then also Qn−1 7→ 0, and so finally Qn 7→ 0. Now we construct a winning
strategy from Qn 7→ 0 as follows:

• Find the least i < n such that Qi 7→ 0, by a divide-and-conquer strategy: keep asking Qj

for j (roughly) halfway between the greatest l with Ql 7→ 1 (starting with l = 0) and least
u with Qu 7→ 0 (starting with u = n), until u− l = 1. Set i = u at this point, so that we
have Qi 7→ 0 but Qi 7→ 1.

• If Γi →∆i is an extension axiom ej →Ej or Ej → ej , then we can force a contradiction
for extension in constantly many rounds.

• If Γi →∆i is the conclusion of an inference step with premisses (among) Γj →∆j and
Γk →∆k, then j, k < i so we can force Qj 7→ 1 and Qk 7→ 1 from Qi 7→ 1 in O(logN)
rounds by Example 4.3. Now from {Qj 7→ 1,Qk 7→ 1,Qi 7→ 0} we can win in O(logN)
rounds by Lemma 4.4.

4.3. Strategies to proofs: the deterministic case. In the case of eLDT and DB, we can
readily translate strategies back to proofs thanks to determinism, morally since (non-uniform)
logspace is easily closed under Boolean combinations.

Theorem 4.5. If DB has a size N proof of an eDT sequent Γ→∆ over E then eLDT has
a poly(N) size proof of Γ→∆ over some E ′ ⊇ E.

Corollary 4.6. eLDT polynomially simulates DB, over DT sequents.

This result serves as a warm-up before our development of the non-deterministic case in
the next sections. For the proof it is convenient to work with a proof system that natively
manipulates the queries of DB:

Definition 4.7 (System for Bool(eDT)). Write LK(eLDT) for the extension of eLDT ma-
nipulating Boolean combinations of eDT formulas, i.e. the queries P,Q, . . . of DB, equipped
with the usual rules for negation, disjunction, and conjunction:

Γ→∆,Q
¬-l

Γ,¬Q→∆

Γ, P,Q→∆
∧-l

Γ, P ∧Q→∆

Γ, P →∆ Γ,Q→∆
∨-l

Γ, P ∨Q→∆
Γ,Q→∆

¬-r
Γ→∆,¬Q

Γ→∆, P,Q
∨-r

Γ→∆, P ∨Q

Γ→∆, P Γ→∆,Q
∧-r

Γ→∆, P ∧Q

(4.1)

By the Boolean constructions of [BDK20, Section 5] (see also [BDK19]) we have:

Proposition 4.8. If LK(eLDT) has a size N proof of an eDT sequent Γ→∆ over E then
eLDT has a poly(N) size proof of Γ→∆ over some E ′ ⊇ E.
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The branching program construction for Boolean combinations is well-known, and the
proof theoretic development of the result is similar to that of the ‘positive decisions’ we
shall work with later in Section 5.1. Let us point out, in particular, that negation of
deterministic branching programs is simple, by the recurrence: ¬(ApB) ⇐⇒ ¬Ap¬B.
Naturally expressing negation is precisely the difficulty in the non-deterministic case.

In any case, from Proposition 4.8 above, we can readily establish the polynomial
simulation of DB by eLDT:

Proof of Theorem 4.5. By Proposition 4.8 above, it suffices to work with LK(eLDT) instead
of eLDT. We proceed by induction on the structure of a DB strategy from initial state
{Γ 7→ 1,∆ 7→ 0}, constructing an LK(eLDT) proof of Γ→∆ over E . The construction is
straightforward, similar to that of [PB94], simulating each query by a cut maintaining the
invariant that queries answered 1 are on the LHS of the sequent and queries answered 0 are
on the RHS of the sequent. Formally, if σ begins by querying some P , with substrategies
σ0, σ1 for the answers 0, 1 respectively, we construct the following LK(eLDT) proof,

IH

Γ→∆, P

IH

Γ, P →∆
cut

Γ→∆

where the subproofs marked IH are obtained by the inductive hypothesis, with σ0, σ1
construed as winning strategies from the corresponding intial states. Thus it remains to
derive the base cases of simple contradictions by polynomial size proofs:4

• Boolean contradictions are given by the corresponding initial Boolean rule.
• Decision contradictions are given by constant length proofs using just the decision, struc-
tural and initial rules.5 For instance {ApB 7→ 1, p 7→ 0,A 7→ 0} and {ApB 7→ 0, p 7→
1,B 7→ 1} are respectively given by,

id
A→A

w
A→ p, p,A

id
p→ p

w
p,B→ p,A

p-l
ApB→ p,A

and

id
p→ p

w
p,B→A,p

id
B→B

w
p,B, p→B

p-r
p,B→ApB

.

• Boolean connective contradictions are the same as for LK, cf. [PB94].
• Extension contradictions are given by the corresponding extension axioms.
• Similarity contradictions are given by Proposition 3.3.

Remark 4.9 (On tree-like proofs). Note that, since strategies are trees, the proof constructed
above is almost tree-like, except for the subproofs for similarity contradictions arising from
Proposition 3.3. However the simulation of LK(eLDT) by eLDT, Proposition 4.8, does not
preserve this tree-like structure.

4We omit consideration of weakenings immediately below an initial sequent in all cases.
5In fact, formally, constant size such proofs must exist by the previous completeness result, Proposition 2.10.
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5. A non-uniform partial formalisation of Immerman-Szelepcsényi

In order to translate strategies to proofs, we need a way to simulate the negation of branching
programs. For this, in the non-deterministic case, we need a non-uniform formalisation of
the Immerman-Szelepcsényi theorem, coNL = NL. Throughout this section we focus only
on eLNDT, not eLDT.

5.1. Working with positive decisions. It will be convenient in our construction to stitch
together branching programs by ‘positive’ decisions. This sort of decision induces what
are often called ‘monotone’ or ‘positive’ (non-deterministic) branching programs (PBPs):
NBPs where, for every 0-edge, there is a parallel 1-edge [GS92, Gri91], for instance as
in Example 2.4 earlier. We investigated the proof complexity of PBPs in earlier work
[DD22, DD25] essentially by restricting decision formulas to have the form Ap(A ∨ B),
hence comprising a bona fide sublanguage of eNDT formulas. Here it will be convenient to
‘bootstrap’ our language with the capacity to make (certain) positive decisions on compound
formulas (over a fixed set of extension variables), and even recursively so.

Definition 5.1 (Positive decisions). Let E = {ei ↔ Ei}i<n be a set of extension axioms and
e = {ei}i<n. We introduce fresh extension variables by the closure property:

• if B is a formula over e, and A,C are formulas, then AB(A ∨C) is an extension variable.

