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Abstract. In this paper we investigate important categories lying strictly between the
Kleisli category and the Eilenberg–Moore category, for a Kock-Zöberlein monad on an
order-enriched category. Firstly, we give a characterisation of free algebras in the spirit of
domain theory. Secondly, we study the existence of weighted (co)limits, both on the abstract
level and for specific categories of domain theory like the category of algebraic lattices.
Finally, we apply these results to give a description of the idempotent split completion of
the Kleisli category of the filter monad on the category of topological spaces.

1. Introduction

The Eilenberg-Moore categories of idempotent monads are precisely the full reflective
isomorphism-closed subcategories of the base category. A substantial study in category
theory has been dedicated to full reflective subcategories since the 1970’s, and this is
one of the many subjects to which Jiří Adámek has given a remarkable contribution (see
[8, 5, 4], just to name a few). The notion of Kock-Zöberlein monad ([22, 36]), also named
lax-idempotent monad, is a fruitful generalisation of idempotent monads to the more general
setting of 2-categories. In particular, it provides a new insight into important examples of
domain theory and topology, when our 2-categories are just order-enriched categories. On
this subject, we refer to a series of papers in the late 1990’s by M. Escardó and others (e.g.,
[14, 16, 15]). In this case, the Eilenberg-Moore categories are reflective subcategories of the
base category as well; however, in general they are not anymore full. In [7] and other related
papers, this kind of subcategories were called KZ-monadic subcategories. As demonstrated in
a series of recent papers [11, 7, 33, 9], several important well-known properties and notions on
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full reflective subcategories of ordinary category theory have an order-enriched counterpart
when we replace full reflectivity by KZ-monadicity.

Associated with each monad T = (T,m, e) on a category X, we have a faithfully full
functor E : XT↪→XT between the Kleisli category XT and the Eilenberg-Moore category
XT. Moreover, we have adjunctions FT a UT : XT −→ X and FT a UT : XT −→ X with
UTE = UT and EFT = FT. In fact, these two adjunctions are the initial and terminal
objects of the obvious category of all adjunctions which induce the monad T.

When T is an idempotent monad (i.e., the multiplication m is a natural isomorphism),
XT can be identified with a full subcategory of X, and XT ' XT. Thus, when the functor T is
injective on objects, as it happens in most significant examples, XT is just the closure under
isomorphisms of XT in X. Hence, there are no interesting subcategories strictly between XT
and XT to be considered.

The situation is dramatically different when we work with Kock-Zöberlein monads in
order-enriched categories. In this case we have yet XT as a (usually non-full) subcategory
of X. And XT is now, on objects and morphisms, the closure of XT under left adjoint
retractions on X ([11]). But, between XT and XT there are interesting subcategories which
are quite distinct. As an example, take the open filter monad F over X = Top0. Then XF
is precisely the category of continuous lattices and maps preserving directed suprema and
arbitrary infima. And between XF and XF we have at least two remarkable subcategories:
the category ALat of algebraic lattices is properly contained in XF, and between XF and
ALat we have the idempotent completion of XF which we characterise here as consisting of
all algebraic lattices whose compact elements form the dual of a frame (Section 6). We also
prove that, for that monad F, ALat is precisely the closure under weighted limits of XF in
XF (then, also in Top0).

In this paper we embark on a study of important categories lying strictly between
the Kleisli category and the Eilenberg–Moore category, for a Kock-Zöberlein monad on an
order-enriched category; with particular focus on various filter monads on the category Top0
of T0 topological spaces and continuous maps. After recalling the necessary background
material in Section 2, the aim of Section 3 is to give a general treatment of the notion of
algebraic lattice. In continuation of [30], where the authors observe that “these theorems
characterizing completely distributive lattices are not really about lattices” but rather “about
a mere monad D on a mere category”, in Theorem 3.18 we give a characterisation of free
algebras for a general Kock-Zöberlein monad, the algebraic algebras, which resembles the
classical notion of (totally) algebraic lattice.

Taking seriously the fact that Top0 is order-enriched forces us to not just consider
ordinary completeness but rather study weighted limits and colimits. In this spirit, in
Section 4 we prove an interesting general result which has an important application in
Section 5: every order-enriched category with weighted limits and a regular cogenerator has
also weighted colimits.

In Section 5 we consider the full subcategory of XT defined by those algebras which
are in a suitable sense cogenerated by the Sierpiński space. For the various filter monads
we show that these algebras coincide with well-known objects in domain theory: algebraic
lattices and spectral spaces. In particular, we conclude that the corresponding categories
have weighted limits and weighted colimits.

Finally, in Section 6, we consider the filter monad F on Top0. By the results of the
previous section, its Kleisli category is a full subcategory of the category ALat of algebraic
lattices with maps preserving directed suprema and all infima. As the latter one is complete,
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it contains in particular the idempotent split completion of (Top0)F; and we identify the
objects of this completion as precisely those algebraic lattices where the compact elements
form the dual of a frame.

2. Background material on Kock-Zöberlein monads

In this section we recall the main facts about Kock-Zöberlein monads on order-enriched
categories needed in this paper. For general 2-categories, this type of monads were introduced
independently by Volker Zöberlein [36] and Anders Kock (see [22]). We also refer to [14]
and [16] for a detailed study of Kock-Zöberlein monads in the context of domain theory, the
one treated in this paper. In particular, the three theorems of this section are presented
there (see also [22]). In this case, we work with a special type of 2-categories, the order-
enriched categories, that is, categories enriched in the category Pos of partially ordered
sets and monotone maps. This means that the hom-sets are posets and the composition
of morphisms preserves the order on the left and on the right. An order-enriched functor
between order-enriched categories is one which preserves the order of each hom-poset.

Definition 2.1. A monad T = (T,m, e) on an order-enriched category X is called order-
enriched whenever T : X → X is so. An order-enriched monad T = (T,m, e) is of
Kock-Zöberlein type whenever TeX ≤ eTX , for all object X in X.

We note that, for an order-enriched monad T = (T,m, e), the full and faithful functor
XT → XT of the Kleisli category into the Eilenberg-Moore category is also an order-
isomorphism on hom-sets. The condition “TeX ≤ eTX” in the definition of Kock-Zöberlein
monad is somehow arbitrarily chosen, the following theorem (see [22]) presents an alternative
descriptions.

Theorem 2.2. Let T = (T,m, e) be an order-enriched monad on an order-enriched category
X. For every object X in X, the following assertions are equivalent.

(i) TeX ≤ eTX .
(ii) mX a eTX .
(iii) TeX a mX .

We turn now our attention to Eilenberg–Moore algebra structures, which can be
characterised using adjunction (see [22]).

Theorem 2.3. Let T = (T,m, e) be a Kock-Zöberlein monad on an order-enriched category
X and let α : TX → X in X. Then the following assertions are equivalent.

(i) α : TX → X is a T-algebra structure on X.
(ii) α · eX = idX .
(iii) α a eX .

As a consequence of the equivalence (i) ⇐⇒ (iii) of the above theorem, the Eilenberg-
Moore category XT is a subcategory of X (up to isomorphism of categories). Moreover, XT
is also an order-enriched category with the order inherited from X.

Remark 2.4. Let f : X → Y be a left adjoint in X between T-algebras, with f a g. Then,
using Theorem 2.3, we have that the equality Tg · eY = eX · g implies β · Tf = f · α by
unicity of adjoints. Consequently, every left adjoint between T-algebras is a homomorphism.
In the general setting of 2-categories, this is Proposition 2.5 of [22].
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Before presenting examples, we recall some standard notions from order theory and
topology.
Definition 2.5. In (1)-(6) we follow the terminology of [18].
(1) A subset D ⊆ X of a partially ordered set X is called directed whenever D 6= ∅ and,

for all x, y ∈ D, there is some z ∈ D with x ≤ z and y ≤ z. We are going to use the
notation

∨↑D to express the supremum of a set D and, at the same time, indicate that
D is directed.

(2) The way below relation� is defined as follows: x� y provided that, for every directed
subset D ⊆ X, if y ≤

∨↑D, then x ≤ d for some d ∈ D. An element x ∈ X is called
compact whenever x� x.

(3) The totally below relation≪ is defined in a similar way: x≪ y whenever, for every
subset S ⊆ X, if y ≤

∨
S, then x ≤ d for some d ∈ S. An element x ∈ X is called

totally compact whenever x≪ x.
(4) A partially ordered set X is called directed complete whenever every directed subset

of X has a supremum. Furthermore, X is said to be bounded complete if every subset
with an upper bound has a least one; equivalently, it has all non-empty infima.

(5) A partially ordered set X is continuous if each one of its elements x is the directed
supremum of all elements y with y � x. A domain is a continuous poset with
directed suprema. Furthermore, a complete partially ordered set X is called completely
distributive whenever every x ∈ X is the supremum of all elements y with y≪ x.

