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ABSTRACT. This paper investigates the expressive power of a minimal fragment of separa-
tion logic extended with natural numbers. Specifically, it demonstrates that the fragment
consisting solely of the intuitionistic points-to predicate, the constant 0, and the successor
function is sufficient to encode all TI{ formulas of Peano Arithmetic (PA). The authors
construct a translation from PA into this fragment, showing that a 19 formula is valid
in the standard model of arithmetic if and only if its translation is valid in the standard
interpretation of the separation logic fragment. This result implies the undecidability of
validity in the fragment, despite its syntactic simplicity. The translation leverages a heap-
based encoding of arithmetic operations—addition, multiplication, and inequality—using
structured memory cells. The paper also explores the boundaries of this encoding, showing
that the translation does not preserve validity for 9 formulas. Additionally, an alternative
undecidability proof is presented via a reduction from finite model theory. Finally, the
paper establishes that the validity problem for this fragment is II{-complete, highlighting
its theoretical significance in the landscape of logic and program verification.

1. INTRODUCTION

Separation logic has proved to be both theoretically robust and practically effective for
verifying heap-manipulating programs [CDOY11, O’H19], owing to its concise representation
of memory states. However, when verifying software systems that involve numerical computa-
tions, it becomes necessary to extend separation logic with arithmetic. This extension raises
fundamental questions about the decidability of validity in such systems under standard
interpretations of numbers, as logical frameworks with decidable validity are generally more
suitable for software verification.

Presburger arithmetic, known for its decidable validity, offers a promising candidate for
integration with separation logic. One might expect that combining a decidable fragment of
separation logic with Presburger arithmetic would yield a decidable system. Contrary to
this expectation, we show that even a minimal extension of separation logic with arithmetic
can lead to undecidability.

In this paper, we study a minimal fragment of separation logic—denoted SLN—that
includes only the intuitionistic points-to predicate (<), the constant 0, and the successor
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function s. We prove that this fragment is expressive enough to simulate all IIY formulas of
Peano Arithmetic (PA). Our main result is a representation theorem establishing a translation
from TI{ formulas in PA to SLN formulas that preserves both validity and non-validity under
their respective standard interpretations. As a corollary, we derive the undecidability of
validity in SLN. It is surprising that such a weak fragment of separation logic becomes so
expressive merely by adding 0 and s, especially considering that the fragment containing
only < is known to be decidable with respect to validity under the standard interpretation
[BDL12].

The core technique in proving our representation theorem involves constructing an
operation table for addition, multiplication, and inequality within a heap. This allows us to
eliminate expressions such as x +y = z, X y = z, and & < y by referencing either the value
z or the truth of the inequality x < y. To encode these operations, we use consecutive heap
cells containing entries of the form 0,z 43, y+ 3,z +y+ 3 for addition, 1,z+3,y+3,x xy+3
for multiplication, and 2,x + 3,y + 3 for inequality. Here, the constant 3 serves as an
offset, and the tags 0, 1, and 2 distinguish between the three operations. To define the
translation formally, we introduce the notion of a normal form for bounded formulas in
Peano Arithmetic.

While our translation can be extended to arbitrary PA formulas, the representation
theorem does not hold beyond the XY class. We provide a counterexample involving a 3!
formula to illustrate this limitation.

Our result shows that discussion about properties described by H? formulas such as
consistency of logical systems and strong normalization properties for reduction systems in
Peano arithmetic can be simulated in the separation logic with numbers. The undecidability
of validity in the separation logic with numbers itself can be proved in a simpler way, by
using a similar idea to [CYOO01]. We will also give a proof in that way.

Our representation theorem implies that the validity problem in SLN is I19-hard, estab-
lishing the lower bound of its complexity. For the upper bound, we show that the problem
belongs to I1{ by proving (1) that the model-checking problem in SLN is decidable, and (2)
that validity in SLN can be expressed as a I1J formula using (1). Together, these results
establish that the validity problem in SLN is IT{-complete.

There are several undecidability results concerning validity in separation logic, some of
which rely on translation techniques. For instance, separation logic with the 1-field points-to
predicate and the separating implication is known to be undecidable with respect to validity
[BDL12]. Similarly, separation logic with the 2-field points-to predicate has also been shown
to be undecidable [CYOO01], with the proof relying on a translation from first-order logic
with a single binary relation into separation logic with the 2-field points-to predicate.

On the other hand, there are some decidability results. Separation logic with the 1-field
points-to predicate, when the separating implication is excluded, is known to be decidable
[BDL12]. Additionally, the quantifier-free separation logic has been shown to be decidable
[CGHO05], with the proof involving a translation into first-order logic with an empty signature.

To the best of our knowledge, there is no existing work that translates any fragment of
arithmetic into such a weak form of separation logic containing only <, 0, s.

When restricted to symbolic heaps in separation logic with arithmetic or inductive
definitions, several decidability results have been established. These include symbolic heap
entailment with Presburger arithmetic [TLC16], bounded-treewidth symbolic heap entailment
[IRS13], symbolic heap entailment with cone inductive definitions [TNK19, NTKY20],
symbolic heap entailment with lists [BCO04, BCO05, CHO*11, AGH"14], and symbolic
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heap entailment with Presburger arithmetic, arrays, and lists [KT21]. The satisfiability
problem for symbolic heaps with general inductive predicates is also known to be decidable
[BFPG14].

However, even within symbolic heaps, relaxing certain conditions can lead to unde-
cidability. For instance, symbolic heap entailment with unrestricted inductive definitions
[IRS13], and symbolic heap entailment with bounded-treewidth inductive definitions and
implicit existentials [TK15], are both known to be undecidable. A comprehensive study on
the decidability of symbolic heaps is provided in [KZ20].

Another fragment of separation logic with arithmetic has been shown to have a decidable
satisfiability problem. Specifically, when the fragment includes inductive predicates that
capture both shape and arithmetic properties, satisfiability remains decidable provided the
arithmetic constraints can be expressed as semilinear sets—which are themselves decidable
in Presburger arithmetic [LTSC17].

A recent study has established the undecidability of the entailment problem in separation
logic with inductively defined spatial predicates when certain forms of theory reasoning are
permitted [EP23]. This includes reasoning over theories involving the successor function and
numerical values. In contrast, our result focuses on a significantly more restricted setting:
we allow only the 1-field intuitionistic points-to predicate as the spatial component, which is
far less expressive. Nevertheless, we prove that even within this highly limited fragment, the
logic becomes undecidable.

This paper is organized as follows: Section 2 defines Peano arithmetic. Section 3
introduces the SLN fragment and its semantics. Section 4 presents the translation from
normal PA formulas to SLN and proves the preservation properties. Section 5 defines an
auxiliary translation to normal form and proves the main theorem on the preservation
of the translation from I1{ formulas to SLN. Section 6 provides an alternative proof of
undecidability of validity in SLN. Section 7 establishes II{-completeness of SLN. Section 8
concludes.

This paper extends our previous conference publication [IT24] by enriching the related
work, clarifying technical details, and adding the new result on IT{-completeness.

2. PEANO ARITHMETIC

In this section, we define Peano arithmetic PA and its standard model.
Let Vars = {z,vy,...} be the set of variables. The terms of PA are defined by:

tu=x|0|s(t)|t+t|txt.
The formulas of PA are defined by:
Av=t=t|t<t|-A|ANA|AVA|IzA|VzA.
We will write A — B for —ug\/B.

——

We write s™(t) for s(...(s(t))...). We use the abbreviation n = s"(0). We write
Alz :=t] for the formula obtained by capture-free substitution of ¢ for z in A.

Let NV be the standard model of PA, namely, its universe |A| is N = {0,1,2,...}, 0V=0,
Na)=z+1, +N(,y) =2 +y, xN(z,y) =z xy, (<N(z,y) iff 2 < y. Let 0 : Vars - N
be a variable assignment. We extend ¢ to terms in a usual way. We write o[z := n] for the
variable assignment that assigns n to z and o(y) to y other than z.
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We write o = A when A is true in A under the variable assignment o. This relation is
defined in a usual way. If o = A for every variable assignment o, A is defined to be valid. If
A does not contain free variables, A is called closed.

A formula Vo < ¢.A is an abbreviation of Vz(x <t — A), where ¢ does not contain z.
A formula 3z < t.A is an abbreviation of Jz(x <t A A), where ¢ does not contain . We
call Vo <t and dz <t bounded quantifiers. A formula A is defined to be bounded if every
quantifier in A is bounded. If A =VzB and B is bounded, A is called a I1Y formula.