Over this language we define E+ to be the smallest extension of E by all extension axioms of
the form:

A0(A ∨C) ↔ A
A1(A ∨C) ↔ A ∨C

A(B0 ∨B1)(A ∨C) ↔ (AB0(A ∨C)) ∨ (AB1(A ∨C))
A(B0pB1)(A ∨C) ↔ (AB0(A ∨C))p(AB1(A ∨C))

Aei(A ∨C) ↔ AEi(A ∨C)

The notation we have used is intentionally suggestive, under the interpretation by E+,
perhaps at the danger of ambiguity: we insist, for foundational reasons, that AB(A∨C) are
not compound formulas, but rather bona fide extension variables. Note that the formulas A
and C above may contain extension variables besides those in e, in particular other positive
decisions according to the closure property. For instance we have extension variables of the
form AB(A ∨ (CB′(C ∨D))) and so on. However B and B′ here must be over the original
set of extension variables e.

By the E-induction principle, Remark 2.5, we may readily establish the following
characteristic truth conditions:

Lemma 5.2 (Truth for positive decisions). Fix a set of extension axioms E = {ei ↔ Ei}i<n.
For formulas B over e there are polynomial size eLNDT proofs over E+ of:

AB(A ∨C) → A,B
AB(A ∨C) → A,C

A → AB(A ∨C)
B,C → AB(A ∨C)

Proof. The argument is a straightforward E-induction on B. We will only present proofs for
B,C →AB(A ∨C) as the other sequents follow similarly.
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In the base case, when B is 0 or 1, we have:

0-l
0→

w
0, C →B

id
C → C

w
1, C →A,C

If B = D ∨E we have,

IH
D,C →AD(A ∨C)

IH
E,C →AE(A ∨C)

∨-l
D ∨E,C →AD(A ∨C),AE(A ∨C)

E+,∨-r
D ∨E,C →A(D ∨E)(A ∨C)

where the steps marked IH are obtained by the inductive hypothesis.
If B = DpE we have the two proofs:

IH
D,C →AD(A ∨C)

w,e
C,D→ p, p,AD(A ∨C)

id
p→ p

w
C,D, p→ p,AE(A ∨C)

E+,p-r
C,D→ p,A(DpE)(A ∨C)

id
p→ p

w
C, p,E→ p,AD(A ∨C)

IH
E,C →AE(A ∨C)

w,e
C, p,E→AE(A ∨C)

E+,p-r
C, p,E→A(DpE)(A ∨C)

which we can combine to obtain, as required:

C,D→ p,A(DpE)(A ∨C) C, p,E→A(DpE)(A ∨C)
p-l

DpE,C →A(DpE)(A ∨C)

If B is an extension variable ei with extension axiom ei ↔ Ei, we just call the inductive
hypothesis for AEi(A ∨C).

Remark 5.3 (Positive decision rules). Note that, from the Truth Conditions above, we can
immediately derive the ‘positive decision’ rules as in [DD22, DD25], that we may use in the
sequel:

Γ,A→∆ Γ,B,C →∆
B+-l

Γ,AB(A ∨C)→∆

Γ→∆,A,B Γ→∆,A,C
B+-r

Γ→∆,AB(A ∨C)
(5.1)

5.2. Positive counting programs and their properties. For the remainder of this
section let us fix B = B0, . . . ,BN−1 over a set of extension axioms B. Introduce new

(temporarily uninterpreted) extension variables tB
j

k for each Bj = Bj , . . . ,BN−1, for j ≤ N

(so BN is just the empty list ε) and k ∈ Z. After generating B+ as in Definition 5.1 above,
we define T B

B to be the smallest extension of B+ by all extension axioms of the form:

tεk ↔ 1 for k ≤ 0
tεk ↔ 0 for k > 0

tB
j

k ↔ tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k−1 ) for j < N
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It is not hard to see, by induction on |Bj |, that tBj

k is true over T B
B just when at least k of

Bj are true. Note that we have extension variables with negative subscripts too, like tε−1,
which we have set to 1. It is convenient to admit these so that definitions and proofs by
induction on the length of the superscript are more uniform (like the final case above).

Remark 5.4. Notice that the thresholds programs above are defined slightly differently
from the ones from the earlier Example 2.4, in that the leaves left of the 1 sink in Fig. 2
are set to 1 rather than 0 by the above formulation. By monotonicity of the program, this
makes no difference to the semantics, but the current formulation streamlines the exposition
henceforth.

Similar ‘threshold’ programs were introduced in [DD22, DD25] where several basic
properties were established in order to carry out counting arguments. As our formulation is
slightly different, and for self-containment, we reproduce two necessary lemmata here, with
reference to the analogous results from previous work.

Lemma 5.5 (Monotonicity of thresholds, cf. [DD25, Proposition 4.6]). There are polynomial-
size eLNDT proofs over T B

B of:

(1) → tB
j

k whenever k ≤ 0

(2) tB
j

k → whenever k > |Bj |
(3) tB

j

k → tB
j

k−1

Proof. All items are proved by induction on |Bj |. The base cases, when Bj = ε, are
immediate from the extension axioms T B

B . We derive the inductive steps as follows,

(1) :

IH

→ tB
j+1

k
Lemma 5.2

→ tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k−1 )
T B
B → tB

j

k

(2) :

IH

tB
j+1

k →
IH

tB
j+1

k−1 →
Lemma 5.2

tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k−1 )→
T B
B

tB
j

k →

(3) :

IH

tB
j+1

k → tB
j+1

k−1

id

tB
j+1

k−1 → tB
j+1

k−1
Lemma 5.2

tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k−1 )→ tB
j+1

k−1 Bj(t
Bj+1

k−1 ∨ tB
j+1

k−2 )
T B
B

tB
j

k → tB
j

k−1

where the steps marked IH are obtained by the inductive hypothesis.

Lemma 5.6 (Truth for thresholds, cf. [DD25, Lemma 5.4]). There are polynomial-size
eLNDT proofs over T B

B , of:

(1) Bj , t
Bj+1

k → tB
j

k+1

(2) tB
j+1

k → tB
j

k

(3) tB
j

k → tB
j+1

k ,Bj

(4) tB
j

k → tB
j+1

k−1
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Proof. Almost all cases follow by simply unfolding a threshold extension variable by T B
B and

applying the truth conditions for positive decisions:

(1) :

Lemma 5.2

Bj , t
Bj+1

k → tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k )
T B
B

Bj , t
Bj+1

k → tB
j

k+1

(2) :

Lemma 5.2

tB
j+1

k → tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k−1 )
T B
B

tB
j+1

k → tB
j

k

(3) :

Lemma 5.2

tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k−1 )→ tB
j+1

k ,Bj
T B
B

tB
j

k → tB
j+1

k ,Bj

(4) :

Lemma 5.2 & Lemma 5.5

tB
j+1

k Bj(t
Bj+1

k ∨ tB
j+1

k−1 )→ tB
j+1

k−1T B
B

tB
j

k → tB
j+1

k−1

In the final case, (4), we are also using the monotonicity property tB
j+1

k → tB
j+1

k−1 , by
Lemma 5.5.(3).