(6) A domain X with each x ∈ X satisfying the equality x =
∨↑{y ∈ X | y ≤ x, y � y}

is an algebraic domain. The designation of continuous lattice [31] is used for a
domain which is also a lattice; hence, a continuous lattice is a complete and continuous
partially ordered set. Analogously, an algebraic lattice is an algebraic domain which
is also a lattice. A completely distributive partially ordered set where x =

∨
{y ∈ X |

y ≤ x, y≪ y}, for every x ∈ X, is called totally algebraic.
(7) A topological space X is called stably compact whenever X is sober, locally compact

and every finite intersection of compact saturated subsets is compact (where to be
saturated means to be an upper subset with respect to the specialisation order, see
[20]). A continuous map f : X → Y between stably compact spaces is called spectral
whenever f−1(K) is compact, for every compact saturated subset K ⊆ Y . We denote
by StablyComp the category of stably compact spaces and spectral maps. A stably
compact space X is called spectral whenever the compact open subsets form a basis
for the topology of X; equivalently, if the cone (f : X → S)f of all spectral maps into
the the Sierpiński space is initial with respect to the forgetful functor Top→ Set; and
this in turn is equivalent to (f : X → S)f being initial with respect to the canonical
forgetful functor StablyComp → Set. It is also well-known that a continuous map
f : X → Y between spectral spaces is spectral if and only if f−1(K) is compact, for
every compact open subset K ⊆ Y . The full subcategory of StablyComp defined by all
spectral spaces we denote by Spec; it is a reflective subcategory since by definition it is
closed under initial cones (see [3, Theorem 16.8]). Finally, we note that StablyComp is
equivalent to the category of Nachbin’s partially ordered compact Hausdorff spaces and
monotone continuous maps. Here a stably compact space X corresponds to the partially
ordered compact Hausdorff space with the same underlying set, the order relation is the
specialisation order, and the compact Hausdorff topology is given by the so-called patch
topology (see [26, 20] for details).
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Examples 2.6. The following monads are of Kock-Zöberlein type.
(1) The category Pos of partially ordered sets and monotone maps is order-enriched, with

the pointwise order of monotone maps. The downset monad D = (D,m, e) on Pos is
given by
• the downset functor D : Pos → Pos which sends an ordered set X to the set DX
of downclosed subsets of X ordered by inclusion, and, for f : X → Y monotone,
Df : DX → DY sends a downclosed subset A of X to the downclosure of f(A);
• the unit eX : X → DX sends x ∈ X to the downclosure ↓ x of x; and
• the multiplication mX : DDX → DX sends a downset of downsets to its union.
The category PosD of Eilenberg–Moore algebras and homomorphisms is equivalent to
the category Sup of complete partially ordered sets and sup-preserving maps.

(2) An interesting submonad of D = (D,m, e) is given by the monad I = (I,m, e) where
IX is the set of directed downclosed subset of X, ordered by inclusion. Furthermore,
PosI is equivalent to the category DSup of partially ordered sets with directed suprema
and maps preserving directed suprema.

(3) We denote the category of topological T0-spaces and continuous maps by Top0. The
topology of a T0-space X induces the specialisation order on the set X: for x, x′ ∈ X,
x ≤ x′ ⇐⇒ Ω(x) ⊆ Ω(x′), where Ω(x) denotes the set of open sets. Every continuous
map preserves this order, and, thus, also its dual. We consider Top0 as an order-enriched
category by taking the dual of the specialisation order pointwisely on hom-sets.

The filter functor F : Top0 → Top0 sends a topological space X to the space FX of
all filters on the lattice ΩX of open subsets of X. The topology on FX is generated by
the sets

A# = {f ∈ FX | A ∈ f}
where A ⊆ X is open. For a continuous map f : X → Y , the map Ff : FX → FY is
defined by

f 7→ {B ∈ ΩY | f−1(B) ∈ f},
for f ∈ FX. Since (Ff)−1(B#) = (f−1(B))# for every B ⊆ Y open, Ff is continuous.
The filter functor is part of the filter monad F = (F,m, e) on Top0, here the unit
eX : X → FX sends x ∈ X to its neighbourhood filter Ω(x), and the multiplication
mX : FFX → FX sends F ∈ FFX to the filter {A ⊆ X | A# ∈ F}. The category TopF0
of Eilenberg–Moore algebras for the filter monad is equivalent to the category ContLat
of continuous lattices and maps preserving directed suprema and arbitrary infima (see
[13, 34]). Here a continuous lattice is viewed as a topological space with the Scott
topology, and the algebra structure α : FX → X picks for every f ∈ FX the largest
convergence point with respect to the specialisation order.

(4) In this paper we will consider several submonads of the filter monad F on Top0; in
particular, the proper filter monad F1 = (F1,m, e) where F1X is the subspace of FX
consisting of all proper filters, and the prime filter monad F2 = (F2,m, e) where F2X
is the subspace of FX consisting of all prime filters. Indeed, we have a chain of Kock-
Zöberlein submonads Fn of F, for n a regular cardinal, where FnX is the subspace of
FX of all n-prime filters; that is, filters with the property that, for each union of an
n-indexed family of open sets belonging to the filter, some member of the family belongs
to the filter too. The union of this chain is the completely prime filter Kock-Zöberlein
monad Fc = (Fc,m, e) where FcX is the subspace of FX consisting of all completely
prime filters (see [12]). In the latter case, the category TopFc

0 is equivalent to the category
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of sober spaces and continuous maps (see [16]). It is shown in [32] that the category
TopF2

0 is equivalent to the category StablyComp of stably compact spaces and spectral
maps. Moreover, TopF1

0 is equivalent to the category of bounded complete domains
(also known as continuous Scott domains) and maps preserving directed suprema and
non-empty infima (see [35, 16]).

The notion of Kock-Zöberlein monad generalises the one of idempotent monad; we recall
that a monad T = (T,m, e) on a category X is idempotent whenever m : TT → T is an
isomorphism. By Theorem 2.2, T is idempotent if and only if T is of Kock-Zöberlein type
with respect to the discrete order on the hom-sets of X; i.e. if TeX = eTX . This observation
motivates the designation lax idempotent monad for this type of monads, which is also used
in the literature. Furthermore, we recall that

(1) For every adjunction A >

G
((

F

hh X, G is fully faithful if and only if the counit ε : FG→
Id is an isomorphism.

(2) Every fully faithful and right adjoint functor G : A→ X is monadic, and the induced
monad is idempotent.

(3) For every monad T on X, GT : XT → X is full if and only if T is idempotent.
We also remark that the completely prime filter monad Fc = (Fc,m, e) on Top0 is actually
idempotent.

For an order-enriched monad T = (T,m, e) on an order-enriched category X, we put
MT = {h : X → Y in X | Th has a right adjoint g : TY → TX satisfying g · Th = idTX}.
Clearly, if X is locally discrete, thenMT is the class of all morphisms h : X → Y where Th
is an isomorphism. Equivalently,MT is the largest class of morphisms of X with respect to
which the subcategory XT is orthogonal. The concept of orthogonality is the particularisation,
to the locally discrete case, of the concept of Kan-injectivity. We recall that an object A
is left Kan-injective with respect to a morphism h : X → Y , if and only if the hom-map
X(h,A) : X(Y,A) → X(X,A) is a right adjoint retraction in the category Pos. And a
morphism f : A→ B is Kan-injective with respect to h if A and B are so and the left adjoint
maps (X(h,A))? and (X(h,B))? satisfy the equality X(X, f) ·(X(h,A))? = (X(h,B))? ·X(Y, f).

Next we recall a characterisation of Eilenberg–Moore algebras of Kock-Zöberlein monads
in terms of injectivity.

Theorem 2.7. Let A be in X and T be a Kock-Zöberlein monad on X. Then the following
assertions are equivalent.

(i) A is injective with respect to {eX : X → TX | X in X}.
(ii) A is a T-algebra.
(iii) A is injective with respect toMT.
(iv) A is Kan-injective with respect toMT.

Moreover, as shown in [11],MT is the largest class of morphisms of X with respect to
which the subcategory XT is Kan-injective. For a detailed study on Kan-injectivity, see also
[7].

If T is of Kock-Zöberlein type, then, by Theorem 2.2, eX : X → TX belongs toMT,
for all objects X in X. However, in contrast to the idempotent case, the following example
shows that this property does not characterise Kock-Zöberlein monads.
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Example 2.8. Let X be the order-enriched category of all complete partially ordered sets
and all monotone maps, ordered pointwise; and let A be the subcategory of X with the same
objects, and as morphisms those morphisms of X which preserve the top and the bottom
element. The inclusion functor A ↪→ X is right adjoint: for each object X of X, the reflection
map

ηX : X → FX = {⊥}+X + {>}
is given by freely adjoining a largest and a smallest element to X. Furthermore, FηX :
FX → FFX sends the bottom element of FX to the bottom element of FFX, the top
element of FX to the top element of FFX, and x ∈ X to itself. Since X has a largest
element, every supremum in FX of elements of X is in X, therefore FηX preserves all
suprema and consequently has a right adjoint g : FFX → FX in X. Moreover, since
FηX : FX → FFX is an order-embedding, we obtain g · FηX = idFX . Since ηFX neither
preserves the top nor the bottom element, we get FηX � ηFX and ηFX � FηX ; in particular,
the induced monad is not of Kock-Zöberlein type, neither for the order ≤ nor for its dual.

Remark 2.9. For every h : X → Y in X, a right adjoint g : TY → TX of Th is necessarily a
T-algebra homomorphism. To see this, just observe that the diagram

TTX
TTh // TTY

TX

TeX

OO

Th
// TY

TeY

OO

commutes, therefore the diagram of the corresponding right adjoints Th a g, TTh a Tg,
TeX a mX and TeY a mY commutes as well. We also recall that, for an adjunction f a g
in an order-enriched category, the inequalities id ≤ gf and fg ≤ id imply fgf = f ; hence, if
f is a monomorphism, then gf = id. Consequently,

MT = {h : X → Y in X | Th is a left adjoint monomorphism in X}
= {h : X → Y in X | Th is a left adjoint monomorphism in XT}.