3. SEPARATION LOGIC WITH NUMBERS SLN

In this section, we define a small fragment SLN of separation logic with numbers. We will
also define the standard interpretation of SLN.
Let Vars = {z,y,...} be the set of variables. The terms of SLN are defined by:

tu=x|0]s(t).
The formulas of SLN are defined by:
Av=t=t|t—=t|-A|ANA|AVA|3zA|VzA.

We will write A — B for —AV B.

The predicate t; < t5 is the intuitionistic points-to predicate and means that there is
some cell of address t; which contains 2 in the heap.

We use the same abbreviation 7 and substitution Az := t] as in PA. For simplicity,
we write (t < t1,...,t,) for t < t; A... A s"1(t) < t,. We sometimes write only one
quantifier for consecutive quantifiers in a usual way like Vrydzw for VaVy3z3w.

Now we define the standard interpretation [-] of SLN. We use N for both the sets of
addresses and values. Let [0] =0, [s](x) = x+ 1. Let o : Vars — N be a variable assignment.
The extension of o to terms and the variable assignment o[x := n] are defined similarly
to those in PA. A heap is a finite function h : N —g, N. A heap represents a state of the
memory.

For a formula A of SLN, we define o,h = A by:

oh =t =ty iff o(t1) = o(te),

O',h ': t1 < to iff h(U(tl)) = U(tg),

o,h = -A iff o,h A,

o,h = A1 NAy iff J,hlelanda,h):Ag,
o,hl=A1VAy iff o,hl=A;orohlE Ay,
o,h=3zA iff for some n € N o[z :=n],h | A,
o,h =VxA iff foralln € N,o[z:=n],h | A.

o,h = A means that A is true under the variable assignment o and the heap h. A
formula A is defined to be valid if o,h |= A for all o and h. If a formula does not contain
atoms ¢ < u, the truth of the formula does not depend on heaps.

The notion of validity defined in this section refers to validity under the standard
interpretation of SLN, which differs from the conventional notion of validity in separation
logic. This difference arises because, in the conventional definition, the interpretation
depends on the set of addresses.

Our fragment SLN contains only equality, the intuitionistic points-to predicate (1 < t2),
the constant 0, successor function s, Boolean connectives, and first-order quantifiers. It
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omits separating conjunction (x) and magic wand (—«). Thus SLN is essentially first-order
logic over a finite partial function h : N —g, N enriched with a single spatial atom.

We retain the term “separation logic fragment” because the semantics of < is the
standard SL heap-cell predicate, and our results delineate how adding only arithmetic
symbols 0, s to this minimal spatial core already suffices to represent all H(l) PA sentences. We
contrast our setting with classical undecidability and decidability borders for SL fragments
in Section 1 related work (e.g., with/without *, or with multi-field points to predicate).

4. TRANSLATION OF NORMAL FORMULAS IN PA INTO SLN

In this section, we define the translation (-)° of bounded formulas in PA to formulas in SLN,
and prove that the translation preserves the validity and the non-validity.

The key of the translation is to keep an operation table for addition, multiplication and
inequality in a heap, and a resulting formula in SLN refers to the table instead of using the
addition, multiplication and inequality symbols. To state that a heap keeps the operation
table, we will use a table heap condition. For proving the preservation of the translation, we
will use a simple table heap, which is a heap that contains all the operation entries of some
size. Since the table in a heap is finite, to estimate the necessary size of the operation table
for translating a given formula, we will use the upper bound of arguments in the formula.

We will first define normal form of a bounded formula in PA, which we will translate
into a formula in SLN. Next we will define a table heap condition, which guarantees that a
heap has an operation table for addition, multiplication and inequality. Then we will define
the translation of a normal formula in PA into a formula in SLN. Then we will define a
simple table heap and the upper bound of arguments in a formula. Finally we will prove the
preservation of the translation.

We write 3(z = t)A for an abbreviation of 3z(xz =t A A), where t does not contain x.

Our translation is defined only for normal formulas. This does not lose the generality
since any bounded formula can be transformed into a normal formula, as will be shown in
Section 5. In a normal formula, + and X appear only in ¢ of 3(x = t). Moreover, this ¢ is of
the form a + b or a x b where a,b do not contain + or X.

Definition 4.1 (Normal form). Normal forms of PA are given by A in the following grammar:
Az=B |V <tA|Jz<tA|Ixz=1t)A

satisfying the following conditions: (1) B is a disjunctive normal form of a formula in PA
without quantifiers, +, x, and formulas of the form —(t < u), (2) each ¢t in Vo < t and
dzr <t does not contain +, x, and (3) each ¢ in 3(z = ¢) is of the form a + b or a x b for
some terms a and b that do not contain + or x.

The table heap condition is defined as the formula H in the next definition. It guarantees
that a heap that satisfies H contains a correct operation table for 4+, x and <. The formulas
Add, Mult and Ineq in the following definition refer to the operation table when a heap satisfies
the table heap condition. The normal formula enables us to represent each occurrence of
+, x and < by Add, Mult and Ineq, respectively. We will write [t] for s3(¢) for readability,
since the offset is 3.

Definition 4.2 (Table Heap Condition). H, Add(z,y, z), Mult(z,y, z) and Ineq(z,y) are
the formulas defined by:

Hadar = Vay((a = 0, 0], [y]) — s°(a) = [y]),
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Hadaz = Vazy((a = 0,[s()], [y])
= 3bz((b = 0, [z], [y}, [z]) A 5°(a) = [s(2)])),

[
*(a) = [0)),

Hyuir = Yay((a = 1,[0],[y]) — s
Humurz = Vazy((a = 1, [s(2)], [y]) = Fbz((b = 1, [z], [y], [z])A
Few((c = 0,[2], [y], [w]) A s*(a) = [w]))),
Hineq1 = Vazy((a = 2,[s(2)], [y]) — 2, [2], [2]))),
[

~— —

Jzb(y = s(z) A (b —
Hlneq2 Vamy((a — 2 [ ( )} y] - Elb(b — 2 ['ﬂ) [y]))
H = Hpgd1 N Hada2 N Hyuier A Hvuiez A Hineql A Hineg2,

Add(z,y,2) = Va((a = 0, [z], [y]) = s*(a) = [2]),
Mult(z,y, 2) = Va((a — 1, [z], [y]) = s3(a) = [2]),
Ineq(z,y) = Jala — 2,[z], [y]).

The formula H forces a heap to have a table that contains results of addition, multipli-
cation and inequality for some natural numbers. Each entry for addition and multiplication
consists of four cells, and each entry for inequality consists of three cells. If the first cell
contains 0, then the entry is for addition. If the first cell contains 1, then the entry is for
multiplication. If the first cell contains 2, then the entry is for inequality. The second and
third cells of an entry represent arguments of addition, multiplication or inequality. The
entries for +, x have the forth cells, which contain the results of addition or multiplication.
For inequality, if there is an entry for two arguments z and y, then = < y holds. Since
0, 1, and 2 serve as reserved tags identifying the operation (addition, multiplication, or
inequality), the arguments and results are encoded by adding an offset of 3. Any fixed offset
greater than 2 would work to avoid collisions with the tags. We use 3 for concreteness.
The definition of H uses the following inductive definitions of addition and multiplication:
s(x)+y=s(x+y)and (x+1) Xy = x X y+ x. The formulas Haqqr and Hpy1 force
the base cases of addition and multiplication, respectively, and Hagq> and Hmyieo force the
induction steps of addition and multiplication, respectively. Hjneq1 means that if there is an
entry for x + 1 < y, then the entry for < y — 1 exists in the heap. Hjneqz means that if
there is an entry for z 4+ 1 < y, then the entry for z < y exists in the heap.

The conjuncts of H enforce coherence of existing operation-table entries rather than
totality. If a heap contains an entry tagged as Add/Mult/Ineq for arguments (z,y), then
the successor cells must contain the correct outputs (Lemma 4.3). If no matching entry
occurs, the corresponding implication in H is trivially true. Hence H admits any finite
consistent partial operation graph that is closed under the predecessor/step conditions
spelled out in Hagd1, Hadd2, Hmuit1, Hmuie2, Hineql, Hineq2- This permissiveness is crucial for
our II{ preservation (Lemmas 4.13-4.15). Validity is required over all heaps, so if some heaps
are “too small”, the translated formulas become trivially true there, while suitable “large”
heaps (e.g., the simple tables h,, defined in Definition 4.9) realize the intended arithmetic
and force correctness. By monotonicity of arithmetic facts, truth then aligns across all heaps.
In contrast, this permissiveness breaks preservation for ¥Y. The witness may demand the
presence of a specific table entry that small heaps can avoid (Proposition 5.6).