5.3. Decider construction. We shall employ the counting mechanisms from Section 5.2
to define a construction that will compute a decision on eNDT formulas relative to a fixed
number of true formulas, over appropriate extension axioms. For this we shall employ ideas
from the Immerman-Szelepcsényi Theorem, coNL = NL, in a nonuniform setting.

Recall that, from the beginning of Section 5.2, we have fixed formulas B = B0, . . . ,BN−1

over a set of extension axioms B, and we have generated B+ and T B
B . The main result of

this section is:

Theorem 5.7 (Formalised (partial) Immerman-Szelepcsényi). For i < N, k ∈ Z and formulas
A,C there are extension variables ABk

i C and a set of extension axioms extending T B
B over

which there are polynomial-size eLNDT proofs of:

tBk ,AB
k
i C → A,Bi, t

B
k+1

tBk ,AB
k
i C,Bi → C, tBk+1

tBk ,Bi, C → ABk
i C, tBk+1

tBk ,A → Bi,AB
k
i C, tBk+1

(5.2)

The idea behind the sequents above is that, as long as exactly k of B are true, ABk
i C

accurately computes a decision on Bi, returning the value of A if false, and C if true. Indeed,
ignoring the gray threshold formulas, the sequents above are just the truth conditions for a
decision ‘ABiC’. Note here that having tBk+1 on the RHS is semantically equivalent to having

its negation on the LHS, and of course tBk ∧ ¬tBk+1 holds just when exactly k of B are true.

The notation ABk
i C we have used is suggestive but we emphasise that these expressions are

not compound formulas, but rather bona fide extension variables. We will call ABk
i C the

k-decider of Bi (for A,C, over B).
To give the intuition before its formal definition, the corresponding NBP that will be

computed by ABk
i C is visualised (over its corresponding extension axioms) in Fig. 7 as a

NBP, in fact as a positive combination of the programs B we started with. Note here that
each ‘node’ is actually a copy of an NBP Bj , indexed by a pair (c, b). c is a counter that
tracks how many true Bjs along the path thusfar, while b is a Boolean flag that flips from 0
to 1 if Bi is true along the path. The blue part of the diagram is all before deciding Bi, after
which the program splits into two cases, indicated in red (b = 0) or green (b = 1), depending
on whether the 0-direction or 1-direction, respectively, from Bi was followed. The orange 0
leaves correspond to paths where the counter does not match the number of true variables
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B0(0, 0)

B1(0, 0) B1(1, 0)

B2(0, 0) B2(1, 0) B2(2, 0)

...
...

...

BN−1(k − 1, 0) BN−1(k, 1)BN−1(k, 0) BN−1(k − 1, 1). . .

. . .. . . . . .

0 A 0 C 00

. . . . . .

Bi(c, 0)

Bi+1(c, 0) Bi+1(c+ 1, 1)
...

...

. . . . . .

Figure 7: The k-decider ABk
i C, over DB

B , visualised as an NBP that is a positive combination
of B. 0-edges are dotted and 1-edges are solid.

k, and so the program returns erroneously. The extension variables used to describe this
program will duly have three indices c, b, j.

Let us now define the k-decider ABk
i C more formally and prove its relevant properties.

For the remainder of this section we fix i < N , k ∈ Z and formulas A,C, towards proving
Theorem 5.7.

Definition 5.8 (Decision programs). We introduce extension variables dc,bj , for j ≤ N, c ≤
N, b < 2, and write DB

B for the smallest extension of T B
B by the following extension axioms,

given by case analysis on j ≤ N :

• For j < N, j ̸= i:

dc,bj ↔ dc,bj+1Bj(d
c,b
j+1 ∨ dc+1,b

j+1 )

• For j = i:

dc,0i ↔ dc,0i+1Bi(d
c,0
i+1 ∨ dc+1,1

i+1 )

• For j = N :

dk,0N ↔ A

dk,1N ↔ C

dc,bN ↔ 0 if c ̸= k

From here we set ABk
i C := d0,00 .

Remark 5.9 (Relation to [AGP02] and Immerman-Szelepcsényi). The formulas 1Bk
i 0, by

Theorem 5.7, will represent the negation of Bi in environments where exactly k of B are true.
Formally, in the terminology of [AGP02] they are pseudocomplements with respect to the
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‘exact-k’ functions. However our construction of these pseudocomplements is rather inspired
by the inductive counting argument underlying the Immerman-Szelepcsényi theorem:

• Each ‘node’ non-deterministically checks whether some Bi is true, i.e. whether its source
reaches the sink 1, similarly to the subroutine of Immerman-Szelepcsényi. The role of the
counter c is similar to the local counter of the subroutine, with the computation aborting
(the orange 0s of Fig. 7) if the wrong number of Bj ’s were guessed true.

• Instead of a main routine that inductively calculates the number of true Bj ’s (i.e. the
number of Bj ’s whose sources eventually reach 1), an exact number k of true Bj ’s is given
to us in the context of the corresponding truth conditions, cf. Eq. (5.2). The role of the
main routine is rather carried out by a counting argument at the level of the proof system,
essentially a (non-uniform) induction on k.

5.4. Some intermediate results. In order to prove Theorem 5.7, we first establish a series
of intermediate lemmata, characterising evaluation at each node of the decider. Each result
will rely on the previous ones, working from the leaves of the k-decider upwards, cf. Fig. 7.

All proofs in this subsection are in the system eLNDT, over extension variables DB
B

(which also includes B+ and T B
B ). Recall that we fixed i < N , k ∈ Z and formulas A,C in

the previous subsection.

Intuitively, at each node dc,bj , the formulas B0, . . . ,Bj−1 have already been ‘evaluated’,

and the counter c tells us that (at most) c of them have returned true. How the remainder
of the program evaluates now depends on the number l of true formulas among Bj =
Bj , . . . ,BN−1. If l, c are too low for the counter to eventually reach k then the k-decider
will return erroneously (the orange 0 leaves in Fig. 7). This intuition is formalised by the
following result:

Lemma 5.10. If l+ c < k there are polynomial-size proofs of tB
j

l ,dc,bj → tB
j

l+1, for j ≤ N .

Proof. By backwards induction on j ≤ N :

• For the base case, j = N , we have BN = ε so:

– if c ̸= k we have dc,bN ↔ 0 by DB
B ;

– if c = k then l < 0 so tεl+1 ↔ 1 by T B
B .