In the sequel we call
• a morphism h : X → Y in X order-mono whenever, for all f, g : A→ X in X, h ·f ≤ h ·g
implies f ≤ g.
• a morphism h : X → Y in X order-epi whenever, for all f, g : Y → B in X, f · h ≤ g · h
implies f ≤ g.
• a functor T : X→ X order-faithful whenever, for all f, g : A→ X in X, Tf ≤ Tg implies
f ≤ g.
We denote the class of all order-monos of X by ord-mono(X), and the class of all order-

epis by ord-epi(X). Clearly, if X is order-enriched with the discrete order, then the notions
above coincide with mono, epi and faithful, respectively. Furthermore, order-mono implies
mono, order-epi implies epi and order-faithful implies faithful. The following result is a
particular case of [10, Proposition 4.1.4].

Proposition 2.10. Let T = (T,m, e) be an order-enriched monad on X. Then the following
assertions are equivalent.

(i) For every object X in X, eX is order-mono.
(ii) T is order-faithful.
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Moreover, for a Kock-Zöberlein monad T, the two assertions above are also equivalent to
MT ⊆ ord-mono(X).

Proof. It is immediate, taking into account that, for an order-enriched monad T = (T,m, e),
the inequality Tf · eX ≤ Tg · eX implies f ≤ g, and that the maps eX belong toMT.

Remark 2.11. For all monads T = (T,m, e) of Examples 2.6, the functor T is order-faithful.

3. Abstract algebraic objects

The role model of this section is the theory of completely distributive and of totally algebraic
lattices in the spirit of [29, 30]. We recall that, for T = D being the downset monad on
Pos, a partially ordered set Y is isomorphic to some DX if and only if Y is totally algebraic
(see Definition 2.5 (6)). Analogously, trading the downset monad for the directed downset
monad T = I, a partially ordered set Y is isomorphic to some IX if and only if Y is an
algebraic domain. The principal observation of this section is that these results are not
particularly about order theory but hold in more general for a Kock-Zöberlein monad on an
order-enriched category. To achieve this, an important tool is the equivalence [30] between
the category of split algebras and the idempotent split completion of the Kleisli category
which allows us to move back and forth between these categories.

Hence, in this section we consider a Kock-Zöberlein monad T = (T,m, e) on an order-
enriched category X. Then the Kleisli category XT is order-enriched as well. Denoting the
morphisms of XT with arrows −→◦ and the composition between them with ◦, the canonical
functor from X to XT, given by

X −→ XT, (f : X → Y ) 7−→ (f∗ = eY · f : X −→◦ Y ),
is order-enriched; it is even locally an order embedding provided that T is order-faithful.
We note that, for arrows r : A −→◦ X and s : Y −→◦ B in XT and f : X → Y in X,

f∗ ◦ r = Tf · r and s ◦ f∗ = s · f.
The following definition is motivated by [24].

Definition 3.1. An object Y in X is called Cauchy complete whenever every left adjoint
morphism r : X −→◦ Y in XT is of the form r = f∗, for some f : X → Y in X.

Remark 3.2. Equivalently, Y is Cauchy complete if and only if every left adjoint g : TX → TY
in XT is of the form g = Tf , for some f : X → Y in X.

Examples 3.3. For the downset monad D on Pos, every partially ordered set X is Cauchy
complete. For each of the filter monads on Top0, a T0-space X is Cauchy complete if and
only if X is sober.

Theorem 3.4. Every T-algebra Y is Cauchy complete. Moreover, if T is order-faithful, an
object Y of X is a T-algebra if and only if Y is Cauchy-complete and TeY has a left adjoint
in X.

Proof. Assume first that Y is a T-algebra, with left adjoint β : TY → Y of eY : Y → TY .
Since T is order-enriched, also Tβ a TeY , hence TeY has a left adjoint. Let s : Y −→◦ X be
the right adjoint of r : X −→◦ Y in XT. Hence,

eX ≤ s ◦ r = mX · Ts · r and eY ≥ r ◦ s = mY · Tr · s.
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We put f = β · r, then f∗ = eY · β · r ≥ r. In fact, f∗ a s in XT since s ◦ f∗ ≥ s ◦ r ≥ eX and
f∗ ◦ s = Tβ · Tr · s ≤ Tβ · eTY ·mY · Tr · s ≤ Tβ · eTY · eY = Tβ · TeY · eY = eY ;

and therefore r = f∗.
Assume now that T is order-faithful and let Y be a Cauchy-complete X-object so that

TeY has a left adjoint in X. Then, since TeY : TY → TTY corresponds to (eY )∗ : Y −→◦ TY
in XT, (eY )∗ has a left adjoint r : TY −→◦ Y in XT (see also Remark 2.4). Since Y is Cauchy
complete, r = β∗ for some β : TY → Y . Finally, (−)∗ : X→ XT is locally an order-faithful
by hypothesis, therefore β a eY .

Corollary 3.5. Let T = (T,m, e) be an idempotent monad on a category X where T is
faithful. Then an object Y of X is a T-algebra if and only if Y is Cauchy complete.

We recall now the general notion of a split algebra for a monad as used in [30].

Definition 3.6. A T-algebra X is called split whenever the left adjoint α : TX → X of
eX : X → TX has a left adjoint t : X → TX in X; and X is called algebraic whenever X
is isomorphic to a free algebra in XT.

Examples 3.7. A partially ordered set X is a split algebra for the downset monad if and
only if X is completely distributive, in this case the map t : X → DX sends x ∈ X to the
set {y ∈ X | y≪ x} of all elements y ∈ Y which are totally below x (see [28, 17]). Similarly,
a directed cocomplete partially ordered set X is a split algebra for I = (I,m, e) if and only
if X is a domain (see Definition 2.5(4)); in this case the splitting t : X → IX is given by
x 7→ {y ∈ X | y � x}. Regarding the filter monad F = (F,m, e) on Top0, a continuous
lattice X (equipped with the Scott topology) is a split algebra for F if and only if X is F-
disconnected in the sense of [19]. Here, with α : FX → X denoting the algebra structure ofX,
for an open subset A ⊆ X we put µ(A) = {x ∈ X | α(f) = x for some f ∈ FX with A ∈ f}.
Then X is F-disconnected precisely when µ(A) is open, for every open subset A ⊆ X; and in
this case the map t : X → FX sends x ∈ X to the filter t(x) = {A ⊆ X | A open, x ∈ µ(A)}.
The case of the prime filter monad is similar, with µ(A) now defined using only prime
filters. In terms of partially ordered compact Hausdorff spaces, every split algebra for F2
is a Priestley space, more precise, a Priestley space is a split algebra for F2 if and only if
it is an f-space in the sense of [27]. In Section 6 we give a different characterisation of the
split algebras for the filter monad, by means of the way below relation. In Examples 3.19
we describe algebraic T-algebras.

We denote the full subcategory of XT of all split T-algebras by Spl(XT). Since T is of
Kock-Zöberlein type, every free T-algebra TY (with algebra structure mY : TTY → TY )
is split since TeY a mY a eTY . Hence, every algebraic T-algebra is split. Next we recall
that the split T-algebras are precisely those algebras where the algebra structure has a
homomorphic splitting (see [22]).

Proposition 3.8. Let X be a T-algebra with α a eX in X and let t : X → TX in X. Then
t a α in X if and only if t is a T-homomorphism with α · t = idX .

The following two results exhibit the connection with idempotents in XT as shown
in [30].

Proposition 3.9. For every split T-algebra X with t a α a eX , t ≤ eX and t ◦ t = t.
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Recall that X is idempotent split complete, or just idempotent complete, whenever every
idempotent morphism e : X → X in X is of the form s · r, for some r : X → Y and
s : Y → X in X with r · s = idY . (see [6], for instance). Every category with equalisers or
with coequalisers is idempotent split complete.

Theorem 3.10. Assume that X is idempotent split complete. Then Spl(XT) is equivalent
to the idempotent split completion kar(XT) of XT.

In the remainder of this section we aim for a characterisation of algebraic T-algebras
in an intrinsic way, for idempotent split complete order-enriched categories X. Under the
equivalence Spl(XT) ' kar(XT), a split algebra X with t a α a eX corresponds to (X, t) in
kar(XT); in particular, the free algebra TY corresponds to (TY, TeY ). Moreover, for every
Y in X, (Y, eY ) ' (TY, TeY ) in kar(XT). Hence:

Corollary 3.11. Assume that X is idempotent split complete. A split T-algebra X with
t a α a eX is algebraic if and only if (X, t) ' (Y, eY ) in kar(XT), for some Y in X.

To describe this condition, we introduce the following notion.

Definition 3.12. A morphism f : X → Y in X is called T-dense whenever f∗ : X −→◦ Y
has a right adjoint f∗ : Y −→◦ X in XT.

