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ABSTRACT. ASD (Abstract Stone Duality) is a re-axiomatisation of general topology in
which the topology on a space is treated, not as an infinitary lattice, but as an exponential
object of the same category as the original space, with an associated lambda-calculus.
In this paper, this is shown to be equivalent to a notion of computable basis for locally
compact sober spaces or locales, involving a family of open subspaces and accompanying
family of compact ones. This generalises Smyth’s effectively given domains and Jung’s
strong proximity lattices. Part of the data for a basis is the inclusion relation of compact
subspaces within open ones, which is formulated in locale theory as the way-below relation
on a continuous lattice. The finitary properties of this relation are characterised here,
including the Wilker condition for the cover of a compact space by two open ones. The
real line is used as a running example, being closely related to Scott’s domain of intervals.
ASD does not use the category of sets, but the full subcategory of overt discrete objects
plays this role; it is an arithmetic universe (pretopos with lists). In particular, we use
this subcategory to translate computable bases for classical spaces into objects in the ASD
calculus.
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INTRODUCTION

A locally compact space is one in which there is a good interaction of open and compact
subspaces. In this paper we shall show how this interaction can be captured abstractly,
establishing an equivalence with a new recursive account of topology.

We shall consider the following formulations of local compactness:

(a) open and compact subspaces in a traditional sober topological space (Section [);

(b) disjoint open subspaces in a compact Hausdorff (regular) space (Example G.1T]); and
(c) the way-below relation < in a continuous distributive lattice (Section £).

In the categories of locally compact sober spaces and locales, the topology (lattice
of open subspaces) of X, considered as another space or locale equipped with the Scott
topology, is the exponential ¥X, where ¥ is the Sierpinski space. We shall show how
the three classical formulations above give rise to the following abstract structure in this
category:

(d) families of terms 3" : ¥X and A, : »2" with a basis expansion (Section [Bl)

oxr < In. Ao A Bz

(e) a S-split inclusion i : X — XV and I : ©% a2 with % - I = idyx (Section [);
(f) an idempotent £ = I - X% on n=Y (Section [);

(
(

g) an abstract way-below relation n < m = A,,™ on N (Section [Il); and

)
h) an Eilenberg-Moore algebra for the monad arising from the adjunction (=) 4 (=) [B].

We will give complete axiomatisations of each of these structures, and define the trans-
lations amongst them, doing this in a new A-calculus (Abstract Stone Duality). We consider
several special cases, in particular the real line, the interval domain (Definition [Z10), con-
tinuous dcpos and various kinds of domains (Section [2).

It may help you to find your way around this lengthy paper if I explain that Section
was the first to be written. It shows how the classical notions of locally compact space and
locale can be expressed in a A-calculus.

However, the present paper was the first to put this calculus to work to do topology.
The previous ones [AL B, [C] had examined components of the theory as abstract categorical
ideas, without being aware of how many (in fact, few) more such components would be
needed to build a logically complete account of topology. Sections BHA and [AHITO discuss the
way in which these components go together to make a viable theory. This discussion has,
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in fact, spilled over into several additional papers, in particular [El [H]. If you would prefer
to read a dry summary of the axioms in a “user manual” style, please see [Il.

Once all this structure is in place, Section [Tl begins to take it apart again, characterising
the finitary properties of the way below relation in an abstract way. This corresponds to
the concrete treatment in Sections Ml and Bl Sections construct an object of the ASD
calculus from any such abstract relation (with a “practice run” for domains in Section [2)
and the final section completes the circle with the traditional theory.

1. LOCALLY COMPACT SOBER SPACES

Definition 1.1. The traditional definition of local compactness was generalised from Haus-
dorff to sober spaces in [HMS8T], p. 211]: Whenever a point is contained in an open subspace
(z € V), there is a compact subspace K and an open one U such that x e U C K C V.

It is an easy exercise in the “finite open sub-cover” definition of compactness to replace
the point z by another compact subspace:

Lemma 1.2. Let L C V C X be compact and open subspaces of a locally compact space.
Then there are LC U C K CV C X with U open and K compact. ]

We call this result the interpolation property. Alternating inclusions of open and
compact subspaces like this will be very common in this paper, and compact subspaces will
be more important than points.

Notation 1.3. We write U < V and K < L if there is such an interpolating compact
or open subspace, respectively. The second version, in which K O L, follows the usage of
[HMST], [IS96], cf. our Theorem EIR

Now consider what we might mean by a computably defined locally compact space.

Suppose that you have some computational representation of a space. It can only
encode some of the points and open and compact subspaces, since in classical topology
there are uncountably many of them in any interesting case. Hence your “space” cannot
be literally sober, or have arbitrary unions of open subspaces. We understand the intended
space to be the corresponding sober one, in which arbitrary unions of opens have also been
adjoined. Those points, open and compact subspaces that have codes are called basic.

Example 1.4. A computable definition of R as a locally compact space might have

(a) as basic points, (encodings of) the rationals;

(b) as basic open subspaces, the (names of) open intervals (¢ £ €) = (¢ — €,q +¢) =
{z | |x — q| < €} with rational or infinite endpoints; and

(c) as basic compact subspaces, the closed intervals [¢+ 6] = [¢—0,q+ ] = {z | |z — q| < I}
with finite rational endpoints.

Notice that both open and closed intervals are used, although treatments of exact real

arithmetic often just use one or the other, ¢f. Example Also, by “rationals” we might

actually mean all pairs p/q with integers p and ¢ # 0, or the dyadic rationals p/2", or

continued fractions, or whatever our favourite countable dense set of reals may be. Unlike

Dedekind cuts, this example readily generalises: for R? we use open and closed cuboids

whose vertices have rational co-ordinates (or, better, a system based on close packing of

spheres [CS8]]).
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In the Example, the intersection of two basic opens is again basic, but for technical rea-
sons we shall also need to extend the families to include finite unions of open (respectively,
compact) intervals or cuboids. It’s an exercise that’s a little too complicated to be called
algebra, but easy programming, to test inclusion and compute the representations of such
unions and intersections.

Definition 1.5. A computably based locally compact space consists of a set of codes

for basic “points”, “open” and “compact” subspaces, together with an interpretation of

these codes in a locally compact sober space. We require of the space that every open

subspace be a union of basic ones. We also want to be able to compute

(a) codes (that we shall just call 0 and 1) for the empty set and the entire space, considered
as open and compact subspaces (if, that is, the entire space is in fact compact);

(b) codes for the union and intersection of two open subspaces, and for the union of two
compact ones, given their codes (we write + and x instead of U and N for these binary
operations, to emphasise that they act on codes, rather than on the subspaces that the
codes name);

(c) whether a particular representable point belongs to a particular basic open subspace,
given their codes; but we only need a positive answer to this question if there is one, as
failure of the property is indicated by non-termination;

(d) more generally, whether an open subspace includes a compact one, given their codes;

(e) codes for U and K such that L C U C K C V, given codes for L C V as above.

(f) In fact, we shall require the basic compact and open subspaces to come in pairs, with
U™ C K" as in [IS90], where the superscript n names the pair, and we also need part
(e) to yield such a pair as the interpolant.

Extensional equivalence of computable functions is not captured within the strength of

the logic that we wish to study. So, for the “computations” above, we mean a particular

program to be specified — at least up to provable equivalence, which means that we don’t

have to nominate a programming language.

Definition 1.6. A computably continuous function between such spaces is a continuous
function f : X — Y between the topological spaces themselves, for which the binary relation

fK™ c U"

(between the codes (n,m) for a compact subspace K™ C X and an open one U" C Y)
is recursively enumerable, cf. part (c) of the previous definition.

In particular, computably equivalent bases for the same space are those for which
the identities in both directions are computably continuous functions. This means that
the relations K™ C U™ and K™ C U™ between n and m are recursively enumerable. For
example, whilst there are several choices for the “rationals” and intervals in Example [[4],
all of the reasonable ones are computably equivalent.

Remark 1.7. It is out of place in the definition of something computable to specify a
topological space: this was only included to guarantee topological consistency of the com-
putations of union, intersection, containment and interpolation. This is also the reason why
the codes for basic points played no actual role in Definition — there needn’t be any of
them. Since we said that the spaces are sober, continuous functions are determined entirely
by their effect on basic open and compact subspaces, as they are in locale theory. Neither
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the (optional) basic points, nor the computable ones that we recover in Section [[3, nor the
uncountably many points of the classical theory, are actually needed to specify continuous
functions, or prove topological properties such as compactness.

At the technical level, therefore, what we call a computably based locally compact
“space” is really just a system of codes and programs acting on them, for which there exists
a topological space in which these codes may be interpreted as compact and open subspaces.
Likewise, a computably “continuous function” is just an equivalence class of programs, for
which there exists a continuous function that agrees with the program in the way that we
have said.

The particular way in which computations are set up is of course a matter for discussion:
I still have to convince you of the merits of my way, in comparison to the many other ways
that have been used to calculate in R™ over the millennia, and of course any theoretical
picture is subject to technical optimisation. However, these other ways share the same
pattern, in that they have a technical definition that is (a) used for applied computation
but (b) justified by the existence of an interpretation in some “pure” theory of (Euclidean)
space. The pure theory is not the computation, at any rate if it is based on twentieth
century topology. So the practical situation is illustrated by Example [L4 we have a
classical definition of a topological space, equipped with a basis that is defined in some
conventional way, and which we want to use to obtain values in the space. So long as the
above features of the basis are computable, the classical space guarantees the consistency
conditions.

In Section [l we shall formulate this consistency in terms of finitary conditions on the
transformations of encodings themselves, eliminating the topological space, i.e. we prove
necessity of the abstract conditions. Then in Section [[4] we prove sufficiency, i.e. that any
such encoding (such as the one for R above) satisfying these consistency requirements does
define a locally compact sober space, and this is unique up to homeomorphism.

This construction is done, not in traditional topology itself, which is not computable,
but in a A-calculus. Therefore, the construction imports the classical data into the com-
putational world (Section [[7]). But again there is a distinction between the technical and
philosophical meaning: whilst our theory (ASD) starts from (and is reducible back to) com-
putational foundations, it adapts these to give a new account of the mathematical theory
that is ultimately intended to be usable by pure mathematicians in place of the old one.

Remark 1.8. The operations x and 4+ become N and U when we interpret them wvia the
basic open subspaces that they encode. Amongst the abstract consistency requirements,
therefore, we would expect (0,1, +,x) to define a distributive lattice.

However, we have only asked for the ability to test inclusion of a compact subspace in
an open one, not inclusion or equality of two open or two compact subspaces, nor of an
open subspace in a compact one (the inclusion U™ C K™ is given, not tested). Even if these
happen to be possible, it is computationally quite reasonable for different codes to denote
the same subspace, but for this fact to be potentially undecidable.

On the other hand, as we want to stress the computable aspect of the names of basic
subspaces, we shall often represent 4+ and x as concatenations of lists. This clumsiness
actually serves an expository purpose, keeping this “imposed” structure on codes separate
in our minds from the “intrinsic” structure in the topology on X. (We shall regard this
topology as another space.) If we used the notation and equations of a distributive lattice
for the set N of codes, it would be all too easy to lapse into confusing it with the actual
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topology on the space. This would in fact make logical assumptions that amount to a
solution of the Halting Problem (or worse).

The topological information is actually contained, not in the quasi-lattice structure
(0,1,4,%) on N, but in the inclusion relation between compact and open subspaces. This
satisfies some easily verified properties:

Lemma 1.9. (CV,
KcLcUCcCV KcV LcVv KcU KcV

KcV KuLcCcV KcUnV

Finally, there is a property similar to Lemma that concerns binary unions. Easy
enough though this property may be to prove — when you see it — it is not something
whose significance one would identify in advance. Various forms of it were originally studied
by Peter Wilker [Wil70).

Lemma 1.10. Let K be a compact subspace covered by two open subspaces of a locally
compact sober space X, that is, K C UUV. Then there are compact subspaces L and M
and open ones U' and V' such that

KcUu uv’ UcCcLcU and V' CcMCV.

Proof. Classically, K\ V is a closed subspace of a compact space, and is therefore compact
too, whilst K\ V' C U, so by the interpolation property (Lemma [[2) we have

K\VcU cLcUcX
for some U’ open and L compact. Then K\ U' C K\ (K \V) CV so
K\U cV cMcVcX
for some V' open and M compact. Finally, K = (KNU)U(K\U')cU UV’. O

We didn’t mention the intersection of two compact subspaces in Definition [LH because
there are spaces in which this need not be compact.

Definition 1.11. A locally compact sober space is called stably locally compact if the
whole space is compact and the intersection of any two compact subspaces is again compact.

Examples 1.12. (a) Consider two copies of the real unit interval [0, 1] identified on their
interiors (or, if you prefer, an interval with duplicated endpoints). Then the two copies of
the interval are compact subspaces, but their intersection is not [Kel55, Problem 5 B(a)].

(b) A combinatory algebra has constants k and s and a (non-associative) binary operation
- such that (k-z)-y =x and (((s-2)-y)-2z) = (z-z)-(y-z). In the free such algebra A,
terms can be enumerated, and proved equal, using these rules. But, since this structure
can be used to encode computation [Bar&1], proving inequality in A is like solving the
Halting problem. (Similar unsolvable word problems can also be set up in other algebraic
theories, such as groups.)

Hence A is discrete but not Hausdorff.
Since it is discrete, its compact subspaces are the Kuratowski-finite ones, i.e. those
that can be listed, possibly with repetition. In particular, singletons {x} are open and
compact, but not closed. However, the intersection {z} N {y} is compact (Kuratowski-
finite, listable) iff it is either empty (x # y) or a singleton (x = y), i.e. iff equality is
decidable, which it isn’t. O
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2. LOCALLY COMPACT LOCALES

Points disappeared from the discussion right at the beginning, and we saw in Exam-
ple [L4 that it is easier to specify R with the Euclidean topology using open and compact
subspaces than using open subspaces and points. Arguably, topology should be axiomatised
in this way, just as traditional geometry was axiomatised in terms of lines and circles that
were entities in themselves, rather than being sets of points.

Locale theory reduces the description further, to one involving open subspaces alone.
To do this for locally compact spaces, we must represent compact subspaces in terms of their
systems of neighbourhoods. We also have to characterise the situation (U < V) = 3K. (U C
K C V). We shall see that the way in which this is done for locales is subtly different from
that for spaces, especially in the non-stably locally compact case (Remark BE17).

Definition 2.1. Let L be a complete lattice.

(a) A family () C L is called directed! if it is inhabited, and whenever v, and 1), belong
to the family, there is some 1)y > 1,.,1%,. The join of the family is written \f 5.

(b) Now, for 8,¢ € L, we write § < ¢ (way-below) if, whenever ¢ < \/_ 1);, there is already
some s for which § < 1,. (So 8 < ¢ implies § < ¢.)

(c) Then L is a continuous lattice |[GHK80,[HMRT] if, forall¢p € L, ¢ = \}{38 | 3 < ¢}.

Proposition 2.2. The topology of any locally compact space is a distributive continuous
lattice, in which U XV iff U < V' [HME&I], p. 212].

Proof. U <V implies U < V by compactness of K with U C K C V, and
v=J{w|w =<V}

by Definition [LTl This union is directed by Lemma [C3, so it may be used in the definition
of U <V, giving U C W <V for some W, but then U < V too. Hence U K V iff U X V,
but notice that the proof does not supply an interpolating compact subspace U C K C V.[]

Conversely, every distributive continuous lattice is the lattice of open subspaces of some
locally compact sober space. However, this result relies on the axiom of choice, and even
then it is not a trivial matter to prove it (Remark [76] [HL7]]).

Definition for spaces has a simpler analogue for locales, since it’s all lattice theory.

Definition 2.3. A computable basis (N,0,1,+,, <) for a continuous distributive lattice
L is a set N with constants 0,1 € N, computable binary operations +,* : N x N — N,
a recursively enumerable binary relation < and an interpretation 8(~) : N — L that takes
(0,1,4,*) to the lattice structure in L, such that n < m iff " < ™ and

foreach p € L, ¢ = \f{ﬂn | B" < ¢}

If L1 and Lo have bases (™) and (y") then H : Ly — Lq is a computable frame
homomorphism if H preserves T, A and \/, and the relation (5™ < H~™) is recursively
enumerable. The interested reader may like to translate the abstract conditions on this
relation that are set out in Section into locale theory, and thereby recover the frame
homomorphism H.

Once again we seek to remove the locale or continuous lattice from the definition, this
time with the goal of eliminating the infinitary joins in favour of finitary properties of the

IThe letter s stands for semilattice, but see Definition
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way-below relation. Of course, since < was itself defined using directed joins, in Section [
it will have to be replaced by an abstract relation <. This will satisfy axioms based on the
following properties, which are the analogues of Lemmas [2] and

Lemma 2.4. If f/ < < ¢ < ¢ then B < ¢'. L]
Lemma 2.5. The relation < is transitive and interpolative: if a« < 0 <K v then a < v,
and conversely given o <K vy, there is some 8 with o <K [ <K 7. L]
Lemma 2.6. | < ¢, and if « < ¢ and B <K ¢ then (aV ) < ¢. U]

The Wilker property in Lemma [LT0 used excluded middle, but its analogue for con-
tinuous lattices is both intuitionistic and very simple: it follows from the observation that
binary joins distribute over joins of inhabited, and in particular directed, families.

Lemma 2.7. In any continuous lattice, if o < BV v then a < 3V~ for some / < 3
and ~' < 7.

Proof. Since any directed set is inhabited,
Bvy = \[{B VI8 <8t = {8 VY8 <8, 7 <}
Then if a < BV v, we have a < 3 V 7/ for some term in this join. ]

The relationship between < and A is more subtle.

Lemma 2.8. Ifa < 3 < ¢ and 3 < 1) then a < ¢ A . L]

Definition 2.9. A stably locally compact locale is one in which T <« T, and if § < ¢
and 8 < 1 then 8 < ¢ A 1.

Examples can be adapted to yield locally compact locales that are not stably
locally compact, and therefore only obey the weaker rule in the Lemma.

Remark 2.10. Stably locally compact objects enjoy many superior properties, illustrating
the duality between compact and open subspaces. Jung and Stinderhauf [JS96] set out
“consistency conditions” for them that are similar to ours, except that they choose to make
(0,1,4+, %) a genuine (“strong proximity”) lattice.

However, as Examples illustrated, not all of the locally compact objects that we
wish to consider are stably so, either in geometric topology or recursion theory. Most
obviously for the former, in R, the whole space (the trivial intersection) is not compact.

Another reason why we consider the more general situation is that it corresponds to
the monadic Axiom that was the fundamental idea behind the research programme
of which this paper is a part. This correspondence, which has no counterpart in [IS96], is
the main technical goal of this paper; the consistency conditions are just an intermediate
step.

We shall see at the end of Section [l that the non-stable situation also highlights an
interesting difference (separate from the usually mentioned ones of constructivity) between
locales and sober spaces as ways of presenting topological information.

Applying G.H. Hardy’s test [Har4()], we may wonder which of the stable and non-stable
theories is “beautiful” and which is “ugly”. My suspicion is that stably locally compact
spaces and the “relational” morphisms that they describe ([IKMOI] and our @11 213,
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and [[613) play a different role in the bigger picture, whilst we are right to study
“functional” morphisms in the non-stable case.

The logic that we use is a very weak computational one, but on closer examination, we
see that a great deal of the work that has been done in domain theory, using many notions
of “basis” or “information system” could actually be formulated in such a logic.

3. AXIOMS FOR ABSTRACT STONE DUALITY

In this paper we develop a computable account of locally compact sober spaces and
locales, but using a A-calculus in place of the usual infinitary lattice theory, which conflicts
with computable ideas. This calculus, called Abstract Stone Duality, exploits the fact
that, for any such space X, its lattice of open subspaces provides the exponential ¥X in
the category. Here ¥ is the Sierpiniski space (which, classically, has one open and one
closed point), and the lattice ¥X is equipped with the Scott topology. Its relationship to
the “consistency conditions” in the previous sections and in [[IS96] will be examined in
Sections [[THIA

In this section and the next we present the axiomatisation of ASD in a reflective fashion
that is intended to examine the reasons for our choices. For a straightforward summary of
the calculus intended for applications, see [I] instead.

Remark 3.1. We are primarily interested in two particular models of the calculus:

(a) as a source of topological intuition, the classical ones, namely the categories of locally
compact sober spaces (LKSp) and of locally compact locales (LKLoc), maybe over an
elementary topos other than Set;

(b) for computation, the term model.

The classical side has a wealth of concepts motivated by geometry and analysis, but its
traditional foundations are logically very strong, being able to define many functions that are
neither continuous nor computable, besides many other famous pathologies. Having created
such a wild theory, we have to rein it back in again, with a double bridle. The topological
bridle is constructed with infinitary lattice theory, whilst in recursion theory we are reduced
to using Godel numberings of manipulations of codes for basic elements. Abstract Stone
duality avoids all of this by only introducing computably continuous functions in the first
place. (We pay a logical price for this in not being able to define objects and functions
anything like so readily as in set theory.)