In both cases we may conclude by an initial step 0-l or 1-r and weakenings.
• For the inductive step we have the following derivation, conducting a sort of case analysis
on Bj :

IH

tB
j

l , dc,bj+1 → tB
j

l+1DB
B
tB

j

l , dc,bj → tB
j

l+1,Bj

IH

tB
j

l , dc,bj+1 → tB
j

l+1

IH

tB
j+1

l−1 , dc+1,b′

j+1 → tB
j+1

lT B
B
tB

j

l ,Bj , d
c+1,b′

j+1 → tB
j

l+1DB
B

Bj , t
Bj

l , dc,bj → tB
j

l+1
cut

tB
j

l , dc,bj → tB
j

l+1

for appropriate b′, where the steps marked IH are obtained by the inductive hypothesis,
steps marked DB

B are obtained by positive truth conditions from Lemma 5.2 under the

corresponding extension axioms from Definition 5.8, and steps marked T B
B are obtained

by the truth conditions for thresholds from Lemma 5.6.
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eLNDT proofs in the remainder of this subsection will have a similar structure to the
one above, and we shall duly annotate them similarly without further clarification.

Continuing our informal intuition, if l+ c = k then the k-decider will return correctly

(i.e. it will correctly decide Bi, returning A if false and C if true). If j > i then dc,bj has
already evaluated Bi and the latter’s truth value is stored as b. Thus such nodes will return
A or C depending on the value of b. This intuition is formalised by the following result:

Lemma 5.11. If l+ c = k then, for i < j ≤ N , there are polynomial-size proofs of:

(1) tB
j

l ,dc,0j →A, tB
j

l+1

(2) tB
j

l ,A→ dc,0j , tB
j

l+1

(3) tB
j

l ,dc,1j → C, tB
j

l+1

(4) tB
j

l ,C → dc,1j , tB
j

l+1

Proof. We prove only Items 1 and 2, with Items 3 and 4 respectively proved similarly. We
proceed by backwards induction on j.

For the base case, j = N , note that BN = ε. We have:

(1) By the DB
B axioms, we have either dc,0N ↔ 0 or dc,0N ↔ A, so we can conclude by id or 0-l

and weakenings.
(2) • If l < 0 then we have tεl+1 ↔ 1 from T B

B , and so we conclude by 1-r and weakenings.

• If l > 0 then we have tεl ↔ 0 from T B
B , and so we conclude by 0-l and weakenings.

• If l = 0 then k = c by assumption, so from DB
B we have dk,0N ↔ A, whence we conclude

by id and weakening steps.

For the inductive steps we have the following derivations:

(1) :

IH

tB
j+1

l , dc,0j+1 →A, tB
j+1

l+1T B
B
tB

j

l , dc,0j+1 →A, tB
j

l+1,Bj
DB

B
tB

j

l , dc,0j →A, tB
j

l+1,Bj

Lemma 5.10

tB
j+1

l−1 , dc,0j+1 →A, tB
j+1

lT B
B
Bj , t

Bj

l , dc,0j+1 →A, tB
j

l+1

IH

tB
j+1

l−1 , dc+1,0
j+1 →A, tB

j+1

lT B
B
Bj , t

Bj

l , dc+1,0
j+1 →A, tB

j

l+1DB
B

Bj , t
Bj

l , dc,0j →A, tB
j

l+1
cut

tB
j

l , dc,0j →A, tB
j

l+1

(2) :

IH

tB
j+1

l ,A→ dc,0j+1, t
Bj+1

l+1T B
B
tB

j

l ,A→ dc,0j+1, t
Bj

l+1,Bj
DB

B
tB

j

l ,A→ dc,0j , tB
j

l+1,Bj

IH

tB
j+1

l−1 ,A→ dc+1,0
j+1 , tB

j+1

lT B
B
Bj , t

Bj

l ,A→ dc+1,0
j+1 , tB

j

l+1DB
B

Bj , t
Bj

l ,A→ dc,0j , tB
j

l+1
cut

tB
j

l ,A→ dc,0j , tB
j

l+1

Finally we consider the case when l+ c = k and j ≤ i. The intuition here is that Bi has not
yet been evaluated, so the k-decider behaves like a bona fide decision on Bi, returning A if
false and C if true. This intuition is formalised by the following result:

Lemma 5.12. If l+ c = k then, for j ≤ i, there are polynomial-size proofs of:

(1) tB
j

l ,dc,0j →A,Bi, t
Bj

l+1

(2) tB
j

l ,A→Bi, d
c,0
j , tB

j

l+1

(3) tB
j

l ,dc,0j ,Bi → C, tB
j

l+1
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(4) tB
j

l ,Bi, C → dc,0j , tB
j

l+1

Proof. We proceed by backwards induction on j ≤ i.
For the base case, j = i, Items 1 and 2 are proved similarly:

(1) :

Lemma 5.11

tB
i+1

l , dc,0i+1 →A, tB
i+1

l+1T B
B
tB

i

l , dc,0i+1 →A,Bi, t
Bi

l+1DB
B
tB

i

l , dc,0i →A,Bi, t
Bi

l+1

(2) :

Lemma 5.11

tB
i+1

l ,A→ dc,0i+1, t
Bi+1

l+1T B
B
tB

i

l ,A→Bi, d
c,0
i+1, t

Bi

l+1DB
B
tB

i

l ,A→Bi, d
c,0
i , tB

i

l+1

Items 3 and 4 are proved dually, accounting for the choice when Bi is true:

(3) :

Lemma 5.10

tB
i+1

l−1 , dc,0i+1 → tB
i+1

l
w

tB
i+1

l−1 , dc,0i+1 → C, tB
i+1

lT B
B
tB

i

l , dc,0i+1,Bi → C, tB
i

l+1

Lemma 5.11

tB
i+1

l−1 , dc+1,1
i+1 ,Bi → C, tB

i+1

lT B
B

tB
i

l , dc+1,1
i+1 ,Bi → C, tB

i

l+1DB
B

tB
i

l , dc,0i ,Bi → C, tB
i

l+1

(4) :

Lemma 5.11
T B
B
tB

i+1

l−1 , C → dc+1,1
i+1 , tB

i+1

lDB
B

tB
i

l ,Bi, C → dc,0i , tB
i

l+1

For the inductive step we have the following derivations:

(1) :

IH

tB
j+1

l ,dc,0j+1→A,Bi,t
Bj+1

l+1T B
B
tB

j

l ,dc,0j+1→A,Bi,t
Bj

l+1,Bj
DB

B
tB

j

l ,dc,0j →A,Bi,t
Bj

l+1,Bj

Lemma 5.10

tB
j+1

l−1 ,dc,0j+1→tB
j+1

l
w

tB
j+1

l−1 ,dc,0j+1→A,Bi,t
Bj+1

lT B
B
Bj ,t

Bj

l ,dc,0j+1→A,Bi,t
Bj

l+1

IH

tB
j+1

l−1 ,dc+1,0
j+1 →A,Bi,t

Bj+1

lT B
B
Bj ,t

Bj

l ,dc+1,0
j+1 →A,Bi,t

Bj

l+1DB
B

Bj ,t
Bj

l ,dc,0j →A,Bi,t
Bj

l+1
cut

tB
j

l ,dc,0j →A,Bi,t
Bj

l+1

(2) :

IH

tB
j+1

l ,A→Bi,d
c,0
j+1,t

Bj+1

l+1T B
B
tB

j

l ,A→Bi,d
c,0
j+1,t

Bj

l+1,Bj
DB

B
tB

j

l ,A→Bi,d
c,0
j ,tB

j

l+1,Bj

IH

tB
j

l ,A→Bi,d
c+1,0
j+1 ,tB

j

l+1T B
B
Bj ,t

Bj+1

l−1 ,A→Bi,d
c+1,0
j+1 ,tB

j+1

lDB
B

Bj ,t
Bj

l ,A→Bi,d
c,0
j ,tB

j

l+1
cut

tB
j

l ,A→Bi,d
c,0
j ,tB

j

l+1

The derivations for Items 3 and 4 are similar.