Remark 3.13. Clearly, f∗ : X −→◦ Y has a right ajoint in XT if and only if the corresponding
algebra homomorphism Tf : TX → TY has a right adjoint in XT. By Remark 2.9, this is
equivalent to Tf being left adjoint in X. T-dense morphisms are studied in 4.3 of [10] in the
realm of completion Kock–Zöberlein monads. From Proposition 2.10 we have that, if T is
order-faithful,

MT = T-dense ∩ ord-mono(X).

Examples 3.14. (1) For T = D being the downset monad on Pos , every monotone map
f : X → Y is D-dense. In fact, for a monotone map f : X → Y , the right adjoint
f∗ : Y −→◦ X of f∗ in PosD is given by f∗(y) = {x ∈ X | f(x) ≤ y}, for all y ∈ Y .

(2) If we consider the monad I = (I,m, e) instead, then f∗ has a right adjoint if and only if
“f∗ lives in PosI”, that is, if and only if {x ∈ X | f(x) ≤ y} is directed, for all y ∈ Y .

(3) For T = F being the filter monad on Top0, every continuous map f : X → Y is F-dense.
Here, for a continuous map f : X → Y , the right adjoint f∗ : Y −→◦ X of f : X −→◦ Y is
given by f∗(y) = 〈{f−1(B) | B ∈ Ω(y)}〉 ∈ FX, for all y ∈ Y .

(4) For the proper filter monad F1 on Top0, a continuous map f : X → Y is F1-dense if
and only if the filter 〈{f−1(B) | B ∈ Ω(y)}〉 is proper, for each y ∈ Y ; and this in turn
is equivalent to f being dense in the usual topological sense.

(5) Similarly, for the prime filter monad F2 on Top0, a continuous map f : X → Y is
F2-dense if and only if the filter 〈{f−1(B) | B ∈ Ω(Y )}〉 is prime. By [16, Lemma 6.5],
this condition is equivalent to f being flat. More generally, for the n-prime filter monads
Fn, to be Fn-dense is equivalent to be n-flat [12].

Assumption 3.15. From now on we also assume that
• X has equalisers and
• T sends regular monomorphisms to monomorphisms.

Since X has equalisers, X is also idempotent split complete. We remark that these
conditions are satisfied in all Examples 2.6.



ASPECTS OF ALGEBRAIC ALGEBRAS 11

Lemma 3.16. If i : A→ X is a regular monomorphism in X, then i∗ is a monomorphism
in XT.

Proof. Just observe that i∗ ◦ r = i∗ ◦ s in XT translates to Ti · r = Ti · s in X.

Proposition 3.17. Let X be a split T-algebra with t a α a eX and let

A
i // X

eX //
t
// TX

be an equaliser diagram. Then the following assertions hold.
(1) i∗ : A −→◦ X is a morphism of type i∗ : (A, eA) −→◦ (X, t) in kar(XT).
(2) X is algebraic if and only if i : A→ X is T-dense and i∗ ◦ i∗ = t.

Proof. To show the first assertion, we calculate
t ◦ i∗ = t · i = eX · i = Ti · eA = i∗ ◦ eA.

Regarding the second assertion, assume first that X is algebraic, that is, there are arrows
r : (Y, eY ) −→◦ (X, t) and s : (X, t) −→◦ (Y, eY ) in kar(XT) with s ◦ r = eY and r ◦ s = t. Since
t ≤ eX , we conclude that r a s in XT and, since the T-algebra X is Cauchy complete (see
Theorem 3.4), r = f∗ for f = α · r : Y → X. Furthermore,

t · f = t · α · r = mX · Tt · r = t ◦ r = r = f∗ = eX · f,
hence there is an arrow h : Y → A in X with i · h = f . Then

i∗ ◦ h∗ ◦ s = f∗ ◦ s = r ◦ s = t ≤ eY
and

i∗ ◦ h∗ ◦ s ◦ i∗ = t ◦ i∗ = i∗ ◦ eA,
hence h∗ ◦ s ◦ i∗ = eA, by Lemma 3.16. Putting i∗ = h∗ ◦ s, we have seen that i∗ a i∗ in XT
and i∗ ◦ i∗ = t.

Conversely, assume now that i∗ has a right adjoint i∗ with i∗ ◦ i∗ = t. Since
i∗ ◦ t = i∗ ◦ i∗ ◦ i∗ = i∗ = eA ◦ i∗,

i∗ : (X, t) −→◦ (A, eY ) is a morphism in kar(XT); it is indeed an isomorphism since i∗ ◦ i∗ = eA
and i∗ ◦ i∗ = t.

Finally, we can simplify the condition i∗ ◦ i∗ = t and obtain:

Theorem 3.18. With the same assumption as in Proposition 3.17, X is algebraic if and
only if i : A→ X is T-dense and α · Ti is an epimorphism in X.

Proof. For r : X −→◦ Y in XT, we write r̂ : TX → TY for the corresponding T-algebra
homomorphism. With the notation of Proposition 3.17, if i : A→ X is T-dense with right
adjoint i∗, then i∗ ◦ i∗ = t if and only if t̂ = î∗ · î∗ = Ti · î∗ if and only if the T-algebra
homomorphisms Ti : TA → TX and î∗ : TX → TA split the idempotent t̂ : TX → TX.
But since t̂ : TX → TX is also split by α : TX → X and t : X → TX, i∗ ◦ i∗ = t if and only
if

î∗ · t · α · Ti = idTA and α · Ti · î∗ · t = idX .
Furthermore, the first equality is always true:

î∗ · t · α · Ti = î∗ ·mX · Tt · Ti = î∗ ·mX · TeX · Ti = î∗ · Ti = idTA;
therefore the second one holds precisely when α · Ti is an epimorphism in X.
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Examples 3.19. We continue here Examples 3.7.
(1) For T = D being the downset monad on Pos, Theorem 3.18 tells us that a completely

distributive lattice L is algebraic for D if and only if L is totally algebraic, that is, if
every element is the supremum of all the elements totally below it.

(2) We consider now the directed downset monad I = (I,m, e) on Pos. In this case, a
directed cocomplete partially ordered set X is a split algebra if and only if it is a domain;
in this case the splitting t : X → IX is given by x 7→ {y ∈ X | y � x}. Moreover, X is
algebraic if and only if, for every x ∈ X, the set {y ∈ X | y � y � x} is directed and
has x as supremum; that is, if X is algebraic in the sense of domain theory (see [1]).

(3) Let now X be a F-disconnected continuous lattice. Then the elements of A are precisely
those elements x ∈ X where, for all open subsets B ⊆ X, x ∈ µ(B) implies that x ∈ B.
Then X is algebraic if and only if every x ∈ X is the largest convergence point (with
respect to the specialisation order) of a filter f ∈ Fi[FA].

(4) Similarly, an f-space X is a algebraic for the prime filter monad F2 if and only if every
x ∈ X is the largest convergence point (with respect to the specialisation order) of a
prime filter f ∈ F2i[F2A].

4. Weighted (co)limits and cogenerators

“Cocompleteness almost implies completenes” is the title of the paper [2] of Jiří Adámek, Horst
Herrlich and Jiří Reiterman, as well as the main theme of section 12 of the book [3]. The title
announces several results giving conditions under which completeness and cocompleteness
are equivalent. In particular, it is proved (the dual of) that a complete and wellpowered
category with a cogenerator is cocomplete (and co-wellpowered).

In the setting of order-enriched categories, it is natural to consider “order-enriched”
limits and colimits, the so-called weighted (co)limits, or indexed (co)limits. Thus, the
question of knowing when weighted completeness does imply weighted cocompleteness arises.
Here we show that it happens in the presence of a regular cogenerator.

Remark 4.1. (1) We start by recalling the notion of weighted limit ([21]) in the order-
enriched setting. Let D : D → X and W : D → Pos be order-enriched functors, with
D small. They give rise to the functor PosD(W, X(−, D)) from Xop to Pos, where, for
every X ∈ X, X(−, D)(X) stands for the functor X(X,−) ·D : D→ Pos. The limit of
D weighted by W , in case it exists, is an object L of X which represents that functor,
that is, there is a natural isomorphism

X(−, L) ∼= PosD(W, X(−, D)). (4.1)
This is equivalent to say that we have a family of morphisms

L
lxd−−→ Dd, d ∈ D, x ∈Wd

satisfying the following conditions:
(a) lxd ≤ lyd whenever x ≤ y, and Dn · lxd = l

Wn(x)
d′ , for all morphisms n : d → d′ in D

and all x ∈Wd. (This gives the natural transformation from W to X(L,D) which
is the image of idL by the component of the natural transformation indexed by L.)

(b) The family (lxd)d∈D,x∈Wd is universal, i.e., the natural transformation (4.1) is a

natural isomorphism. This means that every family of morphisms A
ax

d−→ Dd, d ∈ D,
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x ∈ Wd, satisfying (a) – with A and a in the place of L and l – is of the form
axd = lxdt for a unique t : A → L; and, moreover, for t, t′ : A → L, the inequality
lxdt ≤ lxdt′, for all d and x, imply t ≤ t′.

When W is just the constant functor into a singleton, we speak of conical limits. Thus,
a conical limit is a limit in the ordinary sense whose projections are jointly order-monic.