On the other hand, logically motivated discussions often read the foundational as-
pects more literally than their topological authors ever intended. They are so bound up
in their own questions of what constitutes “constructivity” that they lose sight of the con-
ceptual structure behind the mathematics itself. For one example, in several constructive
approaches to topology, the closed real interval fails to be compact. For another, whilst
the mathematician in hot pursuit of a proof typically postulates a least counterexample, in
order to rule it out, it is impertinent of the logician to emphasise that this uses excluded
middle, since proofs of this kind (once found) can very often be recast in terms of the
induction scheme [Tay99) Section 2.5]. As a result, foundational work often fails to reach
“ground level” in the intended construction.

The lesson that we draw from this is that logic and topology readily drift apart, if ever
we let go of either of them for just one moment. So we have to tell their stories in parallel.
This means that we must often make do with rough-and-ready versions of parts of one, in
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order to make progress with the other. For example, we use concepts such as compactness
to motivate our A-calculus, which itself underlies the technical machinery that eventually
justifies the correspondence with traditional topology and the use of its language. We shall
make a point of explaining how each step (Definition, Lemma, etc.) of the new argument
corresponds to some idea in traditional topology.

This means that you will have to be prepared for some sudden switches between con-
texts. This paper is highly experimental. It introduces A-calculus formulations of topological
concepts and arguments, which it has to try out in the traditional categories for topology,
even though these are defective for the purpose. When we are sure that we have all of the
axioms in place (which was certainly not the case before this investigation began, but is
close to being so after it) the best way to handle the relationship will not be to interpret
ASD in locale theory, but vice versa [H].

In this section we have to set up some logical structure to which the topologically
minded reader may prefer to return after first reading Section B We catch up on some of
the justifications in Sections [@ and [, for example characterising our morphisms in terms of
preservation of meets and joins. In this section too, we interleave the axioms and definitions
of the A-calculus with the technical issues that they are intended to handle.

Remark 3.2. Recall first the universal properties of the Sierpinski space, . Any open
subspace U C X is classified by a continuous function ¢ : X — ¥, in the sense that
U = ¢ Y(T), where T is the open point of ¥, and ¢ is unique with this property. This is
summed up by the pullback diagram

U 1
]

-
X ¢ )

In our calculus, we shall use the M\-term ¢ : ©¥ instead of the subset U C X. A similar
diagram, using the closed point L € 3 instead of T, classifies (or, as we shall say, co-
classifies) the closed subspace, that, classically, is complementary to U. We follow topology
rather than logic in retaining the bijection between open and closed subspaces, even though
they are not actually complementary in the sense of constructive set theory. This is because
it is not sets but topological spaces that we wish to capture.

Unions and intersections of open and closed subspaces make the topology Y%, and in
particular the object X, into distributive lattices — honest ones now, not consisting of codes
as in Remark[L8 We therefore have to axiomatise the exponential and the lattice structure.

Axiom 3.3. The category S of “spaces” has finite products and an object ¥ of which all

exponentials ©X exist. Then the adjunction X(7) - (=) that relates S° to S is to be

monadic. This categorical statement has an associated symbolic form, consisting of

(a) the simply typed A-calculus, except that we may only introduce types of the form
PXOYX (or X — Y — ... — X if you prefer), and therefore A-abstractions whose
bodies already have such types;

(b) an additional term-forming operation, focus, which may only be applied to a term P of

type =% that satisfies a certain primality equation capturing the situation P = \¢. ¢a,
and then focus P = a; the use of focus makes the space X sober [Al;
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(c) and an additional type-forming operation (with associated term calculus) that provides a
formal subspace i : X = {Y | E} = Y with I : ©X <XY such that ¥’- I = idyx given an
endomorphism E : ©¥ — %Y satisfying a certain equation, and then £ = I-%; members
of the formal subspace are then the admissible terms a : Y, i.e. those satisfying yet
another equation, for which we may then introduce admita : X [B].

Remark 3.4. The equations required in parts (b) and (c) can each be formulated in two
different ways: an abstract one that states the underlying monadic idea in A-notation, and
a lattice-theoretic one that takes advantage of the additional “topological” structure of the
calculus. One of our many tasks in this paper (Section [[{) is to prove the equivalence of
these formulations.

In (b), we shall find that P : »= s prime iff it is a lattice homomorphism:

PT<T Pls 1 P(pNp) & PpANPY and P(pV) < PoV Py,
whilst for (c), the term E is of the form I - %% iff
E(¢Av) = B(E$ ANEW) and  E(6 V) = E(E¢V Ey).

We call such a term E a nucleus, shamelessly appropriating this word from locale theory,
in which a nucleus is a monotone endofunction j : L — L of a frame such that id < j = j-7.
A nucleus E in our sense must be Scott continuous, but need not be order-related to the
identity, but the senses agree when E > id and j is Scott continuous.

We discuss Y-split subspaces in Section [, and give the admissibility equation in Defi-
nition 8, which is where we first use it in this paper.

Remark 3.5. We have said that we are interested in the term model of the calculus. Now,
this is powerful enough to encode computations, because domain theory can be developed in
it (Section [[2) and programming languages such as Plotkin’s PCF can be interpreted using
standard techniques of denotational semantics [Plo77]. This means that we cannot hope to
give an explicit description of the term model: the best we can do is to indicate how the
topological features of ASD can be “compiled out”, to yield programs in some recognisable
programming language.

In [Bl §§9-11], arbitrarily complicated combinations of 3-split subspaces and exponen-
tials are reduced to a single 3-split subspace of a (still complicated) exponential. In this
paper (Section B) we shall reduce this even further, to a Y-split subspace of ¥V, showing
that this description is equivalent to giving an N-indexed basis for X. The terms also have
a corresponding normalisation.

This leaves focus, the quantifiers, recursion etc. on £N. The idea of focus is that it
recovers a point of a space from its Scott-open prime filter of neighbourhoods, which can be
characterised using either infinitary lattice theory [Al §2] or the A-calculus arising from the
monad [Al §4]. In this calculus, focus is pushed to the outside of any term, and is shown to
be redundant at all objects except N [Al §8].

Using the (abstract) lattice structure and primitive recursion, focus on N is inter-
definable with definition by description [Al §§9-10]. General recursion can also be defined.
Finally, [Al §11] sketches how everything apart from disjunction and recursion strongly
normalises, to what is essentially a PROLOG clause. Restoring those two features yields a
(parallel) PROLOG program. On the other hand, normalising the A-applications may not
be such a good idea, so it’s better to think of ASD terms as parallel A-PROLOG programs.

The free model of the calculus therefore satisfies the Church—Turing thesis (i.e. it is
equivalent to thousands of other ways of writing programs) so we do not need to introduce
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Kleene-style notation with Godel numbers in order to justify calling it a computable account
of topology. In particular, the “computations” referred to in Definitions [H] and
may be defined by terms of our calculus.

Axiom 3.6. Returning to the Sierpiriski space itself, (3, T, L, A, V) is an internal distribu-
tive lattice in S, which also satisfies the Phoa principle,

F:¥ 0:% F Fo & FLVoAFT.

This equation (which is bracketable either way, by distributivity) is used to ensure that terms
of type ¥ yield data for the open or closed subspace of X, as required by the monadic
axiom [Cl, Sections 2-3], and hence the pullback in Remark It thereby enforces the
bijective correspondences amongst open and closed subspaces and terms of type ¥X. We
shall assert an “infinitary” generalisation of the Phoa principle shortly.

Definition 3.7. The lattice structure on ¥ and X% defines an intrinsic order, <, where
¢ <P iff = pAY iff pV1p = 1. In the case of terms of type ¥ (which we call propositions),
we shall write = and < instead of < and =. The order is inherited by other objects:

T'Fa<b:X if T F (A: 3% ¢a) < (M. 4b) : 27

There are other ways of defining an order, but sobriety and the Phoa principle make them
equivalent, and also say that all maps are monotone [Cl, Section 5].

In LKLoc this order on hom-sets arises from the order on the objects, considered as
lattices, whilst in LKSp it is the specialisation order,

r<y= (WUCXopenzeclU=yeclU) = zc {y},

where {y} is the smallest closed subspace containing .

Lemma 3.8. Let i : U —— X and j : C=——— X be the open and closed subspaces
(co)classified by ¢ : ©X. Then, with respect to the intrinsic orders on ¥ and XX, there are
adjoints

34X and XAV,

that behave like quantifiers [C, Section 3]. (Note the different tails on the arrows.) ]

Remark 3.9. The order < on ©¥ presents an important problem for the axiomatisation

of the join in Definition
o = \/{B]8 <o}

The condition on the right of the “|” is monotone (covariant) in ¢ (indeed, Example
will use the fact that it is Scott-continuous), but contravariant with respect to [3:

if (3 <p) then ((f'<¢)<(B<9)).

We want to regard the topology ¥% as another space, but the subset {3 | 8 < ¢} is not a
sober subspace (in the Scott topology), since it isn’t closed under \/.

Remark 3.10. This means that we have, after all, to make a distinction between the
exponential space ¥~ and the set (albeit structured) of open subspaces of X. We shall
write ‘EX ! for the latter, since it is the set of points of the space X. As there are a priori
no “sets” in ASD, we have to explain what special (properties of) spaces play their role in
the theory. As we shall see, one of these properties is an “equality test”.
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Although locale theory plays down the underlying set functor |—| : Loc — Set, since
it is not faithful, this functor nevertheless exists, and the subject makes intensive use of
!EX ‘ in particular, this being the frame corresponding to the locale X. The functor |—|
may be characterised as the right adjoint to the inclusion Set — Loc that equips any set
with its discrete topology, i.e. the powerset considered as a frame. In fact, this right adjoint
is precisely what we have to add to the computably motivated axioms of abstract Stone
duality given in this paper, in order to make them agree with the “official” theory of locally
compact locales over an elementary topos [H] (which writes QX or ULX for ‘ZX |) In other
words, it distinguishes between the two leading models in Remark Bl

This adjunction says that there is a map ¢ : |Z‘,X | — ¥X that is couniversal amongst
maps 3 : N — 2% from the objects N of a certain full subcategory, so 3 factors uniquely
as N — !ZX ‘ — ¥X. However, the couniversal object !ZX ‘ cannot exist in the computable
theory: besides being uncountable, its equality test would solve the Halting Problem. So we
have to develop alternatives to it. In traditional language, all we need is that any ¢ € ©%
be expressible as a directed join of ™s, as in Definition

Returning to the problem of Definition [2.1(c)|, we must use codes for (basic) open sets,
since we cannot define < in abstract Stone duality using the open set 3 : ©% itself. Thus
Remark will replace the formula 3 < ¢ (with variables 3 and ¢) by

n:N, ¢: 5% F ("< ¢): 3,

where 8" is the basic open subspace with code n.

4. SETS, UNIONS AND BASES

Marshall Stone showed us that we should always look for the topology on mathematical
objects, and ASD was called after him partly because this is its fundamental message too.
However, our discussion of infinitary joins and computable bases in Definitions and
has shown that this topology may still be the discrete one, i.e. that we need sets after all.
Since we have no sets as such, we think of these objects as “discrete” spaces. In ASD we
take this particular word to mean that there is an internal notion of equality, but the logical
structure that we need to express the join is existential quantification.

Definition 4.1. An object N € obS is discrete if there is a pullback

N 1
_

A T

N x N i» b
i.e. the diagonal N < N x N is open. We may express this symbolically by the rule
I'Fn=m:N
F'F(n=ym)eT:X
The (=) above the line denotes externally provable equality of terms of type N, whilst
(=n) below the line is the new internal structure. Categorically, (n,m): ' — N x N and

I': T — 1 provide a cone for the pullback iff (n =5 m) < T, and in just this case (n,m)
factors through A, i.e. n = m as morphisms.

for'Fn,m: N,
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We also write {n} : ¥V for the singleton predicate Am. (n =x m) but {n} : ListN for
the singleton list.

Beware that this notion of discreteness says that the diagonal and singletons are open,
but not necessarily that all subspaces of N are open. For example, the Gédel numbers for
non-terminating programs form a closed but not open subspace of N [D [F], because the
classically continuous map N — ¥ that classifies it is not computable (Definition [LHl).

Definition 4.2. Similarly, an object H is Hausdorffif H =—— H x H is closed, i.e. co-
classified by (#g) : H x H — %, so

'Fa=b:H
'F(a#pgb) & L%

Notice that equality of the terms a,b : H corresponds to a sort of doubly negated internal
equality, so this definition carries the scent of excluded middle. Like that of a closed
subspace, it was chosen on the basis of topological rather than logical intuition. As we saw
in Example discrete spaces need not be Hausdorff.

forI'Fa,b: H,

Definition 4.3. An object N € obS is owvert if ©'N (where !y is the unique map N — 1)
has a left adjoint, Iy : 2 — %, with respect to the intrinsic order (Definition B7). Then

I'Ne:N Foxr = 0: %
' Fdzx.¢pz = o0: %
where we write 3x: N. ¢z or just Jz. ¢ for Iy(Ax: N. ¢z). The Frobenius law,

forTHo:X%, ¢: 3V,

ocANJx.¢ox & Jr.0o A Px

may be derived from the Phoa principle (Axiom B6), and Beck—Chevalley is also automatic
[C, Section 8]. The lattice dual of this definition is the subject of the next section.

Axiom 4.4. S has a natural numbers object N, 4.e. an object that admits primitive recur-
sion at all types, and so is discrete and Hausdorff. We also require N to be overt.

In order to prove the results that we expect by induction, equational hypotheses must
be allowed in the context I' of each judgement. See [E, §2] for a discussion of this.

Remark 4.5. Since the object N over which the codes range is discrete, its intrinsic order
< is trivial |C Lemma 6.2]. However, the structure (N,0,1,+,%) of an abstract basis is,
at least morally, supposed to be that of a distributive lattice (Remark [CF)). But this is an
“imposed” structure, i.e. one that is only defined by the explicit specification of (0,1, +, %),
rather than by its relationship to the other objects in the category. We are completely
at liberty to consider functions that preserve, reverse or disregard the associated imposed
order relation < that may be defined from + and = (Definition [3I0). Indeed, the need
to use conditions that are contravariant with respect to the natural order was precisely the
reason for distinguishing between N (or !ZX ‘) and ¥X in Remark

We typically use the letter N for an overt discrete object, as its topological properties
are like those of the natural numbers (N), though the foregoing remarks do not give it either
arithmetical or recursive structure. So when we write (") for the basis of open subspaces,
we intend a family, not a sequence. The use of the letter N is merely a convention, like K
for compact spaces; the letter I (for indexing set) is often used elsewhere in the situations
where we use IV below, but it has acquired another conventional use in abstract Stone duality
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(¢f. Lemma [C4]). The notation and narrative may give the impression of countability, but
bases in the classical model (Remark Bl(a)) may be indexed by any set, however large you
please. Nevertheless, I make no apology for this impression, as I consider R; and the like to
have no place in topology. I also suspect that occurrences of “sequences” and “countable
sense subsets” in the subject betray the influence of objects whose significant property is
overtness and not recursion.

Theorem 4.6. The full subcategory of overt discrete spaces is a pretopos, i.e. we may form
products, equalisers and stable disjoint unions of them, as well as quotients by open equiva-
lence relations [C, Section 11]. If the “underlying set” functor in Remark [Z10 exists, as in
the classical models LKSp and LKLoc, then the overt discrete spaces form an elementary
topos [HJ. L]

The combinatorial structures of most importance to us, however, are the following:

Theorem 4.7. Assuming a “linear fived point” axiom (that any F : XU — XV preserves
joins of ascending sequences), every overt discrete object N generates a free semilattice KN
and a free monoid ListN in S, which satisfy primitive recursion and equational induction
schemes, and are again overt discrete objects [E]. []

This result is easy to see in the two cases of primary interest, namely the classical
and term models (Remark BJ). In the classical ones (LKSp and LKLoc), overt discrete
spaces are just sets with the discrete topology, and form a topos. In this case the general
constructions of List(—) and K(—) are well known: KN is often called the finite powerset.

Remark 4.8. In the term model, on the other hand, we shall find in Section B that N
itself is adequate to index the bases of all definable objects. Moreover, any definable overt
discrete space N is in fact the subquotient of N by a some open partial equivalence relation
(Corollary @2)). This both allows us to construct List(/N) and K(/N), and also to extend any
N-indexed basis to an N-indexed one. There is, therefore, no loss of generality in taking all
bases in this model to be indexed by N, if only as a method of “bootstrapping” the theory.

To construct List(N), we could use encodings of pairs, lists and finite sets of numbers
as numbers. However, it is much neater to replace N with the set T of binary trees. Like
N, T has one constant (0) and one operation, but the latter is binary (pairing) instead
of unary (successor), and the primitive recursion scheme is modified accordingly. Hence
T = {0} + T x T = List(T), whereas N = {0} + N. The encoding of lists in T has been well
known to declarative programmers since LispP: 0 denotes the empty list, and the “cons”
h :: t is a pair.

Membership of a list is easily defined by list recursion, as are existential and universal
quantification, i.e. finite disjunction and conjunction.

Am.meln = L (m.mehzt)n = (h=n)V(Adm.met)n
Ymelom = T Vmeh:t.¢ogm = ohAVmEt. om
dJmel.¢gm = L dJmeh:t.¢gm = ohVImet ¢m

Notation 4.9. The notation that we actually use in this paper conceals the preceding
discussion. The letter N may just stand for T in the term model, but may denote any
overt discrete space. So, in the classical models, N is a set, or an object of the base topos,
equipped with the discrete topology.

We use Fin(N) to mean K(N) or List(N) ambiguously. Since they are respectively
the free monoids on N with and without the commutative and idempotent laws, this is



16 PAUL TAYLOR

legitimate so long as their interpretation also obeys these laws. But this is easy, as the
interpretation is usually in XX, with either A or V for the associative operation. In fact,
these two interpretations in £ are jointly faithful [E].

We are now ready to state the central assumption of this paper.
Axiom 4.10. The Scott principle: for any overt discrete object N,
.y vV b B¢ o I Fin(N). B(An.n € ) AVn € L. n.

Notice that the Phoa principle (Axiom B is the special case with N =1 and so K(N) =
{0,1}, whilst the “linear fixed point” axiom in Theorem B can easily be shown to be
equivalent to the case N = N. More generally, the significance of this axiom is that it forces
every object to have and every map to preserve directed joins (which we have yet to define),
and so captures the important properties that are characteristic of topology and domain
theory.

Remark 4.11. The lattice £X has intrinsic M-indexed joins, for any overt discrete ob-
ject M. These are given by Az.3Im: M. ¢™x, and are preserved by any L/ [, Corol-
lary 8.4].

In speaking of such “infinitary” joins in %, we are making no additional assertion
about lattice completeness: there are as many joins in each 3% as there are overt objects,
no more, no fewer. In particular, there are not “enough” to justify impredicative definitions
such as the interior of a subspace, or Heyting implication (though these can be made in the
context of the “underlying set” assumption in Remark BI0 [HI).

Moreover, we use the symbol 3 to emphasise that our joins are internal to our cate-
gory S, whereas those in locale theory (written \/) are external to LKLoc, involving the
topos (Set) over which it is defined. This distinction will, unfortunately, become a little
blurred because of the need to compare the ideas of abstract Stone duality with those of
traditional topology and locale theory. This happens in particular in the definition of com-
pactness (Definition (2)), the way-below relation (Definition and Remark [E14)) and
the characterisation of finite spaces (Theorem [T0)

Remark 4.12. When we use M-indexed joins, we shall need M to be a dependent type,
given, in traditional comprehension notation (not that of [B]), by

M = {n:N|ay} C N,

where a,, selects the subset of indices n for which ¢" : £X is to contribute to the join. In
practice, this subset is always open, so «,, : ¥.. The sub- and super-script notation here (and
in [H]) indicates that ¢™ typically varies covariantly and «,, contravariantly with respect to
an imposed order on N. Indeed there would be no point in using «, to select which of the
¢s to include in the join if this had to be an upper subset, as the result would always be
the greatest element, whilst it is harmless to close the subset downwards.

This means that, when using the existential quantifier, we can avoid introducing de-
pendent types by defining

dm:{n:N|ay}. ¢™ as dn: N.a, A¢".

In Section Bl we shall refer to terms like v, of type X as scalars and those like ¢" of type
¥X as vectors.
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Definition 4.13. A pair of families
[,s:SF a,:%8, ¢:5%
indexed by an overt discrete object S is called a directed diagram, and the corresponding
ds. ag A ¢°

is called a directed join (cf. Definition , if
(a) as < T for some s : S that we call 0 (but see Lemma ET6]), and
(b) asyt & as Aay and ¢t > ¢! vV ¢* for some binary operation +: .9 x S — S.
In this, oy A @y means that both ¢° and ¢’ contribute to the join, so for directedness in the
informal sense, we require some ¢*** to be above them both (covariance), and also to count
towards the join, for which a4, must be true.

Although the letter S stands for semilattice, in order to allow concatenation of lists to
serve for + (and the empty list for 0), we do not require this operation to be commutative
or idempotent (or even associative).