5.5. Putting it all together. From here the main result of this section is an immediate
consequence of our final lemma:

Proof of Theorem 5.7. As ABk
i C :=d0,00 , the result is now just a special case of Lemma 5.12,

setting c=0, l=k and j=0.
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6. Strategies to proofs: the non-deterministic case

Our final main result is the converse of Theorem 4.1, in the non-deterministic case:

Theorem 6.1. If NB has a size N proof of an eNDT sequent Γ→∆ over E then eLNDT
has a poly(N) size proof of Γ→∆ over some E ′⊇E.

Corollary 6.2. eLNDT polynomially simulates NB, over NDT sequents.

This argument is much more complicated than the deterministic case, Theorem 4.5, and re-
quires the formalisation of Immerman-Szelepcsényi from the previous section. The argument
follows by composing a series of intermediate polynomial simulations.

6.1. De Morgan normal form of strategies. Before translating strategies to proofs,
it will be useful to work with strategies in ‘De Morgan’ form, where each query only has
negations in front of eLNDT formulas, with no ∧ in its scope. Let us write NBDM for the
restriction of NB to this syntax of queries. We can define for each NB-query Q an ‘equivalent’
NBDM-query QDM in the natural way, by pushing negations down to eNDT formulas.

Definition 6.3 (DM-translation). For each NB-query Q define a NBDM-query QDM by,

BDM := B
(Q∧R)DM := QDM∧RDM

(Q∨R)DM := QDM∨RDM

(¬B)DM := ¬B
(¬¬Q)DM := QDM

(¬(Q∨R))DM := (¬Q)DM∧(¬R)DM

(¬(Q∧R))DM := (¬Q)DM∨(¬R)DM

where B is an eNDT formula.

We will need to lift this translation to strategies too for which, we require some
intermediate results.

Let us write dp(Q) for the depth of Q, i.e. the maximum length of a path from the
root of Q to a (maximal) eNDT subformula. Our first intermediate result constructs a
winning strategy from situations when the assignment is inconsistent with some substitution
of queries.

Lemma 6.4 (Leibniz property). Let P,P ′,Q[X] be NB (or NBDM) queries, where X is a
distinguished single subquery occurrence in Q[X]. From {P 7→ b,P ′ 7→ b,Q[P ] 7→ c,Q[P ′] 7→
1−c} there is a NB (resp., NBDM) winning strategy with O(log(dp(Q[X]))) rounds.

Proof. Let π be the (unique) path in the of Q[X] from the root to X. We proceed by
divide-and-conquer induction on the length |π| of π.
• If |π|=0 then Q[X]=X, and {P 7→ b,P ′ 7→ b,P 7→ c,P ′ 7→1−c} always contains a simple
contradiction.

• If |π|=1 then X is an immediate subquery of Q:
– if Q[X]=¬X then {P 7→b,P ′ 7→b,¬P 7→c,¬P ′ 7→1−c} always contains a simple contra-

diction;
– if Q[X] =X ◦T for some ◦ ∈ {∨,∧} and query T , then ask T . From here note that

{P 7→ b,P ′ 7→ b,P ◦T 7→ c,P ′ ◦T 7→1−c,T 7→d} always contains a simple contradiction.
Similarly if Q[X]=T ◦X.

• For the inductive step, write Q[X]=Q′[R[X]] where R[X] is the subquery of Q[X] rooted
(roughly) halfway along π. Ask R[P ] and R[P ′], with responses d and d′ respectively:
– if d ̸=d′ then apply the inductive hypothesis to P,P ′,R[X];
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– if d=d′ then apply the inductive hypothesis to R[P ],R[P ′],Q′[X].

For a tree T write |T | for its number of leaves. Recall ‘Spira’s lemma’, that each binary tree
has a subtree of roughly half the number of leaves:

Lemma 6.5 (Spira’s lemma, [Spi71]). For any binary tree T there is a subtree T ′ such that
1
3 |T |≤ |T ′|< 2

3 |T |.

We can use the above fact to drive a divide-and-conquer strategy for De Morgan duality. Let
us write #Q for the number of (maximal) eNDT subformula occurrences in Q, i.e. writing
Q=φ(B) where φ(x) is a Boolean formula and B are maximal eNDT subformulas, #Q is
just the number of leaves of the formula tree of φ(x).

Lemma 6.6 (Duality). Given a NB-query Q there is a winning strategy in NBDM from
{QDM 7→b,(¬Q)DM 7→b} with O(log(#Q) rounds.

Proof. We proceed by divide-and-conquer induction on #Q:

• If Q is just an eNDT-formula or its negation, then the statement is immediate.
• For the inductive step, write Q=P [R] where R is a subquery of Q of roughly half the
size, more precisely s.t. 1

3#Q≤#R≤ 2
3#Q, by Lemma 6.5. Ask RDM and (¬R)DM, with

responses c and c′ respectively:
– if c=c′ then apply the inductive hypothesis to R;
– if c ̸=c′ then ask (P [c])DM and (¬P [c])DM, with responses d and d′ respectively:

∗ if d ̸=b then apply Lemma 6.4 to RDM,c,(P [X])DM;6

∗ if d′ ̸=b then apply Lemma 6.4 to (¬R)DM,c′,(¬P [X])DM;
∗ otherwise d=d′=b so apply the inductive hypothesis to P [c].

Finally we can obtain the translation of NB strategies to De Morgan form. For a NB strategy
σ, write #σ :=

∑
Q∈σ

#Q, where Q∈σ means that Q varies over nodes labelled by the query

Q in σ.

Proposition 6.7. Given a NB strategy σ over E from an eNDT sequent winning in d rounds
there is a NBDM strategy over E for the same sequent winning in O(d+log(#σ)) rounds.

