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ABSTRACT. This paper presents a class of epistemic logics that captures the dynamics of
acquiring knowledge and descending into oblivion, while incorporating concepts of group
knowledge. The approach is grounded in a system of weighted models, introducing an
“epistemic skills” metric to represent the epistemic capacities tied to knowledge updates.
Within this framework, knowledge acquisition is modeled as a process of upskilling, whereas
oblivion is represented as a consequence of downskilling. The framework further enables
exploration of “knowability” and “forgettability,” defined as the potential to gain knowledge
through upskilling and to lapse into oblivion through downskilling, respectively. Additionally,
it supports a detailed analysis of the distinctions between epistemic de re and de dicto
expressions. The computational complexity of the model checking and satisfiability problems
is examined, offering insights into their theoretical foundations and practical implications.

1. INTRODUCTION

Epistemic logic has served as a cornerstone of applied modal logic since its foundational
development in formal epistemology [vW51, Hin62| and its subsequent integration into
computer science [FHMV95, MvdH95|. Building upon this tradition, Weighted epistemic
logic [DLW21, LW22b, LW22a| develops over weighted model logic [LM14, HLMP18| by
incorporating the concept of epistemic skills—broadly defined as any agent capability that
enables knowledge updates.

In this framework, the weights assigned to model edges represent the skills that failed
to distinguish between pairs of possible worlds, established by a similarity measure. These
epistemic skills can be ezplicitly formalized within the language; for instance, the formula K] ¢
denotes that agent a knows ¢ utilizing a degree r of skills. This aligns with epistemic logics
that employ similarity or distance metrics [NT15, DLW21, LW24a|. Formally, in a weighted
Kripke model M = (W, E, V) designed for explicit epistemic skills, the standard binary
accessibility relation for each agent is replaced by an edge function E : A — (W x W) — R.
Here, A represents the set of agents, and F(a)(w,w’) represents the degree of similarity (or
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distance, depending on the model’s configuration) between worlds w and w’ for agent a. The
explicit knowledge formula is interpreted as follows:

M,wE Klp < forall w': if r < E(a)(w,w"), then M,w’ = .

Intuitively, K holds in world w if and only if ¢ is true in all worlds that agent a deems
stmilar to w—specifically, those worlds where the required skill degree r does not exceed
the similarity degree between w and w’. Alternatively, an agent’s skills may be implicitly
defined in the model. In this case, the unindexed epistemic formula K,p expresses that
agent a knows ¢ based on their model-defined skill set [LW22a, LW22b, LW24b, LW24c|.
Formally, a weighted Kripke model for implicit epistemic skills, M = (W, E,C, V), extends
the model for explicit epistemic skills by including a capability function C : A — R, where
C'(a) represents agent a’s skill degree. The interpretation of the implicit knowledge formula
is:
M,w | Kyup <= for all w'": if C(a) < E(w,w’), then M,w" = ¢.

Here, K, is true in world w if and only if ¢ is true in all worlds w’ where agent a’s capability
C'(a) is no higher than the similarity between w and w’. In this implicit version, the edge
function E is often treated as agent-independent, meaning E(a)(w,w’) = E(b)(w,w’) for all
agents a and b. Although initially defined as degrees, epistemic skills can be generalized to
systems lacking a linear order, such as abstract skill sets, which is the approach adopted in
this paper.

A central theme in epistemic logic is the elucidation of various forms of group knowledge,
with mutual knowledge (what all agents know), common knowledge, and distributed knowledge
standing out as well-recognized concepts. While these concepts have been extensively studied
in classical epistemic logic [vDvdHKOS8]|, their theories and applications within weighted
epistemic logic have only recently garnered attention [LW24b, LW24c|. The weighted
framework presented here seamlessly integrates field knowledge while retaining classical
notions of mutual, common, and distributed knowledge.

Classical epistemic logic has also spurred dynamic explorations into knowledge-altering
actions, such as public announcements, birthing the subfield of dynamic epistemic logic
[vDvdHKO0S8]. This discipline enriches its language with update modalities to depict evolving
epistemic states. Prominent frameworks like Public Announcement Logic [Pla89] and Action
Model Logic [BMS98]—the former a subset of the latter’s broader scope—exemplify this
approach. Extensions incorporating the concept of knowability have since gained traction
[BBvD+08, ABvDS10]|, illuminating the potential for knowledge acquisition in dynamic
informational contexts.

Parallel efforts have tackled the elusive phenomenon of forgetting, spanning classical
and non-classical logics. Two distinct strategies dominate: syntactical methods, such as the
AGM paradigm [AGMS85|, which excise formulas from an agent’s knowledge base akin to
belief contraction, and semantical methods, which reinterpret knowledge through techniques
like erasing propositional truth values [LR94, LLM03, vDHLMO09, ZZ09] or redefining agents’
awareness scopes [FH88]. These varied approaches underscore the difficulty of modeling
oblivion.

This paper develops a unified logical framework for modeling group knowledge, knowledge
updates, knowability, and forgettability based on weighted epistemic logic with implicit skill
sets. In this framework, each agent’s skill set is implicitly defined in the model, and update
modalities drive the representation of knowledge acquisition, the descent into oblivion,
and epistemic revision. These processes are formalized as upskilling ((+S5)qp), downskilling
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((=9)awp), reskilling ((= S)ay), and learning ((=p)ap). Semantically, these operators function
as model updates that modify the capability function C: expanding agent a’s skill set by S
(upskilling), reducing it by S (downskilling), resetting it to S (reskilling), or adopting agent
b’s skills (learning).

By focusing on skill-modifying operations, our analysis extends to knowability and
forgettability, quantifying the potential updates that lead to knowledge or oblivion. Drawing
on |[BBvD™08] (titled “‘knowable’ as ‘known after an announcement’”), we posit that:
the knowable reflects what becomes known via upskilling, while the forgettable captures
what fades into the unknown via downskilling. Formally, utilizing quantifying modalities
for arbitrary upskilling (8,), downskilling (H,), and reskilling (0,), the statement “¢ is
knowable by agent a” is expressed as ~H,—K,p or -0, K,¢, and “y is forgettable by agent
a” as “Hy Ky or 0, K.

This approach also refines the distinction between de e and de dicto epistemic expressions
[vW51, Quib6], associating de re knowledge (3xK,p(z)) with “knowing how”, and de dicto
knowledge (K,3z¢(x)) with “knowing that” (see Section 2.6). Through these mechanisms,
the proposed framework captures the dynamics of acquiring knowledge and descending into
oblivion, as well as the potentials for knowability and forgettability.

We also analyze the computational complexity of these logics. Model checking for logics
without quantifying modalities is shown to be in P, while logics with quantifying modalities
are PSPACE complete. The satisfiability problem presents greater challenges: logics lacking
common knowledge, update or quantifying modalities are PSPACE complete; those including
common knowledge in addition, but without update or quantifying modalities, become
EXPTIME complete. The complexity of satisfiability for logics with update or quantifying
modalities remains an open question.

This paper extends [LW24b] that explored basic epistemic language under various
similarity /distance measures and introduced group knowledge, update and quantifying
modalities into weighted epistemic logic and provided computational complexity results of
the model checking problems. Here, we further introduce two variants of the logic using
generalized skill sets (fuzzy sets or lattice structures; see Section 2.5) to enhance versatility,
analyze the complexity of satisfiability problems for logics without update or quantifying
modalities (Section 4), and provide a comprehensive revision of the earlier study.

The paper is organized as follows: Section 2 defines the formal syntax and semantics of the
proposed logics (2.1-2.2), illustrates model abstraction from datasets and gives examples of
model checking of formulas (2.3-2.4), generalizes skill sets to fuzzy sets and lattice structures
(2.5), and examines epistemic de re and de dicto expressions (2.6). Sections 3 and 4 analyze
the computational complexity of model checking and satisfiability problems, respectively.
The paper concludes with Section 5, offering final remarks.

2. LogGIcs

Classical epistemic logic [FHMV95, MvdH95] is extended in this study through the integration
of epistemic skills into the models. An epistemic skill is conceptualized broadly here,
transcending the conventional notion of a skill. It may encompass a profession inherently
tied to specific abilities or a set of skills, as well as a position or privilege that provides
resources for acquiring knowledge. For instance, an individual with access to the JFK
Assassination Records possesses such an epistemic skill. More generally, any capacity that
enhances knowledge can be classified as an epistemic skill. This extension, detailed in this
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section, offers a unified framework for modeling knowledge and oblivion, alongside diverse
forms of group knowledge—mamely, mutual, common, distributed, and field knowledge.

Convention 2.1 (Parameters of the logics). Four sets, three of which are primitive, are
defined as parameters prior to defining the formal languages:

e P: the set of atomic propositions;

e A: the set of agents;

e G C p(A): the set of finite, nonempty groups, where p(A) is the power set of A;

e S: the set of epistemic skills (e.g., capabilities, professions, or privileges).

For simplicity, the sets P, A and S are assumed to be countably infinite throughout this
paper, implying that G is also countably infinite. These sets are fixed as parameters
across all languages considered herein. Alternatively, these sets may be treated as having
arbitrary cardinality or as adjustable parameters tailored to specific languages, provided their
cardinality is sufficient to support the required expressive power and practical application.

2.1. Syntax. The most expressive language introduced here, denoted Lopppy——=man, has
its grammar defined as follows:

pu=pl-oe|(@—=9) | Kap|Cap | Dop | Ecp | Fayp |
(+S)a90 ’ (_S)a‘P ‘ (:S)a‘P ’ (=b)ap ’ Hap ’ Hap ’ o
where p € P, a,b € A, G € G, and S CS.

This language subsumes multiple sublanguages of interest. The basic language, £, is
constructed recursively from atomic propositions using Boolean operators (negation and
implication as primitives) and the modal operator K, (a € A), which expresses individual
knowledge. Thus, L serves as the formal language of classical multi-agent epistemic logic,
providing a baseline for further extensions.

Four types of group-knowledge modalities are incorporated: Cg for common knowledge,
Dg¢ for distributed knowledge, Eg for mutual knowledge, and F¢ for field knowledge, where
G € G is a group of agents. Intuitions of these modalities are found in [LW24c|.

Four types of update modalities are introduced to express skill-based epistemic dynamics:
(+9)as (—9)as (=5)a and (=p)a, where a,b € A are agents and S C S is a skill set. These
operators represent, respectively, agent a’s upskilling (augmenting skills by S), downskilling
(removing skills S), reskilling (replacing the skill set with S), and learning (adopting agent b’s
skill set!). These operators are self-dual, a property verifiable once semantics is introduced.

Additionally, three quantifying modalities, or quantifiers, are included: H,, H, and O,
representing agent a’s ability to add, subtract, and modify an arbitrary skill set, respectively.
Their duals, ¢,, ©, and <, are non-primitive and defined accordingly.

Languages extending £ are named using combinations of subscripts C, D, E, F, 4+, —,
=, =, H, H and O to indicate the inclusion of specific types of group-knowledge, update
or quantifying modalities. For instance, Lpr denotes the extension of £ with distributed
(D¢) and field (F) knowledge modalities, while Loym extends £ with common knowledge
modality (Cg), upskilling modality ((+s)as), and the quantifier for arbitrary upskilling (H,),
applicable for any a € A, G € Gand S CS.

I Alternative learning operators could be defined, such as (+3), (adding b’s skills to a’s) or (—)a (removing
b’s skills from a’s), but such extensions are omitted here to avoid unnecessary complexity.
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This produces 2! = 2048 distinct languages extending £, determined by the presence or
absence of each operator type—four group-knowledge modalities, four update modalities,
and three quantifiers—though not all combinations are highlighted here. Additional Boolean
operators, such as conjunction and disjunction, follow classical definitions. A formula refers
to an element of one of these languages, with its specific language determined by context
unless specified otherwise.

2.2. Semantics. A class of models is introduced to interpret the languages defined previously.

Definition 2.2. A weighted Kripke model (model for short) is a quadruple (W, E,C, j3),
where:

e TV is a nonempty set of (possible) worlds or states;

o E:W xW — p(S) is an edge function, assigning a skill set to each pair of worlds;

o C:A— p(S) is a capability function that assigns a skill set to each agent;

e 3 : W — p(P) is a valuation, mapping each world to a set of true atomic propositions.

The model satisfies two constraints in addition:?

e Positivity (i.e., congruence implies equality): for all w,u € W, if E(w,u) =S, then w = u;
e Symmetry: for all w,u € W, E(w,u) = E(u,w).

The tuple (W, E), i.e., the pair of the first two elements of a model, is called a frame.

In this definition, the edge function E specifies the skills ineffective for distinguishing
between worlds: for any pair (w,u), an agent can differentiate w from w only if her skill
set, as assigned by C, contains at least one skill not in F(w,u). The positivity condition
ensures that if F(w,u) = S—implying no skill enables discernment—the worlds w and u are
identical. Symmetry, meanwhile, guarantees that the epistemic accessibility relation remains
symmetric.

Given a capability function C': A — ©(S), agents a,b,x € A and a skill set S C S, the
following modified capability functions are defined:

aUS B Cla)USs, ifzx=aq, a=9 _ S, if z = a,
C(z) = { C(x), if z # a; C*=2(2) = { C(x), ifx#a;
e - G\ e emw - {8 Hige

Here, C denotes a capability function identical to C' except at agent a, whose skill set
is expanded by S (upskilling). Similarly, C*\% reduces a’s skill set by S (downskilling),
C%=9 sets a’s skill set to S (reskilling), and C?=° aligns a’s skill set with b’s (learning). An
additional variant, C"S, where a’s skill set becomes C(a) N S, is not explicitly included but
can be expressed as C®\5\9) | consistent with the definition of set intersection through set
difference.

The satisfaction criteria for formulas are defined as follows.

Definition 2.3. Given a formula ¢, a model M = (W, E,C, 3), and a world w € W, the
notation M, w = ¢ indicates that ¢ is true or satisfied at w in M. This relation is defined
inductively by the following conditions:

M,wE=p < pe B(w)

2They are the constraints of a similarity metric. More or less constraints can be enforced if needed.
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M,w = = <= not M,w =1
M,wE (Y — x) <= if M,w = ¢, then M,w = x
M,w | K¢ <= forallue W,if C(a) C E(w,u) then M, u = v
M,wkE Egy <<= MwlE Ky forallaeG
M,w = Cgy <= for all positive integers n, M, w = E&,
where E{1p := Egtp and Egy == ELEL '
M,w 'k Dgy <= forallue W, if |, Cla) € E(w,u) then M,u |= 1
M, w = Fg <= forallu e W,if (,c;C(a) C E(w,u) then M,u =1
Mw = (+5)a <= M™5 w1, where MY = (W, E,C"Y% )
Mow (=)ot == M, w =, where M\ = (W, E,C*\5, B)
M,w = (=5)at <= M w =1, where M= = (W, E,C*%, 3)
M,w = (Z)a0 < M w =, where M= = (W, E,C*=", B)
M, w = B¢ <= forall SCS, M, w = (+5)¥
M, w =By <= forall SCS, M,wk=(—3)¢
M,w = Oy <= forall SCS, M, w = (=3)qt.

A formula ¢ is valid if M, w |= ¢ holds for all models M and all worlds w, and satisfiable if
M, w = ¢ holds for some model M and some world w.

Given that G is a finite group, the formula Eg is logically equivalent to A .o Kat.
This equivalence suggests that its inclusion in the language is not strictly necessary, serving
primarily to ensure comprehensiveness. While G could be allowed to be infinite, the
present framework adheres to classical epistemic logic, where groups are conventionally
finite (see, e.g., [FHMV95|). Nevertheless, this equivalence potensionally influences the
language’s succinctness, preventing Fg from being treated as a simple syntactic shorthand
for A\ cq Kat in such analyses.

For a group G € G, a G-path in a model M = (W, E,C, ) from a world w to a world u
is a finite sequence (wq, w1, ..., wy,) such that wy = w, w, = u, and for all i where 1 <i < n,
there exists an agent a; € G satisfying C(a;) C E(w;_1,w;). We denote w ~¥ w if there
exists a G-path from w to v in M; omitting the superscript M when the model is clear from
context. The semantics of Cg is equivalently expressed as:

M,wE Cgyp <= for all u € W, if w~g u then M, u | 1.

Formulas such as (=g).p, where agent a is assigned an empty skill set, are permissi-
ble. This could alternatively be expressed without an empty set: (=p)q¢ is equivalent to
(=9)a(—5)ayp for any S C S. Additionally, both (+¢)a¢ and (—g)ap are equivalent to ¢, as
verified through the semantics.

A logic is defined over a given formal language, consisting of the set of valid formulas under
the specified semantics. Each logic adopts the naming convention of its corresponding formal
language but is denoted in upright Roman typeface, e.g., L, Lpim and Lepgry——=moo.

2.3. Abstracting a model from a dataset. A primary motivation for the development
of weighted epistemic logic stems from the theoretical correspondence between classical
modal logic and rough set theory, a connection established in the 1980s and 1990s [OP84,
Vak89, OrLL90, YL96]. Within this context, the universe of an approzimation space (a dataset
comprising a set of objects) corresponds to the universe of a Kripke model, while a category
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(a subset of the universe) is characterized by a proposition, akin to the extension (truth set)
of that proposition within the model. Consequently, the upper and lower approximations
of a proposition p correspond to the modal formulas ¢p and Op, respectively, enabling the
description of approximation spaces through modal logic.

Weighted Kripke models extend this correspondence by interpreting the attributes of
an approximation space as epistemic skills. This conceptual shift permits operations over
attributes that classical modal logic cannot express without introducing modal operators for
each attribute set. Furthermore, the update mechanisms inherent in weighted Kripke models
enhance the expressive power of rough sets, as studied in recent work [LW25].