We will show that the formula H actually forces the heap to have a correct table for
addition, multiplication and inequality (the claims (1), (2) and (3) below). The claim (4)
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below says that H ensures that if a heap contains an entry for u <
the entries for ¢ < w.

Lemma 4.3. Let o be a variable assignment and h be a heap.

(1) Ifo,h = H, h(m) =0, h(m+1) =n+3 and h(m +2) =k
n+k+ 3.

(2) Ifo,h = H, h(m) =1, h(m+1) =n+3 and h(m+2) =k
n X k+ 3.

(3) Ifo,h = H, h(m) =2, h(m+1)=n+3, h(m+2)=k+3,

u, then it contains all

+ 3, then h(m + 3) =
+ 3, then h(m +3) =

then n < k.

(4) If o,h |= H, o(t) < o(u), o,h = Ineq(u, u), then o, h = Ineq(t, u).

Proof. (1) We will show the claim by induction on n.
(Base case) Let n = 0. Since

h(m) =0,
h(m+1) =3,
h(m+2) =k +3,
o,h = Hadd1,

we have
ola:=m,z :=n,y :=k|,h = s3(a) = [y].

Hence, we have

h(im+3)=cla:=m,x:=n,y:=k|([y])) =k+3=n+k+3.

(Induction step) Let n > 0. Then, n—1 > 0. Let ¢/ = o[a :=m,x :
h(m) =0,
h(m+1)=n+3,
h(m+2) =k + 3,
o,h |E Hpdd2,

we have

=n—1,y:=k|. Since

o', h = 3bz((b = 0, [2], [y], [2]) A 5°(a) = [s(2))]).

Thus, there exist ¢ and £ such that

o'b =g,z = €, h | (b 0,[a], [y, [2]) A %(a) = [s(2)].

That is,
h(q) =0,
hg+1)=(n—1)+3,
h(g+2)=k+3,
h(g+3)=1¢+3,
(

By induction hypothesis, we have h(¢+3) = (n—1)+k+3 =n+k+2
Thus, we have
him+3)=0+4=n+k—-1+4=n+k+3.

(2) We will show the claim by induction on n.

. That is, f = n+k—1.
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(Base case) Let n = 0. Since

h(m) =1,
h(m+1) = 3,
h(m+2)=k+ 3,
o, h = Hwuyl1,

we have ola :=m,x :=n,y := k], h = s*(a) — [0]. Hence, we have
h(m+3) =ocla:=m,x:=n,y :=k]([0])) =3 =nxk+ 3.
(Induction step) Let n > 0. Then, n—1 > 0. Let ¢/ = oa := m,z :==n— 1,y := k. Since
h(m) =1,
h(m+1)=n+3,
h(m+2) =k + 3,
o,h |E Hmyno,
we have
o', h = 3bz((b = 1, [2], [y], [2]) A Jew((c = 0, [2], [y], [w]) A *(a) = [w])).
Thus, there exist ¢ and ¢ such that
ol i= g2 =, = (b T, i [, [2]) A Bew((e = 0, 2], o], [w]) A 5%(a) = [w]).
That is,

h(g) =1,
hg+1) = (n—1)+3,
h(g+2)=Fk+3,
h(g+3)=0+3.
So by induction hypothesis, h(¢ +3) = (n — 1) x k+ 3. Thus ¢ = (n — 1) x k. Furthermore,
since
o'lbi= g,z = £, h b= Jew((e < 0[] [y, [u]) A 5(a) = [w]),
we have

o'lb=q,z:=0c:=r,w:=pl,hE (c=0]z][y], [w]) A sa) = [w]

for some r and p. That is,

h(r+1)=1¢+3,
h(r+2)=Fk+3,
(

h(m+3) =p+ 3.

By (1) of this Lemma, we have p = ¢ + k. With this and ¢ = (n — 1) x k, we have
p=(n—1)xk+k=nxk Hence, h(m+3)=p+3=nxk+3.

(3) We will show the claim by induction on n.
(Base case) Let n = 0. We immediately have n < k.
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(Induction step) Let n > 0. Then, n—1 > 0. Let ¢/ = o[a := m,z :=n— 1,y := k|. Since
h(m) =2,
h(m+1)=n+3,
h(m+2)=k+3,
0, h |= Hineqt,

we have

o' h = 320(y = s(z) A (b= 2, [x],[2])).
Thus, there exist £ and ¢ such that
dlz:=0b:=p,hEEy=s(2)A(0b<=2z]]z]),
that is,
h(p) = 2,

h(p+1)=(n—-1)+3,

hip+2)=L0+3=(k—1)+3.
By induction hypothesis, n — 1 < k — 1, that is, n < k.

(4) We will show the claim by induction on o(u) — o (t).

(Base case) Let o(u) —o(t) =0, i.e. o(t) = o(u). By assumption, we have o, h = Ineq(u, u).

Since o(t) = o(u), we have the claim.
(Induction step) Let o(u) —o(t) > 0, i.e. o(t) < o(u). Since

o(u) = (o(t) + 1) <o(u) —o(?),
we have
o, h = Ineq(s(t), u)
by induction hypothesis. That is, o, h = Ja(a < 2, [s(t)], [u]). Since o, h |= Hineqo, we have
o,h = 3b(b — 2,[t], [u]),
that is, o, h = Ineq(t, u). ]

Now we define the translation of normal formulas in PA into formulas in SLN. In the
translation, 4+, X and < are replaced by Add, Mult and Ineq with the table heap condition.

Definition 4.4 (Translation (-)°). Let A be a normal formula in PA. We define SLN formula
(VzA)° as
B° = BS if B is quantifier-free,

(z <t.B)° = H — —lneq(t,t) V z(Ineq(z, t) A B°),

(Vx < t.B)° = H — Va(-lneq(z,t) V B®),
(F(z=t+uw)B)° = H — Jz(Add(t,u,z) A B°),
((z =t xu)B)° = H — Jz(Mult(t,u,xz) A B®),

)° =VzA°,

:m

(Vo

where B<S is obtained from B by replacing each positive occurrence of t < u by H —
—lneq(u,t) Vit = u.
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For a normal formula, the translation computes ¢ + u by referring to the operation table
in the current heap. H guarantees that the operation table in the heap is correct. However,
the operation table may not be sufficiently large for computing ¢t + u. When the operation
table is not sufficiently large for computing t + u, then Add(t,u,x) returns true. The use of
Ineq and Mult is similar to Add. Note that Ineq(t,¢) means that ¢ is in the operation table.
Hence —lneq(t,t) means that ¢ is not in the operation table and we define (3z < ¢t.B)° as
true in this case. For a non-normal formula, we just keep V in the translation.

Example 4.5. For a normal formula

A=3(r1 =2+ s(z))I(z2 = v+ 21)Vy < x2.
Hzs=z+y)Ixs =y x x3)I(x5 =+ 24)(0 < x5),
its translation A° is
A° = H — Jz1(Add(z, s(x), x1) A (H — 3zo(Add(x, 21, 22) A
(H — Vy(—Ineq(y, z2)V
H — Fx3(Add(z,y, z3) A (H — Jz4(Mult(y, z3, 24)A
H — F5(Add(z, x4, 25) A (H — —lneq(x5,0) VO =25))))))))))))-

—~

Example 4.6. For a normal formula
B=3(x1 =z +s(z))Jy < 21.(0 < vy),
its translation B° is

B° = H — 3z (Add(z, s(z),z1) A (H — —lneq(z1,z1)V
Fy(Ineq(y, z1) A (H — —lneq(y,0) vy = 0))))

Our goal is to show that for any I formula A of PA, A is valid in PA if and only if A° is
valid in SLN. Therefore, A° should hold for every heap h. By the definition of (-)°, z =t+u
and x = t x u are translated into H — Add(t,u,z) and H — Mult(t,u,x), respectively.
Furthermore, the formulas Add(¢, u, z) and Mult(t, u, x) state that for any address a, if the
cells at @ + 1 and a + 2 contain the operands ¢ and u, respectively, then the cell at a + 3
contains the result z. Consequently, if a heap h does not include a sufficiently large table
to store the operands for x = ¢t 4+ u or x = t X u, the translated formulas are trivially
true. Since we demand that A° hold for all heaps, there is h that contains a sufficiently
large table. Furthermore, if the addition and multiplication in the formula are correct in
such a sufficiently large heap, they must be correct in every heap, because addition and
multiplication are numeric properties and do not depend on heaps. The same is true for
inequality. This is the key idea to prove our goal. That is, o = A if and only if o, h = A°
for sufficiently large h if and only if o, h = A° for all h. We will prove them in Lemmas 4.13
and 4.14 later.