Proof. From σ construct a NBDM ‘pre-strategy’ σDM for the same sequent by replacing
each query Q by QDM (σDM is visualised in Fig. 8). The only paths of σDM that no
longer end after a simple contradiction nonetheless contain a subset of queries of form
{QDM 7→b,(¬Q)DM 7→b}. So we may extend σDM into a bona fide NBDM winning strategy
by appealing to Lemma 6.6.

6.2. From De Morgan strategies to LK+(eLNDT). We now use our formalisation of
Immerman-Szelepcsényi in order to translate De Morgan strategies to proofs without negation.
Similarly to the deterministic case, cf. Section 4.3, it will be useful to first translate to a
version of eLNDT with formulas closed under certain Boolean combinations, this time only
positively so:

Definition 6.8 (System for positive Boolean combinations of eNDT formulas). Write
LK+(eLNDT) for the extension of eLNDT that allows {∨,∧}-combinations of eNDT formulas
and the corresponding rules for these connectives from Eq. (4.1).

6Note that QDM = (P [R])DM = PDM[RDM].
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¬
◦

∧ ∨
...

{Q 7→ b,¬Q 7→ b}

DM

−−→ ◦̄
∨ ∧

...

{QDM 7→ b, (¬Q)DM 7→ b}

Figure 8: Visualisation of a NB strategy (left) and its ·DM translation (right). ‘Leaves’ of
the form {QDM 7→b,(¬Q)DM 7→b} are not simple contradictions of NBDM, but are
rather justified by the O(log(#Q))-depth strategies from Lemma 6.6.

The main result of this subsection is:

Proposition 6.9. Given a NBDM proof σ over B of an eNDT sequent Γ→∆ there is a
LK+(eLNDT) proof of Γ→∆ over some B′⊇B of size polynomial in |σ|.

Towards a proof of this result, let us fix for the remainder of this subsection σ,B,Γ,∆ as
declared in the statement above, and let B=B0,...,BN−1 enumerate all the eNDT formulas
occurring in σ. By Theorem 5.7 let Dk

i ⊇T B
B ⊇B+⊇B be such that we have polynomial-size

eLNDT proofs of the sequents in Eq. (5.2) over Dk
i , for A=1 and C=0. Using those sequents,

we can simulate negated eNDT formulas of σ in LK+(eLNDT) relative to a fixed number of
true formulas. Formally, writing Dk :=Dk

0 ∪···∪Dk
N−1, we have:

Lemma 6.10. For each k∈Z there are LK+(eLNDT) proofs over Dk of tBk ,Γ→∆,tBk+1 of
size polynomial in |σ|.

Proof. For each query Q of σ write Qk for the result of replacing each eNDT subquery ¬Bi

by the respective decider 1Bk
i 0. We proceed inductively on the structure of σ, similarly to

the deterministic case, cf. Proposition 4.8, instead conducting cuts on Qk for each query
Q, always maintaining the invariant that if Q 7→ 0 then Qk is on the RHS of a sequent,
and if Q 7→1 then Qk is on the LHS. We also always keep tBk on the LHS and tBk+1 on the
RHS. Formally, if σ begins by querying some Q, with substrategies σ0,σ1 for the answers
0,1 respectively, we construct the following LK+(eLNDT) proof:

IH

tBk ,Γ→∆,Qk,tBk+1

IH

tBk ,Γ,Q
k →∆,tBk+1

cut
tBk ,Γ→∆,tBk+1

where the subproofs marked IH are obtained by the inductive hypohesis, with σ0,σ1 construed
as winning strategies from the corresponding initial states. Thus it remains to derive the
base cases of simple contradictions by polynomial size proofs:

• ¬ contradictions of σ have form either of:
– {Bi 7→0,¬Bi 7→0}: these are translated to polynomial size proofs over Dk

i of tBk ,Γ→Bi,

1Bk
i 0,∆,tBk+1, by Theorem 5.7.
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– {Bi 7→1,¬Bi 7→1}: these are translated to polynomial size proofs over Dk
i of tBk ,Γ,Bi,

1Bk
i 0→∆,tBk+1, again by Theorem 5.7.

• all other simple contradictions, namely the {∨,∧} contradictions, decision contradictions,
extension contradictions and similarity contradictions, are handled in exactly the same
way as for the deterministic case, in the proof of Proposition 4.8, just weakening the
extraneous threshold extension variables.

Now we obtain Proposition 6.9 by composing proofs from Lemma 6.10, for k=0,...,N , and
appealing to the monotonicity properties of thresholds from Lemma 5.5 earlier:

Proof of Proposition 6.9. Set B′ :=D0∪···∪DN and construct the LK+(eLNDT) proof:

Lemma 5.5

→ tB0

Lemma 6.10

tB0 ,Γ→∆,tB1 ···
Lemma 6.10

tBN ,Γ→∆,tBN+1

Lemma 5.5

tBN+1 →
(N+2)·cut

Γ,...,Γ→∆,...,∆
c

Γ→∆

6.3. From LK+(eLNDT) to eLNDT. Just like in the deterministic case, we obtain a polyno-
mial simulation of LK+(eLNDT) by eLNDT by the Boolean constructions of [BDK20, Section
5] (see also [BDK19]):

Proposition 6.11. If LK+(eLNDT) has a size N proof over E of an eNDT sequent Γ→∆
then eLNDT has a poly(N) size proof of Γ→∆ over some E ′⊇E.

In fact the above result is also obtained as a special case of the development of positive
decisions in Section 5.1: setting E ′ := E+, we can define A∧B := 0A(0∨B), as given in
Definition 5.1, and we can duly derive the ∧-l and ∧-r rules of Eq. (4.1), under this
interpretation, by appealing to the truth conditions for positive decisions from Lemma 5.2.

As promised the proof of the main result of this section is now obtained by composing
the various polynomial simulations we have obtained:

Proof of Theorem 6.1. Immediate from Propositions 6.7, 6.9 and 6.11.

7. A proof complexity theoretic analogue of coNL=NL

In this section, we use our non-uniform formalisation of the Immerman-Szelepcsényi result
to obtain a bona fide proof complexity theoretic version of coNL=NL.

To formulate the statement we want, it is not enough to equate eLNDT with some
‘dual’ version, reasoning over co-NBPs: as sequents are two-sided, having the negation of a
eNDT formula A on one side is the same as having A on the other side. The corresponding
analogue we shall formalise is rather akin to “the Logspace Hierarchy collapses to NL”. To
be concrete, a ∃∀BP is just an alternating branching program with only one alternation,
starting with non-deterministic states (see, e.g., [Weg00] for a detailed exposition). We shall
show in this section that eLNDT polynomially simulates a corresponding system for ∃∀BPs.
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7.1. Systems for co-nondeterministic and ∃∀-alternating branching programs.
First let us define the appropriate systems. In terms of notation, we shall make use of
explicit metavariables to delineate alternations of ∨ and ∧ in alternating branching programs.
All notation should be construed as self-contained to this section, to avoid any clashes with
previous sections. As we have already seen several examples of systems, representations and
proofs in related systems, we shall remain as brief as possible in this subsection.