To illustrate this framework, we consider the solar system example adapted from [Orl88,
Example 1], which categorizes planets based on specific attributes (see Table 1).> We analyze
this dataset using weighted epistemic logic, distinguishing our approach from standard rough
set analysis.

Table 1: Attributes of Solar System Planets (adapted from [Orl88, Example 1]).

Planet Size (1) Distance (2) Moon (3)
Mercury (m.) small near no
Venus (v) small near no
Earth (e) small near yes
Mars (my,) small near yes
Jupiter (7) large far yes
Saturn (s) large far yes
Uranus (u) medium far yes
Neptune (n)  medium far yes

In this model, the planets Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus, and
Neptune are denoted by me, v, €, mq, 7, s, u, and n, respectively. The attribute set
S = {1,2,3}, where 1 represents “size,” 2 represents “distance from the sun,” and 3 represents
“possession of a moon.”

We derive a frame (W, E') from the data in Table 1, where the set of worlds is W =
{me,v,e,mq,j,s,u,n} and the edge function E is detailed in Table 2. Additionally, we
assume a capability function C' and a valuation 8 defined as follows:

C(a) = {1,2}: Agent a has access to attributes 1 (size) and 2 (distance);
C(b) = {1,3}: Agent b has access to attributes 1 (size) and 3 (moon);
C(c) = {2,3}: Agent c has access to attributes 2 (distance) and 3 (moon);
The proposition p (representing “looks beautiful”) holds exactly at the worlds e, mg, j, and
s. Formally, p € B(e) N B(my) N B(J) N B(s).

This configuration yields the model M = (W, E,C, ). We can verify the following
properties within this model:

e Individual knowledge:

3The object Pluto is removed due to the redefinition of the term planet by the International Astronomical
Union in 2006.
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Table 2: Edge Function E Derived from Table 1.
Note: F is symmetric; blank cells mirror the diagonal.

E Me v e Mg, J s U n

me | {1,2,3}  {1,2,3}  {1,2} {1,2} 0 0 0 0
N (1,2,3} {12} {12} 0o o 0o 0
O D {23y {28y 8 B By 8
R . 23 B B B B

{1,2,3} {1,2,3} {2,3} {2,3}

sl {1,2,3} {23}  {2.3}
w | {1,2,3} {1,2,3}
T {1,2,3}

M,e = Kq,p: Agent a does not know that Earth looks beautiful. Intuitively, because
C(a) = {1,2}, agent a cannot distinguish Earth (e) from other planets like Mercury
(me) or Venus (v) that share similar size and distance attributes. Since p is false at m,
(Mercury does not look beautiful in this valuation), agent a does not know p at e.

M, e = —K,—p: Agent a considers it possible that Earth looks beautiful.

M, e = Kpp A Kcp: Both agents b and ¢ know that Earth looks beautiful.

e Group knowledge (see [LW24c]| for a detailed explanation of these operators):

It follows that Ey,pp, Efacp and Eg,p op are all false (at e in M), implying that
mutual knowledge of p does not exist for these groups. Consequently, common knowledge
Clapyp, Cla,c1p and Cygp 0)p are also false.

M,e = Clp,cyp: It is common knowledge between b and ¢ that Earth looks beautiful. In
this specific model, E?b’c}p is true at both e and m, for all n € N (in particular, Ey, p
is true).

M,e = Dy, pyp: Agents a and b possess distributed knowledge of p. By pooling their
skills, the group capability becomes {1,2,3}. With this complete skill set, the only
planets indistinguishable from Earth is itself and Mars (m,). Since p is true at both
Earth and Mars, the group distributedly knows p. Similarly, distributed knowledge of p
holds for groups {a, c}, {b,c}, and {a, b, c}.

M, e = Fiqpyp: Field knowledge of p fails for group {a,b}. The shared skill set is {1}
(size). Based on size alone, the set of similar planets is {m., v, e, m,}. Since p is false at
me, the group does not possess filed knowledge of p. For similar reasons, field knowledge
of p fails for groups {a,c}, {b,c}, and {a, b, c}.

e Update modalities (to see the following, one just check carefully the skill set of each agent):

Upskilling: M, e b& (+{1,2})aKapa but M, e ): (+{3})aKap;

Downskilling: M, e = (—2) o Kpp, but M, e = (—13)pKpp and M, e [~ (—31)o Kop;
Reskilling: M, e = :{1,3})(:ch and M, e = (:{2,3})0ch) but M, e |~ (:{1,2})cch§
Learning: M, e = (=p)oKap and M, e |= (=c)aKap, but M, e = (=4)p Kpp-

o Quantifiers:

Knowability: From the above we conclude that proposition p is knowable by all agents;
Forgettability: Similarly, proposition p is forgettable by all agents;
Arbitrary updates: M, e |= Ogp, but M, e (= O,K,p and M, e = O,~Kyp.
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2.4. A sophisticated model: representation and model checking. This section
presents a more complex formal model to illustrate the expressive power of the epistemic
logic framework, showcasing several formulas that hold within it. The model is adapted
from [LW22a, Example 3.2|, which offers an intuitive interpretation of its structure. For a
comprehensive illustration of group knowledge in the context of weighted models, we refer
to [LW24c|. Recent work establishes connections between rough sets theory and weighted
modal logic [LW25], enabling applications of this framework in data science, particularly for
modeling knowledge and uncertainty in complex datasets.

2.4.1. Model definition. Let s1, 82, 3,84 € S denote epistemic skills and a, b, ¢ € A represent
agents. The model is defined as M = (W, E, C, ) with the following components:

o W = {wy,ws,ws, wy,ws} constitutes the set of possible worlds.
o E:W xW — ¢(S), the edge function, is defined by:

— E(wi,w1) = E(we, ws) = E(ws,ws) = E(ws,wy) = E(ws,ws) = {s1,s2, 53, 54},
— E(wi,wy) = E(w2,w1) = E(ws,ws) = E(ws,ws) = {s1, 54},
- E(’wl,wg) = E(wg, w5) E(wg, w1) = E(w5,’w2) = {Sl, S9, 83},
— BE(w1,ws) = E(wg, w1) =0,
- E(wl,w5) = E(’wg,wg) = E(’wg,wg) = E(w5,w1) = {Sl},
- E(wg,w4) = E(w4,w2) = {82,83},
- E(wg,'IU4) = E(w4,w3) = {84},
— E(w4,w5) = E(w5, w4) = {82, 83, 84}.
e C: A — p(S), the capability function, assigns skill sets to agents a, b and c:
— C(a) = {s1, 52,53},
— O(b) = {s2, 83,81},
— C(c) = {sa}.
e 3: W — p(P), the valuation function, assigns proposition sets to each world:
— B(w1) = {p1,p2}
— B(w2) = {p1,p3}
— Bws) = {p1,p2, pa}
— B(ws) = {ps3, ps}

— B(ws) = {p1,p3,pa}-

That M satisfies the model conditions—positivity and symmetry—can be readily confirmed.
Representing M diagrammatically often aids understanding (see Figure 1). In such a diagram,
nodes correspond to worlds, and undirected edges indicate accessibility relations, labeled
with the skill sets from F that define indistinguishability between worlds. An edge labeled
with (), as between w; and wy, signifies that all agents can distinguish the pair except for
totally incompetent agents (i.e., agents with an empty skill set), and such edges are typically
omitted from the diagram. This visualization clarifies the model’s structure and connectivity.

2.4.2. Model checking results. Given the model M = (W, E, C, ) defined above, the following
properties hold.
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S1

51,52, 53,54 51,52, 583,54 5173(2%734

m 51,84 /ujz\ $1, 82, 83 m (a):{81732753}
NP2l \ZLPs L b b/ C(b) = {52, 53,51}
52,83 51,84 ( ):{ 4}
: S1 $2, 83, 54
$1, 82,83 Cau{s4}(a) = {s1, 2, 83, 84}
co\Ms2:83} () = {5,
AT L C = ()

1,P2,P4 54 3, D4 ) = {s2}
w % Cb c b) _ {84}

S1,82, 83, 84 81,82, 83, 54

Figure 1: Illustration of the model M. Curly brackets are omitted from set labels for brevity.
Edges labeled with the empty set, such as between w; and w,y, indicate universal
distinguishability—except by totally incompetent agents (those with an empty
skill set)—and are not depicted in the diagram.

Individual knowledge.

(1) (Knowledge of a proposition) M, ws = K,ps: In world ws, agent a knows proposition ps.

(2) (Uncertainty) M,wys = —Kpp1 A 7Kp—p1: Agent b does not know whether p; is true or
false at wy, reflecting uncertainty about p;.

(3) (Meta-knowledge) M, w3 = K.(Kqp3V K,—p3): In world ws, agent ¢ knows that agent
a knows the truth value of p3, even if ¢ does not know p3 themselves.

Group knowledge.

(4) (Mutual knowledge) M, w4 {= Efqp1(p3 Apa): In world wy, agents @ and b mutually know
both ps and p4.

(5) (Common knowledge) M, ws = (=Cfq3p1 A 7Cla.cpp1) A (mCfq,e3p2 A 7Clac3p2): In
world ws, neither p; nor po, nor their negations, constitute common knowledge between
agents a and c.

(6) (Distributed knowledge) M, w4 = Dyqp1(—p1 A pa): In world wy, by pooling their skills
(C(a) UC(b)), the group {a,b} can distinguish enough worlds to know that p; is false
and py is true.

(7) (Field knowledge) M, wy = —Fpqp1-p1 A 7 Fyqppa: In world wy, neither —p; nor py
qualifies as field knowledge for agents a and b, which relies on the intersection of skills

(Ca) N C(D)).

Epistemic updates (dynamics).

(8) (Upskilling) M, w5 = —~Kaps A (+{5,})afaps: In world ws, agent a does not initially
know p4, but would know it upon acquiring skill s4.
(9) (Downskilling) M, ws = Kaps A (—{s3,53})a—Kaps: In world ws, agent a knows ps3, but
would lose this knowledge if skills so and s3 were removed.
(10) (Reskilling) M, w1 = Egqp (7 Kepa A (=51 )cKep2)): In world wy, it is mutual knowledge
between agents a and b that agent ¢ does not know ps, but ¢ would know it if their skill
set were reset strictly to so.
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(11) (Learning) M, w1 = (=) Apegpr ... pay (Fibeyp <> Kpp): In world wy, if agent b adopts
agent ¢’s skill set, b’s individual knowledge aligns with the field knowledge shared between
b and ¢ for propositions p; through py4.

Quantifiers and knowability.

(12) M,ws = K4 4, pa: In world ws, agent a does not know that there exists an upskilling
under which p4 holds (in particular, M, wy [~ $,pa).

(13) M,ws = ¢,Kaps: In world ws, there exists a skill addition (upskilling) under which
agent a come to know ps (agent a knows implicitly how to achieve py; cf. Section 2.6).

(14) M, ws [~ (Za)e ®c Ka(=c)apa: In world ws, agent a does not know explicitly how to
achieve py by upskilling (cf. Section 2.6).

(15) M,ws |= Ko $q ((pa A —Kapa) V (mpa A Kq—ps)): In world ws, agent a knows that there
exists a skill addition under which ((p4 A =Kapa) V (—pa A Kaﬁp4)) holds.

(16) M,ws | ®.Kao((pa AN—Kapa) V (mpa A Kq—py)): In world ws, there exists a skill addition
under which agent a come to know ((ps A =Kaps) V (=ps A Ka—pa)) (agent a knows
implicitly how to achieve ((p4 A =Kapa) V (—pa A Kaﬂp4))).

(17) M, ws b’é (Ea)c Pe KQ(EC)G((p4 A _‘Kap4) \% (_‘p4 A Ka_‘p4))' Denote ¢ = (p4 A _‘Kap4> v
(—pa A Kq—p4). The leftmost K, enforces that the statement is true if and only if (=.),¢
is true in both wy and ws. However, this is impossible. (=,).<. restricts ¢’s potential
upskilling to only two possibilities (becoming {si, s2, s3} or {si1,s2, s3,s4}), which is
learnt by a for verification of the truth of ¢. In case a’s skill set is {s1, 2,53},  is false
in wo; If a’s skills set is {s1, s2, 83, sS4}, then 9 is false in ws.

(18) M, ws = 5 N\peipy,..pa (7Cabyp A Clapy—p): In world wg, some downskilling of agent
b could result in a world where none of the propositions p; through p4, nor their negations,
are common knowledge between agents a and b.

(19) M,ws = Kep1 A —Keps A Co(—Kepr A Keps): In world we, agent ¢ knows p; but not ps,
yet there exists a skill modification (reskilling) under which ¢ would cease to know p;
while coming to know ps.

2.5. Variants. In this paper, epistemic skills are represented using abstract skill sets S C S,
or more formally, as the ordered set (p(S), C), where the subset relation serves to compare
skill sets implicitly. Alternatively, other structures can be adopted: real numbers, offering a
more concrete representation, or a partial order, providing a more generalized approach, to
indicate degrees of skill proficiency, as explored in [LW22b|. Furthermore, the ordering of
skill sets can be extended to structures such as fuzzy sets or a lattice, thereby broadening
the framework’s adaptability.

Fuzzy skill sets. Each X € o(S) can be generalized to a fuzzy skill set X = (S, ux), where
wx =S — [0,1] is a membership function assigning each skill s € S a value between 0 and
1, representing its degree of membership in X. For two fuzzy skill sets S = (S, ug) and
T = (S, pr), the subset relation, union, intersection, and difference operations are defined as
follows:

SCT & VseS:us(s)<pur(s)

SUT = (S, max(us, ir))

SAT = (S, min(us, jur))

S\T = SNT,
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where max(ug, pr) maps each s € S to max(ug(s), pr(s)), min(us, pr) maps each s € S to
min(us(s), ur(s)), and T = (S, i) with fip(s) = 1 — pp(s) for all s € S. These definitions
adhere to standard fuzzy set theory, enabling the logic’s language to be interpreted within
this generalized structure without altering its core semantics.

Skills as a lattice. Let (L, <) be a lattice, defined as a partially ordered set where every
two-element subset {z,y} C L has a join (supremum or least upper bound), denoted z Ll y,
and a meet (infimum or greatest lower bound), denoted x My. A model over a lattice (L, <)
is a quadruple (W, E, C, ), differing from the standard model introduced in Section 2.2 in
the following respects:

e The edge function F : W x W — L assigns each pair of worlds an element in the lattice.
e The capability function C' : A — L assigns each agent an element of the lattice.

The lattice structure is incorporated into the semantics by reinterpreting the following
operators:

M,wkE Ky <= forallue W, if C(a) < (w

M,w = Dgyy <= foralluec W,if|],.;C(a)

M,wkE Fgyp <= forallue W, ifﬂaeGC( a)

Mw (+s)aty <= (W,E,C™ B) w=y

M,w = (=s)atp <= (W, E,C"% B),w =1
where:

all [ Cla)us, ifzx=a, - [ Cla)n s, ifzx=a,
Cr () = { C(x), if © # a; C (@) = { C(z), if z # a.

The class of C-ordered skill sets, whether classical or fuzzy, constitutes a special case of a
lattice. Each lattice element can be regarded as a skill set, with the < order generalizing the
subset relation, and the join and meet operations corresponding to union and intersection,
respectively. Notably, a general lattice lacks a natural notion of complement unless it is a
complemented lattice. Consequently, the semantics of (—g),¢ shifts here, utilizing C* as
a generalization of C°"¥ rather than directly mirroring set difference.

u), then M, u =9
E(w,u), then M,u =
E

<
< E(w,u), then M,u = 1

2.6. Enriching epistemic de re and de dicto. The distinction between epistemic de re
and de dicto modalities, first articulated in [vW51]|, differentiates whether a modality pertains
to a specific entity possessing or lacking a property (de re) or to the truth or falsity of a
proposition (de dicto). For instance, in the sentence “Ralph knows that someone is a spy,” the
de re and de dicto readings diverge based on whether “someone” refers to a specific individual
known to Ralph. As noted in [Quib6], this contrast becomes clearer in formal languages with
quantifiers over terms. In epistemic logic, a de re statement is typically expressed as “there
exists a term x such that an agent knows or does not know that x has or lacks a certain
property” (e.g., JxK,p(x) or 3x—K,p(x)). In contrast, a de dicto statement takes the form
“an agent knows or does not know that there exists a term possessing or lacking a property”
(e.g., K 3zp(x) or mK,Jxp(x)).” Technically, the de re / de dicto distinction hinges on the
scope of epistemic modalities and quantifiers.

In dynamic epistemic logic, the distinction between knowing de re and knowing de dicto
is enriched through the integration of quantifiers over update operations, encompassing
both quantifiers over public announcements [BBvD'08, ABVDSlO] and those over skill
modifications as introduced in this paper. This approach sharpens the differentiation between
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de re and de dicto knowledge while resonating with philosophical inquiries into knowing that
(propositional knowledge, linked to K,3z¢(x)) versus knowing how (procedural or skill-based
knowledge, linked to JzK,p(x)).

The logics presented in this paper not only distinguish between de re and de dicto
modalities but also identify two distinct types of de re knowledge (cf. Group Announcement
Logic [ABVDSlO, Section 6], which discusses only one type of de re knowledge):

e Knowing de dicto: “Agent a knows, with her current skills, that there exists a skill set S
such that, with S in addition, ¢ holds.”

Formally: (Yu € W)[C(a) C E(w,u) = (3S CS) (W, E,C%% B),u |= ¢].

o Implicitly knowing de re: “There exists a skill set S such that agent a, upon adding S to
her skill set, knows that ¢ holds.”