Since we demand that A° hold for all heaps, we define the translation of ¢ < u to be
H — —lneq(u,t) Vt = u and we do not straightforwardly define it to be H — Ineq(t, u),
because Ineq(t, u) demands the heap to contain the entry for ¢ < u, which is not possible if
the heap is not sufficiently large. Furthermore, the translation of dx < ¢.B is not simply
H — Jx(Ineq(z,t) A B) but rather seemingly tricky H — —lneq(t,t) V Jz(Ineq(z,t) A B°).
If we adopt the simple translation, we may not be able to find x such that the entry for
x <t is in the heap when it is not sufficiently large. Our idea is to let such a case be true.
Therefore, we allow the case —lIneq(t,t), which is true if the heap may not contain some
entries for - < t.
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First, we estimate the necessary size of the operation table for a given formula and a
given variable assignment. This size is defined in the next definition.

Definition 4.7. Let A be prenex and disjunctive normal form of a bounded formula in PA
and o be a variable assignment. We define the number max(o, A) by:

max(c,t < u) = max{co(t),o(u)},
max(o,t = u) =0,

max (o, 7 B) = max(o, B)

(

(
max(o, B A C') = max{max(o, B), max(c,C)}
max(o, B V C') = max{max(o, B), max(c,C)}
max(o, Vo < t.B) = max{o(t), max(c, Blz :=t])},
max (o, 3z < t.B) = max{o(t), max(c, B[z :=t])},
max(o, I(x = t)B) = max{o(t), max(c, Blx :=t])}.

max(o, A) computes the maximum in values of expressions by o in A" where A’ is
obtained by expanding bounded quantifiers of A.

Example 4.8. By using the above definition one by one, we have

max(o,3(z1 =z + s(x))I(ze = x + 21)Vy < 9.
xg =2+ y)IHzs =y x x3)I x5 = x + 24)(0 < 5))
= max{o(z + s(x)), max(o, I(z2 = = + (x + s(x)))Vy < z2
xsg=x+y)IHrs =y x x3)I x5 =+ 24)(0 < x5)) }
= max{o(z + s(x)), max{o(x + (x + s(x))), max(o,Vy < x + (x + s(x)).
g =2+ y)IHrs =y x x3)I x5 = x4+ 24)(0 < 25)) }}
= max{o(z + s(x)), max{o(z + (x + s(z))), max{o(z + (z + s(z))),
max (o, Ixz3 =z + (x + (x + s(x))))I (x4 = (z + (z + s(x))) x x3)
Has =2 +24)(0 < 25)) }}}
= max{o(z + s(x)), max{o(z + (x + s(z))), max{o(z + (z + s(z))),
max{o(z + (z + (z + s(x)))),
max(o, I(zg = (z + (z + s(x))) X (z + (z + (z + s(2)))))I(@ws = v+ 24)(0 < @5))} }}}
= max{o(z + s(x)), max{o(z + (z + s( ), max{o(z + (z + s(z))),
max{o(z + (z + (z + s(x)))),
max{o((z + (z + s(x))) X (x + (z + (z + s(x))))),
max(o, I(zs =z + (z + (z + s(2))) X (z + (2 + (z + 5(2)))))(0 < x5)) } } }}}
= max{o(z + s(x)), max{o(z + (x + s(z))), max{o(z + (z + s(z))),
max{o(z + (z + (z + s(x)))),
max{o((z + (z + s(x)) x (z + (x + (z + s(x))))),
max{o(z + (z + (z + s(z))) x (z + (z + (z + s(x))))),
max(0,0 <z + (z+ (x4 s(x))) x (z + (z + (x4 s(x))))) } }} 1}
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= max{o(x + s(z)), max{o(z + (z + s(x))), max{o(x + (z + s(x))),
max{o(z + (z + (z + s(z)))),
max{o((z + 5(2)) X (@ + (2 + (& + 5(2))),
max{o(@ + (z + 5(2)) X (2 + (@ + (2 + 5(2))))),
max{0,0(z + (2 + (2 + 5(2)) X (@ + (& + (@ + 5@
=o(z)+ (30(z) +1)(4o(z) + 1).
Next, for a given size n, we define a heap that supports addition for arguments up to

n?, and multiplication and inequality for arguments up to n. We refer to this as a simple
table heap.

Definition 4.9. For a number n, we define a heap h,, as the heap defined by:

0 (x:4ii<(n2+1)2)
imod (n? +1)+3 (r=4i+1,i<(n®>+1)?)
li/(n?+1)] +3 (r =4i+2,i < (n? —1—1)2)
hn(z —2) 4+ hyp(x —1) — 3 (r=4i+3,i < (n?+1)?)
1 (v =cy +4i,i < (n+1)%)
imod (n+1)+3 (r=c1+4i+1,i<(n+1)?%
li/(n+1)] +3 (r=c1+4i+2,i<(n+1)?%
hu(z) = (ho(x —2) = 3) X (hp(x —1) —=3)+3 (x=c1 +4i+3,i< (n+1)?)
2 (v =co+3i,i < (n+1)%)
imod (n+1)+3 (r=co+3i+1,i<(n+1)?%)
n+3 (r=co+3i+2,i<(n+1)%
li/(n+1)] <imod (n+1))
li/(n+1)] +3 (x=co+3i+2,i<(n+1)?%
li/(n+1)] >imod (n+ 1))
undefined otherwise

where ¢; = 4(n? +1)? and cp = ¢1 +4(n + 1)2.

The heap h,, has the operation table that has entries of + for arguments up to n? and
the entries of x and < for arguments up to n. The i-th entry for + contains the result of
addition of z =i mod (n? + 1) and y = [i/(n? + 1), that is, h(4i) = 0, h(4i + 1) = x + 3,
h(4i +2) = y+ 3 and h(4i +3) = = + y + 3. The i-th entry for x contains the result
of multiplication of x = imod (n + 1) and y = [i/(n + 1)], that is, h(cy + 4i) = 1,
hci+4i+1) =243, h(c1+4i+2) =y +3 and h(c; +4i+3) = x x y + 3. The i-th entry
for < signifies inequality of x = ¢ mod (n+1) and y = |i/(n+1)] or n, where h(cg +41) = 2,
h(ca+4i+1)=x+3,and h(ca+4i+2)=y+3ifx <yand h(ca+4i+2) =n+3ifz > y.

The next lemma shows that the simple table heap h,, satisfies the table heap condition
H.

Lemma 4.10. For a variable assignment o, we have o,h, = H.

Proof. We check each conjunct of H.
Hpgdg1: For any a,y, if hp(a) = 0,hn(a + 1) = 3, and hy(a + 2) = y + 3, then by
Definition 4.9 the block starting at a is the (0,0, y)-entry and h,(a + 3) =y + 3.
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Hpdd2: Suppose hyp(a) = 0,h,(a+1) = 2 +4,hy(a + 2) = y + 3. By Definition 4.9,
hn(a+3) = (x +1) +y + 3. Since h, has a block for (0,z,y) at some b with h,(b) =
0,hn(b+1)=2+4+3,hy(b+2) =y +3,hp(b+3) =2+ y+ 3, the claim holds.

Huuier, Hwvuee: Analogous, using the multiplication lines in Definition 4.9 and the
identity (x +1) Xy =2 X y + v.

Hineq1; Hineq2: For hy(a) = 2 and arguments (x + 1,y), Definition 4.9 places entries for
the predecessor pair (z,y — 1) (sine y > 0 by z + 1 < y) and ensures the monotone closure
(z,y) as required. []

The next lemma shows that the truth of t + u = v, t X u = v and ¢ < wu in PA for
the standard model is equivalent to the truth of their translations in SLN for the standard
interpretation for the simple table heap.

For t+wu, since n is greater than or equal to the arguments ¢, u, the heap h,, is sufficiently
large to compute the addition ¢+u by referring to the operation table in h,,. Hence Add(¢,u, v)
exactly computes t + u = v. The ideas are similar for ¢t x v and t < .

Lemma 4.11. For n > max{o(t),o(u)}, the following hold.
(1) o =t+u=wv if and only if o, h, = Add(t,u,v).
(2) o Et xu=wif and only if o, h, = Mult(t, u,v).
(8) o Et <wif and only if o, hy, = Ineq(t, u).

Proof. (1) Only-if-direction: Since n > max{o(t),o(u)}, by the definition of h,,, there exists

p such that
U[CL = p}vhn ): (a =0, [ﬂ? [u])
That is,
hn( ) =0,
hn(p+1) = o(t) + 3,

hn(p+2) = o(u) + 3.
By the definition of h,,, we have h,(p+3) = o(t)+0(u)+3. By assumption, o(t)+o(u) = o(v).
Therefore, h,(p 4+ 3) = o(v) + 3. Thus,
ola = p|, hy = $3(a) < [v].

