Logical Methods in Computer Science
Volume 22, Issue 2, 2026, pp. 17:1-17:27 Submitted  Oct. 15, 2024
https://Imcs.episciences.org/ Published May 22, 2026

A RESOLUTION-BASED INTERACTIVE PROOF SYSTEM FOR UNSAT

PHILIPP CZERNER ©®, JAVIER ESPARZA ®, VALENTIN KRASOTIN ®, AND ADRIAN KRAUSS

Technical University of Munich
e-mail address: {czerner, esparza, krasotin}@Qcit.tum.de, adrian.krauss@tum.de

ABSTRACT. Modern SAT or QBF solvers are expected to produce correctness certificates.
However, UNSAT certificates have worst-case exponential size (unless NP = coNP), and at
recent SAT competitions the largest certificates of unsatisfiability are reaching terabyte
size. This puts limits to the development of SAT-solving services in which a client with
limited computational power sends a formula to a solver running on a powerful server,
which returns a certificate to be checked by the client.

Recently, Couillard, Czerner, Esparza, and Majumdar have suggested to replace cer-
tificates with interactive proof systems based on the IP = PSPACE theorem. They have
presented an interactive protocol between a prover and a verifier for an extension of QBF.
The overall running time of the protocol is linear in the time needed by a standard BDD-
based algorithm, and the time invested by the verifier is polynomial in the size of the
formula. (So, in particular, the verifier never has to read or process exponentially long
certificates). We call such an interactive protocol competitive with the BDD algorithm for
solving QBF.

While BDD algorithms are state-of-the-art for certain classes of QBF instances, no
modern (UN)SAT solver is based on BDDs. For this reason, we initiate the study of
interactive certification for more practical SAT algorithms. In particular, we address the
question whether interactive protocols can be competitive with some variant of resolution.
We present two contributions. First, we prove a theorem that reduces the problem of finding
competitive interactive protocols to finding an arithmetisation of formulas satisfying certain
commutativity properties. (Arithmetisation is the fundamental technique underlying the
IP = PSPACE theorem.) Then, we apply the theorem to give the first interactive protocol
for the Davis-Putnam resolution procedure. We also report on an implementation and give
some experimental results.

Parts of this work appeared previously as [CEK24].

1. INTRODUCTION

Automated reasoning tools should provide evidence of their correct behaviour. A substantial
amount of research has gone into proof-producing automated reasoning tools [Heu21, Nec97,
Nam01, HIM*02, BRK"22|. These works define a notion of “correctness certificate” and
adapt the reasoning engine to produce independently checkable certificates. For example,
SAT solvers produce either a satisfying assignment or a proof of unsatisfiability in some
proof system, e.g. resolution (see [Heu2l| for a survey). We call them SAT and UNSAT
certificates, respectively.

There is a fundamental asymmetry between SAT and UNSAT certificates: while SAT
certificates can be checked in polynomial (even linear) time in the size of the formula, this
is very unlikely to be the case for UNSAT certificates, because it implies NP = coNP. In
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particular, all UNSAT certificates produced by current tools (like a DRAT certificate or a
resolution proof) may have exponential size in the size of the formula, and UNSAT certificates
produced by current tools may have hundreds of GiB or even, in extreme cases, hundreds
of TiB [HKM16]. Despite much progress on reducing the size of proofs and improving the
efficiency of checking proofs (see e.g. [HJKW17, Heu21]), this fundamental asymmetry puts
limits to the development of SAT-solving services in which clients with limited computational
power (say, a standard laptop) send formulas to a solver running on a very powerful server,
and get back a SAT or UNSAT certificate. We are interested in such a SAT-solving scenario,
where the costs of solving and certificate checking are assumed by different parties, and
reducing the latter is important, even if it increases the former. Notice that this stands
in contrast to the cost model of a SAT-solving tool that solves the formula, produces a
certificate, and checks it, where one is only interested in minimising the total time.

The IP = PSPACE theorem, proved in 1992 by Shamir [Sha92|, presents a possible
fundamental solution to this problem: interactive proofs'. A language is in IP if there exists
a sound and complete interactive proof protocol between two agents, Prover and Verifier,
that Verifier can execute in randomised polynomial time [GMR85, Bab85, LFKN92, AB09].
Completeness means that, for any input in the language, an honest prover that truthfully
follows the protocol will convince Verifier to accept the input. Soundness means that, for any
input not in the language, Verifier will reject it with high probability, no matter how Prover
behaves. “Conventional” certification is the special case of interactive proof in which Prover
sends Verifier only one message, the certificate, and Verifier is convinced with probability 1.
The IP = PSPACE theorem implies the existence of interactive proof protocols for UNSAT in
which Verifier only invests polynomial time in the size of the formula. This is not the case
for conventional certification protocols where Prover produces a certificate, like a resolution
proof or a DRAT certificate. Indeed, while these certificates can be checked in linear time in
the size of the certificate, they have worst-case exponential size in the size of the formula,
and so Verifier needs exponential time in the worst case.

Despite its theoretical promise, the automated reasoning community has not yet developed
tools for UNSAT or QBF with interactive proof protocols. In a recent paper, Couillard,
Czerner, Esparza, and Majumdar venture a possible explanation [CCEM23|. They observe
that the interactive certification protocols described in the literature have been designed
to prove asymptotic complexity results, for which one works with a cost model that only
counts the resources used by Verifier, that is, a model in which the steps of Prover have zero
cost. Intuitively, in this approach the goal is to make Verifier faster, regardless of the cost for
Prover. These leads to very inefficient Provers that typically construct the complete truth
table of the formula, making them incompatible with automated reasoning tools. Indeed,
after efficiently deciding that a given formula is UNSAT using a state-of-the-art algorithm,
Prover would have to compute the truth table of the formula. The runtime of Prover would
be best-case exponential in the number of variables, making the tool useless in practice.

Couillard et al. propose to search for interactive proof protocols where Prover uses
algorithms that, while worst-case exponential, like any known algorithm for QBF, are more
efficient in practice than brute force. In [CCEM23| they consider the standard BDD-based
algorithm for QBF and design an interactive protocol based on it.

In this paper, we initiate the study of interactive certification for UNSAT for Provers
based on more efficient SAT-solving algorithms than pure brute-force. For this, given an

"n our context it would be more adequate to speak of interactive certification, but we use the standard
terminology.
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algorithm Alg and an interactive protocol P, both for UNSAT, we say that P is competitive
for Alg if the ratio between the runtime of Prover in P and the runtime of Alg on inputs
of length n is bounded by a polynomial in n. So, loosely speaking, if P is competitive for
Alg, then one can add interactive verification to Alg with only polynomial overhead. For
example, Provers based on computing the truth table are not competitive with respect to
any (reasonable variant of) resolution: Indeed, it is easy to construct a family of formulas
with an arbitrary number of variables such that resolution takes polynomial time in the
size of the formula, while constructing the truth table takes exponential time. This raises
the question whether it is possible to design interactive protocols that are competitive for
algorithms more efficient than brute-force methods.

We present the first interactive protocol competitive for (a simplified version of) the
well-known Davis-Putnam procedure—see e.g. Section 2.9 of [Har09]. Our version fixes a
total order on variables, resolves exhaustively with respect to the next variable, say x, and
then “locks” all clauses containing = or —z, ensuring that they are never resolved again w.r.t.
any variable. For this, we first present the gist of our idea in general terms. We introduce a
technique that, given an algorithm Alg for UNSAT satisfying certain conditions, constructs
an interactive protocol that is competitive with respect to Alg. Let us be more precise. We
consider algorithms for UNSAT that, given a formula g, construct a sequence g, @1, ..., Pk
of formulas such that ¢; is equisatisfiable to ¢; 11, and there is a polynomial algorithm that
decides if ¢y is unsatisfiable. Our interactive protocols are based on the well-known idea
of encoding the formulas in this sequence as polynomials over a finite field in such a way
that the truth value of the formula for a given assignment is determined by the value of
the polynomial on that assignment. The encoding procedure is called arithmetisation, and
has been extensively used for designing both SAT-solving algorithms (see e.g. [BN21] on
algebraic proof systems) and interactive proof protocols [GMR85, Bab85, LFKN92, AB09|.
We introduce the notion of an arithmetisation compatible with a given algorithm. Loosely
speaking, compatibility means that for each step ¢; — ;+1, there is an operation on
polynomials mimicking the operation on formulas that transforms ¢; into ;1. We prove
that the problem of finding a competitive interactive protocol for a given algorithm Alg for
UNSAT reduces to finding an arithmetisation compatible with Alg. We then show that,
while standard arithmetisations are not compatible with the Davis-Putnam algorithm, a
non-standard arithmetisation is. In our opinion, this is the main insight of our paper: in order
to find interactive protocols for algorithms for UNSAT, one can profit from non-standard
arithmetisations.