Inserters and cotensor products are special types of weighted limts. The inserter
of a pair of morphisms f, g : X → Y is just a morphism i : I → X with fi ≤ gi and
universal with respect to that property (in the sense of (b) above). Given a poset I and
an object X of X, the cotensor product of I and X, denoted by t(I,X), is a weighted
limit with the domain D of the functors D and W the unit category, i.e., the category
with just an object and the corresponding identity morphism. Thus, the projections of
the cotensor product are of the form

t(I,X) li // X , i ∈ I,

with li ≤ lj for i ≤ j.
In an order-enriched category, the existence of conical products and inserters guarantees

the existence of all weighted limits.
The dual notions for weighted limits, inserters and cotensor products are, respectively,

weighted colimits, coinserters and tensor products.
(2) For every Kock-Zöberlein monad T over a category X with weighted limits, the sub-

category XT is closed under them (since the forgetful functor from XT to X creates
weighted limits). Indeed, as shown in [7], more than being closed under weighted limits,
the subcategory XT is also an inserter-ideal. This means that, for every diagram

I
i // A

g //

f
// B

with i the inserter of the pair (f, g) in X, if f is a morphism of XT, then i : I → A lies
in XT too.

Remark 4.2. We also use the “order-enriched” version of the notion of cogenerator. In this
paper, an object S of an order-enriched category is said to be a cogenerator if it detects the
order, in the sense that, for every pair of morphisms f, g : X → Y , f ≤ g iff tf ≤ tg for all
morphisms t : Y → S. It follows easily from the definition that a strong cogenerator in the
sense of 3.6 of [21] is a cogenerator in our sense, provided that the category has coinserters.
Next we give the notion of regular cogenerator. (Co)generators in this sense were considered
for instance in [23].

Remark 4.3. (1) We recall that an order-enriched adjunction between order-enriched cat-
egories is an adjunction F a U : A → B with U and F order-enriched, and for which
there exists a natural isomorphism between the functors B(−, U−) and A(F−,−) from
B × A to Pos. This is equivalent to say that we have an adjunction F a U : A → B
with U order-enriched, and the unit η satisfies the property that any inequality of the
form Uf · ηX ≤ Ug · ηX, for f e g with common domain and codomain, implies f ≤ g
([12]). Clearly, an order-enriched adjunction induces an order-enriched monad; and, for
an order-enriched monad T, the adjunctions FT a UT and FT a UT are order-enriched.
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(2) In an order-enriched category A with weighted limits, given an object S, the cotensor
product yields a functor

t(−, S) : Pos −→ Aop (4.2)
which is an order-enriched left adjoint of A(−, S). For every X ∈ A, the counit map is
given by (the dual of) the morphism nX determined by the universality of the cotensor
product:

X
nX //

f

��

t(A(X,S), S)

πf

��

f ∈ A(X,S)

S

(4.3)

Given X ∈ A, put
X̂ = t(A(X,S), S)

and consider the cotensor product

t(A(X̂, S), S) π̂g−−−−−→ S, g ∈ A(X̂, S).
Let β : t(A(X, S), S) −→ t(A(X̂, S), S) be the unique morphism of A which makes the
following diagrams commutative:

X̂
β //

πg·nX

��

t(A(X̂, S), S)

π̂g

��

g ∈ A(X̂, S).

S
Thus, putting α = nX̂ , we have the diagram

X
nX // X̂

β //
α
// t(A(X̂, S), S). (4.4)

Definition 4.4. Let A be an order-enriched category with weighted limits. An object S of
A is said to be a regular cogenerator if the the diagram (4.4) is an equaliser.

If A has weighted limits, every equaliser of A is conical; hence, it is immediate that every
regular cogenerator detects the order, so, in particular, it is a cogenerator. In other words,
it detects not only equality between pairs of morphisms, as in the ordinary case, but also
inequality.

Theorem 4.5. Every order-enriched category with weighted limits and a regular cogenerator
has weighted colimits.
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Proof. Let A be an order-enriched category with weighted limits and a regular cogenerator
S. Then, as seen in Remark 4.3, the functors

Aop
A(−,S) // Pos
t(−,S)

oo

form an order-enriched adjunction. Let T be the corresponding monad and let K : Aop →
PosT be the comparison functor:

Aop K //

A(−,S) ""

PosT

{{
Pos

Since S is a regular cogenerator, the morphism nop
X , which is, pointwisely, the counit of the

adjunction t(−, S) a A(−, S), is a regular epimorphism, and, consequently, K is a full and
faithful right adjoint. Moreover, this adjunction is order-enriched, as it is explained in the
next paragraph.

Let F a U : C→ B be an order-enriched adjunction with the counit being pointwisely a
conical coequaliser, and C having conical coequalisers. It is well-known that, under these
conditions, the comparison functor K is a full and faithful right adjoint [25]. It is clear
that K is order-enriched. Then, in order to conclude that the adjunction K : C → BT is
order-enriched, it suffices to show that, for every universal map ηT(X,ξ) : (X, ξ)→ KA of the
adjunction, and every pair f, g : A → B of morphisms in C with Kf · ηT(X,ξ) ≤ Kg.ηT(X,ξ),
we have f ≤ g (see Remark 4.3.1). Recall that, given (X, ξ) ∈ BT, the universal map from
(X, ξ) to K is obtained as follows: take the coequaliser c : FX → A of the pair

FUFX
εF X //

Fξ
// FX

where ε is the counit of the adjunction F a U . Then Uc · UFξ = Uc · UεFX . But
ξ = coeq(UεFX , UFξ); hence, there is a unique θ : X → UA making the following triangle
commutative:

UFX
ξ //

Uc ##

X

θ
��

UA

and it holds θ = Uc.ηX . It is known that
ηT(X,ξ) = θ

and, for every g : (X, ξ)→ KB in BT, the unique ḡ : A→ B in C making the triangle

(X, ξ) θ //

g

��

KA

Kḡ{{
KB

commutative is characterised by the equality
ḡ · c = εB · Fg.
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We show that, given two morphisms g, h : (X, ξ)→ KB with g ≤ h then ḡ ≤ h̄. Since F is
order-enriched, the inequality g ≤ h implies εB · Fg ≤ εB · Fh. But then

ḡ · c = εB · Fg ≤ εB · Fh = h̄ · c
and, since c is order-epic (because it is a conical coequaliser), ḡ ≤ h̄.

Now we have that, for our comparison functor K : Aop → PosT,
• K is the right adjoint of an order-enriched adjunction;
• K is full and faithful, and it is full with respect to the order, that is, given a pair of

morphisms
f
//

g // in Aop, f ≤ g in Aop iff Kf ≤ Kg in PosT.

Consequently, since PosT has weighted limits, also Aop has weighted limits, and the
weighted limits in Aop are constructed, up to isomorphism, as in PosT. (This can be easily
proved in a way analogous to the one of the ordinary case.) That is, A has weighted
colimits.

In the next section we apply this theorem to the categories ALat of algebraic lattices
with maps which preserve directed suprema and all infima, the category ADom of bounded
complete algebraic domains with maps which preserve directed suprema and all non-empty
infima, and the category Spec of spectral topological spaces and spectral maps.

5. (Co)completeness of subcategories of XT

In this and the next section we work within the category Top0 of T0 topological spaces and
continuous maps. We consider the relation ≤ in a space to be the specialisation order, and
we use also the symbol ≤ to refer to the corresponding order induced in the hom-sets of
Top0. We do this in order to fit our terminology on continuous domains and lattices with
[18]. Thus, as mentioned already in Examples 2.6, the open filter monads are KZ with
respect to ≥.

The category Top0 has weighted limits, since its ordinary limits are conical, and the
inserter of a pair (f, g) of morphisms with domain in X is just the subspace of all x ∈ X with
f(x) ≤ g(x). Therefore, for every Kock-Zöberlein monad T over X = Top0 the corresponding
Eilenberg-Moore category XT is closed under weighted limits in Top0 (since the forgetful
functor from XT to Top0 creates limits). Hence, the cotensor product yields the functor

t(−,S) : Pos −→
(
XT
)op

.

This functor is defined as in (4.2) of the previous section with S denoting the Sierpiński
space. And we can consider the diagram defined as in (4.4):

X
nX // X̂

β //
α
// t(Hom(X̂, S), S) (5.1)

where Hom refers to hom-posets of XT. Let
Xalg

denote the full subcategory of XT for which the diagram (5.1) is an equaliser in Top0, then
also in XT.

We are going to show that, concerning the filter, the proper filter and the prime filter
monads, the subcategories Xalg are well-known categories, namely: the category ALat of
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algebraic lattices with maps which preserve directed suprema and all infima, the category
ADom of bounded complete algebraic domains with maps which preserve directed suprema
and all non-empty infima, and the category Spec of spectral topological spaces and spectral
maps (see Definition 2.5). We show that all of them are closed under weighted limits. Hence,
the equaliser diagram (5.1) tells us that the Sierpiński space is a regular cogenerator of Xalg.
Moreover, it allows us to conclude that:
(1) Xalg is the closure under weighted limits of XT in XT, and in Top0 (Corollary 5.4);
(2) Xalg has weighted colimits (Corollary 5.5).

We start by establishing the closedness under weighted limits:

Proposition 5.1. Every one of the three categories, ALat, ADom and Spec, is closed under
weighted limits in Top0.

Proof. Let T be a Kock-Zöberlein monad over Top0; then XT is closed under weighted limits
in Top0. Inserters in Top0 are topological embeddings, then also order embeddings. Thus,
the same happens in XT.