Hence, o, h,, = Add(t,u,v).

If-direction: Since n > max{o(t),o(u)}, by the definition of h,, there exists p such that

ola = pl, hy = (a = 0,[t], [u], [v]).

Thus,

p) =

n

n

3
3.

n

>SS S

( 0
(p+1)=0c
( +2)=U(U)
p+3)=0

kvRI

+
_|_

n

By the definition of h,, we have
hn(p+3) = (hn(p+1) —3) + (hn(p+2) —3) + 3.
Since hn(p+ 1) = o(t) + 3 and h,(p+2) = o(u) + 3, we have
hn(p+3) = o(t) + o(u) + 3.



22:14 S. ITO AND M. TATSUTA Vol. 22:2

Thus, we have o(t) + o(u) = o(v). Hence, 0 =t +u = v.

(2) The claim can be shown similarly to (1).

(3) Only-if-direction: Suppose o(t) < o(u). Let i = o(t) - (n + 1) + o(u). Since
n > max{o(t),o(u)}, we have i < (n + 1)2. Furthermore,

o(t) = [i/(n+1)],

o(u) =imod (n+1).
For p = 4(n? +1)2 +4(n+1)2 + 3i, we have hy,(p) = 2, hn(p+1) = o(t) + 3 by the definition
of hy,. Since o(t) < o(u), we have

hn(p+2)=0(u)+3

by the definition of h,. From this, we have o, h, = Ja(a — 2,[t], [u]), that is, o, h, =
Ineq(t, ).

If-direction: Suppose o, h,, |= Ineq(t,u). Since n > max{o(t),o(u)}, there exists p such
that

hn(p+1) =0(t) + 3,
hn(p +2) = o(u) + 3.
By Lemma 4.3 (3), we have h,(p+ 1) < h,(p + 2), that is, o(t) < o(u). ]

The next lemma shows that if Add, Mult and —lneq are true for a sufficiently large
simple table heap, they are also true for all heaps.

In (1), since n is greater than or equal to the arguments ¢, u, the heap h,, is sufficiently
large to compute the addition ¢ + u by referring to the operation table in h,. Hence
Add(t,u,v) in the left-hand side exactly computes ¢ + u = v. The right-hand side takes all
heaps h. When the heap h is not sufficiently large, the right-hand side becomes true. When
the heap h is sufficiently large, the right-hand side exactly computes ¢ + u = v. For this
reason the equivalence holds. The ideas are similar in (2) and (3).

Lemma 4.12. For n > max{o(t),o(u)}, the following hold.
(1) o, hy, = Add(t, u,v) if and only if o, h = H — Add(t,u,v) for all h.
(2) o, hy, = Mult(t, u,v) if and only if o,h = H — Mult(t, u,v) for all h.
(8) o, hy, = —lneq(t,w) if and only if o,h = H — —lneq(t,u) for all h.

Proof. The if-direction is obvious. We will show the only-if-direction.

(1) Since o, hy, = Add(t, u,v) by assumption, we have o(t) 4+ o(u) = o(v) by Lemma 4.11
(1). We fix h in order to show o, h = H — Add(t, u,v).

Case 1. If 0, h = H, the claim follows trivially.

Case 2. Assume o, h = H.

Case 2.1 If 0, h |= Ya—(a < 0, [t], [u]), the claim follows trivially, because o, h = Va((a <
0, 1], [u]) — 5*(a) = [u]).

Case 2.2 Assume o, h = Ja(a < 0, [t], [u]). We assume

h(p) =0,
h(p+1) =o(t) + 3,
h(p+2)=o0c(u)+3
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for arbitrary p. Since o,h = H, we have
hip+3)=(h(p+1)—3)+ (h(p+2)—3)+3
by Lemma 4.3 (1). Therefore, h(p+3) = o(t) + o(u) + 3. That is, h(p+3) = o(v) + 3. Thus
o,h = s2(a) < [v]. Then, we have
ola:=p|,h = (a = 0,[t],[u]) = s3(a) < [v] for all p.

Hence in both cases o, h = H — Add(t,u,v).

(2) The claim can be shown similarly to (1) (except it uses Lemma 4.3 (2)).

(3) By Lemma 4.11 (3), we have o = =(t < u). We fix h in order to show o,h = H —
—lneq(t, u).

Case 1. If 0, h [~ H, the claim follows trivially.

Case 2. Assume o,h |= H. Assume o, h |= Ineq(t,u) for contradiction. Then, there is ¢
such that

>

(9) =2,

h(g+1) =a(t) +

h(g+2)=o(u)+ 3

By Lemma 4.3 (3), we have o(t) < o(u), a contradiction. []

The next lemma says that the truth in PA is equivalent to the truth of the translation
in SLN for a large simple table heap.

Lemma 4.11 already proved this statement to atomic formulas. The next lemma is
proved by extending it to a normal formula.

Lemma 4.13. For a normal formula A in PA and n > max(o,A), o = A if and only if
o, hy = A°.

Proof. We will show the claim by induction on A.

Case 1. A is quantifier-free. We will only show the cases for A = (¢ < u) since the
cases t = u and t # u are obvious and the cases A A B and A V B follow from the induction
hypothesis. o =t < u is equivalent to

o -(u<t)Vt=u.
Since n > max{c(t),o(u)}, by Lemma 4.11 (3), ¢ = —~(u < t) is equivalent to
o, hy, = —lneq(u, t).
Hence, o =t < u is equivalent to
o, hy = —lneq(u, t) Vit = u.
Since o, h, = H by Lemma 4.10, o, hy, = —lneq(u,t) V ¢t = u is equivalent to
o,hy = H — —lneq(u,t) Vi =u.

Case 2. A=3dx <t.B.
Only-if-direction: By assumption, there is k such that

olx:=kl Ex<tAB.

That is,
olz:=klEFx<tandolz:=k|] =B
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Thus, we have k < o(t). Since n > max(o[x := k], B), by induction hypothesis, we have
o[z := k|, hy, = B°.
Furthermore, by Lemma 4.11 (3),
olz == k], hy, = Ineq(z, t).
Thus, we have
oz := k|, hy, = Ineq(x,t) A B°.
Hence,
olx := k], hy, = —lneq(t,t) V (Ineq(z, t) A B°).
Thus, we have
o, hyn, = —lneq(t, t) V 3z(Ineq(z, t) A B°).
If-direction: Suppose
o[z := k|, hy, = H — —lneq(t,t) V (Ineq(x,t) A B°)
for some k. Since o[z := kl, hy, = H, we have
olx := k], hy, = —lneq(t,t) V (Ineq(z, t) A B°).
Since n > max(o, A) > o(t), by the definition of h,,,
o[z := k], hy, = Ineq(t, t).
Thus, we have
olz := k], hy, = Ineq(z,t) A B°.
Since o[z := k|, h, = Ineq(z,t), by Lemma 4.11 (3), we have k < o(t). Then, since
k < o(t) < n, by the induction hypothesis for B,

olz:=kl EFx <tAB.

That is,
o 3Jz <tB.

Case 3. A =Vx <t.B. We will show the claim: For all k,
olz :=k] E ~(x <t)V B if and only if o[x := k|, h,, = —lneq(z,t) vV B°.

If £ < n, then by Lemma 4.11 (3) and the induction hypothesis for B, the claim holds. If
k > n, then since k > n > o(t), we have

olz:=k] E -(z <t).

On the other hand, by the definition of h,, we have

o[z := k], hy, = —lneq(z,1).
Thus, the claim holds, and the original statement follows directly from it.

Case 4. A=3(x=t+u)B. 0 =3Iz =t+ u)B is equivalent to
olz:=klFx=t+uand o[z :=k] B

for some k. Since n > max{c(t),o(u)}, by Lemma 4.11 (1), oz == k] Fx =t 4+ u is
equivalent to

olx := k], hy, = Add(t, u, x).
Furthermore, since

n > max(o,3(z =t + u)B) = max{o(t + u), max(o, Blx :=t + u])}
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> max(o, B[z :=t + u]) = max(o, B[z := k]) = max(o[z := k], B),
by induction hypothesis for B, o[z := k| = B is equivalent to
o[z := k|, hy, = B°.
Therefore, o = A is equivalent to
olx = k|, hy = Add(t, u, x) A B®
for some k, which is equivalent to
o, hy, = 3x(Add(t, u,x) A B°).

Case 5. A =3(xr =y x z)B. This case can be shown similarly to Case 4 (except it uses
Lemma 4.11 (2)). ]

The next lemma says that for the translation of a normal formula in PA, the truth for a
large simple table heap is the same as the truth for all heaps in the standard interpretation
of SLN.