The Davis-Putnam procedure was proposed in the 1960s, and constitutes a first link in
a chain of increasingly efficient SAT-solving procedures that includes different flavours of
resolution, DPLL and, ultimately, conflict-driven clause learning (CDCL). Modern techniques
for solving UNSAT are several orders of magnitude faster than Davis-Putnam, and so our
results do not yet have any practical implication for SAT solving: in order to achieve
polynomial time for Verifier, we would need to use an algorithm for Prover that, while
much better than brute force, is still too inefficient compared to the current state of the art.
Whether practical interactive protocols can be obtained for other links of the chain remains
open. On the one hand, our technique does not extend to them, and so, besides non-standard
arithmetisations, new ideas are required. On the other hand, complexity theory offers several
candidates for such ideas: besides the IP model used in our paper, one may also consider the
multi-prover model MIP, as well as probabilistically checkable proofs.
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In the last section of the paper, we report on an implementation of our interactive
protocol. We conduct some experiments comparing the time and memory consumption of
Prover and Verifier for Davis-Putnam in both the conventional and interactive certification
settings. In the conventional setting, Prover computes a Davis-Putnam resolution proof
and sends it to Verifier, who checks its correctness. In the interactive setting, Prover still
computes the resolution proof but, instead of sending it to Verifier, engages with Verifier in
our competitive interactive protocol. Roughly speaking, our results indicate that Prover is
slower in the interactive setting by a nearly constant factor, while Verifier is faster in the
interactive setting by several orders of magnitude.

The paper is structured as follows. Section 2 contains preliminaries. Section 3 presents
interactive proof systems and defines interactive proof systems competitive with a given
algorithm. Section 4 defines our version of the Davis-Putnam procedure. Section 5 in-
troduces arithmetisations, and defines arithmetisations compatible with a given algorithm.
Section 6 presents an interactive proof system for Davis-Putnam. Section 7 reports on our
implementation and experiments. Section 8 contains conclusions.

2. PRELIMINARIES

Multisets. A multiset over a set S is a mapping m: S — N. We also write multisets using
set notation, for example we write {x,z,y} or {2-x,y}. Given two multisets m; and ma, we
define m; @ my as the multiset given by (m1 @ ma)(s) = mi(s) +ma(s) for every s € S, and
m1 © mg as the multiset given by (m; © m2)(s) = max{0,mi(s) —ma(s)} for every s € S.

Formulas, CNF, and resolution. A Boolean variable has the form x; where i = 1,2,3, ....
Boolean formulas are defined inductively: true, false and variables are formulas; if ¢ and
1 are formulas, then so are =, @ V4, and @ A . A literal is a variable or the negation
of a variable. A formula ¢ is in conjunctive normal form (CNF) if it is a conjunction of
disjunctions of literals. We represent a formula in CNF as a multiset of clauses where a
clause is a multiset of literals. For example, the formula (zV V2V —y) A z A z is represented
by the multiset {{3x, -y}, 2{z}}.

Remark 2.1. Usually CNF formulas are represented as sets of clauses, which are defined as
sets of literals. Algorithms that manipulate CNF formulas using the set representation are
assumed to silently remove duplicate formulas or duplicate literals. In this paper, due to the
requirements of interactive protocols, we need to make these steps explicit. In particular, we
use multiset notation for clauses. For example, C(z) denotes the number of occurrences of x

in C.

We assume in the paper that formulas are in CNF. Abusing language, we use ¢ to denote
both a (CNF) formula and its multiset representation.

Resolution. Resolution is a proof system for CNF formulas. Given a variable z, a clause C'
containing exactly one occurrence of z and a clause C” containing exactly one occurrence of -,
the resolvent of C and C” with respect to x is the clause Res,(C,C") := (Ce{z})®(C'6{—x}).

For example, Res,({z,—y,z}, {—x,—~w}) = {~y, z, ~w}. It is easy to see that C' A C’
and Res,(C,C") are equisatisfiable. A resolution refutation for a formula ¢ is a sequence of
clauses ending in the empty clause whose elements are either clauses of ¢ or resolvents of
two previous clauses in the sequence. It is well known that ¢ is unsatisfiable iff there exists
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a resolution refutation for it. There exist families of formulas, like the pigeonhole formulas,
for which the length of the shortest resolution refutation grows exponentially in the size of
the formula, see e.g. [Hak85, BT88|.

Polynomials. Interactive protocols make extensive use of polynomials over a finite field
F. Let X be a finite set of variables. We use z,, z, ... for variables and p, p1, ps, ... for
polynomials. We use the following operations on polynomials:

e Sum, difference, and product, denoted p1 4+ pa2, p1 — p2, P1 - P2, and defined as usual. For
example, (3zy — 22) + (22 +yz) =32y +yz and (z +y) - (z — y) = 2% — >

e Partial evaluation. Denoted 7(,.—q) p, it returns the result of setting the variable x to the
field element a in the polynomial p, e.g. 7.5 (37y — 2%) = 15y — 22.

A (partial) assignment is a (partial) mapping o : X — F. We write I, p instead of
Tayi=a(21)] - Tepi=o(zy)] P» Where x1, ...,z are the variables for which o is defined. Addition-
ally, we call a (partial) assignment o binary if o(x) € {0,1} for each z € X.

The following lemma is at the heart of all interactive proof protocols. Intuitively, it
states that if two polynomials are different, then they are different for almost every input.
Therefore, by picking an input at random, one can check polynomial equality with high
probabillity.

Lemma 2.2 (Schwartz-Zippel Lemma). Let p1,pa be distinct univariate polynomials over F
of degree at most d > 0. Let r be selected uniformly at random from F. The probability that
p1(r) = pa(r) holds is at most d/|F|.

Proof. Since p1 # po, the polynomial p := p; — po is not the zero polynomial and has degree
at most d. Therefore p has at most d zeros, and so the probability of p(r) = 0 is at most

d/[F|. O

3. INTERACTIVE PROOF SYSTEMS

An interactive protocol is a sequence of interactions between two parties: Prover and Verifier.
Prover has unbounded computational power, whereas Verifier is a randomised, polynomial-
time algorithm. Initially, the parties share an input z that Prover claims belongs to a given
language L (e.g. UNSAT). The parties alternate in sending messages to each other according
to a protocol. Intuitively, Verifier repeatedly asks Prover to send informations. At the end of
the protocol, Verifier accepts or rejects the input.

Formally, let V, P denote (randomised) online algorithms, i.e. given a sequence of inputs
my,ma, ... € {0,1}* they compute a sequence of outputs, e.g. V(my), V(my, ma),.... We say
that (m1, ..., maog) is a k-round interaction, with my, ..., moy, € {0,1}*, if m;p1 = V(mq,...,m;)
for odd i and m;y; = P(my,...,m;) for even 1.

The output outy p(z) is maok, where (mq, ..., mog) is a k-round interaction with m; = x.
We also define the Verifier-time vtimey, p(x) as the expected time it takes V' to compute
M2, My, ..., Mgk, for any k-round interaction (myq,...,moi) with m; = z. We define the
Prover-time ptimey, p () analogously.

Let L be a language and p : N — N a polynomial. A tuple (V, Py, p) is an interactive
protocol for L if for each x € {0,1}* of length n we have vtimey, p,, ,,(n) () € O(polyn) and:

(1) (Completeness) x € L implies outy, p,, ,n)(z) = 1 with probability 1, and
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2) (Soundness) x ¢ L implies that for all P we have outy p ,,, () = 1 with probability at
V,P,p(n)
most 277,

The completeness property ensures that if the input belongs to the language L, then there
is an “honest” Prover Py who can always convince Verifier that indeed x € L. If the input
does not belong to the language, then the soundness property ensures that Verifier rejects
the input with high probability no matter how a (dishonest) Prover tries to convince it.

IP is the class of languages for which there exists an interactive protocol. It is known that
IP = PSPACE |[LFKN92, Sha92|, that is, every language in PSPACE has a polynomial-round
interactive protocol. The proof exhibits an interactive protocol for the language QBF of
true quantified boolean formulas; in particular, the honest Prover is a polynomial-space,
exponential-time algorithm.