Remark 4.14. By the Scott principle, any I' = F' : »=* preserves directed joins, in the
sense that
F(3s.as AN ¢°) < ds.as A Fo’.

Notice that F' is attached to the “vector” ¢° and not to the scalar ay, since the join being
considered is really that over the subset M = {s | as}.

This is proved in Theorem [0 so it is one of the points on which the logical proofs lag
some way behind the topological intuitions. Of course, this result could have been used in
place of Axiom ELI0, but I feel that I made an important point in [Tay91] by showing how
sobriety (actually the slightly weaker notion of repleteness) transmits Scott continuity from
the single object ¥V to the whole category.

Remark 4.15. After the separation of directed joins from finite ones (L, V), the behaviour
of the latter corresponds much more closely to that of meets (T, A). So, although Scott
continuity, strictly speaking, breaks the lattice duality that we enjoyed in [Cl [D], we shall
still often be able to treat meets and joins at the same time. We sometimes use the symbol
© for either of them, for example in Lemma[[6.TTl This means that we can try to transform
arguments about open, discrete, overt, existential, ... things into their lattice duals about
closed, Hausdorff, compact, universal, ... things. Such lattice dual results seem to be far
more common that anyone brought up with intuitionistic logic or locale theory might expect.
For example, there is a dual basis expansion, in which JA are replaced by VV, but we must
leave that to later work.

Lemma 4.16. For Scott continuity, it suffices that the family be inhabited, in the sense
that ds: S. as & T, and have a binary operation + with the properties stated.

In this paper, 0 will typically be the empty list, but in [I, LI] we shall use Q with max
or min, which have no semilattice unit.

Proof. Define S’ =S+ {0}, ap = T and ¢° = L. Then

Js: 8" asANd® < agA’ V Ts: S asAd* o Ts: S, ag AP,
but we need ds: S. ay < T for

Fl & FINTs: S.as & ds: S.agANFL = ds: 5. a; A F¢°.
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Then F(3s: S. asAN¢°) & F(3s: 5. asA¢°) above
& Js: S ag AN FoP Remark B4
& agANFVvIs: S, a, AF¢*
& ds: S.ag AF@°. O

Inhabitedness is all that we require of a join for it to satisfy the dual distributive or
Frobenius law, c¢f. Lemma B

Lemma 4.17. If In.a,, & T then ¢V (In. apy AY™) = In.ay A (9 V™). O

The most dramatic effect that Scott continuity has on the presentation of general topol-
ogy is the way in which it simplifies the notion of compactness, to which we now turn.

5. COMPACT SUBSPACES

Returning from logic to topology, recall from Definition that we need to represent
points, open subobjects and compact subobjects in our calculus. These will be given by
terms of type X, ©X and n=* respectively, but whilst the first two correspond exactly, the
question of which second order terms denote compact subspaces is more complicated.

We pick up the treatment of compact objects from [C, Sections 7-8], and show how
this leads to the representation of compact subobjects as quantifiers or modal operators.
Following [HMST], these should preserve finite meets and directed joins, but the basic idea of
ASD is that the directed joins come for free. A compact subobject is therefore represented
by a term A : =% for which AT < T and A(p NY) & Ap N Ad.

This abstract idea works very well as far as the relationship between compact and
closed subspaces of a compact Hausdorff space. But then we run into some trouble, because
at that point we actually need to use Scott continuity, but our logical structure will not
be strong enough to do this until Section Bl There is an alternative treatment in [I] that
avoids this problem by restricting to the Hausdorff case, and in particular R and R"™; you
may prefer to read that instead of this section, or in parallel with it.

In the experimental spirit, we try to go further down the path laid by [HMS&T], [IS96],
but we stumble into more and more potholes, showing how much more work needs to be
done in ASD to make it into a full theory of general topology. But Jung and Stinderhauf do
have something interesting to show us when we make this excursion, namely a very close
duality between compact and open subobjects of stably locally compact objects.

The abstract analogue of the way in which locale theory treats local compactness is
much simpler than this. In that case any term A : n=t may be used — it doesn’t have to
preserve meets.

Remark 5.1. Traditionally?, a topological space K has been defined to be compact if
every open cover, i.e. family {Us | s € S} of open subspaces such that K = (J,Us, has a
finite subcover, I' C S with K = (J .5 Us. If the family is directed (Definition [2.1(a)]) then
F need only be a singleton, i.e. there is already some s € S with K = Us.

The Scott topology on the lattice ‘EK ‘ offers a simpler way of saying that K is compact.
In this lattice, T denotes the whole of K, so compactness says that if we can get into the

2In fact Bourbaki [Bou6l, T 9.3] relegated this formulation to Axiom C', also calling it “the axiom of
Borel-Lebesgue”. The older intuitions from analysis involve the existence of cluster points of sequences or
nets of points, or of filters of subsets.
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subset {T} C |EK | by a directed join [, Us then some member Us of the family was already
there®. In other words, {T} C XX is an open subset in the Scott topology on the lattice.

Definition 5.2. In abstract Stone duality we say that an object K is compact if there is
a pullback

Using the fact that ¥ classifies open subobjects (Remark B2), together with its finitary
lattice structure (but not the Scott principle), [C, Proposition 7.10] shows that Vg exists
with this property iff it is right adjoint to X' (where ! is the unique map K — 1). It
is then demonstrated that this map does indeed behave like a universal quantifier in logic
(the corresponding existential quantifier was given by Definition E3)).

Lemma 5.3. If K and L are compact objects then K + L is also compact, as is ().

Vi X Vi A
NE+L o K o sl T Y x Y T )y
YK x YL A
Proof. Vgip(é,9) © VoAV and Vg =T : 20 ~1 - ¥, O

The following result is the well known fact that the direct image of any compact sub-
object is compact (whereas inverse images of open subobjects are open).

Lemma 5.4. Let K be a compact object and p : K — X be -epi?, i.e. a map for which
¥P . X - BK s mono. Then X is also compact, with quantifier Vx = Vx - XP.
Proof. The given quantifier, ¥'% 4 V., satisfies the inequalities
id < Vg -5P- 3% = v 0l
YP.EX Vg P = YKLV TP < YP
from which we deduce ©'X 4 Vg - £P, since ¥ is mono. ]

What becomes of the quantifier Vx when K no longer stands alone but is a subobject
of some other object X7 We see that any compact subobject K C X defines a map
A:xX S5 S or A: 2% that preserves T and A. We shall call this a necessity () modal

operator, rather than a quantifier, since we have lost the instantiation or V-elimination
rule A¢ = ¢x.

Lemma 5.5. Leti: K — X be any map, with K compact. Then A =V - YoyX 5%
preserves T and A. Moreover Ap =Vg(X'¢) & T iff ¥'¢p = Tk.

Proof. Y.! preserves the lattice operations and V is a right adjoint. L]

3This is therefore an externally defined join, cf. Remark BTl

In our category, where every object is a subobject of some XY, S-epi is the same as epi. The name
has been inherited from synthetic domain theory, a model of which is a topos, only some of whose objects
(namely the predomains) may be so embedded.
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Remark 5.6. In traditional language, for any open set U C X classified by ¢ : £%, the
predicate A¢ says whether K C U. Just as Vg : 25 — 3 classifies {T} C Y& the map
A ¥X = ¥ classifies a Scott-open family F of open subspaces of X, namely the family of
neighbourhoods of K. Preservation of A and T says that this family is a filter.

Notice that we have an example of the alternation K C U of compact and open sub-
objects that we saw in Lemma Also, recall from Definition that we wanted to test
x € U and K C U; these are expressed by the A-applications ¢z and A¢ respectively.

Lemma 5.7. (a) If K = () then A= \¢. T, so in particular AL < T.

(b) If K = {p} then A = X. ¢p = nx(p), which is prime (Aziom [3.3(b)) and preserves all
four lattice operations, in particular AL < 1.

(c) If K U L exists then Axurd < Ao N Ard.

(d) If K C L then Ag > Ap,.

(e) Even when K N L is compact, Ax V Ar, need not be its modal operator.

Proof.

(a) XX =1 and Vg = M\p. T, 50 A=V - X = M. T.

(b) K =3, Vg = id and X! = \¢. ¢p.

(c) Since K + L — KUL ~— X, we have Ag; = Ax+1 = Ax AN A by Lemmas B3
and B4

(d) This follows from the previous part, since K UL = L.

(e) Classically, of course, K N L C U does not imply (K C UV L C U). For example, let

K = {p} and L = {q}, where p,q € X are incomparable points in the specialisation
order (Definition B7), so K N L =0. Then Axnr Ll < T but L < Al VApL. ]

Corollary 5.8. Ax |l < T if K is empty, L if it’s inhabited. L]

Remark 5.9. Classically, any compact (sub)space that satisfies Ax L < L must therefore
contain a point, by excluded middle, but Choice is still needed to find it [Joh82, Exercise
VII 4.3]. In the localic formulation, it is a typical use of the maximality principle to find a
prime filter containing F, so A < P in our notation. ]

The situation in which open and compact subobjects interact extremely well is that of
a compact Hausdorff object (Definitions EE2 and E2).

Lemma 5.10. Let X be a compact Hausdorff object and ¢ : 5. Then

(z#y)Vor < (x#y)Voy
¢z & Yy (z#y)Voy
(x # x) s L
(z #y) & (y#z)
(z # 2) = (@#yV(y#2)
Proof.  These are the lattice duals of (z = y) Aoz & (x = y) Aoy, ¢z < Jy. (z = y) A ¢y,

reflexivity, symmetry and transitivity in any overt discrete object, and the following proof
is just the dual of that in [C, Lemma 6.7].
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The closed subobject A : X C X x X is co-classified by (#x), so the corresponding
nucleus, in the senses of both locale theory (5 = A, - A*) and of abstract Stone duality
(E=Va - %2, Axiom B3(c) and Lemma BX) takes

¢: XXX to Azy. (z#y)V oy
Consider in particular 1) = ¥P0¢, or ¥ (x,y) = ¢x; then
Vag = Va -T2 5P0% = Va2 = (Yal)VIPog,

The same thing in A-calculus notation, and its analogue for p, are

(Vag)(z,y) & (x#£y)Vor & (x#£y)Vdy.

Now apply Vp, = Vy, s0 ¢ = Vp, - Vad = YV, (VaLlVEPP), ie ¢z & Vy. (z#y)V oy.
Inequality is irreflexive by definition. We deduce symmetry by putting ¢ = Au. (y # u) and
the dual of the transitive law with ¢ = Au. (u # z). U]

The idea of the following construction is that K C U iff U UV = X, and conversely
x eV iff K C X\ {z}, where K is compact and V is its complementary open subobject,
encoded by A and v respectively. The lattice dual of this result — that open and overt
subobjects coincide in an overt discrete object — was proved for N in [Al Section 10].

Proposition 5.11. In any compact Hausdorff object K, there is a retraction L5 n=r
given by
Y o= A V. Yx V gx
A — . AQ\y.x #y),
where, if A is so defined from 1 then it preserves T and A.
Later we shall show that closed and compact subobjects agree exactly.

Proof. ¢ — A Ax. A(\y. Yy V x # y) = 1, by the second part of the Lemma. Then
AT & T easily, whilst A(¢1 A ¢2) < Ap1 A Agg by distributivity.

On the other hand, A — ¢ +— A¢.Va. A(\y. ¢y V x # y), whilst the first part of
the Lemma says that A = Ap. A(A\y. Vx. ¢y V & # y), so for the bijection between closed
and compact objects we need A to commute with Vz. To show this, we need to know
about the Tychonov product topology on X x X (Remark B3), and to use Scott continuity

(Theorem [E0]). (]

As we said, it is not obligatory that the As that we shall use to define locally compact
objects in the next section actually satisfy these conditions, i.e. preserve T and A. Consider
the localic situation.

Example 5.12. For § € L in a continuous lattice (Definition [2.1(c)|), the subset

16 ={ol8<9¢} CL

is Scott-open, and therefore classified by some A : ¥ (Remark [£2). However, 1 3 need not
be a filter (cf. Definition ZJ)), so A need not preserve T or A. Il
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We obtain similar behaviour even in traditional topology. The following may seem a
strange thing to do, but it will fall into place as we start to use the A-calculus.

Notation 5.13. In [A] we found it useful to regard any map F : ©¥ — %Y (not necessarily a
homomorphism for the monad or of frames, but nevertheless Scott-continuous) as a “second
class” map F:Y —xX , and to write HS for the category composed of such maps. The
work cited there explains how they interpret “control effects” such as jumps in programming
languages. We shall in particular meet I : X — 3V such that ¥*- I = id, where i :
X—Y.

Remark 5.14. Just as in Lemma [EH we formed the modal operator corresponding to the
direct image K of K along i : K — X as the composite A = Vi - »¢, so we may form the
direct image F'A along a second class map F': K —x X as Vg - F. Its open neighbourhoods
are given, as in Remark B8, by

(FK C ¢) & (Vg -F)¢ < A(F¢) & (K C Fg).

However, Vi - F' need only be a filter when F' preserves T and A.

Even when A does preserve meets, and so classifies a Scott-open filter of open subspaces,
it need not correspond to a (locally) compact subspace. (It does in a compact Hausdorff
object, but even there we do not yet have to tools to prove it, c¢f. Proposition B11) We
make a brief excursion into classical topology to illustrate the duality of open and compact
subspaces, and their alternating inclusions (Notation [[3]). Recall from Definition [Tl that
any open subspace is the union of the compact subspaces inside it: the first result answers
the dual question of when a compact subspace is the intersection of the open subspaces
that contain it.

Lemma 5.15. Using excluding middle in classical topology [HMSIl, p221 def 2.1],
{yeX|IreK.z<y} = ﬂ{UCX open | K C U},

where < is the specialisation order (Definition [37]). We call this the saturation of K.
Hence compact subspaces of X can be recovered from their modal operators iff X is Ty
(when < is trivial). For a specific non-example, let X =% and K = {L}, so A= \p. ¢ L
and the saturation of K is 3. L]

What we might hope to recover from the modal operator A, therefore, is the saturation
of K, as Karl Hofmann and Michael Mislove did for sober spaces [HM&1l Theorem 2.16], and
Peter Johnstone did for locales [Joh85]. This result shows that we have identified enough
of the properties of modal operators, at least in the classical model.

Lemma 5.16. Let F C ‘ZX‘ be a Scott-open filter of open subspaces of a sober (but not
necessarily locally compact) space. Then, assuming the aziom of choice, K = (}F C X is
a compact subspace, and F ={U | K C U}. L]

Lemma 5.17. [HMS8T), p221 thm 2.16] Let K = (), K be a co-directed intersection of
compact saturated subspaces of a sober space. Then K is also compact saturated, and Ax =
\ Ak,. If all of the K, are inhabited then so is K. ]
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Theorem 5.18. [Kelb5, Problem 5 F(a)] Compact saturated subspaces of a locally compact
sober space form a continuous preframe under reverse inclusion. That is, for any compact
saturated subspace K C X,

K = Q{L compact saturated | L < K}.

Here L < K means that there is an open subspace U with K C U C L (sic — Notation[L3),
but this is equivalent to L < K, the order-reversed analogue of Deﬁnition i.e.

KDQMS:>EIS.KDMS. O
S

Corollary 5.19. Using Choice in classical topology, stably locally compact sober spaces
engjoy the dual Wilker property (cf. LemmallI0): if KNL C U then there are open subspaces
V and W and compact ones K' and L' such that K'NL' CU, KCV Cc K'and LCc W Cc L'
[IS96, Theorem 23].

Proof. Use Lemma B in the continuous lattice of compact saturated subspaces under
reverse inclusion. It is significant in this that the abstract joins in the lattice be given by
intersections of subspaces. ]

Remark 5.20. There is still a problem. Even when X itself is locally compact, and we
have a filter F that is Scott-open and therefore classified by a term A of type ZEX, the
compact subspace K that they define need not be locally compact. Therefore they need
not be definable as actual objects in the theory that we describe in this paper. However, an
extension to and beyond the category of all locales is envisaged for later work. Preliminary
investigations in this suggest that any A : =% that preserves 1 and A can be expressed as
the universal quantifier of a compact subobject.

However, as we said at the beginning of this section, the “dual bases” that we shall
introduce in the next section use the As and not the Ks. It is a desirable property of A
that it be a filter, i.e. preserve T and A, because then we can fully exploit the intuitions
of traditional topology. But it is not necessary: locale theory gives rise to bases that don’t
have this property, and both ways of doing things have their advantages.

6. EFFECTIVE BASES

This section introduces the first of our abstract characterisations of local compactness
((d) in the Introduction) and explores its relationship to the traditional definitions in point-
set topology and locale theory.

Remark 6.1. Recall that we call a system (U™) of vectors in a vector space a basis if any
other vector V' can be expressed as a sum of scalar multiples of basic vectors. Likewise, we
say that a system (U™) of open subspaces of a topological space is a basis if any other open
set V can be expressed as a “sum” (union or disjunction) of basic opens.

How do we find out which basis elements contribute to the sum, and (in the case
of vector spaces) by what scalar multiple? By applying the dual basis A, to the given
element V', giving A, - V. Then

V = ZAn-V*U"
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where
(a) > denotes linear sum, union, disjunction or existential quantification;
(b) “scalars” in the case of topology range over the Sierpinski space;
(c) the dot denotes
e inner product of a dual vector with a vector to yield a scalar,
e that V is an element of the family classified by A,, or
e \-application; and
(d) ‘«* denotes multiplication by a scalar of a vector, or conjunction.

In abstract Stone duality, since the application of A,, to a predicate V : £X yields a scalar,
it must have type »=%. In the previous section we saw that (some) such terms play the
role of compact subobjects.

Definition 6.2. An effective basis for an object X is a pair of families
n:N F pgr.xX n:Nl—An:EZX,

where N is an overt discrete object (Section H), such that every “vector” ¢ : ©X has a basis
decomposition,

¢ = In. Ao N G".
This is a join \/ {" | a,} over a subset, with o, = A, ¢, in the sense of Remark In
more traditional topological notation, this equation says that

forall V.C X open, V= [ J{U" |V € £},

where 8%, ¢ : ¥X and A4, : n=t classify open U™,V C X and F,, C ¥¥ in the sense of
Remark

We call (8") the basis and (A,) the dual basis. The reason for saying that the basis
is “effective” is that it is accompanied by a dual basis, so that the coefficients are given
effectively by the above formula — it is not the computational aspect that we mean to
stress at this point. The sub- and superscripts indicate the co- and contravariant behaviour
of compact and open subobjects respectively with respect to continuous maps.

Remark 6.3. We shall find in Section [ that every object that is definable in the ASD
calculus (as we set it out in Sections BHAl) has an effective basis. However, there are plans to
extend this calculus to and beyond general locales, where those results will no longer apply.
Then we shall define a locally compact object to be one that has an effective basis in the
above sense.

The first observation that we make about this definition expresses the inclusion U" C
K™ (cf. Definition . After that we see some suggestion of the role of compact sub-
objects, although Lemma .5 is too specific to be of much use, unless X happens to have a
basis of compact open subobjects, i.e. it is a coherent object [Joh82 Section IT 3].

Lemma 6.4. IfT'F ¢ : ¥ satisfies T - A, < T then T+ " < ¢.

Proof. Since A,¢ < T, the basis decomposition for ¢ includes 8™ as a disjunct. ]
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Lemma 6.5. If+ A,0" < T then " classifies a compact open subobject.

1 1
_

g T

A
EKZEXlﬂn‘ ‘EX n Y
Proof. The equation A,0" < T says that the square commutes. Any test map ¢ :
I' — X% | 8" that (together with ! : I' — 1) also makes a square commute must satisfy
I'FA,0< Tand ' ¢ < (™, but then ¢ = 3™ by the previous result. Hence the square
is a pullback, whilst /" = Txx, so the lower composite is Vg, making K compact. L]

The following jargon will be useful:

Definition 6.6. An effective basis (8", A,,) for an object X is called
(a) a directed or V-basis if there is some element (that we call 0 € N) such that

BO=Xx. L and Ay=Xo. T

(though Ag = T entails 3° = L by Lemma G4l and a binary operation + : N x N — N
such that
prtm = gy gm and Apim = Ap N Ap;
this definition is designed to work with Definition EET3 it is used first in Lemma
and then extensively in Sections [[THIGE
(b) an intersection or A-basis if 3! = \x. T for some element (that we call 1 € N), and
there is a binary operation % such that

ﬂn*m — ﬂn/\ﬂm An < An*m and Am < An*ma

so the intersection of finitely many basic opens is basic; this is a positive way of saying
that we do have a basis instead of what is traditionally known as a sub-basis;

(c) a lattice basis if it is both A and V;

(d) a filter basis if each A, preserves A and T, and so corresponds in classical topol-
ogy to a compact saturated (though not necessarily locally compact) subspace K™, by
Lemma BTG

(e) a prime basis if each A,, of the form A,¢ < ¢p™ for some p" : X (cf. Axiom B.3(D)),
the corresponding compact subobject being K™ = {p"}.