Formally: (35 C S)(Vu € W)[C%(a) C E(w,u) = (W, E,C™5,3),u k= ¢].

e Frplicitly knowing de re: “There exists a skill set S such that agent a knows, with her
current skills, that with S in addition, ¢ holds.”

Formally: (38 C S)(Vu € W)[C(a) € E(w,u) = (W, E,C%% B),u = ¢l.

The distinction between de dicto and de re knowledge remains evident, while the subtle
difference between implicit and explicit de re knowledge lies in whether the skill set S is part
of the agent’s current capabilities when formulating her knowledge.

These distinctions illuminate the intricate relationship between knowledge and capabilities
in dynamic epistemic contexts, revealing subtle variations in how agents process information
based on their skill sets and the form of their knowledge. All three types—de dicto, explicit
de re, and implicit de re—are expressible within the formal languages introduced in this
paper. Their representations are formalized as follows:

Proposition 2.4.

(1) De dicto knowledge is expressed by the formula Ko &4 ¢;

(2) Implicit de re knowledge is expressed by the formula $,K,p;

(3) Ezplicit de re knowledge is expressed by the formula (=4)c ©c Ko(=c)atp, where ¢ is an
agent not occurring in Q.

Proof. The validity of statements (1) and (2) follows directly from the semantics. The focus
here is on statement (3), where ¢ denotes an agent not appearing in ¢:

(3SCS)(Vue W) C(a) C E(w,u) = (W, E L0 B) u k=

(35 € S)(Yu e W) C(a) C E(w,u) = (W, E, ((C=*)T9)1=¢ §) u |= ¢
(3SCSS)(Vue W) C(a) € E(w,u) = (W E, (C=9),8),u | (Zc)ap

(35S CS)(W, E, (C=*), ), w b= Ko(=c)aw

(W, E,C= aaB) @ Ku(=c)aw

(W E,C, B)a ): (Ea)c Pe Ka(Ec)aSD- L]

The statements (12)—(17) presented in Section 2.4.2 illustrate the differences between
de dicto, implicit de re, and explicit de re knowledge. Specifically, statements (12)—(14)
demonstrate that implicit de re knowledge is distinct from both de dicto and explicit de re
knowledge. Furthermore, statements (15)—(17) establish that explicit de re knowledge is
distinct from both de dicto and implicit de re knowledge.

For simplicity, the definitions of de dicto knowledge, implicit de re knowledge, and explict
de re knowledge have been presented above primarily in terms of the individual knowledge
operator K, and the quantifier H, over upskilling actions. These concepts can be readily
extended to encompass:

HIIIIIIII
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e Group knowledge, employing operators such as Cg, Dg, Eg and Fg,
e Quantifiers over downskilling and reskilling actions, represented by H, and O,, respectively.

For instance, the formula Dg4, S0 expresses: “It is distributed knowledge among group
G that, with the addition of certain skills by agent a, it becomes possible that, even after
the loss of certain skills by agent b, ¢ remains true.” This constitutes an epistemic de dicto
statement. The formula (=,):CcKq(=.)ayp (Where ¢ does not occur in ¢) conveys: “There
exists a skill set such that agent a knows, with precisely this skill set, that ¢ is true.” This
represents explicit de re knowledge. The formula <, K,p indicates: “There exists an update
to agent a’s skill set through which she knows that ¢ is true.” This exemplifies implicit de re
knowledge.

Nested quantifiers further enrich these distinctions. For example, the formula Fg ©4, $,,
Oay©a,p articulates an epistemic de dicto statement, combining field knowledge (Fz) with a
sequence of actions—downskilling (H,,), upskilling (8,,), reskilling (O,,) and further down-
skilling (Hq,)—across multiple agents. Similarly, the formula (=g,)c; ®¢, (Zds)er Doy (Zds
Jes @y E1(=c1)di (Zes)ds (Zes)dsp captures explicit de re knowledge, involving nested quanti-
fiers and multiple agents tied to mutual knowledge. Likewise, the formula <, $p, ©p, D
illustrates implicit de re knowledge, integrating a sequence of updates with distributed
knowledge. In these examples, the agents aq, as, as, aq, b1, bo, b3, c1, c2, c3,d1, ds, d3 are not
constrained to be within or outside the groups G, H or I. This flexibility enables broad
applicability across diverse contexts and group dynamics, extending beyond a mere distinction
between knowing that and knowing how.

3. COMPLEXITY OF MODEL CHECKING

This section investigates the computational complexity of the model checking problem for
the logics introduced in the previous section. The model checking problem for a logic is to
determine whether a given formula ¢ is true in a specified finite model M at a designated
world w—formally, whether M, w = ¢.

Convention 3.1. The measure of the input is defined as follows. The length of a formula
¢, denoted ||, represents the number of symbols in ¢ (including brackets), consistent with
[FHMV95, Section 3.1]. More precisely, it is defined inductively based on the structure of ¢:
e Atomic proposition p: [p| = 1;
Negation —: || = ] + 1
tmplication (1 — x): (1 — )| = ¢] + x| +3;
Individual knowledge K,v: |Ky| = |¢] + 2;
Group knowledge: |Ca| = |¢| + 2|G| + 2, with analogous definitions for Dgv), Egy and
Fei; eg., |(p - C{a,b,c}Q)| = 13;
Update modality: [(4+5)at| = 2|S| + [¢| + 5, similarly for (—g).t and (=g)q%, and
(Z0)ath] = V] + 5
e Quantifier: | B, | = [¢| + 2, likewise for Byt and Og9).

The size of a finite model M = (W, E,C, ), denoted |M]|, is the sum of the following
components:

e |IW|: the cardinality of the domain;
e |E|: the size of E, which comprises triples (w,u,S) where w,u € W and S C S, measured
by the number of symbols required to represent this set;
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o |C|: the size of C, comprising pairs (a, S) where a € A and S C S, measured by the total
number of symbols required to represent it;*

e |3]: the size of B, comprising pairs (w, ®) where w € W and ® C P, determined by the
number of symbols needed to represent this set.

For a formula ¢ and a model M (with a designated world w), the size of the input is
defined as |p| 4+ |M| + 3.

3.1. Model checking for logics without quantifiers: in P. This section begins by
presenting a polynomial-time algorithm to determine the truth of classical epistemic formulas
in a specified world within a given model, addressing the model checking problem for L. The
algorithm is then extended to accommodate group knowledge modalities, establishing that
the model checking problem for Lopgr lies within the complexity class P. This upper bound
is then broadened to encompass update modalities, covering the model checking problems
for Lopgr+——= and all its sublogics.

3.1.1. Model checking in L. Given a model M = (W, E,C, ), a world w € W and a formula
¢, the task is to decide whether M,w = . To this end, an algorithm (Algorithm 1) is
introduced for computing Val(M, ¢), the truth set of ¢ in M, i.e., {x € W | M,z |= ¢}. The
question of whether M, w = ¢ holds is thus reduced to testing membership in Val(M, p),
which requires at most |WW| steps beyond the computation of Val(M, ).

Algorithm 1 Function Val(M, ¢): Computing the Truth Set for Basic Formulas

Input: model M = (W, E,C, ) and formula ¢
Output: {z | M,z |E ¢}

1: Initialize: tmpVal < 0

2: if ¢ = p then return {z € W | p € B(z)}

3: else if ¢ = =) then return W\ Val(M, )

4: else if p =1 — x then

5: return (W \ Val(M,v)) U Val(M, x)

6: else if ¢ = K,9 then

7 for all x € W do

8: Initialize: n < true

9: for ally ¢ W do

10: | if C(a) C E(z,y) and y ¢ Val(M, %)) then n < false
11: if n = true then tmpVal < tmpVal U {z}
12: return tmpVal > This returns {x € W |Vy € W : C(a) C E(z,y) =y € Val(M,)}

It is not hard to verify that Val(M, ¢) accurately represents the set of worlds in M
where ¢ is true. In particular, for the K, operator, the following equivalence is established:

MuwE Kz <= VYyeW:0(a) C E(w,y)= MyEv
— VyeW:0(a) C E(w,y) =y € Val(M,1)) (by IH)
— wefreW|VyeW:Ca) CE(z,y) =y e Val(M,y)}

The computation of Val(M, ) operates in polynomial time. For the case of K,1)—the
most computationally intensive scenario—two nested loops iterate over W, with the check

4Theoretically, C maps a possibly infinite set of agents to skill sets, each of which may also be infinite.
However, practical model checking necessitates a finite input. Thus, the set of agents and the cardinality of
each skill set must be finite and restricted to those occurring in the formula under consideration.
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C(a) C E(z,y) requiring at most |C| - |E| steps, and the membership test y ¢ Val(M, )
(assuming Val(M, ) is precomputed) taking at most |W| steps. Thus, this case has a time
complexity of at most |[W|2- (|C|-|E| + |W|). The algorithm recursively computes Val(M, ¢)
for subformulas of ¢, with the maximum recursion depth bounded by ||, the length of .
Consequently, the total time complexity for computing Val(M, o) is [W|*-(|C|-|E|+|W])-|¢].
Relative to the input size n = |p| + |[M| + 3, where |M| = |W| + |E| + |C| + |8, this is
bounded by O(n?), leading to the following lemma:

Lemma 3.2. The model checking problem for L is in P.

3.1.2. Model checking group knowledge. Building on the previous result, this section extends
the analysis to incorporate group knowledge scenarios. To support this extension, a definition
and supporting propositions are introduced below.

Definition 3.3. For a formula ¢, let A, = {G | “Eg" or “Cg” appears in ¢}. For a model

M= (W,E,C,pB),

e For all worlds w,u € W, define E,(w,u) = E(w,u)U{G € A, | (3a € G) C(a) C E(w,u)},

e For all worlds w,u € W, define E} (w,u) = Ey(w,u) U{G € A, | (3n > 1)(3wy, ..., w, €
W) wo = w and w, = v and G € (\y<;op, Ep(wi, wit1)},

where it is assumed, without loss of generality, that A, N A = . The notation M is used
to denote (W, E;r, C, B).

It should be noted that this definition involves a notational simplification by treating
groups of agents as skills. To maintain formal rigor, a mapping can be established from each
element of A, to a distinct new skill in S.

Proposition 3.4. For any model M and any formula o, M;r 18 a model.

Lemma 3.5. Given formulas ¢ and x, a group G, a model M and a world w of M :

(1) M,w k= ¢ if and only if M, w = ¢;

(2) If “Cqc” appears in x, then M,w |= Cgy if and only if M,u |= ¢ for every world u such
that G € E (w,u).

Proof. (1) For any agent a, formula x and worlds w,u, it holds that C(a) C E(w,u) iff
C(a) € Ey(w,u) iff C(a) € E (w,u). This follows because E(w,u) C Ey(w,u) C B (w,u),
and C'(a) contains only individual skills, not groups from A,, which are disjoint from A by
Definition 3.3. Consequently, the satisfaction of any formula ¢ remains unchanged between
(M,w) and (M, w).

(2) The proof proceeds by establishing the base case for Egy and then extending it to
Cayp:

M,w = Egy

for any a € G, M,w | K,p

for any a € G and u € W, C(a) C E(w,u) implies M, u = ¢
for any w € W and a € G, C(a) C E(w,u) implies M, u = ¢
for any u € W, M,u = ¢ if C(a) C E(w,u) for some a € G
for any u e W, G € E,(w,u) implies M,u = ¢

M, u = ¢ for any world u such that G € E, (w, u)

1reeee
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and so
M,w = Cgy
&= M,w Ekp for all k € Nt
< M,u = ¢ for any world u such that G € Ef (w,u). (*)
To justify (), suppose M, w [~ El¢p for some n € NT. Then by induction on n, there exist
worlds wy,...,w, € W such that M,w, %= ¢ and G € E,(w,wi) N (Vj<;jcp, £y (Wi, wit1).
Hence M,w, W~ ¢ and G € E;(w,wn). Suppose M,u [~ ¢ for a world u such that

G e E;‘(w,u), w.l.0.g, assume that there exist wy,...,w, € W such that wy = w, w, = u,
G € No<icn Ex(wi,wiy1) and M, w, [~ ¢. Applying the above result n times, it follows that
M, w W= Efep. []

Lemma 3.6. The model checking problem for Locpgr, and thus for all its sublogics, is in P.

Proof. To establish this result, it suffices to provide a polynomial-time algorithm for formulas
of the form Cgv, Dgv, Eqy and Fgip. The extended algorithm is detailed in Algorithm 2.
As in the proof of Lemma 3.2, checking C(a) C E(t,u) costs at most |C| - |E| steps, here we
furthermore need to calculate the cost caused by group knowledge operators.

For D¢ and Fi, notice that the number of agents in any group G that appears in ¢
is less than ||, so checking (J,co C(a) € E(t,u) and (), C(a) C E(t,u) costs at most
|C| - |E| - || steps. Thus for the logics extended with these operators, the complexity for
model checking would not go beyond P.

For Eg and Cg, the computation of E,(w,u) and E:,r(w,u) must be polynomial. By
Definition 3.3 and Lemma 3.5, computing the set A, costs at most |p| steps, since there are
at most || modalities appearing in ¢; moreover, the size of G is at most |¢|. To compute
E,(w,u) for any given w and u, it costs at most |E| steps to compute E(w,u) and at
most |p|? - |C| - |E| steps to check for every G € A, whether there exists a € G such that
C(a) € E(w,u). So the cost of computing the whole function E, can be finished in at most
[W[*-(|E[+|¢l?-|C]|-|E]) steps. Now consider the computation of E}. Assume that there is
a string that describes E, then check for all pairs (z,9), (y, 2) € W? whether there exists a
“G” appearing in ¢ such that G € E (z,y) N E,(y, 2); if it is, add G as a member of E,(x, 2).
Keep doing this until E, does not change any more. Every round of checking takes at most
2|¢|? - [W|? steps, and it will be stable in at most |¢| - [IW|? rounds. Then the function El is
achieved. Every membership checking for G € E[; (w,v) is finished in polynomial steps. So
the whole process remains in P. O]

3.1.3. Model checking formulas with update modalities. This section addresses the model check-
ing problem for formulas involving update modalities. Consider a model M = (W, E,C, j3),
a world w € W, and the formulas (4+g)a?, (—5)a®, (=5)a¥ and (=p)q%. According to the
semantics in Definition 2.3,

M,w = (+5)at) <= MY w =1

where M = (W, E,C%9 B), and C?° updates C(a) to C(a) U S while leaving other
agents’ skill sets unchanged. Consequently, verifying whether M, w = (+g),% reduces to
checking M w = 4, effectively eliminating the outermost update modality. An algorithm
that invokes the existing model checking procedure (e.g., Algorithm 2) on M and ¢
operates efficiently: constructing MY from M requires at most |C(a)]|-|S| steps to compute
the union, where |S| < |p| since S is specified in the formula, and 1 is a subformula of the
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Algorithm 2 Function Val(M, ¢) Extended: Cases with Group Knowledge Operators

1: Initialize: temVal < 0
2: if ... then ... > Same as in Algorithm 1
3: else if ¢ = Cgvy then

4: for all x € W do

5: Initialize: n + true

6: for ally ¢ W do

7 L if G € E} (z,y) and y ¢ Val(M,1)) then

8: L n <« false

9: if n = true then

10: | tmpVal « tmpVal U {z}

11: return tmpVal > Returns {x € W |Vy € W : G € Ef (z,y) = y € Val(M,)}

12: else if ¢ = Dg1) then
13: for all x € W do

14: Initialize: n < true

15: for all y ¢ W do

16: L if J,cqC(a) C E(x,y) and y ¢ Val(M,) then

17: n < false

18: if n = true then

19: | tmpVal < tmpVal U {x}

20: return tmpVal > Returns {x € W |[Vy e W : |, C(a) C E(z,y) =y € Val(M, )}

21: else if p = Egvy then
22: for all x € W do

23: initialize n < true

24: for all y € W do

25: L if Ge Ey(z,y) and y ¢ Val(M,) then

26: | n+ false

27: _ if n = true then tmpVal < tmpVal U {z}

28: return tmpVal > Returns {x € W |VYy e W : G € Ey(z,y) =y € Val(M,¢)}

29: else if ¢ = Fgy then
30: for all z € W do

31: Initialize: n < true

32: for all y € W do

33: L if N,cq Cla) C E(z,y) and y ¢ Val(M,1) then

34: n < false

35: if n = true then tmpVal + tmpVal U {z}

36: return tmpVal > Returns {x € W |[Vy € W : (), Cla) C E(x,y) =y € Val(M,v)}

original input. Given that model checking for Loppp is in P (Lemma 3.6), this additional step
introduces only polynomial overhead, maintaining the total complexity within polynomial
bounds.

The cases for (—g)q%, (=5)a?%, and (=), proceed similarly, each requiring a distinct
model transformation:

e For (—g)4%, the model becomes M = (W, E,C%% ), where C*"¥(a) = C(a)N S,
computed in at most |C(a)| - |S| steps.

e For (=5)q%, the model is M=% = (W, E,C*=%, ), where C*=%(a) = S, requiring at most
|S| steps to assign S directly.

e For (=3),v, the model is M= = (W, E, C*=, 3), where C°=’(a) = C(b), taking at most
|C(b)] steps to copy C(b).

Each transformation modifies C' in polynomial time relative to the input size, as |S| < |¢|

(since S is specified in the formula), and |C(a)| and |C(b)| are bounded by the model’s finite
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representation. The subsequent recursive check on the transformed model and subformula 1,
using the procedure for Lopgr (e.g., Algorithm 2), remains in P per Lemma 3.6. Conse-
quently, the total complexity for these cases remains polynomial, establishing the following
theorem:

Theorem 3.7. The model checking problems for Loppr+——= and all its sublogics are in P.