Let now K be a full subcategory of XT. Then, in order to ensure that K is closed under
weighted limits in Top0, it suffices to show that K is closed in XT under
• (conical) products, and
• topological embedding subobjects, i.e., for every topological embedding
m : X ↪→ Y in XT with Y in K, also X belongs to K.

Since for the filter and the proper filter monads the morphisms of XT are the maps preserving
directed suprema and infima (respectively, non-empty infima), the closedness under products
and topological embedding subobjects of ALat and ADom in the corresponding category XT
is just Proposition I-4.12 and Corollary I-4.14 of [18].

Concerning the category Spec, we observed already in Definition 2.5 (7) and Exam-
ple 2.6(4) that Spec is a reflecive full subcategory of XT ' StablyComp since it is closed in it
under initial cones. In particular, it is closed under products and embeddings.

Next we show that the Sierpiński space S is a regular cogenerator for each one of the
three categories, ALat, ADom and Spec. For that, we first prove Lemma 5.2 below, where
we present a common feature of the three categories, which gives the means for the proof of
Theorem 5.3.

Before stating that lemma, we describe the morphism nX : X −→ X̂, defined in (4.3),
in any full subcategory A of XT closed under weighted limits and containing the Sierpinski
space S. Given X ∈ A, let

ΛX = {U ∈ ΩX | XU : X −→ S is a morphism of A}.
Then X̂ = t(Hom(X,S),S) consists of all families (zU )U∈ΛX in the product SΛX with the
property U ⊆ V ⇒ zU ≤ zV , and nX(x) = (χU (x))U∈ΛX . The topology of X̂ is just the one
induced by the product topology. Thus, it is generated by the sub-base of all sets

♦U = π−1
χU

({1}) = {(zU )U∈ΛX | zU = 1}, U ∈ ΛX,

and we have U = n−1
X (♦U). Moreover, since the projections πχ

U
belong to Hom(X,S), the

sets ♦U belong to ΛX̂.

Lemma 5.2. Let A be one of the categories ALat, ADom or Spec. Then A satisfies the
following conditions:
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(i) The spaces of A are sober and S ∈ A.
(ii) A is closed under weighted limits in Top0.
(iii) For every X ∈ A, the set ΛX is closed under finite intersections (in particular,

contains X) and forms a base of the topology ΩX.
(iv) For every X ∈ A, the morphism nX : X → X̂ has the following property, for every

family Vi, i ∈ I, of sets of ΛX:
If H =

⋃
i∈I

Vi ∈ ΛX, then H = n−1
X (H ′), for some H ′ ∈ ΛX̂ with H ′ ⊆

⋃
i∈I
♦Vi.

Proof. Condition (i) is well-known for the three categories.
Condition (ii) is Proposition 5.1.
We show condition (iii) for ALat. Given X ∈ ALat and U ∈ ΩX, the characteristic

function χU : X → S is a morphism of ALat iff it preserves arbitrary infima, and this is
equivalent to U being closed under arbitrary infima. We show that it forms a base of ΩX.
If U is closed under infima, it is of the form U = ↑ c where c =

∧
U . But then the open sets

of X closed under infima are precisely all of the form ↑ c with c a compact element of X,
and these sets are known to be a base for the topology of the algebraic lattice X. Moreover,
they are closed under finite intersections.

Condition (iii) for ADom is shown in an analogous way and we have, in this case,
ΛX = {U ∈ ΩX | U is closed under non-empty infima}.

Concerning (iii) for Spec, it is obvious that a continuous map f : X → S is spectral iff
f−1({1}) is compact. Thus

ΛX = {U ∈ ΩX | U is compact}
which is, by definition of spectral space, a base of ΩX.

Now we verify condition (iv) for the three categories.
A = ALat. Let H =

⋃
i∈I Vi belong to ΛX with all Vi in ΛX. Then,

⋃
i∈I Vi = ↑ a, with

a a compact element of X; hence, a ∈ Vi0 for some i0 ∈ I; but Vi0 = ↑Vi0 , thus we have⋃
i∈I Vi = Vi0 . Consequently,

H = Vi0 = n−1(♦Vi0) with ♦Vi0 ⊆
⋃
i∈I
♦Vi.

A = ADom. The same proof as for ALat, in case
⋃
i∈I Vi 6= ∅. The case

⋃
i∈I Vi = ∅ is

trivial.

A = Spec. Consider H =
⋃
i∈I Vi in ΛX, with Vi ∈ ΛX, i ∈ I. Then, since

⋃
i∈I Vi is

compact, it can be written as
⋃
i∈I Vi =

⋃
j∈J Vj , with J ⊆ I finite. Hence, we obtain

H =
⋃
i∈I

Vi =
⋃
j∈J

Vj = n−1(
⋃
j∈J
♦Vj)

wth
⋃
j∈J ♦Vj ⊆

⋃
i∈I ♦Vi, and

⋃
j∈J ♦Vj ∈ ΛX̂, because it is a finite union of compact open

sets of X̂.
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Theorem 5.3. For a subcategory A of Top0 fulfilling conditions (i)-(iv) of Lemma 5.2, the
diagram (5.1) is an equaliser in Top0. As a consequence, the Sierpiński space is a regular
cogenerator in A, and, in particular, in each one of the categories ALat, ADom and Spec.

Proof. We prove that if A is a subcategory of Top0 fulfilling conditions (i)-(iv) of Lemma 5.2,
then (5.1) is an equaliser in Top0. Since A contains S and is closed under weighted limits in
Top0, it immediatly follows that (5.1) is also an equaliser in A.

Put n = nX . In order to conclude that n is indeed the equaliser of α and β, let

Y
h−−−→ X̂ = t(Hom(X,S), S)

be a morphism in Top0 such that
αh = βh.

For y ∈ Y , put
h(y) = (yU )U∈ΛX .

We show that:
(A) For every y ∈ Y , the set

Fy = {U ∈ ΛX | yU = 1}
is a filter of the poset (ΛX,⊆), and has the following property:

If
⋃
i∈I

Vi ∈ Fy with all Vi ∈ ΛX, then Vj ∈ Fy for some j ∈ I. (♦)

(B) Every filter F of the poset (ΛX,⊆) satisfying property (♦) is of the form
F = B(x) = {U ∈ ΛX | x ∈ U}

for a unique x ∈ X.
After proving (A) and (B), it is then clear that we can define h̄ : Y → X by putting

h̄(y) = x with Fy = B(x),
and this is the unique map making the triangle

X
n // X̂

Y
h̄

__

h

??

commutative. The fact that h̄ is continuous follows, since n is a topological embedding.
Proof of (A). We observe that the equality αh(y) = βh(y) means that

χH((yU )U∈ΛX) = yn−1(H) , H ∈ ΛX̂.
Thus Fy 6= ∅, because yX = yn−1(X̂) = χX̂((yU )U∈ΛX) = 1.
It is also clear that if U and V are two open sets of ΛX with U ⊆ V and U ∈ Fy

then V ∈ Fy, by definition of X̂. Moreover, Fy is closed under binary intersections: V
and W laying in Fy means that yV = 1 and yW = 1, that is, (yU )U∈ΛX ∈ (♦V )

⋂
(♦W ).

But then χ(♦V )
⋂

(♦W )((yU )U∈ΛX) = 1. Now, (♦V )
⋂

(♦W ) ∈ ΛX̂, because X̂ ∈ A (since
S ∈ A and A is closed under weighted limits), thus X̂ satisfies (iii). Then, we have
y

V
⋂

W
= yn−1(♦V

⋂
♦W ) = 1, that is, V

⋂
W ∈ Fy.
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We show now that Fy satisfies (♦). Let Vi, i ∈ I, be a family of sets of ΛX with⋃
i∈I Vi ∈ Fy, that is,

⋃
i∈I Vi ∈ ΛX and y⋃

i∈I
Vi

= 1. Then, by (iv), there is some H ′ ∈ ΛX̂,

with n−1(H ′) =
⋃
i∈I Vi and H ′ ⊆

⋃
i∈I ♦Vi. Now, using the equality αh(y) = βh(y), we

have:
1 = y⋃

i∈I
Vi

= yn−1(H′) = χH′((yU )U∈ΛX).

Consequently,
(yU )U∈ΛX ∈ H

′ ⊆
⋃
i∈I
♦Vi.

Thus, for some j ∈ I, (yU )U∈ΛX ∈ ♦Vj that is, yVj
= 1, hence Vj ∈ Fy.

Proof of (B). It is clear that B(x) is a filter of (ΛX,⊆) with property (♦). Conversely, let F
be a filter of (ΛX,⊆) with property (♦), and put

A = {z ∈ X | B(z) ⊆ F}.
We show that A is a non-empty irreducible closed set.

Indeed, given t ∈ X \ A, there is some V ∈ ΛX with t ∈ V and V /∈ F . But then all
elements of V belong to X \A, thus t ∈ V ⊆ X \A; hence, A is closed. A is also non-empty,
because, if for every x ∈ X, we have some Ux ∈ ΛX with Ux /∈ F then, by (♦), we obtain
that

⋃
x∈X Ux = X /∈ F , which contradicts the fact that F is a filter.