3.1. Competitive Interactive Protocols. In an interactive protocol there are no restric-
tions on the running time of Prover. The existence of an interactive protocol for some
coNP-complete problem in which Prover runs in polynomial time would imply e.g. NP C BPP.
Since this is widely believed to be false, Provers are allowed to run in exponential time, as
in the proofs of [LFKN92, Sha92|. However, while all known approaches for UNSAT use
exponential time in the worst case, some perform much better in practice than others. For
example, the Provers of [LFKN92, Sha92] run in exponential time in the best case. This
motivates our next definition: instead of stating that Prover must always be efficient, we say
that it must have a bounded overhead compared to some given algorithm Alg.

Formally, let L C {0,1}* be a language, let Alg be an algorithm for L, and let (V, Py, p)
be an interactive protocol for L. We say that (V, Py, p) is competitive with Alg if for every
input € {0,1}" of length n we have ptimey, p, .,y (z) € O(poly(n)T'(x)), where T'(x) is the
time it takes Alg to run on input x.

Recently, Couillard, Czerner, Esparza and Majumdar [CCEM23| have constructed an
interactive protocol for QBF that is competitive with BDDSOLVER, the straightforward BDD-
based algorithm that constructs a BDD for the satisfying assignments of each subformula,
starting at the leaves of the syntax tree and progressively moving up. In this paper, we will
investigate UNSAT and give an interactive protocol that is competitive with DAVISPUTNAM,
a decision procedure for UNSAT based on a restricted version of resolution.

4. THE DAvVIS-PUTNAM RESOLUTION PROCEDURE

We introduce the variant of the Davis-Putnam resolution procedure [DP60, Har09] for which
we later construct a competitive interactive protocol?. Recall that in our setting, clauses are

multisets, and given a clause C' and a literal [, C(I) denotes the number of occurrences of [
in C.

Definition 4.1. Let x be a variable. Full z-resolution is the procedure that takes as input a
formula ¢ satisfying C'(x) + C(—z) < 1 for every clause C, and returns the formula R, (¢)
computed as follows:

2In Harrison’s book [Har09], the Davis-Putnam procedure consists of three rules. The version in Defini-
tion 4.1 uses only Rule III, which is sometimes called the Davis-Putnam resolution procedure. Unfortunately,
at the time of writing this paper, the Wikipedia article for the Davis-Putnam algorithm uses a different
terminology (even though it cites [Har09]): it calls the three-rule procedure the Davis-Putnam algorithm,
and the algorithm consisting only of Rule III the Davis-Putnam procedure.
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Algorithm 1 DAVISPUTNAM(¢p)

fori=1,....,n do

¥ = Rﬂﬁz‘(@)
for j=i+1,...,ndo
¢ = Cz,(p)
if 00 € ¢ then
return “unsatisfiable”
else

return “satisfiable”

Table 1: Run of DAVISPUTNAM on an input ¢, and arithmetisation of the intermediate

formulas.
Step Formula Arithmetisation
Inp. ¢ = {{@y},{:E,—\y,—\z},{—\x,ﬂz}, B(‘P) = (1 71‘)(1 7y) +(1 fx)y3z3‘+x3z3
{ﬁx7 Y, ﬁZ}7 {y: Z}a {ﬁya Z}} +$5y323 + (1 - y)(]- - Z) + y5(1 - Z)
R o1 = {{y,~zh Ay, ~w—zh {ow, -z -2 Ble) = (1—9)2% + (1 —y)y2® + P20
{=y,~2,~y, ~2} {y, 2} {-y, 21} Y020+ (1= y)(1 —2) +4*(1 - 2)
Cy 2 = {{y,=2},2 {2, 2}, Blpa) = (1—y)z® +2y°2°
{y, 2} {~y, 2}} (1 -y —2)+y°(1-2)
C. w3 = {{y,~2},2-{~y,~z} B(ps) = (1—y)z®+ 22
{v: 2} {-w. 21} 1=y -2 +y*(1-2)
Ry ¢4 = {2-{—-z,72},3-{-z2},{z 2}} Blpy) = 22543231 —2)+ (1—2)?
C. v = {2-{-z},{z}} B(ps) = 22+ (1-2)
R, ¢ = {2-0} B(gg) = 2

(1) For every pair C1,Cy of clauses of ¢ such that z € Cy and -z € Cq, add to ¢ the
resolvent w.r.t. x of C7 and Cy (i.e. set ¢ := ¢ @ Res;(C1,Ca)).

(2) Remove all clauses containing x or —z.

Full z-cleanup is the procedure that takes as input a formula ¢ satisfying C(x) + C(—z) < 2

for every clause C, and returns the formula Cy(¢) computed as follows:

(1) Remove from ¢ all clauses containing both = and —z.

(2) Remove from each remaining clause all duplicates of = or —z.

The Davis-Putnam resolution procedure is the algorithm for UNSAT that, given a total order

r1 < T2 < --- < x, on the variables of an input formula ¢, executes Algorithm 1. The

algorithm assumes that ¢ is a set of sets of literals, that is, clauses contain no duplicate

literals, and ¢ contains no duplicate clauses. We let [J denote the empty clause.

Observe that while the initial formula contains no duplicate clauses, the algorithm may
create them, and they are not removed.

Example 4.2. Table 1 shows on the left a run of DAVISPUTNAM on a formula ¢ with three
variables and six clauses. The right column is explained in Section 6.1.

It is well-known that the Davis-Putnam resolution procedure is complete, but we give a
proof suitable for our purposes. Let ¢[x := true] denote the result of replacing all occurrences
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of z in ¢ by true and all occurrences of —x by false. Define ¢|x := false] reversely. Further,
let dxp be an abbreviation of p[z := true] V p[z := false]. We have:

Lemma 4.3. Let x be a variable and ¢ a formula in CNF such that C(x) + C(—z) < 1 for
every clause C. Then Ry(y) = Jzep.

Proof. Let (1, ..., C, be the clauses of . We have
dxp = [z = true] V p[z := false]
= ( /\ Cilz = true]) v ( /\ Cjlx := false])
i€ (k] Jelk]
/\ (Cilw == true] v Cjlz = false])

i,j€[k]

= /\ Ci A /\ (Cilx := true] v Cjlx := false])
iE[k], (E,-u’E&Ci i,jG[k],—L’EECi,LBGC]'

= R.(p).

For the second-to-last equivalence, consider a clause C; containing neither x nor —x. Then
Ci v Cj is a clause of A, ;o (Cilz := true] vV Cjlz := false]), and it subsumes any other
clause of the form C; V C;. The first conjunct of the penultimate line contains these clauses.
Furthermore, if C; contains x or if Cj contains —z, then the disjunction Cj[z := true]VCjz :=
false] is a tautology and can thus be ignored. It remains to consider the pairs (C;, Cj) of
clauses such that -z € C; and x € C;. This is the second conjunct. []

Lemma 4.4. Let x be a variable and ¢ a formula in CNF such that C(x) + C(—z) < 2 for
every clause C. Then Cy(p) = .

Proof. Since x V —x = true, a clause containing both x and —x is valid and thus can be
removed. Furthermore, duplicates of x in a clause can be removed because z Vax =z. []

Theorem 4.5. DAVISPUTNAM is sound and complete.

Proof. Let ¢ be a formula over the variables x1,...,z,. By Lemmas 4.3 and 4.4, after
termination the algorithm arrives at a formula without variables equivalent to Jx,, - - - Jz1¢p.
This final formula is equivalent to the truth value of whether ¢ is satisfiable; that is, ¢ is
unsatisfiable iff the final formula contains the empty clause. []

5. CONSTRUCTING COMPETITIVE INTERACTIVE PROTOCOLS FOR UNSAT

We consider algorithms for UNSAT that, given a formula, execute a sequence of macrosteps.
Throughout this section, we use DAVISPUTNAM as running example.

Definition 5.1. A macrostep is a partial mapping M that transforms a formula ¢ into a
formula M () equisatisfiable to ¢.

The first macrostep is applied to the input formula. The algorithm accepts if the formula
returned by the last macrostep is equivalent to false. Clearly, all these algorithms are sound.

Example 5.2. The macrosteps of DAVISPUTNAM are R, and C, for each variable z. On a

formula with n variables, DAVISPUTNAM executes exactly % macrosteps.