3.2. Model checking quantified formulas: PSPACE complete. The PSPACE hardness
of model checking for logics with quantified modalities—specifically Ly, Lg and Lg—is
achieved by a polynomial-time reduction from the problem of undirected edge geography
(UEG), a variant of generalized geography [Sch78, LS80] known to be PSPACE complete
for determining a winning strategy, as established in [FSU93|. The PSPACE upper bound
is established via a polynomial-space algorithm, extending the algorithms from the prior
section.

Consider an undirected graph G = (D, R), where D is a finite nonempty set of nodes,
and R C D x D is a symmetric and irreflexive relation. For a node d € D, the pair (G, d) is
termed a rooted undirected graph. The undirected edge geography (UEG) game on (G, d) is
a two-player game processing as follows:

(1) Player I's Move: Player I starts by selecting edge {d,d;} € R. If no such edge exists, the
game ends and Player II wins as Player I cannot make a valid move.

(2) Player 1I's Move: After Player I"s move selecting an edge {d;,d;+1}, Player II must
choose an edge {d;+1,d;12} that has not been chosen in previous moves. If Player II
cannot make such a move, the game ends and Player I wins.

(3) Alternating Turns: After Player II's move selecting an edge {d;, d;+1}, it is Player I's
turn again to choose an edge {d;j41,d; 2} not previously chosen. If Player I cannot make
such a move, the game ends and Player II wins.

(4) Repeat Step 2: The game continues by alternating turns following the process described
in step 2.

Alternatively, UEG game on (G, d) can be recursively defined by modifying the graph
after each move:

e The current player selects an edge {d,d'} € R; if no such edge exists, the player loses, and
the game terminates.
e Upon a successful move, the game proceeds with the opposing player on the updated graph
(G',d"), where G' = (D, R\ {{d,d'}}).
Play alternates between Player I (starting at d) and Player II until a player cannot move.
As an example, Go = ({d1,da,ds,ds},{{d1,ds},{d1,ds},{d2,ds},{ds,ds}}) represents
an undirected graph. An illustration of Gq is given in Figure 2.
The UEG problem asks whether Player I has a winning strategy, i.e., can force a win
regardless of Player II’s moves.

Definition 3.8 (Induced model). Given an undirected graph G = (D, R), assign:

e To each edge {r,y} € R, a unique epistemic skill s;, 4 € S, such that sy 1y # s{er )
for distinct unordered pairs {z’,3'} and {z”,y"},

e To each node x € D, a unique atomic proposition p, € P, such that p,s # p,~ for distinct
nodes x’ and z”.

The induced model Mg is defined as the tuple (D, E, C, 3), where:
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Figure 2: Illustration of GO = ({dl, dz, d3, d4}, {{dl, d3}, {dl, d4}, {dg, d4}, {dg, d4}})

C’(al) - @
§{dyda} Claz) =10
S{d1,d3} S{dz,ds} C’(ag) -0
C’(a4) = (Z)
d3 d4

Figure 3: Illustration of the induced model Mg, , with Gy illustrated in Figure 2.

e £:Dx D — ¢(S), with E(z,y) = {s{z43} if {z,y} € R, and E(z,y) = () otherwise;
e C:A— po(S), with C(a) =0 for all a € A,
e 5:D — p(P), with B(x) = {ps} for each z € D.

The model Mg is well-defined and succinctly encodes the structure and properties of
G. The size of E is O(|D|?), reflecting pairwise edge relations, while the size of 3 is O(|D|),
corresponding to one proposition per node. The size of C is O(|R]), given that only a limited
number of agents are relevant, as clarified in the definition of the size of the input and the
subsequent definition.

As an example, the model Mg, induced from the undirected graph Gy satisfies the
following:

W = {dly d2a d37 d4}7

For all m, k € {1,2,3,4}, E(dm,dx) = {5{d,,,a,}} Whenever {dy,,dy} € Go;

C(a1) = C(a2) = C(a3) = C(as) =0 (a; is the player who performs the i-th move)j
V(d]) = {pj} for 1 S j S 4.

An illustration is given in Figure 3.

Definition 3.9 (Induced formula). Given an undirected graph G = (D, R), let n be
the smallest even positive integer greater than or equal to |R|. Select distinct agents
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Table 3: Process of generating the induced formula ¢g,, where Gy is given in Figure 2.

wi = ﬁ-[(CL-L'J— A (Kaipl V Kaip2 V Kaipf% Vv Ka¢p4)
X1 = 1

X2 = (p2 A Kayp1 A Kayp1) V (3 A Kayp1 A Kayp1) V (pa A Koypi A Koypr)
V(p1 A Kayp2 A Kayp2) V (p3 A Kayp2 A Kaypa) V (pa A Kaypa A Kayp2)
V(p1 A Kayp3 A Kayps) V (p2 A Koy p3 A Kayps) V (pa A Kayps A Kayps)
V(p1 A Koypa A Kaypa) V (P2 A Koypa A Kaypa) V (p3 A Kaypa A Kaypa)

Le., x2 = vx¢ye{1,2,3,4} (Pe A Kaypy N Kaypy)

X3 = Vx¢ye{1,2,3,4} (P A Ka}py A Kagpy)
\/ V$¢ye{172,374} (px /\ vaalpy /\ Ka3py)
v v$75y€{1,2,3,4} (pz A Kaypy N Ka3py)

Le., x3= \/1§j<i§3 (vx#y€{1,2,374}(p’” N EKa;py Kaipg))
X4 = v1§j<i§4 <vm¢ye{1,2,3,4} (A Kaypy A Kaipy))
PG = Q}al (¢1 ANy SIA Ka1 BHCLZ (_‘@ZJZ Vxa VvV f{a2 <9(17«3 (¢3 A X3 A Ka3 EH(M ("17@4 M X4))))

ai,a9,...,a, € A. For each i where 1 < i <n, define:
Y = _'KaiJ-/\V;ceD Kaipza R
Xi = Ve, azy,1<j<iPe N Kaypy N Kaipy),
and for even :
wi = Dy (1@1 A=x1 A Kqy Bg, (42 V x2V

Kag Q%ag (1113 A =x3 A Kag Eﬂa;; (_"[/}4 V xaV
Ka4 <I>(15 (¢5 A =xs A Kas EEIae <_‘¢6 V xeV

Kai_y ®ar y (ic1 AXio1 A Koy, Ba, (705 V X)) )

where K, is the dual of K, (i.e., K = —K,). The induced formula p¢ for G is defined
as ©np.

Table 3 details the process of generating the induced formula ¢g, from the undirected
edge graph given above.

To elucidate the induced formula ¢¢ for an undirected graph G = (D, R), consider its
role in encoding the UEG game. Each agent a; corresponds to the player making the i-th
move, with ¢ ranging from 1 to n, where n is the smallest even integer at least |R|. The
subformulas are interpreted as follows:

o Yy = Ky, L ANV ep Ka;pe ensures that player a;, at the i-th move, selects exactly one
edge from the current node. In Mg, where C(a;) starts as (), =K, L holds trivially, and
Vzep Ka; Pz requires a; to “know” one node’s proposition.

® Xi = Vayen, vty 1<j<i(Pz A Kajpy N Ka,py) identifies invalid moves by detecting if a;’s

chosen edge (leading to y) was previously selected by some a; (where j < i), as Kq;py
indicates the edge {x,y} was selected earlier.
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e The conjunction ¥; A —x; enforces a valid move: a; picks a new, unvisited edge from the
current node.

As for complexity, the length of v; is in O(|D]), due to the disjunction over |D| nodes.
The length of y; is O(|D|? - i), as it involves pairs (z,y) and prior moves j < i; since
i <n = O(|R]), thisis O(|D|?-|R|). The formula pg = ¢, has n = O(|R|) nested modalities,
each adding ¢; and y;, yielding a total length of O(|R| - |D|? - |R|) = O(|D|? - |R|?).

The structure of pg mirrors UEG gameplay:

o &, allows player a; (Player I) to upskill, adding a skill (edge) to C'(a1), representing a
move choice;

e 1 A\ —x1 ensures aj selects a new edge from the root d, valid at the game’s start;

e K, H,, asserts that, after a;’s move, for all possible upskillings by as (Player II), the
subformula =ty V x2 V K, Pag (--+) holds:
— —py means ag cannot select a node (no edges remain), ending the game with a; winning.
— X2 indicates ay repeats an edge (invalid), also favoring a;.
- Kag Py (Y3 Ax3 A ---) allows a a valid move, shifting play to az (Player I again),

recursively continuing the game.

This nested, alternating structure captures the strategic interplay of UEG, where each move
constrains the opponent’s options, modeling game states as nodes in Mg and moves as skill
updates, within a framework tailored to Lg’s quantified modalities.

A lemma is now presented that establishes a formal correspondence between the undi-
rected edge geography problem and the epistemic logics developed herein, specifically those
incorporating quantified modalities.

Lemma 3.10. For any rooted undirected graph (G,d), Player I has a wining strategy in the
UEG game on (G,d), if and only if Mg,d = ¢g-

Proof. The proof proceeds by induction on |R|, the number of edges in G.

Base case: |R| = 0. Here, n =2, and R = (), so no edges exist. Player I loses immediately,
unable to move from d. In the induced model Mg = (D, E,C,(3), E(xz,y) = () for all
z,y € D. We show Mg, d [~ ¢q, where g = p2 = &4, (11 A—x1 A Koy Ba, (702 V x2)), with
Y1 = _‘KalJ— A \/xeD Kalpmv X1 =1, = _‘KagJ— A v:r:ED Kagpan and 2 = Vx;éye[)(pz A
Kalpy A Kgaypy). For any finite nonempty S C S, consider the model M’ = (D, E,C%+9 ).
Since E(d,y) =0 for all y, M',d = K,, L (no worlds are accessible), so M’ d (£~ 1. Thus,
M’ d 1 A—xa A Kay Ba, (5102 V x2). As S is arbitrary, Ma, d = ¢q.

Base case: |R| = 1. Let R = {{d,d'}}, so n = 2. (The case where d is not a vertex of
R,ie., R={{z,y}} with z # d and y # d, follows similarly to the case where |R| = 0.)
Player I wins by choosing {d,d'}, leaving Player II with no moves. In Mg = (D, E,C, 3),
E(d,d") = E(d',d) = {s{ga1}, and E(z,y) = 0 otherwise. We show Mg, d E ¢g, with
@G = @2 as above. Take S = {s(g4y} and M’ = (D, E,C"*5 p):

o Y1 =Koy LAV, ep Kaipe (M',d |= 1, for M',d = —Ka L A Koy par)
e x1=1 (M’ d = —x1)
L4 ¢2 = _‘KagJ: A vaD Kazp:c . .

® X2 = (pd A Kalpd’ A Kagpd’) \ (pd’ A Kalpd A Kagpd) \ \/x;éyeD\{d,d’}(pif A Kalpy A Kazpy)~

For any finite nonempty S’ C S, let M” = (D, E,(C®*+5)22+5" 38) we have one of the
following cases:
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(1) 8" € S, then Va € D, (C+%)%2+5 (ay) ¢ F(d,z), hence M",d' |= =)y, for M",d' |=
Ko, L.
(2) 8" C S, then M",d" = py N Kay,pa N Kay,pa. Thus, M” d' |= x2 for its middle disjunct is
satisfied.
In both case M",d" = =2 V x2, and so M',d" = By, (-2 V x2), and M',d = K,, B,,
(—th2 V x2). Together with the verifications above, we have M¢,d = ¢g.
Inductive step: |R| =k > 1. Assume the lemma holds for all graphs with fewer than
k edges. Left to right. Suppose Player I has a winning strategy, choosing {d,d’'} as the
first move. For the induced model Mg = (D, E,C, ), we show Mg,d = ¢g, where
0a = Pg, (V1 A x1 A KaIQOGﬂgaQ), in which ¢ m,, is the subformula of ¢ beginning with
Ha, (see Definition 3.9). Take S = {s{y 41} and M’ = (D, E,C*5 p):
e Y = ﬁKalJ_ AN \/zeD Kalpm (M/,d ): 1, for M/,d ': _‘KalJ— AN Kmpd’)
e x1=1 (M',d = —x1)
1\AIOW we show M',d = Ko, pc m,,; namely, M',d" = vcm,,, where pgm,, = Ba, (m12 V x2 V

KGQQOQ%B) in which PC,%,, is the subformula of ¢ beginning wtih $,,. For any finite
nonempty S’ C S, let M” = (D, E, (C*+%)92+5" 3) "and it suffices to show that

M",d' |= =2V X2V Koy 0G0, (1)

where 92 = = Ka, L AV,ep Koopr and X2 = Ve p(Pz A Kaypy A Kaypy). Consider the
possible cases:

(1) There does not exist « € D such that S’ C E(d',x), or

(2) There exists d” € D such that S" C E(d’,d”) (note that S’ must be singleton).

In case (1), M",d' = K,, L, so M",d' |= =)y, hence () holds. In case (2), Player I has a
winning strategy in the continued game on (Go,d”) with Go = (D, R\ {{d,d'},{d',d"}})
(note that d” cannot be d or d’). It suffices to show the following result:

M",d" = eas,, < May,d' =@, (1)

Since Mg,,d" = ¢a, holds by the induction hypothesis, by (1), we have M",d" |= PG, -

This makes the rightmost disjunct of (f) true in M” d’, and completes the whole proof.
Let Mg, = (D, E2,C, 8). To see (1),

"noon . a1+S\az+S’ "
M 7d ):()DG,éb%a 1~e/~7 (DaEa (C ! ) 2 76)7d ':SDGﬁ}aB
iff (D, By, (Cut9)®2+S" g) d" = o , where ¢ is adapted from ¢G4 by the
Ga$a3 Gv@ag rvag
following:
e Delete all occurrences of \/, ¢ p(Pe A Kaypy A Ka;py) from pe e,

e Delete all occurrences of \/, ., p(pz A Kazpy A Kq,py) from ©G.®,,
(This equivalence holds since Ea(d,d’) = Eq(d’,d) = (), which implies that any formulas
K., ¢ and K, are false in any world z of model (D, Es, C’, 3), where C" is any capability
function updated from (C*+5)%2+5" without changing the capabilities of a; and as.)
iff (D, Es,C,B),d" = ‘P/c,:, Suy’ where cp’é By B variant of go’G7 g by replacing any a;+s with
Qg
(This holds since (C11+5)22+52(q;,5) = C(a;) = 0; note that a; and ag does not exist in
S‘)/G,<1>ag )
ifft Mq,,d" = ¢a,, ie., (D, E2,C,B),d" E ¢a,. (since g, = cpg%}%)
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Right to left: Suppose Player I has no winning strategy in the UEG game on (G, d),
where G = (D, R). We must show that Mg, d ~ pg, with Mg be (D, E, C, ) as the induced
model. Since Player I lacks a winning strategy, one of two cases holds:

(a) No x € D exists such that {d,z} € R, so Player I loses immediately.
(b) For every d’ € D\ {d} with {d,d’'} € R, Player I has no winning strategy after choosing

{d,d'}.

Case (a): If R contains no edges incident to d, then E(d,z) = () for all x € D. We get
Mg, d [~ ¢c in a way similar to the case when |R| = 0.

Case (b): Assume {d,d'} € R exists, but no initial move {d, d'} yields a winning strategy
for Player 1. For any finite nonempty S C S, consider M’ = (D, E,C**5 3) and two
subcases:

(1) S ¢ E(d,z) for all x € D,

(2) Theres exists d’ € D such that S C F(d,d') (note that d’ cannot be d).

We need to show Mg, d £ og where ¢ is given in Definition 3.9. Let M’ = (D, E,C“+5 3).
In subcase (1), since M’ d |= Kq, L, M',d [~ 1y (with 1 = K4 L A cp Ka,pz), and so
M,d - pq.

In subcase (2) (under the case (b)), there must exist d” € D\{d, d’} such that Player I does
not have a winning strategy in the game on (Gg,d”) where Gy = (D, R\ {{d,d'},{d’',d"}});
for otherwise Player I has a winning strategy (this is also the case when there is no such
a d"), leading to a contradiction. Let S' = {s{z 41}, then §" C E(d’,d"). Let M" =
(D, E, (C1+5)a2+S" ) Tt suffices to show that

M”7d/ % _‘1/}2 V X2 \/K@(PG,Q}%, (*)

Consider 9o = " Kqay L A cp Kaype. Since M",d' \= ~Kq, L A Ko,pgr, we have M”, d' =
—|1/)2_ As for X2 = Vm;éyED(pl A Kalpy A Ka2py)7 since M”7dl ): Ka1py N Ka2py iHlphes
y=d#d" =y, we have M" d' [~ x5. Finally we show that M" d’ (£ Ka,9c,0,,- Since
there is exact one x € D (which must be d” by the definition of S’) such that S' C E(d, z), it
suffices to prove M”, d" (£ ©G,4,,- Note that () from the proof of the converse direction can

also be shown here, it suffices to show that Mg,,d” }~ pq,, and this holds by the induction
hypothesis. L]

Corollary 3.11. The undirected edge geography (UEG) problem is polynomial-time reducible
to the model checking problem for Lg.