Any effective basis can be “up-graded” to a lattice basis by formally adding unions and
intersections (Lemma BZf). It can be made into a filter V-basis instead (Remark [Z.0).
Some of the other terminology is only applicable in special situations: if A1 T < T then the
object is compact, with Vx = Ay, whilst a sober topological space has a prime basis iff it
is a continuous dcpo with the Scott topology (Theorem [[ZTTl). Even when the intersection
of two compact subobjects is compact, there is nothing to make A, 4y, correspond to it, but
we shall rectify this in Proposition [CLT41

Examples 6.7. Let N be an overt discrete object. Then
(a) N has an N-indexed prime basis given by

" = {n} = dx.(x=yn) and A, = ny(n) = A¢. ¢n,
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because In. A,¢ A"z = In.qné A{n}tr & In.pn A (x =n) & ¢x; and
(b) £V has a Fin(N)-indexed prime A-basis given by

B'=X.VYmetl.tm and Ay =\b. d(Am.m € (),

because P& < . P(Am.m € £) AVm € L. &Em by Axiom (The convention that
superscripts indicate covariance (Remarks and ELT2) means that the imposed order
on Fin(N) here is reverse inclusion of lists.)

We devote the remainder of this section to showing that every locally compact sober
space or locale has an effective basis in our sense. We start with traditional topology.

Proposition 6.8. Any locally compact sober space has a filter basis.

Proof.  Definitions [l and [L.5(f)] provide families (K™) and (U™) of compact and open
subspaces such that

for each open V C X, V = U{U"|K”CV}.

As the subspace K™ is compact, Remark defines A, : ¥X — ¥ such that K™ C V iff
A, < T, where " and ¢ : ¥ classify U” and V C X, so ¢ = In. 4,0 A ™. ]

Notice how the basis decomposition “short changes” us, for individual basis elements:
we “pay” K™ C V but only receive U™ C K™ as a contribution to the union. Nevertheless,
the interpolation property (Lemma [[2) ensures that we get our money back in the end.

In many examples, U™ may be chosen to be interior of K™, and K" the closure of U".
However, this may not be possible if we require an V-basis. For example, such a basis for
R would have as one of its members a pair of touching intervals, (0,1) U (1,2), which is not
the interior of [0, 1] U [1,2].

Remark 6.9. It is difficult to identify a substantive Theorem by way of a converse to this
in traditional topology, since the A-calculus can only by interpreted in topological spaces if
they are already locally compact, and therefore have effective bases. Nevertheless, we can
show that a filter basis (6", A,) can only arise in the way that we have just described.

By Lemma BTl each A, corresponds to some compact saturated subspace K™, where

(K"CV) < Ayp = (U"CV),

" and ¢ being the classifiers for U™ and V as usual. Since K" = (}{V | K" C V'}, we
must have U™ C K". Then, given x € V, so ¢x < T, the basis decomposition ¢z <
In. Apd A "z, means that x € U™ C K™ C V, as in Definition [L1] ]

Example 6.10. The closed real unit interval has a filter A-basis with

fIE = (qte) = M|z —q| <e

Agrs = [qx0] = M. Va. |z —¢| <5 = ¢
where €,0 > 0 and ¢ are rational, and we re-deploy the interval notation of Example [[4] in
our A-calculus. We also write (g + §) for a variable that ranges over the codes, as opposed

to the open (¢4 0) and compact [¢ & 0] intervals that it names. The imposed order is given
by comparison of the radii € or 6.
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Proof. Let z € U C [0, 1]; then, for some € > 0, Vy. |x —y| < e =y € U. So with 6 = %e,
and ¢ rational such that |z — ¢| < 9,

Vy.ly—ql<d=yelU A ze{y|ly—q <d},
which is 3(qg £ 6). Agusd A (992 in our notation. ]

Example 6.11. Recall that any compact Hausdorff space X has a stronger property called
regularity: if C C X is closed with = ¢ C then there are x € U ) V D C with U,V C X
open and disjoint. Writing K = X \ V and W = X \ C for the complementary compact
and open subspaces, this says that given x € W, we can find x € U € K C W, as in
Definition [Tl Let (8",7,) classify a sufficient computable family (U™ 7 V;,) of disjoint
open pairs, and put A, = \¢. Vz. ¢z V v, x, which corresponds to the compact complement
of V,, (Proposition BITl). Then (8", A4,) is a filter basis for X. It is a lattice basis if
the families (") and () are sublattices, with 70 = T, 71 = L, Yn+m = Yn A ¥m and
Ynxm = Yn V Ym- L]

Remark 6.12. In these idioms of topology, where we say that there “exists” an open
or compact subobject within certain bounds, that subobject may typically be chosen to
be basic, and the existential quantifier in the assertion ranges over the set (overt discrete
object) N of indices for the basis, rather than over the topology ¥ X itself. For example,
this is the case with the Wilker property in Lemmas and 271

Now we turn to locale theory.
Proposition 6.13. Any locally compact locale has a lattice basis.

Proof. The localic definition is that the frame L be a distributive continuous lattice (Def-
inition [2.1(c)f), so
forallp e L, ¢ = \/{BeL|B< ¢},

and by Example B12, T8 = {¢ | 8 < ¢} is classified by some A : %,
This means that there is a basis decomposition

¢ = In.B"NA,P, where A, = M. (0" < ¢),

so (8™, Ay) is a lattice basis.

Recall, however, from Remark B3 that we must consider this basis to be indexed by the
underlying set, |L|, of the frame L. Thus N = |L|, whilst 3(-) : N — L is the couniversal
map from an overt discrete object IV to L.

In fact it is enough for the image of N to generate L under directed joins (Definition EZ3).
There is no need for N to be the couniversal way of doing this, and so no need for the
underlying set functor |—|. O

Remark 6.14. The first part of the converse to this is Lemma [0, but with the relative
notion < in place of compactness itself: if A,¢ < T then 8" < ¢ in the sense of Defini-

tion For suppose that ¢ < \/, 05,50 T & A,¢ = A, \/,0s & \/, A0, Then®
A, < T for some s, so 8" < 65 by Lemma G4

5This involves the same confusion of internally and externally defined joins as in Definition B2 cf. Re-

mark EETT1
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Now suppose that a locale carries an effective basis in our sense. Then

¢ = In.Anp A B = \/{B" | An} < \H{B" 18" < 0} < o,
in which the second join is directed, by Lemma [Z8 Hence the frame L is continuous. []

Remark 6.15. Notice that g™ < " does not imply any relationship between n,m € N,
because the function 3(7) : N — L need not be injective. This is the reason why A,, need
not be exactly Ap. 8" < ¢, c¢f. Remark

Proposition 6.16. A locale is stably locally compact iff it has a lattice filter basis.

Proof. [=]Let A, = \¢. B < ¢ as before. [<] As we have an V-basis, the basis expansion
is a directed join, to which we may apply the definition of ™ <« ¢. In this case there is
some n with g™ < 8" and A,¢ < T,s0 0™ < T. Also, if ™ <« ¢ and ™ < 9 then, for
some p, q,

ﬁm < ﬁp’ ﬁm < ﬁq, Ap¢ & T and Aq¢ =T,
so 3™ < BP A 1 = BP9, As we have a filter A-basis, Apqd A Apeqth & Apug(d ANY) & T.
Hence, with n =pxq, 8™ < " and A, (¢ ANY) & T, s0 M < ¢ A . ]

Remark 6.17. In summary, the dual basis A, ¢ essentially says that there is a compact
subobject K™ lying between 8" and ¢, but K™ seems to play no actual role itself, and the
localic definition in terms of < makes it redundant, c¢f. Proposition Nevertheless, each
definition actually has its technical advantages:

(a) in the localic one, 3 ranges over a lattice, but T 3 need not be a filter;

(b) in the spatial one we have filters, but the basis need only be indexed by a semilattice.
Effective bases in our sense can be made to behave in either fashion, though we shall only
consider lattice bases (cf. the localic situation) in this paper (Remark sketches how
filter bases may be obtained). Stably locally compact objects have lattice filter bases, whose
properties will be improved in Proposition [2ZT4] to take advantage of the intersections of
compact subobjects.

7. SIGMA-SPLIT SUBOBJECTS

A basis for a vector space is exactly (the data for) an isomorphism with RV, where N
is the dimension of the space. It is not important for the analogy that the field of scalars
be R, or that the dimension be finite. The significance of RY is that it carries a standard
structure (in which the nth basis vector has a 1 in the nth co-ordinate and 0 elsewhere),
which is transferred by the isomorphism to the chosen structure on the space under study.
The standard object in our case is the object £V (or the corresponding algebra EEN), for
which Axiom defined a basis.

Bases for lattices are actually more like spanning sets than (linearly independent) bases
for vector spaces, since we may add unions of members to the basis as we please, as we do in
Lemma B4 below. Consequently, instead of isomorphisms with the standard structure, we
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have Y-split embeddings X —— X, We shall see that these embeddings capture several
well known constructions involving R and locally compact objects.

Definition 7.1. i : X —— Y is a X-split subobject if (it is the equaliser of some pair [B]
and) there is a map I : ¥X — %Y such that ¥’ - I = idy,x. Using Notation BT, we write

7 >t
X « Y
X _ Y > - by
I

The effect of this is that X carries the subspace topology inherited from Y, in a canonical
way: for an open subobject ¢ of X, it provides a particular open subobject I¢ of Y for
which the restriction X¢(1¢) is ¢.

In the case where X is an open subobject of Y (LemmaB8), I¢ = 3;¢ is the least such
extension, whilst for a closed subobject, I¢ = V;¢ is the greatest one, but in general it need
not be either of these.

The computational significance of ¥-split embeddings is that any observation (compu-
tation of type X) on the subobject extends canonically, though not uniquely, to the whole
object.

Warning 7.2. Let Y == Z be a parallel pair of continuous functions between locally
compact sober spaces and X = {y:Y | fy = gy : Z} the subset of points that satisfy the
equation. We give X the subspace topology, i.e. its open subspaces are the restrictions of
those of Y. This is the equaliser X ~— Y = Z in the category of sober topological spaces,
but X need not be locally compact (or have an effective basis). Equalisers also exist in the
category of locales, but again need not be locally compact, or even spatial.

Y-split subspaces are therefore a very special case.

Remark 7.3. For this reason, the formulation of ASD that we gave in Axiom B3l(c) does
not provide general equalisers. It formally adjoins [Bl, §§4-6] a X-split subobject i : X =
{Y|E} — Y of Y with I : ¥¥ a X" such that ¥ - I = idgx and I - %! = E, given any
endomorphism E : ¥ — XY that satisfies the appropriate equation. We shall consider
the formulation of this equation in Section [ The A-calculus developed in [Bl, §§8-10]
allows arbitrarily complicated combinations of Y-split subobjects and exponentials, but in
this section and the next we reduce them to Y-split subobjects of V.

The following results link three (d—f) of the abstract characterisations of local compact-
ness in the Introduction.

Lemma 7.4. Any object X that has an effective basis (8", A,) indexed by N is a X-split
subobject of LN

Proof.  Using the basis (5", 4;,), define
i X -3V by z+— &= A"z
1:9% 5% by 6 ®=ATn. Ay A én.
Then X¢(1¢) = A\x. (I¢)(iz) = Ax.3In. A,¢ A Bz = ¢. We also recover
x = focus(In. A, Aén). O
Incidentally, notice the use of letters here: we write 2 : X, ¢ : ¥% and F : =% for the

object under study, but n: N, £ : ¥V and & : »=Y for its basis, the idea being that = and
¢ are represented by £ and ® under the embedding.
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Conversely, any Y-split subobject inherits the basis of the ambient object, using the
inverse images of the basic open subobjects along i : X —— Y. However, for the compact
subobjects, we use their direct images along the “second class” map T:Y —xX , in
the sense of Remark B.T4l Since I need not preserve meets, nor need the modal operator
YA = A.I. This is why we find bases in which A,, need not preserve T and A.

Lemma 7.5. Let (6™, Ay) be an effective basis for Y and i : X ——Y a X-split subobject.
Then (X18™, %1 A,) is an effective basis for X. If an V- or A-basis was given, the result is
one too. If A, is a filter and I preserves T and A then XA, is also a filter.

In other words, »-split subobjects of locally compact objects are again locally compact.

Proof. For ¢ : £X, I¢: XY has basis decomposition
I¢p < In. A,(I¢) AB" = In. (BTA)e A B™
Since ¥ is a homomorphism, it preserves scalars, A and 3, so
¢ = B(I¢) = L'(3n. Ay(I¢) AB") = In. A,(I¢) AE'B™. O

Corollary 7.6. An object has an effective basis iff it is a X-split subobject of some SN

In the extension of ASD, we shall take this as the definition of a locally compact object.
Proof. The Scott principle (Axiom EZIT) defined a basis on V. ]

These two constructions are not inverse: given an N-indexed effective basis on X, we

obtain a Y-split embedding X »— %, and then a basis indexed by Fin(N). In Lemma (5.6
we shall want to recover the original, N-indexed, basis.

Lemma 7.7. An embedding X —— XV arises from a basis according to Lemma iff
each 1¢ preserves joins. It’s then a filter basis iff, for each n, \p. Ip{n} also preserves
finite meets.

Proof. For any basis, £ — I¢€ = dn. A,¢ A &n preserves joins. Conversely, with

B" = Az.izn and A, = M. Ip{n}
we recover ¢z = (Ip)(ix) < In. I¢p{n} Nizn < In. A,¢ A ["x so long as I¢ preserves
the join iz = In.izn A {n}. O

In the rest of this section we consider the classical interpretations of the X-split em-
bedding that arises from an effective basis, starting with traditional topology. Recall from
LIoh82, Theorem II 1.2] that the free frame on N is TKN (the lattice of upper subsets of
KN), and that this is isomorphic to the lattice of Scott-open subsets of the powerset P (V).

Theorem 7.8. Let X be a locally compact sober space with N -indezed basis (U™, K™). Then
X is a X-split subspace of P(N).

Proof. The embedding in Lemma [4] takes
reX to {n|zeU"}e€P(N)
VcX to {{|Inel.K"CV}eTKN.

The second map, I, is Scott-continuous because it takes [, Vs to

{t|Imet. K"V} = {|InelIs. K"V} = | J{¢|Ine . K" C V.}.

s
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The composite - I takes V' C X to |J{,,c, U" | In € £. K™ C V'}, and by Definition [T
this contains V = {x |3In.z € U" C K® C V}. For the converse, if x € X‘(IV) then
H.Vnel.xeU"ANImel. K"CV,sodn.xeU*"C K"CV. ]

Example 7.9. A compact Hausdorff space has a basis determined by a family of disjoint
pairs (U™ 71 V,,) of open subspaces. In this case, the embedding is

x — {n|xzelU"}
W o {|3InelV,UW =X} O

Consider in particular the embedding of R in ¥, where N indexes a basis of open
and closed intervals (Examples [l and ET0). This is closely related to one of the first
examples that Dana Scott used to show how continuous lattices could be used as a model
of computation [Sco70].

Definition 7.10. The lattice of intervals, IR", of R is the set of convex closed subspaces
(including the empty one), ordered by reverse inclusion, and given the Scott topology. The
domain of intervals, IR C IR, consists of the inhabited such subspaces. Amongst these,
points of R are identified with the maximal elements. Classically, the members of IR are of
the form [r £ 6], with r € R and 0 < 6 < 0.

Remark 7.11. In ASD, closed subobjects under reverse inclusion correspond to their co-
classifiers under the (forward) intrinsic order, and to the “complementary” open subobjects
under inclusion. When the closed subobject is convex, the open one is § V v, where J is
lower and v upper in the arithmetical order, so the pair (d,v) is almost a Dedekind cut [I],
except that it is disjoint but need not be “located”. It has this last property exactly when
the closed subobject is a singleton.

Intervals [p,q] or [r &+ 0] with specified endpoints are of this form, but (in ASD and
other constructive forms of analysis), not every inhabited convex closed bounded subobject
need have endpoints. It does so iff it is also overt [J]. In particular, a directed join in IR of
subobjects with endpoints need not itself have them.

It is, however, not necessary to appreciate this issue in order to see the relationship
between IR and our representation of R as a X-split subobject of XV,

Proposition 7.12. In LKSp, R —— IR —— IR "=— 2V where N is the set of pairs,
written (q £ €), with € > 0 and q rational.

(Recall that the —— indicates a closed inclusion.)

Proof. The embedding takes r € R to [r£0] and then to A(q £ €). r € (¢%¢), which is (the
exponential transpose of ) a continuous function. The retraction is defined by intersection:

IRT —_ =V

c H—— MNg=xe).CC(qg=xe)

[r £ 9] > MNgte)g—e<r—0<r+0<qg+e
0 s Mqgxe). T

R Mg =xe). (e =y 0)

N latd — ¢
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Any compact interval of the T; space R is saturated in the sense of Lemma It is
therefore the intersection of its open neighbourhoods, amongst which open intervals suffice.
Hence the composite is IRT — XN — IR is the identity.

The projection IR ««— %/ is Scott-continuous because it clearly takes directed unions
of sets of codes to codirected intersections of compact subspaces. Classically, Lemma B.T7]
showed that such intersections correspond to unions of neighbourhood filters, whilst in
ASD they correspond to the unions of the complementary open subobjects § V v. Hence
the inclusion IRT —— %V is also Scott-continuous.

The inverse image of T under IR' <«— 2% is the open subobject classified by the
inconsistency predicate

InCon(¢) = Fq1 £er)(q2 T €2). (g1 + €1 < g2 —€2) N p{qr £ €1) A P2 £ €2).

The complementary closed subobject of 3V is of course not classified, as it’s not open, but
when we restrict attention to its (overt discrete collection of) finite elements, we find that
consistency is characterised by the decidable formula

Con(f) = Jx: Q. V(qgte) el.x € {qte),
SO InCon(A\(g £¢€). (gt e€) €l) = =Con(¥). O]

Remark 7.13. The idea behind the domain of intervals is not hard to generalise. Indeed,
we may embed any locally compact sober space as a subspace of its continuous preframe of
compact saturated subspaces (Theorem [BI8]), each point being represented by its saturation
in the sense of Lemma That the image consists of the mazimal points (excluding
() plainly depends on starting with a Ti-space, so can’t be an essential feature of the
construction.

Another interesting aspect of the general construction is the decidable consistency pred-
icate on finite elements. Scott developed these into what became a standard form of domain
theory [Sco82]. The subobject of 3V that is determined by the consistent elements is closed,
but also overt [E].

We shall develop our own construction of the real line via Dedekind cuts, and also
discuss the interval domain further, in [IJ.

Now we give the localic version of Theorem This result is the most efficient way of

establishing the connection between locally compact locales and ASD.

Theorem 7.14. Let L be any N -based continuous distributive lattice. Then there is a frame
homomorphism H and a Scott-continuous function I with H - I =idy, as shown:

H

L’ TKN

1

Conversely, any lattice L that admits such a pair of functions is continuous and distributive.

Proof. [=] Let (™) be a basis for the continuous lattice L and A, = \¢. (" < ¢). Let
H : TKN — L be the unique frame homomorphism that extends 5(~) : N — L, so

fortd € YKN, HU = \/ \B" €L,
leU nel
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and define I : L — YKN by I¢p = {{|3In e l. " < ¢}. This is Scott-continuous by a
similar argument to that in Theorem [¥, with 3" < ¢, instead of K™ C V. Then

Br< H(Ig) <« WP < \B" A TImel. g <
mel
— I <K¢ —= M<K,

from which we deduce H(I¢) = ¢, because (") is a basis.

[«<] Conversely, if such a diagram exists then I - H is a Scott-continuous idempotent
on a continuous lattice, so its splitting L is also continuous [Joh82, Lemma VII 2.3]. As H
preserves joins, it has a right adjoint, H 4 R, soid < R-H = j = j-j, and R preserves
meets but not necessarily directed joins. Since H also preserves finite meets, so does j, and
this is a nucleus in the sense of locale theory [Joh82, Section II 2.2], so its splitting L is a
frame. L]

Any locally compact locale is therefore determined by a Scott-continuous idempotent
& on TKN. It is not just an idempotent, however, since the surjective part of its splitting
must be a frame homomorphism. Since the latter preserves T and L by monotonicity,
and \! as £ is Scott-continuous, it is enough to identify the condition on £ the ensures
preservation of the two binary lattice connectives, which we may treat exactly alike. (This
is where Remark B4l came from.)

Lemma 7.15. Let I and H be monotone functions between two semilattices, with H-1 = id.
Then H preserves A iff E =1 - H satisfies the equation E(¢p A1) = E(Ep N\ E).