Vol. 22:2 A RESOLUTION-BASED INTERACTIVE PROOF SYSTEM FOR UNSAT 17:9

We present an abstract design framework to obtain competitive interactive protocols
for these macrostep-based algorithms. As in [LFKNO92, Sha92, CCEM23|, the framework
is based on arithmetisation of formulas. Arithmetisations are mappings that assign to a
formula a polynomial with integer coefficients. In protocols, Verifier asks Prover to return
the result of evaluating polynomials obtained by arithmetising formulas not over the integers,
but over a prime field F,, where ¢ is a sufficiently large prime. An arithmetisation is useful
for the design of protocols if the value of the polynomial on a binary input, that is, an
assignment that assigns 0 or 1 to every variable, determines the truth value of the formula
under the assignment. We are interested in the following class of arithmetisations, just called
arithmetisations for brevity:

Definition 5.3. Let F and P denote the sets of formulas and polynomials over a set of
variables. An arithmetisation is a mapping A: F — P such that for every formula ¢ and
every assignment o to its variables:

(a) o satisfies ¢ iff I, A(¢) = 0, and

(b) I A(p) (mod ¢) can be computed in time O(|p| polylog q) for any prime q.

In particular, two formulas ¢, 1 over the same set of variables are equivalent if and only
if for every binary assignment o, I, A(p) and I1,.A(¢)) are either both zero or both nonzero.

Example 5.4. Let A be the mapping inductively defined as follows:
A(true) :=0  A(-z) ==z A(p1 A p2) == A1) + A(p2)
A(false) =1 A(z):=1—2x A(p1V p2) := A(p1) - A(p2)-

For example, A((x V false) N —z) = (1 —z) - 1) +x = 1. It is easy to see that A is an
arithmetisation in the sense of Definition 5.3. Notice that A can map equivalent formulas to
different polynomials. For example, A(—z) = x and A(—z A —z) = 2.

We define when an arithmetisation A is compatible with a macrostep M.

Definition 5.5. Let A: F — P be an arithmetisation and let M : F — F be a macrostep.
A is compatible with M if there exists a partial mapping Py;: P — P and a pivot variable
x € X satisfying the following conditions:

(a) Py simulates M: For every formula ¢ where M(p) is defined, we have A(M(y¢)) =
P (Alp))-

(b) Py; commutes with partial evaluations: For every polynomial p and every assignment
o: X \{z} = Z: Is(Pu(p)) = Pu(llo(p))-

(¢) Py(p (mod q)) = Py(p) (mod q) for any prime ¢. 4

(d) Py can be computed in polynomial time.

An arithmetisation A is compatible with Alg if it is compatible with every macrostep executed
by Alg.

3In most papers one requires that o satisfies ¢ iff II,.A(¢) = 1. Because of our later choice of arithmetisa-
tions, we prefer I1,A(¢) = 0.

he implicitly extend Pys to polynomials over [, in the obvious way: we consider the input p as a
polynomial over Z by selecting the smallest representative in N for each coefficient, apply Pas, and then take
the coefficients of the output polynomial modulo gq.
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Graphically, an arithmetisation A is compatible with M if there exists a mapping Py
such that the following diagram commutes:

A O, mod ¢

We can now state and prove the main theorem of this section.

Theorem 5.6. Let Alg be an algorithm for UNSAT and let A be an arithmetisation compatible
with Alg such that for every input ¢

(a) Alg executes a sequence of k € O(poly|p|) macrosteps, which compute a sequence

©0, 1, ---, Pk of formulas with po = ¢,
(b) A(pi) has mazimum degree at most d € O(poly|y|), for any i, and

(c) A(pr) is a constant polynomial such that |A(pg)| < 9290l

Then there is an interactive protocol for UNSAT that is competitive with Alg.

To prove Theorem 5.6, we first define a generic interactive protocol for UNSAT depending
only on Alg and A, and then prove that it satisfies the properties of an interactive proof
system: if ¢ is unsatisfiable and Prover is honest, Verifier always accepts; and if ¢ is satisfiable,
then Verifier accepts with probability at most 2~ lel, regardless of Prover.

5.1. Interactive Protocol. The interactive protocol for a given algorithm Alg operates
on polynomials over a prime finite field, instead of the integers. Given a prime ¢, we write
Ay(p) = A(p) (mod g) for the polynomial over F, (the finite field with ¢ elements) that one
obtains by taking the coefficients of A(p) modulo g.

At the start of the protocol, Prover sends Verifier a prime ¢, and then exchanges messages
with Verifier about the values of polynomials over IF,, with the goal of convincing Verifier
that A(¢g) # 0 by showing Aq(pr) # 0 instead. The following lemma demonstrates that
this is both sound and complete; (a) shows that a dishonest Prover cannot cheat in this way,
and (b) shows that an honest Prover can always convince Verifier.

Lemma 5.7. Let @ be the last formula computed by Alg.

(a) For every prime q, we have that Aq(pr) # 0 implies that ¢ is unsatisfiable.
(b) If ¢ is unsatisfiable, then there exists a prime q s.t. Aq(pr) # 0.

Proof. For every prime ¢, if Ay(¢r) # 0 then A(py) # 0. For the converse, pick any prime ¢
larger than A(yx). ]

Note that we show later that actually Prover can always find a suitable ¢ much smaller
than A(gg) (see Lemma 5.13).

We let ¢ = g, 1, ..., o1 denote the sequence of formulas computed by Alg, and d the
bound on the polynomials A(g;) of Theorem 5.6. Observe that the formulas in the sequence
can be exponentially larger than ¢, and so Verifier cannot even read them. For this reason,
during the protocol Verifier repeatedly sends Prover partial assignments o chosen at random,
and Prover sends back to Verifier claims about the formulas of the sequence of the form
I1,A4(¢i) = w. The first claim is about ¢y, the second about ¢g_;, and so on. Verifier
stores the current claim by maintaining variables ¢, w, and o. The protocol guarantees that
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Table 2: An interactive protocol for an algorithm for UNSAT describing the behaviour of
Verifier and the honest Prover.

(1) Prover picks an appropriate prime g¢; i.e. a prime s.t. Aq(px) # 0, where ¢y, is the
last formula computed by Alg. (The algorithm to compute ¢ is given later.)

(2) Prover sends both ¢ and A, (¢) to Verifier. If Prover sends Ay(py) = 0, Verifier
rejects.

3) Verifier sets i := k, w := A, () (sent by Prover in the previous step), and ¢ to an
q\¥
arbitrary assignment. (Since initially A,(¢g) is a constant, o is irrelevant.)

(4) For each i = k, ..., 1, the claim about ¢; is reduced to a claim about y;_1:

4.1 Let z denote the pivot variable of M; and set o’ to the partial assignment
that is undefined on x and otherwise matches o. Prover sends the polynomial
p := Iz Ag(pi—1), which is a univariate polynomial in x.

4.2 If the degree of p exceeds d or .y (z) Pu, (p) # w, Verifier rejects. Otherwise,
Verifier chooses an r € F; uniformly at random and updates w := m[;._p and
o(z) =r.

(5) Finally, Verifier checks the claim I1,A4,(yg) = w by itself and rejects if it does not
hold. Otherwise, Verifier accepts.

the claim about ¢; reduces to the claim about ¢;_1, in the following sense: if a dishonest
Prover makes a false claim about ¢; but a true claim about ¢;41, Verifier detects with high
probability that the claim about ¢; is false and rejects. Therefore, in order to make Verifier
accept a satisfiable formula ¢, a dishonest Prover must keep making false claims, and in
particular make a false last claim about ¢g = . The protocol also guarantees that a false
claim about g is always detected by Verifier.

The protocol is described in Table 2. It presents the steps of Verifier and an honest
Prover.

Example 5.8. In the next section we use the generic protocol of Table 2 to give an interactive
protocol for Alg := DAVISPUTNAM, using an arithmetisation called B. Table 3 shows a
possible run of this protocol on the formula ¢ of Table 1. We can already explain the shape
of the run, even if B is not defined yet.

Recall that on input ¢, DAVISPUTNAM executes six steps, shown on the left column of
Table 1, that compute the formulas ¢, ..., ¢g. Each row of Table 3 corresponds to a round
of the protocol. In round 4, Prover sends Verifier the polynomial p; corresponding to the
claim I1;A4(¢;) (column Honest Prover). Verifier performs a check on the claim (line with

;) If the check passes, Verifier updates o and sends it to Prover as the assignment to be
used for the next claim.

5.2. The interactive protocol is correct and competitive with Alg. We need to show
that the interactive protocol of Table 2 is correct and competitive with Alg. We do so by
means of a sequence of lemmas. Lemmas 5.10-5.12 bound the error probability of Verifier
and the running time of both Prover and Verifier as a function of the prime ¢q. Lemma 5.13
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shows that Prover can efficiently compute a suitable prime. The last part of the section
combines the lemmas to prove Theorem 5.6.