Remark 3.12. The reduction outlined in the preceding lemma relies solely on the modalities
B and ¢. An alternative reduction can be formulated using only O and <, mirroring the
original structure but substituting B with O. Similarly, a reduction employing exclusively
H and ¢ is viable, replacing H with H and adjusting the skill assignment in the induced
model Mg such that C(a;) = {s{w) | w,v € D} for each agent a;. Consequently, the model
checking problems for any logic (extending L) incorporating at least one of the quantifying
modalities B, H, O, ¢, &, or © are PSPACE hard, even when additional modalities—such
as group knowledge operators and update modalities—are excluded from the logic.

Lemma 3.13. The model checking problem for Lopgpry——=man is in PSPACE.

Proof. Given Algorithm 1 for model checking in the basic logic L, Algorithm 2 for group
knowledge operators, and an argument for reducing update modalities in Section 3.1.3, it
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suffices to extend with a polynomial-space algorithm for formulas of the form H,y, Hyv,
and Og1p. This extension is provided in Algorithm 3.

Algorithm 3 Function Val((W, E,C, ), ¢) Extended: Cases with Quantifiers

Initialize: temVal < 0
Initialize: S1 < (U, ,ew E(w,v)) U (U, appears in » C(a))
Initialize: Sy <+ S U {s} > Here s € S is new for S
if ... then ... > Same as in Algorithm 2
else if ¢ = Hy1 then
for allt € W do
Initialize: n < true
for all S C S; do
9: | ift¢ Val((W, E,C*%, B3),v) then n + false
10: if n = true then tmpVal < tmpVal U {t}
11: return tmpVal > Returns {t € W | VS C Sy : t € Val(W, E,C%, B),4)}
12: else if ¢ = H,9y then
13: for allt € W do

14: Initialize: n < true

15: for all S C S5 do

16: Cif t ¢ Val(W, E,C*\%,5),v) then n « false

17: if n = true then tmpVal + tmpVal U {t}

18: return tmpVal > Returns {t € W | VS C Sy : t € Val(W, E,C*\°,3),4)}

19: else if p = 0,7 then
20: for allt € W do

21: Initialize: n < true

22: for all S C S5 do

23: | ift ¢ Val((W, E,C*=% B),1) then n « false

24: if n = true then tmpVal < tmpVal U {t}

25: | return tmpVal b Returns {t ¢ W |VS C Sy : t € Val((W, E,C*=% B),4)}

To confirm the space complexity, consider the resource usage of Val((W, E,C, ), ).
The space cost of checking Val((W, E, C, 3), ¢) is in O(|M]|-|¢]), polynomial in the input size.
Since Algorithm 2 is in PSPACE and the extension for H, H, and O operates in polynomial
space, the model checking problem for Lopgpri——=mgn is in PSPACE. L]

The following result is derived from Corollary 3.11 and Remark 3.12, which together
establish a polynomial-time reduction from the PSPACE-complete undirected edge geography
(UEG) problem to the model checking problems for Lg, Lg, and Lg, and from Lemma 3.13,
which demonstrates that the model checking problem for Loprry——=man is in PSPACE.

Theorem 3.14. The model checking problem for any logic that extends the base logic L by
including at least one quantifier modality from {8,8,0} is PSPACE complete.

4. COMPLEXITY OF THE SATISFIABILITY PROBLEM

This section examines the computational complexity of the satisfiability problem for some
of the logics introduced in earlier sections. The satisfiability problem for a logic is about
determining whether a given formula ¢ is satisfiable—that is, whether there exists a model
M and a world w within that model such that M, w = ¢. The size of the input formula ¢ is
defined as its length, denoted |¢|, which is defined in the previous section.
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4.1. Satisfiability for logics without common knowledge, update and quantifying
modalities: PSPACE complete. The complexity of satisfiability for the logics under
consideration is established through reductions to and from known results, summarized in
Figure 4. These logics exclude common knowledge (C¢), update modalities ((4+5)q, (—)as
(=5)a, (=b)a), and quantifying modalities (H,, H,, O,), focusing on logics based on subsets
of »CCDEFa such as L, LD and LDEF'

The results will be shown by reductions to and from known complexity results, and are
summarized in Figure 4.

KB; PTIME
—————————— > _—
PSPACE complete (Lemma 4.1) >
KP (n>1) PTIME A\
> o PTIME
PSPACE complete (Lemma 4.4)

Figure 4: Roadmap of proofs for the complexity of satisfiability problems for logics between
L and Lpgpr. Logics under study are in elliptical frames, while known PSPACE-
complete satisfiability problems are in rectangular frames. A solid arrow from
one logic to another represents the satisfiability problem for the former logic as
a subproblem of the satisfiability problem for the latter. A dashed arrow labeled
“PTIME” from one logic to another indicates a polynomial-time reduction from the
satisfiability problem for the former to that for the latter. References: K2 from
[FHMVO95, Section 3.5] (subscript denotes the number of agents); KB is folklore,
with a proof in [Sah75| (named “KB,” citing a 1992 manuscript).

4.1.1. Reduction from KB; to L. The satisfiability of any £-formula ¢ involving only one
agent (let it be a € A, the language hereafter referred to as “single-agent £”) is shown to
be equivalent in the logic L and in KBj, the classical mono-modal logic over symmetric
frames. This equivalence is formalized in Lemma 4.1. The satisfiability problem for KB;
is known to be PSPACE complete, as established in [Sah75] (denoted “KB” therein, with
a proof attributed to a 1992 manuscript). Consequently, the satisfiability problem for L is
PSPACE hard.

Recall that an (epistemic) Kripke model is a triple (W, R, V'), where W is a nonempty
set of worlds, R : A — (W x W) assigns every agent a binary relation on W, and
V: W — p(P) is a valuation. For a single-agent £-formula K,p , M, w = K,p in a Kripke
model M = (W, R, V) if, for all u € W, (w,u) € R(a) implies M,u = ¢. A Kripke model
(W, R, V) is called symmetric if R is symmetric for all a € A.

Lemma 4.1. (1) Given a single-agent L-formula ¢, ¢ is L-satisfiable if and only if ¢ is
KB -satisfiable.
(2) The satisfiability problem for KBy is polynomial-time reducible to that for L.

Proof. (1) From left to right. Suppose ¢ is satisfied at a world w in a model M = (W, E, C, B).
Construct a KBy model N = (W, R, V) where R(a) = {(z,y) e W x W | C(a) C E(x,y)}

and V = . By induction on the structure of L-formulas containing no agents other than
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a, it holds that for any such formula ¢ and any x € W, M,z =1, ¢ iff N,z |=kp, ¥. Thus,
N,w ):KB1 -

From right to left. Suppose ¢ is satisfied at a world w in a KB; model N = (W, R, V),
where R is symmetric. For every agent a, let s, be a fixed skill uniquely associated with
a, i.e., s, = sp iff a = b (this is possible since both the agent set A and the skill set S are
countably infinite). Construct a model M = (W, E, C, ) where:

o £:W xW — p(A) where for any z,y € W, E(z,y) = {sq € A| (z,y) € R(a)},

o C:A— p(S), with C(b) = {sp} for all b € A,

e f=V.

Since R is symmetric, M is indeed a model. For any z,y € W and b € A, (z,y) € R(b) iff
C(b) € E(z,y). By induction on L-formulas with only agent a, for any such ¢ and z € W,
N,z kg, ¥ iff M,z =1, ¢. Thus, M, w [r, ¢.

(2) Since KB is based on a mono-modal language that is a sublanguage of that of L,
following statement (1), satisfiability in KB; reduces to that in L by inclusion. []

4.1.2. Reduction from Lp to KP. A transformation is proposed to rewrite any £p-formula,
satisfiable in the logic Lp, into an £p-formula satisfiable in K2 the multi-agent epistemic
logic with distributed knowledge. The complexity of the satisfiability problem for K2 is
known to be PSPACE complete [FHMV95, Section 3.5]. Recall that K2 employs classical
Kripke semantics, where, for a Kripke model N = (W, R, V) and world w € W

N,w ko Kqp <= forallu € W, (w,u) € R(a) implies N,u [=p ¢
N,w ko Doy <= forallu e W, (w,u) € e R(a) implies N, u [=¢p 1.

The key distinction between Lp and K2 is that Lp requires symmetry of relations,
whereas K2 does not. Our reduction transforms an Lp-formula into a KZ-formula that
enforces symmetry syntactically. Ideally, we would add the characterization scheme of
symmetry as conjuncts to the original formula, but this would require infinitely many
conjuncts. To ensure a finite formula—specifically, one of polynomial length relative to the
original formula for a polynomial-time reduction—we focus on the closure of the original
formula, defined as follows:

Definition 4.2 (Closure of a formula). For any formula ¢ in any language, the closure of ¢,
denoted cl(yp), is the set {—1), v | ¢ is subformula of o} U {T, L}.

Definition 4.3. Given an Lp-formula ¢, fix a fresh agent ¢ not appearing in ¢ which will
be used to reduce the number of conjuncts. Define p'(¢) as the £p-formula obtained by
applying the following steps sequentially:

(1) For each agent a € A where a # ¢, replace every occurrence of K, with Dyq ey

(2) For each group G € G, replace every occurrence D¢ with Dy -

Define p(¢) as the Lp-formula:

P/(0) A Nosiziol Ke( Aveno) X):
where c is the fixed fresh agent, KOy := x, K%y := K. K" 1x (for n > 1), and u(yp) is the
set of formulas comprising, for all ¢ € cl(y), a appearing in ¢ or a = ¢, and G appearing in
@:
o (p'(¥) = KamKamp'(¥) A (Ko Kap (¢) = (1)),
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* (/'(¢) = Dg~Da—p' () N (=Da=Dap'(¥) —= (1)),
hd D{a,c}p,(w) A KaP'(W and DGU{c}p,(w) A DGP’W’)

It follows that both p(¢) and p'(¢) are Lp-formulas if ¢ is.

Lemma 4.4. (1) Given an Lp-formula o, o is Lp-satisfiable if and only if p(y) is K2-
satisfiable;
(2) The satisfiability problem for Lp is polynomial-time reducible to that for K.

Proof. (1) From left to right. Suppose ¢ is satisfied at a world w in a model M = (W, E, C, B).
It can be shown by induction on ¢ that M= w =L, p(@): just to observe that for any
u,v € W, any agent a and any G appearing in ¢, C(a) = C(¢) U C%(a) (hence
M,w =1, Kop <= Me=0 FLp Dicayy for any ¢ such that M,w [, ¢ <<=
Mczw,w FLp ¥) and Jye C(b) = C’C:@(c) UUpee CC:Q)(b) (hence M,w =1, Dgy <=
Me=0 FLp Daugeyy for any + such that M,w =1, ¢ <= M= L, %), and that
M=y |= No<i<|y| Ké(/\xeu(@) X). Let N = (W, R, V) be a Kripke model such that V = f3
and for every a € A, R(a) = {(z,y) € W x W | C=%a) C E(z,y)}. For any u,v € W and
G € G, it follows that (u,v) € N,eq R(a) iff U,eq C<(a) € E(u,v). By induction, it can
be shown that for any £p-formula ¢ and any z € W, M= =L, ¢ iff N,x ):KE 1. Thus,
N,w E=xp p(p), and so p(p) is KD-satisfiable.

From right to left. Suppose that p(p) is satisfied at a world w of a model N =
(W,R,V), ie., Nyw =gp p(p). Define Wo = {(v,G) | G € G,u € W and (w,u) €
RT(c)} U {(w,{c})}, where R} is the transitive closure of R(c). Let W be the set of finite
sequences of elements of Wy starting with (w, {c}). An element o of W is of the form
((w,{c}), (w1,G1), ..., (wn,Gy)). The first element of the tail of o, i.e., w,,, which is a world,
is denoted tail(c). Construct a model M = (W1, E, C, 3), where:”

o £ :W; x W1 — p(S) where for any 0,0’ € W,
E(O', O',) _ { G7 if (Tl) and (T2)7

(), otherwise;
(t;) Either o extends o’ with (tail(c),G) or o’ extends o with (tail(c), G);
(f2) Either (tail(0),tail(0”)) € Nyeq R(a) or (tail(o’),tail(0)) € N,eq R(a);
e C:A— p(S), with C(a) = {a} for all a € A;
e 5: Wi — p(P) is defined as (o) = V (tail(o)) for any o € Wi.

By induction on ¢ € cl(y), for o € Wy of length n and ¢ of modal depth k& where
n+k < ||, it holds that N,tail(o) xp p'(¢) <= M,0 |1, ¢. Consequently, since
N,w =xp p(p) and p(p) includes p'(¢), it follows that M, ((w, ¢)) =1, ¢, establishing that
pis L D—gatisﬁable.

e Atomic and Boolean cases are easy to verify.

o = Kox: p'(¥) = Dige1p' (x). Left to right. Suppose M,o (e, KX, where o
has length n and K,x has modal depth k with n + k < |p|. Then, there exists ¢/ € W;
such that {a} C E(0,0') and M, o 1, x. Since either o’ extends o with one pair, or o
extends o’ with one pair, o/ has length n + 1 or n — 1, x’s modal depth is k — 1, so the

5Agents are treated as skills for convenience, which is permissible since both A and S are countably infinite.
Alternatively, this can be achieved by associating each agent a € A with a unique skill s, € S, as used in the
proof of Lemma 4.1.
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sum < [p[. By the induction hypothesis, N, tail(o”) ko p'(x). Since {a} C E(0,0"), by
the definition of E, there exists a € G € G such that either (tail(0),tail(0")) € ,cq R(a)
or (tail(o”),tail(c)) € Nyeq R(a). In the former case, N, tail(o) fxp Kaqp'(x) by Kripke
semantics. In the latter case, from N,w [=¢p p(p) and Definition 4.3(3a), it follows that

N,w ):KE /\0§i§|<p| Ké(_‘Ka_' ap/(X) - pl(X))' Hence N, tail(o'/) %Kfl’ it ap,(X)v and
so N,tail(o') Fgp Ko Kap'(x). Thus, N,tail(o) Fxp Kap'(x). In both cases, from
N,w kb p(yp) and Definition 4.3(3c), it follows that N,w Fxp Ag<i<|y) Ki(Dygepx —
Kax), and so N, tail(o) g Dyqe10'(x)- Right to left. Suppose N, tail(o) Fxp Dige10'(X),
then there exists u € W such that (tail(0), ) € R(a) N R(c) and N, u fgp p'(x). Clearly
(w,u) € R}. Let ¢’ extends o with (u, {a,c}). It follows that tail(¢’) = u, and by induction
hypothesis, M, o’ |41, x. By the definition of E, {a} C E(0,0¢’), and so M, o F1,, Kax.

e = Dgx: p'(¥) = Dguieyp'(x). Similar reasoning applies, using G C E(0,0’) and
Definition 4.3(3b, 3c).

(2) The function p operates in polynomial time: Steps (1) and (2) of Definition 4.3 are
linear in ||, replacing K, and Dg. Step (3) adds u(y) conjuncts (size O(|g|) from cl(yp)),
and K¢ conjuncts (size O(|¢|?)), totaling O(|¢|?) time and size. Thus, Lp-satisfiability
reduces to KP-satisfiability in polynomial time. (]

4.1.3. Reduction from Lpgr to Lp. A procedure is presented that transforms any formula
in Lpgr into a formula in £p, preserving satisfiability through the transformation.

The concept of a formula’s closure, as defined in Definition 4.2, will be employed in the
subsequent text. Additionally, the following convention is adopted for clarity and consistency.

The initial approach to rewriting an £pgp-formula into an £ p-formula involves encoding
group knowledge operators Eg and Fg using Ky g,y and Ky(f,,), where f(Eg) and f(Fg)
are designated agents for Fg and Fg, respectively, and adding conjuncts to express the
properties of these operators. However, such conjuncts grow exponentially with iterated
group knowledge operators. To achieve a polynomial-size transformation, we introduce a
fresh agent ¢ and rewrite K,, D¢, Eq, and Fg as Dy r(x,)}» Dic.f(pe)ys Dief(Es)y and
Dyc r(Fg)y, respectively. The operator K. is then used to reduce the number of conjuncts.

Convention 4.5. Each operator K,, Dg, Fg and Fg, where a € A and G € G, is assigned
a unique agent by an injective function f, resulting in f(K,), f(Dg), f(Eg) and f(Fg),
respectively.
For a given formula ¢:

e S, denotes the set of skills appearing in ¢;
e A, denotes the set of agents appearing in ¢;
e (', denotes the union of groups explicitly appearing in ¢ and singleton groups {a} for each

agent a appearing in ¢, formally G, = {G | G appears in ¢} U {{a} | a appears in ¢}.

Definition 4.6 (Rewriting). For an £pgp-formula ¢, the £p-formula p(y) is constructed

by applying the following steps sequentially:

(1) Transform ¢ into ¢ A /\OSigm Ké( /\XEM(<P) X), where c is a fresh agent not appearing in
¢ and distinct from f(K,), f(Dq), f(Eq) and f(Fg) for all operators K,, Dg, Eg and
Fg in ¢, and p(yp) is the set of the following formulas (with a € A,, G, H,I,J € G, and
) € cl()):
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) Fob — Kap, for a € G
) Koo — Dgtp, for a € G
) Fyy — Fg, for G C H
) Dty — Dy, for G C H
)

(f) Erd < Npeg Kot

(g) (D{a}w A Kaw) A (E{a}w A Kaq/}) A (F{a}w A Kaw)
(2) For each agent a € A distinct from ¢, replace every occurrence of K, with Dye p(xa)y
(3) For each group G € G, replace every occurrence of D¢g with Dy r(pe)y» Ee with

Die.f(Be)y, and Fg with Die (rq))-

Define p1(¢) as the result of applying only Step (1), and pa3(¢) as the result of applying
Steps (2) and (3) sequentially to ¢. Then, pi(p) is an Lpgp-formula, while p(p) and pag(¢)
are Lp-formulas, with p(¢) = p2s(p1(e)).