Lemma 4.14. Let A be a normal formula in PA and n > max(o, A). Then, o,h, = A° if
and only if o,h = A° for all h.

Proof. The if-direction is trivial. We will show the only-if-direction by induction on A.

Case 1. A is quantifier-free. We will only show the case for A = (¢ < u) since the cases
t = u and t # u are obvious and the cases A A B and A V B follow from the induction
hypothesis. Since o, h,, = H by Lemma 4.10,

o,hy |E H— —lneq(u,t) Vi =u
is equivalent to
o, hy = —lneq(u, t) Vit = u.
Since n > max{o(t),o(u)}, by Lemma 4.12 (3), o, h,, = —Ineq(u, t) is equivalent to
o,h = H — —lneq(u,t) for all h.
Clearly, o, hy, =t = u is equivalent to
o,hEt=u for all h.
Therefore, we have
o,h = (H — —lneq(u,t)) Vt =u for all h,
which is equivalent to
o,h = H — —lneq(u,t) Vt =u for all h.
Case 2. A =dz <t.B. Suppose
o, hy = H — —lneq(t,t) V 3z(Ineq(z, t) A B°).
Since o, hy, = H and o, h,, |= Ineq(t, t), we have
o, hy = Jz(Ineq(z, t) A B°),

that is, for some k
oz := k|, hy, = Ineq(x,t) A B°. (a)
We fix h in order to show
o,h = H — —lneq(t,t) V Jz(Ineq(x, t) A B°).
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Assume o,h = H. If o,h = —lneq(t,t), the claim trivially holds. Consider the case
o,h = Ineq(t,t). By (a), we have o[z := k|, hy, = Ineq(z, t) for some k. Thus, by Lemma 4.11
(3), kK < o(t). By the case condition, o, h |= Ineq(¢,t). Then, by Lemma 4.3 (4), we have

olz == k], h |= Ineq(x, t).
Moreover, since n > max(o[z := k|, B), by induction hypothesis, we have
olz :==k],h = B° for all 1.
Therefore, we have
olz:=k|,h = B°.
Thus, we have
ol := k], h = Ineq(z,t) A B°,
that is,
o,h |= Jz(Ineq(z,t) A B°).
Case 3. A =Vz <t.B. Suppose
o,hy = H — Vx(=lneq(z,t) V B°).
Since o, h,, = H, we have
0, hn = Va(—lneq(z,t) V B°).
We fix h in order to show
o,h = H — Vz(=lneq(x,t) vV B°).
Assume o,h = H. We fix k in order to show
o[z := k], h = —lneq(z,t) V B°.

We consider the cases for o[z := k], h = Ineq(z,t) and o[z := k|, h |= —Ineq(z, t) separately.
Case 3.1. The case o[z := k|, h |= Ineq(z, t). Then, there is p such that

h(p) =2,
hip+1) =clx :=k|](z)+3 =k + 3,
h(p+2) =oclx :=k|(t) +3=0(t) + 3.
By Lemma 4.3 (3), we have k < o(t). Hence, by Lemma 4.11 (3), we have

o[z := k], hy, = Ineq(x, t).

Then, olz := k], h, = B° must be the case. Since k < o(t) < n, we apply the induction
hypothesis to B and obtain

olz :=k],h = B° for all 1.
Hence, we have
olx :=k|,h = B°.
Then, we have the desired result
ol := k], h = —lneq(z,t) vV B°.
Case 3.2. If o[z := k], h = —Ineq(z, t), then
olz := k|, h = —lneq(z,t) V B°

trivially holds.
Hence in both cases, we have o[z := k], h = —lneq(z,t) V B°.
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Case 4. A =3(x =t+u)B. Then, A° = H — Jz(Add(t,u,z) A B°). We fix h and
assume
o,h = H

in order to show

o,h | Jz(Add(t, u, x) A B°).
Since o, h,, = H, we have

o, hy, E Jx(Add(t, u, x) A B°).
That is, there exists k such that

o[z := k], hy, = Add(t, u, ) A B°,
which is equivalent to
o[z := k], hy, = Add(t,u, z) and o[z := k|, h,, = B°.
By Lemma 4.12 (1), o[x := k|, hy, = Add(¢, u, x) is equivalent to
olz = k], |E H— Add(t,u,z) for all h'.
Since we assumed o, h = H, we have
olx :=k|,h = Add(t,u, ).

Moreover, since n > max(o[x := k], B), by induction hypothesis for B, we have

olz :==k],h = B° for all 1.
Thus, we have

olz:=k|,h E B°.
Therefore, we have
olz:= k|, h = Add(t,u,z) A B®,

that is,

o, h = 3x(Add(t, u, x) A B°).

Case 5. A= 3(xr =y x z)B. This case can be shown similarly to Case 4 (except it uses
Lemma 4.12 (2)). ]

Now we have the main lemma, which says that the truth of a normal formula with V in
PA for the standard model is the same as the truth of its translation in SLN for the standard
interpretation for all heaps.

Lemma 4.15. If A is a normal formula in PA, o =Yz A if and only if o, h = (V2 A)° for
all h.

Proof. o |=VxA is equivalent to
olz:=klEA foral keN.
We fix k. Let n > max(o[x := k], A). By Lemma 4.13, o[z := k| |= A is equivalent to
olx = k|, hy = A°.

Then, by Lemma 4.14, this is equivalent to o[z := k],h = A° for all h. Therefore,
o[z := k] = A is equivalent to

olz:=k],h = A° for all h.
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Hence, o[z := k] = A for all k is equivalent to
olx :==k|,h = A° for all h for all k.
Thus, o = Vz A is equivalent to
o,h =VxA°® for all h,

that is,
o,h = (VzA)® for all h. []

5. TRANSLATION FROM PA INTO SLN

In this section, we will present the translation of a I1Y formula in PA to a formula in SLN
and prove that the translation preserves the validity and the non-validity. In order to define
the translation, first we will define a translation of a IIY formula in PA into an equivalent
normal formula with one universal quantifier in PA. Finally we will define the translation by
combining the two translations and will present the main theorem, which says a I1{ formula
in PA can be simulated in the weak fragment SLN of separation logic. We also discuss a
counterexample for the translation when we extend it to X{ formulas.

First we will transform a II{ formula in PA into a normal formula with one universal
quantifier in PA. For simplicity, we use vector notation ¢ for a sequence e1, ..., e, of objects.

The next proposition says that for a given bounded formula in PA we get some equivalent
normal formula. To prove the next proposition, we will translate a given formula by replacing
some u + v or u X v by a fresh variable z and adding 3(z = u + v) or 3(z = u X v) so that
+ and X appear only in the form of 3(z = u + v) or 3I(z = u x v). To get this, we take an
innermost occurrence of u + v or u X v. Moreover, to avoid overlapping, we take a leftmost
occurrence of them.

Proposition 5.1. If A is a bounded formula in PA, there is a normal formula B such that
A < B is valid.

Proof. First, transform A into a prenex normal form and replace each occurrence of
—(t <)
by
u<tAu#£t
to obtain
A =Qx<t.C,

where C' is a quantifier-free disjunctive normal form without formulas of the form —(¢ < w).
Choose the leftmost occurrence among the innermost occurrences of v + v or u X v in A’
and explicitly denote it by A’'[u + v] or A'[u x v].

Let A’[z] be the formula obtained from A’[u+v] or A’[u x v] by replacing the occurrence
of u+wv or u xvin A’ by a fresh variable z. Define

—
Qr' <t'.D
by
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% . . . . %
where Q' < t’ is the longest prefix such that z is not in ¢/, namely, it has the longest Qz’ < t/
among such Qz’ < t”’s. We transform D into

IHz=wu+wv)D or I(z =uxv)D.
We repeat this process until we have the form
{Qe<y.3(@=0}4",

where ¢ is of the form a + b or a x b for some terms a, b that do not contain + or x, and A”
does not contain +, x and formulas of the form —(¢ < u). Define B as this result. ]

The prenexing and disjunctive normal form steps used to obtain B from a bounded PA
formula A can incur an exponential blow-up in |A|. This does not affect our expressivity
and undecidability results. For the H(l) completeness statement proved in Section 7, the
upper bound argument is independent of this blow-up. It proceeds by model-checking and
arithmetical coding rather than relying on a size-efficient translation.

We define the translation A” by using the proof of the previous proposition.

Definition 5.2 (Translation (-)~). Let A = V2B be a I1{ formula in PA, where B contains
only bounded quantifiers. Let B’ be a normal form of B obtained by the procedure described
in the proof of Proposition 5.1. We define A” = VaB'.