To show that A is irreducible, let A = F1
⋃
F2 with F1 and F2 closed. If A 6= F1 and

A 6= F2 then there is x ∈ X \ F1 and y ∈ X \ F2 with x, y ∈ A. But then we can find
U, V ∈ ΛX with x ∈ U ⊆ X \ F1 and y ∈ V ⊆ X \ F2, and U

⋂
V ∈ F . Taking into account

that U
⋂
V ⊆ (X \F1)

⋂
(X \F2) = X \A, then, for every z ∈ U

⋂
V , there is some Vz ∈ B(z)

with Vz ⊆ U
⋂
V and Vz /∈ F . But then U

⋂
V =

⋃
z∈U

⋂
V Vz belongs to F with all Vz /∈ F ,

which contradicts (♦).
Since X is sober and A ⊆ X is a non-empty irreducible closed set, we know that A = {x}

for a unique x ∈ X. We show that F = B(x). Clearly B(x) ⊆ F . Concerning the converse
inclusion, condition (♦) ensures that, for every U ∈ F , there is some z ∈ U

⋂
A = U

⋂
{x} –

otherwise, we would find Vz ∈ ΛX, with z ∈ Vz 6∈ F and U =
⋃
z∈U Vz, a contradiction to

(♦); but then x ∈ U , i.e., U ∈ B(x).

Corollary 5.4. For the filter, the proper filter and the prime filter monads, the category
Xalg is, respectively, ALat, ADom and Spec. Moreover, Xalg is the closure under weighted
limits of XT in XT, thus, also in Top0.

Proof. The above theorem shows that, in all the three cases A = ALat, ADom, Spec, A is
indeed contained in Xalg. On the other hand, since S ∈ A, and A is closed under weighted
limits in XT, the diagram (5.1) is contained in A whenever it is an equaliser diagram. Hence
A coincides with Xalg. Moreover, every X of XT making diagram (5.1) an equaliser belongs
to the closure under weighted limits of XT in XT, because S belongs to XT. Indeed, for
the open filter monad T, S is homeomorphic to TX with X a singleton space, and, for the
proper and the prime filter monad, S is homeomorphic to TS. Therefore, in the three cases,
Xalg is precisely the closure under weighted limits in XT of XT; and also in Top0, since XT is
closed under weighted limits in Top0.

Corollary 5.5. The categories ALat, ADom and Spec have weighted colimits.

Proof. It is a consequence of Theorem 4.5, Proposition 5.1 and Theorem 5.3.
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6. The idempotent split completion for the filter monad

Let F = (F,m, e) be the open filter monad on X = Top0. As in the previous section, we use
≤ to refer to the order induced in the hom-sets of Top0 by the specialisation order, thus the
open filter monad is of Kock-Zöberlein type with respect to ≥. Accordingly, in all notions
and results of Sections 2 and 3 on Kock-Zöberlein monads, regarding adjunctions between
morphisms, “left adjoint” interchanges with “right adjoint”.

As seen in Section 3, the idempotent split completion of XF, denoted by kar(XF), is
equivalent to the full subcategory Spl(XF) of XF. And Spl(XF) consists of all F-algebras
(X,α) for which there is a morphism t : X → FX (in Top0) such that α a t. Moreover, it
is known that the subcategory XF is contained in ALat [14], and the latter is closed under
weighted limits in ContLat. Thus, we have the following full embeddings:

XF ↪→ kar(XF) ↪→ ALat ↪→ XF = ContLat.
In this section we show that the idempotent split completion of XF consists precisely of

all algebraic lattices whose set of compact elements forms the dual of a frame.

Notation. Along this section we use the symbol K(X) to denote the set of compact elements
of a directed complete poset (see Definition 2.5).

Remark 6.1. Let X and Y be continuous lattices and let Y
α ++

X
e

jj be in Top0 with
αe = idX and eα ≤ idY . Then α is defined by

α(y) =
∨
{z ∈ X | e(z) ≤ y}.

This follows from Freyd Adjoint Theorem.

Lemma 6.2. Let X,Y be directed complete posets with Y continuous, and let Y ⊥

α
((

t

hh X

be in Pos with α a surjective map and t preserving directed suprema. Then α preserves the
way-below relation �, and, as a consequence, X is also continuous and the set of compact
elements of X is given by

K(X) = {α(y) | y ∈ K(Y )}.

Proof. Let y0, y1 ∈ Y with y0 � y1. Assume that α(y1) ≤
∨↑
i∈I zi. Then, since α a t,

y1 ≤ t(
∨↑
i∈I zi) =

∨↑
i∈I t(zi). By hypothesis, there is some i ∈ I with y0 ≤ t(zi). Hence

α(y0) ≤ αt(zi) ≤ zi. Consequently, α(y0) � α(y1). Thus α prserves the relation �, in
particular it preserves compact elements.

Let now x ∈ K(X). First we show that x =
∨
{α(y) | y ∈ K(Y ), α(y) ≤ x}. Indeed, for

every y ∈ Y , we have that the inequalities α(y) ≤ x and y ≤ t(x) are equivalent, because
α a t. Now, using also the fact that α is surjective and Y is continuous, we have that

x = αt(x) = α
(∨
{y ∈ K(Y ) | y ≤ t(x)}

)
=
∨
{α(y) | y ∈ K(Y ), y ≤ t(x)}

=
∨
{α(y) | y ∈ K(Y ), α(y) ≤ x}.

Let now x ∈ K(X). The set {α(y) | y ∈ K(Y ), α(y) ≤ x} is directed in X (because it is the
image under α of a directed set). Then, as x is compact, it must be of the form α(y) for
some y ∈ K(Y ).
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Lemma 6.3. Let A be an algebraic lattice such that there is t : A→ FA in Top0 which is
right adjoint to the F-structure α : FA → A (thus, αt = idA and idFA ≤ tα). Then the
set K(A) of compact elements of A is closed under arbitrary infima, and, in K(A), finite
suprema distribute over arbitrary infima.

Proof. It is easy to see that in FA, the compact elements are closed under arbitrary infima.
Indeed K(FA) = {↑U | U ∈ ΩA}, and we have that

⋂
i∈I ↑Ui = ↑ (

⋃
i∈I Ui).

Moreover, in K(FA) finite suprema are distributive with respect to arbitrary infima.
Indeed, it is easy to see that, for Vi, U and V in ΩA, we have in FA:

(i)
∧
i∈I ↑Vi =

⋂
i∈I ↑Vi = ↑ (

⋃
i∈I Vi); and

(ii) (↑U)
∨

(↑V ) = ↑ (U
⋂
V ).

Hence,

(↑U)∨
(∧
i∈I
↑Vi

)
= ↑

(
U ∩

(⋃
i∈I

Vi

))

= ↑
(⋃
i∈I

(U ∩ Vi)
)

=
⋂
i∈I
↑ (U ∩ Vi)

=
∧
i∈I

((↑U)∨ (↑Vi)) .

Now, being simultaneously a right and a left adjoint, α preserves infima and suprema.
Consequently, by Lemma 6.2, as in FA, compacts in A are closed under infima. Moreover,
A also inherits the distribuivity of finite suprema over arbitrary infima for compact elements:
putting c = α(d) and ci = α(di) with d and all di compacts of A, we have:

c ∨
(∧
i∈I

ci

)
= α (d) ∨

(∧
i∈I

α (di)
)

= α

(
d ∨

(∧
i∈I

di

))
= α

(∧
i∈I

(d ∨ di)
)

=
∧
i∈I

(c ∨ ci)

Theorem 6.4. The idempotent split completion of the category XF of algebraic algebras is
precisely the full subcategory of ContLat of all algebraic lattices whose subposet of compacts
is the dual of a frame.

Proof. We know that kar (XF) consists of all algebraic lattices A such that the F-structure
of A, α : FA → A, has a right adjoint t : A → FA. In particular, since α is a retraction,
also αt = idA. Consequently, by Lemma 6.3, for every A ∈ kar (XF), the poset dual to K(A)
is a frame.

Conversely, let A be an algebraic lattice such that in its subposet K(A) there are all
infima and finite suprema are distributive with respect to arbitrary infima.

By Remark 6.1, the F-structure map of A is given by
α (φ) =

∨
{x ∈ A | eA(x) ⊆ φ}, φ ∈ FA.

We show that α has a right adjoint t : A→ FA.
For every G ∈ ΩA, let k(G) denote the compact elements of A which belong to G. Given

a ∈ A, consider the subset of FA
Sa = {φ ∈ FA | α(φ) ≤ a} (6.1)
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and the subset of ΩA
ψa = {G ∈ ΩA |

∧
k(G) ≤ a}. (6.2)

We show that ψa is a filter and ψa =
∨
Sa.

First, we show that the union of all filters of Sa is precisely ψa. Let then φ ∈ FA with
α(φ) ≤ a, and let G ∈ φ. Put c =

∧
k(G). By hypothesis, c ∈ K(A), then ↑ c is an open set

containing G, hence belongs to φ. Consequently, eA(c) ⊆ φ, thus, c ≤ α(φ). Since, α(φ) ≤ a,
it follows that c ≤ a, as desired. Conversely, let G be an open set of A with

∧
k(G) ≤ a.