A co-eNDT formula, written U,V etc., is generated by,

U,V,... ::= 0 | 1 | UpV | U ∧V | ui

where u0,u1,... is a fresh set of co-eNDT extension variables.
From here an e∃∀DT formula, written X,Y etc., is generated by,

X,Y,... ::= 0 | 1 | U | XpY | X∨Y | xi

where x0,x1,... is a fresh set of e∃∀DT extension variables.
Extension axiom sets for both types of formula above are defined as expected, i.e. sets of

the form U={ui↔Ui}i<n or X ={xi↔Xi}i<n, with each Ui or Xi, respectively, containing
only extension variables among u0,...,ui−1 or x0,...,xi−1, respectively. It is not hard to see
that e∃∀DT formulas, over e∃∀DT extension axiom sets, represent ∃∀BPs, just like eNDT
formulas for NBPs.

Definition 7.1 (Systems for co-eNDT and e∃∀DT formulas). The system co-eLNDT is
defined like eLNDT, cf. Definition 2.8 only over co-eNDT formulas instead of eNDT formulas,
using ∧-rules from (4.1) instead of the ∨-rules of eLNDT.

The system eL∃∀DT is defined just like eLNDT, cf. Definition 2.8, only over e∃∀DT
formulas instead of eNDT formulas, so including ∧-rules from (4.1) as well as the rules of
eLNDT, over appropriate formulas.

Remark 7.2 (Arbitrary alternation). It is not hard to see from here how to develop a
syntax for more general alternating branching programs, but we shall remain within the
restricted systems here defined to avoid cumbersome metavariable bookkeeping.

The main result of this section is:

Theorem 7.3 (Proof complexity theoretic analogue of coNL=NL). eLNDT polynomially
simulates eL∃∀DT, over NDT sequents.

To prove this we define a series of translations, according to different types of BPs, and
combine them appropriately. Like earlier results, we could refine this result to account for
conclusions with extension variables, over corresponding sets of extension axioms. However,
as we shall work with many systems in this section over different languages, we shall refrain
from doing this to simplify theorem statements and their proofs.

7.2. eLNDT polynomially simulates co-eLNDT. First, as a warm up result, and for later
use, let us establish the expected polynomial equivalence between eLNDT and co-eLNDT
over simple sequents. We state the result in only the one direction that we shall need (the
other being entirely dual):

Proposition 7.4. eLNDT polynomially simulates co-eLNDT over DT sequents.

The result follows by ‘dualising’ a proof; let us make this notion formal:
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Definition 7.5 (Negation). For each co-eNDT extension variable uj let its negation ūj be
a fresh eNDT extension variable. We extend negation to all co-eNDT formulas by,

0̄ := 1
1̄ := 0

UpV := ŪpV̄
U ∧V := Ū ∨ V̄

We write Γ̄ :={Ū :U ∈Γ}. We further extend this notation to sets of co-eNDT extension
axioms: if U={ui↔Ui}i<m then Ū :={ūi↔ Ūi}i<m.

Note that, for any co-eNDT formula U , its negation Ū is an eNDT formula. Moreover,
it is not hard to see that if U is interpreted over some extension axioms U , then Ū computes
its negation, over Ū , in the expected way. We can make this observation proof-relevant too:

Lemma 7.6. For each co-eLNDT proof π over U of a co-eNDT sequent Γ→∆ there is an
eLNDT proof π̄ over Ū of ∆̄→ Γ̄ of size polynomial in |π|.

Proof. Construct π̄ by replacing all co-eNDT formulas U of the LHS of the sequent with Ū
in the RHS and vice versa. We justify each resulting step of inference as follows:

• Identity and cut steps on U are translated to identity and cut steps, respectively, on Ū .
• Extension hypotheses remain correct by definition.
• Each left structural step s-l is translated to a right structural step s-r and vice-versa.
• 0-l and ∧-l steps are respectively translated to 1-r and ∨-r steps, and vice-versa. E.g.:

Γ,U,V
∧-l

Γ,U ∧V →∆
⇝

∆̄→ Γ̄,Ū ,V̄
∨-r

∆̄→ Γ̄,Ū ∨ V̄

Γ→∆,U Γ→∆,V
∧-r

Γ→∆,U ∧V
⇝

∆̄,Ū → Γ̄ ∆̄,V̄ → Γ̄
∨-l

∆̄,Ū ∨ V̄ → Γ̄

• Finally p-l and p-r steps are translated as follows,

Γ,U → p,∆ Γ,p,V →∆
p-l

Γ,UpV →∆
⇝

∆̄,p̄→ Ū ,Γ̄
◦
∆̄→ p,Ū ,Γ̄

∆̄→ p̄,V̄ ,Γ̄
•
∆̄,p→ V̄ ,Γ̄

p-r
∆̄→ ŪpV̄ ,Γ̄

Γ→ p,U,∆ Γ,p→ V,∆
p-r

Γ→ UpV,∆
⇝

∆̄,Ū ,p̄→ Γ̄
◦
∆̄,Ū → p,Γ̄

∆̄,V̄ → p̄,Γ̄
•
∆̄,p,V̄ → Γ̄

p-l
∆̄,ŪpV̄ → Γ̄

where the steps marked ◦ are obtained by cutting against constant-size proofs of → p,p̄,
and the steps marked • are obtained by cutting against constant-size proofs of p,p̄→ .

From here, by cutting against identities on eDT formulas, we immediately have a proof of
our aforementioned simulation.

Proof of Proposition 7.4. For a eDT formula A, it is routine to construct polynomial-size
LDT-proofs of →A,Ā and A,Ā→ , by induction on the structure of A. Now, given a
co-eLNDT proof of a DT sequent Γ→∆, first apply Lemma 7.6 to obtain an eLNDT-proof of
∆̄→ Γ̄, then apply linearly many cuts against →A,Ā for each A∈∆ and against B,B̄→
for each B∈Γ, to obtain a proof of Γ→∆.
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7.3. Simulating eL∃∀DT relative to a fixed number of true variables. Towards a
proof of Theorem 7.3, let us now fix, for the remainder of this section, an eL∃∀DT proof π
of an NDT sequent Σ→Π over extension axioms X ={xj↔Xj}j<n.

Let U=U0,...,UN−1 enumerate the co-eNDT formulas in π that are not eDT formulas.
Write Ū= Ū0,...,ŪN−1 and Uk

i := 1Ūk
i 0. Now we can speicalise Theorem 5.7 to obtain

extension axiom sets Dk
i ⊇T B

B , for i<N and k∈Z, such that:

Corollary 7.7. There are polynomial size eLNDT proofs of,

• tŪk ,Ūi,U
k
i → tŪk+1

• tŪk → Ūi,U
k
i ,t

Ū
k+1

over Dk
i , for i<N and k∈Z.