Completeness. We start by establishing that an honest Prover can always convince Verifier.

Lemma 5.9. If ¢ is unsatisfiable and Prover is honest (i.e. acts as described in Table 2),
then Verifier accepts with probability 1.

Proof. We show that Verifier accepts. First we show that Verifier does not reject in step
2, i.e. that A,(pg) # 0. Since ¢ is unsatisfiable by assumption, by Definition 5.1 we have
that ¢y, is unsatisfiable. Then, Definition 5.3(a) implies A4(¢r) # 0 (note that A,(pg) is
constant, by Theorem 5.6(c)).

Let us now argue that the claim w Verifier tracks (i.e., the claim given by the current
values of the variables) is always true. In step 3, it is initialised with w := Ay(¢x), so the
claim is true at that point.

Next, let w now be the claim about ¢; with 1 < ¢ < k, i.e. w = I, A4(p;) holds
by induction hypothesis, and Verifier wants to reduce it to a claim about ¢;_1 (performs

step 4). In step 4.2, Verifier checks 7. (2) P, (P) Z w. As Prover is honest, it sent
p =1 Ag(pi—1) in step 4.1; so the check is equivalent to

W = Wi (@ Prt; (Mor Ag(95-1)) (Definition 5.5(b))
= I, Pr, (Ag(pi-1)) (Definition 5.5(a,c))
- HUAq(Mi(SOi—l)) - HU-Aq((Pi)

By induction hypothesis w = I1,A4(;) holds, and thus Verifier does not reject.

In step 4.2, Verifier also updates the claim about ¢; to a claim about ;1. It selects a
random number r and sets w := m[,.—,p and o(x) :=r. Due to p = ;7 Ay(pi-—1), the new
claim, w = I15A4(pi—1), will hold for all possible values of r.

In step 5, we have a claim about ¢y, i.e. w = II,44(¢0), and the invariant that the claim
is true, so Verifier will accept. ]

Probability of error. Establishing soundness is more involved. The key idea of the proof
(which is the same idea as for other interactive protocols) is that for Verifier to accept
erroneously, the claim it tracks must at some point be true. However, initially the claim is
false. It thus suffices to show that each step of the algorithm is unlikely to turn a false claim
into a true one.

Lemma 5.10. Let A,d, k as in Theorem 5.6. If @ is satisfiable, then for any Prover, honest
or not, Verifier accepts with probability at most dk/q € O(poly(|¢|)/q)-

Proof. Let i € {k,...,1}, let o, w denote the values of these variables at the beginning of step
4.1 in iteration ¢, and let ¢/, w’ denote the corresponding (updated) values at the end of step
4.2.
We say that Prover tricks Verifier at iteration ¢ if the claim tracked by Verifier was false
at the beginning of step 4 and is true at the end, i.e. I, A;(¢;) # w and Ay (pi—1) = w'.
The remainder of the proof is split into three parts.

(a) If Verifier accepts, it was tricked.
(b) For any i, Verifier is tricked at iteration ¢ with probability at most d/q.
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(¢) Verifier is tricked with probability at most dk/q € O(poly(|¢|)/q).

Part (a). If ¢ is satisfiable, then so is ¢ (Definition 5.1), and thus II,Aq(pr) = 0
(Definition 5.3(a); also note that II,A4(¢y) is constant). Therefore, in step 2 Prover either
claims I1, A4 () = 0 and Verifier rejects, or the initial claim in step 3 is false.

If Verifier is never tricked, the claim remains false until step 5 is executed, at which
point Verifier will reject. So to accept, Verifier must be tricked.

Part (b). Let i € {k, ..., 1} and assume that the claim is false at the beginning of iteration ¢
of step 4. Now there are two cases. If Prover sends the polynomial p = II,/.A;(¢;—1), then,

as argued in the proof of Lemma 5.9, Verifier’s check is equivalent to w Z 11, A, (i), which
is the current claim. However, we have assumed that the claim is false, so Verifier would
reject. Hence, Prover must send a polynomial p # 1,7 A, (pi—1) (of degree at most d) to trick
Verifier.

By Lemma 2.2, the probability that Verifier selects an r with 7. p = 7= 1o Ag(pi-1)
is at most d/q. Conversely, with probability at least 1 — d/q, the new claim is false as well
and Verifier is not tricked in this iteration.

Part (c). We have shown that the probability that Verifier is tricked in one iteration is at
most d/q. By union bound, Verifier is thus tricked with probability at most dk/q, as there are
k iterations. By conditions (a) and (b) of Theorem 5.6, we get dk/q € O(poly(|¢|)/q). [

Running time of Verifier. The next lemma estimates Verifier’s running time in terms of ||
and q.

Lemma 5.11. Verifier runs in time O(poly(|¢|logq)).

Proof. Verifier performs operations on polynomials of degree at most d with coefficients in
F,. So a polynomial can be represented using dlog g bits, and arithmetic operations are
polynomial in that representation. Additionally, Verifier needs to execute Py, for each i,
which can also be done in polynomial time (Definition 5.5(c)). There are k£ € O(poly|g|)
iterations.

Finally, Verifier checks the claim II;A,(¢) = w for some assignment o and w € F,.
Definition 5.3 ensures that this takes O(|p| polylog ) time. The overall running time is
therefore in O(poly(|p|dlogq)). The final result follows from condition (b) of Theorem 5.6.

[]

Running time of Prover. We give a bound on the running time of Prover, excluding the time
needed to compute the prime q.

Lemma 5.12. Assume that A is an arithmetisation satisfying the conditions of Theorem 5.6.
Let T denote the time taken by Alg on ¢. The running time of Prover, excluding the time
needed to compute the prime q, is O(T poly|¢|logq)).

Proof. After picking the prime ¢, Prover has to compute II,.44(y;) for different i € [k] and
assignments 0. The conditions of Theorem 5.6 guarantee that this can be done in time
O(Jpi] polylog q) € O(|¢;| poly(|¢|log q)). We have ). |¢;| < T, as Alg needs to write each
; during its execution. The total running time follows by summing over 4. []
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Computing the prime q. The previous lemmas show the dependence of Verifier’s probabitity
of error and the running times of Prover and Verifier as a function of |¢| and ¢. Our final
lemma gives a procedure for Prover to compute a suitable prime ¢q. Together with the
previous lemmas, this will easily yield Theorem 5.6.

Lemma 5.13. For every ¢ > 0 there exists a randomised procedure for Prover to find a
prime q € 20U2D such that ¢ > 299! and A,(¢r) # 0 in expected time O(T|yp|), where T is
the running time of Alg.

Proof. Assume wlog. that ¢ > 1. Prover first runs Alg to compute ¢ and then chooses a
prime ¢ with 2¢% < ¢ < 2¢9/*1 uniformly at random; thus ¢ € 2°U¢D is guaranteed. If
Prover arrives at Ay (¢r) = 0, Prover chooses another prime ¢ in the same way, until one is
chosen s.t. Ag(¢x) # 0.

Since |A(gy)| < 22°', A(py) is divisible by at most 24l different primes. Using the
prime number theorem, there are Q(2¢9!/c|¢|) primes 2°%1 < ¢ < 2¢1¢1+1 5o the probability
that the picked ¢ divides A(yy) is O(c|ep|/2(c~DI#l).

Therefore, for any ¢ > 1 this probability is at most, say, 1/2 for sufficiently large |p¢|. In
expectation, Prover thus needs to test 2 primes ¢, and each test takes time O(|¢y| polylog q)
(see Definition 5.3(b)), which is in O(T|¢]). [

Proof of Theorem 5.6. We can now conclude the proof of the theorem.
Completeness was already proved in Lemma 5.9.

Soundness. We need to ensure that the error probability is at most 2~1¢l. By Lemma 5.10,
the probability p of error satisfies p < dk/q, where dk € O(poly(|¢])). So there is a & > 0
with dk < 2¢81¢l. Using ¢ := 1+ £ as constant for Lemma 5.13, we are done.

Verifier’s running time. By Lemma 5.11, Verifier runs in time O(poly(|¢|logq)). Using the
prime g € 290D of Lemma 5.13, the running time is O(poly(|¢]).

Competitivity. By Lemma 5.12, Prover runs in time O(T poly(|¢|log¢q)) plus the time need
to compute the prime, which, by Lemma 5.13, is in O(T poly(|p|)). Again using ¢ € O(2l¥]),
we find that the protocol is competitive with Alg.