Lemma 4.7 (Invariance of rewriting). For any Lpgr-formula ¢, ¢ is satisfiable (in Lpgr)
if and only if p(¢) is satisfiable (in Lp).

Proof. The proof follows a structure similar to that of Lemma 4.4, with some notations used
without detailed explanation here; readers may refer to Lemma 4.4 for clarification.

Left to right. Suppose ¢ is satisfied at a world w in a model M = (W, E, C, 8). First,
verify that M, w = p1(¢). Without loss of generality, assume C(c) = (), which is permissible
since ¢ is a fresh agent absent from ¢ and p1(¢). The formulas in u(y) (Definition 4.6(1))
are valid implications or equivalences by the semantics, making p;(p) true at w.

Construct a new model M’ = (W, E’',C’, 3), where:

o ' : W x W — ¢(S), where E'(u,v) is the minimal set satisfying all the following:
— f(K,) € E'(u,v) iff C(a) C E(u,v);
— f(Dg) € E'(u,v) iff U, C(a) € E(u,v);
— f(Eg) € E'(u,v) iff there exists a € G such that C(a) C E(u,v);
— f(Fg) € E'(u,v) iff N,c C(a) C E(u,v);
— c€ E'(u,v);
e C':A— p(S) with C'(a) = {a} for all a € A.

Treating agents as skills is justified by Footnote 5. For all u,v € W, E'(u,v) = E'(v, u)
(symmetry holds by definition) and E’(u,v) # A (as only finitely many operators appear in
¢), ensuring M’ is a model.

By induction on ¢ € Lpgp, one can verify that M,u = ¢ iff M’ u = pa3(¢) for all
u € W. Since M,w = p1(p) and p(p) = pa3(p1(p)), it follows that M’ w = p(y), proving
p(p) is satisfiable.

Right to left. Suppose p(p) is satisfied at a world w in a model M = (W, E,C, j3),
Le., M,w = p(p). Let Wy = {(u,G,+) | v € W, w M%} wand G € Gy} U{(u,G,—) |
ue W, w f\»{{\/cf} wand G € Gy} U {(w,{c},+)}. Define W; as the set of finite sequences
of elements of Wy starting with (w, {c},+). For any o € W1, let tail(o) denote the world
component of the last element in o (e.g., tail({(w,{c},+), (u,G,—))) = u).

Construct M’ = (Wq, E',C’, 5’), where:

o B Wi x Wi — p(p(Ay)) is defined for all 0,0’ € W and G € G as:
(HCA,|HeGand HNG #0}, if (;) and (1),
E'(0,0')=¢ {HC A, |HcGand G C H}, if (3) and (1),
0, otherwise.
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(t1) Either o extends o’ with (tail(c),G,+) or o’ extends o with (tail(c’), G, +);
(f) For all ¢ € cl(p), M,tail(c) = Dics(pg)yr23(t) implies M, tail(o") = p23(i), and
]\47 tail(a’) ): D{c,f(Dg)}p23(¢> implies M, tail(a) ): p23<1ﬁ);
(t3) Either o extends o’ with (tail(c), G, —) or o’ extends o with (tail(c’), G, —);
(ty) For all ¢ € cl(p), M,tail(c) = Dyc j(rs)p23(¥) implies M, tail(o”) |= pa3(¢), and
]\47 tail(a’) ): D{c,f(Fg)}p23(w) implies M, tail(a) ): pgg(w).
o O": A — p(p(Ay)) with C'(a) ={G C A, |ac GeG} forallacA.
o 3 : W1 — p(P) with /(o) = B(tail(o)) for all o € Wi.

Here, finite groups of agents serve as skills, justified by Footnote 5, since p(A,) is finite
(as A, is) and S is countably infinite. To verify M’ is a model, note that £’ is symmetric
(conditions are bidirectional).

We show the following by induction on :

For all ¥ € cl(p) and all o € W7, if o has length n and ) has modal depth &
with n 4+ &k < ||, then M, tail(o) | p2s(v) <= M’ o = 1.

Since M, w = p(¢) and p(¢) includes pa3(p), if the claim holds, then M’ {(w,{c},+)) E ¢
(asn=1and k < |p| — 1), showing that ¢ is satisfiable.

e The base case (atomic propositions) and Boolean cases are straightforward and omitted.
Here the focus is knowledge operators:

o Case ¥ = Kux: p23(¥) = Dicsx.)3r23(x)- Left to right. Suppose M',o [= K.
Then there exists ¢/ € W) such that C'(a) = {G C A, | a € G € G} C E'(0,0’) and
M’ o’ |~ x. By the definition of E’, one of two cases holds:

(1) There exists G € G where: (i) either o extends ¢’ with (tail(0),G,+) or ¢’ extends
o with (tail(o’),G,+), (i) for all 6 € cl(p), M,tail(c) = Dy r(Dy)3pr23(0) implies
M, tail(o”) = p23(0), and (iii) E'(0,0") ={H C A, | H € G and HNG # 0};

(In this case, {a} € C'(a) C E'(0,0"), it follows that {a} NG # 0, hence a € G.)

(2) There eixsts G € G such that: (i) either o extends ¢’ with (tail(c),G,—) or ¢’ extends
o with (tail(o'), G, —), (ii) for all 8 € cl(p), M,tail(c) = Dy t(rg)1r23(0) implies
M, tail(c') = p23(8), and (iii) E'(o,0') ={H C A, | H € Gand G C H}.

(In this case, {a} € C'(a) C E'(0,0’), it follows that G C {a}, hence G = {a}.)

Since M', o’ (= x, by induction hypothesis (length of ¢/ < n + 1, modal depth of x =

kE—1,and (n+ 1)+ (k—1) < |¢|), M,tail(c’) ¥ pas(x). In case (1), M, tail(c) ¥

Dyc s(p)yp23(X), and in case (2), M, tail(o) [~ D{C,f(F{a})}pgg(X). Since M, w = p(p),

by Definition 4.6(1b, 1g), M,w = Agcicio) Ki(Dye,p(x.)1P23(X) = Dic,p(pe)3pes(w)) and

M, w = /\OSZ‘SILPI Ké(D{qf(Ka)}pgg(X) — D{C’f(F{a})}pgg(gp)). In both cases, M, tail(o) -

Dyc prayp23(x) = pa3(¢). Right to left. Suppose M, tail(o) = Dy pk,)1p23(x). Then

there exists u € W such that C'(c) U C'(f(K,)) C E(tail(c),u) and M, u = pa3(x). Define

o' as o extended with (u,{a},+). Here, ¢’ has length n + 1, x has modal depth k — 1, so

the sum < |p|. By the induction hypothesis, M’ o’ = x. Check C'(a) C E'(0,0’) under (f,)

and (f5). By semantics and C'(c)UC’(f(K,)) C E(tail(o),u), M, tail(c) &= Dy r(x,)yp23(0)

implies M, tail(c") = pa3(0) for all 6 € cl(y). Since M,w = p(p), by Definition 4.6(1g),

M, w ): /\ogz‘g\@\ KZ(D{C’f(Ka)}pgg(e) — D{c,f(D{a})}pQ?)(e)) for any 6 € cl(go). It follows

that M, tail(o) = D{qf(D{a})}pgg(Q) = M, tail(c’) = p23(0) for all 6 € cl(p). Conversely,

M, tail(c') = D{c,f(D{a})}p23(9) = M, tail(o) |= pa3(6) for all 6 € cl(p); similar reasoning

applies. Thus, C’(a) C E'(0,0"), and M', 0 £~ K,x.
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e Case v = Dgx: p23(¥) = Dycf(pe)yp23(x). The case when |G| = 1 mirrors the proof
for 1p = K,x and is omitted. We consider only |G| > 1. Left to right. Suppose M’, o}~ Dgx.
Then there exists o’ € W; such that J,c; C'(a) € E'(0,0’) and M', 0’ £ x, where
Use C'(a) ={H C A, | H € Gand HNG # 0} (since C'(a) = {H C A, | a € H € G}).
By the definition of E’, one of two cases applies:

(1) There exists G’ € G such that: (i) either o extends o’ with (tail(c),G’,+) or o’ extends
o with (tail(c’),G',+), (ii) for all & € cl(p), M, tail(o) &= Dicr(p,)}p23(0) implies
M, tail(o") |= pes(f), and (iii) E'(0,0') ={H C A, | H € G and HNG" # 0};

(Since {{a} | a € G} C C'(a) C E'(0,0"), implying {a} N G’ # ( for all a € G, hence

GCG.)

(2) There exists G’ € G such that: (i) either o extends o’ with (tail(c), G, —) or ¢’ extends
o with (tail(o’),G’,—), (ii) for all 0 € cl(y), M,tail(0) = Dy f(r.)yp23(0) implies
M, tail(o’) |= p23(0), and (iil) E'(0,0") ={H C A, | H € Gand G' C H}.

(Since {{a} | a € G} C C'(a) C E'(0,0’) and |G| > 1, G C {a} for each a € G is

impossible, so this case is infeasible.)

Thus, only Case (1) holds. Since M’ o’ [~ x, by induction hypothesis (length of ¢’ <

n + 1, modal depth of x = k — 1, and (n + 1) + (k — 1) < |¢|), M, tail(c’) = pas(x).

Therefore, M, tail(q) = D{Cyf(DG/)}pgg(X). Since M,w = p(¢), by Definition 4.6(1d),

M, w ): /\0§i§|g0| Ké(D{c,f(DG)}pQ?»(X) — D{c,f(DG/)}p23(X))7 it follows that M, tail(a) I#

Dyc.r(peyyP23(X)- Right to left. Suppose M, tail(o) = Dy r(pe)yr23(x). Then there exists

a world u € W such that: (i) C(c) UC(f(D¢g)) C E(tail(o),u) and (i) M,u = pas(x).

Let ¢’ be o extended with (u,G,+). By (ii) and the induction hypothesis, M’ o’

x. Verify U,e C'(a) € E'(0,0") under (f;) and (f3). By (i) and the semantics that

M, tail(0) = Dicrpgypr23(0) = M,tail(o’) = p23(0) for all 6 € cl(¢). Conversely,

M, tail(0') = Dy (D) p23(0) = M, tail(o) [= p23(0) for all § € cl(¢p). These enforce (1)

for E'(0,0"). By definition, the elements of |J,c C'(a) are H’s that contains at least one

element of G, thus J,c C'(a) = {H C A, | H € Gand HNG # (0}, it is E'(0,0’) under

(f1) and (f3). Hence J,c; C'(a) € E'(0,0"), and so M',o [~ Dgx.

e For ¢ = Egx, where pa3(1) = Dy r(E)3r23(X), the proof resembles the K,y case,
relying on Definition 4.6(1f, 1g).

e For ¢ = Fgx, where pa3(¥) = Dyc 5(rg)yp23(X), the proof is analogous to the Dgx
case, leveraging Definition 4.6(1a, lc, le, 1g). ]

Lemma 4.8. The satisfiability problem for Lpgr is polynomial-time reducible to the satisfi-
ability problem for Lp.

Proof. Given an Lpgp-formula ¢, Lemma 4.7 establishes that, an £p-formula p(¢) con-
structed per Definition 4.6, satisfies the property that ¢ is satisfiable if and only if p(¢p) is
satisfiable. Thus, the satisfiability problem for ¢ reduces to that for p(y) in Lp.

To confirm polynomial-time reducibility, it suffices to demonstrate that the procedure
p operates in polynomial time relative to the size of ¢, denoted |p| = k. The execution of
the first step in computing p(¢) (Definition 4.6) is polynomial in k, as it merely involves
listing the formulas in u(p) k times and binding them with conjunction. The size of u(yp) is
polynomial, given that: (a) the number of subformulas of ¢ is at most &, (b) the number of
modal operators present in ¢ is at most k, and (c) the size of any group appearing in ¢ is at
most k. Steps (2) and (3) cost linear time with respect to the length of the formula obtained
after Step (1). ]
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Following the establishment of Lemmas 4.1, 4.4, and 4.8, the relationships depicted in
Figure 4 are now evident. These results enable the derivation of the following theorem, which
applies to all logics ranging from L to Lpgp.

Theorem 4.9. The satisfiability problems for any logic between L. and Lpgr is PSPACE
complete.

4.2. Satisfiability for logics with common knowledge but without update or
quantifying modalities: EXPTIME complete. Following the PSPACE completeness
results for logics between L and Lpgr, we now examine logics incorporating common
knowledge operators, excluding update and quantifying modalities. To simplify the proofs,
the universal modality, denoted U, is introduced into the logics to express properties that
hold across all worlds. This modality serves a role analogous to K. in the reduction from
Lppr to Lp (Section 4.1.3). Its semantics is defined as follows:

M,wEUyp <= for all worlds u of M, M,u = ¢.

The size of formulas containing the universal modality adheres to Convention 3.1: each
occurrence of U increments the formula length by 1. Formally, the size of Uy is |[Up| = |¢|+1.

Figure 5 delineates the proof strategy and complexity results for the satisfiability problems
for logics incorporating common knowledge and the universal modality, without update or
quantifying modalities, establishing their EXPTIME completeness. For those focused solely
on the logics introduced in Section 2, the roadmap can be streamlined by omitting the nodes
for KQU and Ly, and replacing Loprry with Lopgr. This adjustment is viable since the
universal modality remains invariant under the rewriting process, allowing the reduction
from Lopgry to Loy to also serve as a reduction from Lopgr to Loy. These additional
results are included to provide a comprehensive analysis of related logics.

4.2.1. Reduction from Locprryu to Loy. A procedure is introduced that transforms any for-
mula in Lopgry into a formula in Lo, preserving satisfiability through the transformation.

The concept of a formula’s closure, as introduced in Definition 4.2, and the convention
of designated agents and skills, as established in Convention 4.5, are utilized in the following
discussion. The rewriting process presented below adapts techniques from Definitions 4.3
and 4.6, with a key simplification enabled by the common knowledge operators (C¢) and the
universal modality (U), as detailed in the following definition.

Definition 4.10 (Rewriting). For an Lopgpy-formula ¢, the Lop-formula p(¢) is con-
structed by applying the following steps sequentially:

(1) Transform ¢ into ¢ A U ( /\Xeu(@) x), where p(p) is the set of the following formulas
(with a € Ay, G,H,I,J € G, and ¢ € cl(¢) U{Cax | x € cl(¢) and G € G,}):
(a) Fap — Ky, fora € G
(b) Kutp — D¢y, for a € G
(C) Fyiy — Fgv, for GCH
(d) Dgyp — Dy, for G C H
(e) Frip — Dy, for INJ #0
(£) Ery < Nyep Kotb
(&) (Diay¥ < Kath) N (Egy¥ <> Kath) A (Fiayp <> Kat))
(2) For each agent a € A, replace every occurrence of K, with Ky, ;
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KY PTIME
—————————— >
EXPTIME complete (Lemma 4.18)
S5¢ PTIME
__________ -
EXPTIME complete | (Lemma 4.13) >

© .-
?QX,NE /15; 3&\

PRGN
_ X
CPDL < PTIME & O
in EXPTIME (Lemma 4.15)

Figure 5: Roadmap of proofs for the complexity of satisfiability problems for logics with
common knowledge, excluding update and quantifying modalities. Boxed nodes
display known complexity results. A solid arrow from one logic to another indicates
that the satisfiability problem for the former logic is a subproblem for the latter.
A dashed arrow labeled “PTIME” denotes a polynomial-time reduction from the
satisfiability problem for the source logic to that of the target logic. The EXPTIME
completeness of S5g is from [FHMV95, Section 3.5]. The EXPTIME upper bound
for CPDL is from [PT91, Corallary 7.7]. The EXPTIME completeness of KY is
from [Spa93, Corallary 5.4.8|.

(3) For each group G € G, replace every occurrence of D¢ with K¢ (pe): Ec with Krgg),
and Fg with Kf(FG);

(4) For each group G € G, replace every occurrence of Cg with Cr(ce)s where f (Cq) =
{f(Ka)|a€ G}

Define p1(¢p) as the result of applying only Step (1), and pa34(p) as the result of applying
Steps (2)—(4) sequentially to ¢. Then, pi(¢) is an Lopgr-formula, while p(¢) and pa34(p)
are Loy-formulas, with p(p) = pasa(p1(p)).

Lemma 4.11 (Invariance of rewriting). (1) For any Lopgru-formula ¢, ¢ is satisfiable

(in Leppru) if and only if p(p) is satisfiable (in Loy ).
(2) The satisfiability problem for Loppr is polynomial-time reducible to that for Loy .

Proof. (1) The proof adapts the structure of Lemma 4.7, with some notations assumed
familiar; readers may consult Lemma 4.7 for additional details.

Left to right. Suppose ¢ is satisfied at a world w in a model M = (W, E,C, ). First,
verify that M, w = p1(¢) = AU( /\Xeu(<ﬁ) x) (Definition 4.10, Step (1)). The formulas in
() are valid implications or equivalences by the semantics, so p1(¢p) is true at w. Construct
a model M' = (W, E’,C’, 8), adapting the model M’ introduced in the left-to-right direction
of the proof of Lemma 4.7 by deleting “c € E’(u,v)” from the conditions of E’. By induction
on ¥ € Lopgr, it can be shown that M, u = ¢ iff M/, u | pa3a(y) for all w € W. Case



Vol. 22:2 EPISTEMIC SKILLS: REASONING ABOUT KNOWLEDGE AND OBLIVION 21:35

Y = Cax:

M, u = Cax (let u = up)
iff There exist ug,...,u, € W and ay,...,a, € G:
forall 1 <i<n:C(a;) € E(ui—1,u;) and M, uy = x
iff There exist ug,...,u, € W and a1,...,a, € G:
forall 1 <i<n: f(Kgs) € E'(ui—1,u;) and M’ u, [~ pasa(x)
iff There exist ug,...,u, € W and f(Kq,),..., f(Ka,) € f(Cq):
forall 1 <i<n:C'(f(Kqy)) C E (ui—1,u;) and M’ uy, ¥ p2sa(x)
iff M’ u = Cricg)p2sa(X)
ift M’ u = pasa(Cax).