Example 5.3. For a formula
A=Vy<az+(r+5(2).(0<z+(yx(z+y))),
its translation A" is
A" =3(zy = 2+ s(2))I (22 = = + 21)Vy < 29
zg =+ y)IH x4 =y x x3)I (25 = 2+ 24)(0 < 25).
Now, we have the main theorem which says that IT{ formulas can be translated into

SLN formulas preserving the validity and the non-validity.

Theorem 5.4. For a I1Y formula A in PA, A is valid in the standard model of PA if and
only if A° is valid in the standard interpretation of SLN.

Proof. By Proposition 5.1 and Lemma 4.15. L]
As a by-product of the above theorem, we have the undecidability of SLN.
Corollary 5.5. The validity of SLN formulas is undecidable.

Proof. Given a Turing machine, its halting problem statement P is ¥V, since it can be
expressed as
3z.T (e, e, 2),

where e is the index of the given Turing machine and T is Kleene’s T-predicate which is
primitive recursive (for rigorous definition, see e.g. [Sho67]). Thus, =P is II{. By Theorem
5.4, =P is valid in PA if and only if (=P)"° is valid in SLN. If validity in SLN were decidable,
we could determine whether P is true in the standard model, contradicting the undecidability
of the halting problem. Therefore, validity in SLN is undecidable. L]

We have just shown that H(l) formulas can be translated in a way that preserves both the
validity and the non-validity. One might consider extending the translation (-)° by defining
(3zA)° = JzA°. However, this extended translation does not preserve the validity and the
non-validity, as demonstrated in the following proposition.
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Proposition 5.6. There is some X\ closed formula A such that A is not valid in PA but
A™° s walid in SLN.

Proof. Consider the formula
A=3x(z+0 #z).
This sentence is clearly not valid in PA. However, we can prove that
o,h = AY° for all o, h
as follows. By the procedure in the proof of Proposition 5.1,
A =323z =2+ 0)(2 # 2).
Thus,
AY° = 3z(H — F2(Add(x,0,2) A 2 # ).
We fix o, h in order to prove
o,h = AP,
Let
n=max{k | h(p) =0,h(p+1)=k+3,h(p+2) =3} +1
and m =n+ 1. Let 0/ = o[z := n, z := m|. We will show
o' hEAdd(z,0,2) Az # x
assuming o', h = H. By choice of n, we have
o', h = Va-(a < 0,[n], [0]).
Thus, ¢’,h = Add(m,0,m) holds, because the premise of Add(m,0,m) is false. Therefore,
o', h |= Add(z,0, z). Furthermore, clearly o/, h = z # x. Hence, o, h = A™° for all h. ]

For the counterexample Jz(z + 0 # x), when a heap is given, we can take some large
argument x for which the heap is not sufficiently large. Then x + 0 is not computed by
referring to the operation table in the heap. Hence the translation of z = x + 0 becomes true.
Then by taking some z different from z, the translation of the counterexample becomes true.

6. ANOTHER UNDECIDABILITY PROOF

In this section, we present alternative proof of the undecidability of validity in SLN given in
Corollary 5.5, This proof follows an approach similar to that used in [CYOO01]. Although
simpler than the proof of Theorem 5.4, it does not establish the representation of Peano
arithmetic within the separation logic SLN with numbers.

A first-order language L is defined as that with a binary predicate symbol P and without
any constants or function symbols. Namely, the set of terms is defined by:

tu=ux,
and the set of formulas is defined by:
Au=t=t| P(t,t) | "A| ANA| Fz.A.
A finite structure is defined as (U, R) where U C N and U is finite and R C U?. o is a
variable assignment of (U, R) if o : Vars — U. We define ¢ as og(z) = 0 for all variables z.

We write M, o = A to denote that a formula A is true by a variable assignment o of a
structure M.
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The idea of this proof is to encode a finite structure (U, R) for the language L by a heap
h such that

-n € U iff h has some entry of 0,n + 2, and

- (n,m) € R iff h has some entry of 1,n + 2, m + 2.

Definition 6.1. For a given finite structure M = (U, R) of L, we define the heap hjy; by
Dom(has) = {0,1,...,2k + 31 — 1},
hM( )=0 (z=2i,i<k),
ha (z) = pz+2 (z=2i+1,i <k),
hy(z) =1 (x =2k +3i,i <l),
has () —nl+2 (r=2k+3i+1,i <),
ha(z) = 2 (x=2k+3i+2,i<l),
where U = {p; | i < k} and R = {(nz,mz) |1 <1}
The heap hjs has information of a given structure M.
Definition 6.2. For a given heap h, if 0, h = Jax(a < 0,5(x)), we define a structure
My, = (Up, Rp) by
Un = {n | oo[z :=n],h = Jala < 0,5%(x))},
Ry = {(na m) | 0-0[1: =Ny = ’I’)’L],h ): Ela’(a — Ta 52(1'),52(9))}-
The structure Mj, is a structure represented by a given heap h.
We define a translation (-)* from L into SLN.

Definition 6.3. For a formula A in the language L, we define the formula A® in SLN by
(x = y)A =z =y A Ja(a = 0,s%(x)),
(P(z,y))”> = Ja(a — 1,5 ( ), 82(y)) AFb(b — 0,5%(x)) A Je(c = 0,52(y)),
(Jx. A)A = Ix(3a(a — 0,5%(z)) A AD),
(~A)® = 45,
(AAB)~ = A% A B2,

The next is a well-known theorem for finite structures [EF95].

Theorem 6.4 (Trakhtenbrot). The validity of formulas in the language L for every finite
structure is undecidable.

The next lemma shows the equivalence for any formulas.

Lemma 6.5. M,0 = A for all finite M for all variable assignments o of M iff o,h =

Jaz(a < 0,s%(z)) — /\ Ja(a < 0,5%(x)) = A® for all h and all variable assignments

z€FV(A)
g.

Proof. If-direction: For a given finite structure M, we can construct the heap hjs and by
induction on A we can show that

o, hy = AD
iff
M,o = A,

for every variable assignment o of M.
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Only-if-direction: For a given heap h such that
00, h = Jaz(a = 0, s%(x)),
we can construct the finite structure Mj and by induction on A we can show that
My,o = A
iff
o,h = A%,

for every variable assignment o of M},. To show the only-if-direction in the statement of the
lemma by using this claim, from the assumption

00, h = Jaz(a = 0, s%(x)),

we have p, q such that
h(p) =0,h(p+1) =q+2,

and for a given o we apply this claim with the variable assignment ¢’ of M} such that
o'(z) = o(x) (x € FV(A)) and o'(z) = ¢q (otherwise). ]

Another Proof of Corollary 5.5. Taking a closed formula A in Lemma 6.5, we have the
equivalence: A is true in all finite structure M iff Jaz(a < 0, s%(x)) — A% is valid in the
standard interpretation of SLN.

By Theorem 6.4, validity in SLN for the standard interpretation is undecidable. []

7. TIY-COMPLETENESS OF VALIDITY IN SLN

In this section, we will show that the validity problem for SLN is I1{-complete. Our proof
strategy involves two key steps: (1) showing that the model-checking problem for SLN
formulas is decidable, and (2) encoding the validity of SLN formulas as a I1{ formula using
(1).

From Theorem 5.4, the lower bound for the validity problem in SLN follows immediately.
Proposition 7.1. The validity problem for SLN formulas is T19-hard.
The model-checking problem for SLN formulas is defined as:

Definition 7.2 (Model-checking problem for SLN). The model-checking problem for SLN
formula A is to decide whether o, h = A holds for given variable assignment o and heap h.

We call the arithmetic with only 0 and s successor arithmetic.

Our main idea for proving the decidability of the model-checking problem in SLN
is to bound the search space for variable values that appear in the intuitionistic points-
to operator —. For instance, the formula z < ¢ is automatically false if x takes a
value greater than max Dom(h). Similarly, ¢ < =z is automatically false if x exceeds
max{h(a) | « € Dom(h)}. This observation allows us to restrict the search space for variables
involved in the intuitionistic points-to operator. Consequently, variables requiring unbounded
search appear only in equality formulas. In other words, quantified variables occur solely
within formulas of successor arithmetic, which is known to be decidable because it is a
fragment of Presburger arithmetic (the decidable first-theory of addition) [Pre29].

We now proceed to formalize this idea.
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Definition 7.3 (Address-freeness and value-freeness). Let A be a formula of SLN, and z be
a variable. We say that z is address-free in A if A does not contain any atom of the form
s"(x) < t within the scope of the quantifier Qz. If every bound variable in A is address-free,
then A is called address-free.