Put φ = ↑G. Then, for every x ∈ A, eA(x) ⊆ φ means that every open set of which x is an
element contains G, and, in particular, contains k(G). But this implies that x ≤ c for all
c ∈ k(G), that is, x ≤

∧
k(G), and, thus, x ≤ a. Since this happens to all x with eA(x) ⊆ φ,

we have α(φ) ≤ a. Hence, G ∈ φ with φ a filter of Sa.
Now, we show that ψa is indeed a filter, then ψa =

∨
Sa. First, observe that, every

open G is the union of all sets ↑ c with c ∈ k(G), and, moreover, if {ci, i ∈ I} ⊆ K(A) with
G =

⋃
i∈I ↑ ci, then

∧
k(G) =

∧
i∈I ci. Now, let G andH belong to ψa with k(G) = {ci, i ∈ I}

and k(H) = {dj , j ∈ J}. Then

G∩H =
(⋃
i∈I
↑ ci

)⋂⋃
j∈J
↑ dj

 =
⋃

i∈I, j∈J
(↑ ci

⋂
↑ dj) =

⋃
i∈I, j∈J

↑(ci ∨ dj)

with all ci ∨ dj compact, because the supremum of two compacts is compact. Moreover,
using the existing distributivity in K(A),

∧
i∈I, j∈J

(ci ∨ dj) =
(∧
i∈I

ci

)
∨

∧
j∈j

dj

 ≤ a ∧ a = a.

Then G∩H belongs to ψa.
Now, put, for every a ∈ A,

t(a) =
∨
Sa = ψa.

By the defnition of Sa, t : A→ FA is indeed a right adjoint of α in Pos. It remains to show
that the map t is continuous (equivalently, it preserves directed suprema). We know that the
sets U# = {φ ∈ FA | U ∈ φ}, U ∈ ΩA, form a base of the topology of FA (see Examples
2.6(3)). And we have that

t−1(U#) = {a ∈ A | U ∈ t(a)} = {a ∈ A |
∧
k(U) ≤ a} =

x(
∧
k(U));

thus t−1(U#) is open because, by hypothesis,
∧
k(U) is compact.

References
[1] Samson Abramsky and Achim Jung. Domain theory. In S. Abramsky, D. M. Gabbay, and T. S. E.

Maibaum, editors, Handbook of Logic in Computer Science, volume 3, pages 1–168. Clarendon Press,
1994.

[2] Jiří Adámek, Horst Herrlich, and Jan Reiterman. Cocompleteness almost implies completeness. In Proc.
Conf. Categorical Topology. Prague 1988. World Scientific, 1989.

[3] Jiří Adámek, Horst Herrlich, and George E. Strecker. Abstract and concrete categories: The joy of cats.
Pure and Applied Mathematics (New York). John Wiley & Sons Inc., New York, 1990. Republished in:
Reprints in Theory and Applications of Categories, No. 17 (2006) pp. 1–507.

[4] Jiří Adámek, Rosický Jiří, and Věra Trnková. Are all limit-closed subcategories of locally presentable
categories reflective? In Categorical Algebra and its Applications, pages 1–18. Springer, Berlin, Heidelberg,
1988.



24 DIRK HOFMANN AND LURDES SOUSA

[5] Jiří Adámek and Jiří Rosický. Intersections of reflective subcategories. Proceedings of the American
Mathematical Society, 103(3):710–712, March 1988.

[6] Jiří Adámek, Jiří Rosický, and Enrico Vitale. Algebraic Theories. Cambridge University Press, 2010.
[7] Jiří Adámek, Lurdes Sousa, and Jiří Velebil. Kan injectivity in order-enriched categories. Mathematical

Structures in Computer Science, 25(01):6–45, January 2015.
[8] Jiří Adámek and Václav Koubek. Completions of concrete categories. Cahiers de Topologie et Géométrie

Différentielle Catégoriques, 22(2):209–228, 1981.
[9] Jiří Adámek and Lurdes Sousa. KZ-monadic categories and their logic. Theory and Applications of

Categories, 32(10):338–379, 2017.
[10] Marta C. Bunge and Jonathon Funk. Singular Coverings of Toposes. Springer Berlin Heidelberg, 2006.
[11] Margarida Carvalho and Lurdes Sousa. Order-preserving reflectors and injectivity. Topology and its

Applications, 158(17):2408–2422, November 2011.
[12] Margarida Carvalho and Lurdes Sousa. On Kan-injectivity of Locales and Spaces. Applied Categorical

Structures, pages 1–22, October 2015.
[13] Alan Day. Filter monads, continuous lattices and closure systems. Canadian Journal of Mathematics,

27(0):50–59, January 1975.
[14] Martín Hötzel Escardó. Properly injective spaces and function spaces. Topology and its Applications,

89(1-2):75–120, November 1998.
[15] Martín Hötzel Escardó. Injective locales over perfect embeddings and algebras of the upper powerlocale

monad. In Proceedings of the International Conference on Applicable General Topology (Ankara, 2001),
volume 4, pages 193–200, 2003.

[16] Martín Hötzel Escardó and Robert C. Flagg. Semantic domains, injective spaces and monads. Electronic
Notes in Theoretical Computer Science, 20:229–244, 1999.

[17] Barry Fawcett and Richard J. Wood. Constructive complete distributivity. I. Mathematical Proceedings
of the Cambridge Philosophical Society, 107(1):81–89, January 1990.

[18] Gerhard Gierz, Karl Heinrich Hofmann, Klaus Keimel, Jimmie D. Lawson, Michael W. Mislove, and
Dana S. Scott. Continuous lattices and domains, volume 93 of Encyclopedia of Mathematics and its
Applications. Cambridge University Press, Cambridge, 2003.

[19] Dirk Hofmann. A four for the price of one duality principle for distributive spaces. Order, 30(2):643–655,
July 2013.

[20] Achim Jung. Stably compact spaces and the probabilistic powerspace construction. In J. Desharnais and
P. Panangaden, editors, Domain-theoretic Methods in Probabilistic Processes, volume 87 of entcs, pages
5–20. Elsevier, November 2004. 15pp.

[21] G. Max Kelly. Basic concepts of enriched category theory, volume 64 of London Mathematical Society
Lecture Note Series. Cambridge University Press, Cambridge, 1982. Republished in: Reprints in Theory
and Applications of Categories. No. 10 (2005), 1–136.

[22] Anders Kock. Monads for which structures are adjoint to units. Journal of Pure and Applied Algebra,
104(1):41–59, October 1995.

[23] Alexander Kurz and Jiří Velebil. Quasivarieties and varieties of ordered algebras: regularity and exactness.
Mathematical Structures in Computer Science, pages 1–42, January 2016.

[24] F. William Lawvere. Metric spaces, generalized logic, and closed categories. Rendiconti del Seminario
Matemàtico e Fisico di Milano, 43(1):135–166, December 1973. Republished in: Reprints in Theory and
Applications of Categories, No. 1 (2002), 1–37.

[25] John MacDonald and Manuela Sobral. Aspects of monads. In Maria Cristina Pedicchio and Walter
Tholen, editors, Categorical Foundations: Special Topics in Order, Topology, Algebra, and Sheaf Theory,
volume 97 of Encyclopedia Math. Appl., pages 213–268. Cambridge Univ. Press, Cambridge, 2004.

[26] Leopoldo Nachbin. Topology and order. Translated from the Portuguese by Lulu Bechtolsheim. Van
Nostrand Mathematical Studies, No. 4. D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London,
1965.

[27] Aleš Pultr and Jiří Sichler. Frames in Priestley’s duality. Cahiers de Topologie et Géométrie Différentielle
Catégoriques, 29(3):193–202, 1988.

[28] George N. Raney. Completely distributive complete lattices. Proceedings of the American Mathematical
Society, 3(5):677–680, May 1952.

[29] Robert Rosebrugh and Richard J. Wood. Constructive complete distributivity IV. Applied Categorical
Structures, 2(2):119–144, 1994.



ASPECTS OF ALGEBRAIC ALGEBRAS 25

[30] Robert Rosebrugh and Richard J. Wood. Split structures. Theory and Applications of Categories,
13(12):172–183, 2004.

[31] Dana Scott. Continuous lattices. In Toposes, algebraic geometry and logic (Conf., Dalhousie Univ.,
Halifax, N. S., 1971), volume 274, pages 97–136. Springer, Lect. Notes Math., 1972.

[32] Harold Simmons. A couple of triples. Topology and its Applications, 13(2):201–223, March 1982.
[33] Lurdes Sousa. A calculus of lax fractions. Journal of Pure and Applied Algebra, 221(2):422–448, 2017.

algebra.
[34] Oswald Wyler. Algebraic theories of continuous lattices. In Continuous lattices (Conf., Bremen, 1979),

volume 871, pages 390–413. Springer, Lect. Notes Math., 1981.
[35] Oswald Wyler. Algebraic theories for continuous semilattices. Archive for Rational Mechanics and

Analysis, 90(2):99–113, 1985.
[36] Volker Zöberlein. Doctrines on 2-categories. Mathematische Zeitschrift, 148(3):267–279, October 1976.

This work is licensed under the Creative Commons Attribution-NoDerivs License. To view a
copy of this license, visit https://creativecommons.org/licenses/by-nd/4.0/ or send a
letter to Creative Commons, 171 Second St, Suite 300, San Francisco, CA 94105, USA, or
Eisenacher Strasse 2, 10777 Berlin, Germany


	1. Introduction
	2. Background material on Kock-Zöberlein monads
	3. Abstract algebraic objects
	4. Weighted (co)limits and cogenerators
	5. (Co)completeness of subcategories of XT
	6. The idempotent split completion for the filter monad
	References