6. AN INTERACTIVE PROOF SYSTEM COMPETITIVE WITH THE
Davis-PUTNAM RESOLUTION PROCEDURE

In order to give an interactive proof system for the Davis-Putnam resolution procedure, it
suffices to find an arithmetisation which is compatible with the full z-resolution step R,
and the full xz-cleanup step C,. such that all properties of Theorem 5.6 are satisfied. In this
section, we present such an arithmetisation.
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6.1. An arithmetisation compatible with R, and C,. We find an arithmetisation
compatible with both R, and C;. Let us first see that the arithmetisation of Example 5.4
does not work.

Example 6.1. The arithmetisation A of Example 5.3 is not compatible with R,. To see this,
let ¢ = (mxzV —y) A (zV —2) A—w. We have R, (¢) = (my V —2) A ~w, A(Rz(p)) = yz + w,
and A(¢) =zy+ (1 —x)z+w = z(y — 2) + 2+ w. If A were compatible with R, then there
would exist an operation Pg, on polynomials such that Pr, (x(y — 2) + z + w) = yz + w by
Definition 5.5(a), and from Definition 5.5(b), we get Pr, (Il,(z(y — 2) + z +w)) = I, (yz + w)
for all partial assignments o : {y,z,w} — Z. For 0 := {y — 1,z — 0,w — 1}, it follows
that Pr, (x + 1) =1, but for 0 := {y — 2,z — 1,w — 0}, it follows that Pg (x +1) =2, a
contradiction.

We thus present a non-standard arithmetisation.

Definition 6.2. The arithmetisation B of a CNF formula ¢ is the recursively defined
polynomial

B(true) :==0 B(x):=1—x B(e1 Ap2):=B(p1) + B(p2)
B(false) :=1 B(-z) := 2? B(p1 V @2) = B(e1) - B(p2).

Example 6.3. The right column of Table 1 shows the polynomials obtained by applying B
to the formulas on the left. For example, we have B(ps) = B(-zA—zAz) = 2B(—z)+B(2) =
223 +1— 2.

We first prove that B is indeed an arithmetisation.

Proposition 6.4. For every formula ¢ and every assignment o : X — {0,1} to the variables
X of ¢, we have that o satisfies ¢ iff I1,B(p) = 0.

Proof. We prove the statement by induction on the structure of . The statement is trivially
true for ¢ € {true, false, z, ~x}. For ¢ = p1 V p2, we have

o satisfies ¢ < o satisfies 1 V @9 & o satisfies 1 or o satisfies @9

L 1,B(p1) = 0V ILB(p2) = 0 & T,B(¢1) - T, B(p2) = 0
< 1B(p1 Vp2) =0< I,B(p) =0,

and for ¢ = 1 A @9, we have
o satisfies p < o satisfies 1 A 2 < o satisfies ¢ and o satisfies g
IH
S eB(p1) = 0 A B(p2) = 0 < 1 B(p1) + o B(p2) = 0
S I,B(e1 A pz) =0« 11,B(p) = 0.

The equivalence II,B(p1) = 0 AIIB(p2) = 0 < IIB(¢1) + s B(p2) = 0 holds because
I1,B(¢) cannot be negative for binary assignments o. L]
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6.1.1. B is compatible with R,. We exhibit a mapping v, : P — P satisfying the conditions
of Definition 5.5 for the macrostep R;. Recall that R, is only defined for formulas ¢ in CNF
such that C(x) + C(—z) < 1 for every clause C. Since arithmetisations of such formulas only
have an 23 term, an x term, and a constant term, it suffices to define v, for polynomials of
the form azz® + a1z + agp.

Lemma 6.5. Let v,: P — P be the partial mapping defined by v.(azz® + a1z + ag) =
—aszay + a1 + ag. The mapping v, witnesses that B is polynomially compatible with the full
resolution macrostep R,.

Proof. We show that -, satisfies all properties of Definition 5.5. Let ¢ be a formula in CNF
such that C(z) + C(—x) < 1 for every clause C (see Definition 4.1). Then ¢ is of the form

(/\ x\/az>/\(/\—|x\/bj)/\c
i€[k] J€[

where a;, b; are disjunctions not depending on z and c is a conjunction of clauses not
depending on z. We have Ry (¢) = N\;ep, jep(@i V bj) A c. Now

B(p) = Zl—xal—}—stb —|—C—be—2al$—|—2az+c

1€[k] J€[ J€E[ 1€[k]
and thus
)): (Z@)(Za,) — Zai—i—Zai—f—c
J€l i€[k] i€[k] i€k]
= Y aibj+c=B(Ry(9))
i€lk], je(l]

This proves (a). Since 7, does not depend on variables other than z, (b) is also given. (c)
and (d) are trivial. ]

6.1.2. B is compatible with C,. We exhibit a mapping §,: P — P satisfying the conditions
of Definition 5.5 for the cleanup macrostep C,. Recall that C, is only defined for formulas ¢
in CNF such that C(z) + C(—z) < 2 for every clause C. Arithmetisations of such formulas
are polynomials of degree at most 6 in each variable, and so it suffices to define d, for these
polynomials. Additionally, one can see by exhausting all possibilities that B never produces
a 2z term due to the restriction C(x) + C(—x) < 2. Hence, &, can ignore the a5 coefficient.

Lemma 6.6. Let 6,.: P — P be the partial mapping defined by
6z (agx® + asz® + - + a1z + ag) = (ag + as + a3)z® + (a2 + a1)z + ap.
The mapping 6, witnesses that B is polynomially compatible with C,,.

Proof. We show that 0, satisfies all properties of Definition 5.5. We start with (a). Since
B(C AC") = B(C) + B(C'") for clauses C,C" and 0,(p1 + p2) = dz(p1) + dz(p2), it suffices to
show that 6,(B(C)) = B(C,(C)) for all clauses C of ¢. Now let C be a clause of ¢. We
assume that C(z) + C(—z) < 2 (see Definition 4.1).

o If C(z) + C(—z) <1, then §,(B(C)) = B(C) = B(C,(C)).

e If C = xVvaVv(C, then B(CO) = (1 —2)?B(C") = (1 — 2z + 2?)B(C"), so 6,B(C) =

(1—-2z+42)B(C") = (1—2)B(C") = B(z Vv C") = B(Cx(C)).
o IfC = —zV—zVC’, then B(C) = 2°B(C"), s0 §.B(C) = 23B(C") = B(-~xzVC') = B(C,(C)).
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e If C =2V -2V, then B(C) = (1 —2)x*B(C") = 23B(C") — 2*B(C"), so 6:B(C) =
23B(C") — 23B(C") = 0 = B(C(C)).

This proves (a). Since d, does not depend on variables other than z, (b) is also given. Parts

(c) and (d) are trivial. O

As observed earlier, DAVISPUTNAM does not remove duplicate clauses; that is, Prover
maintains a multiset of clauses that may contain multiple copies of a clause. We show that
the number of copies is at most double-exponential in |¢p|.

Lemma 6.7. Let ¢ be the input formula, and let @ be the last formula computed by
DAVISPUTNAM. Then A(yy) € 2270

Proof. Let nc(v) be the number of clauses in a formula 1), let = be a variable. Then
no(Cx (1)) < ne(y) because a cleanup step can only change or delete clauses. Moreover,
no(Rx(¥)) = ngn—y — ngy — n—y + ne (1) where n, and n—, are the numbers of clauses in
which contain z and —z, respectively. We get no (R () < (ng +n-g)? — (ng +n-z) +nc ().
Since ny + n-; < ne(v), it follows that ne(Re(¥)) < (nc(¥))?. Now let n be the number
of variables. Since ¢y, is reached after n resolution steps, it follows that B(p) = no(pr) <

nC(SO)Qn c 220(\4’\). D

Proposition 6.8. There exists an interactive protocol for UNSAT that is competitive with
DAvVISPUTNAM.

Proof. We show that the B satisfies all properties of Theorem 5.6. On an input formula ¢
over n variables, DAVISPUTNAM executes n resolution steps R, and n(n —1)/2 cleanup steps
Cy, which gives n(n + 1)/2 macrosteps in total and proves (a).

Since ¢ does not contain any variable more than once per clause and since cleanup steps
w.r.t. all remaining variables are applied after every resolution step, resolution steps can only
increase the maximum degree of B(y;) to at most 6 (from 3). Hence the maximum degree of
B(g;) is at most 6 for any ¢, showing (b).

Furthermore, since R;(y;) does not contain any occurrence of x, and resolution steps
are performed w.r.t. all variables, ¢} does not contain any variables, so ¢y = {a - O} for
some a € N where [ is the empty clause. Together with Lemma 6.7, (c) follows.