Proof. If H preserves A then

E(pAy) = I(H(oAY))
= I(Hp N Hv) hypothesis
= I(H-I-HpNH-I1-Hv) H-I=id
= I-H(I-HpNI- -Hvy) hypothesis
= E(E¢ A EY)

For the converse, note first that we have H(¢p A ) < Hp A Hyp and I(¢) AN') < T¢' N Iy
by the definition of A. Then

I(Hp NHY) = E(I(H¢ A Hy)) I=1-H-I=FE-1I

< E(I-HopNI-HY) above

E(E¢ A Ev) E=I1-H

= E(pN) hypothesis

= I-H(pA) E=I1-H

Ho A Hyp < H(pN) H-I=id

so HpA) < HpNHp < H(p A1), O

Corollary 7.16. Any N-based locally compact locale is determined by a Scott-continuous
endofunction of the frame YKN (or by a locale endomorphism of ZEN) such that

E(@pNYp)=FE(EpANEY) and FE(pV)=EEdV EY). (]
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We now have to concentrate on the logical development within abstract Stone duality,
and will only return to the connection with traditional topology in Section [[Al The first
task is to show that every definable object has an effective basis, and is therefore a Y-split
subobject of ¥V. Such subobjects are determined by idempotents £ on »=v satisfying the
equation that we have just identified, along with its counterpart for V. However, even that
characterisation depends on the use of bases (Lemma [[7HT).

8. EVERY DEFINABLE OBJECT HAS A BASIS

In Section Bl we justified the notion of effective basis in the classical models, i.e. for
locally compact sober spaces and locales. This section considers the term model, showing
by structural recursion that every definable object has an effective basis. We have already
dealt with the base cases (N, £V) in Example 6.1, and with X-split subobjects in Lemma [5
So we consider binary products first (leaving the reader to define the 1-indexed basis for 1),
but devote most of the section to the exponential £X.

Lemma 8.1. If X and Y have effective bases then so does X XY, given by Tychonov
rectangles.

Proof. We are given (", A,,) and (v, D,,) on X and Y. Then, on X x Y, we define

€M = gy, Bz A ™My
Fom = M0: nXXY Dm()\y. An(Ax. H(x,y))),
Then O(z,y) < In.A,(\'.0(a',y)) A B
& Inm. Dy (N A (N2 0(2,y'))) Ay A B
& I(n,m). Fpm)t A mm) (z,9) O

Notice that the formula for F{, ;) is not symmetrical in X and Y, though we have
learned to expect properties of binary products to be asymmetrical and problematic [A].
In fact, if A, and D,, are filter bases, we have another example of the same problem that
held us back in Proposition BTl along with the core of its solution.

Lemma 8.2. If A: =% and D : 2= both preserve either T and A or L and V then
A(Xz. D(\y. bzy)) < D(My. A(Az. Ozy))

XYY s q finite union of rectangles.

whenever 0 :
Proof.  Applying the Phoa principle (Axiom B to a single rectangle,
A()\:E. D(\y. oz A ¢y))
& A(Az. DLV ¢z A DY) Phoa for D wrt ¢z
< A(Mx. ¢z ANDY)V (DL AAT) Phoa for A wrt DL
< ALV (DY ANAP)V(DLAAT)  Phoa for A wrt Di.
This would have the required symmetry if we had
ADL) = ALV(DLANAT) & (ALADT)VvDL = D(AL).

If AT & T < DT then both sides are ALV D1, whilst if AL < 1 < D1 then they are
both L. Under either hypothesis, the lattice dual argument shows the similar result

A(Az. D(Ay. gz V y)) < D(Ay. A(Az. ¢z V ¢y))
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for a cross. The result uses equational induction [E, §2], but we shall just illustrate this
with the case where 6 is a union of three rectangles,

Ory & (prx Ary) V (dax Ahay) V (d3x Atzy).

If A and D preserve L and V then ADG is also a union of three terms, to each of which the
first part applies.

We may also use distributivity of V over A to re-express the union # as an intersection
of eight crosses,

(12 V dax V d3z) A (17 V g2 V 1P3y) A

(P12 Vahay V ¢32) A (17 V oy V P3y) A

(V1y V dax V d3z) A (1y V g2z V 1P3y) A

(V1Y V hay V ¢3z) A (Y1y V oy V P3y).

So if A and D preserve A then AD#@ is a conjunction of eight factors, to each of which the

second part applies, for example with ¢ = ¢1 V ¢ and v = 3. In both cases, ADO < D A0
as required. ]

Oxy <

Remark 8.3. This still awaits Theorem on Scott continuity to extend finite unions of

rectangles to infinite ones, but once we have that we may draw the corollaries that

(a) if X and Y have filter bases then Lemma Bl provides a filter basis for X x Y, which is
symmetrical in X and Y

(b) Proposition BTl yields a bijection between closed and compact subobjects of a compact
Hausdorff object. Moreover, despite the other problems discussed in Section B preserv-
ing finite meets is enough to characterise [J modal operators. L]

We shall need to be able to turn any effective basis into a V-basis, which we do in
the obvious way using finite unions of basic open subobjects. The corresponding unions of
compact subobjects give rise to conjunctions of As by Lemma Unfortunately, the
result is topologically rather messy, both for products and for objects such as R that we
want to construct directly.

Lemma 8.4. If X has an effective basis indexed by N then it also has a V-basis indezxed
by Fin(N). If we were given a filter basis, the result is one too.

Proof.  Given any basis (5", A,,), define
v= Xe.Inel.fhz Dy = Ap.Vn el Apo.
Then ¢ = In. A, A 3" < 3. Dy A ~¢ using singleton lists. Conversely,
. Dep Ay = 3. (Vn el Ayd) A (3m € L. ™)

. Im e L. (Yn € L. Apd) AN B™
< W.Imel. Apd NPT = ¢

Then (v%, Dy) is a V-basis, using list concatenation for +. The imposed order < on Fin(NN)
is list or subset inclusion,

(<xl)=(Ucl)=vVnel.nel.
Finally, if the A,, were filters then so are the Dy, since Vm € £ preserves A and T. L]
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Remark 8.5. Computationally, it may be better to see this as an embedding i : X — =Y
rather than into XF"V  as this gives a very simple representation of the basis and dual
basis. Using the notation 7y = An.n € £ and [¢(] = Vn € {. ¢¥n from [E], which also provides
a fixed-point equation for 3¢, this is:

ix = X.In. "z Aén

Ip = XO.IH.DP(An.nel)AVnel And

Ve e Inel flz o iz(dn.nel) & irm

Dip & VYnel And = Io(\p.¥n e l.yn) & T[]

pr < W IP[) Nixmy O

Lemma 8.6. If an A-basis was given, Lemma [§) yields a lattice basis.

Proof. We are given 3 = T and 8" A g = g™,
Let £ x ¢ be the list (it doesn’t matter in what order) of all n*m for n € £ and m € ¢'.
In functional programming notation, this is

(+ 0 = flatten (map ¢ (An. map ¢'(Am. n+m))),

where map applies a function to each member of a list, returning a list, and flatten turns
a list of lists into a simple list. Categorically, map is the effect of the functor List(—) on
morphisms, and flatten is the multiplication for the List monad. Using the corresponding
notions for K(—), » can similarly be defined for finite subsets instead.
Now let
g = @Enect.Imel. 7™ = (Y AqyY)

by distributivity in X, whilst 41 = 8! and Dyyp = Ay (where {1} is the singleton list)
serve for ' and D;. (This uses equational induction, [}, §2].) O

Remark 8.7. By switching the quantifiers, we may similarly obtain A-bases, and turn an
V-basis into a lattice basis. In fact, this construction featured in the proof of Theorems
and [LT4l This time the filter property is not preserved, since if A,¢ means K™ C U then
Ay¢ means that dn € ¢. K™ C U, which is not the same as testing containment of a single
compact subobject. Proposition [ZZT4 shows how to define an A-basis for a locally compact
object in which A, actually captures the intersection of the compact subobjects.

Proposition 8.8. N and XV have effective bases as follows:

N prime r={n} = m.(n=m) A, =nnn)=X.&n

N filter v = xm.met Ay =M. Vmel.Em

N lattice Bl=m.YleL mel Ap=X.HecL.Ymel.tm
SN prime A Bf= A, Ar = v 88 = A0 &(Am. m € {)
SN filter lattice B* = Ap AL, =20Vl e L. &(Am.m € ¥)

indezed by n: N, € : Fin(N) or L : Fin(Fin(N)). The interchange of sub- and superscripts
means that we’re reversing the imposed order on these indexing objects (Remark [[-13). [
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The last of these also provides a basis for EZN, using Axiom twice.
Lemma 8.9. =" has a Fin(FinN)-indezed prime A-basis with
Bi=AL, =20V e L.®B"° and AL =npenyAp =AF. FAL
s0, using X3 N as a shorthand for a tower of exponentials, Z‘,EZN =((N—-3%)—%) -5,
F:¥*N, ®:3%" + F® < 3IL: Fin(FinN). FAL AVl € L. DG
Proof. The prime A-basis on ¥V makes =Y g yFin() by
®— A D3° and AT UIAVREL En T,
so X3N < X%Fin(N) by
F s AU FNE . WAV € l.En) and AD.GM. BSY) — G.

For any F : E?N and U : SF"V) et G be obtained from F in this way, and use the prime
A-basis on ZFin(V).

GU <« 3L:FinFin(N). GI\l.L € L)AL € L. WY
& IL.F(A (M. Le L) AV el tn) AV E L WL
& IL.FAE e L.Ynel.én)AVLE L UL
& 3L.FALAVLEL. WL

0 F = AP.GM.®B%) = \®.IL. FA, AVL € L. D55 O

Lemma 8.10. If an object X has an effective basis (5", A,) then its topology X has a
prime lattice basis (D¥, A\F. Fyr), indexed by L : Fin(FinN), where

v = Me I e L.¥nel.f'c and DF = Xp. ¥Vl e L.Inel. Apo.
Proof. By Lemma [Z4] there is an embedding i : X —— XV with X-splitting I by
ix = M. f"x and I¢p = & = A.In. Ao ANén, so ¢ = Ax. D(ix).
ForF:EEX,let fEF'ZiE)\\I/.F()\a:.\IJ(ia;)) :33N,so F-I=F-%"-T=F. Then
F¢ & F(I¢p) < 3IL.FALAVLe L.I¢3° Lemma

& 3JL.F(X'AL) AVL € L. I¢3"
& 3L. Fy, A D¢

since the given formulae are y;, = /Ay, and DY = \¢. V¢ € L. I¢3°. []
Theorem 8.11. Every definable (or locally compact, cf. Remark[EZ3) object X has a lattice

basis, indexed by Fin(FinN), and is a X-split subobject of XN, Moreover, ¥ is stably locally
compact, as it has a prime lattice basis (cf. Proposition [G10). U]
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Remark 8.12. This is a “normal form” theorem, and, like all such theorems, it can be
misinterpreted. It is a bridge over which we may pass in either direction between A-calculus
and a discrete encoding of topology, not an intention to give up the very pleasant synthetic
results that we saw in [C]. In particular, we make no suggestion that either arguments in
topology or their computational interpretations need go via the list or subset representation
(though [IKM99] seems to have this in mind). Indeed, subsets may instead be represented
by A-terms [E]. It is simply a method of proof, and is exactly what we need to connect
synthetic abstract Stone duality with the older lattice-theoretic approaches to topology, as

we shall now show.

9. BASIC COROLLARIES

Making use of the availability of bases for all definable objects, this section establishes
the basic properties that justify the claim that abstract Stone duality is an account of
domain theory and general topology, at least in so far as its morphisms are continuous
functions. We first prove something that was claimed in Remark

Proposition 9.1. Let M be an overt discrete object with effective basis (5", Ay) indexed by
an overt discrete object N. Then M 1is the subquotient of N by an open partial equivalence
relation.

Proof. Write n |- z forn : N, z : M + A,{z} A "z (using discreteness of M) and
N' ={n|3z.nl- 2z} C N, which is open, using overtness.
Then, using the basis expansion of open {z},
T e (x=p2) & {z}(z) & In.A{e} A" & In.nl-z,
so every point x : M has some code n : N’. The latter belongs only to x since
nlFzAnlty < A {z} NGz A A{y} A"y
= An{z} A By
= (In. Az} A"y
& {zly & (@=my)
Hence N’ — XM by n+ Az.n IF z factors through {} : M —— XM and M is N/~ where
(m~n)=Fz.mlFzAnlFz) [C]. ]

We leave it as an exercise to define partial equivalence relations on List(/N) whose
quotients are List(M) and K(M).

Corollary 9.2. Every definable overt discrete object is a subquotient of N by an open partial
equivalence relation. ]

This does not restrict how “big” overt discrete objects can be in general models of ASD:
for example, Ny still belongs to the classical model. It simply says that, having required
certain base types to be overt discrete, as we did with N in Axiom B4}, the additional overt
discrete objects that can be constructed from them are no bigger.

Corollary 9.3. In the free model, if an object X has a basis indexed by any overt discrete
object M then it has one indexed by N.
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Proof. Letn:N, m: M F nl-m be the relation defined in the Proposition and (6™, A,,)
the basis on X. Define

A" = A, Idm.nlEmAS"r and D, = Ap.Im.nlEmA A,e.

So 4™ = ™ and D,, = A, if nl-m, but v* = L and D,, = L if n ¢ N’. Then, using the
properties of I, (y", D,,) is an effective basis because

In. Dpd A"z < Tnmm’.nlF mA Apd Anl-m! A Bz
S dm. Apd A" & ¢x O

The next goal is Scott continuity, i.e. preservation of directed joins. Recall from Defi-
nition that these are defined in terms of a structure (5,0, +) that indexes two families
$s:9 F a,:% and ¢°:3%%.

Lemma 9.4. T, /:Fin(M) F (Yme€ £.3s: S. as Ap°m) & (Is: S. as AVm € L. ¢°m).

Proof. We have to show =, as < is easy. For the base case, £ = 0, put s = 0. For the
induction step, ¢/ = m :: £, suppose by the induction hypothesis that

aANdtm A s A¥Ym €L ¢°m

Put u = s+t: 5,50 ay & agy & asAoy and ¢, ¢! < ¥, so we have a, A\Vm € m :: £. ¢%m.

This proof is for lists, but a similar induction scheme works for subsets too, cf. [Tay99),
Section 6.5]. Since this equational hypothesis is of the form o < T, it can be eliminated in
favour of an open subobject of the context [E, §2]. U]

Lemma 9.5. Any I' - F : X3N preserves the directed join T' = 3s. ag A ®F n=Y
Proof.  Using the previous lemma for X = ¥ and M = FinN,
F(3s.as AN®®%) < 3IL.FALAVLE L. 3s.a, N5 Lemma
& JL.FAL A3ds.a, AV e L. &3

& ds.ag ANIL. FALAVL e L. &°p"
& ds.ag AN FO° Lemma B9[]

Theorem 9.6. Any '+ F': n=r preserves the directed join 3s. ag A ¢° : £X.
Proof. Making the same substitutions as in Lemma RT0,
F(Az.3s.as A ¢°z) < F-I(Az. 3s. a5 A P*(ix))
& (F-I-XY(3s.as D%

& Js.agN(F-I-39)0° Lemma @0
& ds.ag A F¢° similarly []

Corollary 9.7. All F: ¥Y — ¥X preserve directed joins. L]
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We can now see the construction in Lemma as a composite, of Lemma twice
and the following result. In order to apply F' : ¥=% to the basis decomposition of ¢ : X,
the decomposition must be a directed join.

Lemma 9.8. If X has a V-basis then ¥ has a prime A-basis.
Proof. For F': »&* and ¢ : ©X, since the V-basis gives a directed join,
Fp & F(3n. ApoAB") < In. App A FB".
This is the decomposition of F’ with respect to the prime A-basis with
B" = A, and A, = \F.Fp™.
Notice that it reverses the imposed order on the indexing object. L]

We can also go up to the second exponential with just one level of lists.
Lemma 9.9. Let (8", Ay,) be a V-basis for X. Then
B'= A F.Vne . FB" and Ay=\F.F(\¢.3In € L. Apo)
define a prime A-basis for EEX, i.e. we have a basis decomposition
F:¥3X F F = AF.3.F(\¢. In € L. A,p) AVn € L. FG™.

Proof. (A,, \F. F3") is a basis and (A¢. In € £. A,¢, A\F.Vn € £. F3") an V-basis for ¥
by Lemmas and Finally, Lemma gives the prime A-basis for »= []

As a corollary, we have another result similar to Corollary @2 although this one does
restrict the size of overt discrete compact objects. Such objects are called Kuratowsksi
finite: see [E] for more detail. Beware that even finiteness is not the same as being a
numeral, for example a Mobius band has a finite set of edges that is locally equal to 2, but
this set is not a numeral.

Theorem 9.10. An object N is overt discrete compact iff it is listable, and therefore a
quotient of a numeral by an open equivalence relation.

Proof. Expanding the quantifier Vy using the filter V-basis for N indexed by ListNV,
Vo < . Yn.n el AVm L. pm,

so T & VnNT < 30.Vn.n € £. The numeral is (the length of) ¢, though we require the
Existence Property (c¢f. Remark EETT]) to pin down its order and so make it a quotient of a
numeral. L]

As another corollary, we can complete the business of Proposition .11l and Lemma

Theorem 9.11. Let A: XY — 3% and B: ¥V — ¥V,
(a) If A and B both preserve T and N then the squares

-~

»X A »Y X —— XY
»U o XU A7 »YxU XxUMxYxU U
B| BX ? BY  BxX ? BxY B
Y EXXVLEYXV XxV ——xYxV 1%
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commute. Hence X is a symmetric monoidal structure in the category whose objects are
those of S and whose morphisms A : X —x Y are the A that preserve T and A, cf. [Al
Section 3]. In particular, these maps commute with Vg, for any compact K.

(b) If instead A and B both preserve L and V then again the squares commute, so X is a
symmetric monoidal structure in that category too, and these maps commute with Iy,
for any overt N.

Proof. Lemma and Theorem O

Corollary 9.12. Closed and compact subobjects coincide in any compact Hausdorff object,
whilst open and overt ones agree in any overt discrete object. L]

10. PRIMES AND NUCLEI

In this section we prove the finitary lattice-theoretic characterisations of primes and
nuclei that we announced in Remark B4l

Since homomorphisms of the four lattice connectives also preserve directed joins, we
might expect them to be frame homomorphisms. However, they only preserve joins indexed
by overt objects, not “arbitrary” ones. On the other hand, objects and inverse image
maps are defined in Abstract Stone Duality as algebras and homomorphisms for the monad
corresponding to X(7) 4 X()| rather than for an infinitary algebraic theory.

We actually consider “Curried” homomorphisms.

Definition 10.1. The term I' - P : ©%" is prime [Al Definition 8.1] if
I F:53X - FP & P(Az. F(\¢. ¢2)).

Axiom [3.3(b)| says that we may then introduce a = focus P such that P = A¢. ¢a.
Plainly if P = A¢. ¢a for some a then

PT & T, PpNY) & daANpa < Po APy

and similarly for L and V. We know that frame homomorphisms (as defined ezternally
using infinitary lattices) agree with Eilenberg-Moore homomorphisms in the case of the
classical models [Al [B]. Now we can use bases to prove a similar result for the internal
finitary lattice structure in our category. This means that we can import at least some of
the familiar lattice-theoretic arguments about topology into our category.

Theorem 10.2. P : X" s prime iff it preserves T, L, A and V.
Proof. [=] Put F = AF. F¢ A\ F1p, so FP < P¢ A Py, whilst
P()\a:. F(Ao. <;53:)) & P(Ax.gx Apx) & P(p A).

The other connectives are handled in the same way.
[«<] First note that, using Axiom B for P and o, and PL < 1,

Plan¢) & PLVaAPp & alPo.
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Second, P commutes with 3 by Theorem [IITI(b), so

FP & .F(Ap.Inel. App) NVn € L. PG Lemma @9
& . F(Ap.Inel. Aydp) NP(Vn € L. 57) P preserves A, T
& 3 P(F(A¢. In € L. Apd) AVn € L. 37) above
& P(3CF(Ap. In € L. Ayg) AV¥n € L. ")
& P(A2.30F(\p. In € L. Ayg) NVn € L. (Ao, 62)B")
& P\ F(\. ¢x)). Lemma 0[]

Corollary 10.3. H : X — YV is an FEilenberg-Moore homomorphism iff it is a lattice
homomorphism. In this case, it is of the form H = X7 for some unique f:Y — X. L]

We have in particular a way of introducing points of an object by finitary lattice-
theoretic arguments. By this method we can derive a familiar domain-theoretic result, but
beware that, as the objects of our category denote locally compact objects and not merely
domains, the order by no means characterises the objects and morphisms.

Theorem 10.4. Every object has and every morphism preserves directed joins.

Proof.  [Ioh82, Lemma II 1.11] Let I', s : S F a5 : X be a directed family in X with
respect to the intrinsic order (Definition B7), then

T,5:5 F \p. das: 5=

is a directed family of primes. But primes are characterised lattice-theoretically, and the
property is preserved by directed joins (Theorem for F), so

T - P = )\ 3s. gag : 55

is also prime, and P = \¢. ¢a, where a = focus P : X.

I claim that this is the join of the given family. By Definition B the order relation
as <x a means A¢. ¢pas < A\@. pa = P, which we have by the definition of P, whilst similarly
ifI') s: 5 F as <bthen A\p. pas < Ap. ¢b so P < Ap. ¢b as P is the join, and then a < b.