Given M, w |= p1() and p() = pasa(p1(y)), it follows that M’,w = p(i), proving p(p) is
satisfiable.

Right to left. Suppose p(yp) is satisfied at a world w in a model M = (W, E,C, 3). Let:

o Wo={(u,G,+) |[ueWand G € G,} U{(u,G,—) [ue W and G € G} U {(w, Ay, +)};
o W be the set of finite sequences of elements of Wy starting with (w, Ay, +).

For any o € Wy, let tail(c) denote the world component of the last element in . Construct

M' = (Wh,E',C", 3, where:
o E': Wi x Wi — p(p(Ay)) is defined for all 0,6’ € W and G € G as:

{HCA,|HeGand HNG # 0}, if (;) and (f5),
E'(c,0')=¢ {HCA,|HeGand GC H}, if (3) and (1),

0, otherwise.

(t;) Either o extends o’ with (tail(c),G,+) or o’ extends o with (tail(c’), G, +);
(f2) For all ¥ € cl(p) U{Cax | x € cl(p) and G € Gy}, M, tail(o) = Kgpg,)p234(¢) =
M, tail(o") = p23a(v), and M, tail(o') = Kypg)p234(¢) == M, tail(o) = p23a(v);
(t3) Either o extends o’ with (tail(c), G, —) or ¢’ extends o with (tail(c’), G, —);
(f4) For all ¥ € cl(p) U{Ccx | x € cl(¢) and G € G}, M, tail(o) = Ky, p234() =
M, tail(o") = p23a(), and M, tail(o") = Kyr,yp234(1) = M, tail(o) & pasa(i)).
e C': A — p(p(Ay,)) with C'(a) ={G C A, | a € G € G} for all a € A.
o 3 : W1 — p(P) with /(o) = B(tail(o)) for all o € W;.
Finite groups of agents serve as skills, justified by Footnote 5, since p(A) is finite (as A, is)
and S is countably infinite. To confirm M’ is a model, note that E’ is symmetric (conditions
are bidirectional).
Establish the following by induction on :

For all ¢ € cl(p) and all o € W1, M, tail(o) | pesa(v) < M',0 .

Since M, w [= p(¢) and p(y) includes paza(y), if the claim holds, then M’, ((w, A,, +)) E ¢,
showing that ¢ is satisfiable.

e The atomic and Boolean cases are straightforward and omitted.

e The cases for individual (K,), distributed (Dg) and field (F) knowledge mirror the
proof of Lemma 4.7. Here, we detail only the case ¥ = Dgx with |G| > 1 to highlight subtle
diﬁerences, where p234(’¢) = Kf(Dg)p234(X)~

Left to right. Suppose M', o = Dgx. Then there exists ¢’ € Wy such that | J,. C'(a) C
E'(0,0") and M’ 0" - x, where |, C'(a) = {H C A, | H € Gand HNG # (}. By the

definition of E’, one of two cases applies:
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(1) There exists G’ € G such that: (i) either o extends o’ with (tail(c),G’,+) or o’ extends
o with (tail(o’),G’, +), (i) M, tail(c) | Kgp,, p234(x) implies M, tail(o”") = paza(x),
and (iii) E'(o,0") ={H C A, | H € Gand HNG' # 0},

(In this case, {{a} | a € G} C C'(a) C E'(0,0’), implying {a} N G" # 0 for any a € G,

hence G C G".)

(2) There eixsts G’ € G such that: (i) either o extends o’ with (tail(c), G, —) or ¢’ extends
o with (tail(o'),G', —), (ii) M,tail(0) = Kfr,)p234(x) implies M, tail(o") = paza(x),
and (iil) E'(o,0') ={H C A, | H € G and G’ C H}.

(In this case, {{a} | a € G} C C'(a) C E'(0,0"), it follows that G’ C {a} for each a € G,

which is impossible since |G| > 1.)

Thus, only Case (1) holds. Since M’, o’ |~ x, by induction hypothesis, M, tail(o”) & pasa(x)-

Therefore, M, tail(o) = Kf(pg,)p234(x). Since M,w = p(¢p), then by Definition 4.10(1d),

M, w }: U(Kf(DG)p234(X) — Kf(DG,)p234(X)), it follows that M, tail(a) [75 Kf(Dg)p234(X)'

Right to left. Suppose M, tail(o) = Ky (p,)p234(X). Then there exists u € W such that: (i)

C(f(Dg)) C E(tail(c),u) and (ii) M,u = p2sa(x). By (ii) and induction hypothesis, it

follows that M’ o’ [~ x when o’ be o extended with (u, G, +). Then by (i) and the semantics,

M, tail(0) = Ky(pg)p23a(0) implies M, tail(o) = pa3a(0) for all 6 € cl(p) U{Cqx | x €

cl(p) and G € G,}. Conversely, M, tail(0') = Ky(p,)p234(0) implies M, tail(o) |= p23a(0)

for all 6 € cl(p) U{Cqx | x € cl(¢) and G € Gy }. By definition, | J,.o C'(a) = {H C A, |

H e Gand HNG # 0}. Thus, J,eq C'(a) € E'(0,0"), so M', o}~ Dax.

o Case ¢ = Cax: p23s(¥) = Cpcyyp3a(x). Left to right. Suppose M', o [= Cax.
Then there exist o1,...,0, € Wi and ay,...,a, € G such that: (i) C'(a;) C E'(0,01),
C'(ag) C E'(01,02), ..., C'(an) C E'(op-1,0n), and (ii) M’ o, = x. By (ii) and in-
duction hypothesis, M, tail(o,) = pasa(x). By an argument similar to the case for K,
M, tail(on—1) Kf(Ka)P234(X)a and so M, tail(op—1) Cf(CG)P234(X)~ Do the inference
again, M, tail(on—2) ¥ Kk, Crog)p2sa(x) and M, tail(on-2) = Cpogypsa(x). Re-
peating backwards, M, tail(o) |F Kk, )Crcg)p2sa(x) and M, tail(o) = Croyyp2sa(X)-
Right to left. Suppose M, tail(o) = Cpcqyp234(x). Then there exist ui,...,u, € W
and ai,...,a, € G such that: C(f(K,,)) C E(tail(o),u1), C(f(Ka,)) C E(u1,u2), ...,
C(f(Kq,)) € E(up—1,un), and (ii) M,u, = p2sa(x). By (ii) and induction hypothe-
sis, M',0,, [~ x. Let o1 extend o with (u1,{a1},+), o2 extend o1 with (ug,{az2},+),

.., op extend o,_1 with (up,{an},+). Similarly to case for K,, C'(a1) C E'(0,01),

C'(ag) C E'(01,02), ..., C'(an) € E'(0p—1,0,). Hence M’ o |~ Cax.

o Case ¢ = Ux: paza(v) = Upasa(x). M, tail(o) = Upaza(x), iff there exists u € W
such that M, u = pasa(x), iff there exists o' € Wi such that tail(c’) = v and M’, o’ |~ x;, iff
M' o[£ Ux.

(2) follows from (1) and the fact that |p(¢)| is polynomial in ||, per Definition 4.10. []

4.2.2. Reduction from S5 to L. The logic S55 is the two-agent epistemic logic with common
knowledge, built upon the modal S5 system. It is based on the language L¢, restricted to only
two agents (let them be a,b € A; hereafter the language is referred to as “two-agent L"), and
interpreted over S5 models using standard Kripke semantics. It is established in [FHMV95,
Section 3.5| that the satisfiability problem for S5g is EXPTIME complete. In contrast, if
the language L is interpreted over arbitrary Kripke models without S5 constraints, using
standard Kripke semantics, the resulting logic is denoted Kg



Vol. 22:2 EPISTEMIC SKILLS: REASONING ABOUT KNOWLEDGE AND OBLIVION 21:37

Recall that a Kripke model (W, R, V) is an S5 model if R(a) is an equivalence relation—
reflexive, symmetric and transitive—for all a € A. For a group G, a classical G-path in a
Kripke model M = (W, R, V') from a world w to a world u is a finite sequence (wp, wr, ..., wy)
such that wy = w, w, = u, and for all 7+ where 1 < ¢ < n, there exists an agent a; € G such
that (w;—1,w;) € R(a;). We write w ~»¥ w if there exists a classical G-path from w to u in
M, omitting the superscript M when the model is clear from context. For any agent a and
nonempty group G, the formulas K,¢ and Cgp are interpreted at a world w in a Kripke
model M = (W, R, V) as follows:

M,wkEK,p <= forallueW, if (w,u) e R(a) then M,u = ¢
M,wECqgp <= forallueW,if w~>guthen M,u = .

We propose a transformation that converts any two-agent Lo-formula satisfiable in
8520 into an Lo-formula satisfiable in L. The concept of a formula’s closure, as defined in
Definition 4.2, will be employed in the subsequent text.

Definition 4.12 (Rewriting). For a two-agent Lc-formula ¢, define

:0(30) = @A (/\xeu(go) X) A C{aab}(/\xeﬂ(‘ﬁ) X)’

where p(¢p) is the collection of these formulas: (i) K;v — K;K;3 and (ii) K1 — 1, where
i€{a,b}, ¥ €cle) U{Cax | x € cl(p) and G C {a,b}}.

It is clear that p(p) remains a two-agent Lo-formula whenever ¢ is.

Lemma 4.13 (Invariance of rewriting). (1) For any two-agent Lo-formula ¢, ¢ is satisfi-
able in S55 if and only if p(p) is satisfiable (in Lc);
(2) The satisfiability problem for S52C 1s polynomial-time reducible to that for L.

Proof. Left to right. Suppose ¢ is satisfied at a world w in an S5 model N = (W, R, V),
ie., N,w ):85;3 @. It can be readily confirmed that N, w ):5520 p(p). Construct a model

M = (W,E,C, ) as follows:
o E:W xW — p(A) with E(u,v) = {c € {a,b} | (u,v) € R(c)} for all u,v € W,
o C:A— p(A) with C(z) = {x} for all z € A;
o f=V.
Using agents as skills is justified by Footnote 5, and M can be verified to be a model. For any
u,v € W and z € {a,b}, (u,v) € R(z) <= C(z) C E(u,v). It can be shown by induction
that for all two-agent Lo-formulas ¥ and all u € W, N, u ):5520 Y <= M, u =1, . Hence,
M, w =1, p(p), proving p(y) is satisfiable in L.

Right to left. Suppose p(y) is satisfied at a world w in a model M = (W, E, C, 3), i.e.,
M, w = p(¢). Construct a two-agent Kripke model N = (W, R, V') where:
e For z € {a,b}, R(x) = {(u,v) | C(z) C E(u,v)},
o V=0
It can be shown by induction that for all w € W and all two-agent Lo-formulas ¢, N, u |:K§
¢ <= M, u =1, . Consequently, N, w }:ch p(p), so N,w ):K2c ©.

Construct a two-agent S5 model N* = (W, R*, V') where R*(a) and R*(b) are the reflexive
and transitive closures of R(a) and R(b), respectively. We show the following by induction:

For all two-agent Lc-formulas ¢ € cl(p) and all u € W such that v = w or
w wﬁ’b} u, N,u ):K2c Y < N* u ):8520 1.
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Consequently, N*, w }:855 p, proving ¢ is satisfiable in S5g.

e Atomic and boolean cases: straightforward.

e Case ¢ = Kyox. If N*,u }:8520 KX, then for all v with (u,v) € R*(a), N*,v ):S5§ X-
Since R(a) C R*(a), this implies N, u ):Kg K, x. Conversely, suppose that N*, u %3520 K,x.
Then there exists v € W with (u,v) € R*(a) and N*,v %852? X. Two subcases arise:

(i) uw = v: Since N,w ):KQC (/\96”(@ 0) A C{a,b}</\eeu(¢) 0), N,v }:Kg K.,x — x. By
induction, N, v %Kgf X, 0 N, u %ch Ky x;
(ii) u # v and u ~4) v in model N. Suppose towards a contradiction that NV, u ':KQC Kgx.

Since w wj{\;b} uw and N,w ):KQC (/\GGu(w) 6) N ClapyNoeu(p) 9), Nou lZKQC (Kox —
KoKox) N Ciapy(Kax — KoKoXx). Thus, by the semantics, N,u ):Kg K]'x for
any n > 1, implying N,v = x contradicting N,v %Kg x (by induction). Hence,
N,u %Kg K,x.

e Case ¢ = Kpx, ¢ = Cfyx and ¢ = Cpyx are similar.

e Case 1) = Cy,pyx. First, observe that for all v € W, u Wﬁb} viffu=voru Wﬁ’b} v.

This holds because R*(z) extends R(x) with reflexivity (adding u = v) and transitivity
(already covered by the definition of an {a,b}-path in N). Thus:

N, u I#Kg C{a,b}X (*)
iff N,u %ch X, or there exists v € W with u wfl\fbb} v such that N,v I#Kg x (1)
iff There exists v € W with u = v or u W{{\g by ¥ such that N, v l;éKQc X
iff There exists v € W with u W?Zb} v such that N*, v Egsc X
iff N*,u %8520 C{a,b}X-

(%) to (}) follows from the semantics. From (f) to (x), suppose N, u [;EKQC X, then similar

to (i), N,u %KQC Kux, s0 N,u l?éKQC ClapyX-
(2) The rewriting p(¢) (Definition 4.12) is computable in polynomial time, as p(yp) is
linear in |cl(y)|, and the reduction preserves satisfiability by statement (1). []

4.2.3. Reduction from Loy to CPDL. We propose a transformation that converts any satisfi-
able Lop-formula (in Loy ) into a satiafiable formula in Combinatory Propositional Dynamic
Logic (CPDL) introduced in [PT91|. The satisfiability problem for CPDL is known to be in
EXPTIME [PT91, Corollary 7.7]. The syntax and semantics of CPDL are briefly outlined
below.

The syntax of CPDL comprises:

(Formulas) pu=pl-e|(p—)|[rle
(Programs) mu=al|(mn)| (wUT) | 7" | p?|v

where p € P, a € A with A treated as the set of atomic programs, and v ¢ A is a distinguished
universe program. Formulas ¢ in this definition are called CPDL-formulas, and 7 are
called programs. The set of all programs is denoted II. A CPDL model is a Kripke model
N = (W, R,V) where W is a nonempty set of worlds, V : W — p(P) is a valuation, and
R: 11 — (W x W) assigns binary relations to programs = € II, satisfying:

e R(v) =W x W (universal relation);

o R((m1 Umy)) = R(m)U R(m2) (union);
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o R((m1;m2)) = R(m1) o R(m2) (composition);

e R(7*) is the reflexive and transitive closure of R(7) (iteration);

o R(p?) ={(u,u) e W x W | M,u = ¢} (test).

The semantics N, w EcppL, ¢ extends propositional logic with dynamic operators:
N,w = [r]Yp <= for all u € W, if (w,u) € R(nw), then N,u = 1.

Definition 4.14 (Rewriting). For an Lop-formula ¢, the CPDL-formula p(¢) is constructed

as follows:

(1) Compute p1(p) = ¢ AU(/\ep(p) X)» Where p(p) comprises the following formulas: ¢ —
K,~Kqy— and ~ KK — 1, forall ¢ € cl(¢)U{Cqb | G appears in ¢ and 0 € cl(p)}
and a appearing in ¢.

(2) For each a € A, replace every occurrence of K, with [a].

(3) For each G € G, replace every occurrence of Cq with [((Uyeq @) (Upec @)®)]-

(4) Replace every occurrence of U with [v].

Let pa34(¢) denote the result of applying Steps (2)—(4) to ¢. Then define p(p) = paza(p1(p)).

It is clear from the construction that if ¢ is an Leop-formula, then p;(¢) remains an
Lcpy-formula, while both p(¢) and pa34(¢) are CPDL-formulas.

Lemma 4.15. (1) For any Loy-formula ¢, ¢ is satisfiable (in Loy ) if and only if p(¢) is
satisfiable in CPDL;
(2) The satisfiability problem for Loy is reducible to that for CPDL in polynomial time.

Proof. Left to right. Suppose ¢ is satisfiable at a world w in a model M = (W, E, C, ),
ie, M,w =L, ¢. It can be verified that M, w |=1, pi(¢). Construct a CPDL model
N = (W,R,V) where R(a) = {(u,v) € W xW | C(a) C E(u,v)} for all a € A, and
V = p. For every a € A and u,v € W, C(a) C E(u,v) <= (u,v) € R(a), ensuring
M,u Lo, Kab <= N,u [=cppr [a]p2sa(¥). For every G € G, R((Uneq @); (Uzeq @)7)
is the transitive closure of |J .. R(a), match the path semantics for Cg, so M,u [=r,
Co <= N,u=cppL [((Ugeq @); (Ugeq @)*]p234(9) for all w € W. Furthermore, R(v) =
W x W, so M,u =1, UY <= N,u [=cppr, [V]p234(¢) for all w € W. An inductive proof
will show that for all Lcop-formulas ¢ and w € W, M, u =1, ¥ <= N,u [=cppr p234(¥).
Since M,w k=1, pi(p), it follows that N,w [=cppr, p23a(pi(v)), ie., N,w =cppr p(v),
proving p(¢p) is satisfiable in CPDL.