Proof sketch. From Theorem 5.7 we have polynomial size proofs of tŪk ,Ūi,U
k
i → 0,tŪk+1 and

tŪk ,1→ Ūi,U
k
i ,t

Ū
k+1, over Dk

i , whence the two sequents above follow by cutting against the
initial sequents 0-l and 1-r respectively.

We want a sort of generalisation of this result to cover all e∃∀DT-theorems. Let us first
extend the definition of ·k appropriately:

Definition 7.8 (k-translation). We extend the notation Uk
i to all e∃∀DT formulas of π,

defining Xk for each X in π as follows,

(XpY )k := XkpY k

(X∨Y )k := Xk∨Y k

xkj := ekj

where ekj is a fresh eNDT extension variable. We also write Γk :={Ak :A∈Γ}, for cedents Γ
of π, and X k :={ekj ↔Xk

j }j<n.

Again, let us point out that each Xk is an eNDT formula. Writing Dk :=Dk
0∪···∪Dk

N−1,
let us first establish the following result:

Lemma 7.9. There are polynomial-size eLNDT proofs of tŪk ,Σ→Π,tŪk+1 over X k∪Dk, for
each k∈Z.

Proof. We construct the required proof πk from π as follows:

• Add tŪk to the LHS of each line and tŪk+1 to the RHS of each line.

• Replace each each Ui in the LHS (or RHS) by Ūi in the RHS (respectively LHS).
• Replace each e∃∀DT formula X that is not a co-eNDT formula (and so also not a eDT
formula) by Xk.

Notice that (even extended) NDT formulas are unaffected by the formula translation

described above, so πk certainly ends with the desired sequent, tŪk ,Σ→Π,tŪk+1. Moreover,

πk is almost a correct eLNDT proof, it only remains to repair certain inference steps:

• Identities and other initial sequents remain derivable with additional weakenings for tŪk
on the LHS and tŪk+1 on the RHS.

• Cuts remain intact by the transformation above.
• Any structural steps remain intact by the transformation above.
• Any logical or extension step on eDT formulas remains intact, as the transformation does
not affect them.
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• A LHS step on a co-eNDT formula Ui is transformed into a RHS step on its dual Ūi, and
vice versa, just like in the proof of Lemma 7.6.

• Logical steps on e∃∀DT formulas (that are not co-eNDT formulas) remain intact, as the
·k translation commutes with decisions, disjunctions and extensions.

• The remaining critical cases are when, bottom-up, a co-eNDT formula ‘appears’ for the
first time, i.e. after a ∨-l or ∨-r step on a e∃∀DT formula when at least one auxiliary
formula is a co-eNDTformula. Such steps are translated as follows,

Γ,Ui →∆ Γ,X →∆
∨-l

Γ,Ui∨X →∆
⇝

tŪk ,Γ′ → Ūi,∆
′,tŪk+1•

tŪk ,Γ′,Uk
i →∆′,tŪk+1 tŪk ,Γ′,Xk →∆

∨-l
tŪk ,Γ′,Uk

i ∨Xk →∆′,tŪk+1

Γ→∆,Ui,X
∨-r

Γ→∆,Ui∨X
⇝

tŪk ,Γ′,Ūi →∆′,Xk,tŪk+1◦
tŪk ,Γ′ →∆′,Uk

i ,X
k,tŪk+1∨-r

tŪk ,Γ′ →∆′,Uk
i ∨Xk,∆′,tŪk+1

where Γ′,∆′ are obtained from Γ,∆ by the formula replacement we carried out, and the
steps marked • or ◦ are derived by cutting against the appropriate duality property for
Uk
i from Corollary 7.7. In the case where X is also some Uj , we cut against a further

instance of Corollary 7.7 to convert, bottom-up, Uk
j on the LHS or RHS to Ūj on the RHS

or LHS, respectively.

7.4. Putting it all together. We can now assemble the proof of our main result. Recall,
from the beginning of the previous subsection, that we already fixed an eL∃∀DT proof π of
an NDT sequent Σ→Π over extension axioms X ={xj↔Xj}j<n, with co-eNDT formulas
(that are not eDT formulas) among U.

Proof of Theorem 7.3. We have from Lemma 7.9 polynomial-size eLNDT proofs, for each

k∈Z, of tŪk ,Σ→Π,tŪk+1, over X
k∪Dk. We can now cut these together to obtain the eLNDT

proof,
Prop. 5.5

→ tŪ0

Lem. 7.9

tŪ0 ,Σ→Π,tŪ1 ···
Lem. 7.9

tŪN ,Σ→Π,tŪN+1

Prop. 5.5

tŪN+1 →
(N+2)cut

Σ,...,Σ→Π,...,Π
c

Σ→Π

over extension axioms X 0∪D0 ···∪XN ∪DN , as required.

8. Conclusions

We proposed Prover-Adversary games NB and DB for reasoning about non-deterministic
branching programs (NBPs) and deterministic branching programs (BPs), respectively.
We showed that DB and NB correspond to the previously introduced systems eLDT and
eLNDT, respectively, from [BDK20, BDK19]. In the deterministic case, let us point out
that similar ideas were communicated by Cook but, as far as we can tell, never published
(see [Coo01]). For the non-deterministic case we formalised a non-uniform version of the
Immerman-Szelepcsényi theorem, coNL=NL [Imm88, Sze88] to (partially) negate NBPs.
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We applied our main technical Immerman-Szelepcsényi construction to establish a proof
complexity theoretic version of coNL=NL, namely that a system for the second level of the
logspace hierarchy collapses to the first level. Precisely, we showed that the system eLNDT
reasoning about non-deterministic branching programs polynomially simulates the system
eL∃∀DT reasoning about alternating branching programs with two alternations, ∃∀.

Let us point out that a nonuniform development of the Immerman-Szelepcsényi result, in
particular for computing negation of NBPs, has appeared before [Vin96]. The construction
in that work is different from ours as our deciders ABk

i C only work relative to a fixed number
k of true inputs among B. On the other hand [Vin96] does not consider a formalisation of
the construction within a proof system or theory as we have done here, cf. Theorem 5.7.

It would be prudent to establish some bounded arithmetic correspondence between these
systems and appropriate theories of arithmetic, e.g. VL and VNL for L and NL (see, e.g.,
[CN10]). At the same time it would be interesting to understand better the bounded reverse
mathematical strength of the Immerman-Szelepcsényi Theorem (cf. [CK04, Per09]). We are
aware of ongoing work in this direction by Beckman, Buss, Das and Knop.

We can see eLDT and eLNDT as the canonical ‘Frege’ systems for L and NL respectively.
It would therefore also be interesting to use our games to compare (fragments of) eL(N)DT
with recently studied ‘OBDD proof systems’ in proof complexity, e.g. in [AKV04, BIKS18,
CZ09, IR22].
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