By a similar argument, given f : X — Y, we have f(as) <y fa since ¢ : ¥ provides
Y- f: 2% and if f(as) < bthen f(a) < b, so f preserves the join. ]

Corollary 10.5. Suppose that an object X has a least element L in its intrinsic order.
Then any f: X — X has a least fixed point, namely

a = focus(A\¢. In. pa,), where ag = L and ant1 = fa,. ]

Finally, we show that the equations in Lemma that characterised the Scott-
continuous functions F that are of the form I - X* for a X-split sublocale are also valid
for Y-split subobjects in abstract Stone duality.

Definition 10.6. Recall from [B] Definition 4.3] that E : ¥¥ — %% is called a nucleus if
F 33X b E(\x. F(\¢. ¢2)) = E(Az. F(\¢. E¢z)) : X,

(This equation arises from Beck’s monadicity theorem, and is applicable without assuming
any lattice structure on X.)
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Lemma 10.7. If E is a nucleus then
0,0 :55 b E(pAy) = E(BSANEY) and E(pV ) = B(E$V EY).
Proof. Putting F = AF. F¢ A F,

E(Az. F(\¢. ¢z)) = E(Mz. gz Apz) = E(p A1) LHS
E(A\z. F(\¢. E¢x)) = E(Ax. E¢x A Evpz) = E(E¢ N Ev), RHS
are equal. The argument for V is the same. ]

For the converse, first observe that the equations allow us to insert or remove Es as
we please in any sub-term of a lattice expression, so long as E is applied to the whole
expression. In particular, F¢ = E(E¢) and E(¢p V¢V 8) = E(E¢V EY V) (sic).
Lemma 10.8. Although we needn’t have ET =T or EL = 1, we may extend the binary
V-formula to finite (possibly empty) sets £ : Fin(N):

E@nel.a,N¢") = E(Fnel.a, NEP"),
where n : N & ay, : 2 and ¢" : ©X. Similarly but more simply, from the A-equation,
E(Vnel.¢") = E(¥Yne (. Eg").
Proof. The base case of the induction, £ =0, is F1 = E 1, and the next case is
E(an¢) = ELVaANEp = ELVaANE(E9) = ElaNEp)
by the Phoa principle. For the induction step [E, §2],
E(@nem:l a,Ao")
= E(@nel.an g™V (am ™))

E(E(3n e l.anA¢"™) V E(ouy, A ¢™)) V-equation
E(E(3n € l.an NEQ")V E(oy A E¢™)) ind. hyp.
= E(@nel.anNEY")V (am A E¢™)) V-equation

E(Gnem: L. a, N E¢™)
Lemma 10.9. The 3 equation extends by Scott continuity (Proposition [24).

Proof. E(@n: N.a, A¢") = E@¢:FinN.3n e l.ay A ")
= . E@nel.a, ") Proposition
= . E@nel a, NE@") Lemma [[0.F
= FE@@n: N.a, NEP") similarly []

Theorem 10.10. E is a nucleus iff it satisfies
o, 2% + E(pAY) = E(E¢ANEY) and E(pV ) = E(EpV E).

Proof. We expand F : ¥3X in the defining equation for a nucleus

E(\x. F(\¢. E¢z)) = E(3L.FALAVL€ L. ESY) Proposition
E(3L.FALANE( e L.EFY))  Lemma L3
E(3L.FALNE(VL € L. 3Y)) Lemma IR
= EB(3L.FALAVLe L. 3% Lemma [0
= E()\:E F(A\op. px) ) Proposition @8[]
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11. THE WAY-BELOW RELATION

We now introduce the last (g) of our abstract characterisations of local compactness in
the Introduction. Recall from Section Bl that any continuous distributive lattice carries a
binary relation (written < and called “way-below”) such that

a<Ly <Ly d<agp<p o<y
lgy =—m—m———— / _—
aV <y o < 3 dIb.ak Ky
aLfB Ko LY aL pVy
a < (pAY) A8'Y. a< B VY B <pB <y

Notation 11.1. We define a new relation n < m as A,5™.

This is an open binary relation (term of type ¥ with two free variables) on the overt
discrete object N of indices of a basis, not on the lattice ¥X. It is an “imposed” structure
on N in the sense of Remark

For most of the results of this section, we shall require (8", A,,) to be an V-basis for X.

Examples 11.2. (Not all of these are V-bases.)

(a) Let A" classify U™ C X, and A, = \p. (K™ C ¢) in a locally compact sober space.
Then n < m means that K™ C U™. This is consistent with Notation if we identify
the basis element n with the pair (U™ C K™).

(b) Let A, = A\¢. (" < ¢) in a continuous lattice. Then n < m means that " < ™,
cf. Definition

(c) In the interval basis on R in Example 10, (q,0) < (p,€) means that [¢,d] C (p,e€),
rLe.p—e<qg—06<qg+Ii<p+e

(d) In the basis of disjoint pairs of opens, (U™ A V,,), for a compact Hausdorff space in
Example BETTl n < m means that V,, UU™ = X.

e) In the prime basis ({n},nn) for N in Example [6.7(a), n < m just when n = m.

f) In the Fin(NN)-indexed filter V-basis on N in Proposition B, ¢ < ¢ iff £ C 7.

g) In the prime A-basis on £ in Example on the other hand, ¢ < ¢ iff ¢/ C /.

h) More generally, in the prime A-basis on ©% derived from an V-basis on X in Lemma I8,
(n <yxx m) iff (m <x n).

(i) In the Fin(Fin(V))-indexed filter lattice basis on £V in Proposition BX,

L<R=AB"s RAL =WelL3'cR ('),

where R ! L is known as the upper order on subsets induced by the relation C on
elements.

(j) In the prime A-basis on >*" in Lemma B4, L < R iff L C! R.

(k) In the V-basis on =" derived from an V-basis on X in Lemma B3,

(0 <52y 0) = (L <ix 1),

(1) Any stably locally compact object X has a filter lattice basis (IV, 0, 1, 4+, x, <) such that
the opposite (N, 1,0, , +, ) is the basis of another such object, known as its Lawson

dual (Proposition [ZT4).
Our first result just restates the assumption of an V-basis, ¢f. Lemmas and
Lemma 11.3. 0 < p, whilst n +m < p iff both n < p and m < p.

Proof. ApfP < T and A,1m0F & AnBP N Ay BP. L]

(
(
(
(
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In a continuous lattice, o < 3 implies a < 3, but we have no similar property relating
< to <. We shall see the reasons for this in Section But we do have two properties that
carry most of the force of o < § = a < 8. We call them roundedness. The second also
incorporates many of the uses of directed joins and Scott continuity into a notation that
will become increasingly more like discrete mathematics than it resembles the technology
of traditional topology.

Lemma 11.4. " = 3m. (m < n) A ™ and A,, = In. Ay A (m < n).

Proof. The first is simply the basis expansion of 3". For the second, we apply A,, to the
basis expansion of ¢, so

And & In. Agd A Anf” & Gn. Ay A AnB™)o,

since A,, preserves directed joins (Theorem [0.0]). ]
Corollary 11.5. If m < n then g™ < " and A, > A,. ]
Corollary 11.6. If m < n, A,y > A,, and " < 3", then m' < n'.

Proof. (m < n)=Anf" = Ayf" = (m' <n'). []

Corollary 11.7. The relation < satisfies transitivity and the interpolation lemma:
(m=<n) & (Ik.m=<k=<n).
Proof. Ap0" < (Fk. Ay Am < k)" < Jk. A" Am < k. ]

Now we consider the interaction between < and the lattice structures (T, L, A, V) and
(1,0,4,%). Of course, for this we need a lattice basis.

Lemma 11.8. As directed joins,
dAY = 3pg. BPINApd NAgp  and  $V = Ipg. BPTIN Apd A Agy.

Proof. The first is the Frobenius law, since gP*? = P A 39,
The second uses Lemma ELTTE we obtain the expression

oV Y = Ip. App A (B V1))

from the basis expansion ¢ = Jp. A,¢ A BP by adding 1 to the Oth term (since Agp < T
and 3 = 1) and, harmlessly, Apo A1 to the other terms. Similarly,

BV = 3q. A A (BPV BT) = Fq. Agp A BT
The joins are directed because because Agp A Agyp < T and
(Apl(b A Aqﬂ/}) N (Apz(b A quw) Ang (Ap1+p2¢ A Aq1+qzw)’ O
Lemma 11.9. For a lattice basis, A, T < (n < 1), A, L < (n <0) and
Ap(pNY) < dpg. (n <p* q) NApdp N Ay
Ap(oVy) < 3Fpg. (n <p+q) NApd N Ay

Proof.  The first two are A, 3! and A,,4°. The other two are Ipq. A, (BP*)AA,dAAgrp and
Ipq. Ap(BPT9) A Apg A Agp, which are A, applied to the directed joins in Lemma [T []
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Proposition 11.10. The lattice basis (0", Ay) is a filter basis iff 1 < 1 and
m < pxq

m <p m < q

Proof. (n=<1) << A,B' < A, T, but recall that n < 1 for all n iff 1 < 1.
The displayed rule is A,,07 A A9 < AP = A, (6P A 7). Given this, by the
Frobenius law and Lemma [[T3],

Apd NApy & Tdpg. Apd N Agp N Ay BP N Ay 31
& dpg. App NAgp A (m < p) A (m < q)
& dpq. App NAgp A (m < p*q)
& An(oAY) O
If we don’t have a filter basis, we have to let n “slip” by n < m, c¢f. Lemma

Lemma 11.11. For any lattice basis,
n<pxq

dn. (n<m) A (m=<p) A (m=<q)

Proof. Downwards, interpolate n < m < p*q < p,q, then m < p, ¢ by monotonicity.
Conversely, using Corollary [0 if A,8™ < T and ™ < P*? then A,0P* < T. L]

The corresponding result for V is our version of the Wilker property, c¢f. Proposition [[L10]
and Lemma B

Lemma 11.12.
n<p+q
W (n<p +d)ANP <p)A(d <q)
Proof. Lemma with ¢ = P and ¢ = 89. ]

We shall summarise these rules in Definition [[Z.11

There are special results that we have in the cases of overt and compact objects. We
already know that 1 < 1 iff the object is compact (c¢f. Lemma [EH), but the lattice dual
characterisation of overtness cannot be 0 < 0, as that always happens.

Lemma 11.13. If X is overt then
(n<m) = (n=<0)V (Jy.6My) but (n<0)A(Fz. ["x) < L.
Proof. ¢x = Jy. ¢y so, using the Phoa principle (Axiom B,
Apd = Apy(Az.Jy. dy) & ALV Iy. oy NA, T = (n<0)VIy. ¢y.
Putting ¢ = g™, (n<m) = A,0™ = (n<0)VIy. My,
whilst (n < 0) A Jz. 8"z < F2. A0 A B2 = Fo.In. A, L AB < Fz. 1o < L. [
By a similar argument, we have Johnstone’s “Townsend-Thoresen Lemma” [Joh&84],

(n=<p+q) = (n=<p)Vv 3y 6%).

Corollary 11.14. Given a compact overt object, it’s decidable whether it’s empty or in-
habited, cf. Corollary [Z8.

Proof. As (1 < 1) < T, the Lemma makes (1 < 0) and 3z. 3'2 = 3. T complementary.
L]
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Compact overt subobjects are, in fact, particularly well behaved in discrete [E] and
Hausdorff [I] objects.

Sections are devoted to proving that the rules above for < are complete, in
the sense that from any abstract basis (N,0,1,+, %, <) satisfying them we may recover an
object of the category. This proof is very technical, so in the next section we consider a
special case, in which the lattice structure plays a much lighter role.

12. DOMAIN THEORY IN ASD

In this section we provide the basic tools for implementing domain theory within ASD.
Denotational semantics can then be developed in the usual way using this, allowing pro-
gramming languages such as Gordon Plotkin’s PCF [Plo77] to be interpreted in ASD, and
with them the programs required in Definitions [, and for computable bases and
functions. The difference is that classical domain theory leads to the dead end of set theory,
whilst ASD can be translated back into programming languages.

However, the denotational semantics of programming languages will have to wait for a
separate investigation. In this section we merely provide a few results that connect ASD
with the topological aspects of domain theory such as [JKM99) LTKMOTL [IS96] that rely on
manipulation of bases (in the sense of that subject).

We first characterise the objects that have prime bases in our sense, and are continuous
dcpos in the classical setting. The following results are essentially those of [Smy77), §2],
where < is called an R-structure. However, whereas Michael Smyth imposed a separate
theory of recursion on the existing set-based theory of continuous dcpos, recursion is intrinsic
to ASD. We also form the domain of rounded ideals using our own technology, which was
developed in [B].

Definition 12.1. A directed interpolative relation n,m : N+ (n<m) : X on an overt
discrete object NN is an open relation that satisfies:

(a) transitivity and interpolation: n,m : N + (n<m) < Jk. (n<k) A (k<m);

(b) extrapolation downwards: n: N F Jk.(k<an) < T;

(c) directedness: n,r,s : N F (r<an)A(s<n) < Jk.(r<k)A(s<k)A(kan).

A rounded ideal for (N, <) is a predicate I' - £ : ¥V that is

(a) rounded: I', n: N + én < Jk. (n<k) AEk;

(b) inhabited: T' F 3k.k < T

(c) anideal: T, r,s: N F &rAés = Fk.(r<k)N(s<k)NEk.

Lemma 12.2. For eachn : N, én = Xk.k<n is a rounded ideal. ]

We shall see that the |n provide the “basic points” p, (cf. Definition [CH) of continuous

\%
and algebraic dcpos. In fact, the situation is summed up by the next result, whose converse
we shall prove in Theorem [[ZTT1

Proposition 12.3. If X has an N-indexed prime basis, so
or < dn.op, A B x,

then » is a directed interpolative relation, and x : X F £ = An. 8"z is a rounded ideal, with

r = \f{pn | Ent.
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Beware that < and < have opposite senses, following the conventions for continuous lattices,
¢f. the use of < for compact and open subspaces in Notation we think of < as relating
points. Thus m = n and m < n mean that A,, < A, and p,, < p,, but g" <« ™.

Proof. We have already proved these properties when < arises from a filter V-basis. An
V-basis was needed in order to use Scott continuity for A,, but in this case A, = A¢. dp,
preserves finite joins too, so directedness is redundant. Briefly,

(a) the basis expansion of (n < m) = ["p, gives transitivity and interpolation, as in

Corollary [T
(b) that of (Ax. T)p, gives extrapolation; whilst

(c) that of (6" A 3%)p, gives directedness, as in Proposition
The directed join is focus(A¢. —) applied to the basis expansion, as in Theorem [  []

Examples 12.4. Here again are the prime bases that we have encountered.
(a) Equality or any open equivalence relation on an overt discrete object is a directed
interpolative relation, whose rounded ideals are the equivalence classes.

(b) & is the object of (rounded) ideals for list or subset inclusion in Fin(N).

(c) If X has an N-indexed V-basis, <x is a directed interpolative relation on N, and ¥
is the object of rounded ideals for this (recall from Lemma [I8 that <5 x is % x).

(d) In the case of an N-indexed filter lattice basis (so X is stably locally compact), the
opposite relation ($x) is also directed interpolative, because

Tk A o A8 e AT o T A AAS & A8 ABY) & Al (BT

(e) Classically, the rounded ideals for » are in order-reversing bijection with the compact
saturated subspaces of X (Theorem B.IX). (]

Lemma 12.5. Any reflexive transitive relation is directed interpolative, and then all ideals
are rounded. L]

Examples 12.6. (a) If the way-below relation < of the space X in Proposition is
reflexive then X is called an algebraic dcpo, and the p, are its so-called finite or
compact elements.

(b) The space X is a continuous lattice iff it has a basis (IV, <) that’s a semilattice, i.e. the
extrapolative and directed conditions are strengthened to a least element and binary
joins respectively, instead of the extra/interpolant k.

(¢) In a Scott domain, the join is conditional: the join r + s exists in N whenever there
is some upper bound n. Any Scott domain is a closed subspace of a continuous lattice,
but if they are to form a cartesian closed category, they must also be overt [F]. Indeed,
the basis N is overt in the formulation of this section. Instead of a conditional join, we
may add a formal top element to NV, or, equivalently, specify what part of an enlarged
basis is to define the required domain by means of a decidable consistency predicate,
¢f. Proposition [ScoR2].

(d) With pushouts (joins of pairs that are bounded below) but not necessarily a least el-
ement, we have a class of objects that includes the overt discrete ones and is closed
under (), sums and products. The structure of this subcategory is simple enough
to be axiomatised directly in terms of overt discrete objects, i.e. from an arithmetic
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universe [E]. On the other hand, the whole category S may be recovered from it by the
monadic construction in [B].

(e) In an L-domain, the conditional joins in (c¢) are replaced by joins within the lower
subset J7n

(f) If you are familiar with the characterisation of SFP or bifinite domains, and their con-
tinuous generalisations, you will be able to see how to encode them and their bases in
ASD. Maybe this could provide a way of making the results about them more construc-
tive, and identifying the largest cartesian closed category of locally compact objects

[Tan90)]. [l

In the classical theory, a domain is recovered from its basis as the (continuous or alge-
braic) dcpo of (rounded) ideals, with the Scott topology. We can prove the corresponding
result within ASD.

Lemma 12.7. For any directed interpolative relation (N,<),
D R YL B B Y 3n. B(|n) A &n

is a nucleus on LN,

Proof. We have a directed® union
(in) < dm.3k. (m<ak<an) < k. (yﬁ)/\(k‘qn)
by the extrapolation and directedness conditions, so by Theorem (.6 and the definition of £,
@@n) & dk. @(yf) AN(kan) & 5@@71).
Hence we deduce the equations for a nucleus in Theorem [[ILT0],
E(@OT)E In. (q)(in) ©) \I’(in)) Aén

= dn. (Sq)(én) ©) EQ/@n)) Aén

= E(EPOEV)E. O
Definition 12.8. We have defined £ from entirely abstract data (a directed interpolative
relation) but have shown (via Theorem [LTM) that it satisfies the characteristic property
of the composite 3" - I that arises from a X-split subobject.

Now, it was exactly the purpose of the monadic calculus [Bl §8] that, in this situation,

we do have an object, called X = {-% | £} there, that has such a X-split inclusion. That is,

the calculus provides i : {2V | €} »— %N and I formally. Then I' - ¢ : ¥V is admissible,
i.e. an element of the new subobject, if

T, 0:3>" - €3¢ & ¢

The idea of this is that £ “normalises” open subobjects ® of ¥V by restricting and re-
expanding them, and it is only the elements of the subobject being defined whose member-
ship of all such ¢ remains unchanged in this process.

In this case, the calculus allows us to introduce x = admit¢ : X such that £ = ix.

61t is directed in the existential sense of Definition not in the canonical one of Definition
needed for Theorem [l An N-N choice principle is needed for open (recursively enumerable) relations that
amounts to sequentialising non-deterministic programs. This will be justified and applied to other questions
arising from this paper in future work [G.
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Lemma 12.9. ¢ : ¥V is admissible iff it is a rounded ideal.

Proof. Putting ® = A\0.0n, & = A0. T and ® = M. Or A s, we deduce that £ is a rounded
ideal. Conversely, if £ is a rounded ideal then

Vmel.ém < k. (Vmel.m<k)ANEk

by equational induction on £. Then, using the prime A-basis on %%,

o¢ & W P(AIm.mel)ANVm e L.E&m
(IJ(yc) & W PAm.mel)ANVYmel.mak
013 < H.O(Mm.mel)ANTk. (Ym e l.m<k) A&k
& dk. <I>Q7k:) NEk = EPE. O
Corollary 12.10. yz is admissible, because it is a rounded ideal. L]

Theorem 12.11. Any directed interpolative relation (N,<) is the opposite of the way-below
relation for a prime basis on its object of rounded ideals.

Proof. Let X ={¥V | &} ~ "+ ¥V in the notation of [B, Section 8]. Now I claim that
Pn = admit@n) and (" = Az.izn = XY\ &n)
define a prime basis. Since £ = iz is admissible, we have the basis expansion,
v < Ip(iz) < E(I¢)(ix) < In. Iqﬁ@n) Adxn
< In. Ig(ipg) A "z
& dn. op A B
Finally, (n < m) < A, < Mp, < i(admit@n))m & (in)m & (m<an). U]

We leave domain theory aside there and return to topology.

Remark 12.12. Jung and Siinderhauf characterise stably locally compact spaces using a
system of rules that they call a strong proximity lattice [IS96l, Section 5]. These ax-
ioms are very similar to those in Section [l except that theirs are lattice dual, whereas
ours are not. In particular, they prove the dual Wilker property (Corollary BI9), albeit
using Choice. If (N, 0, 1,4, %, <) is an abstract basis satisfying these axioms then so too is
(N,1,0,%,+,%). The corresponding object, which is known as the Lawson dual, classi-
cally has the same points as the given one, but the opposite specialisation order, whilst the
open subobjects of one correspond to the compact saturated subobjects of the other.

Example 12.13. Let < be the way-below relation for a filter lattice basis on a stably
locally compact space X. The object P#X of rounded ideals for > (Example [2.4(d)) is

v

called the Smyth or upper powerdomain of X and is Lawson dual to the topology >+ .[]
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Lawson duality goes way beyond the purposes of this paper, but we can achieve the
dual Wilker property by defining a new basis.