Right to left. Suppose p(p) is satisfied at a world w € W in a CPDL model N =
(W,R,V), i.e., N,w =cppL p(p). It follows that N, w [=cppr, p23a(¢). Construct a model
M = (W, E,C, ) where:

o £ : W xW — p(A) with E(u,v) = {a € A | (u,v) € R(a) or (v,u) € R(a)} for all
u,v € W;

o C:A— p(A) with C(z) = {a} for all z € A;

e 3=V.

Using agents as skills is justified by Footnote 5, and M can be verified to be a model.

We prove by induction on 1 that: For all Loy-formulas ¢ with ¢ € cl(p) and v € W,
M,u FLo, ¥ <= N,u [=cppL p234(¥).

e Atomic, Boolean and Universal cases: straightforward and omitted.

e Case ¥ = Kyx: p23a(v) = [a]p2sa(x). Left to right. Suppose N, u Ecppr [alp2sa(x).
Then there exists v € W such that (u,v) € R(a) and N,v ~cppL p234(x). By induction
hypothesis, M,v 41, x and by the definition of M, C(a) C E(u,v), so M,u fr.,



21:40 X. Liana anD Y.N. WANG Vol. 22:2

K,x. Right to left. Suppose M,u 41, Kux. Then there exists v € W such that
M,v Wr., X, and either (u,v) € R(a) or (v,u) € R(a). By induction hypothesis,
N,v Fcppr p23a(x). If (u,v) € R(a), then N, u [EcppL [a]p2sa(x) directly. If (v,u) € R(a),
since N,w [=cppL p234(U(Ngep(p) ), Nov Ecppl —[a]-[a]pasa(x) — pasa(x). Hence,
N,v Fcppr —la]—la]pasa(x), so N,v Ecppr [a]-[a]lp2sa(x). It follows that N,u =cppr
—la]pasa(x), hence N, u [EcppL [a]p2sa(x).

e Case ¢ = Cax: p23a(¥) = [((Useq @); (Uzeq @))lp2sa(x). Left to right. Suppose
N,u FcppL [((Upeq @); (Upeq @))lp23a(x). Then there exist ug,...,u, € W, n > 1
and ay,...,a, € G, such that v = ug and (u;—1,u;) € R(a;) for all 1 < i < n and
N, up, Fcppr p23a(x). By the induction hypothesis, M, u, 1., x. By the definition of E,
for all 1 <i <n, C(a;) C E(uj—1,u;). Thus, M,u = Cgx by the semantics. Right to left.
Suppose M, u Fr,., Cax. Then there exist ug,...,u, € W, n > 1 and ay,...,a, € G,
such that v = up and M,u -y, Cox and for all 1 < i < n, C(a;) C E(ui—1,u;). By
the induction hypothesis, N, u, FEcppL p234(x). By the definition of E, for all 1 < i < n,
either (u;—1,u;) € R(a;) or (u;,u;—1) € R(a;). Similarly to the proof in Case ¥ = K 1,
from N,wu, FcppL p2sa(x) and either (uy,—1,u,) € R(ay) or (uy,un—1) € R(ay,), it follows
that N,un—1 Ecppr [an]pasa(x). Hence N up—1 FEceppr [(Useq @); (Useq @))1p23a(X).
Repeat the inference, from N, u,—1 FEcpprn [((Useq @) (Ugeq @))]p234(X), and since ei-
ther (up—2,un—1) € R(an—1) or (up—1,un—2) € R(an—1), it follows that N,u,—2 EcppL
an 1] [(Uneer ) (Uneq @) )o25a(0). Hence N, un—s fooppr, [(Uneg @) (Unee @) )pasi ().
Repeat the inferences, it follows that N,u Ecppr [((Ugeq @) (Upeq @))p23a(x). Le.,
N, u fEcppr p234(Cax)-

Therefore, the induction holds for all ¢ € cl(y). Since N,w |=cppL p234(¢), by the
induction claim applied to ¥ = ¢ (noting ¢ € cl(y)), it follows that M, w [=1,.,, ¢, proving
 is satisfiable in Loy

(2) By Lemma 4.15, the function p can reduce the satisfiability problem of Loy to that
of CPDL in polynomial time. ]

With the results established, we are now positioned to state the following theorem,
drawing on Lemmas 4.11, 4.13, and 4.15.

Theorem 4.16. The satisfiability problem for any logic introduced in Section 2 that includes
common knowledge but excludes update and quantifying modalities is EXPTIME complete.

4.2.4. Reduction from Kg to Lyy. While Theorem 4.16 resolves the satisfiability problems
for logics ranging from Ly to Lopgry, it does not fully complete the roadmap outlined
in Figure 5. Specifically, the introduction of the universal modality (U) in our proofs,
intended to streamline the analysis, results in 16 additional logics beyond those defined in
Section 2. These logics vary based on the inclusion of the operators C' (common knowledge),
D (distributed knowledge), E (everyone knows), and F' (field knowledge). Among them,
only those between Loy and Loprrpy have been established as EXPTIME-complete for
satisfiability, as shown in prior results (e.g., Lemma 4.15). The complexity of the satisfiability
problems for the remaining logics remains unresolved. In this section, we address this gap,
demonstrating that all logics incorporating the universal modality but excluding update and
quantifying modalities have an EXPTIME-complete satisfiability problem.

To achieve this, we propose a transformation that converts any two-agent Ly-formula
(with agents denoted a,b € A) satisfiable in KY'—the classical bimodal logic extended with
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the universal modality—into an Ly-formula satisfiable in L. Recall that in a Kripke model
N = (W, R, V), the formula Up holds at a world w, i.e., N,w |= U, if and only if N,u |= ¢
forall u e W.

It is established in [Spa93, Corollary 5.4.8] that the satisfiability problem for K§ (denoted
L" therein) is EXPTIME complete.

Definition 4.17 (Rewriting). For a two-agent Ly-formula ¢ (with agents a,b € A), define

p(p) as a four-agent Ly-formula (using agents aq, az, b1, be € A that are distinct from a, b and

each other) by applying the following steps sequentially, where p is a fresh atomic proposition

not appearing in :

(1) Replace every occurrence of K,0 in ¢ with K,, K,,(p — ), every occurrence of K30 with
Ky, Kp, (p — 0), and every occurrence of U6 in ¢ with U(p — ). Denote the resulting
formula by p1(¢).

(2) Define p(p) = p1(9) AP AU = Asearazpi by Kz 7P) AN (TP = Noctaranibn be) Kap))-

It is clear from the construction that if ¢ is a two-agent Ly-formula, then both p(¢) and
p1(p) are four-agent Ly-formulas.

Lemma 4.18. (1) For any two-agent Ly -formula ¢, ¢ is satisfiable in K§ if and only if
p(p) is satisfiable (in Ly );
(2) The satisfiability problem for KY is polynomial-time reducible to that for Lys.

Proof. Left to right. Suppose there exists a Kripke model N = (W, R, V) and a world w € W
such that N, w ):Kg ¢. Construct a model M = (W', E, C, 3) where:

o W' =W U(W x W) (with W x W denoted W? for short);
o W' x W' — p(A), defined as:

0, ifx,y e W,

0, if z,y € W2,

0, fzeW,yeW? zdy,

{ai |y € R(a)} U{b1 |y € R(b)}, ifxeW,yeW? z=I(y) #ry),
By~ | 1021V ER@IUL |y € ROL  ifr e W,y W, o =r(y) 1),

’ {a1,a2 |y € R(a)} U {b1,by |y € R(b)}, ifzeW, yeW? y=(z,2),

0, ifye W,z e W2, y¢uz,

{a1 |z € R(a)}U{b1 |z € R(b)}, ifyeW,zeW?2 y=I(z) #rx),

{az |z € R(a)}U{b2 |z € R(b)}, ifyeW,ze W2 y=r(x)# (),

{ai,a2 | © € R(a)} U{by,by |z € R(b)}, ifye W, zeW? x=(y,y),

where [(z) and r(z) denote the left and right elements of a pair z € W?;
o C:A— p(A) with C(x) = {z} for all x € A,
e 3: W' — p(P) with 8(z) = V(z) U{p} and B((z,y)) = 0 for all z,y € W.
Using agents as skills is justified by Footnote 5, and M can be verified to be a model.
We prove by induction: for all two-agent Ly-formulas 1 not containing p, and all u € W,
M?“ ):LU Pl(w) — Nau ):KQU ”¢
e Atomic and Boolean cases are omitted.
o Case ¢ = K,x: p1(¢) = Kq, Koy (p — p1(x)). Observe: for all x € W', M,z =y, p iff
x € W. For any u € W:

M,u I#LU Ka1Ka2(p — pl(X))
iff there exists v € W such that a1 € E(u, (u,v)), ag € E((u,v),v) and M,v Fr,, p1(x)
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iff there exists v € W such that (u,v) € R(a) and M, v Wy, p1(x)
iff there exists v € W such that (u,v) € R(a) and N, v ey x
iff N,u %Kg Kax.
e Case ¢ = Kpx: analogous, using b; and bs.
e Case p =Ux: p1(¢) =U(p — p1(x)). For all u € W:
N,u %Kg Ux
iff there exists v € W such that N, v I;EKQU X
iff there exists v € W such that M, v fr,, p1(x) (by the induction hypothesis)
iff M, e, U(p — pi(x)) (since for any v’ € W/, M, ' = piff ' € W).

It then follows from the claim that M,w k=1, p1(¢). It can be verified that M, u =1,
U((p = Niefaranpr bt Ka7P) A (5P = Nicfay az,pr po} Kap)) for any u € W', Moreover,
notice that M, w = p. Thus, M, w [=1,, p(p), proving that p(y) is satisfiable.

Right to left. Suppose there exists a model M = (W, E,C,3) and a world w €
W such that M,w =1, p(p). Then M,w =1, pi(y) and M,w =, pANU((p —
/\we{al,ag,bl,bg} Kx_'p) A (_'p - /\ze{al,a2,b1,b2} pr))

Construct a two-agent Kripke model N = (W', R, V') where:

® W,:{UGW‘M”“}:LUP};
e R:A— W' x W such that for any u,v € W
— (u,v) € R(a) iff there exists x € W such that C(a;1) C E(u,z) and C(a2) C E(z,v);
— (u,v) € R(b) iff there exists x € W such that C(b1) C E(u,x) and C(b2) C E(z,v);
o V W' — p(P) with V(u) = B(u) for all u € W'.

We prove by induction: for all two-agent Ly-formulas 1) not containing p, and all u € W/,
M,U ):LU P1(¢) — Nau ):Kg d}

e Atomic and Boolean cases are straightforward and omitted.

o Case v = Kox: p1(¥0) = Ko, Koy (p — p1(x))- Left to right. Suppose NV, u I;éKg K,x, then
there exists v € W’ such that (u,v) € R(a) and N,v F&Kg/ X- Then there exists v’ € W
such that C(a1) C E(u,u’) and C(a2) C E(u/,v). Notice that since v € W', so M, v =1, p,
by induction hypothesis, M, v [, (p — p1(x)). Hence M, u {1, Ko Kay(p — p1(X))-
Right to left. Suppose M, u W1, Kq, Ko, (p — p1(x)), then there exists v/, v € W such that
C(a1) C E(u,u’) and C(a2) C E(v/,v) and M,v }r, (p — p1(x)). Hence M, v W, p1(x)
and M,v =1, p. Sov € W and (u,v) € R(a). By induction hypothesis, N,v I#Kg X,
thus N, v %Kg K,x.

e Case v =Ux: p1(¢) =U(p — p1(x)). For any u € W'

N, u I#Kg Ux
iff there exists v € W’ such that N, v %Kg X
iff there exists v € W’ such that M, v Fr,, p1(x) (by the inductive hypothesis)
iff M,u e, U(p — pi(x)) (since for any v € W, v € W' iff M,v = p).

Thus, N, w )=K2U ¢, proving ¢ satisfiable in KY'.
(2) The transformation p(y) is computable in polynomial time (linear in |¢l|), and
statement (1) establishes it as a valid reduction. ]
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The computational complexity results from Sections 3 (model checking) and 4 (satisfiabil-
ity) are summarized in Table 4.° While the complexity of model checking is fully resolved for
all 2048 logics proposed, determining the complexity of satisfiability and validity problems in
a general manner proves more challenging. In particular, the complexity of the satisfiabilty
and validity problems for Ly (logics with update modalities but no quantifiers) and Ly
(logics with quantifiers) remains open.

Table 4: Summary of the Complexity Results

Problems L., Ly Ly Ly
. : : . PSPACE
Model checking in P in P in P complete
Validity / PSPACE EXPTIME o 2
Satisfiability complete complete : :
" 1, denotes any logic without common knowledge, update modalities or quantifiers,
_le., Lppr or any of its sublogics. Formally, {C,+, —,=,=H,8,0} N = 0.
" Lz denotes any logic with common knowledge but without update or quantifying
_modalities, i.e., C € # and {+,—,=,=,8,8,0}N% = 0.
"Ly denotes any logic with at least one update modality but without quantifiers, i.e.,
{+,—,==}NE #0 and {B,B8,0}NE = 0.

VLg denotes any logic with at least one quantifier, i.e., {H,8,0}N 2 # (.

5. DISCUSSION

We have introduced a family of expressive epistemic logics that capture individual and
group knowledge including common, mutual, distributed, and field knowledge, alongside
epistemic actions such as knowing, forgetting, revising, and learning, as well as their necessity
and possibility. Despite their high expressivity, these logics maintain reasonable computa-
tional complexity for central decision problems, namely satisfiability and model checking.
Specifically:

e For logics without update modalities or quantifiers, satisfiability is PSPACE complete
when common knowledge is absent, and EXPTIME complete when common knowledge is
present. These results align with classical epistemic logics under standard Kripke semantics,
as summarized in [FHMV95].

e For logics without quantifiers, model checking is in P, consistent with many traditional
epistemic logics.

e For logics incorporating quantifiers, model checking becomes PSPACE complete, matching
the complexity known from related frameworks such as Group Announcement Logic

6The validity problem is dual to the satisfiability problem. Since co-PSPACE equals PSPACE and
co-EXPTIME equals EXPTIME, the complexity of validity problems follows directly from satisfiability
results.
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[ABvDS10], Coalition Announcement Logic [Pau02, GAvD18, AvDGW21], and Subset
Space Arbitrary Announcement Logic [BvDK13].”

Our framework naturally generalizes to accommodate fuzzy skill sets and lattice-structured
skills, enhancing its applicability to practical domains and real-world scenarios.

The decidability of validity and satisfiability problems in logics that employ quantifi-
cation over epistemic updates has long intrigued logicians. Known negative results, such
as the undecidability of Arbitrary Public Announcement Logic (APAL) and Group An-
nouncement Logic [FvD08, AVDFIG], have motivated efforts toward identifying decidable
fragments [FvDO08, vDFP10, vDF22|. Even obtaining recursively axiomatizable systems
constitutes notable progress [ XW18, BOSQS], particularly given APAL’s expected lack of
recursive axiomatizability. Past approaches, exemplified by [BBvD ™08, ABvDS10, BvDK13|,
predominantly rely on syntactic strategies—quantifying over formulas and indirectly updating
models—which likely complicates satisfiability analysis. Our logic introduces an alternative
semantic perspective, explicitly quantifying over semantic objects (updates of epistemic
skills) instead of syntactic formulas. This semantic viewpoint complements other semantic
frameworks, such as topological semantics explored in [WA13, BOVS17]|, thereby enriching
the theoretical landscape of epistemic update logics.

A primary goal of our ongoing research is to further delineate the decidability and
computational complexity boundaries for satisfiability and validity problems within our
logics. While we have established complexity results for simpler variants—for example,
PSPACE-completeness for satisfiability without common knowledge, updates, or quanti-
fiers (Theorem 4.9), and EXPTIME-completeness for satisfiability with common knowledge
but without updates or quantifiers (Theorem 4.16)—the computational complexity and
decidability status of logics incorporating update modalities and quantifiers remain open
challenges. In particular, the decidability of the full logic LopEFr+——=man, which encom-
passes all knowledge modalities, update operations, and quantification mechanisms, remains
unresolved.

Moreover, although some fragments of our logics have been completely axiomatized in
earlier work [LW22a, LW24c|, a complete axiomatic system for the full logic has yet to be
developed. Addressing these open problems constitutes an important direction for future
research.

Additionally, we introduced a novel epistemic update modality, (=p),, representing
the action wherein agent a learns by adopting agent b’s skill set, effectively replacing a’s
skills with those of b. We have also considered several variants to enable more nuanced
skill modifications: incremental skill acquisition—adding b’s skills—via the operator (+)q
(alternatively expressed using set notation as (Up),); retaining only commonly beneficial
skills via (Mp)q; and removing undesirable skills via (=), (or equivalently, (\p)s). Further
inspired by natural language, we are interested in studying the concept of “deskilling,” an
epistemic update that reduces the complexity of skills required to distinguish epistemic
possibilities, potentially enhancing knowledge by simplifying the underlying edge structure.
Importantly, these diverse update modalities do not elevate the complexity of the model
checking problem beyond P or PSPACE (depending on the presence of quantifiers), although
they may complicate the satisfiability problem. Quantification over these richer learning
operators offers a promising avenue for further study.

It is noteworthy that model checking in Arbitrary Public Announcement Logic (APAL) has been claimed
to be PSPACE complete [BBvD T 08]; however, we have not identified a detailed proof confirming this result.
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