Similarly, we say that x is value-free in A if A does not contain any atom of the form
t < s"(x) within the scope of Qz. If every bound variable in A is value-free, then A is
called value-free.

For example, the formula Vz(z < s(y) V z = s(z)) is not address-free, since x appears
in an atom of the form = < s(y) within the scope of its quantifier.

The following lemma states that if a variable is not address-free in a formula, then there
exists an equivalent formula in which the variable is address-free.

Lemma 7.4. Let V be a finite set of variables, o be a variable assignment, h be a heap, Qx A
be an SLN formula, and the variables in V are address-free in A. Then, there is a formula
A’ such that the variables in V' U {x} are address-free in A" and o,h |= QeA < o,h = A'.

Proof. We consider the case @ = 3. Let M = max Dom(h). Then,

o,h =3dzA
solr:=0),hjEAorofz:=1,hf=Aor ... or oz := M],h = A or
olz:=M+1,hEAorolx:=M+2|,hl=Aor ....
Let B be a formula obtained from A by replacing each occurrence of s"(z) < t by false.
Since oz :=d], h = s"(z) — t for d > M + 1, we can replace each occurrence of s"(z) — ¢

in A be false for o[z := d]. Since the variables in V are address-free in A, the variables in
V U {x} are address-free in B. Then,

o,h|E3JzA

solz:=0,hEAoroz:=1,hj=Aor ... or oz := M],h = A or
olz:=M+1,hl=EBorolz:=M+2,hl=Bor ...

solr:=0,hEAoroz:=1,hj=Aor ... or oz := M],h = A or
o,h=EVYe>M+1.B

so,h = Alx =0l oro,h |E Alz:=T1]or ... or o,h |= Alx :== M] or
o,h=EVYe > M+ 1.B

so,h = Alr =0V Ax:=1]V---VAz:=M|VVz>M+1.B

Clearly, the variables in V' U {z} are address-free in A[z := 0],..., Alx := M]. Then, we
take A’ to be Alx := 0]V Az :=1]---V A[z := M| VVz > M + 1.B.
The case ) =V can be proved in a similar manner. []

Note that, strictly speaking, Vo > M + 1.B is not part of the syntax of SLN. However,
it can be regarded as an abbreviation of the following formula:

Ve(x=0Vz=1V...Vax=MYV B).



22:26 S. ITO AND M. TATSUTA Vol. 22:2

Example 7.5. Let max Dom(h) = M. Then, for a formula Vz(z — s(y) Vo = s(z)), we
have the following equivalent address-free formula:

Va(x — s(y) Vo =s(z))
S0=s(y)Vo=sE)AA=s(y)VI=5(2)A...A(M < s(y) VM = s(z))
/\(M—i—l;)s(y)\/M—l—l:s(z)/\(M—i—?%s(y)vM+2:s(z))/\...
(0= s(y) vO=s(z)) A M
A(falseV M +1 = s(z ))/\(false\/M+2:s(z))/\...
( )/\ 1
(

<0 = s(y) VO =s(z)

(
AM +1=s(2)) AN(M + (z))/\
(0= s(y) Vo =s(z)) A (T —Ss(yyVi=s@)A...AN(M <= s(y) VM =s(z))
AVx > M + 1(z = s(2)).
The next lemma states that every formula A has an equivalent address-free formula.

Lemma 7.6. Let o be a variable assignment, h be a heap, and A be a quantifier-free formula
of SLN. Then, there is a formula A" such that o,h = Q121 ...QunxnA < o,h = A, where
Z1,...,%, are address-free in A’.

Proof. By induction on n. Suppose n > 0. By induction hypothesis, there is a formula A”
such that

olz:=d,h E Qaxs...Qnr,A s olx:=d,h = A",
where xo, ..., z, are address-free in A”. Therefore, we have
o,hlEQixy...QurpnA < o,h = QA"
By Lemma 7.4, there is a formula A’ such that
o,hEQix1...Qnrp,A s o h A
where 1, ..., x, are address-free in A’. O]

In a similar manner, we obtain a corresponding result for value-free formulas. In this
case, we use the bound M = max{h(a) | a € Dom(h)} when proving the next lemma similar
to Lemma 7.6.

Lemma 7.7. Let o be a variable assignment, h be a heap, and A be a quantifier-free formula
of SLN. Then, there is a formula A" such that o,h = Q121 ...QunxnA <& o,h = A, where

T1,...,T, are value-free in A’.
Now we will show that the model-checking for SLN is decidable.

Proposition 7.8. For any variable assignment o, heap h, and formula A of SLN, it is
decidable whether o,h |= A holds.

Proof. Without loss of generality, we can assume that A is a prenex normal form. Let
A= Qx1...Qnr,B, where B is quantifier-free. By Lemma 7.6, there is an address-free A’
such that

oohEAsohEA.



Vol. 22:2 ENCODING PEANO ARITHMETIC IN SEPARATION LOGIC 22:27

Let B be a prenex normal form equivalent to A’. By applying Lemma 7.7 to B, we have a
value-free B’ such that

o,hEB&o,hi=B,
where B’ is address-free and value-free. Then, we can decide whether o,h = t; < to for

all t;1 < t9 in B, since t; and to are closed. We replace each t; < to with true or false
according to the validity of the closed formula, and obtain a formula C'. Since C' is a formula

of successor arithmetic, we can decide whether o, h = C. []
For example, the formula Vz(x < s(y) V& = s(z)) has an equivalent address-free (and
value-free) formula (here M = max Dom(h)):

0=sy)VO=sZ)AA=s(y) VI=s()A...(M < s(y) VM =s(z))
ANz > M+ 1(x = s(2)).

Given o and h, we can check whether h(i) = o(y) + 1, so we can determine whether
oh E i — s(y) for 1 < i < M. Obviously, o,h = i = s(y) can also be determined.
Furthermore, o, h |=Vx > M + 1(z = s(z)) is decidable, because this is a formula of pure
successor arithmetic (clearly, it is false). This way, we can decide whether o, h = Vz(z —
S(y) V@ = 5(2)).

We are now ready to establish our main result: the validity problem in SLN is TI9-
complete.

Proposition 7.9. The validity problem for SLN formulas belongs to the class TIY.

Proof. Given variable assignment o, heap h, and SLN formula A, the model-checking problem
o,h = A is decidable by Proposition 7.8. Note that the value of o on variables that does not
appear in A is irrelevant. Thus, o can be regarded as a finite map. Moreover, h is a finite
map. Since both the variable assignment o (restricted to the finitely many free variables of
A) and heap h have finite graphs, we encode them as natural numbers by a standard Godel
coding. One convenient choice is:

"o = Seq((v1,0(v1)), - - -, (vi, o (v3))),
Th'l= Seq(<a1’ h(a1)>7 R <a’j7 h(aj)>)

where (-,-) is Cantor’s pairing function, the pairs (vi,o(v1)),..., (vi,0(v;)) and
(a1,h(a1)),...,(aj,h(a;)) enumerate the finite graphs of o and h, respectively, and
Seq(by, .. bk) denotes the standard sequence encoding (for a precise definition, see, for

example, [Sh0677 Chapter 6]). Therefore, we can express the relation o, h = A as a decidable
arithmetical predicate. Let the predicate be R(o,h, A). Then, the validity can be expressed
by

VoVhR(o,h, A),
which is a TIY formula. L]

Theorem 7.10. The validity problem for SLN formulas is I19-complete.

Proof. By Proposition 7.1 and Proposition 7.9. []
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8. CONCLUSION

In this paper, we have shown that a minimal fragment of separation logic—comprising
only the intuitionistic points-to predicate <, the constant 0, and the successor function—is
sufficiently expressive to simulate all IIY formulas of Peano Arithmetic. Through a carefully
constructed translation, we proved that validity in Peano Arithmetic corresponds precisely
to validity in this fragment under the standard interpretation. This result establishes the
undecidability of validity in the fragment, despite its syntactic simplicity.

We further showed that the validity problem in this fragment is I19-complete by proving
the decidability of model-checking and expressing validity as a I1{ formula. Additionally,
we provided an alternative undecidability proof via a reduction from finite model theory,
reinforcing the robustness of our main result.

Our findings reveal that even a highly restricted form of separation logic can encode
significant arithmetic reasoning, including properties such as consistency and non-termination.
This contributes to a deeper understanding of the expressive boundaries of separation logic
and its interaction with arithmetic.

Future work includes exploring translations from other logical systems into this minimal
fragment, investigating whether further restrictions or alternative arithmetic theories could
yield decidable fragments, and examining the implications of our results for automated
reasoning and program verification.
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