Proposition 12.14. Any stably locally compact object, i.e. one that has a filter N\-basis
(N,0,1,4,*, <), has another such basis indexed by Fin(N) that also satisfies the dual Wilker
property,
pxq<n
W' (' xd <) Ap<p)A(g=<4q).
This can be extended to a new filter lattice basis with the same property by Lemma [SZff.

Proof. We define a new version of %, called x, by
Apxg = ¢ Apug ANp < P) Ag < q).
This construction, unlike Remark R, preserves the filter property, and is also idempotent.
Apg T & W Apy TADP=<P) N (@< )
< (p=1)A@g=1l) & T

APXQ = Hp//q//. Ap”*q” A (p =< p//) A (q < q//) dof x
= WD Ay Np =" <) A(g < ¢ < ¢") interpolation
= ¢ Apxg Np=D) N (@ =) def x

We deduce the dual Wilker property by applying the last equation to 5. Now, as the A,
preserve A,

Apxg(p A Y) & W Aprgn(@ AP A (p < p") A (g < q")
< WG Aprigrnd N Aprregro A (p < D" A (g < ¢")
= Apxqd N Apxgd & D" q" Apg d N Aprign)
Ap<p) A=) A (g=<d)N(g=d").

mn — mn —

For the converse, we put p p' xp” and ¢ ¢ * ¢" and need

Aprg® = Apspragrgr® and (p<p)A(p=<p") = (p<p xp"),

which we have from contravariance of A, and the fact that we had an A-basis. The new
operation x can be defined for more factors in the same way, using recursion and equational
induction. ]

General locally compact objects are a good deal more complicated than domains.
The extension of the earlier results of this section rely heavily on the “lattice” structure
(0,1, +, %), which we investigate next.

13. THE LATTICE BASIS ON L&

In the next section we shall show that the properties of < listed in Section [ are
sufficient to reconstruct the object X and its basis. To do this, however, we need some
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more technical information about the lattice basis on £, and about the free distributive
lattice on N.

Remark 13.1. When an object X has an N-indexed basis (", 4;,) there is an embedding
X »—— 2N given by Lemma 4 This structure may be summed up by the diagram,

Fin(FinV) B I £ =
A€ E(—) . I
H=)h X J
N pe va An-An(—) on
mi— | m=(M.n<m)

in which {—} means the singleton list, the map J on the right is defined by
Jo = A In.pn A én,
and J¢ preserves V, L and 3. We define £ from < using the lattice basis (B, Az) on %V,

Remark 13.2. These results may be seen as presentation of the algebra ©X. In this, N
is the set of generators and DL(NN) is the free (imposed) distributive lattice on them, which
we construct in Proposition below. Then there are homomorphisms

_) EEN ZZ

Fin(FinNV) »X

B(
\\
DL(N)
as B(7) takes the imposed list operations 0, 1, + and % to the intrinsic structure L, T, V
and A in ZEN, whilst 3% preserves the latter in . The relation < encodes the system of
“equations” that distinguishes the particular algebra XX from the generic one =" that is
freely generated by N.

This explains why n < m does not imply n < m in our system, whereas a < ( im-
plies @ < [ in a continuous lattice. Topologically, we already saw the point in Remarks
and many distinct codes may in principle represent the same open or compact
subobject. To put this the other way round, since equality (or containment) of open subob-
jects is not computable, we cannot deduce equality (or comparison) of codes from semantic
coincidence of subobjects.

Remark 13.3. The triangle

B()
DL(N) - =Y

{-H A 6(-)

N
illustrates the comparison between the monad that captures the imposed (0,1, +,*) dis-
tributive lattice structure and the one in Axiom based on X(7) -+ (). The upward
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maps are the units of these monads. We leave the interested student to construct the
multiplication map of the DL-monad as a list program, cf. flatten in Lemma

We are not quite justified in saying that the = monad defines the intrinsic (L, T,V,A)
distributive lattice structure. Corollary [3]said that the homomorphisms are the same, but
I have not been able to show that every object whose intrinsic order is that of a distributive
lattice is an algebra for the monad, i.e. of the form 2% for some object X.

Notation 13.4. Recall from Proposition that the basis on ¥V is
Bi¢ = HeL.Vmel.ém and Ap® = Ve L. ®(Am.m € l),

from which we obtain the way-below relation

ABE = (RcPL) =WleL. 3 eR. (' C¥).
The list of lists R + S is given by concatenation, whilst R x S and B were defined in
Lemma B8l
Lemma 13.5. (BL, AL) is a lattice basis:

B'=T By=L B" =pBRABS B#S=pivp°

A< T Al < (L=0) Apis=AgrA As. ]

Lemma 13.6. (B%, Ay) is a filter basis: AT < T and AL(® AV) & AL® A ALY,

Proof. AL(@AT) & YleL (dAV)(Am.m e /()
& WeL. dAm.mel) ANV (Am.m € ()
& (VWeL.dAm.mel)) A (Ve L U(Am.mel))
& ALPANALY O
The Wilker condition says that we can split the list into the two parts that satisfy the
respective disjuncts.
Lemma 13.7. AL((I) V \I/) < dLqLs. (L =L+ Lg) A Aqu) A AL2\I/. ]

Proposition 13.8. We write L = R if both R ! L and L C* R. This is an open congruence
for the imposed structure on Fin(FinN), and the free imposed distributive lattice DL(N) is
its quotient [Cl, Section 10]. O

Remark 13.9. So far we have not used any of the structure on N itself. Since we have a
lattice basis for X, by definition
)N - uX

takes the imposed structure (0,1,4,%) on N to the intrinsic structure (L, T,V,A) on ¥X,
Associated with this imposed structure is an imposed order relation =<, which 3(-) takes to
<, but with respect to which the dual basis A(_y is contravariant.
Definition 13.10. We define < from + and % as the least relation such that

0xnn<xl1 (kxn)+ (k*m) < k*(n+m)

n<k<m k<m k=<n n<k m<k

n<m kE<xmxn n+m=<k
and again we write n = m when both n < m and m < n.

~

Proposition 13.11. The relation = is an open congruence on N whose quotient is an
imposed distributive lattice. L]
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Notation 13.12. Returning to Fin(FinV), L is regarded as a formal sum of products of
elements of N (additive normal form). This may be “evaluated” by means of the operation

ev: Fin(FinN) — N.

This is defined for lists by a generalisation of Lemma B8l A similar construction works for
Kuratowski-finite subsets instead, except that then N has actually to satisfy the equations
for a distributive lattice up to equality, and not just up to = (c¢f. Notation EE9). The map

DL(N) = Fin(FinN) /(=) —/&) . n/(=)
is the structure map of the distributive lattice, regarded as an algebra for the DL-monad.

Proposition 13.13. The map ev : Fin(FinN) — N is a homomorphism in the sense that
ev0 = 0 and evl =1 by construction, whilst

ev(R+S) = (evR)+ (evS) and ev(R*S) = (evR)* (evS).

Proof. This is a standard piece of universal algebra, which again we leave as a student
exercise. The + equation is proved by list induction, using associativity and commutativity
of + up to =. The equation for x is more difficult, as we have to take apart the inner lists,
and use distributivity. L]

Lemma 13.14. A;BL < T but

ABf & (RC*L) & WeL3WcR ({'Ccl) = (evl <evR)
Ap(X.én) & WYleL.nel = (evL%n)
Ar(X.&nném) < YleL.nelAmel = (evL X nxm)
Ar(X.&nVvéEm) < VYleL.nelVvmel = (evLgn+m)

with equality in the cases L = {{k}} and L = R.

Proof. In the expansion of Ay B, the products in L are of longer strings than those in R.
The other three results follow by putting R = {{n}}, {{n, m}} and {{n}, {m}}, L]

Remark 13.15. The foregoing discussion of = is the price that we pay for not requiring
(N,0,1,+,*) to satisfy the equations for a distributive lattice in Remark [[8 If, like [IS96],
we had done so, we would have instead paid the same price to construct the basis for £X.
This is indexed by the free distributive lattice on N°P qud *-semilattice, i.e. with new joins
but using the old ones as meets. What we have bought for this price is the flexibility of
switching amongst various kinds of basis (Definition 8]), when we needed or didn’t need
them, throughout the paper.

The reason why it is unnecessary to form the quotient of N or Fin(FinN) by the con-
gruence = is that we never deal with their elements up to equality. The things that matter

are the rules ,

n=n n <k k=<n n=n'

/ /
n <k kE<n
which are examples of Corollary Indeed the relation < itself is only needed to avoid
the extra rules that relate + and * to <, which appear in [JS96, Lemma 7].
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14. FROM THE BASIS TO THE SPACE

We are now able to show that any “abstract” basis satisfying the conditions of Section [l
actually arises from some definable object. As in Section [[2 we have to define a nucleus

£:x% - v and (in the next section) characterise its admissible terms in the sense of
Definition [

Definition 14.1. An abstract basis is an overt discrete object N with elements 0,1 € N,
binary operations +,x : N X N — N and an open binary relation < : N x N — X such
that

0 <0 n<p m<p m'xm m=<n n<xn n=<m
« = -
n+m<p m' < n’ n<k=<m
n<L<m m=<p m=<q n<p+gq
n—<pxq n<p+q¢ p=<p qd <q

where < is defined from + and x by Definition [3.T10l

Notation 14.2. o — 3¢ e, J(An. 3L. (n < evL) A ALD)E

AP. N In.TL.En A (n < evD) A AL®.
We have to show that this satisfies the equations in Theorem [ILI0,
0,05 F S@AD) = E(EBAEY) and E(@VV) = EEDVED).

This is made a little easier by the fact that we need only test these equations for basic
® = Bf and ¥ = B:

R,S : Fin(Fin(N) + £(EBT o EBY) = £(B! o BY)
,0:5"" b E(EDOED) =E(D O ).

Proof. We use the lattice basis expansion ® = IR. Ap® A BE.
Note first that the combined expansion using distributivity (Lemma [TJ]),

®OU = JRS. Ag® A As¥ A (BE & BY),

is directed in (R, S), so & preserves the join by Theorem and £& = JR. Ap® A EBE.
Using distributivity, directedness and Scott continuity again, we have

Lemma 14.3.

EPOEV = 3RS. Ar® A AsV A (EBT © £BY) distributivity
E(EDPOEV) = IRS. Ar® A As¥ A E(EBR © EBY) directedness
= 3JRS. Ag® A As¥ A E(BE & BY) hypothesis
= £(@00) O

Next we need to evaluate the expression Ay (€ BT).

Lemma 14.4. &£BF = J(An.n < evR).

Proof. EBT = J(\n.3L.n < evL A AL BT) Definition
< J(An.3L.n < evLl < evR) Lemma [[3T4]
= J(A.n < evR) Definition [[41]

but the < is an equality, as we may put L = R in the other direction. L]



56 PAUL TAYLOR

Lemma 14.5. Since, by hypothesis, < satisfies 0 < k and (c¢f. Lemma [I1.3)

n <k m =<k mn=<sn n<r

n+m—<k mxn <r
we have Ap(EBY) = (evL < evR), with equality in the case L = {{k}}.

Proof. The reason for the inequality is that, whereas B(~) : Fin(FinN) — DL(N) — R
sends + to V and x to A, A(_ only takes + to A, not necessarily x to V.

AL(EBY) o Yie L. EBR(Om.mel) def Aj,
& YelL JAn.n<evR)(Am.m e () Lemma [[Z4]
& YWelL dnel.n<evR def. J
= Wel u <evR * rule
< evl < evR 0, + rules

Here uf is the “product” of ¢, in the sense of 1 and % (written foldx1/¢ in functional
programming notation), so n € £ = pf < n. Then evL is the sum of these products
(Definition [[310). Equality holds when L = {{k}} since ¢ = {k} and evL = ul = k. O]

Equipped with formulae for £BT and A (E£B®), we can now verify the two equations.
Their proofs are almost the same, illustrating once again the lattice duality that we get by
putting directed joins into the background. Unfortunately, they’re not quite close enough
for us to use ® and give just one proof. First, however, we give the similar but slightly
simpler argument for idempotence, although it is easily seen to be implied by either of the
other results.

Proposition 14.6. If < satisfies the transitive and interpolation rules,
n=<r

n<m-=r
cf. Corollary [I1.7], then & is idempotent: E(EP) = ED.

Proof. By (a simpler version of) Lemma [[Z3], it’s enough to consider ® = B¥,

E(EBYY = J(An.3L. (n < evL) A Ar(EBT)) Notation
< J(An.3m. (n < m) A (m < evR)) Lemma [[40]
= J(A.n < evR) hypothesis
= &EBE Lemma [[4.7]

where m = evL. However, the < is an equality as we may use L = {{m}} in Lemma [Z7]
to prove >. U]

Proposition 14.7. Since < obeys the rule linking it with *,
n<rxs

n<m m=<r m=s
(cf. Lemma[lZ11) &€ satisfies the N-equation, E(PANV) = E(EPANED).
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Proof. By Lemma [[433 it’s enough to consider ® = B and ¥ = BS. With m = evL,
r=evR and s = evS,

E(EBRAEBY) = J(Mn.3L.(n < evL) A AL(EBT A EBY)) Notation
= J(An.3L.(n < evL) A AL(EBT) A AL(5BS)) Lemma [[30]
< J(An.Im. (n < m) A (m<71)A(m =< s)) Lemma [[4.0]
= JMn.n<rx*s) hypothesis
= J(An.n < ev(R*S9)) Lemma [3.13]
= &EBR*S = g(BF ABY) Lemmas [Z4] &

To make the < an equality, we use L = {{m}} in Lemma 314 ]
Proposition 14.8. If < satisfies the Wilker rule linking it with +,
n<Xr+s

n<Xp+q p<Xr g<s
(cf. Lemma[lIIA) then £ satisfies the V-equation, E(PV ¥) = E(EP VEV).
Proof. Withr=evR, s=evS,p=evli,q=evlo and L = Ly + Lo,

E(EBRVEBY) = J(An.3L. (n < evL) A A (EBT v £BY)) Notation
= J(M.3L1Ls. (n < evLy +evLo) A Ap, (EB®) A AL, (EB”)) 3D
< J(Mn.3pg. (n < p+q) Alp<71)A(g=<5)) Lemma [TZ5]
= JMn.n<r+s) hypothesis
= J(An.n < ev(R+5)) Lemma
= &EBFYS = g(BF v BY) Lemmas [44 & (3]

Again the < becomes an equality, using L1 = {{p}}, L2 = {{¢}} and L = L; + L2 in
Lemma [[3141 (]
Theorem 14.9. &£ is a nucleus on LV in the sense of [B, Section §]. L]

15. THE POINTS OF THE NEW SPACE

Now we can characterise the (parametric) points of the object that we constructed from
an abstract basis in the previous section. Then we define a lattice basis on it, just as we
did for continuous dcpos in Theorem [TZTT1

Notation 15.1. We are again in the situation of Definition 28 that we have defined
a nucleus &£ from an abstract basis, so the monadic calculus [Bl §8] provides a subobject
i: {ZN | €} — BN with U-splitting I. As in Lemma [[Z3, the next task is to characterise
its elements, i.e. those I' - ¢ : ¥V that are admissible:

T, o:3% F o o Eo¢.
Lemma 15.2. IfI'+ ¢ : SV is admissible then it is rounded in the sense that
I'n:N F én < Im.EmAm<n.
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Proof. Consider ® = \¢. &n, so AL® = (evL < n) by Lemma [[3T4 Then

&n & O & EP¢ < Im.IL.EmA (m <evlL) AN AP Notation
= dm.3L.E&m A (m < evl < n) above

= dIm.E&m A (m <n) monotonicity
where = is actually equality, as we may put L = {{n}} in Lemma [[314 to obtain <. []

Lemma 15.3. IfT' - & : &V is admissible then it is a lattice homomorphism in the sense
that

0 & L & e T En+m) & nVvém En*m) < &nAém.
Proof. Consider ® = \¢.&n® &m, so AL® = (evL < n®m) by Lemma [[ZT4 Then
Enoém < O & EPE

& Jk.3L.Ek A (kK <evl) NALD Notation
= Jk.3L.Ek AN (k< evlL < nOm) above
= Jk.ékN(E<noOm) & &nom) roundedness

with equality by L = {{n ®m}} in Lemma [[3T4 Similarly, for the constants, consider
P=X.T,0 AP T (evLx1),and =X, L, s0 A4, P =W el L < (L=0).

Notice that it is the fact that £ is rounded (for <), rather than a homomorphism (for
0,1,+,*), that distinguishes the particular object X from the ambient ¥V into which it is
embedded, cf. Remark

Lemma 15.4. IfT'+ £ : 2V is a rounded lattice homomorphism then it is admissible.

Proof. d¢ < 3IJL. Ad A B¢ lattice basis on 2V
& JL.ALP ANE(evl)
< JL.3n. AP AEn A (n < evl) rounded
& EDE Definition
where the second step exploits the definition of BY (Lemma [3H) and evL when ¢ is a
homomorphism. ]

Remark 15.5. Hence the rounded lattice homomorphisms ¢ : XV are the points of X,
whilst the rounded filters (A-homomorphisms) correspond to its compact saturated sub-
spaces, at least when X is a classical stably locally compact space (Example [ZT3).

Lemma 15.6. " = \x.izn and A, = \¢. I¢p{n} provide an effective basis for X.

Proof. First note that £ — J¢& preserves joins in &, and therefore so do £ — E£PE and
& — IPE, as required by Lemma [[7, so we recover

ix = An. 0% and I¢p = A In. Ao Aén.
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For the basis expansion, let ¢ : ©% and 2 : X. Then & = iz : ¥ is admissible, and ¢ = X' ®,
where ® = ¢ : »=v,

In. App A "x & In.Ip{n} ANixzn defs 5", A,

& In. (I-29)®{n} Aén defs @, ¢

& dn.EP{n} ANén defs i, 1

& EPE ED preserves £ < In. {n} Aén

& PE & admissible

< (I9)(ix) defs @, ¢

& ox {}n [Bl Section 8]. []

Corollary 15.7. x = focus(3n. A, Aén). O

This is the generalisation of z = \/{p, | én} in domain theory (Proposition [2Z3), and
the version in ASD of {z} = [} K{z} < K in Theorem The predicate £n means
x € U™ C K™ in the spatial setting, cf. Definition [Tl

Theorem 15.8. (5", A,) is a lattice basis, and its way-below relation is <.

Proof. Sincex: X F ¢ =iz = An. f%z : &V is admissible, and therefore a homomorphism
by Lemma [[53 we have

B0 = Ax. L, B = Az. T and B"O™ = "o ™

Next we check the equations on A,, for an V-basis. Let ¢ : 3% and & = I¢ : 2=V Then
EQ=1-"-1Ip=1p =20, s0

App < Ip{n} & P{n} & EP{n}.

Hence Aod o £0{0}
< JL. (0 <evL)ANALD Notation
<= (0=0)ANAD & T

Apdp N Ao = EP{n} NEP{m}

< JL1Ly. (n < evly) A (m < evlo) NAL, O AN AL, Def.
= dLiLs. (n+m < evl; +evlo) N AL, +1,P Lemma [0
= dJL.(n+m <evL) N ALD Lemma
& EP{n+m} & Apimd Notation

using distributivity, L. = L1+ Lo and Lemma[[3:6l But A,1,,¢ = A,¢, so we have equality.

Finally, AT o T izm){n) & (I-S)AE em){n} Lemma 50
& ENE Em){n}
< JL.(n < evL) A AL (X Em) Notation
= dL.(n <evlL < m) Lemma [314]
= (n<m) monotonicity

where we also obtain < by putting L = {{m}} in Lemma [[3T4l (]



60 PAUL TAYLOR

Corollary 15.9. If the object X and its lattice basis (6", Ay) had been given, and =<
and & derived from them, this construction would recover X and (8", A,) up to unique

isomorphism. In particular, if we had started with a filter lattice basis, we would get it
back. L]

We have shown that the notion of “abstract basis” is a complete axiomatisation of
the way-below relation, and is therefore the formulation of the consistency requirements in
Definitions and [Z3], without using a classically defined topological space or locale as a
reference.

This completes the proof of the equivalence amongst the characterisations of local com-
pactness that we listed in the Introduction

In Lemmas M52, we have also characterised points = : X as rounded lattice homo-
morphisms ¢ : ¥V, We shall replace the predicate £&m by a binary relation ﬁ,’f in the next
section, in order to generalise from points of X to continuous functions ¥ — X.

16. MORPHISMS AS MATRICES

The analogy between bases for topology and bases for linear algebra in Section B can
also be applied to morphisms. In this section we identify the abstract conditions satisfied
by the relation

fK" c U™ or K" C frum
that was used in Definitions and B3l Like <, this is a binary relation between the two
overt discrete objects of codes.

As this condition is an observable property of the function, it determines an open
subobject of the set of functions X — Y, and such properties form a sub-basis of the
compact—open topology. If X is locally compact then this object is the exponential Y
in both traditional topology and locale theory, and the conditions below are those listed in
[Toh82, Lemma VII 4.11]. Unfortunately, there need not be a corresponding dual basis of
compact subobjects to make YX locally compact.