Instantiating Theorem 5.6 with B yields an interactive protocol competitive with DAvIS-
PurnaMm. Table 3 shows a run of this protocol on the formula ¢ of Table 1. Initially, Prover
runs DAVISPUTNAM on ¢, computing the formulas 1, ..., pg. Then, during the run of the
protocol, it sends to Verifier polynomials of the form II,.B,(p;—1) for the assignments o
chosen by Verifier.

7. IMPLEMENTATION AND EVALUATION

We have implemented DAVISPUTNAM as icdp (Interactively Certified Davis-Putnam) 5,

which executes both the Prover and Verifier sides of the interactive protocol. The tool
computes a resolution proof of an unsatisfiable SAT instance, and interactively certifies that
the proof is correct. The Prover is roughly 1000 lines of C++ code, the Verifier 100 lines, and
in total the tool has about 2500 lines of code (all counts excluding blanks and comments).
We use our implementation to empirically investigate three questions:

Shttps://gitlab.lrz.de/i7/icdp
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Table 3: Run of the instance of the interactive protocol of Table 2 for DAVISPUTNAM, using
the arithmetisation B of Definition 6.2.

Round Honest Prover Verifier
Initial | ¢ := 15871 w:i=pg =2
pe = Bg(ps) =2 oc:={r—3,y—4,z— 3}
send ¢, pg send o
7
k=6 o = {z—3y—4} M3 V2 (P5) = Tzi=3)2 = 2
ps = My (By(ps)) o(z) =4
= 283 —2+1 W= T[.=q)P5 = 125
send ps send o
k=5 | o = {23y 4} a0 (pa) = Wemg22® — 2 +1 = 125
pa = Ho(Belp) o(z) =2
= 228 3244334222241 W = T[,.=9)pa = 105
send py send o
k=4 | o = {z—32—2) Mlyema] Yy (P3) = Tyeeg] 105 = 105
P = T (By(ps)) o(y) =2
= 1592 —Ty+7 W= My.—gp3 = 113
send p3 send o
k=3 o = {z—3y—2} Mz=2]0z(p2) = 7T[Z:2115z3 —Tr+ 7113
p2 = Mo (By(2)) o(z):=3
= 1625-2%2-7247 W i= T.—3p2 = 11623
send po send o
k=2 o = {zr— 3,22} T(ymo] Oy (P1) = Wy:—9)1456y° — 25y + 25 £ 11623
po= Mo (By(en)) o(y) =1
= 729y% — 27y* + 754y® — 25y + 25 w = Ty p1 = 1456
send py send o
k=1| o = {y—12—2} e V2 (P0) = Tnems) 1456 = 1456
po = Iy (By(vo)) ofx) =2
= bda® 27z +25 W = Tp—gpo = 493
send po send o
Final 11, B,(p) = 493

e Interactive vs. conventional certification for DAVISPUTNAM.
We compare the resource consumption and communication complexity of (a) interactive
certification as carried out by icdp and (b) conventional certification of DAVISPUTNAM,
in which Prover sends Verifier (an external routine) the resolution proof produced by
DavisPuTNAM, and Verifier sequentially checks the correctness of each resolution step.

e icdp vs. general-purpose interactive certification.
Proofs of the IP = PSPACE theorem provide interactive certification procedures for any
PSPACE problem, and so in particular for UNSAT. This raises the question of how this
general-purpose procedures compare to DAVISPUTNAM.

e icdp vs. modern DRAT certification.
We compare the resource consumption and communication complexity of (a) interactive
certification as carried out by icdp and (b) conventional certification as carried out by
kissat, a modern SAT solver that emits DRAT certificates of unsatisfiability [Heul6.
Like resolution proofs, DRAT certificates can be checked by a verifier in linear time and
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Table 4: Families of formulae used in the benchmark set
Name Count Size of largest in- Description
stance (in KiB)

bphp 5 6.1 Binary pigeon-hole principle

cliquecoloring 4 2.5 Some graph is both k-colourable and has
a (k + 1)-clique

count 8 16.6 A set of elements can be partitioned into
k subsets

domset 12 6.3 Existence of a dominating set

ec 3 5.0 The edges of a graph can be split into two

parts s.t. each vertex has an equal number
of incident edges in both

kelique 9 5.3 Existence of a clique

matching 11 6.4 Existence of a perfect matching

parity 4 8.9 A set can be grouped into pairs

php ) 3.2 Pigeon-hole principle

ram 2 6.5 Ramsey numbers

randkenf 11 1.4 Random 3-CNF formulae close to the sat-
isfiability threshold

rphp 4 3.7 Relativised pigeonhole principle

subsetcard 9 2.3 2-coloured edges in a bipartite graph, each

colour has a majority in each vertex of the
left and right side, respectively

tseitin 18 2.4 Tseitin formulae

vdw 3 2.3 Van der Waerden numbers

have exponential worst-case size in the size of the formula, but they are more compact in
practiceﬁ.

All experiments are carried out on an AMD Ryzen 9 5900X CPU with 64 GiB of total

system memory under Linux, with a timeout of 20 minutes and a memory limit of 48 GiB.

7.1. Benchmarks and variable order. To obtain our benchmarks, we first use cnfgen’ to
generate 108 unsatisfiable instance formulas from well-known families known to be challenging
for many SAT solvers, often encoding combinatorial problems. Table 4 gives an overview of
the families used, and Figure 1(a) shows the number of variables and clauses of each instance.
Dots represent instances solved by icdp within 20 minutes (see below for more details), and
crosses represent instances for which icdp times out.

The runtime of icdp depends on the variable order. (Recall that Davis-Putnam performs
one resolution phase for each variable and its performance depends on the order — although
not its correctness.) We compare four different orders; lexi: the variables are ordered
according to the provided instances; random: a variable order is chosen uniformly at random;

6The related LRAT format [CHJT17] trades a slight increase in size for faster certification time and would
be an interesting comparison as well. We leave this for future work, as DRAT is still the only supported
format of almost all modern solvers.

"https://github.com/MassimoLauria/cnfgen
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Figure 1: (a) Size of instances (number of variables and clauses). Instances solved by icdp
within 20 minutes using the greedy variable order (see (b)) are shown as dots, the
rest as crosses. (b) Number of instances solved by icdp with different variable
orderings.

greedy: at each resolution step, choose the variable that minimises the size of the resulting
formula; and unit: if a unit clause exists, pick its variable, and otherwise behave as greedy.
The resuts are shown in Figure 1(b). The greedy order is slightly faster overall, and proves
unsatisfiability of 79 of the 108 instances with a timeout of 20 minutes. These are the 79
instances represented as dots in Figure 1(a), and the ones we use as benchmark set for all
subsequent experiments.

7.2. Interactive vs. conventional certification for DAVISPUTNAM. We compare the time
consumption, memory consumption and communication complexity of interactive certification
with icdp, and conventional certification using the resolution proof of DAVISPUTNAM as
certificate. For time and memory consumption, we present results for Prover and Verifier
separately.

Certification time. We first report on the runtime of Prover. For interactive certification,
this is the total time icdp’s Prover needs to both solve the instance using DAVISPUTNAM
and interact with Verifier. For conventional certification, Prover’s runtime is given by the
runtime of DAVISPUTNAM, because DAVISPUTNAM already generates a resolution proof that
can be used as certificate. The results are shown in Figure 2(a). Recall that, by the definition
of a competitive protocol, for every formula ¢ the overall time needed by icdp’s Prover
is O(poly(l¢|)T(|¢])), where T(|p|) is the runtime of DAVISPUTNAM on ¢. Figure 2(a)
indicates that the polynomial poly(|¢]|) is almost constant.

Now we consider the runtime of Verifier. For interactive verification, this is the total
runtime of icdp’s Verifier. This time is not contiguous, as there are multiple rounds of
interaction in the protocol. Intuitively, we measure how much time is spent in trusted code,
i.e. code on which it is sufficient to rely for the correctness of the result. For conventional
certification, we let icdp output a resolution proof in the DRAT format used by modern
SAT solvers, and define Verifier’s runtime as the time taken by the DRAT-trim proof checker
to check it [Heul6]. Due to the design of DRAT-trim, in its default configuration it spends
roughly 40ms initialising internal data structures. To reduce this overhead, we adjusted the
BIGINIT parameter to 10000 (from 1000000), after which the initialisation takes only 0.5ms.
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Figure 2: Interactive vs. conventional certification: Time consumption of (a) Prover and (b)
Verifier, in seconds.