In our notation, the relation fK" C U™ is A,(X/p™). Clearly this question can
easily be generalised to A, (HG™), in which we replace f by the “second class” map H

(Notation BT3).
Notation 16.1. Let (8", A,) and (y™, D,,) be V-bases for objects X and Y respectively.

~

Then any first or second class morphism H : X —< Y in HS (that is, H : ¥¥ — %X in S)
has a matriz, R

H" = A,(Hy"): X%,
which generalises the representation of y : Y wia HY = ¢z as & = iy = Ay.7™y in
Lemmas [[R2.
Lemma 16.2. H is recovered from ];AIZL” as Hvyp = dmn. Dy A ﬁ,’f ApB™.

PTOOf. H¢ — H(Elm DmT,Z) A ,ym) (f)/m,Dm) basis for Y

Im. Dpip A HY™ indeed V-basis
= JIm.Dpp AIn. A (HY™) A B (6™, A,,) basis for X
= dmn. Dp A ];AI,T A B definition []
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Lemma 16.3. The matriz is directed in n, cf. Lemma L3

H's T and HY, e H'AHT.
Proof. These are Agp < T and A4 p0 & Ay¢ A Apd with ¢ = Hy™. They hold because
(6™, Ay,) is an V-basis (Definition E0)(a)). O]
Lemma 16.4. The matriz is monotone in m, cf. Lemma [[L0:

(n' xxn) /\ﬁ,? Alm<ym') = ﬁ;’?,
Proof. A, < A, (though we already had this from directedness) and 4™ < ™. ]
Lemma 16.5. The matriz is rounded, respecting < on both sides, cf. Lemmas[I1.7] & [I22:
Im. (m' <y m) ANH” < H™ < 3n'. H? A (n <x n).

Proof. ~

H" < A (HY™)
& A, (H(E@m. Dpy™ A ™) (v, Dyy,) basis for YV
& Im. Dypy™ A An(HA™) indeed, V-basis
& Im. (m<m')AH”

HY & Ay (Hy™)
& Ay (In. Ay (HA™) A BY) (8™, Ay) basis for X
< dn. A (HY™) N A 5" indeed, V-basis
& In. H'A (' <n) O

Lemma 16.6. Suppose n,m : N b p(n,m) : ¥ satisfies the foregoing properties, i.e.
p(n,k) p(m,k) — n=<n" pn';m)  p(n,m’) m <m

0,k
A p(n,m) p(n,m)

and define H : X —x Y by HY = Imn. Dypip A p(ny,m) A ™. Then p(n,m) < A, (Hy™).
Proof.  Since p respects < on the right,
H~™ = 3m'n. Dpyy™ A p(n,m') A "
= Jm'n. (m' < m) A p(n,m') A 3"
= dn.p(n,m) A [".

Then, since p also respects < on the left and A,, preserves the join, which is directed because
p respects 0 and +,

A (HY™) = A,(3n'. p(n’,m) A B
& 3 p(n/,m) A AT
& Inl.p(n’,m)An<n’ & p(n,m). O
Lemma 16.7. id” < A,(idf") < (n<m) < &m.

Proof. The relationship with £ follows from Lemma The unit laws were given by
Lemma [[6.0] cf. the Karoubi completion, which splits idempotents in any category. L]
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—k ~ ~
Lemma 16.8. K - H, < 3m. KE A H™.

Procf K H, & Ay(H(K)
& A, (Imn. Dy (Ke®) A ];AI;'? A B"/) Lemma
& 3mn'. Dp(Ke) NHTY A AL BY
& Imn'. Dop(Ke®) AH™ A (n < 1)
& Im. Dy (K A H? Lemma
& 3Im.KF AHT, def K
although < is actually < as we have an V-basis. (We draw attention to this because [I]
uses the natural A-basis on R, and therefore the weaker result about composition.) ]

Theorem 16.9. HS (Notation [Z13) is equivalent to the category whose

(a) objects are abstract bases (N,0,1,+,%, <) (Definition [I71));

(b) morphisms are p(n,m) satisfying the conditions in Lemma [[6.8;

(c) identity is <;

(d) composition is relational. Il

The definition of HS in [A] was essentially taken from Hayo Thielecke’s work on “com-
putational effects” [Thi97], which was in turn based on the Kleisli category for the monad.
It was therefore motivated by more syntactic considerations than ours. From a semantic
point of view, it would have been more natural to have split the idempotents. In the clas-
sical models, the category would then be the opposite of that of all continuous (but not
necessarily distributive) lattices and Scott-continuous maps (cf. Example . In this
result, we would drop the < + and < % rules from Definition [[41] of an abstract basis.

In order to characterise first class maps, by Corollary [[{L3 we have to consider preser-
vation of the lattice connectives, c¢f. Lemmas [[D3f. For this, the target object Y must have
a lattice basis.

Lemma 16.10. HT =T iff H! < (n < 1), and HL = 1 iff H? & (n < 0).

Proof. If HT = T then H! = A,(Hy') = A,(HT) & A, T = 4,8' = (n < 1) by
Notation [T}, Definition .6, and Notation [Tl

Conversely, HT = H~' = 3n. H A " < 3In. A, T A 8% = T by Definition Ef
Lemma and Definition

We may substitute L and 0 for T and 1 in the same argument. []

Similarly we are able on this occasion to handle A and V simultaneously (Remark ETH).

Lemma 16.11. H(¢® ) = Hp® He iff HE' < Imp. ﬁfn/\ﬁ;/\(n < m®p), both when
® is A or % and when it is V or +.
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Proof. 1f H(¢ ®¢) = Hp ® H1 then

H:o & A (HB®Y & A, (H(B* oY)
& A (HBS o HBY hypothesis
& Imp. Ap(HB) N Ap(HBY) A (n < m ® p) Lemma [[T9

& Elmp.l?lfn/\ﬁ;/\(nﬁnl@p)

Conversely, using distributivity,

Hpo HY = (3mu. Dpo AHT A BY) © (Ipv. Dyp A HP A BY)  Lemma (62
= Jmpuv. Dy A Dytp A H™ A HP A 340 Lemma BT
= kmpuv. Dy ADyp AH ANHP A (k< u©v) A S L.
= dkmp. Dy, A Dpyp A ﬁgb@p A BF hypothesis
= dnkmp. Dy A Dptp A (n < m © p) /\ﬁ,’:/\ﬁk Lemma [[G.0]
= dnk.Dp(¢p ©Y) A ﬁ,? A Bk Lemma [[T.9
= H(pO) Lemma [G2[]
Definition 16.12. An abstract matriz is a binary relation ﬁ,’[” such that
1/1\76” ﬁ;” I:T;,n n <xn H;” m <y m/ ﬁﬁ'},
H ﬁ;’?, n <xn H m=<ym
n<0 n=<1 He* st
H H} Hi HY n<mxp Hi H, n<m+p
Theorem 16.13. S is equivalent to the category whose
(a) objects are abstract lattice bases (N,0,1,+,%, <);
(b) morphisms are abstract matrices;
(c) identity is <;
(d) composition is relational. Il

Jung and Stinderhauf characterised continuous functions between stably locally compact
spaces in a similar way [IS96].

Remark 16.14. We shall speculate on the possible computational applications of matrices
for continuous functions in the next section, but let’s say something here about the analogy
with linear algebra that we have used. Really, this has been much more useful that we
had any right to expect, since neither S nor HS (the “first” and “second class” maps) is a
symmetric monoidal closed category. R

However, by Theorem (LTIl stably locally compact objects and the A : X —x Y for
which A preserves T and A do define such a category. In fact, they provide a model of linear
logic with involutive negation and an “of course” operator given by the Smyth powerdomain

P! (Example [2ZT3):

Proposition 16.15. Let X be a stably locally compact space. The HS-maps AT —xX
for which A : X — XU preserves T and A correspond bijectively and naturally to S-maps
I - PiX.
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Proof. Both correspond to terms I' F & = An. A" : £V that are rounded filters (A-
homomorphisms) for <x or ideals for » x. ]

Since they also preserve directed joins, such A are known as preframe homomor-
phisms; for more on their relationship to the Smyth powerdomain, see [Vic88, 11.2.5] and
LIKMOT]. For a similar investigation of join-preserving maps and the Hoare or lower power-
domain P’X in ASD, presumably we would first need to identify the “stably locally overt”
objects to which the analogous construction may be applied.

17. RELATING THE CLASSICAL AND TERM MODELS

We promised to translate each step of the logical development into topological lan-
guage, but we haven’t done this since the end of Section [l We shall now show how the
“coding” provides the link between the classical and computational models (Remark B),
and then how abstract matrices themselves describe exact computation for the reals and
locally compact objects in general.

Remark 17.1. On the one hand, we know from the classical proof for LKSp in [Al Theorem
5.12] and the intuitionistic one for LKLoc in [Bl, Theorem 3.11] that these categories are
models of the calculus in Sections BHE, i.e. that there are interpretation functors [—] : S —
LKSp and [-] : S — LKLoc. In the light of Theorem BTT] that every object of S is a
Y-split subobject of XN, the converse part of Theorem [ZI4] provides another proof in the
localic setting.

In this paper we have sought the “inverse” of this functor. Since the classical models
are of course richer, they have to be constrained in order to obtain something equivalent
to the computational one (Remark BI). This constraint was in the form of a computable
basis, as in Definitions and Nevertheless, as we saw in the case of R (Example [4),
such bases may already be familiar to us from traditional considerations.

There is no need to verify the consistency conditions that we set out in Sections [l
and [[Al They follow automatically from the existence of the classical space, which serves
as a reference as in Remark [l So long as %, + and < are defined by programs, which can
be translated into our A-calculus, we already have an abstract basis.

Examples 17.2. At this point let us recall the various ways in which a lattice basis can

be defined on a locally compact sober space or locale.

(a) In a stably locally compact sober space (which is, in particular, compact in the global
sense), we may choose a sublattice of compact subspaces K™ and corresponding sublat-
tice of open ones U™, such that U™ C K™ and the basis expansion is satisfied. Then the
indexing set N, together with the operations + and x on codes corresponding to unions
and intersections of open—compact pairs, and the relation n < m given by K™ C U™,
define an abstract basis, so long as these operations are computable. In the correspond-
ing lattice filter basis in the A-calculus, 8™ and A, classify U™ and the Scott-open filter
Fo={V|K"CV}.

(b) In a compact Hausdorff space, the compact subspaces K™ are the complements of open
subspaces V,,, which may be chosen from the same sublattice as the U™, but with
Uum Aav,.

(¢) In particular, finite unions of open or of closed rational intervals provide this structure
for the closed real unit interval [0, 1].
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(d) R is not globally compact, though binary intersections of compact subspaces are com-
pact. The lattice basis may be defined in the same way as for [0,1], with the single
exception of A1 = A¢. L, which does not preserve T.

(e) Let (N,<) be a recursively enumerable directed interpolative relation (Definition [[ZT]).
Then Theorem [[ZTT] defines an object in S, whose classical interpretation is the con-
tinuous dcpo of rounded ideals of (IV,<); it is algebraic iff < is reflexive.

(f) The reflexive order < defined from any imposed distributive lattice (N,0,1,+,%) by
Definition satisfies the conditions on < for an abstract basis, and so defines an
object of & whose classical interpretation is the coherent space whose compact open
subspaces are indexed by V.

(g) Given a locally compact locale, we choose a sublattice N that provides a basis for the
corresponding continuous distributive lattice L, with inclusion 5(~) : N — L. Then
define (n < m) = (" < ™). This is a lattice basis, but only a filter basis in the stably
locally compact case.

(h) Finally, in the case of a non-stably locally compact sober space, we only have a U-
semilattice N of compact subspaces K™, and therefore a (filter) V-basis (8", A,). Re-
mark B7 turned this into a lattice basis (3¢, A;) indexed by Fin(N), by defining

Bz = Vnel.xeU" and Ayp = Inel. K" CV,

where ¢ classifies V as usual. Then 3¢ simply classifies the intersection of the basic
open subspaces as in the stably locally compact case, but Ay is a logical disjunction,
not a union of subspaces, c¢f. Lemma[5.7(e)l Then

(<0 < Incl.Nmel . K" cU™,
but this is not a filter basis.

Remark 17.3. Section [ showed that the abstract basis is inter-definable with the nu-
cleus €. These are interpreted both in the computational model § and in the classical ones
LKSp and LKLoc. This means that the idempotent [€] on TKN is the one that defines
the ¥-split embedding of the original space in P(N), as in Theorems and [CT4

Hence any classically defined locally compact sober space or locale that has a com-
putable basis may be “imported” into abstract Stone duality as an object, whose inter-
pretation in the classical model is homeomorphic to the given space. Summing this up
diagrammatically,

Thm. [[§
space ———— Def. l—m-> embed in PN ——— £ on PN

[ Sec. [ N Bl

abstract basis ———— £ on ————— subobject of XN

Thm [Z14

locale ——— Def. embed in TKN «—— £ on TKN in LKLoc

Remark 17.4. Having fixed computational bases for two classically defined spaces or lo-
cales, X and Y, we may look at continuous functions f : X — Y. By the basis property,
any such map is determined by the relation

fK" cv™
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as n and m range over the bases for X and Y respectively. If this relation is recursively
enumerable (Definition [CH) then the corresponding program may be translated into our A-
calculus. Just as we saw for abstract bases, the resulting term satisfies Definition for
an abstract matrix, because its interpretation agrees with a continuous function. Between
the objects whose denotations are X and Y there is therefore a term whose denotation is f.
In particular, computationally equivalent bases for the same space give rise to an iso-
morphism between the objects of S. In the case of morphisms, extensionally equivalent
terms give rise to the same (fK™ C V'™)-relations, and therefore to the same continuous
functions. However, programs may be extensionally equivalent for some deep mathematical
reason, or as a result of the stronger logical principles in the classical situation, without being
provably equivalent within our calculus. This is the reason why we required the computable
aspects of the definitions in the Introduction to be accompanied by actual programs.

This completes the proof of our main result:

Theorem 17.5. Abstract Stone duality, i.e. the free model S of the axioms in Sections [3
and [f}, is equivalent to the category of computably based locally compact locales and com-
putably continuous functions. ]

Remark 17.6. An obvious lacuna in this result arises from the difference between sober
spaces and locales: we are relying on the axiom of choice within the classical models to say
that the two are the same. Recall [Ioh82] Theorem VII 4.3] that, using excluded middle,
the crucial requirement is to find, for any ¢ £ ¢ : L in a distributive continuous lattice,
(a) some (Scott open) filter A : ©% for which A¢ < T but Ay < L, and then

(b) using Zorn’s lemma, enlarge A to a maximal such filter P, which is prime.

For stage (a), we would like to show, more generally, that every object (which we know
carries a lattice basis) also has a filter V-basis. The idea, due to Jimmie Lawson [GHKT80),
81 3.3], is to iterate the interpolation property [G=]. This can be shown with the aid of a
weaker choice principle that merely extracts a total function from a non-deterministic one.

For stage (b), since any space has a N-indexed lattice basis, we only need to consider
YN and not general distributive continuous lattices. The filter A provides a rounded filter
(semilattice homomorphism) & : = such that I¢¢ < T but Iv¢ < L, which we enlarge
to a rounded lattice homomorphism § (Lemmas [H2f) with the same values on ¢ and .
To do this, we may replace Zorn’s Lemma by an argument that uses excluded middle but
not Choice: we build up £ from &y by adding each number 0, 1, 2, ... in turn if it generates
a proper filter. ]

Remark 17.7. Let’s review what we’ve achieved by way of a type theory for topology.

(a) The original idea of abstract Stone duality was that the non-computable unions could be
eliminated from general topology by expressing the category of “frames” by a monadic
adjunction over its opposite category of “spaces” rather than over sets.

(b) Beck’s theorem says that this is equivalent to the, perhaps less friendly, condition that
the functor () reflect invertibility and “create Y-split coequalisers”.

(c¢) In [B] we saw that the latter can be interpreted as (certain) subobjects, and that the data
for such subobjects could be encapsulated in a single morphism &, called a “nucleus”.

(d) This was further developed, in Section 8 of that paper, into a A-calculus similar to
comprehension in set theory. However, the data defining a subobject remained arcane:
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terms satisfying the equation defining a nucleus could only be found with considerable
expert ingenuity.

(e) In Theorem I of this paper we reformulated the A-equation in a much simpler way
using the lattice connectives.

(f) The notion of abstract basis in this paper puts the construction within the grasp of
anyone who has a knowledge of open and compact subspaces in topology.

Remark 17.8. Let us consider the computational meaning of the matrix ];AIZL” when H = %/
for some continuous function f : R — R. In order to have a lattice basis, the indices n
and m must range over (finite) unions of intervals, although by Lemma [[63, n need only
denote a single closed interval. The matrix therefore encodes the predicate

fleo +6] < [Jly; +¢y),

J

as an ASD term of type X, the union being finite. Suppose that we have a real input value
x that we know to lie in the interval [z¢ £ 4], and we require f(z) to within e.

We substitute the rational values zg, § and €; = € in the predicate, leaving (y;) in-
determinate. Recall from Remark and [Al Remark 11.3] that any such term may be
translated into a A-PROLOG program. Such a program permits substitution of values for
any subset of the free variables, and is executed by resolving unification problems, which
result in values of (or at least constraints on) the remaining variables. In this case, we
obtain (nondeterministically) some finite set (y;).

In the language of real analysis, we are seeking to cover the compact interval f[zg =+ J]
with (finitely many) open intervals of size e, centred on the y;. The Wilker property
(Lemma [6.1T]) then provides

lwo 6] € (J(z; £6) with fla; £8] C (y; o).
J
Responsibility now passes back to the supplier of the input value x to choose which of the
x; is nearest, and the corresponding y; is the required approximation to the result f(z).
This discussion is taken up again in [Il L. []

Remark 17.9. This illustrates the way in which we would expect to use abstract Stone
duality for computations with objects such as R that we regard, from a mathematical point
of view, as “base types” (though of course only 1, N and ¥ are actually base types of
our A-calculus). Where higher types, such as continuous or differentiable function-spaces,
can be shown to be locally compact, they too have bases and matrices, but it would be
an example of the mis-use of normalisation theorems (Remark BIZ) to insist on reducing
everything to matrix form. We would expect to use higher-type A-terms of our calculus
to encode higher-order features of analysis, for example in the calculus of variations. Of
course, much preliminary work with R itself needs to be done before we see what can be
done in such subjects [I, LI].

Remark 17.10. The manipulations that we have done since introducing the abstract way-
below relation have all required lattice bases. The naturally occurring basis on an object
such as R, on the other hand, is often just an A-basis. This didn’t matter in Sections [[4HIG],
as they were only concerned with the theoretical issue of the consistency of the abstract
basis. We have just seen, however, that the “matrices” in Section [[6 encapsulate actual
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computation, in which the base types are those of the indices of the bases. The lists used
in Lemma would then be a serious burden.

There is a technical issue here that is intrinsic to topology. In locale theory, which is
based on an algebraic theory of finite meets distributing over arbitrary unions of “opens”, it
is often necessary to specify when two such expressions are equal, which may be reduced to
the question of when an intersection is contained in a union of intersections. This coverage
relation is an important part of the technology of locale theory [Joh82, Section IT 2.12],
whilst it was chosen as the focus of the axiomatisation of Formal Topology.

Remark 17.11. The question of whether, using abstract Stone duality, we can develop
a technically more usable approach than these warrants separate investigation, led by the
examples. Since, in a locally compact object, we may consider coverages of compact sub-
objects, the covering families of open subobjects need only be finite. Jung, Kegelmann and
Moshier have exploited this idea to develop a Gentzen-style sequent calculus [LKM99)].

As this finiteness comes automatically, maybe we don’t need to force it by using lists. To
put this another way, as the lists act disjunctively, we represent them by their membership
predicates (Remark BHl). That is, we replace the matrix H? with the predicate

m:M, £:35N F A, -HOy. 3n. &n A B"y) : %,

where N need no longer have +. In Remark above, we could add the constraint that
& only admits intervals of size < e.

Remark 17.12. Another striking feature of the matrix description is that it reduces the
topological theory to an entirely discrete one. The latter may be expressed in an arithmetic
universe, which is a category with finite limits, stable disjoint coproducts, stable effective
quotients of equivalence relations and a List functor [E].

Once again, we need to see this normalisation theorem in reverse. It appears that any
arithmetic universe may conversely be embedded as the full subcategory of overt discrete
objects in a model of abstract Stone duality. Example shows that we can do this
by modelling a much simpler structure than that of abstract bases and matrices for general
locally compact spaces. The differences in logical strength amongst models of ASD are
therefore measured by the overt discrete objects that they contain.

Such a construction would enable topological, domain-theoretic and A-calculus rea-
soning to be applied to problems in discrete algebra and logic. Topologically, it would
strongly vindicate Marshall Stone’s dictum, always topologise, whilst computationally it
would provide continuation-passing translations of discrete problems, and of type theories
for inductive types.
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