To better compare the scaling behaviour of the tools, we also include times for DRAT-trim
that are offset by T1 — T5, where T1,T5 are the minimum times of icdp and DRAT-trim on
any instance, respectively.

The results are shown in Figure 2(b). Since the time used by Verifier for each particular
instance is very small, we present a cumulative plot indicating the number of verified instances
for a given timeout. The total certification time for all 79 instances is about four orders of
magnitude larger for conventional than for interactive certification.

Certification space. On Prover’s side, we plot the memory used by icdp’s Prover to execute
the complete protocol against the memory usage of DAVISPUTNAM. The results are shown in
Figure 3. The memory required to simply start icdp (without performing any computation)
is 15 MiB, and for 27 out of our 79 instances these 15 MiB sufficed for both DAVISPUTNAM
and the complete protocol (orange dot). In the rest of the instances, the memory overhead of
icdp’s Prover is quadratic. The reason is that, while icdp’s Prover computes the formulas
©1, - ¢k (see Table 2) in that order, in the course of certification it needs them in the
reverse order, and so icdp stores the formulas ¢1, ..., k. (For convenience they are stored in
RAM, but they could also be stored on disk; one could also recompute them, trading time
for space.) On the contrary, at any given time DAVISPUTNAM only needs to store ¢; and
@it1 for some 1 <¢ <k — 1.

We do not provide quantitative results on the memory usage of Verifier. For both
conventional and interactive certification, Verifier needs virtually no memory.

Communication complexity. For interactive certification, we count the number of bytes
sent by icdp’s Prover to Verifier. For conventional certification, we count the number of
bytes of the resolution proof produced by DAVISPUTNAM. The results are shown in Figure 4.
We observe that the space used by interactive certification seems to grow like the inverse
fifth power of the size of the resolution proof. If this power law extends to larger proofs, then
in order to interactively certify a petabyte proof Prover only needs to send Verifier a few
kilobytes.
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Figure 3: Interactive vs. conventional certification: Memory usage of Prover, in kilobytes.
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Figure 4: Interactive vs. conventional certification: Communication complexity, in kilobytes.

7.3. icdp vs. general-purpose interactive certification. Proofs of the IP = PSPACE
theorem provide interactive certification procedures for any PSPACE problem, and so in
particular for UNSAT. This raises the question of how such general-purpose procedures
compare in practice with interactive certification using icdp. The answer can be derived from
Figure 1(a). As we mentioned in the introduction, the interactive protocols for UNSAT given
by the proofs of IP = PSPACE (or IP O coNP) essentially require that Prover evaluates the
formula for all possible truth assignments. Therefore, with a 20-minute timeout for the Prover,
and generously assuming that it can check 107 assignments per second, general-purpose
Provers can only certify formulas with at most 33 variables, while icdp’s Prover goes beyond
50.

7.4. icdp vs. modern DRAT certification. Modern SAT solvers emit DRAT certificates
of unsatisfiability [Heul6|. Like resolution proofs, DRAT certificates can be checked by a
verifier in linear time and have exponential worst-case size in the size of the formula, but
they are more compact in practices.

8The related LRAT format [CHJ*17] trades a slight increase in size for faster certification time and would
be an interesting comparison as well. We leave this for future work, as DRAT is still the only supported
format of almost all modern solvers.
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Figure 5: Interactive certification with icdp vs. conventional certification with kissat and
DRAT-trim: Solving time, in seconds.

We compare the resource consumption of interactive certification with icdp and con-
ventional certification with kissat®, a state-of-the-art SAT solver. For the latter, we run
kissat to generate DRAT certificates, and use DRAT-trim to check their correctness.

Certification time. On Prover’s side, we plot the runtime of icdp’s Prover against the
runtime of kissat. The results are shown in Figure 5; kissat is about five orders of
magnitude faster than icdp. While a good part of kissat’s advantage may be due to
preprocessing and better data structures, we think that the main issue is the low performance
of DAVISPUTNAM itself. As we mentioned in the introduction, DAVISPUTNAM was proposed
in the 1960s and is not a state-of-the-art procedure.

Let us now consider the time consumption of Verifier. A caveat is that, since icdp can
only certify formulas it has solved, we can only perform a comparison on formulas that are
very small for the standards of modern SAT solvers. We compare the time that DRAT-trim—a
standard tool for checking DRAT certificates—needs to check the DRAT certificates produced
by kissat with the runtime of icdp’s Verifier. Time is measured internally, using the same
high-resolution clock. Figure 6 shows a survival plot of the number of instances checked
by Verifier within a given time. As described above, for DRAT-trim we also provide times
that are offset. Overall, icdp’s Verifier checks roughly one order of magnitude faster than
DRAT-trim, even when the times are offset. For example, the longest time of DRAT-trim is
347ms, while icdp’s Verifier takes at most 0.2ms on the benchmarked instances'®. This result
is likely due to the theoretical exponential speedup of Verifier compared to conventional
certification.

Certification space. We omit the experimental results, because they do not add insight: On
Prover’s side, we have the same situation as for time consumption: icdp’s Prover consumes
much more memory than kissat. On Verifier’s side, the memory consumption of both icdp’s
Verifier and DRAT-trim are negligible.

9https://github.com/arminbiere/kissat
10Recall that certification times may be faster for the LRAT format, and so the advantage of interactive
certification with respect to time might disappear in a comparison with LRAT certification.
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Figure 6: Interactive certification with icdp vs. conventional certification with kissat and
DRAT-trim: Verifier’s time, in seconds.
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Figure 7: Interactive certification with icdp vs. conventional certification with kissat and
DRAT-trim: Communication complexity, in kilobytes.

Communication complexity. We compare the length in bytes of the DRAT certificate
produced by kissat and the number of bytes sent by icdp’s Prover to Verifier during the
execution of icdp. The results are shown in Figure 7. While DRAT certificates are smaller
for many instances, interactive certification scales better, and outperforms conventional
certification in the larger instances. In particular, the size of the interactive certificates
grows even more slowly in the size of the DRAT certificate than in the size of the resolution
proof''. Again, this result is due to the theoretical complexity differences between interactive
proofs with guaranteed polynomial time for Verifier and conventional certification with
exponential-size certificates in the worst case.

7.5. Final summary. If we consider DAVISPUTNAM in a distributed setting, where Prover
and Verifier run in different machines, interactive certification exhibits clear advantages w.r.t.
Verifier’s time consumption and communication complexity: both improve by several orders
of magnitude with respect to conventional certification. The price to pay on Prover’s side is
an almost linear time overhead and a quadratic memory overhead.

Our experiments on interactive certification for DAVISPUTNAM vs. conventional certi-
fication in kissat indicate that, while the advantages in Verifier’s time consumption and

HPDRAT certificates are more compact than LRAT ones, and so the advantage of interactive certification
with respect to certificate size should also manifest itself in an experiment with LRAT certificates.
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communication complexity still remain, the price to pay in Prover’s runtime is very high,
due to the much higher solving time.

8. CONCLUSIONS

We have presented the first interactive proof system for the Davis-Putnam resolution pro-
cedure, one of the oldest algorithms for UNSAT producing a certificate. We have derived
it in a systematic way using a procedure to obtain interactive proof systems from arith-
metisations satisfying a few commutativity properties. We have shown that, while standard
arithmetisations do not satisfy these properties, non-standard arithmetisations do.

Our work shows that interactive certification with small Prover overhead exist not only
for brute-force algorithms, but for more sophisticated ones. At the same time, Davis-Putnam
is several orders of magnitude slower than current techniques, like CDCL. Whether the
results we have obtained for Davis-Putnam can be extended to these techniques remains
open.

Lovasz et al. have shown that given a refutation by the Davis-Putnam resolution
procedure, one can extract a multi-valued decision diagram, polynomial in the size of the
refutation, in which the path for a given truth assignment leads to a clause false under
that assignment (that is, to a clause witnessing that the assignment does not satisfy the
formula) [LNNWO95|. This suggests a possible connection between our work and the work
of Couillard et al. in [CCEM23|. As mentioned in the introduction, [CCEM23| presents
an interactive proof system competitive with the algorithm for UNSAT that iteratively
constructs a BDD for the formula (starting at the leaves of its syntax tree, and moving up at
each step), and returns “unsatisfiable” iff the BDD for the root of the tree only contains the
node 0. We conjecture that a future version of our systematic derivation technique could
subsume both [CCEM23| and this paper.

Acknowledgments. We thank the anonymous reviewers for their comments and Albert
Atserias for helpful discussions.
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